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Introduction

“The history of science is rich in the example of the fruitfulness of
bringing two sets of techniques, two sets of ideas, developed in separate
contexts for the pursuit of new truth, into touch with one another.”

— J. Robert Oppenheimer

The AdS/CFT correspondence [1, 2] is one of the most important develop-
ments in the history of theoretical physics. Using as a binding bridge super-
string theory, or, more concretely, some theoretical aspects in the interaction
between superstrings and D-branes, the Maldacena conjecture establishes that
the physics of a strongly-coupled, perturbatively-inaccessible quantum field the-
ory in d-dimensions can be described equivalently in terms of the dynamics of a
dual classical gravitational theory in (d+1)-dimensional AdS space. Two partic-
ular aspects of the duality are of great importance. First, the duality ascertains
that the quantum field theory lives in the boundary of the AdS space in which
the dual gravitational system exists, and that the two-point functions of the dual
field theory are computed in terms boundary-to-bulk propagators [3, 4]. This
difference between the dimensions of the theories makes the duality holographic,
so giving evidence to the idea that a quantum theory of gravity should be indeed
a holographic in nature [5, 6].

The second important aspect we must mention is that the AdS/CFT cor-
respondence is a strong/weak-coupling duality: it allows one to formulate a
strongly-coupled quantum problem in terms of the classical Einstein equations
of the dual higher-dimensional gravitational system. Because of this particular
nature of the duality, it provides a promising new way of studying quantum gauge
theories in the strongly-coupled regime, where the usual perturbative methods
fail to apply. The gauge/gravity duality has thus been used to gain insight in

a wide variety of physical systems where a satisfactory description in terms of



standard methods is lacking, such as the quark-gluon plasma or in condensed

matter theory.

This thesis will be devoted to the study through holographic techniques of
one of such “problematic” systems, namely high-T, superconductors, or cuprates.
As will be seen in Chapter 1, the main problem with a standard theoreti-
cal description of the cuprates can be tracked down to their temperature vs.
doping phase diagram. In it one finds that the normal phase of the material
above optimum doping is described by Non-Fermi Liquid physics. In partic-
ular, this will mean that the strong interactions between the components of
the system will make the usual quasi-particle description of electrons near the
Fermi surface to break down, and therefore make the description of the mecha-
nism behind Cooper-pairing intractable by the usual field theory methods. As
we will see throughout this thesis, the AdS/CFT correspondence, because of
its strong/weak-coupling duality, can be very fruitfully applied to show us that
strongly-coupled field theories indeed present a superconducting phase and, even
more importantly, it will allow us to study such phases in a non perturbative
fashion with the aid of holographic techniques. In this sense, the AdS/CFT
correspondence can be said to provide a natural theoretical definition of super-
conductivity in the strong-coupling regime. The holographic models of supercon-
ductivity we will study are called holographic superconductors [7] and currently

represent a very exciting and active area of research.

All the systems studied in these thesis are s-wave holographic supercon-
ductors. Even though high-T,. superconductors have condensates with d-wave
symmetry, it is nevertheless expected that the main results obtained in the s-
wave case remain valid in a d-wave case. Similarly, it is also believed that the
technology developed through the study of s-wave holographic superconductors
can be equally applied to d-wave ones. The construction of a d-wave holographic

superconductor is a currently open challenge in the area [8, 9, 10].

When constructing phenomenological bulk models in the bottom-up ap-
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proach, we will focus our attention on the D = 5 case. The reason for this
choice of dimension is that, as noted in [11, 12], dimensionality may play an im-
portant role in the way external magnetic fields act in the dual superconducting
system. The standard argument is that in a 2+ 1 (D = 4) dimensional super-
conductor an external 341 dimensional magnetic field will always penetrate the
material because the energy needed to expel the field scales as the volume, while
the energy that the system gains from being in a superconducting state scales
as the area. This results in the system being a Type II superconductor. In the
case of a 3+ 1 (D = 5) dimensional system such as the ones we study, both en-
ergies scale as the volume and one has therefore a direct competition that does
not exclude the possibility of obtaining a Type I superconductor. Also, while
high-T, samples are typically composed of 2-dimensional CuOq layers (cuprate
superconductors), it is important to examine the effect of thickness when the
system is probed by external magnetic fields.

This thesis is organized in three parts.

e Chapters 1, 2 and 3. Introductory Concepts.

These chapters provide an introduction to the topics relevant for the rest of
the thesis. Chapter 1 is a general overview of superconductivity. We detail the
phenomenological description of superconductors provided by Ginzburg-Landau
theory. We then review the general theoretical aspects of Fermi Liquid theory
and use this to introduce the most successful microscopic theory of standard
superconductivity, BCS theory. We then continue with an introduction to high-
temperature superconductors showing their basic phenomenology and, finally,
we briefly summarize some of the most challenging problems in the construction
of a satisfactory theoretical description of the system using standard field theory
techniques.

Chapter 2 provides an introduction to the AdS/CFT correspondence. We
review the general theoretical aspects of Type IIB supergravity, N' = 4 Super
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Yang-Mill theory and D-brane theory. We then present the Maldacena conjec-
ture and its various limits. Finally, because of its importance to the holographic
superconducting models of the remaining chapters, we present and account of
scalar fields in AdS and their holographic description

Chapter 3 attempts to merge the preceding two chapter by providing an
introduction to the proper subject of this thesis, holographic superconductivity.
We begin by introducing the main ingredients needed for a consistent holographic
superconducting model. We then continue to describe the general details, both
theoretical and computational, of an holographic superconductor using as an
example the phenomenological HHH model of holographic superconductivity.

We finish by describing how magnetic phenomena are introduced in the subject.

e Chapters 4 and 5. Bottom-Up Approach to Holographic superconductivity.

These chapters describe bottom-up models of holographic superconductivity, that
is, bulk models that do not arise from a particular truncation of string theory,
but are rather constructed by hand to probe the phenomenology of the su-
perconducting physics of the dual field theory. In Chapter 4, we construct a
family of minimal phenomenological models for holographic superconductors in
d =441 AdS spacetime and study the effect of scalar and gauge field fluctua-
tions. By making a Ginzburg-Landau interpretation of the dual field theory, we
determine through holographic techniques a phenomenological Ginzburg-Landau
Lagrangian and the temperature dependence of physical quantities in the super-
conducting phase. We obtain insight on the behaviour of the Ginzburg-Landau
parameter and whether the systems behave as a Type I or Type II supercon-
ductor. Finally, we apply a constant external magnetic field in a perturbative
approach following previous work by D’Hoker and Kraus, and obtain droplet
solutions which signal the appearance of the Meissner effect.

In Chapter 5 we continue our bottom-up research in the Ginzburg-Landau

approach to holographic superconductivity. We investigate the effects of Lifshitz
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dynamical critical exponent z on a family of minimal D = 4 + 1 holographic su-
perconducting models, with a particular focus on magnetic phenomena. We see
that it is possible to have a consistent Ginzburg-Landau approach to holographic
superconductivity in a Lifshitz background. By following this phenomenological
approach we are able to compute a wide array of physical quantities. We also
calculate the Ginzburg-Landau parameter for different condensates, and con-
clude that in systems with higher dynamical critical exponent, vortex formation
is more strongly unfavored energetically and exhibit a stronger Type I behav-
ior. Finally, following the perturbative approach proposed by Maeda, Natsuume
and Okamura, we calculate the critical magnetic field of our models for differ-
ent values of z. These two chapters are based on the original research done in

[12, 13].

e Chapter 6. Top-Down Approach to Holographic Superconductivity.

This chapter is meant to provide a working example of top-down holographic
superconducting models, which are bulk-models that arise naturally as smaller
sector of consistent truncation of Type IIB supergravity, and whose holographic
dual field theories present superconducting behaviour. We construct a one-
parameter family of five-dimensional N' = 2 supergravity Lagrangians with an
SU(2,1)/U(2) hypermultiplet. For certain values of the parameter, these are
argued to describe the dynamics of scalar modes of superstrings on AdSs x TH1,
and therefore to be dual to specific chiral primary operators of Klebanov-Witten
superconformal field theory. We demonstrate that, below a critical temperature,
the thermodynamics is dominated by charged black holes with hair for the scalars
that are dual to the operator of lowest conformal dimension A = 3/2. The
system thus enters into a superconducting phase where (Tr[A;B;]) condenses.

This chapter is based on the original research presented in [14].
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Compendi de la Tesi i Resultats

Obtinguts

Compendi de la Tesi

Aquesta tesi s’organitza en tres parts.

e Capitols 1, 2 i 3. Conceptes Introductoris

Aquests capitols ofereixen una introduccié als temes d’interes per a la resta de
la tesi. El Capitol 1 és una revisié general de la superconductivitat. Detallem
la descripcié fenomenologica dels superconductors proporcionada per la teoria
de Ginzburg-Landau. A continuacid, repassem els aspectes teorics generals de
la teoria del Liquid de Fermi i fem servir aixo per introduir la descripcié mi-
croscopica de més éxit de la superconductivitat estandard, la teoria BCS. Con-
tinuem amb una introduccié als superconductors d’alta temperatura mostrant
la seva fenomenologia basica i, finalment, es resumeixen breument alguns dels
problemes més dificils que apareixen a la construccié d’una descripcié teorica
satisfactoria d’aquests sistemes quan es ultilizan tecniques de teoria de camps
estandard .

El Capitol 2 ofereix una introduccié a la correspondeéncia AdS/CFT. Es re-
visen els aspectes teorics generals de supergravetat Tipus IIB, la teoria de Super
Yang-Mill A/ = 4 i teoria de D-branas. A continuacié, presentem la conjec-
tura de Maldacena i els seus diversos limits. Finalment, per la seva importancia
per als models de la superconductivitat holografiques dels capitols restants, es
presenta una descripcié de camps escalars en espai AdS i la seva interpretacié
holografica.

El Capitol 3 intenta combinar els dos capitols anteriors en proporcionar una

introduccié a la materia propia d’aquesta tesi, la superconductivitat holografica.



Comencem amb la introduccié dels principals ingredients necessaris per a un
model holografic superconductor consistent. Continuem descrivint els detalls
generals, tant teorics i computacionals, d’un superconductor holografic usant
com a exemple el model fenomenologic HHH de la superconductivitat holografica.
Acabem amb una descripcié de com s’introdueixen els fenomens magnetics en el

tema.

e Capitols 4i 5. Aproximacié Bottom-Up a la superconductivitat holografica

Aquests capitols descriuen models bottom-up de la superconductivitat hologréfica,
és a dir, models en el bulk que no es deriven d’un truncament particular de la
teoria de cordes, siné que estan construits a ma per sondejar la fenomenologia
de la fase superconductora en la teoria de camps dual. En el Capitol 4 es con-
strueix una familia de models fenomenologics minims per als superconductors
holografiques en espai-temps d = 4+1 AdS i estudiem l’efecte de fluctuacions en
els camps escalars i gauge. En fer una interpretacié Ginzburg-Landau de la teo-
ria de camps dual, determinem a través de tecniques holografiques un Lagrangia
fenomenologic tipus Ginzburg-Landau, aixi com la dependéncia en la temper-
atura de certes quantitats fisiques en la fase superconductora. Obtenim infor-
maci6 sobre el comportament del parametre de Ginzburg-Landau i si el sistema
dual es comporta com superconductor Tipus I o Tipus II. Finalment, s’aplica un
camp magnetic extern constant en un enfocament perturbatiu seguint a D’Hoker
i Kraus, i obtenim solucions que assenyalen 'aparicié de I'efecte Meissner.

En el Capitol 6 investiguem els efectes de I’exponent dinamic critic de Lif-
shitz z en una familia de models minims de la superconductivitat holografica en
d =4+ 1, amb un enfocament particular en els fenomens magnetics. Veiem que
és possible tenir un interpretacié Ginzburg-Landau consistent per superconduc-
tivitat holografica en un fons Lifshitz. Seguint aquest enfocament fenomenologic
som capacos de calcular una amplia gamma de quantitats fisiques. També cal-

culem el parametre de Ginzburg-Landau per diferents condensats i vam con-
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cloure que en els sistemes amb major exponent critic dinamic la formacié de
vortex esta més fortament desfavorecidad energeticament i exhibeixen un com-
portament de Tipus I més fort. Finalment, seguint ’enfocament perturbatiu
proposat per Maeda, Natsuume i Okamura, calculem el camp magnetic critic
dels nostres models per a diferents valors de z. Aquests dos capitols estan basats

en la investigaci6 original realitzada en [12, 13].

e Capitol 6. Aproximacié Top-Down a la Superconductividad Holografica

Aquest capitol té per objecte proporcionar un exemple d’un model superconduc-
tor holografic Top-Down, que sén models en el bulk que sorgeixen naturalment
com un sector petit d’'un truncament consistent de supergravetat Tipus IIB, i on
la teoria de camps dual presenta comportament superconductor. Construim una
familia d’un sol parametre de Lagrangianes de supergravetat N' = 2 en cinc di-
mensions amb un hypermultiplet SU(2,1)/U(2). Per certs valors del parametre,
vam argumentar que aquests descriuen la dinamica dels modes escalars de su-
percordes en AdSs x T, i per tant han de ser duals a certs operadors primaris
quirals especifics de la teoria de camps superconforme Klebanov-Witten. Es de-
mostra que, per sota d’una temperatura critica, la termodinamica esta dominada
per forats negres carregats amb cabells escalars duals a ’'operador de menor di-
mensié conforme A = 3/2. El sistema entra aixi en una fase superconductora
on l'operador (Tr[AxB;]) condensa. Aquest capitol esta basat en investigacion

original presentada en [14].

Resultats Obtinguts en Aquesta Tesi

En aquesta tesi s’ha demostrat que la correspondeéncia AdS/CFT ofereix una
nova manera d’estudiar la fase superconductora de les teories large-N al regim
fortament acoblat. En discutir els cuprats al final del Capitol 1, veiem ia algunes
de les deficiencies que els acercaminentos usuals basats en teories de camps

tenen quan es tracta d’abordar sistemes de molts cossos fortament acoblats.
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Potser que la més greu d’aquestes deficiencies és el col-lapse del concepte de
quasi-particula a causa de les fortes interaccions involucrades. Com hem vist, la
dualitat gauge/gravity ens permet plantejar problemes gairebé intractables en
sistemes quantics de molts cossos en termes de la dinamica classica d’un sistema
dual de gravetat en I'espai AdS. Usant aquest nou punt de vista holografic, la
condensacio de parells de Cooper al costat de la teoria del camps es tradueix en
la creacié espontania de solucions amb pel carregat al costat gravitatori de la du-
alitat. Aixo déna lloc a una fase en la teoria del camps dual, on es recuperen els
aspectes fenomenologics fonamentals de la superconductivitat. Crida ’atencio
que amb només observar al problema des d’un punt de vista holografic, es pot de-
mostrar q’aquests sistemes completament intractables en el regim d’acoblament
fort presenten una fase superconductora. a causa de ’éxit del metode holografic
i les dificultats ja esmentades sobre els enfocaments estandard basats en teories
de camps, pot ser que no sigui massa agosarat imaginar que, efectivament, la
definicié teorica natural de la superconductivitat en el regim fort acoblament

esta donada pel sistema dual de gravetat.

Amb aquestes consideracions generals en ment, en aquesta tesi ens hem es-
forcat a presentar una imatge el més completa possible dels diferents enfocaments
seguits en la superconductivitat holografica. Aixi, hem presentat exemples, tant
en la de apropaments bottom-up (Capitols 4 i 5) i top-down (Capitol 6). Vegem

ara algunes conclusions de cada un d’aquests capitols.

En el Capitol 4 hem pres com a punt de partida una familia de models super-
conductors holografics minims en espai-temps d = 4 + 1 AdS, caracteritzats per
carrega q del seu camp escalar (o, equivalentment, per la seva temperatura critica
T.). Hem introduit primer una petita pertorbacié magnetica en la component x;
del camp gauge, aixi com una petita pertorbacié del camp escalar al voltant de
la solucié condensada. En fer una interpretacié fenomenologica tipus Ginzburg-
Landau de la teoria de camps dual, es van calcular els parametres de Ginzburg-

Landau i longituds caracteristiques en funcié de la temperatura. Hem trobat
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que tenen un comportament consistent amb el dels sistemes superconductors
habituals descrits per la teoria de camp mig. També es va calcular el parametre
de Ginzburg-Landau « per a diferents valors de la carrega del camp escalar ¢. A
partir d’aquest calcul trobem que, en augmentar el valor de ¢, el parametre de
Ginzburg-Landau s’acosta asimptoticament al valor £ ~ 0.55 < 1/v/2. D’aixd
podem concloure que el sistema es comportara com un superconductor de Tipus
I per a tots els valors de ¢ considerats. També hem calculat la densitat d’energia
lliure de Helmholtz del sistema utilitzant ’enfocament de Ginzburg-Landau
proposat, i 'hem comparat amb l’energia lliure calculada amb les técniques
holografiques estandard. Es va trobar que tots dos enfocaments sén consistents
entre si prop de T,.. També, a través de calculs de I'energia lliure del sistema,
I’enfocament Ginzburg-Landau es va comparar amb el métode desenvolupat en
[15] per al calcul dels parametres « i 3. Tots dos metodes van demostrar estar

en excel-lent acord.

A continuacié, hem apaguat la fluctuacié magnetica i vam sondejar el nostre
sistema amb un camp magnétic constant B. Aixo es va fer mitjancant 1'is de
la solucié de brana negra de [16] a d = 4 + 1 AdS fins a ordre B2 Amb
aquesta solucié perturbativa com a fons fix mostrem la formacié de solucions
amb condensat tipus gota i calculem el camp magnetic critic per sobre del qual
la fase superconductora es trenca. El camp obtingut d’aquesta manera es va
comparar amb el camp magnetic critic obtingut per mitja del nostre enfocament
Ginzburg-Landau. Encara que tots dos camps mesuren diferents aspectes de la
resposta del sistema a un camp magnetic, es va trobar que prop de T, tots dos
camps es comporten com B, ~ By(1—T/T,) i que els seus corresponents factors
By es comporten com ~ 1/¢'/? (o, equivalentment, com ~ 1/T,) per a valors
grans ¢q. Un dels principals resultats d’aquest treball és mostrar que a partir d’un
model fenomenologic molt simple en espai-temps d = 4+1 AdS podem construir
una descripcié consistent tipus Ginzburg-Landau de la teoria de camps a la

frontera, on tots els parametres de Ginzburg-Landau i longituds caracteristiques
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es poden calcular utilitzant metodes holografics, i el comportament s’ajusta al
predit per la teoria de camp mitja tradicional. D’altra banda, també s’observa
que, en augmentar el valor de la carrega del camp escalar ¢, el parametre de
Ginzburg-Landau del model tendeix asimptoticament a un valor ben definit que

caracteritza el sistema superconductor dual com Tipus I.

El Capitol 5 és una continuacié natural de I’anterior. En aquest capitol hem
optat per estudiar un model minim en D = 5 de superconductivitat holografica
en el probe limit, amb un fons de forat negre Lifshitz. Dins d’aquest marc, hem
estudiat diferents casos de condensacid, variant dins de cada un d’ells I’exponent
critic dinamic a fi d’obtenir una visié sobre com el sistema es veu afectat per z
respecte al seu comportament isotropic usual. Igual que en el capitol anterior,
hem afegit petites flucutaciones escalars i de camp gauge als camps components
originals, per tal de calcular holograficamente les longituds de penetracié i la
coherencia del sistema superconductor. Observem que les dues longituds car-
acteristiques prop de T, tenen la depencia funcional estandard respecte a la
temperatura, per a tots els casos de condensat i tots els valors de z. No obstant
aixo, 'exponent critic z si afecta la magnitud de les longituds caracteristiques,
com es fa evident en el canvi del valor del seu ratio, donat pel parametre de
Ginzburg-Landau k. També hem vist que és possible construir una interpretacié
fenomenologica Ginzburg-Landau consistent fins i tot en una teoria dual amb
escalament de Lifshitz. Hem calculat a través de tecniques holografiques dels
coeficients de Ginzburg-Landau « i § i, igual que en el cas de les longituds car-
acteristiques, la conclusié és que, prop de T,, tenen una dependencia funcional
estandard respecte a la temperatura, per a tots els casos de condensat i tots els
valors de z. No obstant aix0, la presencia de z té un efecte no trivial en aque-
sts parametres fenomenologics, disminuint el valor dels seus coeficients numerics

mentre el valor de z augmenta.

També hem calculat amb tecniques holografiques el parametre de Ginzburg-

Landau k del sistema. Per tot cas de condensacid i tots els valors de z, observem
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que £ < 1/4/2. Aix6 vol dir que per a tots els casos el sistema dual es comportara,
com un superconductor Tipus I. D’altra banda, també es va observar que, per
a cada cas de condensacié considerat, el valor de x disminueix a mesura que el
valor de z augmenta. Aixo significa que en els sistemes amb major anisotropia,
la formacié de vortex és més fortament desfavorida energeticament i aquests

exhibeixen un comportament de Tipus I més fort.

Finalment, es va calcular el camp magnetic critic B, necessari per trencar la
fase superconductora del sistema, seguint el procediment perturbatiu desenvolu-
pat primer en [17]. Hem observat que el camp critic prop de T, té la dependéncia
funcional amb la temperatura que prediu la teoria de Ginzburg-Landau. No ob-
stant aix0, també observem que el valor del camp magnetic critic és cada vegada
menor mentre el valor de z augmenta. A més, dins d’aquest enfocament per-
turbatiu, hem confirmat hologréficamente la conjectura plantejada en [18], que
diu que el camp magnetic critic és inversament proporcional al quadrat de la

longitud de correlacid, en acord amb la teoria de Ginzburg-Landau.

El calcul holografic del parametre de Ginzburg-Landau « presentat en aque-
sts dos capitols pot servir com una sonda 1til per posar a prova la viabilitat d’un
model superconductor holografic com una possible descripcié d’un superconduc-
tor d’alta T, del moén real. De fet, tots els cuprats fins ara descoberts presenten
un comportament de Tipus II. Per tant, seria una propietat molt desitjable en
un superconductor holografic que tingués valor de « a la regié de Tipus II. Una
cosa similar es pot dir dels sistemes estudiats en el Capitol 5, on es va concloure
que els sistemes amb major anisotropia tenen un comportament de Tipus I més
fort. En aquest sentit, és natural preguntar-se com el parametre de Ginzburg-
Landau obtingut en aquests capitols podria canviar amb ’eleccié d’altres models,
com ara, per exemple, superconductors holografics d’ona-d [8, 9, 10], supercon-
ductors holografics d’ona-p [19], models amb correccions d’ordre mayors en el
potencial del camp escalar, com ara els que apareixen en els enfocaments top-

down [20, 21, 14] o models menys convencionals, com ara els que tenen termes
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de Chern-Simons, acoblaments amb derivades d’ordre superior, o aquells dins
el context de New Massive Gravity [22, 23, 24]. Aix0 requereix d’una major
investigacio.

Passem ara al sistema top-down estudiat al Capitol 6. En resum, hem
construit explicitament una Lagrangiana per supergravetat N/ = 2 galgada,
acoblada a un hypermultiplete escalar SU(2,1)/U(2). El model resultant esta
determinat Unicament per un sol parametre (3, que representa la barreja entre
els generadors U(1) de SU(2) amb U(1). Quan = 1, el sistema descriu dos
escalars complexos (1, (2 amb masses m% =-3i m% = 0. En aquest cas, la
Lagrangiana resultant coincideix exactament amb la Lagrangiana de [20], amb
I'extensié que incorpora el dilatén complex que es troba en [25, 26, 27, 28|.
Aquest aparellament implica un potencial escalar no trivial i acoblaments no
trivials, i no ens hauria de sorprendre que no hi hagi un altre model possible per
a un hypermultiplete SU(2,1)/U(2) amb aquestes masses

De la mateixa manera, la propia naturalesa tnica de la Lagrangiana indica
fortament que el model amb 5 = 0 certament ha de descriure els dos camps
escalars complexos de masses m? = —15/4 que s6n duals a l'operador de di-
mensié més baixa A = 3/2 en la teoria superconformal Klebanov-Witten. Hem
demostrat explicitament que aquest mode domina la termodinamica a baixes
temperatures. Seria molt interessant veure si la el model 8 = 0 representa un
truncament consistent de supergravetat Tipus IIB. Tot i que els camps escalars
tenen ndmeros quantics de Kaluza-Klein no trivials (1/2,1/2), sén tanmateix
els estats més baixos en l'espectre KK, el que suggereix que el truncament pot
ser consistent. Demostrar aixd 1iltim pot requerir una construccié explicita d’un

ansatz Tipus IIB que reprodueixi les mateixes equacions de moviment.
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Superconductivity

One of the main objectives in the research on Holographic Superconductiv-
ity is to provide an holographic theoretical description of the strongly-coupled
phenomenon of high-temperature superconductivity. In order to get a general
picture of the former subject and why holographic methods may be applicable
in its study, it is reasonable to start by explaining the basic features of conven-
tional superconductors. We do this by introducing two very successful theoreti-
cal descriptions of superconductivity: Ginzburg-Landau theory and BCS theory.
Ginzburg-Landau theory provides an effective, phenomenological description of
superconductors near the critical temperature in terms of very simple degrees
of freedom. We review it because it introduces some important concepts like
spontaneous symmetry breaking in the context of condensed matter and the
Meissner effect, and because it also explains in very simple fashion some im-
portant superconducting phenomena that will become relevant in the remaining

chapters.

BCS theory, on the other hand, is a microscopical theory of superconduc-
tivity, based on the concept of quasi-particle fermionic interaction. We review it

because it is the most successful description of conventional superconductivity
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1.1. Ginzburg-Landau Theory

and provides a starting point to understand the problems related to having a
similar theory for high-T, superconductivity. Before introducing BCS theory, we
briefly review some aspects of Fermi liquid theory which will give us important
physical insights on both conventional and high-7, superconductors. Finally, we
briefly review the most important aspects of high-T, superconductivity, focusing
on the particular case of cuprate superconductors and briefly reviewing some of
its more important physical properties. We comment on one of the most promis-
ing attempts to provide a theoretical description of the phenomenon by means
of standard methods, and its limitations. By doing this, it will become clear

why holographic methods can be of importance when studying these systems.

1.1 Ginzburg-Landau Theory

In presenting this topic we will follow the exposition made by [29, 30, 31]. The
Ginzburg-Landau theory [33] is a phenomenological description of superconduc-
tivity. One of its strongest points is that it is an universal theory in the sense
that it describes superconducting phenomena regardless of the microscopic de-
tails of the material. Its weakness relies on the fact that it is only valid near the
critical temperature T, more precisely in the transition region

T-T
T-T) _

1. 1.1.1
- (11.)

Ginzburg-Landau theory is exceptionally well suited to provide a phenomeno-
logical description of the physics of superconductors in presence of external elec-
tromagnetic fields. A superconducting material’s reaction to external magnetic
fields provide one of the two main phenomenological definitions of superconduc-
tivity, the first one being the loss of resistivity. The second is perfect diamag-
netism. Indeed, a superconductor has the physical property of expelling external
magnetic fields from its volume, a phenomenon called the Meissner effect [32].
Furthermore, one of the most important ways of classifying superconducting ma-

terials is related also to magnetic phenomena. Briefly stated, a superconductor
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1.1. Ginzburg-Landau Theory

Normal State Normal State

Condensed Phase

(a) Type 1 (b) Type II

Figure 1.1: Schematic magnetic phase diagram of Type I and Type II supercon-

ductors

can be classified in two classes. In a Type I superconductor the system goes
from the superconducting to the normal phase in a first order transition as the
value of the external magnetic is increased beyond a critical value B.. On the
other hand, a Type II superconductor has two critical values: below the first
critical value B, the system is in a superconducting phase, but as the value of
the field is increased, a stable vortex lattice (Abrikosov vortices) begins to form
inside the material where the magnetic field can penetrate until a second critical
value B, is reached and the system enters fully in the normal phase. In this case
the phase transitions are second order in B. In any case, it is experimentally
observed that the value of the critical field near the critical temperature behaves
as

Be~(1-T/T.) . (1.1.2)

In figures (1.1a) and (1.1b) we show an schematic magnetic phase diagram for
Type I and Type II superconductors, respectively.
The first attempt to provide a description of the diamagnetic currents that

expel magnetic fields from a material in the superconducting phase was the
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1.1. Ginzburg-Landau Theory

phenomenological London theory [34], which used the number density of super-
conducting carriers ng as an order parameter for the system, and related the

current with the applied electromagnetic potential in the London equation

e2

J= —%nsA, (1.1.3)
were e and m are the charge and mass of the superconducting carriers, re-
spectively. However, the London theory relied on the approximation that ng
is a constant, an assumption that cannot hold with increasing magnetic fields.
Landau therefore constructed a phenomenological theory that reproduced and
extended the London theory results in the case of a non-homogenous number
density. Therefore he proposed the complex Ginzburg-Landau order parameter

as

U(r) = /ng(r)e?®) (1.1.4)

so that

W) = n,, (1.1.5)

and where ¢(r) is a phase that we will set to zero in the following, for simplicity.
Then, using as a starting point Landau’s own theory of second order tran-

sitions, Ginzburg-Landau theory proposes that the system’s free energy density

difference can be expanded near the critical temperature as

2 2

+ 2 (1.1.6)

240

2 .
Af=a(T) W + %B(T) o] + 2% ‘ (V - Z;A> \/

where Af = fsc — fu, with fs. and f, being the free energy densities in the su-
perconducting and normal phases of the system, respectively. Also, a and (3 are
phenomenological parameters that have a temperature dependence in general.
We note the addition of the gauge field A; and the corresponding magnetic en-
ergy in order to describe a charged system. We will adopt the usual convention
a<0,>0.

When the external field and gradients are negligible, the free energy density
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1.1. Ginzburg-Landau Theory

difference (1.1.6) can be approximated by

1
Af:a\\l/\2+§m\py4, (1.1.7)
which is minimized at
o
U] =4/ 2L 1.1.8
Vo] 3 (1.1.8)

Since deep inside the superconductor the external fields and gradients can be
neglected, the critical parameter ¥ will approach the value ¥, as it goes deeper
into the volume of the system. Inserting this value back in (1.1.6), we get inside

the material

O£2

35"

This last equation can be related to the critical magnetic field H,., which is the

Af = (1.1.9)

value of the magnetic field needed to be applied to the system in a condensed
phase in order to break superconductivity. Indeed, this field is determined by
the specific magnetic energy density that needs to be added to the condensation

energy to take the system into the normal phase, that is

0
fee + %Hf = fa, (1.1.10)
or, equivalently
Af = —%Hf. (1.1.11)

H?>= — . (1.1.12)

which corresponds to the value where the magnetic field destroys superconductiv-
ity in the system, since for values H > H, it will be energetically more favorable
for the system to be in the normal phase.

A few words about the functional dependence on temperature of the coeffi-

cients e and 3. Since at T' = T, we must have |¥|* = 0 and a finite value for
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1.1. Ginzburg-Landau Theory

T < T, then from (1.1.8) we must have a =0 at T =T, and a < 0 for T' < T.

A simple assumption is therefore
a~(T/T.—1). (1.1.13)

Comparing the near-7, behaviour (1.1.2) of the critical magnetic field and rela-
tion (1.1.12), we see that such a functional dependence for « is only possible if
B behaves as a positive constant near the critical temperature. This finally let

us conclude from (1.1.8) that the order parameter behaves near-T, as
U~ (1-T/T)?,  T<T., (1.1.14)

which is a result that is confirmed experimentally and in BCS theory.

Minimizing (1.1.6) with respect to A, and using V x B = ppJ, we arrive at
62 2
J=——|V|"A, (1.1.15)
m

from which, when substituting |\I/|2 = ng, one recovers the original expression
for the London current (1.1.3).
Continuing with the gauge field equations, one arrives at the following equa-
tion
1

V’B = 1B (1.1.16)

which has magnetic field solutions that decay exponentially inside the supercon-

ductor, with decay length A, called the penetration length, and given by

m
= 1.1.17
Moezns ( )

This length corresponds to the inverse mass of the gauge field after symmetry
breaking. Combining (1.1.8), (1.1.12) and (1.1.17), we arrive at the following

expressions for a and

e’

= 02\ 1.1.18

oY —SHIA, ( )
etud

B = m20H3A4. (1.1.19)
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1.1. Ginzburg-Landau Theory

Now, minimizing (1.1.6) with respect to the order parameter U*, one obtains

2 h2 e 2

Then, if we consider the case without fields present A = 0, we have

h?

Q¥ + BU3 — — 9" =90, (1.1.21)
2m

where for simplicity we assumed that ¥ is real and only depends on the dimension

z. Expanding around the minimum as

U(z) = %‘ +n(z), In| <1, (1.1.22)

and inserting in (1.1.21), we have, up to second order the equation

2 —h—Q"— 1.1.2
ol 51" =0, (1.1.23)

which has the physical solution

||

n(x) ~e %, (1.1.24)
where &g, defined as
h2
2
=— 1.1.2

is the superconductor correlation length, and it is a measure of the spatial decay
of a small perturbation of ¥ from its equilibrium value. It is customary, however,
to work with the Ginzburg-Landau correlation length &, given by €2 = 2£2, that

is
h2
- 2m |

€2 (1.1.26)

Finally, from the characteristic lengths A and £ one can construct the Ginzburg-

Landau parameter k, defined as:

k=2, (1.1.27)



1.2. Fermi Liquid

whose value, based on surface energy calculations made by Abrikosov [35], char-

acterizes the behaviour of the system in a superconducting phase as:

Type I Superconductor (1.1.28)

Type II Superconductor (1.1.29)

S-Sl

where, as said before, a Type II superconductor is one which allows partial
penetration of a magnetic field, while a Type I superconductor is one where the
magnetic field is fully expelled from its volume by the Meissner effect.

We conclude by saying that, even though Ginzburg-Landau theory can be
consider a triumph in physical intuition and that it correctly describes many
superconducting phenomena, it is nevertheless a phenomenological theory that
gives us little information about the microscopic mechanism behind supercon-

ductivity.

1.2 Fermi Liquid

Before presenting BCS theory, it is useful to have a general knowledge of Fermi
Liquid Theory. For a more detailed treatment, see [36, 37, 38]. Briefly stated,
Fermi Liquid theory is a general microscopical description of electrons in a metal,
and is constructed as a quantum theory of interacting many-fermions. It also
introduces some very important concepts that will become very relevant in our
discussion of both conventional and high-T, superconductivity.

We begin by writing the generic microscopic Hamiltonian

HrL = Y excly ko + Hint. (1.2.1)
ko

where ¢, and CL , are fermionic creation and annihilation operators for one-
particle states with momentum k and spin o. Also, ¢x = ex — u, with kinetic

energy e = k?/(2m). The interaction term can be giving in very general terms
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1.2. Fermi Liquid

as

Hint, = — Z cheqVel cqd(k+K —q—d). (1.2.2)
kk/qq’

For the purposes of our present discussion, we will not be concerned with its
particular details.

We now recall that, according to the Pauli exclusion principle in a many-
body fermionic system at zero temperature, the ground state is obtained by
filling all energy levels up to p. This defines a sphere in momentum space with
radio given by kp = /2myu, called the Fermi surface of the system. This is
a very important concept that will continue to appear in the remaining of this
chapter.

We proceed our description of Fermi liquid theory from view point of its

Green’s function, which is defined in general as
G(k,t) = —i(Wo|T{excl }Wo) (1.2.3)

where |Uy) is the ground state of the system and cy is an operator of the theory.
For a system of free fermions, one obtains by direct calculation in frequency

space that
1

k =
GO( 7w) w—5k+i6k’

(1.2.4)

where Jy is a real infinitesimal quantity defined to go around the pole at w—ey =
w— (e — p) as

+6 If ex—pu>0
Ok = (1.2.5)

=0 If ¢¢—p <0
Before we deal with interactions between fermions, we bring out an impor-
tant conceptual development first put forward by Landau. In general terms,
Landau proposed that when interaction couplings are slowly turned on by an
adiabatic process, the states of the free theory evolve smoothly into states in
the interacting theory. More precisely, this means that during this process the

quantum numbers of the free states, namely charge, momentum and spin, remain
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1.2. Fermi Liquid

unchanged, and therefore continue to label the interacting states. Such states
are called quasi-particles, since they can almost be treated as non-interacting
states. However, as will be seen below, the quasi-particle concept is well-defined
only in the vicinity of the Fermi surface.

Taking into account interactions, we must instead consider the dressed Green’s

function
1
W — €k — E(k,w) + i(gk

G(k,w) = (1.2.6)

were Y(k,w) is the irreducible self-energy calculated through perturbation the-
ory, and where again € = € — p. Its real part ReX(k,w) represents a shift in
the quasi-particles kinetic energy, while its imaginary part Im¥(k, w) is related
to the quasi-particles lifetime 7. Additionally, the imaginary part of the Green
function is always non-positive!.

At this point, we introduce two conditions that serve as a definition of a
Fermi Liquid from the self-energy point of view. First, for a Fermi liquid the

imaginary part of the self-energy always has the following specific form
Im¥(k,w) = —Ci w?, (1.2.9)

where w is close to zero and Cy is a positive constant. Because of this functional
dependence of Im¥ on w, the denominator of G(k,0) is real. The second condi-
tion is that there always exists a momentum vector kr where the denominator

vanishes. That is, for a Fermi liquid there always exists a value kr such that

i — ex, — ReXi(kp,0)=0. (1.2.10)

IThis can be seen from the spectral density, defined as

Alk,w) = —SImG(k, w) (1.2.7)

T
which can be written in term of the self energy as

Ak, w) = 1 Im¥(k,w)
’ T (w—p — ex — ReX(k,w))? + ImE(k,w)?

(1.2.8)

Since the spectral density is positive, then Im¥(k,w) < 0.
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1.2. Fermi Liquid

Basically, this condition tells us that in a Fermi Liquid there is always a well-

defined Fermi surface even in the presence of interactions.

Since we are interested in the low-energy physics, we perform a Taylor ex-

pansion of ReX(k,w) around k = kp (where we are denoting k£ = |k|) and w =0

ReX(k,w) = ReX(kp,0)+ (k — kr)OxReX(kr, 0) + wd,ReX(k,0) + - -

and we also expand the kinetic energy ey around k = kg

k
EkZEkF—{—(k‘—kF)EF—}—'--

In this approximation the dressed Green’s function is

Z
w—(k—kp)Ee 4 izC w2

m*

Gk,w) =

where we have defined

1
Z = 1 - wawReE(kF7 0) ?
1 11
_ ( + — O ReX(kp, 0)) :
m* m kF

(1.2.11)

(1.2.12)

(1.2.13)

(1.2.14)

(1.2.15)

The quantities Z and m* are called the quasi-particle residue and the effective

mass, respectively. When w — 0, the w? term becomes negligible and one has a

pole at

w:‘gk_uv

where we have defined
k
Ep =+ —=(k —kp).
m
With this value of w, the dressed Green’s function can be written as
Z
w—(k—kp)EE +i/(27)

m*

Gk,w) =

where the quasi-particle lifetime 7 is defined as

= 2ZCk(5k — ,u)2 ~ w2 .

S

35

(1.2.16)

(1.2.17)

(1.2.18)

(1.2.19)



1.3. BCS Theory

In this form, (1.2.18) represents the dressed Green’s function of a quasi-particle
of mass m* and energy &. Its lifetime 7 near the Fermi surface is

% ~ (k — kp)?. (1.2.20)

We then conclude that the quasi-particle’s lifetime goes to infinity at k = kp
and its states are stable and well defined in that limit. This is a very important
result of Fermi-Liquid theory.

In relation to the quasi-particle residue Z, we note the following [39]. The

value of the particle number operator (ny) is related to the Green function by
(nk) = —i lim G(k,w), (1.2.21)
t—0
which in the case of the dressed function (1.2.18) takes the form
(n) = Z0(p — &) , (1.2.22)

where 0 is the Heaviside step function. This result has an important implication,
namely that in an interacting system the Fermi surface exists, provided Z # 0
and that perturbation theory is applicable under the interaction considered. The
existence and stability of the Fermi surface in turn guarantees that the quasi-
particles are well defined and that the low-energy physics of the system can be
determined by these quasi-particles excitations near the Fermi surface as in the

free case.

1.3 BCS Theory

In 1957, Bardeen, Cooper and Schrieffer (BCS) published one of the most suc-
cessful theories in the history of physics [40]. Starting from very general physical
assumptions and sensible simplifications, BCS theory provides a microscopic de-
scription of conventional superconductors that accounts for a wide array of their
physical phenomena. One of the most important clues necessary for the con-

struction of BCS theory can be found in the experimental observation of the
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1.3. BCS Theory

isotope effect [41]
T. o M~Y2, (1.3.1)

where T, is the superconductor critical temperature and M is the mass of the
crystal lattice ions. This dependence indicates that electron-phonon interactions
play an important role in conventional superconductivity.

Indeed, BCS theory is ultimately a theory of electron-phonon interaction.
The first physical intuition of how this interaction can be realized came from
Frohlich [42], who made the observation that conduction electrons could attract
each other due to interaction with the material’s ion cores. The physical picture
would be that, on passing through the metallic grid, a first electron conduction
attracts a positive ions in its vicinity, while this excess of positive ions in turns
attracts a second electron, creating an effective attractive interaction between
both electrons. Another way to look at it is that the lattice deformation creates
phonons, which mediate attractively between electrons. Starting from a very
general model of electron-phonon interaction, Frohlich arrived at the following
Hamiltonian [43]

Hrvslich = Z EkCLUCkU + Z Wi (BLBk + ;)
k,o Kk

+ Z qucL—q,J’CL+q,ack,UCk',0’ + .- (132)
kk'q,o0’

where the first term represents free quasi-electrons, the second term represents
free phonons, and the third term represents electron-phonon interaction. Here,
€k is the quasi-electron energy measured with respect to the Fermi energy, and
wy is the phonon frequency. The interaction Vi is given as

471‘62 kax ‘Mk/ |2

Vi = .
k2 + A2 (51( — 5k+k’)2 — wi,

(1.3.3)

The first term corresponds to the shielded Coulomb interaction in the Fermi-
Thomas approximation, A is related to the screening length, and |M| is propor-
tional to the shielded electron-phonon coupling. We now make some observations

about the second term in (1.3.3). First, we substitute wx — wp, where wp is
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1.3. BCS Theory

the Debye frequency. The reason for this substitution is that wp is the typical
phonon frequency and acts as a cutoff scale in the electron-phonon interaction.
The second thing we note is the experimental observation that superconductivity
comes from electrons near the Fermi surface. This observation is in agreement
with the Fermi Liquid theory result, that quasi-particles have well defined mean-
ing near-kp. Therefore we arrive at the original BCS assumption, based on Fermi
Liquid theory, that the relevant quasi-electrons have energies in a thin shell of

width +wp near the Fermi surface.
lex| < wp . (1.3.4)

With these assumptions, the second term is negative and represents an attractive
interaction. Moreover, in a superconductor the electron-phonon coupling |My|
is large, with the result that the second term is dominant and the effective total
interaction between quasi-particles is attractive.

The next building block in BCS theory was set by Cooper in 1956 [44],
when he showed the surprising result that two electrons outside the Fermi sea
subjected to an attractive interaction between them would form a bound state,
regardless of how weak the interaction is. More precisely stated, the Fermi sea
is unstable against the “pairing” of an electron in a state k, T with an electron
with —k, |, forming a Cooper Pair.

A simple way to see this in looking at the two-particle wave function for

such electrons?

\I/(I'l, 01;T2, 02) = ¢(r1 - 1'2)(70010-2 ; (135)

where ¢4, 5, represents the spin part of the wave function, which can be a spin

singlet or triplet. The function ¢(r; — re) can be written as
(r1 —rg) = Zg(k) elk(ri—rs) (1.3.6)
K

where | g(k)\2 is the probability of finding a electron with momentum k and the

other with momentum —k. Since according to the Pauli exclusion principle all

2We are working in the center of mass frame.
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1.3. BCS Theory

electronic states with |k| < |kp| are completely filled and cannot be occupied by
other electrons, then
gk)=0, If k| <lkp|. (1.3.7)
The Schréodinger equation for the two electrons system is given by

1

T (V3+V3) U+ V(r,r)¥ = (B + 2¢p) 7, (1.3.8)

where € is the Fermi energy and V' (r1, r2) is the attractive interaction potential.

Substituting (1.3.6) in (1.3.8) we get the following equation
)+ Z Viae 9( (E + 2ep)g(K) . (1.3.9)

Since we know that only electrons that fulfill condition (1.3.4) are relevant to su-
perconductivity, we follow the BCS approximation that the interaction potential

has the form

ka’ — _Va If |8k| ) |€k’| < WD , (1310)

and equal to zero otherwise. Then the equation (1.3.9) is
g(k) (E + 2ep — > = —VZg K') = (1.3.11)
where A is a separation constant. We then obtain the consistency equation

1=V 1.3.12
Z k’2 E 26F ( )

We now introduce the density of electron states per spin direction

47 k? dk
N = —— 1.3.1
and the summation can be substituted by the integral
WD N L d 4
1= . 1.3.1
v N e (1:3.14)

We can now replace N (¢) ~ N (0), with N (0) = mk% /272 (the density of electron
states at the Fermi surface), since in metals wp < ep. Then we have

N E—-2
(O)Vln wp

1=
2 FE ’

(1.3.15)
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1.3. BCS Theory

from where we finally obtain
Eeit. & —2wpe /NOV (1.3.16)

where we have taken the limit N(0)V <« 1. This approximation is justified by
the fact that most standard superconductors have N(0)V < 0.3. Indeed, this
dimensionless quantity N (0)V characterizes the strength of the interaction and
therefore we conclude that BCS is a weakly coupled theory. Since Eei. < 1,
the two electrons form a bound state, regardless of how small the value of V is.
The same pairing process can be realized for the case of many electrons. This
leads us to take only in consideration interaction terms in (1.3.2) that occur in
Cooper pairs. The result is the effective pairing or reduced Hamiltonian

Hpair. = Z €kckgCTka + Z Vi CTkTCT—kJ,C—k’iCk/T . (1317)
ko kk’

The Hamiltonian written above represents a fully interacting system, which is
difficult to solve it exactly. We can further simplify it by nothing that the
ground state will be composed of coherent Cooper pairs that can have non-zero
expectation values

bk = (c_xCkt) - (1.3.18)

and that any fluctuation around these expectation values by can be neglected

because of the large number of particles. We can therefore write

k) okt = bk + (cokpcokt — bi) (1.3.19)

and neglect any bilinear terms in the fluctuation term in parenthesis. We then

finally obtain the model Hamiltonian

Hmod. = Z 5kCLgck,o + Z ka/ (bk’CTkTCT,ki + ch*k/ick/T — bﬁbk/) . (1320)
k kk’

We now define

Ax = _Zka’bk’
-

= - Z ka/ <C—k’¢ck’T> . (1321)
k/
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Substituting in (1.3.20) we obtain
H = Z 5kCLnga - Z (AkCL¢C—k¢ + Al*cc—kickT — Akb]*() , (1.3.22)
ko k

which is now put in an bilinear form which can be diagonalized. Following

Bogoliubov and Valatin [45], we propose the canonical transformation

Ckt = uUkox + Ukﬁlt s (1.3.23)
c_x, = uxfk— vkaL. (1.3.24)

with the unitarity condition
up +vp = 1. (1.3.25)

These transformations simplifies our system to that of two different types of

quasi-fermions ay and Py, each in a ideal Fermi gas model, if we set

1 3"
2
o= -1y ——k ) (1.3.26)
P\ Jaeg
1 3"
2
B [ (R, S (1.3.27)
SARVACRY
A
g = e (1.3.28)

VE + 1A

These very specific values for the coefficients ux and vy can alternatively be
obtained by making a variational analisis in order to find a minimal BCS ground-
state wave-function for the pairing Hamiltonian. (See, for instance [29]). Then

the operators oy and Py obey the algebra

{ak,alt,} - {ﬂk,ﬁl,} — S (1.3.29)

and other commutation combinations are equal to zero. The resulting diagonal

Hamiltonian is

H = EQ—FZ\/SIQ{—F |Ak‘2 (OéLOék—i-ﬁlT(ﬁk) , (1.3.30)
k
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where

Ey = Z <Ek — 1/ éi + |Ak|2 + Akbk> (1.3.31)

Kk
is a constant term and represents the ground state energy of the interacting

superconductor. The second term in (1.3.30) represent the increase of energy
above the ground state. In this sense, the operators oy and Sy represent the

quasi-particle excitations of the superconductor. These quasi-particles are called

Ey = /el + |A)?. (1.3.32)

We see that Ay represents an energy gap between the ground state energy and

Bogoliubons, and have energy

that of the first excited state. The quantity Ay is known as the order param-
eter of the superconductor, and is of great physical significance. As proved by
Gorkov [46], it can be directly related to the Ginzburg-Landau order parameter
¥ introduced in Section 1.1.

We now will try to determine the order parameter Ayx. We can do it by
going back to its original definition (1.3.21), which can be rewritten in terms of
the operators oy, [k as

Ax = _kak’<c—k’¢ck’T>
k/

= — Z Vi tier vy (1 — OéL,Oék/ — Bch’Bk'> . (1.3.33)
k/

Since the total average number of quasi-particles ay, Bk is not fixed as in the
electron case, their chemical potential is zero in thermal equilibrium. Also, as
noted in the Hamiltonian (1.3.30), the quasiparticles do not interact, thanks
to our choice of coefficients uy, vkx. Therefore, the quasi-particles will have

occupation given by the Fermi-Dirac distribution

1
FE) = g1 (1.3.34)
with 8 = 1/(kT'). Then (1.3.33) becomes
Ay Ey
Ak = — ; ka/uk/vk/ (1 — f(Ek)) = %: ka/ QEIL/ tanhB 2k . (1335)
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1.3. BCS Theory

Equation (1.3.35) is called the gap equation and is very important in BCS theory
since it predicts the temperature dependence of Ay and the critical temperature
T. of the system. We now make the BCS approximation (1.3.10) and assume
that Vi is equal to a constant value Vi = —V in a thin shell around the
Fermi surface. We also assume a similar behavior for the order parameter and
set A = A. Then the gap equation is

v S tanh(BEy/2)

1=— . 1.3.
5 (1.3.36)

2
k

Since we are working within the thin shell of states around the Fermi energy,

with |€k| < hwp, we can replace the summation (1.3.36) with the integral

1=

NV /ﬁwD tanh(BE/2) | . (1.337)

2 ), E

where F = /€2 + A2. From this equation in the limit A & 0 one can estimate

the value of the critical temperature T,

T. ~ 1.13wpe /N OV) (1.3.38)
and similarly, in the limit 7" = 0 on finds

A(0) ~ 2wpe” Y/ INOV) (1.3.39)

where we used the small coupling limit. From these equation we can deduce the
famous BCS result

T, = 0.56 A(0), (1.3.40)

which holds in numerous superconductors. Additionally, from (1.3.37) one finds

that the order parameter behaves near the critical temperature as
AT ~T,) ~(1—T/T.)"*, (1.3.41)

which is a robust functional dependence and confirms the Ginzburg-Landau

theory result (1.1.14).
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1.3. BCS Theory

To finish this section, lets consider BCS theory from the point of view of the
Green’s function, just as we did with the Fermi Liquid theory. We follow closely
[37]. We consider the Bogoliubon’s Hamiltonian (1.3.30). The Green’s function
should be of the form

1

w— /el + Al +id

One can expand the Green’s function (1.3.42) in term of Feynman diagrams in

G(k,w) ~ (1.3.42)

the usual fashion, where the interaction will be given by originally by (1.3.3) that
can be set to a constant —V in the BCS approximation. However, when one
calculates the Green function perturbatively, one finds that there are some classes
of one-loop diagrams that render the expansion unstable. These diagrams in fact
represent physical processes where particles with momenta of equal magnitude
but opposite direction (that is, Cooper pairs) scatter against each other. (See [37]
for details on the calculation.) Calculating the contribution of these diagrams
to the self energy up to one-loop level one can obtain the result that the dressed

vertex is

.
1 - VN(0) {%ln ‘M‘ + igezwwﬂwzw}

w2

V(w) = (1.3.43)

where wp has been taken as a cutoff. We observe that there is a pole in the

denominator of (1.3.43) which in the w < wp limit is given by
Wpole = 1 2wp el/(N(O)V)- (1344)

The pole is purely imaginary and is located on the half upper side of complex
frequency space. Moreover, it is also to be found in the retarded Green’s function,
which must be analytic in the upper-half plane. This leads to the conclusion that
the perturbation series leading to (1.3.43) is invalid and indicates that the normal
system is unstable and will undergo a phase transition into a superconducting
phase. This breakdown of perturbation theory, according to our Fermi Liquid

theory discussion, means that the states in the normal phase and those in the

44



1.4. High-Temperature Superconductivity

superconducting phase are qualitatively different and that an adiabatic process is
invalid when there is a phase transition involved in the middle. This observation

will bear relevance in the following section.

1.4 High-Temperature Superconductivity

The area of High-Temperature Superconductivity was inaugurated by the discov-
ery by Bednorz and Miiller in 1986 of the onset of superconductivity around
T. = 35K [47]. In general, a material is considered a high-T;. superconductor
if its critical temperature is T, ~ 30K or higher. In their original discovery,
Bednorz and Miiller used a kind of material called cuprate. Given that many
high-T, superconductors belong to this class of materials, one should provide a
general description of them. For more details on the physical properties and
phenomenology of the cuprates, see [48]. Cuprates are originally antiferromag-
netic Mott Insulators that, after being slightly doped, become superconducting
on cooling. Regarding their specific microscopic structure, they are a variation
of the crystal type known as Perovskite. These are minerals with tetragonal
structure whose chemical formula is given in general by ABX3 or AB3X3, where
the element X is usually oxygen.

As a very important property, we note that they are structurally composed
of 2-dimensional CuQOs layers, and superconductivity in fact occurs in these
copper-oxide planes. The CuOs layers are mediated by layers of other elements,
called charge reservoirs, which provide the charge carriers necessary for super-
conductivity. It is found experimentally that the distance between the charge
reservoirs and the CuOq planes has a high impact on the value of the critical
temperature, and that higher-T, is correlated with shorter layer distances.

Apart from the inter-layer distance mentioned above, cuprate superconduc-
tors have many other parameters that affect the value of their critical tempera-
ture. Because of its importance, we will focus on the doping p of the material.

In conventional superconductors, one finds a linear relation between doping an
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Strange Metal

Figure 1.2: Generic phase diagram of a high-T, superconductor. We show the
regions corresponding to the antiferromagnetic phase, superconducting phase,
Fermi liquid phase and strange metal phase. Inside the superconducting dome

(dashed line) we find a quantum critical point.

critical temperature, T.(p) ~ p. This is very much changed in the case of high-T,
superconductivity, where the relation is non-monotonic. Indeed, one finds in the

case of hole-doped cuprates a general dependency

Te(p) ~ Temax (1 — a(p — B)?) , (1.4.1)

where «, [ are fitting parameters. In either hole or electron-doped cuprates, one
finds a bell-like profile, with a particular value of p, called the optimal doping,
where the critical temperature attains its highest value T, yax. This optimum
value for T, is taken as the critical temperature for the system.

High-T, superconductors have a very rich phase diagram in terms of the dop-

ing parameter. In figure (1.2) we show an schematic phase diagram for cuprate
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superconductors. The same basic structure is found in a wide variety of cuprates.
Some observations regarding this diagram are in order. We first observe that
at low doping the system finds itself in the anti-ferromagnetic phase of its par-
ent compound. Then, after more doping the system enters the superconducting
phase, in a region which has the bell profile mentioned above and that known as
the superconducting dome. In the high doping region, the system enters a region
of Fermi-Liquid behaviour. Above the superconducting dome, in the normal
phase of the superconductor, the system finds itself in a strange metal region,
meaning that the material has Non Fermi Liquid behaviour. For instance, ex-
perimental evidence reveals that near optimal doping and in the normal phase,
the cuprates quasi-particles have lifetime behaviour

1
o~ 1.4.2
. w, ( )

as opposed to the quadratic Fermi Liquid behaviour described in (1.2.19). An-
other different behavior can be found in the temperature dependence of the
resistivity in cuprates above T., which is of the form p ~ T, whereas Fermi Liq-
uid theory predicts a dependency of the form p ~ T? for 3-dimensional systems
and p ~ T?log(1/T) for 2-dimensional systems. One of the proposed explana-
tions for this Non Fermi Liquid behaviour is that the normal state is close to a
quantum phase transition for some value of doping, where strong quantum fluc-
tuations would cause the deviation from standard Fermi Liquid theory. Thus,
removing the superconducting dome, the conjecture is that there is a quantum
critical point separating the antiferromagnetic and the Fermi Liquid phases.
This is shown in figure (1.2).

Let us pause for a second and go back to the superconducting phase of the

cuprates. By means of ARPES? measurements on the copper-oxide layers, the

3In Angle Resolved Photo Emission (ARPES), an X-ray photon of know energy and mo-
mentum excites an electron out of the surface of the superconductor. By measuring the emitted
electron’s energy and momentum one can determine its original energy and crystal momen-

tum. Finally, by comparing the spectra as a function of temperature, one can map the order
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order parameter of the superconductor was found to be of the form
Ay ~ (cos(kz) — cos(ky)) . (1.4.3)

This means that a cuprate behaves as an unconventional superconductor, where
the latter type is defined in general terms as superconductivity where the ground
state has different symmetry from that of the BCS ground state. More precisely,
given a symmetry transformation T in momentum space, a superconductor is

unconventional if

Ak # Ajye s (1.4.4)

while the equality holds in the conventional case. For an unconventional super-

conductor the order parameter can be written as

A =Y nrfr(k), (1.4.5)

r
where fr(k) are a set of functions defined in terms of the irreducible represen-
tations I' of the symmetry group, and nr are expansion coefficients.

The cuprate order parameter Ay has dg2_,2 symmetry and describes a su-
perconductor with a spin-singlet, [ = 1 pairing state. It is called a d-wave order
parameter, since it has the same symmetry as an atomic d spherical harmonic
function. The particular symmetry of Ay suggest that the kind of pairing mech-
anism relies on strong electron-electron repulsion at short range. The most likely
type of pairing mechanism that leads to d,2_,2 Cooper pairs are based on sys-
tems with strong electron-electron repulsion. In materials with strong repulsive
energy it is favorable to form wave functions that are zero at r; = ro, which
can be accomplished by paired states with [ # 0. This is further supported by
the fact that the parent compound of the cuprates are antiferromagnetic Mott
insulators, which have this kind of strong interaction.

This symmetry therefore makes it reasonable to introduce spin degrees in a

theory describing the strange-metal phase of the cuprates. These spin fluctua-

parameter |Ak| at any point of the Fermi surface.
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tions would be similar to those found in the well known Fermi Liquid descrip-
tion of ®He, where in that case ferromagnetic spin fluctuations take the place

4. One of the proposed models trying

of phonons in the electronic interactions
to describe the strange metal physics of the cuprates while incorporating the
physical clues mentioned above is the Spin-Fermion model. We review it very
briefly, but knowledge of it may provide us with the general flavor of some rele-

vant difficulties that appear when applying standard theoretical methods in this

problem.

1.5 A Field Theoretical Model.

The theoretical model we will now consider, the Spin-Fermion model [49, 50],
is a low energy theory which attempts to provide a generic description of the
quantum phase transition between the Fermi-Liquid and the antiferromagnetic
phases. In this sense, it is an attempt to explain the anomalous normal state
properties of high T, materials. It has the natural fermionic degrees of freedom
ck, given that electrons have arbitrary low energy near the Fermi surface. It
however introduces spin degrees of freedom, based on the proximity of the an-
tiferromagnetic phase. These spin fluctuations are given by the Spin Density
Wave Sy, and are bosonic collective modes of the fermions. The main idea is
that at low energies there is a dominant channel in the fermion-fermion inter-
action which introduces as spin collective mode that mediates between them.
In this sense, as mentioned above, they are spinful analogs of phonons in BCS
theory. The Hamiltonian of the theory can be written as [49]

Hsp = Z Go(k, w)cLacka + Z Xal(k, w)SkS_k+g Z c;r(Jrk,’aaaﬁckﬁ -S_y,

k

ka kk’ap
(1.5.1)

4Phonon interactions are believed not to play an important role in high-T%. superconductivity.
Indeed, the isotope effect (1.3.1) is experimentally found to be extremely small in the cuprates.
This is usually taken as evidence that phonons should play a negligible part in a theory of

cuprate superconductivity.
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where Gy(k,w) is the fermions bare green’s function, xo(k,w) is the bare spin
propagator, o; are the Pauli matrices and «, 8 are spin projection indexes. The
first term in (1.5.1) represents free fermions; the second represents free spin
degrees of freedom, and the third represents the spin-fermion interaction. The
first result comes from the bare spin propagator. It is given by the Ornstein-
Zernike form

_ X0
ol = K - o 52

where £ is the spin correlation length and v is the spin velocity of the order vg,

since the spin degrees of freedom are made of fermions. We have also introduced
the ordering spin wave vector K. In this case it was found that the spin-singlet

gap equation is

M= 20 [t ga PRS2, s
2,/F%+ A2

where the minus sign comes from projection to the spin singlet channel. Com-

paring with (1.3.35), we note that a BCS-like s-wave solution is not possible
because of this negative sign. However, since x(k,w) is peaked near K, the pair-
ing interaction relates the gap at momentum k and k+XK. Thus we can eliminate
the minus sign by proposing the ansatz Ax = —Ayx k. For the cuprates one has
K = (7, ) and this implies d,2_,» symmetry for Ay. Thus, the spin fluctuation
proposed gives rise to d-wave order parameter Ay ~ (cos(k;) — cos(ky)).
However, although the spin-fermion model correctly predicts the d-wave
behavior of the order parameter, it also predicts that the system is strongly
coupled. Indeed, so far the theory relies on the parameters g, xo, & and vp.
From the first two, we can construct the effective coupling § = g%xo, which is a
combination that appears naturally in perturbation theory. From the renamed
parameter one can construct the energy scale vp /€. From these two energies one
can construct the dimensionless constant
39

=g (1.5.4)
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D .
A&

(a) Fermi Liquid Phase (b) Antiferromanetic Order

Figure 1.3: The transformation of the cuprate Fermi surface by antiferromag-
netism. In figure (a) we show the Fermi surface in the Fermi Liquid phase.
The central point represents momentum k = (0,0). In figure (b) we show the
original Fermi surface along with the Fermi surface shifted by the wave vector
K = (m,m). These surfaces intersect at the hot spots, represented by the filled
circles. Electrons near the hot spots, separated by K, have opposite sign in the

pairing amplitude Ax = —Ayg Kk, leading to unconventional superconductivity.

As it turns out, the dimensionless constant A is the natural coupling in the
perturbative calculations for the fermionic and bosonic self energies, and is thus
the effective coupling for the system. In the case of cuprates, experimental
observations estimate a value of A ~ 2 near optimal doping, making thus the
system strongly-coupled. This sets a limit to the applicability of weak-coupling
perturbative methods.

More characteristics of the spin fermion model can be obtained from the
structure of the Fermi surface for the cuprates. In general, the addition of anti-
ferromagnetic spin fluctuations alter the dispersion relation ey for the fermions,
which in turn also changes the structure of the Fermi surface. More concretely,

the antiferromagnetic order mixes electrons states with k and k + K, shifting
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the Fermi surface by K, where, as said before, for the cuprates takes the value
K = (m,m). This is shown in figures (1.3a) and (1.3b), where we see how the
Fermi surface is shifted, intersecting at eight points, usually called hot spots.
The hot spots are of great importance, as can be seen in the following.

We very generally present the results of [51, 52], where the authors made an
study of the spin-fermion model (1.5.1) near the hot spots. In the proximity of
one hot spot there are two Fermi lines, and the relevant fermionic quasi-particles
along these lines are referred as 114, Y9, with a =1, ], with their momentum
measured with respect to the hot spot momentum kj. Near the hot spots the

fermions are described by the Lagrangian [52]
L =], (0 —ivi- V) rg + 9, (9 — iva - V) o, (1.5.5)

where v; is the Fermi velocity at kj,. These fermions are to be coupled to the spin
density wave represented by the ferromagnetic parameter ¢,, with a = z,y, z

spin components. These are described by the Lagrangian term [52]

(V) + gqﬁg + % (‘753)2 + Udaogy, <¢Ia¢2b + ¢5a¢1b> ,  (1.5.6)

N

Lyy =

where o are the Pauli matrices. We see in (1.5.5) and (1.5.6) the same structure
as in (1.5.1). Very interestingly, the authors find a vertex instability similar to
the one encountered in the BCS case (1.3.43) that could lead to a superconduct-
ing phase. However, they also find that, in the vicinity of the hot spot, the

Green’s function has the general structure

1
Ghot spot ™~ T A— >
Viw —vy -k

so there is no quasi-particle pole and therefore quasi-particles are not well defined

(1.5.7)

at the hot spots of the cuprates Fermi surface.

We thus see in the spin fermion model some of the virtues and defects of the
usual field-theoretical approaches to high-temperature superconductivity. We
find that the theory’s effective coupling is strong, which seriously limits the

extent in which perturbation theory is applicable. Furthermore, we observe
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the breakdown of the quasi-particle picture, a fact that is more profound and
could point to the unsuitability of standard physical assumptions when trying to
describe the cuprates. It is therefore necessary to look for different theoretical
approaches to the problem, and holographic methods are suited to achieve just

that.
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AdS/CFT. An Introduction

The AdS/CFT correspondence is the most important recent development in
theoretical physics. In its strongest form, it suggests that every non-Abelian
gauge theory is equivalent to a consistent theory of gravity. The bridge con-
necting these apparently disconnected areas of physics is string theory, and its
construction involves some of the fundamental actors of modern physics: non-
abelian gauge symmetries, quantum field theory, general relativity, black hole
physics, supersymmetry, physics in higher dimensions, etc. The AdS/CFT du-
ality is a profound advancement in the understanding of fundamental physics
both because of its conceptual depth and the wide range of its implications and

applications.

The most studied example of AdS/CFT correspondence, or Maldacena du-
ality, is the duality between Type IIB superstring and N' = 4 SU(N) Super
Yang-Mills theory. It is therefore sensible to start this chapter with a brief
summary of these two theories. In particular, the correspondence relates the
quantum physics of the strongly coupled gauge quantum field theory with the
classical dynamics of gravity in higher dimensions. Therefore, in sections 1.3 to

1.5 of this chapter, this is the particular path we will follow when introducing the
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duality, first by looking at how the duality can be motivated by different string
theory perspectives, by analyzing its different limits and by looking at evidence
in favor of the conjecture. Finally, in section 1.6 we will review the basic aspects
of scalar field holography, since this topic will be of particular importance for
the holographic superconducting models we will be considering in the remaining
of this thesis. Having thus set this basic theoretical background, in the next
chapter we will merge the present discussion on the AdS/CFT duality with the
one in preceding chapter on superconductivity, thereby introducing the subject
of holographic superconductors, and explaining how these models can be real-
ized in their simplest setup and illustrating their fundamental properties. This

chapter follows closely the expositions of the duality presented in [53, 54, 55, 56].

2.1 Type IIB Supergravity

2.1.1 Field Content and Symmetries.

Ten-dimensional Type IIB supergravity [57, 58, 59, 60] is one of the two halves of
the AdS/CFT correspondence, and we will briefly describe its basic characteris-
tics. We start by its Lagrangian. Type IIB supergravity is the low-energy limit
of Type IIB string theory, and the particle content of the former is given by the
massless spectrum of the latter. We will only focus on the bosonic field content
of Type IIB supergravity, which in the NS-NS sector is composed of the metric
(zehnbein), the dilaton ® and the two form By with field strength Hs = dBj,
while in the R-R sector one has the form fields Cy, Co, C4. The latter has a
self-dual strength given by Fy = dCy. The existence of this self dual strength in
the theory is a very particular property of Type IIB supergravity.

In opposition to the case of Type IIA gravity, the corresponding effective
Lagrangian for Type IIB supergravity cannot be obtained from dimensional re-
duction of eleven-dimensional supergravity, which would corresponding to the

low-energy limit of M theory. Furthermore, the presence self-dual five form
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becomes an impediment to formulating in a manifestly covariant form the ac-
tion of the theory. Instead, the way to construct the Type IIB supergravity
Lagrangian is to start from the covariant equations of motion, consistent with
gauge invariance and supersymmetry, and then construct an action that yields
these particular equations. The self duality of Fj is then implemented as an
additional field equation.

Constructed in this fashion, the bosonic part of the Type IIB supergravity

action is given by

Sius = Sns + Sr + Scs, (2.1.1)
with each term being
Sng = ﬁ d0z/—ge 2% <R+48M<I>6“<I> — % ]H3]2> . (2.1.2)
Su = g [ @ev=a (IRF+IRE IR (2.1.3)
Scs = —4/1{2/(]4 A Hz A Fy, (2.1.4)

and where the field strengths are written as F,11 = dC,, H3 = dBs and we

defined the gauge-invariant combinations

F; = Fg—Cng, (2.1.5)

1 1
Fy = F5—§CQ/\H3+§BQ/\F3. (216)
The self duality condition for the five-form
F5 :*Fg,, (217)

has to be imposed as an additional constraint to the equations of motion that
arise from (2.1.1).

Type IIB gravity has a hidden non-compact global symmetry SL(2,R). In
particular, the two-form fields By and (5 transform as a doublet under this

symmetry group. Then to make the global symmetry apparent, we introduce
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2.1. Type IIB Supergravity

the following transformation A

d c
A= € SL(2,R), (2.1.8)
b a

with a, b, ¢, d real numbers such that ad —bc = 1. Now we rename the two-form

fields as By = Bél), Cy = Béz) and define the column vector
By = : (2.1.9)

which in turns gives us the vector Hs = dBs, whose entries are given by the
two-forms field strengths. This vector transforms under A as

By — ABs, (2.1.10)
and similarly for Hs. We also introduce the complex scalar field

T=Co+ie ®, (2.1.11)

which is called the azion-dilaton field because of its component fields and trans-

forms under SL(2,R) as
ar +b
%

. 2.1.12
cT + ¢ ( )
We now rewrite the action (2.1.1) using the matrix
2
T —C
moe [ 1T °, (2.1.13)
—Cp 1
which transforms under A as
M = (A HTMATL, (2.1.14)

With these definitions, the action (2.1.1) is finally rewritten as

1 [ R 1 _
S = 5 [0/ (R — oy Bl ME? + Ztx (MM 1))

1 -~ 2
o (/dlox,/_gE)FE;‘ +/51JC4AH§AH5{> , (2.1.15)
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2.1. Type IIB Supergravity

which is manifestly invariant under global the SL(2, R) symmetry, and where we
have used the Finstein-frame metric gfy, which is defined in terms of the usual
string-frame metric g, as

g =€ g, (2.1.16)

2.1.2 Brane Solutions in Type IIB Supergravity.

Brane supergravity solutions were historically the starting point to formulating
the AdS/CFT correspondence. In this section we briefly review some of its
general aspects. We start by recalling the definition of a (p + 1)-form

1

p+1 = WAHI"'/J«erld'rul VANERRIVAY dx'“P“ y (2117)

Similarly to the manner in which a charged point particle couples to a gauge
field, a (p + 1)-form can be coupled naturally to a geometrical object ¥,41 of

space-time dimension (p + 1) by means of an action term

Spt1 = Qp/ Apta, (2.1.18)
Ept1

where there is a pullback from the bulk space to ¥,41

1 Oxt1 Hxtot1
Ay = —— A, .. "o, 2.1.19
/zp+1 P (pr 1) /Ep+1 HEhett 90 doP ( )

Supergravity solutions with non-trivial A, charge are called p-branes, and they

represent geometrical objects with space dimension p and well defined charge
Qp- From (2.1.17) we can construct a gauge invariant (p+ 2)-form field strength
Fp+2 = dAp+1, with

1

Fp_l’_Q == MFNINQ"'NP+2dx#1 VANKIERIVAY dxﬂp+2 s (2120)

and which is invariant under gauge transformations dA,;1 = dA,, since the
exterior derivative is closed, d2 = 0. In complete analogy to the case of a charged
point-particle, the charge of a p-brane is computed by encircling it by a SP—P~2

sphere and calculating its flux. Then, by Gauss’s law in general D-dimensions

Q, = / Fyia, (2.1.21)
SD—p—2

99



2.1. Type IIB Supergravity

where *F), 5 is the Hodge-dual to the field strength. In general, given a charged
p-brane, there is a dual magnetic (D — p — 4)-brane, whose magnetic charge

@ p—p—4 is computed from

QD_,,_4_/ Fpya. (2.1.22)
Sp+2

In the particular case when Fj,s = xF), 2, one says that the field strength is
self-dual.

In the case of D = 10 Type IIA /B supergravity, p-branes are referred to as
Dp-branes when the charge they carry come from a (p+1)-form in the R-R sector.
In the context of string perturbation theory, a Dp-brane may be described as as
(p+1)-dimensional hypersurface in flat 10-dimensional space-time on which open
string can end [62]. In the particular case of Type IIB supergravity, these forms
are given by Cy, Co and C} introduced above. Then, if we wish to construct
Dp-branes solutions in Type IIB theory, we must consider the action

1

(») —
5 2K2

/dl%\/fg <62‘1’(R+4/(a<1>)2) — ;|Fp+2|2> : (2.1.23)

where we have already taken into considerations that in Dp-brane solutions,
the NS-NS two-form By vanishes. In the special case p = 3, the self-duality
constraint F5 = %F5 has to be imposed by hand and an extra 1/2 factor should
be added in the term |F,4o|%.

Before presenting the general Dp-brane solution to (2.1.23), it is useful to
make some general considerations about its geometry. We consider the case
of general dimension D, for generality. As said above, a Dp-brane is a (p+1)-
dimensional flat hypersurface, with Poincaré invariance RP*! x SO(1,p). There-
fore, the transverse space is (D — p — 1)-dimensional and one can always find
solutions with maximal rotational symmetry SO(D-p-1). Thus, the total sym-
metry of the Dp-brane solutions in D = 10 Type IIB supergravity is given by
RPHL % SO(1,p) x SO(9 — p). The symmetry of a Dp-brane just described can
tell us a great deal of the general form of the solution: the Poincaré invariance

in the space parallel to the Dp-brane tells us that the metric solution in those
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2.1. Type IIB Supergravity

directions has to be a rescaling of the Minkowski metric, while the rotational
invariance in the transverse directions tells us that the metric in those directions
has to be a rescaling of the Euclidean metric. With this in consideration , one

finds that the extremal Dp-brane solution is given for every p by [61]
ds* = Hp(r)fl/Qmjdmidxj + Hp(r)1/2 (dr* + ’r‘deg_p) , (2.1.24)

where 7 is a “radial” coordinate transverse to the brane. Assuming maximal
SO(9-p) symmetry in the transverse directions, and using the fact that the metric
should tend to flat-space time at r — oo, the most general solution for H,(r) is

given by the harmonic function

L\
Hy(r) =1+ <p) , (2.1.25)
r
where L, is a numerical constant to be determined latter. The first part of the
solution (2.1.24) correspond to the (p+ 1)-dimensional Lorentz metric along the
brane, while the second term corresponds to the (9 — p)-dimensional euclidean

metric in the transversal directions. The solution to the R-R field is given by
Fpyo =dH, " Nda® Ndz' A+ AdaP (2.1.26)
while the dilaton solution is
e® = g H,(r)3P)/4, (2.1.27)

We note that in the limit » — oo, then H, — 1 and the dilaton is equal to gs.
Then, the parameter g is the string coupling constant at infinity.
If we consider the important case of N-coincident Dp-branes, the above

solutions remain unchanged. The flux from the N Dp-branes can be written as

N = *Fpﬁ , (2.1.28)
S8—p

where we are stating the fact that the N coincident Dp-branes carry a total

amount of N units of charge. The constant L, can be deduced to be [63]
- pp (TP -
LI™P = (2/m)"T <2> gsN o/T=P)/2 (2.1.29)
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Figure 2.1: Schematic representation of the throat-like geometry of D3-branes

solutions.

One relevant particularity about extremal Dp-branes solutions in Type IIA /B
supergravity is that they preserve 16 out of the original 32 supersymmetries of
the theory. This will mean that the associated open-string spectrum will have
this much supersymmetry and will result to be tachyon free. Thus, these solu-

tions are also referred to as half-BPS Dp-branes.

2.1.3 D3-Brane Solutions.

We now consider the particular case of D3-branes. D3-branes solutions in
Type 1IB supergravity are associated to the four-form Cj;. We note that its
field strength F5 and its corresponding Hodge-dual xF5 are self-dual five-forms.
Therefore, Cy couples both to an electric and a magnetic D3-branes. Moreover,
since the field strength is self-dual, the D3-branes carry then a self-dual charge,

and the two branes are in fact the same.

The D3-brane solution has a total R* x SO(1,2) x SO(8) symmetry, and is

62



2.1. Type IIB Supergravity

obviously given by the p = 3 case of the general solution presented above

ds® = H(r) Y2y da'da? + H(r)? (dr® +1%dQs) (2.1.30)
with
L4
H(r) =1+, (2.1.31)

where we have dropped the subindexes in the harmonic function and the constant

L, which is given by

L* = 4ngsNo/? (2.1.32)
The five-form is given by
Fs =dH ' Nda® A dat A da® A da?. (2.1.33)
with flux
N=|[ Fs. (2.1.34)
S5

Meanwhile, the dilaton field has solution
e? = g5, (2.1.35)
while for the axion field Cy and the two forms Cy, By we have
Cp = constant. , (2.1.36)

By=0, Cy=0. (2.1.37)

We note the important fact that the D3-brane solution for the dilaton (2.1.35)
is a constant.

Regarding the geometry of the metric solution (2.1.30), we first note in
(2.1.30) that in the regime r > L we recover flat space-time R!. On the other
hand, in the region » < R we find a curved geometry referred customarily as
the throat. (See figure (2.1).) The radius of the throat approaches the value

L asymptotically at r — 0. Another very important fact about the solution
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2.1. Type IIB Supergravity

(2.1.30) comes from the way it can be decomposed. Indeed, if we define the
inverse coordinate

r=—, (2.1.38)

r

then the metric (2.1.30) in the near-throat region (z > L) becomes

ds®> = L? = (mijda'dy’ + dz*) + dQZ| (2.1.39)

which is manifestly regular and describes the product geometry AdSs x S°, where
both factors have radius L. Again, we note that this characteristic about the
metric solution is only attainable when p = 3.

An important general property of Dp-branes is that they are objects that
carry mass, so they can backreact to the surrounding geometry. Clearly then,
in order to see how strong the deformation of space-time in the presence of a
Dp-branes, we need to calculate its mass. This can be realized by dimensional
reduction of the Dp-brane on its spatial directions and by then reading the large
r behaviour of the g(% metric component in the Einstein frame. The result of

this calculation for the case of N D3-branes yields the result

M__ N 1 (2.1.40)
Vs (27)3a2 g, o

The gravitational field produced by an object is proportional to its mass time
the Newton constant, which goes as Gy ~ g2. (See equation (2.3.6).) Then we
conclude that the gravitational field goes as ~ g5, and that in the limit g; — 0
(which means a vanishing throat radius L) the metric reduces to Minkowski.
Therefore, Dp-branes in the small string coupling regime admit a flat theory
description.

The D3-brane solution is of essential importance to formulating the AdS/CFT
correspondence from the gravity side. To finish this section, we summarize some
of its unique properties that will prove relevant when explaining the duality: it
is a half-BPS solution, it is asymptotically flat, it has a AdSs x S° near-throat

geometry and it has a constant dilaton.
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2.2. N =4 Super Yang-Mills

2.2 N = 4 Super Yang-Mills

2.2.1 Field Content and Symmetries.

In the preceding section we have outlined the “gravity” side of the AdS/CFT
correspondence. Here we will describe the other half of the duality, corresponding
to the full quantum N = 4 Super Yang-Mills theory. We begin by writing the
theory’s Lagrangian [64]

1

01 . ~a
2TJQF,WFW + 38" Fu Foo = > iXG Dy

a

- Z DXTDAX 43 (9O A [XT 0] + g Cianh® [ X))

a,b,i
g i xJ
+5 Z (X7, X7] } (2.2.1)
l?J

where the constants Cfb and Cj,, are related to the Clifford Dirac matrices for

Lsym = tr{—

the internal R-symmetry group SO(6)g ~ SU(4)r. The Lagrangian (2.2.1) is

invariant under N = 4 Poincaré symmetry, whose transformation laws are

0XT = [Q4.X'] = Cg,

0Ny = {Qu Mg} = Fyi, (0")*5 05 + [X', X7 eap (Cij)%,

- a Yo | _ ab=p i

oN = { a,AB}fq o DX

AL = [QaAu = (00),7 A%, (2.2.2)

where F,fy = % (FW + %EWWF,,G) and the constants (Cl-j)g are related to bilin-
ears in Clifford Dirac matrices for SO(6)g.
An important property of Lgywm is that it is classically scale invariant. In-

deed, the standard mass dimension for the theory’s fields and couplings is
i 3
A =[XT=1, D=5, [d=0]=0, (2.2.3)

so all terms in the Lagrangian have dimension 4. Furthermore, upon pertur-
bative quantization it is found that the S function of the theory vanishes, and

therefore the scale invariance is preserved at quantum level. In this manner, scale
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2.2. N =4 Super Yang-Mills

invariance and Poincaré invariance combine to form a larger conformal symme-
try SO(2,4) ~ SU(2,2). In turn, this symmetry combined with the N' = 4
supersymmetry produce a superconformal symmetry, given by SU(2,2/4). In

more detail, the components of SU(2,2[4) are [53]

e The R-symmetry group SO(6)r ~ SU(4)g, with generators T4, A =
1,...,15.

e The N' = 4 Poincaré supersymmetry, generated by the supercharges Q%

and their complex conjugates Q4q, @ = 1,...,4.

e The conformal group SO(2,4) ~ SU(2,2), generated by translations P*,

Lorentz transformations M, dilations D and special conformal transfor-

iz

mations K*.

e The conformal supersymmetries, generated by the supercharges S,, and
their complex conjugates S”g. These symmetries arise from the fact that
the special conformal transformations K, and the Poincaré supercharges
Q% do not commute and, since both are symmetries, their commutator is

also a symmetry. These commutators are precisely the generators Suq.

The dimension of these various generators is
[D] = M) = [T4] =0,
[PH] =+1, (K] =-1,

Q=+1/2, [S]=-1/2. (2.2.4)

2.2.2 Local Operators and Multiplets.

We are now interested in the construction and classification of local gauge invari-
ant operators. These class of operators are to be built from the gauge covariant
fields X?, A, F, w and the covariant derivative D,,, whose dimension is [D,] = 1,

and the operators are to be polynomials in the mentioned components. This

66



2.2. N =4 Super Yang-Mills

restriction will result in gauge invariant operators of definite positive dimension
and that the number of operators whose dimension is less than a given number
is finite. In particular, the only operator with dimension 0 will be the unity
operator.

Since the conformal supercharges S have dimension —1/2, then the suc-
cessive application of S to any of the mentioned combinations will eventually
yield 0. Otherwise, one would start generating operators of negative dimension,
which is impossible in a unitary representation. We then define a superconformal

primary operator O to be a non-vanishing operator such that
[S,0] =0, (2.2.5)

and the same for the anticommutator in the fermionic case. An alternate, equiva-
lent definition of a superconformal primary operator is as the lowest dimensional
operator in a given superconformal representation.

An operator @ is called an superconformal descendant operator of a local

polynomial gauge invariant operator O if it is obtained as
0 =1Q,0], (2.2.6)

and the same for the anticommutator in the fermionic case. The dimensions
of both operators are related by Ao = Ap + 1/2, and therefore O’ cannot be
a primary operator. Furthermore, if an operator O is a descendant from O,
then both operators belong to the same superconformal representation. Then,
in a given irreducible superconformal representation there is always a single
superconformal primary operator and a tower of superconformal descendants
arising from this primary.

In the case of NV = 4 super Yang-Mills theory, it is useful to begin by looking
for which operators are not superconformal primary operators. These would be
operators that arise from the commutation with the supercharge @, for in that

case, we would instead have a descendant, according to (2.2.6). We need to see
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then how the gauge covariant operators of N'= 4 SYM commute with Q). These

commutation relations are given schematically as

QA =F"+[X.X], [QX]=2,

{@.A} =Dx, [Q, F] = DA. (2.2.7)

Therefore any local polynomial operator containing any of the elements in the
right-hand side of the relations above cannot be primary. In particular, we
note that they cannot be composed of the gauginos A, the field strength F', or
the derivative and commutators of X. This means that superconformal primary
operators are gauge invariant scalars involving just X. The simplest one of these

are single trace operators, which are of the form
tr <X{11X12~-X1”}> , (2.2.8)

where the indexes I, k = 1,...,n are symmetrized and belong to the fundamen-
tal SO(6) R representation. Since trX? = 0, then the simplest primary operators

are

ZtrXIXI ~ Konishi multiplet ,
1

trX/ X7}~ Supergravity multiplet . (2.2.9)

By contrast, one defines multitrace operators as those operators built from the
product of single trace operators.
The unitary representation of the superconformal algebra can be labeled by

the quantum numbers of the bosonic group
SO(1,3) x SO(1,1) x SU(4)R . (2.2.10)

The first factor corresponds to the Lorentz group, and has (s, s_) spin quantum
numbers. The second group has quantum number A, which corresponds to the
positive or zero dimension of the operator, while the third group corresponds

to the R-symmetry, whose representation is determined by Dynkin label given

68
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by the triplets [r1,72,r3] [65]. Each representation of SU(4)r can be labeled in
terms of its dimension, given by

. r
dim[ry, re, r3] = Enrgrg(rl + 79) (72 + T3)(T1 + T2 + T3) , (2.2.11)

where 7, = r,, + 1. In unitary representations, the number A is bounded from
below by the other quantum numbers. In the case of primary operators, which as
we know have the lowest dimension in a given multiplet, the spin number vanish
since the operator is a scalar. In those cases, one can find primary operators
that commute with at least one of the supercharges (). Such representations are
shortened and are called BPS multiplets. These have the particularity that their
dimension is protected from having quantum corrections, and play a special role

in the AdS/CFT correspondence.

2.3 Type IIB Strings: Two Perspectives

In the preceding sections we have described two very different theories: Type
IIB supergravity in D = 10 dimensions on one hand, and N’ = 4 super Yang-
Mills theory on D = 4 on the other. Furthermore, we have stated that the
AdS/CFT correspondence proposes an equivalence between both theories, and
that the bridge to constructing the duality comes from string theory. More
concretely, the starting point is Type IIB string theory in the presence of N
coinciding D3-branes. Since we will be working in the limit of very low energies,
the effective action for the system will be given by the Type IIB supergravity
solutions already described. In order to provide evidence for the conjecture, we

will follow the following steps

e Identify SU(N) super Yang-Mills theory as a sector of the low-energy limit
of Type IIB strings in the presence of N parallel D3-branes in the weak
coupling limit [66].

e Identify the space-time geometry arising from the D3-branes as an AdSs x
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S® throat embedded in an asymptotically flat region whose gravitational

modes decouple from the string modes on the throat.

e Compare the two low-energy descriptions to identify the super Yang-Mills
sector with the gravitational AdSs x S° sector, with a very specific mapping

of each theory’s parameters.

The first two points are achieved by analyzing Type IIB string theory in the
presence of N parallel D3-branes from two different perspectives. The first one,
which we will call the D-brane perspective, will be related to N’ = 4 super Yang-
Mills theory. The second one, which we shall call the black-brane perspective, will
be related to Type IIB supergravity in a AdSs x S° background. When studying
both perspectives, we will recur to some very particular limits of the theory in
order to make it more tractable. The most important of such limits is called
the Maldacena limit, which will be explained in detail in the remaining of this
section. Taking this limit will result in a particular decoupling of the theory in
distinct sectors as seen from the two different point of views. Finally, since both
point of views are in fact different equivalent descriptions of the same theory,

the decoupled sectors can be identified, leading to the AdS/CFT conjecture.

2.3.1 The D-brane perspective.

Let us begin by consider again D = 10 Type IIB string theory with N coinciding
D3-branes. This theory will have two kind of excitations. These will consist of
closed strings living in the bulk of the theory, and of open strings with its ends
attached to the D3-branes.

An open string with both its ends attached to one of these branes can have
arbitrarily short length, and therefore must be massless. (See figure (2.2).) In
general, the massless modes coming from open strings with both ends on the
same D3-brane generate a U(1) gauge theory living in the D = 4 brane world

volume. Naively one would have U(1)" for the case of the whole N D3-brane
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Figure 2.2: Schematic representation of a stack of N coincident D3-branes, with

open string attached.

system, but one must also consider strings whose ends are attached to different
branes. Since the N branes are coinciding, the string modes remain massless,
so that U(1)" gauge symmetry is enhanced to a U(N) gauge symmetry. We
ignore the diagonal U(1) factor, which corresponds to the overall center-of-mass
position of the D3-branes. These translational degrees of freedom will decouple
in the low-energy limit and will pay no role in the AdS/CFT correspondence. We
are then left with a theory with SU (V) gauge symmetry living in an effectively
flat space-time in D = 4 [67]. Furthermore, since as we know the brane solutions
break half of the total number of supersymmetries, the gauge theory must then
have N/ = 4 Poincaré supersymmetry. In the low-energy limit, as we shall see,
the open-string degrees of freedom are described by N' = 4 SYM, with SU(N)
gauge group.

For energies F < 1//,, the massive states of the spectrum of theory become
inaccessible and one is left with massless excitations. We will be mainly inter-
ested in the massless spectrum, and therefore it is sensible to be more accurate
about the regime where we wish to work. So far in the discussion, we have
introduced the number of D3-branes N. Furthermore, Type IIB string theory

contains the string coupling gs, and the Regge slope o/ = ¢2. Then, the low-

71



2.3. Type IIB Strings: Two Perspectives

energy limit can be achieved by keeping all energies fixed and taking o/ — 0.

We define the Maldacena low-energy limit [2] as

e Maldacena Limit. g; and N are kept fixed, as well as all dimensionless

parameters, while taking o/ — 0.

Then, in the Maldacena limit the effective action for the massless fields can
then be written as

Sl = Sbrane + Sbulk + Sinteraction s (231)

where Sprane describes the open string modes on the 4-dimensional brane world-
volume, Spui describes the closed string modes in the 10-dimensional bulk of
the theory, and Sipteraction describes open-closed string interactions.

In the o/ — 0 limit, the D3-brane theory reduces to N' = 4 SU(N) super
Yang-Mills theory. This can be seen from the DBI action of the D3-brane

Sbrane = _TDS /d4«73 eicp Gaﬁ + ]:a,B + - (232)

with Fop = Bag + (2ma’) F,3 and where Fi, 3 is the usual Maxwell field strength
and G,g and B,g incorporate supersymmetry explicitly. Furthermore, the D3-

brane tension T3 is given by

1

g (2.3.3)

Tps =

For a flat target space-time, the D3-brane action (2.3.2) can be expanded as

Sbrane /d4{I; FagFaﬂ 4+ 4 O(al)

29\2(1\/1
= Sy=4+0(d), (2.3.4)

where the NV = 4 super Yang-Mills theory coupling is given in terms of the string
coupling as
gon = 4Tgs . (2.3.5)
Regarding the Sy term, in the Maldacena limit we may do an expansion
for small powers of x, which is given in terms of g5 and o’ as

k2 = 641" g%a’?. (2.3.6)
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Then, expanding the metric as g, = 7., + khy, We obtain schematically

1
Shulk ﬁ Az v—gR+ O(RQ)
N /dl% [@m? +w(omPn+ -} . (2.3.7)

where other massless bulk fields have not been explicitly indicated, for simplicity.
Likewise, the interaction terms between open-closed strings in Sjy. are propor-
tional to positive powers of k. Therefore, taking the Maldacena limit o/ — 0, the
dynamics in the bulk decouple from the brane dynamics and gravity becomes
IR-free.

We see then that, within the D-brane perspective and in the Maldacena

limit, Type IIB string theory decouples in two distinct systems
St =Ar+ By, (2.3.8)
where
e System A;: N =4 SU(N) Super Yang-Mills theory in R*.

e System B;: Free supergravity in R0,

2.3.2 The Black-Brane Perspective

Let us now study the same system from a different perspective, by taking the
Maldacena limit in the non-linear sigma model for string theory on a D3-brane
background. We rewrite the solution (2.1.30) using the inverse coordinate z =

L?/r. The result is

I v LB
ds®> = o) [H(z) Y2y datda” + H(z)Y? (d22+z2dQ§)}
= GundzMdzN, (2.3.9)
with
- L
H(u)=1+ . (2.3.10)
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Substituting this metric in the Polyakov action, one has

S, = ! / 2o/ —hh® Gy (2)0gz™M Oy

ViV de%

2 ~
_ r /d2a\/ —hh®PG v (2) g™ Oy (2.3.11)

4red

where we have made a rescaling of the metric as éMN(m) = Gun(x)/L?. We

notice that the prefactor in (2.3.11) can be rewritten as

L? A
= 2.3.12
4o 47’ ( )
where we have introduced the t’Hooft coupling
A=gsN. (2.3.13)

In the Maldacena limit, gs and N (and consequently \) are kept fixed while
o/ — 0. This means

LY =47 a’? =0, (2.3.14)

from which we have H (z) — 1 and the metric Gy becomes

1
= (nuwd'dz” + d2* + 2°dQ3) . (2.3.15)

éMNdxM daN =
Then, in this regime the metric is AdSs x S, with unit radius. Therefore, the
Maldacena limit “zooms” into the near-throat region of the D3-brane solution
and the Polyakov action reduces to a string sigma-model on AdSs x S°, with
string tension proportional to T ~ 1/v/A. Physically, this means that in the
Maldacena limit only the the near-horizon AdSs x S° region contributes dy-
namically to the physical description of the system, while the dynamics of the
asymptotically flat region decouples from the theory. A simple schematic way

to how this can be so, is by proposing a series expansion on o’ of the effective

action in a background with Riemann tensor R
Lo, = 10/ R+ 20/ ?R* + c30/ R + -+ | (2.3.16)

The asymptotically flat region is characterized by scales r > R, where we note

that we are using the original radial coordinate for the metric, r. Then, one
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proposes that in this region the Riemann tensor scales as R ~ 1/r?. We then
obtain

2

Leg. = c10/r72 + 2/ 2r 30/ 0+ (2.3.17)

so, if one keeps the scale r fixed, then in the limit o/ — 0 the contribution from
the asymptotic modes vanish.

In this manner then, the system is decoupled in low energy massless super-
gravity modes in the asymptotically flat region of the bulk on the one hand, and
in arbitrary energy excitations near the AdS throat on the other. Let the energy
in string-length units of these near-throat excitations as measured from the ra-
dial position r be Vo' E, = const. These near-throat energies can in principle be
arbitrarily large. However, because of the gravitational red-shift, from the point

of view of an observer at r — oo these excitations look like

L4 —-1/4
Eoo =/—g00E, = (1 + r4> E,. (2.3.18)

Since we want to consider modes that are in the near-throat region, then, while

taking the Maldacena limit the radial distance of these modes must satisfy
r .
—  Fixed. (2.3.19)

Q

With this condition in mind, the red-shift factor is

4N —1/4 12\ —1/4 /N 2 —1/4
<1+L4> = <1+4“40‘> <1+47m (O‘) 12>
T T T T
—1/4
o'\? 1
~ |4 — ] = 2.3.2
( A ( 7’) 7’2> (2.3.20)

where in the second line we have used the fact that A and r/a’ remain fixed

while r — oco. Then

r
T E, ~ o= const. (2.3.21)

The conclusion is that one can have any kind of string excitations close to r = 0,

Eso ~

since their energy measured at the asymptotic flat region is finite. These modes

are then decoupled from the massless modes in the bulk region.
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From these discussions we conclude that, from the black-brane perspective,
in the Maldacena limit our original Type IIB string theory decouples in two

systems

Srr = A + B, (2.3.22)
where

e System A;;: Full quantum superstring theory on AdSs x S°.

e System Bj;: Free supergravity on R1°.

2.4 The Maldacena Conjecture

The main conclusion from the discussion in the previous section is that, both in
the black-brane perspective and the D-brane perspective, the Maldacena limit
realizes a decoupling of the original Type IIB theory in two well-defined and
distinct systems, A and B. Moreover, one finds that system B, which is super-
gravity in flat space-time, is the same in both perspectives: By = Byy. Since the
actions St and Sy provide equivalent descriptions to the same system, then one
is led to identify A; = Aj;. This conjecture would implies in fact to identify
N =4 SU(N) Super-Yang-Mills theory in 3 + 1 flat space-time with Type I1IB
superstring theory on a AdSs x S® background. This is the main essence of the
Maldacena conjecture, which we now state in its strong form. The AdS/CFT

correspondence conjectures the equivalence of two theories:

e N =4 SU(N) Super Yang-Mills theory in R* generated by massless open

string modes.

e Type IIB Superstring the theory on AdSs x S°, with integer flux of the
five-form Ramond-Ramond field strength N = |, g5 I5, generated by the

massless closed string modes.
The parameters of both theories are related by
gs = dmgiy, L' =4mg,No'?, (2.4.1)
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and the parameter N, which labels the the gauge group of the field theory,
corresponds to the five-form flux in the dual Type IIB string theory description.

As said, this is the strong statement of the conjecture. We have already seen
that in order to motivate the conjecture, one has to take the Maldacena low-
energy limit. However, for us to gain a better understanding, we must investigate

additional limits. One of them is given by

o t’Hooft Limit. Take N — oo, while keeping the t’Hooft coupling A\ =
g2y N = gsN fixed.

The consequences of taking the t’Hooft limit are well known in both sides
of the duality. In the N/ = 4 super Yang-Mills theory, this limit corresponds to
the planar sector in perturbation theory. Indeed, in large N theory, the theory
has a convenient topological expansion. Starting from double-line notation for
adjoint U(N) fields [68], it is found that each Feynman diagram can be mapped
into a two-dimensional surface, which can be assigned an Euler characteristic
X = 2 — 2g, where g is the genus of the surface. It is found that vacuum-to-

vacuum diagrams are proportional to
N2729)\E=V (2.4.2)

where E and V' are the number of propagators and vertices, respectively. Then,
since g > 0, in the large N limit diagrams whose associated surface have g #
0 are suppressed by 1/N29, leaving only the planar (genus g = 0) diagrams
contribution in the perturbative expansion.

Meanwhile, in the gravity side of the duality, the string coupling can be
expressed as gs = A/N, so the regime of fixed A and N — oo means that g5 — 0.
This corresponds to weak-coupling string perturbation theory. The perturbation
expansion of string theory is a genus expansion of the world-sheet. Correlators
on a surface of genus g scale as 939_2. Then, since in this regime g; — 0,
contributions from higher-genus surfaces are dropped. From this we conclude

that the t’Hooft limit corresponds to classical string theory.
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2.4. The Maldacena Conjecture

We see then that this weaker form of the original conjecture nevertheless
still proposes a very non-trivial equivalence between the large NV, planar limit of
N =4 SYM on R* and classical Type IIB string theory on AdSs x S°. However,
as opposed the flat space-time case, classical string theory in curved backgrounds
with R-R fluxes is still poorly understood. It is then convenient to look for a
more tractable regime. Given that in the t'Hooft limit one is left with A\ as the

only free parameter, one can take the additional limit

e Large )\ Limit. Take both N — oo with fixed A\ = g%MN, and then
consider A > 1.

In this limit, the N' = 4 super Yang-Mills theory enters the strongly-coupled,
non-perturbative sector. However, in the gravity side of the duality, we find
that the Type IIB string theory reduces to classical supergravity. To see this,
we repeat the expansion on o/ performed in (2.3.16), only that in this case we
focus on the near-throat region, where the relevant scale is given by the radius

L. Then the Riemann tensor scales as R ~ 1/L? ~ A~Y/2/a/, so the effective

Lagrangian has a power series expansion in A~1/2
Lo = 1R+ cod/?R?+ 630/3R3 + -
= e AV p AT e (2.4.3)

The substitution of o/ by A as the effective expansion parameter in the near-
throat region is in agreement with the sigma model action (2.3.12). Therefore,
by taking the large A limit, any higher-curvature derivatives drop out from the
effective Lagrangian and the superstring theory reduces to classical supergravity.

From this form of the AdS/CFT conjecture, we observe an equivalence be-
tween classic Type IIB supergravity on AdSs x S® and A = 4 super Yang-Mills
in flat 4D at strong coupling. We then see clearly that when the field theory
side of the duality is strongly coupled, the dual string theory finds itself on

the classical supergravity regime. This strong/weak coupling nature of the du-
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ality will be a very important property when studying holographic models of

superconductivity.

2.5 Evidence for the Conjecture.

2.5.1 Mapping of Global Symmetries.

If the AdS/CFT conjecture is to be truth, then both dual theories should have
the same global symmetries. Since these symmetries do not depend on param-
eters A or N, it does not matter if any side of the duality is in the strongly-
coupled regime. The superconformal group of N' = 4 super Yang-Mills theory is
SU(2,2|4), which has a maximal bosonic subgroup given by

SU(2,2|4) > SO(2,4) x SU(4)r, (2.5.1)

where the first factor corresponds to the conformal group and the second corre-
sponds to the internal R-symmetry group. These two groups are matched by the
isometry group of AdSs x S°, given by SO(2,4) and SO(6) = SU(4)g, respec-
tively. The completion into the full SU(2,2|4), which has 32 supersymmetries
is less straightforward. The N D3-branes present in the Type IIB string theory
are half-BPS, which preserve only half of the theory’s original Poincaré super-
symmetries 32 — 16. The remaining 16 supersymmetries needed to a complete

match are supplemented by 16 conformal supersymmetries in the AdS limit [69].

2.5.2 Mapping Bulk Fields to Boundary States.

In a previous section, we have described how irreducible representations of N' = 4
SYM theory can be described by the spectrum of superconformal local operators,
and the special importance of primary superconformal operators in the construc-
tion of such a given irreducible representation. We now need to describe how
such representation of the gauge theory can be mapped to the bulk theory. To do

this, one focus on the massive and massless Type IIB string degrees of freedom
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living in AdSs x S°. Let one such stringy generic degree of freedom be referred
as ¢(z,y), where z#, 4 =0,1,...,4 are AdS; coordinates and ¥y, m =1,...,5

are S° coordinates. Such a generic field can then be decomposed as
o
$(z,1) =Y Ya(y)oa(z), (2.5.2)
A=0

where ¢ (z) lives on AdSs, YA (y) is a complete basis of spherical harmonics on S°
and A labels the SO(6)g representations. Because of this compactification, the
fields receive a mass contribution. Computing the eigenvalues of the Laplacian
on S° for different spins, one finds the following relations between bulk-field

masses and boundary operator’s scaling dimensions [70, 71]

Scalar m?L? = A(A —4) (2.5.3)
Spin 1/2, 3/2 |m|L =A -2 (2.5.4)
p-form m’L* = (A —p)(A+p—4) (2.5.5)
Spin 2 m?L* = A(A —4) (2.5.6)

Therefore, the stringy degrees of freedom are compactified in a Kaluza-Klein
reduction and organized in terms of the quantum numbers of the shared global
symmetries of both theories. Then they are matched to the boundary-theory’s
superconformal operators in a given representation labeled by those same num-

bers.

2.6 Scalar Fields in AdS5 and their Holographic descrip-
tion.
We now focus on the study of scalar fields on the bulk side of the duality. We

consider the Klein-Gordon Lagrangian for such field in the general case AdS441,

which we write as

1
ds* = o) (nudztdz” + sz) , (2.6.1)
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where we have set L = 1 for simplicity. Then the Klein-Gordon Lagrangian for

the scalar field is

5 — _% / dz de /=g (gMN O ¢Ond + m26?)

1 1
= oy [ dedin g (PP + 0,000+ M) L (262)

We rescale ¢ as ¢ = 2%21) and define the coordinate y = —In z such that the

kinetic term for 1) becomes canonical

y=—00"

(2.6.3)

1 d? d -
S — —Q/dyddx {(8yw)2 _’_6*21/77#1/8“1/}8”1/]_’_ <m2 + 4) w2}+4/ddxw2 Yy=00
Focusing in the v field’s mass, we will have a positive Hamiltonian if m? satisfies

m22_27

(2.6.4)
which is called the Breitenlohner-Freedman (BF) bound [72]. Therefore the
system is stable for scalars with mass-squared above the BF bound. We note
that the BF-bound gives a window of possibility for the existence of tachyonic
scalar fields. This is a consequence of the AdS geometry.

In addition to the bound on the mass, we can obtain similar bounds on the
dimension A. These bounds come from the requirement of having normalizable
scalar field solutions. In general terms, any scalar field solution ¢(z, x) such that
the action remains finite S[¢] < oo is called a normalizable solution. One can
have in fact two ways to define the scalar field norm, which differ to one another
by boundary terms [73]. The first of these norms comes directly from the scalar
field action. Indeed, starting from (2.6.2) and assuming a general near-boundary
behavior ¢ ~ F(a:)zA one can easily find that the z-integral is finite near z =0

only if

d
A> =
>2

(2.6.5)

On the other hand, one can define a second norm by taking the original scalar
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field action (2.6.2) and by integrating it by parts to obtain
1
S = —3 /dz diz/=g ¢ (—Vg + mg) 10)

1 1 d—1 ? ’
= -5 /dz dda:ﬁqﬁ { (—Bf¢ + 7az¢ - TZ¢> —dn* 8,u¢aV¢} J
(2.6.6)

where in the second line we expanded the operator V2. If we again propose a
near-horizon decomposition ¢ ~ zAF(x), then the term inside the parenthesis
in the second line is proportional to (A(d — A) +m?)F(x) and vanishes on-shell.
We are then left with the contribution from the kinetic energy in the transverse
x-coordinate space, and in order to have an finite action near z = 0 the mass
must satisfy

d

Ao -1 (2.6.7)

The different normalization bounds (2.6.5) and (2.6.7) also set additional
bounds on the scalar field mass. As a starting point to see this, one must first
look at the asymptotic z — 0 fallout of the scalar field, which can be found from
its equation of motion

J%aM (V=99"Noné(z, 7)) — m2é(z,x) = 0. (2.6.8)

Proposing a plane wave ansatz ¢(z,z) = e*¢(z), one has

2419, (zl_dﬁng) - (m2 + k:2z2) $»=0. (2.6.9)

In the asymptotic AdS boundary z — 0, the k? term can be neglected and the

field solution behaves as

¢z, 7) = ¢1(2)2 + do(a) 2™ + -+, (2.6.10)
where we define
Ar=3u Ly e (2.6.11)
+= 5 1 . .6.

We note that (2.6.11) can be obtained from the equation
A(A —d) =m?, (2.6.12)
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which is a d-dimensional generalization of the relation between mass and scaling
dimension already found in (2.5.3).

We now return to the normalization conditions and compare them with
(2.6.11). In the case of the first condition (2.6.5) we find that, for instance
in the m? > 0 case, only the Ay is normalizable, while the A_ is divergent.
If one lowers the mass in the range —d?/4 < m? < 0 one finds that both
modes vanish but only one is normalizable. On the other hand, comparing the
alternative normalization condition (2.6.7) one finds that in the range —d?/4 <
m? < —d?/4+1 both Ay modes are normalizable. We note that the lower limit
coincides with the BF bound (2.6.4). In the limit case m? = —d?/4 one finds
that A, = A_ and there is the appearance of a non-normalizable logarithmic
term. For lower values, one has complex dimensions A, which reflects the fact
that the theory is unstable as mentioned before.

We will now show how the bulk field modes A can be matched holograph-
ically to expectation values of operators on the boundary field theory. For sim-
plicity, the normalization status of each mode is referred with respect to the first
of the possible norms explained above. We then accordingly refer to the A4 and
A_ modes as the normalizable and non-normalizable modes, respectively. The
normalizable solution describes bulk excitations and decay at the AdS boundary.
On the other hand, the non-normalizable modes define boundary fields given by

¢o(x) = lim 272 ¢(z, 7). (2.6.13)

z—0

An important fact to see how the non-normalizable mode can be interpreted
holographically is that the boundary data ¢g entirely determines the bulk field
¢(z,x) and in consequence the regular mode ¢;(z) follows from ¢y and the
equations of motion. The freedom with which one can specify the boundary field
¢ corresponds to the freedom of adding an arbitrary source in the boundary
field theory. Therefore ¢g should be seen as the source for an operator Oa(z)

living on the boundary. From the field theory side then one has a generating
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functional I'[¢g] given by

e Tloo] = <exp <— / ddx¢o(x)0A(x)>> . (2.6.14)

One now relates holographically the field theory generating functional with the

partition functional on the string theory side Zstring(¢0) by [3, 4]

e~Tlo] = <exp (- / ddx¢o(a;)OA(x)>> = Zring(00) - (2.6.15)

where Zgiring (¢0) is evaluated on-shell with boundary value ¢g. Equation (2.6.15)
is sometimes referred to as the master equation of the AdS/CFT duality. The

generating functional can be expanded as

Flgo] = T[0]+ / ddo(x) (Oa(2)),

—% /ddajlddx2<bo(x1)¢o($2) (OA(71)OnA(22)),.

SR (2.6.16)

which clearly satisfies the usual quantum field theory relation for the generating

functional
6l[po) N
S0y~ (Oal@he (2.6.17)
6°T [¢ho]
Sholm)ogolm) — (Ca@IOa@)). . (2.6.18)
5T (o]

Sdo(z1) - 660 (an) (=1)" (Oa(@1) -+ Oa(zn)), ,  (2.6.19)

and where in the right hand side of these equations we always refer to the QFT
connected correlation functions (- - - ).

Meanwhile, in the supergravity limit, the action in the string partition func-
tion Zsuring(¢0) is the classical action (2.6.2), and one obtains on-shell

Zstring (o) = — lim zd+1_2A/d:rd (zA_dqﬁ(z, x)) 0, (ZA_d(b(z,x)) , (2.6.20)

z—0
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But near the boundary one can substitute

A7 (z ) — ¢ola), (2.6.21)

0, (zﬁf%(z,x)) S (2A — d)222 414 (2) . (2.6.22)

So comparing (2.6.16) and (2.6.21) one identifies the non-normalizable mode

with the vacuum expectation value of the field theory operator Oa

(Oa(z)) ~ d1(z). (2.6.23)

We then see that the holographic relation (2.6.15) identifies the scalar field
asymptotic coefficient ¢ with the field theory operator Oa(x), of scaling di-
mension Ay as given by (2.6.11), while it interprets ¢y with an external source
to that same operator.

Regarding the secondary definition of scalar field norm, as we already pointed
out, there is an interval of masses in which both A are normalizable, which leads
to the matter of how these modes are to be interpreted holographically. It turns
out that when both modes are normalizable, it is possible to choose from either
one of them which one is to be dual to a boundary operator of scaling dimension
given by the mode of choice. The choice of the A, mode is called the standard
quantization, while that of the A_ mode is called the alternative quantization.
Thus, by choosing the alternative quantization, one then has to interpret the
asymptotic coefficient ¢1(z) as the external field theory source to an operator
of dimension A_. Then one concludes that in this case it is the choice of mode
as much as the particular value of the mass that defines the field theory on the
boundary in the sense that, for masses in the interval —d?/4 < m? < —d?/4+1,
one can have two different AdS theories that correspond to different CFT’s, one
with an operator of dimension A and the other with an operator of dimension
A_. Furthermore, the generating functionals I'[¢1] and I'[¢g] are related by a

Legendre transformation [73].
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Holographic Superconductivity

In this chapter we will intend to merge our previous discussions on high temper-
ature superconductivity and on the AdS/CFT duality. Our principal aim will be
to realize a consistent holographic description of superconducting phenomena, to
which we will refer to as holographic superconductivity. For additional reviews on
applications of the AdS/CFT duality in condensed matter system in general, and
in holographic superconductivity in particular, see e.g. [74, 75, 76, 77, 78,79, 80].

As we have already seen from the spin-fermion model at the end of Chapter 1,
there is strong indication that any microscopic theory attempting to describe the
high-T, superconductivity will be in the strong-coupling regime, so that the usual
perturbative techniques will no longer be applicable. Furthermore, one also finds
that the standard quasi-particle picture of interactions may not longer be suited
to this kind of systems, and that there is need for a different kind of fundamental
approach in order to describe high-T, superconductors. Now, as we have seen in
the previous chapter, the AdS/CFT correspondence is a strong/weak coupling
duality, meaning that one can describe a strongly coupled boundary quantum
field theory in terms of the dynamics of a dual classical supergravity theory living

on the bulk. It should be noted that in the holographic setup the dual field theory
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will be a SU(N) gauge theory in the large-N regime. This class of theories can
in principle have a different microscopic Lagrangian, with different degrees of
freedom and mechanisms for fermion-fermion coupling than that of usual high-T,
superconductors, like the cuprates. However, they are nevertheless theories in a
strong-coupling regime which, as will be shown, indeed exhibit superconducting
phenomenology. There is also some indication that these holographic models of
strongly-coupled superconducting theories do exhibit some universal phenomena
that are shared by the cuprates [81, 82]. In any case, being able to solve toy-
models supplied by holographic superconductivity may help us to gain important

physical insight on how real world systems work.

Concerning holographic superconducting models, there are two possible ap-
proaches one can follow in their construction. The first one of these is the
bottom-up approach. This approach was introduced and is best exemplified in
[83, 84, 7]. In this approach, one constructs reasonably simple bulk models
which are intended to generate specific superconducting phenomena in the dual
field theory. In this sense, it is an effective approach in the bulk-theory side,
whose main purpose is to give a phenomenological description of the physics of
the dual field theory. The drawback to the wide array of physical phenomena
that can be modeled in this approach is that there may not be a clear way to
embedded these simple bulk models in the context of a full blown supergravity
or string theory, with a well understood dual field theory. In order to address
this question, one can instead follow the opposite way in a top-down approach,
and start with a well defined, higher-dimensional gravitational theory, like string
theory, M-theory or supergravity and then compactify and make a consistent
truncation to a particular, definite sector of this “parent” theory. This trun-
cated sector would in turn be dual through the AdS/CFT correspondence to a
gauge theory with superconducting behavior. For some excellent examples of
research in this approach, see [20, 85, 86, 21]. However, although by following

this approach one could have obtained a consistent holographic description of
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superconductivity which is traceable to a full supergravity theory, this approach
also has a drawback. These truncations usually constrain the parameters of the
resulting relevant bulk sector so much that there is not much room for accom-
modating the phenomenology of real systems. In any case, both approaches are
complementary to each other and needed in equal share if one wishes to have a

complete, consistent understanding of holographic superconductivity.

3.1 Minimal Superconductivity.

When confronted to determine the particular minimal components and form
of a holographic superconductor, one can gain valuable insight from general
phenomenological considerations. In particular, one can look for the very basic
symmetries and components of any given superconducting theory, so one can
get an idea of what sort of bulk-theory characteristics are needed to generate
them holographically. In order to do this, we will follow the arguments posed
by Weinberg in [87]. In very general terms, one starts by assuming that any
superconducting system allows a theoretical description as a quantum gauge
theory. More concretely, this theory will posses the usual electromagnetic gauge
invariance, which means the presence of a U(1) field. One then must demand

invariance under the gauge transformation
Ay(x) = Ayu(z) + Opa(x), (3.1.1)

where the transformation acts in the usual manner in the theory’s fermionic or
bosonic degrees of freedoms. The next step is to make the phenomenological
assumption that the superconducting phase transition is caused by spontaneous
symmetry breaking of the U(1). This generates a massless Goldstone boson

which behaves as a phase and therefore transforms under U(1) as a shift

G(z) — G(z) + a(z) . (3.1.2)
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Gauge invariance of the theory means that the Lagrangian describing the gauge

and Goldstone fields must have the general structure
L= / & F[A, - 0,G] , (3.1.3)

where the function F depends on the combination A, — d,G, which is invariant
under the gauge transformation described above. The electric and charge density

are then given by

To= ST (3.1.4)
5F 5F

pr— e ¢1-

P=5A0 " T5(0,G) (3.15)

where in the last equation one uses that fact that F depends on the gauge

J =

invariant combination A — dG. From (3.1.5) one sees that —p is the conjugate
momentum to G. Therefore, in the Hamiltonian description the energy density

‘H is a function of p and G, and the Hamilton equation to G is then

0H
0,G=——. 3.1.6
h 5 (3.1.6)
This equation represents the change of energy density due to a variation of the
charge density p, i.e. the electric potential V. Then, one can relate the time

derivative of the Goldstone boson with the potential as
0,G=-V. (3.1.7)

One can now consider the stationary case, which physically means a steady
current flow. Since in that case there is no explicit time dependence, then
0;G = 0 and the electric potential is therefore zero. One has then obtained a
system with a steady flow of current through it and without any electric potential
to sustain it. This is then a system with infinite conductivity, i.e. a system in a
superconducting state.

We have thus found that a minimal theory describing basic, defining super-
conducting physics can be obtained from very simple phenomenological assump-
tions, namely, the presence of U (1) gauge symmetry and its simultaneous break-

ing. Furthermore, the particular microscopic details of the fermion-pairing or of
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the symmetry breaking mechanism are not essential in this minimal description.
This explains the fact that an effective description such as Ginzburg-Landau the-
ory can provide such a good phenomenological description of superconductivity

starting from rough physical intuition.

3.2 Minimal Bulk Field Content.

From the analysis in the previous section we have obtained a very general idea
of the indispensable physical characteristics that any bulk gravitational theory
should be able to generate holographically in the dual field theory at the bound-
ary. In the most basic setup, the U(1) symmetry in the field theory requires a
U(1) gauge field in the bulk theory, while the requirement for symmetry break-
ing calls for the introduction of a scalar field, charged under the U(1). In this
line of thought, we can the list the very minimal ingredients any bulk model of

holographic superconductivity (in its simplest setting) must contain:

e U(1) local symmetry. According to the AdS/CFT dictionary, a local
U(1) symmetry in the bulk theory will correspond to a global U(1) sym-
metry in the boundary. It is important to note, however, that the theoreti-
cal description of superconducting phenomena require a dynamical photon
and that a global U(1) symmetry in the boundary theory is actually more
suited to the description of a superfluid. Nonetheless, when studying mag-
netic phenomena in holographic superconductors, one observes that the
bulk gravitational models do actually give rise to diamagnetic currents in
the boundary field theory that account for the Meissner effect, which is an
eminently dynamical phenomena. As we shall argue latter, one can always

assume that the global U(1) symmetry can be weakly gauged.

e U(1) gauge field A,. This field is required by U(1) symmetry invariance
and is holographically dual to a global U(1) current in the boundary. Ad-

ditionally, its temporal component will introduce the presence of a charge
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3.3. Minimal Bulk Theory.

density in the boundary theory. This charge density will in turn add an

energy scale to the system.

e Complex Scalar field W. This bulk degree of freedom represents the
charged condensate as it will be dual to a s-wave order parameter in the
superconducting theory. It can be physically interpreted as an effective
holographic description of the bosonic condensate of some multi-fermion
bound state in the dual field theory. Furthermore, when following a phe-
nomenological bottom-up approach, the scalar field’s mass and charge in-

troduce the most basic set of input parameters in the bulk model.

e Gravity. In the minimal setup, one considers Einstein-Hilbert gravity
with a negative cosmological constant in order to have AdS vacuum so-
lutions. Since superconductivity is a thermal theory, one introduces tem-
perature by considering black-hole solutions in the bulk. This way, the
Hawking temperature of the black hole is translated to the temperature of
the superconducting system, according to the AdS/CFT dictionary [88].
Since we want our dual field theory to have a chemical potential or charge
density, we must look for charged black hole solutions. Indeed, as we shall
see, the presence of a charged black hole in the system will allow us to
have gauge field solutions that will add a chemical potential or a charge

density needed to describe superconductivity in the dual field theory.

3.3 Minimal Bulk Theory.

Having proposed the minimal ingredients of the bulk theory, one now determines
their dynamics by writing the simplest action, which in the general dimensional

case is

1 1

d(d
d v
S = 5.3 d +1x\/§{R— 4F“ F.+

-1
LQ) + (DM\IJ)*D‘U\I/ — m2 |\If|2}
(3.3.1)
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where R is the scalar curvature and the Einstein-Hilbert action is coupled to the
complex scalar field ¥ and the gauge field A,. Also, the field strength is given
by F,, = 0,A, — 0, A, and the gauge-covariant derivative is

D,V = 8,V —igA,V. (3.3.2)

The Lagrangian (3.3.1) contains the parameters m? and ¢, which are the scalar
field’s mass and charge, respectively. In a phenomenological approach, these are
considered input parameters which can be varied within the acceptable ranges
in order to probe some physical properties of the dual field theory, like its tem-
perature. In more refined approaches one can modify the action (3.3.1) with
different structure functions and potentials [89, 90].

The choice of dimension of the bulk model (3.3.1) is phenomenological. As
we saw in Chapter 1, in the case of the cuprates superconductivity is realized
in the copper-oxide planes, so it can be regarded as a quasi-two dimensional
system. Therefore, for most models of holographic superconductivity, the dual
bulk theory lives in AdSy or AdSs. We call attention in particular to the D =
3 + 1 case, by which the general subject of holographic superconductivity was
introduced in [7], and to which we will refer to as the HHH model, that we review
in what follows.

The equations of motion arising from (3.3.1) are given in general by

D, D"V = m*V, (3.3.3)

VEE, = iq(¥*D,¥ — ¥(D,¥)"), (3.3.4)

R, — gg,w - d(;iL_Ql)g,w = %F#AF,,A —~ Fo‘ﬁgFaﬁgW — m2£\11|29/w - |D§I|29W
+% (D, YD;¥* + D, VD, T*) (3.3.5)

where we have set 2x2 = 1, for simplicity. We check that, in the absence of

scalar and gauge fields, the theory does contain the AdS441 solution

2

T dr?
d82 = F (—dt2 + dngl) + LQW s
U(t,r,@) =0, A,t,r, @) =0. (3.3.6)
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In order to solve the equations of motion (3.3.3)-(3.3.5), one proposes the

following ansatz for the metric and fields

2 —x(r) 742 dr? r’ 2
ds* = —g(r)e dt* + ) + ﬁdajd_l , (3.3.7)

A= ®(r)dt, U =Y(r). (3.3.8)
In taking the gauge field ansatz (3.3.8), we have implicitly chosen the radial
gauge A, (r,t,¥) = 0. This choice has the particular advantage that it results in
a constant phase for the complex scalar field, which can then be set to zero. We

then redefine the scalar field in term of a real function i (r) as
U(r) =1(r). (3.3.9)

For the case of D = 341 bulk-dimensions, the equations of motion under ansatz

(3.3.7)-(3.3.8) are

/ / ) 2 12 x 2
w”+(9—’<+r>w’+q¢e v-Gov = 0, (3310)

g 2 9°

/ 9 9 2,02

¢u+(>;+) -2~ 0, (3311)
r g

2 12,12 %
quh% = 0, (3.3.12)

1 20X / 1 3 m2u? 2242eX
2¢/2+¢4g +%+72_QL2+ 2;” +q¢2;; = 0, (3.3.13)

where we have set L = 1, for simplicity. We see from the equation for the scalar

field v the presence of an effective mass, given by

2 42 x
2y =m? - L2 (3.3.14)
g

and where we note a negative sign in the gauge contribution. The presence of
this relative sign is a very important fact since, as will be explained below, it
will ultimately result in making the gravitational system unstable and produce
condensation in the dual field theory.

In looking for solutions for the system, one can make use of the following

scaling symmetries
r—ar, (L) (tLw)/a, g—dg, ¢ —ad, (3.3.15)
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and

eX — a%eX | t — at, o — ad, (3.3.16)

which leave the equations of motion and the metric unchanged. By means of
these symmetries one can set 7, = 1 and x(ry) = 1 at the moment of solv-
ing the equations of motion, thus simplifying the numerical computations in a
considerable degree.

In order to solve the equations of motion (3.3.10)-(3.3.13), one has to impose
boundary conditions. Regarding the metric ansatz (3.3.7), one must demand
that it behaves asymptotically AdS. This means that the functions f(r) and

Xx(r) must behave at r — oo as
g(r)%r2+’ X(r)",.:—’_,()—i—’ (3317)

where the dots denote subleading corrections in r. In addition to this, one must
also impose the condition g(ry) = 0 in order to obtain a black hole solution
with horizon rj,. As said before, this introduces a finite temperature at the dual
field theory through the Hawking temperature of the black hole, which can be
obtained by analyzing the near-horizon behavior of g(r). Indeed, making the
change to euclidean time ¢ = i and the near-horizon coordinate z? = (r — ry,),

the metric ansatz (3.3.7) becomes

2
/ —x(rr)/2
ds® ~ dz* + (g(Th)Z) 2dr? - (3.3.18)

Asking for the absence of a conical singularity at the origin, one then requires

the euclidean time to have the periodicity

47

T ~T+ g/(rh)67><(rh)/2 )

(3.3.19)

and recalling that the inverse period of the Euclidean times is equal to the

temperature one has
g/(rh)efx(,rh)/2

T —
4

(3.3.20)

95



3.3. Minimal Bulk Theory.

Regarding the gauge field, one notes that, because of the presence of a horizon
in the metric, the norm of the gauge field’s time component A; = ¢(r) diverges

near the horizon

gt (rp)é(rp)? — . (3.3.21)

Therefore, in order to obtain finite physical quantities, one imposes the following
horizon regularity condition

¢(rn) =0. (3.3.22)

Regarding its asymptotic, near-boundary (r — oo) behaviour, from the equa-

tions of motion one obtains in the general dimensional case

o(r) = 1+ rdL_? T (3.3.23)

The asymptotic coefficients p and p are identified holographically with the charge
density and the chemical potential, respectively. To see this, one remembers
that, according to the AdS/CFT dictionary, the leading, non-normalizable bulk
mode p is associated with a source of the temporal component of a U(1) current
Jy, in the boundary field theory, while the subleading term is proportional to
the vacuum expectation value of J;. Generally speaking, the source A, (co) is

coupled to a vector current J, as

/ d%z Aloy T (3.3.24)
where A’(‘O) = AH(00) is the boundary value of the bulk gauge field. Since in our

particular ansatz only the gauge field’s time component is different from zero,

we have
/ dz ¢y Ji = / d*z ¢)p (3.3.25)

where we used the fact that the temporal component of the current density is
the charge density of the system. Since from (3.3.23) ¢y = i, with 4 depending

only on the radial coordinate, then
,u/ddx p=unQ, (3.3.26)
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where we have now used the fact that the integral on the left-hand-side of (3.3.26)
represents the system’s total charge ). In this manner we see that the holo-
graphic identification of the bulk gauge field’s asymptotic modes is physically
consistent and that the charged black hole solutions in the bulk represent a dual
field theory with finite charge density. We choose to fix the value of the charge
density of the system to unity p = 1, for simplicity. By fixing this value, we
are effectively choosing to work in the canonical ensemble. On the other hand
one could choose to set a fixed chemical potential u, thus working in the grand
canonical ensemble. As it turns out, both ensembles are connected by a Legen-
dre transformation [15]. For more on boundary conditions for vector fields, see
[91].

Regarding the asymptotic » — oo behaviour of the bulk scalar field v, one

finds through the equations of motion

V- Y
gt T (3.3.27)

where, as has already been seen in the previous chapter, AL come from solving
the equation m? = A(A—d). As we have discussed in the previous chapter, one of
the modes ¢_ or ¢4 (depending on whether we are using standard or alternative
quantization) will be fixed and will correspond to a source in the dual theory.
It will be fixed to 0 as a boundary condition, while the remaining mode will be
associated with the vacuum expectation value of a conjugate operator. In this
manner, one has two different quantization schemes that correspond to different
boundary field theories.

In choosing a particular quantization scheme, we are interested in obtain-
ing spontaneous condensation of the scalar field. Indeed, a non-zero profile for
the bulk scalar field will correspond to a non-trivial expectation value for the
dual field theory operator. Since this operator is charged under a global U(1)
symmetry, then this symmetry will be spontaneously broken. This spontaneous
symmetry breaking will lead the dual boundary system to a superconducting

phase. Therefore, we will look for bulk solutions that translate into a scalar op-
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erator that acquires an unsourced, non-trivial vacuum expectation value. This

means setting one of the modes to zero, and the quantization schemes are sum-

marized as
Yo=0, gy =(04), (3.3.28)
or, for the alternative quantization (when possible)
by =0, = (0_). (3.3.29)

From the point of view of the boundary field theory, the operators (Oy) are
interpreted physically as the superconducting order parameters of the system.

In the concrete case of the HHH model, and setting the value of the mass

as m? = —2, then the asymptotic behaviour of the scalar field will be given by
(@] (@)

RS 1+ 22_|_...’ (3.3.30)
r r

so that the quantization schemes (3.3.28) or (3.3.29) we can consider will result

in condensates O, Os of dimension A =1 or A = 2, respectively.

3.4 The Normal Phase.

In a superconductor in the normal phase, the order parameter vanishes. This fact
translates holographic to a gravitational solution with a null bulk scalar field.
The normal phase of the superconductor is then equal to a hairless, asymptoti-
cally AdS, Reissner-Nordstrom black hole solution. This is given in the general

dimensional case by

1 Q2 d—2 p2
9(7"):7'2—@ (Tﬁ+rd_2) t {92 x(r)=0, (3.4.1)
h
with
d—2
Q= 2 1)p2, (3.4.2)

while the gauge field solution is

o(r)=rp <le_2 — rdl_2> ) (3.4.3)

h
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3.5. The Superconducting Instability.

We note that all solutions are expressed in terms of the charge density, thus
effectively representing the normal phase solutions in the canonical ensemble.
They are also expressed in terms of rp, which is then traded by temperature.

(See equation (3.5.1) below.)

3.5 The Superconducting Instability.

We now study the zero-temperature limit of the Reissner-Nordstrom black hole
solution. This limit describes a finite charge density state analog to a Fermi
Liquid. As we have seen, in Fermi Liquid theory the superconducting instability
comes from calculating the scattering amplitude in the Cooper channel. In an
analogous line of reasoning, we now investigate whether scalar field perturbations
are able to destabilize the background gravitational solution in this limit. If the
Reissner-Nordstrom background is unstable under such scalar perturbations,
then the full backreacted solution will give rise to a non-trivial scalar field profile
in an holographic analogous to the Cooper instability. For interesting research on
scalar instabilities under different AdS setups, see for example [92, 93, 94, 95, 96].

We will follow the arguments of [7, 73, 83, 97]. The Hawking temperature
of the Reissner-Nordstrom black hole (3.4.1) is given in the general dimensional

case as
2d(d — 1)rp, — (d — 2)27"2_2%2
8(d— 1) '

We can make use of the scaling symmetries (3.3.15)-(3.3.16) in order to set

T =

(3.5.1)

rp, = 1. Then, in order to have zero-temperature solution we require
(d—2)
P= —F—"
V2d(d —1)

Now, we can make an expansion of the function g(r) around the horizon

(3.5.2)

g9(r) =g(1) +4'(N)(r—1)+ %g"(l)(r —1 4 (3.5.3)

and since
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then we obtain

g(r)y=d(d—=1)(r—1)>+--- . (3.5.5)

Then, defining the coordinate 7 = r — 1, the metric near the horizon can be
written as

ds® ~ —d(d — 1)/2dt* + di® +dx? (3.5.6)

d(d—1)2
which can be recognized as AdSs x R41. If we were to recover the original AdS
radius L which we have previously set to one, one would find that the radius
squared of the AdS, part is

L2

Liy = a1 (3.5.7)

By plugging this near-horizon, zero-temperature limit of the metric into the

equation of motion for the scalar field, one obtains

y o 2, 2q2 — m?2
z =2 =0 3.5.8
¥ Fw d(d — 1)7721’/} ’ ( )

where we notice that the effective mass of the scalar field is now given by

mag, = 73(261_—21(])2' (3.5.9)
As we have already seen before, an AdS;,1 background is unstable under

scalar field perturbations if the field’s mass in below the Breitenlohner-Friedman

bound. In the case of AdSs, this bound is given by m%p = —1/4, so in the present

case the system is unstable if

d(d—1)

2 2
-2 < —
m q 1

(3.5.10)

Therefore, remembering that the mass already satisfies the AdS;; bound, we

obtain the following range of values for m?

2 —
_d7<m2<2q2_d(d71)

511
1 1 (3.5.11)

Then, by complying to these bounds, one obtains an asymptotic AdS;y; geom-

etry and an instability in the near-horizon AdS,.
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3.6. The Helmholtz Free Energy

3.6 The Helmholtz Free Energy
In general terms, the grand-canonical potential is given by
Q=-TlogZ, (3.6.1)

where Z is the field theory’s thermal partition function. According to the
AdS/CFT prescription, one can compute Z in terms of the gravitational ac-

tion, evaluated on-shell. In the semi-classical approximation, one will have

7 & exp [—Sf;?;’ﬁgl} , (3.6.2)
so one obtains
it
R (363)

Therefore, in order to calculate the grand-canonical potential of the field theory,
one must compute the on-shell action of the gravitational system. For definite-
ness, let us now consider the HHH-model. We start from the Euclidean version

of the original bulk action (3.3.1)

1 4

and where we will set 2k?> = 1 in the following. In order to have a simple

expression for the on-shell Lagrangian, we consider the Einstein tensor

1
G,uu = R;w - QRgMV > (3'6'5)
whose trace is given by
Gl =-R. (3.6.6)

We now note that, since our ansatz (3.3.7)-(3.3.8) has null spatial gauge field
components and has only dependence on the coordinate r, then the xx and yy

components of the Einsteins equations are

1
Guw = Gy = 573 (L—R). (3.6.7)
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Therefore, substituting (3.6.7) in (3.6.6), one obtains
~R=GY+G" +L—-R, (3.6.8)
which yields the simple expression
L=—GY -G = —%2 ((rg)' + (rgexYeX) . (3.6.9)
Substituting back in (3.6.4) and simplifying, we obtain

e - o _
SE:/d%/rh dr (27"9@ X/2) —/d3x (2rge x/2)

In the case of an unsourced theory such as ours, where one of the asymptotic

(3.6.10)

Too

coefficients in (3.3.27) is set to zero, the asymptotic analysis of the Einstein
equations reveals

e—xg:rz_ziﬁ...’ (3.6.11)

where we have denoted the black hole mass as e, which will be interpreted holo-
graphically as the dual theory energy density [7, 98]. Substituting this asymp-
totic expansion in (3.6.10), we clearly see that the action is divergent at r — oo
because of the first term in (3.6.11). In order to make the integral finite, we
follow [7, 99] and regulate the action by adding as counter-terms the Gibbons-

Hawking-York term plus a boundary cosmological constant term

Scw = /d?’x\/fh <2K + i) : (3.6.12)

where h is the induced boundary metric and K is the trace of the extrinsic

curvature

1
KM = —2 (V" +V'nk) (3.6.13)

with n* a unit vector normal to the boundary, pointing outwards. With the

addition of this counter-term, the renormalized action is
Sren. — SE + SGH, (3614)
which is written explicitly as

1
Sren = =3 /d3me. (3.6.15)
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Then, the grand canonical potential is

T
Q:TSren = —2/d3x€
Vs E
- 2.-_=Z 6.1
Ze— -2, (3.6.16)

where V5 is the volume obtained by integrating over the spatial dimensions of
the boundary and where F is the total energy of the dual system. We have also
performed an integration over the compact time dimension, giving the inverse
temperature and canceling T' from the last expression.

In order to study the thermodynamical properties of the system in the canon-
ical ensemble (p fixed), we must look into the Helmholtz free energy F. It is

related to the grand canonical potential €2 by a Legendre transformation
F=Q+4+uQ=-PV+puQ. (3.6.17)

Substituting the result (3.6.16) for 2 in the second equality, we have

E
PV = 3" (3.6.18)
We now consider the Fuler equation
E=—-PV4+ST+puQ, (3.6.19)

where S is the total entropy of the system. Then, substituting (3.6.18) in (3.6.19)

we get

MQ:gE—ST, (3.6.20)

and substituting this result and (3.6.16) back in the first equation (3.6.17), we
finally have
F=E-TS, (3.6.21)

which is the definition for F', showing thus that our framework is consistent. It

is usually more useful to rewrite (3.6.21) in terms of energy densities

f=e—sT, (3.6.22)
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where we have rescaled each thermodynamical potential with the total boundary
spatial volume V5 and where s is the entropy density.

We call attention to the fact that the relation (3.6.18) can alternatively
be obtained by considering that the boundary stress-energy tensor is traceless.

Indeed, from this fact we have
Oz/dsz:—/dQ:cTtt+2/d2xT“:—E+2PV, (3.6.23)

leading to (3.6.18).
A much more convenient expression for F', from the computational point of

view, can be obtained by rewriting (3.6.20) as
2
E = 3 (ST+nQ), (3.6.24)
and substituting this result in (3.6.21), we obtain

F= é (2uQ—ST) . (3.6.25)

or, in terms of energy, entropy and charge densities

f=5Q@up—sT), (3.6.26)

W=

We see that, in this form, the Helmholtz free energy can be computed holo-
graphically in terms of the asymptotic bulk-gauge field modes and on the black
hole area and temperature. In the following, the relevant quantity we will want

to compute is given by

Af = fSupercond. — foorm. (3627)

which is the difference between the free energy in the superconducting and nor-
mal phases. Thus, Af < 0 will mean that the superconducting phase has a
lower free energy than the normal phase, implying that the hairy solution is

thermodynamically favorable.
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3.7 Condensation.

To summarize, in the previous sections we have set a consistent general the-
oretical frame for a model of holographic superconductivity. To do this, we
have proposed a very simple bulk theory, consistent with the minimal features
required for superconducting behavior in the dual boundary theory. Through
the AdS/CFT dictionary, we have given a physical interpretation to each of the
components of the gravity theory, and explained how every allowed bulk theory
solution translates to a different superconducting phase in the dual field the-
ory. In particular, the holographic interpretation asserts that hairy black hole
solutions with well-defined boundary conditions correspond to a spontaneous
symmetry breaking phase in the dual theory. We have also investigated the gen-
eral conditions on the bulk side for instability against hair creation, and claimed
that this bulk instability can be interpreted as an holographic dual of the Cooper
instability in the boundary side of the duality.

Referring to the details of the bulk computations, by making use of the
scaling symmetries (3.3.15)-(3.3.16) and by setting the input parameters m?
and ¢ at fixed values from the beginning, we have engineered our system to
depend only on the temperature T'. By solving the equations of motion for each
field numerically with the prescribed boundary conditions through the shooting
method, one can find the desired solutions for the bulk scalar field which, as said
before, will be dual do the superconducting order parameter in the boundary
field theory. These solutions are found to undergo a phase transition at some
definite value T = T,.! Below this critical temperature, the system admits
two different solutions, one being the usual Reissner-Nordstrom solution with

null scalar field, and the other one being a hairy black hole solution with non-

trivial scalar profile. Both below-T, solutions are characterized by a particular

'In the present HHH model, the phase transition is second-order. Other models of holo-
graphic superconductivity, however, can show a first-order phase transition behaviour. One of

such models is presented in Chapter 6.
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Figure 3.1: Value of the condensate as a function of temperature, for value of
the scalar field charge ¢ = 1. Figure (a) shows the O; condensate, while figure

(b) shows the Oz condensate.

behaviour of the free energy, and the solution with a lower free energy is to be
thermodynamically favored over the other. In figures (3.1a) and (3.1b) we show
the value of the condensates of the HHH model as a function of temperature,
for each quantization scheme as described by the asymptotic expansion (3.3.30),
and where we have set the scalar mass and charge as m? = —2 and ¢ = 1.

A very non-trivial result can be observed in the near-T, behaviour of the
condensates. Indeed, in that region the condensate has a functional dependence

on temperature

(O) ~ (1 —T/T)"? (3.7.1)

which, as we have seen in Chapter 1, is the typical mean-field behaviour for
the superconducting order parameter. As we have already commented, the pro-
posed bulk theory model is very phenomenological in nature, in the sense that
is intended to describe holographically through a simple scalar field the phys-
ical behaviour of the dual field theory’s order parameter. This approach can
therefore be interpreted as a holographic mean-field description of the supercon-

ducting system. Non-mean field behaviour should then be found moving away
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from the large- N supergravity approximation, and therefore deviations from the

standard behaviour (3.7.1) should be controlled by 1/N corrections.

3.8 Magnetic Phenomena.

Since in the following chapters we will be very interested in studying magnetic
phenomena in holographic superconductivity, it could prove of great usefulness
to give a general overview of how magnetic phenomenology is implemented in the
holographic context. We will follow the standard treatment, as first introduced

in [77, 100, 101, 102, 103).

3.8.1 The Meissner Effect

The main focus of our interest in magnetic phenomena will be given by the
Meissner effect and the holographic determination of the critical magnetic field
B.. As already said in Chapter 1, the behaviour of a superconducting system
under the presence of an external magnetic field provides the means for the
phenomenological classification of the material as a Type I or Type II super-
conductor. Whether an holographic superconductor can present Type I or II
behaviour is a subject we will treat in detail in the following chapters. For the
present account, let is suffice to say that the critical magnetic field B, we will
be computing holographically will be the greater critical magnetic field, that is,
the value of the magnetic field mediating within the normal phase and any of
the superconducting (Type I) or quasi-superconducting (Type II) phases.

The usual way to define the critical magnetic field B, is to start in the
superconducting phase and no magnetic field present and, for each value of
temperature T' < T,, increase the magnitude of the magnetic field and look for
the particular value above which the system returns to the normal phase. An
equivalent but more useful point of view, however, could be to start in the normal

phase with a large value of the magnetic field and, for each value of temperature
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T < T, lower the magnitude of the magnetic field until one finds a particular
value B, under which condensation occurs. Holographically, this would mean
starting from a normal, magnetic solution and look for values of the magnetic
field that develop an instability for a hairy black hole solution in the bulk theory
scalar. In the particular D = 3 + 1 case of the HHH model, such a vacuum,
magnetic solution is given exactly by the dyonic metric [104]

d 2
ds* = —g(r)dt* + Wi‘) + 7% (du® + u?dp?) | (3.8.1)

with

1
g(r)=r*— —— (4} + p* + B*) + —; (p* + B?) , (3.8.2)
h

4rr 4r2
and where we are working in polar coordinates for the spatial dimensions of the
boundary theory, dz? + dy? = du® + u?dp?®. The gauge field now includes a

magnetic term
1 1 1.,
A=p|— — - |dt+ -Bu“dy, (3.8.3)
(N 2

from where a boundary magnetic field perpendicular to the z-y plane can be

read
1

; uﬂa}r%oo

Foyl .= = B. (3.8.4)

The Hawking temperature of this black hole solution is then given by
_ 127“% —p?> - B?

T
167r7“%

(3.8.5)

In order to look for hairy solutions, we will fix the dyonic solution described
above and treat the scalar field ¥ as a perturbation under this background,
with boundary conditions at the boundary given by any quantization scheme
we choose from the asymptotic fall-off (3.3.30). We also choose the scalar field
to depend only on the bulk-radial coordinate r and on the boundary-radial

coordinate w, that is, ¥ = ¥ (r,u). As always with the HHH model, we set the

scalar mass as m? = —2. In this manner, the equation of motion for 1) is given
by
1 2 2 2,2
0w (udut)) + 0, (r*90,0) + <qg7f)2(7’ — )2 — %BQ + 27’2> b =0, (3.8.6)
h



3.8. Magnetic Phenomena.

Figure 3.2: Value of the critical magnetic field B, as a function of temperature,

for various values of the scalar field charge ¢q. Figure (a) shows the case where Oy
condenses, while figure (b) shows the case where Oy condenses. In both figures,
going from the top to the bottom figure, the value of the charge is ¢ = 12,6, 3, 1.
which can be solved by separation of variables

Y(r,u) = R(r)U(u), (3.8.7)

so that the equation we obtain are

1 quB 2
U”+uU’+<2> U = -\, (3.8.8)
2 2/¢. 2
(r2gR’)’+(W+2r2>R = AR, (3.8.9)

with the separation constant A = gnB. The equation (3.8.8) for the function
U(u) is that of a harmonic oscillator with frequency determined by B. We will
expect the lowest mode n = 1 of this oscillating boundary profile to be the most
stable solution after condensation. Therefore, the solution for U(u) is given by

the simple Gaussian profile
U(u) = exp (—qBu?/4) . (3.8.10)

In this manner, the superconducting solution will be localized as a droplet con-

densate in the boundary field theory. This is customarily called the droplet
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3.8. Magnetic Phenomena.

solution. Meanwhile, the asymptotic behaviour of the scalar field (3.3.30) is now
carried by R(r), so that one sets the boundary conditions for the equation (3.8.9)
following the quantization scheme for ¢ that one wishes to follow. Solving the
system in this manner, the result will be a curve of solutions (T, B.). In figures
(3.2a) and (3.2b) we show the behaviour of the critical field as a function of
temperature, for both quantizations schemes and for various values of the scalar
charge g. It is very important to note that the critical magnetic field has a
near-1, behaviour

B.~(1-T/T,) , (3.8.11)

which is in agreement with the behaviour predicted by mean-field theory.

3.8.2 London Currents and Dynamical Photons

In standard superconductivity, the physical picture behind the Meissner effect
is the generation, by the external magnetic field, of diamagnetic currents in
the superconductor. Such currents will in turn generate a magnetic field of
equal magnitude and opposite direction that will cancel the external field inside
the sample. This generation of currents clearly requires the presence of a dy-
namic electromagnetic field. In fact, the introduction of such a dynamical vector
field was the main cause behind the success of the phenomenological description
of superconductivity provided by Ginzburg-Landau theory, as we have seen in
Chapter 1. In this description, superconductivity is generated by the breaking of
a local U(1) symmetry, a fact that provides the photon with mass and explains,
for instance, the superconductor penetration length A, among other phenomeno-
logical features. However, when we match this field theory expectation with our
holographic setup that we have built in order to model superconductivity, we
inmediately face some issues. Indeed, according to the AdS/CFT dictionary,
the local U(1) symmetry breaking in the bulk theory that we have been using
to generate hairy black hole solutions, translates to a global U(1) symmetry

breaking in the dual field theory, as mentioned earlier. This means that the
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3.8. Magnetic Phenomena.

dual boundary theory does not contain a dynamical photon, that the material
cannot produce its own opposite magnetic fields and that, strictly speaking, the
Meissner effect should not exist in a holographic superconductor. As first noted
in [7] the solution to this comes from the fact that holographic superconduc-
tors do generate the currents required to expel external magnetic fields (London
currents), and that the dual field theory can be consistently gauged.

To see how the London currents arise in holographic superconductivity, let

us first discuss the London equation (1.1.3) in frequency-momentum space
Ji (w, k) = —nsA; (w, k) , (3.8.12)

which, as we have already seen in Chapter 1, was proposed to explain both the
infinite conductivity and the Meissner effect. In the limit k = 0 and w — 0 we

can take a time derivative of both sides of the London equation and find

J; (w,0) = %E (,0) . (3.8.13)
This relation explains infinite DC conductivity. On the other hand, by con-
sidering the curl of the London equation and the limit ¥ — 0 and w = 0 we
obtain

i€k J' (0, k) = —nyB; (0, k) . (3.8.14)

This relation together with the Maxwell equation V x B = pupJ results in the
magnetic field equation V2B = B/\? (1.1.16) which has as solution an exponen-
tially decaying field inside the superconductor. (See section 1.1 in Chapter 1.)
It is important that both the superconductivity and the Meissner effect follow
from the London equation.

To see how the London equation (3.8.12) can be consistently accommodated
in the holographic setup, let us allow for the presence of bulk gauge field per-
turbations in our holographic superconducting model, with a momentum and

frequency dependence of the kind
6A = e IR A (1) dz . (3.8.15)
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In order to simplify things, let us work in the probe limit [84], which amounts
to taking the limit ¢ — oo and in which the metric can be safely kept fixed to

be simply the Schwarzschild AdS black hole

d 2
ds* = —g(r)dt* + ?TT) + 7% (da® + dy?) , (3.8.16)

2 r% /7. Assuming then that we have consistently solved for the

where g(r) =r
gauge field ¢ and scalar field 9, the differential equation for the perturbation A,
will be given by

<°"2 — kz> Az + (gAL) = 2¢%%A, . (3.8.17)

g r

Ignoring the radial dependence at infinity, this equation describes a vector field
with mass proportional to ¢?¢2. This mass, which implies an underlying Higgs
mechanism in the bulk theory, should give rise to the usual effects of supercon-
ductivity and therefore equation (3.8.17) can be thought of as the holographic
dual of the London equation (3.8.12).

Finally, in order to expel any external magnetic field, the London currents
should be able to couple to dynamical photons [7]. These are introduced by
gauging the dual field theory. The 2 + 1 dimensional boundary theory can be
coupled to a photon through the standard J,, A* interaction. To make the photon
dynamical, we add an F? term to the action, with F' = dA. Electromagnetic
phenomena are described by the effective action for the photon. We can obtain
this effective action by integrating out all the other degrees of freedom. Starting

from the Euclidean partition function, one has
1
z = / DADY exp {—SD/] = / PrF? / d3xJMA/‘} (3.8.18)

_ /DA exp {— St [A]} | (3.8.19)

where ) denotes the remaining degrees of freedom of the boundary field theory.
The effective action Seg. can be obtained by expanding the exponent in (3.8.18),

integrating over )) and finally exponentiating back. The result is
1 3, g2, 1 3,73 v
Sefr.[A] = 1 d’z F +3 Exd’y (JHT)e (x —y) Au(z)Ay(y)+-- -, (3.8.20)
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3.8. Magnetic Phenomena.

where (J#JV). is the connected 2-point function of the current, and where the
expectation value is evaluated in the theory without the dynamical photons. In
writing (3.8.20) we have omitted additional terms that do not contribute to the
dynamics and neglected higher order terms in A because they are suppressed in
the large-N limit [7].

Examining (3.8.20), we see that it is possible to obtain the photon mass
from (J#J").. Since we are working in a field theory where Lorentz invariance
is broken by the presence of a background charge density, we therefore choose
to define the photon mass as the energy of photons in a frame where they are at
rest relative to such charge density. Therefore, to find the photon mass we need
to exhibit an on-shell photon mode with k¥ = 0 and the energy w of this mode
will be photon mass m.,.

In order to obtain the photon spectrum, we go back to action (3.8.20) and
derive the corresponding equations of motion. We restrict to a mode in which

A, is the only nonvanishing component and is of the magnetic form
Ay(w) = Bye ™t (3.8.21)

where the y dependence has been included so that the mode is not pure gauge
at w = 0. Rotating back to Lorentzian signature, the equation of motion for this
mode is

(w? + G je (w)) Ag(w) =0, (3.8.22)

where we have used the fact that the retarded Green’s function in momentum
space is the Fourier transform of the Euclidean Green’s function in momentum
space. For a more detailed account, see [105]. Using the result from linear
response theory, we have G%; ;.(w) = iwo(w), where o(w) is the conductivity.

Thus, equation (3.8.22) becomes
w(w+io(w))=0. (3.8.23)

The solution to this equation gives the photon mass m, = w. From (3.8.23)

we can see that w = 0 (a massless photon) is a solution, provided that the
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conductivity does not have a pole at w — 0. The intuitive expectation we
have is to have a massive photon in phases where the electromagnetic U(1) is
broken and, conversely, to have a massless photon where the electromagnetic
symmetry remains unbroken. Holographic studies in the conductivity, such as
(84, 7, 89, 90], show that this intuition turns in fact to be right. When studying
the superconducting phase of holographic superconductors, the imaginary part
of o(w) has a pole as w — 0, so that the photon will have a nonzero mass.
Meanwhile, in the normal phase one finds that the conductivity ¢ is a constant,

meaning that there is no pole as w — 0 and the photon is therefore massless.
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Bottom-Up Approach, Part I:
Ginzburg-Landau Approach to

Holographic Superconductivity

In this and in the following chapter, we will be working using an holographic
superconducting model in a phenomenological bottom-up approach. The fol-
lowing models are characterized by a very minimal bulk action that, through
tractable computations, gives rise holographically to superconducting behaviour
in the dual field theory. Furthermore, the bulk model contains input parame-
ters, such as the mass of the scalar field charge, that can be varied in order to
gain insight on the phenomenological behaviour of these dual superconducting
physical quantities.

Having set the basic phenomenology of this simple model, we will then im-
plement an effective description of the dual field theory on terms of Ginzburg-
Landau theory. Using the gauge/gravity duality and some basic physical as-
sumptions, we will be able to compute in a self-consistent fashion the main in-

put parameters of an effective Ginzburg-Landau action to the dual field theory
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near the critical temperature. Using this phenomenological description, we will
the compute the characteristic lengths of the system and the Ginzburg-Landau
parameter k of the holographic superconductor. This parameter is of particular
importance in the general theory of superconductivity, since it value is related
to the basic classification of superconducting materials as Type I or Type II.(See
Chapter 1.) In the present model, it will be shown that the system always shows
a Type I behaviour, irrespective of the values of the input parameters considered.
Additionally, since this classification is directly related to magnetic phenomena
in superconductivity, we will also submit our system to an external magnetic
field, using the perturbative gravitational solution constructed by D’Hoker and

Kraus [16], for the first time in the context of holographic superconductivity.

As we have already said in Chapter 3, the area of holographic superconduc-
tivity in its present form is very phenomenological in nature. It can, for example,
give us insight on the physical properties of, say, the dual condensing operators,
although without describing the microscopic details behind the pairing mech-
anism leading to condensation. In this sense, a Ginzburg-Landau approach to
the dual theory is very well suited: Ginzburg-Landau theory is itself a very
successful “coarse-grained” description of superconductors, which focuses on the
phenomenology of physical quantities and which does not require an underlying
microscopical theory for these phenomena. This is principal the reason of why
Ginzburg-Landau theory can be used to describe the phenomenology, within its
reaches of validity, of a very wide array of different physical systems, including
high-T, superconductors. This universality of Ginzburg-Landau theory is also
in tune with one of the main motivations behind holographic superconductiv-
ity, where one aims to construct models of strongly-coupled superconducting

theories that could exhibit some universal phenomena shared by the cuprates.

In this and the following chapter, we will choose to work with a bulk model
in 4 + 1 dimensions, meaning that the dual field theory will live in 3 + 1 di-

mensions. In a 3 + 1 dimensional system subjected to a 3 4+ 1 electromagnetic
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4.1. A Minimal Holographic Superconductor in d =4+ 1 AdS

field, both free energies scale with the volume (see Chapter 1), and hence there
is a direct thermodynamical competition that can drive the system to a Type
I superconducting state. In contrast, there is some evidence that holographic
superconductors describing 2 + 1 dimensional field theories mostly exhibit Type
IT behaviour [7, 106]. The standard argument [7] is that, when applying an
external 3 + 1 dimensional magnetic field to a 2 + 1 dimensional system, the
free energy needed to expel it scales as the volume, while the free energy that
the system gains from being in a superconducting state scales as the area. This
indicates that in most of these 2 + 1 dimensional systems, B., must be zero.
However, recently 2+ 1 dimensional models exhibiting Type I behaviour in some

region of parameter space have been constructed in the interesting paper [11].

4.1 A Minimal Holographic Superconductor ind =4+ 1
AdS

4.1.1 The Model

We will work using a minimal phenomenological model in d = 4+ 1 AdS space-
time, in the same spirit as in [7], containing a scalar field ¥ and a U(1) gauge
field A,

12 1 nv 2 2 2

72 ZF Fu — |DY|” — M~ |¥|", (4.1.1)
where, F,, = V,A, -V, A,, and D,V = V,¥ —igA,¥. The parameter q

L=R+

corresponds to the charge of the scalar field and, as it will be shown below,
different values of ¢ will correspond to superconducting systems with different

critical temperature. The general equations of motion for this system are

D*v = M?*V, (4.1.2)
V.FFY = qJ" + ¢ |9)? A7, (4.1.3)
1 12 1 1, o oo
By = g (R 13) = o (—37° ~ IDVE — 2223
1 A * Tk
+5 P Fa + D YD) W (4.1.4)
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where

Ju =i (VY0 — UV, 0%) (4.1.5)

We will set L = 1 for the rest of this chapter.

4.1.2 The Normal and Superconducting Phases

In this section we will briefly review the normal and superconductor regimes of
our model, with no external magnetic field to begin with, and with full backre-

action included. As is usual, we use the following ansatz for the metric

dr?
ds? = —g(r)e XMd? + ——
9(r) o)

which is the most general ansatz with space-rotation and time-translation sym-

+ 72 (dac% + dx3 + da;%) , (4.1.6)

metry. We will demand that solutions for this ansatz are asymptotically AdS
and that they have a black hole geometry, with an event horizon at some r = 7y,.

For the scalar and gauge field we use the ansatz
A= ¢(r)dt, U(r) = —=(r), (4.1.7)

where 1) is a real function. Introducing the new coordinate z = rj, /r, equations

(4.1.2-4.1.4) under this ansatz turn to be

/ / 2 242 2
w”+<—x—i+g) 1,!/+T"<exq2¢ —M>w = 0,(4.1.8)

2 g z4 g g
/ 22,2
1" X 1 ; Trd (0
A _ = 0,(4.1.9
¢ +<2 Z> 1, ¢ ,(4.1.9)
eXq?¢*)?
3 — ) — —5 57— = 0(4.1.10)
z°g
1 X$2 30 6 1212 r2M202  eXr2qlh22
Sy ¢ 39 + 47”h 1 Th 4¢ L ° Thquw = 0(4.1.11)
2 2g zg  z ztg 2z%¢g 22%g

This system of equations admit a 1(z) = 0 solution. This no-hair solution

is given by
2 4.2 2 (2.6 | 2
Ty 2%p z (3rh +p )
= 2 - 4.1.12
g(r) 52 + 37,% 3T;4L ) ( )
x(r) = o0, (4.1.13)
p
o(r) = = (1-27), (4.1.14)
h
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4.1. A Minimal Holographic Superconductor in d =4+ 1 AdS

which is the usual Reissner-Nordstrom-AdS solution, and corresponds to the
normal phase of the superconductor.

We will now consider solutions with scalar hair ¢ # 0. We will set M2L? =
—3 for the scalar field mass, which is above the Breitenlohner-Freedman bound
MéFL2 = —4. This choice of mass appears naturally in top-down models of
holographic superconductors coming from consistent truncations of supergravity

[20, 21]}. With this choice, 1 behaves at z — oo as

z 23
YA 01—+ O35 +... (4.1.15)
Th T'h

while for the gauge field the near-boundary behaviour is

22
PR~ p gt ... (4.1.16)
Th

According to the gauge-gravity correspondence, O3 corresponds to the vac-
uum expectation value of an operator of dimension 3 in the dual field theory,
while O; corresponds to a source to that same operator. Also, u and p will
correspond to the chemical potential and charge density of the dual field theory,
respectively. To solve our equations of motion, we will impose the boundary
condition @7 = 0 in (4.1.15) and take O3 as the superconductor order parame-
ter. Setting the source to zero will result in spontaneous breaking of the global
U(1) symmetry in the dual field theory and the system enters then in a super-
conducting phase [7, 83].

We will choose to work in the canonical ensemble, fixing p = 1. As mentioned
above, we will also impose g(z = 1) = 0 for some non-zero value of r;, in order to
have black hole solutions to our ansatz and introduce temperature to the dual

field theory. The Hawking temperature of the system will be given by

eXg

Ty = — . 4.1.17
= 4mry, ( )
z

!These models have a different potential from ours, arising from higher order terms in 1.
However, they have the same critical temperature, since this only depends on the values of m

and q.
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Figure 4.1: The value of the condensate as a function of temperature, for ¢ = 1.

In this case, T, = 0.0055 approximately.

From equation (4.1.8) for ¢ we see that regularity of the solutions at the horizon

z = 1 requires that

ri My (1)
g'(1)

Regularity at the horizon also requires ¢(1) = 0. The model has the following

P'(1) = (4.1.18)

scaling symmetries

eX = a*eX, t—at, ¢— d/a, (4.1.19)

r—ar, (t,x;) — (t,z;)/a g— ad’g, ¢— ad. (4.1.20)

This scale invariance helps us to further reduce the number of independent pa-
rameters in our model to only one, which we will take to be the temperature of
the black hole. Solutions to equations (4.1.8)-(4.1.11) are found via the shooting
method, enforcing the no-source condition mentioned above for 1.

In figure (4.1) we show the behaviour of the order parameter O3 as a function
of temperature for the case ¢ = 1, signaling condensation below some critical
temperature T.. One can find by a numerical analysis for different values of ¢

that near 7T, the condensate behaves as

O3~ 0y (1=T/T,)"? . (4.1.21)
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Figure 4.2: The value of the near-T, coefficient Oy (see eq. (4.1.21)) as a

function of the scalar field charge q.
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Figure 4.3: The solid line represents the value of the critical temperature T, as a
function of the charge q. The dashed line represents the analytical approximation

(4.1.22).

The behaviour of the coefficient Oy as a function of the scalar field charge ¢ is
shown in figure (4.2). For large values of ¢, we find that Oy ~ const.

In the bold line of figure (4.3) we show how the critical temperature T, be-
haves for different values of the charge ¢q. As in the 2 + 1 dimensional case of

[7], the behaviour of T, near zero ¢ is caused because the charged scalar field
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backreacts to the metric more strongly in that region, decreasing the tempera-
ture. Since we have a one-to-one relation between 7, and ¢, we will use q to vary
the critical temperature of our model. Therefore, we will have a set of different
superconducting systems characterized by different q.

For large values of g (the probe limit) one can obtain a fair analytical ap-
proximation for 7, using the matching method introduced in [107], getting

Tlsea 1 AN 4.1.22
c T 300°P4) - (4.1.22)

This is shown as a dashed line in figure (4.3).2

4.2 Ginzburg-Landau Description.

We introduce our Ginzburg-Landau interpretation of the dual field theory by
first studying the system under a small perturbation of the gauge field on the
bulk.

4.2.1 A Magnetic Perturbation

We now add a small magnetic perturbation of the gauge field, in the specific
form

A=¢(r)dt+ 5A,(r, t,y)dx; (4.2.1)

with
SAL(t, 1 y) = e POtFIRY A (1) |A;| < 1 (4.2.2)

This perturbation has an harmonic dependence on time and carries momentum
along the y-direction. To linearized level, the equation of motion for A, in the
z coordinate is given by

/ 1 X/ ,r.2 exw2 k2 q21/}2
A" g, 2 X Al 4 - — — A, =0. 4.2.3
o (9 z 2) st ag\ g T ) (423)

2For applications of the matching method on the study of magnetic effects in holographic

superconductors, see. e.g. [108, 109].
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4.2. Ginzburg-Landau Description.

We will work in the low-frequency/small-momentum regime, where k,w are
much smaller than the scale of the condensate, so that quadratic terms in k, w
can be neglected in (4.2.3). To solve this equation, we use the following boundary

conditions
6q”r; 16
eX0gf + 1y (M2 — 24)

where we use the notation 1y = ¥(1), ¢ = ¢(1), and where the second condition

Az (1) =49, A1) =

Ay, (4.2.4)

is needed for regularity at the horizon. As before, M? = —3. Since the equation
(4.2.3) is linear, with no loss of generality we set Ag = 1.

From equation (4.2.3) we can read the behaviour of A, at z — 1

2
Ap=AD 1 1,5 4 (4.2.5)
Th

According to the AdS/CFT dictionary, Aéo) and J, correspond to a vec-
tor potential and the conjugated current on the dual field theory, respectively.
We can identify these asymptotic values with the London current on the dual

superconducting field theory (see eq. (1.1.3))

2

q
@:—E%&% (4.2.6)

were ng is the number density of superconducting carriers and ¢ and m are the
charge and mass of the superconducting carriers, respectively. At this point,
it is worth mentioning that, as stated in [7], the London equation is valid only
when k£ and w are small compared to the scale of the condensate, in consistency
with our low-frequency /small-momentum regime. From (4.2.6) we can read the

value of the quantity ¢?ns/m holographically as

2
Cpm o (4.2.7)
m Agco)

For simplicity, we define the quantity
.= Lo, (4.2.8)
m

which is a rescaling of the carrier number density. Numerically one finds that 7
behaves near T, as g ~ (1 — T'/T.). The value of 75 as a function of temperature

for charge ¢ = 4 is shown in figure (4.4).
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Figure 4.4: Value of n =

4.2.2 Ginzburg-Landau Interpretation of the Dual Field Theory

In this section we will implement a phenomenological Ginzburg-Landau descrip-
tion of our superconducting system by assuming that the dual d = 3 4+ 1 field
theory at non-zero temperature can be described phenomenologically by an ef-
fective Ginzburg-Landau field theory. This will be given by a vector field A,
p=0,...,3, and a scalar field ¥g1, which acts as an order parameter for the
theory and effectively represents the operator that condenses in the underlying
dual field theory, which in principle could have very different degrees of freedom.
This Ginzburg-Landau description is only valid near the critical temperature,
where the order parameter Wy, is small, and where the effective action for the

dual field theory can be written as
Seff & 1/d3x O‘|\I’GL|2+§’\I’GL|4+L‘D1"IJGL|2+-~- (4.2.9)
T 2 2m ’

where D; = 0; — iq A;, and « and § are phenomenological parameters with a

temperature dependence?. According to the AdS/CFT dictionary, the vector

3For a discussion about effective field approximations in the dual field theory, see [106].
For other works on aspects of Ginzburg-Landau theory in the context of holography, see, e.g.

[15, 110, 111, 22].
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4.2. Ginzburg-Landau Description.

components Ag and A, correspond respectively to the chemical potential p in
(4.1.16) and to AY in (4.2.5). We have consistently identified the charge of the
superconducting carrier of the phenomenological Ginzburg-Landau Lagrangian
with the charge of the bulk scalar field q. We will be mainly interested in electro-
magnetic phenomena present in superconductivity, which require a dynamical
gauge field in the boundary theory. However, we know that the U(1) local
symmetry in the bulk translates to a global U(1) symmetry in the boundary
according to the gauge/gravity dictionary. In order to overcome this, we will as-
sume that the U(1) global symmetry in the boundary can be promoted to local,
by adding a F'? term using the procedure described in [7]. Indeed, this is the un-
derlying procedure behind most studies of magnetic phenomena in holographic
superconductivity. In terms of our current effective field theory description of
the boundary theory, this will mean that the Ginzburg-Landau theory approach
to electromagnetic phenomena can be applied in our case, especially concerning
its determination of the critical magnetic field and of the Ginzburg-Landau pa-
rameter x, which requires a balance between the superconducting and the purely
magnetic parts of the free energy of the system (see Chapter 1).

The VEV of the scalar operator that condenses in the underlying dual field
theory will be proportional to O3z to the required power to match dimensions.
The Ginzburg-Landau order parameter Wg, has mean field critical exponent
1/2. Then, in order to match this critical exponent with the critical exponent

of O3 we must identify

WLl = N,03, (4.2.10)

where N, is a proportionality constant that depends on the value of the charge
q of the scalar bulk field.

Regarding the parameters «, 5 shown in (4.2.9), one sets § > 0 in order for
the lowest free energy to be at finite |‘I/GL|2. Also, in order to have a supercon-
ducting phase, one requires that o« < 0. All definitions and conventions that will

be used regarding the Ginzburg-Landau theory can be found in the Chapter 1,
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4.2. Ginzburg-Landau Description.

Figure 4.5: Comparison between q(’)g/fzs, corresponding to red points, and

CoT.(q), corresponding to continuous line.
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Figure 4.6: Value of the ratio q% as a function of temperature, for the case

q=4.

where we have set the physical constants i = 1 and pg = 47 (their values in
natural units), while preserving numerical factors. The superconducting carrier
mass m can be absorbed into a redefinition of the other parameters, so, with no
loss of generality, we will set m = 1.

At this point, we have two phenomenological Ginzburg-Landau parameters
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4.2. Ginzburg-Landau Description.

o and 3, and introduced the proportionality constant IN,. We should be able
to fully determine them in order for our Ginzburg-Landau description to be as
complete and consistent as possible. In order to do it, we will make use of the
numeric identity

O3
=2 = CoT.(q), (4.2.11)

Ns

where the ratio at the left hand side is evaluated at the critical temperature,
and Cj is a proportionality constant, approximately equal to Cy ~ 41.99. In
figure (4.5) we show how this equality holds for various values of ¢. To have a
better understanding of this equality, one can see through the matching method
in the large ¢ limit that O3 ~ %3 (1-— T/Tc)l/2 and 7y ~ T2 (1 —T/T,), so the
left hand side of the equality goes as ¢ O3 /fis ~ Tit/q, and because ¢ ~ T2 (see
(4.1.22)), we indeed have q O3 /fis ~ T.. Another point worth mentioning is that
the left hand side of equation (4.2.11) is constant as a function of temperature,
for most values of ¢. This is shown in figure (4.6), where we plot ¢ O3 /7is versus
temperature, for the ¢ = 4 case.

Rewriting (4.2.11) in terms of ng instead of ns, we have

= CoT.. (4.2.12)

According to the Ginzburg-Landau theory, the relation between the order pa-

rameter |Wqr| and the charge carrier density ng is given by (see (1.1.5))
Wap|® = ns. (4.2.13)

Substituting our identification (4.2.10) in (4.2.13), and matching with (4.2.12)

we obtain
1

Ny=——7+1—.
g CoTe(q)
The behaviour of N, as a function of ¢ is shown in figure (4.7). For large ¢ we

find Ny ~ g3,

(4.2.14)

In order to determine the remaining parameters, we must calculate first the

Ginzburg-Landau coherence length £. To do this, we consider small fluctuations
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Figure 4.7: Value of the proportionality factor N, as a function of the scalar

field charge g.

around the condensed phase of our system in the bulk. More concretely, we

write the original complex scalar field ¥ in our model (4.1.1) as

V() = 5 (00)+ M) (42.15)

where v is the full back-reacted solution associated with the order parameter
O3 described in section 2, and the term e?*¥n(r) is a small fluctuation (|n| < 1)
around this condensed solution. The equation of motion for 7 to linearized level

is

! ! 1 1 eX 2T2q>2 M27"2
77//+<9_X_>n/+2< QO — zh_#)n:o, (4.2.16)
z4q z4q Z

which can be put as in the form of an eigenvalue equation
L{n} =k, (4.2.17)

with £ the same linear operator that acts on 1. The boundary conditions at the
horizon z =1 are:

B 6 (k* + M?r3)
exo®2 + 12 (M2 — 24

n(1) =mno, n'(1) = )no, (4.2.18)
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Figure 4.8: Value of the wave number k as a function of temperature, for the

case q = 4.

while near z = 0 we will have the asymptotic behaviour

23

n(2) = (501) % +(005) 4o, (4.2.19)

and will demand the same conditions as for v, namely (§0;) = 0. Since, as will
be seen below, we will not be concerned with the absolute normalization of 7,
we will take advantage of the linearity of (4.2.16) and set ny = 1.

As noted in [110], the coherence length of the superconducting system is
equal to the correlation length &y of the order parameter. In turn, the correlation
length is the inverse of the pole of the correlation function of the order parameter

written in Fourier space

1

(O(k)O(=k)) ~ W1/

(4.2.20)

This pole will be given by the eigenvalue of (4.2.17). Therefore, we must solve
equation (4.2.16) and calculate the value of the wave number k consistent with
the desired boundary conditions for n. This was done near the critical tem-
perature. The behaviour of the wave number k as a function of temperature

is shown in figure (4.8), for ¢ = 4. From the wave number k we obtain the
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Figure 4.9: Value of the ratio k/Os3 as a function of temperature, for the case
g = 4. The dashed line corresponds to the respective value of A,, which in this

case is close to one.

coherence length &y simply as

16| = |;. (4.2.21)
whose behaviour as a function of temperature is shown in figure (4.12a), also for
the value ¢ = 4.

It should be pointed out that the wave number k near the critical tempera-
ture becomes equal to the order parameter O3 times a proportionality constant
Ay, which depend on the value of the charge ¢ considered. The value of A, is
given by the ratio between k and O3 evaluated at T,

R , (4.2.22)

" O3 T=T,
which, for every case considered, was a finite number. The value of the ratio
k/Os as a function of temperature can be seen in figure (4.9), for ¢ = 4. The
value of A, as a function of the charge ¢ is shown in figure (4.10), and is found
numerically to behave as ¢'/3 for large values of ¢. From (4.2.21) and (4.2.22),

one has near the critical temperature
1

g~ Ad0s. (T~T.). (4.2.23)
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Figure 4.10: Value of the proportionality constant A, as a function of the scalar

field charge g.

With the calculation of the correlation length of the order parameter, and
its identification as the superconductor coherence length, we now resort to the

Ginzburg-Landau theory relation (1.1.25), which gives us the parameter |a| as

1
4e”

Since, as we mentioned above, near the critical temperature & ~ A,/Os, then

la| = (4.2.24)

A2
o ~ Tq O3 ~(1-T/T.), (T ~T,) (4.2.25)

which is the correct near-critical temperature behaviour for |a| according to
Ginzburg-Landau theory. In figure (4.11a), we show the behaviour of « as a
function of temperature, for the case ¢ = 4.

In order to calculate the remaining Ginzburg-Landau parameter 3, we will
assume that the superconducting order parameter |Uqy,| does not differ signifi-
cantly from (see (1.1.8))

W] = la] : (4.2.26)
g
which is the value of the order parameter that minimizes the Ginzburg-Landau

free energy and physically is the value of |¥qr| deep inside the volume of the
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Figure 4.11: Value of the Ginzburg-Landau parameters « and g as a function of

temperature, for the case g = 4.

superconductor. As stated in the Chapter 1, this can only be so in the case
where the external fields and gradients are negligible. This is indeed the case
for our gauge perturbation (4.2.1). Substituting our identification (4.2.10) in

(4.2.26) we get
|

N,03 = 5 (4.2.27)
from where we obtain, making use of (4.2.14) and (4.2.24)
q COTC(Q) 1
= . 4.2.2

In figure (4.11b) we show the behaviour of 8 as a function of temperature, for
the ¢ = 4 case.

Having determined the correlation length &3, we can also calculate the
remaining characteristic length of the superconductor, namely the Ginzburg-
Landau penetration length A. This can be done directly from its definition as

(1.1.17)

1
M= 4.2.29
pr . ( )
or, in terms of 74
1
A2 = 4.2.30
Amng ( )
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Figure 4.12: Value of the characteristic lengths £ and A as a function of tem-

perature, for the case ¢ = 4.
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Figure 4.13: Value of the Ginzburg-Landau parameter s as a function of tem-

perature, for the cases ¢ = 4, and ¢ = 24.
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Figure 4.14: Temperature dependence of the Ginzburg-Landau parameter x.
The dashed line corresponds to the empirical curve of the form (4.2.32) for the
high-T; material Nb3Sn. Figure taken from [114].

where, as we have seen, 74 is given holographically by (4.2.8). In figure (4.12b)
we show its behaviour as a function of temperature, for the ¢ = 4 case. With
both characteristic lengths, we can consequently obtain numerical values for
the Ginzburg-Landau parameter, defined as k = A\/¢ (see (1.1.27)).4 We note
that the definition of x uses the Ginzburg-Landau coherence length £, which is

related to the superconducting coherence length calculated above by &2 = 255.

1
1 4231
TN 8ri, &2 (4.2.31)

The behaviour of k as a function of temperature is shown in figures (4.13a) and

We obtain

(4.13Db) for the cases ¢ = 4 and g = 24, respectively. A striking feature concern-
ing the large-¢ Ginzburg-Landau parameter, like the ¢ = 24 case presented in
(4.13Db), is that its qualitative behaviour can be modeled using the same kind
of empirical fitting already used for high-7T, superconducting material Nb3Sn in

[113], where the authors determined the temperature dependence for x to be

4For previous research on the k parameter in a holographic context, see [11, 110]. See also

[112].
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Figure 4.15: Evolution of the Ginzburg-Landau parameter « as a function of

the scalar field charge q.

given by
w(T) = K(0) (ao — bo(T/T.)? (1 — co log(T/Tv))) , (4.2.32)

with ag, byp and ¢g given empirically. This is shown in figure (4.14). This curve
has the same shape of figure (4.13b). Indeed, the same formula can be used to
fit our results to very good approximation, giving rise to the essentially same
plot shown in figure (4.13b). The same can be done with the other large-q cases.

In figure (4.15) we show the evolution of x as the value of ¢ increases. The
plot was made by taking the value of k closest to the critical temperature for each
charge. We also show the line x = 1/4/2 (bold line) corresponding to the value
where, according to Ginzburg-Landau theory, the system turns from a Type I
to a Type II superconductor. Since numerical factors have been maintained in
our Ginzburg-Landau interpretation, this exact value still holds. What can be
seen is that the system behaves as a Type I superconductor, with the value of x
increasing monotonically and approaching the asymptotic value k = 0.55, shown

as a dashed line in figure (4.15), which is below x = 1/v/2. °

5We note that the asymptotic constant behaviour of x as the value of ¢ grows can be
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Figure 4.16: Value of the Ginzburg-Landau critical magnetic field BS as a

function of temperature, for ¢ =4 ,5 ,6.
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Figure 4.17: Value of the Helmholtz free energy difference computed through

standard holographic techniques A f as a function of temperature, for ¢ = 4.

seen directly from (4.2.31), where, making use of the fact that at the critical temperature

| 4202
- 4.2.
" 87 s (4.2.33)
CoAZ Te(q)
=il 4.2.34
K o (4.2.34)
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Figure 4.18: Value of the Helmholtz free energy difference computed by the

Ginzburg-Landau approach A fqr, as a function of temperature, for ¢ = 4.

An interesting fact about the phenomenological Ginzburg-Landau descrip-
tion is that, according to it, we can calculate the value of the critical magnetic
field that breaks the superconducting phase of the theory. According to the
Ginzburg-Landau theory, this critical field, which we will refer to as BSY, is
given by (1.1.12)

BSt = V/4x (4.2.35)

lol
VB’
where we used the fact that for holographic superconductors H = B/pug. It is
important to notice that this critical field arises in Ginzburg-Landau theory from
balancing the condensate part of the free energy against its purely magnetic part
(see Chapter 1). This field points in the zs-direction, and should be related to
the real part of

Fy oy =ik AO 4.2.36
1,22 xX

After substitution of (4.2.24) and (4.2.28) in (4.2.35) we have

GL _ T O3
¢ qCoT: &o

(4.2.37)

Since for large ¢ we know that both A, and T, behave as q'/%, then in that limit we will have

K ~ const.
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Figure 4.19: Comparison between free energy densities as a function of tem-
perature, for ¢ = 4. The bold line corresponds to Af, while the dashed line

corresponds to A far..

In figure (4.16) we show how this critical field behaves as a function of tem-
perature for the cases ¢ = 4,5,6. Near T, using (4.2.23), the last expression

becomes

BOL ~ T 4,02 4.9.38
c qCOTc q“~'3 ( )

where we see that BS has a near-T, behaviour BSY ~ (1 — T/T.), consistent
with mean field theory.

Finally, we want to see how our current Ginzburg-Landau approach holds up
with regard to the Helmholtz free energy density of the system.® The Helmholtz

free energy density f is given in general by
f=e—Ts, (4.2.39)

where € and s are the total energy and entropy density, respectively. In order to
calculate the Helmholtz free energy, we follow [7] and make use of the fact that

the stress-energy tensor must be traceless. For our particular case, this implies

5The Helmholtz free energy density is the appropriate thermodynamic potential in our case,

given our choice to work with fixed charge density p, i.e. in the canonical ensemble.
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Figure 4.21: Value of the ratio Af/Afqr, evaluated at T = T, for different

values of q.

that € = 3P, where P is the pressure. Substituting in the thermodynamic
identity € = sT' + up — P, and in the formal definition (4.2.39) we obtain the

expression
1

I=1

(Bup — sT) , (4.2.40)
which is used to compute f in both the condensed and normal phases, as a
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4.2. Ginzburg-Landau Description.

function of T and for different values of g. We focus on the free energy difference
Af = fsc — fu, where fs corresponds to the free energy in the superconducting
phase, while f, corresponds to the free energy in the normal phase. The free
energy difference Af of the system is shown in figure (4.17) as a function of
temperature, for the particular case ¢ = 4.

Meanwhile, according to Ginzburg-Landau theory, the free energy difference
is given by equation (1.1.6) in the Chapter 1. Since we are working in the
approximation where the order parameter |¥| ~ |VU.|, near T, we can safely

focus on the first two terms
1
Afar %a]\I/]2+§ﬁ]\I/]4, (T~T,). (4.2.41)

Substituting in (4.2.41) the values obtained holographically earlier in this section
for |¥|, a and f3, we have

1 03

Afap = ——— 55
Jev =g o &

(4.2.42)

In figure (4.18) we show the behaviour of Afgy, as a function of temperature,
for the ¢ = 4 case. We then compare both free energy differences Af and A fgr.
Figure (4.19) compares the free energies computed by the two different methods.
We see that there is an excellent agreement, showing that both descriptions
should be more accurate near the critical temperature. In figure (4.20) we show
the ratio Af/Afqr as a function of temperature, for the ¢ = 4. We find that
the ratio reaches the constant value ~ 0.99 at T' = T.. Moreover, this value of
the ratio at T' = T is found to be the same for all values of ¢ considered. This
is shown in figure (4.21), where the value of the ratio Af/A fgr, evaluated at T,
is shown for different values of q.

It is interesting to compare the present results with the results of [15] for
a d = 3 4 1-bulk system. The authors in this paper, using a rather different
method, performed a fit of the free energy using the Ginzburg-Landau form
(4.2.41) with the corresponding order parameter O;. By doing this, they obtain

near-7T, expressions for « and 8 as functions of temperature which agree with
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Figure 4.22: Near-T, comparison of the Ginzburg-Landau parameters « and
§ obtained through the method developed in [15] (dashed line) and through
our current Ginzburg-Landau approach (bold line), for the case ¢ = 4. The

parameters computed through [15] are presented only to linear level in 7.

the results of standard Ginzburg-Landau theory. Applying the same procedure
to fit the free energy in our d = 4 + 1 bulk dimensional system?, we find that,
in the particular ¢ = 4 case, the Ginzburg-Landau parameters « and 8 behave

near-7,. and up to lineal level in T" as

la| =4.41(1-T/T.), B =10.95+36.75(1—T/T.), (4.2.43)

Meanwhile, in our current Ginzburg-Landau approach, the parameters o and S,
which are computed through equations (4.2.24) and (4.2.28) respectively, can be

expressed near-T, and up to linear level in T as

lagL| =445(1 —T/T.),  Bor =11.23+352(1—T/T,) .  (4.2.44)

Comparing (4.2.43) and (4.2.44) we see that near 7. both results are quantita-

tively very similar. In figures (4.22a) and (4.22b) we show how the expressions

I order to apply the methods developed in [15], we note that our system is a d =4+ 1
dimensional version of the model they work with, with no spatial component of the gauge field
(superfluid velocity & = 0, in the authors notation), and that we are working in the canonical

ensemble while in [15] the authors consider the grand canonical ensemble.
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(4.2.43) for o and f obtained through the methods used in [15] compare near-T¢
with the parameters computed by our Ginzburg-Landau approach. Observing
this good agreement between both results, we conclude that the methods devel-
oped in [15] and in this chapter can be viewed as complementary. We notice
that, in the Ginzburg-Landau approach, the whole functional dependency of «,
3 and the free energy on T is contained entirely on simple combinations of O3

and &2, which arise naturally when looking for consistency.

4.3 Constant External Magnetic Field

4.3.1 A Constant Magnetic Field Background

We will now introduce a uniform external magnetic field into our model. To do
this, we use the procedure described in [16] to build perturbatively an asymptotically-
AdS fixed magnetic background. The starting point is a d = 4 + 1 Einstein-

Maxwell action with a negative cosmological constant

/d%ﬁ (R + —2 — iF2> (4.3.1)

We consider a magnetic ansatz for the gauge field
B
A= ¢(r)dt + 5 (—x2dz1 + 21d22) | (4.3.2)

which means that we will have a constant external magnetic field pointing in
the z3-direction of the dual field theory, given by Fj, », = B. For the metric,
we propose the ansatz

d 2
ds® = —g(r)dt® + Ii”) + 2V (da? + dad) + 2V da? . (4.3.3)

Such an ansatz has a SO(2) isometry in the x; — x5 plane, and is invariant under
translations in the x5 direction, due to the fact that the magnetic field will define
a preferred direction in the (z1, z2, x3) space. We will look for asymptotically

AdS black hole solutions for the metric. The Einstein equations for this system

142



4.3. Constant External Magnetic Field

are

4
2 A
Rw/'i_gm/ <12F L2> + 2F‘LL F,,=0. (434)

Substituting the ansatz (4.3.2) and (4.3.3) into these equations, we get

VLW 42V + W = 0,  (4.3.5)

BQ
7e*‘*VJr (g(V W)Y +g@V-W)(V-W) = 0, (436)
32 4V 2 /2 8 / / "
_ - — — - — 2 = 4.3.
3¢ 3¢> L2+g(V+W)+g 0, (4.3.7)

while the gauge field equation is given by
QV4+W) ¢ +¢"=0. (4.3.8)

One then considers the following expansion in powers of B around B = 0,

up to second order:

9(r) = go(r) + B’ga(r) + ... (4.3.9)
V(r) = Vo(r)+ B*Va(r) +... (4.3.10)
W(r) = Wo(r)+ B*Wa(r) + ... (4.3.11)
o(r) = éo(r)+ Bipa(r) +.... (4.3.12)
As described in [16], this expansion is reliable for B < T2. The B°-order

equations are solved by the usual AdS Reissner-Nordstrom solution:

1
So(r) = 35— % (4.3.13)
r2 0> 37“2+L2p2
e A e 4.3.14
o(r) = Tt ga T 3rze (4314
Vo(r) = Wpy(r) =logr. (4.3.15)

From now on, we will set L = 1, following our previous convention. The B?-order

equations are:

!/

(r* (2Va + Wa)') = (4.3.16)

o (0 (Vo = W)) =0, (4.3.17)

—% + (r3gh) + g (2Va + Wa) =0, (4.3.18)
2 (2Va + Wa)' + (rP¢h) = 0. (4.3.19)
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From (4.3.16), demanding that V5 and W5 vanish at infinity and be regular
at the horizon, we obtain

2y + Wa = 0. (4.3.20)

Substituting this result in (4.3.19), and demanding that ¢ vanishes at both the
horizon and infinity, we have ¢o = 0. Also, from (4.3.18) and demanding that

g2 vanishes also at the horizon and infinity, the solution for g, is

92(r) = ~ L log <T) : (4.3.21)

672 Th

Finally, from equation (4.3.17) we get

LT es (/)
Va(r) = —¢ /oo e g (4.3.22)

and Wy given by (4.3.20). From the solution up to second order in B for g(r)

9 p? 37‘% + p? _ B?log (r/rp)

_ r o 4.3.23
glr) ="+ 3rd 3r2r? 672 ’ ( )
we can obtain the Hawking temperature of the system
24 6 _ 4 2 _ B2 2
Ty ="Th” P Th (4.3.24)

247 7’2

Since we will continue to work in the canonical ensemble, we will set p = 1 for

the remainder of this section.

4.3.2 Droplet solution and critical magnetic field

We will now turn on a small scalar field in the fixed background given by the
solutions constructed in the previous subsection. This will be analogous to the
analysis made by [7, 101] in a d = 3 + 1 AdS. (For other, less conventional

models, see e.g. [23].) We propose an ansatz for the scalar field

1
V2

where we have made the change to cylindrical coordinates dz? + dz3 = du? +

U(r,u) R(r)U(u), (4.3.25)

u?dh*. The equation (4.1.2) turns to be separable in this case, resulting in the
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equations
1
U+ U+ (A= Br?) U =0, (4.3.26)
/ 3 1 242
R+ (9 + ) Rl <q¢ VAo M2> R=0, (4327
g T 9 9

where ) is the separation constant, and must be equal to \,, = n g B in order for
U(u) to be finite as u — co. We choose the n = 1 mode, since this corresponds
to the most stable solution [7, 101]. In this case, the solution for (4.3.26) is a

gaussian function
U(u) = exp (—‘14 u2> : (4.3.28)

which is the same result obtained in [7] for a d = 3 4+ 1-dimensional bulk.

Substituting A1 in (4.3.27) and changing to the z = rp /r coordinate, we get

/ 1 2 2 42

from where we derive the boundary regularity condition

2

R(1) = f(hl) (2de—2V<1> +M2) Ro, (4.3.30)
g
where Ry = R(1). Again, we choose M? = —3, which gives the asymptotic
behaviour
z 23
R=01—+0355 +.... (4.3.31)
Th Y’h

Since we will not be concerned about the absolute normalization of O3, we will
take advantage of the linearity of (4.3.29) and set Ry = 1. This will leave B and
rp, as the only input parameters in the equation. As in the previous section, we
will choose to set O1 = 0 and solve the differential equation (4.3.29) enforcing this
choice through the shooting method. This leaves r,, and therefore Ty in (4.3.24),
as the only free parameter of the system and will allow us to determine the value
of B as a function of temperature. This magnetic field B, will correspond to
the value above which superconductivity is broken. From the holographic point

of view, the critical magnetic field obtained above measures an instability of the
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Figure 4.23: Value of the critical magnetic field BP¥ as a function of tempera-

ture, for different values of q.
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4.3. Constant External Magnetic Field

bulk scalar field . Indeed, from the effective mass of the scalar field
2 2

M2 = M? — %@2 + qu_QVu2BQ : (4.3.32)
we see that the magnetic term has an opposite sign to the electric term, which
is responsible for lowering the effective mass below the Breitenlohner-Freedman
bound and making the field tachyonic. The sign difference means then that
the magnetic term lowers the critical temperature under which the scalar field
becomes unstable [102]. We will refer to the critical magnetic field obtained in
this section as BPX, in order to distinguish it from the critical magnetic field as
given by Ginzburg-Landau theory, BG", which was introduced in the preceding
section.

In figures (4.23a)-(4.23c) we show the value of the critical magnetic field BPK
for the cases ¢ =1,3,6. We only show the region near the critical temperature
where our approximation is valid. The divergence of BPX as the temperature
moves away from 7, is typical of the no-backreaction approach we are using, as
observed in [102].

Finally, we find numerically that near-T, the critical magnetic field BPX
behaves as

BPX « BPX (1 —1/T),), (4.3.33)

in accordance to mean field theory. The behaviour of the factor BYX as a
function of the scalar field charge ¢ is shown in figure (4.24). For large ¢, one
finds numerically that BPX ~ ¢=1/3.

It is interesting to note that the critical magnetic fields BS* and BP¥ mea-
sure different aspects of the response of the system to a magnetic field: with
BPX measuring an instability in the scalar bulk field, and BS" arising from
a balancing between the condensate part and the purely magnetic part of the

free energy according to Ginzburg-Landau theory. We found that near T, both
critical magnetic fields behave as ~ (1 — T'/T.). Explicitly

BYX ~ BPX(1-1/T.), B ~BFY(1-T/T.), (4.3.34)
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Figure 4.24: Behaviour of the near-T. coefficient BP¥ as a function of the scalar

field charge q.
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Figure 4.25: Behaviour of the ratio B§'"/BPK as a function of the scalar field

charge ¢q. The dashed line corresponds to the asymptotic limit ~ 1.1

with
B§ = [— 4,02 4.3.35
0 qCOTC a>~0 ( )
(See equation (4.2.38).) Since we know that for large ¢ we have A, ~ ¢'/3,
T, ~ ¢'/3 and Oy ~ ¢°, then we conclude that, in this limit, B§ ~ 1/¢'/3 (or
equivalently, B§'" ~ 1/T.) and thus, we find that both BP¥ and B have the

same large-q behaviour. Indeed, this can be seen in figure (4.25), where we show
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4.3. Constant External Magnetic Field

the ratio B(?L / B(]]DK as a function of the scalar field charge ¢, and where we find

numerically that it tends asymptotically to the constant value ~ 1.1.
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Bottom-Up Approach, Part Il:
Magnetic Phenomena in
Holographic Superconductivity
with Lifshitz Scaling

Having developed in the previous chapter the main framework for a Ginzburg-
Landau approach to holographic superconductivity, in this chapter we will be
applying this effective approach to holographic superconducting models with
Lifshitz scaling. In very general terms, the usual models of holographic super-
conductivity are built around a local gauge group symmetry breaking by one of
the component fields in the gravity side, where the gravitational solution is an
asymptotically AdS charged black hole. This symmetry breaking in the gravity
side signals the beginning of a superconducting phase in the dual field theory.
(See, e.g. [83, 7].) It has been found, however, that in some condensed mat-

ter systems phase transitions are governed by Lifshitz-like fixed points. These
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exhibit the particular anisotropic spacetime scaling symmetry
t— \°t, T — A\x, (5.0.1)

where z is the Lifshitz dynamical critical exponent governing the degree of
anisotropy. This anisotropy breaks Lorentz invariance and the systems are non-
relativistic in nature. Therefore, in order to study such field theories holographi-
cally, the dual gravitational description has to be modified. Indeed, it was found
in [115] that these Lifshitz-like fixed points can be described by the gravitational
dual ;
ds® = I? (—7«2Zdt2 +rdr? 07y df2> : (5.0.2)
i=1
which, for z = 1 reduces back to the usual AdSg, 2 metric, but for z # 1 satisfies
the anisotropic scaling (5.0.1). A black hole generalization of this metric was
found in [116].

The purpose of this chapter then is to explore various aspects of holographic
superconductivity with Lifshitz-like fixed points, with a particular focus on mag-
netic phenomena. We do this by starting from a minimal bulk model and by
studying various choices of condensates. More concretely, we want to investi-
gate how the dynamical critical exponent z affects our system with respect to
its behavior in the isotropic z = 1 case. Most of the existing research on the
subject was realized in D = 4. See, for instance [117, 118, 119, 120, 121]. In
[122], the authors do make an interesting treatment of the D = 5 case, but
have their interest put mainly on studying different kinds of superconductors
(s-wave, p-wave, soliton) and on the computation of condensation and conduc-
tivity. Regarding the study of magnetic effects in a Lifshitz background, we note
in particular [123, 18]. In the first reference the authors also treat the D = 5
case, but using a different condensate as the ones we will propose, and with a
focus on the applicability of the matching method.

In this respect, in this chapter we see that it is possible to have a consistent

Ginzburg-Landau phenomenological approach to holographic superconductivity
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5.1. Minimal Holographic Superconductor in Lifshitz Background

[12] in a Lifshitz background. We then apply this Ginzburg-Landau approach
to compute, among other physical quantities, the Ginzburg-Landau parameter
of the system, and to see how it is affected by the dynamical critical exponent
z. We will also study the effect of an external magnetic field acting directly
on the system, using the approach proposed in [17]. In order to have a more
complete study of the system’s properties, we managed to study a wide array
of condensation cases, always within the D = 5 framework, so that the general

tendencies in the behavior of physical quantities become more clear.

5.1 Minimal Holographic Superconductor in Lifshitz Back-

ground

5.1.1 General Setup

As mentioned in the Introduction, the D=d+2 gravitational dual (5.0.2) can

be generalized to a black hole solution [116]

dr? d
ds? = L2 [ —r22 f(r)dt? 2N " da? 5.1.1
s < e f(r) +7“2f(r)+r Zz_; xi |, ( )
where
r}zL—l-d

and where r, is the horizon of the black hole. The Lifshitz dynamical critical
exponent can take values 1 < z < d. The gravitational solution (5.1.1) can be
obtained from the action [124]

1

1 1
= [ gqdt2 A—= Ry 1.
T / 2/ (R+ S (09) = 0F?) (5.1.3)

with the action-extremizing solution for the fields

Frp = qefz\ap’ e)xgo _ 7,)\ 2(z—1)d

2
d1’ @ =2L%z—1)(z+4d),
Z_

A__(z—l—d—l)(z—i—d)
B 2L2 ’

Y

A\ =

(5.1.4)
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5.1. Minimal Holographic Superconductor in Lifshitz Background

For the remaining of the chapter we will set L? = 1. We will also prefer to work

with the coordinate u = r,/r. This change of coordinates gives

2% f(u) 1 r2 &
ds? = -1 dt? du® + 1N " da? 5.1.5
s WE +u2f(u) u—i—uz; zj, ( )
where
flu) =1—uwt9, (5.1.6)
and the Hawking temperature is
(z+d) ,

It is therefore the action (5.1.3) that will provide us the gravitational Lifshitz
background (5.1.5)-(5.1.6). We will now construct our minimal phenomenologi-

cal model of holographic superconductivity by adding to (5.1.3) the action term

1
S, = /dd+2m,ﬁ—g (—4F2 — | D> — m? yW) , (5.1.8)

where we have introduced a charged scalar field ¥ and a U(1) gauge field A4,
following [7], and where F,, = 0,4, — 0,A,, and D, =V, —iA,. We will
assume that there is negligible interaction with the gravitational background and
therefore it remains fixed and given by the Lifshitz black hole solution (5.1.5)-
(5.1.6). This lack of back reaction means we are effectively working in the probe
limit (very large scalar field charge). As we will explain below, the scalar field
mass will be chosen so as to get particular dimensions for the condensate under
study.

The general equations of motion for these fields are

DU = m?v, (5.1.9)
V. FW = gV |u? A7, (5.1.10)

where
Jy =i (U*V, ¥ — UV, 0% . (5.1.11)
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5.1. Minimal Holographic Superconductor in Lifshitz Background

We propose the following ansatz for the component fields
U(u) = —=¢(u), A=p(u)dt, (5.1.12)

where 1(u) is a real function. Under this ansatz the equations of motion (5.1.9)-

(5.1.10) become

" flod+z-1 / 1 2 u22¢>2 _
W +<f_u>w _u2f<m — T%Zf>¢ = 0, (5.1.13)

d—z-1, 4
u u?f

¢ — ¢ = 0. (51.14)

This system of equations admits the no-hair solution ¢ (r) = 0. In this case the

gauge field has solutions

ud—z
Th
o(u) = u—m%<§}>, (c=d), (5.1.16)

where £ is a constant. This no-hair solution will correspond to the normal phase
of the superconductor. The superconducting phase will be given by solutions
with ¥ (u) # 0. From the equations of motion (5.1.13)-(5.1.14) we see that the

asymptotic u — 0 behavior of the fields is

) r O+ 0, (5.1.17)
Th h
and
udfz
Pu) = p—p—g+-, (z #d), (5.1.18)
Th
ou) ~ u—ﬂ%(iﬁ>+~w (= = d), (5.1.19)
with
1
Ar=3 ((z+d) + (z+d)2+4m2> , (5.1.20)
from where we get the BF-bound on the mass
2
P C Zd) . (5.1.21)
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5.1. Minimal Holographic Superconductor in Lifshitz Background

According to the AdS/CFT dictionary, the asymptotic coefficient O corre-
sponds to the vacuum expectation value of an operator of dimension Ay, while
O_ corresponds to a source in the boundary theory. Meanwhile, u and p corre-
spond to the chemical potential and the charge density of the dual field theory,
respectively. In order to solve Egs. (5.1.13)-(5.1.14) we will impose the regular-
ity condition at the horizon ¢(u = 1) = 0. Also, from Eq. (5.1.13) we obtain
the additional condition at u =1

m2

T Q)

Additionally, in order to simplify the numerical calculations, we will make use

W'(1) »(1). (5.1.22)

of the scaling symmetries
1 1 9 .
r—ar, tﬁgt, xiﬁgxi, g—a‘g, ¢ —aop. (5.1.23)

As explained in the Introduction, we will focus on the particular case D =
5. This means we will take d = 3. When looking for hairy solutions to the
equations of motion one has two possible boundary conditions at v — 0 (5.1.17).
Having set either one of these boundary conditions, one can proceed to solve the

equations of motion through the shooting method.

5.1.2 Different Cases of Condensation

Going back to the allowed values for the dynamical critical exponent, we see
that for the D = 5 case we can have 1 < z < 3. Throughout this chapter,
for both brevity and simplicity, we will choose to work with the integer values
z = 1,2. This suits perfectly our primary objective, stated in the Introduction,
which is to have a general idea of how the dynamical critical exponent z affects
our holographic superconductor with respect to its behavior in the usual (z = 1)
isotropic realization of the gauge/gravity duality. As will be seen in the following,
the general tendency in the behavior of the physical quantities of the system will

be very clear when treating these values.
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5.1. Minimal Holographic Superconductor in Lifshitz Background

In order to have a more comprehensive study of the effect of the dynamical
critical exponent z on our holographic superconductor, we will choose to work

in the following cases:

e Case I. We set the value of the scalar field mass as
m? = -3z, (5.1.24)

In this way, we have

A_=z, A;=3, (5.1.25)

so that the asymptotic behavior of the scalar field at © — 0 is

z 3

u u
Y(u) = O,— + 03— +--- . (5.1.26)
Th T
In this case, we will set O, = 0 for all values of z considered, so that the

superconducting order parameter of the system will be given by O3 of dimension

3.1

e Case II. We set the scalar mass as

m?=—(z+2). (5.1.27)
This choice of mass results in
A_=1, AL =242, (5.1.28)
so that near v — 0 we have
U uz+2
P(u) = O1— + Ospo—g + - (5.1.29)
Th T

Here we will choose to set 0,49 = 0 and the order parameter of the supercon-
ductor will be given by O; of dimension 1.
We must point out that, even though the O mode is non-normalizable (it

has the lowest dimension), it is useful to also study the case of the alternative

'The same condensate was used in [122], but magnetic properties were not studied in that

paper.

157



5.1. Minimal Holographic Superconductor in Lifshitz Background

boundary condition where 0,42 = 0. Indeed, our main focus is to have a
general insight on the way the critical dynamical parameter z alters the system
with respect to its isotropic behavior, and, as will be seen in the following, the
study of this mode will allow us to do just that, confirming all the results and

phenomenology obtained in Case 1.

In figures (5.1)-(5.2) we show the value of the condensate Oa as a function
of temperature for each one of the cases described above. We notice that the

near-7T, the condensate behaves as

Op ~ (1=T/T)V?, (5.1.30)

for all values of z. Therefore, the dynamical critical exponent does not alter the
mean-field theory behavior of the order parameter. In Table (5.1) we show the
value of the critical temperature T, for our different cases. We notice that the
value of the critical temperature decreases with z for all cases, and therefore a

large dynamical critical exponent inhibits superconduction.

Comparing figs. (5.1a) and (4.1), we can notice a difference in the value of
T., even though for Case I, z = 1, we are dealing with the same system and
studying the same condensate 3. The reason for this difference is that in the
present case we are dealing with a fixed background (the probe limit), while in
Chapter 4 we considered full backreaction. Indeed, backreaction has the property
to lower the value of T, [7]. This can be observed in figure (4.3), where the
dashed line corresponds closely to the probe limit. According to the analytical
approximation to the critical temperature given by (4.1.22) obtained through the
matching method, the probe limit value of T, at ¢ = 1 is ~ 0.201, while here we
have obtained numerically ~ 0.198, showing good agreement within numerical

limits.
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5.1. Minimal Holographic Superconductor in Lifshitz Background

Value of the condensate O as a function of temperature, for

different cases.
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Figure 5.2: Case II.
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Table 5.1: Value of critical temperature T, for different cases.

T./p?® 2=1 2z=2

CaseI 0.198 0.087
Case IT 0.517 0.351

5.2 Field Fluctuations

5.2.1 Gauge Field Fluctuation

In this section we will add small fluctuations to the component fields of our
model. As explained before, we will set d = 3. We begin by adding the following

gauge field fluctuation
A= ¢(u)dt + A, (t,u,y)dx, (5.2.1)

where

6 AL (t,u,y) = e WY A (u). (5.2.2)

The corresponding equation of motion for A,(u) is, to linear order

f/ d—z—3 u2z72w2 k’2 w?
AZ+<f—Z Ay + SER 2wy Ay =0.  (523)

We will consider the case where w and k are much smaller than the scale of the
condensate (low-frequency/small-momentum regime), so that quadratic terms
in k, w in (5.2.3) can be neglected. Demanding regularity at the horizon u = 1,

from (5.2.3) we have the following conditions

¥8
Ax 1) = Axo, A;c 1) = AzO- 5.2.4
) 1) = 5 (524)
where ¢'(1) = . Since Eq. (5.2.3) is linear, we will set A,y = 1 without loss

of generality.

From (5.2.3) we see that the asymptotic behavior of A, at v — 0 is

ud+z—2
h
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5.2. Field Fluctuations

According to the AdS/CFT dictionary, A,(to) corresponds to a vector potential in
the dual field theory, while .J, corresponds to its conjugate current [7]. We can

relate both physical quantities through the London equation

1
Jp = —— ngAO) (5.2.6)

ms

where ng is the superconducting carrier density number and mg is the supercon-

ductor carrier mass. For simplicity we define the quantity
771/5 = E’ﬂg, (527)

which can be computed holographically from (5.2.5) and (5.2.6) as ns = —JI/AQO).
In figures (5.3)-(5.4) we show the value of ns as a function of temperature, for

different cases. We find that 715 behaves near-T, as
ns ~ (1-=T/T,) . (5.2.8)

It is found numerically that the ratio of O% /75 as a function of tempera-
ture behaves almost constantly and has a definite value at T = T, that varies
according to the value of z within a specific case of condensation. We define this

ratio at T, as
OR

Ns

=C,. (5.2.9)

We show in Table (5.2) how the constant C', varies for different cases. In figure
(5.5) we show this ratio as a function of temperature, for Case I, z = 1, and
Case II, z = 1. We can observe that the ratio behaves almost like a constant
with respect to T. The fact that O4 and 75 have the same temperature be-
haviour can be shown in a similar way as we did in the previous chapter, using
the matching method. The ratio (5.2.9) will be important in the next section,

when we apply the Ginzburg-Landau interpretation to our system.

5.2.2 Scalar Field Fluctuation

We now consider a small fluctuation to the scalar field of the form

v = ;5 ((u) + 6 (u,p)) | (5.2.10)
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Figure 5.4: Case II.
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Table 5.2: Value of C, for different cases.
Cz/p(ZA—z—l)/3 s=1 2=29
Case 1 8.272 2.068
Case I1 0.297 0.032
with

5t (u,y) = e n(u). (5.2.11)

The corresponding equation of motion is

/ d 1 1 2z 42 2
n,,+<f_(+2)) o <m2_“ ¢ —|—u2k2)n:0, (5.2.12)

f u u?f r%zf i

where we set d = 3. Demanding regularity at the horizon v = 1, from (5.2.12)

we have the following conditions

1 k?
1) = (1) = 2+ 5.2.13
=m0 = 5 (5 ). (5:213)
while at u — 0 we have the asymptotic behavior
ud- ud+
T T
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When solving equation (5.2.12) we set the same boundary conditions at v — 0
as for the field 1. Since we will not be concerned about the normalization of 7,
we set g = 1.

Following [110], we can compute holographically the correlation length of
the boundary operator by calculating the wave number k. Indeed, the correla-
tion length &y is the inverse of the pole of the correlation function of the order
parameter written in Fourier space

1
k2 +1/&8

Following the same method as in Chapter 4, we obtain the wave number k by

(O(k)O(=k)) (5.2.15)

solving Eq. (5.2.12) as an eigenvalue problem consistent with the boundary
conditions. This is done near the critical temperature. Once having computed
k, one obtains the correlation length simply as

S0l = = (5.2.16)

k|
In figures (5.6)-(5.7) we show the value of k as a value of temperature for our
different cases. Also, in figures (5.8)-(5.9) we show the value of &, as a function
of temperature, for our cases. We find that near the critical temperature, k ~
(1-— T/Tc)l/Z, and equivalently
1
(1=T/T)"*

for all values of z, which is in agreement with mean field theory.

o ~ (5.2.17)

5.3 Ginzburg-Landau Approach

At this point we implement a phenomenological Ginzburg-Landau approach to
our holographic superconductor, following [12]. The main assumption of this
approach is that the dual field theory can be described near the critical temper-

ature by the effective action
~ 4 2 B 4 1 2
Seﬁ‘w d*z Oz‘\I/GL| +*|\IJGL’ +7|D\I/GL’ + .- . (5.3.1)
2 2my
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Value of the wave number k as a function of temperature, for

different cases.
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Figure 5.7: Case II.
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Value of the correlation length £, as a function of temperature, for

different cases.

14
14f ]
12f 1
12F ]
100 ] 10} 1
13, 8F ] 13 8f ]
P70 P70
6 ] 6y ]
af ] 4r 1
2 ] 2F 1
O T L L L 0 L L L L L L L
0.15 0.16 0.17 0.18 0.19 0.055 0.060 0065 0070 0.075 0.080 0.085
T T
B o2
(a) z=1 (b) z =2
Figure 5.8: Case I
‘ ‘ ‘ ‘ ‘ ‘ 200
250 ]
20F ] 150} ]
M3, 15} Y3, 100} ]
10} ]
50, 4
5, 4
0 T L L L L 0 n L L L L
025 030 035 040 045 050 010 015 020 025 030 035
T T
p1/3 p2/3
(a) z=1 (b) z=2

Figure 5.9: Case II.
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5.3. Ginzburg-Landau Approach

where the component fields are a scalar field Wy, representing the order parame-
ter of the theory, and a vector field A, with i = 0, ..., 3 and where D; = 9; —i.A;.
Also, ms is the superconductor carrier mass and «, 8 are phenomenological pa-
rameters with temperature dependence. According to the AdS/CFT dictionary,
the vector field components Ay and A, correspond to the chemical potential y in
(5.1.18) and to vector potential AY i (5.2.5) respectively. According to mean
field theory, the order parameter |Wqy,| has critical exponent 1/2. In order to

match this critical exponent with that of Oa we propose the identification
[Ter)* = N,OK, (5.3.2)

where N, is a proportionality constant that depends on z and changes according
to every model we consider.

In the remaining of this chapter, we adopt the same notation and conventions
of [12]. In particular, the superconducting carrier mass mgs can be absorbed
in definitions of the other parameters in Ginzburg-Landau theory, and we can
therefore safely set ms = 1. Going back to (5.2.7), this means in particular that
ns = ns and the numerical formula (5.2.9) can be written as

O—QA =C,. (5.3.3)
LT
However, according to Ginzburg-Landau theory, one has the following relation

between the order parameter |¥qy,| and the charge carrier density n
|War)? = ns. (5.3.4)

Then, substituting (5.3.4) and our identification (5.3.2) in (5.3.3) we obtain

1
N, = —. 3.
o (5.3.5)

In Table 5.3 we show the value of the proportionality constant N, for various
cases.
We can also calculate the penetration length A of the superconductor, defined

as

(5.3.6)
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Table 5.3: Value of NV, for different cases.

p(QA_Z_Q)BNZ z=1 2z=2

Case 1 0.121 0.4%4
Case I1 3.367 30.986

In figures 5.10-5.11 we show the value of A as a function of temperature, for our

different cases. As in the case of &y, we have that the behavior of A at T' ~ T, is

1
A~ ESviAEE (5.3.7)

for all z. This result is in agreement with mean field theory.

In order to have a consistent Ginzburg-Landau description of the dual field
theory, we must be able to determine by holographic methods the parameters ||
and 8. Regarding |a|, we can determine it directly from the Ginzburg-Landau

theory relation?®
1

1€

In figures (5.12)-(5.13) we show the value of |a| as a function of temperature,

af = (5.3.9)

for our various cases. We see that the near-7, behavior of |« is
la| ~ap (1 -T/T,) , (5.3.10)

which is in agreement with usual Ginzburg-Landau theory, for all z. We find
numerically that the value of the coefficient g decreases as the value of z raises.

The remaining phenomenological parameter 5 can be computed through the

2The actual Ginzburg-Landau theory relation is

hQ

]

where ¢ is the Ginzburg-Landau coherence length. The coherence length is in turn related to

the correlation length & as €2 = 2¢3. See (1.1.25) and below.
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Value of the penetration length )\ as a function of temperature, for

different cases.
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Figure 5.10: Case I.
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Value of the parameter

cases.

as a function of temperature, for different

0.5

la| 0.3
Pt

0.2

0.1

O 1 1 1 1
0.14 0.15 0.16 0.17
T

1/3
oY

(a) z=1

0.18 0.19

00 1 1 1 1
0.055 0.060 0.065 0.070

T

2/3
0%

(b) z=2

Figure 5.12: Case I.

0.005 ; .

0.075 0.080 0.085

0.004]
|| 0.003p
P** 0002f

0.001

0.000

0.15
ﬂ 0.10
p1/3
0.05
0.00 .
0.35 0.40 0.45
o3
(a) z=1

Figure 5.13: Case II.

170

0.30

0.35
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Ginzburg-Landau theory relation

\1/002:M. 3.
Voo 5 (5.3.11)

where |U| is the value of the condensate deep inside the superconductor, where
external fields and gradients are negligible. Since we are in the limit of small
field perturbations, we indeed find ourselves in that approximation. Substituting
(5.3.2) and (5.3.9) in (5.3.11) we obtain the following expression

1 1

= ——. 3.12
5= W o0E (5.3.12)

In figures (5.14)-(5.15) we show the behavior of 5 as a function of temperature,
for our different condensation cases. We observe that, near-7., 5 behaves in
agreement with Ginzburg-Landau theory, having a definite value at T'= T,.. We
also observe that this value decreases as the value of z raises.

Having calculated the characteristic lengths of the system &y and A, we can
compute the Ginzburg-Landau parameter s, defined as

where ¢ is the Ginzburg-Landau coherence length, which is related to our cor-
relation length & as €2 = 2¢2. (See [12].) In figures (5.16)-(5.17) we show how
the Ginzburg-Landau parameter x behaves as a function of temperature, for our
different cases. We notice that all plots have a definite value at T' = T,.. We
will take this to be the value of £ of our holographic superconductor for each
case considered. The value of x for different cases is shown in Table 5.4. We
note that all values of x are lower than 1/ V2 ~ 0.707 for all cases of z consid-
ered, which means that our system behaves always as a Type I superconductor.
Also, we notice that the value of k is always lower for z = 2, which means that
in holographic superconductors with higher dynamical critical exponent, vortex
formation is more strongly unfavored energetically and has a stronger Type I

behavior.
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Value of the parameter 5 as a function of temperature, for different

cases.
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Value of the Ginzburg-Landau parameter x as

temperature, for different cases.
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Table 5.4: Value of the Ginzburg-Landau parameter k, for different cases.

Case I 0.527 0.467
Case IT 0.070 0.002

To finalize this section, let us change our point of view on our bulk model
(5.1.8) and give it a different physical interpretation in the dual field theory.
Indeed, instead of studying our system as a model for a dual superconducting
system, let us consider the case when we keep the U(1) symmetry ungauged
in the boundary field theory, keeping it thus global. By proceeding in this
fashion, our same gravity system will instead be considered a model of holo-
graphic superfluidity [125, 15]. Since standard Ginzburg-Landau theory makes
some precise predictions about superfluid phenomenology, we can therefore use
this holographic superfluid interpretation to test the consistency of our current
Ginzburg-Landau approach and to see how this phenomenology is altered by the
presence of the dynamical exponent z. As an example, we will compute the the
critical supercurrent J, and will verify that its near-T,. functional dependency
on the temperature is in precise agreement with the usual formulas derived from

GL theory of the superfluid.

To introduce the critical supercurrent in this new holographic superfluid
context, we must first go back to equation (5.2.3), which, having neglected the
terms in w and k, is just a homogeneous (only u-dependent) equation for A,.
In holographic superfluidity, switching on a nonzero A,(u) corresponds, as de-
scribed first in [125, 15], to turning on a supercurrent in the system . In that
context, the asymptotic coefficient A&O) in (5.2.5) corresponds to the source,
or superfluid velocity v,, while J, corresponds to the supercurrent. We note

that, since we are considering A, as a perturbation where the backreaction on
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5.3. Ginzburg-Landau Approach

the fields ¥ and ¢ is neglected, then one is effectively switching a perturbative
supercurrent J,.

The relation between the supercurrent J,, and the superfluid velocity is very
well known in the context of Ginzburg-Landau theory, where it is studied in
the limit where the modulus of the order parameter |¥¢p, | has a constant value.
This limit is associated with the physical situation where the charged superfluid
is confined to a thin film. (See, e.g. [29, 125].) Using holographic methods,
the relation between J, and v, has been previously studied in [126], where the
authors started from a minimal 3+1 dimensional bulk-model in the same spirit
as ours, and considered three fields equivalent to our v, ¢ and A, and considered
them to be all of the same order and to fully backreact between them?®. In the
study of the relation between J, and v, one the most important conclusions
they reached is that for temperatures close to T, the system has the same
behavior predicted by Ginzburg-Landau theory. Building on this result and on
the essential similarities between our bulk models, we can compute the critical
current J., that corresponds to the value of the supercurrent above which the
system passes to the normal phase [29]. According to Ginzburg-Landau theory,

it is given by the general expression

9\ 3/2
Jo = qs | oo < ) lof : (5.3.14)

3 ms

which we can rewrite in terms of our holographically-computed quantities Oa

and & as

1 (2\** 03

.= = —Aa (5.3.15)
2C, \3 &o

In figures (5.18)-(5.19) we show the value of J. as a function of temperature, for

our various cases of condensation. We note that the value of the supercurrent

decreases as the value of z rises. More importantly, we see numerically that the

3For additional studies of the supercurrent density in the presence of a superfluid velocity,

see [127, 128].
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near-1. behavior of J. is

Jo~ (1=T/T.)*? (5.3.16)

which is in accordance with the predictions of usual Ginzburg-Landau theory.

5.4 Constant Magnetic Field

We will now study the effect of an external magnetic field to the superconducting
phase of our models. As done before, we begin with in the general dimensional
case and then focus on D = 5. We follow the procedure developed by [17] and
will proceed in a perturbative fashion by proposing a series expansion for the

component fields

U(Zu) = PUO(E )+ P (E ) 4 - (5.4.1)
Au@u) = AD(@ )+ eAD (@ u) + - (5.4.2)

where ¥ = (z,y), and the expansion parameter is given by

B.—- B
€ =

5 <1, (5.4.3)

were B, is the value of the magnetic field that breaks the superconducting phase
(eritical magnetic field). Since this expansion is done near the value B = B, this
means that we find ourselves near the point where the condensate vanishes. We
substitute expansions (5.4.1)-(5.4.2) in the general equations on motion (5.1.9)-

(5.1.10). The zero order equation for the gauge field is

1
7 wr\
70 (\/§F(O)> 0, (5.4.4)
and has solutions
) ud—z
Ay (w) = p—p—g=, (5.4.5)
Th
AP(z) = B.w, (5.4.6)
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Value of the critical current J. as a function of temperature, for

different cases.
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and the rest of spatial components equal to zero: AZ(-O) =0, ¢ # y. Since the

solution for AEO) is equal to solution (5.1.15), we set the notation Ago) = ¢, for

simplicity. Meanwhile, the general scalar field equation is

2 2

d+1—z f wmy _(m ¢ y_ 1 1J 1
g, (uz+d_15u‘1’ > <u2z ) = DD,
(5.4.7)

where I,J = z,y. Eq. (5.4.7) is clearly separable. We follow the standard

treatment and propose
TD(Z, u) = PP (2, ), (5.4.8)
so on the right hand side of (5.4.7) we have

5 DD, u) = (85 + (8, - chx)2> o) = vy (82 —(p- Bcw)2> @

(5.4.9)
and we get the following equation
2 2
d+1—-z f m ¢ — 1 2 2
u au <u2+d1 811,90(7))) - <U2’Z - T}lef> Sp(p) — T%UQZ*Q (_az + (p - Bc JJ) ) ()O(p) .
(5.4.10)
Now, we make the separation
o) (2, 1) = pu(w)rP (@), (5.4.11)

and define the variable
X = /2B, (x - ]13’) , (5.4.12)
C

so that the operator on the right hand side of (5.4.10) becomes

[—aﬁ +(p— Bcaz)ﬂ = (2B.) [—33( + iXQ] , (5.4.13)

and acting on 'y,(Lp ) we have the eigenvalue equation

(-8 +3X7) 90 = 3, (5.4.14)

that has as a solution the eigenfunctions
Y (@) = e XL (X)), (5.4.15)
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where H,, are the Hermite polynomials and
Apn=2n+1, n=0,1... (5.4.16)

We choose the n = 0 mode, which corresponds to the most stable solution
[7, 17, 101, 129]. As described originally in [17], the more general solution to the
scalar field is given by linear superposition of the solution obtained above, with
different values of p. (We adopt the authors notation in the following). Going
back to (5.4.8), (5.4.11) and (5.4.15), we write our solution explicitly as

W (u, ) = po(u) Z CreYyq (z;p7) (5.4.17)

[=—00

2
Yo (7;p1) = exp {_l;c (m - gc) } : (5.4.18)

and where C; and p; are chosen explicitly as

2/ B
Ci = exp <_Z7ra22l2> ’ b= u Cla
a

ay

where

(5.4.19)

with a1, ag real parameters. Solution (5.4.17) can be rewritten as

1 _ BCIQ

\Il(l)(u,a_c’)zzpo(u)e > 30, 7), (5.4.20)

where J3(v, 7) is the elliptic theta function, defined as

o
I3(v,m) = Y el (5.4.21)

l=—00
and where the variables v and 7 are defined as

VBe

ai

v= (—iz+y), T=— (2im — ag) . (5.4.22)

)
—ro|

Owing to the elliptical theta function 93, the scalar field solution W(}) has
the following pseudo-periodicity in the z — y plane

v (u,z,y) = \I/(l)(u, x,y+ai), (5.4.23)
2T a 21 a
(1) 2 — “U . /B Y2 )
v (u’$+\/37a1’y+\/37a1> P [al ( cy+2a1>]\y w.2.9)
(5.4.24)
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Value of the critical magnetic field B. as a function of temperature,

for different cases.
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In addition to this, the 93 function has zeros located periodically at

— 1 1
V= (m + 2) U1 + (n + 2) U, (5.4.25)
where the v; vectors are given by
N al 5' - 2 8 a9 8

7 (5.4.26)

YT VBOy T VBaidr | VB Oy
Thus, the T(!) solution has a lattice profile in the (z — y) plane, spanned
by the vectors #;. We note that, in our given approximation, we will get a 2-
dimensional plane, orthogonal to the remaining (d — 2)-dimensional boundary
space, where the vortices live. We should note that the presence of the vortex
solutions given above does not contradict the fact that our system was found in
the previous section to be Type I*. Indeed, the computation of k presented above
comes from an energetic analysis, conducted directly from the dual system’s
Ginzburg-Landau action. (See [12].) This shows that, according to Ginzburg-
Landau theory, the formation of the above vortex solutions costs more energy to
the system than the energy needed for the system staying in a superconducting
state. (See, e.g. [29].) To be more specific, the case where B > B, corresponds
to a physical situation where the energy of the superconducting state is bigger
than that of the normal state, while for B < B, the inverse situation holds true,
with a phase transition occurring at B = B.. Furthermore, since our system
was found to be Type I, the phase transition in the magnetic field is first order
and, also as a consequence of being Type I, vortex formation is not energetically
favored. Therefore the system undergoes a phase transition from a homogeneous
superconducting phase to the normal phase as the magnetic field is increased.
Returning to the scalar field equation (5.4.10) and substituting the results

given above, we obtain the following equation for the radial function p

—z m® ¢ B.
w129, <uzj‘fd_13up(u)> — (uQZ - 2 + r%u222> p(u) =0, (5.4.27)

4A dynamical approach to vortex solutions in D = 4 can be found in [11], where it was

concluded that, for some values of the system’s parameters, the dual superconducting system

was Type I. For other dynamical approaches, see [106, 130].
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which can be written as

/ 2z 42 2
y fod+z-1Y\ , 1 5 uFPT w
S T2 - - - —B =0. 5.4.28

This equation of course has the same behavior at u — 0 as (5.1.17)

p~C_uP= + Crub+, (5.4.29)

with A1 given by (5.1.20). We set the same boundary conditions at u — 0 as
for the field ¢ in (5.1.12). By applying the shooting method to Eq. (5.4.27)
we find the value of the critical magnetic field that breaks the superconducting
phase of the system. In figures (5.20)-(5.21) we show the value of the critical
magnetic field B, as a function of temperature, for our different cases. We see

that near-T, the critical magnetic field B, behaves as
B.~(1-T/T,) , (5.4.30)

which is in agreement with mean field theory, for all values of z. We also note by
comparing Eqgs. (5.4.28) and (5.2.12), that the procedure to obtain the near-T,
values of the square of the wave number £ and the critical field B, is the same.
This in turn confirms the relation between the correlation length and the critical

magnetic field put forward in [18]

(T~T.). (5.4.31)
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Top-Down Approach:
Superconductors from

Superstrings on AdS; x Th!.

Having seen in the previous two chapters an example of the phenomenological-
focused bottom-up approach to holographic superconductivity, we now turn our
attention to an example of a top-down model. To summarize, we will consider
holographic superconductors arising from a family of N = 2 supergravity bulk
theories. As it will be shown, there is strong evidence that these theories can in

fact be embedded in 10 dimensional Type IIB superstring theory on AdSs x 71,

Many of the most important properties and motivations of the top-down
approach will become evident in this chapter. The first thing one should no-
tice is that, in building holographic superconducting models from consistent
truncations, we are taking advantage of the fact that superstring theory can be
framed within a relatively wide landscape of gravitational backgrounds. The
most relevant of these is of course given by AdSy x S19~¢ type backgrounds.

However, as we will show, a different choice of the internal manifold can have a
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6.1. The Bosonic Sector of N' = 2 Supergravity.

dual superconducting interpretation. Moreover, one can speculate that certain
universal properties of holographic superconductors could be intimately related
to a certain class of internal manifolds chosen in the Kaluza-Klein compactifi-
cations. Another commonly appearing property in top-down models is the fact
that one usually has a very good description of the dual field theory operators.
Indeed, this is the case for the system studied in the present chapter, where
we argue that the dual field theory operators are well defined operators belong-
ing to Klebanov- Witten superconformal field theory [131]. Generally speaking,
detailed knowledge of the dual operators is a very desirable property from the
condensed matter theory point of view, since it may help to shed some light on
the microscopic details of the condensing operators.

In the case of AdSs x S°, the dual field theory in the boundary is given
by N = 4 Super Yang Mills in four dimensions. Meanwhile, at large t’Hooft
coupling the bulk dual is given by five dimensional N' = 8 supergravity. In this
case, it is the main result of the gauge/gravity duality to be able to identify
the fields living in the bulk with quantum operators in N' = 4 SYM. The basic
idea in this chapter is to study consistent truncations of N/ = 8 supergravity
to smaller, more tractable sectors with gauge and scalar field content. Since
various of these truncations will lead to N' = 2 supergravity theories, we will

then choose these as our starting point.

6.1 The Bosonic Sector of A/ = 2 Supergravity.

We will start by considering the bosonic sector of N = 2 supergravity in D = 4+1

bulk-dimensions. In general terms, the theory contains the following multiplets

e The graviton multiplet. It consists of the metric and a single gauge

field referred to as the graviphoton.

e The gauge multiplet A. It consists of a vector field A, and a real scalar
o.
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e The hypermultiplet 7. It consists of two complex scalars, or equiva-

lently, by four real scalars ¢%, with u =1,...,4.

In addition to this bosonic content, each multiplet has also fermion degrees of
freedom, but they vanish in a classical background.
We will be now be mainly interested with a collection of the described mul-

tiplets. More concretely, we will consider

e ny gauge multiplets Ay, labeled by I =1,...,ny.

e ny hypermultiplets H ;, labeled by J =1,...,ngy.

We will refer to the real scalar fields in the ny gauge multiplets as ¢*, where

x =1,...,ny. Meanwhile, the real hyperscalars will be referred to as g%, with
u=1,...,ng. The whole set of scalars coming from both multiplets A and H
will be denoted by the vector ¥, with components v*, i = 1,...,ny +ng. On the

other hand, the totality of gauge fields will be denoted as A{u with I =0,...,ny.
We observe that the total number of vector fields is ny + 1, since we have taken
into account the graviphoton.

Pure N = 2 supergravity consists only of the graviton multiplet, in which
case the Lagrangian is uniquely determined and its bosonic part is given simply
by Einstein-Maxwell theory with a negative cosmological constant [132]. Addi-
tional field content and matter fields are introduced to the pure theory by means
of the gauge multiplets and hypermultiplets. The couplings among matter the
additional fields and the original pure N' = 2 supergravity are constrained by
the requirement that the complete Lagrangian is invariant under local N = 2
transformations. Although these supersymmetry transformations can be quite
complicated, we can mention three geometrical facts that are enough to deter-
mine this Lagrangian. For a more detailed account of the construction of the

Lagrangian, see [133, 134, 135].
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6.2 The Scalar Manifold

In order to be able to construct N/ = 2 supergravity, we first need to focus on the
geometry describing the scalar manifold. More formally, this scalar manifold will
be a Kdhler special manifold. Let us begin then by defining a Kéhler manifold:
a Kéahler manifold is a Riemannian manifold M of real dimension 2n, endowed
with the almost complex structure J and the hermitian metric g, such that J is
covariantly constant with respect to the Levi-Civita connection. If we consider
a local chart of 2n real coordinates ¢, an almost complex structure is then given
by a real valued tensor Jf ($) living on the tangent space of the manifold, and
defined by the property J2 = —1. In particular, the hermitian metric satisfies
the relation JgJT = g. As a consequence of the definition, M will also be a
complex manifold which can then be covered by local holomorphic charts with
n complex coordinates {z%, z*}. In these complex coordinates the metric can be
written with indexes 9o

Going back to N' = 2 supergravity, the scalar manifold M of the theory has

the following geometric properties:

e The scalars belonging to the hypermultiplets are coordinates for a quater-
nionic Kéhler manifold @, whose choice fixes the self-interaction of the

hypermultiplets.

e The scalar belonging to the vector multiplets are coordinates for a very
special real manifold V, whose choice fixes the self-interaction of the scalars

and their couplings to the gauge vectors.

The scalar manifold is then given by the direct product M =V ® Q, and is
equipped with a smooth metric g;; of euclidean signature. This metric defines a
non-linear sigma-model kinetic term for the scalars ¥ as

LR ~ gii0,0' M7 (6.2.1)
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where the metric g;; has block-diagonal form

G 0
gij = v ; (6.2.2)
0 H,

and where G, H,, correspond to the product spaces V, Q, respectively. Addi-
tionally, we simply state that the hyperscalar manifold Q is further geometrically
constrained by the R-symmetry group of the theory, SU(2).

Invariance under A/ = 2 supersymmetry also places constrains on the non-
linear sigma-model terms for the field strengths F! = dA’. Concretely, these
constraints result in a kinetic matrix Nyj, with indexes I, J =0,...,ny, there-
fore including the graviphoton. The kinetic matrix couples the field strengths
with the scalars of the vector multiplets as N;j = Nyj(¢”) and its specific form
is determined by the geometry of the scalar manifold.

Determined in this manner by the geometry of the scalar manifold M, the
kinetic term of the bosonic part of N = 2 supergravity coupled to matter will
be given by

In order to complete the construction of the theory, one must now introduce
a gauge group. This gauging procedure will result in a replacement of the partial
derivatives with gauge-covariant ones and in the appearance of a scalar potential
term V(M).

In order to understand the gauging procedure, we have to first introduce
some general background. As we have seen above, the kinetic terms of the
bosonic sector of the theory are given by a non-linear sigma-model on target
space M. In particular, the metric is a non-trivial function of the scalars g;; =
gij(U). An isometry of this metric will be a field reparametrization ¥ — F(?)
which leaves unchanged the functional form of g;;. A Killing vector is defined
as the infinitesimal generator of this isometry. The Killing symmetry associated

with a Killing vector is an infinitesimal symmetry dg, where 6 is the infinitesimal
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6.2. The Scalar Manifold

transformation parameter. Then, a Killing vector K}\(U) can be defined by
Sov' = 0M K (D), (6.2.4)

where the index A counts the number of isometries. Meanwhile, the isometry

itself is reflected in the relation

We now consider the case where the hypermultiplet scalar manifold Q is a
homogeneous space. Formally speaking, a manifold M is said to be a homogenous

space for a group G if the map
GxM 3 (a,z)— Ta(x) € M (6.2.6)

is a diffeomorphism and it acts transitively on M, and where the T»(z) denotes
the action of G on M. The isotropy group Z, is defined as the set of elements
of G that leaves x+ € M unchanged. Furthermore, there turns out to be a
one-to-one mapping between the manifold M and the coset space G/T [136].
The important result that we want to consider is that, in the case when our
hyperscalar manifold Q is an homogeneous space of the type G/Z, with G non-
compact and Z its maximally compact isotropy group, then the R-symmetry of
the theory will be embedded in Z. The particular homogeneous space we will
study is given by the coset
SU(2,1)

R (6.2.7)

For the gauging of N' = 2 supergravity we will choose to realize the Yang-
Mills gauge group Gym as a subgroup of the isometries of the scalar manifold
M. This gauging procedure then involves the introduction of at most ny + 1

Killing vectors acting infinitesimally on M as
" = ¢"+ 0 KX(9), (6.2.8)
" = ¢“+OMK(g). (6.2.9)
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Then, the gauging procedure modifies the covariant derivatives for the hyper-

scalars and the vector multiplet scalars as

ouqg" — Dug" = 0uq" — CYMA;)KX((]) ) (6.2.10)

Oud” = Dud” = 0,0" — cymALKR(9) (6.2.11)
while the gauge field strengths will be given by
Fl\ = 0,A) — 0,AN + eymfan Ay AL (6.2.12)

where f& N are the gauge group structure constants. We must also mention that
the gauging procedure also brings the introduction of certain “prepotentials”
Py, which are functionals acting on the scalar manifold. Briefly stated, the
prepotentials are introduced because the special and quaternionic Kahler nature
of the scalar manifolds allows the Killing equations to be solved in terms of them.
They bear importance to our discussion because the scalar potential V' (¢, ¢*)
is expressed mostly in terms of the prepotentials, as will be seen below.

The resulting bosonic sector of the A" = 2 supergravity Lagrangian after the

gauging procedure is given by [133]

E/\/:Z =R+ ﬁvectors + £sca1ars + £CS 5 (6213)
where
1
ﬁvectors = _iNIJFl{yF'uyly (6.2.14)
ﬁsoalars = _nyDu¢xDH¢y - HuvDuq”D“qv - V(q, QZ)) s (6215)
1 or ] J K
The scalar potential term is given by
3
V(Qﬂ ¢) = _2C%PTPT + C%POZP@;GMJ + EC%(MKUKUHM) ) (6'2'17)

where the factors P", P] are related directly to the prepotentials acting on the
scalar manifold M and which here we only mention for the sake of exposition.

For further details, see [133].
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6.3 The “Universal Multiplet” SU(2,1)/U(2).

Before we move further on, we must briefly consider the geometry of the coset
space H = SU(2,1)/U(2), known as the universal multiplet [137]. Formally, it
is a quaternionic manifold of real dimension four with the topology of the open
ball C? [138], whose metric can be written in a simple fashion by introducing
the complex coordinates (;, (2

1o = dGdG+dGdG | (GdG + Gd6)(GdG + Gdd)
20 (1= 1al - 1el) (1= 1af - el*)’

: (6.3.1)

where |¢1|? 4 |¢2|? < 1. The metric (6.3.1) is a Kéhler metric with an associated

Kahler potential

K = —log (1~ 1G] = |eP) - (6.3.2)

The isotropy group of the manifold H is given by U(2) = SU(2)r x U(1),
which has four isometries and four Killing vectors associated to them. In order to
complete the gauging procedure, we must know these Killing vectors. From the

2. . .
|“ is invariant

Kihler metric and potential we see that the combination (1] + [,

under two independent U(1) symmetries
(1 — e, G — €2y, (6.3.3)

where both transformations represent independent U(1) = SO(2) rotations of
the complex planes (1 and (». The remaining isometries involve rotations of
the coordinates {(1,(2} as a doublet of SU(2). This is becomes apparent after

looking at the functional form in the metric terms
dGidCy + d¢edCa, GGy + GedCe,  (idGr + CadCa - (6.3.4)

A convenient choice for this third isometry is given by

N — R(63) f , (6.3.5)

G G2
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6.4. Obtaining a One-Parameter Family of Theories.

where the rotation matrix R(63) is given by

cosfl3  sinfs
R(0s) = . (6.3.6)
—sinfs cosbs

Finally, the last isometry of U(2) is the complex conjugate of (6.3.5), which is
independent on C2.

The four isometries described above are generated by the Killing vectors

Hy =10 — C10¢,  Ha = G20g, — (20,

o B o (6.3.7)
Ly = (0, —C10¢, L1 = (306 — Q10¢,

which can be rearranged in terms of the two subalgebras U(2) = SU(2) x U(1)

SU(2) x U(1) = ‘ (6.3.8)

The SU(2) algebra is generated by (F1, F», F3) and satisfies the standard algebra
[F;, Fj] = 1€, Fy, with indexes running over {1, 2,3}. Meanwhile, the U(1) alge-
bra is generated by Fg, which is orthogonal to the SU(2) subgroup, [Fg, F;] = 0.
There are also additional non-linear and non-compact Killing vectors, which we
will omit. For more details, see [138, 139]. We will associate the transformation
parameters {aq, ag, g} with the SU(2) subgroup and an ag parameter with the

U(1) transformation.

6.4 Obtaining a One-Parameter Family of Theories.

We can now finish the construction of N' = 2 gauged supergravity coupled to
the universal multiplet. Since the gauge group we consider is abelian, then no
other vectors but the graviphoton will be present. As said before, the gauging

procedure requires the abelian gauge group to be embedded in the isotropy
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6.4. Obtaining a One-Parameter Family of Theories.

group U(2) of the scalar manifold. This embedding is not unique, and can be
parametrized by the Killing vector [139]

K (Cl,CQ) = —’L'\/é (013F5 + \}gOZSFE%) R (641)

where we have used the SU(2) invariance to set the parameters oy = ag = 0
without any loss of generality. The ratio ag/ag specifies the direction of the
Killing vector K inside the U(2) isotropy group. We refer to this ratio as § and
will use it to parametrize a continuous family of abelian N' = 2 supergravity
coupled to the universal multiplet .

The Lagrangian of gauge N' = 2 supergravity has many contributions, given
by (6.2.13). Looking at the gauge kinetic term (6.2.14), we note that the kinetic
matrix in our case will be one-dimensional Nj; = Nyg, corresponding to the
case where there is only the graviphoton present and no vector multiplets. This
matrix is fixed by supersymmetry as Nog = 1. The standard kinetic term for the
gauge boson can be realized by rescaling Ay — Ag/v/2. Regarding the scalar
fields, we will use the complex coordinates (1, (2, since it is useful to express the
metric of manifold H in terms of holomorphic and anti-holomorphic indexes, as

in (6.3.1), which we rewrite

d¢idG +dCedly  (Gd 4 (2d(a)(Grdé + (2dEs) ‘
(1—laf —|ef) 1 laf —le)?

The gauge-covariant derivatives are obtained according to (6.2.8)-(6.2.9) and

hi;dGdC; = (6.4.2)

using the Killing vector (6.4.1), from where we obtain

V3

D,uCl = 8“(1 — ZAH? (6 + 1) (1, (643)

D, = 0,0 —iA,— (B—1) (2, (6.4.4)

Proceeding in this manner, the Lagrangian of the SU(2,1)/U(2) model we are

constructing is given by
1 -
Ly =R-— ZFWFW —2h5D 6D — P (G, C2) (6.4.5)
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with a potential term

3 8-V
P(C1,G) = —= : 6.4.6
(Cl CQ) 2(1—|C1‘2—K2‘2)2 ( )
(11— 28+ 36) [C1* + (11 + 26 + 367) |G
—2(8 = 1% [¢ul* = 208+ 1)% Gof* = 4(8* + 2) 11 |Gl

(6.4.7)

\%

6.5 Holographic Superconductivity from the Hyperscalars

In the previous sections we have constructed family of NV = 2 abelian super-
gravities parametrized by a real number S that specifies the gauging direction
in the U(2) isotropy group of the scalar manifold SU(2,1)/U(2). An important
thing to notice is that the resulting gauged Lagrangian (6.4.5) has the mini-
mal required setting needed to construct a D = 5 holographic superconductor
as described in previous chapters, with field content consisting of a gauge field
A, and two complex scalar fields ({1, (2) coming from the graviton multiplet
and the hypermultiplet, respectively. In the special case when both scalar fields
vanish (; = (2 = 0, one obtains for the scalar potential P(0,0) = —12, and
the whole system has an asymptotically unit-radius-AdSs Reissner-Nordstrom
black hole solution. We will in the following study holographic superconducting
behaviour arising from the dynamics of the two charged superscalars (1, (2). To
do it, we will consider particular values of 8 and study how the resulting N' = 2
supergravity theory at those values can be embedded in the context of Type IIB
superstring. Also, for any value of § considered, the Reissner-Nordstréom solution
mentioned above corresponds to the normal phase of the dual superconducting
System.

The masses of the hyperscalars depend on the value of the parameter 5. To
see this, one can go to the AdSs; vacuum and read the masses directly from the

scalar potential by evaluating the Hessian matrix. The masses obtained in this
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Table 6.1: Value of scalar masses m?, charges r; and dual-operator dimensions

A, for different integer values of the parameter 3. The charges are defined as

¢ = V3ri/2, with r; = 8 — (1)

2 &%) 61 G3)
3 (12,21) (4,2) (6,7)
manner are given by
m=S(1+8)G-36), mi=-S0-§(E+3H).  (651)

The Lagrangian (6.4.5) is symmetric under the transformation (; <> (» with
B < —p. Therefore, without any loss of generality we can take 8§ > 0. The
parameter is related holographically to the value of the dimension A of the
dual field theory operator. In Table (6.1) we show the values of the scalar
masses, charges and dual-operator dimensions for different integer values of the
parameter 5.

The equations of motions arising from our SU(2,1)/U(2) Lagrangian (6.4.5)

can be written in terms of the complex variables (1, (o as

(Vu—iqiAy) (VF —iqA*) G+ (0, — iqiApG) X — DViGi =0,  (6.5.2)

(Vi —igady) (V¥ —igaA¥) Go + (O — iqeAuC2) X' — DVala = 0, (6.5.3)

where ¢; and g2 can be read directly from the gauge derivative definitions (6.4.3)-

(6.4.3). The function x, is defined as

by = 92 <C1DM<1 +C2DMC2) 7 (654)

1— |G = |G
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and we define the quantities

3 —5+36+ (7= 8) Gl + =BG
DV — -2 (1 : 6.5.5
1= *”( L= laf* - el ) oo

3 —5 =36+ (T+0) |G + B3+ 5) ¢
DVo— —2(1— : 6.5.6
2 4( 7) ( 1— G =G ) | )

where the symmetry under (; <+ (2 with 5 <> —f is apparent. From (6.5.5) and
(6.5.6) we can recover the masses m?, m3 given in (6.5.1).

In the following sections we shall study the superconducting phase of the
system for different values of 8. in order to solve the equations of motion we

shall propose the standard metric and gauge ansatz

dr?

f(r)

The superconducting solutions for the equations of motion have the following

ds? = —eX) f(r)dt? + +di*, A=d(r)dt. (6.5.7)

asymptotic r — oo behaviour

_ M
eXf(r) = e X <r2—742+-~-> ; (6.5.8)
O(r) = pu— 7PZ+... (6.5.9)
O;
G = At (6.5.10)

where i = 1,2 and Ay, As are the dimensions of the dual condensing operators.
We will choose to work in the canonical ensemble, so that the charge density of
the dual theory is fixed as p = 1. The energy and entropy density of the field

theory are given by

3M r3
E = =-h 5.11
160G’ T 4G’ (6.5.11)
and the Helmholtz free energy of the system is given by
f—E—Ts—L 30— 2mrdT (6.5.12)
B - 87G \2 ) -

In order to know which hairy solutions are thermodynamically preferred, we

will in the following compute the free energy relative to the Reissner-Nordstrom

solutions Af = fHairy — fRN-
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Figure 6.1: The condensates O for the operators of conformal dimensions A =

3/2 (B = 0 case, solid blue line) and A = 3 (8 = 1 case, Truncation I, dashed
red line), as a function of temperature.

6.6 The 3 = 1 Condensate

When one sets the free parameter as § = 1, the system is then characterized by
a scalar potential term

P61, pey = =6 (1= 1G2)

(6.6.1)
so that the DV;, DV5 terms in the general equations of motion become
1-3G)* - 2]¢&)
PV — -3 ( Gl \3212> | (662)
(1 =Gl = ¢l”)
DVy = 0.

(6.6.3)
Since DV, = 0, the field (5 has trivial dynamics and we can focus on solutions

for (1. We define the real fields  and 6 by

G = " tanh U ,

(6.6.4)
so that the Lagrangian (6.4.5) can be written as
_ 1
p=1 _
‘CN:2 D)

2
5 [(877)2 + sinh?p (89 - \/gA) ] — 3 cosh? g (5 —coshn) . (6.6.5)
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Figure 6.2: The free energy relative to the Reissner-Nordstrém solution for the
operators of conformal dimensions A = 3/2 (8 = 0 case, solid blue line) and

A =3 (8 =1 case, Truncation I, dashed red line), as a function of temperature.

From (6.6.5) we can read the asymptotic » — oo behaviour of n
nr)~ —+—+---. (6.6.6)

In order to have spontaneous symmetry breaking, we will set 07 = 0, so that the
dual condensate will have dimension A = 3. The behaviour of the condensate as
a function of temperature can be seen in figure (6.1) (red dashed line), where we
find that system undergoes a second-order phase transition at 7T, =~ 0.083. This
can be seen in figure (6.2) (red dashed line), where we plot the free energy as

function of temperature and we find no discontinuity at the critical temperature.

6.7 The 3 = 0 Condensate

The 8 = 0 case is characterized by the scalar potential

P (C1,6) = —g (

8 — 11(|1 [ + ) +2(1G 2 + Gl + 6 ¢ |<22)

(1-1Gf - ’C2’2)2
(6.7.1)
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Figure 6.3: The condensates O for the operator of conformal dimension A = 5/2

(8 = 0 case, Truncation I) as a function of temperature.

which leads to the terms

3(5-7|G° -3¢
DV, = -= , 6.7.2
1 4( -G =Gl ) 672

DV, = DW. (6.7.3)

As one can see, the scalar fields in the § = 0 case have the same masses m% =

m% = —15/4 and also the same interaction terms DV) = DVa. In order to have

a single charge scalar field, one can consider the following distinct truncations

Truncation I ¢ = e tanhg , (2=0, (6.7.4)
1

Truncation IT G=C0=C(, (=—
V2

e? tanh g . (6.7.5)

Each truncation results in a different form for the Lagrangian, which can be

written as

= 1 1 7 %
LR = =5 @n) = ST ) A> = Vi), (6.7.6)



6.7. The p =0 Condensate
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Figure 6.4: The free energy relative to the Reissner-Nordstrém solution for the
operator of conformal dimension A = 5/2 (8 = 0 case, Truncation I) as a

function of temperature.

where the structure function J* and potential V* characterize each different
truncation. In the case of truncation (6.7.4) one has
Jh = % sinh?n,

Truncation I (6.7.7)

V= % (Cosh2 n — 12 coshn — 21) ,

while for the second truncation (6.7.5) one obtains

JI = 3sinh? 2,
Truncation II (6.7.8)

v = % (3 + 5cosh? g) .

In each of these cases the asymptotic » — oo behaviour of the field 7 is the

same
Oy 02
The value of the mass m? = —15/4 allows us to consider both the standard and

alternative quantization schemes. Therefore, we have the possibility to consider

two distinct condensation cases within each truncation: one by setting O; = 0,
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so that the condensate has dimension A = 5/2, and the other by setting Os
in which case one has a condensate of dimension A = 3/2 [14]. However, as it
turns out after performing numerical computations, in both quantization cases
of Truncation II (6.7.8) one obtains a retrograde condensate [21, 140]. This
corresponds to a black hole solution where a non-trivial profile for the scalar
field appears for temperatures above a critical temperature, instead of below
as in the case of usual condensation. Furthermore, in our particular case, this
solution has a free energy than is higher that that of the Reissner-Nordstrom
black hole solution. Therefore this case is of not thermodynamically favored and

is of no physical interest.

Therefore, we can focus only on the condensates corresponding to the Trun-
cation I (6.7.7). The condensate of dimension A = 3/2 as a function of temper-
ature can be seen in figure (6.1) (solid blue line). Just as in the case of the 5 =1
condensate, the system undergoes a second-order phase transition at T, ~ 0.24
as can be seen in figure (6.2) (solid blue line), where we plot the free energy as
function of temperature and we find no discontinuity at the critical temperature.
In figure (6.3) we can see the A = 5/2 condensate as a function of temperature.
In contrast with all of the preceding cases, the system here undergoes a first-
order phase transition at T, ~ 0.029. In this case the critical temperature T, is
defined by the temperature at which the free energy becomes lower than that
of the Reissner-Nordstrém black hole solution. This can be seen in figure (6.4),
where the free energy of the system is plotted as a function of temperature. The
phase transition is discontinuous because the condensate has a jump at T, from
zero to a non-zero value. The general picture of the S = 0 model is strikingly

similar to the analogous 4D model of [141].

Comparing both 5 = 0 and 8 = 1 models, we note that the A =3/2 (8 = 0)
operator condenses at higher temperatures than the dimension A = 3 operator
which is dual to the m? = —3 scalar in the 8 = 1 model. Additionally, from

making a comparison between the free energies of these particular operators,
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we conclude that the thermodynamics is dominated by the phase in which the

A = 3/2 operator condenses for T < T, as this phase has the lowest free energy.

6.8 Embedding of the Theories

In this section we outline how both the § = 0,1 A/ = 2 supergravity theories
studied here can be embedded in Type IIB superstring theory. The mathematical
details behind these embeddings are quite involved, so for simplicity we will limit
ourselves to present only the general aspects of the construction. For a more

detailed account, see [20, 25, 28].

6.8.1 The 3 = 1 Embedding: Sasaki-Einstein Compactification

This N = 2 supergravity theory can be directly embedded in Type IIB theory.
We first begin by generally describing the embedding of the field ¢; [20]. In order
to do this, we start by decomposing Type IIB theory fields according to possible
deformations of a Sasaki-Einstein manifold. Briefly stated, a Sasaki-Einstein
manifold Y can be seen as a U(1) fibration over a base Kéhler-Einstein manifold
B

ds? =dsh +E® €, (6.8.1)

where £ is a globally defined 1-form. An Einstein-Sasaki manifold is charac-

terized by three globally defined 2-forms {J!,.J2, J3} that satisfy the following
conditions

JUA JY =269 Vol(B), ig(J) =0, (6.8.2)

dQ =3i ENQa, dé = 2w, (6.8.3)

where we have defined J! = w and Qo = J? + iJ3, and where Vol(B) is the

volume of the base manifold. Thus, a Sasaki-Einstein deformation in the ten-

dimensional metric in the Einstein frame can be written as
ds? = GyydzMdzM = e%(4U+V)ds§ +eVdsh +e?V (E+A)@(E+A), (6.84)
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where U(z), V(z) are scalars fields and A(x) is a 1-form. The coordinates z*,
uw=0,...4 are coordinates for dsg, while y™, m = 5,...,9 are coordinates for
the Sasaki-Einstein manifold.

The next step is to realize a Kaluza-Klein compactification of the Type I1B
theory 2-forms By, Cy and the self-dual 4-form Cy. This reduction is achieved by
performing an expansion around the structure forms &, w and Q [131]. The KK
compactification will in fact introduce a five-dimensional gauge transformation,
which is induced by reparametrizations of the fiber coordinate. A simple example
of how this happens can be seen in a toroidal compactification, where the metric

can be written as
ds* = GyydaMdz™ = G datde” + eV (dE + Apda®)? | (6.8.5)

and where the compact dimension is z? = £. As usual, the Kaluza-Klein com-
pactification will introduce a vector A,(z) ~ Gy9 and a scalar V(x) ~ Gogg.
Then, reparametrizations of the form £ — £ + A(z) will induce a transformation
Ay = As + 05 A(x), signifying that A, is indeed a gauge field.

Having this in mind, in the case of Sasaki-Einstein compactifications, since
we want our reduction ansatz to be gauge invariant we must then look at how
the fields transform under reparametrizations. To do so, we consider the Lie
derivative along the Killing vector of the fiber isometry. We denote such Killing
vector as K = k(z)0/0¢, so that the Lie derivative will be given by Lx =

ig -d+d-ig. Acting on the structure 2-forms one has
Lgw=0, LQy = 3ik(x)Qs, (6.8.6)

so that we conclude that {29 will not be gauge invariant. Thus, the five-dimensional
harmonics of € that will appear in the expansion of the Type IIB forms Bs,
Cy and C4 will be charged under the U(1) field. The expansion of the ten-
dimensional fields has to be realized in terms of £ + A, instead of only & [25].

This way, the ansatz for the Type IIB fields needed for the (; truncation is given
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by
e?V = cosh g , e 2V = coshg , (6.8.7)
BQ = Re (bQQQ) s 02 =Im (CQQQ) s (6.8.8)
where we define
b2 = ¢ tanh? g = ip?, (6.8.9)

and where we have chosen for the time being to set the axion field Cy to zero,

and the dilaton field ¢ to a constant. The self-dual five form F5 is given by

F = cosh? g (5 — coshn) Vol(ds?) — (x5dA) A w

%ew sinh?7 (df — 3A) Aw A w, (6.8.10)
*xF = %ew(coshn—f)) E+ANWAWFAANE+FA)NA

g sinh g (x (d — BA)) A (€ 4 A) (6.8.11)
Fs = F++F. (6.8.12)

Finally, the resulting truncated action is the given by

L = R (xsdA) AdA+ ANdANdA
1
—3 (dn2 + sinh? 7 (d — 34)* — 6 cosh? g (5 — cosh 77)) .

(6.8.13)

The truncated Type IIB Lagrangian (6.8.13) clearly coincides with the N' =
2 Lagrangian (6.6.5). However, by setting the axion and dilaton fields to zero
and constant values respectively in the ansatz (6.8.7)-(6.8.8), we have in fact
retained only half of the hypermultiplet, i.e. the (; field. Indeed, the remaining
half of the hypermultiplet, given by the field (5, is a complex chargeless scalar
with trivial dynamics DV, = 0 and dimension A = 4. There is one candidate in
Type IIB theory with these same characteristics, namely the axion-dilaton field

7 = Cy + ie~?. Therefore, in order to regain the complete § = 1 supergravity
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theory, we must give dynamics to Cy and ¢. To do this, one proposes the ansatz

& =0 = 926 tanhg , (6.8.14)
which results in
Ly — E%B = —% cosh? g (dq§2 + €%? cosh? gdC&)
—%e‘b sinh?7n dCy (df — 3A) . (6.8.15)

The matching of this Lagrangian to the full 3 = 1, N/ = 2 supergravity La-
grangian (6.4.5) can be realized by making the following field definitions

_ w\/i n [1+i7 _ l+4ir .
Gi=e G tanh 0y f7——, G =1 (6.8.16)

We thus see how our N = 2 supergravity describes the universal hypermultiplet

belonging to the class (6.8.4) of Sasaki-Einstein compactifications. Furthermore,
since we have not specified the base space of the Sasaki-Einstein manifold, the
compactification we have performed contains in fact a large class of theories.
This fact will be of importance when discussing the possible 5 = 0 embedding

in the following subsection.

6.8.2 The 8 = 0 Embedding: Type IIB on AdS; x T"*!

Let us now see how A = 2 supergravity with the 8 = 0 gauging can be connected
to Type IIB superstring theory. An important fact is that the spectrum of five-
dimensional N’ = 8 supergravity arising from Type IIB theory compactified on
AdSs x S° does not support Kaluza-Klein modes with the value of scalar field
mass m? = —15/4 that the 8 = 0 truncations have. A possible solution to this
is to consider Type IIB theory compactified on spaces with an internal manifold
different from S° and whose KK spectrum matches our 8 = 0 model. As we
will show, there is strong evidence that this can indeed be achieved. Following
work by Klebanov and Witten [131] we review a gauge/gravity duality where

gravitational theory has an internal manifold given by the homogeneous space

~ SU(2) x SU(2)
- U(1)

! (6.8.17)
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6.8. Embedding of the Theories

Let us then very generally describe this space. Formally speaking, the space
TH1 is an Einstein manifold with positive curvature and can be geometrically
identified as the transverse space of the Calabi-Yau three-fold Y. The manifold

Ys can be realized by the surface
B4 2+2=0, (6.8.18)

or equivalently by
2129 — 2324 — 0, (6.8.19)

where {z1, 29, 23, 24} are coordinates on CP*. The space Yy has a conical singu-

larity at the origin where the metric can be written as a cone over T'h!
dsy = dr® + r*ds?, (6.8.20)

where d32T is the metric of TH!. The gauge/duality duality is then established
by studying a stack of N D3-branes located at the conical singularity, following
a similar path to the original Maldacena derivation of the standard AdS/CFT
duality. In this particular setup, supersymmetry is reduced from N’ = 4 to N’ = 2
and the dual field theory is given by a 4-dimensional N' = 1 superconformal field
theory with gauge group SU(N) x SU(N). This field theory contains two chiral
gauge superfields Wi, Wa, and the chiral superfields (41, A2) and (B, B2). The
A and B fields can be seen as N x N matrices whose eigenvalues parametrize
the position of the D3-branes. This field theory has a global symmetry group
SU(2)4 x SU(2) g, under which the superfields transform as a doublet. This can

be seen from equation (6.8.19), which is solved by making the substitution
21— A1By, 20— AsBy, 23— A1Bs, z4— AsBi. (6.8.21)

In addition to all this, the A/ = 1 field theory has a unique superpotential
W ~ ¢9eF Ty A;BLA; By . (6.8.22)

In this way, there is a conjectured duality between a Type IIB superstring theory
on AdSs x TH! with N units of Ramond-Ramond flux through 7!, and a four-

dimensional SU(N) x SU(N), N' = 1 superconformal gauge theory perturbed
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6.8. Embedding of the Theories

by a superpotential (6.8.22). It is customary to refer to the dual field theory as
Klebanov- Witten superconformal theory.

To see how our 8 =0 N = 2 theory can be related to Type IIB theory on
AdSs x TY', we go back to Table (6.1) and point out the fact that, for integer
values of 3, the masses and charges of the SU(2,1)/U (1) hypermultiplet are in
precise correspondence with those of the chiral AdS multiplets of the Klebanov-
Witten field theory, with specific global SU(2) x SU(2) quantum numbers (7,1).

In particular, one has the following two Kaluza-Klein towers [142, 143]

e A Kaluza-Klein tower coming from the complex IIB zero and two-forms
with quantum numbers satisfying 2j = 2] = §—1 with $ > 1. This is dual

to field theory operators

Ag_q =Tr [(Wf +W3) (AkBl)ﬁ—l] T (6.8.23)

e A Kaluza-Klein tower originating from the IIB metric, four-form and com-
plex four-form and has quantum number satisfying 25 = 2l = § + 1 with

B > 0. The corresponding dual field theory operators are of the form

Bsip = Tr [(AkB,)/”l} . (6.8.24)

The resulting mass spectrum as a function of 2§ = 2l is shown in figure
(6.5). Regarding the dimension A of the dual operators of each KK tower Ag_;
and Bgy1, we note that the chiral superfields A and B have dimension A = 3/4,
whereas the chiral gauge superfields Wy, have also dimension A = 3/2. This

means that the A operators have dimension
AA)=3+-(—-1), (6.8.25)

so that the lowest state in this Kaluza-Klein tower has § = 1 and A = 3.

Likewise, the B operators have
3
AB)=5(B+1), (6.8.26)
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Figure 6.5: The two Kaluza-Klein towers of scalar fields on 7!, The dotted

(dashed) line indicates hypers with 2j = 3 F 1.

so that the lowest state in this Kaluza-Klein tower has f = 0 and A = 3/2.
This is the operator that dominates the thermodynamics in the superconducting

phase of the system.

Comparing the mass spectrum and the KK tower dimensions of Klebanov-
Witten theory described above with the values in Table (6.1) of our family of
N = 2 supergravities, we can observe the same relation between mass and di-
mension when taking integer values of 8. To this exact correspondence we add
the fact that the Type IIB Sasaki-Einstein embedding described for the g =1
includes the Calabi-Yau three-fold Ys. These facts leads one to claim that the
lowest Kaluza-Klein state in the A-tower corresponds to SU(2,1)/U(2) hyper-
multiplet with 5 = 1. The SU(2) x SU(2) quantum numbers in this case are
j =1 = 0, which means that the hypermultiplet transforms as a singlet. On
the other hand, the lowest Kaluza-Klein state in the B-tower has § = 0 and
quantum numbers j = [ = 1/2. It is only natural to ask whether the g = 0
N = 2 supergravity theory can be considered a consistent truncation within

Type IIB theory compactified on 7", A major obstruction to this is that, be-
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cause of the non-trivial quantum numbers mentioned above, the hypermultiplet
cannot be considered a singlet under SU(2) x SU(2) and the identification is

not straightforward as in the § =1 case.
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Conclusions

In this thesis we have shown that the AdS/CFT correspondence provides a new
way to study the superconducting phase of large-N theories in the strongly-
coupled regime. When discussing the cuprates at the end of Chapter 1, we have
already seen some of the shortcomings of the usual field theory approaches to
strongly-coupled many body systems, perhaps the most serious of which being
the break-down of the quasi-particle picture because of the strong interactions
involved. As we have seen, the gauge/gravity duality allows to pose intractable
many-body quantum problems in terms of the classical dynamics of a dual grav-
itational system in AdS space. Using this novel holographic point of view, the
condensation of Cooper-pairs in the field theory side is translated to the spon-
taneous creation of charged hairy black hole solutions in the gravity side. This
gives rise to a phase in the dual field theory where the core phenomenological
aspects of superconductivity are recovered. It is striking that by only looking
to the problem from an holographic point of view, these utterly intractable sys-
tems in the strong-coupling regime can be shown to present a superconducting
phase. Given the success of the holographic method and the difficulties already

mentioned about standard field theoretical approaches, it may not be too bold



to imagine that indeed the natural theoretical definition of superconductivity in

the strong coupling regime is given by the gravitational dual system.

With these general considerations in mind, in this thesis we have endeav-
ored to present a complete picture of the different approaches followed in holo-
graphic superconductivity. We have thus presented working examples in both
the bottom-up (Chapters 4 and 5) and top-down (Chapter 6) approaches. Let

us now draw some conclusions from each of these chapters.

In Chapter 4, using as a starting point a family of minimal holographic
superconducting models in d = 4+ 1 AdS spacetime, we have constructed a con-
sistent Ginzburg-Landau phenomenological interpretation of the corresponding
dual field theory. This was realized by making use of some non-trivial numerical
identities related to the bulk-side fields, by identifying the scalar field relevant
asymptotic mode with the Ginzburg-Landau theory order parameter and by
making some sensible and simple physical assumptions. We have checked that
our Ginzburg-Landau description consistently reproduces all expected properties

in great detail.

By making a study of small fluctuations of the gauge and scalar fields in
the bulk theory around the condensed solution, we were then able to compute
the penetration length A and coherence length £ of the dual superconducting
system. We found through these holographic computations that the character-
istic lengths have the expected non-trivial functional dependency on tempera-
ture near 7., in accord with the one observed in real-world superconductors.
Next, we computed holographically the parameters o and 5 of the Ginzburg-
Landau Lagrangian for the dual field theory, and found in both cases that their
near-71,. functional dependence on temperature is in complete agreement with
the behaviour predicted by standard Ginzburg-Landau theory. We then pro-
ceeded to compute the Ginzburg-Landau parameter k for different values of the
scalar field charge ¢q. From this calculation we find that, as the value of ¢ in-

creases, the Ginzburg-Landau parameters approaches asymptotically the value
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Kk ~ 0.55 < 1/\@ From this we can conclude that the system will behave as a
Type I superconductor for all values of ¢ considered. Strikingly, we found that
the temperature dependence of the Ginzburg-Landau parameter x found in this
paper can be modeled using the same kind of empirical fitting already used for
the high-T, superconducting material NbsSn in [113]. This can be observed in
the striking qualitative similarity between figures (4.13b) and (4.14).

We have also calculated the Helmholtz free energy density of the system
using our Ginzburg-Landau approach, and compared it with the free energy
computed with the standard holographic techniques. It was found that both
approaches give mutually consistent results in the near-T, region. Additionally,
through calculations of the free energy of the system, the Ginzburg-Landau
approach was compared with the method developed in [15] for calculating the

parameters « and 5. Both methods were shown to be in excellent agreement.

Next, we probed our system with a constant magnetic field B. This was done
by using the black brane solution of [16] in d = 4 + 1 AdS up to order B2. This
is the first use of this solution in the context of holographic superconductivity.
With this perturbative solution, we showed the formation of droplet condensate
solutions in this fixed background and calculated the critical magnetic field above
which the superconducting phase is broken. The field obtained in this fashion
was compared with the critical magnetic field obtained in the Ginzburg-Landau
approach. While both fields measure different aspects of the response of the
system to a magnetic field, we found that near T, both fields behave as B, ~
Bo(1 — T/T.) and that their corresponding factors By behave as ~ 1/¢'/3 (or
equivalently as ~ 1/T;) for large ¢. In conclusion, one of the main results
of this chapter is to show that a very simple phenomenological model in d =
4+ 1 AdS spacetime allows for a consistent Ginzburg-Landau description of the
boundary theory, where all the Ginzburg-Landau parameters and characteristic
lengths can be calculated using holographic methods, and whose behaviour is

in accordance to the one predicted by traditional mean field theory. Moreover,
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we also observe that, as the value of the scalar field charge ¢ increases, the
Ginzburg-Landau parameter of the model tends asymptotically to a well defined

value that characterizes the dual superconducting system as Type I.

Chapter 5 is a natural continuation of the previous one. In this chapter we
have chosen to study a D = 5 minimal model of holographic superconductivity in
the probe limit, with a Lifshitz black hole background. Within this framework,
we have studied different cases of condensation, varying within each of them the
dynamical critical exponent in order to gain insight on how the system is affected
by z with respect to its usual isotropic behavior. As in the previous chapter, we
have added small scalar and gauge field fluctuations to the original component
fields in order to compute holographically the penetration and coherence length
of the superconducting system. We saw that both characteristic lengths have
the standard near-T, functional dependency on temperature for all condensate
cases and all values of z. However, the dynamical critical exponent z does affect
the value of the characteristic lengths, as it becomes evident in the change of the
value of their ratio as given by the Ginzburg-Landau parameter k. We also saw
that it is possible to construct a consistent Ginzburg-Landau phenomenological
interpretation of the dual theory with Lifshitz scaling. We computed through
holographic techniques the Ginzburg-Landau Lagrangian parameters « and
and, as with the characteristic lengths, concluded that they have the standard
near-7, functional dependency on temperature for all condensate cases and all
values of z. However, the presence of z does have a non-trivial effect on this phe-
nomenological parameters, diminishing the value of their numerical coefficients

as z raises.

We have also computed with holographic techniques the Ginzburg-Landau
parameter x of the system. For all case of condensation and all values of z, we
saw that k < 1/ /2. This means that for all cases the dual system will behave
as a Type I superconductor. Moreover, we also observed that, for each case of

condensation considered, the value of k became lower for higher values of z. This
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means that in systems with higher anisotropy, vortex formation is more strongly

unfavored energetically and exhibit a stronger Type I behavior.

In addition to this, by making an holographic superfluid interpretation of
our bulk system and using as a starting point previous research on the relation
between the supercurrent density J. and superfluid velocity v, of the system
[126], we used the Ginzburg-landau quantities obtained previously and computed
the critical supercurrent J., which is the value of the supercurrent above which
the system passes to its normal phase. The results obtained have a near-T,
temperature dependence which is in complete agreement with the one predicted

by standard Ginzburg-Landau theory.

Finally, we computed the critical magnetic field B, needed to break the su-
perconducting phase of the system, following the perturbative procedure first
developed in [17]. We observed that the critical field near-T; functional depen-
dence on temperature is the one predicted by Ginzburg-Landau theory. However,
we also note that the value of the critical magnetic field is smaller for higher val-
ues of z. Additionally, within this perturbative approach, we have confirmed
holographically the conjecture posed in [18] that the critical magnetic field is
inversely proportional to the square of the correlation length, in accordance to

Ginzburg-Landau theory.

The holographic computation of the Ginzburg-Landau parameter s pre-
sented in these two chapters can serve as an useful probe to test the viability
of an holographic superconducting model as a possible description of real world
high-T, superconductors. Indeed, all the cuprates so far discovered present a
very Type II behaviour. Therefore, it would be a very desirable property of
an holographic superconductor to have a value of x in the Type II region. A
similar thing can be said about the systems studied in Chapter 5, where we con-
cluded that the systems with greater anisotropy will be have a stronger Type I
behaviour. In this respect it is natural to ask how the Ginzburg-Landau parame-

ter obtained in these chapters could change by the choice of other models such as,
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for instance, d-wave holographic superconductors [8, 9, 10], p-wave holographic
superconductors [19], models with higher corrections to the scalar field poten-
tial such as the ones that appear in top-down approaches [20, 21, 14] or less
conventional models such as ones with Chern-Simons terms, higher-derivative
couplings or in the context of New Massive Gravity [22, 23, 24]. This calls for

further research.

Let us now turn to the top-down system studied in Chapter 6. To summa-
rize, we have explicitly constructed a Lagrangian for the five-dimensional N' = 2
gauged supergravity coupled to an SU(2,1)/U(2) scalar hypermultiplet. The
resulting model is uniquely determined by a single parameter (5 representing
the mixing between the U(1) generators of SU(2) and U(1). When g = 1,
the system describes two complex scalars (1, (2, with masses m? = —3 and
m3 = 0. In this case, the resulting Lagrangian exactly coincides with the La-
grangian of [20], with the extension that incorporates the complex dilaton found
in [25, 26, 27, 28]. This match involves a non-trivial scalar potential and non-
trivial couplings, and should not come as a surprise as there is no other possible

model for an SU(2,1)/U(2) hypermultiplet with such masses.

Similarly, the same uniqueness property of the Lagrangian strongly indi-
cates that the model with § = 0 indeed must describe the two complex scalar
fields of masses m? = —15/4 which are dual to the operator of lowest dimension
A = 3/2 in the Klebanov-Witten superconformal theory. We have explicitly
demonstrated that this mode dominates the thermodynamics at low tempera-
tures. It would be extremely interesting to see if the 5 = 0 model represents a
consistent truncation of Type IIB supergravity. While the scalar fields have non-
trivial Kaluza-Klein quantum numbers (1/2,1/2), they are however the lowest
states in the KK spectrum, which suggests that the truncation might neverthe-

less be consistent. Proving the latter may require an explicit construction of a

Type IIB ansatz that reproduces the same equations of motion.

In presenting both approaches in contrast, we can compare their strong and
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weak spots more clearly. For instance, by having the complete freedom to define
our bulk model and the freedom to choose the value of the input parameters
(scalar charge ¢ in Chapter 5 and dynamical exponent z and scalar field mass
M? in Chapter 6), we have been able to probe the general phenomenological be-
haviour of the relevant physical quantities in the condensed phase of the dual field
theory. In particular, in Chapter 5 we have seen that the Ginzburg-Landau pa-
rameter k reaches an asymptotic upper constant value as the value of the scalar
charge increases. Therefore, in looking for possible holographic candidates to
model real world high-T,. superconductors, we could expect that a system with
a large scalar charge will be more likely to show Type II behaviour. In a similar
fashion, from Chapter 5 we can conclude that a larger degree of anisotropy will
inhibit Type II behaviour. The main downside to this bottom-up approach is
that it is not clear the manner in which any of these phenomenological simple
models could be obtained from a consistent truncation of Type IIB theory, and
how they could provide insight on the microscopical details behind the supercon-
ducting phase of the dual theory. Of course, one can always rightfully say that
these systems are not designed to have these properties, but rather to give us
practical knowledge on the phenomenology of the dual superconducting systems
and its working relation with the bulk models from where they arise.

On the other hand, in the top-down holographic superconductor described
in Chapter 6, by considering a bulk system with a different internal manifold,
we were able to construct a gravity model whose holographic dual is nothing but
the Klebanov-Witten superconformal field theory. Moreover, we found through
holographic techniques that the very specific K-W operator Tr (A B;) (the one
with the lowest dimension) condenses and dominates the thermodynamics of the
system, thus showing that Klebanov-Witten has a well defined superconducting

phase.
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