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1. INTRODUCCION, RESUMEN DE LAS PRINCIPALES
IDEAS Y CONCLUSIONES

1.1 Imtroduccion

El tema tratado a lo largo de la presente tesis es el estudio tedrico y numérico de
los formalismos de las ecuaciones de Einstein, con el propédsito final de aplicar
dicho estudio a la formacién de agujeros negros v generacion de ondas gravi-
tatorias. Tanto las matematicas como la fisica juegan un papel fundamental,
complementindose la una a la otra, ya sea con respecto a las herramientas
utilizadas, va sea con respecto a los resultados presentados en este trabajo.
La comunicacién cntre diferentes ramas cspecificas del conocimiento v de la
ciencia pueden conducir a importantes avaunces, v algunas veces proporciona
otro punto de vista original a la hora de plantear la estrategia para resolver un
determinado problema.

El concepto de agujero negro fue introducido por John Michell en el atio 1783
en un articulo enviado a la Roval Society: “Si el semi-didmetro de una esfera
de la misma densidad que el 50l superase la del S0l en proporcion de quinientos
a uno, un cucrpo cayendo desde una altura infinita hacia &1, habria adquirido
en su superficie una velocidad mayor que la de la luz, ¥ consecuentemente
supouiendo que la luz es atraida por la misina fuerza en proporcidn a su masa,
con otros cuerpos, toda luz emitida desde un objeto asi retrocederia hacia él por
su propia gravedad”. Michell introdujo este concepto en el sentido de un objeto
que tenfa una atraccion gravitatoria tal que incluso la luz no podria cscapar de
&l En 1796, el matemitico francés Pierre-Simon Laplace explicd la misma idea
en su lihro Feposition du Systéme du Monde: “Un astro luminoso de la misma
densidad que la Tierra, v cuyo didmetro sea doscientas cincuenta veces mayor
que el del Sol, no dejaria cn virtud de su atraccidn, que nos llegara ninguno de
sus ravos hasta nosotros; s por tanto posible que los cuerpos mas grandes del
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universo, scan por si mismos, invisibles...”. La teoria de la Relatividad General
presentada por Albert Einstein en 1915 postulaba que la lux v las trayvectorias
des todas las particulas son curvadas por [a geometria del espacio-tiempo. Justo
unos meses después, Karl Schwarzschild encontrd una solncion de las ecuaciones
de Eingtein que describia nun agujero negro sin rotacion, aungue en aquella época
fue interpretada como una simple solucidén matematica sin mayor interés. Fue
cn 1967 cuando John Wheeler introdujo ¢l término de agujero negre durante
una conferencia en Nueva York.

Desde un punto de vista geometrico, un agujero negro pucde ser considerado
como uha solucidn de lasg ceuaciones de Einstein que contienc una singularidad
{curvatura infinita) en la métrica del espacio-tiempao. Desde un punto de vista
astrofisico, un agujero neero es el resultado final de algunos tipos de colapso de
un ohjeto estelar en concreto. Sin embargo, no esta claro si después del colapso
sc forma una singularidad; cn primer lugar, porque estas regiones del espacio-
ticmpo no son accesibles v, en scgundo lugar, porque los cfectos cudnticos
necesitan un cuidadoso analisis en el contexto de una teorfa consistente de
gravedad cudntica.

Uno de los obscervables predichos por la Relatividad General, atin no detec-
tados, son las ondas gravitatorias. Enormes esfuerzos experimentales, tedricos
v numéricos se han llevado a cabo en los tltimos cuarenta anos, con el objetivo
de detectar, predecir y estudiar las ondas gravitatorias emitidas desde diferentes
cscenarios astrofisicos v cosmoldgicos. Serd una manera completamente nucva
de mirar (y descubrir) el universo, incluso se convertird cn una posibiiidad para
desvelar 1a presencia de objetos ocultos, como los agujeras negros.

Para profundizar en el conocimiento de todos estos escenarios v objetos
interesantes se necesita un formalismo de las ccuaciones de Einstein. Las di-
ferentes formulaciones, las propiedades matematicas del conjunto resultante
de ecuaciones en derivadas parciales (problema bien puesto, unicidad local,
etc.}, pueden tener una importancia enorme y no siempre tienen la merecida
atencién. Un trabajo tedrico dificil se ha llevado a cabo en este campo por
parte de destacados investigadores matematicos v fisicos. Hay que reconocer
la. capacidad de las formulaciones mds usadas, como la lamada BSSN (mads
detalles en el Capitulo 4), erucial en las recientes sirmmulaciones de binarias de
agnjeros negros. Pero no debemos olvidar los nuevos formalismos introducidos
cn los dltimos aiios, como ¢l FCF, que serd objeto de estudio cn csta tesis,
porque pucden ofrecer nuevas ideas y permitir comparaciones mas realistas
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entre diferentes resultados numeéricos.

Finalmente, las herramicntas numéricas disponibles hoy en dia han he-
cho posible un importante progreso. Por ejemplo, los supercomputadores son
capaces de mostrarnos como el universo evoluciona hacia una estructura ho-
mogénea macroscopica, que a pequena escala presenta una estructura filamen-
tosa; sin los ordenadores, cg casi imposible imaginar las simulaciones de la
avolucion de sistemas de ecuaciones no lincales que gobicrnan procesos com-
plejos como la evolucion de las estrellas, la dinamica de binarias de objetos
compactos, chorros asociados a galaxias... v un largo etcétera.

1.2 Agujeros negros astrofisicos

FEn el Capitulo 3 se expone un analisis de los agujeros negros desde un punto
de vista astrofisico, una clasificacién de los mismos segiin su origen v masa, y
algunos métodos de deteccidn.

Desde un punto de vista cldsico un agujero negro es un objeto compacto cuyo
potencial gravitatorio cn la superficic se aproxima a la mitad del cuadrado de
la velocidad de 1a luz. Un agujers negro es un objeto suficientemente compacto
que no permite a la luz escapar de él. La herramienta tedrica para describir
matematicamente un agujero negro es la Relatividad General. El horizonte de
un agujero negro cs una superficic que delimita la region del espacio-ticmpo del
agujero negro desde la que no podemos recibir ningin tipo de scial.

La clasificacion de agujeros negros estitico y en rotacidon viene dada por
las soluciones de Schwarzschild [1, 2] y Kerr [3], respectivamente, que puede
presentarse en diferentes sistemas de coordenadas (ver Capitulo 3 para mads
detalies). Desde cl punto de vista astrofisico, los agujeros negros pueden clasi-
ficarse, segin su origen, en: aquellos procedentes del colapso estelar {agujeros
negros estelares), aquellos procedentes de la fusion y procesos de acrecion {agu-
jeros negros supermasivos), y aquellos que pudieran ser reliquias del medio
inhomogéneo altamente denso en el universo primitivo (agnjeros negros pri-
mordiales). También sc pueden ciasificar, de acucrdo con su masa, cn: poco
magivos (como los estelares), de masa intermedia (de los que las evidencias
observaciones existentes son muy pobres), supermasivos, ¥y de muy baja masa
{los primordiales). La Via Lactea tiene en su centro un agujero negro superma-
sivo situado cn SgrA*. La acrecidn de materia situada en un disco que rodea
un agujero negro supermasivo es el mecanismo mas cficiente de generacién de
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cnergia, Vo hay confirmacidn obscrvacional de la existencia de agujeros negros
primordiales; podrian ser las semillas de futuros agujeros negros supermasivos.

Para detectar observacionalmente un agujero negro existen varios métodos
[4]. Los mdétodos cincmaticos usan la dindmica de los objetos cercanos al agu-
jero negro para derivar propiedades de éste como su masa o spin, como cn cl
aso del agujero negro central en nuestra propia galaxia; por ejemwplo, la ley
de Magorrian [5], obtenida empiricamente, relaciona la masa del agnjero negro
central de una galaxia con la velocidad estelar de dispersion. Otros métodos
ostan hasados cn el estudio del espectro observado, como ¢l andlisis de cicrtas
lineas del hierro [6]. La presencia de chorros asociados a los agujeros negros
supermasivos rodeados por un toro de acrecion, en el escenario astrofisico de los
nucleos activos de galaxia, puede ser usada como huella de la presencia de este
tipo de agnjeros negros. Las erupciones de rayos gamma (ERG) son eventos
asociados a la presencia de agujeros nogros de origen estelar. Atendiendo a su
curva de luz, las ERG pueden clasificarse en dos grupos: por un lado, las de
corta duracidn [7], situadas en galaxias elipticas viejas en zanas de formacion
estelar, que parecen estar asociadas con una pequena parte de las fusiones de
cstrelias de neutrones y/o agujeros negros; v por otro lado, las de larga duracién
[8]. situadas en zonas de formacion estelar de galaxias de baja metalicidad, que
parecen estar asociadas con una pegueiia parte de lag supernovas. La ausencia
de Tuz procedente del interior de un agujero negro puede usarse, en principio,
para detectarlo; el flujo decrece siguiendo una ley de potencias (con exponentes
clevados) de la funeion horizonte (ver la descripeion del agujero negro de Kerr
cn ol Capitulo 3) que se anuia cn ¢l horizonte, y depende cn mucha medida
del dngulo de inclinacion del observador [9]. Otro de los métodos importantes
de deteccidn de los agujeros negros, en particular, son las lentes gravitato-
rias. Usando métodos fotométricos se observa la luz amplificada, observandose
ademds multiples imdgenes de un mismo objeto, procedente de fuentes en las
que un agujero negro jucga el papel de lente gravitatoria {L0]; con csta luz sc
puede medir la masa v otras propiedades del agujero negro.

Ademds de todos los métodos indircctos citados anteriormente, ¢l dnico
método directo para detectar log agujeros negros son las ondas gravitatorias.
Las ondas gravitatorias son familiarmente consideradas como arrugas en la
curvatura del espacio-tiempo, provocadas por aceleraciones de materia que no
presentan simetria esférica. Se propagan a la velocidad de la luz. La cmisidn
de ondas gravitatorias implica la emisidn de encrgia. La primera deteccidn
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indirccta de ondas gravitatorias fue llevada a cabo en 1974 por Hulse y Tay-
lor, estudiando ¢l pilsar binario PSR B1913+16. Este descubrimiento les valié
el Nobel en Fisica, al detectar que el periodo orbital decaia justo tal v como
estaba predicho por la Relatividad General, para un sistema que estuviera per-
diendo energia por la radiacidén de ondas gravitatorias. La amplitud de las
ondas disminuye proporcionalmente con la distancia a la fuente. La cstrategia
para detectar ondas gravitatorias descansa cn la idea bésica de que, on su paso
a través del detector, lag distancias entre los objetos aurmentan v se reducen
ritmicamente; la magnitud de este efecto, para fuentes muy importantes, me-
dido desde la Tierra es realmente pequenio, los cambios relativos son de a lo
sumo 1 sobre 1029, v de ahi la dificultad de medirlas.

Las ondas gravitatorias no han sido observadas ain de manera directa.
Enormes esfuerzos experimentales estdn actualmente llevindose a cabo en este
campo. El primer intento fue debido a Weber con su barra resonante: sistemas
tipo barra mas modernos estan operativos, pero sélo son suficientemente sen-
gibics para detectar ondas gravitatorias extremadamente potentes [11]. Unos
detectores mds sensibles son los interferdmetros Liser terrestres, como VIRGO
[12], GEOG600 [13], TAMA300 [14] o LIGO [15], ¥ sus versiones avanzadas. Iu-
terferdmetros en el espacio, como LISA [16], estdn siendo desarrollados. La
comunidad cientifica cspera que los observatorios de ondas gravitatorias de-
tectardn sciales en un futuro préoximo. Una nucva ventana de informacién
se abrira permitiéndonos ver cosas inobservables con otro tipo de mensajeros
{(fotones, neutrines...}). Las binarias de ohjetos compactos {enanas blancas, es-
trellas de neutrones, y/o agujeros negros), las explosiones de supernovas, la
acreeidn de materia cn un agujero negro, v pulsaciones no esféricas de objetos
son fuentes de radiacidn gravitatoria [17]. Las simulaciones numéricas pro-
porcionan modelos muy utiles para el analisis de los datos que registran los
observatorios de ondas gravitatorias. En log Ultimos afios, el campo de la rela-
tividad numérica ha avanzado enormemente, v es un ejemplo de sinergia entre
obscrvaciones y simulaciones numéricas.

1.3 Formalismos de las ecuaciones de Finstein

Dentro de los formalismos de las ecuaciones de Einstein caben destacar el for-
malismo 242 o formalismo nulo, v ¢l formalismo 341, En cl Capitulo 4 sc
explican mas detalladamente estos formalismos.
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El formalismo 242 s¢ basa cn hipersuperficies nulas, Dado un espacio-
ticmpo con una curvatura general, las hipersuperficies nulas son las superfi-
cles caracteristicas del campo gravitatorio definidas a partir de un parametro
u = constante. En un sistema de coordenadas nulas, u — z” recibe el nom-
bre de tiempo retardado, ¥ es una de las funciones coordenadas. Una vez que
una familia de hipersuperficies nulas ha sido establecida conteniendo a la coor-
denacla provia, dos coordenadas adicionales, 4, A = 2,3, son clegidas como
parametros constantes a lo largo de cada rayo; estas coordenadas pueden visua-
lizarse como dngulos épticos y normalmente se denotan como § = 22 y ¢ = 2%,
Eista eleccidn de coordenadas implica que se anulen varias componentes de la
métrica del espacio-tiempo, g*¥: g** uA

= g"“"* = g1 = g14 = (). La unica coorde-
nada que varfa a lo largo de un rayvo de luz dade es xb, Normalmente se escoge
como coordenada o la distancia luminosidad desde la fuente, r. Véanse mds
detalles en [18, 19].

Bondi fue el primero en usar este tipo de coordenadas nulas para describir
;ampos radiativos. Su trabajo fue seguido por un rapido desarrollo de otros
formalismos nulos, que se distribuveron en dos grupos: aquellos basados en
aproximaciones de la métrica, como el desarrollado en el caso axisimétrico por
Bondi, Mctzner y van den Burg [20], v generalizado por Sachs [1¥], ¥ aquclios
basados cn una tétrada nula en los que las identidades de Bianchi aparccen
cowmo parte del conjunto de ecuaciones, como es el caso del desarrollado por
Newman y Penrose [21].

En ¢l formalismo nulo las ccuaciones de Einstein so separan cn cuatro griipos
{ver mds detalles en el Capitulo 4): cuatro ecuaciones de hipersuperficie, dos
ecuaciones de propagacion, cuatro ecuaciones de conservacion y una ecuacion
que se satisface trivialmente (la contraccidn a través de la métrica de la propia
ccuacion tensorial de Einstein). Tras resolver las ccuaciones de propagacion, de
mancra jerdarquica, ¢l resto de ecuaciones se satisfacen inmediatamente debido
a (que estan conectadas a lag dernds a través de las identidades de Bianchi.

Con este formalismo, las ecuaciones de Einstein pueden ser resueltas de
mancra jerdrquica. Numéricamente, la radiacidn gravitatoria en ol infinito
puede ser extraida directarmente, ya que el infinito nulo puede estar contenido
en la malla numérica compactificando la distancia luminesidad (que es una
de las coordenadas del formalismo). Un problema de esta formulacidn es la
formacién de cdusticas, puntos donde dos o méas rayos de luz se intersectan,
cn donde la causalidad se rompe. Cdusticas pueden darse, por cjemplo, en las
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simulaciones de binarias de agujeros negros.

Vamos a fijarnos ahora en el formalismo 3-+1. Este formalismo fue intro-
ducido en log trabajos de Lichnerowicz (1944) [22], Choquet-Bruhat (1952) [23],
Arnowitt, Deser and Misuer (1962) [24]. Véanse [25, 26, 27, 28] para una in-
troduccidn y recientes aplicaciones en relatividad numérica. Para una funcidn
t de gradiente terporal, las hipersuperficies espaciales donde esta funeion es
constante definen una foliacion del espacio-tiempo. El campo vectorial 8, puede
descomponerse en una parte proporcional al vector normal a la toliacién, que
estd relacionada con la funcidn paso, o tiecmpo propio entre hipersuperficies,
v cn otra parte tangente a la hipersuperficie, que cstd relacionada con el vee-
tor desplazamiento entre las curvas integrales del vector normal y del carmpo
vectorial ¢y, La métrica del espacio-tiempo puede escribirse en funcidn de la
funcién paso, del vector de desplazamiento v de la métrica espacial restringida
a lag hipersuperficies espaciales, Se pucde definir la curvatura extrinscea de las
hipersuperficies cn funcidn del vector normal a éstas y la métrica espacial.

Tanto las ecuaciones de Einstein como el tensor energia-momento pueden
escribirse en términos de esta descomposicidén, dando lugar a un conjunto de
ccuaciones de ligadura v un conjunto de ccuacioncs de evolucion. Gracias a las
identidades de Bianchi, si las ecuaciones de ligadura se satisfacen en la hipersu-
perficie inicial, entonces también son satisfechas a lo largo de la evolucion. Una
vez escritas las ecuaciones, aparece una libertad {de gauge) de eleccitn de la
foliacidn v del campo a través del cual evolucionamos las ccuaciones, es decir,
la. libertad de elegic la funcidn paso v el vector desplasaunicnto. Las variables
dindmicas son las componentes de la métrica espacial de las hipersuperficies
v las componentes de la curvatura extrinseca. En el caso de foliaciones tales
que la traza de la curvatura extrinseca es constante, las ecuaciones para la
funcién paso y cl vector desplazamicnto se desacoplan. Hay mancras indirectas
de clegir estas variables, imponicndo condiciones sobre la traza de la curvatura
extrinseca o sobre el tensor de distorsidn. Ver mas detalles de las ecuaciones
en el Capitulo 4.

Fl sistema de las ccuaciones de Einstein cn ¢l formalismo 3+1 no csta os-
crito en la forma mds conveniente para la implementacion numérica de dichas
ecuaciones, va que se desarrollan inestabilidades muy rdpidamente (ver, por
gjemplo, [29]). Kojima, Qoahara y Nakamura [30] presentaron en 1987 una re-
formulacién conforme, sin traza, del sistema de ecuaciones del formalismo 3+1;
en esta reformulacién la traza de la curvatura extrinseca cvoluciona por scpa-
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rado, ¥ la introduccidn de variables auxiliares climina las derivadas scgundas
cruzadas cn el tensor de Ricci.

La versién méas utilirada del formalismo 341 es la conocida como BSSN (de
Baumgarte, Shapiro [31], Shibata ¥ Nakamura [32]). La robustez de cste for-
malismo ha sido comparada con otros formalismos (véase ¢l proyecto "Apples
with Apples’) v presenta algunos inconvenientes, aungue su robustez ha podido
obgervarge en implementaciones numéricas basadas en elecciones particulares
de ganges v foliaciones (ver, por ejemplo, [33, 34]). Se han podido llevar a
caho simulaciones numéricas de larga duracién, incluso cn espacios-tiempo que
tienen intensos camnpos gravitatorios, como aquellos que contienen agujeros ne-
gros v estrellas de neutrones (mds detalles en el Capitulo 4). Graclas a las
buenas propiedades de estabilidad de estas ecuaciones, el uso de esta retormu-
lacidn, con las apropiadas elecciones, conforme, sin traza, esta muy extendido
cn relatividad numérica. Por cjemplo, su robustes ha sido demostrada cn las
recientes simulaciones de la fusidn de binarias de estrellas de neutrones [35]
evolucion de uno o dos agujeros negros (ver Seccidn 7.2), evolucion de larga
duracidn de estrellas de neutrones [34], v colapso gravitacional de estrellas de
neutrones a agujeros negros [34].

Dentro del formalismo 3+1, el grupo de Meudon ha desarrollado una formu-
lacidn completamente ligada llamada FCF (de Fully Constrained Formalism).
En esta formulacion sc introduce una mdétrica plana invariante de una hipersu-
perficic a otra ¥ que recoge el comportamicento asintético de la métrica cspacial
de las hipersuperficies. Esta métrica se reescribe en términos de una conforme,
que a su vez se descompone en términos de la métrica plana y la diferencia
de ambas métricas. En cuanto a la libertad de eleccion de gauge, se impone
que la traza de la curvatura extrinscca s anule v ¢l gauge de Dirac generali-
zada, a lo largo de todas las hojas de la foliacion. Poniendo en comin todos
estos elementos, las ecuaciones de Einstein se escriben como un conjunto de
ecuaciones elipticas para la funcién paso, el vector desplazamiento ¥ el factor
conforme, junto con un sistema de evolucion para la diferencia de las métricas
plana y conforme (ver mas detalies de las ccuaciones cn ¢l Capituio 4). Este
esquerna esta completamente ligado, va que todas las ecuaciones de ligadura
se resuelven en cada paso de tiempo; esto no sucede con las formulaciones de
evolucion libre, como BSSN, o parcialmente ligadas. La principal motivacion
de csta formulacién FCF es obtencr ¢l maximo nimero posible de ccuaciones
clipticas, que cn principio son mads cstables que las ecuaciones hiperbdlicas evi-
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tando la violacidon de las ligaduras, Para este tipo de ccuaciones clipticas cs
posible aplicar los métodos espectrales en los que tanta experiencia tiene el
grupo de Meudon.

Una propiedad interesante de la FCF es que es una generalizacion natu-
ral de la aproximacion relativista de las ecuaciones de Einstein conocida como
CFC {de Conformally Flat Condition) [37, 38]. La aproximacién CFC ha sido
usada cn muchas aplicaciones astrofisicas, tales como ¢l colapso de los niicleos
en rotacion de estrellas masivas [39, 40, 41, 42] o supermasivas [43], el colapso
inducide por una transicién de fase de estrellas de neutrones en rotacion [44],
o modelos de equilibrio de estrellas de neutrones en rotacién [45, 46], asi como
fusiones de binarias de estrellas de neutrones [47, 48, 49, 50]. CFC sc pucde re-
cuperar como caso particular de la formulacién FCE, simplemente imponiendo
que la diferencia entre las métricas plana v conforme sea nula. CEC consta de
un conjunto de ecuaciones elipticas para la funcion paso, el vector desplaza-
miento v el factor conforme. Es la formulacion FCF, por tanto, una manera en
la. practica scncilla de extender la aproximacion CFC a una formulacidn comple-
tamente relativista, afiadiendo nuevos términos en las fuentes de las ecuaciones
elipticas e incluyendo el nuevo sistemna de evolucion.

i.4  Aspectos matematicos

Tres puntos seran tratados cn esta seccidn, que resume una importante parte
del trahbajo tedrico presentado en la tesis: por un lado, la existencia local
de foliaciones maximales en espacios-tiempo con simetria estérica [51] {mds
detalles en la Seccidn 5.1); por otro lado, propiedades de unicidad local de las
ccuaciones clipticas en Ia formulacidén FCF [52] (mads detalics en ia Scccidn 5.2);
v, finalmente, lag propiedades de hiperbolicidad de las ecuaciones de evolueion
en la formulacién FCF para la diferencia de las métricas plana v conforme [53]
(mds detalles en la Seccidn 5.3).

En 1944 Lichnerowicz [22] introdujo una foliacién particular del espacio-
tiempo, que se conoce con ¢l nombre de maximal siicing (MS): ia traza de la
curvatura extrinseca es nula. Este tipo de foliaciones tiene propiedades intere-
santes corno la conocida capacidad de evitar 1las singularidades, estd hien adap-
tada a la propagacion de ondas gravitatorias, y proporciona la natural aproxi-
macién Newtoniana cuando ademas se impone sobre cada hoja que la métrics
cspacial sca conformemente plana. Esta foliacidon ha sido recientemente uti-
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lizada, como ya hemos mencionado anteriormente, en la FCF de las ccuaciones
de Einstein. El estudio de este tipo de foliaciones ha cstado motivado princi-
palmente por la resolucion de problemas de datos iniciales, v tamhbién por la
correspondiente evolucién de dichos datos iniciales. Esta idea fue popularizada
por Smarr v York [25, 54]. Dada una clase de espacio-tiempo, la construccidén
de una foliacidn con una cierta propiedad podia ser acoplada dindmicamente cn
un csquema de evolueidn: suponicndo la existencia de una hipersuperficic ini-
cial con esa propiedad, las ecuaciones de Einstein eran usadas para evolucionar
localmente las correspondientes ligaduras adicionales. Esta estrategia puede
ser aplicada tanto analitica como numéricamente, como asi se ha hecho [55, B0
para construir MS cn la geometria extendida de Schwarzschild, que fue obtenida
también por Reinhart [57] de manera independiente con un método diferente
esencialmente geométrico. Ejemplos parecidos de MS han sido estudiados en la
geometria de Reissner-Nordstrom [58], v también en espacios-tiempo dindmicos
en simetria esférica de colapso de polvo [59] usanda coordenadas isotropicas.

A pesar de su extendido uso, la existencia de MS en espacios-tiempo con
simetria esférica ha sido probada solamente para vacio v para algunos casos
particulares de contenido energético (véase [37, bb, 56, b7, 58, 59, 60]). No
oxiste, al menos que sepamos, un teorema que afirine la existencia de MS en
cualquicr espacio-ticmpo con sitmetria esférica. Para ello, seguiremos un pro-
cedimiento puramente geométrico, independiente de las scuaciones de Einstein,
complementario a la estrategia de evolucidn estandar.

El estudio de los espacio-ticmpo con simetria csférica es de particular in-
terés en diferentes campos de la Relatividad General: clasificacidn de soluciones
exactas de las ecuaciones de Eilnstein, modelos simplificados de escenarios as-
trofisicos ¥ cosmoldgicos (véase, por ejemplo, [61]), soluciones para testeo de
cddigos numéricos dindmicos completamente relativistas que evolucionan la ma-
teria en campos gravitatorios intensos (véanse, por cjemplo, [59, 62, 63, 64]),
ete. Por todas estas razones, nuestro andlisis comienza en simetria esférica,
v deja abierta para futuros trabajos su extension a espacios-tiempo con una
simetria mas débil.

Este procedimiento parte de la descomposicion de los campos coordena-
dos en el sisterna de coordenadas final en funcion de los campos coordenados
de la métrica en la forma de partida. Tras imponer las condiciones exigidas
de MS, que la métrica cspacial sca conformemente plana, v las condiciones
de integrabilidad de los nuevos campos, se llega a un sistema desacoplado de
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ceuaciones casi-lineales cn derivadas parciales para lag incdgnitas planteadas
{vor mas detalles en Ia Scecidn 5.1). Suponiendo que lag componentes de la
métrica de partida son funciones continnamente diferenciables, el problera de
valores iniciales con respecto al conjunto de ecuaciones obtenidas tiene siem-
pre solucion local. Por tanto, podemos concluir que todo espacio-tiempo con
simetria esférica pucde ser foliado localmente por una familia de hipersuperficics
cspaciales maximales. El ejemplo simple del espacio-ticmpo de Minkowski, en
coordenadas esféricas inerciales, puede estudiarse mediante este procedimiento,
obteniendo incluso otra familia de hipersuperficies maximales distinta a la de
partida. Fste teorema de existencia viene a rellenar un pequenio vacio en la
parte tedrica de la literatura cientifica, ¥ su cardcter constructivo ofrece un pro-
cedimiento para obtener MS en los distintos casos particulares. Ademds, gracias
a este trabajo, es posible proveer de una serie de gjemplos para la comprobacion
independiente de espacios-tiempo dindmicos, obtenidos numéricamente por la
comunidad cientifica de relativistas numéricos y astrofisicos, a través de sofisti-
cados eddigos numéricos.

El scgundo punto que vamos a tratar en esta Scecidn cg la unicidad local
de las ecuaciones elipticas en la formulacion FCF. La no nnicidad de soluciones
proviene de la no linealidad de las ecuaciones de ligadura y ha sido estudiada
en la formulacidn llamada XCTS {de eXtended Conformal Thin Sandwich)
[65, 66, 67] para ol problema de datos iniciales cn Relatividad General. En
[68], una rama parabdlica fue numéricamente encontrada como soluecion de las
ecuaciones en XCTS para un espacio-tiempo perturbado de Minkowski, su-
ministrando la primera evidencia de la no unicidad en este sistema eliptico.
El analisis tedrico llevado a cabo en este sistema [69] sugiere la presencia de
un signo en un cierto término de la ccuacidn cliptica para la funcidn paso,
responsahle de la pérdida de unicidad, esencialmente porque impide la apli-
cacion de un principio de méaximo que la garantice. Algunos formalisinos de
evolucidn ligados que incorporan elecciones elipticas para los grados de liber-
tad en sus esquemas, contienen sistemas elipticos que tienen puntos en comiin
con el sistema mencionado anteriormente, La unicidad del subsistema eliptico
ey, por supuesto, un aspecto crucial para garantizar que el sistema eliptico-
hiperbdlico completo sea bien puesto. En implementaciones numéricas, este
problema puede depender del esquema numérico empleado, en particular, o de
la. capacidad de éste de permanceer cerca de una de las soluciones, al menos
siempre que estemos en la parte de la solucién suficientemente lejos del punto
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de ramificacién de solucioncs.

En este trabajo el interés se centra en la formulaciéon FCF como objetivo fi-
nal, aungue estudiaremos por el momento cuestiones de unicidad reterentes a la
aproximacion CFC, sin imponer ningiin tipo de simetria espacial. Esta eleccion
osta justificada ya que ol esquema CFC va conticne el sistema eliptico relevante
de la formulacidén FCF, pero de tal modo que problemas adicionales relaciona-
dos con la parte hiperbolica no van a mezclarse con el problema especifico de
unicidad que queremos tratar. Una modificacién del esquema CEC se va a pro-
ponet, en donde lag lineas de razonamicnto de un principio de maximo pueden
usarse para deducir la unicidad local de las soluciones.

Aungue no vamos a dar mas detalles de las ecuaciones de evolucion de
la. parte hidrodinamica, necesitaremos trabajar con variables conservadas en
vez de las variables usuales hidrodindmicas, que son en realidad las que se
evolucionan, una vez las scuaciones se escriben como un sistema de ecuaciones
en derivadas parciales. Las ecuaciones elipticas en CFC pueden escribirse en
funcion de estas variables conservadas. El uso de estas variables no sdlo tiene
importancia para el problema de unicidad. Algunos de los términos que apare-
cen en la fuente de una de las ccuaciones elipticas no puede calcularse sin
conocer previamente el factor conforme, pero éste es una de las incégnitas del
sistema eliptico que hay que resolver. Varias estrategias para resolver este
problema pueden usarse, pero los problemas de unicidad local que subyacen a
ostas ccuaciones provocan que ostas estrategias no sean vilidas en simulaciones
numéricas de configuraciones mas compactas como ¢l colapso del nicleo estelar
o de una estrella de neutrones a agujero negro. Para estos escenarios con una
intensa gravedad, se produce la convergencia de las ecuaciones a una métrica
fisicamente incorrecta o inclugo la no convergencia de los algoritmos.

Paraun tipo conereto de ecuaciones elipticas (ver mas detalles en el Capitulo
5}, es posible aplicar un principio de méximo [70, 25, 71, 72] que garantiza la
nnicidad local de soluciones, siempre v cuando se cumpla un cierto criterio
de signos (ver Capitulo 5). En el caso de la aproximacién CFC no tenemos
una ccuacidon cliptica escalar, sino un sistema no lineal de ccuaciones clipticas
acopladas.  TPara el caso de las ecuaciones elipticas para la funcion paso v
el factor conforme es posible observar el signo problematico, una vez que el
cuadrado de la curvatura extrinseca se escribe explicitamente en funcidn de
lag incdgnitas del sistema. Un reescalado apropiade de la funcidn paso no
puede solucionar el problema para la ccuacidn cliptica que satisface el factor
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conforme, y no podemos usar el principio de méximo para inferir la unicidacd
local de las soluciones. En cstas condiciones, la convergencia a una solucién no
deseada puede ocurrir. Esta patologia ha sido ilustrada con ejeruplos analiticos
sencillos de ecuaciones escalares del tipo concreto que estamos estudiando [69],
en implementaciones numéricas de las ecuaciones de Einstein en vacio [68],
asi como en simulaciones numéricas en la formulaciéon FCF (véase ol cjemplo
numérico mostrado en la Seccidn 5.2).

A pesar de los problemas mencionados, Shapiro y Teukolsky [73] fueron
capaces de estudiar numéricamente ¢l problema figico del colapso a agujero
negro en simetria estérica, usando coordenadas isotropicas, sin encontrar pro-
blemas de no convergencia o inestabilidades numéricas. Este esquema puede
extenderse al caso tridimensional en CFC, usando para ello dos reescalados
conformes diferentes v dos descomposiciones de la parte sin traza en parte
longitudinal ¥ transversa (ver mds detalles en la Seccién 5.2). La ligadura
de momento en CFC puede escribirse usando las cantidades hidrodindmicas
reescaladas, suponiendo una aproximacién que es totalmente compatible con
la aproximacion CFC. Dicha ecuacion se reduce a una ecuacion eliptica vec-
torial con un sdlo vector como incdgnita, y que pucde ser resuclta, Una ves
conocida csta incognita, la ccuacidn cliptica para el factor conforme sc escribe
como una ecuacion eliptica cuya tnica incognita es el factor conforme, v en
la que el principio de méaximo puede aplicarse para deducir la unicidad local.
Una vez calculado el tactor conforme, la ecuacion eliptica para la funcion paso
tiene a esta variable como dnica incdgnita, que puede calcularse, ¥ de nuevo el
principio de méximo puede aplicarse para deducir unicidad local de las solu-
ciones. Una ecuacidn eliptica para el vector desplazamiento puede deducirse
en donde las fuentes son conocidas. En resumen, una ecuacion vectorial extra
aparece en la resolucion de las ecuaciones, pero el sistema se desacopla de una
manera jerarquica, v las ccuaciones para la funcidn paso v el factor conforme
son compatibles con la aplicacidn del principio de maximo.

El buen comportamiento de estas ecuaciones ha sido mostrado en experi-
mentos nuwmdéricos como ¢l test de migracidn de una estrella de neutrones en
rotacion desde la rama inestable o la rama estable, ¥ también en el caso del
colapso de una estrella de neutrones esférica o en rotacidn a agujero negro
[52], usando un cédigo numérico llamado CoCoNuT [39, 40]. Estas simula-
cloncs son congistentes con otros resultados previos. Para cl caso del test de
migracion, el csquema original en CFC conducia a una solucidn incorrecta, con
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una masa ADM scnsiblemente diferente; este problema os resuelto satisfacto-
riamente con ¢l nuevo csquema propucsto. Para cl caso del colapso a agujero
negro, el esquema permite llegar hasta la formacion del agujero negro; debido
a la condicidon MS impuesta, no se alcanza la singularidad, ¥ la funcidén paso
en el centro se aproxima rapidamente a cero una vew que el horizonte aparente
se ha formado. El horizonte aparcnte se forma. en un radio finito ¥ conticne cn
su interior, en cse momento, una fraccidn significativa de la masa total de la
estrella.

Las ideas tedricas usadas cn la aproximacion CFC pueden ser gencralizadas
de una manera sencilla a la formulacidn FCF. La formulacién FCE consta de un
conjunto de ecuaciones elipticas para la funcion paso, el vector desplazaiiento v
el factor conforme, ¥, acoplado con este conjunto de ecuaciones elipticas, un sis-
tema de segundo orden de ecuaciones en derivadas parciales para la evolucién
de la diferencia entre la métrica plana v la conforme, que denotamos por ol
tensor b, El sistema de segundo orden se escribe comno un sisteina de primer
orden. Lag variables de este sistema pueden descomponerse en parte longitu-
dinal y transversal, y las partes transversales se evolucionan haciendo uso de
unos potenciales que garantizan ¢l eumplimicnto de las condiciones transversal
v ain trasa que han de satisfacer. En las ccuaciones clipticas pueden seguirse las
mismas lineas de razonamiento para resolver de manera jerdrquica el resto de
ecuaciones elipticas que se desacoplan: la ligadura de momento, escrita con las
descomposiciones introducidas, resuelve la parte longitudinal de la curvatura
cxtrinseca sin traza; a continuacion se puede obtener el factor conforme a partir
de su correspondicnte ceuacién cliptica. Una vez calculado ¢l factor conforme,
se puede obtener la funcion paso de su correspondiente ecuacion y, finalmente,
el vector desplazamiento resolviendo otra ecuacion eliptica vectorial. En ambas
ecuaciones escalares se puede aplicar el principio de maximo para deducir la
unicidad local de las soluciones.

El tercer punto importante de esta Seccidn es el analisis de la hiperbolicidad
de este sistema de primer orden. Para ello, vamos a considerar fijas las variables
de las ceuaciones clipticas. Este scrd un primer paso para ol estudio del gistema.
completo en un futuro. En este estudio no vamos a tener en cuenta los efectos de
las fuentes no lineales del sisterna, a efectos de las propiedades de hiperbolicidad
del sistema. El signiente paso es introducir variables auxiliares para escribir
ol sistema como un sistema de primer orden cn forma conservativa (con flujos
v fuentes), usando como variables las componentes del propio tensor A%, de
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su derivada temporal v de sus derivadas covariantes espaciales. Pretendemos
obtener explicitamente las expresiones de las caracteristicas en términos de lasg
variables de las ecuaciones elipticas v de la métrica espacial, sin profundizar en
otros aspectos como por ejemplo existencia, unicidad, o problema bien puesto.

Podemos plantcarnos el correspondiente problema de autovalores v autovee-
tores a partir de las matrices del sistema. La primera conclusion es que la
eleccion del gauge de Dirac generalizado es una condicion suficiente para garan-
tizar la hiperbolicidad del sistema. Aungue es un pago importante para nuestro
analisis, este hecho era de esperar desde la estructura general del sistema v de
las propicdades de otros gauges similares como ¢l de Coulomb en clectromag-
netismo. El objetivo principal es obtener las expresiones explicitas. Los co-
rrespondientes autovalores del sistema de dimensién 30 para un vector espacial
arbitrario dado, {*, son: cero, con multiplicidad 12, ¥ otros dos antovalores mas
que denotarcmos con 8ignos positivo v negativo, de multiplicidad 6 cada uno.
Todos son reales. Podemos obtener asimismo la matriz de autovectores aso-
ciada al conjunto de los anteriores autovalores. Esta matriz define un sistema
completo si v sélo si: i) la funcién paso no se annla; i) la proyveccién del vector
de evolucion sobre el plano formado por el vector normal a las hipersuperficies
v cl vector ¢* es un vector no nulo. Tras un andlisis de las posibles cleeciones del
vector cspacial (%, sc pucde coneluir que cl sistema es fuertemente hiperbdlico
s1 el vector de evolucion tiene cardcter temporal, es decir, la funcidn paso no se
anula v el cuadrado de la funcidén lapso es mayor que el cuadrado del mdédulo
del vector desplazamiento.

Una propiedad interesante del sistema que estamos estudiando es que los
campos caracterfsticos son linealmente degenerados (ver mds detalles en el
Capitulo 5). Esta propiedad muestra la coherencia del gauge de Dirac con
la. estructura cuasilineal del sistema de evolucion, va que, hablando desde el
lenguaje de la dindimica de fluidos, significa que no pueden aparecen choques
que se propaguen a lo largo de estas curvas, v las discontinuidades tendrian que
ser, en todo caso, discontinuidades de contacto. Al interpretar el significado
de los autovalores que hemos obtenido en el estudio de hiperbolicidad del sis-
tema, es clara la relacién entre la velocidad de la lus v los autovalores, cuando
consideramos las contribucioncs dnicamente en una dirceeion dada.

Gracias a la eleccidn de gauge en la formulacién FCF es posible encontrar un
gistema equivalente cserito on forma conservativa., Esto permite trabajar con
este sistema equivalente ¢ introducic la nocidn de flujos, usada en la dindmica
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clasica de fluidos, para hacer referencia a las funcioncs que hemos cncontrado.
Las nucvas matrices ticnen ol mismo conjunto de autovalores, aungue no ol
mismao sistema de autovectores, ligeramente diferente, que sin embargo es com-
pleto en los mismos casos en los que lo era antes.

Podemos plantearnos usar como variables del sistema, en vez de las com-
ponentes del tensor AY, las de su derivada temporal v las de sus derivadas
covariantes cspaciales, las componentes de la curvatura extrinscca sin traza
en lugar de las componentes de la derivada temporal del tensor A7, por las
propiedades de unicidad local deducidas del conjunto de las ecuaciones elipticas.
Las matrices de este gistema son diferentes del sistema anterior, pero los campos
caractersticos siguen siendo linealmente degencrados, se obtienen los mismos
autovalores v el sistema de autovectores ligeramente diferente es completo en
los mismos casos en los que lo era anteriormente.

4

1.5 Agujeros negros geomdétricos y numéricos

Las expresiones explicitas para las velocidades caracteristicas o autovalores son
especialmente tiles en el caleulo de las condiciones de contorno interiores en
el contexto de espacios-tiempo de agujeros negros en donde la singularidad se
evita eliminando del dominio numérico una parte que la contiene. Cabe re-
saltar que la formulacion FCE puede sor usada en combinacidn con las téenicas
convencionales para tratar numdéricamente cspacios-tiempo que contengan la
singularidad de un agujero negro, como, por gjemplo, la excision, la puncion,
la. puncién mévil, o el rellenar la singularidad {ver mas detalles en el Capitulo
7). Sin embargo, el uso de métodos espectrales para resolver las ecuaciones
clipticas favorcee la téenica de excisidon; los métodos cspectrales son usados
en lag ecuaciones elipticas con singnlaridades analiticas, pero es dificil tratar
numéricamente singularidades no analiticas (v también discontinuidades) en el
método de puncidn (mévil) (ver mds detalles en la Seccidn 7.1).

El analisis de la hiperbolicidad del sistema para i% puede usarse para sacar
conclusiones sobre las condiciones de contorno interiores de un agujero negro
tratado numéricamente con excision, al evaluar las curvas caracteristicas en la
superficie que forma el contorno. Las caracteristicas apuntan siempre hacia el
agujero negro [74], algo esperable desde la intuicidn fisica, y por tanto no hay
ninguna libertad cn la prescripeidn de lag condiciones de contorno interiores
durante la evolucidn. El sistema csta completamente determinado v debemos
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(nicamente garantizar que log valores de las variables que evolucionatmnos scan
consistentes con ol gauge de Dirac.

Numéricamente, cxisten diferentes téenicas para tratar la singularidad de-
finida por un agujero negro. La téenica de cxeision [75] cs una de cllas, y
requiere la imposicién de condiciones de contorno interior para la resolucion
de lag ecnaciones elipticas (diferentes propuestas son explicadas con méds de-
talle en el Capitulo 7). Otra opcidn es el relleno de log agujeros negros; es nn
método simple basado en que ningdn tipo de informacion fisica puede cscapar
del interior de un agujero negro. El relleno consiste es suavisar ol interior de
cada agujero negro, pero puede generar la violacion de las ligaduras.

Otra herramienta para tratar numéricamente agujeros negros cs la puneidn
(76]; la hipersuperficie espacial consiste tipicamente en dos o mds copias de R?
con varias esferas eliminadas, identificados los contornos estéricos interiores. De
esta manera, varias regiones asintdticamente planas se conectan por puentes o
gargantas {ver detalies y figura en ol Capituio 7). La evolucién de binarias de
agujeros negros on Relatividad Numérica os un problema. que ha sido resuclto
en 2005 por varios grupos, usando el método mas sencillo y actualmente mds
popular, la puncién mdvil [77]. Se parte de unos datos iniciales idénticos que
en el caso de la puncion, pero son cruciales las elecciones particulares de la
formulacién, el gauge, v, sobretodo, el tratamicnto de la singularidad en cada
puncion. En el caso de la puncion mavil, «l factor conforme se evoluciona sin
ningin tipo de hipotesis analitica v las punciones son capaces de moverse en la
malla numeérica.

Bruegmann y otros colaboradores [78] presentaron en 2004 simulaciones
numéricas de hinarias de agnjeros negros capaces de girar entorno a un periodo
orbital. Ocho grupos, Pretorius [79], el grupo en Texas [80], el grupo de
ia NASA [8i], ol grupo cn Penn State [82], Sperhake [83], ¢l grupo de Cai-
Tech/Cornell [84], el grupo de Jena [85] v el grupo del AET [86] (ver mds de-
talles téenicos de los elementos empleados por eada uno de ellos en el Capitulo
7), han conseguido llevar a cabo simulaciones numéricas de binarias de agujeros
negros de larga duracién cubricndo variag drbitas. Scis de cllos usan la téenics
de puncién mdvil, lo que muestra la potencia de esta téenica.
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1.6 Implementando un nuevo cédigo

El trabajo numérico que se ha llevado a cabo durante esta tesis es parte de
un programa a medio plazo que tiene el objetivo de extender el cddigo Co-
ColNuT [87] para que sea capaz de evolucionar ia materia cn espacios-ticmpo
dinamicos, en la formulacion FCE de las ecuaciones de Einstein, incluvendo
ampo magnético. Todas las simulaciones realizadas evolucionan el sistemna
para el tensor 2%, escrito como un sistema de primer orden. La funcién paso,
cl vector desplazamicnto, el factor conforme v ¢l contenido energético van a ser
considerados como pardmetros procedentes de otras simulaciones numéricas o
de expresiones analiticas. FEn el caso general, ¥ en un futuro proximo, todas
lag variables se evolucionaran de manera conjunta.

De acuerdo con las propicdades mencionadas anteriormente en otras Sce-
ciones, sabemos que el gistema es linealmente degenerado v por lo tanto no
pueden aparecer ondas de chogue, como era de esperar desde la intuicidn fisica
del comportamiento de las componentes de la métrica del espacio-tiempo. Este
es el motivo que nos lleva a no usar métodos de captura de choques en nuestro
esquema numérico, como o habitual cn lag simulaciones hidrodindmicas., Las
derivadas espaciales son tratadas con esquernas en diferencias finitas estandares
de diferentes drdenes de precision, y la evolucién temporal con métodos de
Runge-Kutta.

El cédigo utiliza un sistema de coordenadas csféricas ortonormales. Es un
cOdigo axisimeétrico v simétrico con respecto al plano ecuatorial, que se traduce
en el uso de Unicamente dos componentes, una radial ¥ otra angular. Las condi-
ciones de contorno interiores han de ser impuestas en el centro, en el eje ¥ en el
plano ccuatorial, con la ayuda de puntos auxiliares cn la malla numérica v de
las simétrias de las componentes de la métrica conforme. Aunqgue en principio
la coordenada radial se extiende hasta el infinito, el dominio numérico termina
en un radio finito ¥ hay que imponer condiciones de contorno exteriores, que
vienen dadas por la condicidn de Sommerfeld. Esta es una condicién que intenta
dejar pasar la posible radiacién que llega. a la frontera exterior, suponicndo que
esta radiacion viaja sobre un fondo plano, sin curvatura. Los autovalores del
sistema que queremos evolucionar pueden ser interpretados como lag veloci-
dades, que toman el valor asintdtico de la velocidad de la luz, v que es el valor
que suponemos dado que estamos suficientemente lejos del origen. Una malla.
cquicspaciada es utilizada para las dirceciones temporal ¥ angular, v una malla
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logaritmica para la dircceidn radial,

Los métodos de Runge-Kutta (RK) utilizados tienen la propiedad de dis-
minuir la variacién total (TVD) (mas detalles en el Capitulo 8). Métodos RK-
TVD de primer, segundo, tercer y cuarto orden han sido implementados en el
codigo. Un filtro de ruido de alta frecuencia o alternativamente un término digi-
pativo estdn implementados para eliminar el ruido numérico de alta frecuencia,
que aparece en la evolucién de las variables del sistema en simulaciones de larga
duracion. El anadir viscosidad no seria una buena solucién porque, ademas de
reducir la amplitud de este ruido de alta frecuencia, también reduciria la am-
plitud de las ondas gravitatorias que cstamos interesados en estudiar, El filtro
ey sencillo de implementar y funciona muy hien, perc a priori el mimero de
iteraciones entre aplicacion y aplicacion del filtro es diferente para diferentes
simulaciones. El término disipativo tiene relacidon cou incluir una derivada de
orden par de alto orden, ¥ ¢s mas conveniente que ¢l filtro a la hora de llevar a
cabo cstudios de convergencia, va que la adicién de dicho término puede inter-
pretarse como una modificacion del algoritmo que mantiene el orden del error
de truncamiento.

Algunos casos particulares pueden ser de gran utilidad a la hora de validar
el codigo numérico v garantizar futuros resultados en escenarios mas complejos.
Consideremos en primer lugar el sistema de ecuaciones de Einstein linealizado
en vacio, con funcién paso v factor conforme igual a uno, y vector de despla-
zamicnto nulo. Los datos iniciales usados corresponden a una combinacién de
ondas de Teukolsicy [88] regulares cn ol origen de amplitud (07°, Estas ondas
son solucidn analitica de la ecuacidn linealizada en vacio, satisfacen el gauge de
Dirac ¥ tienen traza nula (que es la aproximacion lineal de la condicion sobre el
valor del determinante de la métrica espacial). Esta solucién analitica permite
una comparacion exacta con los resultados numéricos que se van obteniendo.

Usando diferentes valores del orden del REK, del orden de las derivadas espa-
ciales v diferentes CFL {condicidn sobre el paso de tiempo), el cédigo numérico
siempre falla debido a la formacion de una inestabilidad en el origen. Las
inestahbilidades en el origen son problemas comunes en problemas con simetria
esférica, ya que el propio sisterma de coordenadas no esta bien definido en el
origen. Esta singularidad coordenada no tiene relacion ni con el formalismo
ni con el algoritmo numérico utilizados. El tratamiento mas comiin suele ser
la. redefinicidn de las variables dindimicas cn basc a sus desarrollos de Taylor

cerea del origen (véase por cjemplo [89], o mas recientemente [90]). En cste
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caso, ¢l hecho de usar coordenadas ortonormales garantiza que los desarrollos
de Tavlor de las variables dindmicas son apropiados para la evolucién numdérica
del sisterna. Cabe distinguir, entre todas las variables del sistema que evolu-
cionamos, dos grupos atendiendo a la manera en que se obtienen dichas va-
riables v también a razones numéricas. El problema de la inestabilidad puede
resolverse con una combinacion de métodos explicitos ¢ implicitos a la hora de
evolucionar numdéricamente lag ceuaciones. La golucidn analitica cn el régimen
lineal se recupera, asi como la velocidad v amplitud de la onda (ver mds de-
talles ¥ figuras que muestran la evolucidn de los datos en el Capitulo 8). La
condicién de contorno exterior funciona correctamente a nivel lineal.

En el segundo test varos a considerar una estrella de neutrones en ratacion
en equilibrio, cuyos datos iniciales han sido obtenidos de una libreria de métodos
espectrales llamada LORENE [91]. La funcidn paso, el factor conforme y el
vector desplasamicnto tienen valores generales, pero van a scgulr siendo congi-
derados como pardmetros fijos durante la simulacidn. La malla en la direccidn
radial se divide en varios dominios. El primero se lamara dominio de la ma-
teria, y contiene a la estrella. El segundo es el dominio de propagacién, en
donde las ondas estan bien resueltas. El tercer y ultimo dominio es el de amor-
tiguacidn, que tiene una resolucidn pobre v el ohjetivo es el de dejar a la onda
viajar lo suficicntemente lejos antes de llegar al radio exterior de la malla.

En los datos iniciales incluimos unas diferencias en las componentes de la
curvatura extringeca sin traza, que generan una perturbacion que sc propaga
hacia ¢l exterior. Una ves la onda ha pasado, s recupcra la solucién csta-
clonaria. Este test puede permitir comprobar si realmente se recupera la esta-
cionaridad en el sistema, y ademds permite validar la condicion de contorno
exterior implementada. Con estag simulaciones se comprueba que el radio
oxterior debe situarse al menos a unas 300 veces ol radio de la estrella. Si
inicialmente partimos de los datos estacionarios para todas las variables del
sistema, no se genera ninguna onda artificial (ver méas detalles en el Capitulo
8).

En ol dltimo test realizado se parte de una estrella de neutrones perturbada
no estéricamente, por lo que cabe esperar la emision de radiacion gravitatoria
del sistema. Lag ecuaciones hidrodindmicas que evolucionan la materia también
se resuelven, aunque la funcion paso, el factor conforme y el vector desplaza-
micnto sc siguen mantenicndo fijos a io largo de la evolucidn (suponemos que
no van a variar significativamente). Con cste test se pretende obtener infor-
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macion del radio de extraccidon de lag ondas gravitatorias, que seran calculadas
con una aproximacion del escalar de Weyl ¥4, Las ondas que se obticnen
corresponden a las ondas gravitatorias fisicas que produce la estrella pertur-
bada al evolucionar las ecuaciones hidrodindmicas. Se observa que el radio de
extraccién debe estar situado lejos de la fuente, pero dentro del dominio de
propagacion. Es suficiente con cubrir la longitud de onda con cinco puntos al
final del dominio de propagacidn.

La onda en principio deberia oscilar sobre el valor 0. Puede ohservarse (ver
figuras cn el Capitulo 8) un off-sct, o desplazamicnto tedio de las oscilaciones
de lag ondas gravitatorias, inicialmente, antes de que la onda alcance un de-
terminado radio; puede solucionarse simplemente extendiendo el dominio de
propagacién hasta un radio mas alejado de la fuente. El off-get en las propias
ondas gravitatorias parece disminuir conforme el radio de extraccidon es mayor,
pero es una cuestion ain pendiente de resolver. El origen de este problema
puede ser debido a: 1) la existencia de una pequefia inconsistencia entre los
datos iniciales del tensor de energia momento de la estrella perturbada v los
datos iniciales de la métrica del espacio-tiempo; ii) el procedimiento para esti-
mar la aproximacion del cscalar de Weyl ¥4 no s ¢l mas preeciso. Esperamos
mejorar cstos aspoctos en la version extendida del cédigo CoCoNuT. Gracias
A estas sirulaciones, puede deducirse que es razonable situar el radio de ex-
traceion al menos a unas 30 veces el radio de la estrella.

El cédigo CoColNuT, al que nos hemos referido ya varias veces, es un
codigo relativista magneto-hidrodinamico, que evoluciona también la métrica
del espacio-tiempo. Este cddigo numérico permitird estudiar escenarios as-
trofisicos en donde la Relatividad General puede jugar un papel importante.
El proyecto fue iniciado por H. Dimmelmeicr en su tesis doctoral. Poste-
riormente, fue extendido a un codigo tridimensional haciendo uso de la li-
breria LORENE para evolucionar las ecuaciones CFC, en colaboracion con J.
Novak, v de métodos de captura de choques para evolucionar las ecuaciones
hidrodinamicas. Recientemente, P. Cerdia-Duran ha implementado una ex-
tension magneto-hidrodindmica. Una vez que los principales aspectos para
extender CFC a la formulacion FCE han sido establecidos y los primeros tests
llevados a cabo de manera satisfactoria, es el momento de incorporar el nuevo
sistema hiperbdlico al codigo. Este trabajo esta en progreso, en colaboracion
con P, Cerdd-Durdn, aunque algunos pasos importantes va sc han dado. Al-
gunas de las herramientas implementadas en CoCoNuT seran de gran utilidad
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para futuros desarrollos v aplicacioncs; por cjemplo, log métodos cspectrales
seran muy Gtiles para el cdleculo del escalar de Wevl, v el buscador de hori-
zontes va implementado serd una herramienta importante en las simulaciones
de colapso de una estrella de neutrones a agujero negro. Sera igualmente in-
teresante el estudio de la radiacidén gravitatoria procedente de estrellas de neu-
trones en rotacion con diferentes ecuaciones de estado, v la comparacién con
otras aproximaciones (como Ia férmula cuadrupolar).

1.7 Conclusioncs

Durante ¢l periodo de la tesis doctoral he dedicado ticmpo tanto a investiga-
ciones tedricas como numédéricas, como dos ingredicntes importantes v comple-
mentarios, poniendo énfasis en el campo de los formalismos de las ecuaciones de
Einstein v en particular en la FCE. He completado, en gran parte, el analisis de
lag propiedades matemdticas del sistema eliptico-hiperbolico de las ecuaciones
de Einstein en esta reciente formulacién. Estos cstudios tratan principalmente
de lag propicdades de unicidad local de las ecuaciones clipticas v de la estruc-
tura caracteristica de lag ecuaciones hiperbdlicas. Fl andlisis de las ecuaciones
hiperbélicas ha sido aplicado al estudio de las condiciones de contorno sobre
los horizontes atrapados de los espacio-tiempo dinamicos de los agujeros ne-
gros, También he llevado a cabo algunos cstudios de existencia de foliaciones
maximales cn el caso de cspacios-ticmpo con simetria esférica.

Sobre la parte munérica de la tesis, he realizado progresos en la puesta a
punto del codigo numérico responsable de evolucionar el sistema que contiene la
radiacion gravitatoria en la FCF, y también en su implementacidn numérica en
la nueva versidn del cddigo CoCoNuT. Algunos aspectos clave para la evolucidn
del gistemna, como el radio de extraceion de la senal gravitatoria o aspectos que
tienen relacion con la frontera exterior, han sido obtenidos. El cddigo estd
preparado para simular numéricamente la evolucién tanto del tensor de energia
como del tensor métrico completo (teniendo en cuenta todas las ecuaciones
clipticas ¢ hiperbdlicas del formalismo FCF).

Pueden plantearse un conjunto de posibles extensiones o aplicaciones de mi
trabajo en distintos campos.

Desde un punto de vista puramente geométrico, el estudio de la existencia
de foliaciones maximales cn simetria osférica v la téenica cmpleada para di-
cho estudio, puede (y deberia) ser extendida a casos mas gencrales, como los
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cspacio-ticmpo axisimétricos, por un lado, ¥ a otras foliacioncs, por otra parte.
Como propucsta afadida de este analisis, seria interesante también generar
nurnéricamente espacios-tiempao dinamicos, v compararlos con los resultados
generados usando nuestro andlisis geométrico.

Desde un punto de vista purarmente matematico, considero muy relevante
{v urgente) completar el estudio de si el sistema eliptico-hiperbdlico de las
ceuaciones de Einstein para la FCF cg un problema matemdticamente bien
puecsto. Hasta ¢l momento, dnicamente sc habian realizado cstudios de los
sistemnas de ecuaciones que gobiernan la evolucion de la radiacidén gravitatoria
en la FCF v las ecuaciones que gobiernan la evolueion de los campos de materia
por separado, de manera independiente uno v otro sistema de ecuaciones. En
particular, seria interesante profundizar en la comprensién de las propicdades
hiperbélicas del sistema de ccuaciones acoplacdo.

Desde un punte de vista puramente matematico, considero muy relevante (y
urgente) completar el estudio de si el conjunto de ecuaciones eliptico-hiperhdlico
del formalismo FCF es un problema bien puesto. Hasta el momento, dnicamente
se han realizado estudios independientes del sistema que gobierna la evolucion
de Ia radiacién gravitatoria en FCF vy de la parte {magneto-)hidrodindmics
de la evolucion de la materia. En particular; seria interesante profundizar en
la comprension de las propiedades de hiperbolicidad del sistema acoplado de
ecuaciones.

Desde un punto de vista astrofisico, es el momento oportuno para usar un
procedimiento exacto (sin aproximaciones) para extraer la sehal gravitatoria
procedente de cscenarios astrofisicos como ¢l colapso de los niicleos estelarcs.
Es cl siguiente paso natural a esta tesis, despudés de los tests llevados a cabo
satisfactoriamente. Es necesario una comparacion rigurosa con los estudios
previos realizados con otras aproximaciones para extraer la seial gravitatoria,
como es el caso de la formula cuadrupolar. El disefio del cddigo CoCoNuT es
tal que estd preparado para aplicaciones cn tres dimensiones cspaciales, y cs
natural la extension del eddigo para incluir la FCF de las ecuaciones de Einstein.
Un esfuerzo para la mejora en los aspectos de paralelizacion es necesario.

Como resumen de las simulaciones numéricas propuestas a llevar a término
con la version actualizada de codigo CoColNuT, caben mencionar lag siguientes:
i) obtener ¥ comparar las seflales gravitatorias resnltantes de diferentes simn-
laciones de cstrellas de neutrones en rotacidn con varias ccuaciones de estado;
ii) calcular de una mancra mas preeisa la evelucion de la métrica completa del
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cspacio-ticmpo de una cstrella de neutroncs que gira v colapsa a agujero negro.
Otras simulaciones, cn las que las coordenadas csféricas estdn bien adaptadas
al problema especifico, son posibles en escenarios con un campo gravitatorio
tuerte, una vez que la extensién a la formulacidén completamente relativistica
ha sido implementada en CoCoNu'l.



2. INTRODUCTION

The topic treated along this thesis is the theoretical and numerical study of
tormalisms of Einstein equations, with the final aim of applications to black
holes and gravitational waves. Both mathematics and physics play a funda-
mental role, complementing onc another, concerning the tools used and the
results presented in this work. Comunication among different specific branches
of knowledge can lead to important improvements, and sometimes provides
additional original points of view in the strategy for solving a problem.

The black hole concept was introduced by John Michell in 1783 in an article
sent to the Royal Society: “If the semi-diameter of a sphere of the same density
as the Sun were to exceed that of the Sun in the proportion of five hundred to
one, a body falling from an infinite height towards it would have acquired ot its
surface greater velocity thon that of light, and conseguently supposing light to be
attracted by the same force in proportion to its mass, with other bodies. all light
emitted from such o body would be made to return towards i by its own proper
gravity”. He introduced this concept in the sense of an object having a surface
gravity such that even light could not scape from it. In 1796, the French mathe-
matician Ploerre-Simon Laplace explained the same idea in his boole Exposition
du Systeme du Monde: “Un astre lwmanewr de méme denstté que la terre, et
dont le diemétre seroit deur cent cinguante fois plus grand que celui du soleil,
ne laisseroit en verty de son atfraction, parvenir aucun de ses rayons jusqua
nous; il est donc possible que les plus grands corps lumineur de lunivers, sotent
par cela méme, inwvisibles...”. The General Relativity theory of Albert Einstein
(1915) postulated that light and trajectories of all particles are curved by the
geommetry of spacetime. Just a few months later, Karl Schwarzschild found a
solution of Einstein equations which describes a non-rotating black hole, but
at that epoch it was interpreted ag a mathematical solution. It was in 1967
when John Wheeler introduced the term black hole during a conference in New
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York.

From a geometrical point of view, a black hole can be scen as a solution
of Einstein equations which contains a singularity (infinite curvature) in the
metric of spacetime. From an astrophysical point of view, a black hole can be
seen as the final result of some kind of collapse of a particular stellar object.
Howoever, it is not clear if the outcome of the collapse is the formation of a
singularity, firstly, because such regions of spacetime arc not accesible and,
secondly, because quanturn effects need a careful analysis in the context of a
consistent theory of quantum gravity.

One of the predicted consequences of General Relativity, not detected yet, is
the existence of gravitational waves. Enormous experimental, theoretical and
numerical efforts have heen made in the last forty years, in order to detect,
and cosmological scenarios. It will be a completely new way of looking at the
universe, it will even be a way to unveil some places of the universe, hidden up
to now, as black holes,

In order to deep into the knowledge of all these scenarios and interesting
objects a formalisim of Einstein equations is required. The different formula-
tions, and the mathematical properties of the resulting set of partial differential
cquations, like well-posedness or local uniqueness, can have a huge importance
and they have not always deserved attention. A hard theoretical work has been
made in this topic by important mathematicians and physicists. We have to
recoghize the capability of the most used formulations, as the so-called BSSN
{zee more details in Chapter 4), crucial for the success of recent simulations of
binary black holes. But we do not have to forget the formalisms introduced
in the last vears, as the FCF, which will be the object of study in this the-
sis, hecause they can offer new ideas and more realistic comparisons between
numerical results.

Finally, the numerical tools available nowadays have made possible impor-
tant advances. For cxample, supcrcomputers arc able to show us how the
universe evolves to the macroscopic homogenous structure and to filaments in
a small scale; without computers, it is almost imposible to imagine the simu-
lations of the evolution of non-linear systems of equations governing complex
processes such as the evolution of stars, the dynamics of binary compact oh-
jects, the jets associated to galaxies... and a long cteetera.
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2.1 Organization of the manuscript

I start with a list of publications, and the Chapters based on them. The outline
is bricfly described.

Chapter 1 containg the introduction, an overview which summarizes the
main ideas and the couclusions of the thesis in Spanish.

Chapter 2 contains the introduction and the organization of the thesis. In
Chapter 3, a brief analysis of black holes from the astrophysical point of view
is made, A classification of black holes depending on their origin and masscs,
and some detection methods are reviewed.

Chapter 4 is a review of the main formalisms of Einstein cquations, namely
242 or null formalism, and 3+1 formalism. The Kojima-Oochara-Nakamura
(KON} formulation which used the 3+1 formalism, was proposed in 1987.
The most. popular formulation of the 341 formalism, the so-called Baumgarte-
Shapiro-Shibata-Nakamura (BSSN) formulation is described. This formuiation
represents the state-of-art in the field of Numerical Relativity involving the
succesfully binary black hole simulations. A recent one, the fully constrained
formulation {(FCFY), is analyzed paying particular attention to their mathemat-
ical properties. This thesis is basically devoted to theoretical and numerical
studies based on FCF.

Chapters 5 and 6 contain the core of the theoretical work. In Chapter 5,
the local existence of maximal slicings is discussed. It focuses on the properties
concerning the elliptic and hyperbolic equations of the FCF formalism. In
Chapter 6 the properties of the hyperbolic svstem studied in Chapter b are
applicd to geometric aspects of black holes as the inner boundary conditions
on the horizon,

Chapters 7 and 8 contain the numerical work. In Chapter 7 the methods
for the numerical evolution of black holes and the present status of this kind
of simulations are summarized. In Chapter 8, a numerical code is presented.
It evolves the non-conformal part of the metric of spacetime in the FCF for-
mulation, deseribed by the hyperbolic system of non-lincar partial differential
equations. Some basic tests are shown, confirming the goodness of the nume-
rical implementation of the equations. This code has been developed during
the thesis independently from other codes, but the intention is to incorporate
it to an existing numerical code, CoCoNuT. Previous version of CoColNuT
was able to numerically evolve the magneto-hydrodynamic equations using the
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CFC approximation of Einstein cquations. The addition of the new FCF of
Einstein equations will extend the approximation to a. fully genceral relativistic
formalism.

Chapter 9 is a summary of the thesis and some future plans.



3. ASTROPHYSICAL BLACK HOLES

From a classical point of view a black hole (BH) is a compact object whaose
surface gravitational potential approaches half the square of the speed of light.
A BH is an object sufficiently compactified which does not let light escape
from it. The theorctical tool to describe mathematically a BH is General
Relativity (GR). The boundary of the BH is a surface generally calied the
horizon. There are some quantities scaling with mass, M, as the radius K =
GM/c? a2 147 (M/Mz) km, where G is the universal gravitational constant, ¢
is the velocity of light and Mg is the solar masgs, or the average mass density

pP =S U/—l’rH" as 1.5 x 1077 ( M/ U) g cm_“ which tells us that massive BHs
have low density.

3.1 Schwarzschild and Kerr BHs

The non-rotating and rotating BHs arc described, mathematically, by the
Schwarzschild and the Kerr metric, respectively. In this Section we are going
to use e instead of M for denoting the parameter which is interpreted as the
mass of the BH.

3.1.1 Schwarzschild BH

The Schwarzschild metric describes a static BH [1, 2]. This metric can be
formulated in terms of different set of coordinates:

{i) If we use Schwarzschild coordinates (tg,r. 8, @), with ¥ > 2m, the linc
elernent is given hy:

dsg—<l—2m\dtq (1—2’”’\ dr? £ 202, (3.)
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where dQ2 = d6? + sin® fde? is the metric of a 2-sphere, and m is the
gravitational mass.

(ii) If we use isotropic coordinates (t g, 7.8, gs), the line element is given by:

1 m oy 2
, A WA o g
ds? = — (—2’“\ a4 (1 2V (@ £ 2a0?), (3.2)
11 VT : \ T A 7
2

where the relation hetween this set of coordinates and the first one is

by r—7F (l + E\g
: \ 27/

(iii) If we use Painlevé-Gullstrand-Lemaltre coordinates, (T, 7,6, ), the line

element is given by:

2m 2m
ds® = — (1 — —\ dT? + 24/ =—dTdr + dr® + r*dQ>. (3.3)
oo V or
where the relation hetween this set of coordinates and the first one is
2m
=
given by dT' = dtg + %dfr'.

P2

{(iv) If we use Eddington-Finkelstein coordinates (f, r, 8, ), the line element. is

given by:

. 2 A 2
dg® = — (1 — ﬁ) 02+ —ditdr + (1 + ﬂ) dr® 4+ r2dQ%,  (3.4)

¥ T

where the relation between this, set of coordinates and the first one is
given by £ =154+ 2m In 5 1‘.
417)

The induced metric on the spatial hypersurfaces g = constant is confor-

mally flat; it is easy to check it in the isotropic coordinates. As a general
procedure, one can caleulate the Cotton tensor in a set of coordinates. In three
dimensions, the metric is conformally flat if and ouly if the Cotton tensor is
zero (in more dimensions, the Cotton tensor must be replaced by the Weyl
tensor). The induced metric on the spatial hypersurfaces T' = constant is flat.
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The first and sccond sct of coordinates are singular at the horizon H, which
corresponds to ¥ = 2m, F = m/2 and t5 — +oo. The spatial hypersurfaces
tg = constant are an example of maximal slicing (the trace of the extrinsic
curvature is zero, see next Section); they do not intersect the horizon except
at a 2-sphere that is common for all of them. The two last set of coordinates
arc regular at the horizon H which is located at ¥ = 2m; in both of them we
have always a timclike coordinate, T or ¢,

3.1.2 Kerr BH

A rotating BH is described by the Kerr metric [3]. There are several sets of
coordinates we can usc:

{1) If we use Boyer Lindquist coordinates (¢, 7,0, @), the line element is given

by
2
1.2 [p\/g\ 1,2~y 1n2 Praon 2 2 1n? ooy
ds” = — T} di” 4w {dp —wdi)" + p  JAdr + pTdf, (3.5)
where:
A = r*—2mr+a, (3.6)
B B a a . PN
g = ro4acostd, (3.7)
5= (P + (Lz)E — a®Asin? 6, (3.8)
wo = 2(1.':r1,-r‘/22, (3.9)
& = Xsind/p, {3.10)

¢ being the specific angular morenturm of the BH. Setting o = 0 in equa-
tion (3.5) we recover the Schwarzschild BH in Schwarzschild coordinates.

(ii) It we use Kerr-Schild coordinates (f, r, 0, (,5), the line element is given by:

2k
57 — —(1—Z)dt’ —2asin®f Zdid, i + 2L

1 A & _—
&5l aray arar = 24

Zz—1

g ZRET g
+2aesin? § —————drdj + p*dé?
Z—1
+sin® @ p*[1 + V(1 + Z)]dg”, (3.11)
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where ¥ = e®sin®6/p°, Z = 2mr/p®, k is a non-negative integer that
can be considered as a paramcter, and e = +1{—1) regularizes the fu-
ture (past} horizon of a rotating BH. The relation between this set of
coordinates and the Boyer-Lindquist one is given by

dz = dga—e%d-‘r, (3.12]

dt—e[‘1+y 172.,k-|

df — — —
[I+Y —Z L—Z

dr. (3.13)

The function A is called the horizon function, which is zero at the horizon.
This implics that the component gy, of the metrie, ic, the cocficient of dt?,
vanishes.

For static Schwarzschild BHs, ¢ = 0, there is only one horizon located at
r = 2m; but for rotating Kerr BHs there are in fact two horizons located at:

T = m =t/ m? — a2, (3.14)

where v is called the outer horizon and r_ the inner or Cauchy horizon. The
outer horizon is the event harizon.

3.2 Classification

We can classify BHs in three types according to their origin: those that arise
from stellar collapse (stellar BH), those that may come from merging and ac-
cretion processes and arc named supermassive black holes (SMBH}, and those
which may be relics of the dense highly inhomogeneous medium in the early
universe {primordial black holes -PBH).

According to their masses BHs can be classified: PBH, which have a very
low mags, for which there are no obscrvations; low mass BH, 3 — 100, as
the stellar ones; intermediate mass BH (IMBH), 10 — 10%My,, for which the
observational evidence is pretty weak [92]; and SMBH, up to 1083,

3.2.1 Stellar BHs

Stellar BHs, i.c., BHs as the outcome of the stellar evolution can be formed in
the following cases:
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{i) The final cvolution of Popuiation 1 massive stars with A7 > A,, where
M, is typically much higher than [0A (sce figure 3.1).
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Fig. 3.1: FEvolution ol Pop | stars (J.A. Pons, privale communication}.

(ii) The final evolution of Population II massive stars as before. Roughly
speaking, we can say that the cvolution of Pop II follows the same track

as do the stars of Pop I, generating the same mass spectrum of BHs as in
the case (i).

The final evolution of Pop IIT massive stars ([93]). Notice that in this
casc the theory predicts the formation of IMBHSs (sce figure 3.2).
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curve) and the mass of the star when the event that produces that remnant
{c.g., mass loss in AGD stars, supcrnova cxplosion for those stars that make
a neutron siar, ele; thick gray curve) beging [93].

3.2.2 SMBH

In this casc there can be some processes lumping together such as: accrotion
ounto a stellar BH, merger of massive stars that collapse, gas cloud extremely
dense that collapses, merger of IMBH, SMBH in the center of the galaxies
as seed of the proper galaxy. The presence of them in late-type systems is
reasonable if they form by accrction, There are relations between the mass and
the velocity dispersion (see the detection methods) in early type disk galaxy
bulges (Magorrian’s law [5]) supporting the joint growth hypotesis. Other
processes as mergers of BHs can be regarded.

The Milky Way has in its center a SMBH located at SgrA™, A cluster of
stars is observed within 0.02 pc of it, and the orbital motion of some of them
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with velocitics up to 1350 km s™! have been monitored during many veacs.
Well determined acceleration vectors for several of the stars point at SgrA™ and
the data allow an estimate of the central mass about (4.31 £ 0.38) x 1080
[94]. This massive object cannot itself be a cluster of smaller objects due to
the following argnments: i) 108Mg of ordinary stars would be visible; ii} if it
were formed from brown dwarfs, then it would be so densely packed that they
would coilide, merge and become fuminous beyond observabice limits; iii) if they
were formed from collapsed stars, then they would he rapidly expelled out by
evaporation [95, 96].

Accretion onto SMBHs is the most efficient mechanism of cnergy gencra-
tion. The physical picture to compute the maximum efficiency is an accretion
disk in which matter slowly spirals inward. This spiralling motion stops at
the innermost stable circular orbit (ISCO}, which is the innermost rading an
accretion disk can have. The efficicncy of a BH is one minus the fraction of
the original rest mass finally accercted by the BH. The upper limit cfficiency
for a Schwarzschild BH for point particles is (.0572, while for an extreme Kerr
BH it reaches 0.42; a BH accretion disk can convert mass into energy up to
two orders of magnitude more efficiently than the one generated in the nuclear
burning of hydrogen into helium (sec more details in [97]}.

There are reasons to expect that an aceretion disk surrounding the BH can
be formed. The angular momentum of gas around it can prevent the gas from
immediately falling into the BH, and it will rather swirl around. RRotation
of the galaxy hosting the BH will impose switling of different gas streams;
they will collide and the angular momentum vectors will align leading to the
formation of a thin disk. A BH in an active galactic nucleus (AGN) spius
rapidly because the disk feeds the hole with a high angular momentum to
mass ratio. Let us start from a non-rotating BH with an initial mass, and let
I = geedi/dr + gepdie/dr be the specific angular momentum, where gor, gpp
are the corresponding components of the metrie, and 7 and £ are, respectively,
the proper and coordinate tirme. When a unit mass in the disk reaches ISCO, it
pluminets into the BH without changing its energy E and angular momentum
[, then 60 = E, and § (M) = {. We define a, = ca/GM, that satisfics a,. < 1.

Doing some caleulations and evaluating at » = rrsco (sec [97]). one obtains
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the differential cquation:
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where p (.} = > (GM) ™ rrsco is a complicated function. Integrating numer-
ically from «, = 0 at the initial mass shows that the spin parameter reaches
reach a, = 0.9875 when the BH has doubled its initial mass. So if a SMBH has
changed its mass substantially by accretion from its disk, it must be rotating
Tapidly.

3.2.3 PBH

Thetre are no obscrvational confirmation of their existence. They could be the
seeds from which SMBHs grow. Only in the early universe we find densities
which are orders of magnitude above nuclear density. The post-inflation radia-
tion era is the first relevant one in connection with the formation of this kind of
BHs. The time of formation of a PBH of mass M is ¢ &= 4.9 x 1072 (M /M) s.
The less massive the PBH, the earlier it forms. The Hawking radiation, asso-
ciated with the temperature of the BH, produces an energy loss, and PBH with
less mass than a critical value have nowadays evaporated. The primordial den-
sity fluctuations spectrum are in the origin of the posible formation of PBHs.
The scarch for PBH may provide important information about the conditions
in the very early universe.

3.3 Detection methods

We can distinguish between direct and indirect methods to detect BHs. By di-
reet methods we understand those aiming at showing the existence of the event
horizon and the curvature singularity. Due to the cosmic censorship conjecture
by R. Penrose [98], BH intrinsic singularities are hidden by an event horizon, so
the only posibility is to prove the existence of an event horizon. It means to find
strong cvidence for a zoro-cmission region., This is almost imposible due to the
innacuracics in the measurcments and the fact that BH cvent horizons radiate
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according to quantum gravity description. Only the detection of gravitational
waves can be a strongly direct evidence of the existence of BHs.

Let us comment some of the observational strategies to detect event. horizons
[4]:

Kinematical niethods

They arce very popular and suceessful, Moving objects around the BH fecl
its deep gravitational potential. Hence, their dynamics can be used to derive
properties as the mass and spin of the BH; the values obtained can be used
to rule out other compact object alternatives such as white dwarts or neutron
stars. This is the case of the radio source SgrA* mentioned before. It is an
indirect method which can be applied to luminous stars, gas or flaring objects.
Typically the tracer of the objects close the BH surrounds it on Keplerian
orbits, and the tracking time scale is determined by the Keplerian time scale
at a given radius.

Stars that follow their orbits in groups can also be used, like in, c.g., galaxics,
The study of galaxy samples shows evidence for a strong correlation between
the mass of the central BH, M., and the stellar velocity dispersion, o, called
the M — ¢ (Magorrian) relation [5):

fog (M /M) = o+ Jlog (o /og) (3.16)
where 79 = 200km/s is a reference value, and & a fit value for the slope

(3 == 4.0). BH masses are measured from continuum luminosities and the width
of Hf lines. Narrow [OII] line widths serve as tracers to determine the veloc-
ity dispersions. This relation is not valid at very high redshifts and recently a
non-incar A7 — o relation has been suggested [99].

Other technique that involves the emission of gas is reverberation mapping.
Broad line regions (BLRs) in AGNs are supposed to be luminous matter clouds
consisting mainly of hvdrogen that surrounds a galactic core; due to their fast
tmotions, emission lines are significantly broadened by the Doppler effect and
their width is a measure for the velocity of the BLRs, o. We name r the distance
of the BLRs to the center of the galaxy: we can determine it by comparing the
emission from the galactic core with the one from the BLRs. From the Virial
theorem, the central mass deduced is:

M =ro’/G. (3.17)
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This is very uscful to deteet SMBH in the center of a galaxy, NGC 5548 and
ather galaxies studicd in [100] are some cxamples where this method has been
applied.

Water mascrs can be found in the molecular torus placed at the pe scale
of a galaxy. The microwave emission from Keplerian rotating gas orbiting
the SMBH can be used to measure the central mass. In the nucleus of the
spiral galaxy NGC 4258 the radial Doppler velocities can be fit by rotation
of a circumnuclear disk of pe scale with a Keplerian rotation velocity profile
reaching up to 1080 km s~ %, This implies a point mass at the center of around
4 x 107 M, that cannot be a cluster of brown dwarfs or collapsed objects inside
hecause the disk’s inner radius is at 0.13 pc [95, 96].

There are techniques to measure the spin of & BH. J, but. since w o~ r—3,
rotation of spacetime is extraordinarily strong only very close to the BH.

Finally, a comparison of the observations of quasi-periodic flare emission
close to the galactic center BH with characteristic frequencies associated with
accretion disks (i.e. Keplerian orbital, vertial, and radial cpicyclic frequency)
can also be used to detect BH and measure paramceters as the rotation of the
BH [101].

Spectro relativistic methods

Relativistic effects present in observed spectra are used to establish BH proper-
ties. The main method is the analysis of the Fe lines. There can be a line profile
in the rest frame of the source, like a rotating disk around the BH that extends
ouly a few gravitational radii away from the event horizon. A remote observer
will sce a line profile very different from the one observed at the rest frame due
to some physical effects affecting the path of the photons on their way. We have
to regard a Doppler redshift at the receding part and a Doppler blueshift at
the approaching part. One expects a broadened line with two peaks when the
disk is sufliciently inclined towards the observer. If the inclination is important
the Keplerian velocitics are comparable to the speed of light and the observer
radiation intensity is amplified with respect to the rest frame; this intensifies
the blue line wing. Maoreover, the BH deviates the trajectory of photons by
strong spacetime curvature; the observed photon energy is redshifted relative
to the rest frame cnergy and the speetral line flux is lower in the obscrver’s

frame. See more details in [6].
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Gathering together all the mentioned cffcets, an asymmetric and skowed
relativistic emission line profile is produced. X-ray astronomers often observe
such kind of profiles as iron K fluorescent lines, as part of the so-called ‘reflection
bump’, as response of the ionized accretion disk. The most important iron
fluorescent line is the neutral Fe Ko line. It has been observed in galaxies,
quasars and stellar BHs. With sufficient spectral resolution, the gravitational
redshift can be used as a new detection method for BHs to derive masses with
multi-wavelength data.  We can also get information about BH spin.  The
standard disk extends down to the ISCO which depends on the BH spin: the
event horizon is placed at rrsco = 7, = GM/c? for rapidly spinning Kerr BHs,
to be compared with the case of the Schwarzschild BHs for which rrsco =
6r,. The line emission comes from regions that are deeper in the gravitational
potential if the BH rotates. The line shape is broader and shows an extended
broad red wing for Kerr BHs.

Thin accretion disks are known to have a temperature profile with a max-
imum ciosc to the inner disk edge [102]. If we divide the disk into rings cach
one with a specific temperature, a disk blackbody spectrum (called multitem-
perature blackhody spectrum} is built up by the blackbody temperature of
each ring. If the disk is close enough to the BH, GIU influences the blackbody
radiation. There is a proposed model [103] that is able to measure BH spins.

Accretive methods

Matter acereting onto a BH can cause luminous effects. In a sitple scheme of
an AGN, there is a torus around the BH. The matter of the torus flows due to
instahilities into the center of the AGN. Depending mainly on the accretion rate
a geometrically thick and optically thin advection-dominated acerction flow at
several tens of gravitational radii away from the central SMBH can be formed.
Magnetic effects close to the SMBH favor strong luminous outflows, the jets,
that. can be used as fingerprints of the activity of the SMBH. There are several
groups working in simulations, and radio astronomers working in observations
of these objects, trying to deepen the knowledge of this ficld, Eddington’s
relation links luminosity to accretion rate and BH mass. From the observed
luminosity of SMBH or binaries that contain stellar BHs for example, it is
possible to estimate the BH mass.

The Bondi-Hoyle astrophysical scenario around a Kerr BH (sce [L04]) traces
the presence of the BH and could help ohservers to detect its presence.
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Eruptive methods

placed among the most lnineus events known in the universe since the Big
Bang, with energies Eqpp = 10% erg. They are flashes of y-rays, coming from
seemingly random places on the sky and at random times. Their duration spans
from 10~% scconds to 107 seconds and they are often followed by an afterglow
cmission at longer wavelengths: X-ray, optical, and radio. Aecording to the
ohserved duration, they are classified in two classes: short GRBs {sGRBs),
of less than 2 seconds of duration, and long GRBs (1GRBs), of more than
2 seconds of duration. The rate of the IGIRBs is 1 per day and the rate of
the sGRDBs is 0.3 por day. They have a high variability. The spectrum is non-
thermal, of 0.1-100 MeV. The cosmological redshifts are between z = 0.085 and
8.2, < z =r 1.3, for IGRBs, and between z = 0.12 and 4.6, < z >~ 0.3, for
sGRBs. The knowledge about their progenitors is only indirect; the progenitors
are 107% — 10~ times dimmer than GRBs themselves and we cannot observe
them. Interested readers arc addressed to references [7] for IGRBs and [8] for
sGRDBs.

There exists some evidence for an association between IGRBs and super-
novae {SN}; the two main indications are: i} photometry: like GRB9830425
and SN1998bw in a ncarby galaxy [LOB]; ii) spectroscopy: like GRBO30329 and
ies, but bluer than typical starburst galaxies with little dust and masses lower
than current ellipticals; so they are the typical environments of formation of
massive stars. Concerning their distribution in the galaxy, 1GRBs follow the
light distribution that is approximately the density of star formation distribu-
tion. If we study the rates of SNIbe and the rate of the I[GRDBs, only a fow
percent. of SNIhe can be associated with IGRBs; additional conditions must be
imposed on the progenitors.

The knowledge of sGIRBs is poor and can be improved, because there are
only several dozen obscrvations. However, we can say that the hosts of sGRDBs
are star-forming and elliptical {old) galaxies; this is consistent with the fact
that sGRBs are associated with NS+NS/BH (NS=neutron star) mergers, if
one assumes that there are fast evolutionary tracks to form mergers. They are
typically found in the outer parts of their hosts galaxics. Only a few percent
of NS+NS mergers need to produce sGRDBs; additional conditions must be



3.3, Detection methods 41

imposcd on the progenitors.

Numerical modeling of progenitors systems involving a new-born BH has
allowed to gain a refined understanding of the dynamics and global properties
of relativistic outflows generated in these systems.

Another cruptive detection method for BHs concerns stellar tidal diseup-
tion events. A star with mass M, and radius R, approaches a BH of mass M.
The star is strongly deformed by tidal forces of the BH. At the tidal radius,
Rt =~ R. (M'*)l’/"q‘, BH’s tidal forces overcome the secifgravity of the star and
the star is disrupted. The stellar debris extends to a region close to the BH and
can be partially accreted. If that happens {it is a rare event), a characteristic
X-ray flare develops. This flare has typical signatures for a tidal disruption.
It ig thermal radiation with typical timcseales of months and the integrated
luminosity yields an energy output comparable to supernovae, that need si-
multaneous optical observations to exclude flares from AGIN. The BH mass
can be derived from blackbody spectral fits.

Finally, let us mentioned the Hawking evaporation. In the carly Seventies it
was shown that, even in a semi-classical approach with quantized scalar fields
on the background of non-quantized 4D BH spacetimes, it is possible that BHs
are not totally black [107]. The horizon is illuminated by Hawking radiation.
Currently, the signal-to-noisc ratio docs not allow to deteet dim Hawking cimis-
sion and there are more intense radiation of other kind surrounding the BH. For
typical cosmic BHs the decay due to energy loss by Hawking radiation can be
neglected because the decay time scales with 7 oc A77%; this can be interesting
for PBH, but there are not observations vet.

Obscurative methods

One can use the blackness of the BH to detect it. If there is something bright. in
the environment, like the accretion flow or the cosmic microwave background
(CMB), the BH emerges in the foreground. Spectral flux is reduced by higher
powers of a factor proportial to A, the horizon function. This function, and
thercfore also the spectral flux, vanishes at the horizons.

For Kerr BHs the intrinsic shape of the event horizon is spherically syimn-
metric since there is no angle dependence. But the appearance of the event
horizon by an obscrver placed at infinity depends strongly on the inclination

angle of the observer and the rotation of the BH [9]. These deformations can
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be used to determine BH properties by obscrvations, It ig introduced the no-
tion of back spot {BS) to refer to this. We have to be carcful because the I3S
shapes are model dependent. Constraining the inclination angle of the BH's
rotation axis to the observer, then the BH spin, and BH mass can be deduced
with detailed studies if its distance is known, that could be obtained by inter-
ferometric techniques. If we consider the CMDB in which the BH emerges, the
BH can be detected, independently of having something accreting into it.

Aberrative methocs

The Astronomy of Gravitational Lenses is a very active field of Modern As-
tronomy. The scarch and detection of gravitational lenses can help observers
to infer, among other issues, properties of the lens. In particular, BHs cause
strong gravitational lensing effects that distort the appearance of close ob-
jects. Astronomers use photometric methods by measuring light amplification
of background sources from lensing BHs in the foreground [10]. Several null
geodesies coming from the source can arrive at the observer and multiple im-
ages and also rings can form. Galaxies, stars or planets can play the role of
lenses. A BH distorts the orbits arcund it. BH masses and other properties can
be deduced with these tecniques. For example, Meudon’s group {J.A. Marck,
[108]} have analyzed the null geodesics of photons emitted from the aceretion
disk around a Kerr BH. Other example about measurements of BH can he
found in [109].

Gravitational wave—induced methods

This is the only direct method for detecting BHs. These waves can be viewed
as Tipples in the curvature of spacetime caused by accelerations of matter,
provided that the motion is not perfectly spherically symmetric. Their prop-
agation speed iz the speed of light; the Gravitational Waves {(GWs) do not
travel through spacetime, it is the proper spacetime which oscillates. GW
cmission implics emission of ecnergy. The first indircet detection of GWs was in
1974 by Hulse and Taylor from their observation of the binary pulsar system
PSR B1Y13-+16, consisting of two neutron stars orhiting each other closely and
rapidly, a discovery for which they were awarded the Nobel Prize in Physics;
its orbital period decreases just as it was predicted by GR. if the syvstem were
losing cnergy by radiationg GWas.
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Their strength weakens proportionally to its distance from the source. As
these waves pass, distances between objects will increase and decrease rhyth-
mically; the magnitude of this effect for very strong sources mesured at Earth
is very small, changes in size at most 1 in 10%", and so the difficulty to mea-
suring them. GWs have not been detected directly vet. Huge experimental
cfforts arc, currently, done in this field. The first attempt was duc to Weber
with a resonant bar; modern Weber bars are still operating, but they are not
sensitive enough to detect anything but extremely powerful GWs [11]. Mare
sensitive detectors are ground-based interferometers, as VIRGO [12], GEOG00
[13], TAMAS00 [14] or LIGO [15], and their advanced versions. Space-based
interferometers, as LISA [16], arc being developed. Scientific community ox-
pect that GW ohservatories will detect signals in a near future. A new window
of information will be opened allowing us to see things that we cannot observe
by means of other kind of messengers {photons, neutrinos...}.

Binaries of N5s, N5+EH, or BHs, SN explosions, accretion onto BHs, non-
spherical pulsating objects arc sources of GWs (sce Seetion 7 and talks in
a recent. workshop held in Valencia (Spain) [17]). Numerical simulations are
providing useful templates for extracting GWs from data analysis in case of
detection by the GW observatories. In the last few years this field has ad-
vanced cnormously, and it is a nice example of synergy between observations
and numerical simulations.
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4. FORMALISMS OF EINSTEIN EQUATIONS

Two of the main formalisms of Einstein equations are the 242 or null formalism,
and the 341 formalism. A review of them will be presented in this Section, as

well as some formulations of 3-+1.

4.1 242 formalism

The metric of Minkowski spacctime
is:

ds? = gapda®da® = nasde®da®
= —dt? pdr? R, (4.0)

where d€1? corresponds to the metric of
the 2-sphere.

The variable £ is taken as a time va-
riable and r as a radius. The velocity of
light ¢ = 1 splits the Minkowski space-
time into two regions which are called,

hecatan of canaslitv ronsons. future caono
DOCEUSC Of causanty reasens, uture cone

(¢t = 0) and past cone (£ < 0}, For a cons-
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Fig. 4.1: Null cone.

tant value ot 7, there is a 2-sphere of radius r, that can be seen as a l-sphere
in Fig. 4.1. The future and past cones of slope 1 are constituted by the null
voctors &, which satisfy 77&5!:"‘!:3 = (). The timelike veetors are inside the cone,

and the spacelike ones outside.

If one fixes the coordinates of the 2-sphere 9 and imposes ds® = 0,
there are two solutions: df = =+dr. We can define two new variables as
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coordinate scalars: the advanced time, v ;= ¢ 4+ v, and the retarded time,
uw 1=t —r. The derivatives 8, and 8, along these coordinate directions define
null vectors. The hypersurfaces defined by » = constant and v = constant
are called characteristic hypersurfaces, because these coordinate scalars satisfy
P duudsu = 0 = 7% d,v05v. Using one of these variables instead of ¢, the
metric can be rowritten as:

ds? = —du® — 2dudr +2d? = —do? + 2 du dr + #2d02. (4.2}

Now a general curved spacetime will be considered.
The characteristic surfaces for the gra-

vitational field equations arc null hyper-

surfaces in a curved space. Solutions of -

the equation

= constamnt
¢ du =10 (4.3)

define a family of @ = constant null hy-
persurfaces. The normal directions to
the surface. k% = g"*"d,u, are also tan-
gent to the surface since null vectors are
sclf-orthogonal. A two-paramctet sys- Fig. 41.2: Null coordinate system.
tem ol null geodesics tangent to &%, called

Tays, generate a single null hypersurface.

In null coordinate systems, 1 = 2, the retarded time, is one of the coor-
dinates; one wants to know the information coming from the system. Once a
family of null hypersurfaces has been incorporated by the previcus coordinate,
two additional coordinates, @, A = 2,3, are chosen as parameters constant
along each ray:

s A s
Uy =0, (4.

;
These coordinates can be visnalized as optical angles, and are named 8 = 22,
¢ = 2% The choice of the coordinate scalars u, 6, ¢, and the conditions (4.3)
and (4.4), give the constraints g% = g“* = 0 to the contravariant metric
components. Since g“-ﬁg@# = 4, onc has furthermore g13 = g14 = 0. The
only coordinate varving along a given light ray is z'. It is usually taken to be
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the luminesity distance » from the source {18, 19]. This sct of coordinates is
illustrated in Fig. 4.2.

In the particular case of Minkowski spacetime, the retarded time labels
a family of null cones which are generated by light rays emanating from the
origin. This variable can be seen as the 2° coordinate. Moreover, 7 can be seen
as 2! and the polar angles in the metric of the 2-sphere d©2? as x4,

Bondi was the first in using null coordinates to describe radiation felds, His
work was followed by a rapid development of other null formalisms. These were
distinguished either as metric based approaches, as developed for axisymmetry
by Bondi, Metzner and van den Burg [20] and generalized by Sachs [18]. or as
null tetrad approaches developed by Newman and Penrose [21] in which the
Bianchi identities appear as part of the set of equations.

Let us consider an isolated worldtube [19]. The most general metric in this
system of coordinates is [18]:

: V. . , )
ds? = — (—82'8 — TzhARU‘!‘UB\ da®
\ 7 /
—26*Pdrdu — 2 hagUPda N du + r2h 4 pda? da®, (4.5)
where:
(i) Hur = _532"[3!
(ll) GAR — T’Qh_;”:;.‘
(iil) gua = —r?hagl’”,
T _ YV 20 2 TATTH
(“’) Guu — — (TP l f?-_,qBL 1y )

The function V can be interpreted as a Newtonian potential. The functions 74
arc the angular shift on the light cone. The function 7 is the redshift between
the hypersurfaces ug and wg + Aw, or more physically, the expansion rate of
light. rays.

Notice that we have two degrees of freedom in the choices of the functions
hag, that are going to be represented by the functions v, 4. We can write them
in terms of the new functions, if and only if we impose that the determinant of
hap is equal to sin” 8, as:

hagdetde® = ¥ cosh (24) d6% + 2 sinh (26) sin #dAds
+e ?7cosh (28) sin® 8de?. (4.6)
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In the linear approximation -~y is connccted with the plus polarization and 4
with the cross polarization of the gravitational wave.
LV erinmy ST I 1 R 1.1
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L) to any
other allowed set by choosing two arbitrary functions of three variablé!s =
GA (u: B ) This degree of freedom can be avoided by introducing a suitable
tetrad system. Bars will be used to denote complex conjugation. For a given
k* we have:

g =kt mY Pk 4+ R+ Y, mf =t
e kfmy, = 4, = 1, mfmy, = Kk, = 191, = mft, = B, = 0:(4.7)

,
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An algebraic conscquence of (4.3) is that there is one and only one, necessarily
out of the hypersurface, and not laying in the hypersurface, because the o
span a spacelike hypersurface. This vector is useful hecause it defines a unique
direction leading out of the hypersurfaces u = constanié. To interpret m* one
can again imagine the rays realized by photons; then an observer sces the rays
always coming from the same direction in his own rest frame if and only if his
velocity lies in the plane spanned by & and m*. The vector £ is determined
up to the transformations " = ™t with w any real spacetime function.

Next, let us consider what are the restrictions that Einstein field equations
piace on the metric functions. if we denote them by £, = G — 811, = 0,
where Gy = Ry — 290 R, R is the Ricc tensor, R the scalar curvature
and T, the energy-momentum tensor {e.g., & perfect fluid), these equations
antomatically split into four groups:

(i) Four hypersurface equations: E,.,.
(ii) Two propagating cquations: Eag.
(iii) Four conservation equations: £,

A
i

(iv) One trivial cquation: g** Ep.

The equation for E,,. gives a relation of the kind A {(3,~,d). Imposing
initial conditions on =, 8, p, i, ©,, where p, b, w, arc the matter fields, i.c., the
rest mass density, enthalpy and radial velocity respectively, we can obtain from
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Ay (F,~,4) the function F. The cquations for E.4 give reiations of the kind
a4 FaorrA It TEre .1 P o . TN | TR -
Ag {(f, U5, y,0). With §,u and the previous initial conditions, one can in-

. . A faoTrrA ey Lo r s rrA (s ol L I AB
tegrate Aq |0, U770, %, 0) To get the Iunctions -7, 1hc cquation Ior g~ L4p

gives a relation of the kind Az (V, 8, U4, ~,d). With §,U4, p, where p is the
pressuce of the fluid, and the initial conditions, from Az (V. 8, U, ~,46), onc
obtains the tunction V. Although £, is not in the proposed hierachy, it gives
Gu and 50 V' oas well [19)].

Then, one has to solve the propagation equations for E 45 along w2, which are
two wave equations for v, 4. The procedure starts again with E,, on the next
hypersurface. All the remaining Einstein equations are inmediately fulfilled
when the integration hicrachy is valid, because these remaining equations arc
connected to the others by the Bianchi identities. The evolution of the matter
fields is responsible of generating the gravitational waves, that reach infinity.

The spacetime is assumed to have Euclidean topology at large distances
from the source, is asymptotically flat, and the gravitational radiation obeys
the outgoing Sommertfeld radiation condition:

. O
lim !

[amde ] T lu=cons!

= (. (4.9

The following three conditions are sufficient for satisfying both the abave topo-
logical condition and the Sommerfeld radiation condition:

{i) For some choice of 4 one can go to the limit r — oo along cach ray.

(ii) For some choice of # and ¢ and the above choice of 1

lim (V/r) = =L, {4.10)
lim (?’UA) = lim = lim v = lim § =0, {4.11)
r— X T— 00 T — X T— 00

with w, & and ¢ fxed.

(iii) Over the coordinate ranges vy < 4 < uy, rog < r < 00, 0 < 8 < m, and
0 < ¢ < 27 all the metric components and other quantities of interest can
be expanded in powers of +—' with at most a finite pole at » = o, Such
power series can be added, multiplied, differentiated, ctce.
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It can be shown that condition (i) does not depend on the choice of § and ¢
cven though the definition of r does depend on this choice, because r has been
prescribed to be a luminosity distance along the null rays. The topological
restrictions are contained in the form of the metric and in the assumed coordi-
nate ranges (¢ = 0 = ¢ = 27). There is no agsumption about the topology of
the region r < rg; one can see, from specific examples, that in any reasonably
general coordinates w, v, @, ¢ which have all the required propertics will become
singular for sufficiently small », whether or not the space itself has physical
singularities at small luminosity distances.

Whether boundary conditions (i), (ii) and (iii} are necessary is an unsolved
should be weakened. Coordinate systems in which these conditions hold ¢an
be introduced for static, axially syrmimetric fields with compact support sources
and suitable topologies. In gravitational fields that have geodesic rays, and in
all algebraically special vacunm fields in particular, the quantities of interest

Winicour’s article [110] is an updated view of the formalism and its numeri-
cal applications. With this formalism the Einstein equations have a nice form,
which can be solved in a hierarchical way. Gravitational radiation at infinity
can be extracted directly with this formalism, because future null infinity can
be taken on the numerical grid with the compactification of the radial lumi-
nosity distance, e.g., v — 1/{1 + &) with this formalism. A problem is the
formation of caustics, points where two or more light rays intersects; they can
be found, for example, in binary black hole (BBH) simulations, e.g., a light ray
cmmited next to BHIL travelling outwards to BH2, around BH2 going back to
BH1 and crossing on the way its own path. On that crossing point causality
breaks down.

4.2 341 formalism

This formalism was introduced in the works of Lichnerowics (1944) [22], Choquet-
Bruhat (1952) [23]. Arnowitt, Deser and Misner (1962) [24]. York’s seminal
article [25], Baumgarte & Shapiro’s article [26], Gourgonlhon's review [27] and
Alcubierre’s review [28], can be useful for an introduction and recent applica-
tions in numerical relativity,

Let £ be a function with timelike gradient (similar comments can be said
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about a function with spatial gradient that lead to a foliation by timeclike hy-
persurfaces). The spatial hypersurfaces 33,, defined by ¢ = constant, constitute
a foliation of the spacetime. The normal vector of this foliation is:

ot
n=—. 4.12
] {4.12)
Tt is an unitary timclike covector, g (n,n) = —1, where g denotes the metric.

The vector field & = &, fulfills £:4 = 1, where £¢ denotes the Lie derivative
along the vector £. The uniparametric group of diffeomorphisms, ¢, generated
by £ transports the spatial hypersurface Ly into the spatial hypersurface X;.

We can decompose the ficld & into a part proportional to n, scen as the
dual vector of the defined covector, and a part tangent to ¥;. To do it, the
lapse function N, and the shift vector 3, tangent to 3, are defined:

E=Nn+3. {4.13)

Fig. 4.3: Decomposiltion ol the evolution veclor in 341 [ormalism.

T TANTAY N . . o — o N o

If («*) arc the coordinates on the hypersurfaces 2y, we can write the shift

. - A0y A op PV ' 3 ar—1 £y I =
vector as 3 = [3°0;. And from (4.13), m can be written as n = N7 (0, — 5°;).
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From the fact that n, as eovector, is proportional to the 1-form df, and taking

into account that n is unitary, n = —Ndt.
Let us make some comments about the meaning of the lapse function and
the shift vector introduced above. From n = —Ndt, the lapse function mea-

sures the proper time of the observer m between two slices of the foliation.
This function depends on the siice and the point of the slice, ¥ = N (tzr)
so different lapse functions give different foliations and viceversa. The shift
vector belongs to the tangent plane of the slice. It is the difference between
the vectors Nn and £, i.e., the displacement between the integral curves of the
vector field n and the difeomorphisms ;. This vector identifies univocally the
points from a slice to the next one.

We define the metric of the spacetime restricted to the hypersurfaces 3, by
¥ = ";C,{j«’.l.’!f’"(]..’l?j =~ &;0;. So the spacetime metric in this system of coordinates
is written as:

ds? = galgd:e‘:“d:r:g = NZ2g? Vig (d:&":'i + ﬁ'i(lt) (d:r;j + 4 df.) . (4.14)

And the contravariant components are: g™ = —N 7%, g7 = ¥ 237 and g7 =
N2

We denote by V the covariant derivative associated to the spacetime metric
g. We define by K = —%Lnfy the symmetric tensor extrinsic curvature or se-
cond fundamental form of . We denote by D the covariant derivative associa-
ted to the induced metric ~, that it is the projection of the covariant derivative
onto ¥y, D = (LV)]y,. The Gauss-Weingarten formula connects these three
quantities: if X, Y are fields tangent to Z;, Vx¥ = DxY — K (X, Y)n. We
denote the trace of the extrinsic curvature by K. For an integral obscrver like
n, —K is the deformation of n, —A is the expansion of n and —K + %K'y is
the distorsion of n.

The decomposition of the Ricci tensor with respect to n is:

Ric(g) =i (n) Ric(g)n & n — nd Li(n) Ric(g) + LRic(g), (4.15)

where
2% (n) Ric{g) = —[R{g)- R(v)]+K K", (4.16}
Li{n)Ric(g) = DK—-D-K, (4.17)

-

T = P TR At S e Lo . Foaa
Lhwig) = I‘HCKF}’)—(ZI’L — KK Ly I —?—U(L)—Cllyﬂ,,{‘—}.lé)
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@ = Vpn, i represents the contraction, & represents the symmetrized tensor

product, R the scalar curvature of the corresponding metric between parenthe-

siz and | the projection onto the spatial hypersurfaces orthogonal to n.
Finstein equations are written as:

Clay e Rl B (4.19)

Y- PR - g 5 S N
where k= 87G /et and T is the encrgy-momentum tensor. The decomposition
of T with respect to n is:

T=mzn+nig+ S, (4.20)

where p = T (n,n) is the cnergy density, ¢ = — 1i(n) T is the momentum
density, and & = T'| the stress tensor. We are going to denote & = trS.
Replacing the decompositions of Ric{g) and T with respect to n, Einstein

equations are expressed in terms of a set ot constraint equations

R +K?—trK? = 2xp, (4.21)
D-{K-Kvy) = =xq, {4.22)
and other set of evolution equations
Loy = 2K, (4.23}
LnK = —& (S + é (p—25) ’y) + Ric(y) + KK — 2K? — Da — a% a.(4.24)

By virtue of the Bianchi identities, the conservation law of the energy-mormenturm
tensor and the dynamical equations, if the constrained equations are fulfilled
in a given hypersurface then they are fulfilled in the subsequent hypersurfaces.
Regarding the decomposition of the evolution vector, % = Nn + 3, the
constraint equations (4.21) and (4.22) have the same expressions and the dy-
namical equations can be rewritten in terms of ¢, the lapse function ¥ and

the shift vector [3:

hy = 2NK +Lg7, {4.25)
, Y P )
WK = ~DDN -kN[S+ _(p— S~
\ Z /
+N (Ric(y) + KK —2K°) + Lg K {4.26)
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The lapse function and the shift vector do not appear in the constraint
cquations. We have the freedom to choose the foliation and the evolution ficld
along we evolve the equations, i.e., the lapse function and the shift vector.
These quantities and their spatial derivatives appear in the dynamical equa-
tions, but not the derivates with respect to . The dynamical variables are
and K’ij-

In the non-vacuum case, we have to take into account the conscrvation laws
for the energy-mormenturm tensor. A simple way to write these equations in a
covariant way, independently of the formalism used, is:

Viulput) = 0, (4.27)
0 4

V.TH = 0, {4.:

where 17 is the d-velocity of the fluid.

In the 341 formalism, they are written as:
O p NEKp+tr (T xK)—D-q]—20{q) DN + Lsp. (4.29)
thg = N[Kq+2K(q)—D-T ]—pDN-T (DN)+ Lzq. (4.30)

%

u‘;}

It is posible to choose any set of dynamical variables as {“;'.,;j, a,',"‘r",gj]‘, {7-'7‘_3;, K
or {#y, 0¥}, where IV = /7 (K% — K9,

‘laking the trace in the dynamical equations, the following equations can
be derived:

Odn|s| = —2NK+2D- 4, (4.31)
OE = LsK -+ E (p— S)N + NtrK? — AN, (4.32)

where AN = +%1;D;N is the Laplacian operator. In the case of constant
trace K in cach hypersurface, the equations for the lapse function and the shift
vector are decoupled.

There are indirect ways to impose the gauge freedom inherent to the kine-
matical variables, i.e. to choose the lapse function and the shift vector. For
cxampie, if we impose K = 0 (maximal siicing), we have a constraint cquation
for the lapse function:

i QY ‘-7’1'('2—' — ()
AVl =7 N J A

| =

AN N |
L

[N
——
the
)
[
=
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if, additionally, DD - 3 = 0, there will not appear coordinate singularitics during
the evolution (while N # ().
The deformation and distorsion tensors are respectively:

ey JEIRYN

- == L ey
|l

Y= ét-r@*y. {4.35)

For example, if we impose D - © = ( (minimal deformation), we have a con-
straint equation for the shift vector:

AR+ DD -B3+4+i(8) Ric({~v)=2D.(NK). {4.36)
Or we can imposce D - £ = 0 {minimal distorsion), and we have the constraint
equation:

AB+ %DD B+ i(B) Ricly)=2D. (NK — ;\"K‘y) . {4.37)

4.2.i DBaumgartc-Shapiro-Shibata-Nakamura (BSSN) formalism

The 3+1 svystem of Einstein equations is still not in the most convenient form for
nuerical implementation since it develops instabilitics rapidly (sce c.g. [29]).
Kojima, Ooahara and Nakamura [30] presented in 1987 a conformal-traceless
reformulation of the 3+1 system. In this formulation the trace of the extrinsic
curvature is evolved separately and the mixed second derivatives in the Ricci
tensor are climinated with the introduction of auxiliary variables, Without
these mixed derivatives, the 341 equations could be written as wave equations
for the components of the spatial metric and they are manifestly hyperbolic.
In addition, the conformal factor and the trace of the extrinsic curvature are
evolved separately, which follows the strategy of separating transverse from
longitudinal, or radiative from non-radiative degrees of freedom.

The most widespread version of this formalism is the one given by Shi-
bata and Nakamura, [32] and Baumgarte and Shapiro [31], known as the BSSN
formulation. The robustness of this formalism has been compared with other
ones (sce "Apples with Applies™ project) and has some problems, although its
robustness has been shown in numerical implementations hased on particular
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choices of gauges (sce e.g. {33, 34]), as the so-calied I + log slicing and the
usc of the so-called gamma driver shift. Long-term numerical simulations have
heen possible, even in spacetimes involving strong gravitational fields, such as
black holes and neutron stars. Next, we explain this formulation (see [26] for
details).

The spatial motric ;4 is written as a product of a conformai factor ¢ and an
auxiliar metric, the conformally related or background metric %50 v = L-‘L"'1§~z-j.
The contformal factor is written as ¢ = €%, so that:

Fij = e 10, {4.38)
and by choosing it such that the determinant of the conformally related metric
Ay 18 unity, ¢ = (In+y) /12, where v is the determinant of the spatial metric ;.

We conformally rescaic the traccless part of the extrinsic curvature, A =
K1Y, where the superscript TF denotes the trace-free part of a tensor. Follow-
ing [32] and [31], we choose the same conformal rescaling of A;; chosen for the
metric itsef:

A 4 A

1511;‘]' =c¢ Ay, (—ldU)
Indices of fl.t-j will be raised and lowered with the conformal metric 7,5, so that
AV 1o

Evolution equations for ¢ and for the trace of the extrinsic curvature K arc:

1 ) 1 )

Sho = 76NK+;’5?*(‘)£¢+ 60""3% , (4.40)
i, A A .

&K = —A"D;DIN+N kAijA"-? + éK“’) +4AxN (p+ S) + O K.(4.41)

Subtracting these from the evolution equations viclds the traceless evolution
equations for %, and A;;

. 2 "
OiFy = —2NA,+ 8073, + w085 + A1, 0.8° — ggf’éjakﬁ}l  (4.42)
oAy = (= (DD;N)TT+ N (R — 875 )

+N (I&’Aij - 211,[}13)

+ 0% Ay + A 0335 Ay 0: 5% — 5‘4%8,“3’*'. (4.43)
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In these equations the shift terms arise from Lic derivatives of the respective
variable.

The Ricel tensor £,y that appears in the source term of the previous evo-
lution equation is split into two parts as follows:

ne

Ry; = Ry + R, (4.44)
where R is given by
RS = -2D:Djo — 2vi; DY D+ AD9 D56 — Ay DX Dy (4.45)

and Dy is the covariant derivative with respect to the conformal metric ;.
We can now define the “conformal connection functions”as:

ki =13
H -

i g - .
=791l =""";

2

L
P
N
.
[
I

where 1::,5 are the connection coefficients associated with 345, the subscript i)
stands for the partial derivative with respect to the corresponding variable and
the last equality holds because 4 = 1.

The conformal Ricel tensor, H:,z-j, can bc written ag:

1 3 nd e il " ~ i o~
R.. — _ _Amng A A Tk L TFD,. L AT (()'r\,l. T
Y 9 i e tU i Y 1 L t I 1

where parenthesis denote symmetric indices (e.g., 21"f‘ % f"-)k.,,. = fﬁnf;jkn +
f'r‘ %dkn) All 'l hie second derivatives of 9§, have been absorbed into the lirss
derivatives of T* , exeept the ones in the Laplace operator 3785 .

We consider thc I as independent functions, and hence it is necessary to
derive their evolution equation. This can be done hy permuting a time and
space derivative in the definition of these tunctions:

gt = -9 (wﬁ“ mi g8+ ﬁ*j.c'f{z+.:3“ﬁ-“,z)

- ;o 9
= 72‘4_2.)’83_4?\? + 2N kr-'}kA_jx _ 3

‘ \
UG K — 8xv* S + 64 ’djo)

L . S
+W@W—P@W+§P%&+ wyg+ﬁwl (4.48)
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where §% := ¢ according to the notation used previously.

So the complete system of equations is formed by the set of constraing
equations (4.23), (4.24) and (4.46), and the set of dynamical equations (4.40)-
{4.43) and (4.48).

This conformal-traceless reformulation, with the appropiated choices of
gauges, is widely used in Numerical Relativity. For instance, the rohustness of
this formulation has been shown in recent simulations of the merger of binary
neutron stars [35], evolutions mvolving one black hole or two black holes (see
Seetion 7.2, below), long-term evolution of ncutron stars [34], and gravitational
collapse of neutron stars to black holes [36].

4.2.2  Fully constrained formalism (FCF)
In the 341 formalism, the Meudon group has developed a fully constrained
tormalism (FCF) [111]. The extrinsic curvature, K*/, can be written in terms
of the lapse function, the shift vector and the 3-metric as:

Kif .= — !
'2.‘.‘T

(87" + D'+ DI (4.49)
where D; is the covariant derivative associated with the 3-metric v, This
3-metric on the spacelike slice is written in terms ol a conformal metric. To do
so, a metric f* is introduced, with the following properties:

(i) f¥ has a vanishing Ricmann tensor (flat metric):

(i) f¥ does not vary fromn one hypersuperface to the next along the spatial
2

L —Y

at

coordinates lines, i.c.,

(iif) the asymptotic structure of the physical metric 4% is given by f¥, 4% ~
J* at spatial infinity.

Let us define the conformal factor:

= () v : (4.50)
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where v and f arc the determinants of the metrics ~% and f9, respectively.
The conformal factor is then a scalar field. Now, one can define the conformal
mietric, %, as

Fi= Ty or AV = gty {4.51)

and a conformal extringic curvature

, POTE
K — 36844 4 Ef\; A (4.52)

T

where K = 4Y K;; and ¢ € K. In [111], the choice ¢ = 4 is adopted, lcading to
the following cxpression for A% in terms of the lapse N and the shift 3%

,Z]:H o /K?’j 1 - ”\ B 1 [ L3 i I ah"j r f‘i'f QD 3;‘“}”1
AT = 3B ) = gy [EO g T Leh” 3P
{4.53)
where
(LA =D'F + DI — gmfj’*- J (4.54)

is the conformal Killing operator associated with the flat metric f* and applied
to the vector field &

There is a covariant derivative associated with this conformal metric, which
is denoted by D). Notice that this definition of the conformal metric implies:

A symmetric tensor field is introduced, A%, the difference between the con-
formal metric and the fat metric, defined by:

Zif . g i3
S e 4 (4.56)
without introducing any bilinear form dual to it. The covariant derivative

associated with % is denoted by D. If one defines the vector field H% as:

ey q4q

H =D#Y, {(1.57)

by the previons decomposition of the conformal metric and the properties of
the flat covariant derivative, it can be shown that H* is the divergence of h*':

H =Dh*. {4.58)
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Meudon’s group choose maximal slicing which means that the trace of the
cxtrinsic curvature is zero, K = (. Following [111] {and references therein}, this
slicing leads to an elliptic equation for the lapse fuction, it has a singularity
avoidance property, and it is well adapted to the propagation of gravitational
waves. Moreover, thev define the generalized Dirac gauge as:

1/3
g ! - .
)
that is nothing more than _
H =10, (4.60)

These are the corresponding three degrees of freedom that one has to choose
besides the constraint equation (4.55). These two relations define the gauge
svstem in the FCF scheme. Since the gauge svstem has to be preserved in time,
the following relations must also be satisfied

K =0, 8 (D) =0. (4.61)

Gathering together all the above ingredients, Einstein equations lead to el-
liptic equations for the lapse function, for the shift vector and for the conformal
factor. And there is an cvolution system for the symmetrie tensor 2% (to be
studied in the next Section). This system has, in principle, 6 degrees of free-
dorm, but only two of them correspond to the propagation waves taking into
account the constrained equations. There are 4 additional hyperbolic dynami-
cal variabics, similar to the harmonic generalized case (4 gauge sourees) or to
the Z4 onc {an additional 4-vector). The FCF is fully constrained, because all
the constraint equations are solved at each time step; this does not happen
with free-evolution formalisms as BSSN, or partially constrained ones. The
main motivation of this scheme is to get the maximum number of elliptic equa-
tions, that in principle arc much more stable than the hyperbolic oncs avoiding
the violation of the constraints. For this kind of cquations it is possible to
apply spectral methods taking advantage of the Meudon’s experience.

The difference between the Christoffel symbols of Dé and those of D; is the
tollowing tensor field:

2
B

i
—
s
2
-
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Let us define the sealar R.:

-Rv = :r'lekrfimnDi:r'17177,_ :J-'MDk:‘l-'/mn’D-n:fmn- (4()5)

|
I

The first of the gauge conditions (4.61), &K = 0, is enforced during the
evolution by an elliptic equation for the lapse function. An elliptic equation
can be used for the lapse function times conformal tactor too, as a combination

of the cllipic equation for the lapsc and the clliptic equation for the conformal
factor:

A(Ny) = DL (N

28]

T~ Lot — S D

(4.64)

where 5 and the strain tensor S™ have heen defined previously, and E = p is
the energy density.

The Hamiltonian constraint can be written as an clliptic equation for the
conformal factor:

, 5k o
Ay = —27E¢® — WD D

= N
— _maAg (LY 4 e Laht — S G R
seen? [( D7 g bt e ]

3
gyt OB 2wy
(L™ + — Lgh™ — 2D, TR

; 4.65H
ot T (4.65)
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An clliptie equation for the shift vector is derived using both the momentum
constraint and the preservation in time of the Dirac gauge:

AF + DD = 167rN-¢":45” AR DG - hE D D
w3
+ “p, ( ){ L)

‘{“»7{)‘4 FN N [ont 2
| N Dy ( 3 {’)

- Laht e D3RR
ot : 53
—2N ;f&;(,f{ fy‘” . (466)

where the momentum density 5* has been defined previously.

An equation for the shift vector could he derived from the momentum con-
straint alone, but the coupling to the tensorial equation for A% would become
more complicated due to the presence of a mixed time-space second order
derivative of A%, This term is climinated by the use of a Dirac, or a simi-
lar, gauge. Therefore, this elliptic equation for the shift vector enforces the
momentum constraint, as long as the Dirac gauge is satisfied.

More details about the different svstems and equations of this FCF can be
scen in the next Chapter 5 and in Ref. [53].

4.2.3  Conformally flat condition (CFC)

One among many others interesting property of FCF is that it is a natural
generalization of the conformally flat condition (CFC) [37, 38, that has been
used in many astrophysical applications, as the collapse of rotating cores of
massive stars [39, 40, 41, 42] or supermassive stars [43], the phase-transition-
induced collapse of rotating neutron stars to hybrid quark stars [44], equilibrium
models of rotating neutron stars [45, 46], as well as for binary neutron star
merger [47, 48, 49, 50]. CFC is recovered just taking the symmetric tensor A%
zero. FCF could be, in practice, an casy way to go from CFC to a complete
general spacetime, just adding the new terms to the equations and the system
for 27,

In CFC one has to consider the divergence of the cnergy-momentum tensor,
and elliptic equations for the conformal factor, the lapse function and the shift
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vector. In the previous clliptic equations we have written in black the corres-
ponding part of CFC, and the new terms, coming from the non vanishing of
™ have been written in hlue.
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5. MATHEMATICAL ISSUES

This Section contains an important part of the theoretical work presented in
this thesis. The local existence of maximal slicings, and properties concerning
the elliptic and hyperbolic equations of the FCF formalism will be treated.

5.1 Local existence of maximal slicings in spherically synmmetric
spacctimes

cular foliation of spacetime, the so-called maximal slicing condition mentioned
in Section 4.2, to solve Einstein constraint equations. This type of slicing has
verv nice properties as, for example: i) the well-known singularity avoidance
capability [54], ii) it is well adapted to the propagation of gravitational waves
[112, 32], and, iii) it gives the natural Newtonian analogous when, in addition,
conformal flatness is imposed on each slice [37]. Maximal slicing condition has
been recently used in the FCF of Einstein equations (see Section 4.2.2). In this
Subsection, we will utilize the term maximal slicings (MS, in the next) when
refering to those spacctimes sliced by maximal spacclike hypersurfaces.

The study of M5 has been mainly motivated by the resolution of the ini-
tial value problem [22], and also by the associated time evolution. This idea
was popularized by Smarr and York [25, 54]. Then, for a given class of space-
times, the construction of a family of slices with a given property {e.g., maximal
siicing and/or conformal flatness) may be dyvnamically accomplished in an cvo-
lution schere: assuming the existence of an initial 3-surface with that property,
Einstein equations are used to evolve locally the corresponding additional con-
straint.

This strategy can be applied both analytically and numerically, as it has
been done in references [55, B6] to construct MS in the extended Schwarzschild
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geometry, This maximal foliation of the Kruskal-Szclkeres black hole was oh-
tained independently by Reinhart [57] from a different approach. Reinhart
procedure [57] does not make any use of Einstein equations, being essentially
a geometrical (non dynamical) approach.

Similar examples of MS have been examined in the Reissner-Nordstrom geo-
metry [58], and also in dynamical spherically symrmetric spacetimes (SSSTs) of
dust collapse scenarios [52], by using isotropic coordinates. Some general re-
sults and conjectures about the existence of Cauchy time functions whose level
surfaces are maximal (or foliations with constant mean cxtrinsic curvature)
have been given in [60] with applications to the Lemaitre-Tolman-Bondi geo-
metry. Of course, the study of the existence {and uniqueness) of other types of
toliations deserves a lot of interest in S5ST and more general spacetimes. That
is the case of synchronizations hy flat instants (Painlevé Gullstrand slicings)
and their generalizations (sce, for exampice, [113, 114, 115, 116, 117, 118]).

In spite of their extended use, the existence of MS in 555Ts has heen anly
established for vacuum and for some particular energy contents (see [37, 55, 56,
b7, 5%, b9, 60]). There is no, as far as we know, a theorem stating that aiways
ig possible to build a MS in a SSST.

In this Subsection, we aim to prove the local existence of MS in an arbitrary
SSST. We will follow a purely geometrical approach, independent of Einstein
58, 59, 60]. Although our study is independent of the field equations, one by-
product of our approach, which could he of interest in the field of Numerical
Relativity, is the following: it will be possible to carry out a cross-checking of
numerical solutions of Einstcin equations.

Our analysis has focused on 555Ts. The study of SSSTs is of particular
interest. in different domains of general relativity: classification of exact solu-
tions of Einstein equations, simplified models of astrophysical and cosmological
scenarios (sce, ¢.g. [61]), test-bed solutions for fuily general-relativistic time-
dependent. numerical codes which evolve matter in strong gravitational fields
(see, e.g., [B9, 62, 63, 64]}, ete. 888Ts provide the background for a perturba-
tive theory. All these reasons advise us to start our analysis in such a simple
svinunetry and to defer for future works its extension to less strongly symimctric
spacctimes.
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5.1.1 Main equations

Without loss of generality, we start with the canonical form of the metric of a

SSST (see [61]), that is

ds* = Adt? +2C dt dr + Bdr® + DdQ?, (5.1)
where d{22 = d@? 1 sin® Bdi? is the metric of the 2-sphere, A, B, C, D are smooth
functions of # and r, and AB — C? < 0 to insure the Lorentzian character of
the metric. In addition we choose the signature (—, +,+, +), and accordingly
D > 0. In this Section partial derivatives with respeet to r will be denoted as

. J : . . .
= f’, and with respect to ¢ as 8—{ = f. The spatial metric 4 indueced on
- ‘
the hypersurfaces 3y, defined by ¢ = const is ; = diag{B, D, Dsin® ), where

B > 0 since we arc considering spacclike hypersurfaces. Let n be the future
pointing timelike unit normal to the hypersurfaces 2,

1790 C08 2
a\ot Bdr/ V B T
The mean cxtrinsic curvature K of X; is minus the expansion of n, K = —V-n,
that is
!
—K =V, ! Ou{v—gny = L |—(\/ED) _(ER) -| (5.3)
N H | \vVB/ |

where V is the covariant derivative with respect to the spacetime metric g,
given by Eq. (5.1), ¢ = det{g,,) = —H?sin’8, H = DVC? — AB and p ¢
{t,r, 0, @}. Developing this relation, we obtain

1

/ Y e e
- L [ 5 _ap” v _oP et )
R—QQB( B2 42 CB+20D). (5.4)

Therefore, the surfaces £ = const are maximal if, and only if, the max-
imal slicing condition K = 0 is fulfilled. In the following we assume that
A, B, C and I arc known functions. We aim to prove the local existence of
a maximal slicing in spherical symmetry. From a kinematical point of view,
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wce look for the existenee of a non-expanding obscrver ¢ on the 2-gurfaces de-
fined by constant @ and , i.c., a unit and future directed radial timelike ficld
w=u" = (ut(t,r),u"(t,r),0,0) such that V- u = 0, or equivalently

(W' H) + (u"H) = 0. (5.5)
The condition g{wu,u) = —1 suppose a relation between the components of u,
A(ut)? 4 Bu™y? 4 20wt = 1. (5.6)

From Eq. (5.6), & may be written in terms of the «f and the metric compo-
nents. Replacing this expression of «* in Eq. (5.5), one obtain a first order
partial differential equations. The existence of solution of this equation is not
sufficient to guarantee the existence of a maximal slicing. In fact, such a so-
fution must be compatible with the algebraic constraint {5.6) and must be
positive, uf > 0, when the coordinate field &, is future directed.

In order to bypass this difficulty, we counsider a change of coordinates of
the form {f = £(t.7).7 = #(t.7).6. ¢}, such that the coordinate hypersurfaces
f = const are maximal. Then, the above considered constraints will be satistied
as a consequence of the integrability conditions insuring the existence of the
wanted coordinate system.

Let us introduce the following fields:

X = 2 Y= i (5.7}
gt aF’ !
and decompose them as
v = Y, Y*=1, (5.8)
X = a¥ +iy-, Y.Y' =0, (5.9
b £ 0, A > (. The condition ¥? = 1 is equivalent to
?zf.ﬁ —é—Pﬁ, P=p"1 (—fC—!-e‘vffglg—é—B\, (5.10)
o o L /
being € = £1, 17 = —AB 4 €% > 0. Moreover, ¥ - Y+ = 0 leads to
N N . ( ef12 \
1 _ -1
Y _§+(2J_. Q=205 —C—!—F . (5.11}

\ \/JL+B/
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Conscquently, the resulting ficlds are
X—(af+b)2+(aP+bQ)2 (5.12)
N ot or’ '
d d € d
- —_ — | = . —_ 2)2 — . 5.1
¥ )\(fatJrPaT_) )\(fm,nJrB\/f ! +B(‘)'r‘>' {5.13)

where we have taken into account Fqs. (5.2) and (5.10). This decomposition
will reduce the maximal slicing condition X = 0 to an equation involving only
the unknown f. Notice that Eq. (5.13) makes clear the meaning of ¢: relative
to the Eulerian obscrver n, the radial component of Y is outgoing or ingoing
according to e =1 or e = —1.

The Jacobian matrix of the above change of coordinates can be written, in
terms of the previous decompositions, as

N oo N o
it _ 8t oF _ af +b  Af
P N or or S\ alP+bQ AP

N o/
(A M) (5.14)

—(aP +60Q) (af +b) )

I
—
<o
b=
S

Z
—

where p = I — f(} = # 0. Then, in order to insure Eq. {5.7), the

VAR Bl s ol &
integrability conditions, [X,Y] =0, are:
rrl [—f1 (5.15)
i — . 5.175
prJ {pr ‘ ’
[_ePtbQ) _ [af ] (5.16)
L bpA ] L bpA | -

Taking into account the maximal slicing and the integrability conditions, we
have 3 equations for 4 unknown functions, a, b, f, A. But, due to D transforms
as a scalar under the considered coordinate transformation, we can add without
loss of generality, the coordinate condition

2 50

Y =D, (5.17)
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saving that the metric on the hypersurfaces § = const is written in isotropic
conformally flat form. Notice that Eq. (5.17) guarantees that the congrucnce

of coordinate lines associated with the field X = j has minimal distorsion
{see [27, bd]). ' )

Now, from Eq. (5.4), the maximal slicing condition X = 0 for the new
hypersurtaces ¢ = const is equivalent to

X(¥*H + 21/2% —2¥V(X -Y) + L

2
(YO YD) vy, (5.18)
Y- Iy J

and, taking into account the conformally flat coordinate condition (5.17}), this
expression is written as

EFRAtS] .

rQ}—i— -+ — | X -V =0 (5.19)
[?: Ve . .

b b7

V(X -Y)—3X (¥
In terms of the decompositions (5.12) and (5.13), Eqgs. (5.17) and (5.19) are
expressed as

A= VD/7 (5.20)
P (fPA+pPy 2} A+ s
o+ rd [#) \ A \/ﬁj = o} )\ . (.21

Eq. (5.20) can be viewed as a definition of 7 in terms of A, and from this
equation we can derive

L ar+re (5.99)
bpv L} ’

N D' af+b

A 2D b'p\/’ﬁ’

Dot | B

D
2D
At this point we have 5 equations, i.e., Egs. (5.15), (5.16), (5.21) and (5.22},

for 4 unknown functions, i.c., (a,b. f,2}. Egs. (5.22) arc equivalent to give
quantity a in terms of the other unknowns,

a=mD ()\ +\QX _ bt QD!\ . (5.23)
\ /

SN
A A
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and to the following equation

AN _ Do,
Ity =l

D’ 1
2D VD'
Once a has been eliminated, it can be seen that Eq. (5.16) can be obtained
from Eq. (5.24). From Eq. (5.23), the field X is

(5.24)

g . d
X:IJ')\/D —;‘J\!_— +; -_— .
£ ( ot or )
where A = log A/vD. So we have reduced the problem to solve 3 squations,
ie, Eqs. (5.15), (5.21) (replacing ), and (5.24), for 3 unknown functions, i.e.,
(b, f,A). Eq. (5.15) can be rewritten as
b .
foap=p Pl j P (5.26)
b b P P
As it will be shown below in Eq. (5.27), f can be obtained from an equation
which does not contain other variables. Then, Eq. (5.26) is a first order partial
derivative equation (PDE) for b.

FEliminating o and its derivatives with Eq. (5.23), and using Eq. (5.26} to
climinate b, Eq. (5.21) is reduced to a second order PDE involving A and f.
Finally, making usc of Eq. (5.24) for, firstly, reducing the order of the equation
aned, secondly, for eliminating A, Eq. (5.21) is equivalent to the following one:

) L (5.27)

p D ) '
Notice that previous equation involves only f when p and ) are written ex-
plicitely in terms of f from their definitions.

5.1.2  Local existence of maximal slicings.

We have found a decoupled system of quasilinear PDEs (5.24), (5.26) and
(5.27) according to the following steps: First, Eq. (5.27) can be solved for f.
Second, Eq. (5.24) can be solved for A, Third, Eq. (5.26) can be solved for 6.
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Finally, a can be obtained from Eq. (5.23). Assuming that all the metric com-
ponents A, B, C, D arc continuously differentiable functions, the initial value
prohlem with respect to this set of equations has always local solution [119).
We have reached our main objective in this Section 5.1, that is to prove the
following result:

Theorem: Any sphericelly symmetric spacetime can be locally sticed by a family
of maximal spocelike hypersurfaces.

The proof of the theorem is, then, based on the explicit finding of the
minimnm set ol equations to be solved in order to obtain MS in 555Ts. Let
us analyze two different cases, f = 0 and f # 0, that will complement the
theoretn of existence of MS.

First case: If f = 0, Eq. {5.27) is reduced to K = 0, the maximal slicing con-
dition provided by Eq. (5.4). In this case, from Eqgs. (5.26), (5.24) and (5.23),

™
it turns out that b(t) # 0 arbitrary, A = Z(#) VD exp (—e Y B‘/Ddr). with

R
[ 1y ]
Z(t) > 0, R constant, and a = WD | Z/Z +eC/VBD — ¢ (\/B/D) drl.
I R
The helds X and ¥ can be integrated according to the tollowing result:
If the hypersurfaces £ = const in the metric expression (5.1) are maximal,
the following change

{7 \
t=1it), =2 "exp kf/ \/’B/Dd?’) . (5.28)
B

with £ = 671, Z(t) > 0 and R constant, allows one to write the metric in
isotropic form

L vy 7 oy i\

42 {72 1 72402 | (5.90)
PRz A T ey sy

This metric form is adapted to the same initial maximal slices, that are now
labeled as ¢ = const. It remains invariant under the inversion 7 — T'(t) /7 when,
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in addition, the sign of the radial component of the field ¥ is reversed by the
change € — —e.

Second case: When f # 0, the explicit expressions of P/ f and @ in terms
of f, allow us to define the variable

B
F= ,E—fi & f =Py ———. (5.30)

P 1-FC —C + FiI? 1 12F2
80 ? = FBC’ Q= S cand p = E\/. Eqgs. (5.26), {5.24)

R i —
1—-FC , . — 7 1
b+ FB b_b{ B +1—12F2
[ F PF(2-FC)-CF (1~ FC)F(2) ] )
ey Bt ' —vr 272y AR
x{(1+zF)F+ - o+ PP+ = “,(5.31)
1 —-FrC , 1 L — FC L e L —I2F= .
A M=) - . 5.32
LT { D FB 20 FJVBD J (5.32)
. 1-FC_,  FBUP+{2-PPF2_ FO)Y
vy = 20213
B BD (C—FI)DB —2BD
—-L [? Tt ( )f()Dﬂ ) - Cl“ : (5.33)

where L = (1—{*F?)/({*F 3). The solution can be obtained numerically solving
the quasilinear Eqs. (5.33), (5.32) and (5.31) for, respectively, F, A and b, given
initial data for # = #g. These equations are of hyperbolic type, analogous to the
well-known advective equation in classical fluid dynamics. The three equations
have a common “advective velocity”: V = (1 — FC)F *B *. This velocity
can be interpreted as the radial component of the light velocity in the modified

5 5 1
metric d§* = ds® — —dt.

Finally, from Eq. (5.14}, we obtain the following result:
For any given SSST a maximal slicing can be built up according to the
following steps:
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i) To start with the metric form (5.1), with i = C% — AB > 0, B > 0 and
I} > 0, to solve Eq. (5.33) for F, and then, to solve Eq. (5.31) for 6, and
to define

=01 - 1PFH 1 [(1 - FC)dt — FBdr] (5.34)
which is neecssarily a closed 1-form.

ii) To find a potential #(t,r) of T, T' = dt. Then, the level surfaces of ¢ are
spacelike and maximal.

Analogously, 7 can be integrated once F and A are solved. The change
of coordinates is completely defined, the ficlds X, Y can be obtained and the
metric derived in the new sct of coordinates. The now slices are maximal and
the first case, f = U, can again be applied.

In order to sce how the method may be applied in practice, let us consider
the above procedure in the simple case of the Minkowski spacetime and inertial
spherical coordinates, ds® = —di® 4+ dr® + r2d0°. According to the results in
the first case, f = 0, the change of coordinates ¥ = £(f) can be derived, with

t=0"" F =r" Z7" and the resulting metric is

r . s 21 e
. 14\ - ne_1 44 -
ds? = | -r [ ZE_'(—N) di* 1 2 (7 7)1 L i
5 { + (? 7 +2(F2Z) g
+ (7 2) (4 7207 (5.35)

b= b{t) £ 0,Z = Z(#) > 0 being arbitrary functions. Hence, we have the
same slicing that the initial inertial one (this foliation is totally geodesic, Le.,
its extrinsic curvature tensor vanishes). However, other maximal slicings (non-
inertial, en general) can be obtained as a consequence of the second case [ # (.
According to it, Eq. (5.33) reads

F4+F1F = o 11— F%. (5.36)
The general solution of this equation can be given in terws of an implicit
function, 4 (m(F) +tr ! (Ff2 — l)l’ﬂ1 ! (ng — 1)1”) =0,0< F? <1,
®, being an achitrary function, and m(F) = /|F| oF1 (1/4, 3/4; 5/4; F?),

2F being the classical standard hypergeometric series [120]. Gnce F' is known,
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the general solution of Eqs. (5.31) and (5.32) arc, respectively, ®,(0;. Iz) and
®3{i1,13), where ® and @3 arc arbitrary functions, and

[
{ !
H=vr 7_/ Fia, {5.37)
Q
Lo (- FOF Nt
I = - 2F 5
2 =10 expL/k i + )1_F2J {h.38)
0
{ A
Iy = A" texp \r—l / F~H1 —ey/1— Fz)dt) . (5.39)
0

This study can be extended to the Schwarzschild spacetime using different
metric forms, specially those that are regular at the horizon, like the Painlevé-
Gullstrand form and other similar ones [L21]. MS can also be constructed in
other spacctimes (Reissner-Nordtrém, Vaidya, Lemaitre-Tolman-Bondi, cte.)
and the results compared with previous works [55, 56, 57, 58, 59].

To end, let us summarize. Two basic resnlts have been displayed: (i) A
theorem insuring the existence of MS in any SSST. (ii} A peometrical method
to build up such slices by solving three decoupled first order quasi-lincar PDEs
(5.24), (5.26) and (5.27). The first result aims to fill a theoretical gap in the
scientific literature. The second one tries to achieve an algorithmic procedure
to obtain MS. As an example, in a flat spacetime, the equations leading to
obtain MS, which are not inertial in general, can be solved analytically. An
interesting by-product for Numerical Relativity of the approach presented in
this work has to do with the assessment of 3D codes written, as customary, in
Clartesian coordinates. Let us consider two codes NC1 and NC2 such that only
NC1 useg a gange which is maximal. Hence, the evolution with code NC2 of any
initial data admitting a spherically symmetric limit could be compared to the
avolution produced by code NCI1, by simply using our procedure to gencrate a
SSST satisfying the maximal slicing condition.

We have outlined a method that should he extended to deal with the con-
struction of a constant mean curvature slicings. The results on maximal slicings
we have presented here can be considered as a step to gain some insights in
this dircction.
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5.2 Mathematical properties of the elliptic equations in CFC and
local uniqueness

This Subscction and Section 5.3.5 arc based on [52]. The non-uniquencss of
solutions stems from the non-lincarity of the constraint cquations and has
been studied within the so-called extended conformal thin sandwich (XCTS)
[65, 66, 67] approach to the initial data problem in general relativity. In Ref. [G8]
a parabolic branching was numerically found in the solutions to the XCTS equa-
tions for perturbations of Minkowski spacctime, providing the first evidence of
non-uniquencss in this elliptic system. First analytical studics have been car-
ried out in [69, 122], finding support for the genericity of this non-uniqueness
hehavior. More specifically, the XCTS elliptic system is formed by the Einstein
constraint equations in a conformal thin sandwich (CTS) decomposition [65]
supplemented with an additional clliptic equation for the lapse function, which
follows from the maximal slicing condition. Although no general results on the
existence and uniqueness for the XCTS system are available (in contrast to the
CTS case and similar elliptic svstems encompassing only the constraints; see,
e.g., [123, 124, 25, 65, G6]). the analysis in [69] strongly suggests the presence of
a wrong sign in a certain term of the lapse equation as the culprit for the loss
of uniqueness, essentially because it spoils the application of a maxirmum prin-
ciple to guarantee uniqueness. Moreover, under these circunstances (namely,
the existence of a non-trivial kernel for the XCTS elliptic operator) it is shown
in [122] that the parabolic behavior found in [68] is indeed generic.

Certain constrained evolution formalisms which incorporate elliptic gauges
in their schemes contain elliptic subsystems which share essential points with
the XCTS equations. Non-uniquencss in the clliptic subsystem is cortainly
an issue for the well-posedness of the whole elliptic-hyperbolic evolution sys-
tem. In numerical implementations this can depend on the emploved numerical
scheme, in particular, on its capability to remain close to one of the solutions,
at least as long as the solution stays sufliciently far from the branching point.
In fact, constrained or partially constrained evolutions have shown to be robust
in a variety of contexts (see, e.g., the references in [125] and Sec. 5.2.2 of [126]).
However, the problems described above have also emerged, for instance, in the
axisymmetric case in [127, 128] (see also [129]}). The analysis in [125] concludes
that the reason behind the failures in these axisymmetric formulations is in
fact related to the presence of wrong signs or, more preciscly, to the indefinite
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character of certain non-lincar Helmholtz-like cquations present in the scheme
(sce [125] for details and also for a parallel numerical discussion in torms of
a class of relaxation methods for the convergence of the elliptic solvers). Re-
garding the full three-dimensional case, fully constrained formalisms have been
presented in [111, 130, 53]. While the work in [L11, 53] includes an elliptic sub-
system closely related to the XCTS equations and therefore suffers potentially
from these non-unigueness problems, the uniquencss propertics of the scheme
of [130] must yet be studied. In both cases, the full numerical performance still
has to be assessed.

Having the analysis of the FCF of [111, 53] as final aim, a scheme addressing
the non-uniqueness issucs of CFC approximation in the full three-dimensional
case is going to be discussed first. This methodological choice is justified since
the CFC scheme already contains the relevant elliptic system of FCF, but in
a setting in which potential additional problematic issues related to the FCF
hyperbolic part do not mix np with the specific problem to be addressed here.
Thercfore, modification of the CFC scheme (in the presence of matter) is going
to be discnssed in detail where maximum-principle lines of reagoning can be
used to infer the uniqueness of the solutions.

Although no details about the hydrodynamical equations, (4.27) and (4.28),
arc going to be given here, the following rescaled matter quantitics are intro-
duced, following Yorl [25]:

E* =\/fE =4v"E, (5.40)
S5 = \/~/FS =u°8, (5.41)
rowE TN 1B fw Ao
)i =0 = o (0.42)
and CFC equations are written in terms of these rescaled quantities as
W R
. . YK KY
Ay = —ompt|Er I | 5.43
y y [ e | (5.43)
TS KK,
A(Ny) = 2aNe b Erpagrp L2 ) (5.44)
‘ 16w
i, Lo j PR P Tt 10 gy, A
A;BJrgD D3 = 16aNy (S") + 20" KVD;—. {5.45)

Conformal rescaling of the hydrodynamical variables is not only relevant for
local uniquencss issucs. The hydrodynamic equations (4.27) and {4.28) can be



T8 5, Mathematical Issues

reformulated as a first order hyperbolic system of conservation equations for
the quantitics (D%, {(S*);, £} [131, 132], where, similarly to equations (5.40)—
(5.42), D* := 8D, D := Nu® p being the baryon mass density as measured by
the Eulerian observer. We can thus consider E¥ and {5%); as known variables
in the computation of the CFC metric. Note that these quantities differ trom
E and 5; by a factor %, and hence it is not possible to compute the non-
starred quantitics before knowing the value of 4. If the cnergy-momentuin
tensor represents a fluid (l.e. P £ 0), then the source of equation {(5.44)
cannot be explicitly expressed in terms of (D%, {5*);, E*}, the reason for that
being the dependence of 5* on the pressure P. The pressure can only be
computed in terms of the “primitive” quantitics, ¢.g., as a function P(p, ) of the
rest-1nass density and the specific internal energy e. The primitive quantities
are, in general, recovered from (D, S;, E) implicitly by means of an iteration
algorithm. So far, two solutions of the problem related to the fact that S*
directly contains P have been used in numerical simulations performed with
the CFC approximation.

The first approach [48] is to consider P, and henee aiso 5%, as an impiicit
function of ¢». Then Eqs. {5.43}-(5.45) can be solved as a coupled sct of non-
linear equations using a fixed-point iteration algorithi. The convergence of
the algorithm to the correct solution depends not only on the proximity of the
initial seed metric to the solution, but also on the uniqueness of this solution.
The latter point is extensively discussed in the next Section. Furthermore, one
problem of this approach is the necessity of performing the recovery of the
primitive variables (which is numerically a time consuming procedure) to com-
pute the pressure during each fixed point iteration. Because of the uniqueness
problem, this approach can be only successfully applied in numerical simula-
tions for, at most, moderately strong gravity (like stellar core collapse to a
neutron star ot the inspiral and initial merger phasc of binary neutron stars),
but fails for more compact configurations like the collapse of a stellar core or
a nenfron star to a black hole. For such scenarios with very strong gravity,
one finds convergence of the metric to a physically incorrect solution of the
cquations or even nonconvergence of the algorithm.

A gecond approach proposed here to the recovery algorithm problem is
the attempt to calculate P independently of the CFC cquations. This can be
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achicved by computing the conformal factor by means of the evolution cquation

ny .
e Eokﬁk. (5.46)

The conformal factor %" obtained in this way is analytically identical to the
1 from Eqgs. (5.43)—(5.45), but here we usc a different notation to keep track
of the way it is computed. The value of ¥ Is solely used to evaluate P, and
the coupled system of Eqs. {5.43)-(5.45) is solved for determining ¢, N, and
&, Although this approach allows one te avoid the problem of recovering
the primitive variables at each iteration, it also suffers from the convergence
problem, and the simulation of configurations with very strong gravity is still
not feasible. Furthermore, new complications are introduced by using two
differently computed values, «» and ¥/, of the same quantity. Tor some scenarios
like the formation of a black hole from stellar collapse, the numerical values
of these two quantities during the evolution of the system start to diverge
significantly at some point. We find that this inconsisteney cannot be avoided,
since any attempt to artificially synchronize both values leads to numerical
ingtahilities.

5.2.1 Uniqueness of the elliptic equations and convergence of elliptic solvers

Well-posed elliptic partial differential systems admit non-unique solutions when-
cver the associated differential operator has a non-trivial kernel. When dis-
cussing sufficient conditions guarantecing uniqueness, it is illustrative to first
consider the case of a scalar elliptic equation. In particular, for the class of
scalar elliptic equations for the function u of the form

Au+ hu? = g, {5.47)

where i and g are known functions independent of u, a maximum principle can
be used to prove local uniqueness of the solutions as long as the sign of the
exponent p is different from the sign of the proper function A [0, 25, 71, 72].

In the CFC case, we are not dealing with a single scalar elliptic equation,
but rather with the coupled non-linear elliptic systemn (5.43)-(5.45). Therefore,
assessing whether or not the scalar equations (5.43) and (5.44) present the ap-
propiated signs for the application of a maximum principle is an important step
for understanding the uniquencss properties of the whole system. However, as
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pointed out previously, the CFC cquations for the conformal factor and the
lapse possess the wrong signs in the quadratic extrinsic curvature terms (once
everything is expressed in terms of the lapse and the shift). This problem can
be fixed in equation (5.43) by an appropriate rescaling of the lapse, N = Ni/®,
but this strategy does not solve the problem for the lapse equation. There-
forc we cannot use the maximum principle to infer local uniqueness of the
solutions to the CFC equations, In these conditions of potential non-unique
solutions, convergence to a non-desirable solution may happen. This pathology
has been illustrated nusing simple analytical examples of scalar equations of the
type (5.47) in [69], as well as in numerical implementations of the vacuum Ein-
formalisms (see, e.g., [125]).

In the context of the CFC approximation this sign issue has also appeared,
in particular associated with the “recovery algorithm” problem discussed since
it involves the evaluation of the conformal factor. Non-unique solutious of i, ei-
ther due to the use of the non-conformally rescaled E or the quadratic extrinsic
curvature term, spoil the convergence of the algorithm when density, and thus
compactuess, increases. We again emphasize that a possible synchronization
of ¢ and # does not solve the problem in general, since numerical instabilities
cventually arise at sufficiently high compactness.

The non-uniqueness of solutions has also been observed in numerical simula-
tions in FCF, as described in the following example. Let us consider a vacuum
spacetime, with initial data formed by a Gaussian wave packet, as in [111], but
with much higher amplitude o = 0.2 instead of yq = 1072 in [111] {see the
fatter references for notations). The integration technique and numerical set-
tings arc the same as in [111], but contrary to the results for small amplitudes
obtained in that reference, the wave packet does not disperse to infinity and
instead starts to collapse. Fig. 5.1. displays the time evolution of the central
lapse N, at v = 0 and of the system’s Arnowitt-Deser-Misner (ADM) mass
M apas, which, in the present conformal decomposition, ean be expressed as

; 1 5/ 00 1 N .
Mapm = —o- jb sz”li-’ — g P ) dA
T

where the integral is taken over a sphere of radius r = oc and the sccond
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cquality follows from the use of Dirac gauge.

The very sudden change at £ ~ 0.4 in both the central lapse and the ADM
mass, which is also present in, e.g., the central conformal factor 1., originates
from the convergence of the clliptic system (4.64)-{4.66} to another solution
with a different (inphysical) value of the ADM mass, as it is shown in Fig. 5.1.
The good conservation of Mapy and the smooth evolution of N, for ¢ 2 0.4
indicate that this other solution remains stable until # ~ 2, when high-frequency
oscillations appear. These oscillations may be due to the overall inconsistency
of the system, destabilizing the whole scheme, On the other hand, the time
evolution of A7 does not show any such type of behavior, and A% exhibits a
continuous radial profile at all times. This is numerical evidence that, also
for the full Einstein case {i.e. without approximation), the generalized elliptic
cquations suller from a similar convergence problem as in the CFC case,

The same subject is also exemplified when one fries to calculate the space-
time metric for an equilibrium neutron star model from the unstable hranch
using cither Egs. (4.64)—(4.66) in the FCF casc or Eqs. {(5.43)—-(5.45) in the CFC
approximation. Even for the simple setup of a polvtrope with adiabatic index
I' = 2 in spherical symrnetry, those metric equations vield — when converging at
all a grossly incorrect solution if the matter quantities {I}, S;, E) in the source
terms arc held fixed. Both the metric components as well as the ADM mass
can deviate from the physical solution by a few tens of percent, even though
that incorrect metric satisfies the asymptotic flatness condition. The reason
why numerical codes for constructing rotating relativistic neutron star models,
like the KEH code [133], the RNS code [134], or the BGSM code [135], are not
obstructed by this non-uniquencss problem is apparently that they all utilize
an iteration over both the metric and the hydrodynamie cquations simultane-
ously, thereby allowing the matter quantities to change during the caleulation
of the metric.

We want to stress here that these non-convergence issues in the CFC case are
not related to the approximation that is made. If one considers this system in
the spherical {one-dimensional) case, CFC is no longer an approximation, but is
the choice of the so-calied isotropic gauge. Even then, the ciliptic system (5.43)-
{(5.45) no longer converges to the proper (physical) solution.
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5.2.2  The new scheme and its theorctical propertics

Despite the above mentioned convergence problems, numerically simulating the
physical problem of spherical collapse to a black hole in isotrapic coordinates
has been successfully studied by Shapiro and Teukolsky in [73]. Because of
the spherical symmetry, there exists only one independent component of the
extrinsic curvature. It is then possible to compute directly a conformal extrinsic
curvature, %% K7, from the conscrved hydrodynamical variables, The clliptic
equation for ¢ then decouples from the other elliptic equations by introducing
this conformal extrinsic curvature and using the conserved hydrodynamical
variables in the source. This source term presents no problem for proving
local uniqueness, and the equation for ¢ always converges to the physically
correet solution. (nce the conformal factor, the extrinsic curvature (from the
conformal factor and the conformal extrinsic curvature}, and the conserved
hydrodynamical variables are known, the elliptic equation for N4 can be solved
and, again, the source exhibits no local uniqueness problem. This follows from
the fact that the cxtringic curvature is not expressed in terms of the lapse and
the shift. This contrasts with the CFC cquation (5.44) where a division by N2
oceurs in the last term when the extrinsic curvature is expressed in terms of its
constituents N, +2, and 3. In adition, there is no need to use ¥’. Finally, the
elliptic equation for the shift vector can be solved. In summary, no problems
of instabilitics or non-uniqueness are encountered.

We now generalize this scheme to the CFC casc in three dimensions. This
involves the use of two different conformal decompaositions of the extrinsic cur-
vature: first, two different conformal rescaling and, second, two different decom-
positions of the traceless part into longitudinal and transverse parts. Adopting
maximal slicing, K = (), a generic conformal decomposition can be written as

K = g3 (A = 68 G(LX)”’ + A;‘LT) , (5.49)
where ¢ Is a free parameter and o a free function, A% is transverse trace-
less and L is the conformal Killing operator defined by equation (4.54). We
implicitly make use of a flat conformal metric, with respect to which AszT is
transverse although, in principle, it would he more general to use the metric
44 and the conformal Killing operator associated with it, L. But such a de-
composition would introduce many technical difficultics in our treatment. In
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particular, it is numerically casior to handle tensors which are divergence-free
with respoct to the flat metric in the generalization to FCF. The vector X%, on
which L is acting, is therefore called the longitudinal part of (A(C))”‘j . The first
decomposition we use is the one introduced in equations (4.52) (4.53) with the
choice { = 4 and ¢ = 2N. This corresponds to a CT5-like decomposition of
the tracciess part, so that X¢ is given by the shift vector 7 and AZ; can be
expressed in terms of the time derivative of the conformal metric,. We denote
this traceless part as A% = (A(4))7:j . In the CFC approximation this becomes
1

K —g 1449 AV — ﬁ(,cﬁ)ff. (5.50)

The second conformal decomposition,
K7 =049, AY = (LX)7 + A, (5.51)

refers to ¢ = —2 and o = 1. It instead corresponds to a conformal tranverse
traceless (CTT) decomposition of the traceless part of extrinsic curvature in-
troduced by Lichnerowicz [22]. Notice that we have defined Aid = (A(*Q))ij,
not to be confused with 4% := (A®)%, The relation between A% and A% is
given by

o D10 i B Gaa . T
AY = VR =" AN (2.04)

In terms of A%, the CFC momentum constraint can be written as

DAY = 8rpl'S = 8aulfY S, = 8r S (5.53)

V31

Consistency between the CTT-like decomposition (5.51) and the CTS-like (5.50)
generically requires a non-vanishing tranverse part A%’T in equation (5.51).
However, as it is shown in Appendix A, this :LTT ig smalier in amplitude than
the non-conformal part 2% of the spatial metric and A% can be approximated
on the CFC approximation level as

A = (LX) = D'XI + DIX' = 2D XK fY. (5.54)

From equations (5.51} and (5.53), an cliiptic cquation for the veetor X can he
derived,

AX' 4 DD XY = sufiS), (5.55)
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from which X? can be obtained., With this vector ficld, once can caleulate the
tensor A via (5.54). Notice that in the case of spherical symmetry, A =
PR = 8 K7 s the quantity used by Shapiro and Teukolsky [73].

"The elliptic equation lfor the conformal factor can be rewritten in terms of
the conserved hydrodynamical variables and A%:

_ v fudim A AT
AL,

This equation can be solved in order to obtain the conformal factor. Once the
conformal factor is known, the procedure to implicitly recover the primitive
variables from the conserved ones is possible, the pressure P can be computed
using the equation of state, and therefore 5* is at hand. The elliptic equa-
tion for N4 can be reformulated by means of the conserved hydrodynamical
variables, A%, and the conformal factor:

56)

on

Ay = —2mop " B {:

_r 7f7;.ffjmr’1'f'mr‘i?'j

3 .
From this equation N can then be obtained, and, consequently, the lapse
function N. Note that, since Al s already known at this step, no division by
N? gpoils the good sign compatible with the maximum principle.

Using the relation between the two conformal decompositions of the ex-
trinsic curvature, A% = 949 equation (5.50) can be expressed as (L3)7 =
DN O AN Taking the divergence, we arrive at an elliptic equation for the
shift vector,

A(WN) = 2eNy~ (B 4+ 287) + N (5.57)

where the source is completely known. This elliptic equation can be solved in
order to obtain the shift vector # consistent with &, Fi; = 0, as required by the
CFC approximation.

In this recast of the CFC equations, an extra elliptic vectorial equation for
the vector ficld X* is introduced. However, now the signs of the exponents of ¢
and N are compatible with the maxirnum principle for scalar elliptic equations,
and the problem is linearization stable. While this does not guarantee global
uniqueness of the solutions, it provides a suflicient result for local uniqueness.
This strongly relics on the fact that the system decouples in a hicrarchical way,
which we summarize here once more:
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1. With the hydrodynamical conscrved quantitics at hand, solve equation

(5.55) for X*, and thus for Av

2. Solve cquation (5.56) for 4, where local uniquencss is now guaranteed.
Then 8 can be calculated consistently.

3. Solve equation (5. br) for N4, a lincar cquation where the maximum prin-
ciple can be applied and umqueness and existence follow with appropriate
boundary conditions.

4. As the source of equation (5.58) is then fully known, solve it for 57

The same augmented CFC scheme as that discussed here has been intro-
duced aircady by Saijo [43] to compute gravitational collapse of differentiaily
Totating supermassive stars. However, in this work the inconsistency between
equation (5.50) and equation (5.54), i.e., setting to zero the transverse traceless
part of A% has not been pointed out. On the contrary, we have analvzed this
inconsistency in detail (of. Appendix A) and have shown that it leads to an
error of the same order as that of the CFC approximation. In addition, we
have shown here that the introduction of the vector potential X7 is the key
ingredient for solving the non-uniqueness issue. The same scheme, but without
the conformal rescaling of the matter quantities, has also been used recently
by Shibata and Uryu [136, 137] in the context of computing initial data. As
in [43} the inconsistency resulting from setting to zero the transverse trace-
less part At and the uniqueness issue are not discussed in their work. These
studies [43, 136, 137] do not discuss the extension of the new scheme to the
non-conformally flat case, as it is done in 5.3.5.

We finally comment on the recent work by Rinne [125], where uniqueness
issues related to the Hamiltonian constraint equation are solved by adopting an
appropriate rescaling of the extrinsic curvature. On the other hand, problems
associated with the slicing condition are tracked to the substitution in that
cquation of the extringic curvature by its kincmatical expression in terms of the
{shift and the) lapse. The latter spoils the uniqueness properties hy reversing
the sign of the relevant term in the slicing equation. This problem is solved by
enlarging the elliptic system with an additional vector so as to re-express the
relevant components of the extringic curvature without resorting to the lapse.
The resulting clliptic system presents also a hicrarchical structure. Although
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the spirit of such approach is close to the one presented here, the specific manncr
of introducing the additional vector variable in [125] eritically relics on the
two dirmensionality of the axisymmetric problem; specifically, on a choice of a
particular gauge and on the fact that vectors and rank-two traceless symmetric
tensors have the same number components in two dimensions, a property lost in
three dimensions. On the contrary, the introduction of the veetor X? through
the decomposition (5.54) is properly devised to work in three dimensions.

The new CFC metric equations presented here not only allow us to evolve
the hydrodynamical equations and recover the metric variables from the elliptic
equations in a consistent way (no auxiliary quantity @' is needed), but thev
also permit to introduce initial perturbations in the hydrodynamical variables
(strictly speaiing, in the conserved quantities) in a sct of previousiy calculated
initial data and directly delivers the correct values for the metric. It is even
possible to perturb only the primitive quantities, and consistently resolve for
the metric by iterating until the conformal factor ¢, which links the primitive
to the conserved quantitics, converges, We have found that such an iteration
method fails for sufficiently strong gravity if the original CFC formulation is
used.

5.2.3 Numcrical simulations with the new scheme

The good behaviour of these equations have been shown in numerical simula-
tions as the migration test, and the spherical and rotational collapse to a black
hole [52]. The numerical simulations presented in [52] were performed using
the numerical code CoCoNuT [39, 40] and the initial models were general re-
lativistic I' = 2 polytropes in equilibrium with a polytropic constant K = 100
{(see more details of different models and grid setup in [52]). Figure 5.2 shows
the time evolution of the central values of the rest-mass density and the lapse
in the migration test. As the star expands, p. decreases while N, grows until
the new stable equilibrium configuration is reached. In the polytropic case,
there are no physical mechanisms to damp the strong pulsations, and the final
state resembles a star oscillating around the equilibrium configuration until
numerical dissipation finally damps the oscillations.

In the ideal gas case, shock waves are formed at every pulsation, and they
dissipate kinctic cnergy into thermal cnergy, thereby damping the oscillations.
As these shocks reach the surface of the star, a small amount of mass is expelled
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Fig. 5.2: Time evolution of the central rest-mass density pe (bop panel) and the central

lapsc N; (bottom pancl) for the migration of the unstable ncutron star
model to the stable branch, with either a polytropic (solid lines) or an ideal
gas (dashed lines) equation of state. The dotted horizontal lines mark the
value ol g and N, for the equilibrium confliguration (rom the stable branch
with the same gravitational mass Mapn, while the dash-dotted lines are
oblained (rom a series of equilibrium models where mass shedding as in the
migration model with an ideal gas equation of state is taken into account.
In the insel the Mapw—pe relation for this model setup is displayed. The
unstable models (initial models) and the equilibrium configuration (final
state for a polytropic equation of state) as well as the final state for an
ideal gas equation of state are marked. The arrows symbolize the respective
migration paths.
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from the star and matter is cjeeted outwards into the surrounding artificial low-
density atmosphere until it leaves the grid across the outer numerical boundary.
The shock waves leaving the computational domain exeeed the escape velocity
and therefore the lost mass is gravitationallly unbounded. As the oscillations
are damped, the shocks become weaker and the mass expelled at each oscillation
is smaller. At the end of the simulation the star has lost about 10% of its initial
baryon mass, approaching a state of constant baryon mass. As a consequence,
the final equilibrium configuration on the stable branch is not the inital model
anymore but, rather, the corresponding model from the stable branch with
lower baryon mass and central density.

These simulations are consistent. with the results from a fully relativistic
three-dimensional code in [138]. Similar simulations of this test, with the orie-
inal, unmodified CFC scheme, lead to a completely incorrect solution with
a grossly incorrcet ADM mags, When running with the new improved CFC
scheme, it is obtained Mapy = 1.451M and initial values for the confor-
mal factor and lapse of b, = 1.561 and N, = 0.273, respectively. On the other
hand, with the unmodified conventional CEFC scheme, the metric solver already
initially converges to a solution with Mapar = 0.647M: (55%), . = 1.221
(61%) and N. = 0.532 (63%), where the relative differences to the physically
correct solution arc given in parenthescs.

The second test is the collapse to a black hole, which is triggered by re-
ducing the polytropic constant (and, hence, the pressure) by 2% in the initial
models. The top pancl of figure 5.3 shows the evolution of the rest-mass density
and lapse at the center. Due to the maximal slicing condition the singularity
cannot be reached in a finite time, and, consequently, N, rapidly approaches
zero once the apparent horizon has formed. In parallel, p. grows, which results
in a decrease of the numerical time step due to the Courant condition. The
avolution is terminated as the central region of the collapsing star inside the
apparent horizon becornes increasingly badly resolved numerically. By refining
the radial grid, the evolution is able to follow the collapse to even higher den-
sities. Therefore, the only limitation to perform a stable evolution after the
apparcnt horizon formation is the numerical resolution used. Note, however,
that the spatial gauge condition is fixed in CFC, and thus the usual method
of exploiting the gauge freedom for the radial component of the shift vector in
order to effectively increase the central resolution cannot be used.

In the bottom pancl of figure 5.3 the time evolution of the apparent horizon
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radius is displayed.  As cxpected, the apparent horizon appears at a finite
radius and already encompasses a significant fraction of the total mass of the
star {~70-80%) at that time. Later on, its radius grows as the surrounding
matter falls inside beyond the horizon. The fraction of the rest mass remaining
outside the horizon is also plotted in the figure.

These ideas can be generalized easily to the FCF formalism of the full
Einstein equations {see Section 5.3.5).

-

5.3  Mathematical properties of FCF

This Section focuses on some properties of the hyperbolic equations in FCF.
Some comments about the coupled elliptic-hyperbolic system will be discussed.

5.3.1  The evolution system and its hyperbolicity

Using FCF, a set of elliptic equations for the lapse function, the shift vector and
the conformal tactor is derived. Moreover, coupled with the set of the elliptic
equations, there is a second order system of partial differential equations for the
cevolution of the difference between the flat metric and the conformal metric,
B, The work here focuses on this last set of equations. More specifically,
this is a preliminary analysis of the hyperbolic part of the fully constrained
evolution system. Rather than studying the whole coupled elliptic-evolution
system, following a systematic line like the one developed in [139], we consider
the fields in the elliptic part, that is+#, & and 3%, as given fixed functions acting
as parameters for the evolution systern. This is therefore a first approach to
the study of the whole coupled system.

In addition of considering 1, & and G as fixed functions, we construet the
differential operator governing the evolution in terins of the connection associa-
ted with the flat metric 77;, instead of the one corresponding to the conformal
metric I);. The main motivation for this simplification is the numerical scheme
proposed in [L1i] for the resolution of the evolution probicm, which heavily
relies on the use of spherical coordinates. The correction terms linking the
flat connection with the conformal one are moved to the sources. In this work
we do not consider the effects of the non-linear sources on the features of the
hyperbolic system. In particular, an analysis of these sources will be carried
out elsewhere.
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Fig. 5.3: Collapse to a black hole lor ihe spherical model (SU), and the rotating
models (D1 and D4). The top panel shows the time evolution of the central
lapse N. (thin lines) and the central rest-mass densily p. relalive 1o the
initial value peo {thick lines). The hottom panel shows the time evolution
of the apparent horizon radius ray e in the cquatorial plane {thin lines) and
the rest mass Moyiside A remaining outside the apparent horizon relative to
the total rest mass M (thick lines). The dashed vertical lines mark the time
when the appareni horizon [irst appears.
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The system for the differcnce between the conformal metric and the flat

metric, A% is:
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The symmetric tensor RY is defined by
D . lLﬂ.Mf’“ﬂ,,hﬂ _ Ay pekmy pil
Ry 5 L~ DDk D, YD R
Cmmlam prn £k L adEr piyT
FAT DR (A Db + 375D,k )]
Lokl
+Z:fz ':IJIth?nnlDf:rnm (561)

The scalar B, has been introduced previosly in equation {4.63).
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Let us write the equations for AY as a first-order system. We define the
following auxiliary variables:

)
u = — {5.62)
ot
w = Dyh". {5.63)
With these new variables the system for A% can be cast into:
outd N? L . -
e vaiibws q«-ﬁ""’Dkwf" — 235D+ ,SA’JL}"!Dkwf"
ot r
= ¥ [ gk A O T L= T VN W S R o (5. 61)
SUAEN N 000 N, B B ] (5.64)

where ¢ is a source term which does not contain partial derivatives of «* or
wy’. From definition (5.63) and taking into account that & f* = 0, we obtain:

]

-

<G

,,“"‘:j ..
Stk = Dyu, (5.65)

Then the system of equations (5.62), (5.64) and (5.65), can be written as:

S HADY =g (8% .. 8,8°, 0N 0, b9, 07wl ) (5.66)
where the vectors ¥ and g, corresponding respectively to the variables of the
first-order system and the sources, are defined as:

(1) ([ 1) )

vV = ('U ) )\ [ g (\3;\ . -f\"‘-‘ 4, a‘uﬁka ()_uANIs a‘u’w- h’u O u“: '&’i&j) = \G)ZJ) '
i

\ () ) \ "/
{5.67)
In these equations, ¥ and g are vectors (Jf ‘dimension 30, as it results from
the symmetry properties of 7%, w™. and w]_,f. Let us remind that, besides
the above symmetry properties, the following algebraic constraints have to be
satisfied: 1) det 4y = det fi; 5 and w’ = 0, which is equivaient to Dirac’s
gauge. Indices runas 1 <<¢ <3, i <7 =<3, 1<k <3, In order to write the
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matrices of the system in a simple way, the following auxiliary quantitics are
defined:

g = 5 — NPy A (5.68)
CJ% = ( qli q2i q'di )’ (569)
[ =6\

—§ = =8 . (5.70)
—3

Then, the explicit form of the matrices A, for each value of I = 1,2, 3, are:

Opxe Ogx21
oz 0
—28'I4
0 Q'
7(5’ 03)(5
Ne . =T e
VIix6 —0° Uz
—& 033
- - O18x18
Uiz 0 — U352
21 0y —5 | 03
O 7
\ O | —6

Ouce we dispose of the first-order evolution scheme (5.66), we study some
hasic hyperbolicity issues, mainly attempting to obtain explicit expressions of
the characteristics in terms of the functions «, N, 3* and 5%, with the practical
goal of determining the freedom to impose boundary conditions for A% on the
inner excised boundary. This will be done in the next Section. In particular,
our analysis is far from being exhaustive and we do not investigate issues like
existence, uniqueness or well-posedness (see for instance [140]). The excision
method is one of the most common methods for simulating numerically the
cvolution of biack holes, among other ones (sce more details in Section 7.1). It
is very used when elliptic equations are solved with spectral methods, as it will
he our case.

The next step is therefore the study of the hyperbolicity of the system
{5.66) of first order with respect to the evolution vector dy, whose components
are £ = (1,0,0,0). As a notation we define A" = F. The following reiation is
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satisficd: det{A%E,) = det{l) = 1 # 0. Let (o = (0.¢;) be a generic spacelike
covector; we can choose it orthogonal to the evolution vector and we suppress
the part proportional to it. The associated eigenvalue problem we have to solve
is (see, e.g., Ref. [141]):

[AlG — M) Xy =0, (5.71)

where A denotes the cigenvalue and X the corresponding cigenvector.

Apparently, the system (5.66) looks like a hyperbaolic system with sources.
But that conclusion is far to be obvious. Imposing Dirac’s gauge in {4.59) in-
deed guarantees the real character of the eigenvalues corresponding to matrices
Al and thercfore the hyperbolicity of the evolution system. Even though this
is not a precrogative of the Dirac gauge, other prescriptions for H? in condi-
tion (4.59) lead to a more complicated structure of the resulting sources. As
mentioned after equation (4.66), a more important point is the fact that other
choices of H* will generally introduce time derivatives of A"/ in the elliptic
cquations, complicating further the complete PDE system. Of course, if any
gauge is not imposed at all, one can check that the A’ matrices admit complex
eigenvalues. This reflects the property that Einstein equations by themselves
do not have a definite type, without the specification of a gauge. When im-
posing H! = 0, the eigenvalues of the linear combination A’ are real. So the
first conclusion is that Dirac’s gauge is a sufficient condition for the hyperboli-
city of the system (5.66). Even though this is a crucial result for our analysis,
this was also expected from the general structure of equation (5.64) and the
properties of gauges analogous to the Dirac one, like the Coulomb gauge in
clectromagnetism.

The main goal of the work here is to obtain explicit expressions for the
characteristics of the hvperbolic svstem. It is easy to see that there are six
eigenvectors associated to the eigenvalue 0, and the rest eigenvectors have to
be linearly independent with respect to these six vectors. Therefore, the rest
cigenveetors can be studied independently, The cigenvalucs associated with the
chosen spatial vector arc:

N o= 0, (5.72)

P AN'Y 170 149
NI g S (G0 = = N () (5T3)
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where Ay has multiplicity 12, and )\55) has cach one multiplicity 6.

We define some quantities in order to write the set of eigenvectors in a sim-
ple matrix:

[ —Ga? —Gq™
C = k Gg"! o (5.74)
0 G’
\ &/

If we consider the (right) eigenvectors of the eigenvalue Ay, the ones of the

cigenvalue )\Sf) ahd the ones of the cigenvalue )\(_C), the corresponding matrix,
R, having the (right) eigenvectors as columns, is:

{ Is | 06> 24 \
[ n NGT V(O r
ugx12 _/\+ iG —A_1Ig |

C 0 Cs 0 Csy 0

| 024\(8

‘ 0 c |0 C: | 0 Cs )

It is easy to see that one can do linear combinations to change the roles of

;g% in C1. The determinant of this matrix is (Q;q“)b (/\S_C) — /\(_C)) (Q qu”)b.
Taking into account the above comrnent, about the change of the roles of the
quantities in Cy, the determinant of the (right) eigenvectors matrix change as

(Gig™ )6 ()\S_C) A\ ) (C.L-C_,-q‘-'f)b. The conditions to be satisfied for an incom-
plete basis of eigenvectors are:

N N s

(i) ALY =A% Since

M =29 N2TiGGAY = NGO =0 (5.76)

and (;¢(* docs not vanish {(° is a spatial vector different from zero) non-
completeness only occurs if the lapse N vanishes.
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(i) glgjq : From the definition of ¢%, it follows

GG (B8 — N2~150) —0 & (6897 = N2 (6.’ (5.77)

One can see that the previous equality depends only on the direction of
the vector ¢¢ (i.e. {'¢; = 1). From now up to the end of the study of the
different cases, the vector {* will be considered to be unitary. So (5.77)
leads to:

Gily kJ'JJ — f\"‘zt;l'*%""j) =0= (glq) = N°. {h.7T8)
Decompaosing 3 inta parallel and normal components to ¢, we write
g =3+ (,SL)?', where (31} = ¢;3° and ¢ (,ij’l)t = 0. From (5.78),
we conelude:

Glide =0 & (”J‘H) = N? . {5.79)

Note that this casc is independent of the choice of ¢*, since it corresponds

Ve Faly - - ‘ . | .
Lo k)’") \))”) ;o Le |C*4; 2. Therefore, non-completeness oceurs if

3l = . (5.80)
(iii) ;¢ = 0, ¥j = 1,2.3: This is a stronger case than the previous one.
Again from the definition for ¢¥, we have:

C’t (JSIJ"’ — "_'L-"‘,‘ : ﬂ"’»’r) =< \C.i.".—j;.) J“’ = JV C .

From this, and the decomposition 3* = (,‘3”) &+ (J;:’jL)i, it follows:

. L2
el =0 (31) =0 and (ﬁ”) = AN? (5.82)

This is just a stronger version of the previous second case.

As a consequence of the above analysis, the (right-)eigenvectors associated
with the matrix A'(; define a complete system iff i) the lapse N does not vanish,
and 1i) the projection of the evolution vector onto the plane spanned by n# and
¢ ie. (t”)“ = Nn' + bg(*, is non-null, Le. (3”) # N2

In the cigenvalue probiem (5.71), (¢ stands for an arbitrary spatial veetor.
In particular, we can always choose (¢ = #°. In that casc, the degencracy
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condition in cascs 2 and 3 above reduces to F*3; = N2. This happens if the
vector £ becomes null. Morcover, if the vector ## is spacelike then we fall in case
2. since then there exists o vector ¢* (in fact, a cone obtained by the rotation
of the non-vanishing /#* by an appropriate angle) such that the projection of
A onto Lhat ¢, refered Lo as (_ﬁ”)l, salisfies (,‘S’H}l (_ﬁ”)i = (g’ﬁ’)’i)z = N2, We
conclude that the system (5.66) is strongly hyperbolic if ¢ is timelike, i.c. if

N#0 and N?—733 >0 (5.83)

In some particular cases, degencraey in the cigenvalues can oecur. In parti-
cular, it could happen that one of the cigenvalues AL or A_ coincides with Agp.
These degeneracies can appear if:

MOS0 e (776,07 = N2 (") (5.84)

Again, onc can consider ¢* to be unitary. Hence, cither Ay or A_ vanishes

2 . . . . - .
when (,8”) = N2, As seen in (5.78), in this case the system of eigenvectors is
incomplete.

Let us introduce new auxiliary quantitics in order to write in a simple way
the inverse of the matrix of eigenvectors:

1
Ay = (5.85)
GCia
. 1 e
Ag = ———, (5.86)
A =
1
Ay = (5.87)
g
D {—((e" GGeY + (e —{20;8™ 3 (5.88)
N — - . h h . L i J'
' k ~GagaY ~GaguY Gt + GGe¥ }l
— L NS N T ¥ as = on
Dy = AN Gt e 5.89

Gy
Dy = NT( G G Gd )
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The inverse of the cigenvectors matrix, R™1, is:

Iy o (g 21
A1Asy 0
O12x8 .
0 A Az
AN, 0
Onaxs | —Aolg
6 A1AsD,
AASDy 0
AsTy
0 AyARD,

This torm ot the inverse matrix can be problematic from the numerical point
of view, due to possible zero values in the denominators of the above expres-
gions (c.g., in casc of using the cigenvalucs and cigenvectors of the system with
a conservative scheme of fluxes; see more details in [142]). Taking advantage
of the fact that the eigenvectors are indefined up to a normalization factor, we
choose the following inverse matrix, which we name again R™':

Is Og <24
Dy 0
O12x6
i ™™
U s
A1Do 0
0216 —Ig }
0 A1Dy
ADs 0
Ig )
0 A1Ds
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5.3.2 Some propertics

One interesting property of this system is that all the characteristic fields are
linearly degenerate, i.e.,

DA, (7)1 (5) = 0, (5.91)

where 7, is the cigenvector associated with the cigenvalue Ay, and the operator
D is defined in the space of the variables of the systemn. The reasons are:

of the eigenvalue is zero too, and the expression is identical to zero for
p=1,..,0.

(i) In the expressions of the clgenvalues associated with the rest of the cigen-
vectors, A = — 340, £ N2 (557(, )% = =8¢, £ N (¢1¢,)" 2, only
the first six variables of the system can appear, so the partial derivatives
with respect to the last 24 ones arc zero. Morcover, the cigenvectors have
zero in their first six components. Hence the expression is identical to
zero for p =7, ..., 30.

This property shows the coherence of the Dirac gauge with the quasilinear
structure of the evolution systewm, since, in the language from fluid dynamics,
it means that no shocks can be propagated along these curves, in particular
gauge shocks., Henee, if there were discontinuitics, they have to be contact
discontinnities.

Now we are going to interpret the meaning of the eigenvalues we have
obtained. If we impose in the metric ds® = 0, we get:

da Borde .
— 4 — +3) =N2 5.9
(dt -0—.3) (dt —0—.3)“ (5.92)

The solutions for A in the equation
2 ar .
(A + ."GMC,U-) = N2 (CMC.U») (5.93)
are the eigenvalues. If we take an unitary vectar £, (5.93) leads to:

(A +57¢,)" = N2 (5.04)
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i
_ o i dr ", N
Taking into account only the contributions of F and (W) in the direction
it

P . o {fdeN* dx )
of ¢%, Le., O = 8¢* and kE) = —(", we can write (5.92) and (5.94)

respectively as:

dx ? 73
— 44} =N2 (5.95)

dt
(A+ 8)° = N2 (5.96)
i .
From them we can sce cleacly that A = —. We can conclude that there is a

G
relation between the speed of light and the eigenvalues when we eonsider the
contributions in a fixed direction.

5.3.3 Fluxes

In the last vears, the high-resolution shock-capturing (HRSC) schemes to solve
the equations of classical fluid dynamics have been succesfully extended to
the relativistic case [143, 144]. They have been specificaliy designed to solve
hyperbolic systems of conservation laws (HSCL). These munerical techuiques
exploit the hyperbolic and conservative character of the system of equations.
Let

O +D,f (u) =0 {5.97)

be a svstem where we can identify the set of unknowns, i.e., the vector of
conserved quantities u, and their corresponding fluxes f* (u). If the Jacobian

) ) ) afiu .
matrix associated to f* (u), ﬁ, has recal cigenvalues and a complete sct of

eigenvectors then Eq. {5.97) is said to he a HSCL.

In our case, once the equations have been written in conservation form,
almost every high resolution method devised to solve hyperholic systems of
conservation laws can he applied. To this aim, we easily notice that the matrices
Alin Eq. (5.66) cannot be the Jacobian ones associated with any possible flux
{l.c., any possibie function of 30 components). On onc hand, the first six
columns of the matrices are sero, so all the components of the functions can
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not depend on the first variables, that represent the components A¥: on the
other hand, in the last 24 columns appear the first variables and this means
that the derivative of the components of the functions depends on them, and
in particular the components of the functions depend on the first six variables
too.

But we have not taken into account the gauge we are using. Let us take
the following functions, where ki = 1,2.3, and 7,7 = 1,2, 3, with 7 > &

(0g) \
fli= ( ( —2u G+ wi [FFF —N%-‘i'—‘i:,«“]) : (5.98)
(—uéj(?}f:)

By calculating the corresponding Jacobian matrices, we get the matrices Af
ol Eq. (5.66) with an extra term, corresponding to the partial of the components
7 to 12 of f! with respect. to the variables 1%, that is:

—A"'Qu','%u,'i;j. (5.99)

In general, this term is not zero, but in the equations it does not appear alone.
Hence, we have:

afr—12. ‘ y ;
T Dlhlk — _imr2'¢974w23D1f1lk _ —A"szj=74u=f|;"Hk. (5100)

Let us remind the expression of the gauge, HY = 0, then the right-hand side of
Eq. {5.98) is zcro.

- .~ . . PR |
Ve define the new matrices (A7) as:
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Ogcan
Q! 0
s ol —2ity .
0 Q!
—4 Uaxs
—at O351
Y Oq.n .
0]8)(6 T e, UlelS
(UE 0 —d Osx2
R O
6 03 | —4!
where
L DCT AP (R V- SO < SO U ¥ R 4 | RN 5 VA |
& = WO Waty Watsy W2l Wiy %3
Ell,l
{ EJ.ZI' \
13,4
F! :_| E | (5.101)
l EQ?;,[ I
a3t
\ B /

and the parentheses in the subindices represent a symmetric sum, e.g., 'wéjl‘ 5’2) =
wi b+ wf &

Thanks to the choice of the gauge, we have found the functions having the

. PR | . - L. — . . . e d PR B .
matrices (A%) as the Jacobians. It i clear that (A*) # A‘, but we have at
the end the following equivalent. systern:
v ! av N
Ay = (AN DY
5 g g TAT D
= g (,8'"’, N, 0,8% 9, N, 8,20, R u, wf) . {5.102)

It is easy to check that the eipenvalues of the matrices (A*)' and A are
the same and the set of eigenvectors is the same except for the first six ones.
The system is lincarly degenerate as before (sce Section 5.3.2). If we order the
cigenvectors for (A“)I as we did above for A!, the corresponding matrix, R*, is:
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[ Is Ogx12 Og 6 Og e
I O6x6 Usx12 —/\Sfjfe A\
C; 0 Co 0 Co 0

+

r

r
e

\ ] Cy ] Cs {0 Ca

where

/ CiEll"f
Oaxg
CIEH’I
O2x6
CEEI.%J
O2x6 .
= g qE2L |- (5.103)
' Oaxg

CIE23’I
Do
ClEgg’l
v Uaxe |/

Again, one can construct linear combinations to change the roles of ¢ in
C1; moreover, one can change the roles of the same quantities and the positions

tho wnrne in (L. ho dotormin 1
Ll AUTGS ail So3. aoni) GULUHITNNGNT 15

o
s

6 N
art ie (a0 (VO _NON 7o s i i
ant 15 (G} (A = A0 ) (GGev) L e

the same value that we got for the matrices A*. All the comments mentioned
above can be repeated here.

- P . . i —1
‘The mnverse of the cigenvectors matrix, (R7) 7, 1s:
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{5.104)

(5.105)

(5.106)

This form of the inverse matrix can be problematic from the numerical
point of view hecause of the same reasons as before, due to possible zero values
in the denominators of the expressions involved in the matrix. We choose the

o . - . . . R . oy —1
tellowing renormalizcd tnverse matrix, and we name 1t agamn (™)
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4 I U s O5x15 \
D, 0
N2y Dy U126
0 D,
ADy 1]
N2 DOA GE | T
0 A1Ds
ADg 0
NN R | T
\ 0 LDs )

5.3.4 Modified system.

Motivated by Section 5.2, it is reasonahle to split the second order evolution
systern for the symmetric tensor h¥ into a first order systemn, equivalent to
the systems (5.66) and (5.102), but using the tensor A% instead of the tensor
wt = §,h%. The tensor A¥ introduced in Section 5.2, is defined, taking into
account the condition of maximal slicing, as AY := ¢°K% as in the CFC
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cagse, The system can be written then as:

Oh! 6 i | Ak i 2

df;t = 2Ny B AY 4 gRuld — 3D 8T — ANIDL S+ 37 AUDLGF (5.107)

r)A"j / Nr?,j'lg TR PP g - Ay . 2. ,
5 T Dx k ALy — gk AV ) = —AYDG — AT+ S ATDL G

e L/ S5\
N 95, A% AT — 8r N8 te —
FENY " y ka 3 )

+N (-@21%:;? + 8’";’“”7-”?),(,-@:‘}D¢'q":) + 40 (3P D DN + 55D N D)

‘_r.?f\ T _ AFRRID, D) L ZAE R, D) (5.108)
H’)I L ¥ ! A g 34 i A [ ] e o
Py ’ P ;
k4 Py ( 5] wlj — 2N PAY) = -l Dy
ot
=il ! i 2 i P, 2 !
—AD DA — DA AVD DA SAYDL D3 S Dy (5.109)
¥ A & k 3 ] L Ly d | A & ! 3 k [ hd i

Morcover, wo have to add the constraints of the Dirac gauge to the above
systerm, w;” = 0, and the determinant of the conformal metric, 4 = f. This
way to write the second order system for A% has the advantage of getting rid
of partial derivatives with respect to ¢ of the lapse NN, the shift 4%, or the
conformal factor ¢ in the sources. In the CFC case, there is ouly the equation
for the evolution for the tensor AY, but it has been shown that this tensor can
be neglected in a consistent way with the CFC approximation.
The system of equations (5.107)-(5.109) can be written as

A
v e m
dd L AD ( BN, 8,350 f\..ﬂ,,li’..F.',”.A”.-u.!;lj). (5.110)
(U
where the vectors ¥/ l &AU% I and g', are, respectively, the conserved
7

. ! . .
variables and the sources. Matrlccs A" arc the corresponding Jacobian ones
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associated to the following fuxcs

erb, (
1

(Ug)

(_2/,_1"&'3’{8!7 _ L&i‘gﬁ,m,l,mi_j\
\ ‘ 2 ")

|
)

= TR
k (—di {d”‘wf;ﬁi + QNI,-T‘J_GA”D

The explicit form ot A’ st

Og 530
Qfl 0
B | —28'
0 o
—;‘35‘ Uaxs
—35" O3x4
— A8t )
O1swa at - - —7 (gxi
Uis 0 — o0 Uz 2
12 0g —35' | 03
Og ~ —
AN Us — 50
where
;\‘r""l"2
o= YR
5 ,
AT :‘2
P N\ | A AP TIRP R T
i 9 L i i
TR O - 3\
e DA
[ & IE ]
: 2N &' 035
a = =
’i,-")ﬁ U15 0 !5'! ngg |
12 09 U fjl ng,
\ 1 T0a [ & /
—ptel =gl =3
_gst ( _atsl gl s ) .
al 51 a2 51 5 51

. . i .
The cigenvalues of the matrices Al and A’ are the same. The system is
lincarly degencrate as before (sce Scetion 5.3.2). The corresponding matrix of
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. S T P . P P . [,
cigenvectors tor A (with the usual ordenation), R, 1s:

f Is O 12 Boxe Boxe A
C; 0
“‘ Tl CAT R RPN VN
Ci . —le) T G g
0 Cs :
C, 0 Cy 0 Cy 0
Cs . . .
0 Cy 0 C, 0 Cs
where
Cy = (5.112)
Cs Aad — @3a ) (11
~'5 YA 74 s s ;

As before, one can construct linear combinations to change the roles of
;g7 in Cq, Ty and Cs, as well as the same quantitics and the positions of
the zeros in Cs. The determinant is »>° (Qd)d (g_jq'i)b (gz—g}—g’ﬂi)f’. It is not
exactly the same value that we got for the matrices AL, but all the comments
mentioned there, about the different cases in which the determinant is zero,
can be repeated here again (notice than the lapse N has to be different from
zero because the definition of Cj).

— . a s . . n—1 .
‘The mverse of the cigenvectors matrix, (KR') 7, 1s:
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/ T 0. . oo
ELvl e ») R
Ar2 —4d A A T P2
N2 T AL Ay U12x6
0 Ay AzD,
A1Dg 0
31 AT ! —1
SCIONE +‘N) GE | Seggnede
0 A]Dﬁ
AqDg 0
Ny~ A, ( At o ;r) H 1 )
] (Cch)e N GE ‘L‘b_(i(c-lc-l)lfg‘[b
\ {i f_\lD@;
whoere
1 )
Dy = 5( Gd'' G Gt ). (5.114)

This form of the inverse matrix can be problematic from the numerical
point of view because of the same reasons ag before, due to possible zero values
in the denominators of the expressions involved in the matrix. We choose the
following renormalized inverse matrix, and we name it again (R’ )71:

/ s 6% 6 O iz \
-0 YaXb vbhx s
D, 0
N Dy Or2xe
0 D,
Dg 0
=t (2 V) GE! | =,
5 —rar T V) GE | e
NARLS Y Al COTRd]
0 Dy
Dg 0
Ny~ (671 \) 0 DL IS
= ey — ) Wi HE e
\ 0 Ds /
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5.3.5  The coupled ciliptic-hyperbolic system
We arc going to finish this Section with some comuments regarding the elliptic
part and its coupling with the hyperbolic one. The elliptic part in FCF can be
rewritten, using the tensor AY, as:

5o Alm A
e it Tm AT AY

ADyDy = —2mp B — <

’:J.’k.tDkag({;‘i’P\fv) = e
88 J
(5.116)
n}“DkDLSUrg}“"DkD;,SE = 16aNy039(8"); + AYD; (2N %)
(5.117)

The blue terinsg are the extra ones which do not appear in the CFC case.

We are going to show a procedure to solve all the elliptic and hyperbolic
equations in the FCF general case. On the one hand, the variables of the
evolution of the hyperbolic system are going to be directly nsed in the ellip-
tic equations. On the other hand, the clliptic cquations will keep the nice
properties of local uniqueness as in the CFC case.

The strategy to evolve the two symmetric tensors 1% and A% relies on a
decomposition of these tensors in longitudinal and transverse traceless parts.
The longitudinal parts (divergences with respect to the flat metric) are either
known a priori, or arc determined by the clliptic equations. More specifically,
the divergence of A% vanishes according to the Dirac gauge. The tensor A
can he decomposed, as in the CFC case, as

Az’_'j _ (LX)'U + Afij_i (5.118)

where ’Ddfii;,"jqn = 0 and the vector X* will be determined by the momentum

constraint {scc below). Consequently, we focus on the transverse traccless
parts of these tensors. From AY and A%, it is possible to define two scalar



112 5. Mathematical issues

potentials, described in [53], for each tensor, that contain all the information of
these tensors. These potentials are evolved according to the evolution equation
{(5.107) for R, and the transverse traceless part of the evolution equation
{5.108) for A by applying consistently the previous decomposition (5.118).
Once the scalar potentials on the next time slice are determined, the tensors
A% and QTT can be reconstructed compictely, satisfving the divergence-free
conditions. The tensor wy can be computed too.
From (5.11%), the momentum constraint can be written as

DAY = 8ri¥(§*), — AL AM, (5.119)

which iy equivalent to the following elliptic equation for the vector X7

.Xk' _ gfk:erPXp\ _
3 /

) A (5.120)

where Df = f4 D;. This elliptical equation for the vector X *ig linear. Since h%
and A#T have been calculated previously, the elliptic equation can be solved to
obtain the vector X*. With this method, the Dirac gauge and the momentum
constraint are satisfied (by construction). Then, A% is reconstructed from A%,
and X*.

At this point, since the tensors A% and A% arc known, we can follow exactly
the same scheme as in the CFC case to solve, in a hierarchical way, the ellip-
tic equations. First, the conformal factor is obtained from equation (5.115),
then the lapse function from equation (5.116), and finally the shift vector from
cquation {5.017). These cquations are decoupled in the order mentioned. No
non-uniqueness problems are exhibited in the scalar elliptic equation and there-
fore the maximum principle can be applied.

The scherne presented here is aungmented by an additional vector elliptic
equation for X*, while the elliptic character of the system of metric equations
is presceved. The new scheme reformulates the elliptic equations in a CTT
shape {one scalar and one vector clliptic equation), and then solves, for the
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lapse and the shift one additional scalar and one vector clliptic equation. The
new formulation not only corrects the problem of local uniqueness in the scalar
elliptic equations, but also introduces a hisrarchical structure that decouples
the system. It has not been tested numerically yet.



114 5. Mathematical issues




6. GELOMETRICAL BLACK HOLES

In this Section we are going to introduce some definitions related with horizons
of BHs, and we are going to discuss an application of the characteristic analysis
to the inner boundary conditions of trapping horizons.

6.1 Decfinitions of horizons

The definitions and caleulations of this part have been taken from [145], in
which all the details can be found.

Let a hypersurface H of M be the image of a 3-dimensional manifold H)
by an embedding ® @ Hy — M., H = $(Hp). The pull-back of the bilincar
form g, i.e. the spacetime metric, defines the induced metric on H, also called
the first fundamental form of ‘H: ¢:= ®*g. The hypersurface H is said to be
null if, and only if, the induced metric g is degenerate; this means if, and only
if, there exists a vector field I in 7 (H), the space of smooth vector fields on
M, that satisfies Yo € T (H), g{Il,v)= 0. In nuil hypersurfaces their normal
vectors are both orthogonal and tangent to them.

For any hypersurface, the “bending”of ‘H in M or extrinsic curvature of
‘H is described by the Welngarten map or shape operator, which is the en-
domorphism of 7, (7{), the tangent space of vectors at p, which associates to
each vector tangent to ‘H the variation of the normal I along that vector, with
respect to the space-time connection V:

x:TH) — T(H)

v Vi (6.1)

This appiication is weil defined sinec §-x (v) =1- Vi = /2 V, {{-1) = 0. The
Weilngarten map depends on the specific choice of the normal I; a rescaling of 1
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acts as follows on x: & = ' = al = v — X' = ax + {da, ) I. The fundamental
property of this application is to be sclf-adjoint with respect to the metric q.

This property implies the symmetry of the hilinear form defined on H’s

tangent space by:
0:T,(H)xT,(H) — R

(u,v) — u-x(v) (6.2
It is called the second fundamental form of H with respect to I, It is syminetric
only because § is normal to some hypersurface. Actually, it is nothing but the
pull-back of the hilinear form VI onto 7, (H) induced by the embedding ® of
Hin M. @ = ®*VI. As for x, © depends on the choice of the normal I its
transformation under a rescaling of lis: I = ' =al = 0 - @' = 0@,

If we take into account the foliation provided by the family of spacelike
hypersurfaces that foliates the space-time in the 341 formalisin, we have some
extra-structure on M. From now on, H is assumed to be a null hypersurtace.
We will define unambiguously a transverse direction to H and an associated
projector II.

Fach spacelike hypersurface X, of the 341 slicing intersects the null hyper-
surface ‘H on some 2-dimensional surtace: &; := H M 2;. As a submanifold of
34, each & is necegsarily a spacelike surface. The &'s constitute a foliation on
‘H. The coordinate ¢ can then be used as a parameter. We can normalize the
null normal { of H by demanding that I is the tangent vector associated with
this parametrization, or equivalently demanding that I is a vector field dual to
the 1-form dt : Vit = 1.

Let s be the unit vector of ¥, normal to &; and directed towards the
cxterior of S, Let b e 7,(8;), b= (1). Due to the normalization on the null
normal I, it can be expressed as I = Nn + b, It can he deduced that b is a
vector of 3, which is normal to &;; then it is necessarily colinear to 8. Because
lisnull, I = N(n+s). Since ¥{l) = Ns with N > 0, we say that I is an
ontgoing null vector with respect to &;.

We nced some direction transverse to H to define a projector. The slicing
has already provided the timelike direction n and the spacelike direction s, both
normal ta the 2-surfaces ;. We may also think about the null directions normal
to &;. The ingoing direction is defined by the null vector & = 1/2N (n — 3).
This nuil vector satisfics I - & = —1. Each pair {n, s} or (I, k) forms a basis of
the vectorial planc orthogonal to ;.
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Fig. 6.1: Null vector I normal 1o H, unil timelike vecltor n normal 1o E;, unil spacelike
vector 8 normal to §; and ingoing null vector k& normal to S, from [145].

Woe can now define the projector onto ‘H along k by:

H:7(M) — T (H)

v o— v+ {-vk (6.3)
It is well defined. It leaves invariant any vector in T, (H). It satisfies I (k) = 0
and IT{l) = 1. Its definition does not depend on the normalization of { and k
as long as they satisfy the relation [ - k = —1; the application is determined
only by the foliation & of H and not by the scale of H’s null normal.

Omnce introduced the projector TT onto H, we can extend the definition of
the Weingarten map of H to all vectors of T, (M) by

x: M) — T,(H)
v xw (I{e)), (6.4)

where yz¢ denotes de Weingarten map introduced on 7, (H). Similary, we make
use of the projector to extend the definition of the second fundamental form of



118 6. (Geometrical black holes

H with respect to the normal I by @ := II¥ 4, where &4 denotes the sceond
fundamental form of H with respect to I introduced hefore; explicitly:

@ T, (M) xT, (M) — R
() O (), TI{)). (6.5)

Actually, it is nothing but the pull-back of the bilinear form V{ onto 7, (M)
induced by the projector ¢ & = ¢*V{. The bilincar form @ has at least two
degencracy directions, I and k; then, we can conclude that any vector in the
plane orthogonal to 8 is also a degeneracy direction for &,

Woe define the tensor of deformation rate with respect to @ of the 2-surface
S, as half the Lie derivative of 8;'s wmetric g along the vector field I @ =
1/2 £ q, where q is considered as a bilinear form field on S; and ©£; is the
Lie derivative intrinsic to & which arises from the Lie-dragging of & by 1. It
can be deduced that:

F e Loa
o -~ -

_—
[
(%0

~

Let us split the second fundamental form, now considered as the detorma-
tion rate of the 2-surfaces &;, into a trace part and a traceless part with respect
to &'s metric g:

0= é(?q +a, (6.7)

where
0 = tr@, (6.8)
o = O %9(1, (6.9)

are the trace of the endomorphism O canonically associated with @ by the
metric g and o is the traceless part of @ respectively, The trace € is called
the expansion scalar of &; and e the shear tensor of §;. If we denote by ¢ the
determinant of the components of the metric ¢ with respect to the coordinates
in S;, the expansion scalar satisfies # = £; In /@, that justifies its name, for
\/q is rclated to the surface clement 2¢ of &. 0 depends only upon the null
normal I to H, so the dependence of 8 with respect to the foliation &; is only
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through the normalization of I induccd by the & slicing and not on the precise
shape of this slicing.

By analogy with the expression (6.6} of ©, we define the transversal de-
formation rate of the 2-surface &; as the projection onto 7 (&) of the Lie
derivative of &’s metric g along the null transverse vector k:

1
== %fﬁk q. (6.10)
where g is considered as 4-dimensional bilincar form, and £, g is its Lic deriva-
tive within the 4-manifold M. Since the vector field k does not Lie drag the sur-
faces &, we do not have an object such as the 2-dimensional Lie derivative ana-
log of €Ly . Tt can be deduced that = = " Vk. A rescaling of I acts as follows:
=l =0l=2E—-E =a'E.

Similary to the definition of the expansion scalar @ as the trace of the
deformation rate @, we define the transversal expansion scalar ) as the
trace of B

We say that the null hypersurface H is a non-cxpanding horizon (NEH) if,
and only if, the following properties hold:

(i) H has the topology of R x §7;

. . . H
(ii) the expansion scalar @ vanishes on H: 8 = ()

(iii) the matter stress-cnergy tensor 7 obeys the null dominant energy condi-
tion on H, namely the “energy-mormentum current. density” vector W =
=T -1 is future directed timelike or null on H.

‘H., and in particular it does not depend upon the space-time foliation by the
hypersurfaces ;.

A trapped surface has been defined by Penrose (1965) as a closed {i.c.
compact without houndary) spacelike 2-surface § such that the two systems
of null geodesics emerging orthogonally from & converge locally at S, i.e. they
have non-positive scalar expansions. In the present context, demanding that
the spacelike 2-surface & = H N X be a trapped surface is equivalent to @ <0
and Gy < 0. The subcase & = 0 or &,y = 0 is referred to as a marginaliy
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trapped surface (or simply marginal surface). Penrosc’s definition is purciy
local since it involves only quantities defined on the surface S.

According to Hawking [146], an outer trapped surface is an orientable com-
pact spacelike 2-surface & contained in the future development of a partial
Canchy hypersurface ¥y and which is such that the outgoing null geodesics
cmerging orthogonally from & converge locally at §. The definition of out-
going null geodesics is based on the aswmption of asymptotic flatness. In the
present context, demanding that the spacelike Z-surface &, = H MY, is an outer
trapped surface is equivalent to:

(i) the spacelike hypersurface ¥, is asymptotically flat and the scalar field
2 defining ‘H has been chosen so that the exterior or &; contains the
asymptotically flat region, so that [ is an outgeing null normal in the
schse of Hawlking;

(i) the expansion scaiar of I is negative or nuil: & < (.

The subcase @ = 0 is referred to as a marginally trapped surface. This definition
does not assume anything on ).

An apparent horizon was introdnced by Hawking [146] and it is defined
as a 2-surface A inside a Cauchy spacelike hypersurface ¥ such that A4 is a
connected component of the outer boundary of the trapped region of ¥. By
a trapped region, it is meant the sct of points of ¥ through which there is an
outer trapped surface lying in 2. It can be deduced that an apparent horizon
is & marginally outer trapped surface.

We can connect the above definitions with a NEH: if H is an NEH in an
asymptotically flat spacetime, then each slice &; is a marginally outer trapped
surface. If; in addition, &y < 0, then &; is a marginally trapped surface. In
general, k being the inward null normal to Sy, fgy is always negative; however,
there exist some pathological situations for which 4y > 0 at some points of

;.

T

6.2 Trapping horizons in dynamical spacctimes of B
boundary conditions

Tr

s: inner

This Scction is based on the Refs. [53, 147, 148, 74]. The cxplicit expressions for
the characteristic speeds obtained in Section 5.3 are specially uscful in the as-
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sessment of the boundary conditions to be imposed on a given boundary, Thisg
is illustrated by considering inner boundaries in the context of excised black
hole spacetimes. Let us point out that FCF can be emploved in combination
with any of the standard techniques dealing with the black hole singularity
in numerical evolutions of black hole spacetimes, namely excision, punctures,
moving punctures or stuffed black holes (sce next Section). However, the exei-
sion technique is favoured if the clliptie subsystem of the FCF is implemented
by means of spectral methods: spectral methods are used in elliptic equations
with analytical singularities, but it is difficut to treat numerically non-analytical
singularities (and also discontinuities) in the (moving) puncture method (see
Scetion 7.1 for more details).

We are going to consider the problem of inner boundary conditions of trap-
ping horizons of black holes, following Ref. [147]. We are going to identify a
quasi-local horizon as a world tube 'K of apparent horizons, i.e.:

(i) H ~ 8 x R is foliated by marginally trapped Z-surfaces (¢ = 0 and

(ii) the condition of future cuter trapping horizon, Ly By < 0, has to be
verified;

Given a DH H, the foliation by marginally trapped surfaces is unique, and
it defines a unique vector h, which can be written as b = Nn 4 bs (see [147)).
‘H is spacelike as long as k be spacelike, i.e., b — N > 0.

A coordinate system adapted to the horizon is one such that ¢ is tangent
to ‘H. In a coordinate system all the spheres & stay at the same coordinate
position, say r = const = rg. If we write the decomposition of the shift vector
with respect to 8 as 3 = Fts — V, the condition of ¢ tangent to H means
@4 = b; in this case, h spacelike means 3 — N > 0.

The previous analysis of the evelution system for 7% can be applied to
the inner boundary conditions problem in an excised approach to black hole
evolutions. A crucial point in such an approach to black hole evolution is to
agsess the freedom to impose boundary conditions on the excised surface. To
this aim we must determine the characteristics on the excised surface.

We now specify the generic vector ¢¢ as the unitary outgoing radial veetor on
the horizon, s;. By definition 4 = £#s,,, so the expressions of the cigenvaiucs
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associated to (5.66) which are not identical to zero are just Agf) = -3+ N.
Because of the conditions mentioned before, that are linked with the boundary
conditions of the elliptic equations, we have —3~ + N < 0 on the excised
surface (which coincides with the black hole horizon). Since the lapse function
is positive, then —3+ — N < 0. This shows that the characteristics on the
cxcised surface associated with the vector st points outwards with respect to
the integration domain. There is a key interplay between the elliptic boundary
conditions and the properties of the hyperbolic degrees of freedom. All the
equations, elliptic and hyperbolic ones, must be considered as a whale strongly
coupled system.

The fact that all the characteristic curves are ingoing into the black hole {or
outgoing with respect to the integration domain} is something we could expect
trom the physical intuition. In consequence, there is no residual freedom in the
prescription of the inner boundary conditions of £* during the evolution. The
system is fully determined and we must only guarantee that the values of AW
are consistent with the choice of the Dirac gauge (something that can actually
be tricky in the numerical implementation).

Of course, it is not obvious how to choose dynamically an inner boundary
‘H that is guaranteed to be spacelike during the evolution. One can adopt a co-
ordinate systemn in order to guarantee H to be spacclike and the characteristics
are still outgoing from the integration domain {see [53] for more details).
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7.1  Numerical treatments for Blls

In this section we are going to analyze the different techniques to treat, numer-
ically, the singularity defined by a BH.

7.1.1  Excision method

In the 3+1 formalism in which a conformal spatial metric and a conformal
factor are introduced,

A~
Yi; = Wi,
I(,‘.,j = T) - f(“ . ( 7.1 )

one question arises, that is what boundary conditions should be impaosed to
the conformal factor to specify a unique and physically meaningful solution in
the elliptic cquation for it. We first consider the outer boundary, Asvmptotic
flatness of the physical space gives lim, .t = 1, which snggests taking ¢ = 1
on the outer boundary. However, there are other alternatives like the one

loyl, i —1
proposed by York and Piran (1982), c)_,; + ¢ e 9] (

l\ (0, as a more
7
accurate boundary condition, which cancels out the leading O (M /r) term in
1), where (r.8,¢) stands for the spherical coordinates in the conformal flag
meteie fi.

Let us consider the problem of choosing an inner boundary condition for
the black hole “surfaccs™. We first review the approach suggested by Bowen
and York (1980) which starts by considering the case of a single black hole only.
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The cquations for Ky and #, arc,

ViKy = 0, (7.2)
V2 E:;’ I}:t-}: T = 0 (7.2
5 i 8 2 <3 LS

where V is the connection associated to 5. Bowen (1979) has shown that
the previous equation for I;'i_,- can be solved analytically through the use of a
vector potential. For a single black hole at the origin with momentum F* and
no spin, he gives the solution:

XK. - — [P‘H L P {f. —nn) Pk‘ﬂr,-‘
£ 9p2 L TS \J e TG I3
3a? A
) [Pyrej + Py — (fiy — 5nang) Prog] (7.4)

where n’ is the unit normal vector pointing cutwards the J-sphere of radius r
centred at the origin, @ is an arbitrary parameter and « = 1. For a single
black hole at the origin with spin J* and no linear momentum, Bowen gives
the solution:

- 3 )
Ky = r—ngnk (€ratrey + €rjimng) . (7.5}

where €5 is the usnal Levi-Civita symbol.
Bowen and Yorie (1980) impose that the space be 3-conformaliy isometric
under the “reflection mapping”:

ria —afr {7.6)

with o and r defined as in their solutions (7.4) and (7.5}, both of which do
indeed satisfy this requirement. They then interpret. the resulting space as the
union of two distinet asymptotically flat spaces, joined at r = ¢ by an Einstein-
Rosen bridge which they take as a model for the black hole, as it is shown in
Fig. 7.1.

They observe that it suffices to solve (7.3) on only one of these spaces, the
“outside”one defined by + > «, provided that an inner houndary condition
enforcing the conformal isometry of the two spaces under the mapping (7.6} is
chosen. Theyv propose: _

oy b
ar - 2r

=0, (7.7)
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Fig. 7.1: A two-dimensional diagram, similar to the Schwarzschild-Kruskal manifold,
iz shown isomelrically imbedded in Mat three-space. The sheetls al the top
and bottom of the funnel continue to infinity and represent the asymptoti-
cally MMal regions of the maniflold.

at. r = a as the desired “reflection symmetric” boundary condition for enforcing
this.

York and Piran (1982) [149], Choptuik {1982) [150] and Rauber (1986) [151]
have found that the choice of Eq. (7.7) as an inner boundary condition leads
to interesting results. However, it has the following drawbacks: first, its gener-
alisation to a space containing multiple black holes is complicated, due to the
need of ensuring conformal isometry of the space under a reflection mapping
through any of the black hole positions; second, this boundary condition re-
sults in the interior of each black hole being in some sense a “mirror image”
{common method used also in electrostatics) of the rest of the space, which we
consider somewhat unnatural (in the sense that physically it does not have to
be symmetric, although numerically is an option): why should the interior of
a black hole depend at all on the contents of the “outside world”?

As an alternative boundary condition, Unrubh (1984) [152] has suggested
requiring that the inner boundary be a marginally trapped surface. This allows
the exclusion of black hole interiors from the computational domain. This
exclusion of black hole interiors is the key motivation behind this boundary
condition, since these interiors cannot causally aflcet the rest of the space, there
is no need to waste grid points by modelling them. This boundary condition
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can be extended to gpaces containing multiple black holes in a simple way.

Another advantage of excluding black hole interiors from the computational
domain is that this also excludes all “censored” singularitics. In a time cvo-
lution calculation, this relaxes the lapse function N from having to freeze the
evolution before hitting a singularity. This should allow the grid stretching
near black hole horizons and avoid the problems of stability near the origin.
And there is an important practical advantage as well: no computer time has
to be wasted evolving black hole interiors.

One difficulty with this boundary condition is that the marginally trapped
surface in question may not be an outer trapped surface (apparent horizon). In
particular, if we have two hlack holes close enough together then Cadez (1974)
[153] has found that a third (outer) marginally trapped surface forms, enclosing
both the inner ones. This outer one is the desired inner grid boundary. One
solution to this difficulty is to scarch the space for any additional marginally
trapped surfaces and use the outermost found, if any. According to Thornburg
{1987}, this search could be quite expensive if it is performed at each time step.
However, there is no numerical necessity to search for the outermost marginally
trapped surface as inner boundary (Eric Gourgouihon, private communication}.
Since black hole interiors cannnot causally influence the rest of spacetime, their
exclusion from the computational domain does not affect the well-posedness of
the 3+1 equations.

How to choose a suitable set of spatial coordinates for spaces containing
multiple (say, two) black holes? The numerical treatment of boundary condi-
tions is much more simple if they oceur only at constant coordinate surfaces,
so we want that the surface of cach black hole be a constant coordinate sur-
face of the coordinate system. We would like our coordinates to approach polar
spherical (centred on the black hole’s centre) in order to reflect its approximate
spherical symmetry. Because of our space is asymptotically flat, we want that
our coordinates display the asyvmptotic spherical symimetry that this implics
by approaching polar spherical coordinates at large distances from the strong
field region containing the black holes. Our outer boundary grid should be a
constant coordinate surtace, for the same reasons as the black hole surfaces,
and its outward directed normal should be fairly close to a radial one. It is a
reasonable requirement too that our coordinate system be free of singularitics
at lcast exterior to the black holes.

All the conditions cannot be satisfied by any single coordinate system, that
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cannot make a continuous transition form having two spheres as constant coor-
dinate surfaces to only one. One option is to relax the requirement of being free
of singularities. For example, using bispherical coordinates place a coordinate
singularity at spatial infinity, but these coordinates fail badly to approach polar
spherical at large distances from the black holes. One alternative solution is the
use of stercographic coordinates. Other alternative solution to the coordinate
choice problem could be the use of multiple coordinate patehes: spherical oncs
centred on each black hole, a polar spherical one centred on some convenient
origin for the outer region of the numerical grid, and the volume between them
can be filled with, for example. a rectangular coordinate one. One has to be
cautious with the way to comunicate the patches, i.c.; the values of all the
variables from oue patch to its neighbour ones.

7.1.2 Puuctures

Other tool to treat numerically the biack holes is the puncture method [76].
The Einstein-Maxwell equations of gravitation and electromagnetism adrmit
many nontrivial solutions of physical interest if the underlying manifold is per-
mitted to have a sufficiently general topology. In particular, these equations
have been discussed in multiply connected manifolds, like the maximum ana-
lytic continuation of the solution of Schwarzschild for a spherically symmetric
geometry endowed with mass and charge. The spatial slice typically consists
of two or more copies of R with several spheres removed and identifications
of the various spherical inner boundaries, such as it has been explained before.
In this way several asymptotically flat regions are obtained that are connected
by bridges or throats.

We are going to take into account the conformal metric and the equations
(7.1), (7.2) and (7.3). The simplest example comes from the Schwarrschild
spacctime in quasi-isotropie coordinates. Considerced as a problem on E* minus
the point r = 0, the constraint cquations (7.2) and (7.3} arc solved:

m
_L_l
2r
I{-ij = 0 (78)

p—

o —

where m is the mass and + the isotropic radius. Conccting with the above throat
picture, it exists an isometry given by r — m? /dr which leaves the coordinate
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sphere v = i/ 2 invariant and which maps the entire exterior asymptotically fiat
space into that sphere. Consequently, there exists a sccond asvmptotically flat
region near v = (). Equivalently, one can display this solution to the constraints
on a space cousisting of two copies of R® with a sphere excised and appropriate
identification at the spheres.

For several black holes and nonvanishing extrinsic curvature, York ct al.
{1. Yorls, in Frontiers in Numerical Rejotivity, 1989) have developed a sophis-
ticated method to solve the constraints for two asymptotically flat spaces that
are connected by as many throats as black holes, and that are isometric copies
of each other. Note that there are explicit solutionsg to the momentum con-
straint (7.2) that characterizc a single black hole with a given momentum P,
and spin S%, as the ones mentioned before, or, for example, the Bowen-York
solution:

K¥%.  — Z[Pind 4 Pip* — (9 —nin?) PPn,]
Ps 272 L ‘ Vi / k)
<)
wr e 5 N ,'
+— (e”‘ESkngn"’ + e-"”Skngn‘) . (7.9
-

By the method of images it is possible to obtain an infinite scrics based
on the previous cquation for K% which solves the momentum constraint and
satisties an isometry condition at any nurnber of spheres. Given such a solution,
one has to solve the equation (7.3), which is an elliptic equation on R® — g7
(R? minus several spheres), with the inner boundary given by the isometry and
the outer boundary determined by agymptotic flatness. The approach is very
complicated for numerical implementations.

Let us return to the Schwarzschild solution of the constraints on a “punc-
tured” R3. As noted by Misner and Wheeler [154] and studied in detail by Brill
and Lindquist [155] (MWBL), the Schwarzschild solution to the constraints
generalizes trivially to N black holes for time symmoetry:

N
vo= szam%
K, = 0. (7.10)

where m;) characterizes the mass and ;) is the location of the ith black hole.
For regularity of the conformal factor, the MWDBL solution is considered on a
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ginglc B* with the points ¥ = Ty temoved. We refer to the 7y as punctures.
The isometry present in the Schwarzschild solution is lost, although there still
exist minimal surfaces characterizing the throats [155].

An idea to find data for multiple black holes with arbitrary boosts and spins
is to compactifv the internal asymptotically flat regions in order to obtain a
simple domain of integration. We solve the momentum constraint by sctting:

N
K9 =3 " Ko (7.11)
=1

where cach term is defined by (7.9) with its own origin (g, momentum 1'3(1—),
and spin g(,;). These parameters correspond to the 34+1 quantities in the limit
that the separation of the holes is very large. The equation (7.2} defines the
solution to the momentum constraint, and it is not just the starting point for
the method of images that is usually uscd to obtain an isometric solution.

Given K%, we solve the Hamiltonian constraint (7.3). We rewrite the con-
formal factor in terins of functions « and « given by:

o
i o= — +u,

43

A.r
i (7.12)
=l

On the punctured R?, the Laplacian of 1/« is zero. The Hamiltonian constraint
cquation heccornes:

Au+ G{l+ou) =0, 7.13)
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And we have to specify boundary conditions for w. For asvimptotic flatness
at infinity we require w — 1 = O ("f‘*l) for large distances to the punctures.
And the kev question is what condition we want to impose on « close to the
punctures. To build in asymptotically flat regions, as are present in the MWBL
data necar the punctures, it suffices to solve (7.13) everywhere on R without
any points excised.
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It can be shown that there exists a unique solution for the conformal factor
¥ = u+ 1/ on the puncture B, Given a solution u, cach puncture represents
the “point at infinity” for another asymptotically flat spacetime; solving {7.13)
on R? involves a particular compactification of N out of N + 1 asymptotically
flat regions, one of which is distinguished by our choice of K.

By comparision with the isometric wormhole approach, the MWBL one
has two numerical advantages. The solution K% to the momentum constraint
ig all the information that we need, i.c., since we do not impose the isometry
condition there is no need for the wethod of images. And second, in the solution
of the Hamiltonian constraint we avoid the numerical complications due to an
inner boundary. The punctures can be part of the numerical grid since there
arc no physical singularitics on the initial slice. For a long term cevolution of
black holes, one may start with data obtained by either the throat or puncture
construction, and then cut out the interior regions at the apparent horizon to
avoid the physical singularities on future slices.

7.1.3 Moving punciures

The black hole binary evolutions in numerical relativity have been solved in
2005 by scveral groups. The casicst method to implement, and currently the
most popular, is the “moving puncturc” approach: details of this method can
be found in [77]. One starts with initial data that possess a Brill-Lindguist
wormhole topology [155] and each asymptotic end is compactified to a single
point on R? called puncture, such as it has been explained previously. They
represent black holes on B® without cxcision. The initial data slices avoid
the curvature singularity of cach black hole. It is well understood how to
construct puncture initial data for any number of boosted, spinning black holes.
It can be crucial in successful numerical techniques the choice of the particular
formulation of the evolution equations, gauge conditions and, most important,
the treatment of the coordinate singularity at cach puncture.

Before the “moving puhctures™, “fixed puncture” cvolutions factored the
singularity into a fixed analytically prescribed conformal factor and a regular
funetion f that is evolved numerically. The apparent problem with the confor-
mal factor is that it diverges at the puncture, and will presumably behave in a
pathological way if it would be evolved directly. In “fixed puncture” evolutions
onc avoids this problem by writing the initial isotropic Schwarzschild conformal
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factor as we have mentioned in the last Section:

W= (1 + M) £, (7.15)

o

where f = 1 only at the beginning of the evolution. The evolution of f keeps
the divergent part fixed. The method is tailored so that the wormhole topology
remains throughout the evolution. This means that even in black hole binary
simulations, where the black holes have physical motion, the punctures are kept
fixed on the grid.

These methods met with some success, but long-term stable evolutions
of general configurations of black hole binaries, specially orbiting, were not
achicved. The only detailed analvtical study of the propertics of fixed punc-
ture evolutions, applicd to the Schwarzschild spacetime, showed that such evo-
lutions would never reach a stationary state: nontrivial evolution of the slices
of Schwarzschild would continue indefinitely. One way of seeing this is that
if they did, the lapse would have to pass through zero at the throat, but the
slicing choices used in puncture evolutions preclude this.

Recently two groups [80, 81] independently introduced similar methods to
deal with the puncture singularities. The singular conformal factor « is evolved
without any analvtical assumptions, by introducing a new auxiliary variable,
either ¥ = ¢»~* in [80] or ¢ = Ine: in [81], and the punctures are able to move
on the numerical grid. Both variables behave sufficiently well at the puncture
to allow stable evolutions. These methods have met with spectacular success,
and the “moving puncture” method is now the most popular one for evolving
black hole binaries.

When the first results obtained using moving punctures were published,
gome questions were raised. What happens to the punctures during the evolu-
tion? Does the evolution reach a final, stationary state, or do gauge dynamics
persist, asg in the fixed puncture case? Is the method accurate or it may fail
at higher resolutions or for longer evolutions? Haunam et al. {(gr-¢c/0606099)
studied moving puncture evolutions of the Schwarzschild spacetime, and they
showed that the evolution quickly reaches a stationary state.
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7.1.4 Stuffed BHs

This is a simple method based on the fact that no physical information can
escape from the interior of a BH. The method consists on smoothing the interior
of each BH with arbitrary data. This change in the interior of the BH can
generate constraint violations, and the form of the equations must not allow
constraint violations to propagate outside. The method has to guarantce that
the evolutions will proceed to a smooth, regular end-states, Different versions of
this method have been used by Bona and collaborators [156., 157, 158}, Misner
[169], or Brown et al. [160] more recently, for example.

7.2 BI3Hs evolutions

In 2004, Bruegmann et al. [78] presented numerical simulations of BBH system
for about onc orbital period. Sinee then, there arc cight groups that have
successfully performed long-term evolutions of BBHs covering several orbits,
[80, 81, 79, 82, 83, 84, 85, 86]. Six of themn use moving punctures; this shows the
power of this technique. We are going to comment briefly the main ingredients
of their codes.

Pretorius, [79]

He has obtained stable hinary black hole merger evolutions. The main features
of his code are:

(i) A generalized harmonic formulation of the field equations.

(ii) A discretization scheme where the only evolved quantities are the cova-
riant metric elements and harmonic source. This procedure minimizes
the number of constraint equations that need to be solved.

(iii) The use of a compactified coordinate system where the outer boundaries
of the grid are at spatial infinity, hence the physically correct boundary
conditions can be placed there.

{iv) The use of adaptive mesh refincment to adequately resolve the reievant
length scales in the problem.
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(v) Dynamical excision that tracks the motion of the biack holes through the
grid.

(vi) Addition of numericai dissipation to control high-frequency instabiiitics.

{vil) A timc slicing that siows down the “collapse”of the lapsce function that
would otherwise occur in a purc harmonic time slicing.

{viii) The addition of “constraint-damping”terms te the ficld cquations. These
terms have a significant effect on how long a simulation with black holes
can run with reasonable aceuracy at a given resolution.

Pretorius digeretizes the Einstein field equations written in the following
form:

9% Gapns 005 Yoo + 9N 0a0 + 2H g — 2HsTS 5 + 207,10, =
=87 (2T0p — gagT) — v (o Cps +npla — gapn™Cr ). (7.16)

H,, arc source functions cncoding the gauge freedom of the solution, l"‘;@ are

the Christoffel symbols, Thg 18 the energy-momentum tensor with trace T, &

is a positive constant multiplying the new constraint-damping terms, n# =

NI (Bt — ;Li'ié).i)” is the unit hypersurface normal vector with lapse function N

and shift vector #, and C,, arc the constraints, O, = H, — g, 0 2%, In order

to evolve the source functions, Pretorius uses the following equation:
O H, — —& N-1 + & H, nY, Hy — 0,

51 N godl N, 1

—
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where & and 5 arc positive constants, and & an arbitrary onc. Lot us draw
reader’s attention to the fact that (7.17) is not the usual definition of spatial
harmonic gauge. He uses black hole excision, whereby portions of the computa-
tional domain inside apparent horizons are excised to remove the singularities,
and aparent horizon finder. The initial spatial metric and its first time deriva-
tive is conformally flat, and he specifics a slice that is maximal and harmonic.
The Hamiltonian constraint is used to solve the conformal factor, the maximal
conditions give the initial tirne derivative of the conformal factor and an elliptic
equation for the lapse, the momentum constraints are used to solve the initial
values of the shift vectors. The harmonic eonditions are used to specify the
initial first time derivatives for the lapse and shift.
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Texas’ group, [80]

They use the BSSN formulation. The metric on the initial slice is given by a
conformal flat metric, v = (¥ + u)4 di5, with a Brill-Lindquist conformal
tactor 1pr, as in (7.12). They use a unigrid high-order finite-difference code
along with a nonuniform coordinate system that concentrates grid points in
the central region containing the black holes in order to get highly accurate
evolutions. They evolve a conformal metrie, the conformal trace-free extrinsic
curvature, the conformal exponent and the variables I of the BSSN formu-
lation. In order to regnlarize the system near the puncture, they replace the
conformal exponent by the variable ¥y = %, They choose an initial lapse
function equai to u‘ﬁgi which is O (73) , and the following gauge conditions:

&N = —INK, (7.18)
89 = B, 9B =3/400" —nB', (7.19)

where 77 is an arbitrary parameter. At the pucnture y vanishes, and the
cquation of its cvolution implies that the puncture position obeys A Zpune =
—3 (#punet). Texas” group track the puncture positions throughout the evolu-
tion by integrating this cquation. Since the centers of the black holes remain in
the z = 0 plane, they do not pass through grid points placed in the cell-centers.

NASA’s group, [81]

They use the conformal fat metric with the same conformal factor as Texas’
group, ¥'pr. They allow the punetures to move frecly through the grid with
initial data puncturc technique. The centers of the black holes remain in the
z = 1) plane and do not pass through grid points. They use a modified version
of a common coordinate condition known as the Gamma-freezing shift vector.
Specifically, they use:

e}

9,8 = ;lBi., &,B =, — #a,T" — B, (7.20)

where 77 i3 an arbitrary parameter (no related in principle with the n param-
cter of Texa’s group); along with this shift condition, they use the standard
singularity-avoiding 14log slicing condition on the lapse .



7.2, BBHs evolutions 135

Penn Statc’s group, [82]

The initial data are construted via the puncture method. The initial spatial
metric is conformally flat, maximally sliced, and the extrinsic curvature is given
by the Bowen-York solution to the momentum constraint; the conformal factor
3 is nsed to set the initial lapse as N = 2>~ 2, while the initial shift is 3 = 0.
The evolutions were carried out with a code based on the BSSN 341 formu-
lation. The gauge conditions used were modified versions of the 1+log lapse
and T-driver shifts, (V.18) and (7.20). These gauge choices were found to be
important for long-term stable and accurate evolutions on head-on collisions
without excision. They nuse mesh refinement.

U. Sperhake, [83]

He nses a BSSN formulation. He starts with a time-symmetric initial configu-
ration of multiple black holes Brill-Lindquist data, or a superposed Kerr-Schild
data. The gauge variables are evolved according to:

OGN = FOoN - INK; {7.21)
a5 = B, 9B =90 —nB. (7.22)

Initially, he has experimented with n = 2 but the choice n = 1 cures an insta-
bility in the outermost boundary. These gauge conditions make more easy a
method to track the black hole position; the coordinate velocity of the puncture

dx?

is given by — —{". He prescribes analyt vjectories for the two bla

(=l s

holes and califulates the resulting gauge functions by superposing the analytic
gauge of the individual holes. He uses excision method in order to evolve the
initial data and a horizon finder to track the black hole motion and to move
accordingly the execision region.

CalTech/Cornell group, [84]

They use two distinet coordinate systems; tensors like the metric are repre-
sented by their components in the coordinate basis of the first one, and Fin-
stein equations are used to determine these tensor compounents as functions
of the sceond eoordinate system. The method applics to the generalized har-
monic form of the Einstein equations. The gauge freedom is represented by four
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freely specifiable gauge souree functions H,, which determine the evolution of
the lapsc and shift. The harmonic constraint cquation 0 = €, = I'y + H,
must be satisfied. They use spectral methods. In their approach the black
hioles move across the coordinate grid. They evolve Schwarzschild initial data
with uniformly rotating coordinates. For this test, the inertial coordinates are
the standard asymptotically Cartesian ones associated with the Kerr-Schild
representation of the Schwarzschild geometry, and the other coordinates rotate
uniformly with respect to these inertial coordinates. The second one allows
them to track the motion of the individual black holes in a binary through a
teedback control system. The coordinate maps could be constructed in such a
way that keep the shape of the apparent horizons spherical and their locations
close to the excision boundary.

Jena’s group, [85]

They use the moving puncture method of simulating black hole spacctimes
without excision and use moving boxes mesh refinement. They model N-black
hole initial data by adopting the Brill-Lindauist wormhole topology with N +1
asymptotically flat ends for our initial geometry, thus enforcing the presence of
N throats. The asymptotically flat ends are compactified and identified with
points. They use a conformal flat metric and maximal slicing. As initial values
for the lapse and shift they regard ¥ = 1 or N = ¢v=2, and #° = (. They evalve
the initial data with the BSSN system. The entire conformal factor is evolved
in the moving puncture approach like in [80], where the singularity is not cut
out of the numerical grid. it is avoided by the choice of gange. The choices of
the gauge arc:

O N = —2ZNK, (

=
[

a5 = iB’*, 8B =9It B, (

-1

24)

where 5 i3 an arbitrary parameter (no related in principle with # parameter
of previous groups). The hicrarchy of boxes in the mesh refinement cvolves as
the punctures move. They use the shift to track the position of a puncture by

i ratine eaa] 3, ot L
integrating the expression d,.,.f,pmct =-4 (..t,mmc).
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AET's group, [86]

They use BSSN formulation of Einstein equations where the constraints are not
actively enforced during the evolution. They use as dyvnamic gauge conditions
the Bona-Masso slicing, T-driver shift and co-rotating frame:

aF —Fo.5 = B, 9,B — Fo,B =g — oI — ns, (7.26)

HN —FuN = —NF(N)K, {7.25)
, (
where y is an arbitrary parameter (no related in principle with n parameter of
previous groups). AED's group uses the moving puncture method, and apply
A smoothing to the initial data in order to avoid singularities in the case that
the punctures are positioned on a grid point. They use mesh refinement, and
determine the horizon location during an evolution.
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8. IMPLEMENTING A NEW CODLE

The numerical work we arc going to explain in this chapter is part of a middle
term program aiming at extending CoCoNuT’s code [87] to evolve numerically
dynamical spacetimes, in the FCF of Einstein equations, and matter fields,
including not only perfect flnids but magnetic fields too. According to FCF
of Einstein equations (sce Chapter 5), we are geing to evolve the sceond order
svstemn for the deviations with respect to the flat metric, 7%, viewed as a
quasi-linear first order system for these quantities and their first derivatives
(5.66), (5.102} and (5.110}). Main assumption is: the lapse function, the shift
vector, the conformal factor and the components of the energv-momentum
tensor will be regarded as given paramceters, i.c., all these quantitics are frozen
during the evolution and they will not be influenced by the conformal spatial
metric {equivalently by #%) but will influence it (no back reaction of A% on
the rest of equations). In this assumption, the values of these fields could
be given from numerical simulations in which we do not take into account
the conformal metric or simply they could come from analytical expressions.
In the general case, all the set of variables will be evolved numerically, the
conformal metric, the rest of components of the metric, and the components
of the energy-momentum tensor containing the matter fields. In Section 8.1
we describe thecnical details of the code. Section 8.2 is devoted to discuss the
code testing. Geometrical units (G = ¢ = 1) wiil be used in the simuiations.

8.1 Structure of the code

According to the previous mathematical properties of the system studied in
Section 5.3, we know that it is linearly degenerate (5.91) and therefore there
can not appear shock waves, as onc cxpeet from the physical intuition about
the variables representing the metric of the spacetime. That is the reason why
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in the numerical scheme we are going to build up we are not going to use HRSC
schemes unlike in the case of numerical hydrodynamics. The spatial derivatives
are treated with standard finite differences of different. arders of accuracy, and
the time evolution with Runge Kutta (RK) methods having the property of
preserving TVD conditions (see below).

Coordinate svstem

A coordinate svstem of spherical type is introduced, (r, 8, ), where r € [0, +oa},
g € [0,7] and ¢ € [0,27). The components of the flat metric f;; with respect
to these coordinates ace:

fiy = diag (1,77, 7% sin” @) . (8.1)

Its determinant is f = risin®@. From the natural vector basis associated
with the previous system of coordinates, (0/8:3‘:”) = (O/0r,0/08,3/dg), the
following vector fields are constructed:
( a 1a 1 9
€p 1= —.Cp ! — B 1= o -
\ or rov rosng oy J

(8.2)

This basis is orthonormal with respect to the flat metric f: f;} =diag (1,1, 1).
. i i Fr al t ) iy i ") . . . )

Given a tensor field 7" of type (}), the components of the covariant derivative

‘DT in the orthonormal basis €, &% €, . el wedd ek are given

by {sce [LLI]):

"Dp’T'i-l oo — ol d Til ip R
T FLe--Fy Theok .’L"!A LI
b N L g A o
e rirodoty T TR AP
FDTT e = DT g8
r=1 =1

where e = diag(1,1/r, 1/ (rsind)) is the change-of-basis matrix defined by

{8.2), and the f‘]“";:} arc the conncction cocfficients of D associated with the
orthonermal frame (8.2); these cofficients all vanish, cxcept for

r Far] -1 ; -1 8

s I = — 1% = —(rtané)

e = 1 T Ll = =170
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Notice that this choice has the consequence of the non-symmetry of the con-
nection symbols in the development of the covariant derivatives with respect
to the flat metric that appear in the equations (5.66), (5.102) and (5.110). Ex-
pressious of covariant derivatives for tensors of several types are developed in
Appendix B.

Symmetries and inner boundaries

The code has axisymmetry with respect to an axis that defines an equatorial
plane; the code has equatorial symmetry with respect to the equatorial plane
too. This is translated into the independenee of the componentes of the confor-
mal metric with respect to the coordinate ¢ and the use of only two coordinates
{r.@), with 0 < r and 0 < 8 < /2. Moreover, inner boundary conditions have
to be imposed across the center, defined by » = 0, the polar axis, defined by
g = 0, and the equatorial plane, defined by § = w/2. These inner boundary
conditions arc imposed with the help of auxiliary grid points and the know-
ledge of the symmetries of the components of the conformal spatial metric in
those boundaries. The extra grid points included as auxiliary ones are placed
at —e <7 < 0and n/2 < 8 < 7/2+¢, with ¢ a small quantity depending on the
order of the finite differences scheme used for the spatial partial derivatives.

In these extra grid points, cach component of the conformal spatial me-
tric is mirrored either symmetrically or antisymmetrically across a symmetry
boundary, depending on whether it should be continuous across the boundary
or zero at the boundary. For a generic quantity ¢ representing one of the com-
ponents, and the subindices denoting the numbered grid points for (r. §) from
1 to ng or ng, the following notation is used:

qi—ij = Lai;. (8.5)
Gii—t = g, (8.6)
Gimg+l = Elimg—t11, (8.7
forl e {1,2...} and
[+ syinmetric, -
+= i — an{isylmnetﬂc. (8.8)

(8.5) corresponds to the inner boundary at the center, (8.6) to the poiar axis
and (8.7) to the equatorial planc.
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The symimctry conditions for the tensor quantitios are nontrivial. The com-
poncents of the “physical”velocities in a spherical type coordinate system, that
are going to be denoted by stars and subindices r, 8, ¢, are related with the
covariant components of the velocities for the orthonormal basis [L61], denoted
by the superindices r, &, ¢, through the conformal factor and the scalars that
define the coordinate system:

v o= T, (8.9)

vy = h?, (8.10}

v o= . (8.11)
v .

We know the symmetries for the physical velocities at all the inner boundaries,
and we can deduce the symimetries for the components of the velocities for the
orthornomal basis:

ok L ok i ] e
I

center e —
axis + - -1+ - -
equator | + — + |+ — +

Following [111], it is shown that the behaviour of the time derivatives of
components for the deviations of the conformal metric with respect to the
flat mectric is the same ag for the traccless part of the extrinsic curvature,
dh¥ ~ A%, The behaviour for the time derivative of the traccless part of the
extrinsic curvature is the same as for the strain tensor, that is the same as the
product of the velocities, #y A% ~ §% ~ pipd . Due to the fact that the spatial
symmetries we need do not depend oun the partial derivatives with respect to
t, we conclude that the components of the following quantitics have the same
behaviour: A% ~ vfed. With the known symmetrics for v?, the ones for AY arc:

center axis equator
+ +

E

+ 44+ +
\
+ ok

+ + 4
+
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Partial derivatives with respeet to r (to 8), or powcers of v (of ), change the
syminetries at the center (at the axis and the equator). Partial derivatives with
respect to ¢ change the symmetries at the equator. From the expressions of
the covariant derivatives the behaviour of the quantities are summarized in the

following tables:

center  axis  cquator center axis equator
’U.T'r + + + A'!"." + + +
G + _ . Ard + _ _
u’'e + — + AT + - +
u?? + + + Aee + + -+
uv + + - Ab# —+ + -
o i
u¥ + + + Ave + + +
center axis equator
wl’” — + +
'r;,!fr;’" — - +
a8
u,.,‘o — — —
u,'ga - + +
ant _ _
“‘;f +
wy¥ - - +
‘U,“;"o — + —
w:;f" — + +
w® — + -+
o0
o | T - N
why — — -+
wrE - + -
e
u,g — — -+
. $w — — —
A
wiy — + +
wgw _ _ _
B !
T — - -+
@



144 8. Implementing a new code

Although r extends to infinity, the numerical domain ends at a finite radius
where one has to impose outer boundary conditions. A Somunerfeld-like outer
boundary condition has been implemented, but one has to be carcful with the
problems that can appear (see below in this chapter).

Grid

A regular grid in 6 is used, heing A the spacing of grid points or cell size in
the #-direction. If [0,7/2] is discretized by ng equally spaced grid points, then

_ - ari e orid is used i  radial direction: the sbacine
AR = 17 1 A logarithmic grid is used in the radial direction; the spacing of
g —
grid points or cell size in this dircetion increases according to an amplifieation
factor, £. If [ripners Fouter] 18 discretized by mn,. grid points, then Ar takes the

ralues Aripnner ¥, with Aripper being the inner radial spacing, f satisfying
frie _ f o
o of founer

-1 = A ,and p = 1,...n, — 1. The outer radial spacing is then
- Tinner

Arguter = ATinnerS™ 1. The value f = 1 corresponds to a regular radial grid.
A regular grid in ¢ is used, being At the spacing of grid points in the t-direction.

A logarithmic grid is used with the corresponding amplification factor in
each possible domain {depending on the requirements of number of domains of
the simulation). The amplification factor, £, and the number of radial points,
Ny, in a given subinterval can be calculated from the inner and outer radii of
the region, rinner and rouger respectively, and the corresponding cell size chosen,
Arinner and Arguier respectively, as

Arouter

‘ ‘ ‘ pe—

] Touter — Tinner — Ay inner g \A‘-"Jmm / .

f= , n= s (8.12)
Touter — Vinner — A:"outer log f

The points of the moesh are positioned on the + — 8 planc at

i—1
-1
(r;m.er + Ar;m.mf%,j AG\, with ¢ =1....n., § = L,...ns. The discrete
\ J—1 /

i—1 _ 1
ralues of a function w(r, 6, #) at (r‘muer + Aw“inllel.%,j AT = 'riAt) will
be denoted by u}’ ;.
The m-order spatial pactial derivative uses a central difference scheme
which couples m + 1 adjacent points. The values for m used are m=1,...,4.
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The necessity of extra grid points comes from calculating spatial partial deriva-
tives close to the boundarics.

RK methods for the evoliution

Numerical methods based on a nonlinear stability requirement are very desi-
rable. Such methods were originally named total variation diminishing (TVD)
and arc also referred to as strong stability preserving (SSP) metheds.  If
U =U{#) is a vector of discretized variables, Le., [U{#)], = U; () = v (5. 1),
and v is the numerical approximation to u (x5, tn), then TVD discretizations
have the property that the total variation

TVU™) = |ult —ul (8.13)

7
of the numerical solution does not increase with time, i.e.,
TV (U”H) < TV {U™). {8.14)

A sequence {77} is said to be strongly stable in a given norm ||| provided
that ||[U™ | < [|[U™] for all n > 0. The choice of the norm is arbitrary, being
the 'I'V-norm, and the intinity norm, two natural possibilities.

A sstage, explicit RK method for the equation &:UV = L (I7) is written in

the form:

U(O) - U’fb!
i—1
U’(":) — x; U('[') + At_‘ﬁé L L'Y(k) 5 = J—a 2-. ey S
5 (ot 13t (1)
Drn+1 — [](S): (815)

where all the ay = 0 and oy, = 0, only if 3 = 0.
RE-TVD methods of first, second, third and fourth order have heen derived.
The second one

oy o,
UL = gt L AL (U,
pratl lUﬂ- T EU(l) T lAfL (U(l)\ i {8.18)
2 2 2 s J b !
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aned the third one

5

U(U) o Lrn1
UN = Ut ALL(UM),

@ _ By ipw o faeg (oY
U U0 g (U )
1 2 2
at+l e Zrp(2)y 4 2 7(2)
U Ut U +3AtL(L )

(8.17)

are due to Shu and Osher [162]. Gottlieb and Shu [L63] proved that these se-
cond and third order RK schemes are the optimal two-stage order-two SSPRK
and three-stage order-three SSPREK ones. To achieve fourth order, a five-stage
order-four SSPRK method has been proposed by Spiteri and Ruuth [164] (we
are grateful to Prof. Marquina for providing us this reference), that follows the
form of a RK method (8.15) with the coefficients:

-
0AMBTOMI06TIN  0.35562030593266
v || 0.62010185138540 0 0.37989811861160
0.17807995410773 0 0
0.00683325884039 0 0.51723167208978
0.82192004389227
0.12759831133288  .34833675773694
0.30175222700392
0 0.36841059262059
Bt 0 0 (.25189177424738
0 0 0
0 0 0
0.51197475021237
O.0RG604T6338212  0.22600748519505
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Quter boundary

Au important ingredient in our code is the treatment of the outer boundary.
As it is said before, a Sommerfeld-like boundary condition is implemented in
the code. This is an outgoing radiation condition, in an attempt to approxi-
mate the proper data for the exterior, assuming a flat background (this can be
problematic in some simulations}. This condition partially reflects an outgoing
wave; however, nonlinear waves reflect back into the numerical domain. This
crror hag an analyvtical origin, independent of the computational diserctization.
A reduction of this error can only be achieved by moving the computational
boundary further away. In a general simulation this is very expensive, but in
our case we can use the fact that our radial grid has not to be uniformly spaced,
and, for example, we can usc a logarithimic radial grid,

The Sommerfeld condition for a function f asswmes that this function is
of the formn f = fo + u(r — vi)/r close to the outer boundary, where r is
the radial coordinate, v is the velocity of the outgoing wave, £ stands for the
coordinate time, fy is the asymptotic value of f when » — oc, and u is an
arbitrary function with the only requirement that it depends on v — vf, With
this hypothesis, the function satisfics the following PDE:

Of +of+elf—fo)/r=0 (8.18)

The cigenvalues of the system we want to evolve, that can be interpreted ag
the velocities of the waves, have the asymptotical values of the speed of light,
ag it has been shown in Section 5.3. If the outer boundary is far enough from
the origin we can take v = 1, and the previous PDE is reduced to:

Of+ 0 f+{f—fo)/r=0. (8.19)

We would like to apply this condition to the components A% of the tensor of
the deviation with respect to the flat metric. The asymptotical values of all the
components are zero. Taking into account that we are using an orthonormal
basis, we assume that these components have the following behaviour:
W7o gar—u (r %) B0 = —94(?’ — %) h7F = —gs(?" — 1)
T ’ 3 3 sin” @
hré) g2("w B ) e 93("“ B t) } G g5 (' B t) (8 20)
e VY R Py )
72 r?s&ind 73 8inf
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The functions ¢y, ¢ = 1, ..., 6, stand for arbitrary functions with the same role as
u. From (8.20), onc can derive the corresponding PDE for all the 30 variables
of the system, ie. the set (A%, u'f, w ) or the set (h¥, At wy' ). Actually,
this condition works there where the outer boundary is placed, far enough
from the origin, where the background metric can be considered flat; there, the
behaviour of u¥ and AY arc the same. These PDEs will be applied to evolve
quantitics at the points near the outer boundary (sce Appendix C).

Filter and dissipative term

Numerical noise, point to point, appears in all the variables during long term
simulations. This noise can be viewed as a verv high frecuency wave in each
coordinate direction. Adding viscosity not only smoothes the high frecuencies
ont. but also the low ones. In the context of extracting gravitational waves
this behaviour has to be avoided, for which there are two options. A filter
of very high frecuency, proposed by Savitzky and Golay [165], can be applied
after running a given number of (e.g. one hundred) iterations (in the radial and
angular directions). This filter does not affect the amplitnde of the physical
waves. It works quite well and it is very easy to implement, hut the number
of iterations has to be known a priori and in general it is different for different
simulations.

On the other hand, a dissipative term can be included, e.g. the Kreiss-
Oliger one [166], in each direction. This dissipative term is an even derivative
of high order, fourth order in our case, in the corresponding direction, that we
arc going to name generically as 81, multiplicd by a power, fourth power in our
case, of the spacing of grid points in the corresponding r or #-direction, Ar or
Af, that we are going to represent generically as A;, and a constant:

—%A}&f. (8.21)

The constant € can be regarded as the dissipative factor and it does not depend
on the different simuiations. The minus sign corresponds to (—1)7 for n = 1,
where 2(n + 1) is the order of the derivative. The fourth order derivative
is caleulated with a truncation error which goes as A;. The addition of a
dissipative term can be viewed as a modification of an algorithm, which is
not cxact. Hence, the inclusion of this dissipative term leads to a truncation
crror higher than the approximation of the spatial derivatives through the FD
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method used, and it docs not affect to the convergence order of the algorithm.
The Kreiss-Oliger dissipative term is applied to the whole set of variables of
the evolution system, acting this derivative of high order into the corresponding
variable which is evolved in time in each equation of the system.

An alternative dissipative term [167] has been used with no remarkable
differences. The idea is very similar to the Kreiss-Oliger method; in this casc
the derivative appearing in the dissipative terin is applied to the variables of
the system tirmnes the maximum characteristic speed at the specific grid point.

8.2 Testing the code

8.2.1 Teukolsky waves
Let us consider the linearized svstem of Einstein equations in vacuum,

( Oeht? =u -
Pt = f“’D_k_w?j : (8.22)
Oy = Dput

where we have fixed the values for the lapse function and the conformal factor
equal to one, N = ¢» = 1, and zero shift vector, #* = 0. With our choice of
coordinates, f5 = 8% Notice that in this simple case v = 2A%9; hence, there
is no difference between both tensors. In general, it will be more convenient
to use A% due to the reasons explained in Chapter 5. The condition for the
determinant of the conformal metric, det (”}i-’f') =1, in the linear approximation
is translated into the vanishing of the trace for h*.

The initial data used for A% and their derivatives correspond to a combi-
nation of ingoing and outgoing even-parity m = 0 (axisymrmetric) Teukolsky
waves [88], in order to construct regular initial data at the center r = (). The
amplitude chosen is 107", These data are solution of the linearized wave equa-
tion in vacuum, satisfies the Dirac gauge and it is traceless (which is the linear
approximation of 4 = L}. Sincc the analytical cxpressions for all the compo-
nents at each time are avalaible, the numerical solution is comparable with
the analytical one. Time step preserves the Courant-Friedrichs-Lewy {CFL)
condition.

In the following, we will say that a method is of order (p,q) if the RK
method is of order p and the spatial partial derivatives of order g, Using
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soveral orders of accuracy for the spatial derivatives and the RK method, and
analyzing several CFL values, we have found that the code crashes due to the
tormation of an instability at the center » = 0. The time at which the code
crashes depends on the values of p, ¢ and CFL. We have plotted in Figs. 8.1 8.5
the variable %%, where the red lines correspond to the numerical values and the
green lines to the analvtical values. This variable has been chosen in order to
display the behaviour of these instabilitics. Computational domain is defined
by [0,6] x [0,7/2] on the » — # plane, plus several extra grid points. We have
used n,. — 100, and ng = 20.

Fig. 8.1 shows the instability at the center » = 0. For a (2,2) method,
decreasing CFL delays its formation. Tah. 8.1 displays the numerical values of
u? at its peak, for different CFL, compared with the analytical correct ones.

‘ CFL | Coordinate timne | Approximated numnerical | Approximated

| value at the peak analytical

‘ 0.8 3.9x 1077 —27.3 1.3%x 1071
0.4 3.9 % 1072 6.8 x 1071 1.3 %1071

\ 0.2 14x107! 7.9 x 1074 44 x 1074

Tab, 8.1: Numerical values of «°% at the peak, for a (2,2) method.

Fig. 8.2 corresponds to a (2,4) method. We can see again the same instabi-
lity at the center. Tab. 8.2 displays the numerical values of ¢ at the pealk, for
differents CFL, compared with the analvtical correct ones. The main difference
between Figs. 8.1 and 8.2 is that the appearence of the instability at the center
is delayed when a high order method is used, but the problem is still unsolved.

[ CFL | Coordinate time | Approximated numerical | Approximated

‘ aalue at the peak analytical

0.8 3.9%x 1077 2% 1071 1.3 x 1077
0.4 9x 1072 8 x 10° 2.9 x 10~*
0.2 1.9 x 107! 1.2 x107* 5.7 x 10~*

Tab, &.2: Numerical valuos of #%% at the peak, for a (2,4) method,
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{a) CI'L 0.8, t = 9.9 x 1073 and t = 3.9 x 1072,

(b) CFL 04, t=19.9x 107% and t = 3.9 x 1072,

(e) CFL 0.2, =9.9x 107% and = 1.4 x 1077,

Fig. 8.1: ©%.(2,2) method.
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{¢) CFL 0.2, t=9.9x 107% and = 1.9 x 107,

Fig. 8.2: u%.(2,4) method.
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(b) CFL 04, f = 9.9 x 1075 and ¢ = 7.0 x 107+,

(e) CFL 0.2, =9.9x 1073 and + = 7.0 x 107,

Fig. 8.3: 4% (4, 4) mothod.
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Resuits for a (4,4) method arc shown in Fig. 8.3. Therc is again an instabi-
lity at the center, but not only at » = 0 = 8; the instability appears for several
values of # arcund @ = (). The numerical values at » =0 =8 and t = 7x 1071,
tor different CFL, are similar, around 2.8 x 10~* compared with the analytical
value 1.8 x 107%. Again, the difference between these results and the ones in
Figs. 8.1 and 8.2 is that the development of the instability is delaved.

The formation of the instability at » = 0 is independent on the accuracy
of the RK method used. The development of this instability is very fast. The
instabilitics at the origin arc common problems in spherical symmetry, since the
coordinate system is not well defined at the origin. This coordinate singularity
is not related with the formalisin used and neither with the numerical algorithm
used. The usual treatment is the redefinition of the dynamical variables hased
on the Taylor development close to the origin {see e.g. [89], or more recently
the Taylor developments of the dynamical variables are appropiated for the
numerical evolution of the system. What can be done in order to solve this
problem?

We can notice that, according to the way they have been obtained, two
groups in the 30 variables of the system can be considered: the first twelve
variables, A% and «% {or h* and A% in a general simulation), that we will
name (| in the next, and the last eighteen ones, w7, that we will name G
in the next. The variables 7y have been obtained directly; however, the Go
shows a time derivative acting on them. According to their numerical features,
it we evolve the system with analytical values for the set (71, the variables of
(72 are obtained numerically free of instabilities. And the same happens if we
interchange G4 and G,

As a consequence, we have used different ways to treat G and Ga. Gy is
poing to be evolved with an explicit scheme, while Gs is going to be evolved
with an implicit onc. Morcover, it is crucial the use of fourth order mothods
for the spatial partial derivatives. When we talke into account all these facts,
the nurnerical instability at the center disappears.

We display in Fig. 8.4 the evolution of v, with a (2,4) method and a CFL
value of 0.5. It can be scen that, for a (2,4) method, there is a value of CFL,
about (.535, below which the instability dissapears.

We show in Fig. 8.5 the cvolution of %, with a (4,4) mcthod and a CFL

of 0.8, Tt the casc of a (4,4) method, the maximum CFL for avoiding the
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Fig. 8.4: «%%.(2,4) method, OFL 0.5, t = 6.4 x 1077 and + = 2.61.
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Fig. 85: 4”°.(4,4) method, CFL 0.8, + = 6.4 1072 and ¢ = 2.61,
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instability at the center is 1.

Woe have carried out convergence studies of these simulations. We display
in Fig. 8.6 the numnerical evolution of the component A™ in terms of the radius
rat = 6, at the equator and at the pole, with different values of the number
of radial and angular points, n, and ny respectively. The analytical solution
in linear regime is recovered, as well as the velocity and the amplitude of the
wave, and the decay with the radius, The Somimerfeld condition at the outer
boundary works well at the lincar level. We obtain second order of convergence
for all the non zero components of the tensor 2% (Fig. 8.7). This second order
is obtained even when 4th order R-K and FD methods are used. The reason of
this low order of convergence is the influence of the inner boundary conditions,
that can lead cven to a first order of convergence, This fact can be checked
with a short duration simulation and calculating the order of convergence in a
region of the mumerical domain far from the inner boundaries.

8.2.2 Equilibrium configuration of rotating ncutron stars

In this numerical experiment the tensor A s going to be used, instead of the
time derivative of 2%, due to all the properties analyzed in Chapter 5. We are
going to consider an axisymmetric model; an uniformly rotating ncutron star
in equilibrium. The initial data has been obtained from LORENE [91], which is
a library of spectral methods. These models, of different rotation parameters,
have non-vanishing shift vector, lapse function, conformal factor and matter
fields. All these variables will be kept fixed during the evolution of the tensor
A%, In the figurcs we show the results corresponding to ncutron stars with
a rotation frequency of 550 Hz, a baryon mass of 1.6 M, and a coordinate
equatorial radins of 12.86 km.

Fig. 8.8 shows a sketch of the grid, where the following domaing have been
defined: The first domain (matter domain, MD) is common to the hydro-
dinamic equations and contains the star. The second domain (propagation
domain, PD) is the onc where the waves are well-resolved. The region for ex-
tracting the gravitational radiation is placed at the outer houndary of the I'D.
The third and last domain (damping domain, DD) has a lower resolution in
the radial direction. The wave travels far enough before reaching the onter
boundary. Let myp_pp the radius which separates the MD and the PD, and
rpp—pp the radius which separates the PD and the DD. The star radius r, is
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Fig. 8.6: k™" al { = 6. Black line corresponds to n, = 30 and ng = 100 (radial and
angular number of grid points), red line to n, = 100 and ny = 20, green

line 1o .. = 200 and ne = 40, in non-linear evolutions. Dashed blue line
corresponds to n, = 100 and nge = 20, in a linear evolution.
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Fig. 87: Absolutc crrors {(L2-norm) in torms of (scaled) grid size. Black line fits the
errors for 3, . R Dblue one for A’ red one for A", orange one for A%
and green one for A¥%. Dash cyan linc is the reference of sccond order of
convergence.
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Fig. 8.8: Schome of the radial grid used in the code for rotating neutron star simula-
tions.
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Fig. 89: |h™| in terms of the radius. Black dash line corresponds to the stationary
solution (as relerence). Red, green, blue, grey and violel lines correspond Lo
the evolution of the initial data at 0.02, 0.03, 0.1, 1.0 and 3.0 mns respectively.
Vertical lines denote radius between domains.

close (but smaller) to ryp—_pn. The logarithmic grid (in the radial direction) is
a very useful tool for constructing this kind of grids with a reasonable number
of points. We get the necessary accuracy in the MD and the PD, but we need a
computational time for running the simulations smaller than the one required
in an equally spaced radial grid.

We have used the following initial data: The stationary values for the tensor
fi'ij, on the one hand, and some differences from stationarity for ﬁ‘jjﬁ on the
other hand. In this general background, these differences from stationarity
introduced in the initial data, generate a perturbation that propagates to the
outer boundary, leaving behind the stationary solution. In Fig. 8.9, we have
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plotted the absolute value of the component A7 in terms of the radius for
different times. We can see a first perturbation travelling towards the outer
boundary, where the wave leaves the numerical domain. This error of the initial
data is interpreted as a perturbation. Second order of convergence is obtained
for all the non sero components of the tensor A% (Fig. 8.10), as previously.

The aim at introducing these initial differences from stationarity is two-fold:
on the one hand, the recovering of stationarity from a perturbed initial data,
and, on the other hand, testing the outer boundary condition imposed by the
generation of the artificial wave.

This test is very useful in order to understand how the Sommerfeld con-
dition at the outer boundary works. If the background, where the wave is
travelling, is not flat enough, the slopes of the components of the tensor at the
outer boundary can be interpreted as outgoing waves by the Sommerfeld condi-
tion. The outer houndary condition enforees the interpreted wave to leave the
numerical domain in such a way that the values of the components increase or
decrease arbitrary, and making the code crash. This behaviour can he seen in
Fig. 8.11 for the simulation whose outer boundary is placed eloser, at 3 x 107,
We have found that Sommerfeld condition works properly for o = 3 % 108%m
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Fig. 8.11: |A77] in tertns ol the radius at lime { = 3 ms. Black dash line corresponds Lo
the stationary solution (as reference). Blue, red and green lines correspond
to the numerical cvolution whose outer houndary are placed at 3 x 107,
3% 10* and 3 107 cm respectively. Orange line correspond to the numerical
cvolution whose outer boundary is placed at 3x 107 cm with more resolution
Lthan the simulation corresponding 1o the red line. Vertical lines denote
radius between domains.



162 8. Implementing a new code

107 — T T
Pan.en! Tenonn
E H-"\\ ' [ (W I 3
n S 1.0 4
0t M 30 -
: \\| —— Solution
.
L | ™ J
E N =
£ . E
£ 1 » ]
£ 60 B 7
T A i -
i
E i
Sf i
10 I
i
i
a0 RN B SR BT | ]
10 . =
10! 10’ 1 107 10t
r{cm)
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lution of the initial data at 0.1, 1.0 and 3.0 ms respectively. Vertical lines
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{around 300 stellar radius). In our caleulations we have used 80 radial grid
points in the MD, 80 points in the PD and arcund 50 in the DD.

Once the outer boundary radius has been fixed, we can usc the stationary
initial data for both 2% and A% tensors. In Fig. 8.12 we show the absolute
salue of the component A7, in terms of the radius, for different tirnes. No
initial artificial wave is introduced. The noise comes from the outer boundary
condition. The crrors for the non zero components of the tensor A¥ grows up
lincarly, but again a sccond order of convergence is obtained.
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8.2.3 A perturbed cquilibrium configuration; cxtraction of gravitational
radiation.

We consider a radially perturbed neutron star. The radial perturbation is
proportional to sin{mw r/r,); since the star is rotating, the star radiug depends
on 8, and the perturbation is not spherically symmetric; hence, gravitational
radiation is expected to be generated. The hydrodynamic equations governing
the matter evolution will be solved. We keep fixed the CFC background, i.e.,
we fix the lapse function, the shift vector and the conformal factor during
the evolution, assuming that they are not going to change very much during
the evolution. This approximation will provide interesting information about
where to place rpp_pp, and, conscquently, where to extract the gravitational
radiation.

In Fig. 8.13, an approximation of the recal part of the Wevl scalar ¥y, by,
{scaled with the radial coordinate) is plotted in terms of the retarded time,
and for different radius at the equator. This approximation is accurate enough
for the objectives of this test. The boundary of PD-DD domains, rpp_nn, is
placed at 3 x 107em (around 30 stellar radius). The waves correspond to the
physical gravitational waves coming from the evolution of the perturbed star
through the evolution of the hydrodynamic equations. The different curves
in Fig. 8.13 refer to different radii where the gravitational radiation has been
extracted. From the superposition of the waves extracted in the PD (the two
first ones), we can deduce that the speed of the waves is the light velocity and
they decay as 1/r. We also see that the wave must be extracted far from the
source but inside the PD, since the last wave does not reproduce the previous
ones. Regarding with the resolution of the logarithmic grid, it is enough to
cover a wavelength with five points at the end of the PD. As a consistency
check, the frequencies extracted from the wave plotted in Fig, 8.13 coincide
with the ones extracted by using the gquadrupole formula.

The small initial off-set, before the waves reach the corresponding radius,
can be cured just placing rpp_pp far enough from the source. The off-set in
the waves themselves seems to decrease with distance. This is an open question
for now. The origin of the problem could be due to:

1) The existence of a mild inconsistency between the initial data of the energy-
momentum tensor of the perturbed star and the initial data of the metric.
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ii) Our procedure to cstimate an approximation to the scalar ¥y, This proce-
dure calculates ¥, at the spatial infinity, asswning an asymptotically flat
spacetime, but it is valid far enough from the source for getting a good
approximation. It does not take into account the non-diagonal terms of
the metric.

We hope to improve these points in the extended version of CoCoNuT (sce
next Section).

Furthermore, it will be important to know where to place rpp_pp. In
Fig. 8.14, rhy is plotted in terms of the retarded time in simulations with
different rpp_pp. The wave is extracted close to rpp_pp in all the cases.
From the figure, it is reasonablc to place rpp_pp at 3 x 107em (around 30
stellar radius) or further.

The CoCoNuT code [87] is a general relativistic magneto-hydrodynamical
code able to evolve matter in the CFC and FCF {current version, in progress)
dynamical spacetime. This numerical code will allow us to study several as-
trophysical scenarios in which general relativity can play an important role,
namely the collapse of rapidly rotating stellar cores and the evolution of iso-
lated neutron stars. The project was started by H. Dimmelmeier at the Max-
Planck Institute for Astrophysics (Garching, Germany) during his PhD thesis.
It was extended to a three-dimensional code using Lorene’s library for the CFC
Einstein cquations, and HRSC methods for the hydrodynamic equations [40],
in collaboration with J. Novak from the LUTH at the Observatoire de DParis
{(Meundon., France). Recently, P. Cerdd-Durdan has implemented a magneto-
hydrodynamic extension of the code.

Regarding the metric evolution, the CEFC approximation was originally used.
Once the main elements of the extension from CFC to FCF are established
and the first tests made, it is the moment for incorporating the new systeimn of
hyperholic equations to the CoCoNuT code. This is a work in progress in col-
laboration with P. Cerda-Duran at the Max-Planck Institute for Astrophysics
{Garching, Germany). Important steps have alredy been done. Some of the
tools included in CoColNuT will be very useful for future developments; for
example, the spectral methods (used for solving the elliptic equations of the
metric) can be very usefnl for calculating the scalar ¥y, and the horizon finder
implemented can be very useful for simulations of collapse of a ncutron star
to a black hole. It will also be very interesting the study of the gravitational
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radiation coming from ncutron stars with different cquations of state, compari-
gion of the gravitational waves obtained with other approximations (quadrupole

formula), etc.
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9. SUMMARY AND OUTLOOK

During the period of time spent in my thesis I have been involved in hoth
theoretical and numerical research, as two important and complementing in-
gredients, focusing on formulations of Einstein equations and mainly in the
FCF. I have nearly completed the analysis of the mathematical properties of
the elliptic-hyperbolic system of Einstein equations in this recent formulation.
These studies have faced on the uniqueness properties of the elliptic equations
and the characteristic structure of the hyperbolic equations. The analysis of
the hyperbolic equations has been applied to the study of the boundary condi-
tions at trapping horizons in dynamical spacetimes of BHs. I have also earried
out some studics about the existence of maximal slicings in the spherically
svinnetric case.

Regarding the numerical part of the thesis, I have made progress in testing a
numerical code responsible of evolving the systemn which contain the gravitatio-
nal radiation in FCF, and in implementing this formulation in the new version
of CoCoNuT’s code. Some key pieces for the evolution of the system, such
as the information about extracting the gravitational waves or outer bound-
arics, arc known. The code is ready to carry out sitmulations cvolving both
the energy-momentum tensor and the whole metric tensor (all the elliptic and
hyperbolic equations in FCF).

Hence, 1 foresee a set of possible extensions or applications of my work in
different subfields.

From a purcly geometrical point of view, the study about the existence of
maximal slicings in spherical symmetry and procedure we have used can (and
should) be extended to more general cases, as axisymmetrie spacetimnes, on one
hand, and to other foliations (and gauges) on the other hand. As a by product
of this analysis, it should be interesting to gencrate numerically dynamical
spacctimes, and to compare them with the one gencrated by our geometric
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analvsis.

From a purely mathematical {analysis) point of view, I consider very re-
levant. (and urgent) to complete the study on the well-possed problem issue
for the FCF elliptic-hyperbolic systemn of Einstein equations. Up to now, only
independent studies of the system of equations governing the evolution of A%
{gravitational radiation in FCF) and the {magneto-)hydrodynamic cquations
governing the evolution of matter ficlds have been done. In particular, it would
he interesting to deepen the understanding of the hyperbolic properties of the
coupled system of equations.

From the astrophysical point of view, it is time for an accurate procedure to
extract information about the gravitational wave signal from astrophysical sco-
narios such as the stellar core collapse. It is the natural follow-up of this thesis,
once all the succesful tests have been made. It is necessary to make a rigorous
comparison with previous studies carried out with other approximations tor
extracting the gravitational radiation, as the quadrupole formula. CoColNuT's
code ig alecady written in such a way that it is ready for 3D applications, and it
is natural to complete the extension of the code to include the FCF of Einstein
equations. An effort in its parallelization is necessary.

As a summary of the numerical simulations to be made with the upgraded
CoCoNuT’s code, T suggest the following ones: i) to obtain and compare the
gravitational wave signals resulting from different simulations of rotating neu-
tron stars with several equations of state; ii) to compute more exactly the
evolution of the full metric for the spacetime of a collapsing and rotating neu-
tron star to a black hole. Other simulations, in which spherical coordinates
arc well-adapted to the speeific problem, can be done in scenarios with strong
gravitational ficlds, once the extension to a fully relativistic formulation is im-
plernented in CoCoNuT.









A. APPROXIMATION OF THE CONFORMAL EXTRINSIC
CURVATURE IN CFC CASE.

In the derivation of the new version of FCF/CFC we make use of the fact that
(LX) = A% in CFC. Here we are going to show next that this assumption is
completely consistent at the accuracy level of the CFC approximation. First,
we need to estimate the crror of the CFC approximation itsclf. By definition,
the CFC 3-metric deviates lincarly with 4% from the (exact) FCF case. It
can be easily shown from the FCF equations {5.115)-(5.117} that the metric
quantities behave as

W = l_,"".‘('jp-c -+ O(h). (Al)
N = Ngpeo+ O(h), (AQ)
# = Bige +O(h). (A.3)

Thercfore ¥ can be used as an cstimator for the error of the CFC approxima-
tion.

Two limits in which CFC is exact will he considered. The first limit is
spherical symietry. In spherical symmetry the CFC metric system is an exact
reformulation of Einstcin equations since A% = () in the FCF mctric. If the
system is close to spherical symmetry (i.c. sphereidal), and if we were able to
define a quasi-spherical surface of the system (e.g., the surface of a star or the
apparent horizon of a BH) then the equatorial and polar circumferential proper
radius, If. and It;,, can be computed. and we can define the ellipticity of the
system as
fj' /1 ;’ . (A.4d)

Closc to gpheticity ¢? seales lincacly with A%, and we can ensure that the crror
of CFC is A9 ~ O{e?). The sccond limit to consider is a post-Newtonian
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expansion of the gravitational sources, i.c. the case where the post-Newtonian
paramcter max(v?/e? GM/Lc?) is much less than 1, where v, M, and L are
the typical velocity, mass, and length of the systemn, respectively. In this case
the CFC metric behaves like the first post-Newtonian approximation [168, 169],
ie.

W= pere+ O (1/ch), (A.5)
N = Newo+0O(1/c¢"), (A.6)
e = edipe+ O/, (A7)

Note that, for clarity, we explicitly retain powers of the speed of light ¢ as
factors in the equations throughout this appendix. In the case that both limits
are valid, i.e. close to sphericity and in the post-Newtonian expansion, the
non-conformally-flat part of the 3-metric behaves like h* ~ O(e? /c*).

The next step is to compute the behavior of the CFC metric if we assuime
(LX) = A¥ | considering the two limiting cases introduced above,

In the spherically symmetric case the relation (LX)¥ = At is trivially
fulfilled. Therefore the behavior for a quasi-spherical configuration is also B o
O(e”) even if AY, = 0 is assumed. This limit in the approximation is very
important, since it is independent of the strength of the gravitational ficld. For
cxample it allows us to evolve black holes, with the only condition that A%
should be small, i.e. close to the sphericity.

To check the approximation in the post-Newtonian limit we need to compare
Bt and X*. This can be done by means of the post-Newtonian expansion of
the sources of equations (5.45) and (5.55), respectively,

ABlpe + gao"ijﬁngc = 168" 4+ 0 (1/c7), (A.8)
AXI L IDDXT = sx§Y 40 (1)) (A.9)
I A / AN /

From the comparison of equations {A.8) and (A.9) we obtain that
ai . .
& —"CQFG =X+ 0(1/F). (A.10)
Thus A% can be computed in terms of X as

e , - .
AT = ;\Eié‘(Lﬂgpc)w =cHLXW +O(1/2) . (A.11)
Nero ' ! ’
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where we make use of ¢fpe/Nere = 1+ O(1/¢?). The offect of using (LX)¥
instead of 4% in the caleulation of the CFC metric can be seen in the expres-
sions

vore = AT'S(Nevo,toro, AY)
= A7'S(Nere. Yore, (LX)7)
+0{1/%), (A.12)

4§

Nere = topads O(Vy( Vero, Pora, AY)
= ) ; 4 o ; i
= e Sivey (Novo, tera, (LX)Y)

A

o faor R

+O(L/e7). (A.13)
chepe = ¢, 8 (Nore, dore, AY)
= ¢AT'S g (Nere, dere, (LX)Y)
+O (1/¢7). (A14)

where Sy, :.‘9 (nygy and Sggy are the sources of equations (5.56) (5.58), and
A; ' and /_\ ' are Just the nverse operators appearing 1n the right-hand-side
of these equations (for the scalars ¥ and N, and for the vector &, respee-
tively). When comparing equations (A.12)—(A.14) with cquations (A. 3) (A7)
it becomes obvious that in all cases the error introduced by making the ap-
proximation (LX)¥ == A is smaller than the error of the CFC approximation
itself. B
As an illustration of the above properties, we study the influcnee of the ATT
term in equation (5.54) when computing rotating neutron star models with a
palytropic T' = 2 equation of state. This setup contains the initial models used
in section 5.2.3. They assume axial symmetry and stationarity, in combination
with rigid rotation. We build a sequence of rotating polytropes with increasing
rotation frequencies, while keeping the ecntral enthalpy fixed, which produces
models of increasing masses from M = 1.33 Mg (no rotation), to M = 1.57Mg
{the Kepler limit; see below). For all these models, we use three gravitational
field schemes: the exact Einstein equations using the stationary ansatz in FCF,
and the two appLoxunatc ones, regular CFC and CFC neglecting the term ATT
in equation { 3.0—1). The results are displayved on a logarithmic scale in Fig. A. 1.
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The top pancl shows the maximal amplitudes of ATT {relatively to At ) in
both FCF and regular CFC, as functions of the cllipticity e defined in equa-
tion (A.4}). This quantity is physically and numerically limited by the minimal
rotational period at the so-called mass-shedding limit (or Kepler limit), when
centrifugal forces exactly balance gravitational and pressure forces at the star’s
cquator. In the FCF casc we plot the maximal amplitude of 2% . This quantity
is dimensionless and represents the deviation of the 3-metric from conformal
flatness, which can be interpreted as the relative error one makes in the metric
when using CFC instead of FCF. Note that this error on computing A by dis-
carding the A;’T term in the CFC approximation is roughly of the same order
as the crror on the metric in the CFC case. All these quantities decrease like
O(e?) as expected, except for stars rotating close to the Kepler limit, Indeed,
the developuent in powers of e is equivalent to a slow-rotation approxima-
tion (see, e.g., [170]) by perturbing spherically svmmetric configurations and,
when comparing these slow-rotation results with the numerical “exact” ones
for rigidly rotating stars (sec, c.g., [L71] in the two-fiuids casc), onc sces that
they usually agree extremely well, with the exception of those very close to the
Kepler limit, where this “perturbed spherical symuinetry” approach is no longer
valid. Finally, because A* appears as a quadratic source term in the Poisson-
like cquations (5.43, 5.44), the overall errors on the lapse N or the conformal
factor 4 arc cven smaller, ag shown in the bottom pancl of Fig. A1, In the
case of the central value N, of the lapse, the error due to the CFC approxi-
mation is maximal at the Kepler limit and 3 107% for the studied sequence.
The error due to neglecting éiilfT within the CFC scheme amounts to < 107°
and decreases faster than the error due to the CFC approximation, namely as
O(e*), again cxcept near the Kepler limit. Our tests show that for stationary
rotating neutron star models this additional approximation induces an error
which talls within the overall CFC approximation.
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Fig. A.1: Consistency of the approximation for rotating ncutron star models. In the
top panel max |A%Z /A% for TCT {solid line) and CTC (dashed Tine) as well
as the maximum deviation from conformal flatness max |#%| for FCE (dash-
dotled line) are plotied against the elliplicity e. "I'he bollom panel shows
the absolute difference | Ne,ore— Ne| in the central value of the lapse between
CFC and FCF (solid line) and the absolute difference |Ne.cre — Ne cpor|
between regular CHC and CHC neglecting :1"TJT in equations {5.54) (dashed
linc). The Kepler limit is marked by vertical dotted lines, while the slanted
dotted lines represent the order ol accuracy wilh respecl Lo powers ol e.
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B. COVARIANT DERIVATIVES

£\
As it is mentioned in chapter 8, given a tensor ficld T of type K ‘(; ), the
components of the covariant derivative DT in the orthonormal basis € %0

ex LR eh [N e ela o] e* are given hy:

ip
3 5 a = 5
tledp et ety
DkT J1edy Cr ()_LIT G1edy
4 . R T q N . .
iy gir.clod, Ry 22 TR PR
+> Ty fede T 25T L 4B
r=1 =1

where e;! :— diag (1. —, ———— ] is the change-of-basis matrix defined by {8.2).
" T\ 7 rsinf/ - T
and the f‘!'b are the connection coefficients of D associated with the orthonor-

mal frame (8.2):; these cofficients all vanish, except for

[ = —10e = —r7 1, [Mpp = -T%, = —7 f‘%¢ = —f"‘"ggp = — {rtan {9)_1 .

{B.2)

As it is mentioned too, the hasis is orthonormal with respect to the flat
metric f: f; = diag (1.1,1). This implics fz"} =diag (1,1,1}, and

R L £
D A

F1odg

! Jlendy {

T i Ty T o
i : il !

ki .. DT o

Jleedg R Ty
{B.3)

In particular, we can develop the covariant derivatives of some types of

tensors:
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DI
DE = - F
—~ 1o
DoF = 20F;
—~ 1 5
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DT
A T r__ 1 {4 v _ e 1 1 9 v _ T
DI = 0,T7, DyT" =L (0T —T%), D,T" =1 (50,17 —T%)
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D.T° = 6,77 DT = (T +T7), DT = 5.5 (01 cosfl T¥)
s o s ~ T 1y s o~ e 14 1 s s o 1
D,T¥ = 3,T%, DyT% = 23T D,T% = - (g0, TF +T7 +

DETU . where the tensor is symmetric with respect to the superindices i, j:

rD’_T-m' — (r)r.:[v-rr-r5 DgTrr — (E)GTW‘ _ QTT‘S‘),

1
r
rro_ 1 1 a i AT
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L
r
DRPTTv = % (5'11]1:90‘97TT¢ — T + T + I.alln‘)Tre);
DT = 9,79, DT = L (3,7% +2777),

( 2
D, T = 9,19, DyT = £ (§yT% 4 T77),

TR 1 1 ¢ G 1 T08 it
,DEPT T (sinGdﬂGT + 0 (T T ))'
D, T¢% = 9, T¥%, DyT¥¥ = %E)GTW
™ e 17 1 = e ST 2 ey
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DT
DI = 0,17, DgT" . =L(0,T", - T, —T7 ),
o 1¢ 1 o v o T Y.
L™ r = o lgmgted v 4 o= L4708
1

DI g =0T"9, DeTTp=2{8T7p—T9+T7,),

L _ 1 1 v e, 1 ¥
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T A 4 r 1 (¢ 4 [7]
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Notice that in the code, due to the fact that the variables do not depend on
the coordinate ¢, in the hypothesis of axisymmetry, all the partial derivatives
with respect to it arc zero.
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C. OUTER BOUNDARY

In scetion &.1, we have assumed that the components A% have the following
behaviour:

W oy gl(r — t) hHG s 94('{. — t) hP¥ Q‘ﬁ(’f‘ 7 t)
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From the previous equations, it is easy to deduce the following PDEs for the
components A
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For the components v and A% one can deduce similar PDEs. For the com-

ponents w,’ one can deduce the following ones:
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Actually, the terms in r7P with p > 1 are not considered in the implemention
of the code.
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