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1. Il\TRODUCCIÓl'\, RESUMEN DE LAS PRI'ICIPALES 
IDEAS y COl\CLUSIO~\JES 

1.1 Introducción 

El tema tratado a lo largo de la presente tesis es el estudio teórico y numérico de 
los formalismos de las ecuaciones de Einstein, con el propósito final de aplicar 
dicho e¡.;tlldio a la formación de agujeroH negro¡.; y generaei6n de oudas gravi­
t.atoriaH. Tanto laH matem8.ticHH como la fí¡.'¡ca juegan un papel fundamental, 
complementándose la una a la otra, ya sea con respecto a las herramientas 
utilizadas, ya sea con respecto a los resultados presentados en este trabajo. 
La comunicación entre diferentes ramas especificas del conocimiento y de la 
ciencia pueden conducir a importantes avances, y algunas veee¡.; proporciona 
otro punto de vista original a la hora de plantear la e¡.;trategia para re¡.;olver uu 
determinado problema. 

El coucept.o de agujero negro fue int.roducido por John =\Hchell eu el aúo 17b3 
en un artículo enviado a la Royal Society: "Si el semi-diámetro de una esfera 
de la misma densidad que el Sol superase la del Sol en proporción de quinientos 
a uno, un cuerpo cayendo desde una altura infinita hacia él, habría adquirido 
en ¡.;u superficie una velocidad mayor que la de la luz, y consecueutemeute 
¡.;uponieudo que la luz e¡.; at.raída por la nü¡.;ma fuerza en proporción a ¡.;u ma¡.;a, 
con otros cuerpos, toda luí': emitida desde un objeto así retrocedería hacia él por 
su propia gravedad". 1Hchell introdujo este concepto en el sentido de un objeto 
que tenía. una atracción gn __ rdtatoria tal que incluso la luz no podría escapar de 
él. Eu 1796, el nmt.emático fnlucé¡.; Pierre-Simon Laplace explicó la nü¡.;nm idea 
en su libro E:¡;posiUon d'U SystéTne dl1 Alonde: "Un astro luminoso de la nü¡.;nm 
densidad que la Tierra, y cuyo diámetro sea doscientas cincuenta veces mayor 
que el del Sol, no dejaría. en virtud de su atracción, que nos llegara ninguno de 
sus rayos hasta nosotros: es por tanto posible que los cuerpos más grandes del 
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universo, sean por sí mismos, invisibles ... ". La teoría. de la Rdatl-ddad General 
presentada por Albert Einstein en 1915 postulaba que la. lULi y las trayectorias 
de todaH laH partícula¡.; son cllI'vadaH por la geometría del e¡.;paeio- tiempo. J m"to 
unos meses después, Karl Sch\var7:schild encontró una solución de las ecuaciones 
de Einstein que describía un agujero negro sin rotación, aunque en aquella época 
fue interpretada. como una simple solución matemática sin mayor interés. Fue 
en 1967 cuando John \Vhcclcr introdujo el término de agvjero negro durante 
uua conferenela en ='J neva York. 

Desde un punto de vista geométrico, un agujero negro puede ser considerado 
como una solución de las ecuaciones de Einstein que contiene una singularidad 
(curvatura iufinita) en la métrica del e¡.;pacio-tieIllpo. DeHde uu punto de ViHt.cl 
astrofísico, uu agujero negro e¡.; el re¡.;ultado fiual de algunos t.ipo¡.; de colapso de 
un objeto estelar en concreto. Sin embargo, no está claro si después del colapso 
se forma una singularidad: en primer lugar, porque estas regiones del espacio­
tiempo no son accesibles y, en segundo lugar, porque los efectos cuánticos 
nece¡.;itan uu cuidadoso i-máli¡.;is en el coutext.o de uua t.eoría con¡.;istent.e de 
gravedad cuántica. 

Uno de los observables predichos por la Relatividad General, aún no detec­
tados, Hon las ondaH gravitatoria¡.;. Enorme¡.; eHfuerzos experimentales, t.eÓriCOH 
y nurllérico¡.; He haullevado a cabo en lo¡.; últinHJH cuarenta aüoH, con el objetivo 
de detectar, predecir y estudiar las ondas gravitatorias emitidas desde diferentes 
escenarios astrofísicos y cosmológicos. Será una manera completamente nueva 
de mirar (y descubrir) el universo, incluso se convertirá en una posibilidad para 
deHvelar la preHencia de objet.o¡.; ocultos, como l<JH agujeroH uegro¡.;. 

Para profundi7,ar en el conocimiento de todos estos escenarios y objetos 
interesantes se necesita un formalismo de las ecuaciones de Einstein. Las di­
ferent.eH forlIlUlacioues, laH propiedade¡.; matemáticaH del conjuuto resultante 
de ecuacione¡.; eu derivada¡.; parciale¡.; (problema bieu pueHt.o, unicidad local, 
etc.), pueden tener una importancia enorme y no siempre tienen la merecida 
atención. Un trabajo teórico difícil se ha llevado a cabo en este campo por 
parte de destacados investigadores matemáticos y físicos. Hay que reconocer 
la capacidad de las forlIlUlacioues má¡.; uHadas, como la llamada BSSK (má¡.; 
det.alles eu el Capít.ulo 4), crucial en la¡.; recient.eH HünulacioneH de binariaH de 
agujeros negros. Pero no debemos olvidar los nuevos formalismos introducidos 
en los últimos años, como el FCF, que será objeto de estudio en esta tesis, 
porque pueden ofrecer nuevas ideas y permitir comparaciones más realistas 
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entre diferentes resultados numéricos. 
Finalmente, las herramientas numéricas disponibles hoy en día. han he­

cho pmüble un important.e progre¡.;o. Por ejemplo, los supercomput.adores ¡.;on 
capaces de mostrarnos cómo el universo evoluciona hacia una estructura ho­
mogénea macroscópica, que a pequeña escala presenta una estructura filamen­
tosa: sin los ordenadores, es casi imposible imaginar las simulaciones de la 
evolución de sistemas de ecuaciones no lineales que gobiernan procesos com­
plejo¡.; corno la evolución de las estrella¡.;, la dinámica de binarias de objetos 
compactos, chorros asociados a galaxias ... y un largo etcétera. 

1.2 Agujeros negros astrofísicos 

En el Capít.ulo ;) se expone un análi¡.;i¡.; de hm agujero¡.; negro¡.; desde un punto 
de vi¡.;ta a¡.;t.rofí¡.;ü;o, una da¡.;iflcaciún de hm nÜ¡.;nHm ¡.;egún ¡.;u origen y ma¡.;a, y 
algunos métodos de detección. 

Desde un punto de vista clásico un agujero negro es un objeto compacto cuyo 
potencial gravitatorio en la. superficie se aproxima a la mitad del cuadrado de 
la velocidad de la luz. Un agujero negro e¡.; un objet.o suficient.ement.e compacto 
que no permite a la luz escapar de él. La herramienta teórica para describir 
matemáticamente un agujero negro es la Relatividad General. El hori7:onte de 
un agujero negro es una superficie que delimita la región del espacio-tiempo del 
agujero negro desde la que no podemos recibir ningún tipo de señal. 

La da¡.;ificación de agujero¡.; negro¡.; e¡.;tático y en rotación viene dada por 
las soluciones de Sch\var7:schild [1, 2] Y Kerr [3], respectivamente, que puede 
presentarse en diferentes sistemas de coordenadas (ver Capítulo 3 para más 
detalles). Desde el punto de vista astrofisico, los agujeros negros pueden clasi­
ficar¡.;e, ¡.;egún ¡.;u origen, en: aquellos procedente¡.; del colapso e¡.;telar (agujeros 
negro¡.; e¡.;t.elare¡.;), aquello¡.; procedente¡.; de la fu¡.;ión y proce¡.;o¡.; de acreciún (agu­
jeros negros supermasivos), y aquellos que pudieran ser reliquias del medio 
inhomogéneo altamente denso en el universo primitivo (agujeros negros pri­
mordiales). También se pueden clasificar, de acuerdo con su masa, en: poco 
ma¡.;i"\,ro¡.; (como lo¡.; estelares), de ma¡.;a intermedia (de los que las evidencias 
observaciones exi¡.;t.ente¡.; son muy pobre¡.;), superma¡.;ivo¡.;, y de muy baja masa 
(los primordiales). La Vía Láctea tiene en su centro un agujero negro superma­
sivo situado en SgrA *. La acreción de materia situada en un disco que rodea 
un agujero negro supermasivo es el mecanismo más eficiente de generación de 
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energía. Ko hay confirmación obscrvacional de la. existencia de agujeros negros 
primordiales; podrían ser las semillas de futuros agujeros negros supcrmasivos. 

Para detectar observacionalmellte un agujero negro existen varios métodos 
[4]. Los métodos clncmátlcos usan la. dinámica de los objetos cercanos al agu­
jero negro para derivar propiedades de éste como su masa. o spin, como en el 
ca¡.;o del agujero negro cent.ral en llUe¡.;tra propia galaxia; por ejemplo, la ley 
de ~..fagorrian [5], obtenida empíricamente, relaciona la masa del agujero negro 
central de una galaxia con la velocidad estelar de dispersión. Otros métodos 
están basados en el estudio del espectro observado, como el análisis de ciertas 
línea¡.; del hierro [G]. La pre¡.;encia de chorro¡.; asociados a lo¡.; agujero¡.; negro¡.; 
superrlla¡.;ivo¡.; rodeado¡.; por un t.oro de acrecióu, en el e¡.;cenario a¡.;t.rofí¡.;ico de lo¡.; 
núcleos activos de galaxia~ puede ser usada como huella de la presencia de este 
tipo de agujeros negros. Las erupciones de rayos gamma (ERG) son eventos 
asociados a la presencia de agujeros negros de origen estelar. Atendiendo a su 
curva de luz, la¡.; ERG puedeu da¡.;ificar¡.;e en dos grupo¡.;: por un lado, las de 
corta duracióu [7], ¡.;ituada¡.; en galaxia¡.; elíptica¡.; vieja¡.; en ZOW-l¡'; de formacióu 
estelar~ que parecen estar asociadas con una pequeúa parte de las fusiones de 
estrellas de neutrones y/o agujeros negros: y por otro lado, las de larga duración 
[8], situadas en :tonas de formación estelar de galaxias de baja metalicidad~ que 
pareceu e¡.;tar a¡.;ociada¡.; con una pequeüa parte de la¡.; ¡.;upenlova¡.;. La auseucia 
de luz procedeute del interior de un agujero uegro puede u¡.;ar¡.;e, en priucipio, 
para detectarlo: el fiujo decrece siguiendo una ley de potencias (con exponentes 
elevados) de la función horizonte (ver la descripción del agujero negro de Kerr 
en el Capitulo 3) que se anula en el horizonte, y depende en mucha medida 
del ángulo de inclinacióu del observador [9]. Otro de hm método¡.; importante¡.; 
de detección de los agujeros negros~ en particular, son las lentes gravitato­
rias. Usando métodos fotométricos se observa la lu7, amplificada, observándose 
además múltiples imágenes de un mismo objeto, procedente de fuentes en las 
que un agujero negro juega el papel de lente gravitatoria [10]; con esta lULí se 
puede medir la masa y ot.ra¡.; propiedades del agujero negro. 

Además de todos los métodos indirectos citados anteriormente, el único 
mét.odo directo para detectar lo¡.; agujeros uegros ¡.;ou la¡.; ouda¡.; gravit.atoria¡.;. 
La¡.; oudas gravit.atoria¡.; son fanliliarrllent.e cou¡.;iderada¡.; como arrugas en la 
curvatura del espacio-tiell1po~ provocadas por aceleraciones de materia que no 
presentan simetría esférica. Se propagan a la velocidad de la luz. La emisión 
de ondas gravitatorias implica la emisión de energía. La primera detección 
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indirecta de ondas gn __ rdtatorias fue llevada a cabo en 1974 por Hulse y Tay­
lar, estudiando el púlsar binario PSR 131913+ 16. Este descubrimiento les yalió 
el ='lJobel eu Fbica, al detect.ar que el período orbital decaía jm.,t.o tal y como 
estaba predicho por la Helatividad General, para un sistema que estuviera per­
diendo energía por la radiación de ondas gravitatorias. La amplitud de las 
ondas disminuye proporcionalmente con la distancia a la fuente. La estrategia 
para detectar ondas gravitatorias descansa en la idea básica de que, en su paso 
a t.ravés del det.ector, la¡.; di¡';ÜlIlCl<-l¡'; entre los objet.o¡.; aurllent.au y ¡.;e reduceu 
rítmicamente; la magnitud de este efecto, para fuentes muy importantes, me­
dido desde la Tierra es realmente pequerio, los cambios relativos son de a lo 
sumo 1 sobre 1020 , Y de ahí la dificultad de medirlas. 

LaH onda¡.; gravitatorl<-l¡'; no han Hido ob¡.;ervadas aún de manera directa. 
Enorme¡.; eHfuerzos experimeutaleH están actuahneute llevándo¡.;e a cabo en eHt.e 
campo. El primer intento fue debido a VI"eber con su barra resonante; sistemas 
tipo barra más modernos están operativos, pero sólo son suhcientemente sen­
sibles para detectar ondas gravitatorias extremadamente potentes [11]. Unos 
detect.oreH máH Hen¡.;ible¡.; ¡.;ou l<m iuterferómetnm láHer terre¡.;tre¡.;, como VIRGO 
[12]' GEOGIJIJ [13], TAJ\IA31J1J [14[ o LIGO [15], Y sus versiones avanzadas. Ill­
terferómetros en el espacio, como LISA [16], están siendo desarrollados. La 
comunidad científica espera que los observatorios de ondas gravitatorias de­
tectarán seiialcs en un futuro próximo. Una nueva ventana de información 
He abrirá perrllitiéudono¡.; ver co¡.;a¡.; inolmervable¡.; con otro tipo de mensajero¡.; 
(fot.oues, neutrilHm ... ). LaH binariaH de objetoH compact.o¡.; (euanas blancaH, e¡.;­
tI'ellas de neutrones, y/o agujeros negros), las explosiones de supernovas, la 
acreción de materia en un agujero negro, y pulsaciones no esféricas de objetos 
son fuentes de radiación gravitatoria [17]. Las simulaciones numéricas pro­
porcionan modelos muy útileH para el análiHi¡.; de lo¡.; datos que regiHt.rau l<m 
observatorios de ondas gravitatorias. En los últimos años, el campo de la rela­
tividad numérica ha avanzado enormemente, y es un ejemplo de sinergia entre 
observaciones y simulaciones numéricas. 

1.3 Formalismos de las ecuaciones de Einstein 

Dentro de los formalismos de las ecuaciones de Einstein caben destacar el for­
malismo 2+2 o formalismo nulo, y el formalismo 3+1. En el Capítulo 4 se 
explican más detalladamente estos formalismos. 
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El formalismo 2+2 se basa en hipcrsupcrficics nulas. Dado un cspaclo­
tiempo con una curvatura general, las hipcrsupcrficlcs nulas son las supcrfi­
cie¡.; caraderÍsticHH del campo gravitatorio defiuidaH a partir de un par{mletro 
11 = constante. En un sistema de coordenadas nulas, 11 = XO recibe el nom­
bre de tiempo retardado, y es una de las funciones coordenadas. Una ve7, que 
una familia. de hipcrsupcrficics nulas ha sido establecida conteniendo a. la COO1'­

denada. previa, dos coordenadas adicionales, x A , A = 2,3, son elegidas como 
parámetro¡.; eon¡.;tanteH a lo largo de cada rayo; e¡.;tas coonlenadaH pueden vüma­
li7:arse como ángulos ópticos y normalmente se denotan como f) = :r2 y (/J = :r3 . 

Esta elección de coordenadas implica que se anulen varias componentes de la 
métrica del espacio-tiempo, gJ.1v: gUU = glu1 = gll = g1.A = O. La única coorde­
nada que varía a lo largo de un rayo de luz dado e¡.; ;¡;l. ='lJormahneute se escoge 
como coordenada ;¡;1 la distancia luminosidad desde la fueute, r. V éan¡.;e má¡.; 
detalles en [18, 191. 

I30ndi fue el primero en usar este tipo de coordenadas nulas para describir 
campo¡.; radiativ(m. Su t.rabajo fue ¡.;eguido por un rápido desarrollo de otnm 
formalismos nulos, que se distribuyeron en dos grupos: aquellos basados en 
aproximaciones de la métrica, como el desarrollado en el caso axisimétrico por 
Bondi, ~\IetLiner y van den Burg [20], y generaliLiado por Sachs [18], y aquellos 
basados en una tétrada nula en los que las identidades de I3ianchi aparecen 
como parte del conjunt.o de ecuaeione¡.;, como e¡.; el ca¡.;o del de¡.;arrollado por 
Ne\vman y Penrose [21]. 

En el formalismo nulo las ecuaciones de Einstein se separan en cuatro grupos 
(ver más detalle¡.; en el Capít.ulo 4): cuatro ecuaeione¡.; de hiper¡.;uperficie, do¡.; 
ecuacione¡.; de propagación, cuatro ecuaeione¡.; de conservacióu y una ecuación 
que se satisface trivialmente (la contracción a través de la métrica de la propia 
ecuación tensorial de Einstein). Tras resolver las ecuaciones de propagación, de 
manera jerárquica, el resto de ecuaciones se satisfacen inmediatamente debido 
a que e¡.;t.áu couectada¡.; a la¡.; demá¡.; a travé¡.; de la¡.; identidades de Bianchi. 

Con este formalismo, las ecuaciones de Einstein pueden ser resueltas de 
manera jerárquica. K uméricamente, la radiación gravitatoria en el infinito 
puede ser ext.raída directament.e, ya que el infiuito uulo puede e¡.;tar coutenido 
eu la malla numérica cOIllpactificaudo la di¡.;t.aucia lmnino¡.;i<lad (que es una 
de las coordenadas del formalismo). Un problema de esta formulación es la 
formación de cáusticas, puntos donde dos o más rayos de luz se intersectan, 
en donde la causalidad se rompe. Cáusticas pueden darse, por ejemplo, en las 
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simulaciones de binarias de agujeros negros. 
Vamm; a fijarnos ahora eu el formali¡.;mo 3+1. EHt.e formali¡.;mo fue iutro­

ducido en los trabajos de Lichnerowic7, (1944) [22]' Choquet-Bruhat (1952) [23], 
Arnowitt, Deser and \lisner (1962) [241. Véanse [25, 2G, 27, 281 para una in­
troducción y recientes aplicaciones en relatividad numérica. Para una función 
t de gradient.e temporal, laH hipersuperficie¡.; eHpaciales donde e¡';Ül función eH 
con¡,;ÜlIlt.e defiuen uua foliación del e¡.;paeio-tiempo. El campo vectorial al, puede 
descomponerse en una parte proporcional al vector normal a la foliación, que 
está relacionada con la función paso, o tiempo propio entre hipersuperficies, 
y en otra parte tangente a la hipersuperficie, que está. relacionada con el vec­
t.or deHplazamient.o ent.re laH curvas int.egraleH del vector normal y del campo 
vectorial al,. La mét.rica del e¡.;paeio-tiempo puede escribirse en funcióu de la 
función paso, del vector de despla7,anüento y de la métrica espacial restringida 
a las hipersuperficies espaciales. Se puede definir la curvatura extrínseca de las 
hipersuperficies en función del vector normal a éstas y la métrica espacial. 

Tanto las ecuaciones de Einstein como el tensor energía-momento pueden 
escribirse en términos de esta descomposición, dando lugar a un conjunto de 
ecuaciones de ligadura y un conjunto de ecuaciones de evolución. Gracias a las 
ident.idades de Biaudü, Hi laH ecuacioneH de ligadura ¡.;e ¡.;<-üiHfacen en la hipersu­
perficie inicial, entonces también Hon Hat.isfechaH a lo largo de la evolucióu. Uua 
ve7, escritas las ecuaciones, aparece una libertad (de gauge) de elección de la 
foliación y del campo a través del cual evolucionamos las ecuaciones, es decir, 
la libertad de elegir la función paso y el vector desplmmmlcnto. Las variables 
dinámicas ¡.;ou laH componeutes de la métrica e¡.;paeial de laH hiper¡.;uperficieH 
y laH componeutes de la curvatura ext.rÍuHeca. Eu el ca¡.;o de foliacioneH taleH 
que la traza de la curvatura extrínseca es constante, las ecuaciones para la 
función paso y el yector desplazamiento se desacoplan. Hay maneras indirectas 
de elegir estas variables, imponiendo condiciones sobre la trmm de la curvatura 
ext.rÍUHeca o Hobre el teuHor de di¡.;torsión. Ver más detalle¡.; de las ecuacioues 
en el Capítulo 4. 

El sistema de las ecuaciones de Einstein en el formalismo 3+ 1 no está es­
(Tit.o en la forma má¡.; convenieute para la implement.acióu numérica de dichas 
ecuaeione¡.;, ya que ¡.;e de¡.;arrollan ine¡,;ül bilidade¡.; muy rápidameute (ver, por 
ejemplo, [29]). Kojima, Ooahara)' "akamum [30] presentaron en 1987 una re­
formulación conforme, sin tra:w., del sistema de ecuaciones del formalismo 3+ 1: 
en esta reformulación la tra:w. de la curvatura extrínseca evoluciona por sepa-
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rado, y la introducción de variables auxiliares elimina. las dCr!-vadas segundas 
cruzadas en el tensor de Rlcci. 

La versión más utili7,ada del formalismo 3+ 1 es la conocida como BSSN (de 
I3aumgartc, Shaplro [31], Shibata y Nakamura. [32]). La robustez de este for­
malismo ha sido comparada con otros formalismos (véase el proyecto 'Applcs 
"\vit.h AppleH') y pre¡.;enta alguIlo¡,; inconvenient.eH, aunque su robustez ha podido 

observarse en implementaciones numéricas basadas en elecciones particulares 
de gallges y foliaciones (ver, por ejemplo, [33, 34]). Se han podido llevar a 
cabo simulaciones numéricas de larga. duración, incluso en espacios-tiempo que 
tienen iutem;m; campm; gravitatorioH, como aquello¡.; que contienen agujeros ne­
gros y e¡.;trellas de neutrones (má¡.; detalle¡.; en el Capítulo 4). Gracias a la¡.; 
buenas propiedades de estabilidad de estas ecuaciones~ el uso de esta reformu­
lación~ con las apropiadas elecciones, conforme, sin tra7,a, está muy extendido 
en relatl-ddad numérica. Por ejemplo, su robusteLi ha sido demostrada en las 
reciente¡.; ¡.;iInulaciones de la fusión de binaria¡.; de estrella¡.; de neutrone¡.; [35], 
evolución de llllO o do¡.; agujeros negro¡.; (ver Sección 7.2)~ evolución de larga 
duración de estrellas de neutrones [34L y colapso gravitacional de estrellas de 
neutrones a agujeros negros [3G l. 

Dentro del formalismo 3+ 1, el grupo de l\'leudon ha desarrollado una formu­
lación completamente ligada llamada FCF (de Fully Constrained Formalism). 
En esta formulación se introduce una métrica plana invariante de una hipersu­
perficie a otra y que recoge el comportamiento asintótico de la métrica espacial 
de la¡.; hiper¡.;uperficies. E¡.;ta métrica ¡.;e ree¡.;cribe en térruilH)¡'; de una conforme, 
que a su ve7, se descompone en términos de la métrica plana y la diferencia 
de ambas métricas. En cuanto a la libertad de elección de gauge~ se impone 
que la traLia de la curvatura extrínseca se anule y el gauge de Dirac generali­
zado, a lo largo de todas las hoja¡.; de la foliación. Poniendo en común todo¡.; 
e¡.;tos elemento¡.;, la¡.; ecuacione¡.; de Einstein ¡.;e e¡.;criben como un conjunto de 
ecuaciones elípticas para la función paso, el vector despla7,amiento y el fador 
conforme, junto con un sistema de evolución para la diferencia de las métricas 
plana y conforme (-ver más detalles de las ecuaciones en el Capítulo 4). Este 
e¡.;quenm e¡.;tA completamente ligado, ya que toda¡.; las ecuaciones de ligadura 
se re¡.;uelven en cada paso de tiempo; e¡.;to no ¡.;ucede con la¡.; forlIlUlaciones de 
evolución libre, como BSSN, o parcialmente ligadas. La principal motivación 
de esta formulación FCF es obtener el máximo número posible de ecuaciones 
elípticas~ que en principio son más estables que las ecuaciones hiperbólicas evi-



1.4. Aspectos lIlatermítjeos 9 

tando la violación de las ligaduras. Para este tipo de ecuaciones elípticas es 
posible aplicar los métodos espectrales en los que tanta experiencia tiene el 
grupo de =\Ieudon. 

Una propiedad interesante de la FCF es que es una generali7:ación natu­
ral de la aproximación relativista de las ecuaciones de Einstein conocida como 
CFC (de Conformally Flat Condition) [37,38]. La aproximación CFC ha sido 
usada en muchas aplicaciones astrofísicas, tales como el colapso de los núcleos 
en rot.ación de eHt.rellas maHiva¡.; [39, 40, 41, 42] o ¡.;upermasivaH [43], el colapso 
inducido por una transición de fase de estrellas de neutrones en rotación [44L 
o modelos de equilibrio de estrellas de neutrones en rotación [45, 46], así como 
fusiones de binarias de estrellas de neutrones [47,48,49, 50]. CFC se puede re­
cuperar como caHO particular de la formulación FCF, ¡.;implemente imponiendo 
que la diferencia entre la¡.; métricaH plana y conforme sea nula. eFe con¡';Ül de 
un conjunto de ecuaciones elípticas para la función paso, el vector despla7:a­
miento y el factor conforme. Es la formulación FCF, por tanto, una manera en 
la prá.ctica sencilla de extender la aproximación CFe a una formulación comple­
t.amente relativista, aüadiendo nuevos t.érminos en la¡.; fuent.eH de laH ecuaciones 
elípticaH e incluyendo el nuevo Hi¡.;tema de evolución. 

1.4 Aspectos 1I1aterrlf:iricos 

Tres puntos serán tratados en esta sección, que resume una importante parte 
del trabajo teórÍeo pre¡.;entado en la te¡.;is: por un lado, la exiHt.encia local 
de foliaciones maximales en espacios-tiempo con simetría esférica [51] (más 
detalles en la Sección 5.1); por otro lado, propiedades de unicidad local de las 
ecuaciones elípticas en la formulación FCF [52] (más detalles en la Sección 5.2); 
y, finalmente, la¡.; propiedades de hiperbolicidad de laH ecuaciones de evolución 
en la formulación FCF para la diferencia de la¡.; métrÍeas plana y conforme [53] 
(más detalles en la Sección 5.3). 

En 1944 Lichnermvic7: [22] introdujo una foliación particular del espacio­
tiempo, que se conoce con el nombre de maximal slicing (I\íS): la traza de la 
curvatura extrínseca e¡.; nula. E¡.;te tipo de foliacioneH tiene propiedade¡.; intere­
Hi-mte¡.; como la conocida capacidad de evitar la¡.; Hingularidade¡.;, está bien adap­
tada a la propagación de ondas gravitatorias, y proporciona la natural aproxi­
mación Ne"\vtoniana cuando además se impone sobre cada hoja que la métrica 
espacial sea conformemente plana. Esta foliación ha sido recientemente uti-
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liLiada, como ya hemos mencionado anteriormente, en la FCF de las ecuaciones 
de Einstein. El estudio de este tipo de foliaciones ha estado mot!-vado princi­
pahnente por la re¡.;olución de problema¡.; de dato¡.; iniciale¡.;, y también por la 
correspondiente evolución de dichos datos iniciales. Esta idea fue populari7,ada 
por 8marr y York [25, 54]. Dada una clase de espacio-tiempo, la construcción 
de una foliación con una cierta propiedad podía ser acoplada diná.micamente en 
un esquema de eyolución: suponiendo la existencia de una hipersuperficie ini­
cial con e¡.;a propiedad, la¡.; ecuaciones de Ein¡.;tein eran usada¡.; para evolucionar 
localmente las correspondientes ligaduras adicionales. Esta estrategia puede 
ser aplicada tanto analítica como numéricamente, como así se ha hecho [55, 56] 
para construir ]''1'18 en la geometría extendida de Schwarzschlld, que fue obtenida 
también por R.einhart [57] de manera independiente con un método diferente 
e¡.;encialrllente geométrico. Ejemplos parecido¡.; de 1\:18 han sido e¡.;tudiado¡.; en la 
geometría de Reissner-K ordstrom [58], Y también en espacios-tiempo diná.micos 
en simetría esférica de colapso de polvo [59] usando coordenadas isotrópicas. 

A pe¡.;ar de ¡.;u extendido uso, la existencia de ]\18 en e¡.;pacios-tiempo con 
simetría esférica ha sido probada solamente para vacío y para algunos casos 
particulares de contenido energético (véase [37, 55, 56, 57, 58, 59, 60]). Ko 
existe, al menos que sepamos, un teorema que afirme la existencia de :.\18 en 
cualquier espacio-tiempo con simetría esférica. Para ello, seguiremos un pro­
cedinliento puramente geométrico, independiente de la¡.; ecuacione¡.; de Ein¡.;tein, 
complementario a la estrategia de evolución estándar. 

El estudio de los espacio-tiempo con simetría. esférica es de particular in­
teré¡.; en diferentes campo¡.; de la R.elatividad General: clasificación de solucione¡.; 
exactas de las ecuacione¡.; de Ein¡.;tein, modelo¡.; ¡.;iInplificado¡.; de escenario¡.; as­
trofísicos y cosmológicos (véase, por ejemplo, [61]), soluciones para testeo de 
códigos numéricos dinámicos completamente relativistas que eyolucionan la ma­
teria en campos gravitatorios intensos (vcanse, por ejemplo, [59, 62, 63, 64]), 
etc. Por todas e¡.;tas razone¡.;, nue¡.;tro análi¡.;i¡.; comienza en ¡.;iInetría esférica, 
y deja abierta para futuros trabajos su extensión a espacios-tiempo con una 
simetría más débil. 

E¡.;te procedimiento parte de la de¡,;cOIllP(mición de los campos coordena­
do¡.; en el ¡.;i¡.;tema de coordenadas final en función de hm campo¡.; coordenados 
de la métrica en la forma de partida. Tras imponer las condiciones exigidas 
de 1\-1 S , que la métrica espacial sea conformemente plana, y las condiciones 
de integrabllldad de los nuevos campos, se llega a un sistema desacoplado de 
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ecuaciones casi-lineales en derivadas parciales para las incógnitas planteadas 
(-ver más detalles en la Sección 5.1). Suponiendo que las componentes de la 
métrica de partida Hon funcioneH cont.inuameute diferenciableH, el problema de 
valores iniciales con respecto al conjunto de ecuaciones obtenidas tiene siem­
pre solución local. Por tanto~ podemos concluir que todo espacio-tiempo con 
simetría. esférica puede ser follado localmente por una familia de hipersuperficies 
espaciales maximalcs. El ejemplo simple del espacio-tiempo de :.\IlnkO\vsld~ en 
coordeuadas esféricas iuerciales~ puede eHhuliarHe mediaute eHt.e procedimiento~ 
obteniendo incluso otra tamilia de hipersuperficies maximales distinta a la de 
partida. Este teorema de existencia viene a rellenar un pequerio vacio en la 
parte teórica de la literatura científica, y su cará.cter constructivo ofrece un pro­
cedilnieuto para obteuer =\18 en l<m distiutoH casos particulares. Ademús~ gracia¡.; 
a este trabajo~ es pOHible proveer de uua Herie de ejemplo¡.; para la cOlnprobaciún 
independiente de espacios-tiempo dinámicos, obtenidos numéricamente por la 
comunidad científica de relativistas numéricos y astrofísicos, a través de sofisti­
cados códigos numéricos. 

El segundo punto que vamos a tratar en esta Sección es la unicidad local 
de las ecuacione¡.; elípticaH en la fornmlaciún FCF. La no uuicidad de ¡.;olucioues 
proviene de la no linealidad de las ecuaciones de ligadura y ha sido estudiada 
en la formulación llamada XCTS (de eXtended Conformal Thin Sandwich) 
[65~ GG, 67] para el problema de datos iniciales en Relatividad General. En 
[68], una rama parabólica fue numéricamente encontrada como solución de las 
ecuacione¡.; eu XCTS para un eHpacio-tiempo perturbado de :":IinkO\vHki, su­
ministrando la primera evidencia de la no unicidad en este sistema elíptico. 
El análisis teórico llevado a cabo en este sistema [G9] sugiere la presencia de 
un signo en un cierto término de la ecuación elíptica para la función paso, 
respon¡.;able de la pérdida de unicidad, e¡.;encialrllent.e porque impide la apli­
cación de uu principio de máximo que la garantice. AlgllllOH formali¡.;mo¡.; de 
evolución ligados que incorporan elecciones elípticas para los grados de liber­
tad en sus esquemas, contienen sistemas elípticos que tienen puntos en común 
con el sistema mencionado anteriormente. La unicidad del subsistema elíptico 
es, por ¡.;upueHt.o, un aHpecto crucial para garant.izar que el siHt.enm elíptico­
hiperbólico complet.o sea bien puesto. Eu implement.acioues nUInéricaH, eHt.e 
problema puede depender del esquema numérico empleado, en particular, o de 
la capacidad de éste de permanecer cerca de una de las soluciones~ al menos 
siempre que estemos en la parte de la solución suficientemente lejos del punto 
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de ramificación de soluciones. 
En este trabajo el interés ¡.;e centra en la fonnulaci(¡n FCF como objetivo h­

nal~ aunque estudiaremos por el momento cuestiones de unicidad reterentes a la 
aproximación CFe, sin imponer ningún tipo de simetría espacial. Esta elección 
está justificada ya que el esquema CFe ya contiene el sistema elíptico relevante 
de la formulación FCF, pero de tal modo que problema¡.; adicionale¡.; relaciona­
do¡.; con la parte hiperbólica no van a mezclar¡.;e con el problellla e¡.;pecífico de 
unicidad que queremos tratar. Una modificación del esquema eFe se va a pro­
poner, en donde las líneas de raLíonamlcnto de un principio de máximo pueden 
usarse para deducir la unicidad local de las soluciones. 

Aunque no vamos a dar más detalles de las ecuaciones de evolución de 
la parte hidrodinámica, necesitaremos trabajar con variables conservadas en 
veLí de las variables usuales hidrodinámicas~ que son en realidad las que se 
evolucionan. una vez las ecuaciones ¡.;e e¡.;criben como un si¡.;tema de ecuacione¡.; 
en derivadas parciales. La¡.; ecuacione¡.; elípticas en CFe pueden e¡.;cribir¡.;e en 
función de estas variables conservadas. El uso de estas variables no sólo tiene 
importancia para el problema de unicidad. Algunos de los ténninos que apare­
cen en la fuente de una de las ecuaciones elípticas no puede calcularse sin 
conocer previamente el factor conforme, pero é¡.;te es una de las incúgnita¡.; del 
si¡.;tenm elíptico que hay que re¡.;olyer. Varia¡.; e¡.;trategias para re¡.;olyer e¡.;te 
problema pueden usarse~ pero los problemas de unicidad local que subyacen a 
estas ecuaciones prü\'ocan que estas estrategias no sean -válidas en simulaciones 
numéricas de configuraciones más compactas como el colapso del núcleo estelar 
o de una e¡.;trella de neutrone¡.; a agujero negro. Para esto¡.; e¡.;cenario¡.; con una 
inten¡.;a grayedad~ ¡.;e produce la convergencia de la¡.; ecuaciones a una métrica 
físicamente incorrecta o incluso la no convergencia de los algoritmos. 

Para un tipo concreto de ecuacione¡.; elípticas (ver más detalle¡.; en el Capítulo 
5), e¡.; po¡.;ible aplicar un principio de máximo [70, 25, 71, 72] que garantiza la 
unicidad local de soluciones, siempre y cuando se cumpla un cierto criterio 
de signos (ver Capítulo 5). En el caso de la aproximación eFC no tenemos 
una ecuación elíptica escalar, sino un sistema no lineal de ecuaciones elípticas 
acoplada¡.;. Para el ca¡.;o de la¡.; ecuacione¡.; elíptica¡.; para la función pa¡.;o y 
el fador conforme e¡.; po¡.;ible olmeryar el ¡.;igno problemático, una vez que el 
cuadrado de la curvatura extrínseca se escribe explícitamente en función de 
las incógnitas del sistema. Un reescalado apropiado de la función paso no 
puede solucionar el problema para la ecuación elíptica que satisface el factor 
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conforme, y no podemos usar el principio de máximo para inferir la. unicidad 
local de las soluciones. En estas condiciones, la. convergencia a una solución no 
de¡.;eada puede ocurrir. Esta pat.ología ha Hido ilustrada con ejemplos i-malít.ico¡.; 
sencillos de ecuaciones escalares del tipo concreto que estamos estudiando [G9L 
en implementaciones numéricas de las ecuaciones de Einstein en vacío [G8L 
así como en simulaciones numcricas en la formulación FCF (-véase el ejemplo 
numcrico mostrado en la Sección 5.2). 

A pesar de los problemas mencionados, Shapiro y Teukolsky [73] fueron 
capaces de estudiar numéricamente el problema físico del colapso a agujero 
negro en Hllnet.rÍa esférica, uHi-mdo coonlenada¡.; i¡.;otrópica¡.;, Hin encontrar pro­
blemas de no couyergencia o ine¡.;tabilidade¡.; nUInéricaH. EHt.e eHquema puede 
extenderse al caso tridimensional en eFe, usando para ello dos reescalados 
conformes diferentes y dos descomposiciones de la parte sin tra7:a en parte 
longitudinal y transversa (ver más detalles en la Sección 5.2). La ligadura 
de mOIllent.o en eFe puede e¡.;cribir¡.;e usando la¡.; cantidadeH hidrodinámicas 
ree¡.;caladaH, ¡.;uponiendo una aproximación que es totalmente compatible con 
la aproximación eFe. Dicha ecuación se reduce a una ecuación elíptica vec­
torial con un sólo vector como incógnita, y que puede ser resuelta. Una veLi 
conocida esta incógnita, la ecuación elíptica para el factor conforme se escribe 
como una ecuación elíptica cuya única incógnita es el factor conforme, y en 
la que el principio de máximo puede apliCHrHe para deducir la unicidad local. 
Una ve7: calculado el tactor conforme, la ecuación elíptica para la función paso 
tiene a esta variable como única incógnita, que puede calcularse, y de nueyo el 
principio de máximo puede aplicarse para deducir unicidad local de las solu­
cione¡.;. Una ecuación elíptica para el vector deHplazamient.o puede deducir¡.;e 
en donde las fuentes son conocidas. En resumen, una ecuación vectorial extra 
aparece en la resolución de las ecuaciones, pero el sistema se desacopla de una 
manera jerárquica, y las ecuaciones para la función paso y el factor conforme 
son compatibles con la aplicación del principio de máximo. 

El buen comportamiento de estas ecuaciones ha sido mostrado en experi­
mentos numéricos como el test de migración de una estrella de neutrones en 
rot.ación desde la rama ineHt.able a la rama e¡.;ta ble, y también en el ca¡.;o del 
colapso de una e¡.;trella de neutrone¡.; e¡.;férica o en rotación a agujero negro 
[52], usando un código numérico llamado CoCo~uT [39, 40]. Estas simula­
ciones son consistentes con otros resultados previos. Para el caso del test de 
migración, el esquema original en CFC conducía a una solución incorrecta, con 



14 1. Introducción, resumen de la,,> principales idé'a,s y conclusiones 

una masa ADJ'vI sensiblemente diferente: este problema es resuelto satisfacto­
riamente con el nuevo esquema propuesto. Para el caso del colapso a agujero 
negro, el e¡.;quenm permite llegar hasta la fornmci(¡n del agujero negro; debido 
a la condición l\'lS impuesta, no se alcan7:a la singularidad, y la función paso 
en el centro se aproxima rápidamente a cero una ve7: que el hori7:onte aparente 
se ha formado. El horiLiolüe aparente se forma en un radio finito y contiene en 
su interior, en ese momento, una fracción significat!-va de la masa total de la 
e¡.;trella. 

Las ideas teóricas usadas en la aproximación eFC pueden ser generaliLiadas 
de una manera ¡.;encilla a la formulación FCF. La formulación FCF con¡.;ta de un 
conjunto de ecuacione¡.; elíptica¡.; para la funci(¡n pa¡.;o, el vector desplazamiento y 
el factor conforme, y, acoplado con este conjunto de ecuaciones elípticas, un sis­
tema de segundo orden de ecuaciones en derivadas parciales para la evolución 
de la diferencia entre la métrica plana y la conforme, que denotamos por el 
ten¡.;or h I,j. El ¡.;istema de ¡.;egundo orden se e¡.;cribe como un ¡.;istema de primer 
orden. La¡.; varia ble¡.; de e¡.;te ¡.;i¡.;tema pueden de¡,;cOIllponer¡.;e en parte longitu­
dinal y transversal, y las partes transversales se evolucionan haciendo uso de 
unos potenciales que garanti:wn el cumplimiento de las condiciones transversal 
y sin traLia que han de satisfacer. En las ecuaciones elípticas pueden seguirse las 
mi¡.;ma¡.; línea¡.; de razonamiento para re¡.;olver de manera jerárquica el re¡.;to de 
ecuacione¡.; elíptica¡.; que ¡.;e de¡.;acoplan: la ligadura de mOIllento, escrita con la¡.; 
descomposiciones introducidas, resuelve la parte longitudinal de la curvatura 
extrínseca sin tra:w.: a continuación se puede obtener el factor conforme a partir 
de su correspondiente ecuación elíptica. Una veLí calculado el factor conforme, 
se puede obtener la funci(¡n paso de ¡.;u corre¡.;pondiente ecuación y, finalmente, 
el vector despla7:amiento resolviendo otra ecuación elíptica vectorial. En ambas 
ecuaciones escalares se puede aplicar el principio de máximo para deducir la 
unicidad local de las soluciones. 

El tercer punto importante de esta Sección es el análisis de la hiperbolicidad 
de este sistema de primer orden. Para ello, vamos a considerar fijas las variables 
de las ecuaciones elípticas. Este será. un primer paso para el estudio del sistema 
completo en un futuro. En e¡.;te estudio no vamos a tener en cuenta los efect.o¡.; de 
la¡.; fuente¡.; no lineale¡.; del ¡.;i¡.;tema, a efect.o¡.; de las propiedades de hiperbolicidad 
del sistema. El siguiente paso es introducir variables auxiliares para escribir 
el sistema como un sistema de primer orden en forma conservat!-va (con flujos 
y fuentes), usando como -variables las componentes del propio tensor h ij , de 
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su derivada temporal y de sus derivadas cüvariantes espaciales. Pretendemos 
obtener explícitamente las expresiones de las características en términos de las 
variableH de laH ecuacioneH elípticas y de la métrica espacial, ¡.;in profundizar en 
otros aspectos como por ejemplo existencia, unicidad, o problema bien puesto. 

Podemos plantearnos el correspondiente problema de autüvalores y autüvec­
t.oreH a part.ir de laH matrices del siHt.enm. La primera conchl¡.;ión es que la 
elección del gauge de Dirac generalizado eH una condición Huficiente para garan­
ti7,ar la hiperbolicidad del sistema. Aunque es un paso importante para nuestro 
análisis, este hecho era de esperar desde la estructura general del sistema y de 
las propiedades de otros gauges similares como el de Coulomb en electromag­
netiHmo. El objet.ivo principal e¡.; obtener laH expresione¡.; explícitas. Los co­
rrespondiente¡.; autovalore¡.; del siHt.enm de dimensión 30 para un vector espacial 
arbitrario dado, ('", son: cero, con multiplicidad 12, y otros dos autovalores más 
que denotaremos con signos positivo y negati-vo, de multiplicidad 6 cada uno. 
Todos son reales. Podemos obtener asimismo la matriz de autovectores aso­
ciada al conjunt.o de los anteriores autovalore¡.;. Esta matriz define un siHt.enm 
completo si y sólo si: i) la función paso no se anula; ii) la proyección del vector 
de evolución sobre el plano formado por el vector normal a las hipersuperficies 
y el vector (~ es un vector no nulo. Tras un aná.lisis de las posibles elecciones del 
vector espacial (i, se puede concluir que el sistema es fuertemente hiperbólico 
Hi el vector de evolución tiene carácter temporal, eH decir, la función paso no ¡.;e 
anula y el cuadrado de la función lapso es mayor que el cuadrado del módulo 
del vector despla7,amiento. 

Una propiedad int.eresant.e del siHt.enm que estamoH estudiando eH que l<m 
campos caracterbticos Hon linealment.e degenerado¡.; (ver lIlá¡.; det.alles en el 
Capítulo 5). Esta propiedad muestra la coherencia del gauge de Dirac con 
la estructura cuasilineal del sistema de evolución, ya que, hablando desde el 
lenguaje de la dinámica de fluidos, significa que no pueden aparecen choques 
que ¡.;e propaguen a lo largo de e¡';Ü1S curvas, y laH discontinuidades tendrían que 
ser, en todo caso, discontinuidades de contacto. Al interpretar el significado 
de los autovalores que hemos obtenido en el estudio de hiperbolicidad del sis­
tema, es clara la relación entre la velocidad de la lULi y los autovalores, cuando 
consideramos las contribuciones únicamente en una dirección dada. 

Gracias a la elección de gauge en la formulación FCF es posible encontrar un 
sistema equivalente escrito en forma conservativa. Esto permite trabajar con 
este sistema equivalente e introducir la noción de flujos, usada en la dinámica 
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clásica de fluidos, para hacer referencia a las funciones que hemos encontrado. 
Las nuevas matrices tienen el mismo conj unto de autovalores, aunque no el 
miHmo Histema de aut.ovectore¡.;, ligeramente diferente, que sin embargo es com­
pleto en los mismos casos en los que lo era antes. 

Podemos plantearnos usar como variables del sistema, en ·ve7, de las com­
ponentes del tensor h ij , las de su derivada temporal y las de sus derivadas 
covariantes espaciales, las componentes de la curvatura extrínseca sin trmm 
en lugar de las componente¡.; de la derivada t.emporal del tem.;or hij

, por la¡.; 
propiedades de unicidad local deducidas del conjunto de las ecuaciones elípticas. 
Las matrices de este sistema son diferentes del sistema anterior, pero los campos 
caractersticos siguen siendo linealmente degenerados, se obtienen los mismos 
autovalore¡.; y el siHt.enm de autoveetores ligeramente diferent.e eH complet.o en 
l<m nü¡.;mo¡.; caHOH en los que lo era anteriorment.e. 

1.5 Agujeros negros gcométricos .Y numéricos 

Las expresiones explícitas para las velocidades características o autovalores son 
e¡.;peeiahnente útile¡.; en el cálculo de las condieione¡.; de contorno int.erioreH en 
el contexto de espacios-tiempo de agujeros negros en donde la singularidad se 
evita eliminando del dominio numérico una parte que la contiene. Cabe re­
saltar que la formulación FCF puede ser usada en combinación con las técnicas 
convencionales para tratar numéricamente espacios-tiempo que contengan la 
singularidad de un agujero negro, como, por ejemplo, la exeiHi(¡n, la punción, 
la punción móvil, o el rellenar la singularidad (ver más detalles en el Capítulo 
7). Sin embargo, el uso de métodos espectrales para resolver las ecuaciones 
elípticas favorece la técnica de excisión; los métodos espectrales son usados 
en la¡.; ecuaciones elípticaH con singularidadeH analíticaH, pero e¡.; difícil tratar 
numéricament.e ¡.;ingularidades no i-malít.ica¡.; (y t.ambién discontinuidade¡.;) en el 
método de punción (móvil) (ver más detalles en la Sección 7.1). 

El análisis de la hiperbolicidad del sistema para ht.J puede usarse para sacar 
conclusiones sobre las condiciones de contorno interiores de un agujero negro 
trat.ado nlllnérieamente con excisión. al evaluar las curva¡.; caracterbtieas en la 
superficie que forma el contorno. Las caract.eríHt.ica¡.; apuntan ¡.;iempre hacia el 
agujero negro [741, algo esperable desde la intuición física, y por tanto no hay 
ninguna libertad en la prescripción de las condiciones de contorno interiores 
durante la evolución. El sistema está. completamente determinado y debemos 
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únicamente garantizar que los valores de las yariables que eyolucionamos sean 
consistentes con el gauge de Dirac. 

:.:r uméricamente, existen diferentes técnicas para tratar la singularidad de­
finida por un agujero negro. La técnica de excisión ['75] es una de ellas, y 
requiere la impo¡.;iciún de condicioneH de contorno int.erior para la reHolución 
de la¡.; ecuacione¡.; elípt.ica¡.; (diferente¡.; propue¡.;tas Hon explicadaH con má¡.; de­
talle en el Capítulo 7). Otra opción es el relleno de los agujeros negros; es un 
método simple basado en que ningún tipo de información física puede escapar 
del interior de un agujero negro. El relleno consiste es suavhmr el interior de 
cada agujero negro, pero puede generar la violaei6n de la¡.; ligadur<-l¡';. 

Otra herramienta para tratar numéricamente agujeros negros es la punción 
[76]; la hipersuperficie e¡.;pacial con¡.;iste típicamente en do¡.; o máH copia¡.; de JR3 
con varias esferas eliminadas, identificados los contornos estéricos interiores. De 
esta manera, varias regiones asintóticamente planas se conectan por puentes o 
gargantas (-ver detalles y figura en el Capitulo '7). La eyolución de binarias de 
agujeros negros en Relati-ddad K umérica es un problema que ha sido resuelto 
en :¿UU5 por varioH grupos, usando el método más sencillo y actualment.e m{LH 
popular, la punción móvil [77]. Se parte de unos datos iniciales idénticos que 
en el caso de la punción, pero son cruciales las elecciones particulares de la 
formulación, el gauge, y, sobretodo, el tratamiento de la singularidad en cada 
punción. En el caHO de la punción móvil, el factor conforme ¡.;e evoluciona Hin 
ningún tipo de hipútesiH analítica y las puncioneH Hon capaceH de moverse en la 
malla numérica. 

Bruegnmnn y otnm colaboradores ['78] pre¡.;entaron en 2004 ¡.;iInulaciones 
numéricas de binarias de agujeros negros capaces de girar entorno a un período 
orbital. Ocho grupos, Pretorius [79], el grupo en Texas [80], el grupo de 
ia 'lASA [81], el grupo en Pcnn State [82], Spcrhakc [~3], el grupo de Cal­
Tech/Cornell [84], el grupo de Jena [851 y el grupo del AEI [861 (ver más de­
t.alles técnico¡.; de lo¡.; elementoH empleadoH por cada llllO de ellos en el Capítulo 
7), han conseguido llevar a cabo simulaciones numéricas de binarias de agujeros 
negros de larga duración cubriendo varias órbitas. Seis de ellos usan la técnica 
de punción móvil, lo que muestra la potencia de esta técnica. 
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1.6 Implementando un nueFO código 

El trabajo numenco que se ha llevado a cabo durante esta tesis es parte de 
un programa a medio pla7:o que tiene el objetivo de extender el código Co­
CoNuT [87] para que sea capaLí de evolucionar la materia en espacios-tiempo 
dinámico¡.;, en la forlIlUlación FCF de la¡.; ecuaciones de Ein¡.;tein, incluyendo 
campo magnét.ico. Toda¡.; la¡.; ¡.;ilnulacione¡.; realizadas evolucionan el ¡.;i¡.;tema 
para el tensor h'Ój ~ escrito como un sistema de primer orden. La función paso, 
el vector desplazamiento, el factor conforme y el contenido energético van a ser 
considerados como parámetros procedentes de otras simulaciones numéricas o 
de expre¡.;ione¡.; analítica¡.;. En el caso general, y en un futuro pnJximo~ t.oda¡.; 
la¡.; variable¡.; ¡.;e evolucionarán de manera conjunt.a. 

De acuerdo con las propiedades mencionadas anteriormente en otras Sec­
cione¡.;, sabemo¡.; que el ¡.;istema e¡.; linealmente degenerado y por lo tanto no 
pueden aparecer ondas de choque~ como era de e¡.;perar de¡.;de la intuición fí~ica 
del comportamiento de las componentes de la métrica del espacio-tiempo. Este 
es el motivo que nos lleva a no usar métodos de captura de choques en nuestro 
esquema numérico~ como es habitual en las simulaciones hidrodiná.micas. Las 
derivada¡.; e¡.;paciales ¡.;on trat.ada¡.; con esquema¡.; en diferencia¡.; finita¡.; estándare¡.; 
de diferentes órdenes de preci¡.;ión, y la evolución t.emporal con métodos de 
Runge-Kutta. 

El código utiliza un sistema de coordenadas esféricas ortonormales. Es un 
código axisimétrieo y ¡.;ilnétrico con re¡.;pecto al plano ecuatorial, que ¡.;e traduce 
en el uso de únicamente dos componentes~ una radial y otra angular. Las condi­
ciones de contorno interiores han de ser impuestas en el centro, en el eje y en el 
plano ecuatorial, con la ayuda de puntos auxiliares en la malla numérica y de 
la¡.; ¡.;iInét.rias de las cOlnponent.e¡.; de la mét.rica conforme. Aunque en principio 
la coordenada radial ¡.;e extiende hasta el infinit.o, el dominio llUmérico termina 
en un radio finito y hay que imponer condiciones de contorno exteriores~ que 
vienen dadas por la condición de Sommerfeld. Esta es una condición que intenta 
dejar pasar la posible radiación que llega a la frontera exterior~ suponiendo que 
e¡.;ta radiación viaja ¡.;obre un fondo plano, ¡.;in curvat.ura. Lo¡.; autovalores del 
si¡.;t.enm que queremos evolucionar pueden ¡.;er int.erpretado¡.; como la¡.; veloci­
dades~ que toman el valor asintótico de la velocidad de la lU7:, y que es el valor 
que suponemos dado que estamos suficientemente lejos del origen. Una malla 
equiespaciada es utilhmda para las direcciones temporal y angular, y una malla 
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logarítmica para la dirección radial. 
Lm; mét.odo¡.; de Runge-Kutt.a (RK) ut.ilizados t.ienen la propiedad de di¡.;­

minuir la variación total (TVD) (más detalles en el Capítulo 8). J\létodos RK­
TVD de primer, segundo, tercer y cuarto orden han sido implementados en el 
código. Un filtro de ruido de alta frecuencia o alternativamente un término disi­
pativo están implement.adm; para eliminar el ruido numérico de alta frecuencia, 
que aparece en la evolución de las variables del ¡.;istema en sinmlacioneH de larga 
duración. El ailadir viscosidad no sería una buena solución porque, además de 
reducir la amplitud de este ruido de alta frecuencia, también reduciría la am­
plitud de las ondas gravitatorias que estamos interesados en estudiar. El filtro 
es Hencillo de implementar y funciona muy bien, pero a priori el número de 
iteraciones ent.re aplicación y aplicación del filt.ro e¡.; diferente para diferent.eH 
simulaciones. El término disipativo tiene relación con incluir una derivada de 
orden par de alto orden, y es más conveniente que el filtro a la hora de lleyar a 
cabo estudios de convergencia, ya que la adición de dicho término puede inter­
pretarse corno una modificación del algoritmo que mant.iene el orden del error 
de truncamiento. 

Algunos casos particulares pueden ser de gran utilidad a la hora de yalidar 
el código numérico y garant.izar futuro¡.; resultados en escenarioH más complejos. 
ConsideremoH en primer lugar el ¡.;istema de ecuacione¡.; de Einstein linealizado 
en vacío, con función paso y factor conforme igual a uno, y vector de despla­
zamiento nulo. Los datos iniciales usados corresponden a una combinación de 
ondas de Teukolsky [88] regulares en el origen de amplitud ln-u

• Estas ondas 
Hon Holución analít.ica de la ecuación linealizada en vacío, Hat.isfacen el gauge de 
Dirac y tienen traza nula (que e¡.; la aproximación lineal de la condición Hobre el 
valor del determinante de la métrica espacial). Esta solución analítica permite 
una comparación exacta con los resultados numéricos que se yan obteniendo. 

Usando diferente¡.; valoreH del orden del RK, del orden de las derivadas e¡.;pa­
ciales y diferentes CFL (condición sobre el paso de tiempo), el código numérico 
siempre falla debido a la formación de una inestabilidad en el origen. Las 
inestabilidades en el origen son problemas comunes en problemas con simetría 
esférica, ya que el propio siHt.enm de coordenadaH no está bien definido en el 
origen. EHt.cl Hingularidad coordenada no tiene relación ni con el formalismo 
ni con el algoritmo numérico utilizados. El tratamiento más común suele ser 
la redefinición de las variables dinámicas en base a sus desarrollos de Taylor 
cerca del origen (-véase por ejemplo [89], o más recientemente [90]). En este 
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caso, el hecho de usar coordenadas orto normales garantiza que los desarrollos 
de Taylor de las variables dinámicas son apropiados para la. evolución numérica 
del sü.,t.enm. Cabe dü.,t.inguir, ent.re todaH las variable¡.; del Hi¡.;tenm que evolu­
cionamos, dos grupos atendiendo a la manera en que se obtienen dichas va­
riables y también a ra7,ones numéricas. El problema de la inestabilidad puede 
resolverse con una combinación de métodos explícitos e implícitos a la. hora de 
evolucionar numéricamente las ecuaciones. La solución analítica en el régimen 
lineal ¡.;e recupera, así corno la velocidad y amplitud de la onda (ver máH de­
talles y figuras que muestran la evolución de los datos en el Capítulo 8). La 
condición de contorno exterior funciona correctamente a nivel lineal. 

En el ¡.;egundo test vamOH a con¡.;iderar una eHt.rella de neutroneH en rot.ación 
en equilibrio, cuyos datos iniciale¡.; han ¡.;ido obt.enidos de una librería de métodoH 
espectrales llamada LORENE [91]. La función paso, el factor conforme y el 
vector desplmmmicnto tienen valores generales, pero van a seguir siendo consi­
derados como parámetros fijos durante la simulación. La malla en la dirección 
radial He divide en varios dominios. El primero se llamará dominio de la ma­
teria, y contiene a la estrella. El segundo es el dominio de propagación, en 
donde las ondas están bien resueltas. El tercer y último dominio es el de amor­
tiguación, que tiene una resolución pobre y el objetivo es el de dejar a la onda 
viajar lo suficientemente lejos antes de llegar al radio exterior de la malla. 

En los datos iniciales incluimos unas diferencias en las componentes de la 
curvatura extrínseca sin traza, que generan una perturbación que se propaga 
hacia el exterior. Una vez la onda ha pasado, se recupera la solución esta­
cionaria. E¡.;te test puede permit.ir comprobar ¡.;i realmente se recupera la e¡.;ta­
cionaridad en el siHt.enm, y ademáH permite validar la condición de cont.orno 
exterior implementada. Con estas simulaciones se comprueba que el radio 
exterior debe situarse al menos a unas 300 veces el radio de la. estrella. Si 
inicialmente partimos de los datos estacionarios para todas las variables del 
siHt.enm, no se genera ninguna onda artificial (ver más det.alles en el Capítulo 
8). 

En el último test realizado se parte de una estrella de neutrones perturbada 
no e¡.;féricamente, por lo que cabe eHperar la emiHión de radiación gravitatoria 
del siHt.enm. Las ecuaciones hidrodinámicaH que evolucionan la lllat.eria t.ambién 
se resuelven, aunque la función paso, el factor conforme y el vector despla7,a­
miento se siguen manteniendo fijos a lo largo de la evolución (suponemos que 
no van a variar significati-vamente). Con este test se pretende obtener infor-
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mación del radio de extracción de las ondas gravitatorias, que serán calculadas 
con una aproximación del escalar de 'Veyl W~l. Las ondas que se obtienen 
corre¡.;poudeu a la¡.; onda¡.; gravitat.orias fbica¡.; que produce la eHt.rella pertur­
bada al evolucionar las ecuaciones hidrodinámicas. Se observa que el radio de 
extracción debe estar situado lejos de la fuente, pero dentro del dominio de 
propagación. Es suficiente con cubrir la. longitud de onda con cinco puntos al 
final del dominio de propagación. 

La onda en principio debería oscilar sobre el valor o. Puede observarse (ver 
figuras en el Capítulo 8) un ott-set, o desplazamiento medio de las oscilaciones 
de la¡.; ondaH gravitatori<-l¡';, inicialment.e, ant.eH de que la ouda alcance un de­
t.ermiuado radio; puede solm:ionar¡.;e simplemeute extendiendo el dominio de 
propagación hasta un radio más alejado de la fuente. El off-set en las propias 
ondas gravitatorias parece disminuir conforme el radio de extracción es mayor, 
pero es una cuestión aún pendiente de resolver. El origen de este problema 
puede ¡.;er debido a: i) la existencia de una pequeüa incouHi¡.;teucia entre l<m 
datoH iniciales del teuHor de energía mOIllent.o de la eHt.rella perturbada y l<m 
datos iniciales de la métrica del espacio-tiempo; ii) el procedimiento para esti­
mar la aproximación del escalar de 'Veyl W~t no es el más preciso. Esperamos 
mejorar estos aspectos en la. versión extendida del código CoCo:."ruT. Gracias 
a estaH Hünulacione¡.;, puede deducirHe que es razouable Hituar el radio de ex­
t.racción al meno¡.; a unas 30 veces el radio de la estrella. 

El código CoCoKuT, al que nos hemos referido ya varias veces, es un 
código relativista magnet.o-hidrodinámico, que evoluciona también la métrica 
del espacio-tiempo. Este código numérico permitirá estudiar escenarios as­
trofísicos en donde la Relatividad General puede jugar un papel importante. 
El proyecto fue iniciado por H. Dimmelmcier en su tesis doctoral. Poste­
rionnente, fue ext.endido a un c6digo tridimensional haciendo u¡.;o de la li­
brería LORENE para evoluciouar la¡.; ecuacioneH eFC, en colaboración con .J. 
Kovak, y de métodos de captura de choques para evolucionar las ecuaciones 
hidrodinámicas. Recientemente, P. Cerdá-Durán ha implementado una ex­
tensión magneto-hidrodiná.mica. Una yez que los principales aspectos para 
ext.ender CFC a la fornmlación FCF han Hido establecido¡.; y lo¡.; primero¡.; testH 
llevadoH a cabo de mauera sati¡.;faetoria, es el mOIllent.o de incorporar el nuevo 
sistema hiperbólico al código. Este trabajo está en progreso, en colaboración 
con P. Cerdá-Durá.n, aunque algunos pasos importantes ya se han dado. Al­
gunas de las herramientas implementadas en CoCoN uT serán de gran utilidad 
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para futuros desarrollos y aplicaciones: por ejemplo, los métodos espectrales 
serán muy útiles para el cálculo del escalar de \Veyl, y el buscador de hori­
zoutes ya implementado ¡.;erá una herramienta importante en las sinmlacione¡.; 
de colapso de una estrella de neutrones a agujero negro. Será igualmente in­
teresante el estudio de la radiación gravitatoria procedente de estrellas de neu­
trones en rotación con diferentes ecuaciones de estado, y la comparación con 
otras aproximaciones (como la fórmula cuadrupolar). 

1.7 Conclusiones 

Durante el período de la tesis doctoral he dedicado tiempo tanto a investiga­
ciones teóricas como numéricas, como dos ingredientes importantes y comple­
meutario¡.;, ponieudo éufasi¡.; en el campo de hm formali¡.;mo¡.; de la¡.; ecuacioues de 
Einstein y en particular en la FCF. He complet.ado, eu gran parte, el análi¡.;i¡.; de 
las propiedades matemáticas del sistema elíptico-hiperbólico de las ecuaciones 
de Einstein en esta reciente formulación. Estos estudios tratan principalmente 
de las propiedades de unicidad local de las ecuaciones elípticas y de la estruc­
tura caract.erí¡.;t.ica de las ecuacione¡.; hiperbúlica¡.;. El análi¡.;i¡.; de las ecuacione¡.; 
hiperbólicas ha sido aplicado al estudio de las condiciones de contorno sobre 
los hori7,ontes atrapados de los espacio-tiempo dinámicos de los agujeros ne­
gros. También he llevado a cabo algunos estudios de existencia de foliaciones 
maximales en el caso de espacios-tiempo con simetría esférica. 

Sobre la parte ulllnériea de la te¡.;is, he realizado progre¡.;o¡.; eu la puesta a 
punto del código numérico responsable de evolucionar el sistema que contiene la 
radiación gravitatoria en la FCF, y también en su implementación numérica en 
la nueva versión del código CoCoN uT. Algunos aspectos clave para la evolución 
del ¡.;i¡.;tema, CorllO el radio de ext.racei(¡n de la ¡.;eúal gravit.atoria o a¡.;pectos que 
tieneu relaci(¡u cou la front.era ext.erior, han ¡.;ido obteuido¡.;. El código e¡.;t.á 
preparado para simular numéricamente la evolución tanto del tensor de energía 
como del tensor métrico completo (teniendo en cuenta todas las ecuaciones 
elipticas e hiperbólicas del formalismo FCF). 

Pueden plautearse un conjunt.o de po¡.;ible¡.; exteu¡.;ioues o aplicacioues de mi 
trabajo en di¡.;t.!nt.o¡.; campo¡.;. 

Desde un punto de vista puramente geométrico, el estudio de la existencia 
de foliaciones maximales en simetría esférica y la técnica empleada para di­
cho estudio, puede (y debería) ser extendida a casos más generales, como los 
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espacio-tiempo axisimétricos, por un lado, y a otras foliaciones, por otra parte. 
Como propuesta añadida de este aná.lisis, sería interesante también generar 
numéricamente e¡.;pacim;-tiempo dinámleos, y compararlo¡.; cou hm resultados 
generados usando nuestro análisis geométrico. 

De¡.;de un punto de vista puramente matemático, cou¡.;idero muy relevaute 
(y urgente) completar el estudio de si el sistema elíptico-hiperbólico de las 
ecuaciones de Einstein para la FCF es un problema matemáticamente bien 
puesto. Hasta el momento, únicamente se habían reali:wdo estudios de los 
¡.;i¡.;tema¡.; de ecuacione¡.; que gobieruan la evolucióu de la radiación gravitatoria 
en la FCF y la¡.; ecuacione¡.; que gobieruan la evolución de hm campo¡.; de materia 
por separado, de manera independiente uno y otro sistema de ecuaciones. En 
particular, sería interesante profundizar en la comprensión de las propiedades 
hiperbólicas del sistema de ecuaciones acoplado. 

Desde un punto de yista puramente matemático, considero muy relevante (y 
urgeute) completar el e¡.;hulio de si el conjunto de ecuacione¡.; elíptico-hiperbólico 
del formalismo FCF e¡.; un problema bien pue¡.;to. Hasta el mOIllento, únicamente 
se han reali7,ado estudios independientes del sistema que gobierna la evolución 
de la radiación gravitatoria en FCF y de la parte (magneto-)hidrodinámica 
de la evolución de la materia. En particular, sería interesante profundizar en 
la compreu¡.;ióu de la¡.; propiedades de hiperbolicidad del ¡.;istema acoplado de 
ecua<:ione¡.;. 

De¡.;de uu punto de Vi¡';Ül a¡.;trofí¡.;ü;o, e¡.; el momeuto oportuno para u¡.;ar uu 
procedimiento exacto (sin aproximaciones) para extraer la señal gravitatoria 
procedente de escenarios astrofísicos como el colapso de los núcleos estelares. 
Es el siguiente paso natural a esta tesis, después de los tests llevados a cabo 
¡.;at.isfactoriameute. E¡.; uece¡.;ario una cOIllparación riguro¡.;a con hm e¡.;hulio¡.; 
previo¡.; realizados con otras aproximacione¡.; para extraer la seúal gravitatoria, 
como es el caso de la fórmula cuadrupolar. El diseño del código CoCoKuT es 
tal que está preparado para aplicaciones en tres dimensiones espaciales, y es 
natural la extensión del código para incluir la FCF de las ecuaciones de Einstein. 
U u e¡.;fuerzo para la mejora eu hm a¡.;pectos de paralelización es nece¡.;ario. 

Como re¡.;umeu de las sinmlacione¡.; nurllérica¡.; propue¡,;ül¡'; a llevar a término 
con la ver¡.;ióu actualizada de código CoCoK uT, ca beu menciouar la¡.; ¡.;iguiente¡.;: 
i) obtener y comparar las señales gravitatorias resultantes de diferentes simu­
ladones de estrellas de neutrones en rotación con yarias ecuaciones de estado: 
ii) calcular de una manera más precisa la eyolución de la métrica completa del 
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espacio-tiempo de una estrella de neutrones que gira y colapsa a agujero negro. 
Otras simulaciones, en las que las coordenadas esféricas están bien adaptadas 
al problema eHpecíflco, HOll pOHibleH ell eHcenarios con un campo gravitatorio 
tuerte, una ve7: que la extensión a la formulación completamente relativistica 
ha sido implementada en CoCo=~uT. 



2, I='ITRODUCTIO='l 

The t.opic treated along thiH the¡.;is i¡.; t,he theoretical ami nurnerieal Htudy of 
fOTmalisms of Einstein equations, \vith the final aim of applications to black 
holes and gravitational \vaycs. I30th mathcmatics and physics playa funda­
mental role, complcmcnting Oile anothcr, conccrning thc tools uscd and thc 
resllltH pre¡.;ented in t,hi¡.; ,york. COlIlunication among different specifle brauches 
of knmvledge can lead to important improvements, and sometimes provides 
additional original poilltS of vie\v in the strategy for solving a problem. 

Thc black hole concept was introduccd by .John l\lichcll in 1783 in an aflidc 
Hent tu the Royal Society: "Jf tlu; SfTni-dúrrneter oi (1 sphrre of tlu; sa'{ne deru-áty 

as the Sun were to e:cceed that of the Sun in the proportion of five hundred to 
one, a body falling from an infinite height toward8 it, would have acquired at its 
s'Urface grmter ve/aeity than that of tight, and consequentLy s'Upposing Light to be 
aftmctcd bU the SaIne force in proportion to its m,(LSs) with othcr badies,. alL Light 
emittfXl from sneh a body 'lJ}ould be Truuje to '{'f;turn to'wanls it by it,'; mnn PTOIWT 

grarity". He illtroduced this concept in the sense of (tH object having a surface 
gravity such that evell light could not scape fr0111 it. In 179G~ the Frellch mathe­
matician PicHe-Simon Laplacc cxplaincd thc samc idea. in his book Exposition 
dl1 8ystbne dl1 AIonde:" Un (J,,<;f'f'f; l'Uminel1;¡; de mérne deru-áté fine la terreo el 

dont le diamdre serod de'U:r cent ciTu[/1.ante jois pl'U8 gnJ,TuJ ql1e cel'Ui dn solei!. 

ne laisseroit en rertn de son attraction, parrenir aucnn de ses rayons jusqua 
n01Is)' il est done possible que les plus grands corps luminenx de lunivers; saient 
par ceLa 'mémc, invisibles ... ::. The General Rclativity theory of Albert Einstein 
(1915) po¡.;tnlated that light. and traject.orie¡.; of aH part.icle¡.; are cnrved by the 
geometry of spacetüne. Jnst a fe\v mouths later, Karl Sclnvarzschild fonud a 
solution of Einstein equations ,vhich describes a non-rotating black hole, but 
at that epoch it \vas interpreted as a mathematical solution. It \vas in 1967 
\vhen John \Vhecler introduced the term black hale during a conference in Ke\v 
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York. 

Prom a. gcomctrlcal point of vlc\v, a. black hole can be sccn as a solution 
of Eim;t.eiu equat.iom; vdlieh coutaim; a ¡.;ingularity (infinite eurvature) in t,he 
metric of spacetime. From an astrophysical poillt of vie\v ~ a black hole can be 
seen as the final result of some killd of collapse of a particular stellar object. 
Hmvcvcf, lt 18 not clcar if thc outcomc of thc collapse i8 thc formation of a 
singularity, firstly, bccausc such rcglons of spacctlmc are not accesible and, 
secondly, because quanturll effects need a eareful analYHi¡.; in t,he context of a 
consistent theory of qualltum gravity. 

Qne of the predicted consequences of General Relativity, not detected yet, is 
thc cxistcncc of gravitatlonal \vaycs. Enormous experimental, theoretical and 
nUlnerical effort.¡.; have been made in the last forty years, in order to detect., 
prediet aud ¡.;tlldy the gravitat.ional \vave¡.; relea sed from different. astrophy¡.;ical 
and cosmological scenarios. It \vill be a completely ne,v \vay of looking at the 
univcrsc, it \vlll evcn bc a way to unvcll somc plaecs of thc universc, hiddcn up 
to now, as blaek holes. 

Iu order to deep into the knovdedge of aH the¡.;e scenari<m aud intere¡.;t.ing 
objeet¡.; a fonnali¡';Ill of Eiu¡.;t.eiu equat.ion¡.; i¡.; required. The differeut formula­
tions, and the mathematical properties of the resulting set of partial differential 
equations, llkc \vcll-poscdncss or local uniquencss, can have a hugc importance 
and the~r have not ahva~rs descrvcd attention. A hard theorctieal \vod:: has becn 
made in this t.opic by important. mathematieians ami phy¡.;ici¡.;t.¡.;. 'Ve have t.o 
recognize the capability of the most used formulations, as the so-called BSS~ 
(see more details in Chapter 4), crucial for the success of recent simulations of 
binary blaek holes. Dut \ve do not have to forgct thc formallsms introduccd 
in thc last ycars, as the FCF, \vhich \vlll bc thc object of study in this thc­
si¡.;, because they cau offer ue\v idea¡.; and more realistic eompari¡.;ou¡.; bet\veen 
numerical results. 

Finally, the numerical tools available nO\vadays have made possible impor­
tant advanecs. For cxample, supercomputers arc ablc to show us hmv thc 
lluiver¡.;e evolve¡.; to the IIlaCro¡.;copie homogeuous structllre ami to filameut¡.; in 
a small ¡.;cale; \vithout. eomput.er¡.;, it i¡.; alrlHmt. iIllP(mible to imagiue the ¡.;ilnu­
lations of the evolution of non-linear systems of equations governing complex 
proecsscs such as thc cvolution of stars, the dynamies of binary compact ob­
jccts, thc jcts associatcd to galaxlcs ... and a long ctcctcra. 
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2.1 Organiza tian af tlle manuscript 

1 start with a list af publications. and the Chapters based on them. The autline 
ls brlcfl~r dcscrlbcd. 

Chapter 1 eont.aim; t.he iutroduction, an overvie\v vdlieh ¡.;unmmrizes the 
nmiu idea¡.; aud the eonchl¡.;üm¡.; of the t.hesi¡.; in Spanish. 

Chapter :2 eont.ain¡.; t.he introduct.ion ami the organization of the the¡.;is. Iu 
Chapter 3, a brief analysis of black holes from the astrophysical point of vie\v 
ls madc. A classlficatlon of black holes dcpcndlng on thclr orlgln and masses, 
and somc dctcctlon mcthods arc rcvlc\ved. 

Chaptcr 4 ls a reYlc\v of thc maln formallsms of EInstein equatlons, namcly 
:2+:2 01' uull fonnali¡';Ill, and ;)+1 fornmlisIll. The KojilIla-Oohara-Nakanmra 
(KON) formlllation which used the 3+1 formalism, was proposed in 1987. 
'Ihe most popular formulation of the 3+ 1 formalism, the so-called Baull1garte­
Shaplro-Shibata-:-.Jakclmura (13881\) formulation is describcd. 'Ihis formulation 
repre¡.;ent.¡.; the ¡.;tate-of-art iu the field of Nmnerical Relat.ivity involving the 
¡.;uccesfully binary black hole sinmlatiou¡.;. A recent oue, the fully cou¡.;t.rained 
forll1ulation (FCF), is analY7:ed paying particular attention to their mathemat­
ical properties. 'Ihis thesis is basically devoted to theoretical and nUll1erical 
studies based an FeF. 

Chaptcrs 5 and 6 contaln the corc of the thcorctlcal \vork. In Chaptcr 5, 
t.he local exi¡.;t.ence of lIl<-lXinml sliciug¡.; i¡.; di¡.;cussed. It foeu¡.;e¡.; ou the properties 
eoncerning the elliptie and hyperbolie equations of the FCF fornmlism. Iu 
Chapter G the properties of the hyperbolic system studied in Chapter 5 are 
applicd to gcometrlc aspccts of black holes as thc lnner boundary condltlons 
on the horlzon. 

Chapters 7 ami 8 coutaiu the nmnerical work. In Chapter 7 the lIlet.hod¡.; 
for the ulllnerical evolutiou of blaek hole¡.; ami t.he pre¡.;ent ¡.;tatus of this kind 
of simulations are summari7:ed. In Chapter 8~ a nUll1erical cocle is presentecl. 
It evolves the non-conformal part oí the metric oí spacetime in the FCF for­
mulatlon, dcscrlbcd by the hypcrbollc systcm of non-linear pardal dlffcrcntlal 
equatiou¡.;. Sorne ba¡.;ic test¡.; are ¡.;hmvn, eonfirnüug the gooduess of t.he nume­
rical implelIlentatiou of the equatiou¡.;. Thi¡.; code ha¡.; been developed duriug 
the thesis independently from other codes, but the intention is to incorporate 
lt to an cxlstlng numerlcal code, CoCo:."ruT. Prcvlous ycrslon of CoCoKuT 
\vas able to numerlcally cvolyc thc magncto-hydrodynamlc cquatlons uslng the 
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eFe approximatlon of Einstein cquations. The addltion of thc He\V FCF of 
Einstein cq uatlons \vi11 cxtcnd thc approximation to a. fully general rclatl-dstic 
fonnaliHIll. 

Chapter 9 is a summary of the thesis and some future plauso 



3. ASTROPHYSICAL DLACK HOLES 

FrOlIl a classieal point of vie\\! a blaek hole (BH) i¡.; a COlnpaet objeet "\vhm;e 
¡.mrface gravit.ational poteutial approache¡.; half t,he ¡.;qllare of the ¡.;peed of light. 
A EH is (tH object sufficielltly compactified \",hich does not let light escape 
from lt. Thc thcorctlcal tool to describe mathcmatlcally a. I3H 18 General 
Rclati-dty (GH). Tile boundary of thc I3H is a. surfacc gcncrally callcd thc 
horizOIl. There are Hume qll<-1utities ¡.;caling "\vith mHHH, Al, a¡.; t.he radiuH R = 

GJ.\J/c2 
R:! 1.47 (J.11I-A1c.;.) km, \vhere G is the lluivenml gravitational constant, e 

is the velocity of light and AJe:) is the solar mass, 01' the average mass dellsity 
___ 'o ~" • - .. -,,.,., __ , __ ,') .)...... • ~~~ 

p == J.Alj47rfC' ~ l.tl x lU-'-' (J.Ura/J.ur g cm-u, \V111('11 tclls us tllat maSSlVC 1511s 
1u.lye 1mv density. 

3.1 Sd11mrzschild ami KClT BHs 

The non-rotating and rotating DHs are described, mathematically, by the 
Sclnvarzsehild alld the Kerr met.rie, reHpeetively. In this Seetion ,ve are going 
t.o mm u/, instead of Al for denotillg the paraIlleter whieh i¡.; interpreted aH the 
mass of the EH. 

3.1.1 Sdrwarzschild EH 

The SdnvarzHchild met.rie deseribe¡.; a Ht.atie EH [1, 2]. This metrie can be 
formulated in terms of different set of coordinates: 

(i) If \ve use SCh\VcULíSchild coordinates (ts, 1', e, 'P), \vith r > 2m, the line 
element is given by: 

( 2m\ , ( 2m\-1 
d.,2 = - 1 - - I dt" + 1 - - I dr2 + ,.2dn2. (3.1) 

\ rJ' \ rJ 
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-whcrc dn 2 d()2 + sin2 ed<.p2 i8 thc mctric of a ::!-sphcrc, and rn is thc 
gravitational mass. 

(ii) If ,ve use isotropie coordinate¡.; (ts,:¡:, e, :p), the line eleIlleut iH given by: 

(:1.2 ) 

"\vhere t,he relatioIl bet.\veen t,hi¡.; set uf coordiuateH ami the fir¡.;t une i¡.; 
( rn \ 1 

o'ivpn 1-n.- l' - 1"; 1 --l- _ 1 
b"' """ ~,. • \. , 2rJ . 

(iii) If \ve UHe Painlevé-Gullstrand-Lem<-11tre eoordinates, (T, 'f', f}, :p), t,he line 
eleIllent i¡.; giveu by: 

"\vhere t,he relatioIl bet.\veen t,hi¡.; set uf coordiuateH ami the fir¡.;t une i¡.; 

~~ 
givcn by dT = dts + 1 V_ ;m ciT. 

, 
(iv) If \ve UHe Eddiugtou-Finkelstein eoordinates (t, r, f}, :p), t,he line eleIllent i¡.; 

given by: 

2 ( 2m,) 2 4m (2m,) 2 2 2 Ji" ~ - 1 - - di + -Jildr + 1 + -./. dI' + l' dC/ . 
r r 

(3.4) 

-whcrc thc rclation bct\\~Cc.!l this, sct of coordlnatcs and thc first OIle ls 
givcn by t ~ ts + 2m In 1-'- -11· 

2'm 

The 1nduced metrlc on the spat1al hypersurfaces ts = constant ls confor­
mally tlat; it. iH easy to check it iu t.he iHot.ropic coordinate¡.;. AH a geueral 
procedllre, one can calelllate t.he Cott.ou teuHor in a Het of coordinate¡.;. Iu t.hree 
dimensions, the metric is conformally fiat if and only if the eoUon tensor is 
:wro (in more dimensions, the Cotton tensor must be replaced by the \\,Ieyl 
tensor). Tile induced metric on the spatial hypersurfaces T = constant is flato 
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The first and second set of coordinates are singular at the horiLíon 'H., \vhich 
cOlTesponds to l' = 2m, ¡-. = 'm/2 and ts ----'i' +~:x:). The spat1al hypersurfaces 
ts = CO'flstant are an example of maxünal dieing (the trace of the extrim'¡c 
curvature is 7:ero~ see next Section); they do not intersect the hori7:on except 
at a 2-sphere that is common for all oí them. The t"\vo last set of coordinates 
are regular at the horiLíon 'H. \vhich 1S located at l' = 2'm; in both of thcm \VC 

lU.1YC ahvays a timc1ike coordinate~ T 01' t. 

3.1.2 Kerr EH 

A rotating BH is described by the Kerr metric [3]. There are several sets of 
coordinates \ve can use: 

(i) If 've use Boyer-Lindquist coordinates (t, 1', (), 9)~ the line element is given 
by: 

(3.5) 

\vhere: 

L'. 1'2 _ 2m1' + a2 , (3.G) 
., ., o o • 

(3.7) p~ 1'~ + a~ cos~ f:J, 

2:' (1'2+ay)1-a?,6,sin2()~ (3.8) 

w /' 2(unr ¿~, (3.9) 

:;; 2: sine/ p, (3.10) 

a being the specitle angular 1Il0lnentmn (Jf the BH. Set.ting o. = (J in equa­
tion (3.5) \ve recover the Sch\var7:schild BH in Sclnvar7:schild coordinates. 

(ii) If \ve use Kerr-Schild coordinates (i, 1', (), 9) ~ the line element is given by: 

Z2k -1 
- (1 - Z) d[2 - 2a s1n2 f} Z did:p - 2éZk didr + ,11,2 Z -1 ~. 

') Zk+l -1 ") 
+2afsin~ e drdl¡: + p2de~ 

Z -1 

+ sil? e p'¡l + Y(l + Z)jdl¡:', (3.11) 
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\Vhefe Y 2rnrj p2, k 18 a non-ncgatlvc intcgcr that 
can be considcrcd as a paramctcr, and f = + 1 ( -1) rcgularizcs thc fu­
tllre (past) horizOIl uf a rotatiug BH. The relation bet"ween this ¡.;et of 
coordinates and the Boyer-Lindquist QIle is given by 

di 1- Zkl - -.--_- dl". 
l-;-;J 

(3.12) 

(3.13) 

The function ,6. 1S called the horizon function, "\",h1Ch 18 7:ero at the hOr17:0n. 
This lmplics that thc componcnt .Qtt of thc mctrlc, Le, thc cocficicnt of de, 
vanisheH. 

For Htatie Sclnvarzschild BHs, a = U, there i¡.; ouly une horizoll located at 
r = 2m; but fol' rotating Kerr BHs there are in fact hvo horizons located at: 

(3.14) 

\vhere T + is called the outer hori7,on and T_ the inner 01' Cauchy hori7:on. The 
outcr hOr!Lion 1s thc cvcnt hOr!LiOll. 

3.2 Classincation 

vVe c(tn classif.'." BHs in three types according to their origin: those th(tt (trise 
from stellar collapse (stell(tr BH), those th(tt may come from merging and (tc­
cretion processes and are named supermassive black holes (SI\II3H), and those 
\vhich lIlay be relies of the dem;e highly inhOlIlogeneom.; medimIl in the early 
lluivenle (primordial black holeH -PBH). 

According to their m(tsses BHs can be classified: PBH, \vhich have (t very 
lmv mass, for \vhich there are no observations: 1mv mass I3H, 3 - 10.2\-1.::> as 
the stellar ones: intermediate mass I3H (II\íI3H), 10 - HY:; Ai0 , for -which the 
obHervat.ional evidence iH pretty \veak [92]; and SI\:IBH, IIp to l(Js1\I~~. 

3.2.1 StellaT EHs 

Stellar I3Hs, i.e., I3Hs as the outcome of the stellar evo1ution can be formed in 
the follmving cases: 
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(i) lhe final evolution of Population 1 massive stars \vith Al 2. Ale, \vhere 
AJe is typically much higher than 1UA[:::, (see figure 3.1). 

, 
llW: COte 

, ' 
! ce Cof€ j ""v"""'''' "~':'". Thumo!1w;,l!!;Jt SNE 

"'"*'" , 
Collap¡;t<-dr!>t&rl 

SME 

, 
.eH" 

Pig. 3.1: Evoll.llion ol" Pop I Slars (J.A. Pons, privaLe comml.lnicat.ion). 

(ii) The final evolution of Population II massive stars as before. Roughly 
speaking, \ve can say that the evolution of Pop II follows the same track 
as do the stars of Pop I, generating the same mass spectrum of DHs as in 
the ease (i). 

(tü) The final evolution of Pop III massive stars ([93]). Notlce that in this 
case the theory predicts the formation of L\II3Hs (see figure 3.2). 
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Pil{o 3.2: The y-axis gives both (he (inal rnass 01" Lhe colJapsed rernnant. (thick black 
curve) and the IIlW:if:> of the t:;tar "\vhen the event that produces that renlllC1nt 

(e.g' l mas:=; 10s8 in AGB st.ars, supcrnova cxplosion for t,hosc stars t,hat. makc 
el neut.ron star, elc; thick gray curve) begins [g:~l. 

3,2,2 5MBH 

In this case thcrc can be somc proccsscs lumplng togcthcr such as: accrctlon 
ont.o a stellar BH, merger uf mHHHive ¡.;tan; that eollalJHe, gas eloud extremely 
dense that collapses, merger of H\'lBH, SI\.fBH in the center of the galaxies 
as seed of the proper galaxy. The presellce of them in late-type systems is 
rcasonablc if thcy form by accrction. Thcrc are rclations bct\veen the mass and 
the velocity dü.;penlioll (¡.;ee the detection methoeb) in early t.ype disk galaxy 
lmlge¡.; (J\Iagorrian'¡.; lmv [5]) sllpport.ing t.he joint. gnnvth hypote¡.;is. Other 
processes as mergers of BHs can be regarded. 

The l\lilky \Vay has in its center a Sl\II3H located at SgrA * A cluster of 
stars is observcd \vithin 0.02 pe of it, and the orbital motion of some of them 
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\vith vdoclties up to 1350 km S-l lu.lye been monitored during many years. 
\Vdl determined accc1eration vectors for several of the stars point at Sgr A * and 
t.he dat.a all<J\v an eHt.imate of t.he central maHH about (4.:)1 ± 0.38) X 1(Jo Ai~-;; 
[94]. This ll1assive object. cannot itself be a cluster of sll1aller objects due to 
the follmving argull1ents: i) 1061\lc:) of ordinary stars ,vould be visible: ii) if it 
\vere formed from brmvn d\varfs, then it \vould be so densdy packed that they 
\vould collide, merge and become luminous beyond observable limits; üi) if they 
\vere fonned from collap¡.;ed ¡.;üus, theu t.hey \v(mld be rapidly expelled out by 
evaporation [95, 961. 

Accretion onto S:.\II3Hs is the most efficlent mechanism of energy genera­
t.ion. The phYHical pieture t.o eomput.e the maxiUlUm effieiency i¡.; an aceretion 
diHk iu \vhich matter dowly Hpirab imvanL Thi¡.; Hpiralling motiou Ht.OpH at 
the innermost stable circular orbit (ISCO), \vhich is the innerll10st radius an 
accretion disk can lu.lye. The efficlenc~r of a I3H is one minus the fraction of 
the original rest mass final1y accreted by the I3H. The upper llmit efficlency 
for a Sdnvarz¡.;child BH for point partideH iH 0.0572, vdlile for au extreme Kerr 
BH it reaehes U.4:2; a BH aecret.ion did{ can couvert mass into energy IIp to 
t\vo orders of magnitude more efficiently than the one generated in the nuclear 
burning of hydrogen into helium (see more details in [9'7]). 

There are rea¡';OUH to expect that an aceretion disk sllrrounding the BH cau 
be formed. The angular momentum of gas around it can prevent the gas from 
immediately falling into the EH, and it \vill rather s,virl around. Rotation 
of the galaxy hosting the I3H \vl1l impose s\virllng of different gas streams: 
t.hey will collide aud the augular mOIllent.urll vectorH \vill align leadiug to the 
formatiou of a thin disk. A BH iu an active galactie ulldeus (AG N) ¡.;piUH 
rapidly because the disk feeds the hole \vith a high angular momentum to 
mass ratio. Let us start from a non-rotating BH \vith an initial ll1ass, and let 
l = gi.ptdt/(iT + gi.pr.pd<.p/(iT be the speclfic angular momentum, -where gr.pt, gi.pr.p 
are t.he eorre¡.;pouding cOIllponeutH of the metric, aud T ami tare, respectively, 
t.he proper ami coordinate time. \'/hen a unit. mass in the disk reaehes ISCO, it. 
plull1ll1ets into the EH \vithout changing its energy E and angular momentum 
l, then i5Al = E, and i5 (aAl) = l. \\,Ie define a* = cajC1\1, that satisfies a* :S l. 
Doing some calculations and eyaluating at l' = 1'ISCO (see [9'7]), one obtains 
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thc diffcrcntlal cq uation: 

da", = r ( )2, ()'/2 2 P a* - 2a*p a* + a" 

l 1/2 p(a.) [p(a.)-2]+a. 
"lJl~f" 

- L,(j.", J (1, In lU ~ (3.15) 

\vhere p (a*) == c2 (G}.J) -1 rISCO i8 a complicated function. Integrating numer­
ically fr0111 a* = O at the initial mass shmvs that the spin parameter reaches 
(L", = 0.3U58 (a", = U.7tJ89) \vhcn thc mass grmvs by Hilé, (40%), and it can 
reach (1.* = 0.9875 \vhen the BH has dOllbled it.¡.; initial mass. So if a SI\:IBH ha¡.; 
changed its mass slllmtautially by aecretioIl frolIl itH diHk, it nmst be rotatiug 
rapidl)'. 

3.2.3 PBH 

Thcrc are no obscrvational confirmatlon of thclr cxistcncc. Thcy cauId be thc 
seeds frOIIl \vhich Sl\:fBHs grO\v. Ouly in the early lluivenle \ve find demúties 
\vhich are orders of magnitude above nuclear dellsity. The post-infiation radia­
tion era is the first relevant one in connection \vith the formation of this kind of 
I3Hs. Tile time of formation of a PI3H of mass AI is t ~ 4.9 x 10-21 (AljAi(j) S. 

The le¡.;¡.; massive the PBH, the earlier it fonn¡.;. The Ha\vkiug radiat.ion, a¡.;¡.;o­
ciated \vith the temperat.ure of the BH, produces au energy lmlH, aud PBH "\vith 
less mass than a critical value have nmvadays evaporated. The primordial den­
sity fiuctuations spectrum are in the origin of the posible formation of PBHs. 
The search for PI3H may proyide important information about the conditions 
in the Yery early universe. 

3.3 Detection methods 

vVe can distinguish behveen dired and indirect methods to detect BHs. By di­
rect methods \ve understand those aiming at shmving the existence of the event 
horizou aud t.he curyature singularit.y. Due to the co¡.;uüc censor¡.;lüp conjeeture 
by R. Penrose [98], BH iutriuHic singularit.ie¡.; are hielden by au event. horizon, ¡.;o 
the only posibility is to prove the existence of an event horizon. It means to find 
strong eyidence for a Liero-emission region. This is almost imposible due to the 
innacuracies in the measurements and the fact that I3H event horizons radiate 
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accordlng to quantum gravlty descrlptlon. Only the detectlon of gravltatlonal 
\vaves can be a strongly dlrect evldence of the exlstence of 13Hs. 

Let m; COlIuneut some of the oh.;ervat.ional Ht.rategie¡.; to det.eet event. horizons 
[4[: 

Kin81I1atical Illf'thods 

They are very popular and successful. I\.fovlng objects around the 13H fecl 
its deep gravit.ational poteutial. Heuce, t.heir dynamic¡.; can be ll¡.;ed to derive 
properties as the mass and spin of the BH; t.he vallleH obtained cau be llsed 
to rule out other compact object alterllatives su eh as \vhite d\varfs 01' neutron 
stars. This is the case of the radio source SgrA * mentioned before. It is an 
lndlrect method whlch can be applied to lumlnous stars, gas or flarlng objects. 
Typieally t.he tracer of t.he objects cl<me the BH SllITOUncb it ou Keplerian 
orbit.¡.;, ancl t.he t.rackiug t.ime Hcale is determined by the Keplerian time Hcale 
at a given radius. 

Stars that follmv thclr orblts In groups can also be used, llke In, e.g., galaxlcs. 
The study of galaxy samplcs shows evldence for a strong corrclatlon between 
t.he ma¡.;¡.; of t.he cent.ral BH. Al. and the ¡.;tellar velocity disper¡.;ion, IT, called 
Ihe M - (J (l\Iagorrian) relation [5[: 

(3.16) 

\vhere ITo = 200km/ ¡.; i¡.; a refereuce value, and (J a fit value for the Hlope 
(,3;:.::: 4.0). BH masse¡.; are measllred from coutiullUIlllmnino¡.;itieH ancl the \vidth 
of H/J lines. Narrmv [OIII]line \vidths serve as tracers to determine the veloc­
ity dispersions. This relation is llot valid at very high redshifts alld recelltly a 
non-linear Al - a rclation has been suggested [99]. 

Other technique that iuvolves the emiHHiou of gaH iH reverberat.ion mapping. 
Broad line regiouH (BLRs) in AG='Js are sllpp(med to be lmninoll¡'; matt.er clOlldH 
cOllsisting mainly of hydrogen that surrounds a galactic core; due to their fast 
motlons, emlsslon lines are slgnlficantly broadened by the Doppler effect and 
thclr \vldth ls a measure for the vcloclt~r of the 13LR s, a. 'Ve name l' the dlstance 
of the BLRs to the center of t.he galaxy; we can determine it. by comparing the 
emiHHiou from the galact.ic core \vit.h t.he one from the BLRs. From t.he Virial 
theorem, the central mass deduced is: 
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This is Ycry uscful to deteet Sl\II3H in the ecnter of a galaxy. l'\GC 5548 and 
othcr galaxics studicd in [H)Ü] are sorne cxamplcs -whcrc this rncthod has becn 
applied. 

\Vatcr mascrs can be found in thc molecular torus placcd at thc pe scalc 
of a galaxy. The mlennVHVe emiHHioll frolIl Keplerian rotatiug gaH orbiting 
the SI\.fBH can be used to measure the central mass. In the nucleus of the 
spiTal galaxy NGC 4258 the radial Doppler velocities can be fit by rotation 
of a. clrcumnuclcar disk of pe scalc "\vith a Kcplcrian rotation vcloclty profilc 
reaching IIp to lObO km ¡.;-l. ThiH implieH a poillt mass at the center of around 
4 X uf Ai~~, that eaIlllot be a clm;ter of bnnvll chvarfs 01' collap¡.;ed objed.¡.; im'¡de 
because the disk's illner radius is at 0.13 pe [95, 96]. 

There are tedmiqneH t.o measnre the Hpin of a BH, J, bnt, Hiuce w ex .,..-::l, 
rotatioll of spacetime is extraordillarily strong only very close to the EH. 

Finally, a cOlnpari¡.;ou of the olmervatiouH of qna¡.;i-periodic fiare emi¡.;¡.;ion 
close to the galact.ic cellter EH \vith charact.eristic frequellcies associated \vith 
accretion disks (i.e. Keplcrian orbital, vertial, and radial epic~yclic frequency) 
can also be used to detect DH and measure parameters as the rotation of the 
BH [1011. 

SpectTo Telativistic methods 

Rclativistic effects present in observed spectra are used to establish DH proper­
tieH. The main met.hod iH t.he analYHi¡.; of the Fe lineH. There can be a line profile 
in the rest frame of the source, like a rotating disk around the EH that extends 
ollly a fe\v gravitational radii a\vay from the event horizoll. A remote observer 
\vill see a line profilc very different from the one observed at the rest frame due 
to Home phYHical effedH affect.ing the path of the photon¡.; ou t.heir \vay. 'Ve have 
to regarel a Doppler redshift at t.he receding part. and a Doppler blue¡.;lüft, at. 
the approachillg parto One expects a broadened line \vith t.\vo peaks \Vhell the 
disk is sufficiently inclined tmvards the observer. If the inclination is importallt 
the Keplerian vclocitics are comparable to the speed of light and the observer 
radiatiou iuten¡.;ity iH amplified \vith respect. to the re¡.;t frame; thiH int.ensitle¡.; 
the bIne liue \viug. l\:foreover, the BH deviates the traject.ory of phOt.OUH by 
strong spacetime curvature: the observed photon energy is redshifted relative 
to the rest frame energy and the spectral line flux is lmover in the observer's 
frame. See more details in [6]. 
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Gathering together all the mentioned effects, an asymmetric and ske"\ved 
rclativistic emission line profile is produced. X-ray astronomers often observe 
¡.mch kiud of profileH aH iron K fluoreHcent. liues, aH part. of the Ho-called 'refleetiou 
bump', as response of the ioni7,ed accretion disk. The 1l10st important iron 
fiuorescent line is the neutral Fe Ka lineo It has been observed in galaxies, 
quasars and stellar DHs. \Vith sufficient spectral resolution, the gravitational 
redshift can be used as a ne\v detection method for DHs to derive masses \vith 
nmlti-\vavelength data. ".Te can aIso get infornmtion about BH spin. The 
standard disk extends dmvn to the ISeO \vhich depends on the BH spin: the 
event hori7,on is placed at rISCO = T q = GAIjc2 for rapidly spinning Kerr BHs, 
to be compared \vith the case of the Schwarzschild DHs for -which rISCO = 

6'('9' The line emü.,¡.;ion COlneH frOlu regiouH that are deeper iu the gravitatioual 
pot.ential if t.he BH rot.ate¡.;. The line shape iH broader aud Hhow¡.; au exteuded 
broad red \ving for Kerr BHs. 

Thin accretion disks are knmvn to have a temperature profile \vith a ll1ax­
imum close to the inner disk edge [H)2]. If \ve divide the disk into rings each 
one \vith a ¡.;peeific temperatllre, a did{ blackbody Hpectrmn (ealled lIlUltitem­
perature blackbody ¡.;peetrmn) i¡.; lmilt up by the blackbody temperatllre of 
each ringo If the disk is close enough to the BH, GIl infiuences the blackbody 
radiation. Ihere is a proposed model [H)3] that is able to measure I3H spins. 

A.cCl'ctivc l11cthods 

I\Iatt.er aecreting outo a BH cau eall¡.;e lunüuous etfeetH. In a ¡.;imple Heheme of 
an AG=~, there is a torus around the BH. The ll1atter of the torus fimvs due to 
instabilities into the center of the AG~. Depending ll1ainly on the accretion rate 
a geometrically thick and optically thin advection-dominated accretion flmv at 
Heveral ten¡.; of gravitatioual radii away from the cent.ral SI\IBH cau be fonned. 
I\Iagnetic effed.¡.; close t.o the Sl\:fBH favor ¡.;trong lunüuous ouUlmvs, the jetH, 
that can be used as fingerprints of the activity of the SI\.fBH. There are several 
groups \vorking in simulations, and radio astronomers \vorking in observations 
of these objecls, lrying lo deepen lhe knowlcdge of lhis fieH Eddinglon 's 
relation linkH luruiuoHity to accretiou rate aud BH maHH. From the observed 
luruiuoHity of Sl\:fBH 01' biuarieH that coutaiu stellar BH¡.; for example, it iH 
possible to estimate the BH mass. 

The I3ondi-Hoyle astrophysical scenario around a Kerr I3H (see [lU4]) traces 
the presence of the DH and could hclp observers to detect its presence. 
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El'UptrFC l11cthods 

Thc main cxamplc of an crupt1-vc cvcnt 18 a gamma-fay burst (GRD). Thcy are 
placed HIllong the Illm;t. lmninouH event.¡.; kIH)\Vll in the universe ¡.;ince t,he Big 
Bang, "\vith energieH ECHiJ 2: l(J"ilerg. They are fla¡.;hes uf "r-ray¡.;, cOlning frOlIl 
seemingly randoll1 places on the sky and at ralldom times. Their duration spalls 
from 10-3 scconds to 103 scconds and thcy are oftcn follmvcd by an aftcrglmv 
cmission at longcr "\vavclcngths: X-fay, optical, and radio. According to thc 
oh.;erved duratioll, they are daHHified in hvo classe¡.;: Hhort GRBs (sGRBH), 
of le¡.;¡.; thau 2 Hecouds uf duratioll, and long GRB¡.; (lGRB¡.;), uf more t,han 
2 seconds of duration. The Tate of the lGREs is 1 per day and the Tate of 
thc sGRDs 1s 0.3 per day. They have a high yariability. The spectrum is non­
thermal, ofO,l-lOO l\IcV, The cosmological redshifts are between z ~ OJ)85 aud 
8,2, < z >~ L3, for lGRBs, amI betweell Z ~ (U2 ami 4,0, < z >~ 0.3, for 
sGRBs. The knO\vledge about their progenitors is only indired; the progenitors 
are 10-6 - 10-i times dimmer than GRBs themselves and \ve cannot observe 
tilem. Interested readers are addressed to references ['7] for lGRI3s and [8] for 
sGRI3s. 

There existH Home evideuee for an assoeiat.ion behveeu lGRBH ami Huper­
novae (S"): the two main indications are: i) photometr)': like GRB9S0425 
and SN 1998bw in a nearby galaxy [H)5]; ii) spectroscopy: like GRI3U3U329 and 
S::-.J20003dh [lOG]. Tile hosts of IGRI3s are star-forming, low metallicity galax­
ies, bllt bluer than typical starbllrHt galaxies \vith liUle dllst and masseH lmver 
than Cllrreut ellipticab; so they are the t.ypical enviromneutH of fonnation of 
massive stars. Concerning their distribution in the galaxy, lGRBs follmv the 
llght distribution that is approximatcly the density of star formation distribu­
tion. If we stud)' lhe rates of SKIbc aud lhe rale of the IGRI3s, onl)' a few 
percent. of S='JIbc cau be aHHociated viTith lGRBs; addit.ional conditions mUHt. be 
imposed on the progenitors. 

The knmvledge of sGRBs is poor and can be improved, because there are 
only seyeral dozen observations. Hmvever, \ve can sa~r that the hosts of sGRDs 
are Ht.ar-forming and elliptical (old) galaxieH; t.hiH is eonHistent \vit.h t.he fact 
that sGRBH are aHHociated \vit.h ='JS+NSjBH (='JS=nelltron Ht.ar) mergerH, if 
one assumes that there are fast evolutionary tracks to form mergers. They are 
typically found in the outer parts of thclr hosts galaxies. Only a fc-w percent 
of KS+='JS mergers need to produce sGRI3s: additional conditions must be 
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imposcd on thc progcnitors. 
='IJ mnerical modeling of progenit.on; syHt.erm; involviug a ue\v-bOrIl BH haH 

(tllmved to g(tin (t refined understanding of the dynamics and global properties 
of relativistic outfimvs generated in these systems. 

Anothcr eruptive detection method for DHs conccrns stcllar tidal disrup­
t.ion event.¡.;. A Ht.ar "\vit.h maHH _Al* ami radiuH R* approaehes a BH of ma¡.;¡.; A1. 
The star is strongly deformed by tidal forces of the BH. At the tidal radius, 
_ _ " __ ,1/'~ ___ o ••• _ .._ • ~. • 

HT ~ H* \_Al*r' --, LStl-'s tldal torces overcome tlle seltgravlty ot tlle star and 
t.he Ht.cU' is diHrupted, The stellar debri¡.; ext.emb t.o a regiou el<me to the BH and 
can be parti(tlly accreted. If that happens (it is a r(tre event), a ch(tr(tcteristic 
X-r(ty fiare develops. This fi(tre has typical signatures for a tid(tl disruption. 
It is thermal radiation "\vith typical timcscalcs of months and the intcgratcd 
lurlliuOHity yieldH an energy outpnt comparable t.o Huperuovae, that ueed Hi­
nmltaneouH optieal ob¡.;ervat.ion¡.; to exdude fiares frOln AGK. The BH mass 
can be derived from blackbody spectr(tl fits. 

Finally, lct us mcntioncd thc Hmvking cvaporation. In thc cady Scycnties it 
\vas ¡.;hmvn that, eveu in a Hemi-classieal approach with quantized scalar fieldH 
on the background of uon-qnautized 4D BH Hpacehme¡.;, it. i¡.; po¡.;¡.;fble that BHH 
(tre not totally black [107]. The hori7:on is illuminated by H(t\vking r(tdi(ttion. 
CUlTcntly, thc signal-to-noisc ratio docs not allmv to dctcct dim He __ rwking cmis­
sion and thcrc are more intensc radiation of othcr kind sUlTounding the I3H. For 
t.ypical eosmie BH¡.; t.he decay dne to euergy lo¡.;¡.; by Havlkiug radiahon can be 
neglect.ed becauHe t.he deeay time scale¡.; \vith T ''X .A.¡-él; this cau be iutere¡.;ting 
for PBH, but there (tre not observ(ttions yet. 

Obscnrative lIletllOds 

Uue can n¡.;e the blaekneHH of the BH to detect it, If there i¡.; HOlllething bright. iu 
t.he enviromneut, like the accretiou tlmv or the eosmie mierowave background 
(C1-1B)~ the BH emerges in the foreground. Spectral fiux is reduced by higher 
pmvers of (t f(tctor proportial to L1~ the horizon tunction. This function, and 
thercfore also thc spcctral flux, yanishes at thc horizons. 

For Kerr BHH t.he intrinsie shape of the event. horizon is spherieally Hym­
metric since there is no angle dependence. But the appearance of the event 
horizon by an obscrycr placcd at infinity dcpcnds strongly on the incllnation 
anglc of tirc observcr and thc rotation of the I3H [9]. Thcse dcformations can 



42 :]. Astropli;vsjc<il black hules 

be uscd to determine I3H propcrtics by obscrvations. It 18 lntroduccd thc no­
tlon of black spot (I3S) to refer to this. \Ve have to be carctul bccausc thc I3S 
shapeH are mudel dependent.. Com;t.raining the iudiuatioIl angle of t,he BH'¡.; 
rotation axis to the observer, thell the EH spin~ alld EH mass can be deduced 
\vith detailed studies if its distallce i8 knmvn, that couId be obtailled by inter­
fcromctrlc tcchnlqucs. If \ve conslde!' thc G.\II3 in \vhich thc I3H emerges, thc 
I3H can be dctcctcd, indcpcndcntly of having somcthing accrcting into it. 

AbclTativc Illcthods 

The Astronomy of Gravitatiollal Lenses is a very active field of ~..fodern As­
tronomy. Thc scarch and dctcction of gn __ rdtationallcnscs can hclp obscrvcrs 
to infer, aIllong other issueH, propert.ie¡.; of the len¡.;. In particular, BHH cause 
strong gravitational leuHiug effed.¡.; that distort. the appearauce of do¡.;e ob­
jects. Astronomers use photometric methods by meCtsuring light amplificCttion 
of background sourccs trom lcnsing DHs in the foreground [10]. Several null 
geodcsics coming from the so urce can arrive at thc obsef"vcr and multiplc im­
age¡.; and abo rings can forrll. Galaxie¡.;, starH 01' plauetH can play the role of 
len¡.;eH. A BH diHtorts the orbitH around it. BH lIla¡.;¡.;eH ami other propertieH can 
be deduced \vith these tecniques. For example, ~..feudon's group (J.A. l\'lCtrck, 
[H)8]) lU1YC analyzcd thc null gcodcsics of photons cmittcd from the accretion 
disk around a KelT I3H. Othcr cxamplc about mcasurcmcnts of I3H can be 
foune! in [llJ9]. 

Gra"dtational lFRvc-induccd l11cthods 

This is thc only dircct mcthod for dctccting I3Hs. Thcse \vaycs can be vlc"wed 
as ripple¡.; iu the curvature of spacetilIle cauHed by acceleration¡.; of lIlatter, 
provided that the lIlotiou iH not perfect.ly ¡.;pherically ¡';ylIunetric. Their prop­
agation speed is !he speed of light: the Gravi!ational Waves (GWs) do no! 
trCtvel through spCtcetime, it is the proper spCtcetime \vhich oscillates. G\i\l 
cmission impllcs emission of encrgy. The first indircct detection of G\Vs \vas in 
HJ74 by Hube ami Taylor frolIl their ob¡.;ervation of the binar}' pubar Hy¡.;telIl 
PSR. BHJl;)+ H:i, con¡.;istiug of hvo ueutron ¡.;üus orbiting each other do¡.;ely ami 
rapidly, Ct discovery for \vhich they \vere a\varded the Nobel Pri7,e in Physics; 
its orbital pcrlod dccrcascs just as it \vas prcdictcd by GR if the systcm \verc 
losing cncrgy by radiationg G\Vs. 
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Thcir strength \veakens proportionally to its distance from the souree. As 
these \vaves pass, distances bet\veen objeets \vi11 increase and deerease rhyth­
nücally; t.he lIlaguitllde of thiH effeet for very Ht.roug HOllrceH lIleHllred at Earth 
is very sma11, ehanges in si7:e at most 1 in 1020 , and so the difficulty to mea­
suring them. GVls have not been detected directly yet. Ruge experimental 
efforts are, eurrently, done in this ficld. The first attempt \vas due to \Veber 
\vith a resonant bar: modern \Veber bars are sti11 operating, but they are not 
HenHitive enollgh to elet.eet anything bllt extremely pO\verful G\VH [11]. I'vIore 
sensitive detedors are ground-based interferometers, as VIRGO [12L GE0600 
[13], TA\IA300 [141 or LIGO [15], and their advanced versions. Space-based 
interferometers, as LISA [lG], are being devcloped. Scientifie community ex­
pect that G""'- olmervatorieH \vill det.eet signalH in a uear flltllre. A ue\v \vindO\v 
of iuformatiou \vill be opened allowing us t.o Hee things t.hat. \ve caunot olmerve 
by means of other kind of messengers (photons, neutrinos ... ). 

Binaries of =~Ss, NS+ BH, 01' BHs, s=~ explosions, accretion onto BHs, non­
spherieal pulsating objects are sources of G\Vs (see Seetion '7 and talks in 
a recent. worb;hop helel iu Valencia (Spain) [17]). Kurllerieal sinmlatiouH are 
providing uHeful templates for extracting G"\V¡.; frolIl data amLlYHi¡.; iu caHe of 
detection by the GW observatories. In the last few years this field has ad­
vaneed enormously, and it is a niee examplc of synergy bet\veen observations 
and numerical simulations. 
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4. FORVIALIS:\JS OF EI'ISTEIN EQUATIO'IS 

T\vo of thc maln formalisms of Einstein cquatlons are the 2+2 or null formallsm, 
ami the 3+ 1 fonnaliHIll. A revie\v uf them "\vill be preHented in t,hi¡.; Section, aH 

\vell as some formulations of 3+ 1. 

4.1 2+2 FOl"lllallSlll 

Thc mctrlc of I\·Ilnkmvski spacctimc 
1s: 

ga,adxO' dx iJ = T!u,i3 dx O: dx iJ 

_dt2 + dr2 + ,.2dSl2, (4.1) 

\vhere dn 2 eorre¡.;pouds tu the metric of 
t,he 2-Hphere. 

The variable t is taken as a time Ya­

riable and T as a radius. The velodty of 
light e = 1 splits the 1Hnkmvski space­
time lnto t\VO regions \vhich are callcd, 
bccausc of causality rcasons, futurc cone 
(1) O) aud ]lao! cone (1 < O). For a COIlo-

~--,/ 

,,"~-+-~-7 u constan! 

cO/l,sü;wl 

Pig. I1: Null cone. 

tant vaIue oí t, there is a '2-sphere of radius r, that can be seen as a l-sphere 
in Fig. 4.1. The future alld past eones of slope 1 are constituted by the null 
vectors k, "\vhich satisfy T!u,i3kQ k/3 = O. The timelike vectors are inside the cone, 
ami t.he ¡.;paeelike one¡.; out.¡.;ide. 

If one fixes the coordinates of the 2-sphere do. 2 and imposes ds 2 = 0, 
there are two solutions: dt = ±dr. 'Ve can define tvm ne\v variables as 
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coordinatc scalars: thc advanccd time, r := t + 1', and thc rctardcd time, 
u. ;= t - T. Thc dcrivativcs Bu and 8v along thcsc coordinatc dircctions define 
Ilull vectors. The hypersllrfaee¡.; defined by u = eom;tant. alld v = eom;tant. 
are called characteristic hypersurfaces, because these coordinate scalars satisfy 
1]0N Üo 1J.iJ(-jll = O = I7n/JÜnVÜ,8V. USillg one of these variables illstead of t, the 
mctric can be rc"\vrittcn as: 

Nmv a general curved spacetime "\vill be considered. 
The charaderistic surfaces for the gra­

vitatlonal ficld cquatlons are null hypcr­
sllrfaee¡.; in a cUTved space. Solutiom; of 
the equatioll 

(4.3) 

xi} constan! 

define a fanüly uf u = cO'flsiant null hy­
pen;urfaceH. The Hormal direetiom; tu 
the surface~ kM = glW Üu 1J., are also tall­
gent to the surface since null vectors are 
sclf-orthogonal. A two-parameter sys­
tem of null geode¡.'¡cH t.allgent. to /.:11, ~ called 
rays~ generate a single llull hypersurface. 

Pig. /1.2: Null coordinat.e syst.em. 

In null coordinate systems, 11 = :ro, the retarded time~ is one of the coor­
dinates: one "\vants to knmv the information coming from the system. Once a 
family of null hypersurfaces has been incorporated by the preyious coordinate~ 
tvm additional coordinates. ;¡;A, A = 2,3, are chosell a¡.; pararneter¡.; con¡.;tant. 
along each ray: 

(4.4) 

l"lleHe coordinates can be visllalized a¡.; optical allgleH, alld are narned () = ;¡;2, 

06 = ;¡;3. The choice ofthe coordinate HcalarH '/l.,e,00~ alld the eonditions (4.3) 
alld (4.4), give the constraillts g'U'U = guA = O to the cOlltnwariant metric 
components. Since gn.D.Q.i3J.1 = o~ one has furthermore g11 = gVl = O. The 
only coordinate varying along a given light ray is Xl. It is usually taken to be 
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the luminosity distance r from the so urce [18, 19]. Ihis set of coordinates is 
illustratcd in Fig. 4.2. 

Iu t.he particular ca¡.;e of J\Iinhnvdd ¡.;paeetime, t.he ret.arded time label¡.; 
a family of null eones \vhich are generated by light rays emanating from the 
origino This variable can be seen as the;yO coordinate. I\.foreover, r can be seen 
as Xl and the polar anglcs in the mctric of the 2-sphere d0. 2 as xA. 

I30ndi \vas the first in using null coordinates to describe radiation ficlds. His 
\vork \vas foll<nved by a rapid development of ot.her uull fonnali¡.;m¡.;. The¡.;e \vere 
distinguished either as metric based approaches, as developed for axisymmetry 
by BondL \Iet,ner ami van den Burg [201 ami generali,ed by Sachs [18], or as 
null tetrad approaches deycloped by f\e\vman and Penrose [21] in \vhich the 
Bianchi ideutities appear as part of the set of equatiou¡.;. 

Let u¡.; cou¡.;ider au isolat.ed worldt.ube [19]. The IlHmt. general metric in thi¡.; 
system aI caordinates is [181: 

d8 2 _ (~e2.3 _ 1"hARU/tUB) du2 
\ r ) 

-2e2'"drdu - 21'2hARUlJdlAdu + r2hARdyAdl:1J, (4.5) 

\vhere: 
(i) fhw = _e2(j. 

(ii) gAR = 1'2 h AR , 

(iii) guA = -1"hARUR, 

(iv) g,u'u = - (*e2N -r2
hARU

A
U

R
). 

l'he function 1/ can be interpreted as a _~e\vtonian potential. The funct.ions [lA 

are the angular shift on the llght cone. The function ,O is the redshift between 
the hypersurfaces Uo and 'tio + ÓU, or more physically, the expansion rate of 
light. ri-ty¡.;. 

~otice that 've have t.\vo degrees of freedom in the choices of the functions 
hAR , that are going to be represented by the functions 11,6. V/e can ':VTite them 
in terms of the new functions, if and only if \ve impose that the dcterminant of 
11 AlJ i¡.; equal to ¡.;in2 B, as: 

e2~ cosh (2<5) de' + 2 sinh (25) sin ededqj 

+c 2r cosh (26) sin2 Bdq/. ( 4.0) 
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In thc linear approximation í ' i8 conncctcd "\vith thc plus polarümtion and Ó 

"\vith thc CTOSS polari:w.tion of thc gn __ rdtational "\vavc. 
Given 'U une CHn make H change frOlIl HHy S€t uf variable", (;¡;A, r) tu any 

other allmved set by choosillg hvo arbitrary functions of three variables ;y/A 

CA (11~ :r R ). This degree of freedom can be avoided by introducing a suitable 
tctrad systcm. I3ars \vi11 be uscd to denote complcx conjugation. For a. givcn 
kJ.1 \ve have: 

glW = kti rnv + 'rnti kV + f/"tU + tJ.1[V, mM = filM 

9 k"mM = tMIM = L m"mM = k" k" = t"tM = m"tM = k"tM = o: (4.7) 

(4.8) 

An algcbraic conscqucncc of (4.3) 18 that thcrc 18 OIle and only oue, ncccssarily 
null-likc, real vector mi-i satis:fying (4.7) and (4.8). Koticc that m Ji 18 lcading 
out of the hypersllrfaee, ami not laying in the hypenmrface, becam.;e the ;¡;A 

spau a spacelike hypen;urface. This vector i¡.; useful beeall¡.;e it detlne¡.; a unique 
direction leading out of the hypersurfaces 11 = constant. To interpret m ti one 
can again imagine the rays realiLied by photons: then an obsef"ver sees the rays 
ahvays coming from the same direction in his mvn rest frame if and only if his 
veloeit.y lies iu the plaue ¡.;panned by k l" and mF. The vector tI" i¡.; detennined 
up to the transformations t'¡i = eiWtIJ" \vith w any real spacetüne function. 

=~ext, let us consider \vhat are the restrictions that Einstein field equations 
place on the metric functions. If \ve denote them by E/lv == G¡W - 871T~v = 0, 
\vhere Gpl.J = Rpl.J - !g/lvR, R/lv is the Ricc1 tensor, R the scalar curvature 
and T¡w the energy-lIlOlnentmn teu¡.;or (e.g., a perfect fluid), the¡.;e equation¡.; 
automatically split into four groups: 

(i) FOllr hypersllrfaee eqllations: Erw 

(ii) Two propagating equations: EJ1B. 

(iii) FOllr conservation equatiou¡.;: E 11,W 

(iv) One trivial equation: g-,1B E.IB. 

The equation for Err gives a relation of the kind Al (.3, "/, 15). Imposing 
initial conditions on í ' , 6, p, h, 'tir, \vhere p, h, U r are the matter ficlds, i.e., the 
rest mass density, enthalpy and radial vclocity respectivcly, \ve can obtain from 
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Al (.J, "';i, 6) the function ,/J. The equations for E u l give rclations of the kind 
A 2 ca, U·1 , r;., o). 'Vith.a, 'tiJl and the pre-dous initial conditlons, one can in­
tegrate .42 Ca, U·1 , r;., o) to get the runctions U·1 . The equation ror g.1B EAB 

gives a rclation or the kind .43 (V,3, U·1 , r;., o). ,Vith,3, U·1 , p, '.vhere p is the 
pressure or the nuid, ana the initial conditlons, rrom A3 (V,3, U·1, r;., o), one 
obtaim; the flluetiou 1f. Although Bar is not iu t.he propm;ed hierachy, it gives 
9'U'U ami ¡.;o V as '.ve11 [19]. 

Then, one ha¡.; t.o ¡.;olve the propagat.ion eqllations for EA13 along u, '.vhich are 
t.\vo '.vave equatiolls for 11,6. The procedure starts again '.vith E'("'(" on the next 
hypersurface. A11 the remaining Einstein equations are inmediately fulfi11ed 
\vhen the integration hierachy is valld, because these remaining eq uations are 
eonuected t.o the ot.hers by t.he Biaudü ideutities. The eyolutiou of t.he matt.er 
fielcb i¡.; re¡.;ponsible of generat.ing the graYitatioual \vave¡.;, that reach infiuity. 

The spacetüne i¡.; a¡.;¡.;mned to haye Elldidean topology at. large distance¡.; 
from the source~ is asymptotica11y fiat~ alld the gravitational radiatioll obeys 
the outgOillg Sommerfeld radiatioll conditioll: 

Dr'l lim -- ~ (J. 
'("------'0= 81' 'U=consL 

(4.9) 

The following t.hree coudit.ion¡.; are sllfficient for ¡.;at.isfying bot.h the aboye t.opo­
logical cOlldition and the Sommerfeld radiation cOlldition: 

(i) For some choice of u one can go to the limit r ------7 ,x;, along each rayo 

(ii) For ¡.;orlle choice of e ami 00 aud the aboye choice of H: 

lim (V/e) -1, 
'1'-----7':X;' 

lim /3 = lim "';, = lim 6 = 0, 
r~y:, '1'-----7':X;' r~y:, 

'.vit.h H~ () ami 00 fixed. 

(4.10) 

(4.11) 

(iii) Over the coordiuat.e range¡.; HO :S '/l. :S HI, ro :S r :S 20~ O :S e :S 7r~ and ° :S (/J :S 27r a11 the metric componellts alld other qualltities of illterest can 
be expanded in pmvers of r- 1 \vith at most a finite pole at r = oc. Such 
power series can be added, multiplied, differentiated, etc. 
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It can be shmvn that condition (1) does not depend on the choice of e and q) 
eyen though the definition of r does depend on this choice, beca use l' has been 
preHcribed to be a lmninosit.y diHt.cluce along the null rayH. The t.opological 
restrictions are contained in the form of the metric and in the assumed coordi­
nate ranges (Ó = O == (fj = 2í'l} There is no assumption about the topology of 
the region l' < ro; one can see, from specific examples, that in any reasonably 
general coordinates u., 1', e, Ó "\vhich have aH the requlred propertles "\vill become 
singular for ¡.;uffieient.ly Hnmll r, "\vhet.her or uot. the Hpace it.¡.;elf ha¡.; phYHical 
singularities at sma11 luminosity distances. 

Vlhether boundary conditions (i), (ii) and (iii) are necessary is an unsolved 
question; probably (1) and (ii) cannot be \veakened, but probably (1ü) can and 
should be \veakened. Coordiuat.e syHt.eIllH in which theHe couditioUH hold can 
be introduced for stat.ic, axially Hylmnet.ric fieldH with cOlnpaet ¡.;upport HourceH 
and suitable topologies. In gravitational fields that have geodesic rays, and in 
a11 algebraically special vacuum fields in particular, the quantities of interest 
can be expanded in power series of the kind required for (1ü) ([18]). 

\Viuicour'H artide [110] iH au updat.ed vie\v of the fornmlisIll ami it.¡.; nmneri­
cal applicatiouH. \Vith thiH formali¡.;m the Einstein equations have a nice forrll, 
\vhich can be solved in a hierarchical "\vay. Gravitational radiation at infinity 
can be extracted directly \vlth thls formallsm, because future null infinlty can 
be taken on the numerical grld \vlth the compactlficatlon of the radial lumi­
no¡.;ity di¡.;tance, e.g., r -----¡. 1/ (1 + ;¡;) "\vit.h thiH fonnaliHnl. A problem iH t.he 
fonnation of causticH, point.¡.; \vhere t.\vo or more light rays iuter¡.;eetH; they can 
be found, for example, in binary black hole (BEH) simulations, e.g., a light ray 
emmlted next to I3Hl travelllng outvmrds to I3H2, around I3H2 golng back to 
I3Hl and crossing on the \vay its own path. On that crossing polnt causallty 
break¡.; dO\vn. 

4.2 3+1 fórmaÍÍsm 

Ihis formaüsm \vas introduced in the "\vorks of LichnermvicLí (1944) [22], Choquet­
Bruha! (1952) [23[. Aruowitt. Deoer amI J\Iioller (1962) [241. York'o oeruillal 
artide [25], Bamngarte & Shapiro'H art.ide [26], Gourgoulhou'¡.; revie\v [27] ami 
Alcubierre's revie\v [28], can be useful for an introduction and recent applica­
tlons In numerlcal rclatlyity. 

Let t be a function with timclike gradient (similar comments can be said 
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about a function \vith spatial gradient that !cad to a foliation by timclike hy­
persurfaces). The spatial hypersurfaces :E t , defined by t = constant, constitute 
a foliation of t.he ¡.;paeetime. The normal vector of this foliatioll i¡.;: 

dt 
n = jdtj. (4.12) 

It is an unitary timclike covector, g(n,n) = -1, where 9 denotes the metric. 
The vector field ~ == DI, fulfills Lr:,t = 1, \vhere LE, denote¡.; t.he Lie derivative 
along the vector (. The uniparametric group of diffeomorphisms, tpt, gellerated 
by e transports the spatial hypersurface :Eo into the spatial hypersurface Et· 

\Ve can decompose the ficld ~ into a part proportional to n, seen as the 
dual vector of the deflned covector, ami a part t.allgent. to Lr. To do it, the 
laIme function .N, ami the shift vector (3, t.allgent. to Lr, are deflned: 

(=Nn+{3. (4.13) 

Fig. ,1.3: Decomposilion or the evolut.ion vedor in :~+1 f"ormalism. 

If (Xi) are the coordinates on the hypersurfaces ¿t, we can "\vrite the shift 

vector as í3 = /TUi. And from (4.13), n can be \vritten as n = 1V- 1 (Ut - ,Di Ui ). 
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From the fact that n, as covector, is proportional to the l-form dt, and taking 
into account that n is unitary, n = -lV dt. 

Let us nmke Home eOlIuneutH about. the meaning of the lapHe fuuetiou ami 
the shitt vector introduced above. From n = -1\1 dt, the lapse tunction mea­
sures the proper time of the observer n bet\veen hvo slices of the foliation. 
Ihis function depenas on the slice ana the point of the slice, 2V = 2V (t, Xi), 
so different lapse functions give different foliations and yiceyersa. The shift 
vedor belong¡.; to the t.augent. plaue of t.he dice. It iH t.he differeuee bet\veen 
the vectors ,1\/ n and (, Le., the displacement behveen the integral curves of the 
vector field n and the difeomorphisms ¡Pt. This vector identifies univocally the 
points from a slice to the next one. 

".Te defiue the metric of the Hpacet.ime restrided to the hyperHurfaces :EL by 
"Y = "/ijd:¡;i'd:¡;j = ,,/ijUiDj . So t.he ¡.;paeetime met.ric iu thiH ¡.;ystem of coordiuat.eH 
is \vritten as: 

Ami the eont.ravariaut eomponents are: gOO = - IV- 2 , gO; = ,N-2 ,8" ami g"] = 

- J.V- 2 ,(ji ,Bj . 
V/e denote by \7 the covariant derivative associated to the spacetime metric 

g. \Ve define by K:= -~.cn' the symmetric tensor extrinsic CUf"vature 01' se­
cond fundamental form of:E. \Ve denote by D the cüvariant deüvative associa­
ted to t.he indueed metric" that it iH the projedion ofthe covariant. derivat.ive 
onto :Et , D = (~\7) ILt. The Gauss-'i\leingarten formula connects these three 
qualltities: if X, Y are fields tallgellt to I:t , V X Y = Dx y - [( (X, Y) n. We 
denote the trace of the extrinsic curvature by !{. For an integral observer like 
n, -K is the acformation of n, -I{ is the expansion 01 nana -K + ~K, is 
the diHt.or¡.;ion of n. 

The decomposition of the IUcci tensor \vith respect to n is: 

Ric(g)=i2 (n)Ric(g)n n-nf0~i(n)Ric(g)+~Ric(g), (4.15) 

"\vhere 

2,2 (n) Rie (g) 

~i(n)Ric(g) 

~Ric (g) 

- iR (g) - R (¡)i + [(2 - trK2
, 

D[(-D·K, 

(4.16) 

(4.17) 
T"">' (\ (' ... TT? TTTT, " Tr, " \ ,,1, ,,~\ 
lí,tC\,) - ~L.n. - -l\..fi. --t- Ln.fi. --t- L}(l) - a:0) a,\'±.U(5) 
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a = \7 un, i represents the contraction, ,ib represents the symmetrized tensor 
product, R the scalar curvature of the cOlTesponding metric bet\veen parenthe­
Hi¡.; aud ~ the project.ion outo the spatial hypersurfaee¡.; orthogonal to n. 

Einstein equations are \vritten as: 

G (g) :- Ric (g) - R ~g) g - ."tT, (4.19) 

\vhere {". = 871Gjc1 and T is the energy-momentum tensor. The decomposition 
of T with respect. to n iH: 

T ~ pn'¿} n + n'f¡q + S, (4.20) 

\vhere p = T(n,n) 1S the energy density, q = -jj(n)T 1S the momentum 
deuHity, ami 5' = T'.l the stress ten¡.;or. 'Ve are going to denote 5' = trS'. 

Replacing the decompositions of Ric (g) and T \vith respect to n~ Einstein 
equations are expressed in terms oí" a set oí constraint equations 

Rb)+K2 -trK2 

D· (K - K'Y) 

ami other set of evolutiou equation¡.; 

-2K. 

h:q, 

(4.21 ) 

(4.22) 

(4.23) 

-h: (S + ~ (p - Sh) + Rie b) + KK - 2K2 
- Da - a¿} a.(4.24) 

By virtue of the Bianchi ideutities~ the conservation law of the energy-lIlOlnentmn 
tensor and the dynamical equations~ if the constrained equations are fulfilled 
in a giyen hypersurface then they are fulfilled in the subsequent hypersurfaces. 

Regarding the decomposition 01 the evolution vector, -9t = .zVn ---t- p, the 
eon¡.;traint equations (4.21) ami (4.22) have the same expre¡.;¡.;üm¡.; and the dy­
namieal equation¡.; cau be rewritten iu terIllH of al" the laIme fuudiou 1V and 
the shift vector (3: 

-2N K + L.{3 'Y, (4.25) 

iJ,K -DDN -I<N (S+ ~ (f}-Sh) 
\ L·· .. ) 

---t-iV (Ric (,) + KK - 2K2) ---t- L¡3 K. (4.26) 
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The lapse function and the shift vector do not appear in the constraint 
equations. \Ve lu.lye the freedom to choose the follation and the eyolution ficld 
along ,ve evolve the equatioml, Le., the laIme fUlletioll ami the Hhitt vector. 
These qualltities and their spatial derivatives appear in the dynamical equa­
tions, but llot the derivates \vith respect to t. The dynamical variables are "¡'ij 

and Kij. 
In the non-vacuum case, \ve have to take into account the conservation lcxws 

for the energy-lIlOlIlentmIl t.ensor. A ¡.;imple way to write the¡.;e equatiollH in a 
covariant \vay, independently of the formalism used, is: 

\vhere ni}, iH t.he 4-velocity of the fluid. 
In t.he 3+ 1 formali¡';lIl, they are writt.en a¡.;: 

o, 
0, 

(4.27) 

(4.28) 

iJtp N [Kp + tI' (T"- x K) - D· q]- 2i (q) DN + L.(Jp. (4.29) 

iJ,q N[Kq+2K(q)-D·T"-I-pDN-T"-(DN)+L.aq. (4.30) 

T, • ."" , ,-., ., ." ( ,-., 1 ( T~,;,1 

lt lS pOSHHe ro cnooHe any ser or nyllanncal vanalHe¡.; as i.."rij, onij J, t"'/ij, I\. "J J 
or {"'iij,n iJ }, \vhere n ij = ..j'1(Kr;,ij _I{ij ). 

Takillg t.he trace in t.he dyllanücal equations, the follO\villg equatiollH can 
be derived: 

iJtln h] 

o/K 

-2NK + 2D· (3. 

L.aK + ~ (rJ - S) N + NtrK2 
- {"'N. . 2 . 

(4.31 ) 

(4.32) 

\vhere !J.J.V = ,,(t] D-¡DjJ.V is the Laplacian operator. In the case of COllstallt 
trace }( in each hypersurface, the equations for the lapse function and the shift 
vedor are decoupled. 

There are illdirect wayH t.o impose t.he gauge freedOlIl inherent to the kille­
matical variables, Le. to choose the lapse function alld the shift vector. For 
example, if \ve impose K = O (maximal slicing), \ve llave a constraint equation 
for the lapse function: 

;\ 7\.1 - ;.\' [~ (p + S) + trK2
] - O: 
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if, additionally, D . ,O = 0, there "\vlll not appear coordinate singularlties durlng 
thc cvoiution (whiic Iv l' U). 
The defornmt.ion alld distonlioll tem;on; are respectiyely: 

. 1 
A·- 7\/1< --l- _1","" ,¿. ~.~- I 2~r) l' 

, 
2: := El - "trEl/,. 

3 

(4.34) 

(4.35) 

For example, if \ve iIllpm;e D . (..:..) = O (minimal defornmt.ion), \ve have a COll­
Ht.raint. equat.ion for t.he ¡.;hift, vector: 

1:1(3 + DD· (3 + i ((3) Rich) = 2D· (NK). ( 4.36) 

01' \ve can impose D . :L = O (minimal distorsion), and \ve lUlye the constraint 
equatioll: 

( 4.37) 

4.2.1 I3aumgartc-Shapiro-Shibata-.i.Vakamura (DSS.i.V) formalism 

The 3+ 1 system of Einstein equations is stlll not in the most convenlcnt form for 
numerical implcmentation since it devclops instabilities rapidly (see e.g. [29]). 
Kojima, Ooahara and Nakanmra [30] preHent.ed in 1987 a confonnal-traceleHH 
refomulatioll of the 3+ 1 system. In this formulation the trace of the extrinsic 
curvature is evolved separately alld the mixed second derivatives in the IUcci 
tensor are ellminated \vith the introduction of auxlllar~r variables. \Vithout 
t.hese Illixed derivat.iye¡.;, the 3+ 1 equatiollH eOllld be \vritten as "\vave eqllations 
for t.he cOlnpollent.¡.; of the ¡.;pat.ial met.ric and t.hey are mallifestly hyperbolie. 
In addition, the conformal factor and the trace of the extrinsic curvature are 
evolved separately, \vhich follmvs the strategy of separating transverse from 
longitudinal, or radiatiye from non-radiatiye degrees of freedom. 

The nHJHt. "\vide¡.;pread version of this fonnaliHIll is t.he one given by Shi­
bata and Nakanmra [32] ami Baurllgart.e ami Shapiro [31], kllmvn a¡.; t.he BSSK 
formulation. The robustness oí this formalism has beell compared \vith other 
ones (see 'Applcs \vith Applcs' project) and has some problcms, although its 
robustness has been shmvn in numerlcal implementations based on particular 
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choices of gauges (see e.g. [33, 34]), as the so-called 1 + log slicing and the 
use of the so-called gamma driver shift. Long-term numerical simulations lUlye 
been pm;¡.;ible, even iu spacetime¡.; involviug ¡.;trong gravitat.ional field¡.;, ¡.;uch a¡.; 
black holes and neutron stars. Next, ,ve explain this formulation (see [26] for 
details). 

The spatial metric í'ij is \vritten as a product of a conformal factor 1i-'~' and an 
auxiliar metric, the conformally rclated or background metric i'ij: r;'ij = 'q~li'ij. 
The eonfornml fador i¡.; writt.en a¡.; 'I,b = e~", ¡.;o t.hat.: 

;::" _ ,-~l<t>""J,. 
hJ - f, I1J' (4.38) 

and by choosing it such that the determinant of the conformally related metric 
is unity, Ó = (In '"y) /12, \vhere í ' is the determinant of the spatial metric "'¡\j. 
VFe conformally rescale the traccless part of the extrinslc curvature, Aij = 

I<;,5F , "\vhere t.he ¡.;uperscript TF denotes the trace-free part of a teu¡.;or. Follow­
ing [32] ami [31], \ve choo¡.;e the ¡';i-LIlle confonnal re¡.;ealiug of Aij dHmen for t.he 
metric itsef: 

(4.39) 

Indices of A,tj \vill be raised and lmvered \vith the conformal metric i'~ij, so that 
Aij=é<PAij. 

Evolution equations for Ó and for the trace of the extrinsic curvature I{ are: 

" -"-,,¡.,"+ pi O· o
' +"-0 pi G 1V \ r-' t0 6 'H-' , (4.40) 

("" 1" \ o,K -'(" DjDiN + N \ AijA" + ~K") + 41rN (p + S) + .G'oiK.(4.41) 

Subtracting these from the evolution equations yiclds the traccless evolution 
eqllations for 1i,j aud Ai,j: 

'. 2 "A" oOJko·" "o· oOJk " o· 'Ok L" o· oOJk 
_. jv' 'tj + /- kí'i.j + "i'tk j/- + "'I'kj ¡/-' - 3'"}'¡j k/- , (4.42) 

,,-1. (_ (DiDjN)TP + N (Rf;F - 81rSf;F)) 

+N (KA!j - 2AUA'j) 

Jko X X o ChA" o oJk 2" . k +/ kIlij + Ilik j: kj i/ - "3Aik8k/J . (4.43) 
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In these equations the shift terms arise from Lie derivatives of the respective 
variable. 

The Ricci t.ensor Rj,j that appears iu the ¡.;ource term of t.he previou¡.; evo­
lution equation is split into hvo parts as follmvs: 

(4.44) 

where R~:~j is given by 

(4.45) 

ami D j, i¡.; t.he covariant derivative "\vith respect. to the confornml met.ric 1j,j. 

\Ve cau now defiue the "couformal counect.ion flluetiou¡.; -, a¡.;: 

,] , (4.46) 

\vhere f~ are r,he counecr.ion coefficient,¡.; a¡.;¡.;ociatec1 "\vit.h , r,he slllmcript (, j) 
stand s for the partial derivative "\vith respect to the corresponding variable and 
the last equality holds because ~i_= lo 

The conformal Rlccl tensor, R ij , can be vnitten as: 

__ ~,.;,'mn;-l ,.;". - PI.,f'k --+- -rk-r"." --+-~mn (')-rk T',." f'k T' \ 
Rij 2/ ~'In¡¡i[J+ílkl.l~J)~ ~ ~1.~J)1i: l' \~~In(t~J)li:n+~in~'k'lnj}, 

(4.47) 
-k - -k -

\vhere parenthesis denote symmetric indices (e.g., 2r"~I,(i r j)kn = r ~irjkn + 
-r.k·;; \ ,1. 11 " 1 1 • , • (' 1 1 1 1 1 1 r' 
.L ~j.L ikn)' AH l.lle :-:;econu uenv(tl,lve~ OI llave Deeu aD~Ol"DeU lUl.O Lne Hl"~t 
,.. ~ .;:." , ., ~ , - I~-

denvatlYeS ot 1 'c, except the ones 1ll tlle Laplace operator "';i '" ''''/ij,lm . 

\Ve consider the tI as independent functions, and hence it is necessary to 
derive t.heir evollltion equat.ion. Thi¡.; can be done by pennutiug a t.ime and 
space derivative in the definition of these tunctions: 

-o (2V..ji j _ 2;.m(j !ji) + ~;,ij!jl + !j'~ij ) 
J ~ ~ I r ,rn 3 I r,l r I ,l 

- / - -. ? - \ 
-2A.'.JiJj N +2N \fJkAJ" - ~'j'.JiJjK -81r'j'.JSj +6A'.JiJj9) 

+¡JJiJr' -rjiJOi + ~riiJ¡Jj + ~;;Ii¡Jj. +".'j¡J'. (4.48) 
,J J' 3 J.. 3 I .. ,JI / .. ,IJ, 



58 4. FUI"malisms uf l!:instein é'qmdiolls 

"\vhere Si := qi according to the notation used previously. 
So the complete syHtem of equatiollH iH fonned by the Het of constraillt 

eqllations (4.23), (4.24) alld (4.46), ami the set of dYllamical equatiollS (4.40)­
(4.43) alld (4.48). 

Thi¡.; confonnal- traceleHH reforlIlUlation, with the appropiated choiee¡.; of 
gallgeH, i¡.; "\videly used in ='lJlllnerical Relativity. For illHt.cl11ee, the robustne¡.;¡.; of 
this formulation has been shmvn in recent simulations of the merger of binary 
neutron stars [35], evolutions involving one black hole 01' t"\vo black holes (see 
Section 7.2, bclmv), long-term eyolution of neutron stars [34], and gravitational 
collapse of neutroll Ht.cU·¡'; to black holeH [36]. 

4.2.2 Fully constraincd formalism (FCF) 

In the 3+ 1 fornmlism. the I\Ieudon group has developed a fully eon¡.;trained 
formalism (FCF) [111]. The extrinsic curvature, ¡('t) , can be "\vritten in terms 
oí the lapse funct.ion, the shift vector and the ;)-metric as: 

(4.49) 

"\vhere Di i¡.; the covariant derivative aHHociated viTith the 3-metric , .. /i. Thi¡.; 
;)-metric on the spacelike slice is "\vritten in terms oí a coníormal metric. To do 
so, a metric ro] is introduced, "\vith the follmving properties: 

(1) pj has a vanishing Riemann tensor (fiat metric): 

(ii) jU doeH not vary frOln one hyper¡.;uperface to the next along the spatial 

" coordinates lines, Le., ~t jU = O: 

(iii) the asymptotic structure of the physical metric "r") is given by ro], "r") '"'-' 
ro) at spatial infinity 

Let us define the conformal factor: 

(r) 1/12 

\1/ 
(4.50) 
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\vhere í ' and j are the determinants of the metrics "';iij and jiJ, respectivcly. 
The conformal factor is then a scalar ficld. :.:row, one can define the conformal 
metric, 11,J, aH 

:::, __ ._ ,/,-'1" 
1't.J .- i' /'oj or (4.51) 

ami a eonfornml extriuHic ellrvatllre 

(4.52) 

\vllere Ji = "';i'J l\.ij and ( E IK.. In [111], the choice ( = 4 is adopted, lcading to 
the following express ion for Ji ij in terms of the lapse lV and the shift /Ji: 

Xi.!._ ¡.¡ (K"J 1}7 il)\ _ 1 lr(L.')i) + élh
i
; r. 1 il 2V ."1 'J]l 

Ii .- 1i' \ - ;] ''Y - 2N .u Ti - '--(3 ¡ -;] k U ¡ 

(4.53) 
\vhere 

" (Ld)i.! := Vid j + V; 3 i _ =VkS"}'ij 
. . . 3· (4.54) 

is the conformal Killing operator associated \vith the fiat metric p.J and applied 
to the vector fielel ,1fo• 

There is a cüvariant derivative assoclated \vith this conformal metric, \vhich 
i¡.; deuot.ed by D. ='lJotice that thiH definitiou of the couformal metric implie¡.;: 

det1'oj = f. (4.55) 

A s~rmmetric tensor ficld is introduced, hij , the difference bet\veen the con­
formal metric ami t.he tlat. met.ric, defiued by: 

=: j'J + h'J, ( 4.56) 

\vithout. iutroducing any biliuear fonn dual to it.. The eovariant. derivative 
aHHociated with f') i¡.; deuot.ed by D. If oue defineH the vector field H') aH: 

(4.57) 

by t.he previoll¡'; deeomposit.ion of the eonfornml metric ami the propertieH of 
the fiat covariallt derivative, it can be shmvn that H'oj is the divergellce of h'oj: 

(4.58) 
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I\,1cudon~s group choosc maximal slicing -wh1ch mcans that thc trace of thc 
cxtrlnslc curvaturc 18 zcro,]{ = U. Follmving [111] (and rctcrcnccs thcrcln), this 
sliciug leads tu an elliptic eqllation foI' t,he lap¡.;e fllct.ion, it has a ¡.;ingularity 
avoidance property, and it is \vell adapted to the propagation of gravitatiollal 
\vaves. l\'loreover, they define the generalized Dirac gauge as: 

r ( ") \ '/3 ii 1 
l \7) r j =0, (4.59) 

that 18 nothing more than 
H'~u. (4.60) 

These are the correspondillg three degrees of freedom that one has to choose 
besides the constraillt equation (4.55). These hvo relations define the gauge 
systcm in thc FCF schcmc. Sincc thc gaugc systcm has to be prcscrvcd in time, 
the follO\viug relations mUHt. aIso be Hat.isfied 

(4.61) 

Gatherillg together all the above illgrediellts, Einstein equations lead to el­
liptic equations tor the lapse function, for the shift vector and for the conformal 
factor. And there is an evolution system for the symmetric tensor h ij (to be 
studied in the next Section). This ¡.;ystem haH, iu principIe, 6 degreeH of free­
dOln, but only t.\vo of them eorre¡.;poud to the propagation "\vaveH taking int.o 
accoullt the constrained equations. There are 4 additional hyperbolic dyllami­
cal variables, similar to the harmonic generali:wd case (4 gaugc sources) or to 
the Z4 one (an additional 4-vector). The FCF is fully constrained, because all 
the constraiut equat.ion¡.; are solved at. eaeh time ¡.;tep; t.hi¡.; does not happen 
"\vit.h free-evolut.ion fornmlisms aH BSS='IJ, or partially eon¡.;trained one¡.;. The 
main motivation of this scheme is to get the maximum number of elliptic equa­
tlons, that In prlnclplc are much more stablc than the hyperbollc ones avoldlng 
the vlolatlon of the constralnts. For thls klnd of equatlons lt ls posslble to 
apply spect.ral methoeb t.aking advautage of the =\Ieudou'¡.; experience. 

The difference bet\Veell the Christoffel symbols of Di and those of Vi is the 
follmving tensor field: 

(4.62) 
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Let liS define the scalar R*: 

, , 
R- .- 1-;:: kl-n I,mn-n;:: 1- ;::::,kl-n 1,1nn-n ;:: '" .- '4 r Vk, VI rmn - '2 i VA:, V n rmn· (4.63) 

The fir¡.;t of the gauge coudition¡.; (4.61), o/,I{ = 0, is enforced during the 
evolutiou by an elliptie equation for the lap¡.;e fuudiou. Au elliptic equatiou 
can be used tor the lapse function times conformal tactor too, as a combination 
of the ellipic equation for the lapse and the elliptic equation for the conformal 
factor: 

D,(:\ 

¡)/¡1} 

i!t 
____ _ ":". __ D_,:/ir:l¡,i j .) ] 

;3 1" 

(4.64) 

\vhere S ami the ¡.;train tem;or SU have been defiued previom·;ly, ami E = P iH 
the energy densit.y. 

The Hamiltonian constraint can be \vritten as an elliptic equation for the 
eonfornml fador: 

~'I,b -21. E'~i>5 Dii:" 'h'-
g 

'(:)5 
[ (Lp)'j 

8 (2N)2 
+ aL ~D¡ f 11"] 

[(LP)kl + __ p .·1 Al - ~·D . »¡ml A'] (4.60) r-' 'Jj J.......J i 'J '!I¡" r u 
( / .J 
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An clliptlc cquation for thc shift yector 18 dcrived uslng both thc momcntum 
constraint and thc prcscrvation in time of thc Dirac gaugc: 

l· . 
!la' + -V'VJ1 . 3 J. 

l·· I h,kp,DIJ ., ., 

:¡ 

\vhere the momelltum density SI has been defilled previously. 

(4.66) 

An eqllation fol' the shift vedor could be derived ITOIIl the lllOIllenturll COIl­

straint alone~ but the COUplillg to the tensorial equation for h ij ,,",ouId become 
more complicated due to the presence of a mixed time-space second order 
dcrl-vativc of hi}. This tcrm i8 climinatcd by thc use of a Dirac, or a. simi­
lar, gaugc. Thcrcforc, this clllptic cquation for thc shift yector cnforccs thc 
lIlomelltmIl constraiut, as long as the Dirac gauge iH satü-died. 

l\'lore details about the different systems and equations of this FCF can be 
seen in the next Chapter 5 and in Ret. [53]. 

4.2.3 Conformally Eat condition (eFC) 

One among many others interesting property of FCF is that it is a natural 
generali,ation of the conformally fial condition (CFC) [37, 38], that has been 
used in many astrophysical applications, as the collapse of rotating cores of 
massive Ht.an; [39, 40, 41, 42] 01' HupennaHHive starH [43], t.he phaHe-transit.ion­
indueed collapse of rot.ating neut.rou Ht.arH to hybrid quark starH [44], equilibrimn 
models of rotating neutron stars [45, 46], as \vell as for binary neutron star 
merger [47, 48, 49, 50]. CFC is recovered just taking the symmetric tensor htJ 

:tero. FCF could be, in practice, an easy \vay to go from CFe to a complete 
geueral spacetüne, just addiug the ne\v t.ermH to the equat.ionH ami the HyHtem 
for h jj

. 

In CFC one has to consider the divergence of the energy-momentum tensor, 
and elliptic equations for the conformal factor, the lapse function and the shift 
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vector. In the previous elllptic eq uations \ve lu.lye wrltten in bIack the corres­
ponding part of eFe, and the ne\v terms, coming from the non yanishing of 
J¡1'J. have been "\vritt.en in bIne. 
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5. I\IATHEI\IATICAL ISSUES 

ThiH Section eont.aim; an ünportant. part uf the theoretical ,york preHented in 
t,hi¡.; t,hesiH. The local eXÜ.,tellce of lIl<-lXinml ¡.;licing¡.;, and propert.ie¡.; concerning 
the elliptic alld hyperbolic equations of the FCF formalism \vill be treated. 

5.1 Local existen ce of rna,x:inwl slicings in spherica,l1y syrnrnetric 
sp[].(;ctirncs 

Ihis Subscction 18 bascd Oil [Si]. In 1944 LichncrowicLi [22] introduccd a parti­
cular foliatioll of ¡.;paeetime, the Hu-called nmximal sliciug conditioll mentioned 
in Section 4.2, to solve Einstein constraillt equations. This type of slicing has 
very nice properties as, fol' example: i) the \vell-knmvn singularity avoidance 
capability [54], ii) it 18 \veH adaptcd to thc propagation of gravitational \vaves 
[112,32], and, üi) it givcs thc natural ::-.Je\vtonian analogous \vhen, in addition, 
eonfornml fiatne¡.;¡.; i¡.; imposed on each ¡.;lice [37]. I\:Iaximal sliciug conditiou ha¡.; 
been recently used in the FCF of Einstein equations (see Sectioll 4.2.2). In this 
Subsection, \ve \vill utili7,e the term maximal slicings (118, in the next) \vhen 
rcferlng to those spacetimes sliced by maximal spacelike hypersurfaces. 

The ¡.;huly of 1\:18 ha¡.; beeu nmiu1y motivated by the re¡.;ollltion of the iui­
tial value problem [22], and aIso by the associated time evollltion. Thi¡.; idea 
\vas populari7,ed by 8marr and York [25, 54]. Thell, for a given class of space­
times, the construction of a family of slices \vith a given property (e.g., maximal 
slicing and/or conformal fiatness) may be dynamically accomplished in an evo-
1ution ¡.;cheme: a¡.;¡.;mning the exi¡.;teuee of au initia1 ;)-¡.;urface \vith that property, 
Eiu¡.;teiu eqllations are used to evo1ve 10eally the corre¡.;ponding additiona1 cou­
straillt. 

Thls strategy can be applled both analytlcally and numerically, as lt has 
been done in rcferences [55, 56] to construct :.\1S in the extended SdnvarLischild 
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gcomctry. This maximal follation of thc Kruskal-S:wkcrcs black hole '.vas ob­
taincd indcpcndcntly by Rcinhart [57] from a dittcrcnt approach. Rcinhart 
procedllre [57] does Ilot make auy use of Einstein eqllations, beillg e¡.;¡.;entially 
a geometrical (non dynamical) approach. 

Similar cxamplcs of I\.fS have bccn cxamincd in thc Rcissncf-:.:rordstrom gCQ­

metry [58], ami ah.;o in dyllanücal ¡.;pherically synlIlletric ¡.;paeetime¡.; (SSSTs) of 
dm.,t collap¡.;e scenarim; [59], by m;ing ü.;otropic coordiuateH. Sorlle general re­
sults and cOlljectures about the existellce of Cauchy time functions \vhose level 
surfaccs are maximal (or foliations "\vith constant mean cxtrlnsic curvaturc) 
have becn giycn in [ti O] "\vith applications to the Lemaitre-Tolman-Dondi geo­
metry. Of counle, the Ht.udy of t.he existence (and uuiquene¡.;¡.;) of other t.ypeH of 
foliations deserves a lot of interest in SSST and more general spacetimes. That 
is the case of synchronizations by fiat instants (Painlevé-Gullstrand slicings) 
and their generalümtions (see, for examplc, [113, 114, 115, 116, 11'7, 118]). 

Iu spite of t.heir extended use, the exi¡.;teuce of =\1S in SSSTH ha¡.; been only 
established for vacuum and for some particular energy contents (see [37, 55, 56, 
5'7, 58, 59, 6U]). There is no, as far as \ve knmv, a theorem stating that always 
is possiblc to build a MS in a SSST. 

In this Subsection, \ve aim to prove the local existence of ~..fS in an arbitrary 
SSST. vVe \vill follmv a purely geometrical approach, independent of Einstein 
equations, complementary to the standard time evolution strategy [3'7, 55, 56, 
58, 59, GO]. Although our Hhuly is iudependent of the field equat.ion¡.;, oue by­
produet of our approach, vdlich could be of intereHt. iu the field of ='Jlllnerical 
Relativity, is the follmving: it \vill be possible to carry out a cross-checking of 
numerical solutions of Einstein eq uations. 

Our i-maly¡.;is has focused on SSSTH. The study of SSST¡.; iH of particular 
interest in different domains of general relativity: classification of exact solu­
tions of Einstein equations, simplified models of astrophysical and cosmological 
scenarios (see, e.g. [61]), test-bed solutions for fully general-rclati-dstic time­
dependent. ulllnerical codeH "'.vhich evolve nmt.ter in strong gravitatioual flelds 
(Hee, e.g., [59, 62, G3, 64]), etc. SSST¡.; provide the background for a perturba­
tive theory. All these reasons advise us to start our analysis in such a simple 
symmetry and to dder for future vmrks its extension to lcss strongly symmetric 
s pacetimes. 
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5.1.1 J.\lain cquations 

""it.hout loss of generalit.y, \ve ¡.;tart \vith the eanouical fonn of the metrie of a 
SSST (see [61]), Ihal is 

ds' ~ Ádt' +2Cdt dr+JJdr' +Dd0', (5.1) 

\vhere dn 2 = de2 +¡.;in2 edtp2 is the met.ric ofthe 2-¡.;phere, A, E, C, D are smoot.h 
fuuetiou¡.; of t ami r, aud AE - C 2 < () t.o insure the Lorentzian charact.er of 
the metric. In addition 've ehoose the signCtture (-, +, +, +), Ctnd aeeordingly 
D > O. In this Seetion partial derivatives with respeet to r \vlll be denoted as 

Df f' d' 1 Df f' Tl . 1 . . d d 8r =. ,an wlt 1 respeet to t as at =.' le spatl3. metne r;'ij III uee on 
,. ~ ~. ~ ,.. . .., ~ ~ ~ . ')~, . 

tlle llypersurtaees 2.....t, ctehnect t)y t = const IS "'/ij = ctl3.g~lJ, LJ, LJ Slll- (j), \vllere 
n > O since \ve are considering spacellke hypersurfaces. Let n be the future 
poiutiug timelike unit. normal t.o t.he hypersurfaee¡.; ¿:r, 

(5.2) 

The mean extrinsic curvature }( of:E t is minus the expansion of n, !{ = - V' n, 
t.hat. i¡.; 

(CD\'l 

\VIJ) j (5.3) 

\vhere \7 i¡.; the covariant derivative \vith respect. to the ¡.;paeetime metric g/w 

given by Eq. (5.1), 9 ~ <1el(9/"') ~ _H2 sin' e. H ~ D/C' - AB amI /1 E 
{t, r, e, rjJ}. Developing this relation, we obtain 

1 l. iJ E' D' \ 
K ~ 2aJJ l- JJ - 2JJ D + 2C' - C fl + 2C D ) (5.4) 

Therefore. t.he ¡.;urfaces t = const are nmximal if, aud ouly if, t.he max­
imal slicing condition !{ = O is fulfilled. In the follmvillg \ve assume that 
A, n, e and D are knmvn functions. \Ve aim to prove the local existence of 
a maximal sllclng in spherical symmetry. From a kinematical point of vie\v, 
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'.ve 100k for thc cxistcncc of a. non-cxpanding obscrvcr u Oil thc 2-surfaccs dc­
fincd by constant () and 'P, Le., a unit and futurc dircctcd radial timclikc ficld 
ti ~ l1i ' ~ (1//(1, r), 11'(1, r), 0, O) o11(:h Ihal V· ti ~ 0, or eqllivalentl)· 

(u t H)' + (/J'H)' ~ O. (5.5) 

The cOlldition g( u, u) = -1 suppose a relation behveen the componellts of u, 

A(I/.')2 + E(l1 e )' + 2CI1.'I/'" ~ -l. (5.6) 

t<rom l::!.,q. (5.6), ti' may be \vrittcn in tcrms of thc ut and thc mctric compo­
nents. Replacing thiH expre¡.;¡.;ioIl of ul, in Ec¡. (5.5), une obtain a fir¡.;t order 
partíal differential equations. The existence oí solution oí this equation is not 
sufficient to guarantee the existence of a maximal slicing. In fact, such a 80-

lution must be compatible \vith thc algcbraic constraint (5.6) and must be 
positive, n t > 0, "\vhen the coordinate field DL iH future direct.ed. 

In order to bypaHH thiH diffieulty, ,ve eom;ider a change of coordinatefo) of 
the form {i ~ [(t,e)J ~ r(t,e),8,,,,}, such that the coordillate hypersurfaces 
i = const are maximal. Then, the above considered constraints ,vill be satisfied 
as a conscqucncc of thc intcgrability conditions insuring thc cxistcncc of thc 
vmntcd coordinatc s~rstcm. 

Let Ufo) introduce t,he following fieldH: 

and dccomposc thcm as 

y 

X 

y2 ~ 1, 

Y-·Y-~=o, 

/) f:- 0, .\ > U. Thc condition -y-2 = 1 is cquivalcnt to 

being f = ±l, z2 = -ÁB + (:2> U. l\:foreover, Y-· y-~ = U leads to 

( -C+ 
\ 

EJI" I 
V}'"P+E/ 

(5.7) 

(5.8) 

(5.9) 

(5.10) 

(5.11) 
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Consequently, the resulting ficlds are 

a a 
x ~ (af + b) at + (aP+ bQ) ar' (5.12) 

y~.\ f".+F-;c- ~.\ fctn+~vJ2I'+B-;c- , ( a a) ( a) 
ul ar B ar (5.13) 

\vhere \ve haye t.aken int.o account Eqs. (5.2) ami (5.10). This decOlnpo¡.;itiou 
\vill reduce the maximal slicing condition }( = O to an equation involving only 
the unknO\vn f. Notice that Eq. (5.13) makes clear the meaning of E: relative 
to the Eulcrian observer n, the radial componcnt of Y is outgoing or ingoing 
according to f = 1 or E = -1. 

The Jacobian matrix of the aboye change of coordiuat.e¡.; can be \vrit.teu, iu 
terms of the previous decompositions, as 

/ at ut \ -1 
/ , 

( 
. -1 

( t i' ) l 3i m 
) 

af + b Af ) f 7'.' 3r 3r uF + bQ .\F 
\ ai iJf I 

(b 1'.\)-1 ( .\P -.\f ), (5.14) 
\ -(aF+bQ) (af + b) ) 

f 
where p ~ F - fQ ~ fe O. Then, in order lo illsure Er¡. (5.7), the 

yl.f2l2 + 15 

iutegrability conditions, [X, Y] = O, are: 

r T' 1 ' r - fl 

lbp] lb;] (5.15) 

r uP+bQ1' r uf +b 1 (5.16) 
L opA J L opA J 

Taking into account thc maximal slicing and the intcgrability conditions, \ve 
have;) equat.ion¡.; for 4 uukuO\vn fund.ion¡.;, 0., b, j, A. But., due to D t.n1ll¡.;forms 
a¡.; a ¡.;calar under the considered coordinate t.n1ll¡.;formatiou, \Ve can add \vithout. 
loss of generality, the coordinate condition 

.¡;2 y2 = D, (5.17) 



70 5. Matllé'Illütical issues 

saying that thc mctric OIl thc hypcrsurfaccs i = const 1s \vrittcn in isotroplc 
conformally fiat formo ::-.Jotlcc that Eq. (5.1'7) guarantccs that thc congrucncc 

(} 
of coordillate Hnes associated \vith the field X = Di has minimal distorsion 

(see [27, 54]). 
='JO\V, ITOIIl Eq. (5.4), the maxünal ¡.;licing couditioIl k = O for the ue\\! 

hypersurfaces i = const i8 equivalent to 

X(y2l+2y2X~) -2Y(X.Y1+ [y!:::2) -2Y~)1 X.Y=Q, (5.18) 
.. U . . L Y" U J 

and, taking into account thc conformally fiat coordlnatc condltion (5.17), this 
expreHHioll is \vrit.teu as 

2Y (X· Y) - 3X (y2) + (5.19) 

In terrm; of the decOIllpm,¡tions (5.12) aud (5.13), EqH. (5.17) and (5.19) are 
expressed as 

A = ID/e 
(¡>-+PX 2 \ 

j ú -¡- F,,' - " \, A - ID) 
),+qx 

= 3b 
A 

(5.20) 

(5.21) 

Eq. (5.20) can be vie\ved as a definition of 7"-. in terms of A~ and from this 
equation \ve can derive 

X 
A 

D' 111+11 
-----

2D bpID' 

.i. iJ aP + be¿ 
;;: = 2D + bpID . (5.221 

Al this point we have 5 eqllations, i.e., Eqs. (5.15), (5.16), (5.21) and (5.22), 
for 4 unknmvn functions, i.c., (a, b, j, A). Eqs. (5.22) are equiyalent to give 
quantitya in tcrms of thc other unknmvns, 

() = IIID (), + q.\' _ iJ+qD'\. 
\ '1T1 1 (5.23) 

\ /, ""'.L/ ) 
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and to thc follmving cq uation 

). ).' n n' 1 
j"- + r"- ~ j~ + r=-- - ---o 

A A 2D 2D ID (5.24) 

Once a has been eliminated, it can be seell that Eq. (5.1G) can be obtained 
ITom Eq. (5.24). ITom Eq. (5.23), the field X is 

(5.25) 

\vhere A = log Al VD. SO ,ve have reduced the probleIll to Holve 3 equation¡.;, 
Le., EqH. (5.15), (5.21) (replaeing (l.), and (5.24), for 3 unknO\vn fuuetiouH, Le., 
(b. j, A). Eq. (5.15) can be rewritten as 

.6 b' ,p' . 
f~+P~~P -P-+i-fE. 
'b b 1" 'p 

(5.26) 

A¡.; it \vill be shO\vn below iu Ec¡. (5.27), f can be obtaiued ITOIll au equatiou 
\vhich does not cOlltaill other variables. Then, Eq. (5.26) is a first order partial 
derivatiyc equation (PDE) for b. 

Eliminatillg a and its derivatives \vith Eq. (5.23), and using Eq. (5.2G) to 
eliminate D, Eq. (5.21) is rcduced to a second ordcr PDE involying A and j. 
Finally, making usc of Eq. (5.24) for, firstly, reducing thc ordcr of the equation 
ami, ¡.;econdly, for eliminating A, Eq. (5.21) is equivaleut to the following one: 

'iJ n rn' n'l 
~ - ~ - (2' + (2 l"1' - ~ j ~ o. (5.27) 

Kotice that previouH equation involveH ouly f \vheu p ami CJ are \vritten ex­
plicitely in tenn¡.; of f hom their defiuitions. 

5.l.:! Local existl'-'ncl'-' of nw,ximal sliGings. 

We have found a decoupled s)'stem ol" quasi-linear PDEs (5.24), (5.26) and 
(5.27) according to the following steps: First, Eq. (5.27) can bc solved for j. 
Second, Eq. (5.24) can bc solycd fOl" A. Third, Eq. (5.26) can be solved for D. 
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Finally, a can be obtaincd trom Eq. (5.23). Assuming that all thc mctric COll1-

poncnts A, E, e, D are continuously dlffcrcntiablc functlons, the lnitlal valuc 
probleIll "\vith re¡.;peet tu thiH Het uf eqllations haH ahvaYH local solutioll [119]. 
vVe have reached OUT main objective in this Section 5.1, that is to prove the 
follmving result: 
ThcoTem: A nl/ spherically sum'mctric spaccti'mc can be localLlJ sliccd bU a family 
of ma:cimaL spacclike hypenmrfaces. 

The proof of the theoreIll iH, theu, ba¡.;ed OH the explieit findillg of t,he 
mínimum set oí equations to be solved in order to obtaill 1\18 in SSSTs. Let 
lIS analy7,e hvo differellt cases, f = O alld f f:- 0, that \vill complement the 
thcorcm of cxistcncc of 1\-1S. 

First CHHe: If f = 0, Ec¡. (5.27) is reduced to !{ = O, the maximal sliciug con­
dition provided by Er¡. (5.4). In thiH caHe. frOln Er¡o. (5.26). (5.24) ami (5.23), 

it tumH out that b(t) fe () arbitrarv. A ~ Z(t).fJ5 ex]) (-f r ,/B/Ddr) , with . . . . . . - \ R" ) 

I ;:. 1 
Z(I»o,Rconstant.al1(ia~b.fJ5lz/z+EC/"¡BD-EL(VB/D) dejo 

The fielcb X and Y can be iutegrated aceording to the follo\ving re¡.mlt: 
If the hypen;urfaceH t = const iu the Illetric expre¡.;¡.;ion (5.1) are nmximal, 

the follmving change 

i ~ t(I). (5.28) 

"\vith t = b- 1 , Z(t) > O ami R couHtaut, allow¡.; oue to \vrite the metric in 
isotropic form 

. 7' D r _, Eb D r -r . 2 ~'1 ~ . b2 A + D (;:) - 2fC, Do. dt- + 2-::-\ D (C - f\/BD;:) dtdr 
L \'/ YLJ'J 'YLJ\ '/ 

(5.29) 

This metric fol'm is adapted to the same initial maximal slices, that are nm.v 
labcled as t = consto It remains inval'iant undel' the ülYel'sion ¡-. -----7 T(i)/i· -when, 
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in addition, the sign of the radial component of the ficld y is reversed by the 
change é ----')o -f. 

Secolld case: "\Vhen 1 #- 0, the explicit expI'e¡.;¡.;iom; of P /1 ami CJ in t.eI'Ill¡'; 
of f, allow liS to define the variable 

r 
¡.;o 

f 
l-Fe 

FE 

-e + FI 2 /l-I'F2 
C2 ~ E clud p ~ fy E 

and (5.27) are re'.vritten, respectively, as 

. 1 - FC! {r iJ - C r 1 
b + FE b ~ b -E- + 1 _ i2 F2 

. 1 _ Fe L' Df12v I (') /2 L'2 "Lf1\ (/2\1 F+ F'= .L.LJVJT\.::.'-t.L -.L'V)\I') 

FE 2i2E 

-L r iJ + BD + (e - FI
2
)(DB' - 2BD') - e'1 ' 

L 2 D 2BD J 

(5.30) 

Eqs. (5.26), (5.24) 

\vhere L = (1-l2 F 2 )j ([2 F IJ). Ihe solution can be obtained numerically solving 
t.he qw-t¡.;ilinear Eqs. (5.33), (5.32) alld (5.31) foI', re¡.;pectively, F, A and b, given 
illitial data foI' t = too These eqllations are of hyperbolic type, analogolls to the 
\vell-knmvn advective equation in classical fluid dynamics. The three equations 
lUlve a common ¡;advective velocity": F = (1 - FC)F 1 IJ l. Ihis velocity 
can be interpreted as the radial component of the llght vcloclty in the modified 

. . 1 . 
t· d·~ i" ~ it" me nc ,8 = GS - 11G . 

Finally, from Eq. (5.14), '.ve obtain the follmving result: 
For any given SSST a maximal sllclng can be bullt up according to the 

follmving steps: 

(5.32) 

(5.33) 
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i) To start \vith thc mctric form (5.1), \vith [2 == C 2 - Afl > U, fl > n and 
D > U, to solye Eq. (5.33) far F, and then, to salve Eq. (5.31) far b. and 
t.u define 

(5.34) 

\vhich 1s ncccssaril~r a. closcd l-form. 

ii) Tu find a poteutial t(t, r) of r. r = di, Then, the level ¡.;urfaces of tare 
spacelike alld maximal. 

Allalogously, f can be illtegrated once F and A are solved. The challge 
of coordinates is complctcly defined, the ficlds X, Y can be obtained and the 
mctric dcrivcd in thc nc\v sct of coordlnatcs. Thc nc\v sliccs are maximal and 
the first case, f = (J, can again be applied. 

In order to scc hmv thc mcthod may be applicd in practicc, lct liS considcr 
thc aboye proccdurc in thc simple case of thc :.\Iinkmvski spacctimc and incrtial 
spherieal coordiuateH, ds 2 = -dt2 + (lr·2 + .,..2dn2 . Aceording to the re¡.;ults in 
~he fir¡.;t case, f = O, the chauge of coordinate¡.; ¡ = t(t) can be derived. "\vith 

t = b- 1 , i = r~- Z-l, aud the re¡.;ulting metrie i¡.; 

ds 2 lr 2 (' 1 dZ)' "]' '2 'c 1 dZ ' -6 + i"Z'- di dt +2(i'Zt- didldi' 

+ (r'-1 Z')' (!lr2 +r2 díl 2 ) , (5.35) 

b = b(i) '" o. Z = Z(i) > O beil1g arbitrar)' functions. Rence. we have the 
same slicing that the initial inertial one (this foliation is totally geodesic, i.e., 
its extrinsic curvature tensor vanisiles). tlmveyer, otiler maximal slicings (non­
inertial, eu general) cau be obtained a¡.; a cou¡.;equeuce of the second ca¡.;e f -1- O. 
Accordiug to it, Eq. (5.33) read¡.; 

P + F- 1 F' = -21'-1(1 - p). (5.36) 

The general solutiou of thi¡.; equation can be g;iven iu tenn¡.; of an implicit 
.' (' ( -1 (-2 )'/1 -1 (-2 )'(1') 2 funchon. eh m. F) + t r F - 1 . r F - 1 = O. O < F < 1, 

<1>, being an arbitrary f11nction. and rn(F) = v1FT 2F, (1/4. 3/4: 5/4: F"), 
2Fl being the classical standard hypergeometric series [120]. Once F is knmvn, 
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the general solution of Eqs. (5.31) and (5.32) are, respectiycly, ~2(h, h) and 
cp3(h, h), "\vhere cp2 and ~3 are arbitrary functions, and 

1, ~ b-1 ex]) 

l. 
r 

1, ~ r - J F- 1 dl, 

o 

I ;. ( 

II ~ 
(~ -- \ 

h ~ ),-1 exp \r- 1 1 F- 1 (1 - </1 - F2)dt) 

(5.37) 

(5.38) 

(5.39) 

Thi¡.; ¡.;tlldy can be exteuded to the Schwarzschild ¡.;pacetime ll¡.;ing dittereut 
metric forms, specially those that are regular at the horizon, like the Painlevé­
Gullstrand form and other similar ones [121]. I\IS can also be constructed in 
other spacetimes (Reissner-::-.Jordtrom, Vaidya, Lemaitre-Tolman-I3ondi, etc.) 
ami t.he re¡.;ult,¡.; cOIllpared with previou¡.; \vork¡.; [55, 56, 57, 58, 59]. 

To end, let us summari7,e. T\vo basic results have been displayed: (i) A 
theorem insuring the existence of ~..fS in any 8SST. (ii) A geometrical method 
to build up such slices by solving tluee decoupled first order quasi-linear PDEs 
(5.24), (5.26) and (5.27). Tile first resuil aims lo fiU a tilcorcticai gap in tile 
¡.;eientific lit.erat.ure. The second one tries to achieve an algorithmie procedure 
to obtain 118. As an example, in a fiat spacetime, the equations leading to 
obtain ~..fS, \vhich are not inertial in general, can be solved analytically. An 
interesting by-product for :.:r umerlcal Rclativity of the approach presented in 
t.hi¡.; \vork ha¡.; to do \vith t.he asse¡.;¡.;ment of 3D codes "\vrit.teu, a¡.; custonmry, iu 
Carte¡.;iau coordiuat.e¡.;. Let u¡.; con¡.;ider two codes NCl ami ='lJC:2 sllch that only 
KCl uses a gauge \vhich is maximal. Hence, the evolution "\vith code :.:rC2 of any 
initial data admitting a spherically symmetric limit could be compared to the 
evolution produced by code NC1, by simply using our procedure to generate a 
SSST sati¡.;fying the maxünal sliciug condition. 

\Ve have out.lined a method t.hat. ¡.;llOllld be ext.ended t.o deal viTith the cou­
struction of a constant mean curvature slicings. The results on maximal slicings 
\ve lUlye presented here can be considered as a step to gain sorne insights in 
this direction. 
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5.2 JlIatllematical properties af tlle elliptic equatians in CFC and 
local uniqueness 

lhlS SubscctlOn and ScctlOn 5.3.5 arc bascd on [52]. lhc non-ulllqucncss of 
solutions stcms from thc non-llncarlty of thc constraint cquations and has 
been studied \vithin t.he so-called extended confornml t.hiu saIHhvieh (XCTS) 
[65,66, G7] approach to the initial elata problem in general relativity. In Ref. [681 
a parabolic branching \vas numerically found in the solutions to the XCTS equa­
tions for pcrturbations of :.\Ilnkmvs1d spacctimc, providing thc first cyidcncc of 
non-uniqucncss in this clllptic systcm. First analytlcal studlcs havc bccn car­
ried out in [69, 122]' fiuding support. for the geuerieit.y of thiH nou-uuiquene¡.;¡.; 
behavior. l\'lore specifically, the XCTS elliptic system is formed by the Einstein 
constraint equations in a conformal thin sand\vich (CTS) decomposition [65] 
supplcmcntcd with an additiona1 clllptic cquation for thc lapsc function, which 
foll<nvs from the maximal sliciug condition. Although no general reHult.¡.; ou t.he 
exiHt.ence aud uuiquene¡.;¡.; for the XCTS syHt.em are available (iu contrast to t.he 
CTS case and similar elliptic systems encompassing only the constraints; see, 
e.g., [123,124,25,65,66]), the analysis in [69] strongly suggests the presence of 
a \vrong sign in a ccrtain tcrm of thc lapsc cquation as thc culprlt for thc 10ss 
of uuiquene¡.;¡.;, esseutially becauHe it Hpoils t.he applicatiou of a maxiUlUm prin­
cipIe t.o guarantee uniqueneHH. J\Ioreover, under t.hese eircmn¡,;Üluce¡.; (namely, 
the existence of a non-trivial kernel for the XCTS elliptic operator) it is shmvn 
in [122] that thc parabolic bchavior found in [68] is indccd gcncric. 

Certain constrained evolution formalisms \vhich incorporate elliptic gauges 
in their schemes contain elliptic subsystems \vhich share essential points \vith 
thc XCTS cquations. Non-uniqucncss in thc clllptic subsystcm is ccrtainly 
an iHHue for the \vell-posedne¡.;¡.; of the vdlOle elliptic-hyperbolie evolutiou ¡.;ys­
temo Iu nUInerical implemeutat.ion¡.; t.hi¡.; can depeud on the employed umnerical 
scheme, in particular, on its capability to remain close to one of the solutions, 
at least as long as the solution stays sufficiently far from the branching point. 
In fact, constraincd 01' partially constraincd cyolutions havc shmvn to bc robust 
in a variety of cont.exts (see, e.g., t.he references iu [125] and Seco 5.2.2 of [126]). 
Ho\vever, t.he problem¡.; de¡.;cribed aboye have abo emerged, for instance, in t.he 
axisymmetric case in [127, 128] (see also [129]). The analysis in [125] condueles 
that thc rcason bchind thc faHurcs in thcsc axisymmctrlc formulations is in 
fact rclatcd to thc prcscncc of \vrong signs 01', morc prcclscly, to thc indcfinitc 
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character of certain non-linear Helmholtz-like eq uations present in the scheme 
(see [125] for details and also for a parallcl numerical discussion in terms of 
a class of relaxat,ion met,hodH for t,he convergeuce of the elliptie HolverH). Re­
garding the fu11 three-dill1ensional case, fully constrained forll1alisll1s have been 
presenled in [111, 130, 531. While the work in [l1L 531 incllldes an elliptic sub­
system closely rclated to the XCTS equations and thercfore suffers potentia11y 
from these non-uniqueness problems, the uniqueness propertics of the scheme 
of [130] Illm;t yet be studied. Iu bot,h case¡.;, t,he fu11 nUInerical performauce still 
has to be assessed. 

Having the analysis ofthe FCF of [111, 53] as final aim, a schell1e addressing 
the non-uniqueness issues of eFC approximation in the fu11 three-dimensional 
case iH going to be diHcll¡.;¡.;ed first. ThiH met,hodological choice is jUHt.ified since 
t,he eFC Hcheme already coutaiuH the relevant elliptic ¡.;ystem of FCF, but iu 
a setting in \vhich potential additional problematic issues related to the FCF 
hyperbolic part do not mix up \vith the specific problem to be addressed here. 
Thercfore, modification of the eFe scheme (in the presence of matter) is going 
t,o be diHcll¡.;¡.;ed in detail \vhere nmxilIlUIll-principle liues of rea¡.;ouiug can be 
used to iufer t,he uniqueneHH of the solutiouH. 

Although no delails abaut lhe hydrodyuamical equatians, (4.27) ami (4.28), 
are going to be given here, the fo11owing rescalcd matter quantities are intro­
duccd, foilowing York [251: 

E< ~~ ,{{~ 

(5.40) .- y"r/J15 = 'I,U-b, 

S" .- h/f S = 7/l'8, (5.41) 

(S"); 
~ R~ 

(5.42) .- VI/ J Sj = 'I,U~Oj" 

and CFC equations are \vritten in terms of these rescaled quantities as 

. ",-1 * V "'-tJ "'- . 

[ 

'B}'}';J] 
-2lr~ E + 16lr ' (5.43) 

(5.44) 

(5.45) 

Conformal rescaling of the hydrodynamical -variables is not only relevant for 
local uniqueness issues. The hydrodynamic equations (4.27) and (4.28) can be 



78 5. Matllé'Illütical issues 

rcformulatcd as a first order hypcrbolic systcm of conscrvation cquations for 
the quantitics (D~,(S'kE') í131, 132j, whcre, similariy lo equatiolls (5.40)­
(5.42), D* := ,~/,/i D, D := 1.\'uD p being the baryoll mass densit.y aH measllred by 
the Eulerial1 observer. vVe can thus consider E* alld (S*)¡ as knmvll variables 
in the computation oí the eFe metric. Kote that these quantities ditter trom 
E and Si by a factor 1i-,~,6, and hcncc 1t i8 not possiblc to compute thc nOll­

starrcd quantltics before knmving thc valuc of If thc cncrgy-momcntum 
ten¡.;or repreHent¡.; a fluid (Le. r #- O), then t,he SOllI'Ce uf equatioll (5.44) 
cannot be explicitly expressed in terms of (D"", (S*)¡, E*), the reason fol' that 
beillg the dependence of S* 011 the pressure P. The pressure can only be 
computed in terms of the ¡;primitive:' quantities, e.g., as a function P(p, f) of the 
re¡.;t-lIla¡.;¡.; densit.y ami t.he ¡.;peeific intenml energy f. The primit.ive quantit.ie¡.; 
are, in geueral, recovered from (D, Si" E) implicitly by mean¡.; of an it.erat.ion 
algorithm. So far, t\VO solutions of the problem related to the fact that S" 
directly contains P have been used in numerical simulations performed \vith 
the eFe approxlmatlon. 

The first approaeh [48] is to consider P, and henee also S", as an implicit 
function of 1;.\ Then Eqs. (5.43)-(5.45) ean be solved as a coupled set of non­
liuear equat.ion¡.; ll¡.;ing a fixed-point. it.erat.ion algoritlllIl. The convergence of 
the algoritlllIl t.o the corred solutiou depeuds not ouly on t.he proximit.y of t.he 
initial seed metric to the solution, but also on the uniqueness oí this solution. 
The latter polnt ls extenslvcly dlscussed In the next Sectlon. Furthermore, one 
problcm of thls approach ls the necesslty of performlng the recovery of the 
primit.ive varia ble¡.; (vdlich i¡.; nUInerically a time consmIling proeedure) to com­
pute the pressure during each fixed point iteration. Because of the uniqueness 
problem, this approach can be only successfully applied in numerical simula­
tions for, at most, moderatcly strong gravity (like stellar eore collapse to a 
neutron star or the inspiral and initial merger phase of binary neutron stars), 
but. faib for more cOlIlpaet configuratiou¡.; like the collalme of a ¡.;t.ellar core or 
a neutron star to a black holeo For such scenarios \vith very strong gravity, 
one finds convergence of the metric to a physically incorrect solution of the 
eq uatlons or even nonconvergence of the algorlthm. 

A second approach proposed here to the recovery algorlthm problcm ls 
the attempt to calculate P lndependently of the eFe equatlons. Thls can be 
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achlcved by computing the conformal factor by means ofthe evolution equation 

(5.46) 

The conformal factor 1/-" obtained in this ,vay is analytically identical to the 
4' from Eqs. (5.43)-(5.45), but here \ve use a ditterent notation to keep track 
of the \vay it ls computed. The value of '4>' ls solcly used to evaluate P, and 
t.he eoupled HyHtem of EqH. (5.43)-(5.45) iH solved for determining '~/\ 1.\', and 
,3t

• Although this approach allmvs one to avoid the problem of recovering 
the primitive variables at each iteration~ it also suffers from the convergence 
problem, and the simulatlon of configuratlons \vith very strong gravlty ls stlll 
not feasible. Furthennore, new cOlnplications are introduced by using t.\vo 
differeutly cOlnputed valueH, '~i.' ami '1,./, of the Hame quantit.y. For Home Heeuarim; 
like the formation of a black hole from stellar collapse~ the numerical values 
of these hvo quantities during the evolution of the system start to diverge 
slgnlficantly at some polnt. \Ve find that thls lnconslstency cannot be avolded, 
Hiuee any att.empt to artifieially synchronize bot.h values leads t.o nUInerical 
iUHt.cl b ili t.ie¡.;. 

5.2.1 Uniqueness oI the elliptic equat:ions and convergence oI elliptic solvers 

'i\lell-posed elliptic partial differential systems admit non-unique solutions ,vhen­
ever the associated differentlal operator has a non-trivIal kernel. \Vhen dls­
cusslng sufficient condltions guaranteclng unlqueness, lt is lllustrative to first 
eon¡.;ider the ca¡.;e of a scalar ellipt.ic equat.ion. In partleular, for the class of 
scalar elliptic equations tor the tunction 1J. of the form 

f:lu. + huP =.Q, (5.4 7) 

\vhere h and 9 are knmvn functions independent of 11~ a maximum principIe can 
be used to prove local uniqueness of the solutions as long as the sign of the 
exponent p is ditterent from the sign of the proper function h [70, 25, 71, 72]. 

Iu t.he eFe ca¡.;e, we are uot. dealiug \vith a Hiugle Healar elliptic equation, 
but rather with the coupled uon-linear ellipt.ic Hy¡.;tem (5.43)-(5.45). Therefore, 
assessing \vhether or not the scalar equations (5.43) and (5.44) present the ap­
proplated slgns for the appllcation of a maximum principIe ls an lmportant step 
for understandlng the uniqueness properties of the \vholc system. Hmvever, as 
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pointcd out prcviously, thc eFe cquations for thc conformal factor and thc 
lapsc posscss thc -wrong signs in thc quadratic cxtrinsic curvaturc tcrms (once 
everything iH expreHHed in t.errm; uf the lapse ami the shift). ThiH problem can 
be fixed in equation (5.43) by an appropriate rescaling ofthe lapse, J.V = 1.\"'I"¡/.,6, 
but this strategy does not solve the problem for the lapse equation. There­
fore \ve caunot use thc maximum principIe to infe!' local uniqucncss of thc 
solutlons to thc eFe cquations. In thcsc conditions of potcntial non-uniquc 
solutioml, cOllvergence to a Iloll-de¡.'¡rable HolutioIl lIlay happeu. Thi¡.; pathology 
has beell illustrated USillg simple analytical examples of sudar equations of the 
type (5.47) in [G9], as \vell as in numerical implementations of the vacuum Ein­
stein constraints in the XCTS approacil [68] and certain constrained evolution 
fonnaliHIllH (see, e.g., [125]). 

Iu the context of the CFe approxünation thiH ¡.;ign i¡.;¡.;ue has abo appeared, 
in particular associated \vith the :'recovery algorithm" problem discussed since 
it involves the evaluation of the conformal factor. ~on-unique solutions of ¡/\ ei­
ther due to the use ofthe non-conformally rescaled E or the quadratic extrinsic 
curvat.ure t.enll, ¡';IJOil the eonvergeuee of t.he algoritllln \vhen den¡.;ity, and thus 
cOlnpaetne¡.;¡.;, increase¡.;. "Fe again emphasize that a po¡.;¡.;ible Hyuehronizatiou 
of 1./) and 1.// does not solve the problem in general, since numerical instabilities 
eyentually arise at sufficlently high compactness. 

The non-uniqueness of solutions has also been observed in numerlcal simula­
tiOUH in FCF, as described in t.he follO\viug exaIllple. Let us con¡.;ider a vacumn 
spacetime, "\vith initial dat.a fonned by a Gall¡,;¡,;ülIl \vave packet, aH iu [111]' bllt 
with mllch higher amplitude Xo = 0.9 instead of Xo = 10-3 in [1111 (see the 
latter rcterences for notations). Tile integration technique and numerical set­
tings are the same as in [111]' but contrary to the results for small amplitudes 
obtained in t.hat. reference, the \vave paeket. doe¡.; not disper¡.;e to infinit.y ami 
instead starts to collapse. Fig. 5.1. displays the time evolution of the central 
lapse JVr; at T = O and of the system's ArnO\vitt-Deser-~,Hsner (ADI\.f) mass 
1\.{IDAl, \vhlch, in the present conformal decomposition, can be expressed as 

1 r ( 1 \ --=- riJ. I Vii> - "-VJ;; •. ) dA' 21í J y:, \ t, 8 I ~J 

-~ 1. Vi<JdA', 
21í T'XJ 

\vhere the integral is taken over a sphere of radius T 

(5.48) 

,X;, and the second 
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equallty follmvs from the use of Dirac gauge. 

The very sudden change at t ':::: 0.4 in both the centrallapse and the AD~..f 
mass, \vhich is also present in~ e.g., the central conformal factor 7;)c, originates 
trom the convergence of the clliptic system (4.64)-(4.66) to another solution 
\vith a differeut (unphYHical) value of t.he ADJ\I IllaHH, aH it. iH H1HJ\vn in Fig. 5.!. 
The good couHervatiou of .L11AD.:\1 aud t.he HIllOOth evolutiou of .LVc for t 2: 0.4 
indicate that this other solution remains stable until t ~ 2~ ,,,,hen high-frequency 
oscillations appear. These oscillations may be due to the overall inconsistency 
of the system, destabilizing the \vhole scheme. Gn the other hand, the time 
evolutiou of hU does not Hhow any Huch t.ype of behavior, aud !ti) exhibits a 
eont.inuom; radial pro file at all t.ime¡.;. Thi¡.; i¡.; nurllerieal evideuee t.hat., aIso 
for the fuU Einstein case (Le. \vithout approximation)~ the generalized elliptic 
equations suffer from a similar convergence problcm as in the eFe case. 

The same subject is also exemplified \vhen one tries to calculate the space­
time metric for an equilibrium neutron star model from the unstable branch 
USillg either Eqs. (4.04)-(4.00) in lhe FCF case or Eqs. (5.43)-(5.45) in the eFC 
approximatiou. Even for t.he ¡.;imple Hetup of a polytrope \vit.h adiabat.ic index 
r = :2 in ¡.;pherical Hylmnet.ry, t.hoHe met.ric equat.ion¡.; yield - \vhen convergiug at 
aU a grossly incorrect solution ifthe matter quantities (D, Si, E) in the source 
terms are hcld fixed. I30th the metric components as \vell as the ADJ'vI mass 
can deviate from the physical solution by a fev,T tens of percent, even though 
t.hat. incorreet metrie Hat.isfieH the aSyIllptot.ic tlatne¡.;¡.; eondition. The reaHon 
\vhy nUInerical codeH for constructing rot.ating relativiHt.ic uelltron ¡.;bu models, 
like the KEH cocle [133], the R"S cocle [134], or the BGSJ\! cocle [135], are not 
obstructed by this non-uniqueness problcm is apparently that they all utilize 
an iteration oyer both the mctric and the hydrodynamic eq uations simultane­
ously, thereby allO\viug t.he nmt.ter quantit.ie¡.; to chauge duriug the calculation 
of the metric. 

".Te \vaut t.o ¡.;tre¡.;¡.; here that theHe uon-convergence iHHue¡.; iu t.he eFe ca¡.;e are 
not relat.ed to t.he approxinmt.ion that i¡.; made. If one consider¡.; thiH Hy¡.;tem iu 
the spherical (one-dimensional) case~ eFe is no longer an approximation, but is 
the choice ofthe so-called isotropic gauge. Even then, the clliptic system (5.43)­
(5.45) no longer converges to the proper (physical) solution. 
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Fig. 5.1: Time cvolution of thc cent.ral hpse N c (top panel) and thc AD1\I mass 
Af.'\DJ\.l (bottom panel) ror el collapsing packet ol" graviLalional \vaves, using 

the integration scheme proposed in [111]. The unit of t it:> given by the inihal 
\vidth or (he wave packet. 
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5.2.2 Thc I1CVi T schcl11c and its tllCoTctical pTOpCTtics 

Despite the aboye mentioned COllvergence problems, numerically simulating the 
phy¡.;ical problem of spherieal eollalme t.o a black hole in isotropie eoordinates 
has been ¡.;uece¡.;¡.;flllly ¡.;tlldied by Shapiro and 'Iellkol¡.;ky iu [73]. Beeall¡.;e of 
the spherical symmetry, there exists only one independent component of the 
extrinsic curvature. It is then possible to compute directly a conformal extrinsic 
curvature, ,~/j !{;, from the conserved hydrodynamical variables. The elliptic 
equatiou for 'I,b then deeollple¡.; from t.he other ellipt.ic equat.ion¡.; by introdllciug 
t.hi¡.; eonfornml extrinsie curvat.ure aud ll¡.;ing t.he conserved hydrodynamical 
variables in the source. This source terll1 presents no problell1 for proving 
local uniqueness, and the equation for 1i-'~' ahvays converges to the physically 
COlTect solution. Once the conformal factor, the extrinsic curvature (from the 
eonfornml fador and the couformal extriu¡.;ic ellrvatllre), ami the eon¡.;erved 
hydrodynamical variable¡.; are kmnvu, t.he ellipt.ic equat.ion for .N·~/> ean be ¡.;olved 
and, again, the source exhibits no local uniqueness problell1. 'Ihis follmvs from 
the fact that the extrinsic curvature is not expressed in terms of the lapse and 
tile shift. 'Ihis contrasts \vith tile CFC equation (5.44) "\vhere a division by I\í2 
ocellr¡.; in the la¡.;t t.enll \vheu t.he extrinsie ellrvatllre is expre¡.;¡.;ed in terms of it¡.; 
constituents .1\/, 1./), and ,ai . In adition, there is no need to use 7;'/. Finally, the 
elliptic equation for the shift vector can be solved. In summary, no problell1s 
of instabilities or non-uniqueness are encountered. 

\Ve nmv generalize this scheme to the eFe case in three dimensions. 'Ihis 
iuyolves the ll¡.;e of t.\vo different. couformal deCOIllp(mitions of the extriu¡.;ic cur­
vature: first, t\VO different conformal rescaling and, second, t\VO different decom­
positions of the traceless part into longitudinal and transverse parts. Adopting 
maximal slicing, }( = 0, a generic conformal decomposition can be written as 

(5.49) 

\v11ere ~ is a free parameter and a a free function, A~T is tn.lnSYerSe trace­
le¡.;¡.; aná L i¡.; the eonfornml Killing operator defined by eqllation (4.54) .. '\Ve 
ünplicitly make ll¡.;e of a fiat eonfornml metric, \vith re¡.;pect to which A~T i¡.; 
transverse although, in principIe, it \vould be more general_ to use the metric 
~It.' and the conformal Killing operator associated with it, L. I3ut such a de­
composition vmuld introduce many technlcal difficulties in our treatment. In 
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particular, it i8 numcrically caslcr to handlc tcnsors "\vhich are divcrgcncc-frcc 
"\vith rcspcct to thc flat mctrlc in thc gcncralhmtion to FCF. Thc yector Xi, Oil 

\vhich L iH aetiug, i¡.; therefore ealled the longitudinal part. of (A(())i j . The fin;t 
decomposition "ve use is the one introduced in equations (4.52) (4.53) \vith the 
choice ( = 4 alld a- = 2JV. This corresponds to a CTS-like decomposition of 
thc tracclcss part, so that Xc 1s giycn by thc shift vector ,D" and A~T can be 
cxprcsscd in tcrms of thc time dcrl-vativc of thc conformal mctrlc. 'Ve denote 
thiH traeele¡.;¡.; part as Ji,) := (A(4))i,j. In the eFe approxünatioIl thiH beCOIlles 

Thc sccond conformal dccomposltion, 

, 
Jiii ~ _"_ (L3)iJ 

2N . (5.50) 

(5.51) 

rcfcrs to ( = -2 and a = 1. It instead corresponds to a conformal tranverse 
traeele¡.;¡.; (CTTj deeOIIlT>Osit.ion of the t.raceless vart of ext.rin¡.;ic ellrvatllre in­
trodllced l)y Li~:hnerO\vicz [22]. Kotice that "\ve llave defined Ajj := (A (-2))'ij, 

not to be confused "\vith AiJ := (A(4))iJ . The relation bet\veen A'U and A't.) is 
given by 

(5.52) 

In terms of A"J, the eFe momentum constraint can be "\vritten as 

(5.53) 

Consistency between the CTT-like decomposition (5.51) amI the CTS-like (5.50) 
generically requires a non-vanishing t-ranverse pan Á1T in equation (5.51). 

Hmvever~ as it is shmvn in Appendix A, t-his Á1T is smaller in amplitude t-han 

the non-conformal part hi} of the spatial metric and Aij can be approximated 
on the eFe approximation levcl as 

o 
AiJ '" (Lx)ii ~ 1Y xi + 1Y Xi - ~VkX'T} (5.54) 

From equations (5.51) and (5.53), an clliptic equation for the vector Xi can be 
derived. 

. l· . 
L'.X' + -V'VXJ ~ 87ff'JS'. 3 J . J' 

(5.55) 
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from "\vhich X~ can be obtained. \Vith this yector ficld, one can calculate the 
tensor Al] via (5.54). Notice that in the case of spherical symmetry, A" = 

'~i,,10 JeT = ,~/,/i ¡{rr is the quantit.y used by Shapiro ami Teukobky [73]. 
The elliptic equation tor the conformal factor can be re"\vritten in terms of 

the conserved hydrodynamical variables and A.'t.): 

This equation can be solved in order to obtain the contormal factor. Once the 
conformal factor is knmvn, the procedure to implicitly recover the primitive 
variables from the conserved ones is possible, the pressure P can be computed 
using the eqllation of Htate, aud therefore 5'>f- i¡.; at hand. The elliptic equa­
tion for jV'~',' can be refornmlated by meaUH of the couHerved hydrodynamical 
variables, A"J, and the conformal factor: 

(5.57) 

FrOlIl thiH equation 1V1/) can then be obtained, and, con¡.;equent.ly, the lap¡.;e 
function JV. Note that, since Á'¿J is already knmvn at this step, no division by 
_N2 spoils the good sign compatible \vith the maximum principIe. 

U sing the rclation between the tvm conformal decompositions of the ex­
trin¡.;ü: cllrvatllre, A.jj = ,~/,/i Xii, eqllation (5.50) can be expreHHed a¡.; (L,B)ij = 

'21V1:j-G Á'¡j. Takiug the divergence, \ve arrive at au elliptic eqllation for the 
shift vector, 

\vhere the ¡.;ource is completely knowu. ThiH elliptic equation can be solved iu 
order to obtain the Hhift vedor ,(ji con¡.;istent with D()ij = O, a¡.; required by the 
eFe approximation. 

In this recast of the eFe equations, an extra elliptic vectorial equation for 
the vector ficld X~ is introduced. Hmvever, nmv the signs of the exponents of 41 

ami 1V are compatible \vith the maxiUlUm priuciple for ¡.;calar elliptic equation¡.;, 
ami the problem iH linearization ¡.;table. \Vhile thi¡.; does uot guarantee global 
uniqueness of the solutions, it provides a sufficient result for local uniqueness. 
This strongly rclies on the fact that the system decouples in a hierarchical -way, 
\vhich "\ve summarize here once more: 
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1. ~~~i~~l. t~lC l:~~drod~Tn~lmic~al (?~scrvcd quantitlcs at hand, solve cquation 
(o.bb) lar X'. and thus lar A". 

2. Solve cquation (5.56) for 1/.\ -whcrc local uniqucncss 18 nm.v guarantccd. 
Thcn S* can be calculatcd conslstcntl~r. 

3. Solve cquation (5.5'7) for iV1/.\ alinear cquation -w11crc thc maximum prin­
cipIe can be applied and uniqueuess and exü.,teuce foll<nv "\vith appropriate 
bOlludary <:onditions. 

4. AH the Hource of eqllation (5.58) iH t,hen flllly klHJ\VIl, solve it foI' ,W, 

Thc samc augmcntcd eFe schcmc as that discusscd hefe has becn intro­
duccd aiready by Saijo [43] to compute gravitatlonal collapsc of diffcrcntlally 
rotating Hupenna¡.;¡.;ive Htan.;, HO\vever, in t,hi¡.; ,york t,he inCOllHÜ.,tency bet\veen 

equation (5.50) and equatioll (5.54), i.e., settillg to /jero the transverse traceless 
part of A.'t.), has not been pointed out. On the contrary, ,ve have allalyzed this 
inconsistency in detail (cf. Appendix A) and have shmvn that it leads to an 
error of the ¡.;ame order a¡.; t.hat. of the eFe approxinmt.ion. In additiou, \ve 
have ¡.;lHJ\\Tn here that t.he iutroduction of t.he vector poteutial Xi iH the key 
ingredient for solving the llon-uniqueness issue. The same schen1e, but ,vithout 
the conformal rescaling of the matter qualltities, has also been used recently 
by Shibata and Uryu [136, 137] in the context of computing initial data. As 
in [43], the inconsiHt.ency reHult.ing frOlll settiug to zero the transverHe traee­
less part A.jj and the uniqueneHH i¡.;¡.;ue are not di¡.;cussed iu t.heir '.\Tork. These 
studies [43, 13G, 137] do not discuss the extension of the ne,v scheme to the 
non-conformall~r flat case, as it ls done In 5.3.5. 

\Ve finally conlIllent. on the reeeut \vork by Riune [125], where lluiqllene¡.;¡.; 
iHHue¡.; related t.o t.he Hamiltonian eon¡.;traint eqllation are ¡.;olved by adopting an 
appropriate rescaling of the extrillsic curvature. On the other halld, problems 
associated \vith the slicillg condition are tracked to the substitution in that 
equation ofthe extrlnslc curvature by lts kinematical expresslon in terms ofthe 
(Hllift ami the) lapse. The latter spoib the lluiqllene¡.;¡.; propert.ieH by reversing 
the sign of the relevaut term in the sliciug eqllation. ThiH problem is ¡.;olved by 
enlargillg the elliptic system \vith an additional vector so as to re-express the 
rcleyant components of the extrlnslc curvature \vlthout resortlng to the lapse. 
The resulting elliptlc system presents also a hlcrarchlcal structure. Although 
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the spirit of such approach is close to the one presented here, the speclfic manner 
of introducing the additional vector variable in [125] critically reHes on the 
t.\vo dimem;ionalit.y of the axisynlIlletric problem; ¡.;peeifically, on a choice of a 
particular gauge and on the fact that vectors and rank-t\vo traceless symmetric 
tensors have the same number components in t\VO dimensions, a property lost in 
three dimensions. Gn the contrary, the introduction of the vector Xi through 
the decomposition (5.54) is properly devised to vmrk in duce dimensions. 

The ne\v eFe metrlc eq uations presented here not only allmv us to evolve 
the hydrodynamieal eqllations and recover the metric variable¡.; from the elliptic 
equations in a consistent \vay (no auxiliary quantity 1.// is needed), but they 
also permit to introduce initial perturbations in the hydrodynamical variables 
(strictly speaking, in the conserved quantities) in a set of pre-dously calculated 
illitial data and directly deliver¡.; the corred. values for the metric. It is evell 
po¡.;¡.;ible to perturb only the primitive quantitie¡.;, alld con¡.;istent.ly re¡.;olve for 
the metric by iterating until the conformal factor 7;), \vhich links the primitive 
to the conserved quantities, converges. \Ve have found that such an iteration 
method falls for sufficlently strong gravity if the original eFe formulation is 
used. 

5.2.3 NumcTical simulations 1vitil thc nCVi T schcl11c 

The good behaviour of the¡.;e eqllations have beell ¡.;lH)\Vll in nUInerical ¡.;ilnula­
tions as the migration test, and the spherical and rotational collapse to a black 
hole [52]. The numerical simulations presented in [52] \vere performed using 
the numerical code CoCoK uT [39, 40] and the initial modcls \vere general re­
lativistic r ~ 2 polytropcs in cquilibrium with a polytropic constant K ~ 100 
(¡.;ee more details of different model¡.; alld grid setllp in [52]). Figure 5.2 ¡.;hmvs 
the time evolution of the central values of the rest-mass density and the lapse 
in the migration test. As the star expands, Pe decreases \vhile JVe grmvs until 
the ne\v stablc equlllbrlum configuration is reached. In the polytropic case, 
there are no phy¡.;ical mechani¡.;m¡.; to damp the ¡.;trong plllsatioll¡';, ami the final 
¡.;tate re¡.;emble¡.; a star o¡.;cillating around the eqllilibriurll configuration until 
numerical dissipation finally damps the oscillations. 

In the ideal gas case, shock \vaves are formed at every pulsation, and they 
dissipate kinetic energy into thermal energy, thereby damping the osclllations. 
As these shocks reach the surface ofthe star, a small amount of mass is expelled 
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Fig. 5.2: Time evolution ofthe central rest-rnas::; density Pe: (top panel) amI the central 
lapsc N c (bottom panel) for fohe migration of thc unst.ablc ncutron st.ar 
model to the stable branch, \vith either a polytropic (f:¡olid linet:» or aIl ideal 
gas (dashcd tines) cquat.ion of statc. Thc dot.t.cd horizontal tines mark thc 
value 01' pe and Ne rol' (he equilibriurn conrigurat.ion ['roln the sLable branch 
with fohe samc grmritational ma..;¡s .i\1ADr'vI, \vhilc fohe da.·=;h-dot.t.cd tines are 
obtained ['roln el series 01' equilibriurn models \vhere mass shedding <:1."1 in t,he 
migrabon model \vith aIl ideal gat:> equation of state is taken into account. 
Tn (he inset the Afi\J)).,cpc relalion for (his model setup is displayed. The 
unstable models (initial rnodels) and the equilibrium configuration (final 
st.ate for a pol:ytropie equation of state) as weH a..;¡ the final stat.c for an 
ideal gas equation of state are marked. The arrmvs symbolize the respective 
migration paths. 
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from the star and matter ls ejected out\vards lnto the surroundlng artlficlallmv­
denslty atmosphere untlllt leaves the grld across the outer numerlcal boundary. 
The shock \VaVeH leaYiug the cOlIlputational donmiu exceed the e¡.;cape velocity 
and therefore the lost mass is gravitatiollallly unbounded. As the oscillations 
are damped ~ the shocks become \veaker and the ll1ass expelled at each oscillation 
ls smaller. At the end of the slmulatlon the star has lost about 10% of lts lnltlal 
baryon mass, approachlng a state of constant baryon mass. As a consequence, 
t.he final equilibrimIl coufigllration ou the ¡.;table brandl i¡.; not t.he init.al model 
anyll10re but~ rather, the corresponding model from the stable brallch \vith 
lmver baryon mass and central density. 

These sinmlatiouH are eon¡.;istent. \vit.h t.he resllltH from a fully relatiyi¡.;tie 
t.hree-dimen¡.;ümal code iu [138]. Similar sinmlatiouH of thiH te¡.;t~ viTith the orig­
inal, unll10dified CFe schell1e, lead to a completely incorrect solution \vith 
a grossly lncorrect ADJ'vI mass. \Vhen runnlng \vlth the ne\v lmproved eFC 
scheme, lt ls obtalned AfADM = 1.451A10 and lnltlal values for the confor­
mal factor aud lapse of '~/\: = 1.501 and 1Vc = (J.:¿73, respectiyely. On the other 
halld, \vith the ullmodified cOllvelltiollal CFC schell1e, the metric solver aIread y 
initially converges to a solution \vith J.lIADi\I = O.647AI;::. (55%)~ 1./)c = 1.221 
(61%) and A'e = 0.532 (639é,), where the relative dltterences to the physically 
correct solutlon are glven In parentheses. 

The second test is the collapse to a black hole, \vhich is triggered by re­
ducing the polytropic constant (and, hence, the pressure) by 2% in the initial 
models. The top panel of figure 5.3 shmvs the evolutlon of the rest-mass denslty 
ami lap¡.;e at. the center. Dlle to t.he m<-lXüllal sliciug eondition the Hiugularity 
eanuot. be reached in a finite time, aud~ couHequeutly, J.'\'c rapidly approache¡.; 
zero once the apparent hori7,on has forll1ed. In parallel, Pe grmvs, \vhich results 
In a decrease of the numerlcal tIme step due to the Courant condltlon. The 
evolutlon ls termlnated as the central reglon of the collapslng star lnslde the 
apparent horizou becOlIleH increaHiugly badly reHolved nurllerieally. By refiuiug 
the radial grid~ the evolution is able to follmv the collapse to evell higher dell­
sities. Therefore, the only lill1itation to perform a stable evolutioll aft.er the 
apparent horlzon formatlon ls the numerlcal resolutlon used. :.:rote~ hmvever, 
that the spatlal gauge condltlon ls fixed In eFC, and thus the usual method 
of exploiting the gauge freedOlll for the radial cOlIlpouent. of the Hhitt vector iu 
order to effectively increase the central resolution cannot be used. 

In the bottom panel of figure 5.3 the tIme evolutlon of the apparent horlLion 
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radius i8 dlsplaycd. As cxpcctcd, thc apparcnt horizon appcars at a. finitc 
radius and aIready cncompasscs a. significant fraction of thc total mass of thc 
star ('""70-80%) at t,hat time. Later OH, itH radim.; gnnv¡.; a¡.; the ¡.;urroundiug 
matter faUs inside beyond the hori7,on. The fraction of the rest mass remaillillg 
outside the hori7,on is also plotted in the figure. 

These idea¡.; can be geueralized ea¡.üly to the FCF fOTmaliHIll of the fu11 
Einstein equations (see Section 5.3.5). 

5.3 Mathematical properties oI FCF 

l'llis Seetioll focuse¡.; OH ¡.)Olne propertieH of t,he hyperbolic equatiom; in FCF. 
Some commellts about the coupled elliptic-hyperbolic system \vill be discussed. 

5.3.1 TIle p"{,TolutioI1 s:ysteIIl éllld its h,ypeI'holicity 

U¡.üug FCF, a ¡.;et, of elliptie eqllations for the lap¡.;e funct.ion, t,he ¡.;lüft, vector ami 
the contormal factor is derived. =\Ioreover, coupled \vith the set of the elliptic 
equations~ there is a second order system of partial differential equations for the 
cyolution of thc diffcrcncc bct\vccn thc Rat mctric and thc conformal mctric, 
!t '). The \vork here focuse¡.; ou thi¡.; la¡.;t, ¡.;et, of eqllations. =\:Iore specifieally, 
thi¡.; i¡.; a prelinüuary analy¡.;i¡.; of the hyperbolic part. of the fully eon¡.;trained 
evolution system. Rather than studying the \vhole coupled elliptic-evolution 
system, follmving a systematic line like the one developed in [139], \ve consider 
the ficlds in lhe elliplic parto lhal is N and Pi. as given fixed functions acting 
as parameter¡.; for t,he evollltion ¡.;y¡.;tem. Thi¡.; is t,herefore a first approach t,o 
the ¡.;huly of the \vhole coupled sy¡.;t,em. 

Iu additiou of considering '~/>, .N aud ,d' as fixed functions, \ve construct t,he 
differential operator governing the evolutiou iu tenn¡.; of the couneetiou a¡.;¡.;ocia­
ted \vitl: the fiat metric Vi~ instead of the one corresponding to the conformal 
metric Di. The main motivation for this simplification is the numerical scheme 
proposcd in [111] for thc rcsolutlon of thc cvolution problcm, \vhich hcavily 
relies on t,he use of ¡.;pherical coordiuat,e¡.;. The eorrect.ion term¡.; liuking t,he 
Rat counect.ion with the couformal oue are moved to t,he ¡.;ouree¡.;. Iu t,hi¡.; \vork 
\ve do not consider the effects of the non-linear sources on the features of the 
hypcrbolic systcm. In particular, an analysis of thcsc sourccs \vill bc carricd 
out clsc·whcrc. 
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/-/ATI 

Fig. 5.3: Collapse t.o a black hole rol' t.he spherical model (SU), and the rot.ating 
mouels (Dl anu D4). The top panel t:>hmvt:> the time evolution of the central 
lapse ¡\/e (t.hin lines) and t.he central rest.-mass density pe relat.ive t.o the 
initial value Pc:,ü (thick linet:». The bottom panel t:>hmvt:> the time evolution 
of t.he apparent horizon radius TAH,e in the equatorial plane (thin lines) and 
the ret:>t ma;,;;,; Alou1sideAH renmining outt:>ide the apparent horizon relative to 
the t.otal rest mass Al (thicle lines). The dashed vert.icallines marle the time 
when the apparent horizon rirst appears. 
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Thc systcm for thc diffcrcncc bct"\vccn thc conformal mctric and thc flat 
mctric, hij , is: 

ü2 h'tj JV 2 kl i' Oh'tj i' 
-. -~- - -. 'i V,.TJ¡h J - 2Lq-.. - + LqLqh J ~ UfL. 'I,b'±' o.," 0- dt 0- 0-

L,chil + ~V Oh (D -D)\ hil _ ,_,T\,', ',V.Q (D'hJk +Vlhik _Vkh'J) 
3 3 k, \ Dt ,3 ¡jJO k 

+ [(%1 - La) IflN] [(%t - L!J) h
ij 

- ~Vk/lkhij + (LfJ)il ] 

7rfiJ \ ,7, ""l. fil \ " 
+~ l \ at - L,a) VkO' - ~ (Vk!JT j h'J - \ at - L(3) (LO)" 

+~VkJJk (L/l)'J + ~i~ pj + (2N)" [l'k,jiik jij' - 41r CJ,1 S ij - ~Sl,ij)] 
., r, ., 1" ,." " " 

-2N~,-n l~",Y',vkv,Q + ~ (h"v,h,J + hJo'Vkhu - h',Vkh,J) V,Q 

-~l,ij')k'VkV,Q] , (5,59) 

Z¿J 7\/ r Rij --L Q,,/,-2 (;"ikn. ,/,\ (;,)In",/,\ 1 ---L ,.1.,.',-1 (;"ikn. ,,/,\ (;::)17), i\T\ 
.L' L-'-'-* 1'--''1-' \1 '-'''"'+'} \1 .<---t'+JJ 1-'-';' \1 '-'Ii:'+! \' '-'¡~'J 

j - ., 

+41j;-1 (~jkVk¡j;) ey'V,N) - ~N lIt, + 81j;- 2V k ,!' (i"'V¡,!,) j yj 

(5.60) 

The symmetric tensor ñ:j is defined by 

~ I_TI,!J'¿kn, !JiZ _;;:,,;:;Tnnn !J'¿kn hjl 2 L ~¡.c ~¡;;'" ¡,r;;¡ ¡' ~'ln'C ~¡¡'U 

_r'/"" ''rF)'YI i __ jL·"" ,-j/ __ ¡le"" 'J/\l 
---t-'"}"'Ukfl V"("UmW' ---t-"',.'''umn-')J 

j 

l-ik-jl'T"l ¡1nn'T't-+4' '-"y VA:" v,"'rmn (5,61) 

The scalar R* has been introduced pre-dosly in equation (4.63). 
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Let us \vrlte the equations for hij as a first-order system. \Ve define the 
follmving auxiliary variables: 

. iJh'.} 
'II~J '= __ 
.. . DI' 

U /} ,- V hi,j 
k ,- k ' 

'i\lith these lle\V variables the systell1 for h1
'J can be cast into: 

GU
il 

_ J.\,2,:,Jd v ·wij _ 20kV.u i,j + aka'v ·wij 
Dt V,1' k 1 . k ., k 1 

(..1 k 7\T ;-1 /"?k FJ 7\/;-1 .¡:', ¡,ij .,,'¿j milI 
\'~ ,", ~"~ '~w·,~",·,·c ,c. '~k j' 

(5.62) 

(5.63) 

(5,6,'1) 

\vhere 00';) iH a Houree term \vhieh does uot. eont.ain partial derivativeH of u·ij or 
VJ~. From definition (5.63) alld taking into account that Vtl¿] = 0, \ve obtain: 

(5.65) 

Then the system of eqllations (5.62), (5.64) ami (5.65), can be written as: 

(5.66) 

\vhere the vectors V and g~ correspollding respectively to the variables of the 
first-order s~rstell1 and the sources, are defined as: 

v= ( 
(li.iJ) \ 
(u") I 

\ (w~) ) 
IT ('Jk ".,!, ~ .Jk " ,: ~ .,!, hU Vi, '/L,j)\ 
1-> ,u ,1~,,,,,Uu,l ,UU 1',UU "" , ,l. J \ ... .., I 

( 
(l1'J) \ 
10'J) l. 

\ (O)' ) 

(5.67) 
Iu theHe equatiouH, v and g are ved.or¡.; of .dimen¡.;ion ;)(J, a¡.; it re¡';l.üts from 

r,he synlIlletry propertieH of j¡1'J, 'I/'J, aud l/J~, Let us remind t.har" be¡.;icieH 
the above syll1ll1etry properties, the follmvillg algebraic cOllstraints have to be 
satisfied: i) det = det.ti) ; ana w/ = 0, \vhlch is equivalcnt to Dirac's 
gauge, Indices run as 1 :S i :S 3, '¡:S j :S 3, 1:S k :S 3, In order to write the 
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matrices of thc systcm in a. simple '.vay, the follmving auxillary q uantitlcs are 
dcfincd: 

4;;"t.1 
i , 

(i := (qli q2i q3i), 

( -Si \ 

-6' :~ \ -~i ) . 

(5.68) 

(5.69) 

(5.70) 

Thell, the explicit torm of the matrices Al, tor each value of l = 1, '2, 3, are: 

Ooxo I OUx2-t 

-2,(1110 

o Q' 

_JI 
_JI 

(hx2 

09 

Once \ve di¡.;pm;e uf the first-order evollltion Heheme (5.66), \ve study some 
basic hyperbolicity issues, maillly attempting to obtain explicit expressions of 
the characteristics in terms of the fUllctions 1./), .1\/, /3'0 alld iJJ , "\vith the practical 
goal of dctcrminlng thc frccdom to lmposc boundary conditlons fol' hij OIl thc 
inner eXelHed boundary. ThiH \vill be done in the next Section. In particular, 
0111' i-maly¡.;is is far froIll beiug exhaustive and ,ve do not investigate ü.,¡.;ues like 
existence, uniquelless 01' \vell-posedlless (see for instance [140]). The excisioll 
ll1ethod is one of the 1l10st COll1ll1on ll1ethods for sill1ulatillg nUll1erically the 
eyolution of black holes, among other ones (see more details in Section 7.1). It 
i¡.; very u¡.;ed "\vhen elliptie equations are solved \vith spect.ral method¡.;, a¡.; it \vill 
be our ca¡.;e. 

The next step is therefore the study of the hyperholicit)' of the system 
(5.66) of first order \vith respect to the eyolution vector 8t , whose components 
are ~Q = (1, n, O, U). As a notation \ve define A o = l. The follmving rclation is 
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satisfied: del(A Q~Q) ~ det(J) ~ 1 le O. Let (Q ~ (O. (i) be a generic spacelike 
COycctor: "\vc can choose it orthogonal to thc cvolution Ycctor and \ve suppress 
t.he part proportional to it. The a¡.;¡.;ociated eigenvallle problem "\ve have to solve 
is (see, e.g., Ref. [141]): 

(5.71) 

\vherc A dcnotes thc cigenvalue and X.\ the corresponding cigcllvcctor. 
Apparent.ly, the Hy¡.;tem (5.66) looks like a hyperbolic Hy¡.;tem "\vit.h ¡.;ouree¡.;. 

But that conclusion is far to be obvious. Imposing Dirac's gauge in (4.59) in­
deed guarantees the real character of the eigenvalues corresponding to matrices 
Al, and thercfore thc hypcrbolicity of thc eyolution system. Evcn though this 
is not a prcrogative of the Dirac gauge, other prescriptions for H~ in condi­
t.ion (4.59) lead to a more eomplieated Ht.rueture of t.he resllltillg ¡.;ouree¡.;. AH 
mentioned after equation (4.GG), a more important point is the fact that other 
choices of H'o "\vill generally introduce time derivatives of h'oJ in the elliptic 
equations, complicating further the complete PDE systcm. Of coursc, if any 
gauge iH not imp(JHed at aH, one can check that the Al nmt.riceH admit. corllplex 
eigenvalues. This refleetH t.he property that Einstein equat.ion¡.; by them¡.;elveH 
do not have a definite type, \vithout the specification of a gauge. vVhen im­
posing Hi = 0, the eigenvalues of the linear combination AI(Z are real. So the 
first conclusion is that Dirac~s gaugc is a sufficient condition for thc hyperboli­
cit.y of the Hy¡.;tem (5.66). Even thOllgh thiH iH a crucial reHult. for our amLlYHi¡.;, 
t.hi¡.; \vas abo expect.ed frorll t.he general Ht.rueture of equatioll (5.64) alld the 
properties of gauges analogous to the Dirac one~ like the Coulomb gauge in 
electromagnctism. 

The main goal of the vmrk herc is to obtain cxplicit exprcssions for the 
eharaeteriHt.ic¡.; of t.he hyperbolic Hy¡.;tem. It i¡.; eaHy t.o ¡.;ee t.hat. there are ¡.;ix 
eigenvectors aHHociated to the eigellvalue U, and the reHt. eigenvectors have to 
be lineady independent "\vith respect to these six vectors. Therefore~ the rest 
cigenvectors can bc studicd indcpendently. Thc cigenvalues associated "\vith the 
chosen spatial vector are: 

lJ, (5.72) 
TI! • " ••.• 

-3"( ± ~ (""'( ( )'1" - -3"( ± V(("( )'/" (5.73) .' M 1;/,2 i ti V -.' ti ~ /-l ' 
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wherc Ao has multiplicity 12, and A~) has cach one multiplicity 6. 

V/e define some quantities in order to ':VTite the set of eigellvectors in a sim­
ple matrix: 

( _(jqi2 _(j,C/Cl \ 
e, \ ( ,¡ o ) (5.74) ,q 

o ( ,¡ ,q 

( (, \ (", (E; 7!l.1 

\ '" ) 
\~ •• ~ J 

(3 

If ,ve com'¡der t.he (right) eigeuvect.on; uf the eigenvalue Ao, the one¡.; uf t,he 

cigcnvaluc A~) and thc Oiles of thc cigcllvaluc A~), thc corrcspondlng matrix, 
R, having the (right.) eigeuvect.on; aH eolmIln¡.), is: 

( Ir, 06x24 '\ 
06x12 

\ (() T \ (() T 

I 
-A+ 16 -A _ 16 

I el o e2 o e2 o 

\ 
024xh 

) o el o e2 o e2 

It is easy to see that QIle can do linear combinations to change the roles of 
- . . ~ -

(¡(/,) in el. The deterrllillant ofthiH nmtrix is ((i/lil)O (A~) _ A~))" ((j(jqiJ) ti, 

Taking into aecount t,he aboye COlmnent, about t,he change of t,he roles of t,he 
qualltities in el, the determinant of the (right) eigellvectors matrix challge as 

((iQ'¿j)6 (,\.~) _ ,\.~)) ti (C(jqiJ)6. The conditiolls to be satisfied for an incoll1-

plete basis of eigenvedors are: 

(i) ,\.~) = ,\.((): Sincc 

(5.76) 

and (i(¿ docs not vanish (~¿ is a spatial vcctor diffcrcnt from Licro) non­
complctcncss only occurs if thc lapsc lV vanishcs. 
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(5.77) 

One can see t.hat. t.he previom; equality depeuds ouly on the direct.ion of 
the veclor (' (i.e. C(i = 1). From now up to the end of lhe sludy of the 
different cases, the vector ('o ,vill be considered to be unitary. So (5.77) 
lcads lo: 

(il,j (..ai.a j - j\:24>-4~,'ij) = O 9 (i,ui)2 = J.yl. (5.78) 

DecOIllpmliug ,d" iuto parallel ami normal cOlnpouent.¡.; to (', ,ve "!Tit.e 

Ji = (JII) (i + (.y- t whcrc (/3 11 ) = (iJi and (i (JJ.)' = O. From (5.78), 
we condude: . ., 

(¡(](ji; = O {c} (:Jllf = JV2 . (5.79) 

Note that this case is independent of the choice of (O, since it corresponds 
, I nll \ '( I nll \ . I /'i ni') rrl ,. 1 ,. 

LO ~P") ~P") i' l.e. 1(,,' /Ji 1-· .t'11erelOl"e, llOn-COl11IJleLelle~~ occur~ 11 

(iii) (¡q0.J = 0, Vj = 1,2,3: This is a stronger case than the previous one. 
Again from the definition for qi j , we lu.lye: 

(5.81) 

From this, and the decomposition /3'0 = (/311) ('o + (/3..1) i, it follmvs: 

. ., 
(¡(ji; = O {c} (.{)J.)' = O ami (:JII) - = JV2 (5.82) 

This is jm.,t. a stronger version of the previoll¡'; second caHe. 

As a conseqllence of the aboye aualysiH, the (right.-)eigenvect.orH assoelat.ed 
\vith the matrix AICl define a complete system iff i) the lapse J.V does not vanish, 
and ii) the projection of the evolution vector onto the plane spanned by nJ.1 and 
M' (11)"- l' l' _". . (rll)' .r2 ( ,l.e. t - iv n + b3 ( ,IS non-null, l.e..3 el j\ . 

In the eigellvalue problcm (5.'71), (" stands for an arbitrary spatial vector. 
In particular, \ve can ahvays choose (~ = ,O~. In that case, the degeneracy 
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condition in cases 2 and 3 aboye reduces to ,iJi/Ji = .N2 . This happens if thc 
vector t l1 bccomcs null. 1\·101'cü\'c1', if thc vector tJ.1 i8 spacclikc thcn '.ve fallln case 
2, ¡.;ince t.hen there exü.,ts a vector (i (in fact., a eone obt.ained by the rotatioll 
of the non-vanishing ,(-)1' by an appropriate angle) su eh that the projedion of 
n', .. , ,jo', {' " (nll\~ " (' (nll\~ (,,11\ (jo ni\2 ,\T') "'f"'-' 
iT OIlLO 1.11al.l,~, relereU l,O a~ ~/J") ,:-:;(tl,l~lle:-:; ~/J") ~/J")i = ~l,i/r) = 1\'-. vve 

condude that thc systcm (5.66) 18 strongly hypcrbolic 1f t Ji 1s tlmclikc, l.c. if 

(5.83) 

In sorne particular cases, dcgcncracy in thc clgcllvalucs can occur. In parti­
cular, lt couId happen that OIle of thc cigcnvalucs A+ or A_ coincides "\vith Ao. 
TheHe degeneraeies can appear if: 

(5.84) 

Again, onc can considcr (i to be unitary. Hence, clther A+ 01' A_ vanishes 

\vhen (/3 11 )1 = iV2. As seell in (5.78)~ in this case the system of eigellvectors is 
incomplete. 

Let us introduce nc\v auxiliary quantitlcs in order to \\Tite in a. simple way 
the illven;e of t.he matrix of eigellvect.on;: 

Lll 
1 

(5.85) 
(i(A'] 

A 
1 

Ir- n,'\ 
'-'2 

.\(() - .\(()' 
\t.l.CO) 

+ -

L'." 
1 

(5.87) .-
~jq1j ~ 

/ -I"r ._nIj l., (._nIj + 1,,1 ,n3j -I"r ._n3j \ 
D, \ 

-'''''''')'-1 -'.1"")'-1 -,0""j '-1 -'''''''')'-1 ) (5.88) .- -(3 (jiJ'j -(3 (jiJ2j ('(jl/'j + (2(]'!2] 

D2 
' (el / " "o' '~ , 

(5.89) .- -A':""" \ (jq~J (jq-' (jq~J 

D3 .- -.\~) ( ( l, ,q (,q2] (,q:]' (5.DIl) 
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The illverse of the cigenvectors matrix, R-1 , is: 

( lo 00x2-t \ 

I 
LlILlélUl U 

I 012xo 

I 
() L'.1L'.3D, 

I L'.,L'.2 D2 O 

I 024x6 -Ó.2Io I () A A ~ 

I 
LlILl2.LJ2 

I L'.,L'.2 D3 O 

\ Ll2Io ) O L'.,L'.lD3 

This íorm oí the inverse matrix can be problematic írom the numerical point 
of vie\v, due to possible /jero values in the denominators oí the above expres­
sions (e.g., in case of using the eigellvalues and eigenvectol's of the system \vith 
a com;ervative Heheme of fillxeH; Hee more det.ailH in [142]). Taking advalltage 
of t.he fact. that the eigenvectors are indefilled up t.o a normalization factor, \ve 
choose the follmving inverse matrix, \vhich \ve name again R -1: 

( lo 06x21 1 D, () 

I 012xo I n r. 

I 
" ~I 

I L'.,D2 O 

I 
(htxo -lo 

I O L'.,D2 

I 
L'.,D3 O 

I Ir, 

\ O L'.,D3 ) 
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5.3.2 Somc propcrtics 

One intcrcsting propcrty of this systcm 18 that all thc charactcristic ficlds are 
liuearly degenerat.e, i.e., 

DAp (v) . T p (v) == 0, (5.91) 

"\vhcrc T p i8 thc clgcllvcctor associatcd \vith tho clgcllvaluc APl and thc opcrator 
D i¡.; defiued in the Hpace of the variableH of the ¡.;y¡.;tem. The reaHons are: 

O) Tilo first six clgcllvcctors has tilc cigcnvaluc }.o = U, so tilo derivativc 
of t,he eigenvallle i¡.; zero too, aud the expreHHioll is ideutieal tu zero foI' 
p = 1, ... , (j. 

(ü) In tilo cxprcsslons of tilc clgcllvalucs associatcd \vith thc rcst of tilc clgcn­

vectors, A~) = -,3"(" ±N,j;-2 (1"V("(v) 1/2 = -,3"(" ±N (("(")1/1, only 
thc first six variables of tho systcm can appear, so tho partlal derivativcs 
\vith rcspcct to tho last 24 ones are zcro. 1'v101'covof, thc cigcnvcctofs lu.lye 
zero in their first ¡.;ix cOIllponellt¡.;. Hence the expre¡.;¡.;üm is identical to 
7:ero for p = 7~ ... , 30. 

Thi¡.; property ¡.;lH)\v¡,; the coherellee of the Dirac gauge \vith the quasilinear 
structure of the evolution systell1~ since, in the language froll1 fluid dynall1ics, 
it ll1eans that no shocks can be propagated along these curves~ in particular 
gauge shocks. Hence~ if there \Vefe discontinuitics, the~r lu.lye to be contact 
discolltillllitie¡.; . 

='lJow \ve are going to interpret the Illeaning of the eigenvalues we have 
obtained. If \ve impose in the ll1etric d/31 = O~ 've get: 

( d'." .,)" (h .,) _. ,2 d+ U d+ u -j\. 
t ,t ti 

The ¡.;olution¡.; for A in the eqllation 

are the eigenvalues. If we take an unitary vector" (5.93) lead¡.; to: 

(5.92) 

(5.93) 

(5.94) 
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. (dI)' Taking into aceollllt only the eontributiom; of (ji and dt in the direetioll 

/ dT \ M dT 
of (', i.c.,,u" ~ 3(" and \dt) ~ dt("' \Ve can \VIi!e (5.92) and (5.94) 

respectively aH: 

(5.95) 

(5.96) 

,1 ~ .. 

From them "\ve can see clearl~r that A = U¡"l". 'Ve can conclude that there is a 
ct 

rclation bct\veen the speed of llght and the clgenvalues "\vhen \ve consider the 
eontributiom; in a fixed direction. 

5.3.3 Fluxcs 

In the last years, the high-resolution shock-capturing (HRSC) schemes to solve 
the equations of classical fluid dynamics have been succesfully extended to 
the rclatl-dstic case [143, 144]. They have been specifically designed to solve 
hyperbolie ¡.;ystems of COllHervatioll la\vH (HSCL). TheHe lllllnerical tedllliqlleH 
exploit the hyperbolie ami COllHervative dmraeter of the syHtem of equation¡.;. 
Le! 

iJ,u + D¡f' (u) ~ O (5.97) 

be a system \vhere \ve can idelltify the set of unknmvlls, Le. ~ the vector of 
cOllserved qualltities 11~ alld their correspondillg fiuxes ro (11). If the J acobian 

. . . iJ!'(n) . 
matnx assoclated to JI ('ti), -------a;;:-' has real elgenvalues and a complete set of 

eigenvec!ors !hen Eq. (5.97) is said to be a HSCL. 
In our case, once the equations IUlye been written in conservation form, 

ahno¡.;t every high reHolution method devi¡.;ed to Holve hyperbolie ¡.;ystems of 
eon¡.;ervation lavlS call be applied. To thiH aim, we eaHily notice that the matrices 
Al in Eq. (5.66) cannot be the Jacobian ones associated "\vith any possible flux 
(i.e., any possiblc function of 30 components). On one hand, the first six 
columns of the matrices are :wro, so all the components of the functions can 
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not dcpcnd OIl thc first variables, that rcprcscnt thc componcnts h ij : OIl thc 
othcr hand, in thc last 24 columns appear thc first variables and this mcans 
that the derivative of the cOIllponeutH of the functions depeud¡.; on them, ami 
in particular the components of the functions depelld 011 the first six variables 
too. 

Bllt ,ve have llot takeu luto aceollut t,he gallge ,ve are using. Let m; take 
the follO\viug fund.ion¡.;, ,,,here k, 1 = 1,:2,3, ami i,j = 1,:2,3, "\vith j > i: 

(5.98) 

I3y calculating thc corrcsponding .Tacobian matrices, '.ve gct thc matrices Al 
ofEq. (5.66) \vith an extra tenn, correspondiug to the partíal of the cOlnpouent¡.; 
7 tu 12 of fl \vith respect. tu the variables l/A:, that is: 

_ i'\T2~i,-4'U1ij 
1 ~ '1-' 'k . (5.99) 

In general, thiH tenn iH not zero, but in the equatiollH it doeH not appear alone. 
Hence~ \ve have: 

(5.100) 

Let us remind the expression of the gauge, H 1 = O~ then the right-hand side of 
Eq. (5.98) is :wro. 

--- . ~. ., . ,,' 
\Ve dehne tlle ne\v matnces lA 'f as: 
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06x30 

Q' o 

o (J' 
-J 

-15/ 

OL"'i 
O" 

(hSx18 

09 -h' In" 
Ih I ~;;, 

\vhere 

( 'lItJ Si 111'oJ Sl 111'oJ Si '1,,'9 iJ 1I10J Sl II1~JSt \ .- \ w1 01 W(102) WW 3) ~':'::: o~ ~(2~3) ~:i ~J ) . 
( Ell,l \ 

I 
E lL .! 

I E 13,1 
(film) .-

I 
E 22 .1 

J 
E 23 ,1 
~T11 

\ .J::j~~" / 

ami the parellthe¡.;eH in the sllbilldiee¡.; repre¡.;ent a ¡';ylIunetrie smIl, e.g., L/}(~' ob) = 

wij bb + w{ bi . 
Thanks to the choice of the gauge, 've have found the functions havillg the 

. , .. , I . ~ .. ~.. . ,., I , ., . . 
matnces lA"" r as the .Jacot)mns. lt lS clear that lA"" r 1= A', but \ve have at 
t.he end t.he following eqllivalent. Hy¡.;tem: 

ov , 
-3 +A D,v 

t 
Er --" + (A')' D v [)t , 

( 'JA- " • iJ "JA- a- "iJ • hi.J jj'J) g ,1- ,1\',7¡J, /.1/- , p.1\', /.17¡J, ,1J. ,wk . (5.102) 

It is easy to check that the eigenvalues of the matrices (A*)l and Al are 
the same and the set of eigenvect.ors is the same except for the first six ones. 
Tile system is lineady degenerate as before (see Section 5.3.2). If \ve order tile 

. ~ , .. , I .... ~ ., . ... _, . 
elgenvectors tor lA"" J" as \ve dld at)ove tor A', the correspondlllg matnx, K"", IS: 

1 
I 

) 
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/ 10 06x12 06x6 06x6 \ 

I 06x6 06x12 -A~) lo -Amh 
1 e, IJ e 2 IJ e 2 IJ 

l e 3 j' 
\ o el o C2 () C2 / 

"\vhere 

/ (,E"" \ 

I (hx6 

1 (,E'2 ,! 

I 
02x6 

I (,E I 3'! 
.N'2'l!>-1 

I 
02x6 

I (5,103) e '---'-. 3 ,- ( 1, (,E"" ,q 

I 
(hX6 

I (,E23 ,! 

l lhx6 I (,E33'! 

\ 02x6 / 

Ágain, une can com;t.ruet linear cOlnbinatiom; tu change t,he roleH of (jq,j in 
el; lIloreover, une can dmnge the roles of the same qll<-1utities ami the positiom; 

6 
ofthc zeros in e 3 . Thc dctcrminant 1s ( iqil)6 (-\~) - ),~)) (~i(jqij)6. It 1s 

the same v<-tIue t,hat ,ve got fol' the matrices Al. Áll the COlmnent¡.; meutioued 
aboye c(tn be repeated here. 

,_ ,,_1 
Thc invcrsc of thc cigcllvcctors matrix, l K '-) ~,18: 



5.:]. MatheII1<itic<il propé'I"ties uf FeF 105 

_
____ A_:2_,_,0_-_4_:,_',_~_'_'_I) __ 4 __ ~r_l-~-~-~-~--r_-~~1,~~3,])n-l __ 0_6_X_'_8 __ ~,o~~ __ 11 

O ~1~3])1 

~'~2])2 (] 1, 

J 
\vhcre 

/ ~ r "1:'11.1 \ 

( 
.lJ5I,l.b 

1 ])5(¡E'2J 
TLr.1<'13,l 

])4 

I 
~b""l-'--.J 

I 
(5,104) 

])5(¡E22,' 
n.-r,F,23,l 

\ 
~v"'¡-

) ])G(,E33,' 

(5,lU5) 
( (" \ 

D5 \ '" ) (5,106) ,-

(, 

Thi¡.; forrn of the illverse matrix can be problenmt.ic frOlIl the llUInerical 
point of vie\v beean¡.;e of the ¡.;mIle rea¡.;ons a¡.; before, dne to po¡.;¡.;ible zero valne¡.; 
in the denominat.ors of the expressions involved in t.he mat.rix. vVe choose the 
~.. . .. .. .. .. ,_ ,,_1 
tollmvlllg renormal1zcd lllversc matnx, and \ve name lt agalll (lC) ~ 
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/ T~ 'L IL \ 

r 
"n '~nx6 v\)x18 

1 D, o 
",') ,_LlT"'o. 

012x6 

I 
1.\1 -'~/,' ~U4 

I o D, 

I 
6 ,D2 o 

I _N2,!,-4 A(O 6, (¡E' -lo 

I 
O 6 1D 2 I Ó 1D3 O 

l N 2,j;-4 A~) 6 1 (¡E' lo 
J 

\ O LlID3 I 

5.3.4 Modified system. 

=\Iotivat.ed by Sect.iOIl 5.¿, it. is reasonable t.u split. the ¡.;eeond urder evolut.ioIl 
syHt.eIll for the Hylmnetric tem;or J¡'i,j into a flnlt urder Hystem, eqllivalent tu 
the s)'stems (5.66) and (5.102), but using the tensor A" instead of the tensor 
u't.) = 8t ht

]. The tensor A .. 't.J introduccd in Scctlon 5.2, 18 dcfincd, taking into 
account thc condltion of maximal sllclng, as Aij := 1,',~,1O Kij, as in thc eFe 
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case. The system can be ,vritten then as: 

(5.107) 

'¡Ái) I TV··2 \ ? 
~ + Vk ! _~;;:,kl'w'J - Ok ÁiJj = -A.kJVk{]t - Á,tkVkDJ + ~ÁtJDkOk 

3t \ 2 ' 1 •. 3 . 

.. '.'. "l .... ~~jJ\ 
+2.1V4>-O;¡>klA'tK AJI - 81UV 1i-'~'o ~'4>'-< StJ - =---:t- ) 

+.1V (l,:l R~j + 8::;,ik:;JlVk'~/>V(~/» + 41.:) (ytkiJIVk1)Vj1V + 

1 --3 [N (~J2 R, + 8~kl])k4o])l~J) + 8VJ;/'])k~;])INl 

_~ (;::¡ik'J!b ~ ;;:kCII,~ll TI,{) _ .;::,ik;::jln, n,{) ~ ~.;::,ij;::¡kln,-n,{) 2 \' '''f;; , I "-f.~) -,~¡;, I , -/\--,.~" ' 3 I , -t"-,~,,, (5.108) 

J\-Ioreover, ,ve have to add the constraints of the Dirac gauge to the above 
system, tu? = lJ, and the determinant of the conformal metric, ;::( = f. 'Ihis 
\vay to "!Tit.e the Hecoud order HyHtem for 11. ij haH the advant.age of get.ting riel 
of partial derivatives \vith respect to t oí the lapse lV~ the shift ,di, 01' the 
conformal factor 1/-' in the sources. In the eFe case, there is only the equation 
for the evolution for the tensor Áij, but it has been shmvn that this tensor can 
be neglected in a consistent way with the eFe approximation. 

The s)'stem of equations (5.107)-(5.109) can be written as 

\vhere the veetorH v' 

(S.IIO) 

( ~I'J). \ I ~ ~:~ ~ J ami g', are, respective!y, lhe eonserved 

\ \ Wk ) / 

variables and the sources. I\·Iatrices A,l are the corresponding .Tacobian ones 
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associatcd to thc follmving fluxcs 

__ _ ,1 

The explicit form oí A" is: 

(J' 

"\vhcrc 

-E" 
'" 2 -~E' 

2 

_ N~.,2 ( 
;;; II 

2 \ 
;;2l 

/ (¡l I 

r I 
J' 

(Ji 
2N 

.-
'(..)fl 

I 
1!'5 

I 011 

\ I 

( -J I 6( -,D2bi 
-/3(5' _(11A~ _ (12A~ 

\ 
" "~ " "~ 

-J16' -J'6' . 3 . 3 

o 

09 

61 

09 

-J36( 
_ (13A~ 

" "~ 

-J36' . 3 

n.,,, _ 
~.)Av 

o 

Q" 
(hx.''i 

(5.111) 

03X4 

O;:¡x3 

- !JJ' I 0; el 

tJ3 I -.oO' 

\ 

O;:¡x4 

1 0:3/3 

J' (hx2 

I 81 I 03 Uf¡ 
Ih I J' ) 

l 
) 

Thc cigcnvalucs of the matrices Al and A ll are thc samc. Thc systcm 1s 
linearly dcgcncratc as before (scc Scction 5.3.2). Thc corrcspondlng matrix of 

1 
1, 

J 
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. ~. " 
clgcnvcctors tor A" C\vith thc usual ordcnation), R t

, is: 

I 

( 
I 
I 

, n n n 
'o \Joxl:l \Joxo \Joxo 

e- O 
" 

C_t 
'\f-,G((¡(1)1/2 ~ '\f-,G((Z(I)1/2 ~ 

1 16 2 16 

O e5 
el o e 2 o e 2 o 

~~-+-------"~~-1 

----+---r;-~-t---r;----~~-n--I ' 
j e, 

\ O e, () e 2 () e 2 
\vhere 

109 

As before~ one can construct linear combinations to change the roles of 
~jqij in Cl, C'l and C 5 , as \vell as the same quantities and thc positions of 
the zeros in C 3 . The determinant is 1;/,36 ((1(1)3 (( jq U)6 ((¡(jq'¿j)6. It is not 
cxactly the same value that \ve got for thc matrices Al, but all thc comments 
Illent.ioned t.here, abollt the different. ca¡.;e¡.; in which the det.errllillant is zero, 
can be repeated here agaill (notice t.han the lapse .N ha¡.; to be different frOlll 
zero because the definition of C 3 ). 

,_,,_1 
Thc in','ersc of the eigenvectors matrix, (l{') ~,IS: 
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_
____ J.\_,2_,_:'>_-_4_:_',_L>_'_3_D_4_, ___ + __ (_~),_C~_~_f~_, _-+_L\._1-cL\.,'~3Dr;-1_(_Jc_>X_'_8_--,;,o~~_11 

O L\. 1L\."D 1 

L\.,Do O I ' 
-N,~,~-'1.6.1 

2 

"\vhcrc 

( ,a' , ,) 1 
(,-,1\'1/2 + _Iv (lE 

\ ""1" ) / 

( ,3' v) (E' (([(1)1/2 - 1 ' 1 

(5.114) 

This form of the inverse matrix can be problematic from the numerical 
point of vic"\v bccausc of thc samc rcasons as bcforc, due to possiblc zcro valucs 
in t.he deUOIlliuat.on; uf t.he expre¡.;¡.;iom; involved in the matrix. \Ve choose t,he 
foll<nving renonnalized inverse matrix, and \ve llaIlle it again (R') -1: 

06x6 06x 18 

o 
ÜUx6 

o D, 
Do O 

-NC'-' (_'_"_. + rv) 'E' 
') ir r1\1/2 ~ .,1 - \ ".,1., ) I 

(] Do 
Do IJ 

() Do 

J 



5.:]. MatheII1<itic<il propé'I"ties uf FeF 111 

5.3.5 Thc couplcd cmptic-h-ypcrbolic s-ystClIl 

'Ve are going to finish this Section \vith some comments regarding the elliptic 
part and it¡.; coupliug \vith tl~e hyperbolic one. The elliptic part. iu FCF cau be 
re\vrit.teu, uHiug the tensor Al}, as: 

(5.115) 

I ( (5.116) 

~kID.D a i + ~~,kD.D al 
• k lo 3 . k lo 

(5.117) 

The blue terms are the extra ones \vhich do not appear in the CFC case. 
".Te are goiug to shO\v a procedllre to solve aU the elliptic ami hyperbolic 

equations in the FCF general case. On the one hand, the variables of the 
evolution of the hyperbolic systell1 are going to be directly used in the ellip­
tic equations. On the other hand, the elliptic equations \vill keep the nice 
properties of local uniqueness as in the CFC case. 

The Htrategy to evolve the two ¡';ylIunetrie ten¡.;or¡.; hU and A'U relies on a 
decoll1position of these tensors in longitudinal and transverse traceless parts. 
The longitudinal parts (divergences \vith respect to the fiat ll1etric) are either 
knmvn a priori, 01' are deterll1ined by the elliptic equations. I\.fore specifically, 
the divergence of h ij vmü¡.;hes according to the Dirac gauge. The teuHor Á ¡J 

can be decomposed, a¡.; in the eFe ca¡.;e, as 

,,} - (LX)'} +A-'j 
1"1. - TT' (5.118) 

\vhere ViÁ~T = O and the vector X't \vill be deterll1ined by the 1l101l1entUll1 
constraint (scc bclmv). Conscqucntly, '.ve focus on the transvcrse traccless 
parts of these tensors. From hi} and Áj~:r, it is possiblc to define tvm scalar 
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potcntials, dcscribcd in [53], for cach tensor, that contain all thc information of 
thcsc tcnsors. Thcsc potcntials are cvolved accordlng to thc cvolution cquation 
(5.107) foI' hU, ami the transven;e traceless part. of t,he evollltion equatioIl 
(5.108) for A'j by applying consistentl)' lhe previous decomposition (5.118). 
Once the scalar potentials on the next time slice are determined, the tensors 
hij and AfT can be rcconstructcd complctcly, satisfying thc divcrgcncc-frcc 

conditions. Thc tensor 'IL{' can be computcd too. 
From (5.118), thc momcntum constraint can be "\vrittcn as 

V ·A'ij - 8-;.'J(8')· _ Al. 4'''' J - 1I I .J D.kl~ , (5.119) 

"\vhich iH eqllivalent to the foll<nving elliptie equatioIl fol' t,he vector X'I 

TI .. nJ yi _ ~nin, yk 
- J - ~ ~ 3 - - ,,-- ~ 

+~Im (V;. _ Vm'Ykl) ( V'"X' + Vi Xl- - ~ ("'V Xl') 
, \ k Iml 2 ) \ 3 - f-' ) 

81T~'J(S"')j - 'Y,m (Vk~ml - V«;'¡A/) APT. (5.120) 

"\vhere 'pi = ¡UDj . ThiH ellipt.ical eqllation fol' t.he vector Xi iH linear. Siuee J¡1'J 

and Á~T haye beeu calculat.ed previously, the elliptic equatioll can be solved tu 
obtain the vector X'¿. 'i\lith this method, the Dirac gauge alld the 1l10mentUll1 

const.raillt. are satisned (by construcüon). Then, Á'¿J is reconstructed from AfT 
andX 1

• 

At this point, slncc thc tcnsors h ij and Ji ij are knmvn, \ve can follmv cxactly 
the ¡.;ame ¡.;cheIlle as in t,he eFe c(-tHe tu ¡.;olve, in a hierarchieal ,vay, t,he ellip­
tic equations. First, the conformal fador is obtained fr0111 equation (5.115), 
then the lapse fundion fr0111 equation (5.116), and finally the shift. vector from 
cquation (5.117). Thcsc cquations are dccouplcd in thc order mentioned. Ko 
non-uniqueness problcms are exhibited in the scalar elliptic equation and there­
fore t.he maxinUUIl priucipIe can be applied. 

The scheme preseuted here iH augIllent.ed by an additional vedor elliptie 
equation for X'¿ ~ ,,,,hile the elliptic character of the system of metric equations 
is preserved. The ne,v scheme rcformulates the elliptic equations in a CTT 
shape (one scalar and one vector clliptic equation), and then solves~ for the 
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lapse and the shift one additional scalar and one vector elliptic equation. The 
He\V formulation not only COlTects the problcm of local uniqueness in the scalar 
elliptie equat.ion¡.;, but. abo introduces a hierarchieal structure that deeoupleH 
the system. It has not beell tested numerically yet. 
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6. GEUl\lETlUCAL BLACK HULES 

In this Scction '.ve are going to introduce somc dcfinltions rclatcd \vith hOr!Lions 
of BHs, aud \ve are going to di¡.;cuss au application of the charact.erü.,tie i-maly¡.;is 
to the illner boundary cOllditions of trapping horizons. 

6.1 DdiIlitioIlS oi" 1lOrizolls 

U1C dcfinitions and calculations of this part have bccn takcn from [145], 1ll 

which a11 the details can be faund. 
Let a hypersurface }{ of J\:1 be the image of a 3-dimellsiollal manifold Ha 

by an cmbcddlng ~ : Hu ------7 iv'l, H = ~ (Hu). Thc pull-back of thc bilincar 
fOTm g, i.e. the spacetüne metric, defines the induced metric OH 'Ji, ah.;o called 
t,he finlt fuudamental fOTm of 'Ji: q:= <V"'g. The hypersllrfaee 'H is said to be 
null if, alld only if, the illduced metric q i8 degenerate; this means if, and ollly 
if, there exists a vector field 1 in T (1t), the space of 511100th vector fields on 
iv'l, that satisfics \;jv E T (H), q(l,v)= U. In null hypcrsurfaccs thcir normal 
vectors are both orthogoual ami taugent to thelIl. 

For any hypcrsurfacc, thc ¡~bcnding" of H in jV{ 01' cxtrinsic curvaturc of 
7-t 18 dcscribcd by thc \Vcingartcn map or shapc opcrator, "\vhich 1s thc Cll­

dOlIlorphi¡.;m of Tp (H), t,lle t.augent. Hpace of vecf,or¡.; at jJ, "\vhich a¡.;¡.;ociates tu 
each vector tangellt to H the variation of the normall along that vector, \vith 
respect to the space-time connection V: 

X : Tp (1t) ~ Tp (1t) 

(6.1 ) 

Ihis application 18 well dcfincd sincc l· X (v) = l· V vi = 1j2 V v (l . l) = n. The 
\Vcingartcn map dcpcnds OH thc spccific choice of thc normall; a. rcscallng of 1 
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acts as fo11O\V8 OH X: l -----7 ¡r = al ::::} X -----7 X! = Ctx + (da, .) l. Thc fundamental 
propcrty of this applicatlon 1s to be sclf-adjoint \vith rcspcct to thc mctric q. 

Thi¡.; propert.y implies the ¡';ylIunetry of t.he bilinear fOTm deflned OH }t's 
tangent space by: 

El : Tp (1t) x 7;, (1t) ~ ]K 

(u,v) c--+ u· X (v) (0.2) 

It is ealled the ¡.;eeond fundamental forrn of 'H "\vith re¡.;peet tu l. It is Hylmnetric 
ouly becam.;e l is Hormal to ¡.)Olne hypen;urface. Act.ually, it iH llothiug but t,he 
pull-back of the bilinear form 'V{ anta 7;, (1t) induced by the embedding <j) of 
1t in M: El = <I>*'V{. As for X. El depends on the choice of the normal 1: ils 
transformation undcr a rcscaling of l 1s: l -----7 l' = al ::::} <3 -----7 8' = 0:E>. 

If ,ve take iuto aecount the foliatioIl provided by the family of spacelike 
hypenmrfaces that foliates the Hpace-time in t,he 3+ 1 fOTmali¡.;m, \ve have some 
extra-structure on A1. From nmv on~ H is etssumed to be a null hypersurface. 
\Ve \vlll define unambiguously a tn_lnsyerse direction to H and an associated 
projector II. 

Each Hpacelike hyperHurface ¿:r of the ;)+ 1 sliciug inten;eetH the uull hyper­
surfetce H on some 2-dimensional surface: St := H n ~t. As et submetnifold of 
~t, each St is necessetrily et spacelike surface. The St·s constitute a foliation 011 

H. The coordinate t can then be used as a parameter. \Ve can normalize the 
null normall of H by dernanding that l is the tangent vector associated with 
thiH parametrizat.ion, 01' equivaleutly demauding t.hat. l i¡.; a vedor fleld dual t.o 
the l-form dt : 'V,t = 1. 

Let s be the unit vector oí Lt, normal to St etnd directed tmvetrds the 
exterior of Sto Let b e Tp (St), b := 1 (1). Due lo lhe normalizalion on the null 
normall, it cau be expreHHed as l = _Nn + b. It cau be dedueed t.hat. b i¡.; a 
vedor of Lr \vhich is uormal to Sr; then it is ueceHHarily eoliuear to s. Beeau¡.;e 
1 is nnll, 1 = N(n+s). Since 1(1) = Ns with N> 0, we say lhal 1 is an 
outgoing null vector \vith respect to Sto 

\Ve need sorne direction transverse to H to define a projector. The slicing 
ha¡.; already provided t.he timelike direetiou n and the spacelike diredion s, both 
normal to the :2-Hurfaces Sr. ".Te nmy abo t.hiuk about t.he null diredion¡.; normal 
to Sto The ingoing direction is defined by the llull vector k = 1/2_1\/ (n - s). 
This null yector satisfies l· k = -1. Each pair (n,s) 01' (l,k) forrns a basis of 
the vectorial plane orthogonal to Sto 
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------
, 

Fig. (j. 1: 1\u11 vector 1 normal t.o H, unit t.imelike vector n normal Lo "E t , I.IniL spacelike 
vector s normal to S~ and ingoing null 'vector k normal to S~, fmm [145]. 

\Ve can nm.v define the projector onto H along k b~r: 

11 :Tp (Ai) ---+Tp (h) 

e !-------7 v + (l . v) k (6.3) 

It. is \vell dehued. It leaves invariaut any yect.or iu Tp (7i). It. satu.,hes 11 \ Ji',) = U 
and TI (1) = l. Its definition does not depend on the normali,ation of 1 and k 
as long as they satisfy the relation l . k = -1; the application is determined 
only by the foliation St of h and nol by lhe scale of h's null normal. 

Once int.roduced the projeetor 11 ont.o 'Ji, \ve can ext.end the dehnitiou of 
t.lle "ieiugart.en map of 7i to all vectorH of'4 (./vl) by: 

X : Tp (M) ---+ Tp (h) 

v ---+ XH (TI (v)), (6.4) 

\vhere X1-í denotes de \Vcingarten map introduced on Tp (H). Similary, we make 
use of the projector to extend the definitlon of the second fundamental form of 
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H. "\vith rcspcct to thc normall by El := II*'E>1tl \vhcrc eH denotes thc sccond 
fundamental form of 7-t \vith rcspcct to l introduccd before: cxplicitly: 

e: Ir (M) x Ir (M) 

(u,v) 

---7 1Ft 

---7 erdIl (u), Il (v)). (G.5) 

Actually, it is nolhing but the pull-baek of the bilinear form vL onto 'I"¡, (JVl) 
induccd by thc projcctor q: 8 = (j*\l{. Thc bllincar form El has at lcast t\VO 

dcgcncraey dircctions, l and k: thcn, \ve can condude that any vector in thc 
plane ort.hogonal to Sr i¡.; abo a degeneraey direetioll for El. 

\Ve define thc tensor of dcformation rate \vith rcspcct to l of thc 2-surfacc 
Sr a¡.; half the Lie derivative of Sr 'H metric q along t,he vector field l: Q := 

1/2 s.e l q, \vhere q is considered as a bilillear form field on St alld S.el is the 
Lie derivative intrinsic to St \vhich arises from the Lie-dragging of St by l. It 
can be dedueed that: 

Let us split the second fundamental form~ nmv considered as the detorma­
tion rate of the 2-surfaces St, into a trace part and a traceless part \vith respect 
to St 's metric q: 

\vhere 

B 

1 e ~ -Bq+cr. 2 . 

l,.e, 
1 e - -Bq, 
2 

(6.7) 

(G.8) 

(6.9) 

are the trace of the endomorphism e canonically associated \vith El by the 
metric 9 and (j' is the traccless part of El respectivcly. The trace f) is called 
the expam;ion ¡.;calar of S/, alld (j' t,he ¡.;hear t,ensor of SI,. If ,ve denote by q t,he 
det,errllillant of t,he eomponents of t,he metric q with reHpect to t,he coordillat,eH 
• ,.., " • , ,. r> /, _C::,,' ~, • .c>., ,. 
111 '::'t~ t,ne expanSlOn scalar sat,lsnes f1 = ~ L¿ III ¡q, tnat JustlTIes n.s name, ror 
¡q is rclated lo lhe surface elernent 2f of Sto e depends only upon the Hull 
normall to 7-t, so the dependence of {} \vith respect to the foliation St is only 
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through the normalizat1on of 1 1nduced by the St slicing and not on the precise 
shape of th1s slicing. 

By analogy \vith the expreHHioll (6.6) of e, \ve define the transverHal de­
formation rClte of the 2-surface St as the projection onto T (St) of the Lie 
derivative of St 's metric q along the nu11 transverse vector k: 

1 
S :~ -if~ Lk q, 

2 
(6,10) 

\vhcre q ls cons1dcred as 4-d1mens1onal bll1near form, and Lk q 1s 1ts Lic der1va­
tive \vithill the 4-Illanifold A1. Since the vedor field k does 1l0t Lie drag the Hur­
faces St, \ve do not have an object such as the 2-dimensional Lie derivative ana­
log of s Ll. It can be deduced that S = ifVk. A rescaling of 1 acts as fo11O\vs: 
1 -----71' = al::::} S -----7 S' = n- 1S. 

SilIlilary to the defillition of the expallHioll scalar H aH the trace of the 
defornmtion rate e, we define the transverHal expallHioll scalar H(A:) aH the 
trace of S 

\\,Ie say that the null hypersurface H is a non-expanding horiLion (::-.JEH) if, 
and only if, the following properties hold: 

(i) 1t has the topology of IR x §1, 

(ii) the expanHion Hcalar () vanisheH on H: () '!;!;. O; 

(iü) thc matter stress-encrgy tensor T obeys the null dominant energy condi­
tiOll on 'Ji, llaIllely the "energY-lIlOlnentmn current denHity . vector W- := 

- j . 1 is future directed timelike 01' nu11 on H. 

Properties (ü) and (iü) do not dcpend upon the choice of a specific null normal 
l; the property of being a KEH iH an intrinHic property of the null hyperHurface 
H, and in particular it does not depend upon the space-time foliation by the 
hypersurfaces Et. 

A trapped surtacc has becn dcfincd by Penrose (1965) as a closed (i.e. 
eOlIlpad withollt boundary) spacelike 2-Hurface S Huch that the t.\vo syHteIllH 
of null geodeHicH elIlergillg orthogonally frOlIl 5 converge locally at 5, i.e. they 
have non-positive scalar expansions. In the present context, demanding that 
the spacelike 2-surface SI ~ 1t n ¿I be a trapped surfare is equivalent to e <:: (] 
and G(k) .:s; (). Thc subcase G = () 01' G(k) = () ls rcÍcrred tO as a marg1nally 
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trappcd surfacc (or simply marginal surfacc). l-'cnrosc~s dcfinition is purcly 
local sincc it lnvolvcs only quantltics dcfincd OIl thc surfacc S. 

According tu Ha\vking [146], an outer trapped ¡.mrface i¡.; an orielltable eOIIl­

pact spacelike '2-surtace S contained in the future developmellt oí a partíal 
Cauchy hypersurface LO and "\",hich is such that the outgOillg null geodesics 
cmcrglng orthogonally from S converge locally at S. Thc dcfinition of out­
going null gcodcsics 1s bascd OH thc asumption of asymptotic flatncss. In thc 
preHent context, denmnding t,hat the spacelike '2-s11rfaee Sr = 'Ji n:E1, is au ollter 
trapped surtace 18 equivalellt to: 

(i) the spacelike hypen;urface Lr i¡.; HHymptotieally flat aud t,he Hcalar field 
1J. defining H has been chosen so that the exterior 01' St contains the 
asymptotically fiat region, so that l is an outgoing null normal in the 
scnse or Hmvking: 

(ii) thc expansion scalar of l is negativc or null: () S o. 

Thc subcasc () = O is rcfcrrcd to as a marginally trappcd surfacc. This dcfinition 
does not assume anything on G(k). 

An appareut horizon \vas introdllced by Ha\vking [146] aud it i¡.; defined 
as a 2-surface A inside a Cauchy spacelike hypersurface :E such that A is a 
connected component of the outer boundary of the trapped region of L. By 
a trappcd region, it is mcant thc set of points or :E through \vhich therc is an 
outer trappcd surfacc lying in L. It can be dcduccd that an apparent horiLíon 
i¡.; a nmrgiually onter trapped ¡.;urface. 

V/e can connect the aboye definitions \vith a KEH: if H is an KEH in an 
asymptotically fiat spacetime, then each slice St is a marginall~y outer trapped 
surface. If, in addition, B(k) :S 0, thcn St is a marginally trapped surface. In 
geueral, k beiug the imvanl nulluorIllal to Sr, (}(k) i¡.; alway¡.; negative; however, 
there exist ¡.;orlle pathological ¡.;ituatiou¡.; rol' which B(k) > o at SOIlle points or 

Sto 

6.2 Tmpping ]¡orizons in dynamical spacctimcs oF BHs: 111nor 
b011nda,l'y ronditions 

This Sect.1on is based on thc Refs. [53, 147, 148, 74]. Thc cxplicit exprcssions for 
the charactcristic specds obtained in Scction 5.3 arc specially uscful in thc as-
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sessment of the boundary eonditions to be imposed on a given boundary. This 
is illustrated by eonsidering inner boundaries in the eontext of excised black 
hole ¡.;paeetimes. Let u¡.; point out. that FCF cau be employed in eOIllbination 
\vith any of the standard techniques dealing \vith the black hole singularity 
in numerical evolutions of black hole spacetimes, namely excision~ punctures~ 
moving punetures 01' stutted black holes (see next Section). Hmvever, the exci­
sion technique is favoured if the elliptic subsystem of the FCF is impkmented 
by mean¡.; of ¡.;pectral methocb; ¡.;pectral methocb are used in elliptie equations 
\vith analytical singularities~ but it is difficut to treat numerically non-analytical 
singularities (and also discontinuities) in the (moving) puncture method (see 
Section '7.1 for more details). 

".Te are going t.o eon¡.;ider the problem of inuer bouudary eonditions of t.rap­
ping horizou¡.; of black hole¡.;, follcJ\ving Ref. [147]. \Ve are going to identify a 
quasi-local horizon as a ,vorld tube 'H oí apparent horizons, Le.: 

(i) H. ~ §1 X ]K is foliated by marginally trapped 2-surtaces (8 o and 
G(k) < O): 

(H) the condition of fmure outer trapping horiLíon, Lk G(l) < 0, has to be 
verified; 

OH) the eondition of dynamical horiLíon (DH), H. is spaeclike, has to be verified. 

Given a DH H, the foliation by marginally trapped surfaces is unique, and 
it define¡.; a unique vector h, whieh cau be ,vrit.teu a¡.; h = J.Vn + bs (¡.;ee [147]). 
'H is spacelike as long as h be spacelike, Le., b - JV > O. 

A coordinate system adapted to the hori7:on is one such that t is tangent 
to 'H. In a coordinate system all the spheres St stay at the same coordinate 
pcmition, say r = cou¡.;t. = ro. If ,ve v/rit.e the deeomposit.ion of the shift vector 
\vith re¡.;pect to s as ¡3 = .3~ s - \1-, t.he coudit.ion of t t.augent. to 'Ji meau¡.; 
,'(j~ = b; in this case~ h spacelike means ,'(j~ - J\I > U. 

The previous analysis of the evolution system for h'oJ can be applied to 
the inner boundary conditions problem in an excised approach to blaek hole 
evolutiou¡.;. A crucial point iu ¡.;uch an approach to blaek hole evolut.ion i¡.; to 
a¡.;¡.;ess t.he freedOIll t.o impose boundary coudit.ion¡.; ou the exei¡.;ed ¡.;urface. To 
this aim ,ve must determine the characteristics on the excised surface. 

\Ve nmv specify the generic vector (O as the unitary outgoing radial vector on 
the horizon, Si. By dehnition /J~ = /yt sJ.1' so the expressions of the cigenvalues 
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associated to (5.66) which are nol identical lo ;;ero are just .\~) ~ -.y- ± N. 
Becam.;e of the eonditions melltiolled befm'e, that are linked \vit,h the boundary 
conditions of the elliptic equations~ ,ve have _,d.L +.IV < U on the excised 
surface (\vhich coincides \vith the black hole hori7,on). Sillce the lapse functíon 
18 posltivc, thcn -,D.L - .N < O. This shmvs that thc charactcr!stics OIl thc 
cxciscd surfacc assoclatcd "\vith thc yector SI points out\vards \vith rcspcct to 
the illtegratioll donmiu. There is a key interplay bet.\veen the elliptic boundary 
conditions and the properties of the hyperbolic degrees of freedoll1. AH the 
equations, elliptic and hyperbolic ones, ll1ust be considered as a \vhole strollgly 
couplcd systcm. 

The fact t,hat aU the charact.erü.,tie curves are iugoiug iuto the black hole (01' 
olltgoing \vith respect. to the integration domain) i¡.; ¡.;orllething \ve could expect 
from the physical intuition. In consequence, there is no residual freedom in the 
prescription of the inner boundary conditions of h't.J during the evolution. The 
system is fully determined and \ve must only guarantee that the yalues of hij 

are con¡.;istent \vith the choice of the Dirac gauge (something that can actllally 
be tricky in the nurllerieal ünplementation). 

Of course, it is not obvious hmv to choose dynamically an inner boundary 
H. that is guaranteed to be spacclike during the evolution. One can adopt a co­
ordinate system in order to guarantee H. to be spacclike and the characteristics 
are still olltgoing frOln the integration domain (¡.;ee [53] for more detaib). 



7. '1UMERICAL BLACK HULES 

7.1 Nurnerical treatrnents [or BHs 

In this scction \ve are going to analyzc thc dlffcrcnt tcchnlq ucs to trcat, numCf­
ically, the Hiugularity defined by a BH. 

7.1.1 ExcisioIl l11cthod 

A tool to trcat numcricall~r thc black holes has becn thc cxcision mcthod ['75]. 
In t,he 3+1 fOTmali¡.;m in ,,,hieh a confonnal ¡.;patial metrie ami a confonnal 
factor are introdllced, 

(7.1 ) 

one question arises, that is \vhat boulldary cOllditions should be imposed to 
the conformal factor to specif.'." a unique and physically meaningful solution in 
thc clliptic cquation for it. \Ve first considcr thc outcr boundary. Asymptotlc 
tlatne¡.;¡.; uf the physieal Hpace giveH lim"I'----7,X,'~/> = 1, vdlieh sllggeHt¡.; takiug '~/> = 1 
on the outer boundary. Ho\vever, t,here are uther alteruat.ive¡.; like the une 

proposed by York and Piran (1982), a~J + 4' - 1 = O ( ..;. ) '" O. as a more 
~ ~. . .' M r \~J 

accurat.e boundary condition~ \vhich cancels out t.he leading O CA! Ir) term in 
1./), \vhere (r~ f)~ ó) st.ands for the spherical coordinat.es in t.he conformal fiat 
metrlc fij. 

Let us consider the problem of choosing an inner boundary condition for 
the black hole ¡~surfaccs". \Ve first rcvic-w the approach suggested by I3mvcn 
and York (198U) \vhich starts by considering the case of a single black hole only. 
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Thc cquatlons fúr I(ij and 1/.\ are, 

lJ, (7.2) 

0, (7.3) 

\vhere \7 iH t.he cOIlneetioll HHHociated to Bo\ven (1979) haH ¡'ÜlO"\Vll that 
the previous equation for I~Tij c(tn be solved allalytically through the use of a 
vector potelltial. For a single black hole at the origin \vith mmnentUll1 p't and 
no spln, he giycs thc solutlon: 

3 
21'2 [Pin) + P'j'ni - (fój - nónJ pknk ] 

·)~2 

-"~;2 [Pinj + Pjni - (Jij - 5ni(!j) pk(!k] , (7.4) 

\vhere n;' is t.he lluit HOTIllal vector point.ing out.\vanb t.he :2-¡.;phere of radiuH r 
centred at. the origiu, (f. is au arbit.rary para meter and h: = ±l. FuI' a ¡.;ingle 
black hole at the origin \vith spin .P and no linear 1l10mentulll, Bmven gives 
thc solution: 

c· 3 1 k 
l\jj = ".3 J n (f/dlrlj + fkj(flj,) , (7.5) 

\vhere f'¿jk i8 the usual Levi-Civita symbol. 
I3mvcn and York (198U) impose that the space be 3-conformall~r isometric 

under the "reflection mapplng": 

rja -----7 alr, (7.6) 

"\vith a and l' defined as in their solutions (7.4) and (7.5), both of -which do 
indeed satü.,fy thiH requireIllent.. They theu iuterpret. t.he re¡.;ulting Hpace a¡.; t.he 
union of t"\vo distinct asymptotically fiat spaces, joined at T = a by an Einstein­
Rosen bridge "\vhich they take as a model for the black hole, as it is shmvn in 
Flg. 7.1. 

They ob¡.;erve t.hat. it ¡.;uffiee¡.; to ¡.;olve (7.3) ou only one of theHe spaces, t.he 
"olltside;' oue defined by r 2: a, provided that an inner boundary coudit.ion 
enforcing the conformal isometry of the hvo spaces under the mapping (7.G) is 
chosen. They propose: 

(7.7) 
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Fig. 7.1: A t:wo-dimcnsional diagram, similar to thc Sch\varzschild-Kruskal manifold, 
is shown isomet.rically imbedded in rlat. lhree-space. The sheels al t.he t.O}) 
and bottom of t-hc funncl continuc to infinit-y and rcprcscnt thc a,'=;:ympt-oti­
cally rlat. regions or the manirold. 

at r = a as the desired :'refiedion symmetric"boundary condition for enforcing 
this. 

York and Piran (19~2) ¡149j, Choptuik (1982) ¡150j and Rauber (19~6) ¡151j 
lUlye found that thc choice of Eq. (7.7) as an inner boundary condition lcads 
t.o illtere¡.;ting re¡.;ult.¡.;. HO\vever, it ha¡.; t.he follO\villg dnnvbaeks: hrst, it.¡.; gener­
alisation to a space containing multiple black holes is complicated, due to the 
need of ensuring conformal isometry of the space under a refiedion mapping 
through any of the black hole positions: second, this boundary condition re­
¡.;ult.¡.; in the int.erior of each black hole being in some sell¡.;e a "mirror inmge ,; 
(conlIllon met.hod u¡.;ed abo in elect.ro¡.;tatic¡.;) of the re¡.;t of t.he ¡.;pace, vdlieh ,ve 
consider some,vhat unnatural (in the sense that physically it does not have to 
be symmetric, although numerically is an option): ,vhy should the interior of 
a black hole depend at al! 011 the contents of the "outside world"? 

As an altcrnativc boundary condition, Unruh (1984) [152] has suggested 
requirillg t.hat. the illner boundary be a nmrgillally t.rapped ¡.;urface. This allO\vs 
t.he exclu¡.;itm of black hole illterior¡.; frOlll the eomput.ational donmill. Thi¡.; 
exclusion of black hole interiors is the key motivation behind this boundary 
condition, since thcsc intcriors cannot causally affcct the rcst of thc spacc, thcre 
is no nccd to \vaste grid points by modclling thcm. This boundary condition 



126 7. Nurnerical black hales 

can be extended to spaccs containing multiplc black holes in a. simple '.vay. 
Allother advantage of excluding black hole interiors fr0111 the computational 

domain 18 that this also cxcludcs aH "ccnsorcd" singularitics. In a time cvo­
lutioll calculation, t,hi¡.; relaxe¡.; t,he lapse fuudioll .IV frolIl havillg tu freeze t,he 
evollltion before hitting a Hiugularity. Thi¡.; ¡.;hould all<J\v t,he grid Htretdling 
near black hole hori7:ons and avoid the problems of stability near the origino 
And thcrc i8 an lmportant practical advantagc as '.vdl: no compute!' time has 
to be -wastcd cyolving black hole intcriors. 

One difficulty "\vith this boundary conditlon 1s that thc marginally trappcd 
sllrfaee in qlleHtioIl lIla)' llot be an ollter trapped surface (apparent horizon). In 
particular, if \ve have t.\vo black hole¡.; clo¡.;e euough t.oget.her then Cadez (1974) 
[153] has found that a third (outer) marginally trapped surface forms, enclosing 
both the inner ones. This outer one is the desired inner grid boundary. One 
solution to this difficulty is to search the space for any additional marginally 
trapped ¡.;urfaces and use t.he out.ernHmt. found, if any. Áccording to Thoruburg 
(1987), this ¡.;earch could be quite expenúve if it i¡.; perfonned at. each time step. 
HO\vever, there is no numerical necessity to search for the outennost marginally 
trapped surtace as inner boundary (Eric Gourgoulhon, püvate communication). 
Since black hole interiors cannnot causally influence the rest of spacetime, thclr 
exclu¡.;üm frorll the comput.ational dOlnain doe¡.; not affeet the \vell-p(meduess of 
the 3+ 1 equations. 

Row to choo¡.;e a ¡.;uit.able ¡.;et. of ¡.;patial coordiuat.e¡.; for space¡.; coutaiuiug 
ll1ultiple (say, t\vo) black holes? The numerical treatment of boundary condi­
tions is much more simple if they occur only at constant coordinate surfaces, 
so ,ve \vant that the surface of each black hole be a constant coordinate sur­
face of the coordinate ¡.;ystem. ".Te would like our coordina tes to approach polar 
spherieal (ceutred on t.he black hole'¡.; centre) iu order to reflect. it¡.; approxinmt.e 
spherical symmetry. Because of our space is aSYll1ptotically fiat, \ve \vant that 
our coordinates display the aSyll1ptotic spherlcal symmetry that this ill1plles 
by approaching polar spherical coordinates at large distances from the strong 
field region containing the black holes. Our out.er bouudary grid ¡.;hould be a 
constant coordinate surface, for the sall1e reasons as the black hole surtaces, 
and its out\vard directed normal should be faidy close to a radial one. It is a 
reasonable requirell1ent too that our coordinate system be free of singularitlcs 
at lcast exterior to the black holes. 

AH the conditions cannot be satisfied by any single coordinate system, that 
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cannot make a continuous transition form having t\VO spheres as constant coor­
dinate surfaces to only one. One option is to rclax the requirement of bcing free 
of Hillgula1'ities. For example, m;ing biHphe1'ical eoo1'dinates place a eoo1'dinate 
singula1'ity at spatial infinity, but these coo1'dinates fail badly to app1'oach polar 
sphe1'ical at large distances from the black holes. One alternative solution is the 
use of stereographic coordinates. Other alternative solution to the coordinate 
choice problem could be the use of multiple coordinate patches: sphericalones 
eellt1'ed on each blaek hole, a polar ¡.;pherical one centred on ¡';Olne COllvellient 
origin for the outer region of the numerical grid, and the volume bet.\veen them 
can be filled \vith, for example, a rectangular coordinate one. One has to be 
cautious \vith the \vay to comunicate the patches, Le., the values of all the 
va1'iableH f1'om one pateh t.o its neighbollr (mes. 

7.1.2 PUl1('tnres 

Other tool to treat numericall~r the black holes is the puncture method ['76]. 
The EillHt.eill-=\IaJc\vell equatiollH of gravitat.ion and electromagnet.ism achnit 
nmny nOllt1'ivial ¡.;ollltions of physieal illtere¡.;t if the llllderlyillg manifold is per­
mitted to have a sufficiently general topology. In particular, these equations 
have been discussed in multiply connected manifolds, like the maximum ana­
lytlc continuatlon of the solution of Sch\varLíschlld for a spherically symmetrlc 
geometry ell(ünved \vith mass alld dm1'ge. The spatial slice typically COllHi¡.;ts 
of t\VO 01' more copies of IR;=¡ \vit.h Heveral sphere¡.; removed awi idelltifieatiollH 
of the various spherical inner boundaries, such as it has been explained before. 
In thls vmy several asymptotlcally flat reglons are obtalned that are connected 
by brldges or throats. 

V/e are going to take into account the conformal metric and the equations 
(7.1), (7.2) alld (7.3). The simplest example comes ITom the Schwar,schild 
spacetlme In quasi-isotroplc coordlnates. Considered as a problem on IR3 minus 
the point r = 0, the constraint equations ('7.2) and ('7.3) are solved: 

'm 
1 + 2r' 

(J, (7.8) 

\vhere m ls the mass and r the isotroplc radius. Conectlng \vlth the aboye throat 
picture, it exists an isometry given by r ---'1' m 2 /41' which lcaves the coordinate 
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sphcrc l' = 'm/2 invariant and -W111Ch maps thc cntirc exterior asymptotically fiat 
spacc into that sphcrc. Conscqucntly, thcrc cxists a sccond asymptotically Rat 
regioIl uear r = (J. Equivaleutly, one can dü.;play this HolutioIl tu the constraiutH 
011 a space consisting of hvo copies of JR.3 "\vith a sphere excised and appropriate 
identification at the spheres. 

For several black holes and nonvanishing cxtrlnslc curvaturc, York ct al. 
(,1. York, in Fronticrs in Nv.merical Rclativity, 1989) have dcvclopcd a. sophis­
ticated Illethod tu Holve the constraiutH foI' t\VO aSyIllptotically flat spaces that 
are c0l111ected by as many throats as black holes~ and that are isometric copies 
oí each other. Kote that there are explicit solutions to the momentum con­
straint (7.2) that characteri:w a single black hole \vith a giyen momentum Pi, 
and ¡.;pill Si, a¡.; t.he one¡.; mentioned befm'e, 01', for example, the BO\vell-York 
solutioll: 

3 Ipi.nj ~ pj'n i _ (.-)j _ .ni'nF\ pk'n' l 
21'2 L~ " I ~ 'o \ I " '" ) ~ '""'J 

., 
+ °3 (EiklSkn¡nj + EjklSkn¡ni). 

T 
(7.9) 

I3y the method of images it is possible to obtain an infinite series based 
on the previous equation for Kij "\vhich solyes the momentum constraint and 
sati¡.;fles an i¡.;omet.ry eondition at any nurllber of ¡.;phere¡.;, Givell sllch a solutioll, 
one has to solve the equation (7.3), \vhich is an elliptic equation on lR.:3 - sn 
(n:t3 minus several spheres), "\vith the inner boundary given bY' the isometry and 
the outer boundary determined by asymptotic flatness, The approach is very 
cOlnplicated for nUInerical implemelltation¡.;. 

Let us retllrll to the Sdnvarz¡.;ehild ¡.;olution of the eon¡.;traint.¡.; on a "Plllle­
tured" ]R'.3. As noted by J\lisner and Wheeler [1541 and studied in detail by Brill 
and Lindquist [1551 (\IWBL), the Schwarzschild solution to the constmints 
genera!iLies trivially to .N black holes for time s~rmmetry: 

0, (7.10) 

"\vhere 1n(i) characteriLies the mass and 'f(i) is the location oí the ith black holc, 
For regularity of the conformal factor, the :.\I\VDL solution is considered on a 
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single ¡p;,3 \vith thc points r = 'r(i) l'cmovca. vvc l'cÍcl' tO thc 'r(i) as punetul'cs. 
Thc isomctl'Y prcscnt in thc Seh\varLísehlld solution is lost, although thcrc stlll 
exi¡.;t minimal ¡.mrfaces characterizing t.he throats [155]. 

An idea to find data for multiple blaek holes \vith arbitrary boosts and spins 
is to compactif.y the internal asymptotically fiat regions in order to obtain a 
simple domain of integl'ation. \Vc solve the momentum C'onstraint by sctting: 

(7.11) 

\vhel'c eaeh tel'm is defined by (7.9) \vith its mvn origin 'r(i) , momentum F(i)' 

ami ¡.;piu SU), These paraIlleters correspond to t.he 3+ 1 quantit.ie¡.; in the limit. 
that the separation of the hales is very large. The equation (7.2) defines the 
solution to the momcntum eonstl'aint, and it is not just the stal'ting point fol' 
the mcthod of imagcs that is usually uscd to obtain an isometrlc solution. 

Given I(iJ, \ve Holve the Hanültonian couHt.raint. (7.3). \Ve re\vrite the cou­
formal factor in tenn¡.; of flluetiouH o: and H given by: 

1 

o: 

1 - +11. a . 
N 
~ m(n 

~2Ir-r(il 
(7.12) 

On the punctured ¡p;,3, the Laplacian of l/a is zero. The Hamiltonian constraint 
equation beeomcs: 

. ~ " ,_7 
6"+/)(1+au) . ~lJ, (7.13) 

(/ = ~ n 7 f{Tij f{T,. (7.14) ,-, 8 '" ~~ ~~'IJ' 

And \ve have to spcclfy boundary eonditions for u. Por asymptotie flatncss 
, • ,-o ., • ~ /, / _1\,-., ,. , " , 

ar, mnnn.y we reqlllre H - 1 = U V-o ~) rol' wrge (llHT,auce¡.; ro tne puncT,ures. 
Aud t.he key qlleHt.ion i¡.; vdwt conditiou we want to impo¡.;e on H do¡.;e to the 
punctures. To build in asymptotically fiat regions, as are present in the :,,-IVlBL 
data ncal' the punetul'cs, it suffiees to solvc (7.13) evcl'ywhere on ]{3 \vithout 
any points exclsed. 
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It can be shmvn that thcrc exists a. unique solution for thc conformal factor 
1i-'~' = u. + l/a Oil thc puncturc Il{3. Givcn a solution u., cach puncturc rcprcscnts 
the "point at illfinity" for <-111other a¡.;ymptotically flat ¡.;paeetime; solving (7.13) 
011 JR.3 involves a particular compactification of JV out of iV + 1 asymptotically 
Hat regions, one of \vhich is distinguished by OUT choice of ¡{'t.J. 

By comparision \vith the isometric \vormhole approach, the ~,'nVBL one 
has two numcrical advantagcs. Thc solutlon Kij to thc momcntum constralnt 
18 aH the information that \ve nccd, Le., slncc \ve do not imposc the isomctry 
COllditioIl t,here i¡.; no need for the method of inmges. Ami second, in t,he HolutioIl 

oí the Hamiltonian constraint \ve avoid the numerical complications due to an 
inner boundary. The punctures can be part of the numerical grid since there 
are no physical singularitlcs on the initial slice. For a long term evolution of 
black holeH, one lIlay ¡.;tart \vith data obtained by either t.he throat. 01' pundure 
cOllHt.ruetioll, ami thell cut out. the interior region¡.; at. t.he apparent. horizon t.o 
avoid the physical singularities on future sUceso 

7.1.3 l\JOVillg IJIlllctnres 

The black hole binary evolutions in numerical relativity have been solved in 
2005 by several groups. The easiest method to implement, and currently the 
most popular, is the "moying puncture'~ approach: details of this method can 
be found in [77]. One ¡.;tartH \vit.h illitial dat.a that pOHHess a Brill-LilldquiHt. 
\vormhole topology [155] and each asymptotic end is compactified to a single 
point on JR.3 called puncture~ such as it has been explained previously. They 
represent black holes on ]R.3 \vithout excision. The initial data slices avoid 
the curvature singularity of each black holco It is \vell understood hmv to 
COllHt.ruet pundure illitial dat.a for any nUInber of boo¡.;ted, Hpinnillg black holeH. 
It can be crucial in successful numerical techniques the choice of the particular 
formulation of the evolution equations, gauge conditions and~ most important, 
the treatment of the coordinate singularity at each puncture. 

I3efore the "moying punctures", ~'fixed puncture" evolutions factored the 
singlllarit.y into a fixed analyt.ically prescribed confonnal fador ami a regular 
function f that i¡.; evolved lllllnerically. The apparent probleIll \vith the confor­
mal factor is that it diverges at the puncture, and \vill presumably behave in a 
pathological \'Imy if it would be eyolved directly. In '~fixed puncture" evolutions 
one avoids this problem by \vriting the initial isotropic SCh\VarLíSchild conformal 
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factor as "\ve lu.lye mentioned in the last Section: 

( M) 1)' ~ 1 + =--. J, 
2r 

(7.15) 

\vhere f = 1 ouly at. the begiuning of t.he evolution. The evolution of f keeps 
the divergent part fixed. The ll1ethod is tailored so that the "\vormhole topology 
rell1ains throughout the evolution. This ll1eans that even in black hole binary 
simulations, -wherc thc black holes lu.lye physical motion, the puncturcs are kept 
fixed on the grid. 

These methoeb lIlet. with some sucee¡.;¡.;, but. long-t.enll ¡.;table evolutions 
of general configurations of black hale binaries, speciall)' orbiting, were not 
achicved. The only detailed analytical study of thc propertics of fixed punc­
ture evolutions, applicd to thc Schwarzschild spacctime, shmved that such evo­
lut.ion¡.; "\v(mld uever reach a Ht.ationary stat.e: nont.rivial evolut.ion of t.he HliceH 
of Sclnvar7,schild \vould continue indefinitely. One \vay of seeing this is that 
if they did, the lapse vwuld have to pass through 7,ero at the throat, but the 
slicing choices uscd in puncture cyolutions prcc1udc this. 

Recently tvm groups [SO, 81] indepcndcntly introduced similar methods to 
deal "\vit.h the puueture Hiugularities. The singular eonfornml fact.or 'I.b i¡.; evolved 
\vithout any analytical assumptions, by introducing a ne\v auxiliary variable, 
either X ~ ,/,-4 in [80] or rjJ ~ In';; in [81], amI the pllnctures are able to moye 
on the numerical grid. Doth variables behave sufficiently -well at thc puncture 
t.o allO\v stable evolutiouH. The¡.;e methoeb have met with spect.acular sucee¡.;¡.;, 
ami the "moving punct.ure ,; method i¡.; nO\v the lIlO¡.;t popular oue for evolving 
black hole binaries. 

V/hen the first results obtained using moving punctures \vere published, 
some questlons \verc raised. \Vhat happens to the punctures durlng thc evolu­
t.ion'? DoeH the evolutiou reaeh a final, Ht.ationary ¡.;tate, 01' do gauge dyuamicH 
persiHt., a¡.; in the fixed puncture caHe? I¡.; the lIlet.hod accurate 01' it. lIlay fail 
at higher resolutions 01' for longer evolutions? Hannam et al. (gr-qcjOGOG099) 
studied movlng puncture evolutlons of the Schwarzschild spacetlmc, and they 
showed that thc evolutlon qulckly rcaches a statlonary state. 
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7.1.4 Stuffccl I3Hs 

This i8 a simple mcthod bascd Oil thc fact that no physical information can 
e¡.;cape froIll the int.erior of a BH. The method COllHÜ.,tS OH SlIloothing t,he iuterior 
of eaeh BH \vith arbitrary data. This change in the iuterior of the BH can 
generate constraint violations, alld the form of the equations must l10t allmv 
constraint violations to propagatc outsidc. The mcthod has to guarantcc that 
thc cvolutlons \vlll procccd to a smooth, regular cnd-statcs. Diffcrcnt vcrsions of 
thiH method have been m;ed by Bona aud eollaborators [156, 157, 158], ]\Iümer 
[159], or Brown et al. [1601 more recentl)', for example. 

7.2 BBHs evolutions 

In 2004, Bruegmallll et al. [78] presented numerical simulations of BER system 
for about one orbital periodo Since then, there are cight groups that lu.lye 
successful1y performed long-term evolutions of I3I3Hs covering several orbits, 
[80,81,79,82,83,84,85,86]. Six ofthem use moving punctllreH; this ¡.;lHJ\vs the 
pmver of this technique. V/e are going to COll1ll1ent briefiy the l11.ain ingredients 
of their codeso 

PTctmius, ¡79j 

He ha¡.; obtained Htable billary black hole merger evolution¡.;. The main feature¡.; 
of his code are: 

(i) A generalized harrllonie fonnulation of the field equationH. 

(ii) A diHeretizatioll scheme "\vhere the only evolved qllalltitie¡.; are the eova­
riant ll1etric elell1ents and harll10nic source. This procedure ll1inimi7:es 
the nUll1ber of constraint equations that need to be solved. 

(iii) The use of a compactified coordinate system ,vhere the outer boundaries 
of the grid are at spatial infinity~ hence the physically correct boundary 
conditions can be placed there. 

(iv) The use of adapt1-ve mesh refinement to adequatcly resolve the rclevant 
length scales in the prob1cm. 
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(v) Dynamical excision that tracks the motion ofthe black holes through the 
grid. 

(vi) Addition of numerical dissipation to control high-frequency instabilities. 

(vii) A time slicing that slmvs dmvn the "collapse~: of the lapse function that 
"\vould othenvise occur in apure harmonic time sllclng. 

(viii) The addition of ;'constraint-damping~~terms to the ficld equations. These 
terms have a ¡.;ignificant effect Oll hO\v 10llg a sinmlatioll "\vit.h black holeH 
call run \vith reasonable accuracy at. a given re¡.;ollltion. 

Pretor!us discretizes the Einstein ficld equations \vr!tten in the follmving 
form: 

Hji are so urce functions encoding the gauge freedom of the solution, r~.3 are 
t-he ChriHt-ottel symbolH, T'n.a is t-he energy-mOIllent-urll ten¡.;or \vith trace T, h: 

is a positive constant multiplying the ne\v constraint-damping terms: n lJ· = 

J.V- 1 (Üt - .i3'¿ü,¿)P is the unit hypersurface normal vector \vith lapse function JV 
and shift vector : and Cji are the constraints, Cp == HJ.1 - .Qjil/U x l

/'. In order 
to evolve the so urce functions: Pretorius uses the follmving equation: 

(7 -171 
\ •• ~ • J 

\vhere ~1 and f) are positive constants, and ~2 an arbitrary one. Let us drav,T 
reader'¡.; att.ention to the fact that (7.17) iH not the ll¡';l.ml definit.ion of ¡.;pat.ial 
harmonic gauge. He ll¡.;eH black hole eXelHioll, \vhereby portiollH of the eomput.a­
tional domain inside apparent hori7,ons are excised to remove the singularities, 
and aparent hori7,on finder. The initial spatial metric and its first time deriva­
tive is conformally flat: and he speclfies a sllce that is maximal and harmonic. 
The Hamilt.olliall COllHt.raint. i¡.; used to solve the cOllformal factor. the nmximal 
eonditions give the init.ial time derivat.ive of the eonfornml factor ami an ellipt.ic 
equation for the lapse, the momentum constraints are used to solve the initial 
vaIues of the shift vectors. The harmonic conditions are used to speclfy the 
initial first time der!vatives for the lapse and shift. 



134 7. Nurnerical black hales 

Texas' gro"j), ¡80j 

Thcy use thc I3SS:.J formulatloll. Thc mctric OIl thc initlal slicc 1s givcn by a 
conformal flat. met.ric, '-'rij = (~i~'13L + u)4 ¡ji,), \vith a Brill-Lindquü.,t conformal 
fador 7/JRT, as in (7.12). They use a unigrid high-order fillite-difference cocle 
along \vith a nonuniform coordinate system that concentrates grid poillts in 
thc central reglon containing thc black holes in order to gct h1ghly accuratc 
evollltions. They evolve a confonnal metrie, the conformal t.race-free ext.rim;ic 
curvat.ure, the confonnal expouent. ami the variables [-1 uf the BSSK fonnu­
laUon. In order to regularize the system near the puncture, they replace the 
conformal exponellt by the variable X = 1;/,-4. They choose an initial lapse 
function equal to 'Ii-~'1J'i \vhich is O (r 2 ), ana thc follmving gaugc conaitions: 

8t I\í 

1),,3' 

-2NK, 

B i , 8t Ei = 3/48t [" -ryB', 

(7.18) 

(7.19) 

\vhere TJ is an arbitrary parameter. At the pucnture X vanishes, and the 
cquation of its evolution implics that thc puncturc position obeys 8t5!punct = 

-,/J (:Jpnnct ). Texas' group track the puncture positions throughout the evolu­
tion by integrating this cq uation. Sincc thc centers of thc black holes remain in 
thc z = O plane, they do not pass through grid points placcd in thc cell-ccnters. 

NASA', grollp, ¡SI) 

They use the conformal Hat metric \vith the same conformal factor as Texas' 
group, '4>BL. Thcy allow thc punctures to move frccly through the grid with 
initial data puncture tcchnique. The centcrs of thc black holcs rcmain in the 
z = (J plane ami do not pa¡.;¡.; through grid points. They UHe a lIlodified verHioll 
of a COlmnOll eoordinate cOlldit.ion klHJ\vn a¡.; t.he GalIuna-freezing shift vector. 
Specifically, they lIse: 

., 
oL,di = ~Bi, DrBi = Drr i 

- (p'Ojr i - '(IBi , (7.20) 

\vhere TJ is an arbitrary parameter (no related in principIe \vith the '17 param­
ctcr of Tcxa's group); along \vith this shift condition, thcy use thc standard 
singularity-avoiding 1 +log sllclng condltion on the lapsc lV. 
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Pcnn Statc's gTOUp! [82J 

The initial data are construted via the puncture method. The initial spatial 
metric is conformally Rat, maximally sliced, and the extrinsic curvature is giyen 
by the Bo\ven-York Holut.ion to t.he momeutmIl couHt.raint.; the confonnal factor 
1./) is used to set the initial lapse as .1\/ = '1.;.,)-2, \vhile the initial shift is ,(ji, = o. 
The evolutions \vere carried out \vith acode based on the BSSN 3+1 formu­
lation. The gauge conditions used \vere modified versions of the 1 +log lapse 
and ['-driver shifts, (7.18) and (7.20). These gauge choiees \vere found to be 
important. for long-tenn ¡.;table ami accurat.e evolut.ion¡.; ou head-ou collisions 
\vithout excision. They use mesh refinement. 

U. Sperhake, [83J 

He uses a BSSK formulation. He starts \vith a time-symmetric initial configu­
ration oí multiple black holes Brill-Lindquist data, 01' a superposed Kerr-Schild 
data. The gauge variables are evolved according to: 

8t I\í 

éJr,(1~ 

,i]t 8i .N - 2I\íI{; 

B l
, éJI.B~ = éJl.t'~ - TIB~. 

(7.21) 

(7.22) 

Init.ially, he haH experimeuted \vit.h TI = 2 but t.he choice TI = 1 cureH an iUHt.cl­
bility in the outermost boundary. These gauge conditions make more easy a 
method to traek the black hole position; the coordinate vclocity of the puncture 

dXI 
i~ o'i'u""n hV __ - _ii1 J-l"" nr""~,...rih,,,,~ ""n""lvti,... tr""i"",...tr.ri",,~ fr.r th"" hu" 1.1"",...1--
~~, b~.V~~ UJ dt ,~' . ~~v y~v.~~'~~.-'~'~' 'V~~'~~J .'~v V~'VJV~"'V~~V'~ ~v~ .'~~v v,"v ~~'vv~· 

holes and calculates the resulting gauge functions by superposing the analytic 
gauge of the individual holes. He uses excision method in order to evolve the 
initial data and a horizon finder to traek the blaek hole motion and to move 
accordiugly t.he exci¡.;ion regiou. 

C"lTeGh/Cornell grollp, [84J 

They u¡.;e hvo di¡.;tinct coordinate syHt.eIllH; teuHorH like t.he metrie are repre­
Hent.ed by their cOlnpouent.¡.; iu t.he coordinate h-l¡.;is of the first one, aud Ein­
stein equations are used to determine these tensor components as functions 
of the second coordinate system. The method applies to the generalized har­
monic form of the Einstein equations. The gauge freedom is represented by four 
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frccly spccifiablc gaugc so urce functions HJ.11 -which determine thc cyolution of 
tllc lapsc ana slutt. The harmonic constraint cquation O = C/1 ;= [11 + HJ.1 
IIlUHt. be ¡.;atü·;fied. They mm Hpectral methods. In t,heir approach the black 
holes ll10ve across the coordinate grid. They evolve Sch\var7:schild initial data 
\vith uniformly rotatillg coordillates. For this test~ the inertial coordinates are 
thc standard asymptotlcally Cartcsian ones assoclatcd \vith thc Kcrr-Schild 
rcprcscntation of thc Schwarzschild gcomctry, and thc othcr coordinatcs rotatc 
müforIllly \vith respect. tu t,hese inedial coordiuateH. The seeond une allO\vH 
them to track the motion of the individual black holes in a binary through a 
feedback control systell1. The coordinate ll1aps could be constructed in such a 
"\vay that keep the shape of the apparent hOr!Lions spherical and thcir locations 
close to the exei¡''¡Oll boundary. 

JCIla)s group) [85) 

They use the 1l10ving puncture method of simulating blaek hole spaeetimes 
"\vithout excision and use müdng boxes mesh refinement. They model .N-blaek 
hole initial data by adopting the Brill-Lindquü.,t \vormhole topology with IV + 1 
asymptotically fiat ends for our initial geometry~ thus enforcing the presence of 
.1V throats. The asymptotically fiat ends are compactified and identified "\vith 
points. They use a conformal flat metric and maximal slicing. As initial values 
for the lap¡.;e amI ¡.;llift they regarel .N = 1 or IV = -~i_,-2, and ,d' = (J. Theyevolve 
the illitial data "\vith the BSSN ¡.;ystem. The elltire eonfornml factor iH evolved 
in the moving puncture approach like in [80], "\vhere the singularity is not cut 
out of the numerical grid~ it is avoided by the choice of gauge. The choices of 
the gauge are: 

-2IvK, 

éJ,-,3~ 

(7.23) 

(7.24) 

\vhere 1] is an arbitrary parameter (no related in principIe "\vith '17 parameter 
of previous groups).The hierarehy of boxes in the mesh refinement evolves as 
the punctures move. They use the shift to traek the position of a puneture by 
integrating the expression a'-:¡;~unct = _,Bi (:D~ltnC)· 
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/Í.EI's gToup, ¡8bj 

They use BSS~ formulation of Einstein equations \vhere the constraints are not 
actlvcly enfol'ced durlng the evolutlon. They use as dynamlc gauge condltlons 
t.he Bona-I\Iassú dieing, r -driver ¡.;hift. ami co-rotatiug fnune: 

-N'.f (Iv) K, (7.25) 

\vhere TJ is an arbitrary parameter (no related in principIe \vith '17 parameter of 
pl'evious groups). AEI's group uses the moving punctul'e method, and apply 
a ¡.;moothing t.o the init.ial data in order to avoid singlllarit.ie¡.; iu t.he case that 
t.he punctllreH are pOHitioned ou a grid point. They UHe mesh rehnement., and 
determine the horizon location during an evolution. 
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8. Il\IPLEI\IENTIl\"G A ]\EW CODE 

The numcrical \vork '.ve are going to cxplaln in this chaptcr i8 part of a. middlc 
t.enn program aiIlliug at extendiug CoCoNuT'¡.; cuele [87] to evolve nurllerieally 
dynamical spacetimes, in the FCF of Einstein equations, and matter fields, 
includillg not only perfect fiuids but maglletic fields too. According to FCF 
of Einstein cquations (scc Chaptcr 5), \ve are going to cvolvc thc sccond order 
HyHtem for the deviations "\vith respect. tu the flat metric, 11 ij, vie\ved a¡.; a 
qua¡.'¡-linear fir¡.;t order ¡.;ystem foI' the¡.;e quantitie¡.; aud theiT fir¡.;t derivatives 
(5.GG), (5.102) ami (5.110). J\lain assumption is: the lapse h.lllction, the shift 
vector, the conformal fador and the componellts of the energy-momentull1 
tensor \vi11 be rcgardcd as givcn paramctcrs, i.e., all these quantitlcs are frozen 
dllring the evolutiou aud they \vill not be intlueueed by the confonnal ¡.;patial 
metric (equivalently by J¡j,j) but \vill iufillence it (no back reaetiou of h jj ou 
the rest of equations). In this assumption, the values of these fields could 
be given from numerical simulations in \vhich \ve do not take into account 
the conformal mctric 01' simply they could come from analytical expressions. 
In the general ca¡.;e, all the set of varia ble¡.; will be evolved ulllnerically, the 
eonfornml metrie, the re¡.;t of cOlnpouent¡.; of the metric, ami the cOlllponeut¡.; 
of the energy-momentum tensor containing the matter fields. In Section 8.1 
\ve describe thecnical details of the codeo Section 8.2 is devoted to discuss the 
code testing. Geometrical units (G = e = 1) \vill be used in the simulations. 

8.1 Structure af tlle cade 

Aceording to the previous nmthematical propert.ie¡.; of the ¡.;ystem studied iu 
Sectioll 5.3, \ve kllO\V that it is linearly degenerate (5.91) alld therefore there 
can not appear shock \vaves, as one expect from the physical intuition about 
the variables representing the metric of the spacetime. That is the reason -why 
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in thc numcrical schcmc '.ve are going to bulld up '.ve are not golng to use HRSC 
schcmcs unlikc in thc case of numcrical hydrodynamics. The spatial dcrivatiycs 
are treated "\vith ¡.;tandard fillite differences of different orden; of aecuraey, ami 
the time evolution \vith RUllge-Kutta (RK) methods having the property of 
preserving TVD conditions (see belmv). 

Coon[inate system 

A coordinate s)'stem of spherical type is introduced, (r, e, 1"), where T E [O, +00), 
e E [O, íí] alld r.;: E [0,2í'l-). The componellts of the fiat metric f¡j \vith respect 
to thcsc coordinatcs are: 

(8.1) 

It¡.; deternüuant is f = '{"1 ¡.;in1 e. FrOlIl t,he natural vector lm¡.;i¡.; HHHociated 

wilh lhe previous s)'slem of coonlillales, (D/D:"i) ~ (O/DI', O/De, 0/01"), lhe 
follmving vector fields are constructed: 

( O 10 1 0\ 
eT,:= --;-::-,eA:= -~,e(0:= --.-.. -.. -1. 

\ u,. T Uff' T Sll1 ff U'P ) 
(8.2) 

This basis is orthonormal wilh rcspect lo lhe !lat mclric f: .fi] ~ diag (1, 1 .. 1). 

Given (t tensor neld T of type (~), the components of the covari(tnt deriv(ttive 

DT in the orthonormal b(tsis el
1 

'j!;;' • •• 'j!;;' ei
p 

'j!;;' • •• 'j!;;' el1 ~: ... :¿<) el'! ~: ek (tre given 

by (sce ¡lllD: 

pJ~Tll ... íj) 
"k (};¡;l - JI ··J'1 

P q 

+ ~ f'í,." T l l .. .i ... lp '. 
L lA- J1 

- '" fe . Ti, ,,",.. . (83) 
~ J ... k ], .J. .. ]¡ . 

r=1 r=1 

"\vhere e¿ := diag (1, 1/,.., 1/ (nlillB)) iH t.he challge-of-ba¡.;is mat.rix defined by 

(8.2), and the f'kil are the connection coefficients of D associated "\vith the 
orthonormal frame (8.2); these cofficients all yanish, except for 



8.1. 8trudure uf the code 141 

K otice that this choice has the conseq uence of the non-symmetry of the con­
nection symbols in the devclopment of the covariant derivatiyes \vith respect 
lo Ihe fiat rnelri<: lhal appear in Ihe equatiollH (5.66), (5.102) ami (5.110). Ex­
pressions of covariant derivatives for tensors of several types are developed in 
Appendix B. 

S.ymmetries and úmer boundaries 

The code has axisymmetry \vith respect. to an axis that defines an equatorial 
plane: the code has equatorial symmetry \vith respect to the equatorial plane 
too. This is translated into the independence of the componentes of the confor­
Illalmet.rie \vith reHpect to t.he eoordiuat.e r.p ami the llHe of only t.\vo eoordinates 
(r, B), \vit.h (J :S r ami (J :S B :S 7r /2. J\Ioreover, inner bOlludary eonditions have 
to be imposed across the center, defined by r = 0, the polar axis, defined by 
B = n, and the equatorial plane, defined by B = 71/2. These inner boundary 
conditions are imposed with the hclp of auxiliary grid points and the knmv­
ledge of the ¡';ylIunetries of t.he cOIllponeutH of the eonfornml spatial met.rie iu 
those boundaries. The extra grid points included as auxiliary ones are placed 
al -f <; T < O ami 'Ir /2 < e <; 'Ir /2 + f, with f a 5mal! quantily depending on the 
order of the finite differences scheme used for the spatial partial derivatives. 

In these extra grid points, each component of the conformal spatial me­
t.rie i¡.; nürrored either HYlmnet.rieally 01' auti¡';YlIunetrieally aero¡.;¡.; a ¡';ylIunetry 
boundary, depending on \vhether it should be continuous across the boundary 
01' /jero at the boundary. For a generic quantity q representing one of the com­
ponents, and the subindices denoting the numbered grid points for (1', B) from 
1 t.o n'l" 01' no, t.he following notatiou i¡.; used: 

for 1 E {l,2 ... ] ami 

(JI-I,j 

q¡,l-l 

±(JI,j' 

±q¡,l, 

(+ symmctrlc, 
±~~ 

L antiHylmnet.rie. 

(8.5) 

(8.G) 

(8.7) 

(8.8) 

(8.5) cOlTesponds to the inner boundary at the center, (8.tJ) to the polar axis 
and (~.7) lo the cquatoriai piane. 
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Thc symmctry condltions fol' thc tensor quantitlcs are nontrl-dal. Thc com­
poncnts of thc "physlcaF'vclocitlcs in a sphcrical typc coordinatc systcm, that 
are gOillg t.u be denoted by stan; and ¡.;ubindiceH r, e, 'P, are related "\vith t,he 
covariant componellts of the velocities fol' the orthonormal basis [161], denoted 
by the superilldices T, e, r,¡:, through the conformal factor alld the scalars that 
define thc coordinatc systcm: 

v.; 1;/,2'1)r' , (8.9) 
;. 

Vo 1i-,~,2Ve , (8.l0) 

v; 1, ,21,..p (8.11) 

'Ve kIlO\V t,he synlIlletrieH fol' t,he physieal velocitieH at all the iUIler boundarieH, 
alld \ve can deduce the syll1ll1etries fol' the componellts of the velocities fol' the 
orthoTllomal basis: 

FollO\viug [111], it is ¡.;lHJ\VIl t,hat the behaviollI' uf the time derivativeH of 
components for the deviations oí the conformal metric \vith respect. to the 
flat metric is the same as for the traccless part of the extrinsic curvature, 
8 t hij '" Aij. The behaviour for the time derivative of the traccless part of the 
extrillHic curvature i¡.; the ¡.;mne a¡.; for t,he straill ten¡.;or, t,hat, is the ¡.;mne as t,he 
product oí the velocities, UtA'i,j '"V Si,j '"V z/'vj . Due to the fact that the spabal 
symmetries \ve need do not depend on the partial derivatives \vith respect. to 
t, \ve condude that the components of the follmving quantities have the same 
behaviour: h ij '" vir j . \Vith the knmvn s~rmmetries for Vi, the ones for h ij are: 

center axis equator 

+ + + 
+ 

hnp + + 
• no nO" + + + 
heep + + 
hl.pp + + + 
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t'artml dCffvatlvcs \Vltll rcspcct to r (to ()), 01' pmvcrs of r (of ()), changc thc 
Hylmnet.rieH at. t.he cent.er (at. t.he axis and the eqllator). Partial derivativeH \vith 
respect. to r.;: change the symmetries at the equator. Prom the expressions of 
the covariant derivatives the behaviour of the quantities are sUllllllari7:ed in the 
follmving tablcs: 

ccntcr axis cquator I I cent.er axis eqllator 
u'l"'I' + + + 

I I 

A'n + + + 
1J.r·(} + )i'fB + 
u T ,? + + 

I I 

)ir,? + + 
u(}(} + + + ÁOo + + + 
vOy + + 

I I 
Á"9 + + 

u'?'? + + + A'P'? + + + 

center axis equator 
W~T + + 
w;;r 
u(t + 
U)rB ,> 
w;¡D + + 
U)rB 
~ + 

u)~'"' + 
'w;'"' + 
w'f"'P 

'2.0 + + 
71!~t1 + + 
n'oo 

9,,, 
7j)VV + 
wt~ + , 

n. 'w'é'/" + 
'ti,o,? 
>~ 

wf.P'P , + + 
wt

y 

u/~{P + " 
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Although r extends to infinity, the numerical domain ends at a fillite radius 
"\vhcrc Oile has to lmposc outer boundary conditlons. A Sommcrfcld-likc outer 
boundary conditlon has becn implcmcntcd, but OIle has to be carcful \vith thc 
problerm; t.hat. can appear (¡.;ee belO\v in thiH chapter). 

A regular grid in () is used, being !J.() the spacillg of grid points 01' cell size in 
the 8-direction. If [0,11/2] is discreti~ed by ne equally spaced grid points, then 

7r" ¡ ') 
i~J} = _"_1_--. A logarithmic grld i8 uscd in thc radial dircction: thc spaclng of 

no -1 
grid polnts 01' ceH slLic in this dircction incrcascs accordlng to an amplification 
fador, f. If [rinner, To111,021'] is dü.,cretized by n,!, grid poiutH, then !J.r takes t,he 
value¡.; Lirinnner Ji" \vith Lirinner being the inuer radial ¡.;pacing, f sati¡.;fying 
f n ,- _ f 'Y' ___ L __ _ 

.J ./ • ULUl:l d 11Th t d' I . . tI = -¿,;-.--, an p = , ... n r- -. e ou el' ra la spacmg IS _ len 
f - 1 riTlTler 

~rout.er = ~TiTlTleJ'fn-/'-l. The value f = 1 corresponds to a regular radial grid. 
A regular grid in t is used~ being !:J.t the spacing of grid points in the t-direction. 

A logarithmic grid is used \vith the corresponding amplification factor in 
each po¡.;¡.;ible donmiu (depending on the reqllirements of nurllber of dorllaiu¡.; of 
the sinmlatiou). The amplification factor, f, ami the nurllber of radial poiut¡.;, 
n r , in a given subinterval can be calculated frol1l the inner and outer radii of 
the region, Tinncr and Toutcr respecti-vcly, and the corresponding ceH si:w chosen, 
~rinncr and ~routcr respectivdy, as 

f= 
rout.er - riTlTler - ~rout.er ' 

lag ( '"'.m'm I 
\ .6.-!';HH~' I 

n = --c----;c-~ + lo 
logf 

The points of the mesh are positioned on the r - () plane at 

(8.12) 

( .f'-l - l. \ . . . 
riTlTlPr + !:J.r;TlTlPr " . ,1!:J.() 1, \vIth 1- = 1. ... n,-, 7 = L ... nA. The discrete \. . J-1 . ) . 

. ( f'-l - 1 . ) . 
value¡.; of a funchon n(r, f}, t) at r¡nner + ~r¡nner f _ 1 ,J!:J.f}, tn == 'fI!:J.t \Vl11 

be denoted by 'Ui~j' 
The -mth-ordel' spatial partial deri-vative uses a central diffel'ence scheme 

\vhich couplcs m + 1 adjacent points. The values for -m used are m = 1, ... ,4. 
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The necessity of extra grid points comes from calculating spatial partial deriva­
tives close to the boundaries. 

RK lIletllOds foI' tIle evolutioIl 

K umerical methods based on a nonlinear stability requirement are very desi­
rabIe. Such methods '.vere originally named total variat10n diminishing (TVD) 
and are also refened to as strong stability preserying (SSP) methods. If 
U ~ U (t) i, a vector uf diH<:retized variableH, i.e., IU (t)l] ~ Uj (t) ~ 11. (;¡;j. t). 
and 1J..7 is the numerical approximation to 1J. (:rj~ tn)~ then TVD discreti7,ations 
have the property that the total variation 

Tll (un) = L I,t(/ - u.?_11 (8.13) 
J 

of the nUInerical Holut.ion doeH not increaHe '.vit.h time, i.e.~ 

TV (Un+1 ) <:; TV (Un) . (8.14) 

A sequence {un} is said to be strongly stable in a giyen norm jj.jj provided 
t.hat.IIUn+1 11 :S IIUnl1 for aU 'f/ ~ O. The choice oft.he UOrIll iH arbit.rar)', beiug 
t.he TV-UOrIll, aud the iufinity nonn, two uat.ural pOHHibilities. 

A s-stage, explicit RK method for the equation ÜtU = L (U) is \vritten in 
the form: 

U(O) un. 
i-l 

L (GikU(k) + D.t(JikL (U(Ao))) , i ~ 1,2 •... ,8. 

k=O 

U(·,). 

wllcrc aH tllc [tik :> O and [tik ~ O, only if Pik ~ O. 

(8.15) 

R.K-TVD Illethods of first, ¡.;eeond, third and fourth order have been derived. 
The second one 

U(O) Un, 

U(l) un + D.tL (Un) . 

(8.16) 
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and the third one 
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un + I':.tL (Un), 
') 1 1 " , 

:'.un + =-U(l) + =-l':.tL (U(l)) , 
4 4 4 
1 2 2 _un + _U(2) + -l':.tL (U(2)) , 
3 3 3 . 

(8.17) 

are due to Shu ami Osher [1621. Gottlieb ami Shu [1631 proved that these se­
cond and third order RK schcmcs are thc optimal t"\vo-stagc ordcr-t\vo SSPRK 
and three-¡.;tage order-t.hree SSPR.K oneH. To adüeve fourth order, a fiye-Htage 

order-four SSPRK Illethod has been propm;ed by Spiteri and RUllth [164] (vire 
are grateful to Prof. ~..farquina for providing liS this reference), that follmvs the 
form of a RK method (8.15) with the coefficiellts: 

1 

OA 1 '1 :]7019'1 06 7:11 0.5.556295059:1266 

0.620101851 :j85¡1ü 

0.17807995410773 
" nnt::O'1')C)t":OOA{\'l" 
1/.VI}\JO,),).t..,JOO,±\");-} 

O.~2192004;)~9227 

o 
O 

o 

0.127598:311:J:l288 0.:348:3:367577:3694 

0.:19175222700392 

O 

O 

O 

O 

O .. 5;J/]97/1750212:n 

0.368410,,92629,,9 

O 
O 
O 

ü.08f i(iOfj 163:j8212 O.226ü07f j831939.5 

0.3798981 riS61 liGO 

O 
O,S172:J16720g97g 

0.2,,1891774247:38 

O 

O 
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OutCT boundaTY 

An important ingredient in our code is the treatment of the outer boundary. 
As it is said before, a Sommerfcld-like boundary condition is implemented in 
t.he codeo This i¡.; an outgoiug radiatiou coudit.ion, in an at.tempt. to approxi­
nmt.e the proper data for the ext.erior, a¡.;¡.;urlliug a flat background (t.hi¡.; cau be 
problematic in SOll1e sill1ulations). This condition partially refiects an outgoing 
\vave; hmvever, nonlinear \vaves refiect back into the nUll1erical domain. This 
error has an analytical origin, independent of the computational discrethmtion. 
A reduct.ion of t.hi¡.; error cau ouly be achieved by Illoviug the cOlnputat.ional 
boundary further a\vay. In a geueral ¡.;ilIlUlation thi¡.; i¡.; very expensive, but. iu 
our case ,ve can use the fact that our radial grid has not to be uniformly spaced, 
and, for example, \ve can use a logarithmic radial grid. 

The Sommerfcld condition for a function 1 assumes that this function is 
of the fonn 1 = 10 + n(r - 'Uf)/". ehme to the outer bouudary, ,vhere .,.. i¡.; 
t.he radial coordiuat.e, 'U i¡.; the veloeit.y of the out.going wave, f ¡.;t.auds for the 
coordinate time, 10 is the asymptotic value of 1 \vhen T ---)- ''X', and 1J. is an 
arbitrary function ,vith the only requirement that it depends on r - vt. \Vith 
this hypothcsis, thc function satisfics thc following PDE: 

3d + 3e f + L' (f - fo) i r' ~ u, (8,1~) 

The cigenvalues of the system ,ve vmnt to evolye, that can be interpreted as 
the vclocities of the \vayes, have the asymptotical values of the speed of light, 
a¡.; it. ha¡.; beeu ¡.;hmvn iu Section 5.3. If the outer bouudary i¡.; far enough froIll 
the origin ,ve can take v = 1, and the previous PDE is reduced to: 

dd + dd + (f - fo) / r ~ IJ, (8,19) 

"Fe \vould like to apply thi¡.; coudit.ion t.o t.he eOIllponents h ij of the t.ensor of 
the deviation \vith respect to the fiat ll1etric. The asymptotical values of aH the 
cOll1ponents are 7:ero. Taking into account that \ve are using an orthonormal 
basis, we assume that these components have the following bclu __ wiour: 

"ce '" gl(1'-t), 
.,.. , 

,,/'v. -1-\ 
hrf} ~ !j'2V - 1,) 

r 2 ' 

hOO '" 94(1' - t) , 
".3 ' 

,,/'v. -1-\ 

I 
r'jJ,....., &:-1\1 - 1,) 

¡ ~ 2 . 
r sine' 

}¡W ~ 96(f - t) 
,....., .,..3 ¡.;in1 e 

" (... -1- \ 

I FJ'P ......., &5V - 1) 
¡ ~ 3 ' 

r sin e (8.20) 



148 8. lrnplernenting a new cuele 

Thc functlons gi, .¡ = 1, ... , 6, stand for arbitrary functions \vith thc samc role as 
u. From (8.20), onc can deriye thc colTcsponding PDE for a11 thc 30 variables 
of the ¡.;y¡.;telIl, Le. r,lle ¡.;et, (hU, u ij , U)~) 01' the Het (h jj , A1.], 'w~). Act,ually, 
this condition \vorks there \vhere the outer boundary is placed, far enough 
from the origin, ,,,,heTe the background metric can be considered fiat; there, the 
bchaviour of uij and Aij are thc samc. Thcsc PDEs \vill be appllcd to cvolvc 
quantitlcs at thc points Hear thc outcr boundary (scc Appcndix e). 

Filter and dissipat:ive term 

:.:r umcr!cal noisc, point to polnt, appcars in aH thc variables during long tcrm 
sinmlatiollH. ThiH llOÜ.;e can be vie\ved a¡.; a very high frecueney ,,,ave in each 
coordinate direction. Adding viscosity not only smoothes the high frecuencies 
out~ but also the lmv ones. In the context of extracting gravitational \vaves 
this behaviour has to be avoided, for \vhich there are two options. A filter 
of very high frecuency~ proposed by Savit.zky ami Golay [165] ~ can be applied 
after running a given ulllnber of (e.g. one hundred) iteratiom; (iu the radial ami 
angular directions). This filter does not affect the amplitude of the physical 
\vaves. It vwrks quite \vell and it is very easy to implement, but the number 
of iterations has to be knmvn a priori and in general it is different for different 
sinmlatiom;. 

On t.he other hand, a dü.;¡.;ipative term can be iududed~ e.g. the Krei¡.;¡.;­
Oliger one [lGG], in each direction. This dissipative term is an even derivative 
of high order~ fourth order in our case~ in the corresponding direction, that \ve 
are going to name generically as al, multiplied by a pmver, fourth pmver in our 
ca¡.;e, of t.he spaciug of grid points in the eorre¡.;pouding r or H-direct.ion, ,6",,,. 01' 

,6",(}, t.hat. \ve are goiug to repre¡.;ent generically a¡.; I::!..j, aud a con¡.;tant.: 

(8.21) 

The constant f can be regarded as the dissipative factor and it does not depend 
on the different simulations. Tile minus sign corresponds to (_l)n for n = 1, 
\vhere 2(n + 1) iH the order of the derivative. The fourth order derivat.ive 
iH ealelllated \vith a trllueatiou error vdlieh goeH a¡.; I::!..j. The additiou of a 
dissipative term can be vie\ved as a modification of an algorithm, \vhich is 
not exacto Hence, the inclusion of this dissipat1ye term leads to a truncation 
error higher than the approximation of the spatial deriyatives through the FD 
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method used, and it does not affect to the convergence order of the algorithm. 
The Krciss-Oliger dissipative term is applied to the \vhole set of variables of 
t.he evolntion syHt.eIll, aetiug this derivative of high order iuto the correHponding 
variable \vhich is evolved in time in each equation of the system. 

An alternative dissipative term [lG7] has been used \vith no remarkable 
differences. The idea is very similar to the Krciss-Oliger method; in this case 
the derivative appearing in the dissipative term is applied to the variables of 
t.he ¡.;ystem timeH the nmxilIlUIll characteristic speed at the specitle grid point. 

8.2 Testing the code 

8.2.1 Teukolsky",raves 

Let us consider the lineari7,ed system of Einstein equations in vacuum, 

( iJth t ] = n'I) 

~ Utu" = J"'Vk W;' 
l 8(Wl:' = Dkuij 

(8.22) 

\vhere ,ve have fixed the values for the lapse function and the conformal factor 
equal to one, iV = 1./) = 1, and zero shift vector, /JI = O. vVith our choice of 
coordinates, fkl = Ski. Notice that in this simple case nij = 2iÍi j: hence, there 
is no difference bet\veen both tensors. In general, it will be more convenicnt 
t.o n¡.;e iÍij dne t.o the reaHons explained iu Chapter 5. The coudition for the 
determinant ofthe conformalmetric, det (ih ) = 1, in the linear approximation 
is translated into the vanishing of the trace for h'tJ. 

The initial data used for hij and thcir derivatives cOlTespond to a combi­
natiou of ingoing ami out.going even-parity m = O (axiHYlmnet.ric) TeukolHky 
\VaVeH [88], in order to eon¡.;trnd. regular iuitial dat.a at t.he cent.er r = O. The 
amplitude chosen is lU-G. These data are solution of the lineari7,ed \vave equa­
tion in vacuum, satisfies the Dirac gauge and it is traceless (,vhich is the linear 
approximation of ~i = 1). Since the analytical expressions for aH the compo­
neutH at eaeh time are avalaible, the nurllerieal solutiou i¡.; comparable viTith 
t.he analytical oue. Time step preserveH t.he Courant.-Friedridl¡';-Le\vy (CFL) 
condition. 

In the foHmving, \ve \vill say that a method is of order (p, q) if the RK 
method ls of order p and the spat1al partial der1vat1ves of order q. Us1ng 
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several ordcrs of accuracy for thc spatial derivativcs and thc RK method, and 
analyzing several CFL vaIucs, \ve IU1VC found that thc codc crashcs due to thc 
fonnation of an im;tability at t.he cent.er r = (J. The time at \vhich the eode 
crashes depends on the values of]J, q and CFL. V/e have plotted in Figs. 8.1 8.5 
the variable 1J.8e , \vhere the red lines correspond to the numerical values and the 
grecn lines to the anaIytical vaIues. This variable has been chosen in order to 
display the bcluxdour of thcse instabilities. Computational domain is dcfincd 
by [O, e] x [O, íT /2] on t.he '(' - () plane, plus several extra grid poilltH. \Ve have 
used n r = 1UU, and ne = 2U. 

Fig. 8.1 Hhow¡.; the instability at the eellter r = O. For a (2,2) method, 
deerea¡.;ing CFL delaYH it.¡.; fonnation. Tab. C\.1 displays the lllllnerieal value¡.; of 
uee at its peak, for different CFL, compared \vith the analytical corred ones. 

0.8 
0.4 
0.2 

Coordinate time Approximated lllllnerical Approximated 

3.9 x lO 2 

3.9 X 10-2 

1.4 X lO-1 

value at the peak 
-27.3 

6.8 x 10-1 

7.9 X lO-4 

analytical 
1.3 x lO! 
1.3 X 10-'1 
4.4 X lO-4 

Tab. 8.1: ).!urnerical vaIue::; of aMI at the peak, for a (2,2) rnethod. 

Fig. 8.2 corresponds to a (2,4) mcthod. \Ve can see again thc same instabi­
lit Y at the eellter. Tab . .s.2 di¡.;play¡.; the lllllnerical value¡.; of u BB at t.he peak, foI' 
differents CFL, compared \vith the analytical correct ones. The main difference 
behveen Figs. 8.1 and 8.2 is that the appearence of the instability at the center 
is dclayed 'when a high order mcthod is used, but thc problcm is still unsolved. 

I CFL I Coordinate time I Approximated numerical I Approximaled I 
value al lhe peak analytical 

0.8 3.9 x 10 -" 2 x 10 -> 1.3 x 10 -4 

0.4 9 x lO-2 8 x lO·' 2.9 X lO-4 
0.2 1.9 x 10- 1 1.2 x 10-4 5.7 X 10-4 

Tab. 8.2: :;Jumerical 'values of 1l1!1! at t-he peak, for a (2,4) method. 
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o , , 

(a) CFL 0.8, t = 9.9 X 10-3 aud t = 3.9 X 10- 2. 

(b) CFL 0/1, t = n.n x 10-.'1 and t = :~.9 x lO-2. 

~, 
'~ - o 1 2 " 

3 ; , o __ 00 o 

~, 
'~ o 1 2 05 

3 1 5 6 ,-<Jb o 

(e) CFL 0.2, t = 9.n x 10-;~ and t = 1.1 X 10- 1 • 

Fig. R.l: 1ll! .(2, 2) mcthod. 
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(a) CFL 0.8, t = 9.9 X 10-3 and t = 3.9 X 10- 2. 

(b) CFL 0/1, t = 9.9 X 10-''1 and t = 9.0 X 10- 2. 

~, 
'~ o 1 2 05 

3 1 5 6 ,-<Jb o 

~, 
'~ o 1 2 " 

, _1 , , __ 00 o 

(e) CFL 0.2, t = 9.9 x 1O-;~ and t = 1.9 X 10-1. 

Fig. 8.2: ll
éJéJ .(2,4) mcthod. 
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(a) CFL 0.8, t = 9.9 X 10-3 aud t = 7.0 X 10-1. 

(b) CFL 0/1, t = n.n x 10-.'1 and t = 7.0 X 10-1. 

~, 
'~ - o 1 2 " 

3 ; , o __ 00 o 

~, 
'~ o 1 2 05 

3 1 5 6 ,-<Jb o 

(e) CFL 0.2, t = n.n x 1O-;~ and t = 7.0 X 10-1. 

Fig. R.a: 1l lJ .(4, 4) mcthod. 
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Results for a (4,4) method are shmvn in Fig. 8.3. DIere 1S agam an mstab1-
lit y at the center, but not only at r = O = (): the instability appears for several 
value¡.; of e around e = O. The ulllnerieal values at r = o = e and t = 7 X 10-1, 

for different CFL, are similar, around 2.8 x 10-4 compared \vith the analytical 
value 1.8 x 10-4 . Again~ the difference bet\veen these results and the ones in 
Figs. 8.1 and 8.2 is that thc dcyclopmcnt of thc instability is dclaycd. 

The formation of the instability at r = O is independent on the accuracy 
of the RK method used. The developmenl of Ihis instability is very fasto The 
instabilitlcs at the origin are common problcms in sphcrical symmctry, since the 
coordinatc system is not -well defined at the origino This coordinatc singularity 
i¡.; uot. related \vit.h t.he formali¡.;m ll¡.;ed ami neither \vith the ulllnerieal algorit.hm 
used. The usual treatment is the redefinition of the dynamical variables based 
on the Taylor development close to the origin (see e.g. [89], 01' more recently 
[90]). In this case, the fact of using orthonormal coordinatcs guarantce that 
the Taylor development.¡.; of the dynamieal variables are appropiated for t.he 
nUInerieal evollltion of the ¡.;y¡.;tem. \Vhat. can be done in order to ¡.;olve this 
problem'( 

".Te eau notice that, aceordiug to the \vay they have been obtained, tvm 
grolllm in the 30 variables of t.he ¡.;ystem can be con¡.;idered: t.he fir¡.;t t.\velve 
variables~ h tJ and utJ (01' h'tJ and A tJ in a general simulation), that \ve \vill 
name G 1 in the next, and the last eighteen ones, 71!~J, that \ve \vill name G 2 

in the next. The variables G1 have bcen obtained dircctly: hmvcver, the G 2 

shO\v¡.; a time derivat.ive aeting on them. Áeeording t.o their nurnerieal featllre¡.;, 
if \ve evolve the sy¡.;t.em \vith analyt.ieal values for t.he ¡.;et. G1 , the variables of 
G 2 are obtained numerically free of instabilities. And the same happens if \ve 
intcrchange G1 and G2 . 

Ás a eonseqllenee, \ve have u¡.;ed different. \vays t.o t.reat. G l and (;2. G\ i¡.; 
going to be evolved \vith an explicit scheme~ \vhile G 2 is going to be evolved 
\vith an implicit one. J'vIorcover, it is crucial the use of fourth order methods 
for the spatial partial dcrivatives. \Vhcn \ve take into account aH these facts, 
the nurllerieal iU¡.;t.clbilit.y at the ceuter disappear¡.;. 

",le display in Fig. 8.4 the evolution of -ufe, \vith a (2,4) method and a CFL 
valuc of 0.5. It can bc scen that, for a (2,4) mcthod, thcre is a value of CFL, 
abollt 0.535, below whieh t.he in¡.;tability dissapeaIK 

'Ve show in Fig. 8.5 the cvolution of uee , \vith a (4,4) method and a CFL 
of 0.8. It thc case of a (4,4) method, the maximum CFL for avoiding the 
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Fig. R.4: 11,éJéJ .(2, 4) mcthod, CFL O.f¡. t = 6.4 X 10- 2 and t = 2.61. 

Fig. 8.5: 11,(11:).(4,4) rnethod, CFL 0.8. t = 6.4 X 10- 2 amI t = 2.61. 
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instability at the center is 1. 
\Ve have carricd out convergence studics of these simulations. \Ve display 

in Fig. 8.6 the numerical evolution of the component hrr in terms of the radius 
'{' at t = 0, at the eqllator ami at. the pole, "\vit.h different. vallles of the nurllbeI' 
of radial and angular points, n r and ne respectively. The analytical solution 
in linear regime is recovered, as \vell as the velocity and the amplitude of the 
"\vave, and the decay \vith the radius. The Sommerfeld condition at the outer 
boundary vmrks "\vell at the linear leyel. \Ve obtain second order of cOllvergence 
foI' all the uon zero cOlnpouent.¡.; of the t.ensor J¡1.J (Fig. 8.7). 'Ihis second order 
is obtained even \vhen 4th order n-K and FD methods are used. 'Ihe reason of 
this lmv order of convergence is the infiuence of the inner boundary conditions, 
that can !cad eyen to a first order of COllvergence. This fact can be checked 
"\vit.h a ¡.;hort. durat.ion sinmlatiou aud calculating t.he order of convergeuce in a 
region of t.he ulllnerical dOlnain far fI'om the inner boundaries. 

8.2.2 Equilibrium conngunltion oE rotating ncutron stars 

In this nUIneI'ical experiment the teusor Á'J is going to be used, in¡.;tead of t.he 
time derivative of h'oJ, due to all the properties analY7,ed in Chapter 5. 'i\le are 
going to consider an axisymmetric model: an uniformly rotating neutron star 
in equilibrium. The initial data has been obtained trom LORE::-.JE [91], which is 
a library of spectral methoeb. These models, of diffeI'ent rot.ation parameters, 
have non-vanishing shift vector, lapse function, conformal factor and matter 
fields. All these variables \vill be kept fixed during the evolution of the tensor 
h ij . In the figures we show the results correspond1ng to neutron stars w1th 
a rotat1on frequency of 550 HLí, a baryon mass of 1.6 :.\1::::. and a coord1nate 
eqllatorial radill¡'; of 12.80 km. 

Fig. C\.C\ ¡.;hmvs a sketch of t.he gI'id, \vheI'e t.he follmving dOlnaius haye been 
defined: 'Ihe first domain (matter domain, :.\..fD) is common to the hydro­
dinamic equations and contains the star. The second domain (propagation 
domain, PD) is the one "\vhere the "\vaves are \vell-resolved. The region for ex­
traetiug the gravit.ational I'adiation is placed at. t.he outer boundary of the PD. 
The third aud last. domain (damping domain, DD) has a le)\veI' re¡.;ollltion in 
the radial direction. 'Ihe \vave travels far enough before reaching the outer 
boundary. Let T::VlD-PD the rad1us wh1ch separates the I\.fD and the PD, and 
rpD-DD the rad1us \vhich separates the PD and the DD. The star rad1us r* ls 
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Fig. 8.6: ¡¡(' at. l = 6. Hlack line corresponds t.o n, = 50 and nI! = 100 (radial and 
angular numbcr of grid points), red line to nI' = 100 and 119 = 20, grcen 
line Lo 'ni· = 200 and He = ;JO, in non-linear evolulions. Dashed blue line 
correspomb to (/1" = 100 and no = 20, in a linear evolution. 
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Fig. H.8: Schorno 01 the mrlial grid used in tho eode lar rotating noutron star sirnula­
tions. 
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Fig. 8.9; IhTTI in tcrms of t,he radius. Dlack dash tine corresponds to t,he st,ationary 
solulion (as rererence). H.ed, green, blue, grey and violeL lines correspond t.o 
the evolution ofthe initial data at 0.02, 0.0;5, 0.1, 1.0 and 3.0 m:::i re:::ipedively. 
Vert.ical lines denot.e radius bet.ween domains. 

close (but smaller) to nVTD-PD. The logarithmic grid (in the radial direction) is 
a very useful tool for constructing this kind of grids \vith a reasonable number 
of points. \Ve get the necessary accuracy in the I\·ID and the PD, but ,ve need a 
eomput.ational time for runuiug the sinmlatiom; ¡.mmller t.han the oue required 
iu an equally Hpaced radial grid. 

".Te have uHed the follmving iuitial data: The stat.ionary values forA the t.ensor 
hi. j , on the oue haud, ami Home differenceH from Ht.ationarit.y for Ai j , on the 
other hand. In this general background, these differences from stationarity 
introduced in the initial data, generate a perturbation that propagates to the 
outer boundary, lec."lYing behind the stationary solution. In Fig. 8.9, \ve have 
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Fig. 8.10: Abwlute errOIt:> (L2-norrn) in tenm; of (f:¡caled) grid ::;ize. Black, red, green, 
orange ano blue lines íit Lhe errors í'or ),_ ,,¡¡lo', }¡"T, lI rO , hDO ano J¡'P'p. 

L..J l,) 

Dat:>h cyan line represents seconu order of convergence (a::; reference). 

plotted the almolute value uf the eomponent li rr in terrm; uf t,he radim; foI' 
different times. "Fe can Hee a fir¡.;t perturbatioll travelling hnvanb the ollter 
boundary, \vhere the ",vave leaves the numericCtl dometin. This error of the illitial 
data 1s intcrprctcd as a. pcrturbatlon. Sccond order of convcrgcncc 18 obtalncd 
for all thc non Licro componcnts of thc tensor h ij (Flg. 8.10), as prc-dously. 

Thc aim at introducing thcsc initlal diffcrcnccs from stationa.rity i8 t\vo-fold: 
on the one hand, the reeü\'erlng of stat10narlty from a perturbed 1n1t1al data, 
and, on the other hand, te¡.;ting the outer boundary eondition ilIlPo¡.;ed by the 
generation of the artificial \vave. 

Thi¡.; test i¡.; very u¡.;eful in order to UIlCler¡.;talld ll(J\v the SOlIunerfeld con­
dition at the outer bounclary \vorks. If the background, \vhere the \vave is 
travelling, is not fiat enough~ the slopes of the components of the tensor at the 
outer boundary can be 1nterpreted as outgo1ng \vaves by the Sommerfcld cond1-
tiOll. The outer boundary eondition ellforce¡.; the interpreted \vave to leave the 
nUInerical donmill in ¡.;ueh a \vay that the vallle¡.; of the eomponent¡.; increa¡.;e 01' 

decrease arbitrary, ancl making the cocle crash. This behaviour can be seen in 
F1g. 8.11 for the slmulat10n \vhose outer boundary ls placed closer~ at 3 x 1(f. 
\Ve have found that Sommerfcld eond1t1on vmrks properly for 1'out ;¿:; 3 x l08em 
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Fig. 8.11: 111(' 1 in t.erms or lhe radius at lime ¿ = 3 ms. Klack dash line corresponds t.o 
the t:>tationary t:>olution (at:> reference). Blue, reu and green linet:> corre::;pond 
to t.he nnmerical evolntion \vhose out.er boundary are placed at. :3 x 107

, 

:1 x 10" anu :1 X lO" cm ret:>pectively. Orange line cOITet:>ponu to the nUlnerical 
evolut.ion whose onter boundary is placed at :~ x 107 cm with more resolut.ion 
lhan the simulation corresponding lO t.he red lineo Vertical lines denote 
radius bct.ween domains. 
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Fig. H.12: Ih"'1 in terms 01 the radins. Dlaek dash line corresponds to the stationary 
solution (a."I relérence). /{ed, green and cyan Jines correspond lO Lhe e\'o­
lution of thc initial data at 0.1, 1.0 and :3.0 ms rcspcctivcly. Vcrt.icallincs 
denote radius behveen dornains. 

(around 30(J ¡.;tellar radim.,). In 0111' ealelllatiom; ,ve haye used 80 radial grid 
points in the :":ID, SO point¡.; in t,he PD ami around 50 in t,he DD. 

Once thc outcr boundary f,:dius has bccn fixcd, \ve can use thc stationary 
initial data fol' both hij and A'i,j tensors. In Fig. C\.1:2 ,ve sh(l\v the ah.;olllte 
value of the eomponent }¡TT, in terms of t,he radiuH, foI' diffeI'eut timeH. 1'\0 

initial artificial ,vave is illtroduced. The lloise comes from the outer boulldary 
condition. The elTors for the non :wro components of thc tensor h't.J grmvs up 
linearly, but again a sccond order of conYergence is obtained. 
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8.2.3 A. pCl'tw'bcd cquilibl'ium conEgul'ation: cxtnlctioIl oI gl'avitational 
l'adiation. 

"Fe eom;ider a radially perturbed ueutron Ht.ar. The radial pert.urbatiou iH 
proportioual to Hiu( 7r r/ r*); since the ¡.;tar is rot.ating, the star radiu¡.; depencb 
on e, and the perturbation is not spherically symmetric; hence, gnwitational 
radiation is expect.ed to be generated. The hydrodynamic equations governing 
the matter evolution wil! be solved. We keep fixed the CFC background, i.e .• 
\ve fix the laIme fundion, t.he ¡.;lüft. yedor aud the couformal factor duriug 
t.he evolution, aHHunüng that they are not going t.o chauge very nmch duriug 
the evolution. This approximation \vill provide interesting information about 
\vhere to place rpD-DD, and, consequently, \vhere to extract the gravitational 
radiation. 

In Fig. 8.13, an approximation of the real part of the \Veyl scalar W_t, h+, 
(¡.;caled \vith t.he radial coordinate) i¡.; plotted in tenn¡.; of the retarded time, 
and for different radius at the equator. This approximation is accurate enough 
for the object.ives of this test. The boundary of PD-DD domains, 1'PD-DD, is 
placed at 3 x H)1cm (around 30 stellar radius). The \vaves correspond to tile 
phy¡.;ical gravitat.ional \VaVeH eoming froIll the evolut.ion of the perturbed ¡.;bu 
t.hrough t.he evolut.ion of the hydrodynamle equations. The dittereut curves 
in Fig. 8.13 refer to different radii \vhere the gravitational radiation has been 
extract.ed. From the superposition of the \vaves extracted in the PD (the t.\vo 
first ones), ,ve can deduce that tile speed of tile waves is tile ligilt vclocity and 
t.hey decay a¡.; 1/,.. \Ve abo see that the \vave mUHt. be ext.raded far frOln the 
Hource but iUHide the PD, since the laHt. waye doeH not reproduce the previous 
ones. Regarding \vith the resolution of the logarithmic grid, it is enough to 
cover a vmvclength \vith five points at the end of the PD. As a consistency 
check, the frequencies extracted from the \vave plotted in Fig. 8.13 coincide 
\vith t.he (mes extraeted by using the quadrupole forIllula. 

The ¡.;mall initial off-set, befm'e the \vaves reach t.he eorre¡.;pouding radiu¡.;, 
can be cured just placing T r D- D D far enough from the source. The off-set in 
the \vaves themselves seems to decrease \vith distance. This is an open question 
for nmv. The origin of the problcm could be due to: 

i) Tile existence of a mild inconsistency bet\veen the initial data of the energy­
momentum tensor of the perturbed star and the initial data of the metrle. 
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ii) Our procedure to estimate an approximation to the scalar W~l. 1'111S pro ce­
dure calculates W_t at the spatial infinity, assumlng an asymptotlcally flat 
¡.;pacetime, but it iH valid far enough from t.he Hource for gettiug a good 
approximation. It does not take into account the non-diagonal terms of 
the metric. 

\Ve hope to improve these points in the extended version of CoCo::-.JuT (see 
next Seetiou). 

Fllrtherrllore, it ,vill be ünportant. to knO\v ,vhere to place '('PD-DD. Iu 
Fig. 8.14, rh+ is plotted in terms of the retarcted time in simulatlons \vith 
different TPD-DD. The ,vave ls extracted close to TPD-DD In all the cases. 
From the figure, it is reasonable to place rpD-DD at 3 x H)1cm (around 30 
Ht.ellar radill¡';) 01' furt.her. 

The CoCo='JllT code [87] i¡.; a general relativiHt.ic nmgneto-hydrodynamieal 
code able to evolve matter in the CFC and FCF (current version, in progress) 
dynamical spacetlme. Thls numerlcal code \vlll allmv us to study several as­
trophysical scenarios in -whlch general rclativlty can play an lmportant role, 
namely the collalJHe of rapidly rotatiug stellar coreH and the evolut.ion of iHO­
lated neutron stars. The project \vas started by H. Dimmelmeier at the I\.fax­
Planck Institute for Astrophysics (Garching, Germany) during his PhD thesis. 
It ,vas extended to a three-dlmensional code uslng Lorene 's library for the CFC 
Einstein equations, and HRSC methods for the hydrodynamic equations [40], 
iu collaborat.ion \vith J. Novak frorll the LUTH at the Observatoire de Pari¡.; 
(1\'leudon, France). Recently, P. Cerdá-Durán has implemented a magneto­
hydrodynamic extension of the codeo 

Regardlng the metrlc evolutlon, the CFC approxlmation \vas orlglnally used. 
Ouce the nmiu elemeutH of the exteuHiou from CFC to FCF are e¡.;ta bliHhed 
ami the first t.eHt.¡.; made, it is the mOlnent for incorporating t.he ne\v Hy¡.;tem of 
hyperbolic equations to the CoCo='JuT codeo This is a ,york in progress in col­
laboration \vith P. Cerdá-Durán at the l\'lax-Planck Institute for Astrophysics 
(Garclüng, Germany). Important steps lUlye alredy been done. Some of the 
t.OOlH iududed in CoCoK uT \vill be very useful for future development.¡.;; for 
example, the ¡.;peetral met.hodH (used for Holving the elliptie equat.ion¡.; of the 
metric) can be very useful for calculating the scalar \Ir 4, and the horizon finder 
lmplcmented can be Yery uscful for slmulations of collapse of a neutron star 
to a black hole. It will also be very interestlng the study of the gravltatlonal 
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radiation coming from ncutron stars \vith diffcrcnt cquations of statc, compari­
sion of thc gn __ rdtational wavcs obtaincd with othcr approximations (quadrupolc 
formula), et<:. 
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9. SU.VIMARY A.\JD OUTLOOI( 

During t.he period of time Hpent. in my t.hesiH 1 have been involved in both 
t.heoretieal ami lllllnerical re¡.;eareh, a¡.; hvo ünportant. aud cOlnplement.ing ill­
gredients, focusing on formulations of Einstein equations (tnd mainly in the 
FCF. 1 have nearly completed the analysis of the mathematical properties of 
thc clliptlc-hypcrbolic systcm of Einstein cquatlons in this rcccnt formulation. 
The¡.;e ¡.;tlHUeH have faeed OH t.he lluiqllene¡.;¡.; propert.ie¡.; of the elliptic eqllations 

ami the characteristic structllre of t,he hyperbolic equation¡.;. The <-1ualysiH of 
the hyperbolic equations has been applied to the study of the boundary cOlldi­
tions at trapping horizons in dynamical spacctimcs of DHs. 1 have also carrlcd 
out somc studies about the existence of maximal slicings in the spherically 
Hylmnet.ric caHe. 

Regarding the numerical part of the thesis, I lUlve made progress in testing a 
nurllerieal eode respom;ible of evolving t.he HyHtem "\"hich eont.ain t.he gravitat.io­
nal radiatioll in FCF, and in implemelltillg thiH fornmlatioll in t.he new version 
of CoCoNuT·s codeo Some key pieces for the evolution of the system, such 
as the information about extracting the gravitational \vaves 01' outer bound­
aries , are knmvn. The code is ready to carry out simulations evolving both 
t.he energy-mOlnentmn tenHor and t.he whole metric t.ensor (aH the elliptic and 
hyperbolie eqllations in FCF). 

Hcncc, I forcsee a set of possiblc extcnsions or applications of my vmrk in 
differellt sllbfielcb. 

From a purcly geometrical point of vic\v, the study about the cxistence of 
nmximal slicillgH in Hpherical HylIunetry and procedllre \ve have used can (and 
Hhollld) be extended to more general caHeH, as axisynulletric spacetimeH, on one 
hand, and to other foliations (and gauges) on the other hand. As a by-product 
of this analysis, it should be intcresting to gcnerate numerically dynamical 
spacctimcs, and to comparc them \vith thc one gcnerated by our geomctric 
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analysls. 
From a purcly mathcmatical (analysis) point of vic\v, 1 considcr very rc­

levant. (and urgeut) tu complete the Htudy on the \vell-possed problem iHHue 

for the FCF elliptic-hyperbolic system of Einstein equations. Up to 1l0\V, only 
indepelldellt studies of the system of equations governing the evolution of htJ 

(gravitatlonal radiation in FCF) and thc (magncto- )hydrodynamic cquations 
gü\'crning thc cyolution of mattcr ficlds have bccn done. In particular, it \vould 
be iutere¡.;ting tu deepen t.he undenltauding of t.he hyperbolic propert.ie¡.; of t.he 
coupled system of equations. 

Prom the astrophysical point ofvie\v~ it is time for an accurate procedure to 
cxtract information about thc gn __ rdtational \vaye signal from astrophysical sce­
narios sllch as t.he Ht.ellar core collap¡.;e. It is t.he natural follo\v-up of thiH theHi¡.;, 
once all t.he sllcce¡.;ful t.eHt.¡.; have beeu nmde. It i¡.; ueceHHa1'y to make a rigo1'ous 
compa1'ison \vith p1'evious studies carried out \vith other approximatiolls tor 
extracting the gravitational radiation~ as the quadrupole formula. CoCoI\uT's 
code is already vnitten in such a vmy that it is ready for 3D appllcations, and it 
iH natural to complete the ext.ension of the code to indude the FCF of Ein¡.;tein 
eqllations. Au effort in itH parallelizat.ion iH necessary. 

As a summary of the llumerical simulatiolls to be made \vith the upgraded 
CoCoN uT~s cocle, 1 suggest the follmving ones: i) to obtain and compare the 
gn __ witational \vave signals resulting from different simulations of rotating neu­
t1'on sta1'H with ¡.;everal eqllations of ¡.;tate; ii) to comput.e more exact.ly t.he 
evollltion of the fllll metrie fo1' the spacetilne of a collapsing and 1'ot.ating neu­
tron star to a black holeo Other simulations~ in \vhich spherical coordinates 
are -well-adapted to the speclfic problcm, can be done in scenarios \vith strong 
gn __ witational ficlds, once the extension to a fully rclativistic formulation is im­
plemented in CoCo='JllT. 
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A. APPROXIMATION OF THE CONFORI\IAL EXTRI='ISIC 
CURVATURE I='I CFC CASE. 

In t.he derivatioll of t,he IW\V ven;iOIl uf FCF /eFe ,ve make mm of the fact. that 
(LX)i j ;:.::: Áij in eFe. Here ,ve are gOillg to shO\v llext that thiH HHHUInption iH 

completely consistellt at the accuracy level of the eFe approximation. First~ 

\ve nccd to cstimatc thc crror of thc eFe approximation itsclf. I3y dcfinitlon, 
thc eFe 3-111ctrlc de-dates linearly \vith h ij trom thc (cxact) FCF casco It 
can be ea¡.'¡ly ¡'ÜlO"\Vll ITOIIl the FCF equatiom; (5.115)-(5.117) that the metric 
quantities behave as 

N 

1/'CFe + O(h), 

NCFC + O(h), 

%pc + O(h). 

(A.l) 

(A.2) 

(A.3) 

Thcrcforc hi} can be uscd as an cstimator fol' thc crror of thc eFe approxima­
tion. 

T\vo lünit¡.; in \vhich eFe is exact. \vill be considered. The fir¡.;t limit. iH 
spherical syll1ll1etry. In spherical symmetry the eFe metric system is an exact 
rcformulation of Einstein equations since h't.J = O in the FCF metric. If the 
system is close to spherical symmetry (l.e. spileroidal), and if \ve \vere able to 
define a qlla¡.;i-¡.;pherical ¡.;urface of the ¡.;ystem (e.g" the ¡.mrface of a star 01' the 
apparent hori7,on of a EH) then the equatorial and polar circumferential proper 
radius~ Re and Rpl can be computed~ and ,ve can define the ellipticity of the 
system as 

') ~ r.,') ! r.,') 

C := 1 - H¡;/ li~. (A.4) 

Close to sphericity (:2 scalcs linearl~r ,vith h'U 1 and we can ensure that the error 
of eFe is hij 

'"V 0((:2). Tile second limit to consider is a post-f\e\vtonian 
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expans10n of the gn __ rdtat1onal sources, l.e. the case "\vhere the post-:.:re'wton1an 
parameter max(v2 /c2 ,GA1/Lc2 ) is much less than 1, "\vhere ti, Al, and L are 
the typical velocity, mass, and length of the ¡.;ystem, respectiyely. In this case 
the CFC metric behaves like the first post-l\ewtonian approximation [lG8, 169], 
i.e. 

c,3'! 

(A.5) 

(A.o) 

(A.7) 

Note that, for clarlty, "\ve expllcltly reta1n pmvers of the speed of llght e as 
factor¡.; in the equatiom; t.hroughout. thiH appendix. In t.he caHe that both linlits 
are yalid, i.e. close to Hphericity and in the po¡.;t<'lJewtonian expan¡.;ion, t.he 
non-conformally-fiat part of the 3-metric behaves like hU ~ O(e2 /e4 ). 

The next step is to compute the behavior of the CFC metric if 've assume 
(LX)i j ::::::; Aij, cons1der1ng the two llm1t1ng cases 1ntroduced aboye. 

In t.he ¡.;pherically Hylmnet.ric caHe t.he relation (LX)iJ = A1,] iH t.riyially 
fulfilled. Therefore t.he behayior for a qlla¡.;i-¡.;pherical configurat.ion is alHo h ij '"" 

O( el) even if A~T = O is assumed. This limit in the approximation is very 
1mportant, slnce 1t ls 1ndependent of the strength of the grav1tat1onal ficld. For 
example 1t allmvs us to evolve black holes, \v1th the only cond1t1on that hij 

should be ¡';lIlall, i.e. close to the Hphericity. 
To check the approxünation in the post-Ne"\vtonian linlit \ve ueed t.o compare 

,/3é~FC and X'. This can be done by means of the post-Ne"\vtonian expansion of 
the sources of equations (5.45) and (5.55), respectiycly, 

, 
A 'Ji l 1)i 1) "JJ 

D.,L eFC + "3 j /- eFe: 16rrS"' + O (1/e7
) , 

;\ yi ---l- ~nin .. yj --- , 3- -r-

FrOIll t.he cOIllpariHon of eqllations (A.S) and (A.9) "\ve obtain t.hat 

Thus A"J can be computed in terms oí X" as 
/,6 

C4 A-i; - 'eFe c4(L"J )i; = e4 (L,X)iJ + O (1/(2). 
~ - 2.lV

CFC 
-- \ / eFe J " \ I ! 

(A.8) 

(A.9) 

(A. lO) 

(A.11) 
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\vhcrc \ve makc use of 1i't;FC/Ncpc = 1 + 0(1/c2 ). The cttcct of using (LX)i j 

im;t.ead of A1,] in the calculation of t.he eFe met.ric can be ¡.;een in the expreH­
sions 

.Nepe 

L'.;-'S(,,) (NcFc, '</JCFC, Ái j
) 

L'.;-' 5(4') (NCFC> ¡/JCFC> (LX)i j
) 

+0 (1/e8
) , 

,_1 A _1 ...... I .... T , :i'n\ 
'IPCJ!cLlg -U(NlJ-') ~lVCFC, '/PeFe, .fi'~ ) 

~'¡:;~CL'.;-'S(N") (NcFc,~'CFC, (LX)i;) 
/'" /., I R\ 

-¡-u \l/e), 

A-1S (" ' 4'1J ) e D. v (,8) 1 \' eFe, ¡/-'eFe, ~ 
A_l,..., (".,- (r-.r'O')\ 

e tiv -0(3) ("CFe:, "CFe:, (LA) " ) 

+0 (1/c6
) , 

(A,12) 

(A.13) 

(A,14) 

whe1e 5(,), SIN,) ami 5(8) are the sources of equations (5,56) (5,58), and 
,6,;; 1 alld ó; 1 are just the illverse operators appearing in the right-halld-side 
of thcsc cquations (for thc scalars 1i-'~' and I\í,~'), and for thc yector ,rcspcc­
tivcly). \\,ihcn comparing cquations (A.12)-(A.14) with cquations (A.5)-(A.'7) 
it becOlneH obviom.; t.hat. in aU CHHes the error iutroduced by makiug the ap­
proximation (LX)'t.) ;::;::: A.'t.) is smaUer than the error of the CFC approximation 
itself. 

As an illustration of the above properties, "\ve study the infiuence of the LitT 
tenn iu eqllation (5.54) \vheu eompuhng rotatiug uelltron ¡.;tar modelH "\vith a 
polytropie r = :2 eqllatiou of Ht.cLte. This ¡.;etup contains the inihal lIlodeb llsed 
in section 5.2.3. They assume axial symmetry and stationarity, in combination 
\vith rigid rotation. V/e build a sequence of rotating polytropes \vith increasing 
rotation frequencies, -whlle keeping the central enthalpy fixed, "\vhich produces 
IllodelH of increaHiug lIla¡.;¡.;eH frorn 1.11 = 1.331.11(.) (uo rotation), to A1 = 1.571.11(.) 
(the Kepler lünit; Hee belmv). For aU these models, we UHe three gravitatioual 
field schemes: the exact Einstein equations using the stationary ansat7: in FCF, 
and the two approximate ones, regular CFe and eFe neglecting the term LitT 
in equation (5.54). Tile results are displayed on a logaritilmic scalc in Fig. A.l. 
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lhe top panel shmvs the maximal amplitudes of A~T (rdati-vely to Aij) in 
both FCF aud rcgular CFe, as functions of the cllipticity e dcfincd in cqua­
tiou (A.4). ThiH quantity iH physieally and nUInerically limited by the miuünal 
rotatiollal period at the so-called mass-sheddillg lill1it (or Kepler lill1it)~ \vhen 
centrifugal forces exactly balance gravitatiollal and pressure forces at the star·s 
equator. In the FCF case ,ve plot the maximal amplitude of hij . This quantity 
is dimensionless and represents the de-dation of the 3-metric from conformal 
flatneHH, vdlieh cau be interpreted a¡.; the relative error oue makeH in the metric 
\vhen using CFC instead ofFCF. Kote that this error on computillg ÁtJ by dis­
carding the A1T term in the eFe approxill1ation is roughly 01' the same order 
as the error on the metric in the CFe case. AH these quantitics decrease like 
O( ( 2 ) as expeeted, except for Ht.cU·¡'; rotating close to the Kepler limito Indeed, 
the developmeut in po\vers of e iH equivaleut to a do\v-rotation approxinm­
tion (see, e.g.~ [170]) by perturbing spherically symmetric configuratiolls alld, 
\vhen comparing these slmv-rotation results \vith the numerical "exaet" ones 
for rigidly rotating stars (see, e.g., [171] in the t\VO-fiuids case), one sees that 
they u¡';l.m11y agree extremely \ve11, \vith the exception of tho¡.;e very el<me to the 
Kepler limit, \vhere thiH "perturbed Hpherical Hylmnetry;; approaeh i¡.; uo longer 
valido Finally, because ÁtJ appears as a quadratie source term in the Poisson­
like equations (5.43, 5.44), the overall elTors on the lapse I\í 01' the conformal 
factor 1i-'~' are even smaller, as shown in the bottom panel of Fig. A.lo In the 
ca¡.;e of the central value iVc of the lapse, the error due to the CFC approxi­
matiou is maxünal at the Kepler limit aud ,::s' 10-4 for the studied sequence. 
The error due to neglectillg A~T \vithin the CFe seheme amoullts to ;:::, 10-6 

and deereases faster than the error due to the CFe approximation, namdy as 
O(c'l ), again exeept near the Kepler limito Our tests shmv that for stationary 
rotating neutrou star models thi¡.; additional approxinmtion induces an error 
\vhich ta11s \vithin the overa11 eFe approxill1ation. 
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e 

Fig. ¡1..1: Consistcnc:y of thc approximation fOl' rotat.ing ncut.ron star modcls. In thc 
t.O}) panel tnax IAfT/AtJI for FCP (solid line) and eFe (da."lhed line) <:1."1 \vell 
as the lllaxirnurn deviation frorn confonnal fiatness IIlC1X I h ij I fOl" FCF (uat:>h­
dot.t.ed line) are plotLed againsl t,he ellipticit,y e.. The boUorn panel shows 

the abwlute difference I.1Vc,CFC - .Ne I in the central value ofthe lapt:>e bet\veen 
eFe and FCF (solid line) and thc absolut.c diffcrcncc INe.eFe - N",CF('/ I 

behveen regular eFe ami CFe neglecting .4~T in equatiom; (5.,:'4) (clat:>üed 
line). Thc Kcplcr limit. is markcd h:y vert.ical dot.t.cd lines, while t.he slantcd 
dot.t.ed lines represent t.he order 01' accuracy \vith resped t.o powers 01' e. 
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I3. COVARIANT DERIVATIVES 

( n \ 
As it 1s mcntloncd in chaptcr 8, givcn a tensor ficld T of typc ! 1:') thc 

\ r¡ • 
eomponents of the eovariant. derivative DT in t,he orthoIlonnal baHi¡.; e ll I:?\; ••• 

ei¡l ~: ... ~: e.Jl ~: ... 'j!;;' el'] 'j!;;' é are given by: 

( 1 1 \ 
\vhere e/ := díag 1. -, --o -" 1 is the change-of-basis matrix defilled b:v (8.2). 

h - \ T Tsmijj 

ami the f~~:i.J are the eOIluection coefficients uf D associated \vith the ort.honor­
mal frame (8.2); these cofficients all vanish, except fol' 

freo = -rore = _.,.-1, fT.,o;o = -[-'PI'+' = -".-1, r°+,'P = -tIPo+, = - (rtaI1B)-1. 
(B.2) 

As it is melltiolled too~ the basis is ort?,onoTmal \vith respect to the fiat 
mctric f: Ji) ~ diag (1.1.1). This implics f'1 ~ diag (1.1.1). aud 

JI ··J'1 

(B.3) 
In particular, \ve can dcvclop thc covarlant dcrl-vativcs of somc typcs of 

tensors: 
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la F' rO, 

1 n..., 

r·sineU-p.t' . 

VeT' = ~ (iJeT' - Te), 

DoTo = ~ (80TO +Tr'), 

VeT' = 1 (-l-iJeT'-T~): 
'Y '1' SIll(} r.¡; , 

'DkTij, \vhcrc thc tensor 1s symmctric \vith rcspcct to thc supcrlndiccs .¿, j: 

'DrT1T = 3rT/T , VeTrr = ~ (üeTrr - 2TrFJ
) , 

V TrT = 1. (_._'_ü.~Trr _ 2Tr'P). 
'P '1' sin () '1' ' 

rr-. ,-r,,,,n 1 ¡ 1 ., ",,.,/J ",/J,,... 1 "',..,~ \ 
U<pl'- = -~ ~si~ea+,1'v + 1 vr + t,a.;le1'r); 

VeTr',o = ~ (DeTr',o - T O'!') , 
V Tn;; = 1 (-.-'-ü~Tn¡; _ T'P'-P + TrT + 1 Tr·8). 

'P r Slll(} r.¡; tanO ' 

VeToO = OrTOO, VoTOO = ~ (ooTOO + 2FO), 

D(~TOO = ----+- \/ D, TOO - 2 cos {j T O:;:}': 
.,.. rSlll e r.p 

DrT(}'P = arTo,!" DeT°+' = ~ (oeT(}-.p + T7''P) , 

V,eTe~ = 1 (_I_iJ.Te~ + _'_ (Tee _ TW))' 
r T sinO r.¡; tarrO ' 

DrTr.¡;<p = arT'Pr.¡;, DeT'P'P = +,üeTr.¡;'P, 



D,Te e = o,.Te e, 

D,T~ e = o,.T~ e, 

D T ' - 1 (O· T' Te ·T') (j' , r - r e r - r - e, 
'" rTW' 1 ¡ -1 "rTW' ,..,.....,... ,..,.....,'~ \ 

Ur.pl' T=~~si~ea'Pl' r-1' r.p-lrr): 

DeTr' () = ~ (DeTr' () - Te () + T r r), 
V<pTI' e = 

'DeTr'P = 

'" rTW' 1 / 1 ., r'"T ,7""'" ,,..,.....,... 1,..,.....,... \ 
Ur.pl' <P=r:\sineO:pl r.p-lrr.p---t-l' rTt,a.;le1 Oy: 
rr-. ",(j 1 / n ",(j "''''' ,-r,IJ \ 
U(}l " '1' = ~ \ Uel " '1' - 1 . r - 1 " e), 

D T e - l (_'_'" Te _ Te _ -'-T~ ). 
'P r - T sinO u +, r 'P tarrO r, 

'" rT""'n 1 /., ",{] ,,..,.....,... \ 
UOlv'P=~\OOlvr.p--t-l 'P)' 

'D,oTB'P = ~ (si~OD'PT{I 'P + ta~O (Te () - T'P +,)); 
DeT~, = ~ (oeT~, - T9 el, 
DT~-'('o··T~ T~ ·T' 'Te) 'P r - r sine '-P r - 'P + r' + tanO' , r' ; 

DeT~ e = ~ (oeT~ e + T:p,), 
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D(~T:P 0= 1 (~a, T'P o ---t- TI' o -¡- _,_ (TO 0- T:¡: , \)') . 
.,.. r \ sin e r.p tan e \ r.p • 

D T ' - 1 ( 1 '" T9 T' T9 1 (Te T~)) 'P 'r' 'P - T sin O u..p ..p + 'P + r + tan O 'P + (). 

='Jotice t,hat in t,he cuele, cine to the faet t,hat the variables do not depend OH 

the coordinate tp~ in the hypothesis ofaxisymmetry, (tU the petrtial derivatives 
\vith rcspcct to it are Licro. 
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C. OUTER DOUNDARY 

In scctlon 8.1, '.ve have assumcd that thc componcnts hi} have thc follmving 
behaviollr: 

,n 91(,.-1) 
l ~ l' ' 

hr " '" 92(1' - t) 
,.2 

hee '" 94(" - 1) 
r 3 ' 

hr 9 ~ g3(r - t) 
• 0 - r 1 sinB ~ 

h~~ '" 96(" -:,t) 
.,..3 ¡.;iIl~ e 

h"~ ~ g5(7' - t) 
.0 - r 3 sin8 . 

FrOlIl t.he previous eqllations, it. iH ea¡.;y to deduce the follo\ving PDE¡.; for the 
eomponents hU: 
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For thc componcnts uij and Aij OIle can deduce similar PDEs. For thc com­
poncnts w:: OIle can deduce thc follmving ones: 

D U!re 
L T 

D U!rO 
L '..p 

')""rr 

3 rT _ <.Ju/(} 
- rWo 

r 
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Actually, thc tcrms in r- P "\vith p > 1 are not considcrcd in thc implcmcntlon 
of the codeo 
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