
ADVERTIMENT. Lʼaccés als continguts dʼaquesta tesi queda condicionat a lʼacceptació de les condicions dʼús
establertes per la següent llicència Creative Commons: http://cat.creativecommons.org/?page_id=184

ADVERTENCIA. El acceso a los contenidos de esta tesis queda condicionado a la aceptación de las condiciones de uso
establecidas por la siguiente licencia Creative Commons: http://es.creativecommons.org/blog/licencias/

WARNING. The access to the contents of this doctoral thesis it is limited to the acceptance of the use conditions set
by the following Creative Commons license: https://creativecommons.org/licenses/?lang=en



Department of Telecommunications and Systems Engineering

RF Filters and Multiplexers

Based on Acoustic Wave

Technologies with Ladder-Type

and Cross-Coupled Topologies

Designing Under a Systematic Strategy

Ph.D. Dissertation in Electrical and Telecommunications Engineering by

Alfred Raul Giménez Bonastre
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Abstract

The mobile technology has emerged as the most successful platform for the introduction of
innovative services and user applications from both a technological and economical perspective.
Mobile devices are changing the habits of the people and it is possible to see how, in this sense,
our society is continuously improving. With the 4G network in process of deployment and the
future 5G standards under development, global demand for broadband data services has been
subjected to a series of unstoppable growth. And it will continue increasing pushed by the
ubiquity of the service, according to Cisco’s forecasts. The most important is that this growth
undoubtedly demonstrates the importance of broadband services for the people, society, and
economy, while it is drawing a major challenge for the network service providers.

The aim of this work is to develop synthesis techniques for the design of filtering devices based
on micro-acoustic technologies, focusing therefore the great challenge of frequency spectrum
management in the user segment. In general, the design of these filtering devices is based on
optimization techniques because of the stringent requirements imposed by the technological
feasibility of acoustic resonators and the tight performance specifications of the device. For
this reason, the design and manufacture of filters and duplexers based on acoustic resonators
becomes a huge challenge increasingly difficult to achieve. In this work, systematic methodologies
are presented in order to improve and make more efficient the design of filtering devices based
on micro-acoustic technologies.

The most important consideration during the synthesis of filters and duplexers is that the
resonators must be technologically feasible. The methodologies presented in this work are use-
ful for the design of ladder-type filters and cross-coupled prototypes in which the technological
feasibility is an essential requirement for all the provided solutions. The effective coupling coef-
ficient of each resonator, the resonant frequencies, the quality factor, the stored energy, or the
chip size are parameters to consider during the design of micro-acoustic filters. By means of the
techniques provided in this work, all these restrictions are analytically managed, and optimum
results are obtained with a minimum time and computational effort.

Moreover, the use of these synthesis techniques allows the control of the phase parameters,
which are essential for the design of multiplexer devices. These are considered the main device for
the future radio-frequency front-end modules ready to work with Carrier Aggregation and the
4G-Advanced and 5G standards. Stand-alone filtering devices, duplexers, and multiplexers, ready
to accommodate the micro-acoustic technological requirements and satisfying the frequency
mask specifications, as long as possible, are the result of the proposed methodologies in this
work.
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Resum

La tecnologia mòbil ha emergit com la plataforma de major èxit per a la implantació de serveis in-
novadors i aplicacions d’usuari tant des d’un punt de vista tecnològic com econòmic. Els disposi-
tius mòbils estan modificant els hàbits de comportament de les persones i veiem cont́ınuament
com, en aquest sentit, la nostra societat millora dia a dia. Amb la xarxa 4G en ple procés de
desplegament i els futurs estàndards 5G en ple desenvolupament, la demanda global per al servei
de dades de banda ampla ha estat sotmesa a un cicle de creixement imparable. I continuarà aix́ı
alimentat per la ubiqüitat del servei, segons les previsions del Cisco. El més important és que
aquest creixement indubtablement demostra la importància de la banda ampla per als ciutadans,
la societat i l’economia, mentre dibuixa un gran repte als provëıdors de serveis de xarxa.

L’objectiu d’aquest treball està centrat en el desenvolupament de tècniques de śıntesi per al
disseny de dispositius filtrants basats en tecnologies micro-acústiques, enfocant aix́ı el gran repte
de gestió de l’espectre freqüencial en el segment d’usuari. En general, el disseny d’aquest tipus
de dispositius es basa en tècniques d’optimització degut a les rigoroses limitacions imposades
per la viabilitat tecnològica dels ressonadors acústics, aix́ı com a les exigents especificacions de
rendiment del dispositiu. És per aquests motius que el disseny i fabricació de filtres i duplexors
basats en tecnologia acústica creen un gran repte cada cop més dif́ıcil d’assolir. En aquest treball
es proporcionen metodologies sistemàtiques enfocades en millorar i fer més eficient el disseny de
dispositius filtrants basats en ressonadors acústics.

El més important durant el disseny de filtres i duplexors basats en tecnologia acústica és que
els ressonadors siguin viables tecnològicament. Les diferents metodologies presentades en aquest
treball són útils per a la śıntesi de topologies en escalera o xarxes amb acoblaments creuats on
la viabilitat tecnològica és un requisit indispensable en totes les solucions proporcionades. El
coeficient d’acoblament de cada ressonador, les freqüències de ressonància, el factor de qualitat,
l’energia emmagatzemada, o l’ àrea del xip són paràmetres que es tenen en compte durant
el disseny d’aquest tipus de dispositius. Mitjançant les tècniques de śıntesi proporcionades en
aquest treball, no només es controlen anaĺıticament aquestes restriccions, sinó que s’obtenen
resultats òptims en el mı́nim temps i cost computacional.

L’ús d’aquestes tècniques, a més, permet un control dels paràmetres de fase essencial per al
disseny de multiplexors, els quals estan en el punt de mira com a dispositiu indispensable dins
les capçaleres dels futurs sistemes sense fils preparats per treballar amb el protocol de Carrier
Aggregation dins els estàndards 4G-Advanced i 5G. Dispositius filtrants, duplexors i multiplexors
viables tecnològicament i complint amb les especificacions de màscara freqüencials són resultat
de l’ús de les metodologies proposades en aquest treball.
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Menéndez, who introduced me to the field of BAW filters and encouraged me to start my Ph.D.
degree. Ernesto Dı́az must also be mentioned here, for his constant assistance in the laboratory.

I would like to thank my current and past roommates Mercedes, Iuliia, Ángel, Mónica, and
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CHAPTER 1

Introduction

Mobile communications technology has evolved into the most successful enabling platform for

innovative services and user applications. Mobile devices, such as smartphones, tablets, and

wearable devices among others, have changed the society life-style and they have become essential

in the daily lives of many people. Talking, text messaging, checking for e-mail, surfing the

Internet, watching movies, or playing games are some of the most common utilities that people

use routinely on their mobile devices.

According to Cisco’s report [1], more than half a billion mobile devices and connections

were added in 2015, most of them being smartphones. It represents a grew up to 7.9 billion

connections and it is expected to be of 11.6 billion by 2020. As shown in Figure 1.1 (a), by 2020,

there will be over 8 billion personal mobile-ready devices and over 3 billion machine-to-machine

(M2M) connections, the basis of the Internet of Things (IoT). Such an increasing number of

devices, along with the rising rate of data being transmitted throughout the world, generates

an exponential growth of data traffic as measured and predicted by Cisco based on the increase

in data moving through its routers. Overall mobile data traffic is therefore expected to grow to

30.6 exabytes per month by 2020, an eightfold increase over 2015, as shown in Figure 1.1 (b).

Among different mobile applications, video content has much higher bit rates than other mobile

content types, thus generating much of the overall mobile traffic growth. In fact, video streaming

accounted for more than half of all mobile data traffic and it will grow to three-fourths by 2020.

Another important trend is the projected increase at the global mobile network connection

speeds. Whereas the average downstream speed for smartphones grew nearly 26% to 7.5 megabits

per second (Mbps) in 2015, the quantity is anticipated to reach 12.5 Mbps by 2020. Nowadays,

the fourth generation (4G) is still being deployed in many parts of the world and represent just

20% of global mobile connections [1]. However, intensive research is going on towards future
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Figure 1.1: Global mobile forecast: (a) mobile devices and connections and (b) data traffic growth
as measured by Cisco [1]. Source: Cisco Visual Networking Index Mobile, 2016.

mobile systems, and fifth generation (5G) system deployments are expected around 2020 [2].

Long Term Evolution (LTE) and its extension, LTE-Advanced, as the most up-to-date de-

ployed standards, provide high throughput data transmission with peak data rates up to 3 Gbps

and 1.5 Gbps for downlink (DL) and uplink (UL), respectively [3]. LTE was also designed for re-

duced service latency, simplified implementation complexity for cost reduction, optimized packet

transmission, and so on. Furthermore, LTE introduced for the first time Internet Protocol (IP)

packets for communication and enables a better usage of the spectrum. The main new features

and improvements of LTE-Advanced with respect to LTE are Carrier Aggregation (CA) and the

enhanced use of multi-antenna techniques [4].

An approach to satisfy the demanded peak data rates is to simply extend the transmission

bandwidth using a single carrier, as stated in Shannon’s theorem [5]. In practice, because of the

overcrowded spectrum at frequencies of MHz and a few GHz, such a large portion of bandwidth

is rarely available. CA becomes an attractive alternative because multiple component carriers

of smaller bandwidth are aggregated, thus increasing the efficiency of the current fragmented

spectrum [6,7]. In intraband CA, contiguous or non-contiguous carriers are allocated in one band,

whereas in interband CA carrier combination is realized among two to five different bands. In 4G

systems the number of aggregated bands is limited to 5, each of 20 MHz, but in the upcoming

5G systems this barrier will be eliminated.

Multiple-Input, Multiple-Output (MIMO) antennas also increase the spectral efficiency by

adding spatial multiplexing, where different data streams are transmitted for each antenna

and each stream carries different information but shares the frequency resources [8]. In LTE-
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Figure 1.2: Simplified block diagram of a mobile device architecture: (a) duplexer approach and
(b) multiplexer approach.

Advanced standard is introduced an 8×8 MIMO in the DL and 4×4 in the UL [3].

Historically, three new frequency bands were created each year on average. LTE-Advanced

Release 12 [9] brings up to 44 independent bands for mobile communications. With that stan-

dard, there has also been an explosive growth in the number of newly defined CA combinations.

Unfortunately, assigned frequency bands of operation are different in each region of the world,

therefore increasing the complexity of Radio-Frequency (RF) Front-End Modules (FEMs) re-

quired in mobile devices ready to an international use. The architecture of the transceiver (TRx),

including RF front-end configuration, in a handset aiming a high bandwidth global coverage

should be ready to enable the full set of benefits of LTE-Advanced latest releases. For instance,

the latest smartphones support more than 20 LTE bands coexisting with GSM and WCDMA

standards, as well as WiFi, Bluetooth, and GPS systems.

The requirements for intraband and interband CA creates new challenges for RF-FEM de-

signers. Interband CA requires simultaneous operation on two or more different frequency bands.

The classical architecture in which different bands are selected using a switch connected to dif-

ferent duplexer components, as the one depicted in Figure 1.2 (a), becomes obsolete with CA.

Multiplexer solutions (see Figure 1.2 (b)) simplify the design, reduce product footprint, con-

serve power, and improve overall system performance by covering primary band combinations.

Currently, leader manufacturers in filter components and RF-FEMs are investing a lot of effort

in multiplexer solutions for CA combinations [10–13]. Main challenges in multiplexer design are

cross isolation between filters in a multiplexer device, given before by the switch, and linearity
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Figure 1.3: Structure of a SAW resonator.

in order to avoid nonlinear mixing products falling into one of the active bands in the device.

Acoustic devices using Surface Acoustic Waves (SAW) and Bulk Acoustic Wave (BAW)

technologies are widely used for RF filters, duplexers, and multiplexers for mobile handsets.

Actually, acoustic seems to be the unique filtering technology available at this moment ready

to satisfy the stringent performance specifications of LTE standards. Acoustic devices fulfill the

extremely low insertion loss, sharp roll-off, and high isolation characteristics required for cellular

systems while occupying a small device size and compact footprint.

SAW filters dominated the markets of wireless telecommunications RF filters until approx-

imately the end of the 90s. Since then, they coexist with BAW filters sharing the market of

handset RF-FEM filters and duplexers. SAW technology is good for low cellular bands up to 2

GHz, whereas BAW presents more advantages at higher frequencies. In [14] there is a mapping of

the acoustic technology that best fits the different LTE bands in terms of frequency of operation

and complexity. Deciding which filter technology is better for a certain application is usually a

balancing act between performance, size, and cost, and nowadays, this is well established in the

industry for the actual LTE bands.

1.1 Acoustic Resonators

The difference between SAW and BAW technologies lies in how the acoustic wave propagates

through the piezoelectric slab. A SAW device is made of a piezoelectric substrate with metal-

lic structures, such as interdigital transducers (IDTs), and reflection gratings deposited on its

surface, as depicted in Figure 1.3. A microwave signal applied at the input IDT stimulates a

micro-acustic wave that propagates along the surface [15]. This is possible due to the piezoelec-

tric effect that produces a deformation of the material when a voltage is applied on it. The same

piezoelectric effect cause the SAW to generate an electric charge distribution at the output IDT

and, therefore, a microwave output signal.
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Figure 1.4: Structure of a BAW resonator: (a) Thin Film Bulk Acoustic Wave Resonator (FBAR)
and (b) Solidly Mounted Resonator (SMR).

SAW resonators are limited in their achievable frequency of operation because of the sepa-

ration of each finger in the IDT. Practical limitations lie at 2.5 GHz because the requirements

for line width and gap dimensions in the IDTs require less than 0.25 µm lithography resolution,

which requires a lot of effort for manufacturing [16]. SAW devices are generally manufactured on

a Lithium Tantalate (LiTaO3) or Lithium Niobate (LiNbO3) crystal substrates. In fact, LiTaO3

was the preferred substrate material for mobile applications because the resonator bandwidth

fits perfectly with the required one for these applications. However, for temperature compen-

sated SAW (TC-SAW) devices, in which an additional layer of silicon dioxide (SiO2) on the

top of the IDT is added to reduce the frequency shift due to temperature variation, LiNbO3 is

essential to increase the resonator bandwidth [17]. Although SAW technology is still growing

with improved performance, it is a mature technology used almost since the emergence of mobile

phones. A main advantage of SAW technology over BAW is the simplicity and low cost of the

manufacturing process, in which only a few process steps are necessary.

Meanwhile, a BAW resonator is made of a piezoelectric plate sandwiched between metallic

electrodes. The most used piezoelectric material for BAW devices is aluminum nitride (AlN) and

molybdenum (Mo) or tungsten (W) for the electrodes [18]. When a voltage difference is applied

on the electrodes the piezoelectric effect generates an acoustic wave propagating vertically in

the bulk of the structure, that is, in the direction of the electric field. The resonance frequency is

determined by the thickness and material properties of the piezoelectric and the electrodes. The

fundamental resonance is found when the resonator plates, including the electrodes, are exactly

one-half of the acoustic wavelength.

The first BAW device for CDMA-PCS duplexer was proposed by Agilent in 1999 [19] and

introduced on the market in 2001 [20]. The structure they used to confine the acoustic wave

in the resonator and isolate the substrate was called film bulk acoustic resonator (FBAR).

The idea was to create an air-gap cavity below the bottom metal electrode, as depicted in

Figure 1.4 (a). Due to the mechanical properties of this medium, the acoustic wave is reflected
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on top and bottom electrode surfaces and resonance is thereby achieved. Mirror-type solidly

mounted resonator (SMR) approach had entered the market somewhat later [21]. In the SMR

configuration a Bragg reflector is placed below the bottom metal electrode, as shown in Figure

1.4 (b). The Bragg reflector consists of alternating metal and oxide layers, i.e., high and low

acoustic impedance materials, that confines the acoustic wave under certain conditions.

FBAR devices present low loss and high quality factor compared with SMR, in which un-

wanted lateral modes have a direct path to the substrate through the acoustic mirror. The

excitation of these parasitic modes, specially at the parallel resonance, causes energy lost be-

cause of signal leakage, with the corresponding degradation of the quality factor (Q) [22]. The

most common solution to this problem is the optimization of the SMR layers for both the thick-

ness and lateral modes [23, 24]. Maximum quality factors of about 5000 and 3000 are typical

for FBAR and SMR configurations, respectively, whereas in SAW devices the quality factor is

approximately of 1300 [25]. With respect to power handling, SMR devices endure higher power

levels better than FBAR because the acoustic mirror actuates as a heat sink. In FBAR, the heat

generated in the membrane can only leak through the anchor points. However, FBAR is still

much better than SAW, in which the IDT fingers are prone to electromigration damage with

high power levels [16]. An extensive comparison between SAW and BAW technologies can be

found in [26].

1.1.1 Electrical Performance of Acoustic Resonators and Modeling

The electrical input impedance of an acoustic resonator is characterized by the presence of two

resonances. At the resonance or series frequency fs, the magnitude of the input impedance tends

to its minimum value, ideally zero, whereas at the anti-resonance or parallel frequency fp the

input impedance tends to its maximum value, ideally infinity. The measured input impedance of

a BAW resonator is shown in Figure 1.5. It can also be observed that the phase between resonant

frequencies is about 90◦, but outside these frequencies the phase is about -90◦, behaving as a

capacitor.

The electromechanical coupling coefficient k2
eff of the resonator determines the amount of

electrical energy converted into mechanical energy or vice versa. It is related with the separation

of the resonance frequencies fs and fp, therefore determining the bandwidth of the resonator.

The most simple model of an acoustic resonator is given by the Butterworth-Van Dyke (BVD)

equivalent circuit, widely used for conventional single crystal quartz bulk resonators [27]. The

BVD model is suitable for modeling the fundamental operating mode of an acoustic resonator

and, because of its simplicity, it is the preferred model to be used in system- and circuit-level

designs. An improved and more realistic model, the modified Butterworth-Van Dyke (mBVD)

model, was presented in [28]. In addition to the lumped inductor and capacitors, the electric,
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Figure 1.5: Input impedance magnitude and phase of a measured BAW resonator.

acoustic, and material losses are also modeled with resistors. Furthermore, substrate effects and

electrode leads can also be included in the mBVD model [29]. The lumped components of the

mBVD circuit can be easily translated into physical dimensions and properties of the resonator:

area A, resonant frequency fs, coupling coefficient k2
eff , and quality factor Q. In general, k2

eff

and Q are given by the process of the chosen technology, and the designer only has A and fs as

variables to work with.

Other equivalent one-dimensional (1D) models commonly used for designing BAW are the

Mason model [30, 31] and the transfer matrix approach [32]. These models are useful to con-

struct the layer stack. In fact, they provide the electrical response as a function of the physical

parameters and the thicknesses of the layers in the acoustic stack. In SMR-BAW, the Mason

model is able to describe the effects introduced by the acoustic mirror by cascading a set of

transmission lines modeling each layer in the stack. In SAW, the three-port mixed matrix ap-

proach, also known as P-matrix, describes the coupling of surface acoustic waves to electric field

in an IDT in terms of Scattering and admittance matrices [33, 34]. The P-matrix of the whole

device is obtained by cascading the P-matrices of the transducers and reflectors, subdivided at

the same time by P-matrices of more basic cells [35]. Thus, the P-matrix is suitable for modeling

resonators having several IDTs and reflectors. In general, the simulation time of these 1D mod-

els is higher compared with that of the mBVD, although they are still suitable for filter design

including optimization procedures.



8 1.2. Filter Topologies Based on Acoustic Resonators

The finite-element method (FEM) allows the modeling of two-dimensional (2D) and three-

dimensional (3D) effects of the resonator, like spurious modes and bulk leakage [36–38]. In a

FEM simulation, the acoustic resonator is discretized into a finite number of elements in which

the coupled-field analysis is calculated. Although these simulations require high computation

costs, they provide an accurate prediction of the resonator performance, and are useful for

suppression of spurious lateral modes [39]. FEM solution is also useful to analyze SAW devices

such as dual mode SAW (DMS) filters, in which equivalent circuit models or P-matrices ignore

relevant second-order effects [40].

1.2 Filter Topologies Based on Acoustic Resonators

In general, two main filter configurations can be classified according to the connection type

between the acoustic resonators: those connected electrically and those acoustically coupled.

Ladder- and lattice-type filters belong to the first approach, whereas stacked crystal filters

(SCFs) and coupled resonator filters (CRFs) belongs to the second one [16]. Nowadays, the two

most important topologies for mobile phone applications are ladder-type filters and CRFs in

SAW, also known as DMS filters [41].

The conventional ladder-type filter is made of several consecutive series and shunt acoustic

resonators, as depicted in Figure 1.6 (a). Ladder-type filters can be realized either in SAW and

BAW technologies. They obtain high selectivity, because of the finite transmission zeros (TZs)

below and above the passband, but poor out-of-band (OoB) rejection, mainly controlled by the

number of resonators in the filter. To improve the OoB rejection, we additionally need to include

external elements in series or parallel to the resonators [42], that can be externally implemented

on the laminate. Matching external elements are usually required, particularly in multiplexer

modules in whose several ladder-type filters are connected together in one common port. One

of the major drawbacks of ladder-type filters is related to their achievable bandwidth, limited

by the effective electromechanical coupling constant. To achieve larger bandwidths, additional

external elements or cross-coupled topologies are some viable solutions.

DMS filters, on the other hand, are based on the transverse or longitudinal acoustic coupling

between IDTs. A basic two-IDT DMS topology is shown in Figure 1.6 (b). CRF filters lead to

wider bandwidths and better OoB rejection than ladder-type filters, but less selectivity because

the TZs are placed in the origin and infinity. A potential topology yielding the best rejection

and stopband suppression is obtained with the combination of a ladder-type stage and a CRF

section. Furthermore, single-ended to balanced mode conversion is possible with CRF filters,

although it is not used any more in mobile devices due to the large number of filters in the RF

front end.
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Figure 1.6: Most used filter configurations: (a) ladder-type and (b) DMS-SAW.

1.3 Motivation and Purpose of the Thesis

The popularity of mobile devices worldwide has led the market for high-performance RF filters

based on acoustic resonators to a huge success. The number of frequency bands keeps growing

every year, and latest-generation smartphones are expected to support most of them, thus pro-

viding the full set of benefits of LTE latest releases. Nowadays, a top-tier smartphone supports

more than 20 LTE bands, calling for more than 30 filters in a device. This vision justifies the

steady pressure to shrink the available area for RF filters and modules whereas the compliance

matrix of the spectrum mask specifications keeps increasing. The trend is now the integration

of multiple filters into RF modules with switches and power amplifiers, because it yields smaller

footprints and optimum performance.

RF filters based on acoustic resonators, either realized in SAW or BAW technologies, exhibit

unbeatable advantages with respect to other technologies, specially for mobile applications.

However, the increasingly complex specifications, with extremely high rejection of adjacent bands

combined with low insertion loss, strengthen the need for advanced filter design techniques.

Furthermore, the stringent technological requirements, i.e., the effective coupling constant, the

maximum number of different resonant frequencies, and the quality factor, lead the design of

a stand-alone filter to a more and more challenging task. With CA, the design of multiplexer

modules, with isolation levels of -60 dB between multiple bands, becomes even more complicated.

The easier practice to start a design given some specifications is to modify an existing

filter core and optimize the available variables in order to satisfy the new requirements. This

methodology of design process may be promoted by the customer necessity or time to market

pressures. However, trying to optimize a relatively large number of ill-advised variables for the

current stringent requirements could not be the best procedure to acquire a good solution. Global

optimization methods, which can partially solve this problem, are time consuming and do not

assure the best solution for a finite number of iterations.
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The designer understanding of the behavior of each component in the network is essential for

the derivation of a good design. A common practice, and much better compared to the mentioned

previously, is the creation of a potential topology including the arrangement of resonators, port

matching, and grounding, by focusing on certain primary targets in order to obtain a good

starting point for further optimization. The area, resonant frequencies, and external components

are the variables for the optimization of insertion loss (IL), return loss (RL), and isolation

between the filters in the multiplexer module. The overall OoB requirements are usually checked

in the 3D FEM simulation, in which the layout, laminate, and mutual couplings behavior is

contemplated. After each iteration of the optimization process, the result is compared with the

given specifications and, in case all goals are not fulfilled, the circuit topology and values of

the elements are re-adjusted to start a new optimization iteration. In [43], detailed information

about the general filter design methodology can be found.

Our breadth of view is to address the design of filters based on acoustic resonators from a

methodological perspective by using synthesis techniques. Nowadays, the design of RF filters

with attenuation poles at finite frequencies is quite well understood and widely used for less

restrictive filter technologies. The synthesis methodology is carried out according to a low-pass

model based on cross-coupled schemes or by means of the well-known extracted pole technique.

The recent introduction of non-resonating nodes (NRNs) has allowed these synthesis techniques

to be used in the design of acoustic filters. Fully canonical inline topologies without the need

of a direct source-load cross-coupling can be realized by using NRNs, and their characteristics

agrees with those observed in the well-established acoustic wave based ladder-type networks.

The synthesis approach begins with the definition of a general class of Chebyshev filtering

function with finite transmission zeros (TZs). The filtering function can be constructed directly

from the filter degree, the position of the finite TZs, and the RL level as input variables. These

input variables can be selected according to the frequency range mask specifications. The param-

eters of a low-pass equivalent circuit are obtained from the polynomial definition of the filtering

function. An inline low-pass prototype can be transformed into a ladder-type band-pass network

made of BVD resonators. Once the BVD parameters are associated with the physical properties

of acoustic resonators, the synthesis is completed. Since the synthesis methodology is all based

in direct numerical analysis, the computational effort is negligible.

However, not any synthesized network among the infinite possibilities is ready to be im-

plemented with acoustic technology. Assuming that the topology and resonator models are the

adequate ones, they have to account for technological feasibility in terms of resonant frequencies

and effective coupling coefficients. The parameters of the BVD model are bounded by these

technological constraints, and the result of the synthesis must contemplate them. Since, as al-

ready mentioned, the input variables to the synthesis methodology are the filter degree, the

TZs, and the RL, the resulting BVD elements and, consequently, the technological parameters,
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are subject to them. Therefore, the goal in the design is to find the set of TZs and RL for a

given filter order that satisfies not only the frequency mask specifications, but the technological

constraints as well. An automatic search engine based on a local optimization routine has been

implemented in this work to this end. It is important to observe the difference with the design

methodologies mentioned above. Using synthesis techniques, an ideal filter response is always

obtained in a fast and accurate way. The optimization of the set of TZs and RL is negligible in

terms of computational cost, because there are only a few input variables to optimize and the

starting guess is always well-defined. The mask specifications and the technological requirements

are defined as constraints during the optimization procedure. Meanwhile, different solutions can

be easily obtained in terms of better RL, minimum power density distribution, or minimum size.

The main advantage of using synthesis techniques in the design of acoustic based filters is that

the designer is able to straightforward validate the feasibility of the design and check different

filter orders or topologies, as well as obtain suitable starting points for further optimization

processes, e.g., FEM analysis, packaging, etc.

Leveraged in this synthesis methodology, further research have been developed in this work

for the design of cross-coupled topologies based in acoustic technology. The coupling matrix

approach is a useful tool that contains most of the relevant information about the cross-coupled

network. Direct synthesis techniques or optimization of the coupling matrix elements allows the

design of advanced filter topologies with improved characteristics compared to those of ladder

networks.

These synthesis techniques, based in low-pass prototypes that are later transformed into

band-pass networks with BVD resonators, present many advantages for the design of acoustic

filters, as already mentioned. However, the low-pass response is a narrowband approximation of

the behavior of the band-pass network, and TZs in the origin and infinite frequencies are not

contemplated. Variations on the phase parameters at frequencies far from the band may also

occur, which could be a problem for multiplexer module designs. Therefore, the last objective

of this work is to introduce the derivation of a proper band-pass filtering function in order to

extract the network elements directly in the band-pass domain. This assures a total control of

the magnitude and phase parameters in the whole range of frequencies.

The main purpose of this thesis was to develop system-level design methodologies to address

the stringent specifications and challenges for 4G and the upcoming 5G filters and multiplex-

ers. The proposed methodologies are native-oriented to accommodate the acoustic technology,

either SAW and BAW, and assure feasibility by integrating synthesis, topology, and technology.

Important features like the effect of the losses, the monitoring of the resonator power density,

the maximum allowable values of the external elements, etc. are all investigated and introduced

in the design methodology, yielding a solution closer to a real one.
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1.4 Thesis Outline

In this chapter, the acoustic technology has been briefly reviewed. Acoustic resonators, either

based on bulk or surface acoustic waves, as well as its basic performance and modeling have

been introduced. The main filter configurations have been also presented and classified. Finally,

the motivation and the main objectives for the thesis have been discussed.

Chapter 2 is dedicated to synthesis techniques for the design of ladder-type filters, duplexers,

and multiplexers based on acoustic resonators. It introduces different, but equivalent, low-pass

models of an acoustic resonator, based on resonating and non-resonating nodes (NRNs). These

low-pass models have been derived from the well-known BVD model of an acoustic resonator.

The ladder-type filter is therefore presented in the low-pass domain as an inline set of dangling

resonators, a network very suitable for parameter extraction purposes. The network to be syn-

thesized is therefore associated to a general class of Chebyshev filtering function, given an input

admittance function from which the network is synthesized. The parameters are therefore linked

by explicit equations to the acoustic technology constraints. The main technological require-

ments are also reviewed in this chapter as well as suggestions of how they can be taken into

account during the synthesis procedure through an automatic search engine.

A brief review of the most important multiplexer topologies and the basic idea for the design

of multiplexing systems are also discussed in Chapter 2. The control over the phase parameters

during the synthesis procedure is essential for the design of multiplexers, and the proposed

methodologies makes it an easy and fast exercise.

Chapter 3 includes synthesis techniques for the design of cross-coupled filters based on acous-

tic resonators. An analytical parameter extraction procedure is exploited for the synthesis of

cross-coupled prototypes within some limitations on the achievable topologies. The study of the

relationship between the characteristic frequencies and the prescribed transmission zeros has

taken advantage of this synthesis technique. The understanding and management of complex

TZs after the extraction of a cross-coupling are also detailed in this chapter. In addition, the

technique is used to study a potential electro-magnetic feedthrough between the ports of a filter,

and solutions to overcome the undesired effect are also detailed.

A general technique based on the coupling matrix optimization is presented at the end of

Chapter 3 for the design of any cross-coupled topology. The coupling matrix is defined in order

to best accommodate the acoustic resonators models, based on NRNs, and a smart optimization

of its elements based on the characteristic frequencies is able to provide a solution that satisfies

the mask specifications and the technological requirements whereas the frequency response fits

into a general class of Chebyshev filtering function.

Chapter 4 introduces a synthesis technique of ladder-type filters directly in the band-pass
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domain. Fundamental theory of the band-pass filtering functions necessary to accommodate the

acoustic ladder-type filter behavior is presented. The number of prescribed singularities in the

origin and infinity is very important for a proper formulation of the filtering function, and the

realizable network depends completely on this definition. Two cases are differentiated during the

chapter: one with capacitors and other with inductors as input/output matching elements. Al-

though numerical issues might be found during the synthesis, these band-pass techniques present

a big potential and may be an adequate solution to the frequency transformation inaccuracies,

especially with the upcoming multiplexer systems where an accurate control of the phase is

essential over a wide range of frequencies.

Finally, the conclusions are summarized in Chapter 5, as well as some future work recom-

mendations.

The reader should note that the aim of the synthesized filters on the examples provided in this

thesis is to illustrate the flexibility, suitability, and the potential of the proposed methodologies,

rather than providing final designs which are limited by intellectual property.
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tering Responses Based on Acoustic Wave Technology,” in International Workshop on

Microwave Filters, March 2015, Toulouse (France).
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CHAPTER 2

Fundamental Theories of Low-Pass Acoustic
Wave Filter Synthesis

The aim of this chapter is to provide a general methodology for the synthesis of ladder-type

filter networks based on acoustic wave resonators. Leveraged on traditional low-pass synthesis

techniques, a preliminary design of an acoustic filter becomes a straightforward task. Further-

more, the synthesis process is fast enough to be linked with an automatic search engine that

provides an equivalent network ready to satisfy the set of attenuation mask specifications and

the technological requirements established by the materials used during the fabrication.

The low-pass equivalent model of an acoustic resonator is presented during the first part of

the chapter. The synthesis of a Generalized Chebyshev filtering function leads us to obtain the

ladder-type prototype network parameters by means of the well-known extracted-pole technique.

Finally, a frequency transformation and an impedance scaling of the network is extended to

obtain the band-pass circuital parameters of an acoustic wave filter. Leveraged on the band-pass

network, which is in good agreement with the acoustical simulation, the set of attenuation mask

specifications, at the same time than the coupling constant, the resonant frequency, the stored

energy, and other technological parameters of each resonator, can be evaluated.

The control of the phase parameters during the synthesis allows to use synthesis techniques

for the design of duplexers and multiplexers, in which several filters are connected at the same

port. The methodology proposed in this chapter is suitable for designing multiplexer devices

with the minimum number of external matching elements. The stand-alone filters are synthesized

separately with a proper phase condition derived previously. Then, all filters can be connected

together creating the multiplexing device without noticeable differences in the frequency response

of each filter. A brief introduction to the different multiplexing configurations is presented, and

an example to validate the potential of the methodology can be found at the end of the chapter.
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LA

CA

C0

Figure 2.1: BVD equivalent electrical model of an acoustic wave resonator.

2.1 Filter Analysis and its Equivalent Circuit

The basic cell of a ladder-type filter based on acoustic wave technology is the resonator. It might

be modeled by the Butterworth-Van Dyke (BVD) equivalent circuit. The model is valid either

for BAW [16, 44] and for SAW [34] resonators. The BVD lumped element circuit is depicted in

Figure 2.1, where C0 corresponds to the static capacitance and the series resonator (LA and

CA) is the motional arm. The static capacitance is due to the parallel electrode plates in BAW

resonators, or to the static capacitance of the IDTs in SAW resonators. The BVD equivalent

circuit is suitable for modeling the fundamental operating mode of the resonator. Generally, the

higher order harmonics are neglected in the basic analysis, although they can be modeled by

further motional arms in shunt configuration. The simplicity of the model makes it suitable for

a parameter extraction synthesis that might be included into an optimization routine without

expenses of computational time costs.

By analyzing the BVD circuit, the expression of the input impedance takes the form

Zin (ω) =

j

(
ωLA −

1

ωCA

)
1− ω2C0LA + C0/CA

. (2.1)

The input impedance of the BVD model describes the fundamental resonances of acoustic wave

resonators, i.e. the series and parallel resonances, by requiring zero and infinite impedance values:

fs =
1

2π
√
LACA

(2.2)

and

fp =
1

2π

√
CA + C0

LACAC0
= fs

√
1 +

CA
C0

. (2.3)

From (2.3) it can be stated that fp is, in normal conditions, greater than fs because the capac-

itance ratio is always a positive number.
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Figure 2.2: Band-pass and low-pass BVD equivalent models of an acoustic resonator.

2.1.1 Low-Pass Equivalent Model of an Acoustic Wave Resonator

In order to exploit the traditional low-pass synthesis techniques for the design of acoustic wave

filters, a low-pass equivalent prototype of an acoustic wave resonator has to be established. To

this end, a frequency transformation is applied to the BVD band-pass model. The result of

this transformation is a low-pass equivalent circuit composed of an inductance in series with

a Frequency Invariant Reactance (FIR), and both elements in parallel with a second FIR, as

shown in Figure 2.2.

The foundation of the classical theory is based on networks made up of inductors and capac-

itors terminated in a matching resistor that exhibits symmetric responses with respect to the

center of the passband. Traduced into the low-pass domain, low-pass responses are inherently

symmetric with respect to the zero frequency. Consequently, the resonance frequency of each

resonator is found at the center frequency of the passband [45]. However, for some applications,

it is desirable to have an asymmetric response. The challenge was how to modify the classical

low-pass prototype networks in such a way that when transformed into band-pass filters via

frequency transformation, yields the appropriate asymmetric response.

Baum [46] was the first to introduce a hypothetical FIR element in the design of filter net-

works. He used the element as a mathematical tool in the formulation of the low-pass prototype

filter. These hypothetical elements render the filter response to be asymmetric with respect to

the zero frequency. Therefore, asymmetric band-pass responses were allowed via low-pass to

band-pass frequency transformations. Over the years, this concept has been picked up by others

and is now fully incorporated in the most general network synthesis techniques [47,48].

By a simple inspection of the proposed low-pass BVD prototype in Figure 2.2, the FIR

element Xm in series with the inductance tunes the resonance frequency Ωs of the resonator.

In other words, this element allows the asymmetric realization of the band-pass acoustic wave

resonators and, therefore, the resonant frequency can be different than the center frequency

of the passband. The other FIR X0 is directly linked with the static capacitance, and it is

responsible of the anti-resonance frequency occurrence.
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The input impedance parameter of the low-pass prototype is found to be

Zin (Ω) =
jX0 (ΩLm +Xm)

ΩLm +Xm +X0
. (2.4)

The normalized frequency Ω is given by the standard low-pass to band-pass transformation

Ω =
ω0

ω2 − ω1

(
ω

ω0
− ω0

ω

)
, (2.5)

where ω is the band-pass frequency variable and ω0 is the center frequency of the passband

obtained as the geometric mean of the passband edges ω1 and ω2.

The relationships between the low-pass and band-pass equivalent circuit parameters can be

found by matching the input impedances in (2.1) and (2.4) and their derivatives. The resulting

relationships evaluated at the center frequency ω0 after the impedance scaling are found to be

LA =
1

2

(
2αLm +Xm

ω0

)
Z0, (2.6)

CA =
2

ω0 (2αLm −Xm)

1

Z0
, (2.7)

and

C0 = − 1

ω0X0

1

Z0
. (2.8)

In the previous equations the parameter Z0 is the reference impedance and α correspond to the

inverse of the relative bandwidth defined as α = ω0/ (ω2 − ω1).

For further understanding of the resonator behavior and for the upcoming synthesis of ad-

vanced filter configurations concerning cross-couplings in next chapters, the nodal diagram of an

acoustic resonator is presented. This representation might be described by the coupling matrix,

a tool commonly used for the design of microwave filters. Modeling the circuit in matricial form

is particularly useful because matrix operations can then be applied. Moreover, the coupling

matrix is able to include some of the real-world properties of the elements of the filter. The

concept of coupling matrix was introduced by Atia and Williams for the design of dual-mode

symmetric waveguide filters [49]. Since then, many works have exploited the representation for

the design of several kinds of filter technologies [50–53].

Based on the low-pass BVD prototype obtained above, two equivalent low-pass configurations

for the coupling matrix representation of an acoustic wave resonator are proposed: the dangling

resonator and the singlet.

The Dangling Resonator

The first model consists of a unitary capacitor in parallel with a constant reactance b. Such a

dangling resonator is connected through an admittance inverter JR to a Non-Resonating Node
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Figure 2.3: Low-pass equivalent circuit of a shunt acoustic wave resonator.

(NRN) implemented by the FIR B, as shown in Figure 2.3. The input admittance of such

elementary structure is

Yin = jB +
J2
R

s+ jb
. (2.9)

Notice that the admittance becomes infinite when s = −jb, resulting in a transmission zero at

normalized frequency Ω = −b. This TZ might be either positive or negative, leading respectively

to a series or a shunt arrangement of the band-pass resonator after the network denormaliza-

tion. On the other hand, when the admittance becomes zero, an attenuation zero is produced,

thus enabling the pass of the signal through the NRN. It can be noticed that the admittance

characteristic of a dangling resonator is equivalent to that of the BVD prototype, as a further

evidence of the equivalence of both models.

The major benefit of this model is that the FIR b of the resonant node is directly associated

with the TZ of the acoustic wave resonator, i.e. the resonance frequency and the anti-resonance

frequency for shunt and series positioned resonators, respectively. For the same reason, this

model is particularly useful for extracted pole synthesis techniques that allows the design of

inline filters [54].

By means of a simple inspection of the circuits in Figure 2.3, it can be seen that the NRN

B (shunt susceptance) can be directly related with the shunt FIR X0−SH , whereas the dangling

resonator creates the pair Lm−SH and Xm−SH . As a result of a simple analysis the relationships

between both circuits are found to be

X0−SH = − 1

B
, (2.10)

Lm−SH =
1

J2
R

, (2.11)

and

Xm−SH =
b

J2
R

. (2.12)
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Figure 2.4: Low-pass equivalent circuit of a series acoustic wave resonator.

The relations shown above are valid for shunt acoustic wave resonators (see Figure 2.3). There-

fore, it is also necessary to prepare a series resonator interpretation for the resonator synthesis.

The result is a dangling resonator connected to an NRN and placed between two admittance

inverters JM , as depicted in Figure 2.4. The sign of the admittance inverters is the opposite in

order to maintain the phase properties of the resonator.

The analysis of the admittance parameters of circuits in Figure 2.4 provides the following

relationships:

X0−SE =
B

J2
M

, (2.13)

Lm−SE =
B2

J2
RJ

2
M

, (2.14)

and

Xm−SE =
B

J2
M

(
b
B

J2
R

− 1

)
. (2.15)

For both the shunt and series cases, the NRN is directly related with the static capacitance of the

BVD model. To assure a positive capacitor after the band-pass transformation, the susceptance

B has to be negative for series resonators and positive for shunt resonators. Similarly, the value

of the susceptance element of the resonant node b, which is directly related with the transmission

zero as Ωi = −bi, has to be negative for series resonators, therefore introducing a TZ above the

passband, and positive for shunt resonators, introducing a TZ below the passband.

The capacitance ratio γ in terms of the low-pass elements of the dangling resonator model

is found to be

γ =
B

J2
R

(
b

2
− α

)
− 1

2
(2.16)

for series resonators, and

γ =
B

J2
R

(
α− b

2

)
(2.17)

for shunt resonators.
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Figure 2.5: The singlet structure: (a) nodal and (b) circuital representations.

The Singlet

The second model we propose is based on the well-known trisection, that consists of a three

resonant nodes coupled to each other. This scheme has been widely used for the design of

advanced filter topologies [55]. However, Amari introduced a variant of the trisection by using

NRNs in [56], and called it the singlet. This building block is made of one resonator coupled to

two NRNs, as shown in Figure 2.5 (a). To clarify the structure, in Figure 2.5 (b) there is the

circuital scheme of the singlet.

The singlet is a canonical network, and it might introduce one TZ at a finite frequency. This

representation is useful because it differentiates clearly between the electrical and acoustical

behavior present in a series-positioned acoustic wave resonator. In case of shunt resonators, the

dangling resonator model is also valid to differentiate the behaviors.

The direct path between source and load MSL, including the FIR elements on both extremes

jST and jLT , is directly related with the static capacitance C0 and, therefore, it is proportional

to the active area of the resonator and inversely proportional to the thickness of the piezoelectric

layer. The ABCD matrix of the source to load path is[
1 0
jST 1

] [
0 j/MSL

jMSL 0

] [
1 0
jLT 1

]
=

[
−LT /MSL j/MSL

jMSL − jLTST /MSL −ST /MSL

]
. (2.18)

Since the ABCD matrix in (2.18) is directly related with the ABCD matrix of the static arm

of a series-positioned acoustic wave resonator, it might be satisfied that[
−LT /MSL j/MSL

jMSL − jLTST /MSL −ST /MSL

]
=

[
1 −j/ωC0

0 1

]
. (2.19)

Therefore, it is obtained that ST = LT = −MSL and, for ω = ω0, the static capacitance to be

C0 =
−MSL

ω0
. (2.20)
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Notice from (2.20) that the source-load coupling MSL has to be always negative to assure a

positive static capacitance.

On the other hand, the resonating path between source and load belongs to the acoustical

branch of the resonator. The resonant node between the inverters MS1 can be easily transformed

to a series LC resonator, thus being equivalent to the motional arm of the BVD model. In order

to obtain the relationships between the band-pass model and the singlet, the ABCD matrices

of the low-pass and the band-pass circuits are compared and evaluated at ω = ω0, resulting in

LA =
2 +M11W

2M2
S1ω0W

(2.21)

and

CA =
2M2

S1W

ω0 (2−M11W )
, (2.22)

where W corresponds to the relative bandwidth.

The capacitance ratio γ in terms of the low-pass elements of the singlet model results in

γ =
MSL (M11W − 2)

2M2
S1W

. (2.23)

2.1.2 The Ladder-type Filter

In this section the classical ladder-type filter based on acoustic wave resonators is discussed.

This inline network is implemented with electrically coupled resonators, and usually requires a

pair of matching inductors at both ports.

Figure 2.6 shows the circuit diagram of a simple ladder filter having resonators in series and

shunt branches, and a pair of inductors at input and output terminations. As it can be seen,

ladder-type filters are organized alternatively connecting series and shunt resonators, although

other configurations are possible. For example, by replacing a shunt resonator by a shunt capac-

itor, two series resonators can be coupled, therefore maintaining the number of TZs above the

passband while reducing the degree of the filter.

A typical ladder filter response and the input impedance of a shunt and a series resonator

is shown in Figure 2.7, for the purpose of describing the ladder-type filter principle of work.

The resonance and anti-resonance frequencies (fs and fp respectively) are clearly identified in

the input impedance curves for both series and shunt resonators. At the resonance frequency

fSHs the impedance of shunt resonators tends to zero, creating a short-circuit to ground and

producing a transmission zero. This TZ is always located at frequencies below the passband due

to the acoustic resonator nature. Increasing the frequency causes the shunt resonator to become

inductive until the anti-resonance frequency fSHp is reached. At this frequency shunt resonators
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Figure 2.6: Ladder-type filter of order N = 5 having series and shunt resonators, and matching
elements at input and output ports.
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Figure 2.7: Performance principle of a ladder-type filter.

behave like open-circuits, and the signal can be transmitted between the ports. Similarly, at the

resonance frequency of series resonators fSEs the signal flows through the series resonators due to

its low impedance condition. Finally, further increasing the frequency, we find the anti-resonance

of series resonators fSEp , where the impedance tends to infinity creating an open-circuit between

terminals.

At frequencies far from the passband, the out-of-band rejection is controlled by the capacitive

voltage divider nature of the ladder circuit. More ladder sections increase the ultimate rejection,

but also increase the in-band insertion loss. Therefore, ladder-type filters are the perfect choice for

applications that require a steep roll-off and low attenuation away from the passband. However,

as it is presented in upcoming chapters, several configurations including cross-coupled resonators

may overcome the ladder weaknesses.
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Res 1 Res 3 Res 5Res 2 Res 4

Figure 2.8: Nodal diagram of an equivalent low-pass ladder-type filter of order N = 5 based on
the dangling resonator model. Black circles are resonant nodes, white circles are source and load
terminations, dashed circles are NRNs, and lines are couplings between nodes.

The maximum achievable bandwidth of acoustic wave ladder-type filters is limited by the

pole-zero distance of the acoustic wave resonators. As has been discussed previously, this distance

is complementary to the electromechanical coupling coefficient k2
eff , or inversely equivalent to the

capacitance ratio γ, which becomes determined by materials and fabrication processes. However,

the pole-zero distance can be enlarged by external reactive elements persevering the technological

feasibility. In [43,57] are given the relationships for the values of the external elements with the

resonator parameters for four different combinations of technological adaptation.

Leveraged on the models presented in section 2.1.1, the low-pass nodal diagram of the filter

under consideration is shown in Figure 2.8. Shunt resonators (Res 2 and Res 4) are made of

an NRN and the dangling resonator, while series resonators (Res 1, Res 3, and Res 5) further

include side inverters. The port matching inductors are included in source and load terminations

as shunt FIRs in this case.

The ladder-type filter based on acoustic wave technology is a fully canonical network, because

each resonator introduces a transmission zero at finite frequencies. Furthermore, each transmis-

sion zero is independently controlled by one resonator. That feature provides modularity in the

design process, and allows the use of the extracted pole synthesis technique [54].

Meanwhile, it is well-known that a fully canonical network requires of a source-load coupling

to exhibit nfz = N transmission zeros [50]. The use of NRNs makes possible to create fully

canonical networks without the need of a direct source-load coupling. The acoustic wave ladder-

type filters are one of such special cases, where the source-load coupling exists but through the

reactive path of static capacitors.

2.2 The Generalized Chebyshev Function Class

The design procedure of a microwave filter is usually based on the association of a lumped-

element low-pass prototype network to a given frequency response. The prescribed frequency



Chapter 2. Fundamental Theories of Low-Pass Acoustic Wave Filter Synthesis 25

characteristics can be defined by a polynomial filtering function that satisfies the electrical

specifications. Several filtering functions can be found in the literature, such as the maximally

flat, Chebyshev, elliptic, etc. Among all of them, the generalized Chebyshev filtering function is

the most appropriate one to describe the behavior of ladder-type filters based on acoustic wave

resonators. This is because the general class of Chebyshev functions might include even and odd

degrees, symmetric and asymmetric characteristics, and a set of prescribed transmission zeros

independent from each other.

First, we shall initially consider the filter as a passive, lossless and reciprocal two-port net-

work. Its S-parameter matrix can be expressed in a general polynomial form as 1

S =

[
S11(s) S12(s)
S21(s) S22(s)

]
=

1

E(s)

[
F (s)/εR P (s)/ε
P (s)/ε (−1)NF (s)∗/εR

]
, (2.24)

where N is the filter degree, and consequently, the number of resonators. E(s) and F (s) are

N -th degree polynomials with complex coefficients for the complex frequency variable s = jΩ.

The real constant εR allows the normalization of E(s) and F (s) to be monic (highest degree

coefficient unitary). P (s) is a polynomial of degree nfz, equal to N for ladder-type acoustic wave

filters. The constant ε normalizes the highest degree coefficient of P (s) to unity.

Polynomial P (s) is the numerator of the transmission parameter S21. Its roots are the trans-

mission zeros, already prescribed at the beginning of the design. Similarly, polynomial F (s) is the

numerator of the reflection parameter S11, and its roots are the reflection zeros. Both polynomi-

als roots must be purely imaginary or appear in complex conjugate pairs. Therefore, polynomials

P (s) and F (s) have coefficients that alternate between purely real and purely imaginary as the

power of s increases.

The denominator polynomial E(s) is strictly Hurwitz to assure the system stability. This

implies the roots of E(s) to lie on the left-hand plane of the complex frequency variable, i.e.,

the real part of the complex roots has to be negative. This real part appears as eαt, where α

is the real part of the root, in the transient response of the filter and thereby characterizes the

amplitude response as a function of time. With the real part of the roots being negative, the

output voltage is stabilized after a transition period, and the steady-state condition is reached.

Polynomial E(s) can be derived from the conservation of energy equation if P (s) and F (s) are

known as follows:

E(s)E(s)∗ =
F (s)F (s)∗

ε2
R

+
P (s)P (s)∗

ε2
. (2.25)

For a passive, lossless, and reciprocal network, the S-parameters yields one unique orthogonality

1The symbol ∗ identifies the para-conjugate polynomial operator:

Q(s)∗ = Q∗(−s).
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condition

S11(s)S12(s)∗ + S21(s)S22(s)∗ = 0. (2.26)

Rewriting the orthogonality equation in polar coordinates and applying simple mathematical

considerations, an important relation between the phases of the S11(s), S22(s), and S21(s) poly-

nomials are obtained:

−θn21(s) +
θn11(s) + θn22(s)

2
=
π

2
(2k ± 1) , (2.27)

where the subscript n indicates the numerator part of the S-parameter and k is an integer.

In equation (2.27), the right-hand side is an odd multiple of π/2 radians and frequency

independent. Therefore, the difference between the angle of the S21(s) numerator and the average

of phases of the S11(s) and S22(s) numerators is always orthogonal.

Further development of equation (2.27) yields [58]

(N − nfz)
π

2
− k1π =

π

2
(2k ± 1) , (2.28)

where N is the order of the filter, nfz is the number of transmission zeros, and k1 is an integer.

This equation implies that the integer quantity (N − nfz) must be odd so that its right-hand

side is satisfied. For fully canonical networks, where (N −nfz) = 0 is even, an extra π/2 radians

has to be added to the left-hand side of equation (2.28) to maintain the orthogonality condition.

This effect is equivalent to multiplying the polynomial P (s) by j.

2.2.1 Relationship Between ε and εR

The real constants ε and εR are used to normalize the highest-degree coefficient of polynomials

P (s), F (s), and E(s). ε can be determined by evaluating the S21(s) parameter at a convenient

frequency, where the transmission level is known. For instance, at s = ±j the equiripple return

loss RL level for Chebyshev filters might be prescribed, and the real constant can be obtained

as

ε =
1√

1− 10−RL/10

∣∣∣∣P (Ω)

E(Ω)

∣∣∣∣
Ω=±1

. (2.29)

By further inspection of the S-parameters definition and equation (2.29), the following relation

can be derived:

ε

εR
=

1√
10RL/10 − 1

∣∣∣∣P (Ω)

F (Ω)

∣∣∣∣
Ω=±1

. (2.30)

On the other hand, the constant εR is determined by evaluating the S11(s) parame-

ter for s = ±j∞. If nfz < N , that is, at least one transmission zero is at infinite
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frequency, |S21(s = ±j∞) = 0|. Then, the conservation of energy condition dictates that

|S11(s = ±j∞) = 1| and, because the polynomials F (s) and E(s) are monic, it is found that

εR = 1. However, for the fully canonical case, where nfz = N , the attenuation at s = ±j∞ is fi-

nite, and εR is derived from the conservation of energy condition. As before, since all polynomials

are monic, it is obtained that

εR =
ε√

ε2 − 1
. (2.31)

2.2.2 Determination of the General Chebyshev Class of Filtering Function

Low-pass prototype filters based on acoustic resonators are ready to accommodate a general

class of Chebyshev filtering functions, with a set of prescribed transmission zeros and return

loss level. In fact, they are suitable to produce a fully canonical response with a number of

attenuation poles at finite frequencies equal to the degree of the filter. The S-parameters are

related to the filtering function CN (Ω) by

|S21(Ω)|2 =
1

1 +

∣∣∣∣ εεR kCN (Ω)

∣∣∣∣2
=

1

1 +

∣∣∣∣ εεR F (Ω)

P (Ω)

∣∣∣∣2
, (2.32)

where k is a normalizing constant. The poles and zeros of the filtering function CN (Ω) of degree

N are the roots of P (Ω) and F (Ω) respectively, that is, the transmission zeros and the reflection

zeros.

For the general Chebyshev characteristic, the filtering function has the form [59]

CN (Ω) = cosh

[
N∑
n=1

cosh−1 (xn (Ω))

]
, (2.33)

where xn(Ω) is a function of the frequency variable Ω that requires the following properties to

describe a Chebyshev characteristic:

• At Ω = Ωn, where Ωn is either a transmission zero at finite frequency or infinity,

xn(Ω) = ±∞.

• At the passband edges, defined at Ω = ±1, xn(Ω) = ±1.

• Between Ω = −1 and Ω = 1, 1 ≥ xn(Ω) ≥ −1.

By developing the conditions above the function xn(Ω) is derived as

xn(Ω) =
Ω− 1/Ωn

1− Ω/Ωn
. (2.34)
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Figure 2.9: Function xn(Ω) with a prescribed transmission zero at Ωn = 1.5. The rectangles
indicates the passband frequency edges.

In Figure 2.9 it is shown the behavior of the function xn(Ω) in the Ω plane for a prescribed

transmission zero at Ωn = 1.5. All conditions specified above are satisfied, thus providing a

general Chebyshev characteristic.

The next step is to expand equation (2.33) to determine the numerator and denominator

polynomials F (Ω) and P (Ω), respectively. By following the technique in [58], the denominator

of the cost function is derived as

P (Ω) =
N∏
n=1

(1− Ω/Ωn), (2.35)

whose zeros are the transmission zeros. The coefficients of F (Ω), also referred to as UN (Ω), are

computed by a recursive technique where the solution for the nth degree polynomial is built up

from the results of the (n − 1)th degree. VN (Ω) is always multiplied by a transformed variable

Ω′ =
√

Ω2 − 1, and is introduced here as an auxiliary polynomial.

The recursion cycle is initiated by considering the first prescribed transmission zero Ω1 and

setting N = 1 as

U1(Ω) = Ω− 1

Ω1
, (2.36a)

V1(Ω) = Ω′

√(
1− 1

Ω2
1

)
. (2.36b)
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Having obtained the first degree polynomials, the cycle continues with the rest of the prescribed

transmission zeros Ωn until all of them, including those at Ωn = ∞, are used. The remaining

(N − 1) cycles uses the following equations to update polynomials Ui(Ω) and Vi(Ω) for each

iteration i:

Ui(Ω) = ΩUi−1(Ω)− Ui−1(Ω)

Ωi
+ Ω′

√(
1− 1

Ω2
i

)
Vi−1(Ω) (2.37a)

Vi(Ω) = ΩVi−1(Ω)− Vi−1(Ω)

Ωi
+ Ω′

√(
1− 1

Ω2
i

)
Ui−1(Ω) (2.37b)

At the end of the recursive technique, the determined UN (Ω) polynomial has the same roots

than F (Ω), the numerator of the filtering function CN (Ω). Therefore, polynomials P (s) and

F (s) becomes fully determined by the transmission zeros, and the constants ε and εR by the

return loss parameter. Finally, the common denominator E(s) can be constructed by using the

principle of energy conservation in equation (2.25).

2.3 Realization of Ladder-type Prototype Filters

The general class of Chebyshev filtering function provides an equiripple behavior in the passband

and has a limited number of transmission zeros in the stopband. The transfer and reflection

parameters can be expressed as the ratio of two finite-degree polynomials and a normalization

constant, that describes the general Chebyshev characteristics. The input reflection parameter

S11(s) has the form

S11(s) = ejθ11
F (s)

εRE(s)
, (2.38)

where ejθ11 is a phase term that has no effect on the return loss magnitude because the argument

θ11 is a real quantity. The term participates actively in the extraction of the network parameters,

particularly when the first element connected to the source is a non-resonating node, as occur in

micro-acoustic prototype filters. But, even more important, this phase term is used to accomplish

the common port phase requirements in duplexer and multiplexer designs.

To determine the phase term, the first element that constitutes the network has to be ex-

amined. In case that the circuit presents a resonant node connected to the source, there is at

least one transmission zero at infinity, and the asymptotic value |S11(∞)| is equal to 1. Since

F (s) and E(s) are considered monic polynomials and εR = 1 when nfz < N , the angle must be

θ11 = 0.

Meanwhile, for fully canonical ladder-type networks in which the first node is an NRN of

constant reactance jB, as shown in Figure 2.10, no transmission zeros are found at infinity. The



30 2.3. Realization of Ladder-type Prototype Filters

-jΩn

S
Rest of the 

Circuit
y’(s)

jB

JR

JM -JM

Yin(s)

Figure 2.10: Circuit whose first node from the source is an NRN.

expression of the input admittance if no FIR is considered at source node is

Yin(s) =
J2
M

jB +
J2
R

s− jΩn
+

J2
M

y′(s)

. (2.39)

This equation shows that the input admittance equals zero at the position of the transmission

zero s = jΩn and, therefore, all the signal is reflected at the input port (S11 = 1). Using this

condition in (2.38) it is obtained that

ejθ11 =
εRE(s)

F (s)

∣∣∣∣
s=jΩn

. (2.40)

By using this phase term, the FIR element at the source node (and load in case of symmetric

networks) is not necessary anymore in stand-alone filer designs. The study can also be realized

for the output reflection parameter S22(s), resulting in exactly the same results. Notice that

if the phase term is not properly considered, it is satisfied that |S11(jΩn)| = 1, although it

remains a phase part that has to be implemented by a matching FIR element at input/output

node. Following the same principle, we will show in later sections the benefits of a phase match-

ing approach in duplexer designs, where phase shift sections can be avoided by adjusting the

reflection coefficient phases of the individual filters.

With the reflection coefficient fully determined by equations (2.38) and (2.40) and considering

a terminal admittance normalized to unity, the input admittance of the whole filter becomes

Yin(s) =
1− S11(s)

1 + S11(s)
=
εRE(s)− ejθ11F (s)

εRE(s) + ejθ11F (s)
. (2.41)

The input admittance obtained from the generalized Chebyshev polynomials in (2.41) has to be

equal to the input admittance of the network to be extracted. Multiple combinations regarding

the position of each dangling resonator in the structure, as well as the management of the degree

of freedom introduced by the NRNs, yields in different prototype networks but sharing the same

response. However, at the end of the extraction, the input admittance must have been completely

removed.
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Figure 2.11: Low-pass nodal diagram of an inline prototype filter with N transmission zeros.

2.3.1 Parameter Extraction of Stand-Alone Ladder-Type Networks

This section describes the extraction procedure of an inline low-pass filter prototype. The tech-

nique is based on a Darlington approach to obtain the reactances that constitutes the network

from the input admittance function Yin(s). The extraction of the elements is carried out succes-

sively from one port to another, and starts matching the admittance function in (2.41) with that

of the network to be extracted. For the ladder-type filter shown in Figure 2.11 the admittance

function might be expressed as

Yin(s) =
J2

1

jB1 +
J2
R1

s+ jb1
+

J2
2

jB2 +
J2
R2

s+ jb2
+ . . .+

J2
N

jBN +
J2
RN

s+ jbN
+

J2
N+1

jBL +GL

, (2.42)

where BL is the FIR matching element at output terminal and GL is the load conductance,

usually normalized to 1 Siemens.

It may be noticed that in equation (2.42) the input FIR jS is neglected, because it is no

longer necessary if the reflection phase has been properly considered using (2.40). However, it

has to be considered at the output port because, except in case of fully symmetrical networks,

the matching output element is always required, as will be demonstrated later in this section.

The ladder-type filter based on acoustic resonators is made up of a concatenation of dangling

resonators between inverters. Therefore, the extraction technique is a recursive procedure of

dangling resonator parameters extraction. In Figure 2.12 there is the nodal diagram of the ith

dangling resonator bi with a unitary capacitor connected through an admittance inverter JRi to

an NRN Bi. The input admittance yin(s) of such basic building block is

yin(s) =
J2
i

jBi +
J2
Ri

s+ jbi
+ y′(s)

, (2.43)

or equivalently,

J2
i

yin(s)
=

J2
Ri

s+ jbi
+ jBi + y′(s), (2.44)
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Figure 2.12: Nodal diagram of a dangling resonator connected to an NRN.

where jbi = −jΩi, the normalized frequency of the ith transmission zero given by the ith

dangling resonator.

It is interesting to notice that the left-side of equation (2.44) presents a partial fraction form.

The admittance residue evaluated at pole jΩi yields the coupling JRi as

J2
Ri = J2

i residue

(
1

yin(s)

)∣∣∣∣
s=jΩi

. (2.45)

The use of NRNs entails degrees of freedom that has to be managed by the designer to

properly obtain the best design. For example, the coupling JRi in equation (2.45) depends

on the coupling Ji, which can be arbitrary determined yielding different prototype networks.

This technique is really useful in several filter technologies able to implement and control the

couplings between resonators and NRN. However, for ladder-type filters based on acoustic wave

technology, the coupling between resonators is an electrical connection. Furthermore, the main-

line couplings are used to transform the low-pass dangling resonator to a low-pass BVD network,

as shown in section 2.1.1. Thus, the considered degree of freedom is absorbed during the circuital

transformation of the series resonators.

To simplify the extraction procedure the main-line couplings Ji are specified as the free

parameters and set to J2
i = 1. For possible convenience, once the network has been completely

synthesized, scaling rules might be applied to suit the elements of the circuit to a more feasible

values regarding the intended realization, as detailed in [57]. The dangling resonator coupling

can be further obtained as

J2
Ri = (s− jΩi)

1

yin(s)

∣∣∣∣
s=jΩi

. (2.46)

The dangling resonator is now completely determined, and composed of a unitary capacitor, a

FIR jbi = −jΩi, and a coupling JRi given by equation (2.46). To conclude the basic building

block extraction, the NRN Bi has to be obtained from the admittance function. But first, the
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dangling resonator has to be extracted by updating yin(s) as

yin(s)←− J2
i

yin(s)
−

J2
Ri

s+ jbi
= jBi + y′(s). (2.47)

To determine the NRN Bi the admittance function has to be evaluated at the following

transmission zero Ωi+1, for which the admittance term y′(s) becomes zero. It is interesting to

highlight that any of the remaining transmission zeros, prescribed when the general Chebyshev

filtering function has been determined, can be used here to cancel out y′(s). Depending on the

chosen TZ the network might be more suitable in terms of technological constraints, as detailed

in the following sections.

The FIR jBi is therefore obtained as

jBi = yin(s)|s=jΩi+1
, yin(s)←− yin(s)− jBi, (2.48)

where Ωi+1 is a prescribed finite transmission zero for ladder-type filters based on acoustic wave

resonators. For inline filters with TZ at infinite frequencies, Ωi+1 becomes infinity if the following

node is only a resonator instead of a dangling resonator. In equation above, the input admittance

is also updated and ready to start the extraction of the basic building block using (2.46), (2.47),

and (2.48).

Despite that the extraction can be done from the input and the output ports simultaneously,

here we only consider the procedure starting from the input to the output terminals. For large

inline networks it is preferably to perform the extraction from both ports in order to minimize

the collected round-off errors. Even though, for typical filter orders of five to nine, the recursive

technique from the input to the output is sufficiently accurate.

To finish the extraction of the network, once the last dangling resonator has already been

extracted, the remaining elements in the network are the last NRN BN , a FIR connected to load

BL, and the port conductance GL. Figure 2.13 depicts the nodal diagram of the last dangling

resonator of a ladder-type circuit connected to load node. The input admittance function of such

network is

yin = jBN +
J2
N+1

jBL +GL
. (2.49)

Solving the equation for a coupling value of JN+1 = 1, the admittance can be separated into a

real and an imaginary parts as

< [yin] =
GL

B2
L +G2

L

(2.50a)

= [yin] = BN −
BL

B2
L +G2

L

(2.50b)

The terminal characteristic conductance GL is determined by the component in which the filter

is connected to, and it is usually normalized to unity. Nevertheless, the FIRs BN and BL can
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Figure 2.13: Nodal diagram of the last basic building block (dangling resonator) connected to
load. Dot lines represent circuit parameters that has already been extracted of the admittance
yin(s).

be determined by the remaining admittance function and the prescribed load conductance as

follows:

BL = ±

√
GL −G2

L<[yin]

<[yin]
(2.51)

and

BN = =[yin] +
BL

B2
L +G2

L

. (2.52)

By simple inspection of equation (2.51) it can be seen that there is a trade off that determines

the nature of the last external reactance BL being positive or negative and, consequently, the

resulting value of the NRN BN . This choice can be determined by the coupling coefficient

constant k2
eff of the last resonator, in order to be the more feasible one. But other interests such

as to have an external inductance instead of a capacitor in order to minimize the area can also

be considered.

On the other hand, if GL = 1 is considered, the real part of the remaining admittance <[yin]

must be smaller than 1. Otherwise, BL becomes pure imaginary, meaning a resistive element.

This undesired effect can be solved by introducing an additional reactive element to the output

port, or by matching the filter to a proper load conductance such that BL becomes real in (2.51).

In case of symmetrical networks, that can be synthesized by determining a symmetric set

of transmission zeros during the extraction procedure (i.e. Ω1 = ΩN , Ω2 = ΩN−1, and so on),

the real part of the admittance function becomes <[yin] = 1 if the phase has been properly

considered and, therefore, the load FIR element BL results in zero valued. For unsymmetrical

networks, the source FIR is removed by the input reflection phase condition, although it is

usually necessary at the output terminal in order to match the port conductance and phase

parameters.



Chapter 2. Fundamental Theories of Low-Pass Acoustic Wave Filter Synthesis 35

2.3.2 Duplexers Design Considerations

An important feature of any duplexer design is the isolation between the transmitter and the

receiver filters. The incoming signal from the antenna at the receiver frequency band is divided

between the receiver and transmitter paths. The incoming signal flows to the transmitter path,

where it is rejected and routed newly to the receiver path. The interference of such reflected

signal and the direct one from the antenna to the receiver must be constructive in order to

assure the signal integrity. The same effect occurs with the signals transmitted from the TX to

the antenna and the interference signal reflected in the receiver filter.

Our procedure to face this situation is by adjusting the input reflection phase of both trans-

mitter and receiver filters in order to introduce zero degrees at the center frequency of the

counterband, called dual frequency fDual. In this work, the dual frequency is considered either

the RX center frequency for TX filter design or the TX center frequency for RX filter design.

Contrary to the design of stand-alone filters, where the phase term of the input reflection coeffi-

cient is adjusted to avoid the need of lumped matching elements, during the design of duplexer

devices the phase adjustment necessary to control the interference makes matching elements to

be required during the extraction procedure.

The phase term is calculated by evaluating the polynomials F (s) and E(s) at s = jΩDual as

ejθDual =
εRE(s)

F (s)

∣∣∣∣
s=jΩDual

, (2.53)

where θDual is the required angle to impose a zero reflection phase at the normalized counterband

frequency ΩDual.

The input admittance necessary to start the extraction of the network is obtained using

equation (2.41) but taking θ11 = θDual. The extraction procedure of ladder-type duplexers is

exactly the same as that described above, but taking into account the external FIR at source

node BS . This is calculated evaluating the input admittance at first transmission zero frequency

as

jBS = yin(s)|s=jΩ1
. (2.54)

Once the transmitter and the receiver are completely synthesized separately, their input ports can

be connected to create the duplexer structure. If the phase parameters of both filters have been

properly adjusted during the synthesis, no other components such as phase shifters, transmission

lines, etc. are required, making the duplexer structure as simplest and functional as possible.

It is also important to state that the frequency response of the whole duplexer structure may

be slightly altered because the phase is exactly zero at the center of the dual band, but not in the

whole passband. Additionally, the band-pass transformation is a narrow band approximation,
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and it also affects to the response of the band-pass device. However, as a positive effect of the

transmitter and receiver filters connection, the counterband attenuation is improved in a few dB

that might be essential in designs with stringent specifications.

2.4 Technological Considerations During the Design of Acoustic
Wave Filters

The synthesis and extraction procedure themselves do not deal with any technological restric-

tion, and it is the designer who has to take advantage of the proposed techniques but focusing

on satisfying the requirements. Micro-acoustic wave technology suffers from several conditions

that must be accomplished before the fabrication of the device. Differences in the requirements

collection can also be found if the filter is made of BAW or SAW resonators. Although not

all restrictions are forced by the technological process of manufacturing. Other considerations

are relevant in terms of reliability, performance, and chip size. Requirements for RF front-end

modules band-pass filters besides steep skirts and large bandwidths are low insertion loss, high

out-of-band rejection, power durability, electrostatic discharge stability, and good nonlinear be-

havior. Nowadays, only acoustic technologies are able to meet all these requirements in packages

as small as 1.5 mm3, although the design becomes a challenging task.

In this section, we will discuss some fundamental design considerations for BAW and SAW

devices, and the proper way to manage them by using the synthesis techniques described above.

2.4.1 Electromechanical Coupling Coefficient

The coupling constant K2 is defined by the piezoelectric material properties and is a measure

of conversion efficiency between electrical and acoustical domains. Certain materials are intrin-

sically better at making the electroacustic conversion than others. Aluminum Nitride (AlN) and

Zinc Oxide (ZnO) are the most suitable piezoelectric materials for microwave filters based on

BAW resonators. Meanwhile, Lithium Tantalate (LiTaO3) and Lithium Niobate (LiNbO3) are

preferred crystal substrates for SAW based resonators.

On the other hand, the effective coupling coefficient k2
eff is a property of a resonator. It is

highly influenced by the material coupling constant K2, and it is the biggest challenge in the

design of acoustic devices. In part this coefficient determines the strength of coupling of the

electric field in the piezoelectric material to the mechanical motion of the acoustic resonator,

therefore characterizing the transducer. Additionally, it might be determined as the ratio of the

energy stored in the electric field and the energy stored in the acoustic field. The main differ-

ence between K2 and k2
eff is that the former is fully determined by the piezoelectric material

properties, and the latter comprises the metallization layers or electrodes and the manufacturing
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processes. Material, orientation, and thickness of the electrodes, the process of the crystal grow-

ing, the smoothness of bottom-electrode surface, and the chemical surface condition are some of

the parameters that have significant influence in k2
eff . The state-of-the-art coupling coefficient

for an SMR-BAW at 2 GHz is k2
eff = 6.7%. [60].

Different definitions of k2
eff can be found in the literature, e.g. the IEEE standard definition

k2
eff =

π

2

fs
fp

cot

(
π

2

fs
fp

)
, (2.55)

which is in complete agreement with the results derived for a BAW resonator with infinitely

thin electrodes [31]. However, the 2nd order Taylor series of the IEEE standard definition of the

electromechanical coupling coefficient is a really good approximation easier to use for modeling

purposes:

k2
eff =

π2

4

(
fp − fs
fp

)(
fs
fp

)
. (2.56)

For characterizing SAW resonators the capacitance ratio γ is mostly used [34]. It is inversely pro-

portional to the electromechanical coupling coefficient and, definitely, much more manageable.

It is given in terms of static and motional capacitors and the frequencies of resonance as

γ =
C0

CA
=

1

(fp/fs)
2 − 1

. (2.57)

The relationship between k2
eff and γ is

k2
eff =

π2

8

(
1

γ

)(
1− 1

γ

)
. (2.58)

From equations (2.55) and (2.56) it is evident that the coupling coefficient can be related to the

pole-zero distance of an acoustic resonator. For that reason, high coupling coefficients are re-

quired for the design of wide bandwidth filters. To improve the filter performance characteristics,

external reactive elements might be included either in series or in shunt with the acoustic res-

onator (see [43]). The use of external reactances entails a tuning in the frequencies of resonance,

and the effective coupling coefficient is modified accordingly. Furthermore, the use of external

inductors grounding shunt resonators introduces notches outside of the passband. However, if

the overall number of external inductors with low quality factor Q is high, the insertion loss may

increase, deteriorating the performance in the passband.

The electromechanical coupling coefficient is therefore a restriction during a design, given

by the process of the chosen technology in the relevant frequency range. The challenge is to

have all the acoustic resonators bounded by the electromechanical coupling coefficient during

a filter design. After the synthesis of a low-pass prototype and the frequency transformation,

the resulting band-pass resonators have an arbitrary value of k2
eff , which can be between the
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technological feasible values or not. In the worst case, if k2
eff is not between the required margin,

the designed filter is not viable to be implemented with the specified technology, and a new design

is indispensable.

By simple inspection of the input variables of the proposed synthesis methodology, only

the transmission zeros and return loss values can be rearranged to satisfy the required k2
eff or,

equivalently, the capacitance ratio γ. Small deviations of the input parameters result in a different

Chebyshev filtering function, with a different set of transmission poles. In consequence, the

resonance frequencies of series resonators fSEs and anti-resonance frequencies of shunt resonators

fSHp will be differently arranged. The anti-resonance frequencies of series resonators fSEp and

resonance frequencies of shunt resonators fSHs are the transmission zeros (see section 2.1.2),

prescribed at the beginning of the synthesis, and manually controlled by the designer. This re-

organization of the resonance frequencies affects the values of k2
eff , and it is only needed to find

the set of TZs and RL that satisfies the required value for the physical implementation of the

resonators.

2.4.2 Quality Factor

The second but not less important parameter needed to meet the stringent requirements of

current and future filters is the quality factor Q of the resonator. The unloaded Q is the ratio of

the stored energy in a network divided by the power dissipated in that network over one cycle.

High Q-values are the main advantage of FBAR over SAW resonators in the frequency range

up to 2 GHz. Q-values higher than 3000 and around 2500 for FBAR and SMR technologies

respectively, against Q-values around 1000 for SAW have been reported [18,61]. Duplexers with

extremely small gaps between TX and RX bands, thus requiring steep skirts, needs of high Q

resonators to satisfy both insertion loss and out-of-band requirements.

The main loss mechanisms are due to electrical losses in electrodes and interconnects, acous-

tic leakage both in vertical and lateral directions, substrate losses, viscous losses, and scattering

losses due to imperfections on layer surfaces [16]. The effect of all these losses cannot be consid-

ered in the basic BVD circuit because it does not have any resistive element. A more realistic

representation of an acoustic wave resonator is the modified BVD (mBVD) circuit given in Fig-

ure 2.14 [28]. The series resistance RS is associated with the electrical resistance of the metal

electrodes, which are always present to connect the resonator. The motional resistance RA and

the static resistor R0 are related to the acoustic and material losses, respectively.

The quality factor is a function of frequency Q(f) and hence, different Q-values can be

defined at series resonance fs, denoted Qs, and at parallel resonance fp, denoted Qp. At the
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LA CA RA

C0 R0

RS

Figure 2.14: Modified Butterworth-Van Dyke equivalent circuit of an acoustic wave resonator
considering losses mechanisms.

series resonance, the quality factor is defined as

Qs = −1

2
fs
∂ϕ

∂f

∣∣∣∣
f=fs

≈ 2πfsLA
RA +RS

, (2.59)

where ϕ is the phase angle of the impedance. At anti-resonance frequency, the quality factor is

defined as

Qp =
1

2
fp

∂ϕ

∂f

∣∣∣∣
f=fp

≈ 2πfpLA
RA +R0

. (2.60)

In equations (2.59) and (2.60) the quality factor is related to the impedance-phase-slope of

the resonator, or group delay. This is a common way to measure the Q-values of a fabricated

resonator, although it becomes difficult in some cases due to the spurious modes present in

the surrounding of the resonance frequencies. Fitting the measured Q-circle to a mBVD model

simplifies the task of ascertaining Q if lateral modes are less enough.

Low quality factors mean larger power dissipation, and it is translated into larger insertion

loss and stronger round-edges in the passband limits. The proposed synthesis procedure is a

lossless methodology with infinite Q assumption. Therefore, the transfer function under consid-

eration must be different for networks with lossy resonators. Its poles and zeros must be displaced

along the real axis in the complex frequency plane. This effect, known as dissipation factor or

loss tangent (tan δ), is obtained by modifying the complex frequency variable s ←− s + tan δ.

The unloaded quality factor is related to the loss tangent by

Q =
1

tan δ
. (2.61)

In terms of the low-pass frequency domain, the response of the prototype network including

losses can be obtained by modifying the low-pass frequency variable as

Ω←− Ω− j

QLP
, (2.62)

where QLP is the low-pass quality factor, related with Q by

QLP = Q
∆ω

ω0
. (2.63)
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This is a good approximation of the prototype filter response including losses in the low-pass

domain. However, it considers uniform Q for all frequencies, and small deviations compared

with real values might be essential to fail or satisfy insertion loss specifications. A more accurate

manner to include losses at the end of the synthesis is by calculating the mBVD parameters for

the required Qs, Qp, and RS , which are usually estimated given the technology and fabrication

processes. The frequency response of the band-pass network based on mBVD resonators takes

into account the losses, and more realistic insertion loss and OoB rejection levels can be checked.

Designs with several external inductors may suffer from high loss effects, because inductors

exhibit low Q-values in the range of 20 to 50. For this reason, the quality factor of external

elements must be also considered during the design of a filter with stringent specifications.

The position of the TZs and the RL level affects the network parameters and the way

the losses damage the response. However, when low Q-values are specified, it could become

impossible to meet the mask requirements. A common practice to overcome this issue is to

enlarge the filter bandwidth reducing the low passband edge f1 and increasing the high one

f2. It is important to realize that modifying the filter bandwidth will affect the low-pass to

band-pass transformation of the resonator parameters and hence, the frequencies of resonance

and coupling coefficients. A meticulous control of the input variables, i.e. the transmission zeros

and return loss, as well as the bandwidth and edge frequencies is essential to satisfy feasibility

and specifications.

2.4.3 Power Handling

Acoustic filters have been consolidated in modern mobile transceivers due to high electrical

performance and the small area occupied. However, power densities increase with the miniatur-

ization of the resonators. High power densities lead to self-heating, undesired nonlinear effects,

and could alter, or even destroy, the AW device. BAW resonators can withstand higher power

levels than SAWs, because there are no narrow IDT fingers which tends to experience electro-

migration damage.

Other research has focused attention on how the temperature is distributed in a BAW res-

onator, isolated from the rest of the structure, depending on its layer stack composition [62,63].

Self-heating may be a consequence of an aggressive environment, with an homogeneous distri-

bution of the temperature leading to a frequency shift in the transmission response, or due to

the presence of high power signals. The latter generates a heterogeneous distribution of the

temperature, which leads to a distortion of the filter response. A comparison of these different

distributions is presented in Figure 2.15. By means of the methodology proposed in this work

and a proper modeling of the temperature behavior, these heat distributions and their effects

on the response can be easily considered and corrected during the procedure.
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Figure 2.15: Transmission response comparison for the ideal case and for homogeneous and
heterogeneous distributions of the temperature.

Different works have focused on improving the power handling in SAW devices. Enhancing

the electro- and stress-migration properties of the weakest material in a resonator leads to better

power handling. Multi-layered electrodes have been reported in [64,65] to improve power dura-

bility. In [66], epitaxial aluminum electrodes and their growth mechanism increase the lifetime

of the resonators for high power situations.

For both BAW and SAW devices it is a common practice to double in series (cascade) an

AW resonator because of better power handling. Nevertheless, the effect of cascading an AW

resonator is similar to that of cascading a capacitor, resulting in a static capacitance of value

C ′0 = 2C0. In terms of die size, this is equivalent to having two resonators with double area

occupancy. For a parallel plate BAW resonator, the active area A is given by

A =
C0tp
ε0εr

, (2.64)

where tp is the thickness of the piezoelectric layer, ε0 is the free-space permittivity, and εr is

the piezoelectric material relative permittivity. For SAW resonators, the static capacitance is

determined by the aperture width W and the number of transducer pairs Nt as [67]

C0 = ε0εrNtW. (2.65)

The trade-off between power handling and chip size depends on the synthesis results. How the

energy is distributed along the resonators in a ladder-type filter is subject to the resulting

network parameters and hence, to the TZs and RL. The difference between a good design and
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Figure 2.16: Scheme of the filter for power calculations.

the best design may be given by an accurate control of the power density along the resonators,

traduced into smaller area and better efficiency.

The power density calculation can be realized by using the mBVD models for a specified

input power Pin. In Figure 2.16 there is the scheme used for stored energy and power density

calculations. Once the synthesis of the band-pass network is completed, the input impedance Zin

can be calculated cascading the ABCD matrices of each mBVD resonator. The input voltage

Vin can be derived as

Vin =
Zin

ZS + Zin
VS , (2.66)

where ZS is the source or port impedance and VS the source voltage, derived from the input

power as

VS =
√

8PinZS . (2.67)

The input current Iin is obtained from the Ohm’s law Iin = Vin/Zin. Figure 2.17 depicts the

mBVD models of a series and a shunt resonator, including external elements in case the coupling

coefficient or the capacitance ratio γ has to be adjusted to a required value. A series inductor

Lext is necessary to increase γ, whereas Cext reduces it. Each resonator in a filter might be

considered as a black box described by an ABCD matrix of the form

[ABCD]SE =

[
1 ZR(s)
0 1

]
(2.68)

for series resonators and

[ABCD]SH =

[
1 0

YR(s) 1

]
(2.69)

for shunt resonators.

The admittance YR(s) is the inverse of the impedance ZR(s) describing the resonator input

impedance as

ZR(s) = RS + sLext +
1

sCext +
1

R0 +
1

sC0

+
1

RA + sLA +
1

sCA

. (2.70)
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Figure 2.17: Modified BVD of resonators for voltages and currents calculation, including external
elements for k2

eff adjustments: (a) Series resonator and (b) shunt resonator.

The voltage and current at each node of the filter can be calculated by using the definition of

the ABCD parameters:

[
Vi
Ii

]
= [ABCD]

[
Vi+1

Ii+1

]
, (2.71)

where the ABCD matrix is given by (2.68) and (2.69). Internal voltages V1 and V2 are given by

V1 = Vi −RSIi (2.72a)

V2 = Vi+1 + sLextIi+1 (2.72b)

for series resonators, and

V1 = Vi −RSIs = Vi −RS(Ii − Ii+1) (2.73a)

V2 = sLextIs = sLext(Ii − Ii+1) (2.73b)

for shunt resonators. The currents I1 and I2 for both series and shunt resonators are therefore
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obtained as

I1 =
V2 − V1

RA + sLA +
1

sCA

(2.74a)

I2 =
V2 − V1

R0 +
1

sC0

. (2.74b)

Finally, the voltage V0 is given by

V0 = V2 − I2R0. (2.75)

With the voltages and currents of the resonators properly defined, the stored energy in the

motional and static branches, i.e., the stored energy in the acoustic resonator, can be calculated.

For the resonant tank made of LA and CA, the stored energy is divided into the magnetic and

electric average energies Wm and We respectively, calculated as

Wm =
1

4
|I1|2LA (2.76a)

We =
1

4
|Vc|2CA =

1

4
|I1|2

1

ωCA
, (2.76b)

where Vc is the voltage in the motional capacitance CA. Similarly, the stored energy in the static

capacitor C0 is given by

We0 =
1

4
|V2 − V1|2C0. (2.77)

The stored energy in a resonator is WT = Wm + We + We0, although the major influence is

produced in the motional branch. Ernst et al. demonstrated in [68] that there is a direct relation

between the total stored energy, the incident power, and the group delay in passive, lossless and

reciprocal network given by

WS = Pinτg. (2.78)

We are considering lossy networks to derive more accurate results of stored energies in the

resonators and properly decide which resonators are susceptible to damage. Therefore, equation

(2.78) becomes an approximation of our case of interest when WS =
∑N

i=1WT i, where WT i is

the stored energy in the i-th resonator. Furthermore, in WT we only consider the stored energy

in the acoustic resonators, but not the energy in the external elements, which is usually low

compared to the energy of the resonators. In any case, the relationship in (2.78) states that for

a given incident power, the group delay is proportional to the total stored energy. Therefore, an

appropriate management of the network parameters yielding less stored energy results in better

group delay characteristics.

For the power density calculation of each resonator, the reactive power Pq has to be divided by

the area of the resonator. An approximate method to calculate it is using the static capacitance,
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Table 2.1: Band-25 Duplexer Specifications

Requirement Freq. Band (MHz ) Value (dB)

Insertion Loss 1850 - 1915 (TX) > −2

1930 - 1995 (RX) > −2.5

Isolation 1930 - 1995 (TX) < −50

1850 - 1915 (RX) < −50

Out-of-Band Rejection 1710 - 1755 (B4-RX) < −45

2110 - 2155 (B4-TX) < −45

which is related to the size of the resonator, resulting in

Pd(ω) =
Pq
C0

=
2ωWT

C0
. (2.79)

The power density is a function of frequency, and it is usually determined at the right filter

passband edge, because it represents the worst scenario in terms of power levels. For a synthesized

network, resonators exhibiting a power density that exceed a maximum value of breakthrough

have to be cascaded, with the consequences that it entails. Sometimes it is required to cascade

a resonator more than two times, because of the high power density it involves, thus increasing

the size of the component.

2.5 Example of a Ladder-type Filter Design

In this section an example of a duplexer design is developed to demonstrate the proposed design

methodology. The technological requirements and mask specifications are treated as the main

goals to validate a design. However, among several designs that already satisfy these conditions,

the designer has to manage other requirements such as good power handling, minimum die size,

or minimum number of external elements, depending on customer demands.

The example focuses on the design of an E-PCS (Band-25) duplexer, with the specifications

shown in Table 2.1. The gap between transmission TX and reception RX bands is only 15

MHz with a required attenuation of -50 dB. If temperature margins and fabrication tolerances

are considered, this gap might reduce to 5 to 10 MHz, thus increasing the complexity of the

design. In this example a state-of-art coupling coefficient of 6.7% for AlN piezoelectric material

is considered. It is important to remark that the values contemplated during the example are

basically to demonstrate the capabilities of the methodology, and they might be not merely

realistic.

The design of both TX and RX filters begins with the study of the effective coupling coef-

ficient k2
eff and the resonant frequencies fs according to the transmission zeros and return loss

input (to the synthesis procedure) variables. There are different possibilities to ascertain the
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Figure 2.18: (a) Electromechanical coupling coefficient k2
eff and (b) resonant frequencies fs of

each resonator for a predefined set of transmission zeros and different values of return loss.

most adequate set of TZs and RL for each design. Establishing a frequency set of TZs, a vari-

ation on the RL yields different resonators with different k2
eff , although the transmission zeros

remain static. On the other hand, for a predefined RL level, a variation of each TZ might help

to study a large number of designs and to decide on the most appropriate one. All these studies

are very useful for the design of acoustic wave filters and let the designer compare solutions that

satisfy the maximum number of requirements with the minimum number of external elements.

For example, Figure 2.18 (a) displays the effective coupling coefficient for a sweep of the

return loss. The filter is of degree N = 7 with low-pass transmission zeros {Ω1,Ω7} = 2.12,

{Ω2,Ω6} = −1.61, {Ω3,Ω5} = 1.45, and Ω4 = −1.42. It can be observed that the set of TZs is

symmetrical from the beginning to the end. For this reason, the extracted inline network is also

symmetrical, making the technological requirements easier to satisfy because only four different

resonators are necessary to construct the network. The figure shows that the optimum value of

return loss, for which all resonators satisfy the material system definition k2
eff = 6.7% without

the need of external elements, is RL = 17 dB. Any attempt to synthesize this filter with the

prescribed TZs above and a different value of RL will result in a different network requiring

four external elements; in particular, resonators 1, 2, 6, and 7, since their k2
eff differ from the

required one, while resonators 3, 4, and 5 are almost constant at the specified value. Thus, that

particular knowledge is essential to design acoustic filters with a minimum number of external

elements while satisfying the technological restrictions.

A similar study can be performed for the resonant frequencies fs, as depicted in Figure

2.18 (b). However, these parameters do not depend completely on the results of the synthesis,
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Figure 2.19: (a) Electromechanical coupling coefficient k2
eff and (b) resonant frequencies fs of

each resonator for a predefined set of transmission zeros and different values of return loss.

because the resonance frequencies of shunt resonators are prescribed with the transmission zeros.

Typically only the two discrete frequencies of series and shunt resonators are available in BAW

technology, although more frequency shifts are possible by adjusting the thickness of the top

metal electrode. The consequence is that a frequency shift of an individual resonator generally

requires another masking step in an already complex process, making the fabrication more

complicated. The number of resonant frequencies for the proposed TZs is always four for any

value of RL. It could be possible to modify the TZ of resonator 4 to match the resonance

frequency with that of resonators 2 and 6. However, the coupling coefficient will be affected, and

probably external elements will be required.

Receiver Filter Design

For the design of the RX filter, we decided to completely modify the set of TZs mentioned

above and thus, the whole network. Figure 2.19 shows the coupling coefficients and resonant

frequencies of each resonator in the filter for the following transmission zeros set, {Ω1,Ω7} = 2.26,

{Ω2,Ω6} = −2.26, {Ω3,Ω5} = 1.63, and Ω4 = −1.61, and different values of return loss. For a RL

value of approximately 15 dB, resonators 1, 3, 4, 5, and 7 present a coupling coefficient of 6.76%,

while resonators 2 and 6 require k2
eff = 9.15%. Looking at the resonance frequencies, 4 different

resonators are necessary. However, external elements might be introduced to resonators 2 and 6,

in order to modify their k2
eff and fs. In order to reduce k2

eff to 6.76%, series inductors connected

to ground can be used, and easily implemented physically by wire-bounds or externally on the

laminate.
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Table 2.2: Synthesized BVD band-pass elements of the Band-25 receiver filter.

Parameters Res 1&7 Res 2&6 Res 3&5 Res 4

LA (nH) 111.35 21.04 102.59 21.03

CA (pF) 0.0576 0.331 0.0638 0.331

C0 (pF) 0.9791 5.625 1.0850 5.595

Lext (nH) - 0.31 - -

Lin/out (nH) 4.393

k2
eff 6.76 6.76 6.76 6.76

fs (GHz) 1.9875 1.9074 1.9670 1.9084
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Figure 2.20: Magnitude simulation and insertion loss details of the B25-RX filter. The quality
factor used on the circuit simulations are Q = 1500 for acoustic resonators and Q = 25 for
external coils. An electrode resistance of RS = 0.15 Ω as well as fabrication and temperature
margins of 500 ppm are considered.
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With two external inductors of Lext = 0.31 nH, resonators 2 and 6 yield in the required

coupling coefficient value of 6.7%, and a resonance frequency of 1.9074 GHz, very similar to that

of resonator 4. Thus, only 3 different resonators are necessary. Table 2.2 shows the band-pass

BVD elements obtained for the above mentioned TZs and RL, as well as the coupling coefficient

and resonance frequencies of each resonator. We can observe that the technological requirements

are satisfied due to the external ground inductors in resonators 2 and 6. Also a pair of inductors

in parallel at the input and output are necessary to assure a phase of 0 degrees at the TX center

frequency.

The magnitude response of the synthesized filter is shown in Figure 2.20. For the simulation, a

quality factor of Q = 1500 is considered at both resonance and anti-resonance frequencies, and a

Q = 25 for external coils. An electrodes resistance of RS = 0.15 Ω is also contemplated, to make

the simulation more realistic. It can be observed that the mask specifications are completely

satisfied for a fabrication tolerance and temperature margins of 500 ppm. To accomplish the

insertion loss specification, the filter bandwidth has been enlarged 0.417 MHz and 6.151 MHz

for the left and the right passband edge frequencies, respectively.

Transmitter Filter Design

A similar procedure has to be executed for the design of the Band-25 transmitter filter. An

adequate set of TZs and return loss have to be found in order to satisfy both the technological

requirements and the frequency mask specifications, shown in Table 2.1. The following low-pass

TZs have been chosen for the synthesis of the TX filter: Ω1 = 1.44, Ω2 = −2.50, Ω3 = 1.60,

Ω4 = −1.65, Ω5 = 1.60, Ω6 = −2.50, and Ω7 = 1.74, for a return loss of 17.3 dB. Because of the

stringent requirements, notice that the transmission zeros set is not symmetrical and Ω1 6= Ω7.

Table 2.3 shows the parameters of the band-pass BVD circuit of each resonator resulting from

the synthesis, as well as the coupling coefficients and resonance frequencies. It is interesting to

observe that, in general, smaller static capacitors yields from this design, compared to that of

the RX filter. This is favorable in order to reduce the area, although dealing with larger power

densities will require several resonator cascadings. Another observation of the resulting values

is that this design requires 4 different resonance frequencies, with the complexity that it entails.

In further design processes, such as layout generation, electromagnetic simulations, packaging,

etc., the network might be re-optimized to require only 3 different resonance frequencies, but

starting from a really good seed design. Finally, 3 external ground inductors are also necessary

to assure technological feasibility.

The S-parameters simulation of the synthesized B25-TX network is shown in Figure 2.21.

All OoB and IL specifications are satisfied considering a Q = 1500 for acoustic resonators, a

Q = 25 for external coils, and an electrode resistance of RS = 0.15 Ω. Likewise in the RX design,
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Table 2.3: Synthesized BVD band-pass elements of the Band-25 transmitter filter.

Parameters Res 1 Res 2 Res 3 Res 4 Res 5 Res 6 Res 7

LA (nH) 56.57 41.12 170.2 37.61 170.4 39.36 99.58

CA (pF) 0.127 0.184 0.042 0.201 0.042 0.192 0.071

C0 (pF) 2.150 3.129 0.711 3.418 0.710 3.268 1.209

Lext (nH) - 0.800 - 0.110 - 0.773 -

Lout (nH) 19.67

k2
eff 6.76 6.76 6.76 6.76 6.76 6.76 6.76

fs (GHz) 1.881 1.829 1.886 1.830 1.886 1.829 1.891
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Figure 2.21: Magnitude simulation and insertion loss details of the B25-TX filter. The quality
factor used on the circuit simulations are Q = 1500 for acoustic resonators and Q = 25 for
external coils. An electrode resistance of RS = 0.15 Ω as well as fabrication and temperature
margins of 500 ppm are considered.

the bandwidth of the transmitter filter has had to be enlarged in 0.478 MHz and 5.105 MHz for



Chapter 2. Fundamental Theories of Low-Pass Acoustic Wave Filter Synthesis 51

1 , 8 2 1 , 8 4 1 , 8 6 1 , 8 8 1 , 9 0 1 , 9 2 1 , 9 4
0

1 0 0
2 0 0
3 0 0
4 0 0
5 0 0
6 0 0
7 0 0

Po
we

r D
ens

ity
 (W

/pF
)

F r e q u e n c y  ( G H z )

 R e s  1
 R e s  2
 R e s  3
 R e s  4
 R e s  5
 R e s  6
 R e s  7

(a)

1 2 3 4 5 6 7
0

5 0

1 0 0

1 5 0

2 0 0

2 5 0

3 0 0

Po
we

r D
ens

ity
 (W

/pF
)

A c o u s t i c  R e s o n a t o r s
(b)

Figure 2.22: Power density of each resonator of the synthesized TX filter for an input power
of 29 dBm for (a) the whole TX passband range, and (b) at 1915 MHz, the right edge of the
passband.

both passband edges to satisfy IL specification.

As opposed to receivers, transmitter filters have to be ready to deal with high power signals. A

minimum resonators lifetime is required without breakdown. An approximation of the energetic

problem is considered. For an input power of 29 dBm to the transmitter filter, power densities

of each resonators are derived to study how the energy is distributed along the filter and how to

deal with most energetic resonators. Figure 2.22 (a) shows the power density of each resonator

for the whole passband range of frequencies. It can be seen that the most critical point is at the

upper passband skirt. Therefore, it is a common practice to calculate the power density at f2,

the upper passband frequency, as shown in Figure 2.22 (b). For the B25-Tx, the power density

has been calculated at f2 = 1915 MHz. It can be observed that resonators 3 and 5 concentrate

much more power density than the others, mainly because their static capacitance is small,

yielding small resonators. Therefore, these are the resonators that has to be definitely cascaded

to assure a minimum device lifetime. Furthermore, by cascading some resonators the linearity

is also improved, although this is not dealt with in this thesis.

Band-25 Duplexer

The final step on the design of the Band-25 duplexer is to connect both the synthesized RX

and TX filters to form the duplexer network. Since the input phases of both designs has been

properly considered during the synthesis, the filters can be connected without much interference

on the response. Obviously, the phase is only corrected at center frequency of the passbands, and
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Figure 2.23: Input phase simulation of the synthesized Band-25 duplexer: (a) RX filter, with a
phase of 0 degrees at fDualTx, and (b) TX filter, with a phase of 0 degrees at fDualRx.
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Figure 2.24: Network of the synthesized Band-25 duplexer.

load effects may occur far from the bands. Figure 2.23 shows the phases of the S11 parameter

for (a) the receiver and (b) the transmitter filters. It can be observed in the figures that the

phase is exactly 0 degrees at dual frequency in both cases.

The full designed network for the Band-25 duplexer is depicted in Figure 2.24. The RX

die includes the acoustic resonators of the RX filter, while the TX die includes the acoustic

resonators of the TX filter, contemplating the cascading of resonators 3 and 5 for better power
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Figure 2.25: Magnitude simulation and insertion loss details of the Band-25 duplexer. The quality
factor used on the circuit simulations are Q = 1500 for acoustic resonators and Q = 25 for
external coils. An electrode resistance of RS = 0.15 Ω as well as fabrication and temperature
margins of 500 ppm are considered.

handling. The external ground inductors are implemented on the laminate, as well as the input

and output matching elements. The input inductor at the antenna port Lin can be calculated as

the parallel of both input elements of RX and TX filters. In this case, since the synthesized TX

filter has a negligible input inductor, Lin becomes directly the input element of the RX filter. It

may also be observed that the output inductor of the transmitter has been also neglected due

to its large impedance value.

Finally, the magnitude simulation of the whole duplexer is shown in Figure 2.25. The mask

specifications remain all satisfied once the duplexer has been created, as expected. Insertion loss

levels have been slightly increased, specially at the passband edges, due to a load effect between

the filters. However, the specifications remain fulfilled.
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2.6 Multiplexers Approach

Limited spectrum allocations and non-contiguous spectrum blocks are ultimate barriers for net-

work capacity, and draw a simplified vision of the great challenge that mobile operators are

facing to support large data traffic across their networks. Carrier Aggregation (CA) is a tech-

nique used to combine multiple LTE component carriers across the available spectrum to increase

data rates by supporting wider bandwidth signals, thus achieving network performance improve-

ments without increasing radio resources. The requirements posed by CA includes to maintain

low insertion loss, good out-of-band rejection, good power handling, and small areas, as well

as loading effect minimization, low levels of cross-isolation, and good management of nonlinear

mixing products (IMDx).

By using single carrier in frequency-division duplexing (FDD), a RF duplexer ensures that

transmissions on the uplink do not interference with reception on the downlink. With LTE-CA

it is required to connect multiple Rx, Tx, and/or time-division duplexing (TDD) filters to a

common antenna port.

In the last decade a great effort has pushed up RF-filters based on micro-acoustic technology,

either SAW or BAW, at forefront of RF-FEM industry while figuring out the higher growth rates.

Their common configurations are based on duplexer structures or as stand-alone filters.

Currently, the market approach with singly function packaged RF-filter is being replaced

by the same technology embedded into integrated RF modules. Miniaturization continues being

essential considering the limited space available while the bands counts rise. The integration of

multiple RF filters into modules is the only progress vector, while new additional requirements

have to be considered with this multiplexing configuration.

Multiplexers are used to separate a wideband signal into a number of narrowband signals.

Multiplexers are also employed to provide the opposite function combining different narrowband

channels into a single wideband composite signal for transmission through a common antenna,

therefore referred to as combiners or channelizers.

In this section we propose a general description of the most commonly used configurations

of multiplexer modules and the role that each one can play within the mobile RF-FEM arena. A

taxonomy classification is given in two main families, the directional and manifold configurations.

A general methodology for the design of multiplexing devices, based on the filter synthesis

proposed above, is also presented. With this procedure, the filter designer is allowed to find out

the appropriate condition in such a way that the individual filters implement intrinsically the

necessary phase correction. Finally, for validation purposes, an example of a quadplexer with

Band 25 Tx/Rx and Band 4 Tx/Rx in the medium frequency spectrum band allocation is shown.
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2.6.1 Multiplexing Topologies

The most commonly used multiplexing configurations can be classified into two general families.

The first one, directional configurations, includes hybrid-coupled multiplexers, circulator-coupled

multiplexers and directional-coupled multiplexers. Meanwhile, the second configuration called

manifold-coupled multiplexers includes comb and herringbone configurations. The star topology

can be understood as a particular case of the herringbone configuration.

Directional Configurations

In the hybrid-coupled multiplexer configuration each channel includes two paired filters and two

identical quadrature couplers. Figure 2.26 shows the schematic of a hybrid-coupled multiplexer.

The main advantage of this approach is the modularity it offers. The directional coupler min-

imizes the interaction among the channel filters. Moreover, in case that a new frequency band

is planned to be introduced, hybrid-coupled multiplexers allow the reconfiguration with new

additional channels and without disrupting the existing multiplexer design afterwards. From

the performance point of view, it is also advantageous that only half of the input power flows

through each filter. Therefore, for high power applications the filter design can be simplified

saving area of individual filters. However, its overall large size is a weakness, specially for the

user segment, because two filters and two hybrid couplers per channel are necessary. For this

configuration, the phase deviation between the two paired filter paths is another design concern.

The two signals must flow through balanced paths to sum constructively at the channel output.

A circulator-coupled approach is conceptually quite similar. The unidirectional property

of the circulator makes amenable to modular integration and easy design. Despite its size is

reduced because only one filter per channel is necessary, the circulator size continues being a

major limitation, particularly in the user segment. Moreover, successive channels exhibit higher

loss because the insertion loss increase with each step through the channel sequence.

Finally, directional-coupled multiplexers are four-port devices in which one port is terminated

with a load and the other three ports work fundamentally as a circulator connected to the band-

pass filter. The incident power at one port flows to the port connected to the band-pass filter,

while the reflected power from the filter return to the third port. The advantage in directional-

coupled multiplexers is that they do not require the use of ferrite circulators.

Manifold Configurations

In regards to miniaturization and best absolute insertion loss, the manifold-coupled configuration

is considered the optimum choice. The design of a manifold-coupled multiplexer requires the

consideration of all the channel filters at the same time. Then, the effect of channel interactions
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Figure 2.26: Schematic of a hybrid-coupler multiplexer.

can be corrected during the design process of each individual filter. As a consequence, manifold-

coupled multiplexers are not pleasant for a flexible frequency plan, and any modification in the

allocation band or in the overall number of bands requires a new multiplexer design. Furthermore,

this approach becomes more difficult to design as the number of channels increase.

Several common manifold multiplexer configurations can be found in the literature. A man-

ifold multiplexer is given by channel filters connected to a common output port. The most

relevant are comb and herringbone configurations. In the former, the filters are connected to one

side of the manifold, whereas in the latter they are connected to both sides, as shown in Figure

2.27 (a) and (b), respectively. The star configuration, also considered a manifold configuration,

has a common junction as shown in Figure 2.27 (c). These three configurations are quite similar

in concept and design procedure. The main difference is the presence of manifold phase shifters

between channels that separate the antenna port with the starting node in the manifold section.

This provides to the manifold extra degrees of freedom to optimize the design.

It is important to observe that in the star configuration the power of all the channels gather

at the common junction. This may cause higher voltages and a hot spot. Meanwhile, the power

in the manifold tends to be more evenly distributed. The star-junction configuration is the most

popular for a relatively small number of channels.

Any of the manifold-coupled configurations makes feasible to combine an arbitrary number

of channels, regardless of their bandwidths and channel separations. The most valued feature

is that it is achievable a channel performance closer to that obtained from a stand-alone filter

by itself. No other multiplexer configurations are able to match this performance. The manifold

itself is a low loss transmission path. All the channel filters are electrically connected to each
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Figure 2.27: Schematic of manifold-coupled multiplexers with (a) comb, (b) herringbone, and
(c) star-junction configurations.
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other through the near-lossless manifold, and its design has to consider all filters as a whole, not

as individuals, since there are no directional or isolating elements in between.

2.6.2 Synthesis of Multiplexers with Manifold Configuration

In a multiplexer, each filter sees the others filters as reactive loads. Classical methods for the

synthesis of multiplexer devices are based on the compensation of this reactive load by adding

compensating impedances or by modifying the phase of the reflection coefficient. With a general

filter synthesis methodology, like that described above for stand alone filters and duplexer de-

vices, an efficient approach is to synthesize each filter in such a way that the equivalent reactive

loads of the other filters are seen as aggregated structures, attaining a null input admittance at

each frequency band considered simultaneously.

In a multiplexer with M bands there are M + 1 ports. Considering the input to output path

for one band through its respective filter, there are M −1 isolated filters loading all together the

main path. It is therefore necessary to find out the M phase shifters simultaneously, by solving

the corresponding M equations.

Given that the synthesis methodology presented above has been natively created to satisfy

technological feasibility, each filter design variables are tuned to their corresponding transmission

zeros and return loss in order to fulfill the technological constraints and the specified set of

spectrum masks. Meanwhile, the reflection phases of all stand-alone filters are properly adjusted

according the set of equations. The overall synthesis methodology for multiplexer devices may

be summarized as follows:

1. Derivation of the M transmission responses that satisfy the spectrum mask specifications

by optimization of the TZs and return loss. Each response is characterized by the polyno-

mials P (s), F (s), and E(s).

2. Solve the equations for the M phase shifters, resulting in a required phase for each filter.

3. Calculate the input admittance of the M filters.

4. Network synthesis of each filter.

5. Frequency transformation and impedance scaling.

6. Validation of the technological feasibility. Start an automatic search engine from 1 up to

the material system constraints are satisfied. Then, the procedure is over.

Errors in the phase parameters after the frequency transformation may be found for high

frequency and large bandwidth filters. Then, it is preferred to solve the phase equations in the

band-pass domain, or use band-pass synthesis techniques, like those presented in Chapter 4.
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Figure 2.28: Four filter multiplexer including Band 4 and Band 25: (a) schematic of the synthe-
sized quadplexer and (b) frequency response.

2.6.3 Example of a 4 Channel Multiplexer

In this section, a 4 filter multiplexer including Band 4 and Band 25 is designed in order to show

the potential of the methodology. Each channel has been decided to be a 5th degree ladder-type

filter with different sets of transmission zeros and return loss. This means that the response of
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each filter is completely different than that of the others. Although the filters are fully canonical

networks considering they will be implemented with acoustic resonators, the material system

and other technological constraints are not relevant for the example.

Figure 2.28 (a) shows the schematic resulting from the synthesis. Each filter has input and

output inductors, whose value depend on the required phase. Since all filters start in series

resonator, all input inductors are in shunt configuration. This allows to join all shunt inductors

on the antenna node. On the output side, however, they are still required on each path.

The simulated frequency response of the synthesized multiplexer is shown in Figure 2.28 (b).

It can be observed that, after synthesize each filter separately, the multiplexer response has been

successfully achieved. Differences between the stand-alone filter responses and the behavior once

the filters are connected are almost negligible. The most critical ones are found on the edges of

the passbands, although, to our experience, these are not larger than 0.2 dB.

2.7 Chapter Summary

In this chapter a synthesis methodology for the design of ladder-type filters based on acoustic

wave resonators has been presented. The synthesis is realized on the low-pass domain, and

thus, an equivalent low-pass model of an acoustic resonator has been derived, named dangling

resonator. The ladder-type network is assembled by cascading N dangling resonators, yielding

a fully canonical network of degree N with N transmission zeros.

A general-class of Chebyshev polynomials are introduced to describe the filter transfer func-

tion, that can be accommodated by acoustic wave filters. The input variables to the synthesis

of the network procedure are the transmission zeros and the return loss, from which the trans-

fer function polynomials can be derived by using a recursive technique. From the polynomials

describing the characteristic frequencies, i.e. transmission zeros and reflection zeros, the input

impedance can be determined. Then, the whole low-pass network parameters are easily obtained

by means of the extracted pole technique. A frequency transformation of the low-pass prototype

yields a band-pass network based on BVD resonators.

During the design of acoustic wave filters, some considerations have to be contemplated

from the very beginning in order to succeed without much optimization iterations in further

processes such as electromagnetic simulations. Technological feasibility, among other factors,

can be treated as goals during the design. In this chapter, the most important ones and the

proper manner to manage them during the synthesis have been also presented.

An example of a Band-25 duplexer has been used to demonstrate how the challenging ex-

ercise of design a filter based on acoustic wave technology becomes simple, fast, and accurate.

Obviously more steps are required until the fabrication of the device, including multi-physics
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FEM simulations, physical layout and package development, electromagnetic simulations, etc.,

and the filter parameters must be re-optimized several times. However, the starting guess for all

these further processes is, probably, one of the best possible options. Furthermore, the method-

ology presented in this chapter is so fast, if well programmed, that let the designer to check

different combinations of resonators, external elements, and filtering responses in a few minutes,

and chose the best one in terms of performance, area, feasibility, and power handling.

The methodology has also been exploited for the design of multiplexer devices. Since the

phase parameters are easily manageable with this techniques, a set of equations can be solved

to obtain the required phase of each stand-alone filter making the multiplexer. With this phase,

each filter can be synthesized separately and then connected all together at the antenna port. As

verified, the frequency response of the multiplexer device remains essentially unaffected compared

with that of each stand-alone filter. The main advantage of using this techniques is that the

matching at the antenna port can be realized with only a shunt inductor, without the need of

additional phase shifters.



62 2.7. Chapter Summary



CHAPTER 3

Synthesis of Cross-Coupled Filters Based on
Acoustic Resonators

In the previous chapter a synthesis methodology for the design of ladder-type filters based

on acoustic resonators has been presented. To this end, two low-pass equivalent circuits has

been derived from the BVD band-pass circuit, widely accepted as an accurate model of the

fundamental mode of operation of an acoustic resonator. By cascading several low-pass equivalent

models of an acoustic resonator an inline topology is constructed, which becomes a ladder-type

filter after an adequate band-pass transformation.

In this chapter we are moving one step further. Using the same low-pass equivalent models,

a procedure for the synthesis of prototypes having a cross-coupled configuration is given. Similar

to the procedure presented in Chapter 2, the synthesis is based on a recursive extraction of a

basic sub-network, which can be either a resonant node or a dangling resonator plus a cross

inverter between the ports of the sub-network. This definition of the basic sub-network imposes

some limitations to the methodology. In particular, the number of distinct topologies that can

be realized is 2(N−2), with N the order of the filter, and are characterized by an inline network

and up to N cross-couplings between non-adjacent nodes.

The proposed technique is not only valid for the design of cross-coupled prototype networks,

but it might be useful to synthesize ladder-type filters given that parasitic cross-couplings will

be present in further design steps. Moreover, leakage effects due to electromagnetic feedthrough

can also be taken into account, thus improving typical attenuation limitations once the filter is

physically mounted into the package. These considerations are all covered in this chapter, and

some examples are presented as a proof of concept to validate the methodology.

Finally, an optimization technique based on the coupling matrix approach is also introduced

63
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in this chapter. It is suitable for the design of cross-coupled structures that can not be synthesized

by the above-mentioned techniques. The parameters of the coupling matrix are optimized for

a cost function minimization based on the characteristic frequencies, i.e. the poles and zeros of

the transfer function.

3.1 Introduction to Cross-Coupled Synthesis Techniques

In general, microwave filters can be designed in many different ways. However, the increasingly

stringent requirements enforce the use of filtering functions exhibiting transmission zeros (TZs)

at finite frequencies. Ladder-type acoustic wave filters are fully canonical networks, introducing

as many TZs as resonators. Alternative approaches based on acoustically coupled resonators

might accommodate TZs at infinity, improving the attenuation at frequencies far from the pass-

band. The most employed acoustically coupled topologies are the Dual Mode SAW (DMS) and

Multi-Mode SAW (MMS) for SAW technology, and Stacked Crystal Filter (SCF) and Cou-

pled Resonator Filter (CRF) for BAW. Hybrid filters combines ladder and acoustically coupled

structures to merge the corresponding valuable features in a unique device.

Cross-coupled topologies exhibiting TZs at finite frequencies are commonly designed with

cross-coupled resonators or extracted-pole configurations. The latter was introduced by Rhodes

and Cameron in [69], where the resonant node (RN) was considered as the fundamental element

in filtering structures. However, more recent attention has focused on the synthesis of prototypes

combining RNs and non-resonant nodes (NRNs). Filters employing NRNs are particularly useful

because the NRNs provide degrees of modularity and flexibility to the whole network. For

example, structures with singlets as the main building block have the capacity to control each

TZ independently [56].

In Chapter 2, the singlet has been introduced as a low-pass equivalent model of an acoustic

wave resonator positioned in series. An alternative model, the dangling resonator, has been also

detailed. Since each acoustic resonator in a ladder network introduces one TZ independently of

the rest of the structure, an NRN is indispensable in both low-pass equivalent models to procure

the above-mentioned features without the need of cross-couplings. Thereby, the extracted-pole

technique presented in Chapter 2 only applies for inline topologies or, equivalently, ladder-type

filters.

Further studies have been carried out on the synthesis of mixed topologies made of cas-

caded inline extracted-pole blocks (dangling resonators connected to NRNs or NRN-RN pair)

and cross-coupled segments with only RNs [70]. However, the most recent work by Tamiazzo

and Machiarella describes a general procedure for the synthesis of low-pass coupled prototypes

including both RNs and NRN-RN pairs [71]. The realizable topologies are characterized by an

inline set of resonators and dangling resonators cross-coupled from the outside to inside, and
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Figure 3.1: Sub-network k to be extracted recursively.

are up to 2(N−2) distinct configurations.

Cameron introduced in [50] several filter realizations obtainable by coupling matrix rotations.

The transversal coupling matrix can be straightforward synthesized comparing the admittance

matrix associated to the polynomials, with that of the transversal network. Although the tech-

nique enables the possibility to find a world of distinct cross-coupled topologies, it can not be

applied when NRNs are considered. To date, smart optimization techniques of the coupling ma-

trix parameters are the only alternative to design complex cross-coupled topologies including

NRNs.

3.2 General Synthesis Technique of Cross-Coupled Prototype
Filters

In this section the general procedure allowing the synthesis of prototype filters having a cross-

coupled configuration proposed by Tamiazzo and Machiarella in [71] is detailed. An extended case

based on a double transmission zero extraction is proposed to provide additional configurations,

which contribute in the design of feasible solutions for hybrid configurations based on acoustic

resonators.

3.2.1 Sub-Network Definition and Realizable Topologies

The procedure of synthesis requires N recursive steps. At step k, a sub-network as the one shown

in Figure 3.1 is considered for extraction. It is made of an input frequency invariant susceptance

jbk cascaded with a unitary inverter, an admittance Yk, and the rest of the network Hk+1, plus

a cross-inverter Jk between input and output ports. The susceptance jbk is necessary to prepare

the extraction of the admittance Yk, which can be either a RN or an NRN-RN pair, as it is
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Figure 3.2: Sub-network admittance Yk scheme of (a) a resonant node and (b) an NRN-RN pair.

shown in Figure 3.2. The block Hk+1 contains the following sub-networks to be extracted after

the kth step.

In Figure 3.1, it can be observed that some nodes have been designated: Mk and Nk are

the input and output nodes of the kth sub-network, respectively, and Pk is the node of the

admittance Yk to be extracted. These definitions are used to distinguish the nodes during the

extraction procedure, because distinct topologies can be derived interchanging the outer nodes

of the sub-network Mk and Nk. In order to identify the nodes for each step, and define if the

extraction is done from the left to the right or from the right to the left in an inline view of the

network, the binary word W is introduced and initially specified by the designer. It is defined

here as Wk = 0 to carry the extraction from the left to the right (natural mode of extraction),

and as Wk = 1 to interchange the network and extract the parameters from the right to the left.

Because in both cases the node Mk indicates the input port of the sub-network, Pk is defined as

Pk = Mk + 1 if Wk = 0 and Pk = Mk − 1 if Wk = 1.

The outer nodes of the block Hk+1 once the kth extraction has been realized are defined as

Mk+1 = min(Pk, Nk) (3.1a)

Nk+1 = max(Pk, Nk) (3.1b)

if Wk+1 = 0, and

Mk+1 = max(Pk, Nk) (3.2a)

Nk+1 = min(Pk, Nk) (3.2b)

if Wk+1 = 1.

At the beginning of the procedure, the source is defined with M1 = 0 and the load with

N1 = N + 1, where N is the order of the filter. In this work, W1 has no effect in the definition

of the network nodes because interchanging source and load yields in the same network with

opposite ports. Thereby, we always define W1 = 0.
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Figure 3.3: All the distinct topologies based on acoustic resonators realizable with N = 5 and
their corresponding band-pass networks.

It can be observed that all topologies obtained by this method contain all the couplings

between adjacent nodes, generating an inline structure. Distinct topologies are only achieved

with different placement of the cross-couplings Jk, whose maximum number is N because the

filter is made only of N sub-networks. Thereby, it can be observed that only 2(N−2) topologies

are structurally different.

In case of ladder-type filters based on acoustic resonators, the distinct cross-coupled topolo-

gies achievable with this technique decreases drastically to 2(N−2−np), where np is the number of

shunt resonators. The reason is that no cross-couplings are allowed to be connected to the NRN

of series resonators, because it is physically impossible to implement them. In Figure 3.3 there

are depicted all the distinct topologies realizable with a filter of order N = 5 based on acoustic

resonators. Since the number of shunt resonators is np = 2, the number of different topologies

is up to 2(5−2−2) = 2.

A limitation of this synthesis procedure is that the cross-couplings cannot cross each other.

Moreover, in acoustic wave based technology, the cross-couplings can only be connected to

source, load, and between series resonators. However, hybrid topologies combining electrically

connected and acoustically coupled resonators can be easily synthesized with and without cross-

couplings by using the proposed technique. Novel structures coupling series resonators with

parallel capacitors or inductors can also be synthesized by this procedure, providing additional

realizations but within the same cross-coupled family of topologies.
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3.2.2 Synthesis Procedure

The synthesis of the low-pass prototype network is realized by means of successive extractions

from the ABCD polynomial matrix. This matrix is related to the characteristic polynomials

of a generalized Chebyshev class of filtering function P (s), F (s), and E(s), associated to the

scattering parameters as

S11(s) =
F (s)

εRE(s)
and S22(s) =

P (s)

εE(s)
. (3.3)

The evaluation of the characteristic polynomials have been detailed in Chapter 2. Observe that,

although the topologies to be realized in this chapter are quite different to those presented

previously, they are still ready to accommodate the same transfer functions, but with TZs at

infinite frequencies in some cases.

For a two-port network having the terminals normalized to unity, the ABCD matrix repre-

senting the network has the following form:

[ABCD] =
1

jP (s)/ε

[
A(s) B(s)
C(s) D(s)

]
, (3.4)

where the coefficients A(s), B(s), C(s), and D(s) may be directly expressed in terms of the

coefficients of F (s)/εR and E(s) following the procedure in [58] as

A(s) = jIm(e0 + f0) + Re(e1 + f1)s+ jIm(e2 + f2)s2 + · · ·+ jIm(eN + fN )sN (3.5a)

B(s) = Re(e0 + f0) + jIm(e1 + f1)s+ Re(e2 + f2)s2 + · · ·+ Re(eN + fN )sN (3.5b)

C(s) = Re(e0 − f0) + jIm(e1 − f1)s+ Re(e2 − f2)s2 + · · ·+ Re(eN − fN )sN (3.5c)

D(s) = jIm(e0 − f0) + Re(e1 − f1)s+ jIm(e2 − f2)s2 + · · ·+ jIm(eN − fN )sN (3.5d)

for the filter degree N even, and

A(s) = Re(e0 + f0) + jIm(e1 + f1)s+ Re(e2 + f2)s2 + · · ·+ Re(eN + fN )sN (3.6a)

B(s) = jIm(e0 + f0) + Re(e1 + f1)s+ jIm(e2 + f2)s2 + · · ·+ jIm(eN + fN )sN (3.6b)

C(s) = jIm(e0 − f0) + Re(e1 − f1)s+ jIm(e2 − f2)s2 + · · ·+ jIm(eN − fN )sN (3.6c)

D(s) = Re(e0 − f0) + jIm(e1 − f1)s+ Re(e2 − f2)s2 + · · ·+ Re(eN − fN )sN (3.6d)

for N odd.

The extraction of the elements of the kth sub-network can be realized at infinity, at an

arbitrary finite frequency jΩk, or at a root of Pk(s) polynomial. An additional type of extraction

of two TZs simultaneously is also proposed, only valid when the filtering function accommodates

at least one TZ at infinity. A vector Λ is introduced here to manage the type of extraction at

each step, whose entries are defined as follows:
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• Λk = −1 → Extraction of an NRN-RN pair at a root of Pk(s).

• Λk = jΩk → Extraction of an NRN-RN pair at an arbitrary finite frequency jΩk.

• Λk = 0 → Extraction of a RN at infinity.

• Λk = 1 → Dual-TZ extraction.

The vector Λ is used in the following sections to specify the type of extraction and simplify

the explanations. However, it is also useful in the software tool that has been created for the

synthesis of cross-coupled prototype filters.

Regardless the type of extraction, the first element of the sub-network Hk to be extracted

is the cross inverter Jk, in order to leave the remaining network H ′k with the corresponding

TZ. Next, the input FIR bk is extracted to prepare the following removal of the TZ after the

unitary inverter extraction. In the following, all types of extractions are detailed and analytically

developed.

Extraction of a Root of Pk(s) (Λk = −1)

At the beginning of the extraction procedure, the roots of P0(s) correspond to the prescribed TZs

at finite frequencies. During the synthesis, in case that a cross inverter has been required during

a previous step, the roots of Pk(s) at kth step differ from the imposed TZs, and are unknown

at the beginning of the process. Furthermore, it may happen that some of these zeros become

complex and then cannot be properly extracted with an NRN-RN pair, as will be presented in

the following sections.

In this section, we assume that the sub-network Hk has at least one finite TZ to be annihi-

lated, i.e. at least one root of Pk(s) is purely imaginary. The extraction of the TZ jΩk, being a root

of Pk(s), do not require a cross-inverter Jk, which is therefore zero, and [ABCD]′k = [ABCD]k.

The first element to be extracted is then the FIR bk, in order to prepare the following removal

of the root of Pk(s). It can be obtained by

bk =
D′k(jΩk)

B′k(jΩk)
. (3.7)

Once bk has been calculated, it has to be extracted from the ABCD matrix by

[ABCD]′′k =
1

jP ′′k

[
A′′k B′′k
C ′′k D′′k

]
=

1

jP ′k

[
A′k B′k

C ′k − bkA′k D′k − bkB′k

]
, (3.8)

where the independent variable (s) has been omitted from the polynomials for reasons of clarity,

and so A ≡ A(s), B ≡ B(s), etc. and P ≡ P (s)/ε is assumed to have absorbed the constant ε.

The following element in the Hk sub-network is the unitary inverter, which is extracted by

interchanging the ABCD polynomials as follows:

[ABCD]′′′k =
1

jP ′′′k

[
A′′′k B′′′k
C ′′′k D′′′k

]
=

1

jP ′′k

[
−jC ′′k −jD′′k
−jA′′k −jB′′k

]
. (3.9)
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Finally, the admittance Yk made of an inductance Lk in series with a FIR jXk, i.e., the dangling

resonator, has to be extracted. Since the network has a pole at sk = jΩk, which correspond to

the root of Pk(s) to be annihilated, the input admittance parameter results in

y11 =
D′′′k (s)

B′′′k (s)
=

b0,k
(s− sk)

∣∣∣∣
s=sk

=
1

sLk + jXk

∣∣∣∣
s=sk

, (3.10)

where the resonant pair can be related with the residue b0,k and the pole Ωk as Lk = 1/b0,k and

Xk = −Ωk/b0,k. The parameter b0,k can be found from (3.10) as

b0,k =
D′′′k (s)(s− sk)

B′′′k (s)

∣∣∣∣
s=sk

=
D′′′k (sk)

Bk+1(sk)
. (3.11)

The parameter Bk+1 is part of the ABCD matrix of the sub-network Hk+1, given by

[ABCD]k+1 =
1

jPk+1

[
Ak+1 Bk+1

Ck+1 Dk+1

]
=

(s− jΩk)

jP ′′′k


A′′′k

(s− jΩk)

B′′′k
(s− jΩk)

C ′′′k − b0,kAk+1

(s− jΩk)

D′′′k − b0,kBk+1

(s− jΩk)

 . (3.12)

In (3.12), all polynomials have been reduced one degree. All elements of the network Hk have

been completely extracted, and the recursive sequence must continue by assigning Hk+1 → Hk.

However, in case that Wk+1 = 1, polynomials Ak+1 and Dk+1 has to be exchanged in order to

turn the network and continue the extraction from the other side.

It is important to remember that, when we are designing a ladder-type filter with cross-

couplings, the cross inverters can only be connected to the NRNs of shunt resonators, as detailed

in section 3.2.1. Thus, a cross-coupling is allowed during the extraction of a series resonator,

but not during the extraction of a shunt resonator. The case presented in this section is always

necessary for the extraction of all the shunt resonators in order to avoid cross inverters connected

to the NRNs of the series ones and, therefore, assure a proper circuital transformation based on

BVD resonators.

It might also be noticed that, by assigning Λ = [−1 − 1 . . . − 1], a classical ladder-type

filter without cross-couplings, as the ones obtained by the methodology presented in Chapter 2,

is obtained.

Extraction at an Arbitrary Finite Frequency jΩk (Λk = jΩk)

The removal of a finite TZ requires the extraction of an extracted-pole configuration or NRN-RN

pair. If the TZ to be extracted is not a root of Pk(s), a cross inverter is required in order to have

the remaining network with a pole at jΩk. The cross inverter can be obtained by evaluating

Pk(s) and Bk(s) at the TZ as follows:

Jk = −Pk(jΩk)

Bk(jΩk)
. (3.13)
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Once the value of the required cross inverter is calculated, the [ABCD]′k matrix of the remaining

sub-network H ′k is updated by

[ABCD]′k =
1

jP ′k

[
A′k B′k
C ′k D′k

]
=

1

j(Pk + JkBk)

[
Ak Bk

Ck + 2JkPk + J2
kBk Dk

]
. (3.14)

At this point, P ′k(s) must have a root at jΩk, the TZ to be annihilated. The following set of

extractions is the same detailed above for the annihilation of a root of Pk(s). First, the FIR bk is

extracted by using (3.7) and (3.25). Then, after the extraction of the unitary inverter with (3.9),

the dangling resonator is obtained using (3.10) and (3.11). Finally, the ABCD matrix of the

following sub-network Hk+1 is calculated by (3.12). Again, to continue the synthesis procedure,

polynomials Ak+1 and Dk+1 have to be exchanged if Wk+1 = 1. The sequence of extractions

continues iteratively by assigning Hk+1 → Hk.

It is important to observe that, in (3.14), Pk(s) polynomial is affected by the extraction

of the cross inverter Jk. An important consequence of Pk(s) alteration is that its singularities

becomes different than the previous ones, i.e. the roots of P ′k(s) are not the same than those of

Pk(s). The effect of this mismatching makes the following dangling resonators to resonate at a

frequency that do not correspond with a filtering function TZ, although it is a TZ of the sub-

network Hk+1. Furthermore, the new singularities of P ′k(s) might not be only pure imaginary

values, but complex conjugate pairs instead. A complex TZ cannot be annihilated by means

of a dangling resonator, and additional cross-couplings have to be extracted in following steps

to modify another time the singularities of Pk(s) polynomial and make them purely imaginary

again.

Extraction at Infinity (Λk = 0)

This type of extraction is performed by extracting a RN of admittance Yk = sCk. In case that,

at this step, there are the same number of TZs at finite frequencies than the remaining sub-

networks to be removed, i.e. Hk is fully canonical, a cross inverter Jk will be necessary. Its

required value can be calculated as

Jk = − lim
s→∞

Pk(s)

Bk(s)
, (3.15)

and it has to be completely removed from the ABCD matrix by using (3.14).

It can be observed in (3.15) that only when the degree of Pk(s) and Bk(s) are the same, the

cross inverter Jk takes a value different than zero. Otherwise, when Hk has some TZ at infinity,

the extracted inverter becomes zero (Jk = 0). Polynomial Bk(s) is always fully canonical, and its

roots are the global eigen-modes of the complete filter [72], whereas the degree of Pk(s) indicates

the remaining number of TZs at finite frequencies ready to be annihilated. Therefore, the cross

inverter is only necessary in this case for fully canonical networks.
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The next element of the kth sub-network to extract is the frequency invariant susceptance

bk. The extraction of this element is necessary to prepare the following removal of the TZ at

infinity. The value of bk is obtained by evaluating the polynomials B′k(s) and D′k(s) at the TZ

as follows:

bk = lim
s→∞

D′k(s)

B′k(s)
, (3.16)

and the ABCD matrix must be updated as

[ABCD]′′k =
1

jP ′′k

[
A′′k B′′k
C ′′k D′′k

]
=

1

jP ′k

[
A′k B′k

C ′k − bkA′k D′k − bkB′k

]
. (3.17)

The unitary inverter is extracted by interchanging the ABCD polynomials as follows:

[ABCD]′′′k =
1

jP ′′′k

[
A′′′k B′′′k
C ′′′k D′′′k

]
=

1

jP ′′k

[
−jC ′′k −jD′′k
−jA′′k −jB′′k

]
. (3.18)

Finally, the last extraction of the admittance block Yk requires a removal of a shunt capacitance

Ck at infinity. The input admittance at this point is found to be

y11 =
D′′′k (s)

B′′′k (s)
= sCk + Yk+1, (3.19)

where Yk+1 is the input admittance of the remaining network Hk+1. Dividing all sides of equation

(3.19) by s and evaluating at s→∞, the value of the capacitance Ck can be obtained:

Ck = lim
s→∞

D′′′k (s)

sB′′′k (s)
. (3.20)

The ABCD matrix of the remaining network Hk+1 is given by

[ABCD]k+1 =
1

jPk+1

[
Ak+1 Bk+1

Ck+1 Dk+1

]
=

1

jP ′′′k

[
A′′′k B′′′k

C ′′′k − sCkA′′′k D′′′k − sCkB′′′k

]
. (3.21)

In (3.21), polynomials Ck+1(s) and Dk+1(s) have to be reduced one degree, because a TZ at

infinity has been annihilated. All elements of network Hk have been completely extracted, and

the recursive sequence must continue by assigning Hk+1 → Hk.

Dual-TZ Extraction (Λk = 1)

The Dual-TZ extraction technique is a proposed extension upon the results in [71]. To differenti-

ate this case from the others during the iterative extraction procedure, we have defined Λk = 1.

By using this technique, two finite transmission zeros are annihilated during one iteration and

one sub-network. In general, the procedure involves the removal of a TZ by means of a cross

inverter, followed by a second removal by means of an NRN-RN pair evaluated at a root of

Pk(s).
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In the extraction techniques described above, the cross inverter is only required if a finite

TZ has to be implemented with a RN or if the TZ to be extracted is not a root of Pk(s). The

dual-TZ technique combines both cases: a cross-inverter is extracted likewise the admittance Yk

was a RN, thus annihilating one TZ and yielding different roots of P ′k(s), one of which will be

removed by a dangling resonator.

The cross inverter is given by

Jk = − lim
s→∞

Pk(s)

Bk(s)
, (3.22)

and the updated ABCD parameters by

[ABCD]′k =
1

jP ′k

[
A′k B′k
C ′k D′k

]
=

1

j(Pk + JkBk)

[
Ak Bk

Ck + 2JkPk + J2
kBk Dk

]
. (3.23)

It may be noticed that P ′k(s) polynomial is reduced one degree because a TZ has been annihilated,

and that its roots differs from those of Pk(s). Next, in contrast to the extraction at infinity

technique (Λ = 0) where the following node to be extracted is a RN after the evaluation of a

cross inverter Jk at infinity, an NRN-RN pair has to be prepared for extraction. To this end, a

frequency invariant susceptance bk is obtained by

bk =
D′k(jΩk)

B′k(jΩk)
, (3.24)

and extracted from the ABCD matrix as

[ABCD]′′k =
1

jP ′′k

[
A′′k B′′k
C ′′k D′′k

]
=

1

jP ′k

[
A′k B′k

C ′k − bkA′k D′k − bkB′k

]
. (3.25)

Finally, after the extraction of the unitary inverter by using

[ABCD]′′′k =
1

jP ′′′k

[
A′′′k B′′′k
C ′′′k D′′′k

]
=

1

jP ′′k

[
−jC ′′k −jD′′k
−jA′′k −jB′′k

]
, (3.26)

the dangling resonator with an imaginary root of P ′k(s) as the resonance frequency has to be

removed by

b0,k =
D′′′k (s)(s− sk)

B′′′k (s)

∣∣∣∣
s=sk

=
D′′′k (sk)

Bk+1(sk)
(3.27)

and

[ABCD]k+1 =
1

jPk+1

[
Ak+1 Bk+1

Ck+1 Dk+1

]
=

(s− jΩk)

jP ′′′k


A′′′k

(s− jΩk)

B′′′k
(s− jΩk)

C ′′′k − b0,kAk+1

(s− jΩk)

D′′′k − b0,kBk+1

(s− jΩk)

 . (3.28)

It is interesting to observe that two finite TZs has been annihilated during the kth iteration,

or equivalently, the degree of Pk(s) has been reduced by two. Because of this, some limitations
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H’k+1

Hk+1

bk bk+1

-Ωk

J0

Jk

1

Figure 3.4: Nodal diagram of the kth sub-network ready to be extracted, in which the following
configurations from the input and output nodes (grey circles) are NRN-RN pairs.

can be observed. First, the degrees of Pk(s) and Bk(s) have to be the same at the beginning of

the dual-TZ extraction procedure, in order to extract a cross inverter Jk different than 0. This

implies that at kth step, the number of the remaining finite TZs (degree of Pk(s)) has to be

equal to the number of remaining resonators to be extracted. Otherwise, the proposed technique

will eventually be the same than an extraction at a root of Pk(s) (Λk = −1) detailed above.

On the other hand, the remaining network Hk+1 has to be comprised of at least one RN.

After the dual-TZ extraction during kth step, there are one more resonant node pending to be

removed than the number of TZs. Thus, it has to be evaluated at infinity (Λ = 0). In other

words, the degree of Pk+1(s) is two times lower than that of Pk(s), but the degree of Bk+1(s) is

only one time lower than that of Bk(s), i.e. sub-network Hk+1 is not fully canonical. Executing

an extraction at infinity in such conditions results in a RN without cross inverter, thus equating

again the degrees of the polynomials and causing sub-network Hk+2 to be fully canonical.

It is important to notice that some of the results obtained with this extraction technique

can also be obtained with the other extraction cases, but turning the network in specific points

during the procedure. Results that can only be achieved with the dual-TZ technique are found

when, looking from the both sides of the kth sub-network, the following configuration is an

NRN-RN pair, as depicted in Figure 3.4.

The main motivation of this proposed technique was the synthesis of filters based on acous-

tic resonators with hybrid topologies. They are made of electrically connected inline blocks and

acoustically coupled resonators. Notice that RN are required to succeed with the dual-TZ tech-

nique, but some cross-couplings cannot be implemented physically. Thus, this technique provides

technological feasibility in some cases, and may help the designer to synthesize cross-coupled

networks with hybrid configurations.
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3.2.3 Conclusion of the Synthesis Process

At the end of the Nth step of the synthesis procedure, the network HN+1 that remains is

constituted by the main path inverter JN+1 and two susceptances bPN
and bNN

in parallel at

the contiguous nodes PN and NN . The ABCD matrix of this sub-network is given by

[ABCD]N+1 =
1

JN+1

[
−bNN

j
j
(
J2
N+1 − bPN

bNN

)
−bPN

]
. (3.29)

Meanwhile, the remaining ABCD matrix at the Nth step is

[ABCD]N+1 =
1

jPN+1

[
AN+1 BN+1

CN+1 DN+1

]
. (3.30)

Therefore, the elements to conclude the synthesis process can be obtained by

JN+1 = −PN+1

BN+1
, (3.31)

bPN
= jJN+1

DN+1

PN+1
, (3.32)

and

bNN
= jJN+1

AN+1

PN+1
. (3.33)

In contrast with the synthesis of ladder-type filters, in cross-coupled topologies the phase plays

an important role to generate the TZs, and the cross inverter JN+1 is occasionally required to

be different than 1. In particular, it occurs for asymmetrical networks. In those cases, a phase

modification of the polynomials F (s) or E(s) at the beginning of the synthesis might yield

JN+1 = 1.

3.3 Existence of Complex TZs

During the synthesis, when a cross inverter Jk is extracted either to annihilate a finite TZ by

a RN or a TZ at a frequency that it is not a root of Pk(s), the polynomial P ′k(s) is updated as

P ′k(s) = Pk(s)+JkBk(s). Therefore, the roots of this updated polynomial are not the prescribed

TZs anymore. All resonators embraced by Jk resonates at different resonance frequencies in

order to maintain the position of the original TZs.

The new singularities of P ′k(s) may remain pure imaginary or appear in complex conjugate

pairs. Pure imaginary TZs can be annihilated by means of dangling resonators, but complex

TZs require further cross-couplings to be implemented. A second cross inverter extracted in the

proper position modifies again Pk(s) polynomial in such a way that some complex roots becomes

pure imaginary, therefore allowing their annihilation by means of dangling resonators.
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Table 3.1: Low-pass resonant frequencies of each NRN-RN pair or TZs.

Ω1 Ω2 Ω3 Ω4 Ω5

Ω1
k 2.3 -1.8 1.6 -1.8 2.3

Ω2
k 2 -1.73 1.62 -1.89 2.67

Ω3
k 4 -2.14 1.63+0.25j -1.63 1.63-0.25j
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Figure 3.5: Low-pass response of the 5th order filter with TZs Ω1
k.

In order to differentiate the cases when pure imaginary or complex TZs arise once a cross

inverter is extracted, an example is presented next. A 5th order low-pass filter with TZs Ω1
k

established in Table 3.1 and return loss 11.63 dB is synthesized. The result for W =
[
0 0 0 0 0

]
and Λ = jΩ1

k is an inline network of NRN-RN pairs with the response shown in Figure 3.5.

Now, let us suppose that we are required to have the resonance frequency of the first resonator

Ω1 at low-pass frequency 2, by keeping the same transmission response. Because Ω = 2 is not

a root of P1(Ω) polynomial at the beginning of the synthesis procedure, a cross inverter J1 is

extracted using (3.13), so the updated polynomial P ′1(Ω) has a root at the required frequency

Ω = 2. However, all roots of P ′1(Ω) have changed, and are different than the TZs of the original

response. In Table 3.1, Ω2
k are the roots of P ′1(Ω). It can be observed that they are slightly

different than Ω1
k, the original roots of P1(Ω), and all of them remain pure imaginary in s = jΩ.

By analyzing the extracted cross inverter, that has been found to be J1 = 0.00018813, its

S21 transmission parameter is approximately of -70 dB. At the resonance frequency of the first

resonator Ω2
1, the main signal path through the resonators behaves like an open circuit, and the
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Figure 3.6: Low-pass response of the filter with TZs Ω1
k. The horizontal black line indicates the

transmission level between source and load through the cross inverter J1, of (a) -70 dB and (b)
-50 dB. The updated TZs of P ′1(s) are also depicted at the corresponding frequency cuts.

unique path between source and load is through the cross inverter J1. Therefore, at Ω2
1 = 2, the

transmission response of the whole network has to be of -70 dB, as can be checked in Figure 3.6

(a). Moreover, the transmission at all resonance frequencies Ω2
k has to be about -70 dB, since

all signal at those frequencies flows through the cross inverter.

It can be observed that, to have a tuning on the resonance frequencies and maintain the

roots purely imaginary, there are required at least (N − k+ 1) intersections of the transmission

function and the signal level through the cross-coupling, where N is the filter order and k the

step of extraction during the procedure.

But, what happen if there are less crossing points than the number of remaining roots to

be annihilated? Following the example above, lets suppose now that we are required to have

the first resonator with a resonance frequency of Ω3
1 = 4. Same than before, a cross inverter

between source and load is extracted, now with value J1 = 0.0017. This cross inverter presents

a transmission level of -50 dB approximately, and only 4 intersection are found between this

transmission level and the filter response, as it can be observed in Figure 3.6 (b). Consideration

of the orthogonality unitary condition provides an important relation between the phases of the

S11(s), S22(s), and S21(s) polynomials (see Chapter 2), from which can be derived that the zeros

of the numerator polynomial of S21(s) parameter, i.e. P (s), must lie either on the imaginary axis

of the complex s plane or in mirror-image pairs symmetrically arranged about the imaginary

axis, that is, complex conjugate pairs in Ω frequency variable. Therefore, since five NRN-RN

pairs remain to be extracted but only four intersections exist for a transmission level of -50 dB,

three pure imaginary and a pair of complex conjugate roots are the result of updating P1(s)
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Table 3.2: Low-pass Elements of the Synthesized 5th Order Inline Filter with Source-Load Cou-
pling.

Parameters Res 1 Res 2 Res 3 Res 4 Res 5

bk -4 2.14 -1.63 1.63 -1.63

Bk -5.50 2.47 -3.03 1.62 -2.08

JRk 4.69 2.25 2.19 1.52 1.62

Jk 0.0017

once the cross inverter Jk is fully extracted. These roots are shown in Table 3.1 as Ω3
k.

Through this example, we have observed that complex roots are originated when the trans-

mission level of the cross-coupling path intersects the transmission response less times than the

number of remaining roots to be annihilated at kth step. In the example the cross inverter has

been extracted between source and load, although the same effect occurs at any point of the

network.

Even though in the example we have forced a resonance frequency different than a root of

Pk(s) in order to have a cross inverter between source and load, the same theory is valid for

other purposes, e.g. parasitic couplings, electro-magnetic feedthrough (see Section 3.5), etc.

3.4 Complex TZs Realization

An NRN-RN pair, or dangling resonator, is not able to introduce a complex TZ by itself. The

input admittance of a dangling resonator is given by (see Chapter 2)

Yin = jB +
J2
R

s+ jb
. (3.34)

The admittance becomes infinite when s = −jb, thus generating a transmission zero. Notice

that b is real, and therefore, the TZ must be pure imaginary in s. Any attempt of annihilate

complex TZs by means of dangling resonators will result in a distortion of the response, more

noticeable in the OoB frequencies.

Next, an inline low-pass prototype with complex roots is synthesized in order to visualize

the effects of extracting complex roots by means of dangling resonators. The transmission zeros

of the transfer function are Ωk =
[
2.3, −1.8, 1.6, −1.8, 2.3

]
and the Return Loss = 11.63 dB.

The resonators are extracted from the left to the right, W =
[
0, 0, 0, 0, 0

]
, and the types of

extraction are defined as Λ =
[
4j, −1, −1, −1, −1

]
. Notice that the resonance frequency of the

first resonator, defined in Λ1 = 4j, is not a TZ and therefore, it is not a root of P1(s).

A cross inverter has to be extracted first between source and load nodes, and P ′1(Ω) yields

the roots Ω′k =
[
4, −2.14, 1.63 + 0.25j, −1.63, 1.63− 0.25j

]
, with a pair of complex conjugate
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Figure 3.7: Synthesized low-pass filter with one cross-coupling and complex TZs: (a) prototype
and (b) magnitude response.

singularities. In spite of the complex values, all roots are annihilated by means of NRN-RN pairs,

and the low-pass prototype at the end of the process results in an inline network of dangling

resonators with a cross-coupling between source and load, as depicted in Figure 3.7 (a). The

extracted values of all NRN-RN pairs and the cross inverter can be found in Table 3.2. It can be

noticed that resonance frequencies of resonators 3 and 5 are the real part of the complex TZs,

being as the imaginary part of Ω′3 and Ω′5 cannot be implemented by a dangling resonator.

The low-pass response of the synthesized filter is shown in Figure 3.7 (b). The passband

is almost maintained, despite a few deviation on the return loss levels, as well as the OoB on

the lower side of the passband. However, upper side TZs, in particular those at Ωk = 2, are

distorted, and the notch is not as deep as in the original response (see Figure 3.5).

This behavior, caused by the complex TZs, may be seen in EM simulations or measures of

filters due to undesired parasitic couplings that can require a tuning on the resonance frequencies
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Table 3.3: Low-pass Elements of the Synthesized 5th Order Inline Filter with Two Cross-
Couplings.

Parameters Res 1 Res 2 Res 3 Res 4 Res 5

bk -4 2.14 -2 1.67 -1.49

Bk -5.50 2.52 -3.96 1.65 -2.05

JRk 4.69 2.25 2.83 1.54 1.42

Jk 0.0017 0.0092

or even the implementation of complex singularities.

In order to overcome this issue, further cross-couplings can be forced in such a way that

the complex roots become pure imaginary again. For example, the resonance frequency of the

third resonator can be chosen arbitrarily and different than a root of P3(s). Accordingly, a cross

inverter J3 will be necessarily extracted, and the updated roots of P ′3(s) may become all pure

imaginary.

Using the example above, now the type of extraction is defined as Λ =
[
4j, −1, 2j, −1, −1

]
,

thus forcing the resonance frequencies of resonators 1 and 3 to be at Ω1 = 4 and Ω3 = 2,

respectively. The topology resulting from the synthesis procedure is depicted in Figure 3.8 (a),

and the values of the parameters are shown in Table 3.3. The magnitude response agrees with

the desired transfer function, as can be observed in Figure 3.8 (b).

In Section 3.2.1 it has been described the realizable topologies, and that cross-couplings

cannot be connected to the NRNs of series resonators to assure the physical implementation of

the resonators. Therefore, the resonance frequencies of shunt resonators must be always roots

of Pk(s), and only those of series resonators can be prescribed to force the cross-couplings to

be connected to shunt resonators. This is valid for an extraction from the left to the right

of the network, i.e. all Λk equal to 0, and may not be correct for other extraction sequences.

However, by simple inspection of Pk′(s) roots, the designer is capable to know the position of the

required cross-couplings and decide their value. This is clearly a redundant configuration that

can be useful to acquire the technological feasibility given by the constrained electro-mechanical

coupling coefficient in AW technologies.

3.5 Design Considerations with Respect to Parasitic Electro-
Magnetic Feedthrough

The general methodology for the synthesis of cross-coupled networks presented above only allows

a few distinct topologies for filters based on acoustic resonators. Actually, only 2(N−2−np) distinct

possibilities are feasible, with N the filter degree and np the number of shunt resonators. For
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Figure 3.8: Synthesized low-pass filter with two cross-coupling (between source and load nodes,
and between resonator two and load nodes: (a) prototype and (b) magnitude response.

a typical filter of degree N = 7 with 4 series resonators and 3 shunt resonators, only 4 distinct

cross-coupled topologies can be synthesized. Moreover, all cross-couplings can only be connected

to source, load, or between series resonators. Therefore, well-known cross-couplings such as a

common ground inductor or a capacitive coupling between a port and a ground inductor of a

shunt resonator are not possible to be synthesized with this technique.

Despite the limitation of the methodology, enormous benefits can also be collected in terms

of understanding. For example, during the synthesis development, it has been detected that

complex TZs can arise when a cross inverter is extracted. The apparition of complex TZs may

cause degradation of the filter frequency characteristics if they are not properly treated. By

means of the general synthesis methodology, these complex TZs can be re-converted to pure

imaginary TZs with additional cross-couplings between the proper nodes.
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In this section, a potential electro-magnetic feedthrough (EMF) between a package ports is

considered from the very beginning, thus improving the filter characteristics when it is assembled.

This signal leakage does not pass through the main filter path and causes attenuation limitations

in the OoB frequencies. Furthermore, in certain instances, the notches caused by the TZs seems to

disappear. Similar interpretations can be conducted in duplexer devices, where isolation between

the transmitter and the receiver can be degraded due to undesired leakage paths.

The factors that introduce limitations on the attenuation and isolation levels of conventional

miniaturized filters and duplexers has been considered in [73–75]. They can be classified into

two types of signal leakage. The first one occurs via the main signal path, and it is due to the

finite impedance of the RX filter in the TX band in a duplexer. The second one is the case of

study in this section, and it is, for instance, due to EMF, electro-magnetic couplings, imperfect

grounding, and so on. Because of the existence of these leakages, the isolation of conventional

duplexers is limited to about 50 to 55 dB [73].

Further studies demonstrated that by means of an amplitude and phase adjusting block

properly connected to the RX port, part of the leakage is canceled out leading to a significant

improvement in the TX band isolation of the duplexer device [76]. Other techniques, such the one

described in [77], eliminates the main path leakage by means of an additional and intentionally

well-designed path with appropriate phase and amplitude properties. High attenuation is also

achieved at an arbitrary frequency because of a notch in the transmission response.

In general, the design of filters based on acoustic resonators taking all leakages paths into

account requires lots of time consuming optimization processes, using three-dimensional electro-

magnetic simulations of the package combined with the equivalent circuital simulation of the

resonators. These techniques force the optimizer to modify the acoustic resonator parameters

in order to mitigate the undesired feedthrough effects. However, the stringent technological

requirements of acoustic wave devices confines the solution map to a very small region of feasible

alternatives, leading the design to an even more challenging task.

Better solutions for further optimization processes might be achieved by using the described-

above synthesis methodology, but taking the leakage path between source and load into account.

Effects such as attenuation limitations, TZs that vanish in determined cases, and isolation degra-

dation, can be clearly improved during the synthesis approach, as illustrated in the following

sections.

3.5.1 Electro-Magnetic Feedthrough Modeling

The EMF is a disturbing signal that can be found in many acoustic devices influencing the

output signal in an undesired manner. An electrical signal applied to the input might appear as a

parasitic electrical signal at the output because of EMF. The influence of packaging the devices,
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Figure 3.9: Band-pass circuital scheme of a 5th order filter based on acoustic resonators and
its equivalent low-pass prototype. The electro-magnetic feedthrough trough the package is con-
sidered as an external capacitor CSL connecting the input and output ports. In the low-pass
prototype it is contemplated as a coupling MSL connecting source and load nodes.

of bonding wires, and contact resistances has an important impact on the filter attenuation

because of these parasitics. Leakage currents through the silicon substrate can create a coupling

between the input and output of the device, also contributing to EMF.

Many authors have published circuital models to take parasitic elements into account [78–84],

including EMF, packaging, bond wires, etc. Complex models arise when all parasitic effects are

considered, which are not really useful for synthesis purposes. However, it is interesting to notice

that all models present a series capacitor between input and output ports. In general, electro-

static coupling is found to be the dominant parasitic leakage due to EMF [73].

In Figure 3.9 it is depicted the band-pass circuit of a 5th order filter with a parasitic capacitor

CSL that models the EMF between the ports of the device. Using the admittance inverter

realization shown in Figure 3.10, the EMF might be also modeled as a cross inverter JSL =

−ωCSL between input and output ports. In the low-pass domain, the acoustic resonators are

NRN-RN pairs or dangling resonators, and the EMF a cross inverter MSL = Z0JSL between

source and load nodes, where Z0 is the characteristic impedance used to normalize the low-pass

network. It is important to notice that the admittance inverter has to be negative in order to

J

C

-C -C≡ 

J = -ωC

≡ 

J = 1/(ωL)

L

-L-L

Figure 3.10: Realization of an ideal admittance inverter.



84 3.5. Design Considerations with Respect to Parasitic Electro-Magnetic Feedthrough

1 , 8 5 1 , 9 0 1 , 9 5 2 , 0 0 2 , 0 5 2 , 1 0 2 , 1 5 2 , 2 0
- 7 0
- 6 0
- 5 0
- 4 0
- 3 0
- 2 0
- 1 0

0

Tra
nsm

iss
ion

 Re
spo

nse
 (d

B)

F r e q u e n c y  ( G H z )

 C a p a c i t i v e  J S L  o f  - 6 5  d B
 C a p a c i t i v e  J S L  o f  - 5 0  d B
 C a p a c i t i v e  J S L  o f  - 4 5  d B
 I n d u c t i v e  J S L  o f  - 4 0  d B

Figure 3.11: Co-simulation of a measured transmission response with different electro-magnetic
feedthrough levels and nature.

result in a capacitive coupling. Otherwise, the behavior of the modeled EMF will be inductive,

thus affecting the response in a different way.

A co-simulation of a measured filter with different levels of EMF is shown in Figure 3.11.

For capacitive couplings, the maximum OoB attenuation is of the same level than the modeled

EMF, and it occurs at the TZ frequencies. No better attenuation levels are achieved at any other

frequency. With respect to the passband, it remains almost unaffected regardless the level. On

the other hand, an inductive coupling also degenerates the filter response but in such a way that

may improve the OoB characteristics by introducing an additional TZ at an arbitrary frequency.

3.5.2 Design Procedure

The synthesis of a filter taking into account the EMF is based in the theory detailed above in

this chapter. The only difference may be found in the extraction of the cross inverter. When

a parasitic coupling is considered, the cross inverter is not evaluated at any frequency, but is

given by the parasitic. Therefore, MSL is determined by the EMF, and the P ′1(s) and C ′1(s)

parameters has to be updated as (3.14)

P ′1(s) = P1(s) +MSLB(s) (3.35a)

C ′1(s) = C1(s) + 2MSLP (s) +M2
SLB(s). (3.35b)
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Table 3.4: Resonator Parameters for the Different Filtering Network Solutions.

Parameters Res 1 Res 2 Res 3 Res 4 Res 5

Case 1

fs (GHz) 1.9607 1.8901 1.9544 1.8901 1.9607

C0 (pF) 0.7810 3.2986 0.5717 3.2986 0.7810

r 16

k2
eff (%) 7.15

Case 2

fs (GHz) 1.9536 1.8806 1.9563 1.8955 1.9648

C0 (pF) 0.4276 3.6081 0.5875 2.5370 0.9124

r 9.20 13.14 18.46 18.05 22.38

k2
eff (%) 11.77 8.56 6.26 6.39 5.22

Case 3

fs (GHz) 1.9343 1.8856 1.9526 1.8919 1.9529

C0 (pF) 0.6335 4.0851 0.4939 3.2659 1.7705

r 7.88 14.99 13.15 17.17 19.03

k2
eff (%) 13.48 7.59 8.56 6.69 6.08

Provided the level of EMF coupling, the roots of P ′1(s) may be all pure imaginary or appear

in complex conjugate pairs, as detailed in Section 3.3. The best case is found with all roots

being pure imaginary, because only a tuning on the resonance frequencies is required. However,

differences in the original roots yields different resonator parameters. Therefore, the acoustic

restrictions such as the coupling coefficient or capacitance ratio parameter results in a different

ones compared with the original ladder network without the parasitic coupling consideration. On

the other hand, if complex roots are originated with the extraction of MSL, extra cross-couplings

are necessary to be extracted in further steps during the synthesis procedure, which make the

filter implementation more complicated.

A design procedure of a filter based on acoustic resonators is presented next. First, a con-

ventional ladder-type filter that satisfies the technological requirements is designed. Then, the

response is distorted assuming an EMF between the ports, and different ways to improve it but

preserving the same transfer function are provided.

The low-pass TZs of the filter to be synthesized are Ωk =
[
1.88, −1.83, 1.69, −1.83, 1.88

]
for a Return Loss = 11.6 dB. In order to get an inline topology without cross-couplings, the

sequence of extraction is defined as W =
[
0, 0, 0, 0, 0

]
and the type of extraction as Λ = jΩk.

In Table 3.4 Case 1, there are the band-pass resonator parameters of the synthesized ladder-type

filter of order N = 5 that agrees with a technological feasibility of k2
eff = 7.15%, typical in AlN

piezoelectric materials. In Figure 3.12 there are depicted the band-pass network and the filter

response. The input and output matching inductors are Lin = Lout = 15.64 nH.

Lets suppose that an EMF between the ports of the filter is present, that may be through

the substrate or the package in which the device is assembled. The band-pass network of the
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Figure 3.12: Ladder-type design with parameters shown in Table 3.4 Case 1: (a) band-pass
scheme and (b) response simulation.

ladder filter in Case 1 with a capacitive EMF is depicted in Figure 3.13 (a). Due to this signal

leakage, considered of -50 dB (CSL = 2.607 fF), the response of the filter is distorted, as can

be observed in Figure 3.14. In particular, the OoB rejection is not much better than the EMF

level of -50 dB, which can be exactly found at TZ frequencies (see Section 3.3). This effect of

distortion involves around 40 dB of attenuation deterioration at the TZ frequencies, only given

by a simple capacitor of a few fF.

In a real design, the filtering function, i.e. the TZs and return loss, has to be modified and

re-synthesized in such a way that both the technological requirements and the frequency mask

specifications are most satisfied for the given EMF level. However, we will maintain the transfer

function in order to properly compare the results and the improvement in the OoB frequencies.

Under the theory presented in Section 3.4, the cross inverter MSL due to the EMF can

be extracted at the beginning of the synthesis procedure. For an EMF level of -50 dB, that is

MSL = 0.0016, a pair of complex roots are generated after the cross inverter extraction. It has
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Figure 3.13: Band-pass schemes of (a) designs in Table 3.4 Case 1 and Case 2, and (b) Case 3.

been described above that complex singularities cannot be annihilated by means of dangling

resonators (or acoustic resonators in the band-pass domain). But nevertheless, the synthesis

can be executed anyway by defining a type of extraction Λ =
[
−1, −1, −1, −1, −1

]
, but not

achieving the expected response. In Table 3.4 Case 2 there are the resonator parameters of a

synthesis where the complex TZs have been omitted. An improvement in the OoB rejection is

attained, although it is not optimum, as can be observed in Figure 3.14.

The appropriate way to proceed is introducing further cross-couplings in order to annihilate

the complex singularities. A second cross inverter between resonator R2 and load can be forced

by setting Λ =
[
−1, −1, 2j, −1, −1

]
. The synthesis results in a cross inverter M3 = 0.0174, that

is C3 = 28.35 fF, a matching elements of Cin = 0.75 pF and Cout = 0.11 pF, and the resonator

parameters shown in Table 3.4 Case 3. The band-pass network is depicted in Figure 3.13 (b),

where CSL is given by the EMF.

The band-pass response, shown in Figure 3.14, significantly improves the OoB attenuation,

but it no matches the original transmission response perfectly at frequencies around the upper

TZs. The reason can be found both in the circuital and frequency transformations, detailed in

the following section.
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Figure 3.14: Comparison of the transmission responses of filters in Table 3.4. In Case 1 with
EMF, the ladder-type filter with an EMF transmission level between terminals of -50 dB is
considered.

3.6 Transformation of Cross-Coupled Low-Pass Prototypes

In this section, two issues associated with the transformation of an NRN-RN pair to a band-pass

acoustic resonator and potential solutions to improve them are presented. Particularly, the first

problem is given by the circuital equivalence between the dangling resonator and the low-pass

equivalent BVD model of a series resonator. The second one is due to the narrowband limitations

of the band-pass transformation.

In Chapter 2, the low-pass equivalence between the dangling resonator and the BVD model,

depicted in Figure 3.15, was reported. The couplings JML on both sides of the dangling resonator

must be, imperatively, of the same value and opposite sign. For convenience, during the iterative

extraction procedure, it is usually chosen as |JML| = 1. However, the last inline inverter to be

extracted is given by the [ABCD]N+1 matrix (see section 3.2.3), and it is occasionally required

to be different than 1. It has been observed that an adequate phase consideration of the low-pass

polynomials E(s) and F (s) before the extraction procedure yields the last inline coupling to be

JN+1 = 1. However, this effect is not only stringed to the response, but also to the topology

and assignation of the TZs. Then, the required phase terms becomes hard to estimate at the

beginning of the procedure, and no systematic solution has been found yet.

Even though the last inline inverter is found to be unitary by a proper phase management,

the narrowband approximation used in the low- to band-pass transformation might cause mis-
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Figure 3.15: Low-pass equivalence between the NRN-RN pair a the BVD model.

matching between the responses mainly around the TZs frequencies, as it has been observed in

Figure 3.14. In a cross-coupled structure, the TZs can be generated by opposite phases through

the different paths, and differences between the amplitudes or the phases may cause the TZs

to be not as deep as expected. As farther the resonances of a resonator from the center fre-

quency of the passband, worsen the frequency transformation and larger the amplitude and

phase differences between the signal paths.

In order to solve this, more accurate frequency transformations are necessary. Another alter-

native is to extract the circuital elements directly in the band-pass domain by using band-pass

polynomials. These are introduced in Chapter 4.

3.7 Synthesis of Cross-Coupled Low-Pass Prototypes by Cou-
pling Matrix Optimization

The synthesis techniques introduced above are very useful for the design of a limited set of

cross-coupled topologies based on acoustic resonators. Particularly, only 2(N−2−np), where N is

the filter degree and np the number of shunt resonators, distinct topologies are feasible by using

this technique. It is also a valuable methodology for the understanding of the effects caused by

a cross-coupling, e.g. the complex transmission zeros. Several undesired parasitics, such as the

electromagnetic feedthrough or leakage path between the ports of a filter, can be included in the

procedure, thus improving the overall filter characteristics.

However, it might be interesting to synthesize complex topologies that cannot be obtained

by the techniques presented above due to the cross-couplings configuration. The general theory

of cross-coupled band-pass filters presented in the 1970s by Atia and Williams [85] is still widely

used. It leads to a transversal coupling matrix which reproduces the system function to be

synthesized. It usually includes unwanted or unrealizable couplings that can be canceled by

similarity transformations [47], [85]. Unfortunately, the process is not applicable when NRNs

are part of the structure, which requires novel transformation techniques.

One possible general solution to the design of filters with arbitrary topology is to apply di-
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rect local optimization over the coupling matrix with successive starting points. An interesting

approach in which the entries of the coupling matrix were used as independent variables was

presented in [86]. A simple cost function along with a standard unconstrained gradient optimiza-

tion technique was used with excellent results. In [87], Amari introduced analytical expressions

for the gradient of the scattering parameters. In both works, the starting point vector is set to

arbitrary values. This makes the local optimization very unstable for cost function minimiza-

tion, and does not assure convergence. A solution could be global optimization methods to find

the coupling matrix of a certain filter topology. They perform robust optimization, no matter

about the starting point. However, global optimizers such as genetic or stochastic are very time

consuming methods.

For the synthesis of filters based in acoustic resonators, the local optimization of a cost

function based on the location of the transfer function poles, zeros, and an additional scaling

constant for a predefined topology is preferred. The advantages of this technique are:

1. Design of a filter with symmetric or asymmetric response.

2. Design of a filter with arbitrary topology, even or odd order.

3. Possibility of constraint the magnitude and sign of the coupling coefficients if a given

realization is intended.

4. Elimination of the round off errors given by similarity transformations.

On the other hand, the main disadvantages of local optimization methods are:

1. Exact solution is not guaranteed, and the larger the number of variables, the more difficult

to achieve it.

2. The predefined topology must be able to accommodate the desired filter response. Then,

a local minimum is reached by the optimization process.

3. The initial guess is preferred to be close to the target coupling matrix in order to assure

fast convergence.

4. To obtain a realizable solution, the elements of the coupling matrix has to be constrained

in some particular cases. For very unconstrained elements, a feasible solution might be

difficult to be achieved by local optimizers.

In the following, the coupling matrix of filters based in acoustic resonators is presented. It has

been arranged in a manner that the nodes are grouped depending on their nature. Since the

cross-couplings are usually implemented by external elements instead of coupling paths, they

are considered as additional NRNs, so their frequency dependence can be considered in the

band-pass coupling matrix approximation.
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3.7.1 Coupling Matrix Definition

The coupling matrix is a suitable representation of a 2-port network composed of coupled res-

onators. The common N+2 coupling matrix of a filter refers to the extended prototype including

source and load nodes [50]. It allows to consider fully canonical structures with direct source to

load coupling.

In Chapter 2, it has been presented the nodal diagram of an acoustic resonator, made of

a resonant and a non-resonant nodes. Therefore, the common N + 2 coupling matrix needs a

formulation extension in order to introduce the NRNs, leading to a 2N + 2 coupling matrix,

where N is the number of acoustic resonators.

For cross-coupled topologies, in which the cross-couplings are represented by NRNs, the size

of the coupling matrix increase to (2N+2+XP +X0), where XP is the number of cross-couplings

realized by lumped elements, i.e. inductors or capacitors, and X0 is the number of NRNs forced

to 0. The latter nodes are required in specific positions of the nodal prototype as connection

points between resonators. For example, when a shunt resonator is connected in series to a

ground inductor, the required low-pass model of the shunt resonator becomes the same than

that of a series resonator, i.e. a dangling resonator placed between two inverters. In those cases,

a zero NRN is used for the connection of the series and the shunt resonators, since all of them

requires their own inverters. In Figure 3.16 there is the equivalence between the NRN and the

band-pass element used to realize the cross-coupling, subject to the position of the NRN in the

network and its sign.

In order to simplify the management of the general coupling matrix, which can result in a

large symmetrical matrix given that not only resonant nodes are considered, it can be divided

into smaller sub-matrices depending on the connections between the nodes:

• MSL ∈ <2×2: sub-matrix of source and load nodes. The diagonal [MSL]ii represents the

matching elements of the input and output ports. In general, [MSL]12 = [MSL]21 = 0,

although the EMF between ports can be placed here.

• MR ∈ <N×N : sub-matrix of resonant nodes. The diagonal elements [MR]ii are the self-

couplings of the resonators, that is the FIR elements bi in parallel with the unitary capac-

itors.

• MN ∈ <N×N : sub-matrix of the NRN nodes that are part of an acoustic resonator. The

diagonal elements [MN ]ii are the susceptances of the NRNs Bi. In this sub-matrix, the

inline connections between the different NRNs have to be also specified.

• MSL N ∈ <2×N : sub-matrix of the connections between source and load nodes, and the

dangling resonators NRNs. Usually, the NRN of the first resonator B1 is connected to

source, and the NRN of the last resonator BN is connected to load, both of them by
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Figure 3.16: NRNs and its band-pass equivalent elements: (a) NRN without inverters and (b)
NRN with inverters.

unitary inverters.

• MR N ∈ <N×N : sub-matrix of connections between the resonant nodes and the NRNs of

the acoustic resonators, i.e. the couplings JRi in the main diagonal [MR N ]ii.

• MX ∈ <(XP +X0)×(XP +X0): sub-matrix of NRNs that are not part of the acoustic res-

onators. They can be either part of a cross-coupling or zero.

• MSL X ∈ <2×(XP +X0): sub-matrix with the connections between the cross-couplings NRNs

and the source and load ports, in case they exist.

• MN X ∈ <N×(XP +X0): sub-matrix with the connections between the cross-couplings and

the NRNs of the acoustic resonators.

The general coupling matrix defined by the sub-matrices specified above results in

M =



MSL 02×N MSL N MSL X

0N×2 MR MR N 0N×(XP +X0)

MT
SL N MT

R N MN MN X

MT
SL X 0(XP +X0)×N MT

N X MX


, (3.36)

where 0 is a zero sub-matrix. It is located in the sub-matrices that represent the connections

between the resonant nodes of the acoustic resonators with terminals and cross-coupling NRNs,
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Figure 3.17: Network defined by the admittance matrix [A] including the conductance of source
GS and load GL.

because these connections have no physical realization. It is interesting to observe that the cou-

pling matrix is symmetrical about its main diagonal, because a filter is a passive and reciprocal

network.

The narrowband approximation of the coupling matrix model, which assumes the couplings

frequency independent, is its main drawback. The coupling matrix use extents to narrow band-

widths up to 5% approximately.

3.7.2 Analysis of the Network Represented by the Coupling Matrix

The coupling matrix contains most of the relevant information about the network, although it

is not a complete representation of it. Additional elements such as the conductance of each port

and the parallel unitary capacitors of the resonant nodes are included in external matrices.

The two-port network to be analyzed is fed with a current source iS of internal conductance

GS and loaded with a conductance GL, as depicted in Figure 3.17. The multicoupled circuit is

arranged with admittance nodes, whether they are resonant or non-resonant. The voltage at each

node is denoted by vi, all of them grouped in the vector v of length (2N+2+XP+X0). The source

is the only node to be excited, resulting in an excitation vector of i = [1, 0, . . . , 0]T . Therefore,

the nodes equations resulting from Kirchhoff’s law can be formulated in matrix notation as

[A][v] = [−jG + ΩW + M ][v] = −j[i], (3.37)

where G is an NT × NT diagonal matrix (NT = 2N + 2 + XP + X0) of conductances, with

G11 = GS , GNT ,NT
= GL and Gii = 0 otherwise. GS and GL are usually considered unitary. The

normalized low-pass angular frequency is denoted by Ω. W is an NT ×NT diagonal matrix such

that W11 = WNT ,NT
= 0, Wkk = 1 if node k is resonating, and Wkk = 0 if it is non-resonating.

The voltage of each node can be computed by solving the lineal system in (3.37). The response

of the circuit at the two ports is fully specified by the voltages at the input and output nodes,
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i.e., v1 and v2. Therefore, the S-parameters are found to be as follows:

S11 = −1− 2jGS
[
A−1

]
11

(3.38a)

S22 = −1− 2jGL
[
A−1

]
22

(3.38b)

S21 = −2j
√
GSGL

[
A−1

]
21

(3.38c)

Our definition of the coupling matrix has the input and output ports represented by the first

and second rows and columns, respectively. The results can be expanded to a multi-port network

following the proper formulation [88]. That multi-port interpretation might be a good solution

to the synthesis of multiplexers for the near-future systems based on carrier aggregation.

3.7.3 Coupling Matrix Local Optimization

The design of filtering devices based on acoustic resonators usually becomes a challenging task

due to the increasingly stringent technological requirements. Therefore, we can define the prob-

lem as nonlinear and constrained, and make use of the sequential quadratic programming (SQP)

algorithm through the NLPQL code of Prof. Schittkowski [89]. The definition of the problem

can be expressed as

min
x
f(x) such that


c(x) ≥ 0

ceq(x) = 0

xl ≤ x ≤ xu

(3.39)

where x is a vector with the optimization variables, f is the objective function, c and ceq

contains the inequality and equality constraints, respectively, and xl and xu are the lower and

upper bounds of the optimization variables.

The aim of this synthesis procedure based in local optimization is to find the parameters of a

given topology that can be implemented with acoustic resonators, i.e., accommodates the tech-

nological requirements, and that best satisfy the mask specifications. Meanwhile, an arbitrary

coupling matrix should fit into a generalized Chebyshev filtering function, which is also part of

the optimization. Our optimization variables are therefore the coupling matrix parameters mx,

the transmission zeros Ωk, and the return loss RL. In mx vector there are specified all nodes,

whether they are resonant nodes or NRNs, and the JR couplings of the dangling resonators. No-

tice that the main line couplings are set always to unity and, therefore, they are not considered

as optimization variables.

The inequality constraint vector c can contain the difference between the mask specifications

and the coupling matrix response, so the transmission level is always lower than the specification

at the corresponding frequencies. Other restrictions such as maximum static capacitors or ground

inductors can also be specified here. On the other hand, in the equality constraint vector ceq we

impose the required coupling coefficient restriction, in order to assure technological feasibility.
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Finally, the lower and upper bounds are used to reduce the space of solutions. They are set

depending on the sign of the coupling matrix parameters. For example, it has been shown in

Chapter 2 that the NRN Bi and the FIR bi of the ith resonator positioned in series have to be

always negative. Then, the bounds of this resonator are specified accordingly.

In spite of only the relationships between the problem variables and the design parameters

are given in this work, more information about SQP optimization can be found in [89].

General class of Chebyshev filtering functions are rational functions of frequency, and they are

uniquely specified by the location of their poles and zeros and an additional scaling constant.

The zeros and poles of the transmission function are identical to the zeros of S11 and S21

parameters, respectively. An arbitrary response represented in a coupling matrix will tend to

the desired transfer function by vanishing the S-parameters at the corresponding frequencies.

To determine the additional scaling constant, the return loss is evaluated at Ω = ±1 to get

|S11(Ω = ±1)| = ε/
√

1 + ε2. The cost function used for the coupling matrix optimization is

therefore defined as [87]

f =
N∑
i=1

|S11 (Ωzi)|2 +
P∑
i=1

|S21 (Ωpi)|2

+

(
|S11 (Ω = −1)| − ε√

1 + ε2

)2

+

(
|S11 (Ω = 1)| − ε√

1 + ε2

)2

. (3.40)

Here, Ωzi are the zeros of the filtering function CN (Ω), i.e., the reflection zeros or roots of F (Ω).

Meanwhile, Ωpi are the poles of the filtering function, that is, the transmission zeros Ωk or roots

of P (Ω). Notice that, in (3.40), it is assumed that CN (Ω) has N zeros and P poles. For fully

canonical filters based in acoustic resonators, P is equal to N . More information about the

filtering function can be found in Chapter 2.

3.7.4 Numerical Results

In order to verify the optimization method presented above, the synthesis of a seventh-order

Band-25 receiver filter is realized in this section. The band-pass circuit to synthesize is shown

in Figure 3.18 (a). Three ground inductors LxR2, LxR4, and LxR6 are connected to the shunt

resonators and a cross-coupling capacitor CxS4 between source and the bottom of resonator 4

is considered. A hypothetical parasitic capacitance CPar = 0.05 pF is contemplated between

resonators 2 and 6.

The corresponding low-pass nodal diagram is presented in Figure 3.18 (b). The acoustic

resonators are modeled by means of dangling resonators and the external elements as NRNs.

It is interesting to observe that the shunt resonators are not directly connected to ground

because of the ground inductors. Therefore, their low-pass model becomes the same than the

series resonators one, a dangling resonator placed between unitary inverters. The nodes B0 are
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Table 3.5: Resonator Parameters of the Synthesized Band-25 RX Cross-Coupled Filter.

Parameters Res 1 Res 2 Res 3 Res 4 Res 5 Res 6 Res 7

fs (GHz) 1.98 1.91 1.96 1.91 1.96 1.91 1.98

k2
eff (%) 6.58 6.58 6.58 6.58 6.58 6.58 6.58

C0 (pF) 0.71 4.50 0.71 4.50 0.70 4.50 0.68

R1

Lout
R2 R6

LxR6LxR2
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R4Lin

R3 R5
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Figure 3.18: Prescribed topology of the Band-25 RX cross-coupled filter: (a) band-pass circuit
and (b) low-pass nodal scheme.

NRNs with zero susceptance, included only as a hypothetical connection between resonators.

The number of cross-coupling elements is XP = 5 and the number of NRNs equal to zero is

X0 = 3. Therefore, the coupling matrix of the proposed network results in an NT ×NT matrix



Chapter 3. Synthesis of Cross-Coupled Filters Based on Acoustic Resonators 97

1 , 0 1 , 5 2 , 0 2 , 5 3 , 0 3 , 5 4 , 0
- 1 0 0

- 8 0

- 6 0

- 4 0

- 2 0

0

S-P
ara

me
ter

s (d
B)

F r e q u e n c y  ( G H z )

 S 1 1
 S 2 1

Figure 3.19: Transmission and reflection responses of the Band-25 synthesized filter by coupling
matrix optimization. A quality factor of Q = 1500 and a electrode resistance of RS = 0.1 have
been considered.

where NT = 24.

During the optimization procedure of the coupling matrix, the hypothetical parasitic element

BPar is not considered as an optimization variable, whereas the other parameters are. The

objective coupling coefficient of all acoustic resonators is expected to be of 6.58 % and only

3 distinct resonant frequencies are allowed. Table 3.5 shows the resonator parameters of the

synthesized filter. The external elements are found to be Lin = 4.7 nH, Lout = 5.27 nH, LxR2 =

0.41 nH, LxR4 = 0.28 nH, LxR6 = 0.41 nH, and CxS4 = 0.26 pF.

Figure 3.19 depicts the band-pass response of the synthesized filter. To check the capabilities

of this methodology, some stringent attenuation masks have been introduced. It is interesting to

observe that the characteristic frequencies, i.e. the transmission zeros and the reflection zeros,

tends to an equiripple general class of Chebyshev transfer function, due to the definition of the

objective function.

The OoB transmission zeros are introduced by the ground inductors. They allow for good

rejection at higher frequencies, although they also generate transmission poles at very high

frequencies, between 6 to 10 GHz in this case.

The time cost of the proposed synthesis based in the coupling matrix optimization is of a few

minutes. Obviously, it depends on the number of parameters to optimize, the mask specifications,

and the technological requirements. The initial guess plays an important role in the process and
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has to be properly managed in order to obtain the best solution in the shortest amount of

time. From several studies, we have realized that the best starting point is an ideal equiripple

Chebyshev filter satisfying the maximum number of technological restrictions. By using the

synthesis techniques presented in Chapter 2 a ladder-type filter based in acoustic wave resonators

can be simply synthesized. Adding to the ladder structure the desired cross-coupling elements,

but with a low coupling strength so the ideal response is not highly damaged, becomes the best

starting guess. The cross-coupling elements along with the resonators are then optimized to

satisfy the mask specifications while maintaining the technological feasibility.

3.8 Chapter Summary

In this chapter, synthesis techniques for the design of cross-coupled filtering networks based on

acoustic resonators have been presented. A methodology based on the parameter extraction of

the resonators and the desired cross-inverters is useful to synthesize a limited number of topolo-

gies. However, it is an interesting methodology because it relates the cross-couplings with the

resonant frequencies of the resonators, which can become complex. When complex singularities

arise, further cross-couplings are required to be extracted. Otherwise, the filter characteristics

are damaged because the dangling resonator (or acoustic resonator) is unable to implement

complex roots.

Studies on the response behavior due to potential parasitic elements, such as the electromag-

netic feedthrough between ports, have also been developed in this chapter. During the extraction

procedure, the cross-inverter is not present because we desire it, but forced by the physical struc-

ture. Then, the resonance frequencies of the resonators are not equal to the transmission zeros

as expected. The appropriate procedure of design in those cases has been presented through an

example.

Finally, an additional synthesis methodology of cross-coupled topologies by means of the

coupling matrix optimization has also been proposed. The coupling matrix arrangement to

simplify its management and a cost function based on the characteristic frequencies have been

introduced. By means of an example, the advantages of this technique that provides a feasible

solution and accept any cross-coupled topology has been successfully shown.



CHAPTER 4

Synthesis of Ladder-Type Acoustic Filters
in the Band-Pass Domain

Conventional synthesis techniques usually derives filtering polynomials from the general Cheby-

shev low-pass filtering function. Coupling matrices or low-pass prototype networks are derived

and transformed into the band-pass domain for practical application. Unfortunately, these pro-

cedures are based on a narrowband approximation where poles and zeros of the transfer func-

tion that are far away from the passband, including those around the negative band, are ne-

glected [46]. Frequency-invariant reactances or frequency-independent coupling coefficients in

the low-pass models can only be successfully approximated over a narrow band of frequencies in

the microwave region.

In Chapters 2 and 3 these synthesis techniques have been applied for the design of filters

based on acoustic resonators. Ladder-type structures and cross-coupled topologies have been

successfully synthesized taking into account the technological restrictions. However, for future

designs with more and more stringent specifications, the out-of-band (OoB) frequency behav-

ior of all elements in the network may be essential to address the requirements. Furthermore,

accuracy on the phase parameters could be determining for the design of the imminent carrier

aggregation multiplexer devices.

The aim of this chapter is to introduce fundamental theory on the required band-pass filter-

ing functions for filters based on acoustic resonators. The singularities in the origin and infinite

frequencies determines the matching elements of the resulting network, which are carefully ana-

lyzed in this chapter. The extraction procedure realized directly in the band-pass domain is also

presented, which can be done from the open- and/or short-circuit reactance parameters. Finally,

an example of the Band 42 is realized in order to validate the proposed methodology.

99



100 4.1. Double-Terminated Network Analysis

R1

R2N
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Z1
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I2

Figure 4.1: A two-port network terminated in R1 and R2 at port-1 and port-2, respectively, and
its typical operating conditions.

4.1 Double-Terminated Network Analysis

The synthesis of transfer functions in the band-pass domain is the main objective of this chapter.

The problem is to find a two-port terminated network such that its transfer function has a desired

frequency response. The problem can be approached in two steps. The first is to obtain a rational

function of s whose frequency response approximates the desired transfer function. The second

step is to synthesize the rational function as the transfer function of a two-port network, and

it is the subject of this section. The latter is an equivalence of the Darlington’s method, also

discussed in [90,91].

A transfer function describes certain input/output relation, and in circuits, it is usually the

ratio of the maximum available power Pmax from the ideal voltage source to the power delivered

to the load P2. The output port is usually terminated in a load impedance, and the voltage

source usually has an internal impedance associated with it. The case of resistive termination

at both ports is depicted in Figure 4.1. The transfer function H(s) is defined as [58]

|H(s)|2 =
Pmax
P2

=

∣∣∣∣∣12
√
R2

R1

V0(s)

V2(s)

∣∣∣∣∣
2

. (4.1)

For passive lossless two-port networks it is usually more convenient to define a characteristic

function K(s) given by the Feldtkeller equation as

|H(s)|2 = 1 + |K(s)|2 (4.2)

In order to derive the conditions for a rational function H(s) to be realizable as the transfer

function of a two-port network comprising capacitors and inductors, we need to relate the transfer

function to some physical properties of the two-port network. To this end, it is most convenient

to characterize the network by its scattering matrix.

The transmission coefficient S21 represents the ratio of the transmitted wave to the incident
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wave, and it is expressed in terms of the two-port voltages as

S21(s) = 2

√
R1

R2

V2(s)

V0(s)
=

1

H(s)
. (4.3)

Meanwhile, the reflection coefficient S11 is defined as the ratio of the reflected wave to the

incident wave. It results in terms of the two-port network voltages as [92]

S11(s) =
2V1(s)− V0(s)

V0(s)
. (4.4)

The voltage V1 may be determined from the source and the divider voltage ratio as

V1(s) = V0(s)
Z1(s)

Z1(s) +R1
. (4.5)

From (4.4) and (4.5) the reflection coefficient is derived as

S11(s) =
Z1(s)−R1

Z1(s) +R1
. (4.6)

Equation (4.6) establishes a relation between the input impedance and the reflection coefficient

of a two-port network. Given S11(s), the input impedance is found to be

Z1(s) = R1
1 + S11(s)

1− S11(s)
. (4.7)

This relation will be used during the transfer function synthesis in the following sections.

4.1.1 Two-Port Parameters

There are other characterizations of a two-port network besides scattering matrix. These are

strictly circuit parameters derived in terms of voltages and currents at the terminals, and are

independent of their terminations.

With reference to Figure 4.1, the terminal voltages V1 and V2 are linearly related to the

terminal currents I1 and I2 through the open-circuit impedance matrix as[
V1

V2

]
=

[
Z11(s) Z12(s)
Z21(s) Z22(s)

] [
I1

I2

]
. (4.8)

The open-circuit impedance coefficients are given by

Z11(s) =
V1

I1

∣∣∣∣
I2=0

, (4.9a)

Z12(s) =
V1

I2

∣∣∣∣
I1=0

, (4.9b)

Z21(s) =
V2

I1

∣∣∣∣
I2=0

, (4.9c)

Z22(s) =
V2

I2

∣∣∣∣
I1=0

. (4.9d)
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Coefficients Z11(s) and Z22(s) are input impedance parameters when the opposite port is open-

circuited (Ri = ∞). According to Foster’s theorem [93], any combination of pure reactances in

complex two-port networks can be expressed by a reactance function Z(s) with the following

properties: the reactance function must be a rational function of the frequency s with positive

real coefficients; Z(s) has poles only on the jω-axis, and at least either a pole or zero at s =∞
and a pole or zero at s = 0; Z(s) is always an odd function and the reactance always increases

in value with frequency. By reciprocity it is also derived that Z12(s) = Z21(s).

A different representation of network values can be given by the chain matrix as[
V1

I1

]
=

[
A(s) B(s)
C(s) D(s)

] [
V2

I2

]
, (4.10)

where the chain matrix is related with the open-circuit impedance matrix as[
A(s) B(s)
C(s) D(s)

]
=

1

Z12(s)

[
Z11(s) Z11(s)Z22(s)− Z2

12(s)
1 Z22(s)

]
. (4.11)

Since impedance coefficients Z11(s), Z22(s), and Z12(s) are odd polynomials for a network made

of reactive elements, A(s) and D(s) are always even, while B(s) and C(s) are always odd,

rational functions [94].

From (4.10), the following equations can be derived:

V1 = V2A(s) + I2B(s), (4.12a)

I1 = V2C(s) + I2D(s). (4.12b)

The input impedance Z1(s) can be expressed from the chain equation (4.12) by

Z1(s) =
V1

I1
=
A(s) +B(s)/R2

C(s) +D(s)/R2
. (4.13)

For further discussion it is advantageous to introduce normalized impedances related to R1 by

zik =
Zik
R1

, (4.14)

and the following chain coefficients relations:

a = A

√
R2

R1
b =

B√
R1R2

c = C
√
R1R2 d = D

√
R1

R2

(4.15)

The transfer function and the characteristic function can be written in terms of the chain matrix

coefficients as follows [92]:

H(s) =
a(s) + b(s) + c(s) + d(s)

2
, (4.16)

and

K(s) =
a(s) + b(s)− c(s)− d(s)

2
. (4.17)
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4.1.2 Polynomial Definition of Transmission and Filtering Functions

The transmission and the characteristic functions are rational functions that can be expressed

in terms of polynomials P (s), F (s), and E(s) by

H(s) =
E(s)

P (s)
, (4.18)

and

K(s) =
F (s)

P (s)
. (4.19)

In order that the functions correspond to a realizable, reactive network, polynomials P (s), F (s),

and E(s) have to meet the following conditions:

1. P (s), F (s), and E(s) must be real, rational functions of s.

2. E(s) must be a Hurwitz polynomial whose singularities should necessarily lie in the left s

half-plane.

3. P (s) should be an even or odd polynomial whose degree is lower or at most equal to that

of E(s).

4. The condition |H(s)| ≥ 1 must be satisfied. Its physical meaning is that the power at

the output end P2, in case of passive networks, cannot be greater than the maximum

deliverable power Pmax of the source.

Since the polynomials E(s) and F (s) are rational functions, they can be subdivided into even

and odd parts. Equations (4.18) and (4.19) can be written in the following form:

H(s) =
Ee(s) + Eo(s)

P (s)
, (4.20)

and

K(s) =
Fe(s) + Fo(s)

P (s)
. (4.21)

With the aid of the previous equations and equations (4.16) and (4.17), the polynomials E(s)

and F (s) become

E(s) = Ee(s) + Eo(s) =
P (s) (a(s) + b(s) + c(s) + d(s))

2
, (4.22)

and

F (s) = Fe(s) + Fo(s) =
P (s) (a(s) + b(s)− c(s)− d(s))

2
. (4.23)

It has been seen from (4.11) that coefficients a(s) and d(s) are even, while b(s) and c(s) are odd.

Therefore, two cases can be considered according to P (s) is an even or an odd polynomial.
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1. If P (s) is an even function:

Ee(s) =
P (s) (a(s) + d(s))

2
, (4.24a)

Eo(s) =
P (s) (b(s) + c(s))

2
, (4.24b)

Fe(s) =
P (s) (a(s)− d(s))

2
, (4.24c)

Fo(s) =
P (s) (b(s)− c(s))

2
. (4.24d)

The chain matrix is therefore given by[
a(s) b(s)
c(s) d(s)

]
=

1

P (s)

[
Ee(s) + Fe(s) Eo(s) + Fo(s)
Eo(s)− Fo(s) Ee(s)− Fe(s)

]
. (4.25)

2. If P (s) is an odd function:

Ee(s) =
P (s) (b(s) + c(s))

2
, (4.26a)

Eo(s) =
P (s) (a(s) + d(s))

2
, (4.26b)

Fe(s) =
P (s) (b(s)− c(s))

2
, (4.26c)

Fo(s) =
P (s) (a(s)− d(s))

2
. (4.26d)

The chain matrix is therefore given by[
a(s) b(s)
c(s) d(s)

]
=

1

P (s)

[
Eo(s) + Fo(s) Ee(s) + Fe(s)
Ee(s)− Fe(s) Eo(s)− Fo(s)

]
. (4.27)

The open-circuit impedance coefficients can be calculated as functions of the frequency param-

eters from the transmission function H(s) and the characteristic function K(s) using (4.11) as

given in Table 4.1. The network can be fully determined by these reactances together with the

complete set of zeros of P (s). The circuit parameters can be calculated by partial or full removal

at these poles.

It is interesting to observe that the reactance parameters in Table 4.1 describe a circuit

that we named Z-equivalent network. The reason is that the network to be realized is best

described by the open-circuit impedance parameters because the first and last circuital elements

are positioned in series. However, it could be possible to realize the dual network, in which

the first and last elements are in shunt and the network is best described by the admittance

parameters. Furthermore, a combination of both realizations is also possible, in which the first

element is in series and the last one in shunt, or vice versa. In Appendix A all open- and short-

circuit reactance parameters are derived from the transmission and characteristic functions H(s)

and K(s), respectively, and polynomials P (s), F (s), and E(s).
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Table 4.1: Network Open-Circuit Impedance Parameters as Functions of Polynomials P (s), F (s),
and E(s).

Coefficient P (s) is even P (s) is odd

z11(s)
Ee(s) + Fe(s)

Eo(s)− Fo(s)
Eo(s) + Fo(s)

Ee(s)− Fe(s)

z22(s)
Ee(s)− Fe(s)
Eo(s)− Fo(s)

Eo(s)− Fo(s)
Ee(s)− Fe(s)

z12(s)
P (s)

Eo(s)− Fo(s)
P (s)

Ee(s)− Fe(s)

4.1.3 Realization of the Filter Network

The low-pass nodal network of a ladder-type filter based on acoustic resonators has been pre-

sented in Chapter 2. If the resonator is represented by the dangling resonator model, which is

mainly composed of a resonant node coupled to a NRN, the network simply becomes a cascading

of several dangling resonators.

In the band-pass domain, the nodal diagram shape can remain the same, as depicted in Figure

4.2. However, the frequency invariant elements are replaced by either inductors or capacitors.

The NRN are replaced by reactive nodes [95], increasing the accuracy of the practical realization.

Admittance inverters are considered as ideal components because their role in ladder-type filter

based on acoustic resonators is to serialize a shunt resonator and, therefore, no admittance

inverters are physically implemented. Source and load nodes are reactive nodes that can be

either inductive or capacitive. Their nature is given by the transfer function to implement and

its poles and zeros at the origin and infinite frequencies.

Figure 4.3 shows the circuital equivalence between the nodal diagram and the BVD model

for both a shunt and a series resonator. It is interesting to observe that, where in the low-pass

domain there was a NRN, in the band-pass domain there is a capacitive reactive node for a shunt

resonator and an inductive reactive node for a series resonator. This, in turn, is a constrain on

the topology for a realizable network.

Furthermore, they are essential during the extraction procedure for the preparation of the

following finite transmission zeros removal. This consist in enforcing the remaining admittance

Yi+1(ω) after the extraction of the reactive node Bi to be zero at ω = ±jωi+1, which can be

achieved by shunt inductors or capacitors. Those reactive nodes also imply the existence of trans-

mission zeros at infinity and the origin, which have to be considered during the determination

of the characteristic function.
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Figure 4.2: Inline filter of order N = 5 with reactive nodes. All components are shunt connected.
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Figure 4.3: Band-pass equivalent circuit of an acoustic resonator positioned in (a) shunt and (b)
series.
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By means of the input admittance parameters, a set of extraction iterations is performed to

obtain the nodal elements. The extraction strategies for different types of nodes are summarized

next. The procedure will focus on shunt connected elements, though similar considerations apply

to series connections. Furthermore, the following nodal theory is completely equivalent with the

circuital extraction of traditional techniques [96].

Capacitive Reactive Node

A shunt capacitor introduces a transmission zero at ω = ∞. Therefore, the extraction of the

reactive node of Figure 4.4 (a) is carried out by evaluating the admittance parameter at infinity

as follows:

BC =
yin(s)

s

∣∣∣∣
s=∞

, y′(s) = yin(s)− sBC . (4.28)

Inductive Reactive Node

A shunt inductor introduces a transmission zero at the origin (ω = 0). Thus, the extraction of

the reactive node depicted in Figure 4.4 (b) is completed by

BL =
1

s · yin(s)

∣∣∣∣
s=0

, y′(s) = yin(s)− 1

sBL
. (4.29)

Shunt Acoustic Dangling Resonator

Previous to the extraction of a dangling resonator connected to a capacitive node, an inductive

reactive node had to be extracted in order to prepare the ith transmission zero ωi annihilation.

If it has been extracted correctly, the admittance yin(s) in Figure 4.4 (c) should have a zero at

±jωi. If the resonant node bi is made of a shunt resonator with an inductor Lb and a capacitor

Cb, as shown in Figure 4.3 (a), and it is considered that JRi = 1, it is obtained that

Cb =
s

yin(s)
(
s2 + ω2

i

)∣∣∣∣∣
s=jωi

, y1(s) = yin(s)− s/Cb
s2 + ω2

i

, (4.30)

and

Lb =
1

ω2
iCb

. (4.31)

Next, the capacitive reactive node Bi prepares the extraction of the following TZ ωi+1. It is

accomplished as

Bi =
y1(s)

s

∣∣∣∣
s=jωi+1

, y′(s) = y1(s)− sBi. (4.32)
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Figure 4.4: Some basic blocks to be extracted during the band-pass synthesis: (a) shunt capaci-
tor, (b) shunt inductor, (c) shunt acoustic dangling resonator, and (d) series acoustic dangling
resonator.

Series Acoustic Dangling Resonator

Finally, previous to the extraction of a dangling resonator connected to an inductive node, a

capacitive reactive node had to be extracted. Therefore, the extraction of the transmission zero

ωi has been already prepared and the admittance yin(s) in Figure 4.4 (d) have a zero at ±jωi.
Same than before, if the resonator is made of an inductor Lb and a capacitor Cb, and it is

considered that JRi = 1, the resonant node parameters are extracted using (4.30) and (4.31).

However, the reactive node Bi, which is inductive in this case, is obtained by evaluating the

admittance at the next TZ as follows:

Bi =
1

s · y1(s)

∣∣∣∣
s=jωi+1

, y′(s) = y1(s)− 1

sBi
. (4.33)

4.1.4 Synthesis Rules

In this section, several rules for the practical realization of the filter are discussed. The number

of TZs and their location constrain the topology and the type of reactive nodes, specially those

that are not part of a dangling resonator, i.e., source and load nodes in ladder-type networks

based on acoustic resonators (see Figure 4.2).

Two different interpretations for the same problem can be derived: for a given characteristic

polynomials, the proper realization of the network able to accommodate them, and, on the other
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hand, if the topology is fixed, the knowledge of the characteristic frequencies in order to derive

correctly the transfer function. Nevertheless, the designer must understand the location of the

transmission zeros and their multiplicity in a given structure. To this end, the following rules

should be considered [97]:

• Regarding reactive nodes (TZs at the origin or infinity):

– After a partial extraction in si = jωi, where ωi is either zero or infinity, another

extraction in si can only occur within an even number of inverters.

– After a complete extraction in si = jωi, where ωi is either zero or infinity, another

extraction in si can only occur within an odd number of inverters.

• Regarding dangling resonators (TZs at finite frequencies):

– To prepare the extraction of a TZ si = ±jωi above the passband, a partial extraction

of a TZ at infinity is previously required via a capacitive reactive node.

– To prepare the extraction of a TZ si = ±jωi below the passband, a partial extraction

of a TZ in the origin is previously required via an inductive reactive node.

From these rules, it can be stated that the number of TZs in the origin (or at infinity) of a

ladder-type network is equal to the number of shunt inductors (or capacitors) separated from the

previous one by an odd number of inverters. Those connected within an even number of inverters

actually operate on the same TZ, thus not increasing its multiplicity. Further constraints can

also be derived from these rules: if there is at least one TZ above the passband, then there must

be at least one TZ at infinity, and if there is at least one TZ below the passband, then there

must be at least one TZ in the origin.

Concerning ladder-type filters based on acoustic resonators, all reactive nodes that are part

of a dangling resonator are partial extraction of TZs in the origin or at infinity, that prepare the

extraction of the following finite TZ. Therefore, the reactive node of a series acoustic resonator

is a shunt inductor, in order to prepare the TZ below the passband introduced by the following

shunt resonator. Similarly, the reactive node of a shunt acoustic resonator is a shunt capacitor,

to prepare in this case the TZ above the passband introduced by the following series resonator.

Following these rules, source (and load) must be a reactive node that prepare the annihilation

of the first (and the last) TZ. If we consider a typical odd order filter starting in series resonator,

source and load nodes are supposed to be shunt capacitors, as depicted in Figure 4.5 (a). Those

will be partial extractions of a TZ at infinity. It can be observed that this network introduces

one TZ in the origin and one TZ at infinity, both of them implemented by shunt inductors and

shunt capacitors, respectively, connected within an even number of inverters.

Meanwhile, it is known that acoustic ladder-type filters can be realized with a matching
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Figure 4.5: Ladder-type network with different source and load reactive nodes: (a) capacitive
and (b) inductive natures.
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inductor at both ports, even if the first and last resonators are in series, therefore introducing

TZs above the passband. That type of topology, depicted in Figure 4.5 (b), has some special

requirements that must be considered in order to be a realizable network. Following the rules

mentioned above, the input and output inductor BS and BL, respectively, must be completed

extractions of TZs in the origin, because there are other extractions in the origin by the nodes

B1 and B5 within an odd number of inverters. Therefore, that network introduces three TZs

in the origin (two implemented by the input and output inductors, and the other one partially

implemented by the nodes B1, B3, and B5, connected within an even number of inverters), and

one TZ at infinity, generated by nodes B2 and B4.

In [98] there are derived the conditions for situations in which an inductor extracts a TZ

above the passband, which is actually possible although not usual. These should also be satisfied

for topologies such that represented in Figure 4.5 (b).

4.2 Determination of the Characteristic Function K(s)

In Chapter 2 a characteristic function CN (Ω) has been derived for the synthesis of low-pass

filters. It has been used for the synthesis of ladder-type filters based on acoustic resonators,

where each resonator introduces a TZ resulting in a fully-canonical network. Therefore, the

characteristic function has been determined from the low-pass finite TZs. After a frequency

transformation, a band-pass network based on BVD resonators is obtained. The equivalence be-

tween the low-pass and the band-pass responses is only valid for frequencies near the passband,

because the frequency transformation is a narrowband approximation. The out of band char-

acteristics, i.e. additional TZs due to ground inductors, TZs at origin and infinite frequencies,

etc., are not considered during the low-pass synthesis, and they are noticeable only after the

band-pass transformation.

To determine the new characteristic function K(s) we are going to analyze the characteristics

of a band-pass ladder-type filter made of BVD resonators. Figure 4.6 shows the transmission and

reflection parameters of a 7th degree filter based on acoustic resonators. By simple inspection

of the figures, the requirements that the characteristic function has to meet are:

• A dual-passband response at B = [ω1, ω2] and −B = [−ω2,−ω1] directly achieved with

mirror to the origin.

• For an Nth-order filter, it is capable of having N finite transmission zeros with reference

to one passband.

• For an Nth-order filter, the reflection parameters have N reflection zeros with reference

to one passband.

• At least one TZ is at the origin (ω = 0) and one at infinity (ω = ∞), and, what is most



112 4.2. Determination of the Characteristic Function K(s)

- 6 - 4 - 2 0 2 4 6
- 1 0 0

- 8 0

- 6 0

- 4 0

- 2 0

0

S-P
ara

me
ter

s (d
B)

F r e q u e n c y  ( G H z )

 S 1 1
 S 2 1

(a)

2 , 2 0 2 , 2 5 2 , 3 0 2 , 3 5 2 , 4 0 2 , 4 5 2 , 5 0
- 1 0 0

- 8 0

- 6 0

- 4 0

- 2 0

0

S-P
ara

me
ter

s (d
B)

F r e q u e n c y  ( G H z )

 S 1 1
 S 2 1

(b)

Figure 4.6: Filter characteristics of a ladder-type filter based on acoustic resonators: (a) out of
band and (b) passband representation.

important, they do not introduce additional reflection zeros inside the passband.

The construction of the filtering function to meet these specifications builds on the classical

approach, which is summarized next.

4.2.1 Classical General Chebyshev Low-Pass Filtering Function

One of the most widely used filtering function for an Nth-order general Chebyshev low-pass

prototype is [58]

CN (Ω) = cosh

[
N∑
n=1

cosh−1 (xn (Ω))

]
, (4.34)

where

xn(Ω) =
Ω− 1/Ωn

1− Ω/Ωn
. (4.35)

In (4.35), Ωn stands for a normalized location of a transmission zero in the complex plane,

including infinity, and Ω is the low-pass frequency variable. The properties of xn(Ω) to describe

a Chebyshev characteristic are:

• xn(Ωn) = ±∞, where Ωn is a TZ.

• xn(Ω = ±1) = ±1.

• Between Ω = −1 and Ω = 1, 1 ≥ xn(Ω) ≥ −1.
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It is interesting to observe that xn(Ω) is a function capable of introducing one reflection zero in

the passband as well as one TZ in the rejection band.

4.2.2 Band-Pass Filtering Function for Filters Based on Acoustic Resonators

In view of the requirements that the new band-pass filtering function has to meet, the low-pass

general class of Chebyshev filtering function summarized above is modified accordingly. The

definition of the filtering function becomes [99]:

K(ω) = cosh

[
cosh−1 (T0 (ω)) +

N∑
n=1

cosh−1 (Xn (ω))

]
. (4.36)

The function Xn(ω) should meet the following requirements:

• At ω = ωn, where ωn is a finite-position TZ at both positive and negative frequencies,

Xn(ω) = ±∞.

• At the passband edges of both positive and negative bands, Xn(±ω1) = −Xn(±ω2) = −1.

• Between ω = ±ω1 and ω = ±ω2 (both positive and negative passband frequency range),

1 ≥ Xn(ω) ≥ −1.

In view of these specifications, the following Xn(ω) is derived:

Xn(ω) =
T1(ω)− 1/T1(ωn)

1− T1(ω)/T1(ωn)
, (4.37)

where T1(ω) is found to be

T1(ω) =
2ω2 −

(
ω2

1 + ω2
2

)
ω2

2 − ω2
1

. (4.38)

This definition of band-pass filtering function is in agreement with that derived in [99] for the

synthesis of filters with arbitrary bandwidth. The function Xn(ω) is the band-pass equivalent

function of the low-pass xn(Ω) and introduce a reflection zero and a TZ at a finite frequency in

reference to one passband.

Additionally, the term T0(ω) in (4.36) should introduce a TZ at dc (ω = 0), but no reflection

zero in any of the two passbands. In [100], a filtering function able to accommodate a source-

load coupling is derived, with a term that introduces a TZ in the origin and no resonance in the

passband. To determine T0(ω) the following requirements have to be satisfied:

• T0(ω = 0) = ±∞ to introduce a TZ in the origin.

• At the passband edges of both positive and negative bands, T0(±ω1) = T0(±ω2) = ±1.
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By further development of these requirements, T0(ω) is found to be

T0(ω) =
T2(ω)

ω
, T2(ω) =

ω2 + ω1ω2

ω1 + ω2
. (4.39)

Different from the frequency function of T2(ω)/ω in [99], the term T0(ω) in (4.39) introduces no

resonances in the passband, but it forms a TZ at zero frequency. This is a required specification

in order to realize ladder-type filters based on acoustic resonators, as discussed above. However,

according to our experience, all of the realized networks encountered after several examples

present an attenuation pole above the passband, between a finite TZ and infinity, resulting in a

poor OoB attenuation at high frequencies.

We propose in this work two different solutions to best accommodate the characteristics of

a ladder-type filter based on acoustic resonators depending on the number of TZs in the origin:

one if there is only 1 TZ, thus resulting in a capacitive matching network, and another for 3 TZs

placed in the origin, resulting then in an inductive matching network (see Section 4.1.4).

Case 1. Capacitive Matching

The proposed term T0(ω) if there is only one TZ in the origin has been encountered by mixing

the conditions derived in [99] and [100], so it introduces a TZ in the origin, no resonance in the

passband, and no attenuation pole above the passband. It has been derived as

T0(ω) =
T2(ω)

ω
, T2(ω) =

ω2 + ω1ω2

ω2 − ω1
. (4.40)

Figure 4.7 shows a comparison between the terms T0(ω) derived by Amari in [99], by Zhang

in [100], and the proposed one in this work. The one derived by Amari crosses zero at a frequency

inside the passband, thus introducing a resonance, i.e., a reflection zero. However, the function

increases fast to infinity at high frequencies, improving the OoB attenuation. The term derived

by Zhang does not cross zero inside the passband, but the slope of the curve at high frequencies

is relatively flat. The proposed term, as can be observed, does not cross zero, thus introducing

no resonance in the passband, and it presents a step slope at high frequencies, approximating

to the function derived by Amari as the frequency increases. Thus, the proposed function is the

best suited one for the design of ladder-type filters based on acoustic resonators.

The fact that the term T0(ω) in (4.40) introduces only one TZ in the origin is a limitation

on the network realization, because this TZ has to be partially extracted during the parameter

extraction procedure. Some networks may require complete extractions of TZs at the origin,

as discussed in Section 4.1.4. This case, which is valid for network with inductive matching

elements, is detailed next.
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Figure 4.7: Comparison of the terms T0(ω) derived by Amari, Zhang, and the one proposed in
this work for a ladder-type filter based on acoustic resonators. The passband edges used in this
example have been defined at f1 = 1.92 GHz and f2 = 1.98 GHz.

Case 2. Inductive Matching

The proposed filtering function with three TZs in the origin, one TZ at infinity, and N finite

TZs with reference to one passband has been found to be

K(ω) = cosh

[
cosh−1 (T0 (ω)) + cosh−1

(
T ′0 (ω)

)
+

N∑
n=1

cosh−1 (Xn (ω))

]
, (4.41)

where Xn(ω) is given by (4.37).

The term T0(ω) can be either the one in (4.39) or the one in (4.40). Differences in the out

of band frequencies are found depending on the chosen T0(ω). These difference are translated in

differences in the network realization. By using the T0(ω) derived in this work, the attenuation

at high frequencies becomes much better than using the term proposed by Zhang. However, it

may be necessary to extract an additional capacitor at source and load nodes to accommodate

the following TZs during the extraction. Then, an inductor and a capacitor will be necessary

at both ports to properly fit the transfer function. On the other hand, by using the term T0(ω)

proposed by Zhang, the network may be realized with only an inductor as a matching element.

Finally, the new term T ′0(ω) is derived according to T ′0(ω2 = 0) = ±∞, so two TZs lie in the

origin. Therefore, T ′0(ω) is found to be

T ′0(ω) =
T ′2(ω)

ω2
, T ′2(ω) =

−ω3 − ω1ω2ω

ω2 − ω1
. (4.42)
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The term T ′0(ω) introduces now two additional TZs in the origin, which should be completely

removed by the input and output inductors. After that, it might be necessary to extract a shunt

capacitance in order to prepare the following extraction of a TZ above the passband, unless an

inverse (or dual) extraction becomes possible [98].

The filtering functions derived in this section are ready to accommodate band-pass ladder-

type filters based on acoustic resonators, either if the matching elements are capacitors or in-

ductors. Different definitions of the characteristic frequencies yielding distinct filtering functions

may result in other filter topologies. Furthermore, TZs introduced by ground inductors or addi-

tional cross-couplings should be considered during the definition of the filtering function in order

to obtain a realizable network. In other words, the transfer function has to contemplate every

characteristic frequency present in the network to realize. This might be a complex task as the

number of elements and cross-couplings increase, making difficult to derive a general technique

for the calculation of the band-pass transfer and characteristic functions.

4.2.3 Determination of the Characteristic Polynomials P (ω), F (ω), and E(ω)

In this section the characteristic polynomials P (ω) and F (ω) are determined from the filtering

function, whereas the polynomial E(ω) is derived from the conservation of energy equation

once the other two polynomials are known. Two different cases are detailed for the two filtering

functions derived above: the first with one TZ in the origin and another at infinity, and the

second with three TZs in the origin and one TZ at infinity. The recursive method derived to

find F (ω) adopts the strategy used in [58] for the synthesis of low-pass prototypes.

To determine the characteristic polynomials, the band-pass filtering function is written in a

rational form as the ratio of two polynomials:

K(ω) =
F (ω)

P (ω)
, (4.43)

where the roots of F (ω) are the reflection zeros and the roots of P (ω) are the transmission zeros.

The following derivation of the polynomials take under consideration an odd order filter

starting in a series resonator. Two different networks can be obtained depending on the nature

of the input/output matching elements.

Capacitive Matching Elements

Further analysis of the characteristic function K(ω) using (4.36), (4.37), and (4.40) yields

K(ω) =
1

2

(c0 + d0)
∏N
n=1 (cn + dn) + (c0 − d0)

∏N
n=1 (cn − dn)

ω
∏N
n=1 (1− snT1(ω))

(4.44)
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where

c0 = T2(ω), (4.45a)

d0 =
√
T 2

2 (ω)− ω2, (4.45b)

cn = snT1(ω), (4.45c)

dn =
√

1− s2
n

√
T 2

1 (ω)− 1, (4.45d)

sn = 1/T1(ωn). (4.45e)

It can be observed by simple analysis of equation (4.44) that the roots of the denominator

correspond to the overall set of transmission zeros, including those in the negative frequencies

and that in the origin. Therefore, polynomial P (ω) can be determined by

P (ω) = ω

N∏
n=1

(1− T1(ω)/T1(ωn)) , (4.46)

where ωn are the finite transmission zeros in respect to one passband, and N the filter degree.

To derive the coefficients of F (ω), a recursive technique where the solution for the nth degree

polynomial is built up from the results of the (n− 1)th one is developed. To this end, the new

polynomials U(ω) and V (ω) used during the iterative procedure are defined as

UN (ω) = u2Nω
2N + u2N−1ω

2N−1 + . . .+ u1ω + u0, (4.47a)

VN (ω) = ω′
(
v2Nω

2N + v2N−1ω
2N−1 + . . .+ v1ω + v0

)
, (4.47b)

where the transformed variable ω′ is defined as

ω′ =
√
T 2

1 (ω)− 1. (4.48)

Polynomials U0(ω) and V0(ω) at first iteration of the process are derived from the term intro-

ducing the TZ in the origin as

U0(ω) = c0 = T2(ω) =
ω2 + ω1ω2

ω2 − ω1
, (4.49a)

V0(ω) = d0 =
√
T 2

2 (ω)− ω2 = ω′
(
ω1 − ω2

2

)
. (4.49b)

The following Nth iterations are performed with the prescribed finite transmission zeros ωn

with reference to one passband. The remaining cycles use the following equations to update

polynomials Ui(ω) and Vi(ω) at ith iteration:

Ui(ω) = Ui−1(ω) (T1(ω)− si) + ω′
√

1− s2
iVi−1(ω), (4.50a)

Vi(ω) = ω′
√

1− s2
iUi−1(ω) + Vi−1(ω) (T1(ω)− si) . (4.50b)
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At the end of the recursive technique, the numerator of the filtering function F (ω) is equal to

UN (ω), and their roots are the reflection zeros. For a general class of Chebyshev function, the

reflection zeros in the complex s plane must be either real or come in conjugate imaginary pairs.

After the characteristic function K(s) has been completely determined according to the re-

quirements, the transmission function H(s) is then to be calculated. According to the Feldtkeller

equation given by

|H(s)|2 = 1 + |K(s)|2 , (4.51)

the Hurwitz polynomial E(s) can be calculated as

|E(s)|2 = |F (s)|2 + |P (s)|2 . (4.52)

Inductive Matching Elements

The second case of study covers filtering functions including three TZs in the origin, in order to

realize a network with inductive input and output matching elements. Therefore, an additional

term T ′0 has been included in the filtering function in respect with that of only one TZ in the

origin.

Further development of the filtering function in (4.41) yields

K(ω) =
1

2

(c0 + d0) (c′0 + d′0)
∏N
n=1 (cn + dn) + (c0 − d0) (c′0 − d′0)

∏N
n=1 (cn − dn)

ω3
∏N
n=1 (1− snT1(ω))

(4.53)

where

c0 = T2(ω), (4.54a)

d0 =
√
T 2

2 (ω)− ω2, (4.54b)

c′0 = T ′2(ω), (4.54c)

d′0 =
√
T ′22 (ω)− ω4, (4.54d)

cn = snT1(ω), (4.54e)

dn =
√

1− s2
n

√
T 2

1 (ω)− 1, (4.54f)

sn = 1/T1(ωn). (4.54g)

It is interesting to observe that in this case the denominator of the filtering function has three

transmission zeros at ω = 0, as expected. Similar than before, polynomial P (ω) is determined

by

P (ω) = ω3
N∏
n=1

(1− T1(ω)/T1(ωn)) . (4.55)
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The numerator of the filtering function F (ω) is calculated with a recursive technique similar

to that proposed above, but taking into account the additional term T ′0(ω). Polynomials U(ω)

and V (ω) are also used during the procedure, as well as the transformed variable ω′ defined in

(4.48).

The first iteration contemplates the first term T0(ω). Here, we are going to use the term pro-

posed by Zhang in [100], although the term proposed in this work can also be used. Polynomials

U0(ω) and V0(ω) are therefore obtained as

U0(ω) = c0 = T2(ω) =
ω2 + ω1ω2

ω2 + ω1
, (4.56a)

V0(ω) = d0 =
√
T 2

2 (ω)− ω2 = ω′
(
ω1 − ω2

2

)
. (4.56b)

In the second iteration the term T ′0(ω) is introduced, and polynomials U ′0(ω) and V ′0(ω) are

derived as

U ′0(ω) = U0(ω)T ′2(ω) + ω′V0(ω)

(
ω (ω1 − ω2)

2

)
, (4.57a)

V ′0(ω) = V0(ω)T ′2(ω) + ω′U0(ω)

(
ω (ω1 − ω2)

2

)
. (4.57b)

The following N cycles are completed by using (4.50) and the finite TZs ωn with respect to one

passband. At the end of the recursive procedure, F (ω) = UN (ω), and their roots are the reflection

zeros. Polynomial E(ω) can be derived from the Fedtkeller equation according to (4.52).

4.2.4 Normalization

When dealing with passband polynomials, the usual units of the elements, e.g., hertz, henry,

farad, etc., are not suitable for computation purposes because the large magnitude differences

may cause numerical problems, specially for high-frequency and large-degree filters. In order to

overcome this issue, a normalizing constant ωc is used for scaling purposes.

Typical bands to be designed by acoustic devices lie in the range of a few GHz. Therefore,

a constant ωc = 2π109 rad/s may be suitable. Without loss of generality, other normalizing

constant values can be chosen, like the geometrical mean of the cutoff frequencies ω1 and ω2,

i.e., ωc = ω0 =
√
ω1ω2.

It is also possible to normalize the impedance with a reference resistance Rc, that could be

taken as the internal resistance of the signal source R1.

The normalized values for the circuit elements obtained at the end of the synthesis li and ci,

and the normalized frequencies Ωi may then be converted to the desired frequency range and
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impedance level by means of

ωi = ωcΩi [rad/s], (4.58a)

Li =
Rc
ωc
li [H], (4.58b)

Ci =
1

Rcωc
ci [F]. (4.58c)

Transfer and characteristic functions, and consequently all reactance functions expressed in

terms of expanded polynomials, tend to be inherently ill-conditioned. This means that small

perturbations in the coefficients of the polynomials can result in large changes in their roots.

For example, the zeros of K(ω) are all inside the passband, with small difference on the roots.

Hence, this function is ill-conditioned in terms of ω and it becomes worse as the passband

gets narrower or the filter degree increases [101]. During the parameter extraction procedure,

where the reactance functions may be converted to partial fraction expansion representation, it

is prudent to avoid ill-conditioning because it can increase sensitivity to round-off errors.

One potential way to avoid ill-conditioning is to replace the frequency variable, so perturba-

tions on the new polynomials coefficients do not affect the roots considerably. Another option,

that may work even in the case of polynomials with closely spaced roots, is to define and use

the polynomials by their roots rather than by their coefficients.

Ladder-type filters based on acoustic resonators have finite TZs close to each other and not

far from the band, because of the coupling coefficient restrictions. Thus, both the numerator

and denominator roots of the characteristic function, i.e., reflection and transmission zeros, are

closely spaced, increasing the probability of ill-conditioning. According to our experience, the

synthesis of a fifth degree band-pass filter based on acoustic resonators can be straightforward

realized from the input reactance parameter. However, for a seventh degree filter, numerical

instabilities can be found, and it is recommended to perform the extraction from both the input

and output port simultaneously.

4.3 Numerical Examples

In this section, we present two numerical examples of ladder-type filters synthesized directly

in the band-pass domain. The examples highlights the conditions required to determine the

filtering function from the characteristic frequencies, in order to realize a network based on

acoustic resonators. The first one is for the case of capacitive matching elements, whereas the

second example demonstrates the inductive matching elements case.

Both examples are a fifth-order Chebyshev filter with 12 dB return loss. The examples are

realized in the Band 42, with a passband extending from 3.4 to 3.6 GHz. It has been conscien-
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Figure 4.8: Ladder-type network to realize.

tiously designed at this band because of the high frequencies and large bandwidth specifications

it presents. The finite TZs have been prescribed at 3.726, 3.314, and 3.67 GHz (the first and the

second have multiplicity two).

First of all, we have to define a normalizing constant, in this case of ωc = 2π109 rad/s. The

normalized passband frequencies result then in ω1 = ±3.4 and ω2 = ±3.6 rad/s, and the finite

transmission zeros as ωn = [±3.726, ±3.314, ±3.67, ±3.314, ±3.726].

4.3.1 Example 1. Capacitive Matching

In this example we define only one TZ in the origin and one TZ at infinity. Therefore, the

resulting matching elements from the synthesis will be capacitors. The network to realize is

depicted in Figure 4.8. Dangling resonators 1, 3, and 5 are connected to inductive reactive

nodes, being series acoustic resonators after the circuital transformation. Meanwhile, resonators

2 and 4 are connected to capacitive reactive nodes, thus being shunt resonators.

Filtering Function

The band-pass generalized Chebyshev filtering function K(s) has been defined as the ratio of

two polynomials, F (s) over P (s). Its zeros are the reflection zeros, and its poles the transmission

zeros. Polynomial P (s) can therefore be derived from sn = jωn, the finite TZs, and the TZ in

the origin. In Table 4.2 there are the coefficients of the obtained polynomial P (s).

In order to find the numerator of the filtering function, F (s), the recursive technique derived

in Section 4.2.3 for the capacitive matching elements (because there is only one TZ in the origin)

is used. The resulting coefficients of F (s) are shown in Table 4.2, and the reflection zeros are

found to lie at ωr = [±3.6j, ±3.4042, ±3.4409, ±3.5095, ±3.5693, ±3.5968]. It can be observed

that there are ten reflection zeros inside the positive and negative passbands, and two imaginary

reflection zeros that do not create a notch in the passband, as expected.

Finally, the polynomial E(s) is derived because it is necessary for the reactance calculation.

It is obtained by means of the Fedtkeller equation, and its coefficients are also presented in Table
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Table 4.2: Coefficients of the calculated polynomials P (s), F (s), and E(s).

Degree Coefficient of P (s) Coefficient of F (s) Coefficient of E(s)

12 1.0 1.0

11 1.0 7.47

10 48.46 76.37

9 63.20 459.36

8 712.39 2 402.14

7 1 593.02 11 289.16

6 −1 035.50 39 864.44

5 20 017.07 138 621.25

4 −126 380.77 368 263.52

3 125 374.57 850 456.93

2 −1 193 373.65 1 795 694.70

1 313 120.58 2 085 538.30

0 −3 610 044.50 3 610 044.50

4.2.

Reactance Function and Extraction Procedure

The extraction procedure will be performed from both the input and the output ports, in order

to obtain a more accurate solution. For the removal of attenuation poles from the input, the

primary open-circuit reactance X1o is used. Because P (s) is odd, X1o is calculated as

X1o =
Eo − Fo
Ee + Fe

=

=
7.47s11 + 459.36s9 + 11289.16s7 + 138621.25s5 + 850456.93s3 + 2085538.30s

2s12 + 124.83s10 + 3114.53s8 + 38828.94s6 + 241882.75s4 + 602321.05s2
. (4.59)

Similarly, for the removal of attenuation poles from the output, the secondary open-circuit

reactance X2o is calculated. In this case, it is obtained by

X2o =
Eo + Fo
Ee + Fe

= X1o, (4.60)

since F (s) is pure even.

The first node to be extracted is a capacitive reactive node cS , that accommodates the

annihilation of the first TZ ω1 = ±3.726. For y1 = 1/X1o, cS is obtained as

cS =
y1

s

∣∣∣
s=3.726j

= 0.1365.

The remainder function is

y2 = y1 − s · cS =
0.13s12 + 8.32s10 + 210.69s8 + 2665.44s6 + 16843.02s4 + 42529.80s2

s11 + 61.48s9 + 1511.05s7 + 18554.35s5 + 113833.01s3 + 279147.70s
.
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The unitary inverter is extracted by y3 = 1/y2, and then, a full removal at s = ±jω1 = ±j3.726

is performed by

c1 =
s

y3 (s2 + 3.7262)

∣∣∣∣
s2=−3.7262

= 1.0681, l1 =
1

ω2
1c1

= 0.0674.

To complete the extraction of the first TZ, the remainder admittance becomes

y4 = y3 −
s/c1

s2 + ω2
1

=
6.68s9 + 329.35s7 + 6081.56s5 + 49868.49s3 + 153217.75s

s10 + 49.50s8 + 918.17s6 + 7563.12s4 + 23343.63s2
.

Next, a partial removal to prepare the annihilation of the following TZ ω2 = ±3.314 is necessary.

The element to be extracted is an inductor, because the following TZ is below the passband,

and it is extracted as

l01 =
1

s · y4

∣∣∣∣
s=3.314j

= 0.1842.

The remainder admittance is

y5 = y4 −
1

s · l01
=

1.25s9 + 60.63s7 + 1097.29s5 + 8812.01s3 + 26496.59s

s10 + 49.50s8 + 918.17s6 + 7563.12s4 + 23343.63s2
.

A unitary inverter yields y6 = 1/y5, and then, a complete extraction at s = ±jω2 = ±j3.314

can be realized by means of

c2 =
s

y6 (s2 + 3.3142)

∣∣∣∣
s2=−3.3142

= 1.2217, l2 =
1

ω2
2c2

= 0.0745.

Similarly than before, the remainder admittance becomes

y7 = y6 −
s/c2

s2 + ω2
2

=
0.80s8 + 29.88s6 + 373.03s4 + 1550.57s2

s7 + 37.35s5 + 464.38s3 + 1922.59s
.

To prepare the annihilation of the third TZ ω3 = 3.67, the capacitor c02 has to be extracted by

c02 =
y7

s

∣∣∣
s=3.67j

= 0.7008,

and the remainder admittance is

y8 = y7 − s · c02 =
0.0963s8 + 3.71s6 + 47.60s4 + 203.27s2

s7 + 37.35s5 + 464.38s3 + 1922.59s
.

From the admittance after the unitary inverter y9 = 1/y8, the third TZ is completely removed:

c3 =
s

y9 (s2 + 3.672)

∣∣∣∣
s2=−3.672

= 1.2452, l3 =
1

ω2
3c3

= 0.0596,

and

y10 = y9 −
s/c3

s2 + ω2
3

=
9.58s5 + 238.62s3 + 1482.42s

s6 + 25.07s4 + 156.73s2
.

Finally, and before start the extraction from the output port, the following TZ ω4 = 3.314

annihilation is prepared by the extraction of the inductor l03, given by

l03 =
1

s · y10

∣∣∣∣
s=3.314j

= 0.1207.
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Figure 4.9: Synthesized band-pass filter for a reference impedance of 50 Ohm.
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Figure 4.10: Response of the synthesized band-pass filter with capacitive matching elements for
(a) out of band and (b) near the passband frequencies.

Since the arrangement of the prescribed TZs is symmetrical, and so is the network to realize

(X1o = X2o), the extraction process from the output is exactly the same than that already

realized from the input, thus yielding the same circuital parameters.

The resulting inline topology and the synthesized parameters after denormalization are shown

in Figure 4.9. From that nodal network the ladder-type circuit made of BVD resonators can be

straightforward derived. Its response is shown in Figure 4.10. It can be observed that there is

one TZ in the origin, one TZ at infinity, N = 5 finite TZs, and N = 5 reflection zeros inside

the passband, as expected for a ladder-type filter based on acoustic resonators with capacitive

matching elements.
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4.3.2 Example 2. Inductive Matching

In this second example we are going to consider three TZs in the origin, one TZ at infinity, and

the same finite TZs used during the example above. Therefore, the response of both examples

near the passband will be the same, and differences will only be found at frequencies far from

the band. The transmission slope to the origin will be steeper for the inductive case, because

there are two more TZs at this frequency. However, the slope to infinity will be flatter compared

to the capacitive case.

Filtering Function

The set of band-pass generalized Chebyshev polynomials have been calculated using the expres-

sions derived in Section 4.2.3. The resulting coefficients of polynomials P (s), F (s), and E(s) are

shown in Table 4.3.

Polynomial P (s) has been calculated from the finite set of TZs and the TZs in the origin.

Because the finite TZs are the same in both examples but there are two more TZs in the origin

in this case compared with the capacitive one, the coefficients of P (s) remain the same but the

degree has increased by two.

On the other hand, the calculation of F (s) polynomial uses a different recursive tech-

nique because of the additional terms included in the filtering function. Thus, the polyno-

mial is not expected to be the same than in the capacitive case, although the in-band re-

flection zeros are almost equal. The roots of F (s) polynomial are found to lie at ωr =

[±30.52j, ±0.46j, ±3.4042, ±3.4405, ±3.5089, ±3.5691, ±3.5968], where two purely imaginary

reflection zeros are lying outside each band, therefore not introducing a notch inside the pass-

band. From the coefficients of F (s), it can be noticed that the sign of the first and last coefficients

is the same. This is a necessary condition for the realisability of the band-pass filter with an

inverse extraction, i.e., extracting an inductive reactive node to generate a TZs above the pass-

band [98].

The last polynomial E(s) has been calculated from the Fedtkeller equation and used later

to calculate the reactance function used during the extraction procedure.

Reactance Function and Extraction Procedure

In this example, the extraction will be also performed from both the input and output ports.

The extraction from the input makes use of the primary open-circuit reactance X1o. Since P (s)
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Table 4.3: Coefficients of the calculated polynomials P (s), F (s), and E(s).

Degree Coefficient of P (s) Coefficient of F (s) Coefficient of E(s)

14 1.0 1.0

13 1.0 62.32

12 −870.29 1 066.64

11 63.20 4 971.26

10 −5 5510.08 63 510.51

9 1 593.02 161 034.35

8 −1 374 152.11 1 549 574.80

7 20 017.07 2 720 998.11

6 −16 825 728.89 19 063 769.99

5 125 374.57 25 342 173.53

4 −101 757 304.73 118 389 771.76

3 313 120.58 123 432 589.17

2 −236 549 222.88 303 287 796.51

1 245 519 973.12

0 55 831 718.68 55 831 718.68

is an odd polynomial, the reactance function is derived as

X1o =
Eo − Fo
Ee + Fe

=

=
62.3s13 + 497.1s11 + 161034s9 + 2720998s7 + 25342173s5 + 123432589s3 + 245519973s

2s14 + 196.4s12 + 8000s10 + 175422s8 + 2238041s6 + 16632467s4 + 66738573s2 + 111663437
.

(4.61)

Because polynomial F (s) is even, the open-circuit reactance from the output port X2o is the

equal to the reactance looking to the input port X1o.

To start the extraction procedure, the first step is a complete extraction of an inductor, thus

annihilating a TZs in the origin. For y1 = 1/X1o, it can be accomplished using

lS =
1

s · y1

∣∣∣∣
s=0

= 2.1987.

The admittance after the complete extraction reminds

y2 = y1 −
1

s · lS
=

=
0.032s13 + 2.7s11 + 92.1s9 + 1639.7s7 + 16054.9s5 + 81945.8s3 + 170108.9s

s12 + 79.77s10 + 2584.05s8 + 43662.68s6 + 406654.94s4 + 1980669.59s2 + 3939753.25
.

It might be possible that the annihilation of the following TZ requires the extraction of a shunt

capacitor in order to accommodate the admittance function. This step is the same than the first
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step in the previous example, where the source capacitor accommodates the extraction of the

first finite TZ. This capacitor is obtained as

cS =
y2

s

∣∣∣
s=3.726j

= −0.0605,

and extracted from the admittance function as

y3 = y2 − s · cS =

=
0.093s13 + 7.53s11 + 248.56s9 + 4283.4s7 + 40676.8s5 + 201869.9s3 + 408650.3s

s12 + 79.77s10 + 2584.05s8 + 43662.68s6 + 406654.94s4 + 1980669.59s2 + 3939753.25
.

It is important no observe that the capacitor cS resulted in a negative value. Therefore, it has

to be implemented with a positive inductor of value l′S = −1/
(
ω2

0 · cS
)
.

Next, the unitary inverter is extracted by y4 = 1/y3. Then, a full removal of the pole

±jω1 = ±j3.726 is performed by

c1 =
s

y4 (s2 + 3.7262)

∣∣∣∣
s2=−3.7262

= 0.9878, l1 =
1

ω2
1c1

= 0.0729.

To complete the extraction of the first TZ, the remainder admittance becomes

y5 = y4 −
s/c1

s2 + ω2
1

=

=
9.78s10 + 657.1s8 + 17002.03s6 + 213055.7s4 + 1296315.4s2 + 3063581.4

s11 + 67.36s9 + 1747.99s7 + 21971.4s5 + 134084.1s3 + 317769.5s
.

From this point, the second and third resonators are extracted following the same procedure.

Then, the extraction is performed from the output port in order to avoid numerical errors.

Because the network is symmetrical, the same resonator values have to be obtained. For asym-

metrical realizations, an inverter may result in a value different than 1, and either a transformer

or a matching network is required to maintain the filter characteristics.

Figure 4.11 depicts the band-pass nodal diagram of the synthesized network. The matching

elements at both input and output ports are the parallel of the two inductors lS and l′S . The

values of the network parameters have been calculated for a normalizing constant of ωc = 2π109

rad/s and a reference impedance of 50 Ohms.

Finally, the out of band and the passband responses of the synthesized network are shown

in Figures 4.12 (a) and (b), respectively. As expected, the passband, the transmission zeros, and

the reflection zeros are exactly the same than in the capacitive case. However, big differences can

be found on the out of band frequencies. At low frequencies close to the origin the inductive case

provides more attenuation, due to the two additional TZs at dc. At higher frequencies, although

a TZ is placed at infinity, the attenuation slope is not as steeper as in the capacitive case.
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Figure 4.11: Synthesized band-pass filter for a reference impedance of 50 Ohms.
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Figure 4.12: Response of the synthesized band-pass filter with inductive matching elements for
(a) out of band and (b) near the passband frequencies.

The two examples provided in this section demonstrates the theory introduced in this chapter

for the design of filters directly in the band-pass domain. The proposed filtering functions and

the realized topologies are ready to accommodate the acoustic technology, and only the proper

set of transmission zeros and return loss has to be found to satisfy the technological constraints.

4.4 Chapter Summary

A theory for the band-pass synthesis of ladder-type filter based on acoustic resonators has been

presented in this chapter. The synthesis realized directly in the band-pass domain overcomes the

narrowband approximation in which is based the low-pass classical theory. This could be essential

for the design of the upcoming band-pass filters with more and more stringent specifications in

both the passband and OoB frequencies. Also for the upcoming design of multiplexer modules,

in which the phase control over a wide range of frequencies is imperative.
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The proper network definition and reactance parameters have been first derived, from which

the circuital extraction can be performed. The definition of the network to synthesize is very

important, because it determines the number of TZs in the origin, infinity, and finite frequen-

cies. Since ladder-type filters present N finite TZs, the prescribed number of TZs in the origin

determines the matching elements at input and output ports.

With the network and all TZs completely determined, it has been presented a recursive

technique for the derivation of the transfer and characteristic functions. These functions accom-

modates the main properties existing in ladder-type filters based on acoustic resonators, so the

resulting reactance parameters define the expected network. Finally, a Band 42 example has

been realized in order to validate the proposed technique.

Further work on band-pass synthesis is necessary since some problems may arise during the

procedure. Numerical instabilities and accumulative round-off errors may be present during the

extraction procedure, in which the poles and zeros of large polynomials are constantly calculated.

The main issues are found when the transfer and characteristic functions are ill-conditioned,

which is common in ladder-type acoustic filters because all poles are very close to each other,

mainly because of the coupling coefficient requirements. Additional work can also be done for

cross-coupled topologies synthesis or ladder-type filters taking ground inductors into account,

which effectively introduce TZs above the passband but no reflection zeros inside it.
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CHAPTER 5

Conclusions and Future Work

The user segment of wireless and mobile communication systems is taking advantage of the

outstanding performance given by filtering devices based on micro-acoustic resonators. With

the deployment of 4G and the upcoming 5G systems, the number of supported bands in the

front-end of a handset device has increased exponentially. The coexistence of more than 20 filters

and duplexers in a front-end module within a very limited space, along with an exceptional

performance, would be impossible without micro-acoustic technologies. This is why SAW and

BAW technologies have dominated the market of wireless telecommunications RF filters, and it

is expected to continue with this trend for the future mobile communications systems.

Carrier aggregation has changed the paradigm of the front-end architectures. Whereas during

the last years a duplexer approach in conjunction with a switch was the main structural design, a

multiplexer approach codesigned with power amplifiers is best suited for CA systems, improving

the performance and reducing costs. However, in the multiplexer approach, maintaining cross-

isolation between multiple bands below -55 dB is very challenging. The use of suitable filter

design techniques becomes more and more necessary as the specifications eventually are more

stringent and difficult to achieve.

In this work, we have provided systematic methodologies for the design of filters based on

acoustic resonators. Synthesis techniques for the design of ladder-type filters, as well as cross-

coupled prototypes, have been proposed. These can also be used to analyze and understand

the behavior of the filtering network and its effects. However, the main benefit of the proposed

methodologies is that their connect the synthesis techniques with the stringent constraints re-

quired by micro-acoustic technologies. The most important one is the effective coupling coeffi-

cient, or equivalently the capacitance ratio, which is required to be uniform for all the resonators

making the filter. The quality factor, resonant frequencies, power handling, among others, are
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also essential and must be contemplated during the design procedure. The aim of the provided

methodologies is to simplify the design, enable the analysis of the networks, and make the design

more efficient compared with the commonly used optimization methods.

In Chapter 2, a general class of Chebyshev filtering function has been linked with an inline

topology, whose parameters can be obtained by means of the extracted pole technique. This

low-pass prototype, made of a cascading of dangling resonators, can be transformed into a

band-pass network made of BVD model resonators, which are commonly accepted as 1D models

of a micro-acoustic resonator. The input variables to the synthesis procedure are the location

of the finite TZs, the return loss, and the band specifications. An automatic search engine of

the input variables that yields a network satisfying both the required technological constraints

and the frequency specifications becomes the best solution to obtain starting guesses for further

processes in a minimum time and computational costs. In other words, the methodology is time

efficient and precise in the outcomes, and the filtering network is completely and automatically

determined assuming a set of electrical specifications and technological constraints.

Furthermore, with the proposed synthesis techniques the phase parameters can be easily

controlled. This has been enabled the design of duplexers and multiplexers with the minimum

number of matching components. The relationship between the external elements required to

satisfy the phase conditions has been analytically obtained. We have also demonstrated that by

synthesizing each stand-alone filter with the proper phase condition, the multiplexer structure

can be simply achieved by the connection of all filters at the common port, without a noticeable

damage on the filter characteristics.

In Chapter 3, the same idea has been applied for the synthesis of cross-coupled prototype

filters. A limited number of cross-coupled topologies in which the cross-couplings do not cross

each other and they are connected only on the NRNs of the shunt resonators can be synthesized

with the given technique. However, more important has been the understanding of the network

characteristics after a cross-coupling extraction. Complex roots may appear in specific cases,

which have been accurately analyzed. This synthesis technique has allowed the understanding

of common effects in fabricated devices from a methodological point of view, and it has opened

solutions that were impossible to obtain by optimization techniques.

The methodology has also been used to understand a potential parasitic electro-magnetic

feedthrough between the ports of a filter. This feedthrough can be modeled by an inverter be-

tween source and load nodes in the low-pass prototype, and can be extracted at the beginning

of the synthesis assuming that the level of signal leakage is known. Then, the required resonant

frequencies for a given response are different than the prescribed TZs and the complete net-

work can be easily synthesized, even if additional cross-couplings are necessary due to complex

singularities.
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At the end of Chapter 3, the synthesis of cross-coupled prototypes by the optimization of

the coupling matrix has been presented. This technique allows the design of any cross-coupled

topology, whatever the filter degree and the number of couplings. A suitable definition of the

coupling matrix for filters based on acoustic resonators has been introduced. The cost function

employed during the optimization is based on the characteristic frequencies of a general class of

Chebyshev function. The difference between the poles and zeros of the filtering function and those

of the optimized coupling matrix are minimized, therefore pressing the prototype response to

be as Chebyshev as possible while satisfying the mask specifications and assuring technological

feasibility. This technique has been proved to be successful through an example, although it

requires of good starting guesses for a proper operation of the optimization procedure.

Finally, in Chapter 4 the synthesis of ladder-type filters directly in the band-pass domain

has been introduced. The aim of this chapter was to overcome possible inaccuracies during the

low-pass to band-pass frequency transformation, which is a narrowband equivalence between

the low-pass and band-pass domains. First, the double-terminated network has been analyzed

in order to obtain the analytical expressions of the two-port reactance parameters. Then, ca-

pacitive and inductive reactive nodes have been introduced, which are the equivalent nodes of

the low-pass NRNs. However, reactive nodes are capable of introducing TZs in the origin or

infinite frequencies. These TZs, along with the ones located at both positive and negative finite

frequencies, have to be contemplated for a proper definition of the band-pass filtering function.

Two different cases have been contemplated in this chapter: when the matching elements are

capacitive and when they are inductive. Two definitions of the filtering functions, as well as the

correspondent analysis of band-pass polynomials, have been proposed for each case. The main

difference is the number of TZs in the origin, and the network to realize depend completely on

them.

This band-pass synthesis technique will be useful for the upcoming multiplexer systems,

because the band-pass characteristics are directly prescribed by the designer at the beginning

of the design and no differences appear after the parameter extraction procedure. Although

numerical inaccuracies may be found during the parameter extraction if the polynomial functions

are ill-conditioned, two examples have shown the capabilities of the technique, which still has a

lot of potential to be discovered.

Along with all theory presented in this thesis, different software tools including all advantages

of the proposed synthesis techniques have been developed. The automation of the solution search

for ladder-type and cross-coupled filtering networks based on the synthesis approaches presented

in this work are able to combine frequency mask specifications fulfillment with networks ready

to accommodate the technological constraints given by micro-acoustic technologies.
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5.1 Future Work

This work includes a lot of theoretical content for the design and synthesis of microwave filters

based on acoustic resonators. Although the methodologies have been validated by one of the most

important manufacturers of acoustic devices, measures have not been included because of intel-

lectual property limitations. The manufacturing of acoustic devices entails a complex process in

which the design must be determined by the fabrication process requirements. A deep knowledge

of these requirements can be used to approximate the results of the synthesis to a more realistic

ones or include constraints into the methodology to obtain more feasible solutions. Many further

processes on the design of an acoustic device are necessary behind the methodologies proposed

in this work. However, they provide huge improvements in terms of network analysis, phase and

magnitude characteristics management, technological feasibility checking, investigation of novel

topologies, to get really good starting points for further optimization processes, and so on.

Even though fabrication is essential for further research on synthesis techniques of acoustic

devices, some theoretical future work lines can also be identified:

1. The coupling matrix representation has proved to be very advantageous for the design

of microwave filters. The coupling matrix has the capacity to include nodes of different

nature, like resonant and non-resonant nodes. However, the general application of similarity

transformations for coupling matrices with mixed nodes is not allowed. Different rank,

determinant, and eigenvalues between two matrices with the same response and degree

invalidate the application of similarity transformations. But we have realized that the

matrices are congruent, and lineal transformations can be applied to move from one matrix

to another. We have not obtained a general solution, and sometimes we have not been able

to obtain one matrix by transformations on another. Further work can be done in this field

in order to configure topologies efficiently and systematically by matrix transformations.

2. The synthesis of cross-coupled prototypes can be extended to take into consideration the

most common cross-couplings in acoustic devices, like a shared ground inductor between

two shunt resonators. Admittance blocks with the specified cross-couplings configurations

should be analyzed to compare its characteristic frequencies with those of the filtering

function.

3. In this work, the use of band-pass polynomials for the synthesis of acoustic devices has been

introduced, but there is still a long way to cover in this field. When external inductors are

considered in the network, additional TZs must be contemplated in the transfer function

definition. The calculation of the polynomials should also be updated for each case, and

a general procedure is difficult to foresight at this moment. Many work in this field can

also be done to improve possible numerical instabilities during the band-pass extraction



Chapter 5. Conclusions and Future Work 135

procedure.

4. It is well-known in the microwave theory that singly-terminated filters are useful for the

design of multiplexing devices, because of its reactance characteristics. Moreover, singly-

terminated filters have a port of impedance zero, which is very advantageous for the connec-

tion of power amplifiers of low output impedance without the need of complex matching

networks. Further work to synthesize singly-terminated filters that satisfy the acoustic

technological constraints can be investigated, therefore offering a valuable methodology

for the design of the future 5G systems.

Acoustic is the unique technology available nowadays ready to satisfy the stringent performance

specifications of the current and future mobile standards while occupying a compact footprint.

Therefore, a lot of improvements are expected to see the light in the near future in terms of

synthesis, design, and fabrication of acoustic devices. The acoustic is becoming a fascinating

field for researchers, and this is just the beginning of the golden age for acoustic filter design.
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APPENDIX A

Transducer and Reactance Parameters
Relationship

Transmission properties of a two-port network are usually specified in terms of the transducer

parameters H(s) and K(s). However, the network is completely determined during the realiza-

tion procedure by a reactance parameter. It is therefore necessary to establish the relationship

between the open- and short-circuit reactance parameters Xo and Xs, respectively, and the

transducer functions H(s) and K(s).

From the circuit depicted in Figure A.1, the following relations can be stated:

V1 = V0 − I1R1 (A.1a)

V2 = −I2R2 (A.1b)

If the sub-network N is described by the open-circuit impedance parameters, the input and

output voltages can be expressed as

V1 = Z11I1 + Z12I2 (A.2a)

V2 = Z21I1 + Z22I2 (A.2b)

Solving (A.1) and (A.2) for currents I1 and I2 it is obtained that

I1 = V0
Z22 +R2

(Z11 +R1) (Z22 +R2)− Z2
12

(A.3a)

I2 = −V0
Z12

(Z11 +R1) (Z22 +R2)− Z2
12

(A.3b)

The transfer function can be written as

H(s) =
1

2

√
R2

R1

V0

V2
=

1

2

√
R2

R1

V0

−I2R2
. (A.4)
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R1

R2N

I1

V1

Z1

V0 V2

I2

Figure A.1: A two-port network terminated in R1 and R2 at port-1 and port-2, respectively, and
its typical operating conditions.

With the aid of equation (A.3) the transfer function of (A.4) becomes:

H(s) =
(Z11 +R1) (Z22 +R2)− Z2

12

2Z12

√
R1R2

. (A.5)

The input impedance is given by

Z1 =
V1

I1
=
V0 − I1R1

I1
=
V0

I1
−R1, (A.6)

and by substitution in the previous expression for the current I1 of (A.3),

Z1 =
(Z11 +R1) (Z22 +R2)− Z2

12

Z22 +R2
−R1 = Z11 −

Z2
12

Z22 +R2
. (A.7)

The reflection coefficient ρ(s) is defined as

ρ(s) = ±Z1 −R1

Z1 +R1
, (A.8)

where the ± sign appears because of the square root definition of the reflection coefficient

|ρ(s)|2 = Pr/Pmax. Pr is the reflected power at the input port and Pmax is the maximum

available power from the source.

Solving for Z1 in (A.8) it is obtained:

Z1 = R1
1± ρ(s)

1∓ ρ(s)
. (A.9)

It is interesting to observe that the ambiguity of the sign only implies to modify Z1 by 1/Z1

leading to a dual circuit. Next, we are going to solve the transducer functions and the reactance

parameters for both cases, when the sign is taken positive and when it is negative, yielding

different but equivalent networks.

A.1 Z-Equivalent Circuit

In this section, the equivalent circuit represented by an impedance matrix is considered. An

example of symmetrical network is depicted in Figure A.2. Since this network is going to be
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ZA ZA

ZB

Figure A.2: Impedance Equivalent Network.

realized from an input impedance Z1, the positive sign of the reflection coefficient is taken. With

the aid of equation (A.7) the reflection coefficient of (A.8) becomes:

ρ(s) =
Z1 −R1

Z1 +R1
=

(Z11 −R1) (Z22 +R2)− Z2
12

(Z11 +R1) (Z22 +R2)− Z2
12

. (A.10)

The characteristic function K(s) can be obtained from the transfer function H(s) and the

reflection coefficient ρ(s) as [58]

K(s) = H(s)ρ(s) =
(Z11 −R1) (Z22 +R2)− Z2

12

2Z12

√
R1R2

. (A.11)

Since the open-circuit impedance parameters Z11, Z22, and Z12 are odd polynomials in s [93],

the functions H(s) and K(s) given by equations (A.5) and (A.11), respectively, can be divided

into their even and odd parts:

He(s) =
Z11R2 + Z22R1

2Z12

√
R1R2

, Ho(s) =
Z11Z22 − Z2

12 +R1R2

2Z12

√
R1R2

(A.12a)

Ke(s) =
Z11R2 − Z22R1

2Z12

√
R1R2

, Ko(s) =
Z11Z22 − Z2

12 −R1R2

2Z12

√
R1R2

(A.12b)

Applying the addition and subtraction to the functions it is obtained:

He +Ke =

√
R2

R1

Z11

Z12
(A.13a)

He −Ke =

√
R1

R2

Z22

Z12
(A.13b)

Ho +Ko =
Z11Z22 − Z2

12

Z12

√
R1R2

(A.13c)

Ho −Ko =

√
R1R2

Z12
(A.13d)

From (A.13d) it is derived that

Z12 =

√
R1R2

Ho −Ko
. (A.14)
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YB

YA YA

Figure A.3: Impedance Equivalent Network.

Substituting (A.14) in (A.13a) and (A.13b) the input and output open-circuit parameters are

obtained as

Z11 = R1
He +Ke

Ho −Ko
(A.15a)

Z22 = R2
He −Ke

Ho −Ko
(A.15b)

The same study can be realized with the short-circuit admittance parameters, thus obtaining

the following expressions:

Y12 = − 1√
R1R2

1

Ho +Ko
(A.16a)

Y11 =
1

R1

He −Ke

Ho +Ko
(A.16b)

Y22 =
1

R2

He +Ke

Ho +Ko
(A.16c)

A.2 Y-Equivalent Circuit

In this section it is considered a network that it is better described by the admittance parameters,

as the one shown in Figure A.3. However, the aim is to obtain the impedance parameters from

the transducer parameters. The reflection coefficient is taken negative in this case, resulting in

ρ(s) =
R1 − Z1

R1 + Z1
=

(R1 − Z11) (Z22 +R2) + Z2
12

(R1 + Z11) (Z22 +R2)− Z2
12

. (A.17)

The characteristic function is therefore obtained as

K(s) = H(s)ρ(s) =
(R1 − Z11) (Z22 +R2) + Z2

12

2Z12

√
R1R2

. (A.18)

Since the open-circuit impedance parameters Z11, Z22, and Z12 are odd polynomials in s [93],

the functions H(s) and K(s) given by equations (A.5) and (A.18), respectively, can be divided



Appendix A. Transducer and Reactance Parameters Relationship 141

into their even and odd parts:

He(s) =
Z11R2 + Z22R1

2Z12

√
R1R2

, Ho(s) =
Z11Z22 − Z2

12 +R1R2

2Z12

√
R1R2

(A.19a)

Ke(s) =
Z22R1 − Z1R2

2Z12

√
R1R2

, Ko(s) =
−Z11Z22 + Z2

12 +R1R2

2Z12

√
R1R2

(A.19b)

Same than before, by applying the addition and subtraction to the functions it is obtained:

He +Ke =

√
R1

R2

Z22

Z12
(A.20a)

He −Ke =

√
R2

R1

Z11

Z12
(A.20b)

Ho +Ko =

√
R1R2

Z12
(A.20c)

Ho −Ko =
Z11Z22 − Z2

12

Z12

√
R1R2

(A.20d)

From (A.20c) it is derived that

Z12 =

√
R1R2

Ho +Ko
. (A.21)

Substituting (A.21) in (A.20b) and (A.20a) the input and output open-circuit parameters are

obtained as

Z11 = R1
He −Ke

Ho +Ko
(A.22a)

Z22 = R2
He +Ke

Ho +Ko
(A.22b)

The same study can be realized with the short-circuit admittance parameters, thus obtaining

the following expressions:

Y12 = − 1√
R1R2

1

Ho −Ko
(A.23a)

Y11 =
1

R1

He +Ke

Ho −Ko
(A.23b)

Y22 =
1

R2

He −Ke

Ho −Ko
(A.23c)
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Table A.1: Network Open- and Short-Circuit Reactance Parameters Looking at the Network
from its Input and Back from the Output Terminals.

Z-Equivalent Circuit Y-Equivalent Circuit

P even P odd P even P odd

X1o R1
Ee + Fe
Eo − Fo

R1
Eo + Fo
Ee − Fe

R1
Ee − Fe
Eo + Fo

R1
Eo − Fo
Ee + Fe

X1s R1
Eo + Fo
Ee − Fe

R1
Ee + Fe
Eo − Fo

R1
Eo − Fo
Ee + Fe

R1
Ee − Fe
Eo + Fo

X2o R2
Ee − Fe
Eo − Fo

R2
Eo − Fo
Ee − Fe

R2
Ee + Fe
Eo + Fo

R2
Eo + Fo
Ee + Fe

X2s R2
Eo + Fo
Ee + Fe

R2
Ee + Fe
Eo + Fo

R2
Eo − Fo
Ee − Fe

R2
Ee − Fe
Eo − Fo

A.3 Polynomial Definition of the Open- and Short-Circuit Re-
actance Parameters

The transducer parameters H(s) and K(s) are even or odd rational functions of s. Therefore,

they can be expressed in polynomial form as

H(s) =
Ee + Eo

P
(A.24a)

K(s) =
Fe + Fo
P

(A.24b)

Since P (s) is either an even or odd function [92], the open- and short-circuit reactance param-

eters obtained in sections A.1 and A.2 can be divided in two cases for each equivalent circuit.

Table A.1 contains all possible open- and short-circuit reactance parameters for both equivalent

circuits and depending on function P (s). The network to be synthesized is completely deter-

mined by one or more of these reactances together with the complete set of transmission zeros

or roots of P (s). The circuit elements can be calculated by partial or full removal of the residues

at these poles.
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