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Introduction

This thesis deals with three possible applications of stochastic calculus: modelling
prices by supply and demand in a financial market where there is an informed trader,
turbulence and financial models using ambit processes and the asymptotic analysis of
certain power variation processes.

In Part I, basic facts and techniques of mathematics used in the latter chapters are
presented, such as Lévy processes, enlargement of filtrations, filtering techniques and
dynamic programming approach of stochastic optimal control.

In Part II, markets with the presence of the insider are studied. Such markets with
asymmetric information have a great literature. We will take, as a base, Kyle’s model,
introduced in [Kyl85]], an order-driven market of a risk-free bond and a risky asset.
We can distinguish between two different approaches of pricing: endogenously and
exogenously given prices. When prices are given exogenously, the price process of the
assets are given and the participants try to maximize their profit. In real markets the
prices are given endogenously, t.i. they are determined by supply and demand. In this
case, all buyers and sellers display the price at which they are willing to buy or sell a
security, and also the amount that they are willing to buy or sell. They are called bid
and ask prices. When those requirements meet, trading is done. In the models studied
in Part II, only the amount of bids and asks are set by the participants and designated
specialists, the market makers set the prices of the assets. In this case, the equilibrium
sought is one maximizing the profit of the informed trader in a way that the market
makers set a rational pricing rule satisfying market efficiency conditions. A detailed
description of these markets can be found in Chapter[2] Briefly, the following is studied
in this Part.

We shall assume that there are three kinds of traders on the market: noise traders
(or liquidity traders) who trade for hedging reasons, an informed trader (or insider),
who is aware of the privilege information about the risky asset, such as the underlying
value or the price to be announced later, and the market makers, who clear the market
setting the prices according to the total demand of the noise traders and the informed
trader. The demand of the insider is a function of the price and the information pos-
sessed by her, and the price of the risky asset is a function of the total demand, so
the presence of the insider does have an impact on the market, the stock price also



2 Introduction

depends on her strategy. Thus, an equilibrium is sought, and generally, sufficient and
necessary conditions are found, and the informed trader’s strategy in equilibrium is
described, as well. An important property of the model is that, in equilibrium, the
insider is inconspicuous, t.i. the total demand being the demand of the noise traders’
and insider’s together, is of the same distribution on the market makers’ information,
as the demand of the noise trader on its own filtration, as it is without the presence
of the insider. Kyle’s model is constructed in three steps: first, a single-auction equi-
librium model is described where at time O the insider learns some privileged infor-
mation: the price of the risky asset at time 1, that is to be announced right after the
trading. In this case, the noise traders’ demand is given by a Gaussian variable. Then,
an N-period model is described, in which the insider learns the same information as
before, but there are /N auctions at discrete times before the announcement, with the
noise traders’ cumulative demand following a discretization of a Brownian motion. Fi-
nally, a continuous model is described and also obtained as the limit of the N-period
model, as NV tends to infinity. This continuous model is studied in [Bac92|] and suffi-
cient and necessary conditions were found using a perturbation method, and also the
originally used dynamic programming approach is presented. As in the model before,
in the continuous one, the noise traders’ cumulative demand is given by a Brownian
motion. There come several possible extensions of the model regarding the kind of
information possessed, the time horizon and the noise traders’ demand, as well, as the
participants on the market. The original models are presented in Chapter 2| and their
extensions and related models in Chapter (3| In particular, allowing the noise traders’
demand to be a Lévy process is studied in Section [3.1} a general model with possi-
bly random deadline and a more complex information structure, with applications of
enlargements of filtrations and filtering techniques, is studied in Section [3.2] with gen-
eral results as well, as its applications to find the insider’s strategy in special cases:
models already introduced and studied. A summary of other related model can be
found in Section Section and Section summarize the results of [[Corl14bl
and [[Corl4a], respectively, which can be found in the appendices. Extensions covered
by these two generalizations and other related continuous models deal with differ-
ent types of dynamic information [Dan10,/CS10,/CcD11,|CcD13b], a weaker sense of
equilibrium, [Wu99,KHOL10,Dan10], risk-averse insiders [ChoO3|] and different tech-
niques to find optimal strategies [CcD11,CcD13b]. Possible extensions of the discrete
model considering more than one insiders [NTO6] and more than one signals [Ja199]
are also presented.

Part III is dedicated to the recent research about ambit processes. The notion of
ambit processes was introduced in [BNSO7]. Since than, many properties and appli-
cations have been studied. Ambit fields are stochastic fields {Y (¢, )} in space-time,
where t € R,z € R”, with the values of (¢, z) depending on what happened prior to
time ¢ in a certain subset of R" (meaning that in the model the future cannot influence
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the past). Then, an ambit process is Y; := Y'(¢, z(t)), where z(t) is a curve in R™. One
particular case, used in the short-rate model, for example, is

t
X, = / gt — )W(ds) ¢ >0,
where W is a Gaussian white noise in R”, and ¢ € L*(R,). It is important to note
the dependence of the path of the ambit process in the behavior of the weight func-
tion g near 0. Applications of ambit processes are presented: stochastic modelling in
turbulence, models in energy markets are studied [[CFV14], and a short rate model de-
scribing bond prices [CFESV13]]. In the latter model, option prices and the completeness
of the market are also studied, in particular a fractional version of the Cox-Ingersoll-
Ross model together with a numerical method that can be applied, in case there is no
exact formula for the price.

In Part IV, the power variations of processes of the form dZ; = u,_dS% are con-
sidered, where av € (0,2], (S5),5, is an a-stable Lévy process, and where, roughly
speaking, the power variation is defined as limit of

W(p)(H) = Z |th - th—l P’
k=1

with II being a partition on the period [0,¢] and with X being a stochastic process.
Note, that with p = 2 it coincides with the well known quadratic variation. Af-
ter reviewing the existing results for a-stable processes in Section Section
summarizes the new results that is contained in [CF10], relaxing the conditions of
the trajectories of u having a finite g-variation on any finite interval for some ¢ <

a/max {0, « — 1} to having
¢
/ lug|* ds < oo,
0

showing that the same theorems describing its asymptotic behavior and the same Cen-
tral Limit Theorem hold (Theorems[5.2.1],[5.2.2]and [5.2.3]).

The thesis is organized as follows. Part I contains the basic facts and techniques
of mathematics used in the latter parts. Part II deals with the markets with asymmet-
ric information, Chapter [2| presents the basic models by Kyle and Back, and Chapter
presents the new results of Kyle’s model with Lévy noise: [Corl4b] and a General
Model: [Corl4a]], and also a short summary of other related models. Part III is ded-
icated to ambit processes. Chapter [ introduces ambit fields and processes and bond
markets, summarizes the new results of some applications of ambit processes on en-
ergy markets and turbulence: [[CFV14], and on a short rate model: [CFSV13]]. In Part
IV, power variation processes are introduced and new results of [CF10] are summarized
in Section[5.3] Finally, the above mentioned articles are included in the appendices.
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Basic facts and techniques






Chapter 1

Theory

In this Chapter, we do a short review of theories used in the thesis: the Lévy processes,
initial and progressive enlargements of filtrations, filtering techniques and a dynamic
programming approach of stochastic optimal control.

1.1 Lévy Processes

Assume that in all the definitions and results, the stochastic process (X;),, is defined
on R, even though most of the definitions and results are well-defined and hold for
processes on R"”, as well.

Definition 1.1.1 (Definition 1.6 in [Sat99]) A real valued stochastic process (Xt)tzo
defined on a probability space (), F, P) is called a time-homogeneous Lévy process,
if the following conditions are satisfied:

(a) it has independent increments, that is, foranyn > land 0 <ty <t; < --- < tp,
the random variables Xy, Xy, — Xy, ..., Xy, — Xy, , are independent,

(b) Xo = 0 almost surely,
(c) the distribution of (X — XS)tZO does not depend on s,

(d) itis stochastically continuous, that is for any e > 0 : lim;_,oP (| X5y — Xs| > €) =
0,

(e) as a function of t, X, is right continuous with left limits almost surely (cadlag).

We refer to 4.2 in Chapter II in [JSOO] to remark that the stochastic continuity
condition follows from the others if all of them are satisfied, t.i. if (a), (b), (c) and (e)
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hold, then it implies that (d) holds, as well. Various generalizations of the previous
type are used, such as Lévy process in law: if it satisfies (a)—(d), time in-homogeneous
Lévy process or additive process: if it satisfies (a), (b), (d) and (e) and additive process
in law: if it satisfies (a), (b) and (d).

Denote the convolution of two distributions y; and o by

o iaB) = [ [ tae+pmldn)ms),

and the n-fold convolution of 1, ..., by p*. A distribution p is infinitely divisible
if, for any n positive integer, there exists a distribution i, so that 4 = p»*. Denote
the law (distribution) of a random variable X by £ (X') and define the characteristic
function of a distribution p by @, (-) : R — C as

P, (2) := /Reiz"”u (dz), zeR

Theorem 1.1.1 (Theorem 9.1 and Corollary 11.6 in [Sat99]) If (X,),., is an addi-
tive process in law, then for any t > 0, L (X,) is infinitely divisible. If y is an infinitely
divisible distribution, then there exists, unique in law, a Lévy process in law (Xt)t>0,
such that L (X)) = p. -

Theorem 1.1.2 (Lévy-Khintchine representation, Theorem 8.1 in [Sat99]) If 1 is in-
Sinitely divisible, then

1 .
®,(z) =exp {—5A22 + / (e — 1 —idzalyy<yy (2)) v (dz) + i*yz} :
R

where A > 0, v is a measure on R, satisfying

v({0})) =0 and /R (Jz]> A1) v (dz) < oo,

and vy € R. This representation by (A, v, ) is unique. Conversely, for any choice of
(A, v, ) satisfying the conditions above, there exists an infinitely divisible distribution
W having this characteristic function.

Let (X;),~, be a Lévy process corresponding to an infinitely divisible distribution
p, as in Theorem [I.1.1] then it has the following characteristic function

Px, (z) = B[] = (2, (2)
— exp {t <—%A22 + /R (e =1 —izalyy<yy (2)) v (dz) + m) } :
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The triple (A, v, ) is called the generating triplet. In particular, A is called the Gaus-
sian variance (matrix, in case of d-dimensional processes), v the Lévy measure of p
(or of the corresponding Lévy process). The value of v depends on the choice of the
term 1221y /<1} (@) in the integrand as it is a term to make it v-integrable and does not
have such a meaning as A or v. Note, that if v = 0, then p is Gaussian, and in case of
having A = 0, we say that p is purely non-Gaussian.

Let ¢(-) be a measurable, bounded function of O(1/|z|) as |x| — oo and 1+ o(|z])
as ¢ — 0, and define 7, and rewrite the characteristic function as

e o= e+ / #(cl) = Lgaien (1) (da),
Dy, (2) = exp {t (—%Az2+/R(em—1—iz:pc(x))y(da:)+mcz)}

Then, the triplet (A, v, .). is called a generating triplet, as well, with the chosen
c. If we omit writing c, then we refer to ¢(x) = 1yj,)<13, if v satisfies f|x|§1 |z| v (dz) <
00, then we can use ¢(-) = 0 and we call 7, the drift, and if v satisfies f|x|>1 |z| v (dz) <
oo (or equivalently [, || p(dz) < oo, see Theorem 6.1 in [Sat99]), then we can use
¢(+) = 1 and call ~; the center of u, which, for such v, equals v, and the mean of .

A Lévy process is called non-trivial, if 1 is non trivial (not concentrated to a point).
Itisa

e Brownian motion if (A, v,79), = (1,0,0),, with @, (z) = exp { —32%}

e Poisson processes if (A,v,70), = (0,cd1,0), where J, is the distribution on R

concentrated on a € R, with @, (2) = ec(eiz_l),

e Compound Poisson process if (A,v,v), = (0,co,0) with ¢ > 0 and o being a
distribution on R with o({0}) = 0,

e ['-process with the parameters c and « if (A4, v,70), = (0,7,0), where v(dz) =
cL(0,00) (x)x_le_o‘xdx, and in this case, we have

B, (2) = exp {c /0 T o) el dx} .

X

For details of the above mentioned examples and calculations, see Chapter 2 in [Sat99].

If a Lévy process is not time-homogeneous, then it determines a system of triplets
{(At,ve, 1) : t > 0}, where each (A, v, ;) is the generating triplet of £ (X;). Con-
sider an additive process X. on the probability space (2, F, P). Let {2y € F such that
P () = 1 and for every w € g, the function X, (w) is right-continuous in ¢ > 0
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and has left limits in ¢ > 0. Denote the Borel o-algebra of a set A by B (A). For the
definition of the Poisson random measure, see Definition 19.1 in [Sat99]. Then, we
have the Lévy-Itd decomposition as follows:

Theorem 1.1.3 (Theorem 19.2 in [Sat99]]) Let (X,),., be an additive process defined
on the probability space (0, F, P) with he generating triplet (A;, vy, (t)),~, and de-
fine the measure v on H by v ((0,t] x D) = v, (D) for D € B(R). Define, for
B € B(H) and 2 as above,

#{t:(t, X; (w) — X;— (w)) € B} forw € Qy,
J(va):{ 0 forw & Q.

Then, the following hold.

1. {J(B): B € B(H)} is a Poisson random measure on H with intensity U

2. Thereis a Q) € F with P () = 1 such that, for any w € €,

X! = lim (2] (d(s,2),w) —2xv(d(s,z))]
=0 J(0,%(e,1]

—l—/ xzJ (d(s,z),w)
(0,t] % (1,00)

is defined for all t € |0, ) and the convergence is uniform in t on any bounded
interval. The process (X )t>0 is an additive process on R with the generating
triplet (0,14,0),5-

3. Define
XP (W) =X, (w) = X} () forwe Q.

There is Qy € F with P (Qy) = 1 such that, for any w € s, X? (w) is contin-
uous in t. The process (X )tzo is an additive process on R with the generating

l‘l’iplef (At7 07 g <t>>t>0'

4. The processes (X}),~, and (X?),, are independent.

Theorem 1.1.4 (Theorem 19.3 in [Sat99]) Suppose that the additive process in The-
orem satisfies

|z| vy (dz) < oo forallt > 0.
o<1

Let v (t) be the drift of X;. Then, there is a Q3 € F with P (23) = 1 such that, for
any w € 13,

Xf’ (w) = / xJ (d(s,z),w)
(0,¢]x(0,00)
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is defined for all t > 0. The process (X1?>t20 is an additive process on R such that

Bl e [ (= Duan}

XHw) =X, (w) — X} (w), forw e Q.

Define

Then, for any w € 3 N Q3, X (w) is continuous in t and (X}),-, is an additive
process on R such that

- 1
E [e”Xf] = exp {—ézZAt + 70 (%) z} :

The two processes (X}),-, and (X}') s are independent.

In the context of Theorem (X}),> and (X}),-, are called the jump part and
the continuous part of (X;),-,, respectively. The processes (X}),., and (X?),, are
called so, as well, but they do depend on the choice of the representation (for more
details, see Remark 8.4 in [Sat99]]).

Definition 1.1.2 (Definition 13.1 in [Sat99]) An infinitely divisible probability mea-
sure p on R is called (strictly) stable, if, for any a > 0, there are b > 0 and ¢ € R
(c = 0 in case of strictly stable) such that

[, (2)]" = @, (b2) €.

It is called semi-stable (strictly semi-stable), if for some a > 0 with a # 0, there are
b > 0andc € R (c = 0in case of strictly stable) satisfying the previous equation.

Definition 1.1.3 (Definition 13.2 in [Sat99]) Let X, t > 0 be a Lévy process. It is
called a stable, strictly stable, semi stable or strictly semi-stable process if the distri-
bution of X, is, respectively, stable, strictly stable, semi stable or strictly semi-stable.

If i is stable, then it is infinitely divisible, and the corresponding Lévy process is
such that, for any a > 0, there are b > 0 and ¢ € R such that X,; and b.X; +ct are of the
same distribution (with ¢ = 0 if p is strictly stable). If x is nontrivial, then b is uniquely
determined by a, and there is an a = (1/log,b) € (0,2], equivalently b = a'/.
The corresponding nontrivial Lévy process is called (strictly) a-stable process. The
characteristic exponent of such a process is

VU (iz) = —c|z|* (1 —if3 tan 7T7asgn z) + itz
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if  # 1 and
2
U (iz) = —c <\z| +if—=zlog ]z\) +iTz,
7r

fora = 1, where ¢ > 0,8 € [-1,1] and 7 € R. («, 3, 7, ¢) are called the parameters
of the non-Gaussian stable distribution or Lévy process. For instance, with parameter
(1/2,1,0,c), the density of u can be written as

(271')71/2 ce_cz/(%)x_?’ﬂl(o,oo) (x).

1.2 Enlargement of filtrations

Consider two filtrations F = (F;), and H = (#;),. Let the first one represent the
already known information and the latter one some new information. Then, we can
define the enlarged filtration G = (G;), with G, = F; V H,. For several research,
we are interested in the Doob-Meyer decomposition with respect to the enlarged fil-
tration in function of [ and Hi, and also to know, when an [F-semimartingale remains
so with respect to G. We distinguish between two cases: if H; = o(R) for some
random variable, it is called initial enlargement, as (all) the new information did ar-
rive at time 0. When it does not hold, it is called progressive enlargement. In the
following, some important results are summarized. For a more detailed discussion,
see [Corl4al, [Jeu80], [Jeu85], [Man06] and [CV11].

Initial enlargement of filtrations

Consider a stochastic basis (2, F, F, P) a F-measurable random variable L with values
in (R, B(R)). Let G; := N>y (Fr V o(L)) and G = (G;). Then, we have the following
results.

Proposition 1.2.1 Let 1 be the law of L. Then, Qi(w,dz) < n(dz) if and only if for
all t, there exists a o-finite measure 1, in (R, B (R)) such that Qi(w,-) < n, where
Qi(w,dx) is a regular version of the law of L|F;.

Proposition 1.2.2 If Q;(w,dz) < n(dx), then there exists a B(R)®F;-measurable
process qf (w) such that Qy(w, dx) = ¢ (w)n(dx) and, for fixed x, ¢} is an F-martingale.

Theorem 1.2.1 Let M be a continuous local F-martingale and consider k' (w) such
that

t
(¢", M), = / KEqE_d(M, M),
0
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then .
M—/ kkd(m, M),
0

is a G-martingale.

Example 1.2.1 With M, being a Brownian motion and L = M, we can get

T 1 1 2 §
q; (W)N (1—t)1/2 exp{_Q(l_t)<Mt<w)_I> +?}7
by It6’s formula, we get

l'_Mt
degi = a7 1—¢
LU—Mt

ki = ,
1—-1

dM,, so

and M — [, 1=2ds is an FM v o(M,) martingale, and by the Lévy theorem, it is
a standard G = FM v o (My)-Brownian motion and since B is Go-measurable, it is
independent of W.

Example 1.2.2 [f the filtration F is generated by a Brownian motion B, then for any
F-martingale dM; = 0,dB; and (M, M), = c2dt. Assuming that qF (w) = h¥(B;)
and that h € C"2, we have d;qf = Oh}(B;)d By, and

. Ologhf(B)
gy = L0820

O

Example 1.2.3 Let Y be the Brownian semimartingale

t t
Yi— Yo+ / o(Y,)dB, + / b(Y,)ds,
0 0

and assume that Y| F; ~ 7(1 — t,Y;, x)dx, with m smooth. Then, we can get

t t t
~ 1
m:Yo+/ a<Ys>st+/ b(ifs)ds+/ af”(l—s,i@,m)o—?(n)ds,
0 0 0 Yy

where B is an F \/ o(Y1)-Brownian motion.

Example 1.2.4 Let B a Brownian motion and T = inf{t > 0, B, = —1}, it is known

that
1+ B,

\/m) 1{7/\s>t} + 1{8<’7’/\t}7

Plr < s|F] = 20 (—
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where ® is the cumulative distribution function of a standard normal distribution.
Then, it can be shown (see [Corl4a] for details) that

tAT 1 1+BS
B, — — d t>0
! /0 (1—|—Bs T—s) not=

is a G-martingale.

Progressive enlargement of filtrations

In the progressive enlargement of filtrations, we have G = (G;) with G, = F; V H,,
where H = (H;) is another filtration. For the case where H; = o(1{;<;) with 7, see
for instance [Jeu80], [Jeu85], [Man06].

Let Vj be a zero mean normal random variable, (WW*, 1W?) is a 2-dimensional Brow-
nian motion independent of Vj, o a deterministic function and H; = o(V;) with

t
v — vo+/ oIV,
0

Proposition 1.2.3 Assume that Var(Vy) =1 and that

! ds
— nHo<t<l1
/0 Var(Vs)—s<OOf0ra 0<t<1,

then .
V.— B
B, = W? — 7% ds,0<t<1
¢ t+/0 Var(Vy) — s U=

is a Brownian motion with By = V.

1.3 Filtering techniques

In this Section, some important results of filtering techniques are presented. Let (Q, (F1) >0 P)
be a filtered probability space. Consider the two-dimensional Gaussian process (6;, &), <t<T
satisfying

d@t = [Clo (t, f) + aq (t, 5) et} dt + b1 (t, f) dW1 (t) + b2 (t, £) dW2 (t) ,
de, = [Ao(t,€)+ Ar (1) 6] dt + B (£,€) AW, (1), (1.1)

where W (+) and W (-) are two independent Brownian motions on (F3),~¢- (6¢),c (0.1
is a process inaccessible for observation. The observed values are (&;),¢(o 7. Assume
that the measurable functionals a; (t,z), A4; (t,x),b; (t,z), B (t,z), where ¢ = 0,1
and 7 = 1,2, are non-anticipative, meaning that they are measurable with respect to
the o-algebra generated by the functions continuous on [0, 7']. Denote the conditional
expectation and variance of 6 by m, = E[0,|FF] and v, = E[(6, — m;)?|FF].
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Theorem 1.3.1 (Theorem 12.1 in [Lip01]) Assume that for any x continuous func-
tion on [0, T) and for i = 0,1, the functions |a; (-, )|, |A; (-, z)], b? (-, z), A2 (-, x),
and B2 (-, x) have finite integrals on [0,T), |a; (-,x)| < L and |A;, (-,x)| < L (for
some L), B®(-,z) > C > 0 for some C, for any x,y functions continuous on [0, T),
there exist L1, Ly € R and a K (s) nondecreasing, right-continuous function with
values in [0, 1] such that

t
B(t,2)~ Bty < h/km—m%K@MJﬂ%—m%
0

t
B (t,z) < Ll/ (1+22)dK (s) + Ly (1 +27),
0
and

T
/ E [ag (t,€) + b7 (t,€) + by (£, 8] dt < oo,
0

E6] < o
If the conditional distribution of 0y|&y is Gaussian N (mg, o), then my; and ~; satisfy
dmy = [ag(t,&) +ai (t,&) my)dt
R GOBLET I8 jgg,— 4y 1.6) + 1 (. mo
and

b2 (ta g) B (ta 5) + ’YtAl (t7 5))2
B(t,¢€)
subject to the conditions my = FE (00|&o) and v = E H (70 — mo)z‘ 50].

%22nm®%+@mo—(

In a particular case, we have:

Theorem 1.3.2 (Theorem 12.2 in [Lip01]]) Letr 0 = 0 (w) be a random variable with
E6? < oo. Assume that & has the dynamics

& = [Ao (£,€) + Ay (,€) 0] dt + B (£,£) dW, (1)
where the coefficients Ay, A1, B satisfy the conditions of Theorem[1.3.1} and the con-

ditional distribution of 0|&y is Gaussian. Then, m; and ~y; are given by

mo + Yo + fot % [d€s — Ao (s, &) ds]
my = )

2
t ( Aq(s,
147 fo <1§(g,g§))) ds
Y0
2
t [ Aq(s,
14+ fo (191((8’5)) ds.
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1.4 Stochastic Optimal Control

In this section, the problems and solutions are defined on R, however, they can be
easily extended to R™. We refer to [Bjo98] for a more detailed discussion. Assume,
we have the following optimization problem on the finite time horizon [0, 7|, where
T € R. Let pu(t,y,x) and o (¢, y, z) real deterministic functions defined for any ¢t > 0
and y, z € R, and assume that the dynamics of a process Y; is given by

aY, = u(t,Ys, X)) dt + o (,Y;, X;) AW, with Y, =0, (1.2)

also called controlled SDE, where W. is a Brownian motion. Y and X are called the
state process and control process (or law), respectively. Suppose that X, is of the form
X = ¢(t,Y}) for some deterministic function g. Then, in fact we can use the notation
X (t,Y;) for the control process. We will call X (t,y) r admissible, if for any
t > 0and y € R, there is a unique solution of the SDE

t>0,y€

dYs = p (s, Ys, X (s,Y5))ds + 0 (s, Y, X (5,Y5))dW, with Y, =y.  (1.3)

Denote the set of admissible control processes by X.
Consider the real valued functions F (¢, y, ) and ¢ (y) well defined for any ¢ > 0,
y,z € R, and define the value function for a control process by

Jo(X) = E [/OTF(t,}Q,Xt)dtJr@(YT)], (1.4)

where Y. is the solution of 1| with Y, = yo. Its optimal value is given by J, =
sup xex Jo (X). If there is a control process X € X, such that Jo (X' ) = jo, then we

call it an optimal control process (or law).
A control problem P (¢,y) is defined for fixed ¢ > 0,y € R, as the problem to
maximize

E, {/tTF (t,Y, Xy)dt + @ (YT)}

given the dynamics by (I.3). Note that the original optimization problem is, then,
P (0,yo). Then, given this dynamics, the value function is defined as

J(t,y,X)=EFE UtTF(t,Yt,Xt)dHcI)(YT)},

and the optimal value function, the expected utility over the interval [t, T, is given by
J(ta y) - SupXeX J (t’ Y, X)

Assume that there exists an optimal control process and that J (-, -) is continuously
differentiable with respect to the the first and twice continuously differentiable with
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respect to the ~second variable. Lett > 0, y € R and h > 0 be fixed such that
t+ h < T, X be an optimal control process, and X be a fixed, arbitrary control
process, and define

. X (s,z) if (s,x)€[t,t+h] xR
X (S’I)Z{X(s,x) if (s,z) € [t+hT] xR

Then, we will observe the difference between the optimal X and the just defined X*
to derive a PDE for the dynamics of the value function. Using the optimal low, the

expected utility coincides with the optimal one: J (t, y, X > = V (t,x). Using X*,
over the interval [¢,t + h, it is given by

t+h
Ey, [/ F(s,Y;,XS)ds} ,
t

and over the interval (¢ + h,T], as we start from the state YX (¢ + h), where the su-
perscript X of Y refers to the fact that until time ¢ 4 A, the control process X has been
used, is given by

Et,y [‘] (t + h, Yt)fh)] )

so the total expected utility is given by
t+h
J* (tay) = Et,y |:/ F(S>}/87Xs) d8+‘](t+h7 }/ti(h)
t

for which, because of the optimality of X, we have
J(ty) > T (t,y). (1.5)
Then, by It6’s formula, we get
t+h
TE+nI5) = Ve)+ [0 (535 + 0,7 (5. 5) ds
t
t+h
+/ Dy J (5,YX(s)) o (s,Ys, X) AW,
t

Then, taking the expectation, and using (1.5) and assuming sufficient integrability,
we get

t+h
B [ [ (8 (537X + 0 (5.35) + 0,00 (. 72)) 5] <0
t
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where, dividing by h and letting it tend to 0, assuming enough regularity so that we
can change the order of the expectation and differentiation and using Y; = y, we get

F (tava (t)y)) + 8tJ (t7y> + any (t7y> S 07

which hold for any X, and equality holds if and only if X = X, so we have got the
following equation:

o (t,y) + )S{ugF (t,y, X (t,y) + 9y, J (t,y)) = 0,
c

with the boundary condition J (T,y) = ®(y).

As (t, y) was fixed but arbitrary, the above PDE must be satisfied for (¢,y) € (0,T)xR.
It is called the Hamilton-Jacobi-Bellman equation. So, under the assumptions made
earlier, the above PDE is satisfied and the supremum is reached by X = X. This
is a necessary condition. Also, a so called Verification Theorem can be proved saying
that if some J' is sufficiently integrable and solves the above Hamilton-Jacobi-Bellman
equation with the boundary condition and the supremum is reached by an admissible
strategy X', then the optimal value function J to the control problem coincides with
J' and the strategy is optimal, making it be a sufficient condition.
A possible generalization is the following controlled SDE:

1/2-5 = ,U/(ta}/bXt) dt—'_o'(t?}/;f?Xt) th
Yo = .
on a fixed interval [0, T'], considering a stopping time 7 = inf {t > 0:Y; = ¢} AT, for

some ¢ € R, meaning the first time when Y hits the level ¢, with the control problem
of maximizing

E [/ F (s, Y\, X,)ds+ @ (7,Y;°) |
0

It can be shown that the same equations and the Verification Theorem hold, in this
case, as well, with the boundary condition J (¢, y) = @ (¢, y).
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Chapter 2

Introduction

In Part II, order-driven market models are studied with the presence of insiders. Con-
sider a market of a risk-less bond and a risky asset. The price of the risky asset will
depend on the incoming market orders in the following way. First, market participants
place their orders, displaying the amount of risky asset they want to buy or sell. Then,
some market specialist, the so called market makers set the prices, at which trading
will be done. Such models with endogenously given prices are the order driven mar-
kets. Another approach is having the prices given either exogenously described by
their dynamics depending on their trajectory or their recent values, but not on the mar-
ket orders. The markets studied throughout this Part are order driven markets, based on
two models presented in [Kyl85]] and [Bac92|]. These original models and their exten-
sions presented in this Part. A more realistic (limit order) model is studied in [BB0O4],
in which buyers and sellers set not only the amount of assets they are willing to buy,
but also the price at which they are willing to trade, called bid and ask prices. In this
case, trading is done when those requirements meet.
In the models studied in these Chapters, there are three types of participants:

e Noise traders or Liquidity traders, who trade for liquidity or hedging reasons,

e Informed traders or Insiders, who are aware of some privilege information about
the risky asset and try to maximize their profit, and

e Market makers, who set the price and clear the market.

Denote the noise traders’ cumulative demand by Z, the informed trader’s cumulative
demand by X, the total demand by Y = X + Z and the prices set by the market makers
by P in all the models presented in this Part. The market is order driven, so the presence
of the insider does have a impact on the market, the stock price also depends on her
strategy. We will start, in this Chapter, from the discrete model introduced in [Kyl85],
and see how to get from the single auction model to a continuous one (described and
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studied in [Bac92], as well) through a discrete, sequential auction model. In Chapter
its extensions and related models are presented. In all these models the private
information is the price V' right after an announcement to be made, or some equivalent
quantity, and the market consist of a bank account with interest rate 0 and a risky
asset. In the single auction model, the demand of the noise traders is a normal random
variable, in the sequential one it is a discrete version of a Brownian motion and in the
continuous model it is a Brownian motion. Its extension to Lévy processes are studied,
as well. Let W denote the wealth of the insider (introduced and calculated later).
Then, the insider tries to maximize her expected profit conditioned on V. The market
efficiency condition says that the prices, set by the market makers, have to coincide
with the expectation of V', conditioned on the market makers’ information: Y.

We will refer to the model presented in [Kyl85] as Kyle’s model and to the one
presented in [Bac92|] as Back’s model. In the following, Kyle’s and Back’s original
models can be found in Section [2.1] an extension allowing the noise traders’ demand
to be a Lévy process is studied in Section summarizing the results of [[Corl4b],
a general framework including random announcement time and different structures of
the private information is presented in Section with the results of [Corl4al], and
finally some related models are presented in Section including more insiders on
the market [NT06], more than one signal [Ja199], a risk-averse insider [Cho03/Cor14b]
and a concept of a weaker equilibrium [Wu99, KHOL10,/Dan10].

2.1 Models

In this Section, the previously mentioned models are presented. First, the discrete
models can be found: the one-period and the N-period equilibrium model, then a bridge
to the continuous case, and finally, the continuous model is solved. Afterwards, the
original approaches of Kyle and Back are mentioned and referred.

2.1.1 Kyle’s and Back’s Models

Consider a market with two assets: we have a risk asset S and a bank account with
interest rate r equal to zero. We consider /V trading periods: 0 < t; <ty < --- <ty
and a liquidation value of the asset, 1/, which is announced just after time ¢ . We
repeat the behavior and the information of the three kinds of agents:

1. Let the noise traders’ (aggregate) demand process be denoted by (Z) g«
suppose that AZ;, = Z;, — Z,,_; are independent, identically distributed random
variables of law N(0,02Aty), At = t;, — tx_1, Z is independent of V' and
Zy = 0. We also assume that V' ~ N(pg, o?).
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2. Let the informed trader’s (aggregate) demand process be denoted by (X}), <k<N
with X, = 0, at time ¢, it is supposed he knows the value of V" and (F;)
he tries to maximize his wealth.

0<j<k—1"

3. The market makers clear the market fixing a rational price

where Y = X + Z. The process Y. is the information that the market makers
have. Note that (F) is an (Fj)- martingale, where F, = o(Y;,0 < j < k).

The optimality and rationality conditions are the following:
Definition 2.1.1 Given a demand process Y, a pricing rule
P.=H(kY;,0<j<k) k=1 ,N
is rational if
H(k)Y;,0<j<k)=EVI|Y;,0<j<k),k=1,.,N

Definition 2.1.2 Given a pricing rule H, a trading strategy X is optimal if it maxi-
mizes the value of insider’s portfolio.

Definition 2.1.3 An equilibrium is a pair (H, X) such that X is optimal given H and
H is rational given X.

We may have several equilibriums, then it is convenient the following definition

Definition 2.1.4 If (H, X) is an equilibrium for any X then H is an equilibrium pric-
ing rule.

The value of insider’s portfolio at time ¢, is given by

k
We=)Y G
i=1
where G} is the gain in the period (i — 1, 7], that is the new value of the portfolio minus

the initial value and minus what she spends in getting the new position:

G'i = Xsz - Xi,1P1;1 - (Xz - Xifl) P’L
= Xia(P — Pim),
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SO
N
Wy =) Xia(P—Pry).
1=1

Once the announcement is made, there is a new gain, say Gy, given by
GN+ = (V - PN)XN7

so the total gain Wy is given by

N
Wy = (V—=Py)Xy+> Xia(P— Piy)

i=1

N N
= VXy—PyXy+) XiaPi— ) XiPiy

N i=1 N 1=1
= VXy+) XiaPi—) XiP,
i=1 i=1

N

= VXy =Y P(Xi—Xi) =) (V-P)(X;—Xi1). (@1

i=1 =1

Note that X}, is measurable with respect to the o-field Gy 1 = o(V, P, ..., Py_1). If
we consider the total portfolio of insider plus noise traders we have that its value, say
A, is given by

A=) (V—=F)(Yi-Yi),

=1

and

if the price is a rational price. So, in these conditions the gain of the market makers is
zero in average and the insider’s gain is due to the losses of the noise traders.
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Equilibrium in one period
Consider now that N = 1, then
Wiy = (V - Pl)Xl
with X a measurable function of V. First we consider linear strategies
Xi=a+pV
and we look for rational price rules

P = E(VIY)=EV|a+pV+ Zy)

= o+ S A - )+ 2)
Ba}

= po+ m(ﬁ(v —po) + Z1)

= p+AYY,

s0, in this situation, prices are also linear with

2

g
— p—u ) 22
Y Po Foo? 4 o2 a (2.2)
Bat
A= ——— 2.3
Fo? 4 02 (2.3)

The insider wants to maximize

E(W1+|V) = E((V—P1>X1’V>
= (V—u—)\Xl)Xl,

p+AXT = pt+Aa+ BV
2

O-’U,
= Pom‘i‘)\ﬁva
(V —po) o
=AY = Y e
SO % )2
EWi V) = Wigg(oﬁLﬂv)?

and there is not equilibrium, since E(V;,|V) is not bounded, but note that we are
trying to maximize the portfolio’s wealth for different pricing rules.
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Assume however that ;4 and A\ are really constants which do not depend on the
particular value of insider’s demand. Then, we have to maximize

EWi V) = E(V - P)Xy|V)
= (V_,U_)\Xl)Xl,

with respect to X, so the optimal value is

V—p

! 2\

We obtain that the optimal strategy is linear, that is, if we start with a linear pricing
rule the optimal strategy in the set of all strategies is linear and we have

__H -
a = o\ and [ %

Now the coherent values of 1 and A with rational pricing rules should satisfy (2.2)) and

@.3). s0

=pg and \ = iy
Oy
Then

Oy
X = — — .
1 o (V po)

We also have that the optimal wealth is given by

Oy V_p 2

EW|V) = ou(V ~po)” S0, 0) ,
and oo
E(Wy,) = uQ l

It is also worth to point that

Var(V — P;) = Var(V)+ Var(P;) — 2Cov(V, P)
= o7 + (%07 +02) — 2\Bo}
2
= o} + \Boj —2)\Bo} = %

and
COV(V — Pl,Pl) = 0,

so V — P; and P, are independent.
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Equilibrium with N periods

Here, we present a way of finding equilibriums that reflects the dynamic programming
method used in the continuous model in [Bac92]. We assume that pricing rules are
linear in the demand process, more precisely

n n—1
_ M) Ay _ \() M _ \0-D) Ay
P, = Y AMAY, = AYn+Z<>\i A )A}g
=1 =1

= M AY, + Py + 1(AY:, AYa, ..., AY 1), (2.4)
where A := A", Define
N
Wy=supE | > (V= P)(X; - X;) gn_ll n=1,.,N,
& =n

where X is the set of (admissible, because we need the wealth process to be well
defined) (G,,)-previsible strategies (that is X, is G,,_;-measurable). Then
N
D (V=P)Xi— Xia) + (V= P) (X — Xo1) gn_ll
i=n—+1
= supE [Wn+1 =+ (V — Pn)(Xn — Xn_1)|gn_1] , N = 1, ceey N
X

W, = supk
X

Then we can solve this backwards,
Wy = Sl)l(pE((V—PN)(XN — Xn-1)|Gn-1)
= sgp E((V — Py_1 — ANAYy — ry)AXN)|Gn-1)
= sx)lfp(V — Pyo1 — ANAX Ny —ryv)AXN),

and the optimal strategy is

V—PNfl—TN
AXy =
N 2)\N )

and the optimal wealth value

(V =Py —rn)°
4)\]\[ ’
If the pricing rule (2.4) is rational it must satisfy
0 E(V—PN’./—'.Nfl) :E(V—PN,l—ANAYN—TN|fN71)
V—Py.1—1N
2

Wy =

= E(V— PN_1 - /\NAXN —TN|,FN_1) = E(

]:N—l)

N

5
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Then, assume that r,, = 0 and that
Wn - an—l(v - Pn—1)2 + 571—17
Note that 7y = 0 and that ay_; = ﬁ. Now,

Wn—l = Sg;p {E [Wn + (V - Pn—l)(Xn—l - Xn—2)|gn—2]} s

EWy|Gn-2) = an1E((V — Pn71)2 |Gn—2) + 0n_1
= 1 E(V =Py o= M1 AY 1 — 70 1)?|Gn2) + 0ns
= an—1<v — Py — Ml AXG — Tn—1)2
+an,1)\iflaiAtn,1 + 0p_1,

SO
Wn—l = SUP<Oén—1(V - Pn—2 - /\n—lAXn—l - rn—l)Q
X

+an—1)\727,_10-12,,Atn—1 + 5n—1
+(V — Pnf2 — /\nflAanl — Tn71>AXn71)7
and we have that the optimal strategy is given by

1-— 2>\n—104n—1
2)\n—1(1 - )\n—lan—l)

AX’I’L—I - (V - Pn—? - rn—1)7

again, by the rationality pricing condition, 7,,_; = 0 and

1

V — Pyo)? +an N2 02 A, + 6,
4An—1(1 — )\n—lan—l)( 2> + o n—1% 1+ 1

anl =

SO

1
4)\n71(1 - Anflanfl)’
5n72 = anfl/\iflo'iAtnfl + 5n71-

Note that the second order condition is
)\n—l(]- — /\n—lan—l) > 0.
Since the pricing rule is rational

E(V — P, 1|F,) =P, — P,_1 = \AY,,
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we have

E(V = P,1|F,) = E(V — Py_1|AY,)

Cov(V — Py_1,AX,)
= AY,
Var(AY,,) "

2
- Bno-nil AYna
B2At,02 | + o2

where 02 :=Var(V — P,) and 3,At, := %, n = 1,..., N, where we take by
definition oy = 0. Then
)\ — 5”10-721—1
" ﬁ%Atnaz—l + ‘712;.

So summarizing we have the following equations for the parameters

1
= 2.

bn1 = auA202At, + b,

Bnazfl
A, = n 2.6
1— 2\
B, A, = nn 2.7)

20, (1 = Ao’

n =1, ..., N, where we take by definition , = 0. It is easy to show that we also have
that
02 =02 (1= M\BpAt,),n=1,...,N. (2.8)

Bridge to the continuous model

From (2.7), by multiplying by \,,, we get

1— 20,
Aty )\, = - 2.

From (2.6), by multiplying by At,,(,,, we get

252 At
At )\, = non- 1 n 2.10
/871 n ‘n ﬁgAtn03_1+O‘3’ ( )

which implies
2 2 At
1—2a,\, = W
o2,

(2.11)
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because both (2.9) and (2.10) can be written in the form of z/(1 + z) with z being
equal to either side of (2.11)). By substituting the equation for « (2.3) in (2.7), we get

BnAt, = 205, _1(1 — 2a,\,,). (2.12)

Using the fact that by (2.5), we know

W dag (1 — anhy),
Q1
we get
Op — Qp—1 212 2
————— = —(1 —dap N\, H4ag X)) = —(1 — 2a,0,)". (2.13)
Op—1
Now, define
4a’o?
On = 7-

In (2.11), by substituting ,,At,, as in (2.12), we get

(o}

1= 20,_1(1 — 200y \n) 2001 —1
A nn)20 1Atnag
SO At
1—2a,\, = —=. (2.14)
(bnfl

Also, by (2.11J), it is easy to check that

—1 2 2
<1+ At”) Ty = In (2.15)

= 2 2
¢n—1 ﬁnAtnO_nfl + ‘73 On—1

Then, (2.13)) and the definition of ¢,, imply

n n — Wn— Atz
Qo _ Q7 Gnot g g 2 (2.16)
Q1 Q1 ¢721

By multiplying (2.13) and (2.16), we get an equation for ¢,, that can be simplified to
A2 A
¢n71 31_1 ‘

These cubic equations have to be solved subject to a boundary condition ¢ = 0.
Equivalently,

¢n - ¢n—1 = _Atn -

2.17)

0= i—l - (Atn + ¢n) 721_1 - At?—ﬁbn—l + Ati



2.1. Models 31

Because of the positivity of ¢, we obtain ¢ _1 = Aty. Also, we know that

 — O At,  At?
w = -1 — + 5 n
Atn ¢n—1 n—1
Therefore, if we show that we have a solution with % tending to zero, then, in every
step only one solution makes economic sense and this satisfies
5 ¢n - ¢n—1
— < /< -1 2.18
4 At, 2.18)
and b — 5
n — ¥n-—1 n
—_— = —1 — 2.19
At B AL T (2.19)

which imply that, for the continuous version of ¢, we have
o(t) =1-t, (2.20)
and the convergence is uniform on [0, 1]. Since we can write

o — o2 At,
= - + o(|At]),

for the continuous version we have

(0*(t)' 1

o(t) 1—t
with uniform convergence on intervals not containing ¢ = 1. Its solution is

o*(t) = (1 —t)op.

The continuous model

In the following, the continuous version of Kyle’s model is solved. Note that in
[Bac92], the price at time ¢ depends only on Y;, while in Kyle’s model, and also in
the one presented here, it depends on the history (Y;), .., through the price pressure
\. We consider the same market of a risky asset S and a bank account with interest rate
7 equal to zero with the trading continuous in time. The trading period is [0, 1]. There
is to be a public release of information at time 1, revealing the value of the risky asset
V' (assumed to be a random variable with finite expectation and with distribution func-
tion [), at which price it will trade afterwards, t.i. at time 1+. The price of the stock

at time ¢ is denoted by P; and the filtration generated by it by F¥ (]-"tp )0 <4<y Where
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]ip = 0(P;,0 < s <t). Let Z be the aggregate demand process of the noise traders,
a Brownian motion with a fixed volatility o : dZ; = odB;, where (B5;),-, is a standard
Brownian motion independent of V. Let X be the demand process of the informed
trader, as she knows the value of V' from the beginning, as well as {P; : 0 < s < t},
X has to be adapted to the augmented filtration (completed with P-null sets)

FV:P .— <]_-tv,P>

0<t<1’

where
FP i =0(V,P,,0<s<t)

generated by the random variable V' and the process P. Because of the independency
of Z and V, Z is an F¥"?-Brownian motion, as well. The informed trader tries to
maximize her final wealth and the market makers set the rational price, given by

P =E(V|Y,,0< s<t),te0,1]

where Y = X + Z is the total demand market makers observe. Note that () is an
FY -martingale, where F* = (F}),_,., and F}" = o(Y,,0 < s < t). Here and in

the sequel we always consider P-augmented filtrations. Note that F¥ = F¥ and that
IFV,P — ]FV’Y — FV,XJrZ.

Definition 2.1.5 Assume that \ is a positive smooth function, H € C'? and H(t, ")
is strictly increasing for every t € [0, 1]. Denote the class of pairs (H, \) above by H.
An element of 'H is called a pricing rule.

Suppose that market makers fix prices through a pricing rule

F)t = H(tagt)at S [OJ 1]
with

6= [ A,

where A is called price pressure. We also write £(t, Y;) for ;. Assume that X is adapted
to the filtration FV?, and that consequently ¥ C F"*Z, in such a way that if X, =
f(Ys,0 < s < t,V) for certain measurable function f we can write X; = g(Z,0 <
s < t, V) for another measurable function g.

Definition 2.1.6 Denote, by X, the set of F""?-adapted processes X satisfying
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for some measurable . and such that¥ (H,\) € H

1 t 2
E (/ U (t/ Ad (X, + ZS)) ) dt < oo (2.22)
0 0

for both cases U = H and U = (%H . The elements of X are called the strategies. We
assume that X = 0 is a strategy in X.

The final wealth IV of the insider, just after the announcement, can be written in
the following way, analogously to the discrete version (2.1)),

1
Wiy = / (V — P_)dX; — [P, X]1, (2.23)
0
with X;  denoting the limit limy; X,. Assume that X is an F""-semimartingale (so
that the integral can be seen as an It6 integral) and that P is an F"""-semimartingale
(to ensure the quadratic covariation [P, X] is finite). The definitions of the rationality,
optimality and equilibrium are as follows.

Definition 2.1.7 Given a trading strategy X (and total demandY = X + Z), the price
process P is rational, if

P =E(V|Y,0<s<t), tel0,1]

Definition 2.1.8 A strategy X is called optimal with respect to a price process P if it
maximizes E(W1).

Definition 2.1.9 Ler (H,\) € H and X € X. The triple (H, \, X) is an equilibrium,
if the price process P. := H(-,£(-,Y")) is rational, given X, and the strategy X is
optimal, given P.

In Back’s original model, a dynamic programming approach as introduced in Sec-
tion is used to find and describe the equilibria. It is presented later in Subsection
In the following, a perturbation method is used to find the equation correspond-
ing to our problem. We have the following necessary condition for optimal strategies:

Proposition 2.1.1 An admissible triple (H, \, X) such that X is locally optimal for
the insider, satisfies

V= B(H(LE) M) — NDE [ [ aunts e,

%t] =0, a.s, (2.24)

fora.a. 0 <t <1, and the strategy does not jump at 1, leading the price to V.
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Proof. Denote the filtration generated by V and by P : 0 < s < ¢ by H; and assume
that the total wealth of the insider is given by (2.23)). Consider

J(X) = E(Wis) = E (/Ol(v — H( €)X, — [P, X]l) |

Suppose that X is (locally) optimal. Then, for all # such that X. + ¢ fo Bsds is
admissible, with £ > 0 small enough, we have

; |
0 = —J(X. d
< +e/06 9

_ dp (/01 {v 5 (t, /Ot A(s) (AX, + B,ds + dZS))} (dX, + eﬁtdt))

de

_ E( /Ol[v Ht, gt)]ﬁtdt>+E( / _OH (L) ( /Ot)\(s)ﬁsds>dXt)
_ E(/01<(V H(t, &) /02 §5dX)5tdt).

Since we can take 3; = 1, y1n) (t) o, with o, H,-measurable and bounded, we have

E(/UM <E((V Ht &) H,y) — (/ Dy H (s, £)dX, ’H))dt"ﬂu> ~0
(2.25)

and this means that the process:
Hu} ) du

M= [ (B ) - B 6 - 3WE| [ ams.x.

is an H-martingale. Hence, knowing that E(V|H,) = V, this implies (2.24) for a.a.
0 <t < 1,in particular H (1,£;) = V. And since by the definition of X and ‘H

CH(t &)~ MDE (/tl Do H (s, €.) ’Ht)

Vo H(LE) - )\(t)/t E (0,H (s, £,)0, Hy) ds
A1) Y E(0H(s—, & )AX,|Hy)

t<s<1

e=0

=0
And also, we have

1
/ E(0yH(s,£,) |0,]| Ho) ds < oo,
t
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1
lim E (E (/ 0o H (s5,85)|0s|ds Ht)‘HO) =0,
t—1 t

and F ( ftl 0o H (s, §s)|95|ds‘ Ht> converges in L' to zero, and since it is a positive

then

super-martingale it converges almost surely to zero. The same reasoning holds for the
term

A(t) Y E(0:H(s—, 6o )AXL[H,).

t<s<1

s0, since A(t) is continuous, we get V' = H(1—,&;_), a.s. Now if we consider a locally
optimal strategy with a jump at the end with respect to another without jump we have

AJ(X) = E[(V—H(1-& )AX, - AHAXY]
= —E(AHAX;) <0,

since H(1,-) is strictly increasing. Therefore, an optimal strategy does not jump at
theendand V = H(1,£). m

Then, apart from equation (2.24)), we have the following characteristics in equilib-
rium:

Proposition 2.1.2 Consider an admissible triple (H,\, X). If (H,\, X) is a local
equilibrium, then Yy is a local martingale and \. = ) is constant, and the following
equation holds

0=01H(t, &)+ %aQQH(t, &)N0%  as. on[0,1]. (2.26)

Remark 2.1.1 Note, thatY;, = Z;+ f(f 0sds being a local martingale implies by Lévy’s
characterization that it is a Brownian motion on its filtration, as Yo = 0 and [Y]; =

[Z); = ot

H(tvgt)

i) We have

Proof of Proposition 2.1.2, By using Itd’s formula for

E(/ Bk <s,§s>d£smt>
p (M8, ) - A

B (/tl ( i;(Z)H(s,és) + % + %822}1(5,@»(5)02) ds

Ht) )



36 Chapter 2. Introduction

since X is of the form lb and d[YY]S = d[iZ]S 0. Since X is locally optimal,

given (H, \), by the equation (2.24] and knowing that an 0pt1ma1 strategy leads to price
to the final value: H(1,&) = V from Proposition [2.1.1} we can write:

V
0 = V-AHE ( 3

XD Ht)

30 [ 8 (=50 + 2O (s, 660

Ht) ds.
Hence, we have

= ()

1 X(s) O H(s, &) 1 s s)o?
[ 5 (S S5 + ot 000

Ht) ds.

By identifying the predictive and martingale parts, we have that

H(ta gt)

Xy X0 g )

A(@t) - A1)

H(t, &) + FmH(LEND?  @27)

Now, since we are in a local equilibrium, prices are rational given X, so by taking
conditional expectations with respect to F; and using E(V'|F,) — E(H (¢,&,)|F:) =0,

we have BH(LE) 1
1 t) t - 2 __
—)\(t) + 2322H(taft))‘(t)‘7 =0,

consequently

t
—H@@=H&@+/A@H@@mn (2.28)

0

SO,

dP,
MO H (t,&-)

and, since P, is a martingale and ;02 H (¢, y) > 0, we have that Y’ is a local martingale.
Finally, from (2.27)) we have that

M) N
(@) e

dY; =

H(t,ft) - 0

then V' # H(t,&;) implies that \'(¢) = 0, which together with (2.27)) imply (2.26). =
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In equilibrium, the pricing rule (H, \) satisfies (2.26). Consider, now, only pricing
rules satisfying

1
0=0.H (t,y) + 5822H (t,y) Mo = 0. (2.29)

We have the following necessary and sufficient conditions for equilibria. Considering
a wider set of admissible trading strategies, relaxing the condition (2.21)), we find that
even in that set, the optimal ones are, indeed, of form (2.21].

Theorem 2.1.1 Consider an admissible triple (H, \, X) with (H, ) satisfying (2.29).
Then, it is an equilibrium, if and only if
(i) A(t) = Xo,
(ii) H(1,&) =V as,,
(ii) [X°, X =0,
(iv) X has not jumps,

(v) Y is a local martingale.

Proof. Denote throughout this proof the derivative with respect to the variables v, ¢
and y by 0y, 0; and 0, respectively. Set

HWI0) [ (1,0
i) = [ EEE
Yy Ao

I(v,t,y) = Eli(Viy+Xo(Zi—2Z))|V =v]=E[i(v,y+ X (21— Z))],

and note, that since (H (t, \oZ;)), and I (v, t, Z;), are martingales, and Z is a Brownian
motion, so it has independent increments, we have

H(t,y) = E[HQ, Z)|NZi=yl=FE[H,y+ X (Z1—2Z))],
I(v,t,y), = Eli(v,\Z1)|MNZi=yl=FEli(v,y+ X (Z1—Z))], and
82] (U, t, y) = E [821 (U, Yy —f- )\0 (Zl — Zt))]
v—H(l,y+ X\ (Z1 — Z)) v—H(t,y)

= E|— = 2.30
" N (2.30)

where derivative can be taken under the integral sign, since £ [H (1, \Z;)] < oo and
H (1,-) is monotone. Then,

1
0 = 0wl (v,t,y)+ 58222[ (v,t,9) Ago®,  s0

1
C(v,t) = 81](v,t,y)—|—5822](v,t,y))\002, (2.31)
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with C' (v, t) being a constant with respect to ¥, in fact being zero for a.a. t € [0, 1],
since I (v, t, Z;), is a martingale. Then, by It6’s formula, we get

1
I(v,1,&) = 1(v,0,0) +/ O 1 (v,t,&)dt
0

1 1
+ /0 0ol (v,1,6-) A& + /0 Dol (0,1, &) d €%, €°),
+ (AL (0,t,6) — o (v,1,6-) AL,

0<t<1

where
d (€5, €7, = A [X°, XF), + 2X05d [ X, Z°], + Njodt,

so by (2.31), we have

1
I(U,l,gl) = I(U,0,0)"—/ (Ptf —’U) (dXt+dZt)
1/t :
+5 | ol (01,60 M (X7, X7,

1
+ / Ol (v.1,6) N2 [X¢, Z°),
0

+ Z [AI (Ua t gt) - 82 (U7 t, ft—) AOA)/t] .

0<t<1

Then, subtracting [P, X], from both sides, we get
1
/ (v = P, )dX, — [P,X], — I (1,0,0)
0
1
- TwL&)+ [ (- iz
0

1 1 1
+§/ Ol (v,,&,) /\Sd[XC,XC]tJr/ 0ol (v,1,&) Nd[X¢, Z°),
0 0

+ Y [AI(v,1,&) — 0s (v,1,&-) NAXy] — [P, X], .

0<t<1

Note that [ (v,0,0) is a lower bound for all strategies. We will show that taking the
conditional expectation for V' = v the right hand side (so the left hand side, as well),
is non-positive.
Note, that
[P, X], = [P°, X, + Y ARAX,,

0<t<1
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where [t6’s formula implies that the continuous local martingale part of P is
[t .60z
so by (2.30),
ol = [faneeegx] - | 0,0 (1,6) d €, X°),

1 1
_ / Ol (v,t,6) A2 [X¢, X°], + / Ol (0,1, &) Nd [X°, Z],
0 0

and

)\082] (U, t, St—) AXt + A.PtAXt = (Pt— — U) AXt + A.PtAXt
= (Pt — U) AXt = )\082[ (’U, t, gt) AXt

Then, substituting them for [P, X], on the right hand side, it simplifies to
1
= IwL&)+ [ (A- iz
0
1 /1
+3 | Ol (00,60 M XX, +

+ 3 [T(0,t,&) = I (0,5,6-) — 05 (v,£,6-) NAX,] .
0<t<1
We have the following results:
1. Since
MOl (V,1,&) = 0.H(V,1,&) >0 and
XOoI (V,1,&) = =V +H(1,&),

so by (ii), we have the maximum value of —7I (V 1,&;) for the strategy, and by
its definition and (ii), we have I (V. 1,&;) = 0.

2. The process fol (P,_ —v)dZ; is a F?Y -martingale and becomes zero when tak-
ing the expectation.

3. Because of H being increasing monotone, and (2.30), 0>2/ > 0 and the measure
d[X¢ X >0,s0

1 1
~5 | ol t0.t.6) [ X, < 0
0

and it reaches its maximum if and only if [ X, X¢] = 0.
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4. The convexity of I, Jy51 > 0 implies that
(v,t,z+h)—1I(v,t,x) — 0y (v,t,x+ h)h <0,

so is the last term, and it reaches its maximum if and only if X does not have
jumps (iv).

5. (2.22)) and (v) imply that the prices are rational.

|
We will need the following Lemma:

Lemma 2.1.1 Assume that a process G is FY -adapted and
¢
Gt = Mt +/ Oést,
0

where M is an F%V -martingale and o is F%V -adapted. Let H be a filtration such
that ¥ CH C F%V. Then

t
Gt = Nt +/ E [Oés |Hs} dS,
0

where N is an H-martingale.

Proof. First, I show that E [V, |H,] is an H-martingale. Let s < ¢ < 1, then since
H, C F&V

E[E [M; [He||Hs] = E[M; [H.] = E[E [M, [FIV ]| He] = B [M; K],

since M is an F/*Y-martingale. Then, consider

t
Gt—GSZMt—M5+/ CYudu.

We have
t
E[G; — Gs|Hs] = E[Mt—Ms|Hs]+/E[au]’Hs]du
t
= E {/ E [ov,| Hy] du ’HS} ;
SO .
E {Gt—Gs—/ E [ | Hy] du ’Hs} =0,

hence, N, := G, — fot E [, | H,] du is an H-martingale. =
Then, the following conditions characterizes optimal strategies:
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Proposition 2.1.3 Let (X, H, \) be a triplet with the pricing rule of class H that satis-
fies and the strategy X € X satisfying in (2.21)). Then the following conditions
are equivalent:

i) The process (H(t,&,)) is an FY -martingale.
i) E[6,| F)] =0, and

i1i) The process Yy is an FY -martingale (Brownian motion).

Proof. By Itd’s formula, we have
t
Ht&) = HO.0)+ [ AOOH (5.€)ds

t 0 1

+/ [alH (87€s> + 5)‘§U2822H<57§s):| dS
0
t

+/ OaH (s,&s )\sd By
0 t '

== Mt +/ |ialH (37£s> + 5)\302822[—[(5753)] dS
0

t

+/ AsOsOoH (s,&5) ds.
0

where M is an FZV-martingale. Then, using Lemma [2.1.1] for some FY -martingale
N, we can write H as

t
1
H(t7§t) = NH‘/ [81H<S7€s>+§>‘§O—2822H(S7§s) ds
0
t
+/ NE(O,| F)0,H (s,€,) ds
0
t
::M+/&MM@@H@@®,
0

Then, the equivalency of i) and ii) holds since, (H(t,;)) is an FY -martingale if and
only if IE(85|]-"SY) = (. Then, we also know that Y, = Z; + fot 0,ds. and that we can
get Y, by Lemma[2.1.1] as

t
Y, = Ut+/ E(0,|FY)ds
0

where U is an FY—martingale, so0 ii) and iii) are equivalent. m
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Then, we have proved that having a pricing rule satisfying (2.29)), the necessary
and sufficient conditions for an equilibrium are that the insiders’ a strategy is of form
(2.21)) leading the price to its final price (equivalently, leading the total demand to
H™*(1, Xo-)(V) and that (Y;),) is an F' -Brownian motion (or equivalently, E [6,| '] =
0).

Then, we have that (supposing that A = 1)

H(t,y) = Elh(y+ 21— 2],

1731 -7 t —_Y
Xy = (1—75)/ L)Qsds:/ v ®ds
0 (1—5) 0 1—s

is an equilibrium, where h = F~! o N, with IV being the normal distribution function
of zero mean and variance o?.

2.1.2 Original approach

In [Kyl85], the already introduced discrete models and a continuous model are studied.
In the single auction model, equilibrium is found with the linear regression formulas,
which is extended to the N-period model recursively by backward induction. Also,
it is shown that the continuous model is the limit of the N-period model as N tends
to infinity. In [Bac92], the continuous model is studied and a dynamic programming
method is used to find the equilibrium. Supposing that the insider’s strategy is of the
form d.X; = 0,dt, J is of the form

1
J(V,t,y) = sup E {/ (V- P,)0,du
¢

0,Yi=y

]_-Z,V}
t )
which, by splitting the integral into two parts: from ¢ to ¢ + h and ¢ + h to 1, implies

t+h
0= sup B [ [ = Pt I+ 1Y) T80
t

0,Yi=y

]_—-Z,V]
; )

Then, by Itd’s formula and taking the limit as ~ — 0 and denoting by 9; and 0, the
differentiation with respect to the variables ¢ and y, respectively, we get

1
0= sup {(V — Pt)ﬁt + 81J + 6?2J9t + +§822JO'E} R
0
which, being linear in 6, implies

1
E)QJ =H -V and 81J—|— 50’?@22J =0.
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This can be extended to the case of having jumps in the noise traders’ demand, as
considered in [Corl4b], with Z given by

dZt = ﬂtdt + O'tdBt + st, t e [0, ].] with Z() = 07

where B is a Brownian motion, independent of V', and 1, o : [0, 1] — R are determin-
istic, cadlag functions, and L is a pure jump Lévy process independent of V', which

can be expressed by
t
Lt:/ /xM(dt,da:),
0o JR

where M (dt, dz) = M (dt,dz) — v,(dx)dt is the compensated Poisson random mea-
sure associated with L, and with intensity v;(dz). The conditional value function is
defined as earlier, and when splitting the integral into two parts, using the fact that

dg(t, 9) = )\tetdt + )\t,utdt + )\tgtdBt + )\tst,
by It6’s formula we get
J(t+hE(E+0,0) = J(LE(L0))

t+h
1
+/ |:81J+ )\s(,us + 98)32J + 5/\§0'€2,822J ds
t

t+h t+h
+/ Oy JA\s0,d By + / Os JAgd L
t t
+ Z [A‘](S> 6(87 0)) - 82JA€(Sa 9)] :
t<s<t+h

Since AL(t, 0) = A\AY, = N\ ,AZ, we have

E| Y AJ(s,&(s,0)) — BAL(s,0)

Lt<s<t+h

]

= E Z J(Saéu(S*a 9) + )\SAZS) - J(Saf(3_79)) - )\882JAZS

Lt<s<t+h

t+h
= /t /RE |:J(S,€S_ + Asu) — J(s5,&-) — uNOaJ ‘EP’V] vs(du)ds.

ftP7 V]

Therefore, we obtain the Hamilton-Jacobi-Bellman (HJB) equation:

1
0 = sup {(V — H)Qt + (91J + (92J)\t9t + (92J)\tut + 582%])\?0}2
0

[0+ 20 )~ ndI ) |
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which is linear in 8, so we obtain
MNOoJ (t,y) = H(t,y) =V

for every (¢,y) € (0,1] x R and
1
81J—|—)\tut82J+§)\fat2822J—l— / (J (t,y 4+ M) — J (t,y) — uNDaJ (t,y)) vy (du) =0
R

for V(t,y) € (0,1) x R, where the ¢ = 1 case follows from the continuity of d,.J and
H.



Chapter 3

Extensions and related models

In this Chapter, two extensions of Kyle’s and Back’s model are presented, as well, as
some related models. First, a model allowing jumps in the noise traders’ demand and
considering also risk-averse insiders, following [Corl4b], then a general model with
examples as particular cases (already studied ones) can be found, following [[Corl4a].
Finally other related models are summarized.

3.1 Kyle’s model with the presence of Jumps

In this Section, the model studied in [Cor14b] is presented, in which the noise traders’
demand is allowed to have jumps, modeled by a Lévy-process, and the risk-aversion
of the insider is considered, as well. It is shown that with the informed trader being
risk neutral, the price pressure is constant over time, and there is no equilibrium in the
presence of jumps. Also, an approximation is studied. Finally, it is shown that the
insider being risk-averse, equilibrium may exist only if the jump part as well, as the
drift part of the noise traders’ process Z, equal 0, in which case we have the model
already studied in [ChoO3]], presented in Subsection [3.3.2]

3.1.1 The model

Consider the same market with the two assets and the same participant over the period
[0,1] as they are considered in [Bac92|]. Suppose, also, that the bank account has
an interest rate of  equal to zero. The public announcement is made at time 1, and it
reveals the value of the risky asset, at which price it will trade afterwards (that is to say,
at time 1+), denoted by V' and assumed to be a random variable with finite expectation.
The market is continuous in time and order driven. The informed trader is assumed to
be aware of the V" at time 0. All random variables are defined in a complete probability
space (€2, F,P).
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As before, price of the stock at time ¢ is denoted by P, and F¥'= (]—"tp ) <1< Where
FP = o(P,,0 < s < t). Let Z be the noise traders’ aggregate demand process with

possible drift and jumps given by
dZt = ,utdt -+ O'tdBt —+ st,t € [O, 1], Z() = O, (31)

where B is a Brownian motion, independent of V, and y, 0 : [0, 1] — R are determin-
istic, cadlag functions, and L is an pure jump Lévy process independent of V' and B.
Assume also that the process L can be expressed by

t
@://@Mw@m
0 R

where M (dt,dz) = M(dt,dz) — v,(dx)dt is the compensated Poisson random mea-
sure associated with L, and with intensity v,(dx).
Then, denote

FVP .— <EV,P)

0<t<1’
where
F)"" = o(V,P,,0 < s <t)

and suppose that the market makers “clear” the market by fixing a competitive or ra-
tional price, given by

P =E(V|Y,,0<s<t),tel01]

where Y = X + Z is the total demand that market makers observe. In this case, the def-
initions of optimality, rationality and equilibrium are as follows (the set of admissible
strategies X" and pricing rules H are defined later)

Definition 3.1.1 Given a trading strategy X (and total demandY = X + Z), the price
process P is rational, if

P =E(V|Y,,0< s <t),t€[0,1]

Definition 3.1.2 A strategy X is called optimal with respect to a price process P if it
maximizes E(W1.).

Definition 3.1.3 Let (H,)\) € H and X € X. The triple (H, \, X)) is an equilibrium,
if the price process P. .= H(-,£(-,Y")) is rational, given X, and the strategy X is
optimal, given P.
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3.1.2 The equilibrium

The Perturbation method is used to characterize the equilibria. We suppose that market
makers fix prices through a pricing rule

P, = H(t,&) where & :=&(t,Y;) = /t A(s)dYs,
0

with ¢ € [0, 1], where, the pressure \. is a positive smooth function, H € C 1.2 and
H(t,-) is strictly increasing for every ¢ € [0, 1]. Note, that F¥ = FF, V"’ = FV'Y =
FVX+Z and that we can assume that X is F""?-adapted, and that consequently F¥ C
V"2, in such a way that if X; = f(V,,0 < s < t, V) for certain measurable function
f we can write X; = g(Z,,0 < s <t, V) for another measurable function g.

Definition 3.1.4 Denote the class of such pairs (H, \) above by H. An element of H
is called a pricing rule.

As shown in [Bac92] and [ChoO3]], in equilibrium, the optimal strategies are of the
form

Definition 3.1.5 Denote, by X, the set of cadlag FV-F -predictable processes with

(Al) X € X satisfying X; = M; + A, + f(f 0,ds, where M is a continuous F""'-
martingale, A is a cadlag, finite variation predictable process with

A= (X — X0

0<s<t

and 0 is a cadlag, FV'¥'-adapted process. And for all X € X and (H,)\) € H,
P-a.s, a.a. 0 <t <1 we have:

(A2) E [y (2H (&))" (A[Z, 2], + d [M, M],)) < o,
(A3) E (fol O H (t,) 64| dt) < o0,
(A4) E (30 0:H (t—,&-) |AX,]) < cowith AX, = X, — X,

(A5) fy (H (86 + M) = H (8,6) = uh G (8,6-) ) m (du) < o,

(A6) 0 € X.
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Then, by the Perturbation method, considering the total wealth being

1
J(X) = E(Wy) = E (/ (V — H(t,6))dX, — [P, X]l)
0
and by Itd’s formula, the following necessary conditions have been found.

Proposition 3.1.1 Consider an admissible triple (H, \, X). If it is a local equilibrium,
then we have:

(i) V—H(t,&) — AHE {/tl 02 H (s, &5 )d X
(1) V=P =H(1,&)=H(1-,&-) = P-as., |

ftv’Z} =0, as, aa 0<t<l1.

1
(49i) 0 = O H (1, &) + Ao H (1, &r) + 5/\?Ux2f,ta22H(ta &)
+ / (H (6,6 + M) — H (16 ) — uNdoH (1,6 )) vy (du) , as, aa. 0 <1< 1.
R

()Y — / wdt is a local martingale
0

(v) If V # P, a.s.on [0,1), then A(t) = Ao ,

2 . dYeYes
where oy, 1= =3 —=.

Note, that while in [Bac92], it is assumed a priori that in equilibrium, the prices
tend to the price at time 1+, in this case, as it was shown also in [ABQO07], it follows
from the optimality of the insider’s strategy. In equilibrium, the pricing satisfies (i)
from Proposition[3.1.1] Then, restricting the set of pricing rules, we have the following
necessary and sufficient conditions for equilibria.

Theorem 3.1.1 Consider an admissible triple (H, \, X') with (H, \) satisfying for a.a.
0<t<landy e R

1
0 = OH(ty) + BHE YN + 50nH(E y)AE) 07

H
+/ (H (t,y +A(t)u) — H (t,y) - uA(t)%—y (t,y)> v (du), (3.3)
R
then (H, \, X) is an equilibrium, if and only if :

() A(t) = Ao,
(17) H(1,&) =V a.s.
(i17) [X°, X =0,
(iv) X has not jumps
(

v) X + 7 — / usds is a local martingale. (3.4
0
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Then, by It6’s formula and Lemma [2.1.1} it can be shown that Proposition [2.1.3
holds in this model, as well:

Proposition 3.1.2 Let X be an admissible strategy in X and (H, \) be a pricing rule
of class H that satisfies (3.3). Then the following conditions are equivalent:

i) The process (H(t,&,)) is an FY -martingale.
i) E[6,| F)] =0, and
t
i1i) The process <Y} — / usds) is an FY -martingale.
0

In this case, as well, as in the model in [Bac92], in equilibrium, Itd6’s formula
applies that H(1,-) defines H (-, -) by

H(t,y) = E[H(1,y + \Z1 — \Z,)).

Restricting the set of pricing rule to the ones satisfying (3.3)) and considering only
strategies of the form X. = fo 6sds, Proposition implies that if A = Ay > 0 and
if the strategy leads the price to V' and £ [0,5 ‘.EY = 0, then the pricing rule is rational
and (H, A\, X) is an equilibrium. Then, for such X and H satisfying with some
constant A > 0, the necessary and sufficient conditions are the following: the total
demand minus the noise traders’ drift is a martingale, and the strategy drives the total
demand at the announcement, t.i:

1. (Y; — fot usds> is an [F¥-martingale, and

2.V, = H (1, A)(V)

3.1.3 Examples

Four different cases are considered: Back’s original model, drift or jumps in the noise
traders demand, and the risk averse informed trader.

Back’s original model

With ¢. = o, . = 0 and without jumps, we have the results of the continuous model
presented in [2.1] with the optimal strategy given by
_-Y

9 .
L
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With a drift in the noise traders’ demand

First, suppose that the noise traders’ demand Z does not have a jump component. Then
the equilibrium strategy is given by

Yi - Y;f - j;l [Lst 2
Ht = 1 gy
[, o%ds

With a the presence of jumps

This is the main result of [[Corl4b]:

Theorem 3.1.2 [f the demand of the liquidity traders Z has a jump component (i.e.
L #0), then there is not equilibrium.

It is shown by reaching a contradiction when supposing rational prices: the jump part
of the noise traders’ process cannot be independent of the information to be released at
the end of the trading period. What can be done in this case is an approximation in the
following way. Although a jump in X. makes it suboptimal, if there were a jump just at
the same moment when there is a jump in the noise traders’ demand, mathematically

speaking:
t vV — }/;
X; = —Lt_ +/ 1 dS,
0

then it would lead us to the continuous version of the model. This strategy is not
admissible, but —L;_ can be approximated by

. 1 [t
L = —/ Lds,
€ t—e

where L7 is the pure jump part of L. Then, the approximated strategy converges with
probability 1 and also in L' to the X/. In case of L being a process that may have
infinite activity, a moving average process can be used to approximate it, that has the
same properties needed in this context.

Risk-averse insider

Finally, markets with risk-averse insiders are studied, as well, using the Hamilton-
Jacobi-Bellman Equations as mentioned in Subsection [2.1.2] If the insider wants to
maximize

E(u(Wyy)) = E(ye""**), where y <0,
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then the value function is given by

1
J(t,y):= sup E {yexp {7/ (V — Pl)eldl} ]-"tZ’V} ,
b (t0)=y t

and we can get the corresponding HIB Equations

aJ o] aJ 1, ,0%]
0 = S%p{J’y(V—H)et—l—§+)\teta—y+a—yAtﬂt+§AtO'ta—y2

oJ
+/R(J(t,y + \u) — J(t,y) — u)\ta—y<t7y))’/t(d“)} )

which is linear in #, so we can get two equations as in the risk-free case, and by
differentiating them, it is shown that there can not exist an equilibrium if either the
drift part, or the jump part differs from zero in the noise traders’ demand process. In
case of both being zero, we are in the same situation as in [[ChoO3]].

3.2 A general model

In this Section, a general model is presented allowing the pricing function to depend
on the trajectory of the total demand, the announcement time to be random, and a more
general set-up of the framework is studied. The private information owned only by the
insider is the fundamental value of the stock at the time of the transactions. Two cases
are distinguished: when the informed trader knows the (random) announcement time,
and when she does not. It is shown that in the first case, the market is efficient, t.i. the
market prices converge to the fundamental prices. In the case of her not knowing the
exact announcement time, the prices become more stable as the announcement time
is approaching, its sensitivity is decreasing as the probability of the announcement
time is increasing. Explicit insider’s strategies are calculated with the tools if initial
and progressive enlargements of filtrations and filtering techniques. This model covers
various extensions of Back’s original model, which are included as Examples.

3.2.1 The model

The (order driven) market consists of the same three types of traders, as before. Trading
is continuous in time over [0, co). There is to be a release of information at a possibly
random time 7. The information released at 7 is the fundamental value of the stock,
denoted by the process V.. Denote the price process by F;, and assume that they do not
coincide until the announcement, and that just afterwards they do: P, # V;ift < 7
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and P, = V; if t > 7. The insider’s cumulative demand is denoted by the process X,
and her information by H = (H),, with

Hy =0(Ps,ns, 7:0<s<t)
in case she has knowledge of the time of release of information, and
Hy=0(Ps,ns, TAs:0<s<t)

in case she does not, but she will know it when it happens. Either way, she observes
the market prices P and, in addition, she has access to some signal process 7 related
to the firm value. The fundamental value is assumed to be a martingale with respect to
H:

Vi=E(f(n:)|He), t=>0,

where f is a non-negative deterministic function. Assume that the process V' is con-

tinuous and that o3 (¢) := % is well defined. Assume that the noise traders’ cumu-

lative demand process, denoted by Z, is a continuous H-martingale, independent of V'
and 7 and that 02 = d[Zd’tZ I is also well defined. Denote the cumulative demand of the
informed trader by X and total demand by Y = Z 4 X. Then, the definition of the

optimality is as follows.

Definition 3.2.1 A strategy X is called optimal with respect to a price process P if it
maximizes E(W.,).

Assume the market makers’ information flow is given by the total demand and by
knowing if the announcement time has been reached

Fi=0(Y;,7TNs,0<s<t).

Definition 3.2.2 The market prices are rational if
P =E(Vi|Ys, 7 As,0<s<1), t>0.

Let us suppose that P, is given by P, = H(t,&),t > 0 with § = £(t,Y;) =
f(f A(s)dY;, where A € C! is a strictly positive deterministic function, H € C'2,
and H(t,-) is strictly increasing for every ¢ > 0. Denote the class of such pairs (H, \)

above by ). An element of ) is called a pricing rule.

Definition 3.2.3 Ler (H, \) € $ and consider a strategy X. The triple (H, X\, X) is an
(a local) equilibrium, if the price process P. := H(-,£.) is rational, given X, and the
strategy X is (locally) optimal, given (H, \).
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Note that 7 is a stopping time with respect to the filtration generated by
(o(tANs,0<s<t)),,

so it is a stopping time for the insider and for the market makers, as well. 7 will
be assumed to be bounded if known by the insider, and independent of (V, P, 7) if
unknown.

3.2.2 The equilibrium

In the following, necessary and sufficient conditions are presented in the model just
introduced. If we write the value function as (for detailes see the [[Cor14b] or [|Corl4al])

WT+ = X;V: _/ Pt—dXt - [P; X]’T
0
= [(v-poaxes [ xeavis X, - (X,
0 0

where P,_ = lim,y, P; a.s., then the insider tries to maximize
J(X) = E(W,y)
= B[ Wi- g+ [ X vl - 2.x)).
0 0

over all admissible (H, A\, X') with (H, \) € $ satisfying

(Al) X; = M, + A, + fot 0,ds, where M is a continuous H-martingale, A a finite
variation predictable process with A; = >, (X; — X,_), and 0 a cadlag,
H-adapted, process.

(A2) E ([ (0:H(s, &))" (02ds + d[M, M],)) < oo.
(A3) E ([fy 2H(s,&,)[0s]ds) < oo.

(A4) E (57 0:H (s—, & )| AX,]) < oo,

(A5) E [y |X,? 02 (s)ds) < oo.

where 0; indicates the derivative w.r.t. the i-th argument. Note that the martingale
part of X. cannot have jumps, as it has to be H-predictable.

By (AS) and considering only two already mentioned kinds of stopping times 7:
either bounded, or independent of (V, P, Z), E ( [ X,dV;) = 0 implies

J(X)=EW,,)=FE (/OT(vt — H(t,&))dX, + [V, X], — [P, X]T) .
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Then, by applying the Perturbation method, it can be shown, that in equilibrium, for
a.a.t > 0, we have

0 = Epqt)VilH:) — E(Lio(t)H(t, &) He)
N0 ([ run0nl 0% ) as. 69

which implies

—H(t,&) — A1)E (/ Oy H (s,&,)dX, Ht> =0, as.t€[0,7], (3.6)
t

or equivalently for a.a. w € {7 > t}, since 7 is an H.-stopping time.

Now, suppose that 7 is known to the insider. Then, it can be shown that optimal
strategies lead the market price to the fundamental price making the market efficient,
as it was first observed in [AB@07], and found in case of Z having jumps in [Cor14b],
and also in the model of [[CcO7]].

Proposition 3.2.1 If 7 is known to the insider and (H, \, X) is admissible with X
locally optimal, then the market is efficient, i.e.

VT:PT:H(T7€T): ( gT )_ T— a.s..
The following necessary conditions have been found:

Proposition 3.2.2 Consider an admissible triple (H,\, X). If (H,\, X) is a local
equilibrium, then we have:

i) (7' &)=V, as,

(

( H{(t, &)

A(t)

(171) Y is a local martingale,
(i

i) If Vi # P, a.s.on [0,7), then \(t) = Ao,

2 . dY.Y]s
where oy, == =5

m) + 022H(t &)A(t)oy, = 0a.s.0n[0,7),

Following (ii) from Proposition [3.2.2] restricting the set of pricing rule to the ones
satisfying

1
0=0H(t,y)+ EGQQH(t,y))\(t)ZJtQ ,aa.0<t<1, y€eR, (3.7)

and assuming that the process o2 is deterministic (so that Z is of independent incre-
ments, and since it does not have jumps, it is Gaussian, as well), we have the following
sufficient conditions:
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Theorem 3.2.1 Consider an admissible triple (H,\, X') with (H, \) satisfying (3.7).
Then (H, \, X) is an equilibrium, if and only if:

(1) At) = Ao,

(“) H(Ta 57') = ‘/;'7
(131) [ X, X =0,
(

iv) X + Z is a local martingale without jumps.

When 7 is unknown to the insider, assume that 7 is independent of (V, P, Z) and
that P(7 > t) > 0 for all ¢ > 0. Then, in equilibrium, we have following necessary
conditions:

Proposition 3.2.3 Consider an admissible triple (H,\, X). If (H,\,X) is a local
equilibrium, then we have:

(1) Y is alocal martingale,
(13) If V; # Py a.s.on [0,7), then \(t) = cP(t1 > 1), aa. t>0 (c>0).

Here, we can observe that when the (risk-neutral) insider does not know the release
time of information, she would trade early in order to use her piece of information
before the announcement time comes. This behavior would continue unless the price
pressure decreases over time providing more favorable trading also at a later time,
similarly to risk-averse case in [ChoO3|]] (with deterministic release time), where in
equilibrium, a risk-adverse insider would do most of his trading early to avoid the risk
that the prices get closer to the asset value, unless the trading conditions become more
favorable over time.

3.2.3 Examples

In this subsection, various already known extensions of the Kyle-Back model are stud-
ied as special cases of the just presented model, using techniques of enlargements of
filtration and also filtering theory to explicitly compute the insider’s optimal strategy.

The application of enlargements of filtration

Since optimal strategies are of the form d X; = 6,dt, the total demand observed by the
market makers is given by

t
Yt:Zt+/9(YT;Yu,O§u§s)ds, 0<t<T. (3.8)
0
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We know that Z has to be adapted to F¥*7 and it is also a F¥*7-martingale, and also that
in equilibrium, Y is a local martingale. Thus, is the Doob-Meyer decomposition
of Y when we enlarge the filtration ¥ with the process 7. As in our case, Z is fixed,
and we look for Y, we need a strong solution of @) In the following, one can find
how the initial and progressive enlargements of filtration techniques can be used to find
optimal strategies.

Example 3.2.1 We are in the situation of Back’s original model, introduced in [Bac92|],
if we choose

e 7 to be Brownian motion with variance o>,
o 7=1, and

o V. = V| having a continuous cumulative distribution function and being inde-
pendent of Z.

Then, we can use the results of Example We need Vi, = H(1,Y}), and that Y, is
of standard normal distribution with zero mean and variance . It is possible, because
we can choose freely H(1,-) without loss of generality, as the boundary condition of

(3.7). Then, we have that
"Y1 Y,
Y;e = Zt + / ds
o 1—s

1

is a Brownian motion with variance o*, so the prices are rational and the equilibrium
strategy is

ty_Y;
Xt:/ i ds, 0<t<1.
0

— s
Example 3.2.2 We get the model of [ABQO7|] with
o /, = fg osdW where W. is a Brownian motion, o is a deterministic function,
o 7 =1 and

. . . . . 1
o V. =Y} being a Gaussian random variable with mean 0 and variance [ o2ds
and independent of Z.

Then, using the results of Example we have that with

tYS—Y
Xt_ —1

2
= o,ds
T s 45
2

o [, o2du

being the strategy, Y = X + Z is of the same law as Z.
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Example 3.2.3 We have the model of [CcD11)], if we take
o dZ; = o(Y;)dW,, with W. being a Brownian motion,
o T =1, and
o V. =&, where & = fg 0(&5)dBs, and independent of Z.

Then, by the results in the Example denoting the transition density of . by

G(t,y, z), we have that

ayG<1 - t? Y;‘J 51)
G(l - ta Y;fa 51)

dY; = o(Y)dW; + o*(V;) dt,

is a martingale.

Example 3.2.4 To have the model of [Cc07], denote the first time Y hits —1 by T, t. i.
T =1inf{t > 0:Y; = —1} and set

e / to be a Brownian motion,
e T=TA1, and
® N = T, ‘/; = 17—>1.

Then, we can use the results of Example and get that the optimal strategy is

¢ 1 1+Y.
X: - 5 1 T d
! /0<1+Ys 7‘—3) o7)(s)ds

Example 3.2.5 Consider a model with the insider receiving a continuous signal, as
in [[BP9S8|], [Wu99] and [[Danl0)]. Set

e / to be a Brownian motion,
o 7 =1 and

t . . .
o 1 =1+ fo osdWs, where o, is deterministic, ng is a zero mean normal random
variable, W is a Brownian motion, both independent of Z

Assuming Var(n,) = Var(no) + fol o2ds = 1, Proposition implies that the optimal
strategy is given by

t

_Y,

Xt:/ T s g5 0<t <1,
0 Var(ns>_8
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The application of filtering techniques

Suppose that V. = V; = V, so in equilibrium, we have rational prices: P, = E [V |ftY }
with dynamics, by (2.28)),
dP, = \Ou(t,&)dY;
= )\tCL(t,P)(dZt ‘I— Q(t,V,P)dt),
for some function a. For V' being Gaussian, optimal strategies can by calculated using
the results of Theorem@ This method can be generalized to having a signal being
a (measurable) function of a Gaussian random variable, or to letting it depend on the

time: V;, and also to having a random announcement time 7 being a stopping time on
market makers’ filtration.

Example 3.2.6 The market with random announcement time considered in [CS10] is
as follows. Let B and B* be independent Brownian motions and o, () and o, (+) be
deterministic functions, and set

o d7, = o, (t) dB} with Zy = 0,
e T of exponential distribution with scale parameter i, and
o dV; = o, (t) dB} with V; of normal distribution.

Consider strategies of the form d X, = 5, (V, — P,) dt, where (3. is a deterministic
function. Then, we have

dP, = MG, (V, — P) dt + Mo, () dB?.

Denoting E (V}|]-"ty ) by m, and the filtering error by X, following the notation of the
filtering techniques, we have

Etﬁt
dmt /\to'g (t) (dPt — )\tﬁt (mt - Pt) dt) and
2
Z; — 0_12) (t) o (Ztﬁt)

o? (t)
Then, rationality of prices is just P, = my, so we need 13 = \ya? (t) or equivalently

By = Mo2 (t) /34 to satisfy the first equation, which implies that the second one is of
the form X, = o (t) — o2 () N2, so

t t
Y=+ / o2 (s)ds — / o2 (s) Mds.
0 0
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Then, we get

LV — [T NdY,
Y;g - Zt + — Z d87
0 S

which is the Doob-Meyer decomposition of the martingale Y in the filtration generated
by (Z,V), so the optimal strategy is given by
b Vi- 3 XdY,

t — Et

Then, if T is an exponential random variable with parameter i, in equilibrium, (3.6)

can be written as
0=V (0.6~ a ([ e (5.6 4| ).
t
which, together with V; # H (t,&;) implies \; = \ge ™.
Assume o2 (t) = o?. In this case, we obtain 3; = o2 \ge " /X with

z

t )\2
Et:Zo—l—/ o2 (s)ds — o2 (s) == (1 — ™).
0 2p

To fix Ao, we can impose, for instance, lim; .., 2; = 0 or to take T" such that >y = 0
forallt > T In the first case, we get

oo 2
0 = EO+/ o’ (s)ds—azﬁ and
0 24
201 (S0 + Jy- o2 () ds)
Ao = = :

In this case, if 012) (+) is constant, there is no solution. In the second one, we get P, =V,
forallt > T and, for o2 (-) being a constant o2, we get

/\2 /\2
0=+ 0T — aﬁﬁ (1—e7) = S+ 0°T — Ugi (T 1),

Then, assuming a smooth transition from the strategy, we have o> — o2\ = 0, equiv-
alently \y = Ay = ‘;—:for allt > T, and

dP, = \dY, = \d X, + N dZ, =dV, forallt > T,
so the insider’s strategy is given by

ax, = Zav, — az,
oy

and T is the solution of

So + 02T = 22
2

2
- (62“T — 1) )
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Example 3.2.7 The market of a defaultable stock with the insider allowed to have
information of the “future” is studied in [[CcDI13a] as follows. Let the time horizon
be 1 and consider a defaultable stock with the default time 0 being the first time a
Brownian motion B. hits the barrier —1, ti.: 6 = inf{t >0: B, = —1}. It is not
known by the insider, but is a stopping time for every trader. Assume that she observes
B, at time t, where r (-) is an increasing function with r (t) > t for r € (0,1) and
r(0) = 0,7 (1) = 1. So, she observes the default time in advance, at time v~ () < 6.
Let 7 =r~'(§) =inf {t > 0: B,4) = —1}. So, we have that

e 7 is a Brownian motion,
e T=0AN1, and

o = By and Vy, = 1z E [f (B1)| BT(t)], where f (By) is the payoff of the
insider in case of no default.

Then, the release time is v (7). Since T and ¢ are predictable stopping times, it can
be shown that \. is constant in equilibrium and that the optimal strategy moves prices
to the fundamental price: limg, 15 Ps, = Vs, where (0,,) is any increasing sequence of
stopping time that tends to 6. As from time T to V (T), the insider already knows the
default time, her strategy can be calculated as in the other models and we have

s/ 147,
}/s: s - — ds.
W+/o (m@ vm—u) ’

To get the insider’s strategy until time T, enlargement of filtration and filtering tech-
niques are used in [|(CcD13b)].

3.3 Other related models

In this Section, various models related to Kyle’s discrete model and to Back’s contin-
uous one are presented.

3.3.1 Discrete models

We consider two possible extension of this model. First, a model with more insiders
on the market, then a model in which the market makers also observe a signal are
presented. We refer to [CS10] for a discussion of a discrete model of infinite horizon
with random deadline.
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More than one insider

In [NTO6]], a single auction equilibrium is considered as it is in [Kyl85] with noise
traders, market makers and N > 1 risk-neutral insiders on the market. Let Z and
V' be independent and have finite second moment. After observing V, the informed
traders simultaneously decide what to trade: their strategies are measurable functions
V = X,,(V), and the total demand is given by Y = 2 X, 4 Z.

As earlier, the pricing rule P depends on the order flow and the expected profit of
the insiders is W,, = (V' — P)X,,. To make sure that this is well-defined, we consider
only strategies and prices with finite second moment:

X = {X.|E[X,(V)] <o)},

P = {PV(Xy,...,Xy) € XN B(P? < oo},
where X" and P are the sets of admissible strategies and prices, respectively. Then,
(X1,...,XnN) € X" is optimal, if for any X € X strategy,

E(W,) = E((V—P)Xn)zE[(v—P) X(V)} n=1,...,N, where

P =r (Z X (V) + X (V) +Z> ,

m#n
and P is rational, if E[V — P|Y] = 0.

Assume, the pricing rule is linear, as well. Then, we have thatifa (P, X1, ..., Xy)
is an equilibrium in the model (Z, V, N), then in the model (a +bZ, ¢+ dV, N) (where
a,b,c,d are constants), (¢ + dP,bX,...,bXy) is an equilibrium. Hence, we can
restrict our study to distributions with zero mean and unit variance. Sufficient and
necessary conditions are found for existence of a linear equilibrium:

Lemma 3.3.1 (Lemma 2 in [NT06]) Suppose that we have
0 = E[Z]=EFE[V] and
1 = Var[Z] = Var[V].
Then, a linear equilibrium in the model (Z,V, N) exists if and only if
0=E[ZVN -V|Z+VVN]=0.
The condition for the equilibrium is equivalent to
E[(ZVN — V)" Z+VVN)] =0, v e R,

as we know that, for two random variables &; and &, E(&;]&2) = 0 holds if and only if
E(& f(&)) = 0 holds for any bounded and measurable function f, which is equivalent
to having F(£;e%%2) = 0 for all real ¢, as the set of these exponential functions form a
generator on the space of the measurable functions. It has been proved by many that it
can be true for two distinct values of N only if V" and Z are normally distributed.
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More than one signal

In [Ja199], a single auction model is considered like Kyle’s one, but we assume that
the market makers, as well, have a signal about the final price. While the informed
trader knows the final value of the stock V, the market makers observe V' + &, where
e ~ N(0,0?), independent of Z and V. Then, X is an optimal strategy, if it maximizes
the expected profit E(W) = E((V — P)X) and P is rational, if P = E[V|Y,V + ¢].

Since the insider’s strategy and the price function are linear, it can be shown that
(V, X+ Z,V +¢) are jointly normally distributed and by the linear regression formulas,
one can find the following equilibrium (denote the mean and the variance of the random
variables by p. and o?).

Proposition 3.3.1 (Proposition 1 in [Jai99]) Let

2
o
m1r = 2—V2 and
oy + 202

Oyo,

Ho = oz(0% + 202)’

Then, (X, P) form a linear equilibrium, where

v = U=V =) and

242
P = (1—pm)py +m(V+e)+p(X+2).

In this model, the stock price reveals more than half of the information possessed
by the insider, and this amount varies with the variance of V' and . As a consequence
of it, we find that ¢ has the effect of reducing the insider’s profit, since the expected
profits can be calculated in this case, as

(A= p)(V =) (V= pv)o2)’oz
Wi = Ao ~ oy(of +202)2

while the expected profit in Kyle’s model can be written as

vV — 2
WQ — ( MV) 0z > Wl.
20\/

3.3.2 Continuous models

In this section, I will review some models related to Back’s continuous model. In the
following, one can find models for a risk-averse informed trader [ChoO3]], relaxing
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the conditions of the independence of insider’s signal of the noise traders’ demand
[ABQO7], and for a weaker sense of equilibrium [Wu99, KHOL10,/Dan10].

We refer to the following related models: more risky assets including exogenously
given prices are studied in [LasO4bl|LasO4a], an option on the market is considered
in [Bac93|], Kyle’s model is obtained as the limit of a limit order market in [BB04], a
non-Gaussian generalization is studied and solved with filtering techniques in [[CcD11]]
and the use of filtering techniques and enlargements of filtrations are developed in
[CcD13b], with applications to insider trading.

Risk-averse insider

Assume, we have the model studied in Section |3.1| without jumps and with zero drift
and that the insider is risk-averse, using a negative exponential utility function of the
form u(W) = 7™ with v < 0. Then, in [Cho03], the corresponding Hamilton-
Jacobi-Bellman equation is calculated:

a

sup {[A(t)82J+7(V — H)J]a+ o J + %02)\2(25)822(]} = 0.

Since it is linear in «, it is equivalent to the following two equations:
0 = Xt)OeJ+ (V — H)yJ
1
0 = 81J+ 502)\2(t)822J.
It is shown that if there is a solution to these equations, then the pricing rule has
to be linear: H(t,£) = po + ¢, and that [\(t)7'] = ~vo?0,H(t,€) is a necessary
condition. It is shown (see Proposition 4 in [[ChoO3]]) that there exists an equilibrium

only if V' is normally distributed. Let V' ~ N(m, %), ' = —v3/2, v = /I'/0? and
define

H(t,y) = m+y

V- P,
A= /0A<1><1—s>d5
A1) = Vi2+T2 -T2
A(L)
oA D)(I—t) + 1

Then, (H, A\, X) is an equilibrium. Important properties of this equilibrium are that this
price pressure is decreasing over time, and as «y tends to 0, the price pressure tends to
the price pressure of the risk-neutral case, and it follows that the risk averse equilibrium
converges to the risk neutral equilibrium.
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Independence of the additional information

The independence of the private information of the demand of noise traders are re-
leased in [AB@O07]. Consider the model studied in Section [3.1| without jumps and with
zero drift. Perturbation method is used to find equilibria and necessary and sufficient
conditions. Forward integral (first defined in [GRV03]]), an extension of the Itd integral,
is used to calculate integrals to anticipating (non-adapted) functions.

It is found, as in [Bac92] and [Cor14b], that in equilibrium the law of Y coincides
with the law of Z, and Y becomes a Brownian bridge starting at 0 and ending in V.
Important results of this model compared to Back’s model were:

e without assuming the independence of V' and Z., the problem could be solved

e without assuming a priori (as it is in [Bac92]]), the price at the end of the trading
period is V'

e without assuming so, the strategy turns out to be inconspicuous

e cxistence of a pricing rule was not assumed a priori

Weak equilibria

In [KHOLI10], a weak formulation of equilibrium is considered. A general model
is studied and applied to some examples with the privileged information being the
maximum of the total demand Y, the time Y reaches its maximums or Y;_. Note that
while in the Kyle-Back model the insider knows P, ., equivalently Y7, in this case she
knows Y;_. In [Dan10]] and in [Wu99]], models with increasing amount of information
are considered. A weaker sense of equilibrium is considered defining rational prices
as P, = E [P,_|F}] with P,_ and P, being of the same law and defining the expected
combined profit of the informed and the uninformed traders as

B[ 151 1) ~ M2t 10+ [ Vih(()cr5 1)

1s minimal.

Three related models are studied: noisy information, t.i. instead of V', the insider
observes V' + ¢, where ¢ is a zero mean Gaussian random variable independent of V;
delayed information, meaning that until some time ¢, € (0, 1), the informed trader
does not have any extra information; and two insiders on the market with different
degrees of information.
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Chapter 4

Ambit Processes and their applications

In Part III, ambit processes and their applications are studied. I present the recent
articles: [CFV14] summarizing the research done so far about ambit processes and
[CESV13]] about a short rate model using ambit processes.

4.1 Introduction

Ambit processes are used to model spheres of influence, especially in turbulence,
electricity prices, risk management and derivative pricing. It was first introduced
in [BNSO7], and applied in [BNBV10a, BNBV10b,BNCP11,|CFV14,|CFSV13|]. First,
consider a partial differential operator

02f  Pf .
Lf= 52 " 92 with Lu = ¢, u(0,2) =0,

then there is a function G on (R, R) such that the solution can be written as
uto) = [ Gt s = ppls, sy
R+ xR

Now, consider that ¢ = W, an L?-noise in R, x R, t.i.

W:BR, xR) — L*Q,F,P)
A — W(A),

such that W () = 0 a.s and for all disjoint and bounded sets A;, A ... in B(R; x R),
W (A;) are independent and

W(UZA) =Y W (A, as.
=1
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and where the convergence of the series is in L?(IP). Then it is natural to consider that
the solution of the proposed differential equation is given by

u(t,z) = /]R RG(t — s, —y)W(ds,dy).

That is how the relation of one point to others of the space-time set is described, and
this is the motivation for its definition:

Definition 4.1.1 A tempo-spatial ambit field is defined as

Y (t, z) :/ Gtz (8,&)o(s, &)W (ds, dE) +/ Q) (8, €)a(s, §)dsd,
A(t,z) B(t,z)
wheret > 0, x € R", and 11 € R, ¢ € R, W is a o-finite, L?-valued measure, 9tz (*)
and G 2)(-) are deterministic kernels, o(-,-) > 0 and a(-,-) are predictable random
fields and A(t,z) C R"" and B(t,z) C R"" are ambit sets. Then, X; = Y;(x(t)),
for a curve x(t) is an ambit process.

As mentioned before, ambit sets can be seen as areas of influence, with the only condi-
tion being that future cannot influence the past: as the ambit field Y (¢, x) depends on
an ambit set containing points prior to time ¢. If TV is a Gaussian noise, then Y (¢, )
is called a Brownian semi-stationary field (BSS), and if it is a Lévy noise, then Lévy
semi-stationary field (LSS). A detailed discussion and applications are included in the
next Section, summarizing the results of [[CEFV14].

The ambit fields used in practice are of the form

Vita) = n+ [ el 5,05, W (05,00
+/ q:(t — s,8)a(s,§)dsde, t >0,z € R,
B(t,x)

where A(t,x) = A+ (t,x) and B(t,z) = B + (t,z) with A and B containing only
negative time coordinates (because of the causality principle). The part

X, = / gz(t — s,8)o(s, &)W (ds, d&)
A(t,x)

is called the core of Y, and o the intermittency, volatility or modulating field or process.
Consider the following specific case.

X, = /t ot — $)W(ds), @.1)

—0o0
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where W is a Gaussian white noise in R, o an adapted cadlag process and g € L*(R ).
An important fact is that X is not necessarily a semi-martingale, because ¢’ may not
be square integrable in the neighborhood of 0. We can get, by formal differentiation

t

dX, = g(0+)dW (¢) + ( / g’(t—s)W(ds))dt,

—00

and also that the necessary and sufficient condition for X; to be a semi-martingale, are
g(0+) < coand ¢’ € L(Ry).

4.2 Applications of Ambit processes

In this section, we present the results of [CFV14]] summarizing the research done so
far about ambit processes. We start with models of turbulence. We refer to [Hed12,
BNSO7, BNSO9] for a description of the approach studied in the article. The main
component of velocity is described by

t

Yi=p+ /t g(t — s)osW(ds) +/ q(t — s)asds,

— 00 —0o0

where p 1s a constant, 11 is a Gaussian white noise on R, ¢ and ¢ are nonnegative
deterministic functions on R, with g (t) = ¢ (¢) = 0 for ¢ < 0, and ¢ and a are adapted
cadlag processes. Now, consider that ¢(-) = 0, and that

t
/ g*(t — s)o?ds < 00, as.

and also that the function g is continuously differentiable on (0, c0), |¢’| is non-increasing
on (b, o) for some b > 0 and ¢’ € L*((¢,00)) for any £ > 0. Moreover, we assume
that for any £ > 0

F, :/ (d'(s))%0} ,ds < oo, as.
1

See [BNCP11], for a discussion of this conditions. Realized multipower variation
plays an important role when estimating o, therefore, define it by

[nt]—k+1 &k
> I11Ar, Y, where A}Y =Y: —Yii, andpy,...,pp 20,
j=1

i=1

for some fixed number k > 1.
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Suppose that Y is observed at time points ¢; = i/n,i = 1,...,[nt] and that G is
given by (4.1)), as well. We are interested in the asymptotic behavior of the functionals

1 [nt]—k+1 k
V(Y7p17"'7pk)?: n,]_—P+ Z H|A?+j—ly|pj ) P1y.- -5 Pk 207
n i=1 j=1

where A?Y = Yi — Yi and 72 = R(1/n) with R(t) = E[|Gss — G|}, t > 0
and when n goes to inﬁnTity. Its asymptotic behavior is described by a Central Limit
Theorem (see Theorem 1 in [[CFV 14]).

A bond market with a bond (as introduced later in Section [4.3.T)) is modeled with

t
Y= / ot — )W (ds) + e 4.2)

—00

where W is an (F;)-Gaussian noise in R under the risk neutral probability, P* ~
PP, g is a deterministic function on Ry, g € L?((0,00)), and o > 0 and p are also
deterministic, under the assumption

t
/ gt —s)olds < o0 as.

which ensures that 7, is well defined. For the summary of the results, see Section 4.3]
Ambit processes can be used to model Energy markets in the following way. Due to
the properties of such markets (the fact that electricity spots cannot be stored in most of
the cases, the possible presence of arbitrage and other empirical experience, discussed
in more details in [CEFV14]]), we model spot and forward prices in the following way.
In the log-spot price Y. is modeled by means of the Lévy Semi-stationary Processes
(LSS), i.e.,

t t
Y, :=p+ / g(t — s)osdLg + / q(t — s)asds,
where p is a constant, (L;);cr is a two-sided Lévy process, g and ¢ are non-negative
deterministic functions on R, with g(t) = 0 = ¢(¢) for t < 0, and 0. and a. are two
cadlag processes.

Consider a forward contract of delivering electricity at time 7’, for a predetermined
price F;(T), the forward price, fixed today but payable at T with no other cash flow
att < T Itis fixed in such a way that the price of the contract, at the issue time ¢, is
zero. Then by definition

0 = Es- [exp {— /tT rudu} (exp{Vy} — Ft(T))’ ]-“t} |
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Then, it is shown that the price is of the form

Fi(T) = C(T)exp {/t g(T — s)dW, — %/t g*(T — s)ds} . (43)

—0o0 —00

When modeling forward prices, instead of deducing it from the spot price, the
forward price is modeled directly, supposing

log Fy(x) := /A(t )g(ﬁ,t —s,7)05(§)L(dE, ds),

where the spatial component in this formula models the time to maturity, i.e., x :=
T—t, the ambit setis given by A(t, x) := A, := {(&,s) : € > 0,s < t}, and the kernel
g may be chosen in order to capture the so-called Samuelson effect (see [Sam63]).
Traditionally, the forward price is modeled as a semi-martingale such that there is
an equivalent martingale measure under which the price dynamics becomes a (local)
martingale. According to Corollary 1 in [BNBV10a], (F;(T))scr is an FL-martingale
if and only if the kernel g is deterministic and does not depend on ¢. For instance, one
can consider

lOg Ft(T - t) = /A exp{—a(f + 7T — S>}Us<£)W<d€7 dS), 4.4)

where o > 0 and W a homogeneous Gaussian Lévy basis. Such rather strong condition
rules out many interesting more general ambit fields, however, it still includes some
CARMA and standard models.

4.3 A short rate model using ambit processes

In this section, I summarize the results of the paper [[CESV13]]. First, find an introduc-
tion to the short rate models in general, then the results of the model of Bonds using
ambit processes are presented.

4.3.1 Interest rate models

For a detailed discussion about interest rate models, see [Bjo98|], whose line is followed
in this introduction. A bond is a financial security that promises to pay a fixed, known
income stream in the future. They can be characterized by their maturity date, face, par
or principal value, coupon rate and number of coupon payments/year. We differentiate
between zero coupon bonds, that pay no interest and coupon bonds, that pay fixed
coupon at known times. Denote the underlying short term interest rate process by 7;.
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Definition 4.3.1 A zero coupon bond with maturity date T, is a contract which guar-
antees the holder 1 dollar to be paid on the date T'. The price at time t of a bond with
maturity date T' is denoted by P(t,T).

Assume that there exists a market for zero coupon bonds for every 7' > 0, P(t,t) =
holds for any ¢ and that for each fixed ¢, the bond price P(¢,T") is differentiable with
respect to 7. Let us fix S and 7" with t < § < T'. Then the rate of return over the
interval [S, T'| can be obtained as follows: at time ¢, we sell a zero coupon bond with
maturity S, which will give us P(t,.S) dollars, what we use to buy P(t,S)/P(t,T)
bonds with maturity 7, so that the net investment at ¢ equals zero. Then time S we are
obliged to put 1 dollar, and at time 7" we receive P(t,S)/P(t,T) dollars, meaning that
the investment of 1 dollar at time S has yielded P(¢, S)/P(t,T) dollars at time 7". The
simple forward rate (or LIBOR rate) is the solution of the equation
P(t,S)

”(T_S>L:W’

and the continuously compounded forward rate R is the solution of the equation

JRT—S) _ P(t,S) .
P(t,T)
Then, we can define the following rates:
e the simple forward rate for [S, 7’|

P(t,T) — P(t,S)
(T — S)P(t,T)

L(t,S,T) =

e the simple spot rate for [S, 7]

P(S,T) - 1
(T — SYP(S,T)

L(S,T) = L(S,S,T) =

e the continuously compounded forward rate for [S, T']

_log P(t,T) —log P(t,S)
T-S

R(t,S,T) =

e the continuously compounded forward spot rate for [S, T']

log P(1,T)

R(t.5.T) = R(S,5.T) = =~
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e the instantaneous forward rate with maturity 7', the limit of the continuously
compounded forward rate as .S tends to 7

Olog P(t,T
1) - 2oL PLT)
e the instantaneous short rate at time ¢
r(t) = f(t,1)

Then, we can define the money account as

Bi=ew{ [ tr(s)ds} ,

and also can observe from the definitions that we have

P(t,T) = P(t,s)exp {— /STf(t,u)du} = exp {— /tT f(t,u)du} ,

Consider short rate dynamics like
dry = a(t)dt + b(t)dW (t),
bond price dynamics like
dP(t,T) = P(t,T)m(t, T)dt + P(t, TV (t,T)dW (t)
and forward rate dynamics like
df(t,T) = a(t, T)dt + o(t, T)dW (t),

where W is a Brownian motion. In case of allowing W to be vector valued, so are
v(t,T)and o(t,T). Assume that m(¢,T), v(t,T), a(t,T) and o (¢, T') are continuously
differentiable in 7', and that all processes are smooth enough to allow us differentiate
under the integral and to change the order of integration. Denote the derivative of
any function f(-) with respect to the variable T by fr(:) = %(-). Then we have the
following relations between the dynamics just introduced:

e given the dynamics of P(¢,T") as above, for the forward rate dynamics, we have
a and o given by

{ alt,T) =vr(t, T)/v(t,T) — my(t,T),
o(t,T)=—vp(t,T),
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e given the dynamics of f(¢,T') as above, for the short rate dynamics, we have a

and b given by
{ a(t) = fT(tat) + a(tv t)7
b(t) = o(t,1),

e given the dynamics of f(¢,7') as above, P(t,T) satisfies
1
dP(t,T) = P(t,T) {r(t) + A(t,T) + §||S(t,T)H2dt + P(t, T)S(t,T)dW(t)}

where ||-|| stands for the Euclidian norm and

:_ft s)ds, fr(t,t) + a(t,t),
——j; )(t, s)ds.

Modeling the prices’ dependence on the short rate of interest, consider the follow-
ing SDE form:

dr(t) = p(t,r(t))dt + o(t, r(£))dW (L), 4.5)

with the necessary regularity assumptions on p and o to have a strong solution. Assume
that there exists a market of zero-coupon bonds for any 7, there is no arbitrage on the
market,  follows the dynamics above and the price process B of the money account is
given by

dB(t) = r(t)B(t)dt,

and that the price of a bond has the form
P(t,T)=F(t,r(t),T). (4.6)

Considering a zero-coupon bond that is priced P(t,T) at time ¢t < T to deliver
Py(T,T) =1 at time T, in case of r, being deterministic, we have

P, T)=elimd g<t<T,
and in case of 7; being an F;-adapted random process, it is given by

P(t,T) = E* [e I et

]—"t} 0<t<T
under a risk-neutral measure P*. Then, it can be shown that the process

P, T) = e mdsp(e T)



4.3. A short rate model using ambit processes 75

is a martingale under P*. Assume that
dry = pu(t,ry)dt + o(t,ry)dBy,

where (B,) is a standard Brownian motion under P*. Then, knowing that r; is of the
form (.5) and F is given by (4.6), by Ito’s formula, omitting writing the third variable
of F, we have

oF oF N

with the boundary condition (T, z) = 1, = € R, which implies

(t,z), t,x e Rt >0

dP(t,T log F°
b, 1) _ rtdt—i-a(t,rt)—a o8

P.T) (t,ry)dB;.

In case of a Vasicek model, t.i. r; given as
d?“t = (a — b?"t)dt + O'dBt,

we get

dP(t,T) o o
) dt— 2 (1 e MDY 4B
Pt,T) T (1-e ) B

and generally, the pricing formula is often of the form

P(t, T) — 6A(T*t)+c(Tft)T't .

The most important models of short rate are:

e Vasicek
dry = (b — ary)dt + odBy

Cox-Ingersoll-Ross (CIR)

dry = a(b—ry)dt + o\/ridB;

Dothan

dry = aridt + ordB;

Black-Derman-Toy
d?”t = QtTtdt + O'tdBt

Ho-Lee
d?”t = @tdt + O'dBt
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e Hull-White (extended Vasicek)

th = (9,5 — at”r‘t)dt + UtdBt

e Hull-White (extended CIR)

d'rt = (Ht — atrt)dt + O't\/'thdBt.

The model possesses an Affine Term Structure, if /' is given (4.6) and of the form
F(t, Ty, T) — eA(t,T)—B(t,T)’I‘t’

where A and B are deterministic functions. Then, it can be shown that the following
equation must hold

A6 T) — (1 + Bu(t, T))re — plt, ) B(r T) + %JQ(t,r)Bz(t,T) 0.

Also, the boundary condition F(T',r,T) = 1 implies A(7,7) = B(T,T) = 0. Then,
it can be shown that in case of i and ¢ having the form

{ pu(t,r) = a(t)r + B(1),
o(t,r) = /y(t)r+4(t),

then, the following equations satisfy:

{ Bi(t,T) + a(t)B(t,T) — 24(t)B2(t,T) = 1,
B(T,T) =0

and
{ At(t>T) = B(t)B<t7T) - %’7(25)32(25,7—'),
AT, T) =0

Another model or method proposed by Heath-Jarrow-Morton (HIM) chooses the
entire forward rate curve as state variable. It is described as follows. Assume that, for
a fixed T' > 0, the (instantaneous) forward rate f(-,7") has the following dynamics:

df(t,T) = alt, T)dt + o(t, T)AW (), and f(0,T) = f*(0,T),

where W is a d-dimensional Brownian motion and «(-,7") and o(-,7") are adapted
processes. Then, we have the following results:
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Theorem 4.3.1 (HJM drift condition) Assume that the family of forward rates is given
as above and that the induced bond market is arbitrage free. Then, there exist a d-
dimensional column-vector process

N(t) = [M(@),..., )"

with, forall T'> Oandt <'T
T
a(t,T) =o(t,T) / o(t,s)ds — o(t, T)A(t),
¢

where AT denotes the transpose of A.

If the dynamics of f is given under a martingale, then, the bond prices are given by

p(0,7) :exp{—/OTf((), s)ds} _ E© {exp{—/ons)dsH |

where r(t) = f(t,t). Then, we have:

Theorem 4.3.2 (HJM drift condition) Under the martingale measure (), the processes
« and o must satisfy the following relation for every t andT' > t:

a(t,T) = a(t,T)/t o(t,s)ds.

4.3.2 Results

In the following, bond markets are studied with short rates evolving as

ry = / ; gt — 8)a, W (ds),

where ¢ is a real-valued, deterministic function, so is ¢ > 0 and W is a stochastic
Wiener measure. The aim was to extend popular market models like the Vasicek model
to these markets. Forward rates and bond prices are calculated with the result of having

P(LT) = exp <A(t,T)— / t auc(u;t,T)W(du)), with

—0o0

1 (7 T
A, T) = 5/ UZCQ(U;U,T>C1U—/ sds,
t t
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and it satisfies the HIM conditions and « and o are given by

U(taT) = th(T_t)7
at,T) = olg(T —t)c(t;t, T) with

T
clust, T) = / g(s —u)ds, t > u.
¢

Then, it is shown that
P(t T)

exp {fo rsds}
_ ( c{u;u, TY (du) — /O t agc2(u;u,T)du) |

P(t,T) =

Therefore, 3 3
dP(t,T) = —P(t,T)oc(t;t, T)W(dt), t > 0.

Let X be a P*-square integrable, Fr-measurable payoff. Consider the (F;)-martingale
M, = Ep: (X|F),t >0,
then by an extension of Brownian martingale representation theorem we can write
dM, = HW(dt),

where H is an adapted square integrable process. Having (¢, ¢!) being a self-financing
portfolio built with a bank account and a 7'-bond, its value process is given by

V, = ¢Pedomds 4 ol P(¢,T),
and, by the self-financing condition, the discounted value process V., satisfies
dV; = ¢HdP(t, 7).

So, if we take
H,
P(ta T)Utc<t; ta T)

we can replicate X . In particular the bond with maturity 7™ can be replicated by taking

o= -

P(t, T")c(t; £, T%)
P(t. T)c(t;t,T)

bonds with maturity time 7" > T™.
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Then, consider a bond with maturity 7' > T, where T is the maturity time of a call
option for this bond with strike K. Its price is given by (see [Bjo98]], Chapter 19)

(+;T) = P(t,T)PT(P(T,T) > K|F,) — KP(t,T)PT(P(T,T) > K|F,)

and is shown to equal

I(t;T) = P(t,T)®(dy)— KP(t,T)P(d_), where
log PeT) | 22
d+ = KP(.T) tTT, and
Et,T,T

T
ZfTT = /t o2c(u; T, T)*du.

It can be straightforwardly applied to the case g(t) = e¢=°

model) getting

¢, 0, = o, i = a (Vasicek

P(t,T) = exp(A(t,T)+aB(t,T)—rB(t,T)), with

Alt,T) = —/ (u, T)*du — a(T —t)
1

B(t,T) = 51—6 )
Here )
(u t,T) 5 (e—b(t u) e—b(T ’LL)) , U < t < 7"17
and
1 o2 (1 _ e—b(T—t))Q
_ log P(t,T)) = — ~T7?

when T" — oo. The corresponding instantaneous forward rates are given by

2

f(t7T> = T 512

_b(T—t)\ 2 (-
o (1= e TN + e T (r, — a) + a.

¢ 2
var (f(t,T)) = 02/ o~ 26(T—w) 3y, — %ebe(Tft) ~ 2T

—00

when 7" — oo. Moreover the volatility of the forward rates is given by o(t,7) =
oe T~ and this is not too realistic.
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Also, consider the case of

t—u
gt —u) = e / e’ psP1ds.
0

Then, we have that
c(u;t, T) = ¢(0;0,T —u) —c(0;0,t —u), with
c(0;0,z) = e_bm/ e’sPds.
0

Then

1 1 [
var (_T — log P(t, T)) ~ 772/0 ¢(0;0,T — u)?du ~ T?72,
when 1" — oo. In fact

c(0;0,2) = eb"”/ e”sPds = xﬁ/ e (1 — i)'3ds,
0 0 z

and by the monotone convergence theorem

x o0 1
lim e (1 - i)Bds = / e ds = -
0 b

z—o0 Jq €T

Moreover .

var (f(t,T)) = / o2 (T — u)du ~ T*72,

—00

Since for x > 0

g(x) = ebw/ ebsﬁsﬁldSZﬁ’x'Bl/ e (1 — f)ﬁflds
0 0

x
z/2 s x s
= Bzf! / e (1 — =) 1ds +/ e(1— ) 1ds |,
0 x z/2 x
and
x/2 s 00 1
lim e (1 - 2) s = / e ¥ds = -,
z—o0 [ T 0 b

/ e*bs(l—f)ﬁflds < ebx/Q/ (1—E)B*1ds
x x/2

/2 xr xr

1/2 —bx/2
xe
= xe_b”C/Q/ VP lde =
0

52

— 0,



4.3. A short rate model using ambit processes 81

when 2 — co. Also observe that the volatility of the forward rates o (t,T) = o%g(T —
t) ~ TP~ when T — oo , that is more realistic than the exponential decay in the
Vasicek model. For § € (—1/2,0) consider the memory function

g(x) = e 2P + ﬁ/ (e7bla=w) _ =ty S 1y,
0

and then
g(z) ~ 2"

when x — oo. In such a way that we obtain analogous asymptotic results to the previ-
ous case.

Ambit processes as noises of SDE are considered, as well, supposing we have
processes like .

e = [ glsowas)
—0o0

where ¢g(s,t) is a real-valued, deterministic function, continuously differentiable with
respect to the second variable, equals 0 for s > ¢ and satisfies

t
/ g*(s,t)ds < 0.

— 00

Stochastic calculus with respect to these processes is developed, as well, using the
kernel K7 (-)(s,t) given by

K{(f)(s,t) := / (f(u,t) = f(s,1)) Oug(s,u)du + f(s,t)g(s,1).

Prices of defaultable zero coupon bonds are studied, as well. Knowing that the arbitrage-
free price is given by

D(t,T) = 1= E (1{T>T}€— ST rods

gt),OStST,

where the expectation is taken with respect to a risk-neutral probability and the fil-
tration (G;),~, is the information available on the market. Then, an extension of the
Vasicek model is

dry = bla—ry)dt + odW (1),
AN, = b(a— N\)dt + 5dW (¢),

where W and W are correlated Brownian motions, and the price of a zero coupon bond
is

D(t,T) = 1{ropy exp <A(t, T) - /

—00

t

(ouc(us t, TYW (du) + d,¢(u; t, T))W(du)) ,
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where

T
A, T) = / (o2 (u;t,T) + 528 (w; t, T) + 2poyduc(u; t, T)é(us t,T)) du
¢

1
2
T
[ Gt i) d
t
and p is the correlation coefficient between W and w.

An analogous of a CIR model is considered, supposing, to avoid negative short
rates, that

d 2

t
ry = Z (/ g(t — s)adei(s)) +179, t>0,79>0.
0

i=1

where (W;)), -, is @ Brownian motion in R?. Then P(0,7’) can be rewritten as

= ory r 1| B
1+;(T/0/0 .

where the integrand is called Fredholm determinant and

—d/2
81751) R(Slasn) /

: ds;---ds, ,
Snasl) R(Snasn)

R(u,v) = opyoryco(Tu, Tv;T(uVv), T) with
T
co(u,vt, T) = / g(s —u)g(s —v)ds.
t

Then, for r; being a Bessel process, as well, as for the classical CIR model, price can be
given explicitly and for cases, when a closed formula has not been found, a numerical
method is presented using Nystrom-type approximation for the Fredholm determinant.
The computation cost of the approximation is of order O(m?) and a simple Matlab
code is given, as well. Finally, the characterization of the dynamics of such an r; is
developed.



Part IV
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Chapter 5

Power Variation for a-stable processes

In this Part, I present an introduction to Power Variation processes Stable processes,
and then the details of [[CF10].

5.1 Introduction

Originally, quadratic variation and power variation were introduced in the context of
studying the path behavior of stochastic processes, but recently it has been introduced
for statistical inference for integrals based on Brownian motion, as done in [BNSO3]],
[BNGSO04] and [Woe03]], for integrated processes and It6 integrals (see [CNWO7] and
[BNSO02] respectively) and more general Lévy processes in [WoeO3]].

Let (X;)o<t<r be a stochastic process and p any natural number. Then, the p-th
power variation is defined as

[n1]

> x: - X
=1

The realized p-th variation process of (X;) is defined as follows. Let

p

H:{to,tl,...,tm}WherCO:toStlS"'Stm:t

be a partition of [0, ¢]. Then, the p-th variation of X over II is
‘/t(p)(H) = Z |th - th-—l ‘p'
k=1

If V" )(H) converges as maxi<k<m |ty — tx—1| tends to 0, then it is the realized p-th
variation process. For p = 2 and any X square-integrable martingale, t.i. for such X
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right continuous martingale that satisfies EXE < oo for every t > 0, it coincides with
the original definition of quadratic variation: Vt(z) = A;, where X? = M, + A, is the
Doob-Meyer decomposition of X? with M; being a right-continuous martingale and A
is predictable and increasing (see Theorem 5.8. from [KS91]).

5.2 Stable processes

Let (Sf),>, be an a-stable Lévy process with a € (0, 2) defined on a complete prob-
ability space (92, F, P) where F¢ denotes the o-field generated by {S: 0 < s < t}
and the null sets. As defined and seen in Section S is a process with stationary,
independent increments and cadlag, which can be characterized by

E [e™] = exp {t/ [ — 1 —iuh (z)] v (d:z:)} )
where h = 1j19) (@) 1)< (), and the Lévy measure v (dx) is of the form

v(de) = ra "0 (2) + ¢ (—x)_l_a ly<o (2),

with r,q > 0, 7 +¢q > 0 and where r = ¢ = 1 if o = 1. It follows that S* is
self-similar: S is of the same law as ¢~/ *S7, and that it has all the moments of the
order less than «, and for o < 1 all the sample paths are of bounded variation, while
for a« > 1, they are of unbounded variation [Sat99]]. Define the p-variation (or strong
variation) of a real valued function on the interval [a, b] as

n 1/p
Varp (f7 [CL7 b]) .= sup { |f (tz) - f (ti—1)|p} y
TeP i1
where P denotes the partitions of the interval:
P={{a=ty<t;<---<t,=b}:neN}.

It is known that for a pure jump Lévy process, the p-variation is finite for p > /3, where
B is the Blumenthal-Getoor index defined as

[ = inf/l/\ lz|" v (dz) < oo,
720

so in this case, it is finite for p > «. For continuous processes, if f is a-Holder
continuous, then it has a finite 1 /«-variation on any finite interval. Also, from [You36],
we know that the Riemann-Stieltjes integral f; fdg exists if f,g € C and have finite
p-variation and g-variation (respectively) on [a, b] and % + % > 1. Moreover,
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[ s s@io -4 <a>>\ < ¢y Var, (f, [a,8]) Var, (£, [a,]).

where - .
Cpqg=C| -+ = with ((z) = —.
= (jry) vimc@ =35

Consider stochastic processes of the form

t
/ us—dSY,
0

where the stochastic integral is a pathwise refinement-Riemann-Stieltjes integral if
a > 1, and is a Lebesgue-Stieltjes integral if & < 1. From [You36|, the refinement-
Riemann-Stieltjes integral exists, if the trajectories of (u;),., have a finite ¢-variation
on any finite interval for some ¢ < a/max {0, — 1}. Denote the uniform conver-
gence in probability on [0, 7] by u.c.p., and the supremum norm on [0,77] by |-|| ..
Write

p

)

[nt]
V(2 =07 - 2
=1

for any p > O real, n € N, and for any stochastic process (Z,),.,. For p > «, it
has been proved [Lep76,[HM76] that the non-normed power variation tends to the p-th
power of the absolute values of the jumps of Z, so we are only interested in the case of
p < «, where the non-normed power variation leads to an infinite limit. The following
theorem is proved in [CNWO7] about the convergence of such a process, normalized
in an appropriate way:

Theorem 5.2.1 (Theorem 1 in [CNWO07]]) Suppose that (ut)t20 is a stochastic pro-
cess with cadlag trajectories and, if a > 1, with bounded q-variation on any finite

interval, where ¢ < —°=. Set
a—1 .
Zt :/ uS,dS?
0

and (Y;),, is a stochastic process which satisfies

u.c.p.

m—l-‘rp/a‘/pm (Y)t K0

as m tends to infinity. Then, for any p < q,
t
m‘”p/o‘%m (Z+Y), =% cp/o lug|? ds,

as m tends to infinity.
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The condition for Y is satisfied if it is Holder continuous of order v € (1/a, 1], and
also for some semimartingales with jumps: assume that Y has a Blumenthal-Getoor
index [ and that it has a canonical representation

Y=Y+ B(h)+Y+hx(p—v)+(z—h(z)*p

where Y ¢ denotes the continuous local martingale, . the jump measure and v its com-
pensator. Assume that (Y¢) = 0, and in addition, if 5 < 1, then B (h) + (z — h) x v,
as well. Then, it can be shown that the condition is satisfied for o > max {3, p}.

The following theorem shows that the properly normalized fluctuations of the power
variation, for p € (0, «/2) have Gaussian asymptotic distribution. Denote

vy = Var (|S7[")
for any p € (0,/2). Then:
Theorem 5.2.2 (Theorem 2 in [CNWO07]) Fix 0 < p < é and assume 0 < o < 2,

then
(Sf‘, n_1/2+p/an” (S%), — cptnl/Q) A (SP, vpWy)

as n tends to infinity, where (W) [0,7] is a Brownian motion independent of the pro-

te
cess S°, and the convergence is in the space D ([0, T])* equipped with the Skohorod

topology.

Condition 5.2.1 Assume that, for v > 0, u satisfies
Sl () = " ()| 550
\/ﬁ j:1 n,J n,j

as n tends to infinity, for any (1, ;) and (xn ;) such that

1 2
O<Xn1<77n,1§_SXn,Zgnn,QS_S"'SXn,ngnn,nST-
n n

Under this condition, the following central limit theorem can be proved:

Theorem 5.2.3 (Theorem 3 in [CNWO7]) Let S* be an «-stable Lévy process with
a € (0,2). Fix0 < p < a/2 and suppose that (u;),c, 7y is a cadlag stochastic
process, measurable with respect to F3, satisfying Condition with v = p and
if « > 1, with bounded q-variation with q < 2p. Furthermore, we assume that the
stochastic process Y satisfies

m—1/2+p/a‘/pm (Y)t ﬂ 0
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as m tends to infinity. Setting Z; = fot us—dSE, we obtain

t t
(Sf‘,n_l/”p/av; (Z+Y), — cp\/ﬁ/ lus_|” ds) A (Sto‘,vp/ lus—|” dWs) :
0 0

as n tends to infinity, where (Wt>te[0 7] is a Brownian motion independent of F3, and
the convergence is in D ([0,T]).

If u is independent of S, then it leads to

nTVHPRVI(Z 4+Y), - Cp\/ﬁf(f [us—|" ds 5N (0,1)
Ty o220 |

The condition on Y is satisfied if its Holder continuous of the order b withp (b — 1/a) >
1/2, and also if it is a jump semimartingale with Blumethal-Getoor index 3 and § >

af
P> 3a—p)

5.3 Extensions

Consider stochastic processes of the same form as before: dZ; = u,_dS?, where
a € (0,2], (57),5, is an a-stable Lévy process defined on (2, F, P), where (F;),~, is
a right continuous increasing family of P-complete sub-o-fields of F, and the integral
is an Itd integral. Instead of assuming that the trajectories of u have a finite g-variation

on any finite interval for some ¢ < a/ max {0, « — 1}, now it is generalized to having

¢
/ lug|* ds < oo.
0

Then, we have S§ = 0 almost surely and forevery 0 < s <t, A e R

E [ei,\(sg—sg) ]_—S} — e~ (=) A"

Note, that it is of independent increments, a-self-similar, i. e., (5%,) ~ (a'/*Sf) for
a > 0, and for @ = 2, S equals /2 times a Brownian motion. Suppose, that w is an
(F:)-adapted cadlag process such that

t
/ B [Jus]*] ds < oo,
0

then, the integral f(f us—dS¢ is well defined. Also, by [GM83]], we have, for all A > 0,

t p C t
« < «
P </0 us—dSg| > A) < _)\a/p/o E [|us|%] ds,
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(where C' stands for a generic constant) which implies ( [CF10]), that for p < «,

t p t p/a
E [ / us_dS¢ } <G, (/ E [Jus|”] ds) :
0 0

For the case p > «, it is known (see [Lep76|] and [HM76]]) that the non-normed power
variation tends to the p-th power of the absolute values of the jumps of Z. For the case
p < «, the following can be shown:

Theorem 5.3.1 (Theorem 1 in [CF10]) Under these assumptions, Theorem holds.
As before, for the case of 0 < p < «/2, we have the following result.
Theorem 5.3.2 (Theorem 2 in [CF10]) Under these assumptions, Theorem holds.

Condition 5.3.1 Assume that for some y € (0, 1), u satisfies

[nT]

N

7

sup lug —us)”| — 0
t,s€[(i—1)/n,i/n]

as n tends to infinity.
Then, the following Central Limit Theorem can be proved:

Theorem 5.3.3 (Theorem 3 in [CF10]) Under these assumptions, supposing that Con-

dition holds (omitting Condition , Theorem holds writing (Zy),, in-
stead of (Z; + Y1) >
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Kyle-Back’s model with Lévy noise
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Abstract

The continuous-time version of Kyle’s model [7], known as the
Back’s model [2], of asset pricing with asymmetric information, is
studied. A larger class of price processes and a larger classes of noise
traders’ processes are studied. The price process, as in Kyle’s model,
is allowed to depend on the path of the market order. The process of
the noise traders’ is considered to be an inhomogeneous Lévy process.
The solutions are found with the use of a perturbation method. With
the informed agent being risk-neutral, the price pressure is constant
over time, and there is no equilibirium in the presence of jumps. If the
informed agent is risk-averse, there is no equilibirium in the presence
of either jumps or drift in the process of the noise traders’.

Keywords: Market microstructure; insider trading; stochastic con-
trol; Lévy processes; semimartingales.

1 Introduction

Models of markets with the presence of an insider, that is to say, a trader
who has some kind of additional information, have a great literature. In
the approaches, we can distinguish two fundamentally different ones. One
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approach is considering the market with a bond and some stocks with prices
given exogenously by their dynamics. The other one follows the idea of [7]
where the price of the risky asset is led by the demand of the informed
trader through some pricing rule. In the second case, the aim is to find or
characterize an equilibrium where the informed agent maximizes her profits
and the prices are set in a competitive way. In between one can find the
model described in [9], where a bond and two risky assets are considered,
one risky asset with prices given exogenously and one priced as it is in [7]
(and [2]). A more general model is studied in [10], where more risky assets
are involved. Following the Kyle-Back approach, [5] find equilibrium in the
market of zero coupon bonds with default, and so does [3] in a market with
options. Also the present paper follows the Kyle-Back approach but considers
a time continuous trading where the noise traders’ dynamics are allowed to
have jumps. We study the existence of equilibria in this market model in
presence of an insider taking advantage of asymmetric information, and we
also consider different types of insider attitude to risk: risk neutral and risk-
adverse.

The paper is organized as follows. In the next Section, the model is
described and we formulate the wealth process. In the third Section, one can
find an analysis of equilibrium and of its existence.

2 The Model and Equilibrium

We consider a market with two assets: we have a risky asset S and a bank
account with interest rate r equal to zero for the sake of simplicity. The
period in which the participants trade is [0, 1]. There is to be a public release
of information at time 1. The announcement reveals the value of the risky
asset, at which price it will trade afterwards (that is to say, at time 1+). This
value is denoted by V and it is assumed to be a random variable with finite
expectation. The market is continuous in time and order driven. There are
three kinds of traders. Noise or liquidity traders, who trade for liquidity or
hedging reasons, the informed trader or insider, who is aware of the privilege
information at time 0, and market makers, who set the price and clear the
market.

All random variables are defined in a complete probability space (2, F,P) .
We denote the price of the stock at time ¢ by P, and FF= (.EP )0 <4<y Where
FP = o(P,,0 < s < t) augmented with the P-null sets, here and in the
sequel we always consider P-augmented filtrations. With Z we indicate the
aggregate demand process of the noise traders. The model we consider is
an extension of the one in [2], where Z is a Brownian motion with a fixed



volatility, to a more general set of processes. In [1] the authors consider a
noise trader’s demand with time-varying volatility. In this paper we consider
processes that may have a drift and jumps, as well. More precisely we assume
that

dZt = [Ltdt + UtdBt + st, t c [O, ]_], ZO = O (].)

where B is a Brownian motion, independent of V| and p,o : [0,1] — R
are deterministic, cadlag functions, and L is a pure jump Lévy process inde-
pendent of V' and B. We also assume that the process L can be expressed

by
t ~
Lt:/ /xM(dt,d:v),
o Jr

where M (dt,dz) = M(dt, dz) —v,(dz)dt is the compensated Poisson random
measure associated with L, and with intensity v;(dz).

Let X be the demand process of the informed trader and let FV** denote
her flow of information:

VP — (]_-tV,P)

as, at time ¢, she knows V' as well as {P; : 0 < s < t}, thus, X has to be
adapted to the filtration F¥*¥' with

)
0<t<1

]-"tv’P =0(V,P;,0 < s <t),

generated by the random variable V' and the process P. Because of the
independency assumed before, B is an F"*?-Brownian motion and L is an
FY>Z-pure jump Lévy process as well. The informed trader tries to maximize
her final wealth, that is, she is risk-neutral (one may find a model with risk
averse informed traders in [6] and we also study them in Subsection 2.6).
Denoting by W. the wealth process corresponding to the insider’s portfolio,
we have the following definition for optimality:

Definition 1 A strategy X is called optimal with respect to a price process
P if it mazimizes E(W14).

Moreover, the market makers ”clear” the market by fixing a competitive
or rational price, given by

P =E(V|Y,,0<s<t),te01] 2)

where Y = X + 7 is the total demand that market makers observe. Note that
(P,) is an F¥ -martingale, where F¥ = (F) and FY = o(Y,,0 < s <t).
Formally:

)0§t§1



Definition 2 Given a trading strategy X (and total demand Y = X + Z),
the price process P is rational, if it satisfies (2).

In the original model of Kyle, the current price depends on the past
demand, while in Back’s one it is supposed to be Markovian, depending
only on the current total demand. [6] shows that Back’s results hold in the
original settings with the current price depending on the whole path. We also
consider this case. Suppose that market makers fix prices through a pricing
rule, in terms of formulas,

Pt = H(tagt)at € [07 1]

with
¢
& ::/ A(s)dYs
0

where )\, the so-called price pressure, is a positive smooth function, H € C'?
and H(t,-) is strictly increasing for every ¢ € [0,1]. We also write £(¢,Y?)
for &. Note that FF' = FY and consequently FV-F' = FV"Y = FV:X+2 C FV-Z,
where for the last inclusion we assume that any strategy that is a measurable

function of V and Y can be rewritten in terms of V and Z. Also we have
that FZ C FY"Y, so FV"¢ = FV:F,

Remark 3 [t is important to remark that the effect of the total demand in
prices is due not only to the function X but also to the function H. In fact,
as we shall see later, in the equilibrium

aH(t7 gt)

dP;, =
t oy

A(t)dY;,

and some authors call market depth to the quantity

1
OH(t,2: :
% A(t)
So, to say that market depth is constant is not equivalent to say that price
pressure is constant. Only if the equilibrium pricing rule is linear, both results
are equivalent. See [4].

Definition 4 Denote the class of such pairs (H, \) above by H. An element
of H is called a pricing rule.



Then, we can define the equilibrium in the class of the above pricing rules,
and over a set of admissible strategies X introduced in the next Section in
Definition 6:

Definition 5 Let (H,\) € H and X € X. The triple (H, X\, X) is an equi-
librium, if the price process P.:= H(-,£(-,Y)) is rational, given X, and the
strateqy X is optimal, given P.

2.1 Optimal strategies

The final wealth W, of the insider, just after the announcement, is computed
as follows. Consider first a discrete model where trades are made at times
1=1,2,...N. If at time ¢ — 1, there is an order of buying X; — X;_; shares,
its cost will be P;(X; — X;_1), so, there is a change in the bank account given
by

_P1<Xz — Xi—l)-

Then the total change is

N

—> P(Xi - Xim),

=1

and due to the announcement, just after the final time N, by the liquidation
of the assets, there is the extra income: XxyV. So, the total wealth generated
is
N
Wyt = =Y P(Xi— X))+ XyV
i=1
N N
= =) Pa(Xi— X)) =D _(P— Pio)(Xi — Xih) + XnV

= Z(V — P ) (X — Xio) — Z(Pz — P1)(Xi — X)),

i=1 i=1

where, without loss of generality, we assume Xy = 0. Analogously, in the
continuous model,

Wiy = /OI(V — P, )dX; — [P, X4, (3)

where (and throughout the whole article) X;_ denotes the left limit limy, X.
We require that X is an FV*P-semimartingale, so that the integral can be seen

5



as an Ito integral, and to ensure the quadratic covariation [P, X]| is finite we
also assume that P is an F""-semimartingale.
Then we look for the optimal mean wealth of the insider, given by

1) = B =& [ - Heenax- (p.x)). 0

over all admissible (H, A\, X'), meaning that (H,\) € H and X € X defined
as:

Definition 6 Denote, by X, the set of cadlag FV-F -predictable processes with

(A1) X € X satisfying X, = My + Ay + fg O,ds, where M is a continuous
FY"P _martingale, A is a cadlag, finite variation predictable process with

fh - j{: ()(s_')(&—>

0<s<t

and 0 is a cadlag, FV'"P-adapted process. And for all X € X and
(H,\) € H, P-a.s, a.a. 0 <t <1 we have:

(A2) E ([, 0:H (t-,6))" (A[Z, 2], + d[M, M],)) < oo,

(43) B (3 02H (1,6 6 dt) < oo,
(A4) E (30 0:.H (t—, &) |[AX,]) < 0o with AX, = X, — X,
(45) fy (H (6.6 + M) = H (1,6) — w2 (£,6)) v (du) < oo,
(A6) 0 € X.
Where we write 0; to indicate the derivative w.r.t the i** argument.

Remark 7 Note that, since (X;)yc,eq has to be a cadlag FV'F-predictable
process, its martingale part cannot have jumps.

Remark 8 Remember that FV-F' = FV2.



2.2 The optimality condition

Proposition 9 Suppose that X is (locally) optimal and that the insider’s
wealth J is defined by (4). Then

H(t, &)— [/ 0o H (s,&-)dXs

VZ} =0, a.s, aa 0<t <1,
()
and
V=P =H(1&4)=H(1-§)=P_ as. . (6)

Proof. For all § such that X. +¢ [; 8,ds is admissible, with ¢ > 0 small
enough, by the local optimality of X., we have

d :
- X .
0 ng( —|—5/06ds)

— %E (/01 {V - H (t, _/Ot_ A(s) (dX; + eBsds + dzs)ﬂ (dX; + sﬁtdt)>

_E < /0 WV HLE) Btdt> +E ( /0 oH () ( /0 t A(s)ﬂsds) dXt)

- E ( / 1 ((V — Ht.5) = \0) [ o, (s, §s>dxs) ﬁtdt) |

Since we can take 8; = 1p 4 (t) @, With o, being F)?-measurable and
bounded, we have

5( [ (B - e 29 - x| 0, (s, €, )dX.

and this means that the process:

M= [ (BVIR) - B )70 - MwE | [ it ax.

is an FV*?-martingale and this implies that, for a.a. 0 <t < 1,

H(t, &) — [/ O H (s,&-)d X,

VZ]—Oas (8)

e=0

)Yl 77) -0



Then, (A1) and (A3) imply
H(t, &) — ( / O H (s, & )dX, ]—“VZ>
= Va0 [ B (280 ,£s>es|f¥2) ds

1
M) DB (0:H(s, 6 )AX| F)
=0

And also by (A3), we have

1
/ E (0,H(s,£,)|6:]) ds < oo,

then

mE( </ Do H (s, €,)|6]ds

and E <ft1 O H (s,&,)

positive supermartingale it converges almost surely to zero. Analogously for
the term

7)) =0

V.Z . . ..
Fi ) converges in L' to zero, and since it is a

ZE@g (5,6, )AX,|F 7).

So, since A(t) is continuous V' = H(1—,&,_), a.s.. Moreover, if we consider
a locally optimal strategy with a jump at the end with respect to another
without jump we have
AJX) = E[(V-H(-,&-))AX: — AH1AX,]
= —-E(AH,AX;) <0,

since H(1,-) is strictly increasing. So an optimal strategy does not jump at
the end and V; = H(1,§;). =

Remark 10 Note that the property (6) was observed in [1].

Now we can prove the following Proposition of necessary conditions for
an equilibrium:



Proposition 11 Consider an admissible triple (H,\, X). If it is a local
equilibrium, then we have:

1
(i) V — H(t, &) — AOE U OoH (s, €, )dX
t
(“) H(Lfl) =V a.s., ,
(’MZ) 0= 81H(t, St) + /\t,utE)QH(t, ft) -+ %/\fU%}tﬁggH(t, 5,5)

ftv’Z} =0, as, a.a. 0<t<1.

+/ (H (6.6 + M) — H (£ ) — uhdoH (£,6)) va (du) , a5, a.a. 0 <t < 1.
R

()Y —/ wedt is  a local martingale
0
(v) If V # P; a.s.on [0,1), then A(t) = \o,

d[yey9.

where O'Yt P

Proof. (i) and (ii) are just the Proposition 9. (iii) By using It6’s formula
H(t.&)

on =gy, we have
1
B ([ g0ttt 6s 77
H(lagl) V.Z \ H(ta gt)
=017 -5
Lrox O H(s, &) 1
~E ( /t <— AQE?)H(S,@) + % + 5022H(s,g8)A(s>a;5) ds J—"tV’Z)
AH<S7 58) 82H<S7 £S*>A£S V,Z

o (Z (F -5 )'f ) |

where oy, = d[y% Since X is locally optimal, given (H,\), by (i) and

since Z — [, psds is an F}*?-martingale, we can write:

0 = V-AHE ( ]-“VZ)
OH(s, &) 1

/ (-6 o LonH (s, L) ()0%, +
02 B

N(s)
N2(s)
D )

14
Al

)
N




]—"tV’Z)

]—}V’Z} vs (du) ds

where, denoting {s € A: AX, # 0} and {s € A: AZ, # 0} by D} and D% |
respectively, for any A C R, we get
AH(S’ Ss) GQH(S’ £S—>A£S V,Z
%;E<( G SE))
S€1 )
_ A _
B (GRS TE SNy
SGD[Zt1
(5,8 + A(s)u) — H (5,8
/ / [ ) —udyH (s,&5)
Hence, we have
1 1
= (5 5m)
1 I
v ([ (=gt e+ 2D o N, + 2 g
AH(s,&) 09H(s, & )AL
*E(gj TE YO )

fV’Z\
t
/

[¢,1]

e[l A b))

By identifying the predictive and martingale parts we have that

N, N VH(1, &)
A%f/ (o) 8T

+§022H(t, EA(t)oy, + 0o H (t,&) e
NH(LE) D (6 )AE,

.EV’Z] Vs (du) ds.

0 =

A(t) A(t)
H(t & + Nt u) — H (t,&)
+A{ o — udaH (&) | vi (du).

Then a.a t € [0,1] and P-a.s., the continuous and jump parts of the r.h.s of
the previous equation will be equal to zero.
N(t) N(t) O H (1, &)

D L 0 R YO

1
+5822H(ta E)At)oy, + OoH (L, &)

H(t& +A(t)u)—H (&)
*4[ NG >

H(t,&)| v (du), (9)

10



and
AH(t, &) B OoH (t, & ) A&
A(t) A(t)
Now, since we are in an equilibrium, prices are rational given X, so by taking
conditional expectations w.r.t. 7" and using E(V|FY)—E(H(t,&)|F)) =0,
we have

0

= 0. (10)

O H(t,& 1
%ﬁ;f) + 5622H(t,€t) ( )032/7,5 + 62H(t,ft)ﬂt

+/R {H(t,&_ _|_)\(t)(u) H (&) —ué)gH(t,ft)} v, (du) .

A(t
(iv) Consequently

P = H@fQ:Hm@@+A)@Mﬂ&@)mn—uﬂ$

AH<57€S) o 82H(57587)A£s
" DZ] ( A(s) A(s) )

- [ [ [t A S ) s

so, denoting the second term by NV,
dP, — dN;
MO H (t, &)
and, since P, and N, are martingales and A0, H (t,y) > 0, we have that

Y — [, mdt is a local martingale.
(v) Finally, from (9) we have that

N(t) N (t) B
e " mttha) =0

then V' # H(t,&;) implies that A'(¢) = 0. m

dY; — uds =

2.3 Characterization of the equilibrium

In this section we will study sufficient conditions for an equilibrium. We shall
assume that the pricing rules satisfy

0= 81H<t, y) + 82 (t y),ut + 822H(t y>>\(t>2 2

+4(H@y+Mﬂ@—H@y%wM@%g@m>Wmm,&aOStSLyER
(11)

11



where oy is defined in (1). Note that this condition is close to the condition
(#4i) in Proposition 11, that is a necessary condition for the equilibrium.
Then we have the following Theorem:

Theorem 12 Consider an admissible triple (H, A\, X) with (H, \) satisfying
(11) then (H, X\, X) is an equilibrium, if and only if :

(1) A1) = Ao,
(i1) H(1,&) =V a.s.
(1i1) [X°, X =0,
(1v) X has not jumps
(

v) X +7 — / wsds s a local martingale.
0

Proof. Set
H (1)) o (1
i(v,y) ::/ v)\—(’x)dx,
y 0
and
I(v,t,y) = =EGE(V,y+ M(Z1 — Z,))|V =)

= E(i(v,y + X(Z1 — Zb))).

Here, we write d; to indicate the derivative w.r.t the i + 1 argument.
First note that

E(H(L,y+ M(Z — Z,)) = H(t,y).

In fact, by (11) and (A2), (A5) and (A6) (H(t,\oZ:))g<s<; is a martingale,
so, since Z has independent increments, we have that.

H(t,y) = E(H(1, M Z1)[AoZ; = y) = E(H(1,y + Ao(Z1 — Z1)).
(I(v,t, Z4))g<<; s also an F7- martingale:

I(v,ty) = E(i(v,y+ X (21 = Z)))
= E(i(v,0Z1)| NZ: = y),

and we have that

02l (v,t,y) = E(Oi(v,y+ (21— Z1)))

U_H<1ay+>\0(Z1_Zt) U_H(tay)
El - - T\vJJ
Ao Ao

- (12)

12



We can take the derivative under the integral sign because H (1, -) is monotone
and E(H (1, \0Z1)) < oo. Now,

0 = Owl(v,t,y)+ Onl(v,t,y)u: + %82221(1), t,y)\eo;
+ /R (I (v, t,y+ Xu) — I (v,t,y) — uroOol (v,t,y)) vy (du),
consequently
Cv,t) = hi(v,t,y)+ Ol(v,t,y)p + %8221'(1), t,y)\eo? (13)

t
—|—/ / (I (v,8,y+ Aou) — I (v,8,y) —urgO2 (v, s,y)) vs (du) ds,
o Jr

where C(v,t) is a constant that can depends on v and ¢ but not on y. Now
since ([(v,t,Z;)) ey is @ martingale it turns out that C(v,t) =0 a.a. t €
[0,1]. Consider now any admissible strategy X, then, by using It6’s formula
we have

1
I(v,1,&) = I(U,0,0)—i-/ O 1(v,t,&)dt
0

1 1
+ [+ [ onlotgae e
+ Z (A[(U? t? gt) - 821(1}7 ta gt—)Agt) )

0<t<1

since, by construction, {, = 0 and since d§; = \odY; by (7). Now we have
that

d[e, €y = AN3d[XC, X + 202d[ X, Z¢), + Ajoidt.

Then using (13), we get :
1
I(U,l,gl) = [(U,0,0) +/ (Pt_ —U)(dXt‘l‘dZt—Mtdt)
0
1 ! 2 c c
+§ Oa2l (v, t, &) Agd[ X, X
0

1
+ /0 022I(v0,, E)NA[X, Z) + > (AI(0,1,&) — 0I(v, 1, &) M AY)

0<t<1

13



Subtracting [P, X]; from both sides and substituting, we obtain
1
/ (v = P, )dX, — [P, X]s — I(0,0,0)
0
1
= L&)+ [ (- 0) @2 - )
0

1 1 1
+—/ 322](U,t,ft_)/\(2)d[Xc,XC]t+/ Oool (v, & YN[ X, Z9]
0

+ Z (AI(v,t, &) — 8o (0,1, E_) A AZy)

tED

/ / (0,8, + dow) — I (0,1, y) — oI (v, t,1)) s (du) dt)

+ D (A0, £,&) = DI (v, 1=, &) MAX,) — [P, X,
teD[)gyl]

Now it is important to note that (v, 0,0) is, fixing V' = v, a lower bound for
any strategy. Then, we will show that by taking the conditional expectation
of the left hand side for V' = v and seeing that it is non-positive by evaluating
the right hand side.

First we have that

[P, X]; =[P, X+ Y ARAX,

0<t<1

then It6’s formula for H shows that the continuous local martingale part of
Pis [ 0,H(t,&)dEs, so by (12) we obtain

1
[PcaXc]l - [/aQH(taft)dgfaXc} :/0 aQH(t7§t)d[§c7Xc]t
1

1 1
= / aggl(v,t,&)/\%d [XC,XC]t + / 822]<U,t,§t)/\(2)d [Xc, Z]t7
0 0

and

/\0(92](?}, t, St—)AXt ‘I— APtAXt = (Pt— — U)AXt + APtAXt
= (P —v)AXy = M0l (v, 1, &) AKX,

14



Substituting them for [P, X]; in the right hand side of the equation, it sim-
plifies to

1 1 1
—_[('U, 1, 51) + / (Pt — 'U) (dZt — /J,tdt> — 5 / 6221(’0, t, ft)A(Q)d[Xc, Xc]t
0 0

+ Z (AI(v,1,6) — 0ol (v,t, & )M AZy)

tED

/ / (0,t,y + Aou) — (v,t,y)—u)\oﬁgl(v,t,y))yt(du)dt>

D T, t,6) = (v, t,6-) — Xdal (v,1,6)AX,)
teD[X7 1

Now the result follows from the following points.

1. We know that M\gOao I (V, 1,&) = 0. H(V, 1,&) > 0 and that \g02I(V,1,&) =

—V + H(1,&) so by hypothesis (i) we have a maximum value of
—I(V,1,&) for our strategy and, according to the definition of I and
condition (i7), I(V,1,&) = 0.

2. The processes [ (P — V) (dZ; — pdt) and

D ALV, ,&) — BI(Vit, &) NAZ,)

z
1t€D[0 ]

_ / / (T(V.ty + M) — I (V.t,y) — whedol Vot ) s (du) dt)

FRV

are -martingale, so they vanish when we take expectations.

3. By (12) and H being increasing monotone, we have that 0 > 0, and
the measure d[X°, X > 0, so

1 /!
—5/ Dozl (v, 1, &) A3 [ X, X, <0,
0

and we obtain the maximum value for our strategy if and only if

(X X =0.
4. Oyl > 0 (convexity) implies that

I(v,t,x+h) —I(v,t,z) — Ol (v,t,x + h)h < 0.

15



So,

Z ([<Ua t? é—tf + )\OAXt) - [(U, t, €t7) - 82[(1), t, gt))\OAXt) S O,
teD[ZM]

and it reaches its maximum if and only if AX; = 0, that is what we
assume at (iv).

5. Assumption (v) together with condition (A2) and (A5) guarantee the
rationality of prices.

Remark 13 In [2], it is proved that, in equilibrium, the pricing rule is of
the form

In [6], and in our case, as well, we find that in equilibrium, the price pressure
A is constant and the pricing rule is of the form (14), as (H,\) is a solution
of (9) and Ité’s formula applied to H(t, \Z;) implies

= E[H (1,21 — 2, + \Zy)| A2, = o]

= E[H(1,\Z — \Z; +y)].

We have seen that provided that (11) is satisfied, the equilibrium strate-
gies are of the form

X:/ 0,ds.
0

Then, the following propositions give conditions on 6 to be an equilibrium
strategy.

Proposition 14 Let (H,\) be a pricing rule of class H that satisfies (11)
and X = fo 0.ds a strategy in X . Then the following conditions are equiva-
lent:

i) The process (H(t,&)) is an FY -martingale.
i) E[6,| F)] = 0.

t
iii) The process (Yt—/ usds) is an FY -martingale.
0

16



For its proof, we will need the following Lemma:

Lemma 15 Assume that a process G is FY -adapted and
t
Gt:Mt+/ CYSdS, t20
0

where M is an %Y -martingale and o is F%Y -adapted with mathbbE(|ay|) <
oo for all s > 0. Let H be a filtration such that FY C H C F%V. Then

t
Gtth+/ E o, |[H.]ds, ¢t >0
0

where N is an H-martingale.

Proof. First, we show that E[M;|H;]| is an H-martingale. Let s < ¢,
then since H, C FZV

E[E [M; |He| i) = E[M; [H.] = E [E [M, |[F2V ]| Hs] = B [M, K],

]FZ’V

since M is an -martingale. Then, consider

t
Gt—Gs—Mt—Ms+/ ozudu.
We have

t
E[G; — G| Hs] = E[Mt—M5|Hs]+/E[au|Hs]du

_ E[[E[aumu]du

al
SO

t
E [Gt—GS —/ E [ov,| Hy] du

=0

hence, N; := G; — fOtE [ay| Hy] du is an H-martingale. m

17



Proof of Proposition 14. Let (H,\) be a pricing rule, then Itd’s
formula says

Htg) — H@ﬁ)(/AGa (s,6,) ds
+APH<@ + O (s e+ S L 6,60 as
n / a—(s,gs_)(/\sasstJr)\des)

+Z{ H(s.6) = 5 (5,628,

‘[OH OH 0’H
= Mt+/0 [8t( gs)_}‘)\s,us ( 58) 5/\§ 362( 55):|

! OH
—|—/0 (H(s,&— + Asu) — H(s, &) — u)\sa—y(s,fs_))ys(du)ds

/Aea<@>

where M is an F%V

be rewritten as

-martingale. Then, by Lemma 15 we know that H can

H(tuft) = Nt‘*‘/(; |:8H( 55) 8 ( gs) shts + 2/\§ gaa 2( gs)
+/0 (H(s,&— + Asu) — H(s, &) — u/\S%—y(s,fS_))ys(du)ds
+ [0S (.60

::M+/&Mmﬂ9Hw®
0

where N is an F¥-martingale. Then, (H(t,&;)) is an FY-martingale if and
only if

E(6,|F)) =0,

which proves that i) and ii) are equivalent. Also, we know that

t
Y, = /Gds
0

18



SO

t t
Y, - / /Lst = Ry + / HSdS,
0 0

where R is an F%Y-martingale. Then we can write, by Lemma 15,

t t
Yt—/ usds:UtJr/ E(0,|FY)ds
0 0

where U is an FY -martingale which proves that ii) and iii) are equivalent. m
Then, we have the following proposition.

Proposition 16 Suppose, (H,\) € H is a solution of (11) with A = g > 0,
X = [,0,ds, H(1,&) =V and such that E [0t|.7:ty} = 0, then the pricing
rule is rational, that is

H(t,&) =E[VIF,0<t <1,
and (H, A\, X) is an equilibrium.
Proof. By the previous proposition H(t,&;) is an FY -martingale. Then
H(t,&) = E(H(L&)F) =E(V|F),

therefore prices are rational. That (H, A, X) is an equilibrium follows from
the previous proposition and Theorem 12. m

2.4 Existence of equilibrium

From Theorem 12 we have seen that, assuming (11) with Ay = A\g > 0, neces-
sary and sufficient conditions to have an equilibrium are to have a strategy
J, 0sds € X satisfying:

1. the process (Yt — f(f ,usds) is an ¥ -martingale, where Y, = fot 0,ds+Z,
is the total demand.

2. it drives the total demand to the value R := H~!(1, o) (V), that is
Y, =R.

First we have a simple case:

19



Proposition 17 If the demand of the liquidity traders, Z, has not a jump
component, then the equilibrium strategy is such that

Vi =Y, — [, pads 2
ft o2ds ot

Qt:

Proof. IfY, =Y, — f(f psds = fot JSdBS, where B is a Brownian motion,
then

_ Ly, —-Y,
V,— [ ——L02ds,0<t <1,

fau

1S a process identical in law to fo 0,dB; and independent of ;.

Theorem 18 If the demand of the liquidity traders Z has a jump component
(i.e. L #0), then there is not equilibrium.

Proof. Let Y be the total demand in an equilibrium, then we have
t t t
M, = Yt—/ fsds = / anBS+Lt+/ 0s(Y1;Y,,0<u<s)ds,0<t <1
0 0 0

so the r.h.s. is the Doob-Meyer decomposition of the FY-martingale M in
the filtration F***, since [ 0,dB; + L. is an F**'-martingale. Now, we can
decompose the martingale M in its continuous and jump components,
t
My = / o,dB, + I'y,
0
Mtd - Lt + At'

These two equalities give us the F¥*Y1-Doob-Meyer decompositions of M¢ and
M respectively, with I'y + A, = fo (Y1;Y,,0 < u < s)ds. Note that we
have

— L, = // d(ds,dx) — v (dx)ds) = Ay,

where ( f(f Je xé(ds,dx)) is the FY-predictable compensator of the integer

random measure in the process M?. So A is FY-predictable and does not
depend on Y;. Moreover M{— L; is an F¥ -martingale and consequently A = 0,
a.s..
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So, if there is only jump part in the demand of liquidity traders, i.e. Z = L
M, =Y, = L, and R = L; contradicting the hypothesis of independence
between L and V. Therefore there is not equilibrium.

If, on the contrary, we have a continuous part in Z then the argument
above yields

t t
M;:/ an38+/ 0,(Y1:Y,,0 < u < s)ds, (15)
0 0

and
M = L,.

Note that, since B is independent of L, (15) is the Doob-Meyer decomposition
of M¢ in the filtration (o(Y7;Y,,0 <u < s;L,,0<u<1)).

To have optimality we need M{ = R — L; — fol psds. Now, by the
Dambis-Dubins-Schwarz theorem (see [11], Thm. V.1.6. and Prop.V.1.11),
Mg ~ fot o4dB, for certain Brownian motion B, then M7 is Gaussian and by
hypothesis V' and L are independent (so R and L as well), then, since L is
not Gaussian, this is not possible (see Thm 2.3 in [8]) .

Therefore, in any case of Z with and without continuous component we
obtain that L cannot be independent of R if we want to have rational prices.
Hence there is not equilibrium. =

2.5 Equilibrium limit strategy in case of jumps and
diffusion term in the noise traders’ process

As we have seen, in case of the noise process having jumps, there is not
equilibrium. Here, for the sake of simplicity, we take o, = 1 and u; = 0.
In order to move prices to the final value V| or equivalently to move Y; to
Y) = H7'(1, Mo+)(V) a strategy would be the one having jumps just after the
same moment when the noise traders’ demand does:

ty_}/s
X;:—Lt+/ i ds.
0

— S

It would kill the jumps of Z. The problem is that the time ”just after” does
not exist and this strategy has to be seen as a limit of cadlag strategies that
are now feasible but not optimal:

tY _ 1/;
Xé = _Lt_g +/ i ds.
0

— S
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The drawback of this strategy would be the fact that it has jumps and con-
sequently, as we have seen in Theorem 12, it is suboptimal.
However, we could assume pricing rules satisfying

1
0= 81H(t, y) + 5822H(t7 y)>\07

and to compensate the jumps of noise traders, that is that of L, by jumping
in the oppposite way, but this can only be done in an approximate or limit
way.

Another approximate equilibrium could be obtained by assuming pricing
rules of the form

1
0= 81H<t, y) + 5622]-[(75, y)>\0

H
+/ (H(t,er/\ou)—H(t,y)—uAO%—(t,y)> v(du), aa 0<t<1, yeR,
R Y

that compensate the jumps of L, and to avoid jumps in X and at the same
time moving the prices to V. To get this we can approximate X by something
smoother as follows. Suppose the following integrals exist and are finite and
denote the pure jump L; part and its compensator by

t
L] ://:cl\/[(dt,dx) and
0 JR

t
Ly :/ /xvt(dm)dt,
0o Jr

respectively and also denote
A 1 [t
Ly = —/ Lds,
€ Jt—e

an absolutely continuous function that ”absorves” the jump in e time, and
set

L =L} - L.

Note that if there is no jump in [t — ¢, t], then L{’E = L{. So, we can introduce
the following suboptimal solution:

ty_}/s
ﬁ:—@+/ (s,
o 1
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using which we have that for fixed t,

1 [t .
=i =1z = |2 [ sz o
€ t—e

a.s. as € — 0, since the fact that L. does not have a jump at ¢ is of probability
one, implies that % ftt_a Lids tends to L7 with probability 1, and also in L',

since
1 [t , .
| < =[] lw-uia

1

2 /E (2 — 1) ds

3

IN

max E[|L] - L|] =0

t—e<s<t

In case of L. being a process that may have infinite activity, introduce
the moving average process of L.,

1 t
L; = —/ Lyds,
€ t—e

which has the same convergence properties as the one before.

2.6 When the insider is risk averse

In this section we study the case of a risk-averse insider. We restrict our-
selves to the case of exponential utility. We are going to follow the dynamic
programming approach and to obtain the Hamilton-Jacobi-Bellman (HJB)
Equations as done in [6], not the Perturbation method presented in Subsec-
tion 2.2.

Assume that the insider wants to maximize E(u (W1y)) = E(yE"Wi+),
where 7 < 0. We define the value function as

1
J(t,y)== sup E [fyexp {7/ (V- Pl)eldl}‘ }“tZ’V] ,
0:£(¢,0)=y t

where we assume that E [’y exp {7 ftl(V - Pl)éldl}‘ EZ’V} is a measurable
function of £(t,0) = [' AdY? = [, <dZS n éds) . Then, adding and sub-
tracting v expy f;h(V — Pl)éldl under the expectation, we have
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1 ~ t+h 5
J(t,y) = ~sup E [”y exp {’y/ (V — Pl)Hldl} (1 — exp {—”y/ (V- B)H;dl})
0:£(t,0)=y t t

1
4+ exp {»y/ (V — Pl)eldl}‘ EZ’V} ,

t+h

1 ~ t+h _
= sup E {7 exp {7/ (V — B)Qldl} (1 — exp {—7/ (V — Pl)Hldl})
0:£(t.0)=y t t

FI(E+ g+ R 0)|

So, subtracting J(t,y), we can apply Itd’s formula to the difference J(t +
h,&(t+ h,0)) — J(t,&(t,0)). Moreover note that

. (1 —exp{ yftJrh V—P) Qldl}>
h—0 h

Hence, we get the following HJB equations, where of course P, = H(t,&).
aJ oJ 0J

82
a +/\t9ta +a—/\tt /\? 382

0 = sup{Jy(V H)0; + —
0
oJ
+/R(J(t,y + \u) — J(t,y) — u/\ta—y(t,y))l/t(du)} :

Since the equation is linear in 6, we get the following two equations:

Atg—j@,y) — T (ty)y (H(ty) — V) ¥(ty) € (0,1] x R, (16)

and for all (¢t,y) € (0,1) xR

el
~ ot Ty fa 2
aJ
—i—/ (J (t,y + \u) — J (t,y) — u)\ta—y (t, y)) v (du) . (17)
R

Differentiating (16) by y we have

0?7 1
Y2 )\2

Jy {At%—lzjt(ﬂ V)? }
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which plugged in to (17) implies

0 = %Z +(H = V)vJu + Jwt |:)\th (H - V)zv}
+/R (J (t,y + N\u) — J (t,y) — u)\tg—i (, y)) v (du) . (18)

Denote [, (J (t,y+ \u) — J(t,y) — u)\tg—‘; (, y)) v (du) by I(t,y). By dif-
ferentiating the previous equation by y, we get

_9J oH (H = V)42 J
0 = T@y + a—y’YJMt + )\t
1 (H V)77 [, 0H ) 02H
+Iy(t7y)a
SO
o OH (V—H)*y
ooy T (ay LY
2 2 2
olen OH ~ 0°H
+J 5 (3 (V—H) ay + Y (V — H) — A 8y2> I,(t,y).

While differentiating (16) by t, we get

oJ oJ . OH 0J
/_ - —_ _ -
Moy ot T a TH Vg

Inserting this expression together with (16) into (17), we get

0.J 27 Yt 7o} oH
A oL — ") —H)
VoH | X v (H —V)
—_—— - H —[ . 2

Subtracting (20) from (19), we obtain

OH O0H 1 , 2(92 I ,OH
= — 4 = — V- H el
0 Jype + ; + - 9 Oy N, 2 At ( ) {(At) + oy y

+7(H V)

" I(t,y) — 1,(t, y).
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Also, (16) implies
aJ
oy _ (H=V)y

J Y

Hence we have that

J = exp{;\yt/y(H—V)du}cQ(t) —: He(t,y) e (1)

OH® .
‘]y 8y )\t ( ) C2 ( )

and

T(ty) = e (1) / (H (£, + M) — HE (1) — wyHC (H (£,) — V) vn (du).

So,
HEED =D i) = catt) - [ 10 ()~ V) H (4 o
_(H(t7y> _V)He( ay)
—uHy (H (t,y) — V)] vy (
and
Lty = () Alt /R U (£ + ) (H (g -+ A) — V)
—H*(t,y) (H (t,y) = V)
—uyH® (t,y) (H (t,y) — V)2 +uNH (t,y) Hy (t, y)} v (du) .
Therefore,
M= r00) ~ it0) = —ea(t) - [ 1H (t+ ) (H (b4 ) -

—uNH® (t,y) %—Z (t, y)] v (du) .

Hence, we get the following equation for H. If there is solution (J, H, \)
satisfying the HJB Equations, (H, ) has to satisfy

. OH | OH |1 ,,0°H
0 = —H (t,y)@(t)wtay + o+ A?a ;

()]

—co (t) ;\Vt / [HE (t,y + \u) H (t,y + \u) — H (t,y) H (t,y + \u)
—uMNHE (t,y) (t,y)] v (du) . (21)
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We remark that the equation differs in two terms from the one in [6]: the
first term is given by the presence of the drift x4 and the last term which is
given because of the jumps. If there are no jumps and drift, a solution can
be found as done in [6].

Suppose that we have drift and diffusion part but that there are no jumps
in the noise traders’ process. The last equation reduces to

OH O0OH ,O*H

1
0 — —H°(t )yt G 20T
(’y)62<>’yiutay + ot +2Ot tayg

() ]

Then

e OH I ,O0H
HE(ty) e (W) g+ 2 (V = H) KE) + 0 a_y}

cannot depend on V', equivalently, by differentiating with respect to V', we
have

() L on _\ (1N, 00
H* (t,y) e (t) yhue 9 =\ K&) + o, o (22)

where, for u; # 0, the right hand side is strictly increasing in V', while the
the left hand side does not depend on it, which is a contradiction. Hence, we
can have a solution only if u; = 0 which implies

1)’ ,OH
— — = 0.

Note that this is the same situation as in [6]. With analogous reasoning, one
can show that, allowing jumps and drift only we arrive to a contradiction.
In fact the equation (21) has the form

OH O0H

0 = —-H (t’y)@(t)%uta_y—i_ﬁ

e (1) % / [HE (t,y + ) (H (£, 5+ Au) — H (£,7))

NI (1) S y)] v (du).
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therefore,

—H*(t,y)ca (t) ’Yﬂt%—j — M (V —H) (jt)

—er )1 / [ (£, + M) (H (t,y + o) — H (1,9)

—uMH® (t,y) %_IZ (¢, y)] ve (du),

does not depends on V. Then, by differentiation with respect to V', we obtain

2 /
v oH 1
0 = H(t L= =\ =
(t,y)ca (t) N, t(At)
2
v
+62(t))\—?

—uMyHC (t,y) %—ZI (¢, y)] v (du) .

/R [(y + M) HE (t,y + M) (H (t,y + Nu) — H (t,y))

or equivalently,

A? ( 1 )’ OH

Bl = yH(t, il

Co (t) 72 )\t y ( y) H’t ay

+y [(y + M) HY (t,y + Aew) [H (t,y + Mu) — H (2, y)]
t
OH
—uNyHC (t,y) S0 (t,y)| v (du).
Y
By differentiating again with respect to V', we obtain
oOH
0 = y*He(t
() pe—— 9y
5 ) [ ) H by A [H 8y + dew) = H (2,9)]
t
OH
oG 5, ()] miaw
0H
0 = y2u—
Y By
1

+— [ [+ u)® HE exp {—~yVul [H (t,y + \u) — H (t,y)]



where HE denotes exp {/\lt fyyH\tu H dw} > (. So again, we have an equation

with the left hand side is independent of V', but the right hand side is strictly
decreasing in V.

Note that we obtain the same results having only jumps, with the drift

part being zero. So in the risk-averse case we can expect to find a solution
to the existence of an equilibrium only in the case in which the noise trader’s
demand process presents only a diffusion part.
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In a unified framework we study equilibrium in the presence of an insider having information on
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the announcement time is greater than the current time. In other words, the prices become more and
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1 Introduction

Models of financial markets with the presence of an insider or informational asymmetries have a large
literature, see e.g Karatzas and Pikovsky (1996), Amendiger et. al. (1998), Imkeller et. al. (2001), Corcuera
et. al. (2004), Biagini and Qksendal (2005), (2006), Kohatsu-Higa (2007), Di Nunno et. al. (2006, 2008),
Biagini et. al. (2012) and the references therein. In most of these models prices are fixed exogenously, i.e.
the insider does not affect the stock price dynamics, and the privileged information is a functional of the
stock price process: the maximum, the final value, etc. As pointed by Danilova (2010), in an equilibrium
situation market prices are determined by the demand of market participants, so in such a situation the
privileged information cannot be a functional of the stock price process because this implies the knowledge
of future demand and it is unrealistic. Then the privileged information is exogenous like the value of the
fundamental price, or some signal of it, or the announcement time of the release of the fundamental price,
which evolves independently of the demand. The questions considered in this paper deal with the existence
of an equilibrium and the properties of the insider’s optimal strategies. Moreover another question studied is
the efficiency of the market, namely the conditions in which market prices converge to the fundamental one.
These problems have been addressed in different works, with different degrees of generality, and with very
different types of insider’s privileged information. Starting from the seminal papers of Kyle (1985) and Back
(1992), we can now refer to more recent publications such as Back and Pedersen (1998), Cho (2003), Lasserre
(2004a, 2004b), Aase et. al. (2012a), (2012b), Campi and Cetin (2007), Danilova (2010), Caldentey and
Stacchetti (2010) and Campi et. al. (2012).

The present paper extends the previous contributions in different ways. Indeed we consider prices determined
by the demand of the market participants and their knowledge about the fundamental value of the asset.
Specifically we consider the very general case in which an insider has access to some signal related to the firm
value, which is in fact released at some stopping time. We first consider the case where the insider knows
the random time of release of information and then the case where this is also unknown to her. We study
these two situations in the same framework with the purpose of analyzing equilibrium and efficiency of the
market. In this study we show that the presence of the insider can be beneficial to the market. In fact, if
the insider knows the random release time, then the market is efficient. However, if this time of release is
unknown also to the insider, then the market is not fully efficient, nevertheless there exists an equilibrium
where the sensitivity of prices is decreasing in time according with the probability that the announcement
time is greater than the current time. In other words, prices are becoming more and more stable as the

announcement time is approaching.



As far as we know this generality of the insider’s information together with the presence of a random time
of release has never been studied before. Moreover, our contribution includes also very general dynamics for
the demand process. In fact the insider’s demand is allowed to be a general semimartingale. In this setting
we also prove that, in the case when the insider knows the release time, market efficiency is reached if and

only if the insider’s demand is a finite variation process with continuous trajectories.

The present paper includes also various examples in which we give explicit insider’s optimal strategies. Here
we show how our results, coupled with the mathematical tools of enlargement of filtrations (both initial
and progressive) allow to finding the insider’s optimal strategy in various cases presented in the literature,
but here treated in a unified framework. We remark that, to allow for applications, we have improved
various results in the theory of progressive enlargement of filtrations, these results have also independent

mathematical interest.

The paper is structured as follows. In the next section we describe the model that gives rise the stock prices.
In the third section we discuss the insider’s optimal strategies. In section four and five we discuss what
happens when the release time is known to the insider or not, respectively. In section six we review the
results about the enlargement of filtration problem and provide new ones. Finally we apply these results to

find explicit equilibrium strategies.

2 The model and equilibrium

We consider a market with two assets, a stock of a firm and a bank account with interest rate r equal to zero
for the sake of simplicity. With abuse of terminology we will just write prices even though they are sometimes
“discounted” prices. The trading is continuous in time over the period [0, 00) and it is order driven. There is
a (possibly random) release time T where the fundamental value of the stock is revealed. The fundamental
value process, that we shall define in a precise way later, is denoted by V. We shall denote the market price
of the stock at time ¢ by P;. Just after the revelation time the market price and the fundamental value will
coincide. So, in principle, it is possible that P; # V; if t < 7 and P, = V; if t > 7. Note that if V' is continuous
Py =V,

We take for granted that all the processes mentioned below are defined in the same, complete, probability

space (Q, F,P) and that the filtrations are complete and right-continuous.

There are three kinds of traders. A large number of liquidity traders, who trade for liquidity or hedging
reasons, an informed trader or insider, who has privileged information about the firm and can deduce the

fundamental price, and the market makers, who set the price and clear the market.



Let X be the demand process of the informed trader. At time ¢, her information is given by H; and her flow
of information is given by the filtration H = (Ht)tZO' Hence X is an H-predictable process. The informed
trader, like any other trader, observes the market prices P and, in addition, she has access to some signal
process 1 related to the firm value. Moreover, she will have some knowledge about the random time 7. In

the sequel we will consider two cases:

e Hy =0(Ps,n,,7,0 <s<t),ie. theinformed trader has knowledge of the time of release of information

o H;=0(Ps,n,, 7Ns,0<s<t),ie. the informed trader has no knowledge of this release time, but she

will instantly know when it happens.

In both cases, the insider has access to the fundamental value and, in terms of the insider’s information flow,

this is assumed to be a martingale of form:

where f is a non-negative deterministic function. The explicit presence of f gives more flexibility in the

relationship between the type of signal and the fundamental price, see Example 28 and Remark 10. Moreover

we assume that the process V is continuous and that o (t) := d[‘;’tv]t is well defined.

The informed trader is assumed risk-neutral and she aims at maximizing her expected final wealth. Let W

be the wealth process corresponding to insider’s portfolio X.
Definition 1 A strategy X is called optimal with respect to a price process P if it mazimizes E(W,4.).

Let Z be the aggregate demand process of the liquidity traders. We recall that these are a large number of
traders motivated by liquidity or hedging reasons. They are perceived as constituting noise in the market,
thus also called noise traders. From the insider’s perspective we assume that Z is an H-martingale, inde-
pendent of n and V. Moreover, we are going to assume that Z is a continuous H-martingale, even though
some of the following calculations can be carried through in the case of jumps. For later use we also assume

that o2 := % is well defined.

Market makers clear the market giving the market prices. They rely on the information given by the total
aggregate demand Y := X + Z which they observe and, just like the noise traders, they instantly know about
the time of release of information when that occurs. Hence their information flow is: F = (F;),~,, where

Fi=0(Ys, 7 As,0<s <t). Due to the competition among market makers, the market prices are rational,



or competitive, in the sense that

P, =E(V|F), t>0.

Finally we suppose that market makers give market prices through a pricing rule, which consists of a formula,
here assumed of the form:

Py=H(t,&),t =0

involving

t
€ = /0 A(s)dY,

where A € C! is a strictly positive deterministic function, H € C'2, and H(t,-) is strictly increasing for

every ¢t > 0. Note that F; = o(Ps, 7 A 5,0 < s <), for all . We have the following definition.
Definition 2 Denote the class of such pairs (H, ) above by $). An element of §) is called a pricing rule.

Remark 3 It is important to remark that the effect of the total demand in prices is due not only to the

function \ but also to the function H. In fact, as we shall see later, in the equilibrium

a (tv gt)
— OH(, &)
dP; 9y A(t)dYs,

and some authors give the name market depth to the quantity

1
OH(t,Z, '
G20 \(1)

So, to say that market depth is constant is not equivalent to say that A(t) is constant. Only if the equilibrium

pricing rule is linear, the two statements are equivalent. See Back and Pedersen (1998).

Remark 4 We remark that the random release time 7 is actually a stopping time with respect to the filtration

S =(8t)i>0, where Sy = o{T As,0 < s <t}. Indeed, for allt, {T <t} € S;:

< = — = — — 1 = .
{r<t} ﬂ{7<t+n} ﬂ{T/\(t+n)<t+n}€p1$t+n S,

n=1 n=1

For the last equality we only need S to be complete since the process (T At),~, is continuous. Hence T is

actually o stopping time for the insider and the market makers in the market.

In the sequel we are going to consider two cases corresponding to the above different insider’s information



flows. In the first case, we will assume that 7 is bounded, in the second case, we will assume that 7 is

independent of (V, P, Z).

We introduce the following definition.

Definition 5 Let (H,\) € $ and consider a strategy X. The triple (H,\, X) is an (a local) equilibrium, if

the price process P.:= H(-,£.) is rational, given X, that is
Py = B(Vi|F2),

and the strategy X is (locally) optimal, given (H,\).

3 Insider’s optimal strategies

To illustrate the relationship among the processes V, P, X, and W we first consider a multi-period model
where trades are made at times ¢ = 1,2,... N, and where 7 = N is random. If at time ¢ — 1, there is an
order of buying X; — X;_ shares, its cost will be P;(X; — X;_1), so, there is a change in the bank account
given by

*Pl(XZ — Xifl).
Then the total (cumulated) change at 7 = N is

N

=Y Pi(X; - Xi),

i=1

and due to the convergence of the market and the fundamental prices just after time 7 = N, there is the

extra income: XxVy. So, the total wealth W, (i.e. just after 7) is

N
W,y = _ZPi(Xi —Xio1) + XnVN
i=1
N N
= - Zpi—l(Xi - Xio1) — Z(R — P )(Xi — Xim1) + XnVn
i=1 i=1

Consider now the continuous time setting where we have the processes X, P, and V, and we take N trading

periods, where N is random and the trading times are: 0 <t; <ty < .. <ty = 7, then we have

N N
WT+ = ZPti—l(Xti - Xti—l) - Z(Pf7 - Pti—l)(Xti - th',—l) + XtN‘/tN’
i=1

i=1



so if the time between trades goes to zero we will have

Wey = XTVT—/ P,_dX, - [P, X],
0
= / X;_dV; +/ VicdX: + [V, X —/ P._dX; - [P, X],
0 0 0
= / (Vie — P_)dX; +/ X;—dVi + [V, X]; — [P, X]- (1)
0 0
where (and throughout the whole article) P,— = limgy: Ps a.s.. We recall that V' is continuous, hence

V: = Vo4, and that X is an H-adapted (in fact predictable) cadlag process. In addition we require that X
is an H-semimartingale, so that the stochastic integrals above can be seen as 1td’s integrals. Moreover, note

that, because of the pricing rule, P is an H-semimartingale.

In this section we discuss the characterization of an insider’s optimal strategy in equilibrium in terms of
fundamental value and insider information. Namely, we consider a process X that is optimal in the sense

that it maximizes

500 = B,) =B ([ (= (e, & Nax+ [ Xe-avi+ VX - [P, ).

for some pricing rule (H,\) € $. We characterize the admissible triplets (H,\, X) as those processes X

(that include, by hypothesis, the process X = 0) and price functions (H, \) € $ satisfying:

(Al) Xy = My + Av + fg 0sds, where M is a continuous H-martingale, A a finite variation H-predictable
process with A; = ZO<s§t (Xs — Xs-), and 6 a cadlag, H-adapted, process.

(A2) B (f (0:H(5,£,))" (03ds +d[M, M),) ) < oo .

(A3) E (fOT D2H (s,€,)]05|ds) < oc.

(A4) B (Y] 0 H(s—,€, )IAX,]) < 00, AX, = X, — X,_.

(A5) E (fOT | X,)? a%,(s)ds) < oo , where 0%, (s) 1= %
0; indicates the derivative w.r.t. the i argument.

Remark 6 Note that, since (X;),~, is a cadlag H-predictable process, its martingale part cannot have

Jgumps, see Corollary 2.31 in Jacod and Shiryaev (1987).



3.1 The optimality condition

In the sequel we will consider two kinds of stopping times: 7 bounded, or 7 independent of (V, P, 7). In

both cases, by the assumption (A5), we have that E(fOT X:dV;) = 0. Hence,

5060 = B0 =B ( [ 0 (0.6 DX+ [V, X), - [PX),).

Suppose that X is (locally) optimal. Then, for all 8 such that X. +¢ fo Bsds is admissible, with € > 0 small

enough, we have

) .
0 = &J(X,—F&/Oﬂsds) .
d T "

_ dﬁ(A(W—H@A A@MXﬁwm®+d%m@&+ﬂ*m>Fo

= o[ w-meesa) B ( [ e (| t AE)(s)ds ) dx; )

= B[ (- #ee) -0 [ w6 ax.) ).

Since we can take 3, = 1(yu45)(t) cu, With o, H,-measurable and bounded, we have

m))a

u+h %)
B ( [ (B0 0 - rae) 1) - 308 ([ 10006, Jax,

Hu> =0 (2)
and this means that the process My, t > 0:

t oo

M, = / (E(l[oﬁ] (u)VulHu) = B(Ljg, 7 (w) H (u, &) [Hu) — )\(u)E(/ 1[077](3)8211[(5,55_)dXS|Hu> du

0 u

is an H-martingale. In particular this implies that, for a.a. ¢t > 0,
B, (t)Vi[He) — B(Ljo, () H(t, &) He) — )\(t)E(/ 1j0,7(8)02H (s,£,_)dXs|H;) = 0,a.s.. (3)
t

Since 7 is an H-stopping time, then for a.a. ¢ and for a.a. w € {7 > t}, or equivalently a.s. on the stochastic

interval [0, 7] , we can write

Vi — H(t,£,) — AOE < /t " OaH(s,€. )dX,

Ht) _o. (4)

As a summary we have the following necessary condition to help identifying good candidates as insider’s

optimal strategies.



Proposition 7 An admissible triple (H, A\, X) such that X is locally optimal for the insider, satisfies equation

(3) or, equivalently, it satisfies equation (4) a.s. in [0,7].

In the sequel we study two different cases of knowledge of 7 from the insider’s perspective. First the case in
which the insider knows 7, the exact time of release of information about the firm value, then we study the

case when the insider does not know 7.

4 Case when 7 is known to the insider

Let o(7) be the o-algebra generated by 7. Then we consider the case in which o(7) C Hy. At any time ¢,

the insider relies on the information given by:
Hi = 0(Ps,n,, 7,0 < s <t).

Moreover, we assume that 7 is bounded, so the analysis here below is consistent with the one of the previous

section.

Recall that V,_ =V, = V.. = P... However, the relationship between V and P up to 7 is a matter of
study. Our first observation is that optimal strategies lead the market price to the fundamental one, making

the market be efficient. In fact we have the following

Proposition 8 If 7 is known to the insider and (H,\, X) is admissible with X locally optimal then the
market is efficient, i.e.

V=P, =H(r,§,))=H(r—,¢,_)=P— a.s.
Proof. By the assumptions (A1) and (A2), equation (4) can be rewritten:

Vi H(t.6) = MOB( | 0o (s €, )X, [y
= Ve H6) < AOB(| 0 (56,0051
—A(t)E(i O H (5—, €, )AX, )
= V- H(LE) - M) [ BOuH (s, € )6 Hds

—A\t) Y E(0:H(s—, &, )AX[Hy)

= 0, as. on [0,7].



Now by the assumption (A3) we have that
/ E(0:H(s,&,)|0s| : [Ho)ds < o0, a.s. on [0,7]
t

then

ltiTmE <E (/ 02H (s,€,)]05|ds
T t

Ht> ’ 'Ho) =0, a.s.

and B ( [ 92H(s,£,)|05]| He) ds converges in L' to zero (where the expectation is taken with respect to the
conditional probability, fixed 7) and since it is a positive supermartingale it converges almost surely to zero.

Analogously for the term

A(t) D E(02H (s—, &, )AX|Hy).

So, since A(t) is continuous, then V, = V,_ = H(7—,£,_) = Pr_, a.s.. On the other side, we recall that

VT = V7-+ = P7—+ = H(T+,£T+), a.s.. H

Remark 9 In Aase, Bjuland and Oksendal (2012a) it was already observed that market efficiency, that is
the convergence of market prices to the fundamental ones, is a consequence of the optimality of the insider’s

strategy. Here we obtain an extension of this result for a more general framework.

Remark 10 This efficiency situation is also the case in Campi and Cetin (2007). In our notation they have
the signal n = 7, with T an H-stopping time, V; = 1{z~1y and the release time is =T A 1. So, T € Ho and
it is bounded. Then, they obtain

Lrs1y — H(T AL &) =0,a.s..

They also assume that T is the first passage time of a standard Brownian motion that is independent of Z.

Remark 11 If we take V; =V and 7 = 1 then we are in Back’s framework (1992). There it is shown that

market prices converge to V when t — 1.

Proposition 12 Consider an admissible triple (H,\, X) then if (H, X\, X) is a local equilibrium, we have:

(7’) H(T7€T) = VT a.s., ,

(m)alfig;ft) + %amH(t,gt)A(t)a;t — 0 a.s.on [0,7)

(#91) Y is a local martingale

() If Vi # Py a.s.on [0,7), then A\(t) = Ao ,

10



d[y.y].
ds

2
where Oy s =

Proof. (i) It is just Proposition 8. (i7) By using Ito’s formula on H/St(’g)t)7 we have

B( [ 2 @@sﬁM|HJ
(208 - HL)
OuH(5,6.)

" (/ T ( <$) R

)

t<s<t

H(s,&,) + + OmH (NG, ) ds

. Now X is locally optimal, given (H, A) , by the equation (4) and the Proposition 8 we

)

YYS
wherea%,szz ar.y,

can write:

0 = Vt—)\(t)E( YT) H>
AW /tE< i 1 (s,gs)+%‘:)§)+ L O H (5.6 )A\(s)o%., Ht> ds
(D) t<s<r <<A )\((5)5) 6‘2H(s,£s_)AXs>‘Ht)
Hence, we have
= /\‘(/) +/t E( ;\/ &)+ % + %322[’[(5,58)/\(5)0? Ht> ds
+ Z E((Ah;s’ ) QyH(s, €, AX)‘Ht>.

By identifying the predictive and martingale parts we have that

LN, X0y g ) p
0 = )\Q(t)v;t ( ) (t gt) )\(t) + 2822H(t7£t)>\(t) Y.t
AH(taft) (tvgtf)Agt
)\(t) , a.s. on [0,7] . (5)

Then a.s on [0, 7], the continuous and jump parts of the r.h.s of the previous equation will be equal to zero.

So
H(t,&) — 02H(t,&, )AL,
A(t)

=0, a.s. on [0, 7]

11



and
ERNOSPNC)
NORERN0)

H(t, &) + % + %%H(t, gt)A(t)oat.

(%) Now, since we are in a local equilibrium, prices are rational, given X, so by taking conditional expect-

ations w.r.t F; we have

_ N OLH(t, &) 1
0 = A1) (E(Ve|Fe) — B(H (2, &)[F)) + RO + 5822H(t7§t>)\(t)0'%/’t
= 1T + iaggH(t,ft))\(t)O%/,“ (6)

consequently

dPt = dH(ta gt) = AtaQH(t7€t—)d}/t7

and, since P. is a martingale and A\ 02 H (¢,y) > 0, we have that Y is a local martingale. (iv) Finally, from
(5) we have that
N(t) N(t)
2 VT 2
AT M)

H(taft) =0

then V; # H(t,¢,) implies that \'(t) = 0. m

4.1 Characterization of the equilibrium

In this subsection we shall give sufficient conditions to guarantee that (H, A, X) is an equilibrium. We shall

assume that the pricing rules satisfy
1
0=01H(t,y)+ 5822H(t7y))\(t)203 ,aa. 0<t<l1, yeR, (7)

and note that this condition is close to condition (i¢) in Proposition 12. that is a necessary condition for the
equilibrium. We shall also assume that o7 = o%(t), deterministic, in such a way that Z is a process with
independent increments (since it has not jumps it is in fact a Gaussian process). Then we have the following

sufficient condition for the equilibrium:

Theorem 13 Consider an admissible triple (H, \, X) with (H,\) satisfying (7), then (H,\, X) is an equi-

12



librium, if and only if:

(i) M) = o,
(i0) H(r.&,) = Vs
(13d) [X°, X =0,

(iv) X + Z is a local martingale without jumps .

Proof. Assume (i)-(iv). The proof follows the same steps as in Corcuera et. al. (2014). Set

H W0y F(1
i(v,y) :=/ gy )\( ) gy
y 0

and

I(U,t,y) = ]E(z(Vt,y—i—)\o(Zl _Zt))“/t :U)

= E(Z(’U,y + )\0(Z1 — Zf))), t e [0, 1]

Note that in this proof, we write J; to indicate the derivative w.r.t the i** + 1 argument.

First note that
E(H(1L,y + Xo(Z1 — Zt)) = H(t,y).

In fact, by (7) and (A2) (also for X =0) , (H(t,A0Zt))g<;<; is a martingale, so, since Z has independent

increments, we have that
H(t,y) =E(H(1, 0Z1)| o2 = y) =EH (L y + M(Z1 — Z4)).
(I(v,t, Z))g<t<; is also an FZ- martingale (where FZ is the filtration generated by Z):

I(v,t,y) = B(i(v,y + M(Z1 = Z1)))

= E(i(v, \Z1)| MZ: =y),

13



and we have that

&l(v,t,y) = E(i(v,y+Xo(Z1 — Zt)))
v—H(,y+ \N(Z1 — Z) v— H(t,y)
_E ( . ) —— (8)

We can take the derivative under the integral sign because H (1, -) is monotone and E(H (1, A\gZ;)) < oo and,
from (7) we obtain

1
812[ + 58222[)\30? =0

SO

1
81[ + 5822[)\(2)(7? = C(t,’l}).

Now since (1(v,t, Z;))g<;<; 15 a martingale, it turns out that C(v,¢) = 0 a.a. ¢ € [0, 1]. Then we obtain that
81]+ 6221)\0@ =0. (9)
Now, consider any admissible strategy X, by using It6’s formula, we have

[(VT77—7§T) = I(%70a0)+/T aOI(‘/%7ta£t)d‘/1‘+/T alj(‘/btagt)dt
/ AI(Vy,t,€, )dE, + / 0221 (Vi ,€,)d[€, €71

+/O 8021(‘/15’ t7£t)d[£c7 V]t + 5 /0 8001(‘/:‘,’ t7£t)0—%/dt
+ Z (AI(Wat7§t) - 821(‘/15)t7£t—)A£t) .

0<t<t
By construction, £, = 0, by (i) d§, = A\pdY;. Now we have that
d[€°, € = AJ[XC, X + 203d[X €, Z]; + Ao7dt.

Also by (8) and the fact that V' and Z are independent,

802I(W7t7§t)d[£ca V]t = _7d[§ V]t - [X V}

14



then using (8) and (9), and the fact that Z has not jumps, we get

I(Ve,7,&) = I(Vo,0,0)+/ 8oI(v;,t,§t,)dI/t+/ (Pr— = Vi)(dX, + dZy)
/ Ol (Vi t, 8, ))\0 (X X = [X, V], / 000l (V4,t, gt)avdt

+/ aQQI(Watvgt)AOd[XC7ZC] + Z (AI(‘/tvtvgt) - 321(‘/;7ta£t—))‘0AXt)
0

0<t<r

Subtracting [P, X|, from both sides and rearranging the terms, we obtain

/ (Vt — Pt,)dXt - [P, X]T + [X, V]T — (I(VO,O 0 / 6001 Vt,t ft)avdt)
0
- IVirE)+ / oI (Vi t,€, )V + / (P —V)dZ,

0 0

1 T T
+3 / Dol (V, 1, €, )AGALX S, X, + / D22l (Vi 1, €, )AGAX, 2]
0 0

+ > (AI(Vit,6) — 0:I(Vi, 1, €, ), M AXy) — [P, X],. (10)

0<t<t

We have that

[P,X], =[P, X", + > APAX,
0<t<r

Then It6’s formula for H shows that the continuous local martingale part of P is f (t,&,)dEs, so by using

(8), we obtain

Pe X9, = [/ 81H(t,§t)df§,XC} - / OnH (1,6,)d [€°, X°),

= /azzf(w,t,gt)Agd[XaXC]t+/ Dol (Vi, t,€)N0d [X©, Z),
0 0
and

MO I(Vi,t,&, JAX, + APAX, = (P —V})AX, + APAX,

= (P —Vi)AXt = N0l (Va,t,8,)AX:.
Substituting the above relationships in the right-hand side of the equation (10), we obtain that

T T 1 T
1Ver&) ¢ [ IVt )it [ (P -VdZi— 5 [ Gl (Vi gl X
0 0 0

+ > (I(Vit, &) = I(Vi t,6,0) = Mo02I (Vi t,6,)AX,) .

0<t<rt

15



Now it is important to note that dpol(v,t,y) does not depend on y and so 9yol(V4,t,&,) does not depend of
&. Then 1(V4,0,0) + %fOT 000l (Viyt,&,_)o%dt is actually fixed w, a lower bound for any strategy. Then we
will show that, taken the expectation, the right-hand side of (10) is non-positive. The result follows from

the following points.

1. We know that AgOaol(Vy,7,€,) = O2H(7,£,) > 0 and that M\g02I(V,,7,&.) = =V, + H(7,£,) so by

hypothesis (i7) we have a maximum value of —I(V,,7,£.) for our strategy.

2. The processes [, 0ol (V;,t,&,)dV; and [ (P, —V;)dZ; are F»V_martingale, so they vanish when we take

expectations.

3. By (8) and H being increasing monotone, we have that daol > 0, and the measure d[X¢, X¢] > 0, so
1 T 2 c c
_5 6221(%7t7£t))‘0d[X aX ]t S 07
0

and by hypothesis (7v) we obtain the maximum value for our strategy.

4. 0921 > 0 (convexity) implies that
I(v,t,x 4+ h) — I(v,t,x) — O (v,t,x + h)h < 0.

So,
> (I(Virt &om + XAXy) = I(Vi,1,€,) — 021(Vi, £,6,) Mo AX,) <0,

0<t<r

and has its maximum if and only if AX; = 0, which is assumed at (iv).

5. Assumption (iv) together with condition (A2) guarantee the rationality of prices.
Conversely, if (H, A, X) is an equilibrium, (i) is obtained in Proposition 12 and (ii) in Proposition 8. The
points 3. and 4. above together with Proposition 12 give (iii) and (iv). m

5 Case when 7 is unknown to the insider

In this section we consider the case when the insider does not know the precise time 7 of release of information.

Namely, the insider’s information flow is given by:

Hi =0(Ps,n,, 7 Ns,0<s<t).

16



Moreover we assume that 7 is independent of (V) P, Z), so the analysis here below is consistent with the one

in Section 3, and that P(7 > ¢) > 0 for all ¢ > 0. In this context we have the following result.
Proposition 14 Consider an admissible triple (H,\, X). If (H, X\, X) is a local equilibrium, we have:

(1) Y is a local martingale

(13) If Vi # P, a.s.on [0,7), then A\(t) = cP(T >t), a.at>0 (c>0).

Proof. Going back to Proposition 7, we can see that, on [0, 7], equation (4) can be written as:

H(t, &) — )\(t)E(/too 1j0,71(5)02H (s,§,)dX|Hs) =0

Here we recall that the optimal total demand X for the insider satisfies (A1), (A2), (A3). Then, provided

that, for all ¢, P(r > t) > 0, we have, on [0, 7],

H(t€,) — M£)B( /t TP (r > s|Hy)0uH (s, €)X, |Hy)

)\(t) t)E(/tOOP(T > 8)82H(s,§s)dXS|Ht) =0 (11)

= Vt—H(t’ﬁt)—P(T

and

0 = V,—H(¢,)— %E(ZWP(T > $)02H (s,&,)dXs|Hy)

Vi~ H(t,£,) — %E(/m P(r > $)0H(s, £.)05ds|H,)
)\(t

_ 7— S t) Z]P T > S 82 ( §S,)AXS|Ht) . (12)
First of all we note that
tlim E < / P(r > s)02H(s,&,)|0s]ds ) =0,
— 00 ¢

by assumption (A3) and applying the dominated convergence theorem. Hence

/m P(r > $)0yH(s,£.)]0s|ds
t

Jlim B ( Ht> =0, inL'

and, since the process (B (| [ P(r > s)92H(s,&,)|0s|ds|| H:)),., is a positive supermartingale, the con-

>0
vergence holds also a.s.. Analogously for E(}_;° P (7 > s)02H (s,&,_)|AX||H;). Then, from (12), we have

17



that
L (Vi H(,E) P(r > 1)
e A

=0 (13)

in L; and a.s.. Applying the Itd’s formula to W, t < T, and studying the limit for T — oo, we

have

E </t°o P(r > s)0pH(s,£,)dX, Ht>

. H(T,&40)P(r>1T) H(t,&)P(r > t)
i E( XT) ‘H> T

s ( / ~ @, (IP’<T>>> His.e) + 029 g s e )

A(s) A(s)
)
Ht) ; (14)

+%a22H(57fs)]P) (t>9) )\(S)Ug)ds
s (i P> 9A o 0o,H(s €, )AX,
lim E <VT]P(T>T)‘ Ht)

- A(s)

_ . P(r>1T) .
= v;Tlgnoo W = Vic. (15)

T—o0

2 d[Y)Y]

where 0% := =37. Moreover, by (13), we have

TIE%OE <H(T7 &;\)(];)(T >T) ‘ Ht>

With limp_, o % = ¢. By substituting (14) and (15) into (11), we obtain the equation

o () ([ () e

P(T > S) 1 S T S S 02 S
ro Lot (5.6) + §onH (. LB (> 25102 ) d

- (Z W o ]P)(T > 5)82H(53557)AX5

t

+

)

Ht) . (16)

By identifying the predictive and martingale parts we have

0 = & (P(;(;t)) (Vi — H(t.€) +

P(r > t)
O
P(r >t)AH P(r>1)

" ( O A

OH(1,6) + S0nH(LEE (- > 1) ND)o?

aQH(t,gnAgt) . )

18



Now since we are in a local equilibrium prices are rational and by taking conditional expectations w.r.t F;,

we obtain
P 1
0 = %(‘%H(tvgt) + 58221':[(@ ft)]P’ (7- > t) )\(t)a'?
P(r >t)AH P(r >1)
< OO G212, §t—)Aft> : (18)
Consequently

AP, = dH, = MOoH(t,€,_)dYs,

and, since P. is a martingale and \:02H (t,y) > 0, we have that Y is a local martingale and (i) is proved.

(#4) From (17) and (18) we have that

o (S i ey o

Then V; # H(t,,) implies that 0; (%) =0and A(t) =cP(r>t)aa. t>0. =

Remark 15 Here we can draw conclusions similar to the one in Cho (2003) where he considers a risk-averse
insider (and a deterministic release time). Cho concludes that, in equilibrium, a risk-adverse insider would
do most of her trading early to avoid the risk that the prices get closer to the asset value, unless the trading
conditions become more favourable over time. Similarly in our case, when the (risk-neutral) insider does not
know the release time of information, she would trade early in order to use her piece of information before
the announcement time comes. This behaviour would continue unless the price pressure decreases over time
providing more favourable trading also at a later time. A similar conclusion is obtained by Baruch (2002),
who studies exactly the same problem about the effect of risk-aversion for the insider, by assuming that the

noise trading is Brownian motion with time varying instantantenous variance.

Example 16 We can consider the context of Caldentey and Stacchetti (2010) where the authors assume
that V and Z are arithmetic Brownian motion with variances oy and oz respectively, and T follows an
exponential distribution with scale parameter p, independent of (V, P, Z),., . Then, applying the arguments

above, we have that, for a.a. t and a.a. w € {t < 7},

Vi~ H(t,€,) — \()E ( / " e H 0, H (s, €,)dX,

") =0,

And to have a local equlibrium, provided that Vy — H(t,&,) # 0, we need A(t) = Age™Ht.
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6 Explicit insider’s optimal strategies and enlargement of filtra-

tions

In this section we shall apply our results to explicitly find the insider’s optimal strategy in equilibrium. We
will show how our general framework serves different models known in the literature presented as extensions
of the Kyle-Back model. In order to perform the explicit computations we will use techniques of enlargements
of filtrations. Hereafter we present two subsections dedicated to this mathematical techniques in the case
of initial enlargement and in the case of progressive enlargement of filtrations. Here we include new results
and extensions of known facts. These subsections have mathematical value also independent of the present

application.

To explain how enlargement of filtration enters the topic we consider a total demand Y = Z+ X in equilibrium
given by:
t
Y,gzZt—l—/t9(77t;Yu,O§u§5)ds7 0<t<T. (19)
0

Here X is absolutely continuous process with respect to the Lebesgue measure. We recall that Z is perceived
by the insider as an H-martingale independent of V. = E(f(n,)|H.) and 7. So since F¥"" C H and Z is
adapted to FY'7, it is also an FY"’-martingale. On the other hand, as we have shown in Proposition 12 and
in Proposition 14 Y is a local martingale when in equilibrium. Consequently (19) becomes the Doob-Meyer
decomposition of Y when we enlarge the filtration F¥ with the process 1. We are then into a problem of
enlargement of filtrations. However, in our problem Z is fixed in advance and we want to obtain Y as a
function of Z, fixed 1, so we look in fact for strong solutions of (19), whereas the results on enlargement of
filtrations provide weak solutions. In this sense the celebrated Yamada-Watanabe’s theorem is the result,
when Z is Gaussian, that can be used to obtain strong solutions from week solutions. See, for instance,
Theorem 1.5.4.4. in Jeanblanc et. al. (2009). In the following two sections we remind the reader some useful

results on enlargement of filtrations.

6.1 Initial enlargement of filtrations

Consider a stochastic basis (2, F,F,P) a F-measurable random variable L with values in (R, B (R)). Let

G i=Ngst (Fr Vo(L)) and G =(G) .

Condition A. For all ¢, there exists a o-finite measure 7, in (R, B(R)) such that Q:(w, ) < n, where

Q¢(w,dx) is a regular version of the law of L|F;.
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Proposition 17 Condition A is equivalent to Qi(w,dx) < n(dz) where n is the law of L.

Proof. By Condition A we have that Q;(w,dz) = ¢f (w)n,(dz), where ¢f (w) is B(R)®F; measurable then

we can write Q;(w,dx) = ¢¥(w)n(dx) with ¢F(w) = E'gg,(,zf))). [

Proposition 18 Under Condition A there exists a B(R)®F;-measurable process ¢f (w) such that Q¢(w,dzx) =

qF (w)n(dz) and, for fized z, ¢F is an F-martingale.

Proof. See Jacod (1985) Lemma 1.8. m
Theorem 19 Let M be a continuous local F-martingale and consider k¥ (w) such that
¢
(M), = [ kear ).,
0

then

Mf/ kEd(M, M),
0

is a G-martingale.

Proof. Except for a localization procedure (see details in Jacod (1985) Theorem 2.1) the proof is the

following: let Z € F bounded and g be Borelian and bounded. Then, for s < ¢,

E(Zg(L)(M; — Ms)) E(E(Zg(L)(M, — My)|Ft))

E(Z(M; — M,)E(g(L)| 7))

/R g(@)(dz)E(Z(M; — MJ)g?)

/R o(2)n(dx) E(Z(Magf — Mag?)

/R (@) E(Z((M, ¢} — (M, ¢°).))

/R om0 B2 Kz a1, M),)

E(Zg(L) / KEA(M, M),),

S

where we have used Proposition 18. m
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Example 20 Toke My = B; where B is a standard Brownian motion and L = By. Then

" 1 1 y  x?
a4 (W)NO_WCXP{—M(Bt(w)—I) +2}’

by Ito’s formula
@ .t — DB
degf = g fttdBt,

"B — B
B,/ 217 P8 s
0o 1—s

is an FP V o(By) martingale. Note that, by the Lévy theorem, W = B — [, Bi=B:qs is a (standard)

then k¥ = wf_Ez‘ and

G:=FBv o(B1) -Brownian motion and since By is Go-measurable, it is independent of W.

Example 21 Note that if the filtration F is the one generated by a Brownian motion, B, then for any
F-martingale

th = O'tdBt

and

d(M, M); = o2dt.

Also, assuming that

q; (w) = hi(By)

and h € CY2 we will have that
digy = Ohi (B)d By,
and

9log hi (Bt)

T __
ki =
(247

Example 22 In fact the previous example is a particular case of the following one: let' Y be the Brownian

semimartingale

t t
V=Yoo [ aVdB.+ [ wYds
0 0

and assume that

Yi|F ~ (1 —t,Y;, x)dx.
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with ™ smooth. We know that (w(1 —t,Y;, z)), is an F-martingale, then
on
drn(1—1¢,Y;,z) = 8—(1 —t, Y, x)o(Ys)dBs
Y

and by the Jacod theorem

t t
/ o(Y,)dB, - / QW8T | (v, ¥1)o(Ya)ds
0 0 dy

is an FV o(Y1)-martingale, and we can write

t t t
- I
Yi=Yo+ [ ovab.+ [ uvds+ [ a;jﬁl—s,ys,maz(ys)ds,
0 0 0

where B is an TV o(Y1)-Brownian motion.

Example 23 Let B a Brownian motion and T = inf{t > 0, B, = —1} it is well known that

1+ 5 )1 +1
\/57 {rAs>t} {s<TAt}>

P[T§s|ft] :2(b(

where ® is the cumulative distribution function of a standard normal distribution. Then int < s AT we

have, by Ito’s formula,

1 _ (+Bw)?
Plr < s|F] =20(— 2G-w dB,,
s0
d(P[r < s|F], B o S g,
S —t
T —
and
Qy Qt
(\/> (1+Bt))2> 1 1 1+ By)? ey’
— 2(s—t — _ e 2-n
Vst V2r \Vis—0* (Jis—t?
finally
_ (+By)?
e 2(s—t)
Q+(-,ds) P[r > s|F] (1+ By),
Vomy/(s —t)°
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and

Consequently

is a G-martingale.

6.2 Progressive enlargement of filtrations

In the progressive enlargement of filtrations G = (G;) is G, = F; V H;, where H = (H;) is another filtration.
The case where H; = 0(1{,<4) with 7 a random time has been extensively studied, see for instance Jeulin
(1980), Jeulin and Yor (1985) or Mansuy and Yor (2006), among others, however few studies has been
developed in the general setting. One exception is when H; = o(J;), for J; = infs>¢ X, and when X is a
3-dimensional Bessel process, see section 1.2.2 in Mansuy and Yor (2006), but this case can be reduced in

fact to a case with random times taking into account that
{Jy <a} ={t <A.},

where A, = sup{t, X; = a}. Another exception is the case when H; = o(L;), for L; = G(X,Y:), with X and
Fr-measurable random variable, Y a process independent of Fr, and G a Borel function, see Corcuera et al.
(2004). However all these mentioned results do not apply to our context since we require the independency

of n and Z.

Hereafter we suggest the following new result. Let H; = o(V;) for
t
Vi = V0+/ o dW},
0

where o, is a deterministic function, Vj is a zero mean normal random variable, and (Wl,WQ) is a 2-

dimensional Brownian motion independent of V. We have the following proposition:

Proposition 24 Assume that Var(Vy) =1 and that

/tds< forall0<t<1
o Var(Vy) —s oo Jor art U = ’

24



then
¢
Ve—B
B, = W? — % 8 ds,0<t<1
K t+/0 Var(Vy) — s SU=E=

is a Brownian motion with By = V.

Proof. Denote v, := Var(V,)

t t 1 t t 1 Vu
B, = / exp (—/ dr) dWi +/ exp <—/ dr) du,
0 w Ur—T 0 w Ur—T Vy — U

so B is a centered Gaussian process, and for s <t < 1,

b
E(B:Bs) = exp </ dr)
s Up—T
t s t 1 s 1 Vu.vv
+FE / / exp | — / dr |exp | — / dr dudwv
o Jo w Ur =T v Upr—T (vy —u) (vy —v)
t 1 s s 1
= exp|— dr exp | —2 dr | du
s Upr—T 0 w Ur—T
t s t s
+ / / exp [ — / L dr )exp | — / L dr o dudv
s Jo w Ur —T v Ur—T (vy — u) (vy — V)
s u t S
+2 / / exp | — / L dr Jexp | — / L dr o du.
o Jo w Ur—T v Ur—T (Ve — ) (Vy — v)

S S 1
/ exp <—/ dr) Yo dv =s,
0 v Up—T Uy — U
S S 1 ’UU S S 1
2 [ exp|—2 dr dv =25+ exp | —2 dr ) du
0 v Up—T Uy — U 0 w Ur— T

we obtain that F (B;Bs) = s. So for 0 < ¢ < 1 we have that (B;) is a standard Brownian motion. On the

Then , since

and

other hand

t t 1 "
E(BV;) = E</o exp <—/ ” _rdr> UV_Vtudu>
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therefore

E((B.—Vi)?) = E(B})+E(V,>) —2E(B.V;)

= t+’l}t*2t:7}t*t,
and, since by hypothesis v; = 1, this means that
2
lim B, £ W1,
t—1

then forall 0 <t <1

[N

t _ t B (‘/S_B8)2 t
b Mds></()ds:/¢mds<@,
0 0 0

Vs — 8§ Vs — S

and this implies, by the monotone convergence theorem, that

t 1
Vs — Bs Vs — Bs
lim gds:/ gds<oo
0

t—1 Jy vs— S Vg — S

and that By = lim;_,; B; is well defined. Now, we have, by the uniqueness of the limit in probability, that
‘/1 = Bl a.s. |

6.3 Application to find the equilibrium strategy

In this section we shall apply the results of the previous section to find the equilibrium strategy of the insider.
We will see trough different examples how this can be done. These various examples correspond to different

models that are extensions of the Kyle-Back model.

Example 25 (Back (1992)) Assume that Z is a Brownian motion with variance o , V. = Vi and, the
release time, 7 = 1 . In equilibrium, if the strategy of the insider is optimal V1 = H(1,Y1). Since H(1,")
can be chosen freely because it is the boundary condition of equation (7) and if Vi has a continuous cumulative
distribution function, we can assume w.l.o.g that Y1 =N(0,0?) . It is assumed that Vy (and consequently Y1)
is independent of Z. Then by the calculations in the Fxample 20 we have that

ty_}/s
n:&+/ ———=ds,
o 1

— S

is a Brownian motion with variance o2. Hence, prices are rational and we recognize the equilibrium strategy
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to be

Ly, — Y,
Xt:/ L s ds,0<t < 1.
o l—s

Example 26 (Aase, Bjuland, Oksendal (2012a)) Assume that T =1 and suppose that Z is given by
t
7y = / osdW
0

where o is deterministic and V. =Y is a N(0, fol o2ds) independent of Z. Then V.|FY ~N(Y;, ftl o%ds) and

by the results in the Example 21
t
Y, — Y,
Y, =Zi+ [ —Lolds,
o [, o2du

has the same law as Z. Then
¢ Ys - Yl 2

X, = 1 ods
o [, o2du

S

is the optimal strategy.
We have a similar result if o is random, in fact we have the following example:

Example 27 (Campi, Cetin, Danilova (2009)) If dZ; = o(Yy)dW: , 7 =1 and V. = §,. Where &, =

fot o(&,)dBs, and independent of Z, then by the results in the Ezample 22

ayG(l - t’}/hé‘l)dt

dY; = o (V) dW; + o%(Y3) ca_iv.g,)
BRI TR |

where G(t,y, z) is the transition density of &., is a martingale.

Example 28 (Campi and Cetin (2007)) If we want the aggregate process Y to be a Brownian motion that

reaches the value —1 for the first time at time T, and Z is also a Brownian motion then, by the results in

t
1 1+,
Y, =7 - 110(s)d
¢ ”/0 <1+Y5 Ts) j0.71(s)ds,

50, in this case n, = T, V; = 1751y and the release time is T A 1.

the Example 23:

Example 29 (Back and Pedersen (1998), Wu (1999), Danilova (2010)) The insider receives a continuous
signal

t
77t:770+/ Ustst
0
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where o4 is deterministic, 1, is a zero mean normal random variable, W is a Brownian motion, both inde-
pendent of the Brownian motion Z, T = 1. It is assumed that var(n,) = var(ny) + fol o2ds = 1, then, by
Proposition 24,

t

-Y

Yt:Zﬁ—/ T gs, 0<t< 1
o var(n,) —s

is a Brownian motion.

Another view of the problem of finding the equilibrium strategy is the following. Market makers observe Y’
with dynamics

dY, = dZ; + 0(V;,Y,,0 < s < t)dt,

V is not observed. Then, the dynamics of m; := E(V;|F}) can be obtained in certain cases, basically when
Z and V are Gaussian diffussions, from the filtering theory, see for instance Theorem 12.1 in Liptser and
Shiryayev (1978). Now we can try to deduce 6(V;,Ys,0 < s < t) from the equilibrium condition: P; = my.
Even, if (V;) is not a Gaussian diffusion but can be written in the form V; = h(D,) where h is a strictly

increasing function and D is a Gaussian diffusion, we can apply the filtering results for the couple (Y, D).

In the following example we use the filtering approach to find the equilibrium strategy.
Example 30 (Caldentey and Stacchetti (2010)) 7 is unknown (so we cannot apply Proposition 24),
dV; = 0, (t)dB;, Vo ~ N(Po, Xo), dZ, = o0,(t)dB;,Zy = 0.

B and B* being independent Brownian motions, o,(t) and o,(t) deterministic functions. Then, if we look
for pricing rules such that

dP, = \dY;

and strategies

dX; = 5,(V, — P)dt

with B, deterministic, we have

dPt = )\fﬂt(‘/t - Pt)dt + )\tO’Z(t)dBf

Let denote my = E(V3|F)), by standard filtering results (see for instance Lipster and Shiryayev (2001)) we

have

(Z:8,)*
o%(t) ’

By
)\t(fg (t)

dmt =

d
(AP, — M3, (my — Py)dt), Ezt =o%(t) —
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where ¥ is the filtering error. Now, we can recover the identity P, = my, if and only if we impose ¥, =

Aa2(t) (remember that by construction Py =mo = E(Vy)) . Then

¢ ¢ 2
=X +/ o2(s)ds f/ o2(s)\3ds, B, = AtOZ(t).
0 0 2y

Note that in particular we obtain that

A02(s) (Ve — [ AudY
Yt:ZHL/ 7:(9) ( 5 Jo ) s,
0 s

is the Doob-Meyer decomposition of the martingale Y in the filtration generated by (Z, V). Now if we assume

o%(t) = o2, independent of t, and we take into account that in the equilibrium \; = Aoe "', we have that

2 —put
osAoe

t 2
A
=3 2(s)ds — 0229 (1 — 721 =
t 0+/0 oy (s)ds UZQN( e ), By >

However Ay is not determined. We need an additional condition to fix Ag. One possibility is to impose that

lim ¥, = 0.

t—o00

In such a case

O=EO+/ o2(s)ds — 0222,
0 2p

and

2
0%

. \/ 20(o + Jy~ 03 (5)ds)

Note that if o2(t) = o2 there is no solution! Another possibility, according with Proposition 14, is to take T
such that

¥t =0, forallt>T

and then P, =V, for t > T. But this implies, for o2(t) = o2,

A -
Yo + 02T — aﬁﬁ(l — e 2T

o
I

)\2
Yo + 02T — Uii(eQ"T —1).

Now if we assume a smooth transition from the absolutely continuous strategy then o2 — 03)\? = 0 for all
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t>T and Ay = Ay = %, forall t>T. Finally
dP, = \dY; = \d Xy + NdZy =dVi, £ > T

S0

ax, = Z2av, — dz,
o

and T is the solution of

Yo + 02T = U—g(eQHT -1)
0o+ o, 2 .

This is exactly what Caldentey and Stacchetti (2010) obtain. It is important to remark that the authors
obtain a limit of optimal strategies when passing from the discrete version of the model to the continuous
one. This limit strategy is such that there is an endogenously determined time T such that, if t < T, then
the limit strategy is absolutely continuous with respect to the Lebesgue measure and, if t > T, the strategy
is not of bounded variation. In this case an insider’s optimal strategy, between times T and T, would yield
to giving out the full information to the market by making the market prices match the fundamental value.
They claim that this limit strategy is not optimal for the continuous time model and that we need to consider
the discrete time model to realize about its existence. However this limit strategy can be obtained has a limait
of strategies for the continuous model when we restrict the class of strategies to set of absolutely continuous
strategies and we try to maximize the wealth. In fact if we have a sequence of strategies (X("))n>1, their

corresponding wealth is given by

W = Xy — [ pax(® - (pt, x ),

0
Then, if we assume that (X, P V) “SP (X P V) we obtain that

XMy _ / PMax™ 5P x v, — / P,_dX,
n 0

0 -

but in general

[P, XM, [P, X],,

For instance if X" is a bounded variation process X is not necessarily a bounded variation one. Then the
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gain limit for this limit of strategies after T, on the set {T > T}, is given by

VTXT—VTXT—/ P_dX, = / Xt,th—F/ Vt,dXt—i—/ d[V,X]t—/ P,_dX,
T T T T T

[ e -poaxes [avxs [ xeav.
T T T

Now if we take the (conditional) expectation, last term of the right-hand side cancels and we obtain that the

gain from time T onward is given by

E(/TT(V;_ —Pt_)dXt—i—/TTd[V,X]t HT>.

Finally, since for the limit strateqy V;— = P;— , t > T, in the conditions of Example 16, we obtain that there

18 a profit after T given by

E </ e ““TUaw, x), HT) = 0201)/ e Tar =222 5 g,
T T M

Now we can justify the condition X7 = 0. The expected wealth for the insider with this kind of strategies is

given by

J(X)

i </OTAT(Vt B Pt)etdt> R (/TTMd[V’X]t> _E (/OTM 8.V Pt)2dt> +E (/TTMd[V, X]t>

E </0T Lo (t)B (Vi — Pt)2dt> +E (/TOO Lo, (t)d[V, X]t> = /OT P(t > t)B3,5,dt + /oo P(r > t)%dt

T t

ut

T oo THt T o
/ e_mﬁtﬂtdt—i-ai/ e—dt:ag/ e‘“Atho—z/ £ at.
0 Y 0 T M

Then if we impose that T is optimal, we have the condition

—uT
9 —uT 26
ose A —o,——=0,
At
that is
Ovy
)\T =
Oz

and this is equivalent to Y7 = 0. Note that other equilibria are possible by taking Ay # Ay when t > T.

Remark 31 It can we proved that the linearity of the strategies assumed in the previous example implies
that the equilibrium pricing rules have to be linear as well. This interesting result can be seen in Aase et al.

(2012a).
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Example 32 Another interesting example is that of Campi et al. (2013). There, authors consider a default-
able stock. The default time is modeled as the first time that a Brownian motion, say B, hits the barrier —1,
as in the above Example 28 . Howewver in this case the default time, 6 = inf{t > 0, B = —1}, is not known
by the insider, but it is a stopping time for every trader. Instead, she observes the process (BT(t)) where 7(t)
is a determanistic, increasing function with v(t) >t for t € (0,1), r(0) =0, and r(1) = 1. This circumstance
allows the insider to know in advance the default time. The horizon of the market ist = 1. They also consider
a payoff of the kind f(B1) in case of no default. Note that § = r(r), where T = inf{t > 0, B,y = —1}. Then,

in this evample the release time r(7), the signal is 1, = By and the fundamental value is

Vi = 1{T>t}E(f(Bl)|Br(t))-

Moreover the aggregate demand of noise traders follows a Brownian motion, say W, so Z = W. Even though
T, and consequently, & is not known for the insider, they are predictable stopping times, and, by an extension
of the case considered in section 4, we will have that, the price pressure is constant and that the optimal
strategy moves prices to the fundamental one:

lim Ps = V;
ST

where (0,) is any increasing sequence of stopping times that grows to 6. To find the explicit form of an
equilibrium strategy is not straightforward. However, if T < s < V(1) an equilibrium strategy is obtained

from a strong solution of

8 1 1+Y,
Y:e: s - dv
W+/0 (1+Yu V<T>—u)(“)“

as we deduce from FExample 28 above, the difficult part is to see what happens until time 7. It requires a quite

involved use of enlargement of filtrations and filtering techniques. See Campi et al. (2013b) for the details.

Acknowledgement. We would like to thank José Fajardo for helpful discussions and advice.
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Ambit processes, their volatility determination
and their applications

José M. Corcuera, Gergely Farkas and Arturo Valdivia

Abstract In this paper we try to review the research done so far about ambit
processes, and their applications. The notion of ambit process was introduced by
Barndoff-Nielsen and Schmiegel in 2007. Since then, many papers have been writ-
ten studying their properties and applying them to model in different natural or
economic phenomena. As, it is shown in the paper, these processes share their ma-
thematical structure with the solutions of random evolution equations allowing them
great flexibility for modelling. The goal of this paper is fourth-fold: to show the
main characteristics of these processes; how to determine their main structural com-
ponent: their volatility; how they can be used for modelling different random phe-
nomena like turbulence or financial prices; and last but not least the mathematics
behind.

1 Introduction

The notion of ambit process was introduced by Barndoff-Nielsen and Schmiegel in
2007, see [12]. Since then, many papers have been written studying their properties
and applying them to model in different natural or economic phenomena, see [7],
[5], [8], [12], [24], among others. In the present paper we try to review all this
work and to enlighten the notion of ambit process and its flexibility for modelling.
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2 José M. Corcuera, Gergely Farkas and Arturo Valdivia

Before giving the definition of ambit processes let us justify the generality and,
consequently, the flexibility of such processes. Here we follow [6].
Let L be a partial differential operator, for instance the wave operator in dimen-
sion one ) s
d d
Lf = 7f - 7f7
dat?  dx?
then, it is well known that there is a function G in (R, R) such that the solution of
the PDE
Lu = (,D,u(O,x) =0,

where @ is a fest function, can be written

u(t,x) = /R+><R G(t—s5,x—y)@(s,y)dsdy.
Imagine now we have the SPDE
Lu=W,u(0,x) =0 (1
where W is an L?>-noise in R x R, that is a map

BR, xR) — L*(Q,.7,P)
A— W(A),

such that

L.W(0)=0as

2. For all disjoint and bounded sets A1, A, ... in (R4 x R), W(4;) are indepen-
dent and

W(UZ,4;) = Y W(A),as.
i=1
and where the convergence of the series is in L>(P). Then it is natural to consider
that the solution of (1) is given by

u(t,x):/R XRG(t—s,x—y)W(ds,dy). ()

This kind of solution is named a mild solution. In general, if we have a random phe-
nomenon with a certain dynamics, the tempo-spatial derivatives of the magnitude
in a point will be connected with the driving noise at that point and this will im-
ply that the value of the magnitude is related with the value of the driving noise in
other points of the space-time set, as it can be appreciated in (2). Then, when mod-
elling random phenomena, we can opt for proposing a kind of global dependency
directly instead of a point-wise dynamical dependency. This is the motivation for
the following definition,



Ambit processes and applications 3

Definition 1. A tempo-spatial ambit field is defined as
() =+ / [y 8 (5 )1 )W (ds.08)

+/ Ja(s,&)dsdé, t>0,x€R”

where 4 € R, £ € R", W is a o-finite, L>-valued measure, 8t (") and g ()
are deterministic kernels, o(-,-) > 0, and a(-,-) are predictable random fields and
A(t,x) C R ! and B(t,x) C R""! are ambit sets. Then, X, :=Y,(x(t)), for a curve
x(t), is called an ambit process.

In this definition the stochastic integral is assumed in the sense of Walsh, see for
instance [42] and the more recent reference [32]. However a slight extension of this
integral is considered here, in fact, in the integral, time coordinate moves in R more
than in Ry . This extension has been studied recently in [20]. Another extension,
now for the case when & is infinite-dimensional and W (d€) := W (]0,s],d&), s > 0
is a cylindrical Brownian motion, can be found in [17].

The paper is organized as follows. Section 2 contains some properties and par-
ticularities of the ambit processes. Section 3 is devoted to see the application of
ambit processes to modelling in Turbulence and to study their statistical properties
in the context on infill asymptotics. Section 4 is devoted to study their applications
in quantitative finance to modelling term structures and energy markets.

2 Ambit processes

The general concept of ambit field consists of a stochastic field (Y (¢,x)) in space-
time, t € R, x € R", where the values of Y (¢,x) depend on innovations prior to or a
time ¢ and that happened in a certain subset of R”. In other words, Y (¢,x) depends
on what happened in a time-space subset (the so-called ambit set), A(z,x) = {(s,y) €
R s €T C (—oo,t],y € A; C R"}. Then, if we take a curve x(¢) in R" we have
an ambit process Y; :==Y (¢,x(¢)). Evidently we can substitute a more abstract space,
like a Hilbert space, for R” to get a more general object. Another natural extension
is to assume that Y takes values in R”, or even a Banach space. In any case we need
further mathematical structure if we want to say something concrete about Y. The
structure considered is that given in the Definition 1,

Y(r,x) u+/ (s,8)o(s,E)W(ds,dE)

+/ ,x(s a(s,€)dsdé, t>0,xeR", 3)

where L €R, € € R", W is a o-finite, L*-noise, 8(1,» () and g, ) (+) are deterministic
kernels, 6(+,-) > 0, and a(-,-) are predictable random fields and A(r,x) C R*!
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and B(t,x) C R are ambit sets. Ambit sets can be seen as areas of influence or
causality and this part of the structure could be seen as the only dynamic condition
in these kind of processes or fields. The condition is that future cannot influence the
past. Nevertheless the ambit fields used in practice are of the form

Y(t,x) = .uJF/A(tx)gx(l‘*s,é)c(&g)w(ds’dé)
Jr/B(M)éIx(tfs,é)a(s,é)dsdg7 t>0,xcR",

where A(f,x) = A+ (t,x), with A involving only negative time coordinates, in agree-
ment with the causality principle, and analogously for B(¢,x). In such a situation this
class of fields include the class of stationary fields in time and, by this reason, they
are called semistationary. If W is a Lévy noise the field (or process) is called Lévy
semistationary field (or process) (.£.%.%) and for the particular case where W is a
Gaussian noise is called Brownian semistationary (%.%.%). It is also said that

X, = /A(hx)gx(t—s,é)c(s,é)W(ds,dé)

is the core of Y. Moreover o is referred to as the intermittency, volatility or modu-
lating field or process.

It is difficult to say interesting statements for such general objects. To obtain
something remarkable about, for instance, how the trajectories are or if the ambit
process is a semimartingale or not, we need specific kernels, volatilities and noises.

Consider just the particular case (X;), R of the form

X = [ gt-swas)

where W is a Gaussian white noise in R, ¢ an adapted cadlag process and g €
L*(Ry).

The path properties of the process (X;), R crucially depend on the behaviour of
the weight function g near 0. When g(x) = x*Lg(x) (where L, (x) is a slowly varying
function at 0) with & € (—3,0)U (0, %), X has r-Holder continuous paths for any
r<oa-+ % The analysis of the regularity of the sample paths follows the same routes
that in the case of Volterra processes, see [37]. In fact X is a Volterra process though
starting at —oo.

Another important fact is that X is not a semimartingale, because g’ is not square
integrable in the neighbourhood of 0. In fact, observing the decomposition

1+A t
Xa=Xo= [ g+ A= Wis)+ [ {(+4—5)—gle—9)}W(ds),

we obtain by formal differentiation that
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t
X, = g(0+)aw (1) + / g1 5)W(ds) ),

Then, the Gaussian process X is an Itd semimartingale when g(04) < o and
g € L*(R}) and this property also transfers to the %.7.% process Y under mild as-
sumptions. It can be shown, see [14], that the conditions g(0+) < s and g’ € L*(R™)
are also necessary conditions for X to be a semimartingale. So, if we assume that
g(x) =x%Ly(x), with & € (—3,0)U(0, 1), we have that g’ ¢ L?(R™) and the process
X, and so the process Y (unless o = 0), is not a semimartingale.

A similar analysis can be done to see if a .Z.%.% is a semimartingale. See for
instance [9].

Moreover ambit processes can be used as leading noises of stochastic differential
equations and we can construct a stochastic calculus with respect to this processes,
see section 4.1 in [24].

3 Models in turbulence

In the framework of stochastic modelling in turbulence, see [28] for a description of
this approach, Barndoff-Nielsen and Schmiegel [12] and [13] propose to model the
main component of the velocity by a process of the form

! 1
Y; :ﬂ+[ g(t—s)O}W(ds)—i-/i q(t — s)asds, 4)

where U is a constant, W is a Gaussian white noise on R, g and ¢ are nonnegative
deterministic functions on R, with g () = ¢ (#) = 0 for# <0, and & and a are adapted
cadlag processes.

Other approaches, out of the scope of this paper, combine the classical Navier-
Stokes equation for a fluid, and randomness. The results in this framework are how-
ever quite implicit, see for instance [15], [35] or the more oriented toward applica-
tions [19].

3.1 Volatility determination

One crucial quantity in the model (4) is the volatility and some effort has been done
to estimate o. It is apparent, from [23], [22], [3], [4], [8] and [10], that a key tool
to estimate o is the realized multipower variation (RMV) of the process Y. It is an
object of the type

[nt]—k+1 k
Z |Ain+j*1Y|pj’ AlnYZYé_Y%7 pla"'7pk205
i=1 j=1
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for some fixed number k£ > 1.
For simplicity of the exposition we shall consider the core of (4)

13
v= [ _sa—s)aw) )
where we assume that
13
/ St —s)olds <oo, as.

and also that the function g is continuously differentiable on (0,0), |g’| is non-
increasing on (b, ) for some b > 0 and g’ € L%((g,)) for any € > 0. Moreover,
we assume that for any 1 > 0

F= [P0t ds <o as.
1

See [8] for a discussion of this latter conditions.
The process Y is supposed to be observed at time points ; = i/n, i = 1,.. ., [nt].
Now, let G be the stationary Gaussian process defined as

G, :/_:Og(tfs)W(ds).

We are interested in the asymptotic behaviour of the functionals

1 [nt]—k+1 g

V(Yapl:“'vpk);t: Z H‘Ain+j71Y|pj7 Pla~~7Pk207
=1 j=1

ntlt

where A?Y =Y; —Yi; and ©2 = R(1/n) with R(t) = E[|Gy4; — G,|?], t > 0 and

when n goes to infinity. In such a way that we are in the context of infill asymptotics.
We define the correlation function of the increments of G:

AJG A Gy RO+ R(EL) —2R(4) .
T b T >: 1 2 < b ]20

r(j) = cov( 22

Next, we introduce a class of measures:

_ Jalglr— ) —g(x))*d

) = e = 1) = g

Aec BR).

Finally, we define

. A'G 1 |AG
plgl),...,Pk:EH ,IE ‘ ’ - }

To have a weak law of large numbers we require the following assumptions:
(LLN): There exists a sequence r(j) with

Tn
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2/ . 1 .
() <rG), = Y () =0

Moreover, it holds that

lim 7 ((&,00)) = 0

for any € > 0.

For the CLT we need to introduce another Gaussian process. Let (Q;);>1 be a
non-degenerate stationary centered (discrete time) Gaussian process with variance
1 and correlation function

p(j)=cor(Q1,01+j), Jj=1

Define
[nt]—k+1 g

Y, 11Qisjl

1
VQ(p]w-'?pk);l = ;
=1 j=1

and let py, . p, = E(|Q1]P" -+ - |Qk|P*)
Now we can specify the condition (CLT): Assume (LLN) holds, and

(i) —=pG),  J=0,

where p(j) is the correlation function of (Q;). Furthermore, there exists a sequence
r(j) such that, for any j,.n > 1,

2R <), V) <o
j=1

and we have
E[|o; — GS|A] <Clt— s\AY,

for any A > 0, with y(p A1) > %, and p = min;<;<k 1<j<4(p;). Finally we assume
that there exists a constant A < —ﬁ such that for any €, = O(n™"), k € (0, 1), we
have

7" ((€n,00)) = O(n* %),

Set pt = ):f‘zl pi- We have the following main theorem, see [8].

Theorem 1. Consider the process Y given by (5). Assume that the condition (CLT)
holds, then we obtain the stable convergence

t
—’>/ AlaB,,
0

DirePk 1<j<d

where B is a d-dimensional Brownian motion independent of %, and A is a d X d-
dimensional process given by

. T o
AY = Bijlog | 1<i,j<d,
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with B the d x d matrix given by
Bij :r}grgon cov(VQ(p'l,...,p}c)’LVQ(p{,...,pi)'f) , 1<i,j<d.
In [8] we worked with the function g
-1 -
gt)=1"""e Mo (1)

for A >0 and with v > 1. For ¢ near 0, g(t) behaves as 1 with § = v — 1. If we
check the conditions for the CTL we have the restriction 1/2 < v < 1. This forced
us to consider higher order differences:

Qi X = Xia, — 2X(i—1)a, + X(i=2)a,-

and to study the multipower variation of the second order differences of the ..
process X, i.e.

. [t/An]—2k+2 k—1
MPVO(X’plv"'7pk);l:An(rr?)_p H|<>?+2ZX|PI’
i=2 =0

where (t0)? = E(|[07G[?) and p* =YX_, p;.

See [10] and [25] for the development and application to real turbulence data of
the high-order multipower variation.

It is worthwhile to comment that the limit theory for multipower variation of
Lévy semistationary processes does not yet exist.

3.1.1 Volatility determination in an ambit field setting
Now we try to show a relation between the realized quadratic variation (RQV) along
a curve and the volatility of the underlying random field. We refer to [11] for more

details.
Consider a random field

Y= [ gl-E)oEwWs),
A(x)
where x € R”, W is the Gaussian white noise in R”, g : R" — R, with g(x,..,x,) =0

if x; < O (the first coordinate indicates time) and o is either deterministic or inde-
pendent of W. Then, assume that A(x) = A +x,

Y(x):/Amg(x*é)d(é)w(dg):/RngLA(v)G(x—v)W(xfdv),

In such a way that
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Y(x+ Ax) — Y (x) :/ (gloa(v+ Ax) — g1_s(v)) O (x — )W (x — dv),
and
E [(Y(x+Ax)—Y(x))2‘o} :/R” (g1_a(v+Ax) — gl_o(v))? 6% (x — v)dv.

Then

™=

v [(Y(x,-,l +Ax)— Y(xi))2’ o]

:/ni(glfA(V'i'Axi)_glfA(V))202(Xi—v)dv.
i=1

Assume now that Ax; = Ax(8) = (11(6), 2(5), ..., 7,(8)) forall i = 1, ...,n, with
71(8) = 9, (in particular this happens if we are moving along a straight line). We
take n = [t/5]. Then if we define

(g1-4(v+Ax(8)) — g1-a(v))*
c(8)

g (dv) := dv,

where ¢(8) = [R (g1-a(u+Ax;) —gl 4 (u))? du we have that

5 9] X T
Y E[ (V1 +4x) Y ()] o] = /R"6 ; &2 (x:(8) — v) 75 (dv)

c(0) &
89 /R" ( /0 t o2 (x(s) — v)dS> 7o (dv),
6—0

s — T

provided that

and o is continuous. We have also the following result, see [11].
Proposition 1. If ) is concentrated on —dA then
s /9] 5
var 6‘7 Z (Y()C,'_l —l—Axi) —Y()C,'))

5—0
| —0.
(8) & )

As a corollary, we have the convergence in probability

[tg](Y(xil +Ax) =Y (x))>? (H})/R" (/Ot 2 (x(s) v)ds) To(dv).

L

L
c(8)
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But when is @y concentrated on —dA? In [11] authors give some sufficient
conditions for A (bounded, closed, convex with non empty interior and piecewise
smooth boundary) and g, but they are quite restrictive.

The behaviour of the RQV along smooth curves and for some particular shapes of
A, for instance A = (R.)" , and memory functions of the kind g (x) = [|x[|*L(||x||)
is a topic of present research. The purpose is to relate ¢ or some integral of it, with
the limit of the RQV along lines, or surfaces.

To remark that the asymptotic behaviour of the multipower variation of general
tempo-spatial ambit fields is an open problem.

4 Models in Finance

4.1 A short rate model

4.1.1 The model

Let (2,.7,F,P) be a filtered, complete probability space with F = (.%;), R, - As-
sume that, in this probability space

r= [ g(t —s)osW(ds) + W (6)

where W is an (.%;)-Gaussian noise in R under the risk neutral probability, P* ~
P, g is a deterministic function on Ry, g € Lz((O,oo)), and o > 0 and pu are also
deterministic. Notice that the process r is not a semimartingale if g’ & L>((0,0)).
Furthermore, we also assume that

ot
/ F(t—s)olds <o as.

which ensures that r, is well defined. Then, we consider a financial bond market
with short rate r. Here we follow [24].

4.1.2 Bond prices

Assume that exp {— I rsds} € L'(P*) and denote P (¢,T) and P(t,T) the price and
the discounted price at ¢ of the zero coupon bond with maturity time 7':

P(1,T) = Ep- [exp{—/lT rsds}‘ﬂ,}

P(,T) = P(t,T)exp{—/Ot rSds},
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where P(t, T) is a P*-martingale. Then, writing c(u;2,T) := [" g(s —u)ds fort > u,
and by using Fubini’s theorem, we have,

T "
/rsds:/ oyc(ust, T)W (du)
t —oo
T T
+ / G, TYW (dut) + / 1ds.
t Jt

Then

P(t,T) = exp {A(l, T)— /tm o,c(ut, T)W(du)} ,

where
T T
A(t,T) = logEp- [exp{—/ Guc(u;u,T)W(du)—/ ,usds}’%}
t t
1T 5, g
= f/ o, C (u;u,T)du—/ Usds.
2 t t

and the variance of the yield — ﬁ log P(¢,T) is given by

— logP(t,T) | = — o, 36, T)du.
var( T—; og P(t, )> (T—t)z/foo L (u )du
The corresponding forward rates are given by
f(t,T) = —drlogP(t,T)

T 't
= —/ Gfg(T—u)c(u;u,T)du—O—/ 0.,8(T —u)W(du) + ur
1 —oo

and .

var(f(t,T)) = / 6262 (T — u)du.
Note that

& f@,T)=qa(t,T)dt+o(t, T)W(dr),
with

o(t,T) = 0;g(T —1),
a(t,T) = 62g(T —t)c(t:1,T).

4.1.3 Completeness of the market

It is easy to see that
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P, T)
i
exp { Jo rsds}

so we have

P(t,T):= =P(0,T)exp {/Ot oyc(u;u, T)W (du) — % /Ot c2c(usu, T)zdu} ,

1 t 1
P(t,T) = P(0,T) exp{—z/ o'uzcz(u;u,T)du—l-/ usds}
0 0
0 1
X exp { / Guc(130,1)W (dut) — / Guclust, T)W(du)}
N 0
and
P(t,T)=P(0,T)expq — / ouc(u;u, T)W (du) — 5/ o ¢ (u;u,T)du ¢ .
Jo 0
Therefore,
dP(t,T) = —P(t,T)oic(t;t, T)W(dt),t > 0,
Let X be a P*-square integrable, %#r-measurable payoff. Consider the (.%;)-martingale
M, :=Ep- [X| #],t >0,
then, by an extension of Brownian martingale representation theorem, we can write
dM, = H,W (dr),

where H is an adapted square integrable process.
Let ((I)to, (Z),l) be a self-financing portfolio built with a bank account and a bond
with maturity 7', its value process is given by

Vi = 60eli 16! P(t,T),
and, by the self-financing condition, the discounted value process V, satisfies
dv, = ¢!dP(:,T).

So, if we take
¢1 — _#
! P(t,T)oic(t;t,T)
we can replicate X. In particular the bond with maturity 7* can be replicated by
taking
P(t,T*)c(t;t,T*)
P(t,T)c(t;¢,T)

bonds with maturity time 7 > T*.
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4.1.4 Examples

Example 1. With g(t) = e, 0, =0 and u = a, we have
1
rn=roe " a(l—e ) 4e” t/ e’ oW (ds),
0

P(t,T) =exp(A(t,T)+aB(t,T) —r;B(t,T)),

with {
B(1.T) = (1~ e P(T=1)
and
A(,T) = / B(u, T2 du—a(T —1).
Then,
(1 7e7b(T7t))2 5
— 1 P(t, T ———~T
var( ogP(t, )) B T ,

when T — oo, and the corresponding instantaneous forward rates and their variance
are given by

o? 2
f@,T)= 2 (1 - eib(T*O) +0e T (r,—a)+a.

o’ —2b(T—t) _ —2bT
var(f(1,T)) = 5 e ~e

when T — oo. Moreover the volatility of the forward rates is given by o(¢t,T) =
ce (T~ and this is not too realistic.

Example 2. Assume that 6; = 014,50 and

13
g(t) :efh(’)/ ebsﬁsﬁ*]ds7
0

for B € (0,1/2). Then

Var(f(t,T)):/t 02¢%(T —u)du ~ T2 2,

And that the volatility of the forward rates are given by
o(t,T) = cg(T —1) ~ TP,

when T — o , that is more realistic (see [21, Section 4.1] and also [2]) than the
exponential decay in the Vasicek model. For 8 € (—1/2,0) consider the memory
function
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t
g(t) = P B [ (e — e,
J0

and then
g(t) ~ 1P~

when x — oo. In such a way that we obtain analogous asymptotic results to the
previous case.
4.1.5 The analoge of a CIR model

One of the drawbacks of the previous model is that it allows for negative short rates.
An obvious way of avoiding this is to take

2

d t
r,:Z(/O g(t—s)GSdWi(s)> +rg, t>0,r9>0.

i=1

where ((W;)<i<q) is a Brownian motion in R?.

Bond prices

Given .,
t rt
=Y [ ste—ust—v)ooaWiwaw ),
i=1 k

(where by simplicity we take ro = 0), we have
T d et rt
/ rds =Y / / GuGyca (1, vit, T)AW; ()W ()
t i=1 0 JO
d t T
+2Z/ / 0,0,¢2(u, vyu, T)AW; (u)dW;(v)
i=1/0 /1
d T T
+Z/ / 0,0,c2(u,v;u N v, T)dW;(u)dW;(v),
=17t i
with ¢ (u,v;t,T) := [T g(s — u)g(s — v)ds. Then, using this, we have
T
P(0,T)=E [exp{—/ rsds}]
0

- ﬁE [cxp{_r /O 1 /O 1 GTMGTch(Tu,Tv;T(qu),T)de(u)dWi(V)H

=d (1),
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where d (A )is the Fredholm determinant

R(s1,81) -+ R(s1,81)

o An rl 1
d(x):1+23‘/0~-/0 : Do |dsye--ds,

=
n=1 R(sp,51) +++ R(sp,5n)

where
R (u,v) = oryoryer(Tu, Tv;T (uVv),T).

Example 3. Assume that g(t) = 1,>¢y and 6; = o. Then r; is a squared Bessel pro-
cess of dimension d , see for instance [30], and

R(u,v) =0*T(1—(uVv)),

consequently

S
(S

P(0,T) = (cosh(\/EGT))i = 2 e

(eﬁcT _i_ef\/icT) 2

see [40] for the calculations of the Fredholm determinant. Another procedure to
calculate the Fredholm determinants is given in [31], where it is shown that provided
the kernel R (u,v) is of the form

R(u,v) =M(uVv)NuAv)

d(A) =B, (1),

and therefore ;
P(0,T) = (Bar (1)) 2,

where, in our case of having M(t) = 62T (1 —1t) and N(¢) = 1 and we obtain

VATt _ ,—0VATt  ,0VAT: +e—c\/ﬁt
/ + 2

Note that we can consider squared Bessel processes of dimension d > 0, where d is
not necessarily integer, see [30] and Corollary 6.2.5.5 therein. Due to the fact that
discount values are in close form under the model, a calibration performs very fast.

e

B (t) =o’T* | (1—1)

Example 4. Another interesting example is the classical CIR model. In such a case

T 62
R(u,v) = (72 / e—b(s—u)e—b(s—v)ds -
( ) JT(uvv) 2b

= M(uVv)NuAv),

ebT((u/\v)—])(e—bT((u\/v)—]) bT((qu)—l))

—e
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where
__© —bT(t—1) _ bT(t—1) _ O pre-1)
M(t) o (e ) , and (1) T
‘We obtain
1 2 0g2
Bor(1)= ——— | (b+ /b2 +202)l -0+ Vb +20 )
D)= T 0r <( Vi 0%

+(—b+ Vb2 +202)e T+ b2+2"2>> .

4.2 Models in energy markets

Like in other traditional commodities or stock markets, in the electricity market one
finds trade in spot, forward/futures contracts as well as European options written on
these (see [36, Capter 1] for the definition and terminology of these contracts). De-
spite this parallelism, the distinctive features of the electricity market lead to specific
problems of pricing and hedging. Let us mention two examples of such features. On
the one hand, power market trades in contracts which deliver power over a delivery
period. This adds an extra dimension to the models for forward dynamics which
generally depend only on the current time and the maturity of the contract. On the
other hand, the electricity spot cannot be stored directly except via reservoirs for hy-
dro—generated power, or large and expensive batteries. This implies that prices may
vary significatively when demand increases, for instance, due to a temperature drop.
Moreover, due to the non-storability issue, the electricity spot cannot be held in a
portfolio. Hence, the usual buy—and—hold hedging arguments break down, and the
requirement of being a martingale under an equivalent martingale measure (EMM)
is not necessary. Similarly, from a liquidity point of view, it would be possible to
use non—martingales for modelling forward prices since in many emerging electric-
ity markets, one may not be able to find any buyer to get rid of a forward contract,
nor a seller when one wants to enter into one. Thus the illiquidity prevents possible
arbitrage opportunities from being exercised.

These features, along with empirical evidence (see [16, 39, 29]) and statistical
studies (see [33]), point to random field models in time and space which, in addition,
allow for stochastic volatility. We present below two examples of modelling spot and
forward prices via ambit processes; these models grant rich flexibility and account
for some of the stylized features in the context of energy markets. We note here that
since spot prices are determined by supply and demand, strong mean-reversion can
be observed; the spot prices have clear deterministic patterns over the year, week
and intra-day.
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4.2.1 Modelling spot prices

In [5] the log-spot price Y. is modelled by means of the Lévy Semistationary Pro-
cesses (L. .7) presented in Section 2, i.e., processes of the form

t t
Y; :=,u+/ g(t—s)cdes+/ q(t —s)asds, @)

where (1 is a constant, (L;), R is a two-sided Lévy process, g and ¢ are non-negative
deterministic functions on R, with g(t) = 0 = ¢(¢) for t <0, and o. and a. are
two cadlag processes. The .Z.%.% are analytically tractable and encompasses some
classical models, as that of Schwartz [39], along with a wider class of continuous-
time autoregressive moving-average (CARMA) processes. Note that in (7) the log-
spot price is modelled directly, as opposed to traditional approaches that focus on
modelling the dynamics of the spot price.

Consider a forward contract stating the agreement to deliver electricity at time
T, for a predetermined price F;(T), fixed today but payable at 7 with no other cash
flow att < T. This price is referred to as forward price, and it is fixed in such a way
that the price of the contract, at the issue time ¢, is zero. Then by definition

0=Ep: [exp {_ /ZT rudu} (exp{¥r} — F(T)) ’ ﬁ,} .

From this equation and the abstract Bayes’ rule (see [36, Lemma A.1.4]), which
links the risk-neutral measure P* with the 7-forward measure
P7, we get, provided integrability conditions on exp{Y7},

FAT) = Eprlexp{¥r}| 7. ®)

As mentioned before, due to the lack of an underlying, any measure P’ equivalent
to P maybe chosen as pricing measure. If we assume that under P” the dynamics of
the log-spot price is given by 7 with (Z;),.r = (W;),R being a two sided Brownian
motion, then for a constant volatility o; = 1 we have the simple expression for the
forward price

t

F(T) = C(T) exp { /

—oo

1 1
g(Tfs)dstE/ gZ(Ts)ds}. )
We refer to [41] for a multivariate version of (7), and a detailed empirical study
using data from the European Energy Exchange.
4.2.2 Modelling forward prices

In [7] forward prices are modelled directly, rather than modelling the spot price and
deducing the forward price from the conditional expectation of the spot at delivery
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(cf. 8). Moreover, as opposed to existing literature, the dynamics of the forward
price are not specified; instead, the authors specify an ambit field which explicitly
describes the forward price. More precisely, for each maturity T, the deseasonalized
log-forward price at time 7 is modelled by

log Fy (x) := /A(M)g(é,t—s,x)cs(é)L(dé,ds), (10)

where the spatial component in (10) models the time to maturity, i.e., x := T —¢, the
ambit set is given by A(r,x) := A, :={(&,s) : & > 0,5 <1}, and the kernel g may
be chosen in order to capture the so-called Samuelson effect (see [38]). In addition,
the fact that forward contracts close in maturity dates are strongly correlated may
be captured by assuming that the volatility is another ambit field, independent of L,
and with a kernel warranting that Cor(o?(x), 62 (%)) is high for values of x and ¥
close to 0.

Traditionally, the forward price is modelled as a semimartingale such that there
is an E(L)MM under which the price dynamics becomes a (local) martingale. Ac-
cording to [7, Corollary 1], (F,(T)),.R is an FX-martingale if and only if the kernel
g in (10) is deterministic and does not depend on ¢. For instance, one can consider

logFi(T—1) = [ exp{-a(E+T-s}a(EW(@Eds), (D)

where o¢ > 0 and W a homogeneous Gaussian Lévy basis. Such rather strong condi-
tion rules out many interesting more general ambit fields, however, it still includes
some CARMA and standard models as those of Heath et al. and Audet et al. (see [27]
and [1], respectively). Nevertheless, it would be possible to use non—martingales for
modelling forward prices without given place to arbitrage opportunities, due to the
specific features of electricity markets mentioned above.

Finally, let us mention that (10) induces a model for the log-spot price Y. which
is consistent with that in (7). In particular (see [7, Example 2]) the example in (11)
leads to

Y, :/jmexp{—ot(t—s)}dWs.
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Abstract In this article, we study a bond market where short rates evolve as

= /t gt —s)o,W(ds)

—00

where g : (0,00) — R is deterministic, o > 0 is also deterministic, and W is the
stochastic Wiener measure. Processes of this type are also called Brownian semista-
tionary processes and they are particular cases of ambit processes. These processes
are, in general, not of the semimartingale kind. We also study a fractional version of
the Cox—Ingersoll-Ross model. Some calibration and simulations are also done.
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1 Introduction

In this paper we study a bond market where short rates evolve as

t
re = / gt — s)o,W(ds),
—00
where g : (0,00) — R is deterministic, 0 > 0 is also deterministic, and W is
the stochastic Wiener measure. Processes of this type are particular cases of ambit
processes. These processes are, in general, not of the semimartingale kind. Our
purpose is to see if these new models can capture the features of the bond market by
extending popular models like the Vasicek model. Affine models are quite popular as
short rate models (see for instance [5]) but they imply a perfect correlation between
bond prices and short rates, something unobservable in real markets. Moreover, the
long-range dependence in the short interest rates (see [7]) and also in the intensity
of default in credit risk models (see [3, 8]) is not captured by these affine models.
We model the short rates under the risk neutral probability and we obtain
formulas for bond prices and options on bonds. We also consider defaultable bonds
where the short and intensity rates show long-range dependence. We also try to
establish the dynamics corresponding to this ad hoc or statistical modelling. This
leads us to study the stochastic calculus associated with certain ambit processes.
The paper is structured as follows: in the next section we introduce the short rate
model. In the second section we calculate the bond and option prices as well as the
hedging strategies. In the third section we look for a dynamic version of the model
that lead us to a stochastic calculus in a nonsemimartingale setting. In the fourth
we discuss a credit risk model with long-range dependence and finally, in the fifth
section, we discuss the analogous of the Cox—Ingersoll-Ross (CIR) model in this
context and we do some calibration and simulations to see, as a first step, how these
models can work in practice.

2 The Model of Short Rates

Let (2, F,F, P) be a filtered, complete probability space with ' = (F;),cp +
Assume that, in this probability space

t

'y = / g(t —s)o,W(ds) + s, (24.1)
—00

where W is the stochastic Wiener measure under the risk neutral probability, P* ~

P, g is a deterministic function on R, g € L*((0, 00)), and o > 0 and y are also

deterministic. Notice that the process r is not a semimartingale if g’ & L?((0, 00)).

Furthermore, we also assume that

t
/ g (t — s)oszds < 00 (24.2)

—00
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which ensures that r, < oo almost surely. By an (F;)-stochastic Wiener measure
we understand an LZ%-valued measure such that, for any Borelian set A with
E(W(A)?) < oo

W(A) ~ N(0,m(A4)),

where m is the Lebesgue measure and if A C [t, +00) then W(A) is independent
of F;. Note that for @ € R the process {B, = faH_a W(ds),t > 0} is a standard
Brownian motion.

3 Pricing and Hedging

3.1 Bond Prices

T
P(t,T) = Ep+ (exp (—/ rsds) ]—'t)

for the price at ¢ of the zero-coupon bond with maturity time 7. We assume that
exp (— fOT rsds) € L'(P*) in such a way that the discounted prices P(t,T) :=

Set

P(t,T)exp {— fot rsds} are P*-martingales. Then we have

/tT reds = /tT (/_oo (s — u)ouW(du)) ds + /tT ssds
_ /_ too o, ( /, " s — u)ds) W (du)
+ /tT o (/MT gls — u)ds) W(du) + /IT wsds

:/t ouc(u;t, T)W(du)

—00
T T
+/ ouc(u; u, T)W(du)+/ Hgds,
t t
where

T
c(u;t,T) := / g(s —u)ds,t > u
t
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and where we use the stochastic Fubini theorem. Its use is guaranteed by (24.2).
Then

t

P(t,T) = exp (A(t, T) —/

—00

ouc(u;t,T) W(du)) ,

where
T T
A(t,T) = log E px (exp (—/ ouc(u;u, TYW(du) —/ /Lxds)
t t

1 /7 T
= —/ ofcz(u;u, T)du—/ Wsds
2, ‘

)

and the variance of the yield —ﬁ log P(t, T) is given by

var | —
(-7

The corresponding forward rates are given by

1
(T —1)?

1 t
log P(t, T)) = / o2c(u;t, T)du.
—t oo

f@, T)=—drlogP(t,T)

T t
= —0r (%/; ofcz(u;u, T)du) + dr (/_Oo ouc(ust, T)W(du))

T
+8T (/ ,Uade)
t
t

T
= —/ afg(T —u)c(u;u, T)du + / 0,8(T —uw)W(du) + pr

—00
and

var (f(t,T)) = / t 02g*(T — u)du.

—o0
Note that
d, f(t,T) = 0?g(T —t)c(t;t, T)dt + 0,g(T — t)W(dt)

=a(t,T)dt +o(t, T)W(dt),

with

o, T)=0.g(T —1),
a(t,T) = otzg(T —t)c(t;t,T).
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Obviously it satisfies the HIM condition (see Chap. 18 in [5]) of absence of
arbitrage:

T
a(t,T) =o(t, T)/ o(t,s)ds
T
g =) [ gt~ s)as

= ofg(T —t)c(t;t, T).

3.2 Completeness of the Market

It is easy to see that

~ P, T
P, T): = ( p )
exp {fo rsds}
t 1 t
= P(0,T)exp (—/ ouc(u;u, TYW(du) — 5/ ch(u; u, T)2du) .
0 0
In fact
1 T T
A, T) = _/ olc(u;u, T)zdu—/ sds
2 Jo 0
1 t t
=A@t T) - —/ ofc(u; u, T)>du —/ wsds,
2 Jo 0
)

t

P(t,T) =exp (A(t, T)— /

—00

ouc(u;t, T) W(du))

0
= exp (A(O, T)— / o.c(u; 0, T)W(du))

—0o0

1 t t
X exp (—5 / o2c*(u;u, T)du + / u_;ds)
0 0

0
X exp (/ 0, (c(@;0,T) —c(u;t,T)) W(du))

—00

X exp (— /t ouc(u;t, T)W(du)) ,
0
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consequently
1 t t
P, T)= P(0,T)exp (—5 / ofcz(u; u, T)du + / /Lsds)
0 0

X exp (/0 ouc(u; 0, )W (du) — /t ouc(u;t, T)W(du)) ,
0 0

exp{/ot rsds§ = exp%/ot (/:x: o.g(s — u)W(du)) ds + /Ot u_;ds}

0 t ‘
= exp {/ o,c(u; 0, t)W(du)—i—/ ouc(u;u, t)W(du)+/ ,uxds},
0 0

—00

IS(I, T) = P(0,T)exp (—% /t afcz(u; u, T)du)
0
X exp (— /t ouc(u:t,T) + c(u;u, t))W(du))
0

t 1 t
= P(0,T)exp (—/ oyc(u;u, TYW(du) — 5/ oZc*(u; u, T)du) .
0 0

Therefore, ~ ~

dP(t,T)=—P(t,T)o,c(t;t, TYW(dt),t = 0.
Let X be a P*-square integrable, Fr-measurable payoff. Consider the (F;)-
martingale

M, := Ep+ (X|F)) .1 = 0,

then by an extension of Brownian martingale representation theorem we can write
dM[ = H[ W(dt)7

where H is an adapted square integrable process. The proof of this exten-
sion follows the same steps as the proof of the classical result (for more
details, see [14], pp. 198-200). But we need a wider set of functions £ =
{exp (f_Too f(s) W(ds)) . f € S} as total set in L>(Fr, P*), where S is the
set of step functions with compact support on (—oo, T'].

Let (¢, ¢! ) be a self-financing portfolio built with a bank account and a 7'-bond;
its value process is given by

V, = ¢eh % 4 gl P21, T),
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and, by the self-financing condition, the discounted value process V. satisfies
AV, = ¢!dP(t,T).

So, if we take
H
¢tl = = d
P, T)oie(t;t,T)

we can replicate X. In particular the bond with maturity 7* can be replicated by
taking

P(t, T*)c(t;t,T™)
P, T)c(t;t,T)

bonds with maturity time 7 > T*.

3.3 Option Prices

Consider a bond with maturity 7 > T, where T is the maturity time of a call option
for this bond with strike K. Its price is given by (see [5], Chap. 19)

4Ty = Pa.T)PT(P(T.T) = K|F) - KP(. T)PT(P(T, T) = K|F))

Py 1 ;,) _KkPe.TIPT (P(T, T)>K‘f,),

P(T.T) — K

- P(z,T)Pf(

P(T.T)™

where P is the T-forward measure and analogously for P T Define

P(t.T)
Pt T)

UueT,T):=

Then
t

ou(c@u;t, T) — c(u;t, T)) W(du)

U@t;T,T) = exp —A(t,T)—i—A(t,T)—/

If we take the T-forward measure Pf, we will have that
W(du) = W (du) — a(u)du,

where WT(du) is a random Wiener measure in R again. Then, since U(z, T, T) has
to be a martingale with respect to P”, a(u) is deterministic and we also have that
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t

ue:T.7T) = exp{—/ oy (c(u;t, T)—c(u;t, T)) WT(du)

1 [ _

__/ ol (c(u;2,T) —c(u;t,T))zdu§ ,
2 )

SO

T _
U(T) :=U(T:;T,T) =U(@;T,T) exp{/ ouc(u; T, TYWT (du)

17 _
—_ / ch(u; T, T)zdu
2 J;

and analogously

T
Ur) ' =uT:T.T)=U""'t;T.T) exp{ —/ ouc(u: T, TYWT (du)

17 _
—= / o2c(u; T, T)*du
2 J;

Therefore
n:T) = Pa.T)PT(UT) < %IE) — KPt. T)PT(U™NT) = K|F)
= P(t,T)PT (logU(T) < —log K|F;) — KP(t, T)PT (logU~"(T)
> log K| F7)
=Pt T)®(dy)— KP(t, T)®(d-),

where _
log LT 4 152
d+ — KP(1,T) 274 T.T
ZJt,Tj"
and
T
2 2 A2
Et,T,f = /t o c(u; T, T) du.

3.4 Examples

Example 3.1. If
gty=e", o,=o0, and u = a,
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we have
0 ‘
r=a-+ e_b’/ P oW (ds) + e_b’/ e o W(ds)
—00 0

t
=ree " +a(l —e™) + e_h’/ e oW (ds),
0

that is the Vasicek model, and

P(t,T) = exp (A(t, T)— /T (/t og(s — u)W(du)) ds)
= exp (A(t, T)— /tT (/_t ‘zg : Z;Gg(t — u)W(du)) ds)

T '
= exp (A @, T)— / e b= (/ ge b0 W(du)) ds)
t —00

T
= exp (A(t, T)—(r, — a)/ e_b(s_t)ds)

=exp(A(t,T)+aB(t, T)—rB(t,T)),

with
B(t,T) = %(1 —e P70

and

o2 T T 2

A, T) = 7[ (/u g(s —u)ds) du—a(T —1)
o2 T
= 7[ B(u, T)*du — a(T —1t).
Here
c(u;t,T) = % (e_h(’_”) - e_b(T_”)) u=<t=<T,

SO

var (—

1 1 !
log P(t, T =—/ o2c?(u:t, T)du
L log P( )) el BRGRCIRY

02 (1 _ e—h(T—t))Z

= ~T72,
20 (T —1)°
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when 7" — oco. The corresponding instantaneous forward rates are given by
o’ b(T—1))2 b(T
f@.T)=—-—3 (1-e?T) +0e ", —a) +a.

var (f(t,T)) = /t afgz(T — u)du

—00

t 2
_ 02/ e 2b(T=w g, — 2611 e 2T
—o0 2b

when T — oo. Moreover the volatility of the forward rates is given by o' (¢, T) =
oe T~ and this is not too realistic.

Example 3.2. Assume that 0; = o1y,>0y and
t—u
gt —u) = e_b(’_”)/ P BsPds,

0

for B € (0,1/2). We have that
T
c(u;t,T) := / g(s —u)ds =¢(0:0, T —u) —c(0;0,¢ — u),
t

with

¢(0;0,x) = e_hx/ ePssPds.
0

Then

1 1 !
var | — log P(t,T) )| = ——— o2c?(u:t, T)du
( T—; % ( )) (T—l)z/—oo 2 )

o2

0 L 00T ) (001 — )
a 2(T_[)2/0(C(0’07T u) —c(0;0,t — u))“du

1 t
~ ﬁ/ c(0:0, T — u)>du ~ T*#72,
0

when T — oo. In fact

g o S\B

c(0;0,x) = e_hx/ ePshds = xﬁ/ e b (1 - _) ds.
0 0

and by the monotone convergence theorem

* s & 1
lim e —)Pds = / e Pds = —.
X 0 b

X—>00 0
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Moreover
t
var (f(¢,T)) = / 02g*(T — u)du ~ T*#72,
—00
Since for x > 0

X X
gx) = e_bx/ e BsPlds = pxP! / e (1 — i)ﬂ_lds

0 0 X

x/2 s x Ky
= BxP~! / e (1 — ) ds +/ e (1 — =) lds |,
0 X x/2 X
and

x/2 s [e9) 1
lim e (1 —2)Fflds = / e sds = —,
x—>00 [, X 0 b

/“ e (1= Syp-1ds < e—bxﬂf (1= 2)p-14s
x/2 X x/2 X

when x — o0. Also observe that the volatility of the forward rates o(¢,7) =
02g(T —t) ~ TP~ when T — oo, that is more realistic (see Sect.4.1 in [7]
and also [2]) than the exponential decay in the Vasicek model. For § € (—1/2,0)
consider the memory function

X
g(x) =exP + ﬁ/ (b= _ e=bxy,P1qy,
0
and then
glx) ~ xP!

when x — oo. In such a way that we obtain analogous asymptotic results to the
previous case.

4 An SDE Approach

We have postulated that

t
ry = / gt —s)a,W(ds) + w4,
—00
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and the question is if this process (7;),cg can be seen as the solution of such a
stochastic differential equation. For instance, assume that

dr; = b(a — r)dt + cW(dt),

then we have
t
r, = roe—bt +a(1 _e—bt) + e—ht/ ehSGW(dS),
0

and if we take .
ro = / e oW(ds) + a,

—00
we obtain that .
r=a +/ e D)o W (ds).
—00

b

So, it corresponds to g(¢) = e, 0y = 0, and u, = a.

4.1 Ambit Processes as Noises of SDE

Consider the processes W# given by

W = / " g5 W (ds),

—00

where g : R? — R deterministic, continuously differentiable with respect to the
second variable, g(s,7) = 0if s > ¢ and fioo g%(s,t)ds < oo. In this section we
explain how a stochastic calculus can be developed with respect to these processes.
Here we follow [1,7, 13]. First, formally,

WE(dt) = g(t,)W(de) + (/t 8;g(s,t)W(ds)) dr,

and for a deterministic function f(-,-), we can define

/ ) WE )

= /_t f(u,t) (g(u, w)W(du) + (/_u 0.8 (s, u)W(ds)) du)

=/_ (/_ (f(u, 1) = f(s,1)) aug(s,u)W(ds)) du
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+ /_;o (/St f(s,t)&ug(s,u)du) W (ds)

+/_ fu,t)g(u,u)W(du)

t
—00

= / (/ (f(u,t) — f(s,1)) dug(s, u)du) W(ds)
+ /_ Sf(s.0)g (s, 1)W(ds)
= /; (/ (f(u, t) - f(s, [)) 3ug(S, u)du —+ f(s7 l)g(s, [)) W(dS)

Then, the latest integral is well defined in an L? sense, provided that

t t 2
/_ (/ (f(u,t) — f(s,1)) 0,g(s,u)du + f(s.1)g(s, l)) ds < oo.
Now, if we construct the operator
KE(f)(s.1) := / (f(u,t) — f(s,1)) dug(s,u)du + f(s,1)g(s,1),
it is natural to define
/| C f W) = i )

provided that f (1) € (Kf) ™" (L2(—o, 1]).
Note that if g(s,s) = 0, then we can write

KE(f)(s,0) = /t S (u, )98 (s, u)du, (24.3)
and in the particular case that A f = 0, we have
KECH60 =0, [ S 1) s, u)d
=0 (;‘ * &) (s,1),

and

/ W ds) = / ’ (at / t f(u,ng(s,u)du) W(ds)

N c%/_too /st S, 1)g (s, u)duW (ds)
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= (%/_’oo fu,t) (/_; g(s,u)W(ds)) du

d t
= — HWedu.
i | o

Consider now

_ t ~ t 8
Ty b/o (a rx)ds+a/0 (t —s)" W(ds),

with 8 € (—1/2,0) U (0, 1/2), then if we define
t
W= [ -9,
0

t
re= b/ (a —ry)ds + o WP ().
0

In such a way that (r;) is an Ornstein—Uhlenbeck process driven by W#.
We obtain

t
re=roe " +a(l—e) + e_b’/ e o WP (ds)
0

t
=ree " +a(l—e )+ / og(t —s)W(du).
0

Then, if B € (0,1/2), by (24.3) we have

/0 t e P Wh(ds) = /0 [ ( / [ e P B(s — u)ﬁ—lds) W (du)
= /t (/t—u e_b(t_s_”)ﬂsﬁ_lds) W(du).
o \Jo
= /Ot e P (/Of—u e}”ﬁsﬁ_lds) W(du).

t—s
g(t —s) =e b= (/ eb”ﬁuﬂ_ldu) ,
0

andif B € (—1/2,0)

In such a way that

t—s
gt —s) =e " —5)f 4 e / € — 1)V~ du.
0
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5 A Defaultable Zero-Coupon Bond

The purpose in this section is to price a zero-coupon bond with possibility of
default. The payoff of this contract at the maturity time is 1.7}, where 7 is the
default time. Then, an arbitrage free price at time 7 is given by

D(t.T) = 1o E (1{I>T}e—ff ryds

Qt),0§tsT,

where the expectation is taken with respect to a risk neutral probability, P*, and
where the filtration G = (G;),~ represents the information available to the market.
Here we follow the hazard process approach (for more details, see Sect. 8.2 in [4]).
In this approach we consider two filtrations, one is the default-free filtration ' =
(F1),>( that typically incorporates the history of the short rates. The default time is
modelled by a random variable 7 that is not necessarily an F-stopping time, then the
other filtration is G = (gf)tz() , where

G =F Vvo(t AtL),

in such a way that t is a G-stopping time. Now, if we assume that there exists an
[F-adapted process (A;),, the so-called hazard process, such that

P*(x > 1| F) = e s,
it can be shown (see [12], Chap. 8) that

D(l, T) = 1{r>t}E (1{T>T}e_ftT s

T
gt) = lgonE (e_ff (ry+As)ds

7).

Then we need a model for (r7),5 and (4,), - A classical model is a Vasicek model
for both processes

dr, = b(a —ry)dt + odW(2),
dX, = b(G — A)dt + &dW (1),
where W and W are correlated Brownian motions and here Fi = o( W, W; 0<

s < t). The idea is to extend this model by considering ambit processes as noises in
the stochastic differential equations. For instance we can have

t
= / o,g(t —s)W(ds) + u,,

—00

t
A = / 5e8 (0 — )W (ds) + .
o0
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See [3] for a similar modelling. Then, the price of a defaultable zero-coupon bond
at time ¢ will be given by

D, T) = lg=pexp (A(t, T)— /t (ouc(u;t, T)W(du)+6,¢(u: t, T))W(du)) ,
where

| T
A, T) = 5/ (022w t, T) + 62 (u; 1, T) + 2p0,8uc(u; 1, T)C(u; 1, T)) du
t

T
_ / (o + ) dt
t

and p is the correlation coefficient between W and W. Interesting cases are 0, =
Gl{uz()}v Ou = 61{1420}: Hu = U, liu = I:L!

1—s
gt —s) = e_b(’_‘y)/ P BuP ' du,
0
o r—s o s
gt —s) = e_b(’_‘y)/ e BuPf~"du,
0

B.f e (=1/2,0) U (0,1/2). Note that

1 v
var (— T log D(t, T)) ~ T2BVE2,

6 The Analogue of a CIR Model

One of the drawbacks of the previous model is that it allows for negative short rates.
An obvious way of avoiding this is to take

d

t 2
=y (/ g —S)UstVi(S)) +ro, 1=0,r9>0,
0

i=1

where (W})), <, <, is a Brownian motion in R¥.

6.1 Bond Prices

d ¢ pt
=y /0 /0 g(t —w)g(t —v)o,0,dW; (u)dW; (v),

i=1
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where by simplicity we take ro = 0, then

' d ‘ r s ) ) d
’ - - - uOvy VV; VVZ
/f - ;/ (/0 8(s —u)gls =v)ouo,dWi(u) <v>) s
d o .
B ;/o /0 o (/t gls —wgls = V)ds) dW; () dW; (v)
d . AT .
+2 ;/0‘ [ 0,0y (/; g(S - M)g(S — V)dS) VVt(du)VVl(dv)
d S ,
+ 040y ( g(s —u)g(s — v)ds) W (du) W; (dv)
X[ [ (]
d ot ot
= ;/0 /0 0140v02(u, V;t, T)dVVi(M)dVVi(v)
d . AT
+2 ;/0 /t 0,0,¢2(u, v u, T)dW; (u)dW; (v)
d
+ Z /T /T 0,0,¢2(u, v; u v v, T)dW; (u)dW; (v),
i=1"1 !

with co(u,v;t, T) := ftT g(s —u)g(s —v)ds.

P(O.T)=E (exp %—/OTrsds})

d T T
=FE <exp { — ;/0 /0 0,0,¢2(u, v;u v v, T)dW,; (u)dW,-(v)% )

d

1l
11:[1 E (exp { —T/O /0 oru0TyCo(Tu, Tv; T (u Vv v), T)dW,-(u)dW,-(v)})

—d/2
R (s1,51) -+- R(s1,8,)

00
(2T)n /l /1
14+ : : dsy - --ds, s
,; n!Jo 0 : '

R (sp, 1) -+ R(Su.8n)

where

R (u,v) = opyoryc2(Tu, Tv;T(uvv),T).
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In the second equality we use the scaling property of the Brownian motion and in
the third Corollary 4 in [15].

Example 6.1. Assume that g(t) = 1y>0y and 0; = o. Then r; is a squared Bessel
process of dimension d (see for instance [10]) and

R(u,v) =0’T(1—(uVvv)),

consequently

(S

2
(eﬁaT + e—«/iar)

PO.T) = (cosh(v2T)~¢ =

[S1EW

(see [15] for the calculations of the Fredholm determinant),

R (s1,51) -+ R(s1,8,)

o0 A" 1 1
dk = 1+ —/ .../ N N ds ...dsn
(*) ;n! AR A 1

R (s4,51) -+ R(sp,8)

Another procedure to calculate the Fredholm determinants is given in [11], where it
is shown that provided the kernel R (u, v) is of the form

R (u,v) = Mu~vv)NuAv)

we have that
d(A) = Ba(1),
and therefore
_d
P(0,T) = (Bar(1)) 2,
where B (¢)is defined by the linear differential equation system

(4&0)) _ (—N(I)M(t) N2(1) )(AA(I))
By (1) -M?(t) N@OM()) \ Bi(t) )’
4,00 _ (0

(mi)=(1):

In our case M(t) = 02T (1 —t) and N(t) = 1 and by straightforward calculations
we obtain

eav)LTt _ e—av)LTt eav/\Tt + e—av)LTt

By(t) = o?’T?*| (1 —1) AT + ( )2
oV AT
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1 T T T T T T T T T

—— model
0.95 --- market

0.9}

0.85f

0.8r

P(0,T)

0.7

0.65

0.6

0.55 L
0 2 4 6 8 10 12 14 16 18 20

T (years)

Fig. 24.1 EUR - Discount curve 04/11/2011 : 0 = 21.90% and d = 0.2093

Note that we can consider squared Bessel processes of dimension d > 0, where
d is not necessarily integer (see [10] and Corollary 6.2.5.5 therein). A calibration
of this model is given in Fig. 24.1. We have performed a calibration of the model on
the market discount curve of the 4th of November 2011. More precisely, we have
on that date calibrated the d and o parameters on the EUR market implied discount
curve up to 20 years of maturity. The optimal parameters were obtained using a
least-squared-error minimization employing a Nelder—-Mead search algorithm. The
calibrating is performed very fast and the optimal parameters are obtained in less
than a second, due to the fact that discount values under the model are available in
close form. Even though this model is not mean reverting the fit to real data is quite
good.

Example 6.2. Another interesting example is the classical CIR model. In such a
case

R(u,v)

T 0.2
02/ e—b(s—u)e—h(s—v)ds — _ebT((u/\v)—l)(e—bT((u\/v)—l)
T(uvv) 2b

_ebT((qu)—l))

Mu~vv)N@uAv),
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where

o —
M([) — (e—bT(I—l) _ ebT(l 1)) ,

V2b

o
N(1) = —=e"T0h,

V2b

Then we have the system

AA (1) Lo e2bT(t—1) (1 _ e—sz(z—l)) e2bT(t—1)
(BA([)) = E (_ (esz(t—l) _ 1) (1 _ e—2bT(t—1)) _ (e2bT(t—1) _ 1))

Ay (1)
) (Bm))’

(1))
By0))  \1)°

By(t) = (777 — 1) 4;(r)

So,

and
Ay(t) = 2bT Ay (t) + Ao>TA; (1);
from here we obtain that

Aor(t) =C (eT(bJ“/m)t _ eT(b—Wn)

and that

Bor(1) = C (e—sz(t—l) _ 1) (eT(b+«/b2+2<72)t _ eT(b—./h2+202)z)

C(2b) T ( T (=b+Vb>+207)1 T (=b—+/b2+20%)1 )

—b + Vb2 + 202 B —b — A/b% 4 202

where C = —%‘T’Zj%. Therefore
1 —b+ /b 4207
Bor(1) = (& + Vb7 + 207l 42
zr (1) 2/b% + 202

+(=b + Vb2 + 202 e—T(b+vb2+2az)> '
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6.2 Numerical Methods for Pricing

In case that the Fredholm determinant appearing in the price formula cannot be
calculated analytically, efficient numerical methods are known [6]. The idea of the
approximation is the following: first let denote

R (s1,81) ==+ R(s1,8,)

R S A" 1 1
1) = _ : : -o.ds,,
d™ (1) Zn'/o /O : dsp---ds

n=0 R (sy,81) -+ R (sy, 1)

the price we are looking for equals [dR (2T)]_d/ 2; then, for a given quadrature

formula . 1
0 ()= w, f (x,) ”’/o £ () dx,
j=1

we consider the Nystrom-type approximation of d (1) :

dg, () = det[8;; +AwiR (xi.x;)]] _ - (24.4)
By the von Koch formula (see [6]), we can write
R o A
dg, ) =1+ "0} (Ry)
n=1
where, for functions f on R”,
m
0" (f):= Z wiieowi f (. x5,)
Jleedn=1
and R, (s1, ..., 8,) := det[R (s;.s; )]7} _, - Note that the previous series terminates

in fact at n = m. Nevertheless, the error is given by the exponentially generating
function of the quadrature errors for the functions R,

X an

dg(m—du):Zi,[ k- [ Rn(zl,...,zn)dzl---dzn}.
n! [0,1]"

n=1

So, this method approximates the Fredholm determinant by the determinant of an
m x m matrix applied in (24.4). If the weights are positive (which is always a better
choice), its equivalent symmetric variant is

df (A) = det [&, + Aw/?R (xi,xj)w}/z]rjzl .
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Using Gauss—-Legendre quadrature rule, the computation cost is of order O (m3)
and simple codes for Matlab and Mathematica can be found on page in [6]. Also,
Theorem 6.1 in [6] shows that if a family Q,, of quadrature rules converges for
continuous functions, when m goes to infinity, then the corresponding Nystrom-
type approximation of the Fredholm determinant converges to d (1), uniformly for

bounded A. Moreover Theorem 6.2 in [6] shows that if R € C*¥~11 ([0, 1]2), then

for each quadrature rule Q of order v > k with positive weights there holds the
error estimate

4, ) —d* | = a2 b —a)vFe (2 b -a) |RIy).
where ¢ is a constant depending only on k:

R||, = max ‘
IRl = max,

i,

and
X p+2)/2 .

@(z)zz Z

n=1

n!

is an entire function on C.
Figure 24.2 shows the relative error

_|P©.T)~af  @T)
R = P(0,7)

in the classical CIR model as presented in Example 6.2 (with m = 100).

Now, we can apply this method to evaluate numerically Fredholm determinants
and consequently prices for bonds in the CIR models. With the notation used above,
we have the following proposition:

Proposition 6.1. Assume 0; = 1y50y, g(s) = 5%, fora € (—1/2,1/2), let

2a+1 2041
Ruy) = [2(12—_ub)t(i; v)] B % (|u;v|)

x| B ! +1 BY ! +1
- —a,u — - —a,a
2 2

2
fory = (#{_VH)) , and where B and BY are the beta and the incomplete beta

functions, respectively. Then, the price of a zero-coupon bond, for the corresponding
CIR model, is given by

—d - 2T2a+2 —d/2 ~ 2T2a+2 —d/2
ron=ften ™ =[¢(T)] =~ (Tr)]
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x 1075

T (years)

Fig. 24.2 R(T), Relative error, classical CIR model, d = 2, sigma = 0.2, m = 100

Proof. Assume that 0 <v <u < 1, then

T T
2 (Tu, Tv;Tu,T) = / g(s —Tu)g(s — Tv)ds = (s —=Tuw)* (s —Tv)*ds
Tu Tu

1
_ 2+l / (s —uw)® (s —v)*ds = T ey (u, viu, 1).
(24.5)

Now, for u # v, we have

/l(s—u)“(s_v)“dsz(”;V)za/l[(suiv_z—l_:)z—l]ads,

and we obtain

— p\2a+1 [P
c(u,viu, 1) = (u 5 v) / (x2 — l)a dx,
1
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where b = 2= u(””VLV) Now, by writing 1/b? = y, we have

/lh (x> —1)"dx

1 1
T2

1
(1—-x)* XTIy = / (1 —x)**! XTIy

14 14

1
+ 1 (d-x)° XTI
¥

1 1
—5— 1 1
(1—x)t 2 - / (1 — x)* x~27%dx
—5—a 1+ 2x y

1 a+1 —l—al : o —1—a
1+2a¢—[(1—x) x72 ]y—/y (I-x)"x2 dx}

1 1 1
%2)/—2—01 (1— y)a+1 _/ (1— x)a+1—1 x(z—a)—ldx} )
y

(S

1+ 2«

Then, since @ € (—3.3), 53—« >0,and e + 1 > 0, and we can write

1 1
B (_ —o, o+ 1) = / (1 _x)a+1—1 1—a)— ldy,
2 0

where B (-,-) is the beta function. If we denote the incomplete beta function by

B (-,) ]
B (a, B) = / X711 = x)Plax, a,B >0,
0

we can also write, forv < u < 1,

¢ (u,viu, 1)

1 u— v\ 2a+l1
B ( 2 )

{y 2"‘(1 “+1—%(B(%—oz,oz—i—1)—BV(%—a,a+1))§

(2(1 —u)(1— v))2“+1

2—u—v

I S (C(EEn R )}

(24.6)

1+20l
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Incaseofv=u <1,

(S _u)2a+l:|1 _ (1 _u)2a+l

1
i, 1) = —u)**ds =
cy (u,usu, 1) /u(s u)™ds |: a1 a1

Then, by (24.5) and (24.6), we have

T2a+1 21 — )1 = T2 1y — vy 20+1
Ry — (00 =0y
1+ 2« 2—u—v 2 2
x|| B ! +1 BY ! +1
3 o, o 3 o, o .
Therefore

R(slvsl) e R(Slisn)

R N A" 1 1
dR () = —/ / : © | dsy---ds,
nX:;)n! 0 0 : !

R (sn,51) -+ R(Sn,n)
)LT201+1 n
i ( I+ 2a ) /1 /1
n=0 n! 0 0
_ dﬁ ATZO(_H
1+2a )’
and the price is given by

—d ~ 2T2a+2 —d/2 - 2T2a+2 —d/2
ron=ften ™ =[¢(T)] =~ (Tr)]

Remark 6.1. In order to include the case of the volatility not being constant, one
only has to substitute 7,07, R (1, v) for R (u,v) or o7,07,R (u,v) for R (u, v).

ﬁ(sl,sl) ﬁ(sl,sn)

: : dsy ---ds,
ié (snasl) e E (Snvsﬂ)

Remark 6.2. The incomplete beta function ratio defined by

_ 1 g a— _ Bl
Ix(a,ﬂ)——B(a’ﬁ)/oz Y-

can be obtained by using the function betainc(x, @, 8) in matlab, so we can
compute B? («, B) easily.
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1 —— T T T T T T T T

X —— alpha=0.05
0.9F \ - - - alpha=0.25
< alpha=0.45

0.8}

0.7

0.6}

P(0,T)
o
&)

0.4}

0.2}

0.1

0 2 4 6 8 10 12 14 16 18 20
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Fig. 24.3 Approximation of prices, d = 2, sigma = 0.2, alpha> 0

Figures 24.3 and 24.4 show the approximated price P (0, T') under the circum-
stances of Proposition 6.1, for T € (0,20) in years, d = 2, 6 = 0.2, and
o € {—0.45,-0.25,-0.05,0.05,0.25,0.45}.

6.3 The Dynamics of the CIR Model

A natural question, as we did in Sect. 4, is if the process

d

=Y ( /0 gl ~ s)ade,-(s>)

i=l1

2

can be seen as the solution of certain SDE. Write
t
B0 = [ gl = 0.4m0)
0

then

d
ro=Y Y.

i=l1
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1 T T T T T T T T T
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o8l -
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0.3fF

0.2}

0.1 :
0 2 4 6 8 10 12 14 16 18 20

T (years)

Fig. 24.4 Approximation of prices, d = 2, sigma = 0.2, alpha <0
Assume that g € C'and it is square integrable, then Y is a semimartingale with

dYi(r) = g(0)o;dWi (1) + (/t g'(t _S)OdeVi(S)) dr,
0

suppose g(0) # 0 as well. If we apply the Itd formula for continuous semimartin-
gales we have

d d
dry =) 2Yi(0dY; (1) + ) d[Y;, Yil,

i=1 i=1

d d t
= > 260, wam o) + 200 [ £6 - opmamo )a
0

i=1 i=1

d
+Y X (0)o7d:

i=l1

L Yi@)
=2g(0)o,ﬁ§ ﬁde(t)

d t
¥ (dg2(0>a,2 #omo ([ - s)axdW,-(s))) ar
0

i=l1
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Then it is easy to see, by using the Lévy characterization of the Brownian motion,
that

d
> Y’—(:)dW(t) = dB(1),

i=1

where B is a Brownian motion. Finally if g’(t) = —bg(¢), g(0) = 1, 0; = 0, we
have

dr, = (do* — 2br))dt + 20 /r,dB(t)

that is the dynamics of a CIR process. If g’ is not square integrable then the process

Y1) = fo ot — 5)0,dWi (s)

is not a semimartingale and we cannot apply the usual Itd formula. In the particular
case that

—s
g(t —s) = e—b“—s)/ e Buf~'du, p € (—1/2,0)U (0,1/2),
0

ando, = o

t
Yi(t) = f oe P =WF (ds)
0

H}ﬁ =] ' ,B H} ,
SO

t
B =-b [ ¥+ awo
0
and, by the It6 formula for these processes, we have [1]
dr, = Z 20Y; (t)(?Wﬁ(t) 2br(t)dt + Z o (/ (t — u)ﬁdu)

i=1 i=1

= (do®t* —2br (1)) dr + 2a¢r‘,z Yi(@) 2 owl (1),

i=l1 \/_

But we do not have a characterization of the process

zt._Z/ Y()aW’S (s), ¢ > 0.

i=1
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In the case that b = 0,

B
Z/ K (S)aWﬂ()t>0

i=1

and it can be shown that Z is 2-self-similar [9].
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Power variation for It6 integrals with respect to
o-stable processes

José Manuel Corcuera* and Gergely Farkas'
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In this article we consider the asymptotic behavior of the power varia-
tion of processes of the form [; u, dS;, where S" is an a-stable process
with index of stability 0 <« <2 and the integral is an It6 integral. We
establish stable convergence of corresponding fluctuations. These re-
sults provide statistical tools to infer the process u from discrete obser-
vations.

Keywords and Phrases: stable processes, central limit theorem,
power variation.

1 Introduction

We study the power variation of a process of the form

t
Z[ = / u‘gde‘?,
0

where S* is a symmetric o-stable Lévy process and the integral is an It integral.
Instead of requiring that trajectories of u have finite g-variation on any finite interval

for some

CI<L,
max (0,0 — 1)

as in CORCUERA, NUALART and WOERNER (2007), we assume that

t
/ lus | ds < o0
0

by allowing more general integrands. This is an interesting extension from a mod-
eling perspective.

Originally, the concept of power variation was introduced in the context of study-
ing the path behavior of stochastic processes, but recently has been introduced for
statistical inference for integrals based on Brownian motion (BARNDORFF-NIELSEN
and SHEPHARD, 2003; BARNDORFF-NIELSEN ef al., 2006; WOERNER, 2005), for fraction-
ally integrated processes (CORCUERA, NUALART and WOERNER, 2006); for It6 integrals

*imcorcuera@ub.edu
tfarkas@ub.edu
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with respect to symmetric stable processes (BARNDORFF-NIELSEN and SHEPHARD, 2006)
and more general Lévy processes (WOERNER, 2003); in these latter cases, integrands
and integrators are assumed to be independent. The power variation for pathwise
integrals a-stable Lévy process has been considered in CORCUERA ef al. (2007), the
power and bipower variation for pathwise integrals with respect to Gaussian process
with stationary increments in BARNDORFF-NIELSEN, CORCUERA and PopoLsk (2009a)
and BARNDORFF-NIELSEN et al. (2009b) and for Brownian semi-stationary processes
in BARNDORFF-NIELSEN, CORCUERA and Poporsku (2009c). It is also interesting to
mention the work by Jacop (2004) where closely related quantities to the quadratic
variation of certain integrated stable processes are treated.

The paper is organized as follows: in section 2, we establish our asymptotic result
in uniform convergence in probability (u.c.p.), and in section 3, we provide a central
limit theorem.

2 Power variation for integrated stable processes

Let (Q, F, P) be a probability space and (]-"t) a right continuous increasing family
of P-complete sub-g-fields of F.

An (]—',)-adapted cadlag process S*={S?, >0} is a (symmetric) a-stable Lévy
process with index of stability o € (0, 2] if for every 0 <s<t

E(exp(iM(S; —SY)) | Fy)=exp(—(t—s)|2|"), L€R, Si=0a.s.

In particular, for «=2, S* equals v/2 times a standard Brownian motion. Also,
note that S* is a process with independent and homogeneous increments and «-self-
similar:

(82) ~ (a"*S?), a>0.

See Sato (1999) for more details.
If u is an (F;)-adapted cadlag process such that

t
/E(|us|°‘)dS<oo,
0

we can define the It6 integral

t
/ u,— dS?
0

and we have the following inequality:

t
P { / u;— dS?
0

In the following, we shall write C for any generic constant. This bound was obtained
by GINE and Marcus (1983); see also Rosinski and Woyczynski (1986). Note that
as a consequence, we obtain the following lemma:

© 2010 The Authors. Journal compilation © 2010 VVS.
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>/1}§)a,p/ E(|ug|")dS, for all 1>0.
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LemMA 1. Fix p<a. Then

t P t pla
E (‘/ u;_ dS? ) <G, (/ E(|us|“)ds) ,
0 0

where C, is a constant that depends on p.

Proor.

t
E(‘/ u;— dS?
0

p 00 t
>=/ P{‘/ u,—dS?
0 0
K ‘ P
=/ P{‘/ u_dSy >x}dx
0 0
00 t P
—|—/ P{ /us,de.‘ >x}dx
K 0

t
§K+CK—°"P+'/ E(|ug|")ds,
0

P
>x}dx

for all K>0. The minimum of this bound is:

« ol 1 t y pla
<C<p—1)) <1+1—:x/p> </0E(us|)ds) . _

For any p>0, a natural number n and for any stochastic process Z={Z,,1€[0, T}
the pth power variation is defined as:

[nt]

VNZ) =)

i=1

P

ZL' - Z(ifl)
n n

The following theorem provides a result for the convergence of the appropriately
normalized power variation of integrated stable processes where we denote u.c.p. in
the time interval [0, 7] and || - || . for the supremum norm on [0, 7.

In the following, we are only interested in the case p <o, where the non-normed
power variation leads to an infinite limit and, hence we need a norming sequence
that converges to zero in an appropriate way. For the case p>a and Z an «-stable
Lévy process, it is well-established (LEPINGLE, 1976; HupsoN and Mason, 1976) that
the non-normed power variation tends to the pth power of the absolute values of
the jumps of Z. First of all, we are concerned with limits in probability or in law,
by a standard localization procedure, we can assume without loss of generality that
u_ is bounded.

THEOREM 1. Suppose that u={u,,t >0} is an (]-',)-adapted stochastic process with
cadlag trajectories. Set

t
Z[:/ Ug de.
0

© 2010 The Authors. Journal compilation © 2010 VVS.
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Then, for any p<o
u.c !
m’lﬂ’/“V;”(Z),—pwp/ |ug|? ds,

as m tends to infinity, where c,=E(|S¥|?).

Proor. For the case o<1, the integral is a Lebesgue—Stieltjes integral and we can
write

Z,= /us dsy= Z ug A
0<s<t
where
ASY=S? - S*

and where

> |AS? | < o0.
0<s<t

We obtain, for any m >n,

t
‘mlﬂ’/“Vp’”(Z),—cp/ |us|Pds

[mt] jim
_1+p/c< ‘/ us dSoc
G—Dim

[n1]
_ m71+p/y
2l 3

i=1
[n1] [n1] ‘

Z |u(l 1)/in— ‘ Z Wl71+[)/1| jlm S(.;fl)/m CP Z |u(l 1)/"*|

i=1 JeL(i) 1*1

[n1]

1

n Z / gl ds
n

i=1

<

P
o o
U(i—1)In— jlm S(j—l)/m ‘

+¢p U(i—1)In—

A(’”)+ Ct(n,m)_+_D§"am)’

n

where for each i=1,...,n, I,(i)= {j: # S ((’471),;} }, 1 <i<|[nt].

For the terms C™™ and D™ the convergence to zero may be shown analo-
gously as in CORCUERA et al. (2006), noting that we have to use the scaling relation
for stable processes and the law of large numbers instead of the ergodic theorem.

For the term Izlfm), since p<a <1, we have,

© 2010 The Authors. Journal compilation © 2010 VVS.
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[mi] | jim p I p . ’
Z”f o / ug_ dSy _Z U(i—1)in— Z m” j?;n1_S(c;—1)/m
=1 (j=Dim i=1 JEL()

(nT]

Z u;, ASY — u(i—l)/n—(S/?;m - S(o;‘—l)/m) ”

SZ Z mfl-&-p/oz

i=1jel ) se(EL 4]

—1+pla o o V4
+ [[ull om sup Z |S7im = SGi—1ym |

0<t<T min[nt)<j<min([nt]+1)
(nT]
—1+pla o o 4
< Z ‘Sup ) |u~3'— — U(i—1)In— | Z m ‘ jilm — S(jfl)/m ‘

i—1 s€(i—2/n,iln] JEL(D)

—1+pla o o p
+ Hu”ocm sup Z ‘ j/m_S(jfl)/m| :

O<i<T min[nt]<j<min([nt] + 1)

As m tends to infinity, by the law of large numbers, this converges in probability

to
¢ [nT]
» Z sup  Juy —ug—iyn— |7+ | ull o

I\ ST se(=2)in, iln]

and, since u is cadlag, this tends alost surely to zero as n tends to infinity. Now,
suppose that «>1 and p <1. Again, for any m>n,

t
o 2~ [ s
0

[m1] jim P p
<Y mtre ’/ s dSE| = |ug-1ym—(Sjim — SG—1ym) ‘
— (i—1)im
[mi] . p Inl p
D P G (S5 = S| — D -1
j=1 i=1
—1+p/
X Z m +p9<| ](');m_S(c;l)mV‘
JEL()
[nt] P P
+ Z Ui~ 1yn— Z m o iim = SG—1ym

i=1 JeL(i)

[n1]

llnz

i=1

[nt]
- cpl/”z |ty "1+ ¢p

i=1

=A(,m)+B§n'm)+C,(n"m)—i-Dg”).

t
UGi—1)/n— |p - / | Us |P ds |
0

For the terms B, C"™and D\, as before, the convergence to zero may be
shown analogously as in CorcUERA et al. (2006). The term Aff") can be bounded in
the following way:
© 2010 The Authors. Journal compilation © 2010 VVS.
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[m1]

jlm V4
| Agm) I < PR L Z / Uy dS;‘ — UG- 1)m— (S_;;m - S(g;_l)/m)
(—1)im
then,
[mT] ]/m P
E( 4™ _Iﬂsz <‘ (5. — ug_1ym-) dSY )
G—1im

By lemma 1,

j/m
‘ U — UGj—1ym-) dSY
G— 1)/m

p jlm plo
=C / E(Jus —ug-iym-|") ds]
G—1)im

pla

[mT]

jim
E ( || A(m) H OO) Sm—lﬂa/a Z / E ( ‘ Uy — UG 1y |a) ds
j=1

(—Dim

plas

[mT]
m! ZE < sup | Uy — UG 1ym— |a>
]

se((G—D/Im,jlm
since u is cadlag, for any x>0 and fixed w, there exists m large enough such that

sup |Ms, —u(/'*l)/m—|“< C(k+ |Au(,-71)/m |a1{|All(/71)/m\7>rc})a 1<j<[mT],
S€((j—1)Im)jim] |
SO

[mT]

m! Z sup uL — UG- 1)im— | *2%0.
i=1 se((j—1)/m,jlm]

Then by the boundness of u; and the dominated convergence theorem, this con-
vergence is also in L!.
In the case p>1, we make use of Minkowski’s inequality:

B 1 t l/p
‘(m 1+pl“‘V,;"(Z),) P (c,,/o |us|pds)

1/

[mT] jlm ’ '
Z m Ll / Ug_ dSix - T/l(/‘—l)/m—(Sjo;m - S(O;—l)/’")
st G—1/m A

[nt] .

—1+p/
{0 (g ) (S G )
i=1jel,(i)
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[t 1/p

]
. p —1+pla o o 4
| i 1ym— | E m | ilm S(/—l)/m |
i=1 JeL()

1 [nf] 1/p
- (ncpz |41y ”)

i=1

t lp
- </ |uspds)
0

and we make use of the same arguments as before using Minkowski’s inequality
instead of the triangle inequality. O

+ ‘
1p

1/p
+¢,

[n]
(1/”2 | Ui 1yin— |”)

i=1

=A(tm)+B§n,m)+Ct(n,m)_i_Dgn)’

REMARK 1.

s (12)(52) (o ()

see Sato (1999, p. 163).

3 Central limit theorem for the power variation

Fluctuations of the power variation, for 0 <p <3 properly normalized, have asymp-
totically mixed Gaussian distributions. To establish this result we first introduce some
notation.

For any O0<p <%, we put

vy =var(| Sy |").

We will first show a functional limit theorem for the realized power variation of a
stable process.

THEOREM 2. Fix 0 <p <a/2 and assume 0 <o <2. Then

(S, n~ PP YIS, — ') 5(SE, v, W), (1)

as n tends to infinity, where W={W,,t€[0, T} is a Brownian motion independent
of the process S*-, and the convergence is in the space D([0, T1)> equipped with the
Skorohod topology.

Proor. The proof will be done in two steps. Set
Z[(ﬂ) =n71/2+p/ot V;I(Su)[ o cptnllz.
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Step 1. We will first show the convergence of finite-dimensional distributions. Let
Jir=C(ar,bi], k=1,...,N be pairwise disjoint intervals contained in [0, T]. Define the
random vectors S=(S} —Sg,...,S; —Sa) and xXm =(X]("),. . X](\f)), where

ap’”

_—1/2 /¢ 1/2
X =pT e N sE S 1= n e, |y
[nax] <j<[nbi]

=z~ Z{" +o(1),
k=1,...,N and |Ji | =by — ar. We claim that
(S, X") 55, V), )

where S and V' are independent and V is a Gaussian random vector with zero mean,
and independent components of variances UIZ, [ Ji |-

By the self-similarity of the stable process, the sequence

y P

o _

<n c,,)
1<j<n

has the same law as
1<j<n’

Sj?/tn - S(a;'fl)/n

(|SJ¥_S]?:1 1" =¢)
Set
X;=1S/ =S 11"~

Then, {Xj,j>1} is a stationary sequence with zero mean, independent increments
and variance v;.
Thus, the convergence (Equation 2) is equivalent to the convergence in the dis-

tribution of (S™, Y™) to (S, V), where

SO =1 Z (S}—Sr)), 1<k<N (3)
[nar] <j<[nbi]
and
yO=1vn Y (IS =Sil"—q) 1<k<N. @
[nax] <j<[nbi]

But for any 1 <k < N, we have stable convergence of Y,E”), by theorem 2
in ALpous and EAGLEsON (1978), so we have joint convergence of (S, Y,f”)) to
(Sk, v,(Wp, — W,,)) and since (Sk, v,(Wp, — W,,)) has an infinitely divisible law by
being a limit of infinitely divisible laws; see theorem 8.7 in Sato (1999), and one
component is Gaussian and the other has no Gaussian component that are indepen-
dent. Finally, for different values of k, the components are independent, so we have
that (S®, Y®) 5(S, V).

© 2010 The Authors. Journal compilation © 2010 VVS.
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Step 2. Tightness condition of the sequence of processes Z follows from the fact
that

> (S =il =g) Nz1

1<j<N
has independent and stationary increments with second-order moments; see
BILLINGSLEY (1968, theorem 16.1). O

The convergence established in theorem 2 can be also expressed in terms of the

stable convergence (ALbous and EAGLESON, 1978). In fact, for any bounded random
variable X measurable with respect to the g-field % generated by {S¥,0<:<T},
and for any continuous and bounded function ¢ on the Skorohod space D([0, T7),
we have

lim E(X(Z"))=E(X)E($(W)).

If X is a continuous functional of {S%,0<¢< T}, this convergence is an immediate
consequence of theorem 2, and the general case follows by an easy approximation
argument. Then by proposition 1, condition (C), in ALbous and EAGLESON (1978) we
have stable convergence if we take F=F%, but by condition (D) the same is true
if we take F D F%; so, by condition (B) we have the joint convergence (X, Z™), X
being F-measurable.

Then, as a consequence of theorem 2 we can derive the following central limit
theorem for the realized power variation of the stochastic integrals studied above.
Unfortunately, we also need an additional condition on the process u.

CoNDITION 1. Assume that, for some y€(0,1), u satisfies:

1 [nT]
— > E sup  Ju—us|” | = 0.
N Z t,s€[(i—1)In, iln] co n—00

i=1

THEOREM 3. Let S* be an (.E)-adapted a-stable Lévy process with a € (0,2). Fix
0<p<al2 and suppose that u={u,,t<€[0,T]} is an (]—'t)-adapted cadlag stochastic
process and satisfies condition 1 with y=p. Setting

t
Z[:/ uS,ng,
0

we obtain
t t
<Sf‘,n_”2+”/“V1§'(Z)t—cp\/ﬁ/ |us|pds) A (St“,vp/ |us|”dWS>,
0 0

as n tends to infinity, where W ={W,,t€[0, T} is a Brownian motion independent of
F, defined on an extension of (Q,F,P), and the convergence is in D([0, T])>

© 2010 The Authors. Journal compilation © 2010 VVS.
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Proor. Consider first o >1 . The proof will be based on theorem 2. For any m>n
and with the same notation as in theorem 1, we can write,

t
V2+ple V;"(Z), _ \/%Cp/ ‘us |pds=A(tm)+B§n,m)+ Cr(n,m)_’_ng),
0

[m1] vjilm P
Agm) :m—l/2+p/oc ‘ / U ngc
G—yim

[mit]

am) __ o —1/2+pl i
B;n m) _ m +pla Z ‘ uU_l)/m_(S;;m - Sg'—l)/m) |P

where

— LG 1ym— (S5 = SG—1ym) | )

j=1
[mif] [nt]
-1/ /
- CpZIuo e |7 =D Nt |7 Y m S — ol

i=1 JEL(i)

nt]

+ gcpz | ti—vym- 17

i=1

[n1] [n1]

— -1/ /
M =N ugy P Y m | SE —SE 1~ - sz | ugi—vym—|”
i=1 JEL(i) i=1

and
[mt]

t
ng) =m_”2cp Z |u(,<,1)/m, |p — \/%Cp/ |us |pdS.
j=1 0
First, we show that || D™ | —0 as m— oo. We have that

[mT]

D <com ' sup | ug_1ym— —us |* + D ul?
1D || o ;\e m(})\ G—1ym— — Us | \/%\H e

Hence, || D" | —0 by the conditions on u.
Let us now study the term C"™. Set

. 71/2+p/95‘ S ‘p_@
nm m jilm — P (j—1)Im n Cp-

JEL(7)

By theorem 2 and taking into account that it implies the stable convergence of
(Y Y2 Y, bzt for any n (see the comment after theorem 2 and ALDOUS
and EAGLEsON 1978, proposition 1), we have that for any F-measurable random
variable

[t tyn— 1"
as m— oo

(| ti—tym—1", nm)1<,<[m] (| ti—1yn— 1" 0p (Wi — W(H)/n))lgg[m],
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where W is a Brownian motion independent of F7%. Hence,

[n1]
C(" m)_>UpZ |u1 1)in— ‘ ( iln — I/V(i*l)/"’)
i=1

as m tends to infinity, and this convergence is also stable (see ALpous and EAGLE-
SoN, (1978, Theorem 1). However,

[nf]

Z i 1yn— 1" (Witn — Wii-1ym)

i=1

converges u.c.p. to

t
/ s | W,
0

as n tends to infinity. This implies, by first letting m tend to infinity and then letting
n tend to infinity that C"™™ converges in distribution and stably to

v,,/ |ug|? AW,

in D([0, T]).
We want to show that

lilr1nlim 51"11pP (HB(””“)HOO >s) =0.

Using the mean value theorem, we can rewrite B'™ as follows:

[nt]
( —12+4pl “in
B " ’”)‘ Z Z |u(/ 1im— M 1| 1/m _Sg‘—l)/m|p -m Cp)
i=1jel,(i)
[n1]
—1/2+pl vm
S (5 e85 -5 - L
i=1 JEL(i)
[mt]
—1/24pl ~12
+ Z ‘7/[(/ l)/m—|p +poc‘ //m—S(a;_l)/m|p—Wl Cp)
JZ5n]
[nt]
—1/2+pl ~12
Z |u|17 Z I 1‘ jlm S(D;fl)/m |p —m C,,)
i=1 JEL(i)
[nt]
—112+pla vm
_Z|u(i—1)/n—|p Z m +P7‘Sj°;m_S(3;_l)/m|p_7(;p '
i=1 JEI()

[nt]
+ = Z sup [us —u, |’

vm i=1 5 1€Tu(i)
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—12+4pl ‘ 1
+ sup Z |u(ifl)/m‘1’ (m +p ot| ]?;m _S(a;fl)/mlp_m Cp)
Oe<T min[nt)<j<[mi]
[nT] ' .
S sup H~—u<_1/17Y‘ +7p up |
2 S el Yol 2 P

c [nT]
—i——pz sup |uy —uy |

vm =15 1€Z,()

—124plo| Qo o —1/2
+ sup Z |uag—1ym” (m P jlm _S(/—l)/m|p_m Cp) )
0=i<T min[nt)<j<[mt]

where

min UZ,(i — Duy| < |#t| < max UZ,(i — 1)|u].
SEL,(i)

SET, (i)
Then, by theorem 2, and the condition on u, for any ¢>0 we obtain

[nT]

li P (|[B"™ <P ( (
Ted (I l>2)< K Esez,,(is)lulg(m)

|t — i tym—|" | Wi — Wi—tym| +vp | [ul || 1n sup | W, — W[nt]/n|) >5>'
0<t<T

Then, since u and W are independent, we can apply the condition on u and obtain
that

[nT]

Z n 2 sup fug— gty |7 | Wi — Wiyl

Py SET,(HUT,(i—1)

converges to zero in L' as n tends to infinity. Additionally,

1 a.
— Sup | W, — I/V[nt]/n| — 0,
no<i<T n—o00

and we deduce the desired result.
Finally, we have to show that
[ 4™ 50

as m— oco. Then,

[mT]
” A(m) ” . §m71/2+p/o¢ Z
j=1

P

i
m
oL o o
/ usdes *u@_(SL - ufn)
G- n e

m

m

and, as in theorem 1, by lemma 1, we have

[mT] \jim
E(|A™ || )<m 2N E (’ / (s = ug-1ym-) dS¢

= G—D)im
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p/oc)

Then by the condition on u, we conclude that E(||4"||.) goes to zero as m goes
to infinity. Finally, for <1, a similar proof can be given by substituting B for
the term

jlm
/ E(‘uL —u(,,l)/m, |1) dS

[mT]
Sm71/2+p/oc Z ‘
i=1 G—1/m

[mT]
Sm”zzE< sup . ”).

j=1 s,te[(j—1)/m,jlm]

[mt]

Smmy
A e
j=1

P [mt]
-12
—m™ e, Y Jug-tym- |
i=1

Z us_ASy

se((j—1)/m,jlm]

[n1]
-1/ / ¢
- |u(i*1)/"* |P Z m el I ](');m - S(a;fl)/m ‘P
i=1 JEL(D)
m [n1]
T % > g7,

i=1

and eliminating the term A" O

REMARK 2. Note that condition 1 implies that if # has a continuous part, then
y>1/2 and, consequently if we take y=p this means that a>1 in the previous the-
orem, limiting seriously its scope. Then, it would be good to have an alternative to
the condition 1. Nevertheless inequality (3.16) of Jacop (2004) can help to elucidate
which processes fulfill condition 1.
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