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Resumen

El propósito de la presente tesis es el estudio de la disipatividad en sistemas no lineales
discretos. Dicho trabajo de investigación presenta nuevas contribuciones en la teoría de
control no lineal discreto basado en disipatividad y en el estudio de las propiedades de
sistemas disipativos no lineales. Los resultados conseguidos se dividen en tres objetivos
principales:

1. La caracterización de sistemas disipativos múltiple entrada múltiple salida
no lineales discretos de estructura general, lo que también se conoce como
condiciones de Kalman-Yakubovich-Popov (KYP). Las condiciones de KYP ya
existentes se extienden a una clase de sistemas disipativos discretos no lineales
múltiple entrada múltiple salida que son no afines en el control. La clase de
sistemas disipativos estudiada se denomina disipatividad QSS, es decir, sistemas
disipativos cuyas funciones de almacenamiento y suministro de energía, V y s,
satisfacen que V

�
f
�
x � u ��� y s

�
h
�
x � u ��� u � son cuadráticas en u. También se pro-

porcionan condiciones necesarias y suficientes para la caracterización de sistemas
conservativos QSS discretos no afines en el control.

2. El problema de disipatividad por realimentación en sistemas no lineales dis-
cretos. Se proponen dos formas de abordar dicho problema:

(a) El problema de la disipatividad por realimentación a través de la relación
fundamental de la disipatividad. Se da solución al problema de la disipa-
tividad por realimentación para sistemas única entrada única salida discretos
no lineales no afines en el control, mediante cuatro metodologías basadas en
la igualdad fundamental de la disipatividad. Se proponen condiciones sufi-
cientes bajo las cuales la disipatividad por realimentación es posible.

(b) El problema de pasivización mediante las propiedades del grado rela-
tivo y la dinámica cero del sistema no pasivo original. El problema de
transformación de un sistema no pasivo a uno que lo es se resuelve mediante
realimentación de estado para una clase de sistemas múltiple entrada múlti-
ple salida no lineales discretos afines en el control, usando las propiedades
del grado relativo y la dinámica cero del sistema no pasivo original. Se puede
considerar como una extensión al caso pasivo de los resultados ya existentes,
referentes al problema de transformar un sistema que no es conservativo a
uno que lo es mediante realimentación de estado.

3. El problema de estabilización basado en disipatividad en sistemas no linea-
les discretos. El método de Moldeo de Energía e Inyección de Amortiguamiento
se extiende a sistemas generales no lineales discretos única entrada única salida,
además de analizar algunas de las propiedades de estabilidad de una clase de
sistemas disipativos y de sistemas que se pueden transformar a disipativos por rea-
limentación. También, se establecen condiciones suficientes bajo las cuales dichos
sistemas son estabilizables.



Otros objetivos secundarios han sido alcanzados, como son: el estudio del grado re-
lativo y la dinámica cero de sistemas pasivos no lineales discretos, algunas conclusiones
acerca de la conservación de la pasividad bajo la interconexión por retroalimentación
negativa y la interconexión paralela, algunas notas acerca de la conservación y pérdida
de la disipatividad y pasividad con el muestreo, además, las propiedades en el dominio
de la frecuencia de los sistemas disipativos se usan y se relacionan con algunos de los
criterios de estabilidad más importantes basados en la respuesta en frecuencia. También,
los métodos de control basados en disipatividad diseñados se aplican al problema de re-
gulación de un modelo discreto con interpretación física: un convertidor buck, para el
que se mejora la respuesta en lazo abierto.

El hecho de haber tratado sistemas discretos generales nos ha permitido dar una serie
de resultados para sistemas no lineales continuos no afines en el control. Dos problemas
se han propuesto, principalmente: el estudio de la disipatividad por realimentación para
sistemas no lineales no afines única entrada única salida y el uso de los resultados de
disipatividad por realimentación. Estos resultados se han utilizado para extender al caso
no lineal no afín única entrada única salida el método de estabilización de Moldeo de
Energía e Inyección de Amortiguamiento.

Palabras clave: Disipatividad, Pasividad, Sistemas no Lineales Discretos, Disipatividad
por Realimentación, Pasivización, Control Basado en Disipatividad, Respuestas Frecuen-
ciales, Estabilización por Realimentación



Summary

This dissertation is devoted to dissipativity-related concepts in the nonlinear discrete-
time setting, and presents several new contributions which are not covered by the existing
nonlinear discrete-time dissipativity-based control theory and the study of the properties
of nonlinear discrete-time dissipative systems.

The study of dissipativity given in this dissertation is concentrated in the state-space
or internal description representation of systems. The results achieved are classified into
three main goals or problems to solve, such as:

1. The characterization of dissipative multiple-input multiple-output nonlinear
discrete-time systems of general form, what is regarded as Kalman-Yakubovich-
Popov (KYP) conditions. The KYP conditions existing in the literature are ex-
tended to a class of nonlinear multiple-input multiple-output dissipative discrete-
time systems which are non-affine in the control input. The class of dissipativity
characterized is regarded as QSS-dissipativity, that is, dissipative systems whose
storage and supply functions, V and s, satisfy that V

�
f
�
x � u ��� and s

�
h
�
x � u ��� u � are

quadratic in u. Necessary and sufficient conditions for the characterization of QSS-
lossless discrete-time systems which are non-affine in the control input are also
given.

2. The feedback dissipativity problem in the nonlinear discrete-time setting. Two
approaches are proposed to deal with this topic:

(a) The feedback dissipativity problem through the fundamental dissipativ-
ity inequality. The feedback dissipativity problem is solved for single-input
single-output nonlinear discrete-time non-affine-in-the-control-input systems
by means of four methodologies based on the fundamental dissipativity equal-
ity. Sufficient conditions under which feedback dissipativity is possible are
proposed. The first approach proposes the control achieving feedback dissi-
pativity as the explicit solution of the dissipativity equality, the second one
uses the speed-gradient algorithm in its discrete-time version. The third and
fourth methodologies are of approximate type.

(b) The feedback passivity problem through the properties of the relative
degree and zero dynamics of the non-passive system. The problem of
rendering a system passive via state feedback is solved for a class of multiple-
input multiple-output nonlinear discrete-time systems which are affine in the
control input using the properties of the relative degree and the zero dynamics
of the non-passive system. It is an extension to the passivity case of the results
reported in the literature for the losslessness feedback problem.

3. The dissipativity-based stabilization problem in nonlinear discrete-time sys-
tems. The dissipativity-based controller design methodology of the Energy Shap-
ing and Damping Injection is extended to general nonlinear single-input single-
output discrete-time systems, in addition to, the analysis of some stability prop-
erties of a class of dissipative and feedback dissipative single-input single-output



nonlinear discrete-time systems. Furthermore, sufficient conditions under which a
class of feedback dissipative systems is stabilizable are proposed.

Other secondary goals in the dissipativity properties exploration in discrete-time sys-
tems are achieved, mainly: the study of the relative degree and zero dynamics of passive
nonlinear discrete-time systems, some conclusions about passivity preservation under
feedback and parallel interconnections, some notes on the non-preservation and preser-
vation of dissipativity, and its special case of passivity, under sampling, in addition,
dissipativity frequency-domain properties have been used and related to some of the most
important frequency-based feedback stability criteria. Furthermore, the feedback dissipa-
tivity and dissipativity-based control results are applied to solve the regulation problem in
a discrete-time model with physical interpretation: the DC-to-DC buck converter, whose
open-loop response is improved by means of the use of some of the stabilization methods
proposed.

The fact of treating general discrete-time systems has allowed us to extend some
dissipativity-related definitions to the case of continuous-time nonlinear non-affine-in-
the-input systems. Two main problems are presented, namely: the study of the feedback
dissipativity problem for nonlinear non-affine single-input single-output systems based
upon the fundamental dissipativity equality, and the use of the feedback dissipativity
results in order to extend the Energy Shaping and Damping Injection controller design
method to the case of non-affine single-input single-output nonlinear systems.

Key Words: Dissipativity, Passivity, Nonlinear Discrete-time Systems, Feedback Dissi-
pativity, Passivation, Dissipativity-based Control, Frequency Responses, Feedback Sta-
bilization
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(ii) voltage x2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
6.3 Stabilized system response for (5.13) with x2 � 0 � 2, µ � 0 � 135, x0 ��

0 � 01 � 0 � 05 � T , ξ01 � 0 � 01 (i) Normalized current x1 (ii) normalized volt-
age x2 (iii) stabilizing control û � (iv) passifying controls for α1
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�
e � 0 �

obtained by means of the SG algorithm. . . . . . . . . . . . . . . . . . 119
6.11 V

�
e � and Q

�
e � α � e � 0 ��� 0 � for the stabilized system (5.13) by means of the

SG algorithm for different values of µ : µ � 0 � 3 and µ � 30 with x2 � 0 � 2,
x0 � � 0 � 01 � 0 � 05 � T , ξ01 � 0 � 01, γcs � 1 (i) Storage energy function V

�
e �

(ii) control goal function Q
�
e � α � e � 0 ��� 0 � . . . . . . . . . . . . . . . . . . 119

6.12 Stabilized system response of (5.23) for the steady state
�
x1 � 0 � 7 � 0 � T

with x0 � � 0 � 01 � 0 � 01 � T , ξ01 � 0 � 01, for different values of µ : µ � 0 � 2,
µ � 2 (i) x1 (ii) x2 (iii) stabilizing control u � � x � e � (iv) passifying control
for the error dynamics and v � 0, α1

�
e � 0 ��� α �1 � e ��� δα � � e � α �1 � 0 � . . . . 121

6.13 Analysis of the approximations for V
�
f
�
e � α1

�
e � 0 ����� and φ

�
e � α1

�
e � 0 ���

with x0 � � 0 � 01 � 0 � 01 � T , x1 � 0 � 7, ξ01 � 0 � 01, µ � 0 � 2 (i) V1, V2 (ii) φ1, φ2.122
6.14 Stabilized system response of (5.23) for the steady state

�
x1 � � 0 � 7 � 0 � T

with x0 � � � 1 � 0 � 01 � T , ξ01 � 0 � 01, for different values of µ : µ � 0 � 05,
µ � 0 � 23 (i) x1 (ii) x2 (iii) stabilizing control u � � x � e � (iv) passifying con-
trol for the error dynamics and v � 0, α1

�
e � 0 ��� α �1 � e � 0 ��� δα � � e � α �1 � 0 � . 123

6.15 Analysis of the approximations for V
�
f
�
e � α1

�
e � 0 ��� with x0 � � � 1 � 0 � 01 � T ,

x1 � � 0 � 7, ξ01 � 0 � 01, for different values of µ (i) V1, V2 for µ � 0 � 05
(ii) V1, V2 for µ � 0 � 23. . . . . . . . . . . . . . . . . . . . . . . . . . . 124

7.1 Stabilized system response for (7.33) with initial conditions x0 � � 0 � 01 � � 1 � T
for R � 0 � 3 and R � 0 � 9 (i) x1 (ii) x2 (iii) output y (iv) storage energy
function V . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

7.2 Stabilized system response for (7.33) with x0 � � 0 � 01 � � 1 � T for R � 0 � 3
and R � 0 � 9 (i) passifying control u (ii) stabilizing control w. . . . . . . 137



LIST OF FIGURES vii

7.3 (i) Nyquist plot of the discrete non-passive buck converter (ii) Nyquist
plot for the passified discrete-time buck converter. . . . . . . . . . . . . 138

8.1 Merging state-space and frequency-domain dissipativity properties. . . . 143
8.2 Property of a SISO linear time-invariant continuous-time passive system. 145
8.3 Property of a SISO linear time-invariant discrete-time passive system. . 145
8.4 Frequency-domain properties for dissipative discrete-time LTI systems

(i) Passivity (ii) ISP. Shaded part is allowable for G
�
ejω � . . . . . . . . . 147

8.5 Frequency-domain properties for dissipative discrete-time LTI systems
(iii) OSP (iv) VSP. Shaded part is allowable for G

�
ejω � . . . . . . . . . . 147

8.6 A simple electric passive system. . . . . . . . . . . . . . . . . . . . . . 148
8.7 Nyquist plot of the continuous-time model for the RC electric network. 148
8.8 Nyquist plots for the transfers functions derived from the continuous-

time state-space normalized average model of the DC-to-DC buck con-
verter (i) The Nyquist plot of (8.9) lies on the right-hand side (ii) The
Nyquist plot of (8.10) does not lie on the right-hand side. . . . . . . . . 149

8.9 Comparison of the stored energy for the continuous-time circuit and its
discretized model. The stored energy for the discretized model is slightly
less than the one obtained for the continuous-time system. . . . . . . . 151

8.10 (i) Nyquist diagram for the exact discretization of the passive circuit (ii)
Nyquist diagram for the discretized passive circuit using the trapezoid-
rule transformation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

8.11 (i) Nyquist diagram for the exact discretized model of the buck con-
verter (ii) Nyquist diagram for the discretized buck converter using the
trapezoid-rule transformation, y � x1. . . . . . . . . . . . . . . . . . . 153

8.12 (i) Feedback interconnection (ii) Parallel interconnection. . . . . . . . . 154
8.13 Nyquist plots for the feedback and parallel interconnections of the dis-

cretized normalized model of the buck converter obtained by means of
the trapezoid-rule transformation (i) Nyquist plot for the feedback inter-
connection (ii) Nyquist plot for the parallel interconnection. . . . . . . . 156

8.14 Linear system with a non-linear feedback. . . . . . . . . . . . . . . . . 157
8.15 Geometric interpretation of Popov’s criterion. . . . . . . . . . . . . . . 158
8.16 Sector bounded non-linear function. . . . . . . . . . . . . . . . . . . . 159
8.17 C1

�
a � b � is the shaded region, a � b �� 0 (i) a � b � 0 (ii) a � 0 � b � 0 (iii)

a � b � 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
8.18 C2

�
a � b � is the shaded region, a � 0 � b �� 0 (i) a � 0 � b � 0 (ii) a � 0 � b �

0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
8.19 C3

�
a � b � is the shaded region, b � 0 � a �� 0 (i) b � 0 � a � 0 (ii) b � 0 � a � 0.161

8.20 Sampled-data control system with non-linear gain in the feedback path. 162
8.21 Illustration of Tsypkin’s criterion in the Nyquist plane. Shaded part is

not allowable for the Nyquist plot of G � � jωT � in order that the whole
system is absolute stable. . . . . . . . . . . . . . . . . . . . . . . . . . 163

9.1 (i) Nyquist diagram for the exact discretized model of the buck converter
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