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Chapter 3

Public Debt and Optimal Taxes

Without Commitment

3.1 Introduction

This paper studies the properties of the optimal time-consistent taxes for an econ-
omy with public debt. The previous literature on optimal taxation without commitment
has focused only on economies without public debt, where the main result was that the
optimal time-consistent capital taxes are different from zero at the steady state. In par-
ticular, Benhabib and Rustichini (1997) obtained that the optimal steady state policy is
characterized by subsidies to capital. The intuition for this result is that capital subsidies
encourage the accumulation of capital, which could become high enough to act as a commit-
ment device against deviation from the announced policy. In this paper we explore whether

the previous result holds when a market for public debt is present. To this end, we allow
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governments to issue debt. The implications of this new environment are twofold. On the
one hand, the time-inconsistency problem could be worsened by the possibility of defaulting
on debt payments. On the other hand, governments have a new instrument, debt, to affect
the benefits and costs of deviating from the announced policy. Given that the government
is benevolent and that the choice of not issuing bonds is still a sustainable outcome, the
optimal management of public debt alleviates the consequences of the time-inconsistency
problem. Our main result is that the optimal time-consistent capital tax turns out to be
zero at the steady state. Thus, once governments have the possibility of issuing debt, public
debt becomes the central commitment device against deviation.

One of the main concerns in the theory and practice of fiscal policy is how much
capital income should be taxed. Currently, the capital income is taxed heavily in both the
U.S. and the E.U. economies. However, the theory prescribes the opposite, that is, capi-
tal income tax rates should be set close to zero. This result was first shown by Chamley
(1986) and Judd (1985), who proved the optimality of a zero capital income tax rate at the
steady state for economies with identical and heterogeneous agents, respectively. Later on,
Lucas (1990) and Chari, Christiano and Kehoe (1994) extended this result to economies
with endogenous growth and to stochastic economies, respectively.! How to reconcile the
observed taxes and the theory of capital taxation? An enlightening work by Aiyagari (1995)
showed that for economies with incomplete insurance markets and borrowing constraints,
the optimal tax rate on capital income is positive, even in the long-run. When capital
investment yields pure profits, Jones, Manuelli and Rossi (1997) obtained that the asymp-

totic capital tax rate is not longer zero. For life-cycle economies, Garriga (2000) and Erosa

! Atkenson, Chari and Kehoe (1999) unified different extensions of the Chamley-Judd result.
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and Gervais (2002) showed that, if the government has no access to age-dependent taxes,
the optimal capital tax is different from zero both during the transition and at the steady
state. Recently, Yakadina (2001) emphasized the role of public debt in the properties of
optimal taxation for stochastic economies. She found that, when the amount of debt that
a government can issue is restricted by lower and upper exogenous limits, the expected
long-run capital taxes are different from zero. She argued that this result is due to the lack
of complete insurance against future uncertainty.

A recent line of research has focused on the time-inconsistency problem of optimal
taxation to account for actual capital tax rates. A limitation that previous studies share is
the assumption that governments can commit to follow a prescribed policy plan. However,
it is generally recognized that actual governments have no such a perfect commitment
technology. Then, without commitment, and under a policy plan that sets capital taxes
to zero and labor taxes to some positive distorsionary amount, the incentives to revise
the policy plan and tax the pure rents generated by the capital input could be high.? In
this sense, positive capital taxes could accrue from a zero capital tax announcement that
is not credible. Thus, time-inconsistency problems could explain actual capital tax rates.
Following this reasoning, we find the papers of Benhabib and Rustichini (1997) and Klein
and Rios-Rull (2000).

Benhabib and Rustichini (1997) characterized the optimal time-consistent capital
taxes at the steady state. They first set the optimal taxation problem for an economy with

debt. However, for simplicity, the analytical and the numerical characterization of capital

2In a finite-horizon economy, the incentives to revise the plan and tax heavily the long-run last period
capital are very high (e.g., Fisher (1980)). However, this is not clear in an infinite-horizon setup, in which
there is no last period and reputation forces come into play. There, the benefits from higher than announced
capital tax rates could be outweighed by the loss of reputation.
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taxes are carried out in a framework where governments cannot issue bonds.? To solve for
the optimal time-consistent taxes, they introduced an incentive compatibility constraint for
each period into the government optimization problem. This constraint says that the welfare
value of continuing with the announced policy must be at least as large as the welfare value
of deviating from it. The deviation value is endogenous and depends on the consequences of
deviating, which are specified as follows: once the government deviates, individuals expect
capital income to be taxed at a maximal rate (equal to one) at all future periods and,
therefore, they decide not to save. The solution of this problem has a steady state. The
steady state is called incentive-constrained, if the incentive compatibility constraints bind
at the steady state. For utilities that are linear in consumption, Benhabib and Rustichini
(1997) showed analytically that, when the steady state is incentive-constrained, the optimal
time-consistent capital taxes are different from zero. In order to study concave utilities and
determine the sign of the capital taxes, they calibrated the model and obtained that the
optimal steady state policy is a subsidy to capital.

Following a different approach, Klein and Rios-Rull (2000) studied the optimal
policy for an economy without commitment. They focused on the properties of Markov
perfect equilibria, which are time-consistent by construction. Throughout the paper, they
imposed a balance budget so that governments cannot issue debt. This assumption is made
to overcome theoretical and numerical problems associated with allowing issuing debt. They
calibrated the model and their results can account for the magnitude of the empirical capital

income tax rates.

3We show that the assumption on governments’ inability to issue debt cannot be made for simplicity
purposes since it turns out to be crucial for the results.
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Summing up, from Benhabib and Rustichini (1997) and Klein and Rios-Rull
(2000), we know that time-inconsistency problems may explain the optimality of long-run
capital taxes different from zero for economies without public debt. However, would this
result hold in the presence of debt? In other words, is the time-inconsistency or the absence
of a market for public debt the basis for this result?

The present paper explores the role of public debt and time-inconsistency problems
in relation to the steady state optimal taxation. Our model follows the approach of Benhabib
and Rustichini (1997). When choosing the optimal policy, governments face a constraint
that embeds the trade-off between continuing with and deviating from the announced policy.
We propose a deviation that implies reversion to a Markov equilibrium. This equilibrium
specifies the consequences of deviating, which will be similar to those of Benhabib and
Rustichini (1997). Our analysis is carried out both for utilities that are linear in consumption
and for utilities that are concave in consumption. First, we consider an economy without a
market for public debt. We obtain that, if the steady state is incentive-constrained, capital
taxes are different from zero. The intuition for this result is that the incentives to deviate
from the announced policy at the steady state depend only on the steady state level of
capital. There is a steady state level of capital for which the optimal steady state capital
tax is zero. If the incentive compatibility constraints are not satisfied for that level of
capital, then the capital taxes can optimally adjust the steady state level of capital so as
to satisfy the incentive compatibility constraints. Therefore, for economies without public
debt, the optimal time-consistent capital tax is different from zero so as to have no incentives

to deviate. Second, we allow governments to issue debt. We show that the optimal time-
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consistent capital tax rate is zero at the steady state. The explanation for this finding is
as follows. For economies with public debt, the steady state depends on the steady state
levels of both capital and debt. Moreover, the steady state capital and debt depend on
the initial conditions and, hence, on the transition towards the steady state. Consequently,
the incentives and costs of deviating from the announced policy at the steady state depend
on both steady state levels of capital and debt, which in turn depend on the transition.
We show that the optimal management of debt results in steady state levels of capital and
debt, which are consistent with a zero capital tax rate. Thus, public debt can make the
announcement of a zero capital tax at the steady state credible.

The plan of the paper is the following. Section 2 presents the model. Section 3
analyzes the steady state. Section 4 and 5 characterize the optimal time-consistent taxes
for an economy without and with public debt, respectively. Section 6 concludes. The
Appendices provide a general characterization of the time-consistent taxes and the policy

after a deviation and contain the proofs of the results.

3.2 The Model

Our economy mimics that of Benhabib and Rustichini (1997). We consider an
infinite-horizon economy with three agents: a representative consumer, a representative
competitive firm and a benevolent government. The representative individual has an in-

stantaneous utility function that depends on both consumption ¢; and labor supply [; so
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that his welfare takes the following form:

S8 uer) v (1), (3.1)
t=0

with 8 € (0,1). The utility functions u(-) and v(-) are

l1—0o l1+6
t

u(er) = 1'570, and v(l;) = 1o

(3.2)

with ¢ > 0 and € > 0. Taking the government policy as given, the representative individual
chooses consumption, labor, and assets a;+1 so as to maximize his welfare (3.1) subject to

the budget constraint

rea; + wily > a1 + ¢y, (3.3)

where r; is the after-tax return on assets at date ¢t and w; is the wage rate net of labor taxes

at date t. The first-order conditions for this optimization problem are

we' (cr) = ' (), (3.4)

u' (¢) = Brivan (ceva) (3.5)

where ' (¢;) and v’ (I;) denote the partial derivatives of the instantaneous utility functions
(3.2) with respect to consumption and labor at date ¢, respectively. The individual’s assets

take the form of capital k; and debt holdings b; so that the following market equilibrium

condition holds:

as = kt + bt. (36)

The representative competitive firm produces output using capital and labor. The

production function is f (K¢, l;), where f is increasing, concave, continuous and homogenous
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of degree one. The partial derivatives of f (ki l;) with respect to capital and labor are
denoted fi (k¢,l;) and f; (kt, l;), respectively. Taking factor prices as given, the firm chooses
non-negative amounts of capital and labor so as to maximize profits. The resulting first-

order conditions are

(1 . Tf) o (ke 1) = 14, (3.7)

(1 - ﬁ) i (ke 1) = w, (3.8)

where Tf and Té are the capital and labor income tax rates at date t, respectively.
The government finances debt payments and an exogenous public spending G per
capita through taxes on labor and capital income and the issue of one-period bonds. Hence,

the government budget constraint can be written as
bt+1 + (fk (k?t, lt) — Tt) (k’t + bt) + (fl (I{?t, lt) - U)t) lt Z G + T'tbt. (39)

The government can only sell bonds, that is, b1 > 0.* Those bonds are issued with the
after-tax return rate r;. In order to ensure distorsionary taxation, the first period after-tax
return on assets is restricted by a lower bound. Note that this lower bound can be viewed
as an upper bound on the initial capital tax rate. In the absence of that upper bound, the
government could choose an initial capital tax rate so high that the resulting tax revenues
could finance all future government expenditures. We consider an upper bound smaller or
equal to one but sufficiently close to one. In particular, we assume that the initial after-tax

return on assets satisfies

70 2 T'min, (310)

4We assume non-negative government bonds in order to help identify a Markov equilibrium to revert to
once a government deviates from the announced policy.
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where Tmin > 0 is sufficiently close to zero.

The resource constraint is
kt_l,_l +Ct+G < f(k’t,lt). (311)
A competitive equilibrium for this economy is defined as follows:

Definition 5 Given a sequence of tax rates {Tf,Té}:iO, the exogenous public spending
G per period, and the initial assets by and ko, a competitive equilibrium is a sequence
{eo, Uy ki1, begr, e, wi b2 such that: (i) the representative individual maximizes his welfare
(3.1) subject to the budget constraint (3.3); (ii) factors are paid their marginal products
according to equations (3.7) and (3.8); and (iii) all markets clear (equations (3.6) and

(3.11) hold, the latter with equality).

3.2.1 The Government Optimization Problem

Without commitment, the government chooses among the time-consistent policies
so as to maximize the welfare of the representative individual. In order to do so, the
government takes explicitly into account an incentive compatibility constraint, which says
that the welfare value of continuing with the announced policy must be higher than the
welfare value of deviating from it. After a deviation, the economy reverts to some bad
equilibrium, which provides a welfare called the deviation value. This deviation value
depends on the consequences associated with the deviation from the announced policy. For
the time being, we specify a general functional form for the deviation value that depends
on the current levels of capital and bonds. Section 5.1 will provide a specific form, where

after a deviation, individuals expect maximal capital taxes, which makes positive savings
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unattractive. The incentive compatibility constraints link current and future governments

as follows:
o0
> B (ules) —v(ls) = VP (ke by) , for t = 1,2, ..., (3.12)
s=t
where VP (k;,b;) is the value of welfare after a deviation at date t. We assume that
VP (ks by) is differentiable in both variables.

The government chooses the sequences {ct, Iy, kty1, b1, we, 7t o SO as to maxi-
mize the welfare of the representative individual (3.1) subject to the first-order conditions
(3.4) and (3.5), the resource constraint (3.11), the budget constraint (3.3), the lower bound
on the initial after-tax return on assets (3.10), the incentive compatibility constraint (3.12)

and the non-negativity constraint b;;; > 0.°> The Lagrangian for this optimization problem

L= Zﬂt [u(er) —v(l) + A (57"t+1ul (ct1) — o' (Ct))
t=0
+ g (wewd’ () = 0" (1)) +ny (f (ke 1) = kg1 — ¢ — G)

+ & (k1 +ber + (f (R, 1) — G — k1) — 74 (kg 4 b)) — wely)] + Ko (7o — Tmin)

+> (Z B (u(es) = v (L)) = VP (ke bt>> , (3.13)
t=1 s=t

where 8¢, B'u,, BN\, B'n,, 74, and Ko are the Lagrange multipliers associated with con-
straints (3.3), (3.4), (3.5), (3.11), (3.12), and (3.10), respectively.

The first-order conditions for consumption, labor, capital, debt, return rate, and

Given equations (3.3) and (3.11), this optimization problem also satisfies the government budget con-
straint (3.9).



wage rate are respectively as follows:

[+ 87 (v % B)] ' (e0) + " (o) M—1re = Mo + o) = 1,

[L+ 87 (v % B),) v (Ie) — & (fi (ke le) — we) + " (1) = fi (ke 1) g,

Nefre — ﬁ_lmfl +& (fk: (kt7 lt) - rt) = ’Ytﬁ_thD (kt7 bt) )

€0 = &1 — BrB7VE (ki by)

)\t_lu’ (Ct) — §t (k’t + bt) =0,

N’tu/ (Ct) - gtlt = 07

with

[1+B87 (v+B),] =14+1B + 72872+ .+ 9, 187D + 870y,

7

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Notice that, since capital and debt are non-negative, the individual’s total savings satisfy

at+1 > 0 in equilibrium. Moreover, taking into account the specific utility functions (3.2),

the following transversality condition holds:

thm ﬂtu' (Ct) Tt (k’t + bt) =0.

For an initial condition ag > 0, the first-order condition for the after-tax return implies

0 = Tmin- Lhis means a very high capital tax at the initial date 0. The remaining tax rates

5These equations are the first-order conditions when the optimal debt is non-negative. Moreover, at the

initial date 0, these conditions take a different form (see Appendix 3.7.1).



78

are obtained from the competitive equilibrium conditions (3.7) and (3.8). As usual in this
literature, the second-order conditions are not clearly satisfied because they involve second
and third derivatives of the utility function. Therefore, we assume that an optimal interior

solution exists.

3.3 The Steady State

From now on, we will focus on the equilibrium at the steady state. First, a
steady state is defined. Next, we distinguish between steady states where the incentive
compatibility constraint (3.12) binds and those where this constraint does not bind. Finally,
taking into account this distinction, we provide three lemmas that will help us to characterize

the optimal taxes at the steady state. We define a steady state as follows:

Definition 6 A steady state equilibrium is an optimal solution x = (ct,ly, kt, by, wy, 1) to
the government optimization problem for some initial conditions kg and by such that ct, i,

ke, by, we, and T4 are constant.
Taking into account conditions (3.7) and (3.8), the capital and labor tax rates 7

and 7. are also constant at a steady state. Consequently, at a steady state, constraints

(3.4), (3.5), (3.3), (3.11) and (3.12) can be written respectively as follows:

wu (¢) =" (1), (3.20)
Br =1, (3.21)

(% _ 1) (k+b)+wl=c, (3.22)
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k4c+G=f(kl), (3.23)
1 e [1+e
(1_ﬂ> [1_01+J2vf’(k,b), (3.24)

Moreover, plugging equations (3.18) and (3.19) into (3.14) —(3.17) , the following optimality

conditions must be satisfied at a steady state:

1457 (e ) o (@) = ot 6 = 6 () = (3.25)
1467 (3% B),] ¢ (1) — & (fi (ko1) —w) + Evew = fy (k. ), (3.26)
(4 &) (fk (k1) — %) = 8V )+ 5 () (3.27)

& =& 1 — BB VP (kD). (3.28)

Constraints (3.20) — (3.24) and the first-order conditions (3.25) — (3.28) yield a steady state
for an economy with debt. For an economy without a market for public debt, a steady state
T = <Et, Iy, ky, 0y, ft) is defined analogously and is determined by equations (3.20) — (3.27)
for b = 0.

The incentive compatibility constraint (3.24) could be binding or not at the steady
state. The properties of the optimal taxes without commitment will depend crucially on

this distinction. Consequently, we give the following definition:

Definition 7 An incentive-constrained steady state is a steady state such that the incen-
tive compatibility constraint (3.24) is binding. Otherwise, the steady state is incentive-

unconstrained.
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This definition for incentive-constrained and unconstrained steady states and the
analysis of the system (3.20)—(3.28) will allow us to present different lemmas. Those lemmas
will become an important device in order to characterize the optimal time-consistent taxes

for economies with public debt. The first result is the following:

Lemma 3 If x is incentive-unconstrained, then 7% = 0.
Proof. See Appendix 3.8. m

As Lemma 3 states, the optimal capital tax rate is zero at incentive-unconstrained
steady states. Therefore, we obtain the same long-run result as Chamley (1986) for his
Ramsey problem. However, we must clarify that a solution to problem (3.13) that exhibits
an incentive-unconstrained steady state is not equivalent to the solution of the Ramsey
problem. A Lagrangian for the Ramsey problem would be that of (3.13) without the incen-
tive compatibility constraints (3.12). On the one hand, if the incentive constraints (3.12)
are binding during the transition, then, with a different history, the problem (3.13) and
the Ramsey problem yield different transitions and different steady states.” On the other
hand, if the incentive compatibility constraints (3.12) are not binding during the transition,
then the solutions of the Ramsey problem and the problem (3.13) would coincide. How-
ever, problem (3.13) defines implicitly a reputation mechanism through equation (3.24),
which makes the solution of problem (3.13) time-consistent, whereas the Ramsey solution
is time-inconsistent.

If the steady state is incentive-constrained, the properties of the steady state

taxes could be quite different. In order to determine whether the steady state is incentive-

"Chamley (1986) discussed the dependence of steady state values on initial conditions when government
bonds are present.
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constrained, we analyze the system of constraints and first-order conditions (3.20) — (3.28).
We find an optimality condition for being at incentive-constrained steady states. Under
this condition, the Lagrange multipliers {}:° associated with the incentive compatibility
constraints (3.12) are positive, summable, and converging to zero, which are necessary con-

ditions for optimality. Before stating that condition, we need to define 1+ g and 1+ j as

follows:
VP (k,b) — %
l+g= 1 e 50~ | (3.29)
VP (k) = § = [0+ D) (fu (k1) = 3)]
and
—BV,P (k,b) — D
1+j= vy (k;b) — , (3.30)
u (c) (fi (k1) —w)
where
(L+e)w—(1—0) fi (k1) + Fo (EE) fi (k1)
We can then present the next lemma:
Lemma 4 An incentive-constrained steady state x satisfies the following properties:
(1) If 0=0, then 1 +g € (O, %) . Moreover,
D 1
Vi (k,b) = _BD' (3.32)

(i) If o> 0, then 1+ € (o,%).
Proof. See Appendix 3.8. m

Lemma 4 shows some optimality conditions for incentive-constrained steady states.

These conditions help us to identify an important feature of the steady state, namely,
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whether the steady state is incentive-constrained or unconstrained. From Lemma 3, we
know that capital taxes are optimally zero at incentive-unconstrained steady states. Are
capital taxes different from zero at incentive-constrained steady states? As the next lemma
shows, some incentive-constrained steady states will have the property of an optimal zero

capital tax:

Lemma 5 For o > 0, if x is incentive-constrained and 1+ j € (0,1), then 7% = 0.
Proof. See Appendix 3.8. m

From Lemma 5, we can conclude that being at an incentive-constrained steady
state is not a sufficient condition for optimal capital taxes different from zero. In fact, some
incentive-constrained steady states will satisfy the Chamley-Judd result. For ¢ = 0, an
incentive-constrained steady state always satisfies that 1+j € [1, %) . Therefore, we cannot
apply Lemma 5 for utilities that are linear in consumption.

In this section we have developed a theoretical basis through Lemmas 3, 4, and 5,
which will be crucial to characterize the steady state optimal taxation. From these lemmas,
two features turn out to be important, namely, whether the utility is linear in consumption
and whether governments can issue debt. First, the type of utility, either linear or strictly
concave, is important for the properties of the optimal taxes both during the transition and
at the steady state. When the utility is linear in consumption, individuals are indifferent
about the timing of consumption. However, when the utility is strictly concave, individuals
prefer to smooth consumption over time and, thus, they care about the deviations from a
consumption pattern. This different behavior affects the properties of the optimal time-

consistent taxes. Second, the possibility of issuing debt is also a major determinant of the
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taxation scheme. We have established Lemmas 3, 4, and 5 on the basis of the first-order
condition for debt (3.28). Thus, those lemmas only hold for economies with public debt.
In addition, the presence of debt affects the intertemporal dynamics of the economy. First,
through the issue of bonds governments seek to smooth consumption over time. Moreover,
the steady state values depend on the initial conditions when government bonds are present.
Given these intertemporal linkages, the current issues of debt will affect not only the present
but also the future incentives to deviate. Hence, the existence of a market for public debt
and the specific form of the utility do matter for the properties of optimal taxation. We
will next proceed to characterize the optimal time-consistent taxes. First, we examine an
economy without debt. Then, we consider an economy with public debt. The proofs of the
properties of the optimal taxes are contained in the Appendices; Appendix 3.7.1 provides
a general characterization regardless of the presence of debt and Appendix 3.8 includes the
proofs of the specific taxation properties for economies without debt and for economies with

debt.

3.4 An Economy without Public Debt

In an economy without bonds, governments run a balanced budget each date. The
optimal allocation and policy are determined by equations (3.20)-(3.27) setting b = 0. For
utilities that are linear in consumption, the steady state optimal taxation is characterized

as follows:

8We cannot apply Lemmas 3, 4 and 5 for economies without a market for public debt. For economies
without debt, Lemma 3 holds for utilities that are linear in consumption, but it does not need to hold for
concave utilities. Regarding Lemma 4, statement (i¢) and condition (3.32) of statement (¢) hold, but the
rest of Lemma 4 does not apply. Lemma 5 cannot be established.
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Proposition 7 For o =0, the optimal time-consistent taxes at a steady state T satisfy the
following properties:

(i) e (o, F) .

(i4) If Z is incentive-constrained and VP (k,b) > %, then 7% > 0. If V)P (k,b) < %,

then ™% < 0.
Proof. See Appendix 3.8. m

For strictly concave utilities, we state the following:

Proposition 8 For o > 0, the optimal time-consistent taxes at a steady state T satisfy the
following properties:
(i) 7 € <O,min [%1})

i) If @ is incentive-constrained and V;P (k,b) > +u/ (¢;), then 7F > 0.
k B
Proof. See Appendix 3.8. m

For an economy without bonds, the steady state is characterized by a positive
and bounded tax rate on labor income. Moreover, if the incentive compatibility constraint
(3.24) is binding, then the optimal capital tax rate is different from zero. Note that the
benefits and costs of deviating at the steady state depend only on the steady level of capital.
At incentive-constrained steady states, a capital tax different from zero provides the appro-
priate incentives to change the level of capital so as to satisfy the incentive compatibility
constraint (3.24). Thus, the optimal time-consistent capital tax is different from zero for
economies without public debt.

Propositions 7 and 8 capture the results on capital taxes of Benhabib and Rusti-

chini (1997). However, we should reconsider the balanced budget constraint. Notice that
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public debt is an instrument that links past and future variables and makes the steady state
dependent on the transition. Hence, the presence of debt could seriously affect the previous

results.

3.5 An Economy with Public Debt

In this section we consider an economy with a market for government bonds. This
means that, in order to finance the public spending, the government chooses tax rates on
labor and capital income and the issue of debt. The optimal allocation and policy are
now characterized by equations (3.20)-(3.28), that is, when governments can issue debt,
the first-order condition for debt (3.28) must hold. This condition links past and future
efforts to satisfy the budget constraint through the current incentives to deviate. Thus, the
government will choose the issues of debt taking into account how the benefits of deviating
are affected. As a result, the specific form of the deviation plays now a role that was
absent without a market for debt. Before characterizing the optimal time-consistent taxes,
we then need to specify a particular deviation form. To this end, we assume that the
production function f (k,[) satisfies an elasticity of substitution between capital and labor
greater than one, which can be written as [(f; (k1) fr (k, 1)) /(f (k,1) frr (k,1))] > 1 since
f (k,1) is homogenous of degree one. Notice that, under this assumption, capital is not
essential for positive production. A specific example for this type of production functions

is that of Benhabib and Rustichini (1997), which takes the following form:

f (k1) =A(e)k + Bl + ek®* 2, (3.33)
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where a € (0,1), B >0, and A (e) = % — ¢ with ¢ continuous strictly increasing function,
e > 0, and ¢ (0) = 0. This production function is a weighted average of a Cobb-Douglas

and a linear function.?

3.5.1 A Deviation

So far we have specified a general functional form for the deviation value, for
which we have only assumed dependence and differentiability with respect to the current
levels of capital and public debt. In this section we will develop a specific deviation form.
This deviation will be specified as the reversion to a Markov equilibrium. In order to do
so, we first describe the economy without commitment. Then, we define both sustainable
and Markov equilibria. Finally, following Chari and Kehoe (1993), we propose a Markov
equilibrium.

For an economy without commitment, government and individuals take their cor-
responding decisions sequentially. At the beginning of date t, the government chooses a
current policy as a function of history hy—1 = (75|s =0, ...,t — 1), denoted II; (hs—1), and a
plan for future policies under all possible future histories, where 75 = (s, ws, bs1+1). Given a
history h;_1, the policy plan IT induces future histories by hy = (h¢—1,I1; (h4—1)) and so on.
A continuation policy of 1T is (ITy (h¢—1) , yq (he—1, Lt (he—1)) , ....). Once the government
decides the current policy, the representative individual chooses consumption, labor and
assets holdings at date ¢ as a function of history hy, denoted F} (h:), and a plan for future
allocations. An allocation at date s is denoted ds = (cs, I, as+1). Given a history h; and a

policy plan II;, a continuation allocation of F'is (Fy (h¢), Fiy1 (he, et1 (ht)),...). In order

9The linear component of the specific production function (3.33) can be viewed as home production.
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to define a sustainable equilibrium, we will next frame both a continuation policy and a
continuation allocation into an optimization problem.

Consider first the government at date ¢. Given some history h;—; and given that
future allocations evolve according to F', the government chooses a continuation policy that

maximizes the welfare of the representative individual

> 87 ules (b)) = v (s ()], (3.34)

subject to government budget constraint

bs+1 (hs—1) + (fi (ks (hs—1) ;15 (hs)) — s (hs—1)) as (hs—1) +

(fi (ks (hs—1) ,1s (hs)) — ws (hs—1)) s (hs) = G + 75 (hs—1) bs (hs—1) (3.35)

for all dates s > t, the non-negativity constraint bs41 > 0 for all dates s > t, and the lower
bound on the initial after-tax return on assets r; > rmin, where future histories are induced
by II from h;_1. The solution of this problem provides a value of welfare that is denoted
V (h—1;IL F) .

Consider the representative individual at date . Given some history h; and given
that future policies evolve according to II, the representative individual chooses a continu-

ation allocation so as to maximize
37 8 ules (ha)) — v (Is (hs)]. (3.36)

s=t

subject to the individual budget constraint

TtQg (ht—l) + wtlt (ht) 2 Ag+41 (ht) + Ct (ht) y (337)
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for date ¢, and
Ts (hs—l) as (hs—l) + ws (hs—l) ls (hs) > As41 (hs) +cs (hs) 3 (338)

for all dates s > t, where future histories are induced by II from h;. We denote the welfare
resulting from this optimization problem by W (hy; I, F') . Using these programs, we define

a sustainable equilibrium as follows:

Definition 8 A sustainable equilibrium is a pair (IL, F) that satisfies the following condi-
tions: (i) Given the allocation rule F, the continuation policy of 11 solves the government’s
problem for every history hy—1; (i) given a policy plan 11, the continuation allocation of

F solves the consumer’s problem for every history hy.

A sustainable equilibrium is utility-Markov if the past history influences payoffs
only to the extent that it changes the current state variables, namely, capital and public

debt at date ¢. This definition can be formalized as

Definition 9 A sustainable equilibrium is said to be utility-Markov if for any pair of
histories hi—1 and h,_; such that (k¢ (hi—1),b (he—1)) = (kt (h;_l) , by (h;_l)), then (i)
V(- ILF) =V (hy_j;IL F), and (ii) W (hy—1, 7 ILF) = W (hj_y, m; ILF) , where V

and W are defined in equations (3.34) and (3.36), respectively.

We will next follow Chari and Kehoe (1993) to propose a Markov equilibrium by

solving two different programs. The first program defines the value function

V (keybr) = max Y 55 [u(es) — v (ls)] (3.39)

subject to the budget constraint (3.3) at date s > ¢, the government budget constraint (3.9)

at date s > ¢, the first-order conditions (3.4) and (3.5) at date s > ¢, the market clearing
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condition (3.6) at date s > ¢, the incentive constraint

o0

> B ules) —v(ls)] = V (e, by) (3.40)

s=r
at date s > t, the non-negativity constraint bs4; > 0 at date s > ¢, and the lower bound
on the initial after-tax return on assets r; > Tmin, given the initial capital k; and debt b;.
Here equation (3.40) ensures that the government will have no incentives to deviate from
the announced policy. The sequence {ds, 7s}oo, that solves problem (3.39) gives us a policy
plan II"™ for the government.

The second program defines the value function

W (ke by; ) = max y B u(es) — v (1)), (3.41)

subject to the budget constraint (3.3) at date s > ¢, the government budget constraint
(3.9) at date s > t, the first-order conditions (3.4) and (3.5) at date s > ¢, the market
clearing condition (3.6) at date s > t, the incentive constraint (3.40) at date s > ¢, and
the non-negativity constraint bsyo > 0 at date s > t, given m; and the initial capital k;
and debt b;. We choose {ds, 7541}, that solves the optimization problem (3.41), which in
turn yields the consumer allocation rule F™. This allocation rule is defined for all possible
histories, including those in which the government deviates. To this end, the government
budget constraint (3.9) is not required to hold at date ¢.

Given the way these two optimization problems (3.39) and (3.41) have been con-

structed, a solution for them will be sustainable, as the next lemma shows:
Lemma 6 The pair (I, F™) is a sustainable equilibrium.

Proof. See Appendix 3.8. m
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The programs (3.39) and (3.41) define a sustainable equilibrium thanks to equation
(3.40). Under this incentive constraint, the government plans for any future date must
provide a welfare from that date on that is at least as large as the welfare value of re-
optimizing, that is, choosing the policy plan at that current date. Moreover, this sustainable
equilibrium is utility-Markov by construction. On the one hand, if a unique solution exists,
this is uniquely determined by the current capital and debt. On the other hand, if there
is more than one solution, they should provide the same welfare. By analyzing problem
(3.39), we can derive some properties of the Markov equilibrium (II™, F™). It is obvious
that, if the value of the total assets a; is strictly positive, then it is optimal to set the initial
after-tax return to its minimum value 7p;,. This result holds for all dates ¢t + 1, ¢t + 2, ...

Consequently, we state the following lemma:
Lemma 7 The pair (II"™, F™) satisfies as = 0 and, thus, ks = by = 0 for all dates s > t+1.
Proof. See Appendix 3.8. m

A deviation occurs at date ¢ when a government chooses a policy plan from date ¢
on different from the announced plan. In particular, when total assets are strictly positive
at date t, a government will choose a lower than the announced initial after-tax return on
assets, namely, rmin. This minimum after-tax return can be viewed as a very high capital
tax. Since individuals are aware of those incentives to tax heavily the assets income, they
expect very high capital taxes for all future dates. Given the specific production function,
if min is sufficiently close to zero, the first-order condition for assets holdings (3.5) dictates
individuals not to save and, given the non-negativity constraints, both capital and debt

become zero.
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Summing up, when savings are strictly positive, governments have incentives to
tax them as high as possible. Thus, if the after-tax return on savings is sufficiently low,
individuals prefer not to save. Therefore, our Markov equilibrium is such that savings
are never positive, that is, a; = 0 for all dates s > t + 1. In particular, our defection
satisfies ks = bs = 0 for all dates s > ¢t + 1. Appendices 3.7.2 and 3.8 contain a general
characterization of the policy after a deviation and the proofs of the lemmas, respectively.

In this section we have identified a Markov equilibrium to revert to after a devia-
tion, which yields the value of welfare after deviating. This deviation value depends on the
current stock of capital and debt and on the minimum after-tax return on assets rmin. Two
remarks are in order here. First, % > rmin > 0 is satisfied because the announced after-tax
return is such that r = %, thanks to equation (3.21), and the minimum after-tax return
was assumed to satisfy ryin > 0. Second, the numerical results of Benhabib and Rustichini
(1997) are found for a deviation that specifies complete default and, thus, individuals decide
not to save. This means ry;, = 0 at date ¢t and ks = 0 for all dates s > ¢ + 1. Therefore, our
deviation clearly extends the environment of Benhabib and Rustichini (1997) to economies

with public debt.

3.5.2 Optimal Time-Consistent Taxes

Once we have found a Markov equilibrium to revert to after a deviation, we turn
to characterize the optimal taxes without commitment for an economy with government

bonds. For utilities that are linear in consumption, we obtain the following result:

Proposition 9 For o =0, the optimal time-consistent taxes at a steady state x satisfy the
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following properties:

(i) e (0,1%).

(13) If Tmin < % — 1, then x is incentive-unconstrained and, thus, ™ = 0.

Proof. See Appendix 3.8. m

We have found in Proposition 7 that the long-run capital tax could be different
from zero for an economy without bonds. In the presence of public debt, we can apply
Lemmas 3, 4, and 5. We show that, if ry;, < % — 1, then condition (3.32) for incentive-
constrained steady states of Lemma 4 does not hold and, therefore, the steady state must be
incentive-unconstrained. Thus, using Lemma 3, the optimal capital tax rate is zero. Hence,
the existence of a market for debt and its relation with the time-inconsistency problem
affect clearly the properties of the optimal taxes. Moreover, we find that the smaller the
steady state debt is, the wider the range of ry;, that suffices to have an optimal zero capital

tax rate. In particular, for zero steady state debt, we get the following result:

Corollary 2 For 0 =0, if b=0, then = is incentive-unconstrained and, thus, ™ = 0.
Proof. See Appendix 3.8. m

Suppose that the optimal steady state debt that solves the system (3.20) — (3.28)
is zero. In that case, Corollary 2 states that the capital tax rate is zero. More precisely, if
the optimal steady state debt is zero, then the incentive compatibility constraint (3.12) is
not binding at the steady state. In turn, we can say that, if the incentive constraint (3.12)
binds at the steady state, then the steady state debt must be strictly positive. This result

can help us to understand that of Benhabib and Rustichini (1997). Without a market for
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debt, the steady state incentives to deviate depend on the steady state level of capital.
There is a steady state level of capital consistent with an optimal capital tax rate equal
to zero. When the incentive constraint (3.12) is not satisfied for that steady state capital,
then Benhabib and Rustichini (1997) obtained that a subsidy to capital would promote a
higher level of steady state capital in order to satisfy the incentive compatibility constraint
(3.12). Let us now consider Corollary 2. When the incentive constraint (3.12) binds at the
steady state, then we have a strictly positive level of debt, which makes the steady state
level of total assets higher. Therefore, the optimal management of debt makes public debt
become an endogenous commitment device.

For utilities that are strictly concave in consumption, we show the following;:

Proposition 10 For o > 0, the optimal time-consistent tazes at a steady state x satisfy
the following properties:

(i) 7 € (0.min [$2£,1]).

(43) If Tmin = 0, then x is incentive-unconstrained and, thus, TF = 0.

(131) If x is incentive-constrained and 0 < rpyin < (ﬁ) <% — 1> , then 7F = 0.

Proof. See Appendix 3.8. m

Proposition 8 obtained that the optimal time-consistent capital tax at the steady
state is different from zero for economies without debt. For economies with public debt, we
first show that, if ry,;, = 0, then condition 1+ j € (0, %) for incentive-constrained steady
states of Lemma 4 does not hold. Therefore, the steady state is incentive-unconstrained
and, thus, 7% = 0. Moreover, for a range of min, we obtain that incentive-constrained steady

states satisfy 1+ 7 € (0,1) and, thus, by Lemma 5, the optimal capital tax rate is zero. The
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intuition for these results is as follows. First, note that, since no issuing debt is still a sus-
tainable outcome, then the introduction of a market for debt and the optimal management
of that debt will be welfare improving. Second, in the presence of debt, the steady state
values depend on the initial conditions and, hence, on the transition towards the steady
state. Thus, the incentives and costs of deviating, which build the incentive compatibility
constraint (3.12), depend on the steady state capital and debt, which in turn depend on the
past decisions. Now, to minimize the costs of meeting the incentive constraints (3.12), the
government can choose a debt sequence so that the transition leads to a steady state that is
incentive-unconstrained or where the incentive compatibility constraints are alleviated. As
a result, the optimal time-consistent capital tax rate is zero for an economy with debt.

All in all, the optimal time-consistent policy for economies with public debt is
very different from that for economies without debt. Regarding labor taxation, we have
found that the optimal long-run labor tax rate is positive and bounded both in economies
without and with public debt. However, the labor taxes will take a different value in these
economies. Moreover, we obtain that the optimal long-run capital tax rate is different from
zero for economies without debt, but it is zero for economies with debt. That optimal
zero capital tax rate is obtained under some conditions on the minimum after-tax return
on assets rmin. Note first that these conditions are sufficient but not necessary. Moreover,
those conditions include ryi, = 0. Therefore, the steady states that exhibit a capital tax
rate different from zero in Benhabib and Rustichini (1997) and in Propositions 7 and 8 have

an optimal zero capital tax once a market for debt is introduced.
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3.6 Conclusions

This paper has studied the optimal steady state taxes for an economy without
commitment. We have found that the properties of the optimal time-consistent capital taxes
hinge on the assumption of a balanced budget. For economies without government bonds,
the optimal time-consistent capital tax rate could be different from zero at the steady state.
In this framework the capital tax is the instrument to make the policy credible. However,
for economies with public debt, we extend the Chamley-Judd result to economies without
commitment showing that the optimal time-consistent tax rate on capital income is zero at
the steady state. Therefore, once a market for debt is introduced, the main commitment
device against deviation is public debt.

These results highlight the importance of debt in relation to time-inconsistency
and optimal taxation. In a seminal paper Lucas and Stokey (1983) showed that a rich
composition of debt can help overcome the time-inconsistency problem of optimal fiscal
policy. In the present paper we have shown that the mere presence of a market for debt
alleviates the long-run effects of the time-inconsistency problem. The optimal management
of debt can make a long-run zero capital tax announcement credible. Moreover, while
the previous literature on optimal taxes without commitment had focused on economies
without debt, we have proved that the presence of a market for public debt is crucial for
the properties of the optimal tax policy without commitment.

In this paper we have analyzed the best sustainable equilibrium. This equilibrium
is non-Markov because governments take decisions based not only on the current state

variables but also on the future reactions to its actions. Then, if a government deviates,
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the economy reverts to some specific bad equilibrium. In this paper we have identified
a particular Markov equilibrium. However, under different assumptions, we would obtain
a different equilibria to revert to after a deviation. For instance, if we had assumed a
production function and a minimum after-tax return rate that allowed for positive savings,
the Markov equilibrium would be different from the one in this paper. Nevertheless, we
believe that our main result of an optimal zero capital tax at the steady state could still
hold. The intuition for this conjecture is that we have established a theoretical basis for

the optimality of zero capital taxes based on a general functional form for the deviation.
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3.7 Analytical Characterization

In this appendix we first characterize the optimal time-consistent taxes and, then,

the properties of the economy after a deviation.

3.7.1 The Optimal Time-Consistent Taxes

In order to characterize the optimal time-consistent taxes at a steady state, we
first study the transition of the economy towards the steady state so as to determine the
sign of the Lagrange multipliers. To study the transition, we suppose that the economy is
at the steady state and we do the following backward-looking exercise. The government
chooses the next date initial debt such that the transition back to the steady state takes
place in one date. Therefore, all the variables attain their respective steady state values
from date 1 onwards. Next, we solve for the steady state values in conjunction with the
conditions for the initial date.

The solution at date 0 of Lagrangian (3.13) is characterized by constraints (3.4),

(3.5), (3.3), (3.11), (3.12), and (3.10) , which can be written, respectively, as follows:

wot (co) = v’ (lp), (3.42)
U (o) = priu’ (e1), (3.43)
0 (k’o + bo) + wolp = k1 + b1 + co, (3.44)

ki+co+G=f (k[), lo) , (345)
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3" 87 uler) — v ()] = VP (ki br)
t=1

70 2 T'min,

and by the following first-order conditions for consumption, labor, capital, bonds, return

rate, and wage rate, respectively:

u (co) +u” (co) (owo — Ao) = No, (3.46)

v (lo) — & (fi (Ko, lo) — wo) + pgv” (lo) = fi (ko lo) 1o, (3.47)
(€0 (e (bt ) = r2) = 87V (s br) 5 (<rom +0) . (348)
€181 = €0 — BBV (kb (3.49)

Ko — & (ko + bo) = 0, (3.50)

1ot (o) — Eolo = 0. (3.51)

Given an initial condition for total assets ag > 0, the initial after-tax return on assets is set
optimally at its minimum value, that is, rog = ryin. Moreover, the economy is already at the
steady state at date 1, therefore r; = r. Using fr = 1, condition (3.43) implies ¢y = ¢; = c.
Thus, equations (3.20) — (3.24), (3.42), (3.44), and (3.45) yield {lo, wo, ¢, 1, k,b,r,w}. We
get expressions for 7% and 7! from the first-order conditions (3.7) and (3.8). We solve for
the initial and the steady state Lagrange multipliers using equations (3.25) — (3.28) and

(3.46) — (3.51).
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By the Kuhn-Tucker theorem, the Lagrange multipliers for constraints (3.12) and
(3.10) satisfy respectively v, > 0 and ko > 0. Equation (3.50) implies £, > 0. Next,
combining condition (3.28) and V;¥ (k,b) < 0 (as proved later), we obtain & > 0, which
does not converge to zero.!” Conditions (3.18) and (3.19) imply A\; > 0 and u, > O.
Moreover, combining conditions (3.25) and (3.26), it results that (n, + &;) > 0, which does
not converge to zero.

We will next proceed to show that 7! € (O,min [C{Tf, 1}) and 7% € (—o0,1) for

any o regardless of whether debt is present or not. First, conditions (3.20) and (3.21) imply

the unity upper bound on both tax rates. Next, using equations (3.18) and (3.19), we get

W= dar ] = [t = 6] (F52) — o6, <0, (3.52)

since v’ (¢) < 0, pwe > 0, and A < %)\t,l must hold in order to have a well-defined

Lagrangian. Using conditions (3.20) and (3.26), equation (3.25) becomes

§ew — <U [§t+1 - §t] (#) - Uft) fi(k,l) =
[T+ 67 (v 8)] v (e) + &] (fi (k1) —w), (3.53)

whose LHS is positive thanks to inequality (3.52). Therefore, f;(k,l) —w > 0 and, thus,

7! > 0. Moreover, we can write equation (3.53) as

E+0b

€101+ w = (1= flk ] =0 e — 6] (1) k) =

[L+ 875 (v 8),] ' (e) (fi (K, 1) — w),
whose RHS is positive. Hence, it follows that, if o [£,,; —&] > 0 holds, then we obtain

(1+e)w—(1—o0)fi(k,1) >0 and, in turn, TTJFE > 7l

"Note that —¢&,, the Lagrange multiplier for the budget constraint (3.3), represents the marginal excess
burden of taxation. Atkinson and Stern (1974) showed that &, > 0 in a second-best framework.
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We will next derive conditions to determine the sign of the optimal capital taxes.
Combining equations (3.52) and (3.27), we get

(n,+ &) (fk (k1) - %) 5 [vk? (k) —

1

1
/

=U
g

(Q}EZ, (3.54)

with

Cc

Z=0 -] (5) ~ofe-6a) (14 (F22)).

From equation (3.54) , it results that, if Z < 0, then V; (k,b) — %u/ (c) > 0 implies 7% > 0
Otherwise, if V;P — % <u/ (c) + ﬁZ) <0, then 7% <0.

Notice that, for utilities that are linear in consumption, that is, o = 0, it results
that o [, — & > 0 and Z < 0 always hold. Therefore, the optimal steady state taxes

satisfy the following results. First, 7! € (O, ﬁ) Second, if V;P (k,b) > %, then 7% > 0.

Otherwise, if V;P (k,b) < %, then 7% < 0.

3.7.2 The Economy After Deviation

We first compute VP (kt,b:) and Vi (kt,b:) and, then, we study the optimality
conditions after a deviation. The consequences of deviating have been specified in Lemma 7
as follows: once a government deviates, individuals expect a minimum return on assets after
taxes at all future dates so that agents do not save. Hence, once the government deviates
at date t, the economy is characterized by equations (3.3), (3.4) and (3.11), which take the

following form:

Prin (ke + by) + willf = cf, (3.55)

wii! <cf) = (lf) , (3.56)
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d+G=f <kt, zf) : (3.57)
at date t, and

d d _ d
wt+slt+s - Ct+37

d 1( d _ (s
Wiy U (Ct+s> =v (lt+s>7

cf+8 +G=f (O,lerS) ,

at date t + s for all s > 0.!' Thus, the welfare after a deviation at date ¢ is

s (417 (852) 5 (45)- ()

(3.58)
which allows us to write
ovPp (kt, bt) —o Jcd e 914
D _ t:0t) _ (a ocy (1d\° 9l
Vi (ko be) = =1 (Ct> ok, ( t) ok’
ovp (K¢, by) -0 9t e 914
Dl b)) = — 07 (.d =t (e 2L .
Ve (ke br) b <Ct> b, <t> by (3:59)

To find these derivatives, we use the specific utility functions (3.2) and equations (3.55) —

(3.57) to form the following set of equations:

P (ke -+ by) + (cf)a (zf) o, (3.60)

d1G-f (kt, lf) = 0. (3.61)

1The variables with a superscript d are those after a deviation.



104

Let us first compute VbD (kt,bt) . If roin = 0, then VbD (k,b) = 0. For some iy > 0, using

equations (3.60) — (3.61), we obtain the following system:

— {1 —0 <ctd>a_1 <lf> 1+8] (g—i) +(1+¢) (ctd>a (lf>E <g—g> = —T'min,
(5ic) e o) (55) =0

d d
by implicit differentiation. Solving for Ol and 9t , the derivative (3.59) becomes

Ob; Ob;

ViP (K¢, b)) = u (Cd) (fra (k’ulf) - wf)

N (3.62)
(1) wf = (1= 0) fia (ks 1) — o7imin (S22 fia (kes 1)

Proceeding in the same way for VkD (kt, by), we obtain

VP (ky, by) = <cf) Fu (kt,zf) + [[(1 — 0) + OTamin <ktc+ bt)] fe (kt, zt) - rmm}

o (cf) (fua (ke 1) = wf)
(1 +&)wf = (1= 0) fur (ke 1) = oriman (22 i (ks 1)

We will next study the optimality conditions after a deviation at date t. Notice that
Lemma 7 provides a necessary condition for the continuation allocations from any history
of the Markov equilibrium (II", F™). Thus, it turns out that the allocations that solve
problem (3.39) solve the same problem but replacing constraint (3.40) by the conditions
provided in Lemma 7. From this problem, we obtain the following first-order conditions for

consumption, labor, return rate, and wage rate at date t:

o (ef) +u (ef) it =t (3.63)

o (1) — € (o (kotd) =l ) 4 wido” () = s (s 0f) (3.64)
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ki — &8 (ke +by) =0, (3.65)

1ol (cf) —edid — . (3.66)

Here puf, €4, n¢, and k¢ are the Lagrange multipliers associated with constraints (3.4), (3.56),
(3.57), and the lower bound on the initial after-tax return on assets, respectively.

The government sets r; = rpin, which implies ntd > 0. From condition (3.65), we
get €4 > 0. Using equation (3.66) , condition (3.64) implies (ntd + Ef) > 0. Next, combining

equations (3.55), (3.63) and (3.64), we obtain

Slew + ¢lo wff wf = (nf + ) (fa (ke ) =), (3.67)

whose LHS is positive. Therefore, fi (k, ) — wf > 0 and, thus, ¥ > 0. Next, plugging

equation (3.63) into (3.67), we get

éﬁ ((1 +€)wf —(1-0) fa (k;talg) — OTmin (%) Jia <k’t7l§1>> =

t
o’ <Ctd> <fzd <kt7lg> - wf) )

which implies

ki +0b
(1+e)wd — (1 —-0) fa <k’t,l§l> — OTmin (%) Jra (kt,lg) > 0.

t

Using the previous inequality, the optimal labor tax rate after a deviation satisfies that

Téd € <0,min {‘{T*g, 1}) . From equation (3.62), it results that Vi (k¢, b) < 0.
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3.8 Proofs of the Propositions and Lemmas

Proof of Lemma 3
If the steady state is incentive-unconstrained, then the first-order condition for debt (3.28)
implies §, = §,_;. Given equation (3.25), n, is also constant, that is, n, = n,_;. Thus,

condition (3.27) implies fi (k,1) = & and, thus, 7 = 0. B

1
B
Proof of Lemma 4

We will next show that, for utilities that are linear in consumption, that is, ¢ = 0, there ex-
ists a real number g such that 7,87 = (1 + g)v;_, 8”4, or equivalently, v, = (1 4+ ¢)" 7.

Solving for £, in equation (3.53), we obtain

&=[1+06"(vx0),] [(1 +f ;gi}l)_}lu(}k 5)] : (3.68)
which can be written as
& =6 1 +7B" {(1 j . gk;’}l)f;gk? Z)} . (3.69)
Plugging equations (3.25), (3.31) and (3.68) into (3.27), we get
1+ 67 (y*B),] [1+ D] (fk (k,1) — %) =78~ (V,f’ (k,b) — %) : (3.70)

If VP = %, then f = % Thus, equations (3.20) — (3.24) yield an incentive-unconstrained
steady state. Since we try to identify incentive-constrained steady states, we consider

VkD #* % Solving for v,4~" in equation (3.70) and rearranging terms, we get

1B = (1+g) v 187D,
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where 1 + g takes the value defined in equation (3.29). Moreover, if the steady state is
incentive-constrained, then 1 + g belongs to (O, %) . First, 1 + g must be greater than 0 so
that v, is positive. Second, if 1+ g were greater or equal to %, then Lagrangian (3.13) would
not be well-defined. In addition, when public debt is present, equations (3.28) and (3.69)
imply that condition (3.32) must hold at incentive-constrained steady states. Therefore, for
o = 0, an incentive-constrained steady state of an economy with public debt must satisfy
conditions (3.29) and (3.32).

We will next show that, for utilities that are concave in consumption, that is,
o > 0, there exits a real number j such that v, = (1 + §) 'yt_lﬁ*(tfl). Using the necessary

conditions (3.25), (3.26) and (3.28), &, can be written as follows:

& =048 (v*B))E+ ’Yt+1ﬁ_(t+1)F- (3.71)

Here E > 0 and F' > 0 take the following forms:

P ' (o) (fi (k1) — w)
(A+e)w—(1—o)fi (k1)
—~aViP (k,b) (££2) £, (k,1)
I+e)w—(1-0)f;

Considering equation (3.71) at date t — 1 and rearranging terms, we obtain

’7t+1ﬁ7(t+1) =(1+j)787",

where

FEM?%@]

1—i—jz[ Ia

which becomes equation (3.30). By arguments analogous to those for o = 0, if the steady

state is incentive-constrained, then 1 + j € (0, %) . Notice next that, if VbD (k,b) = 0, then
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condition (3.71) can be written as

& =& 1+78"E,

which implies 7, = 0 through equation (3.28) . Therefore, V;” (k, b) must be strictly negative

at incentive-constrained steady states. In particular, for 145 € (0, %), VbD (k, b) must satisfy

%(EF) > VP (k,b) > % {E+ (%1> F] (3.72)

More precisely, in order to have 14+ j >0 and 1+ j < %, we require that

1 v (c) (fi (k1) — w)

D
5|0 gw (o) htkd Loy rep| B B BT

and

1
‘/I-JD (kvb) > —=

: (3.74)
Bla+e)w—(1—0o)f (k1) (

' (¢) (fi (k1) — w)
—(5-1) o (52) fi (k)

s

respectively. l

Proof of Lemma 5

The proof of Lemma 4 shows that a real number j exists such that v,67" = (1 + 5)"v,. If
1+ j belongs to (0,1), then v,6~" approaches zero and, in turn, [14 87" (y % 3),] converges
to a positive constant. Using conditions (3.25) and (3.28), we obtain that both &, and 7,
become constant. Moreover, thanks to condition (3.27), (1, + &;) (% — fr (K, l)> approaches
zero and, thus, 7% = 0 at the steady state. The condition 1+ j € (0,1) for zero capital taxes

at incentive-constrained steady states can be written as

1 1
—5(E-F)> ViP (k,b) > -55
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where F and F' are defined in equation (3.71). More precisely, in order to have 1 +j > 0

and 1+ j < 1, we require condition (3.73) and

[ (O Uk]) —w)
Bl0row-U-o) kD]’

VE)D (kvb) > = (375)

respectively. l

Proof of Lemma 6

First, we must show that given a policy plan I1™, the continuation allocation of F™ solves
the individual’s problem (3.36) for every history h;. Note that the solution of problem (3.41)
for (k¢, by; ) at date t+j for j > 1 coincides with the solution of (3.39) for (kiy1, bit1) from
date t + 1 on. Then, the policies that solve problem (3.41) are m; and, by the recursivity of
(3.39), those generated by II" for date s > t. As a result, the policies that solve problem
(3.41) are exactly the policies that the consumer faces when solving (3.36). Moreover, given
that constraint (3.3) holds for all dates s > ¢ for problem (3.41), then equations (3.37)
and (3.38) are both satisfied. Hence, the allocations generated from F™ are the optimal
response to that policy. Thus, they solve problem (3.36) .

Second, we must prove that, given the allocation rule F™, the continuation policy
of IT" solves the government’s problem (3.34) for every history h;—1. It suffices to show that
no deviation improves welfare. This means that, if individuals follow the allocation rule F™
and the government policies from date t + 1 onwards are generated from II™, then there is
no policy 7y at date ¢ which satisfies the budget constraint (3.35) and improves welfare. By

construction of II" and F"™, this is the case since they satisfy constraint (3.40). W
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Proof of Lemma 7

In order to characterize the Markov equilibrium (II", F™), we will focus on the govern-
ment problem (3.39) yielding II"™. Since the pair (II", F™) is a sustainable equilibrium,
the sequence {ds, 7}, that solves the government problem at date ¢ must solve the
government problem at date ¢t + 1, and at any arbitrary date s > ¢. We will show that the
equilibrium (II", F™) satisfies a; = 0 for all dates s > ¢+ 1. If the initial savings are strictly
positive, that is, a; > 0, the optimality conditions imply that r; = ry,. First, suppose that
the government at date ¢t chooses rmi, at all future dates s > t + 1. If ry;, is sufficiently
close to zero, the first-order condition (3.5) of the individual implies a; = 0 for all dates
s > t+ 1. This result holds because the production function satisfies an elasticity of substi-
tution between capital and labor greater than one. Second, suppose that the government
problem at date s chooses some rs > Tnin, which gives rise to an optimal as > 0. When
the economy is at date s, the government problem (3.39) yields a first-order condition for
the initial after-tax return implying that rs; = ryi,, which violates the incentive constraint
(3.40) for the government problem (3.39) at date t. Hence, for an arbitrary date ¢, the
pair (II"™, F™) satisfies as = 0 for all dates s > ¢ 4+ 1. Moreover, given the non-negativity

constraints for capital and debt, this implies ks = bs = 0 for all dates s > ¢+ 1. B

Proof of Proposition 7
For utilities that are linear in consumption, that is, ¢ = 0, Appendix 3.7.1 showed the
following results. First, 7t € (O, %ﬂ_) holds. Second, if VkD (k,b) > %, then 7% > 0 at

incentive-constrained steady states. If VkD (k,b) < %, the inequality is reversed. W
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Proof of Proposition 8

We show first that o [£,,, — &] > 0. Solving for &, in equation (3.53), we obtain

§t+1 =P Ko - RtQ] . (3-76)
Here we have

P=

A+e)w—(1—0a)filk])+o(E)f (k:,l)]
U(%) fl(kvl) 7

w' (c) (fi (k1) — w)
g (%) fl (kv l)

Re=P ' [14+87 (v B)o] + P [L+ 87 (y*B),] +- + P 1 +87 (v %B),],

Q=

Y

with P > 0, Q > 0, and R; > 0, which is increasing in time. If P <1, then ¢, ; converges
to a negative number. Therefore, P > 1 must be satisfied. Next, equation (3.76) implies
(1+¢e)w—(1—0) f;(k,1) >0 and, thus, 7’ € (O,min [‘{T‘f, 1}) .

We next characterize the capital tax. First, given that [§t 11— ft] > 0, a solution
for Lagrangian (3.13) requires [&;; —&] < % (& — & 1] Second, from equation (3.22),

()
From Appendix 3.7.1, it results that, if V;P (k,b) — %u’ (c) >0, then 7 > 0. W

we get that <1 + L) > % Thus, Z < 0 holds, where Z is defined in equation (3.54).

Proof of Proposition 9
For o = 0, Appendix 3.7.2 showed that 7! € (o, r)
We will next show that, if ryn < % — 1, then the necessary condition (3.32) for

incentive-constrained steady states does not hold. As a result, Lemma 3 implies 7% = 0.
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Using equations (3.8), (3.31) and (3.62), we can write condition (3.32) as

7 1 7!
T'min (m) = B <m> . (3.77)

First, we know that rp, < % Second, we will show that, if 7y < % —1, then [¢ > [, which

implies 7 < 1. Combining equations (3.22) and (3.23), we obtain

l l_ e+1 —
ﬂk+(ﬁ 1>b+l +G=f(k1). (3.78)

Using constraints (3.60) and (3.61), we find
d e+1 d
Fin (k- 8) + (1) 4 G = f (k17). (3.79)
From inspection of equations (3.78) and (3.79), it results that, if

Panin (k4 b) < %k: + (% - 1) b, (3.80)

then (¢ > 1, which implies A< through equation (3.8). Hence, if rpi, < % — 1, then
71" < 7! and, therefore, condition (3.77) does not hold. As a result, it follows that the

steady state must be incentive-unconstrained and, thus, 7% = 0. W

Proof of Corollary 2

Since rmin < %, if b = 0, then equation (3.80) is satisfied for all 7y, . B

Proof of Proposition 10

Equation (3.28) implies that o [¢;,; — &] > 0 holds and, thus, 7! € (0, min {‘{TJFE, 1} )-

The proof of Lemma 4 showed that incentive-constrained steady states require

ViP (k,b) be strictly negative and belong to the range specified by (3.72). If rym = 0,
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the system (3.60) — (3.61) implies that Vi” (k,b) = 0. As a result, the steady state is
incentive-unconstrained and, by Lemma 3, 7% = 0.

We proceed next to show that, if (ﬁ) (%) > rmin, then incentive-constrained
steady states satisfy 1 + j € (0,1). Using equations (3.62) and (3.8), condition (3.75) for

14 7 < 1 at incentive-constrained steady states becomes

1 u () 7t
(( (3.81)

3 s+w—u+@ﬂ>>%“ (4 0)— (1+ &) 7 — orgn ()

Inequality (3.81) can be written as

1 o (c) T 1 u ()T §
5<a+@uﬂ><1w)>6<u+@@—ﬂﬂ—u—aﬂ "
where
oy 1 1-7") - (1-0
Y:[Tminzf (cf)] ( +si( )-(1-9)
Fu (c) (1+¢) (1 — 7l ) —(1—=0) — 0rmin (%)

In order to show that inequality (3.81) holds at incentive-constrained steady states,
that is, 14 j € (0,1), we proceed in two steps. First, we prove by total differentiation that,
if % — 1> rmin, then ¢ < ¢ and 78 > i, Second, we show that Y < 1 holds whenever
(ﬁ) <%> > Tmin- Let us denote by A} the change in ¢ from the best sustainable

consumption to the consumption after a deviation at date ¢. Thus, A} > 0 means ¢ < ctd.

Combining equations (3.23) and (3.61), we get

g (k,zf) >c— f(k1). (3.82)
Since Tmin < % — 1, equations (3.22) and (3.60) allow us to write

o 1+
. (c;;l> (zf) T <o It (3.83)



114

Equations (3.82) and (3.83) imply the following two inequalities:

A: = ik 1) F >0, (3.84)
wl " .
<1 - a7> AL —(1+e)wh; <0. (3.85)

l
If 1 — a% > 0, then inequalities (3.84) and (3.85) imply I < ¢ and ¢ < ¢? and, in turn,

l
7 > 7. Consider next 1 — o— < 0. Since 7! = 1 — (7% /fi(k,1)), we can write
c

(i) P - (53]

with the following sign:

sign (dTl) — —sign <aw7ldc + <5 - <%)) wdl) . (3.86)

Here — ((fy (k,1)1) /fi (k,1)) < 1 because the elasticity of substitution between capital and
l

labor is greater than one. From 1 — aw? < 0, it follows that

ol _

Af>— | Te =
L= 1+e)w

AE. (3.87)

Combining equations (3.84) and (3.87), we can write

AL > —fi (kD) A > =A%,

which implies

(;> [fl (k1) <a%l - 1) +(1+e) w} AL >0,

(14+¢e)w
The previous inequality means that A} > 0, that is, ¢ < ¢?. Concerning labor, there are

two possibilities, namely, | < % or [ > 9. If | <19, then it is clear that 7! > 7. Consider
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[ > 14, that is, A} < 0. Using equations (3.86) and (3.87), we can write
sign (—AY) = sign <aw7l A%+ (5 - <%>> wAZ‘) >
sz’gn( —(1+4¢) (U;w?l 1) + <5 <%))] wA7> .

If A7 <0, then sign (—AL) > 0 and, thus, again 7% > i Hence, if % — 1 > rmin, then

c<cand 7 > 7
We will next show that, given previous results, {ﬁ} {%} > Tmin implies that

Y < 1. We can write condition Y < 1 as

d
Cy

rmint (¢ — Lo/ (¢
OTmin <kt+bt> < [ ( t) s ( )

Using equation (3.74), we get

[(1+s) (1f7ld> —(1—0)} >a{%1] (ktjbt) (3.89)

as 7. > 71", Combining equations (3.88) and (3.89), we obtain

oo < (£) 1= [% o (Z(—(?H ,

which is satisfied whenever

< [52][(5) v -0 (52)]

Since ¢ < cd, it results that <ﬁ> (ﬂ> > rmin is a sufficient condition for Y < 1 and,

B

thus, for zero capital taxes at incentive-constrained steady states. B
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Chapter 4

Time-Consistency of Optimal

Fiscal Policy in an Endogenous

Growth Model

4.1 Introduction

This paper studies the time-inconsistency problem of optimal fiscal policy and
the role of debt restructuring for an economy with private capital and endogenous growth
achieved via public capital. This is an interesting framework for addressing time-consistency
issues. In a growth model future allocations are, first, mostly driven by the future possi-
bilities of growth and, second, they are more important for welfare. Given the relevant
role that the government plays in the growth process, it is crucial to make the announced

policy time-consistent. Since the capital levy problem makes debt restructuring unable to
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solve the time-inconsistency problem, we consider a zero tax rule on capital income. More
precisely, the current and future governments choose the optimal policy subject to a zero
capital tax constraint at all dates. In this case, the time-inconsistency problem of capital
taxation prevails since the efforts of satisfying the zero capital tax rule are very high in the
short-run but low in the long-run. We show that the careful management of public debt
can make the policy subject to this restriction on capital taxes time-consistent. We char-
acterize the distinctive properties of debt restructuring for economies with private capital
and endogenous growth.

An optimal policy selected by a government at a given date is time-inconsistent
when it is not longer optimal when reconsidered at some later date, although no relevant
information has been revealed. The time-inconsistency problem of optimal fiscal policy
arises in very general frameworks. In particular, in a representative agent model with a
benevolent government, the optimal policy is time-inconsistent when the government has
no lump-sum taxes at its disposal. As Faig (1994) made clear, different endowments call
for different policy plans and, once these endowments have changed, the government has
incentives to change the policy plan in order to set a less distorsionary taxation. Capital
taxes illustrate very well this problem. As Chamley (1986) showed, a government should
promise low future capital taxes in order to encourage investment. However, once this
investment has taken place, the current capital income is a pure rent and should be taxed
heavily. Therefore, taxing the future capital income is distorsionary, whereas taxing the
current capital income is not distorsionary. This is known as the capital levy problem.

Moreover, labor income taxes have a different degree of distortion depending on the planning
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date. The optimal labor tax rate for future dates must take into account how this policy
affects the capital accumulation in the time interval. However, once the capital investment
is bygone, these effects are not taken into account. Therefore, the optimal labor tax rate
is different from the announced policy. In view of these incentives to deviate from the
previously selected policy, governments face a credibility problem. In the absence of full-
commitment, the optimal policy cannot be implemented and this time-inconsistency leads
to a welfare loss.

In a seminal paper Lucas and Stokey (1983) showed that the optimal policy could
be made time-consistent if governments commit to honoring debt and this debt is issued
with a sufficiently rich maturity structure. For a barter economy with exogenous public
spending and no capital, they showed how the careful selection of the maturity of debt
indexed to consumption could provide the right incentives to future governments so as
to continue with the announced policy. This method has been called debt restructuring.
Persson and Svensson (1986) and Faig (1991) extended this method to open economies.
Alvarez, Kehoe and Neumeyer (2002) solved the time-inconsistency problem of labor taxes
and monetary policy through debt restructuring. Faig (1994) made the optimal fiscal policy
time-consistent through restructuring debt indexed to consumption and indexed to leisure
for an economy with endogenous government consumption and public capital. Zhu (1995)
showed that the careful management of the maturity of debt indexed to consumption, to
the after-tax wage, and to the after-tax return on capital could solve the time-inconsistency
problem for an economy with private capital. However, this private capital was not the

standard stock of private capital, but it was assumed to have an endogenous rate of uti-
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lization so that it was never in inelastic supply. For an economy with a standard stock of
private capital, can debt restructuring solve the time-inconsistency problem? The issues
of debt with different maturities can outweigh the different degree of distortion that the
labor tax has depending on the planning date. However, the management of debt cannot
change the non-distorsionary nature of the capital tax at the initial date. Therefore, debt
restructuring cannot solve the time-inconsistency of optimal policy for economies with a
stock of private capital. This problem has been widely recognized by the literature, and it
has led to limit the debt restructuring method to quite simple models. Among them, we
find models that have no private capital and display no growth. However, no solution and
no appropriate measure of how important is this problem have been provided yet.

This paper investigates the time-inconsistency problem of optimal fiscal policy,
abstracting from reputational issues, for an economy with private and public capital. The
economy is modeled in an endogenous growth framework where public capital is not only
essential for production, but it is also the engine of growth.! We assume that governments
commit to honoring debt. We first study the policy under full-commitment. In the absence
of full-commitment, this policy cannot be made time-consistent through debt restructuring
because of the capital levy problem. Following Kydland and Prescott (1977), a natural
solution could be to rely on a constant tax rate at all dates. In particular, we consider
a zero capital tax rule. We find the full-commitment policy subject to a zero tax rate on
capital income at all dates and show that this policy can be made time-consistent through
debt restructuring. Therefore, we solve the time-inconsistency problem of fiscal policy

through debt restructuring for an economy with private capital and endogenous growth. In

! Aschauer (1989) showed the empirical importance of public capital in private production.
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this framework we characterize how debt restructuring should be conducted. We find three
distinctive properties. First, the presence of the initial capital income makes debt with
one-period maturity have a different behavior with respect to debt with longer maturities.
Second, given that public capital is endogenous, the issues of debt are not contingent on
the stream of government spending. Finally, we find that the amounts of debt can grow
over the issuing date but not along the maturing date.

We find that debt restructuring cannot make the optimal capital tax policy time-
consistent, but it can make a zero capital tax rule credible. The implications of the zero
capital tax constraint are twofold. First, the initial zero capital tax enters into the govern-
ment problem by shifting the amount of resources that must be raised through distorsionary
taxation all over the life-period. Second, the future zero capital taxes translate into an ad-
ditional constraint fixing a relationship between current and future consumption. This
constraint is binding in the short but not in the long-run. These implications affect differ-
ently the current and the next government. The next zero capital tax has a first effect on
the next government, but a second one on the current government. Moreover, the future
zero capital taxes distort more the next than the current government. As this paper shows,
the current government can outweigh the incentives to deviate that come from the next
zero capital tax by issuing negative debt indexed to consumption with one-period maturity,
which enters directly into the present value budget constraint of the next government. In
addition, we show that the incentives to deviate from the announced policy for the future
dates can be balanced through the issues of debt indexed to consumption and to after-tax

wage for all future maturities.



121

The restriction of zero capital taxes at all dates allows us to find a policy plan
that is time-consistent. However, this policy implies a welfare loss by comparison with
the full-commitment policy without the zero capital tax restriction. The results of Chari,
Christiano and Kehoe (1994) suggest that this welfare loss could be large. In a model with
exogenous government spending and no growth, they showed that about 80% of the welfare
gains in a Ramsey system comes from the high taxes on the initial capital income. To
compute the welfare differential in our framework, we use numerical solution methods. We
find that the time-consistent policy is quite close to the full-commitment policy without the
restriction of zero capital taxes in terms of both growth and welfare.

The rest of the paper is organized as follows. Section 2 presents the model. Section
3 solves the policy plans under full-commitment and under debt restructuring. Section 4
concludes with a summary of the main findings. Finally, the Appendices include proofs and

explain the numerical solution method.

4.2 The Model

Our economy is a version of the endogenous growth model with public spending
of Barro (1990). This version departs from the original model in modelling the government
policy. We consider that government spending takes the form of public investment, which
can be financed through time-variant tax rates on labor and capital income and through
debt.? We assume that public debt can be issued with a sufficiently rich structure in terms

of maturity calendar and debt-type variety. More precisely, the government at date ¢ can

2The first-best allocation would be attainable if the government could levy taxes on consumption, capital
income, and labor income. In that case, the time-inconsistency problem would obviously disappear. As usual
in this literature, consumption taxes are excluded so as to ensure distorsionary taxation (see Zhu (1995)).
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issue sequences { ¢1105, ¢++10%} o=, 1, which enter in the economy at the end of date ¢, of
claims on debt indexed to consumption and to after-tax wage at date s > t+1, respectively.?
Through the issue of these types of bonds, the government promises debt payments, interest
and principal, which can be respectively viewed as additional units of consumption and net
labor income that the individual receives at some future date.*

We consider an infinite-horizon economy populated by identical individuals. Each
individual is endowed with a given initial capital kg, initial debt claims maturing at date
t > 0, and one unit of time per period that can be either devoted to leisure 1 — [; or to
output production l;. The representative individual derives utility from consumption ¢; and

leisure so that his objective is to maximize the sum of discounted utilities
Z B'U (ct,1—1p), (4.1)
=0
with 8 € (0,1). The utility function U(-,-) takes the following form:
U(Ct,lflt):91H6t+(1*9)1n(1*lt), (42)

where 6 € (0, 1) measures the importance of consumption relative to leisure. Taking prices
and the government policy as given, the consumer maximizes his welfare (4.1) subject to

the budget constraint

pufect b+ 30 B (b= b9+ Y P (bt - bY)| <
s=t1 Pt s=t+11t
Dt [ ibf + (1= 7w [l + b} + Rtkt:| ; (4.3)

3If debt were indexed to before-tax wage, a government could default on debt payments through changing
the labor income tax rate. Hence, another source of time-inconsistency would appear. Therefore, we consider
debt indexed to after-tax wage. This variety of debt can be also found in Faig (1994) and Zhu (1995).

“Debt indexed to consumption can be identified with Treasury Inflation-Protected Securities that are
issued with a 5-, 10-, and 30-year maturity by the U.S. Treasury since 1997. These securities vary with the
consumer price index. We may identify debt indexed to after-tax wage with the promise of future social
security pensions, which are closely linked to the wage rate.
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and the no-Ponzi-game conditions
o0 o0
Jim D 7 pe b =0, lm Y page Y =0, lim prkigy = 0. (4.4)
s=t s=t
Here p; is the price of a final good at date ¢, ¢; is the price of a bond indexed to after-tax
wage in terms of final goods at date t, wy is the real wage received for the fraction of time
that the individual devotes to work at date ¢, Té is the labor income tax rate at date ¢, R; is
the gross return on capital, after tax Tf and depreciation 0, rates, and r; is the net return

on capital at date t, that is, R = (1+ (1 — 7F) 74 — &)). The first-order conditions for this

optimization problem are the following:

UJ; (Ct,lflt) o 1
R (1 Tt> w, (4.5)
Uc (Ct, 1-— lt) k
= 1 1-— - 4.
TACERE) 8 ( + < Tt+1> Tt+1 5k> ; (4.6)

Uc (Ct 1— lt) Pt
- 2 and g = (1-7! 47
Ue(co,1=1o)  po’ ane < Tt) o (4.7)

where U, (¢, 1 — ;) and Uy (¢, 1 — 1) denote the marginal utility with respect to consump-
tion and leisure, respectively. Following this notation, second-order derivatives of the utility
function will be denoted by Uc,¢,, Ue,z, and Uy, s,

The public investment accumulates over time and amounts to the stock of public
capital g; that depreciates at a rate ¢4. This public capital satisfies the next assumptions.
First, public capital is publicly-provided. Second, for the purpose of ongoing growth, public

investment is tied to production in the following way:

gi+1 — (1 = 0g) 9t = 41, (4.8)

with 0 < ¢, < 1 set optimally by the government. Condition (4.8) provides an accumulation

rule for public capital that is independent of the accumulation of private capital, allowing
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thus for transitional dynamics. In addition, public capital must satisfy the government

intertemporal budget constraint

Z pezot = 0, (4.9)
=0
where
20t = [Tiwtlt +rFriky — (ges1 — (1—85) g1) — ob§ — obﬂ : (4.10)

which is the government “cash-flow”. This cash-flow (4.10) at date 0 equals

Z o (obe — 109) + 3 B (0b? — 102, (4.11)
— Po — Po

which can be viewed either as the excess of tax revenues over public spending and debt
payments or as the real value of the net issue of new debt at date 0. In order to allow for
sustained constant growth in the long-run, the initial inherited debt { obf, ob}’};>, must
satisfy that both &+ L and ob}’ become constant in the long-run. Given the initial exogenous
conditions gb§ and by’ and the endogenous varlable , we assume that hm 0by’ = Ky and
tli)rgo ob§ = K., where k. and k,, are arbitrary finite numbers. The latter is assumed in order
to assure that £ becomes constant under any possible growth process.’

In this economy there is a final good that is produced through the following tech-

nology:

ye = f (ke b, ge) = Akf (lege)' ™, (4.12)

where A > 0 and « € (0,1). This production function exhibits diminishing returns with

respect to each factor but constant returns with respect to k; and g; together. Hence, public

5Notice that, if we had assumed that the initial inherited debt had a maximum finite maturity, ob¢ would

[0]

. be . .
have become zero in the long-run, and so would have done =k Under our assumption of lim oby’ = Kk we
t— oo

allow for asymptotic ¢bf different from zero that are consistent with sustained constant growth.
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capital is an essential input that enhances both private capital and labor marginal products
and allows for endogenous growth.
A representative firm produces the final good and maximizes profits given factor

prices. The necessary conditions for this optimization program are
1t = fr, and wy = fi,, (4.13)

where fi, and f;, denote the marginal products of capital and labor at date ¢, respectively.
A similar notation will be used for other derivatives of the production function.
Given that the final good can be either consumed or invested, the resource con-

straint can be written as
et + ki1 + ge1 < AR (Lige) ™ 4+ (1= 6k) ke + (1 — 8g) g1 (4.14)

In what follows we define a competitive equilibrium for this economy:

Definition 10 Given the policy {gt+1,71]§,7'é}20, the initial debt { ob§, ob}’}io, and the
initial public capital go and private capital ko, an allocation {cy,ly, kit1}o is a competitive
equilibrium allocation if and only if there exists a price sequence {py, qi, T, Wi tio such that:
(i) the representative individual mazimizes his welfare (4.1) subject to the budget constraint
(4.3) and the no-Ponzi game conditions (4.4); (i) factors are paid their marginal products

according to equation (4.13); and (i) all markets clear (equation (4.14) holds with equality).

4.3 The Policy Selection

Once the behavior of private agents has been described, we turn to the policy

selection. First, we analyze the policy under full-commitment. Next, we compute the
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optimal policy under some restrictions and show that debt restructuring can make this
policy time-consistent. Both policies are characterized analytically in the short and long-
run. Finally, in order to make growth and welfare comparisons, we use numerical solution

methods.

4.3.1 The Full-Commitment Policy

For the time being, we assume that future governments commit to the policy
chosen by the initial government. Once the government at date 0 selects a plan for all dates
t > 0, future governments will be bound to set the policy that is the continuation of the
original plan chosen at date 0. This assumption can be viewed as a full-commitment among
the successive governments that makes the optimal policy planned at date 0 sustainable.

Before we setup the government optimization problem, we describe the policy and
the competitive equilibrium. When the government chooses a policy, capital and labor tax
rates can be positive or negative and can vary over time. However, we assume that capital
tax rates are bounded upward by unity.® This restriction translates into T’S <1 at date 0

and the following equation:”

UCt > /gUCH»l (1 - 6k) ) (415)

at all dates ¢ > 1. Among the conditions for a competitive equilibrium, the following

5This upper bound can be justified by means of limited-liability, that is, there is a limit to the capital
income that can be taxed.
"This equation results from combining 7F < 1 and the first-order condition for capital (4.6).
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transversality conditions must be satisfied:
Jim 3" B0, B =0, lim Y UL, (1 - Tls) fio ¥ =0, lim B0y =0, (4.16)
s=t s=t
Jim BUe,gi+1 = 0. (4.17)

Adding the budget constraint (4.3) over time and plugging the transversality conditions
(4.16) and the first-order conditions (4.5) — (4.7) and (4.13), we obtain the implementability

condition
> B (er = o) Ue (et 1 = 1) = (b + 0b}") Uz (ct, 1 — 1)) < WoUe (co, 1 —lo),  (4.18)
=0

where W)y is the individual’s initial capital income, that is Wy = Rgkg.

The government at date 0 chooses the initial tax rate on capital income 75 and the
sequences {cg, I, ki1, gr+1 } oo SO as to maximize the welfare of the representative individual
(4.1) subject to the resource constraint (4.14), the implementability condition (4.18), the
upper bound on capital tax rates (4.15) and 7& < 1, the accumulation rule for public capital
(4.8), and the transversality condition (4.17), given initial values for debt { ¢bS, ob¥ }o , and
for private ky and public capital go.?

The solution of this problem satisfies constraints (4.14), (4.15), (4.17) and (4.18),

and the next first-order conditions for consumption, labor, private and public capital:

o = Wel(ew,lt, obf, 0bf,0,,Xo0), (4.19)
futtor = Wa (e ly, obf, b, 0,, o), (4.20)
for = Bpiopsr (L+ frepr — k) (4.21)
Moy = ﬂMOtH (1 + fgt+1 - 59) . (4.22)

8When equations (4.14), (4.17) and (4.18) hold, the government budget constraint (4.9) is satisfied.
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In these first-order conditions we have
We, = (1+2X0) Ue, + Ao [Ueye, (et — 0bf +6,) — Uey, (e + 0]
Wa, = (14 X0) Uz, + Ao [Usye, (¢6 — 0b§ +0,) — Ugya, (It + 0b})]
and
—Wo + %2, for t =0,

0, =
)\LO (¢Ot - (1 - 6k:) Qsotfl) y for t > O’

where piy;, ¢o; and Ao are the Lagrange multipliers associated with constraints (4.14), (4.15)
and (4.18) at date t, respectively.® Since initial capital revenues are pure rents, the initial
capital tax rate is obviously one. The remaining optimal tax rates are obtained from the
first-order conditions (4.5) and (4.6).

Given that we will next study the transition and the properties of the balanced

growth path (BGP), we first define the following:

Definition 11 A balanced growth path is an optimal solution {ct,l;, kit1,9:t+1} of the gov-
ernment optimization problem for some initial conditions of debt { obf, ob}’}i=, and public
go and private capital kg such that l; is constant and ¢, ki1, and giy1 grow all at the same

constant rate.

The transitional dynamics of this model can be attributed to a number of factors,
namely, the individual’s initial wealth, the upper bound on capital tax rates, and the initial
private to public capital ratio. The first two factors are clearly embodied in the first-order
conditions (4.19) — (4.22) . First, the initial capital income Wy affects directly decisions that

involve variables at date 0 through conditions (4.19) and (4.20) and indirectly decisions at

9As pointed out by Lucas and Stokey (1983), second-order conditions are not clearly satisfied because
they involve third and second-derivatives of the utility function. Therefore, we assume that an optimal
solution interior exists.
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all dates through equation (4.18). The initial debt structure { obf, ob}"};, affects directly
decisions at all dates. Second, the decisions are taken differently depending on whether the
restriction on capital taxation (4.15) is binding or not. Finally, the ratio of private to public
capital generates transitional dynamics because this ratio cannot adjust instantaneously to
its steady state value. This property comes from the specific production function (4.12)
and from the fact that private and public capital follow independent accumulation rules.
In the following proposition we describe the dynamics of the labor tax rate, the
consumption growth rate 7., and labor to their corresponding steady state values (marked

with an ss subscript):

Proposition 11 If {c;,l;, ki41}og and {gt+1,7£,7f}z0 are respectively the optimal allo-
cation and the optimal policy under full-commitment, then v, < v, for all datest > 1
where TF = 1.

Moreover, let (ko /go) be close enough to its steady state value and gb}’ = Ky and
ob§ = ke =0 for all datest > 1, then

(1) It < lss and 7; < 75 when (ke [ge) 2 (Kos /gss) 3 le 2 Uss when (ke /g¢) < (Kss /ss) -
provided 1 > 64 > 63, > 0.

(i) 74 < 7L, when ly < lgs, and (k¢ /g¢) = 7% for any ly, provided 1 > 64 = &}, > 0.

(#i1) Iy < lss and 7} < 74 when (ki [g1) < (ss /gss) 5 le > Lss when (ke /gr) > (Kss /ss)

provided 1 > 63, > 64 > 0.

Proof. See Appendix 4.5. m

Proposition 11 characterizes the dynamics of the full-commitment policy and al-

location under different assumptions. Those requirements reduce the sources of transition
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to the upper bound on capital tax rates (4.15). During the first periods of transition, this
restriction is binding and the capital tax rate is equal to one. In that time interval the
economy exhibits a lower growth rate. The transition also includes some periods in which
this upper bound is not binding because lag values of ¢, enter into the necessary conditions
(4.19) — (4.22). In this case we can also describe the dynamics of the labor income tax rate
and labor. However, neither the sign of the capital tax nor the dynamics of the consumption
growth rate can be determined for those periods. These transitional dynamics lead to a

BGP, which is characterized as follows:

Proposition 12 If{Tf, Té}:io is the optimal taz policy under full-commitment, then 75, =0

and
1+ ob¥, be
l >\0 |: 17(1)33 B <%>ss}
Tss = TRCAR
1+ X [ T_(l)ss }
at the BGP.

Proof. See Appendix 4.5. m

We obtain the Chamley’s (1986) result through Propositions 11 and 12. In the
short-run the capital income should be taxed heavily. However, the optimal capital tax
rate is zero at the BGP. Propositions 11 and 12 describe the optimal policy planned by the
government at date 0. Is this policy sustainable? Under full-commitment, the optimal policy
is sustainable independently of the debt structure. The government decides the amount of
debt to issue such that the budget constraint (4.9) is satisfied, but it is indifferent about
how to allocate this amount of debt among the different maturities or types. Indeed, the

government could conduct the optimal policy by issuing only one-period debt indexed to
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consumption. However, in the absence of full-commitment, future governments will have
incentives to select a continuation policy different from the announced plan. Thus, the
policy plan chosen at date 0 becomes time-inconsistent.

The incentives to deviate from the announced policy come from the possibility of
re-optimizing taking into account the new endowments. These incentives take two forms.
First, once savings decisions have been taken, the government would find optimal to default
on the current debt payments and to tax the initial capital income as much as possible.
Second, given that taxes have a different degree of distortion and that the debt obligations
are different, the optimal policy does not longer coincide with the announced plan. We
assume that governments commit to honoring debt, but the other remaining forces are still
active. Given these incentives to deviate, the optimal policy planned at date 0 is time-
inconsistent. Moreover, as we have already argued, debt restructuring cannot make the

optimal capital taxation credible because of the capital levy problem.

4.3.2 The Policy under Debt-Commitment

From this section on, we assume that future governments can reconsider both
taxation and spending plans, but they commit to honoring debt and are free to redesign
the public debt that will be inherited by the next period government. In this framework we
investigate under which conditions an optimal policy can be made time-consistent through
debt restructuring. The resulting policy will be named the policy under debt-commitment.

A possible and natural solution is to restrict the policy to a capital tax rule. Then,
we find the full-commitment policy under this rule and study whether this policy can be

made time-consistent or not. In principle, the capital tax rule could be set at any arbitrary
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value. Following Lucas (1990) and the efficiency of zero capital taxes in the long-run, we
propose a zero tax rule on capital income. Therefore, the current and future governments
choose their policy subject to a constant capital tax rate equal to zero for all dates. This

restriction on capital taxation can be written as 7§ = 0 at date 0 and as follows:'°

UCt = /8U0t+1 (1 + fkt+1 - 6k) ) (423)

at all dates ¢ > 1. The initial zero capital tax affects the implementability condition (4.18)
by increasing the revenues through distorsionary taxation that the government must raise
over its life-period. Moreover, given the different incentives to tax capital in the short and
in the long-run, the costs of satisfying the capital tax restriction (4.23) are very high in the
short but low in the long-run. Therefore, under a capital tax rule, the time-inconsistency
problem of capital taxation does not disappear. We know from the previous section that
debt restructuring cannot make the optimal capital taxes credible. The question now is
whether debt restructuring can make a zero tax rule on capital credible or not.

We next define the government optimization problem. The government at date
0 chooses the sequences {ct,lt, key1, gt+1}?i0 so as to maximize the welfare of the repre-
sentative individual (4.1) subject to the resource constraint (4.14), the implementability
condition (4.18), the zero tax rate constraint on capital income (4.23) and 7§ = 0, the accu-
mulation rule for public capital (4.8), and the transversality condition (4.17), given initial
debt { obS, ob¥}oo, and initial private ko and public capital go.

The solution of this problem is determined by constraints (4.14), (4.17), (4.18)

and (4.23), and the following necessary conditions for consumption, labor, private capital,

YIntroduce 7§ = 0 and equation (4.13) into the first-order condition for capital (4.6).



and public capital, respectively:

Hot = WC (Ctalt7 0b§7 szﬁu7ect7>\0)7
fltlu[)t = Wy (Ct7lt7 Ob;::, Ob;fua@xm)‘[))v
:U’[)t = ﬂ/"l’[)t—‘,—l (1 + fkt+1 - 5]1:) - /Bg[)tka,lktJrl Uct+17

Moy = 5M0t+1 (1 + fgt+1 - 69) - ﬂEUtfkt+1gt+lUCt+l7

where
Wct = (1 + A0) UCt + Ao [UCtCt (Ct - Ubg + ®Ct) - Uctfft (lt + Ob;fw)] )
Wmt = (1 + >‘0) Uxt + >‘0 [Ufrtct (Ct - Obf + ext) - Uxtfrt (lt + sztu)] ’
with
~Wo + 42, for t =0,
@Ct =
)\_10 (§0t — (1 + fr, — 6/€)§0t71) , for t >0,
and

Wy + %\m — fklo#’hk’o, for t =0,
@xt — 0 crTy

Uc
)\_10 (fo:e — (L + foo = 6k) Sot—1 — frule Wit%tq) , for t > 0.
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(4.24)
(4.25)
(4.26)

(4.27)

Here po;, Ao and &g, are the Lagrange multipliers associated with constraints (4.14), (4.18)

and (4.23), respectively.!! We obtain the optimal labor tax rates from the first-order con-

dition (4.5).

We describe next the transition towards the steady state. This transition is driven

by the effect of the initial wealth, the zero tax rate constraint on capital income, and the

private to public capital ratio. We characterize the transition as follows:

1 As in the previous section, we assume that an optimal interior solution exists.
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Proposition 13 If {c, I, ki1t and {gtH, Té}zo are respectively the optimal allocation
and the optimal policy under the zero taz rate constraint on capital income (4.23), then close
enough to a BGP it holds that

(@) 74 < Thor Ve < Voo, when (ke /g1) = (Kss /gss) and Iy < lys; and Iy > s,
Yer = Veo. When (ki /gi) < (Kss /gss) provided 1 > 64 > b > 0.

(43) T4 < 7L, when l; < lss provided 1 > 6y =0 > 0.

(ii3) Tt < 7L, and Iy < lss when (ki /g1) < (kss /gss) provided 1 > & > 64 > 0.

Proof. See Appendix 4.5. =

Proposition 13 describes the dynamics of the allocation and policy around a BGP.
Here the sources of transitional dynamics amount to the zero tax rate restriction on capital
income (4.23). The dynamics of labor and the labor tax rate for this policy are similar to the
dynamics of these variables for the policy of the previous section, described respectively in
Propositions 13 and 11. By contrast, in this case we cannot conclude whether the economy
will exhibit a lower growth rate during the transition or not. This difference clearly hinges

on that now capital income cannot be taxed. At the BGP we obtain the following result:

Proposition 14 If {Té}zo are the optimal labor tax rates under a zero tax rate on capital

imcome, then

14 obgy (b
AO |: I-lss < ss

o]

I _
7—ss -
lflss

at the BGP. Moreover, the zero tax rate restriction on capital income (4.23) is not binding

at the BGP, that is, £, = 0.
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Proof. See Appendix 4.5. m

We characterize the transition and steady state for an economy under a zero tax
rate restriction on capital income in Propositions 13 and 14. An interesting result is that
the restriction on capital taxes (4.23) is not binding at the BGP. This result clearly comes
from the optimality of a zero capital tax in the long-run.

Let us turn now to the time-inconsistency problem. In this section we have ob-
tained the full-commitment policy under a capital tax rule. We wonder if, in the absence
of full-commitment, this policy can be made time-consistent through debt restructuring.
We have assumed that governments commit to honoring debt. However, the changes in the
debt obligations and in the elasticity of the labor supply over time generate incentives to
deviate from the announced policy. Moreover, by restricting our analysis to a zero tax rate
on capital income, the capital taxation problem does not vanish. First, a current capital
tax is non-distorsionary. Therefore, a zero current capital tax increases the amount of rev-
enues that the government needs to raise by distorsionary taxation over its life-period. This
effect is captured by the increase in the value of the Lagrange multiplier Ag for the imple-
mentability constraint (4.18), which can be viewed as the present value of the government
intertemporal budget constraint. Second, future capital taxes are distorsionary, but they
are less distorsionary in the short than in the long-run. As a result, the Lagrange multiplier
o for the zero capital tax rate constraint (4.23) is positive in the short-run but zero at the
BGP, as Proposition 14 shows. The different efforts to satisfy the capital tax rule enlarge
the asymmetry between short and long-run decisions. In the absence of full-commitment,

the next period government would reconsider the spending and taxation plans, and the



136

policy plan at date 0 will be time-inconsistent. This time-inconsistency implies that the
allocation and the policy described in this section cannot be implemented and the final
result would involve a welfare reduction. In order to prevent this welfare loss, we should
study whether debt restructuring can make this policy time-consistent or not. We can then

state the following:

Proposition 15 If the sequences {ct, l, key1}io and {gt+1,Ti}zO are respectively the op-
timal allocation and the optimal policy under the zero tax rate constraint on capital income
(4.23), then it is always possible to choose a debt structure { 1b§, 10}’ };2, at market prices
(4.7) such that the continuation sequences {ct,li, kiy1}oq and {gtH,Té}zl of the same
allocation and policy are a solution for the government problem when it is reconsidered at

date 1. This could be done through the following debt structure:

10y — obf = [— - 1] obf + I, (4.28)

10 — oby = {—O - 1} (o)’ +1) 4+ T}, (4.29)

where

A1k —
) b | (14 fi, —8)), Jor datet =1,
-

0, for all datest > 1,

and

[Rbio] (125) U for datet = 1.

Ct

ry =
0, for all datest > 1.

By induction, the same is true for all later periods.
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Proof. See Appendix 4.5. m

The present value of the new issues of debt at date 0 is obtained from the gov-
ernment budget constraint (4.11) . There are infinite pairs of sequences { 15§, 1b{"};°, that
satisfy this constraint, however just one enables the government to make the optimal policy
time-consistent. Proposition 15 guarantees that under that debt structure, the policy plan
chosen by the government at date 0 will be sustainable. Hence, for economies with private
capital and endogenous growth, the full-commitment policy under a zero tax rate constraint
on capital income can be made time-consistent through debt restructuring.

How is the debt structure that makes the optimal policy time-consistent? For an
economy without capital, Lucas and Stokey (1983) presented some examples to characterize
the optimal issues of debt. They obtained that the debt structure ensuring time-consistency
was contingent on the exogenous government spending and had a constant pattern with
respect to the inherited debt independently of the maturity. In our model this debt structure
cannot be completely characterized because the sign of (A1k1 — &yg) is unknown. However,
we can infer three distinctive properties. First, given that our public spending is endogenous,
the debt structure is not contingent on the stream of government spending. Second, from
inspection of conditions (4.24) and (4.25), it results that the issues of debt indexed to
consumption ,b¢ at date r with maturity ¢ > r can grow over time r. In principle, this
debt could also grow along its maturity ¢. However, from condition (4.28), we know that
rbf becomes constant for long maturities ¢ given that we assumed tli)rgo 0by = Ky to allow
for constant sustained growth. Third, equations (4.28) and (4.29) show that debt indexed

to consumption and to after-tax-wage maturing at all dates ¢ > 1 should follow a constant
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pattern with respect to the inherited debt. However, debt maturing at date 1 should follow
a different pattern. These asymmetric issues of debt reflect the existing asymmetry in the
set of first-order conditions (4.24) — (4.27). This different behavior in the debt maturing
at date 1 shows that, for economies with private capital, the debt structure that ensures
time-consistency must take into account the effect of the initial capital income.

In this section the optimal plan subject to a capital tax rule has been made time-
consistent. However, it is not known yet how desirable is this plan. A related paper to
ours is that by Chari, Christiano and Kehoe (1994), who compared an economy with and
without a zero tax rate restriction on capital income. The economy without this constraint
exhibits high initial capital taxes followed by a zero tax from then on. They found that most
of the welfare gains come from the initial capital taxes. Consequently, they argued that,
since the temptation to deviate from the announced future zero capital taxes is so large,
the time-inconsistency problem of capital taxation must be quantitatively very severe. In
our paper the policy plan cannot make use of capital taxation. This may suggest that our
restricted tax policy, though time-consistent, could imply high welfare losses. In the next

section we use numerical solution methods to answer this question.

4.3.3 Numerical Solution

In order to compare the debt-commitment policy with the full-commitment policy,

12 We use the eigenvalue-eigenvector decomposition

we solve the two policies numerically.
method, suggested by Novales et al. (1999) and based on Sims (1998). This method

consists of the following steps. First, we choose some parameter and initial values. Second,

12 A1l simulations are carried out with the program GAUSS-386.
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the conditions and constraints of the economy are transformed so that they are functions
of either variables or ratios that are constant at the BGP. We find the steady state values,
as Table 4 shows. We linearize all equations around the steady state and find the unstable
eigenvalues. Next, by imposing orthogonality between each eigenvector associated with
an unstable eigenvalue of the linear system and the variables of the system, we obtain
some equations, known as stability conditions. Finally, we impose these conditions into the

original non-linear model and compute a numerical solution.
[Insert Table 4 about here.]

From the parameter values used in the literature, we choose the following. The
discount rate 3 is 0.99. The coefficient A in the production function (4.12) equals 0.48.
The parameter « is 0.25 as in Barro (1990). Depreciation rates for private ¢ and public
capital 6,4 are 0.025 and 0.03, respectively.!> The preference parameter 6 is 0.3 so as to have
reasonable values for leisure. Initial values for private and public capital are respectively 15
and 45. The initial debt takes the value zero for all maturities, that is, ¢b$ = 0 and ¢by =0
for all maturities s > 0.

For the same parameters and initial conditions, we obtain series for the full-
commitment and for the debt-commitment policy.'* Here we report the main results. As
Figure 5 shows, the policy under debt-commitment yields a higher growth rate of consump-
tion in the short-run. In the long-run, the growth rate under debt restructuring approaches
from below the rate attained under full-commitment. The growth rates at the BGP are 3.83

and 3.84 per cent for the full-commitment and for the debt-commitment policy, respectively.

13Since public capital is provided without charge, it is expected to suffer a faster depreciation.
14WWe check the second-order conditions of the corresponding optimization problems in this numerical
exercise.
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[Insert Figure 5 about here.]

This similarity between long-run growth rates suggests that the differences in wel-
fare may not be so dramatic. Numerically, the welfare (4.1) takes values of 76.32 and 73.43
for the full-commitment and for the debt-commitment policy, respectively. By comparison
with full-commitment, the debt-commitment policy involves a welfare reduction of only
3.79%. Therefore, the debt-commitment policy seems quite close to the full-commitment in
terms of both growth and welfare.!> We could question if this result rests on the existence
of the upper bound on capital tax rates (4.15) of the full-commitment policy. Taking the
same parameter values and initial conditions, the full-commitment policy without that up-
per bound yields a 4.27% growth rate and welfare sized by 84.37. In addition, the first-best
policy could allow us to test whether this numerical closeness is significant or not. For the
same set of parameter and initial values, the first-best policy yields a 13.87% growth rate
and a welfare value of 249.21. These results confirm that the debt-commitment policy and
the full-commitment policy are very close both in growth and in welfare terms.

Our results contrast with Chari, Christiano and Kehoe’s (1994) findings. For
an economy with exogenous government spending and no growth, they found that about
80% of the welfare gains are due to the high initial capital taxes. However, we obtain a
welfare gain of only 3.79%. This difference may come from two facts. First, our model
allows for endogenous growth, so future allocations play a more important role for welfare.
Second, our taxes finance a productive public investment rather than an exogenous stream
of government spending. By comparison with lump-sum taxation, our tax structure distorts

the individual decisions and reduces welfare. The zero tax rate restriction on capital income

15This result holds for different changes in parameter and initial values.
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makes the existing tax structure more distorsionary. However, if the government spending
financed through these taxes is endogenous rather than exogenous, the final tax structure is,
intuitively, less distorsionary. Moreover, in the present model public spending may be more
important for welfare than the way of financing it. In fact, the stream of public investment
behaves similarly for the full-commitment and the debt-commitment policy; in the short-
run, the public capital rate of growth is higher under full-commitment, this inequality
reverses in the medium term and, as Figure 6 shows, the two become quite similar in the

long-run.

[Insert Figure 6 about here.]

As Figures 7 — 9 show, the way of financing this spending differs under the two
policies. The tax rates on capital income under full-commitment are very high in the first
periods and zero from then on. Labor taxes are negative in the initial period and positive
afterwards. For the debt-commitment policy, capital taxes are zero at all dates. Labor tax
rates are higher in the short-run and approach the labor tax rates under full-commitment
in the long-run. In order to spread the excess of the burden, governments issue debt in
the following way. In the first period, the policy under full-commitment involves a cash
flow deficit that becomes surplus after few periods. For the debt-commitment policy, the

government has a cash flow surplus, which vanishes in the medium and the long-run.

[Insert Figures 7, 8 and 9 about here.]

Finally, it would be interesting to understand the properties of the debt structure
that ensures time-consistency. As we have just mentioned, the government under debt-

commitment runs a surplus at date 0. Since we depart from zero initial debt holdings, a
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surplus implies that the government issues negative claims. Figure 10 and Table 5 show
how these claims are allocated among the different types of debt and maturities. First,
the government should issue positive debt indexed to after-tax-wage maturing at all dates
s > 1. These issues are higher for debt with one-period maturity and take the same value
for debt maturing at date 2 and later on. Therefore, the surplus is carried out through
issues of negative bonds indexed to consumption. These issues consist of only one-period
debt. Therefore, the government at date 0 issues a negative amount of debt indexed to
consumption that matures at date 1. Thus, the incentives to deviate from the policy
announced for the current date 1 are balanced by the issues of one-period bonds indexed to
consumption and indexed to after-tax wage. Given the way the initial capital income and the
debt indexed to consumption enter into the implementability condition of the government at
date 1, equation (4.39), these issues of negative debt indexed to consumption are intended to
compensate the initial wealth effect. Finally, the issues of positive debt indexed to after-tax
wage maturing at all dates s > 2 outweigh the incentives to deviate from the announced

policy for those future dates.

[Insert Figure 10 and Table 5 about here.]

4.4 Conclusions

This paper has investigated the role of debt restructuring in the time-inconsistency
problem of optimal fiscal policy for an economy with private capital and endogenous growth
achieved via public capital. Given the important role that the fiscal policy plays in the

growth process, providing a solution to the time-inconsistency problem is crucial. In order
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to overcome the capital levy problem, governments choose the optimal policy subject to a
zero capital tax at all dates. Since the costs of meeting this restriction are much higher in
the short than in the long-run, the capital levy problem does not disappear. We have shown
that debt restructuring can make the optimal policy subject to this constraint on capital
taxes time-consistent. Moreover, we have characterized how debt restructuring should be
conducted for economies with private capital and endogenous growth.

Given that the debt-commitment policy has been found subject to a restriction
on capital taxes, an important question is how far this policy is with respect to the full-
commitment policy. We have solved both policies numerically and we have found that the
debt-commitment policy is quite close both in growth and in welfare terms to the full-
commitment policy without the restriction of zero capital taxes. In this sense, we can also
argue that the time-inconsistency of capital taxation is not be quantitatively so severe.

We have shown the importance of both rules and debt in relation to the time-
inconsistency problem. The previous literature showed that debt restructuring could not
provide time-consistency for economies with a stock of private capital. We have reconsidered
this issue and we have established that, for economies with private capital, a time-consistent
policy plan requires both a debt-commitment and a rule on capital taxation. Thus, an
implication of this analysis is that of Kydland and Prescott (1977). In relation to the debt
restructuring method, we can state as they do that “reliance on policies such as ... constant
tax rates constitute a safer course of action.” Regarding the importance of debt, we have
shown that the optimal management of debt constitutes an incentive device to implement

the announced policy.
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We will next discuss two possible extensions. First, the main source of time-
inconsistency for our economy is capital taxation. For the purposes of gaining time-
consistency, governments have been constrained to a constant zero capital tax at all dates.
Another approach could be to impose a one-period commitment to capital income tax rates,
that is, that the initial capital tax is inherited from the previous government. Then, we
could study whether debt restructuring could make the resulting policy time-consistent or
not. From our results and those of Zhu (1995), it could be the case that debt restructuring
can solve the time-inconsistency problem, but another debt instrument may be necessary,
namely, debt indexed to the after-tax return to capital.

Second, we have assumed that governments can issue debt with a sufficiently rich
debt structure. However, given that the government’s assets menu could be limited, it would
be interesting to analyze what the government could do better without access to a rich com-
position of debt. For a finite-horizon economy, Rogers (1989) studied the time-inconsistency
problem when the structure of debt was not sufficiently rich. In this context, she found that
the enrichment of the debt structure could limit the costs of time-inconsistency. However,
an infinite-horizon economy is very different from a finite-horizon one in relation to time-
inconsistency issues. For an infinite-period economy, reputational forces come into play.
There it would be very interesting to see how reputation and debt restructuring interrelate.
The properties of the best sustainable policy would illustrate whether debt restructuring

matters or not and how much.
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4.5 Proofs of the Propositions

Proof of Proposition 11

Equate the RHS of equations (4.21) and (4.22) and solve for labor

J— —Q _;
lt: |:59A6k:|1 *Xt 170¢’

with

X, = [(1 —a) (%)a —a <%>(la)] . (4.30)

If 64 > 6y, it results that % > (0 and 5’—;& < 0. Hence, % < 0 by the chain

rule. Otherwise, if §; < 65, we obtain % <0.If 6g = bk, (Kt /9¢) = 72. Combining

equations (4.19) and (4.20) with (4.5), the labor income tax rate is

1 0b  obf|  (1%ot—1 o
)\0 {17& + 1—1¢ ct B ci—1 ct

(4.31)

"
1 b ’
L4+ Xo [m + 1%;;}

which becomes

A 1 Ka _ l‘ﬁotfl _ %L
1 0111 1-1t B ci1 ct
Ty = )

1 w

where [% (Gor—1/ct—1) — (d0r / ct)} > 0 given the initial debt and that (¢, /c: ) approaches
zero from above. Now, it is clear that when [; approaches its steady state value from below

so does Ti. Finally, by simple inspection of equation (4.15), it results that, if Tf =1, we

get Ve, < Veo- [ |

Proof of Proposition 12
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First, we show that the capital tax rate is zero at the BGP. Considering equations (4.2) and

(4.19), we can write the first-order condition for capital (4.21) as

Wct - ﬂWCt+1 (1 + fkt+1 - 5k) ) (432)
where W, = U, H.,, with
by 1 (¢ Pot—1 Ct—1
H, =1— )M |2t — (20 (1 0t—1 ‘ n
=1 [ e ( 2 (L) (4.33)

All terms in equation (4.33) are either variables or ratios that are constant at the BGP.
Therefore, H., = H. and, thus, (Wct /Wctﬂ) = (UctHc /UCHIHC) = (Uct /Uctﬂ) in the
long-run. Comparing conditions (4.6) and (4.32), it is obvious that the capital tax rate is
zero at the BGP. Note also that, as the capital tax rate becomes zero, the upper bound on
capital tax rates will not be binding and the multiplier ¢y, will be zero. Finally, given that

(¢ /ct) is zero in the long-run, the labor income tax rate (4.31) becomes

N\ [Lobt  (abe
! 1-lss ¢ )ss
7= — u (4.34)
0 SS

Proof of Proposition 13

We equate conditions (4.26) and (4.27) and solve for labor

1

6y — O | T -
li1 = {—QA k] *Qt 170¢’

where

Sot—1 a —(1—a)
_ k k
_x | =L <_t> n <_t> .
< t <1 4+ L1 5&) [a( @) e ke \ \ gt gt
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We know from equation (4.30) that (2)/(; y > 0. Since (€ot /ct) approaches zero from
above, we can guarantee that around a BGP, if 6, > (<) 6 and (k¢ /g;) < (kss /gss ) , then
Qi < Qss and Iy > (<) lss. From equation (4.23), if 6, > 6%, we get 3 (k /g 5 < 0. When
64 = O , the dynamics of (k; /g¢) cannot be determined. Combining equations (4.24) and

(4.25) with (4.5), the labor income tax rate is

Ao 14+ b obf]  [180t—1  &ar
11t t B ct—1 Ct

= T e L - - T (4.35)
T do |5 - e () (- lai-a) A (&) 4

which, under the assumptions on the initial debt, becomes

[ 14s0 o [180tm1 €
l Ao 1-lt } {ﬂ ct—1 ct
Ty = - )

Lo S| - e () (- tha - )4 (B) T i

Ct—1 Ct gt

where {% (o1 /ee—1) — (ot /et ) > 0 given that (£, /c;) approaches zero from above.

Obviously, when [; approaches its steady state value from below so does Tff. |

Proof of Proposition 14
First, we prove that &y, is zero at the BGP. Given the utility function (4.2) and condition

(4.19), the first-order condition for capital (4.26) can be written as

Wct = ﬂWcHl (1 + fkt+1 - 5]9) - ﬂfOtkalkHl Uct+1? (436)

where W,, = U, H,,, with

Hct:1+>\0|:0bt )\i(ﬁ(prfkt(sk)ﬁom@)}
0

Ct Ct Ct—1 Ct

It can be checked that H., = H. at the BGP. Thus, equation (4.36) becomes

Uct = /BUCt+1

ot Ct Civ1 A (k’t+1> -
Ri1+—=—0a(l—a)— [ — l . 4.37
T Ci+1 kg1 ( ) He \ gi+1 e (437)
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Note that (ci+1 /kev1),(ce+1 /et ), (kiv1 /gi+1 ), and ;41 are different from zero. Combining
equations (4.23) and (4.37), the ratio (§y; /c; ) must be zero at the BGP. Using (£, /¢ ) = 0,
the zero tax rate constraint (4.23) is already satisfied through equation (4.37). Hence, &,
is zero at the BGP.

When (&, /c:) approaches zero, the labor income tax rate (4.35) becomes

Loty (b
)\0 |: T-lss ( ¢ )ss:|

e = . [#} : (4.38)

at the BGP. Note that, since the steady state labor and the Lagrange multiplier Ay for the
implementability constraint (4.18) for the debt-commitment policy are different from those
for the full-commitment policy, then their corresponding steady state labor tax rates (4.38)

and (4.34) are also different. B

Proof of Proposition 15

We consider the policy plans for the governments at date 0 and at date 1. If both plans
can be solved for the same allocation, the solution can be generalized for all later dates
and, hence, the policy plan at date 0 is made time-consistent. The government at date 0
can make its policy plan time-consistent by selecting a debt structure { 15§, 10y’ };2, such
that the same allocation and policy {ct, le, ki1, Gra1, Té}zl solve both optimization prob-
lems at date 0 and at date 1. Therefore, the issues of debt at date 0 can be chosen in
such a way that the sequence {cg, Iy, ki1, gt+1771lf}z1 that solves the constraints and the
first-order conditions of the plan at date 0 solves also the corresponding constraints and the
first-order conditions of the plan at date 1. Let us now present the two policy plans. When

the government at date 0 plans a policy for all dates ¢ > 0, the policy and allocation solve
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the set of constraints

> B [Ue, (et = 0bf) = U, [le + b)) < Uy Wo, (4.39)

t=0
et + ki1 + g1 < Ak’? (ltgt)lia + (1 — 6k) ki + (1 — 59) gt, for all t > 0, (4.40)
Ue, = BUc,,, (1+ fryey — Ok), for all ¢ >0, (4.41)

the first-order conditions for the individual
Uy, = (1 - Ti) U, f,, for all t > 0, (4.42)
and for the government

Wy (cty bty 0b%, 0by, O,y Ao) = f1, We (¢, le, 0bF, 0by,Oc,, No), for all t > 0, (4.43)

Mot = ﬂMOtH (1 + fk:tH - 5k) - ﬂ§0tfk:t+1k:t+1 Uct+17 for all t > 0, (4-44)

tor = Bhtogrr (1+ foeyr = 89) — B0t freyrg011Uesrns for all £ > 0. (4.45)

Equations (4.39)-(4.45) form the system that the government at date 0 solves when an-
nouncing its policy plan.

When the government at date 1 selects a policy for all dates ¢ > 1, this policy and

the corresponding allocation satisfy constraints

> B Ue, (et — 155) = Un, [l + 16)) < Us, W1, (4.46)
t=1
« j e
et + ki1 + g < AKS (Ligr) + (1 —06p) ke + (1 —6g) gt, for all t > 1, (4.47)
Ue, = BUc,,y (1+ froyey — Ok), forall ¢ > 1, (4.48)

the first-order conditions for the individual

Uy, = (1 — ri) Ue, fi,, forall t > 1, (4.49)
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and the first-order conditions for the government

W (Ct, I, 1b§, 16?, Og,, )\1) = flth (Ct, Iy, 1b§, 11)}5”, Oc,, )\1) , for all t > 1, (4.50)
M1 = ﬂﬂ'ltJrl (1 + fk?t+1 - 6’6) - ﬂgltfkt+1/€t+1UCt+17 for all t > 1, (4'51)

pae = Bhresr (1+ fopn = 6g) = Bt frrsagrss Uepss, for all £ > 1. (4.52)

The government at date 1 solves equations (4.46)-(4.52) when choosing its policy plan.
We show next that the sequence {Ct,lt,kt+1,gt+1,7’é}zl that solves the policy
plan at date O for all dates ¢t > 1 can solve the policy plan at date 1. First, since the
sequence {Ct,lt,kt+1,gt+1,Ti}Zl solves constraints (4.40) — (4.42) for all dates ¢ > 0, it
is also a solution for equations (4.47) — (4.49). Second, to solve equation (4.50) for the
same allocation, we need one debt instrument at each period. Let us make equations (4.51)

and (4.52) time-consistent. Equating conditions (4.51) and (4.52), &, can be expressed as

Rt+1_(1+fgt+1 _59)

. Then, equations (4.51) and (4.52) become
Het Uetta (fkt+lkt+1fkt+19t+l):| b ( ) ( )
Riy1 — (1 + fgt+1 - 69)
pe = Bptgsr | Bev1 — froiak ;
! i e fk?t+1/€t+1 - fkt+1gt+1
and
Riyr — (1+ fgopn — 6
My = 5Mt+1 Rt+1 - fk:t+1gt+1 ( Il g) s
fkt+1kt+1 - fkt+1gt+1

respectively. Therefore, once pq; and g, take the same value, the same allocation solves
the two equations. In order to make p,, take that value, an extra debt instrument for each
date is needed. Note that, when p; = 1, we get &, = £y, for the same allocation. So far,
two debt instruments are needed in order to solve all equations but constraint (4.46). The

path for this debt is a function of A;. Once the government at date 0 finds this function, it
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is imposed into the budget constraint (4.3), which leads to a specific debt structure. Hence,
by Walras’ law, the implementability condition (4.46) also holds. Thus, under that debt
structure, the continuing allocation and policy planned at date 0 solves the policy plan at
date 1.

Let us now find the debt structure { 15§, 1b{"};°, that provides time-consistency.
The issues of four types of debt must be found: (i) debt indexed to consumption maturing
at the first date 10¢; (ii) debt indexed to consumption maturing at the second date and later
{16§}525; (iii) debt indexed to after-tax-wage with one-period maturity 1by; and (iv) the
issues of debt indexed to after-tax-wage maturing at the second and later dates { 15} };°,.

We will next find the issues of debt indexed to after-tax-wage with two-period and
higher maturities, that is, { 1}"};2,. The first-order conditions for consumption and leisure

under plans (4.43) and (4.50) can be written respectively as follows:
Waf: (Ct7 lt7 Obgv Ob;‘,wv tha )‘0) flt (Ct7 lt; Obt7 Obt ’ @C“ )\0) = 0. (453)
Waf: (Ctalh 1b§7 lb;‘,w7@$t7)\1) flt (Ct7lt7 1bt7 1bt 7ect7)\1) — O (454)

Equating the LHS of equations (4.53) and (4.54), we find

P‘O - >‘1] ((Uxt - fltUCt) ( ctt flt CtCt) - (Ufrtxt - flt Uctxt) lt
[%&} Uecfut) = = e, = fillewer) (A1 185 = X obf + ((Gor =€) (459)

( + fk't 1 ) ( 0t—1 — §1t 1) ) (Ufrtxt - fltUthrt) [)‘1 1b%U — Ao Ub?}] .
%)

We divide equation (4.55) by — (Uz,z, — f1,Uciz,) A1. Taking into account that £y, = &;, and,

Ao } |:lt+ bl — Uz—t*flU&} — [1bY — Ob;“’]} —

)
then, adding o0’ { 1} , we obtain
|:)\1 Umtxt 7fltUctcct

[Uztzt fl UCtzt:| |:
Uct.zt fltUctCt (456)

10 — 42 obg + [~ 1] ]
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We find now the equation for pg, = gy Substituting u, by its value, equation (4.24),

dividing by —Us,e, A1 and adding ob¥ [gg - 1}, we get

oz {3 =1 how ot =[] | =t = o] =

e (4.57)
{111? -3

o + 32— 1] 1]

1

Equating the LHS of equations (4.56) and (4.57), it results that

A
Y — b = [—01] [Ob}erlt[

Uct:ﬂt Uct - UCtCt U:L't
A1 '

Uctct Uxmt - (Uctfrt )2

Taking into account the specific instantaneous utility function (4.2), we have
A
7 = ol = |32 1] ot 1,
A1

which are the issues of debt indexed to after-tax-wage maturing at date t > 2.

This procedure needs to be replicated for the three remaining debt types. B
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4.6 Numerical Solution Method

In this appendix we describe the eigenvalue-eigenvector decomposition method in
more detail. Through this appendix, as an example, we apply this procedure to solve for
the debt-commitment policy. The eigenvalue-eigenvector decomposition method consists of
the following steps:

i) We choose some reasonable values for the parameters and the initial conditions.

ii) The model is solved for a steady state. The solution of the debt-commitment
model {ct, i, gi+1, k’t+1,7i,,u0t,§0t}t20 and Ag is characterized by constraints (4.14), (4.18)
and (4.23) and the necessary conditions (4.5) and (4.24) — (4.27). If the number of total
periods were T, the system would have 4T + 3(T — 1) + 1 equations and the same number
of unknown variables. However, our economy extends over an infinite-horizon. For each
period, there are four equations, (4.5), (4.14), (4.24), and (4.25), involving variables at
that date; three equations, (4.23), (4.26), and (4.27), linking current to future variables;
and one, the implementability condition (4.18), that is a function of variables at all dates.
For the purpose of solving the system, the equations that link current to future variables
need to be replaced by the stability conditions that depend on variables at the current date.
In an endogenous growth model the steady state levels of the variables change over time.
These variables are transformed so as to take constant values at the steady state, that is,
wfg = %, wi® = 4=, wik = Z, and wp’ = %L However, notice that to find the value of A,
that is independent of time, we need to know the whole series of variables and plug them

into the implementability condition (4.18). To solve this, a steady state is computed for a

given value of \g and, afterwards, we search for the value of \g that solves condition (4.18).
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Next, equations (4.5), (4.14), (4.23), and (4.24) — (4.27) are written as functions of the new
set of variables. Finally, since all new variables are constant at the BGP, we can take away
the ¢ index and find a steady state.

iii) The constraints and conditions of the economy are linearized around the steady
state. These equations can be viewed as a function f <wfk,lt,wf 9 wee, wf c) . We define
Y= <w§k — w1y — lgs, W — whI wee — wee w® — Wit ) and do a first-order Taylor ap-

proximation around the steady state

of
Oy

of

Y + 3 yi—1 = Ay + By;1 = 0.
SS Yt—1

Ss

iv) We compute the unstable eigenvalues of the linear system. An unstable eigen-
vector is defined as one that takes an absolute value greater than ﬂ*%. This number is
chosen so that the objective function is bounded above. We find the set of eigenvalues and
eigenvectors of the matrix —(A~!)B.

v) The stability conditions are obtained. We find these conditions by imposing
orthogonality between each eigenvector associated with an unstable eigenvalue and the

variables of the system, that is,
Cyt = O,

where C' is the matrix of eigenvectors associated with unstable eigenvalues. These stability
conditions guarantee that the transversality conditions hold.

vi) The stability conditions are imposed into the original non-linear model. We
replace the equations that linked current to future variables by the stability conditions and,
now, we can compute a solution. Notice that, since the stability conditions are computed

for the linearized system, the solution involves some numerical error.
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For a more complete review, see Novales et al. (1999) and Sims (1998).
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4.7 Figures and Tables

TABLE 4. Summary of Results from the Numerical Solution Method

Variables Policy 0 | Policy 1 | Policy 2 | Policy 3
(). 0.03956 | 0.03858 | 0.03838 | 0.03849
Iss 0.83333 0.29043 0.27352 0.27523
<§> j 0.34284 | 0.35462 | 0.35589 | 0.35578
= - 083320 | 0.84134 | 0.84092
3 - 0 0 0
M. E. K. 2.49e-7 1.95e-9 4.94e-5 0.71765
M. E. G. 2.49e-7 3.45e-10 4.94e-5 0.70100
M. E. T. — — 0 0.03586
E. I — -5.2e-10 -1.83e-7 -2.17e-6
Growth rate | 13.87% 4.274% 3.838% 3.849%
Welfare 249.207 84.3657 76.3204 73.4250

Policy 0 is the first-best policy.

Policy 1 is the policy under full-commitment.

Policy 2 is the policy under full-commitment with 7§ < 1.

Policy 3 is the policy under debt-commitment (with 7§ = 0).

M.E.K. and M.E.G. stand for the maximum error at satisfying the first-order
condition for private and public capital, respectively.

M.E.T. stands for the maximum error at satisfying the restriction on capital tax
rates.

E.I. stands for the error that is made at satisfying the implementability condition.
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FIGURE 10. The Optimal Debt Structure

DC and DW stand for debt indexed to consumption and to after-tax-wage, respectively.

TABLE 5. Debt Restructuring: The Optimal Issues of Debt at Date 0

S 1 2 3 4 o)
1bS | —2.55260 0 0 0 0
1bY 0.03177 | 0.00039 | 0.00039 | 0.00039 | ... | 0.00039




