
67Introdu
tion
The se
ond part of this thesis deals with residual analysis in the 
ontextof linear regression models with interval 
ensored data. Residual analysis isthe general 
lass of te
hniques for dete
ting problems in regression models,based on the fa
t that residuals 
arry important information 
on
erning theappropriateness of the assumptions made in linear regression analysis.Many of today's 
ommon methods of residual analysis were developed inthe early 1960s in works by F. Ans
ombe, J.W. Tukey, G.E.P. Box and D.RCox. During the late 1970s interest in residual analysis was renewed by thedevelopment of methods for assessing the in
uen
e of individual observationsin model estimation. Residual based methods for dete
ting model de�
ien-
ies or in
uential observations in
lude informal graphi
s to display generalfeatures of the residuals as well as formal tests to dete
t spe
i�
 departuresfrom underlying model assumptions.In un
ensored regression analysis, the residuals are de�ned as the dif-feren
e between the observed and the �tted response, and a plot of thesequantities against the 
ovariate or the �tted response values is a standardtool for the evaluation of the �tted model. An overview of the properties ofun
ensored residuals and the di�erent ways of using them for model evalua-tion is given in Chapter 1.1.When a linear model in
orporates 
ensored data, the diÆ
ulty of de�ningappropriate residuals o

urs. Sin
e the realizations of the 
ensored variablesare not dire
tly observable, one 
an not 
al
ulate the di�eren
e between theobserved and the �tted response. One approa
h to solve this problem is givenin Hillis (1995), who developed a residual theory for linear models with right
ensored data, whi
h is presented in Chapter 1.2. A de�nition of residualsin the 
ontext of regression analysis with interval 
ensored 
ovariates wasproposed by G�omez et al. (2002) and is summarized in Chapter 1.3.



68 The method of G�omez et al. (2002) is the only one existing for linear mod-els with interval 
ensored data, and their performan
e has not been investi-gated yet. For this reason, Chapter 2 of this thesis develops a new residualtheory for regression models in
orporating interval 
ensored 
ovariates. It isshown that the residuals resulting from this 
ontext are interval 
ensored aswell, whi
h leads to the proposal of determining these unobserved residualsthrough their distribution fun
tion inside the respe
tive 
ensoring intervals.The performan
e of the so-de�ned residuals is investigated in Chapter 3 bymeans of a simulation study. The study in
ludes the residuals de�ned byG�omez et al. (2002) as well as residuals resulting from taking the midpointsof the 
ovariate intervals as the observed 
ovariate values. The results showthat the residuals proposed in this thesis are superior to the other two. InChapter 4, an appli
ation of the new method to a real data set is given.
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Chapter 1Residual analysis in regressionmodelsThis 
hapter gives an overview of some of the existing theories for residualanalysis in linear regression models. The �rst se
tion introdu
es residualanalysis for un
ensored data: important properties of un
ensored residualsare presented along with the most 
ommon devi
es for using them in modelevaluation. The se
ond se
tion presents right 
ensored residuals as intro-du
ed by Hillis (1995). This 
on
ept will be the basis for the 
onstru
tion ofnew residuals in 
ontext with interval 
ensored data as proposed in Chapter2. Finally, a residual theory for linear models with interval 
ensored 
ovari-ates as proposed by G�omez et al. (2002) is presented.
1.1 Un
ensored residualsIn the un
ensored data situation, one 
onsiders the linear modelyi = �+�zi+"i; i = 1; : : : ; n; model 1where the pair (yi; zi) for the response variable and the 
ovariate is observeddire
tly. The model errors "i are usually assumed to be independent andidenti
ally distributed and to have a normal distribution with mean zero and
onstant varian
e. In this 
ontext, the so 
alled least squares estimates �̂71



72and �̂ for the unknown regression parameters � and � are de�ned as�̂ = 1n nXi=1 yi � �̂ 1n nXi=1 zi and �̂ = Pni=1 yixi � 1nPni=1 yiPni=1 ziPni=1 x2i � 1n (Pni=1 zi)2 :The �tted values ŷi are ŷi = �̂+ �̂zi, and the least squares residuals êi resultfrom the di�eren
e between the i-th observed response value and the 
orre-sponding �tted value: êi = yi � ŷi. That is, one 
an think of the residualsas the observed errors if the model is 
orre
t, or the quantity the regressionequation has not been able to explain.The least squares residuals have some important properties whi
h aresummarized in the following proposition (Montgomery and Pe
k, 1982, p.16f):Proposition 1Under the assumptions of the model 1, the least squares residuals have thefollowing properties:� They have zero mean.� Their approximate average varian
e is 1n�2Pni=1(êi� �̂e)2. This quantityis also known as the mean squared error (MSE).� The residuals are not independent and the 
orrelation between êi andêj is �ij = 
ov(êi;êj)pvar(êi)var(êj ) , i; j = 1; : : : ; n.� The sum of the residuals in any regression model that 
ontains aninter
ept is zero: Pni=1 êi = 0.� The sum of the residuals weighted by the 
orresponding value of theregressor variable always equals zero: Pni=1 ziêi = 0.� The sum of the residuals weighted by the 
orresponding �tted valuealways equals zero: Pni=1 ŷiêi = 0.Sometimes it is useful to work with the standardized residuals d̂i = êipMSEwhi
h have zero mean and approximately unit varian
e.Another type of residuals is the so 
alled studentized residual. They re-sult from standardizing ea
h residual with an estimate s(i) of the residuals'



73standard deviation independent of that residual: s(i) is 
al
ulated by ap-plying the formula of the MSE but leaving out the i-th observation. Thestudentized residuals are then de�ned as r̂i = êis(i) . In a regression modelwhere p parameters are estimated, ea
h studentized residual is distributedas Student's t with n� p� 1 degrees of freedom when normality of the errorterm " holds. Like the standardized and ordinary residuals, the studentizedresiduals are not independent of ea
h other (Rawlings, 1988, p.249f).1.2 Regression diagnosti
s with un
ensoredresidualsResiduals 
an generally be used to assess both the validity of the data andhow well the assumptions of the model are satis�ed. The main fo
us herewill be on the latter issue, an extensive review of methods for the dete
tionof in
uential observations is given in Cook and Weisberg (1982).Usually, the following assumptions are to be 
he
ked after the model is�tted to the data:DistributionMost analyti
al methods for �tting regression models assume some paramet-ri
 distribution of the dependent variable, in most 
ases the normal distribu-tion. This distribution is usually determined via the model errors, and theresiduals are 
onsidered to be able to re
e
t it. Sin
e it is known that anin
orre
t spe
i�
ation of the error distribution leads to not eÆ
ient parame-ter estimates and invalid inferential statements, it is important to 
he
k theassumed distribution.Fit of the relationshipResiduals 
an also be used to assess whether the assumed relationship be-tween the dependent and the independent variable adequately �ts the data.For example, one may 
he
k whether or not the mean of the dependent vari-able is a linear fun
tion of a given independent variable.



74Error varian
eFurthermore, residual diagnosti
s 
an be used to assess whether or not thevarian
e of the model errors is 
onstant (homos
edasti
).Available methods for studying these assumptions via residuals in
ludeboth graphi
al and nongraphi
al pro
edures. The most 
ommon ways forexamining residuals for the validation of the estimated model is using graph-i
al devi
es. The prin
ipal ways of plotting residuals are overall plots, plotsagainst the �tted values and plots against the 
ovariate:The overall plotIf the n residuals are plotted overall and the �tted model is 
orre
t, then oneshould obtain n observations from a normal distribution with mean zero. Toprove if the residuals 
ontradi
t this idea one 
an 
onstru
t a normal plotwhere the observations should fall approximately on a straight line. Whenthe number of residuals is very large, a histogram 
an be used whi
h shouldthen have the form of a Gauss 
urve with mean zero. (Draper and Smith1981, p.142f).Plot of the residuals versus the �tted valuesA plot of the residuals êi versus the 
orresponding �tted values ŷi is usefulfor dete
ting several 
ommon types of model inadequa
ies. It is important,though, not to use the observed values yi in the plot, be
ause the êi and theyi are usually 
orrelated while the êi and the ŷi are un
orrelated (for a proofsee Draper and Smith, 1981, p.147f).If the residual plot resembles data points whi
h are distributed in the sameway above and below the zero-axis, that is, one 
an in
lude the points in ahorizontal band, then there are no obvious model defe
ts.In 
ontrast, if the plotted positive residuals get larger as the ŷi get larger,and the plotted negative residuals get more negative as the ŷi get larger(that is, it appears an outward opening funnel pattern), then this indi
atesthat the varian
e of the errors is not 
onstant but an in
reasing fun
tion ofY . An inward-opening funnel would mean that the varian
e in
reases as Yde
reases. The usual approa
h to deal with inequality of the varian
e is to



75apply a suitable transformation to either the regressor or the response vari-able.On the other hand, a 
urved pattern of the plotted residuals would indi-
ate nonlinearity. This means that other regressor variables, for example asquared term, are needed to be in
luded in the model.A plot of the residuals versus the �tted values ŷi may also reveal one or moreunusually large residuals. These points are potential outliers. But largeresiduals o

urring at the extreme ŷi-values 
an also indi
ate that either thevarian
e is not 
onstant or the true relationship between y and x is not linear.These possibilities should be investigated before the points are 
onsidered asoutliers.Plot of the residuals versus an independent variableAlternatively, one 
an 
onstru
t a plot of the residuals against the 
orre-sponding values of a regressor variable. This will reveal wrong model spe
-i�
ations in the same way as des
ribed for the plot of the residuals againstthe �tted values.Formal tests based on residualsFormal test pro
edures for regression diagnosti
s are also available. Tests fornormality based on un
ensored residuals usually make use of the s
ore test orthe Lagrange multiplier test. See for example Jarque and Bera (1987) whoalso provide a 
omparison study between various of these tests. A MonteCarlo study 
omparing the performan
e of pro
edures like the Kolmogorov-Smirnov or Chi-square test when applied to regression residuals is given inHuang and Bol
h (1974). Diagnosti
 tests of the distributional shape otherthan the normal are given for example in Spiegelhalter (1983). Though, a
ommon feature of all the existing tests is that they require independent ob-servations to be tested on. Therefore, one has to assure that the residualsone wishes to apply to these tests are independent.Diagnosti
 tests for homos
edasti
ity in un
ensored regression analysisare manifold. Goldfeld and Quandt (1965) distinguished between 
onstru
-



76tive and non
onstru
tive tests: 
onstru
tive testing pro
edures are designedto test for and at the same time estimate the spe
i�
 form of heteros
edasti
-ity. This means that in 
ase of the reje
tion of homos
edasti
ity, an estimateof the 
ovarian
e matrix is dire
tly available. See for example Rutemillerand Bowers (1968), Glejser (1969) or White (1980). Non
onstru
tive pro-
edures as those of Goldfeld and Quandt (1965), Theil (1971) and Harrisonand M
Cabe (1979) are designed to establish the absen
e or presen
e of het-eros
edasti
ity without regard to subsequent estimation. Also, di�erent typesof heteros
edasti
ity 
an be spe
i�ed, for example that the error varian
e isa fun
tion of the independent variable or that it depends on the values ofthe dependent variable. Most of the test pro
edures for heteros
edasti
ityare parametri
 and assume a normal distribution of the residuals. Those notassuming an underlying parametri
 distribution are rather 
ompli
ated to
ompute or rely on weight fun
tions and other parameters that have to bespe
i�ed a

ording to somewhat diÆ
ult patterns.Test diagnosti
s for the linear relationship between un
ensored variablesin regression models do not exist in the 
urrent literature.1.3 Residuals for right 
ensored dataHillis (1995) proposed residuals for linear models when the response variableis not exa
tly observed but 
ensored to the right. He 
onsiders the modelti = �zi+"i; i = 1; : : : ; n model 2where the "i are independently and identi
ally distributed with distributionfun
tion F , ti is the survival time of the i-th individual, and zi is the valueof the 
orresponding 
ovariate. The 
ensoring time for ti is denoted as 
iwith the assumption that the distribution of the "i does not depend on thevalue of zi or 
i. The observed data for model 2 is the triple (yi; zi; Æi), whereyi = min(ti; 
i) and Æi = I(ti � 
i) with I the indi
ator fun
tion.For the development of the residuals in this 
ontext, the author de�nes asequen
e of random variables"�i = Æi"i + (1� Æi)Ui;



77where ea
h Ui 
omes from the distribution fun
tion Fi de�ned asFi(x) = P ("i � xj"i > 
i � zi�) = ( 0 : x � 
i � zi�F (x)�F (
i�zi�)1�F (
i�zi�) : x > 
i � zi� :This means that "�i equals "i for an un
ensored observation, and for a 
en-sored observation "�i is equal to a randomly generated observation from the
onditional distribution of "i given that "i > 
i � zi�.The author shows that the "�i have the same joint distribution as the "iand suggests to repla
e � and F with their estimates for de�ning the residualsof model 2:ê�i = Æiêi + (1� Æi)ûi;where the ûi are randomly generated observations from the distribution F̂igiven bŷFi(x) = ( 0 : x � 
i � zi�̂F̂ (k)�F̂ (
i�zi�̂)1�F̂ (
i�zi�̂) : x > 
i � zi�̂ :In this expression F̂ is the produ
t-limit estimate based on the 
ensored andun
ensored residuals êi = yi � zi�̂, and �̂ is the Bu
kley-James estimate forthe parameter � (see Bu
kley and James, 1979).If the model assumptions are 
orre
t, plots of the ê�i versus the indepen-dent variable or the �tted values exhibit a random s
atter.1.4 Residuals in models with an interval 
en-sored 
ovariateFor models where the response variable Y is 
ontinuous and exa
tly observedand the 
ovariate Z is dis
rete and interval 
ensored, G�omez et al. (2002)proposed residuals to graphi
ally assess the �t of the model. The authors
onsider the modelyi = � + �zi + "i; i = 1; : : : ; n



78where the yi are the exa
tly observed response values and zi is the realizationof the interval 
ensored 
ovariate Zi for whi
h only the 
orresponding 
en-soring intervals [zLi ; zRi℄ 
an be observed. The model errors "i are assumedto be normally distributed and independent of Zi.For the estimation of the regression parameters, the authors propose analgorithm that simultaneously maximizes the data likelihood and estimatesthe distribution fun
tion of the 
ovariate. For details see Chapter 1.3 of the�rst part of this thesis.The authors de�ne the residuals of this 
ontext to be ri = yi � �̂ � �̂zi.Be
ause of the fa
t that the value of zi is not dire
tly observed but only the
orresponding 
ensoring interval [zLi ; zRi ℄, they propose to repla
e it by the
onditional expe
ted value ẑi = EŴT (ZjzLi ; zRi). Here, ŴT is the estimateddistribution fun
tion of the 
ovariate that results from applying Turnbull's(1976) method on the observed 
ovariate intervals (for details on the methodof Turnbull see Chapter 1.2 of the �rst part of this thesis). So, the modelresiduals proposed by the authors are r̂i = yi � �̂� �̂ẑi.The authors show that E(r̂i) = E(ri) = 0, so that a plot of r̂i versus ẑishould show a random s
atter around zero if the regression model is 
orre
tlyspe
i�ed.



Chapter 2New residuals for models withinterval 
ensored 
ovariatesThis 
hapter presents a new methodology for residual analysis in linear mod-els that in
orporate an interval 
ensored 
ovariate. It is based on the as-sumption of normality for the model errors and the fa
t that they 
an not beobserved dire
tly but only their respe
tive 
ensoring intervals, as explainedin the following.The linear regression model 
onsidered here is given byYi = �+�Zi+"i; i = 1; : : : ; n model 3where Yi is the 
ontinuous response variable with realizations yi, Zi is thedis
rete, interval 
ensored 
ovariate with realizations [zLi ; zRi℄, and the modelerrors "i have distribution fun
tion F = N(0; �2) and are independent of theZi. An extension of this situation to a more general setting is when allowingboth interval 
ensored and exa
tly observed data for the 
ovariate. This 
asewill be 
onsidered here, and the observed data then 
onsists of the triple(yi; [zLi; zRi ℄; Æi), where Æi equals zero if the 
ovariate for the i-th individualis interval 
ensored, and Æi equals one if the 
ovariate is exa
tly observed. Inthe latter 
ase the interval [zLi ; zRi ℄ be
omes the point fzig.The aim is to assess the goodness of the �tted model 3 using residuals.The regression parameters �, � and �2 will be estimated by applying themethod of G�omez et al. (2002) des
ribed in Chapter 1.3 of the �rst part of79



80this thesis.Considermodel 3 for an individual i with exa
tly observed 
ovariate valuezi. This 
ase resembles the situation in the simple linear model with un
en-sored data where the respe
tive model errors "i are given by"i = yi � �� �zi: (2.1)The situation 
hanges when the 
ovariate for individual i is interval 
en-sored, that is, only the interval [zLi ; zRi ℄ is observed. Then, it follows frommodel 3 that the resulting model errors are interval 
ensored as well, and arein
luded by the error intervals[yi � �� �zLi; yi � �� �zRi℄ if � < 0 and (2.2)[yi � �� �zRi; yi � �� �zLi℄ = [Ai; Bi℄ if � > 0: (2.3)In the following only the 
ase � > 0 will be 
onsidered.For illustrative purposes, and in order to be able to distinguish 
learlybetween those residuals resulting from exa
t and those 
oming from interval
ensored 
ovariate observations, we introdu
e the following notation: Thosemodel errors 
oming from exa
tly observed data as given in equation (2.1)will be denoted as "i. The model errors 
oming from interval 
ensored datawill be 
alled �i.When we deal with an interval 
ensored Zi, the resulting model error �iis not known dire
tly but we observe only the 
orresponding error intervalsin equations (2.2) and (2.3) whi
h are known to 
ontain �i with probabilityone. In order to obtain some more information about where �i may belo
ated inside this error interval, one 
an look at its distribution fun
tion.The distribution of the �i is determined by the assumption that the modelerrors have a N(0; �2)-distribution and the above stated fa
t that they areinterval 
ensored. This leads to the 
on
lusion that the �i have a N(0; �2)-distribution trun
ated in the error interval limits Ai and Bi as illustrated inFigure 2.1.



81Figure 2.1: distribution of the interval 
ensored model errors
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Its formula is given byGi(x) = P (�i � xj�i 2 [Ai; Bi℄) = 8<: 0 : x < Ai�(x=�)��(Ai=�)�(Bi=�)��(Ai=�) : x 2 [Ai; Bi℄1 : x > Bi ; (2.4)where � is the distribution fun
tion of the standard normal distribution.From this follows that the model errors a

ommodating simultaneouslyfor exa
t and interval 
ensored 
ovariate observations in model 3 are givenby: "�i = Æi"i + (1� Æi)�i; (2.5)with "�i equal to "i = yi����zi if the i-th 
ovariate is not 
ensored, and "�iequal to �i 
oming from the 
onditional distribution Gi de�ned above whenthe 
ovariate is interval 
ensored.Then, the residuals 
orresponding to the model errors de�ned in (2.5)result toê�i = Æiêi + (1� Æi)�̂i; (2.6)



82where �̂, �̂ and �̂2 are the estimates for the model parameters resulting fromthe pro
edure of G�omez et al. (2002). This means that ê�i equals êi =yi� �̂� �̂zi if the i-th 
ovariate is not 
ensored, and for an interval 
ensored
ovariate, ê�i equals �̂i de�ned as the expe
ted value of the distribution Ĝigiven bŷGi(x) = 8><>: 0 : x < Âi�(x=�̂)��(Âi=�̂)�(B̂i=�̂)��(Âi=�̂) : x 2 [Âi; B̂i℄1 : x > B̂i ; (2.7)where [Âi; B̂i℄ = [yi � �̂ � �̂zRi ; yi � �̂ � �̂zLi℄ are the estimated residualintervals.The value of the residual �̂i, where �̂i is the mean of aN(0; �̂2)-distributiontrun
ated in Âi and B̂i, 
an be 
al
ulated by using standard results of prob-ability theory (see for example Hartung et al., 1993):�̂i = '(Âi=�̂)� '(B̂i=�̂)�(B̂i=�̂)� �(Âi=�̂) �̂; (2.8)where ' is the density fun
tion of the standard normal distribution.2.1 Theoreti
al properties of the residualsIt is usually of interest to 
al
ulate the expe
ted value and the varian
e of theproposed estimates. As 
an be seen in the formulas of the previous se
tion,the proposed estimate for the residuals ofmodel 3 result quite 
ompli
ate andstraightforward 
omputations of the mean and the varian
e of these estimatesare not possible. Nevertheless, some approximate results will be given below.Consider the estimated residual ve
tor ê� = (ê�1; : : : ; ê�n) where ê�i equals�̂i when individual i has an interval 
ensored 
ovariate, and ê�i equals êi whenthe 
ovariate of individual i is exa
tly observed. The expe
ted value of theresidual ve
tor ê� is therefore 
omposed of the expe
ted value of the ve
torê of all un
ensored residuals and the expe
ted value of the ve
tor �̂ of allresiduals 
oming from an interval 
ensored 
ovariate.



83Proposition 1The expe
ted value of the estimated residual ve
tor ê, whi
h has entry êiat position i for all individuals i with exa
tly observed 
ovariate, and zerootherwise, is given byE(ê) = �� E(�̂) + �z� E(�̂)z;where z is the ve
tor of all exa
tly observed 
ovariate values.ProofE(ê) = E(y � �̂� �̂z) = E(y)� E(�̂)� E(�̂)z == E(�+ �z+ ")� E(�̂)� E(�̂)z = � + �z� E(�̂)� E(�̂)z;where y and " is the ve
tor of the response values and model errors, respe
-tively, of those individuals who have an exa
tly observed 
ovariate. �Proposition 2The expe
ted value of the estimated residual ve
tor �̂, whi
h has entry �̂i atposition i for all individuals i with an interval 
ensored 
ovariate, and zerootherwise, 
an be approximated byE(�̂) � '(A=�)� '(B=�)�(B=�)� �(A=�) �;under the assumption that the parameter estimates for �, � and �2 are un-biased.ProofE(�̂) = E '(Â=�̂)� '(B̂=�̂)�(B̂=�̂)� �(Â=�̂) �̂! � E('(Â=�̂))� E('(B̂=�̂))E(�(B̂=�̂))� E(�(Â=�̂)) E(�̂):If �̂, �̂ and �̂2 are unbiased estimates, this expression is equivalent to'(A=�)� '(B=�)�(B=�)� �(A=�) � = �: �



84Summarizing above two terms, the approximated expe
ted value of the resid-ual ve
tor ê� is given byE(ê�) = Æ ��� E(�̂) + z(� � E(�̂))� + (1� Æ)'(A=�)� '(B=�)�(B=�)� �(A=�) �;where the 
omponents Æi of Æ equal one when the 
ovariate is exa
tly ob-served, and zero when it is interval 
ensored.In the un
ensored 
ase, the residuals are known for the property of havingmean zero. The expression above for the approximated expe
ted value forthe interval 
ensored residuals ê� is zero only if the model parameters �̂, �̂and �̂2 are unbiased and the Ai and Bi are symmetri
 around zero.The 
omputations of the varian
e of ê� is also divided into one part re-garding the residual ve
tor ê and another part 
on
erned with the residualve
tor �̂.Proposition 3The varian
e of the estimated residual ve
tor ê, whi
h has entry êi at positioni for all individuals i with exa
tly observed 
ovariate, and zero otherwise, isgiven byV ar(e) = V ar(") + V ar(�̂� �̂z):ProofV ar(e) = V ar(y� �̂� �̂z) = V ar(�+ �z+ "� �̂� �̂z)= V ar(")+V ar(�̂��̂z): �Proposition 4The varian
e of the estimated residual ve
tor �̂, whi
h has entry �̂i at positioni for all individuals i with an interval 
ensored 
ovariate, and zero otherwise,
an be approximated byV ar(�̂) � �̂2 '(V ar(Â)=�̂2)� '(V ar(B̂)=�̂2)�(V ar(B̂)=�̂2)� �(V ar(Â)=�̂2) :



85Here, Â and B̂ is the ve
tor with entry Âi and B̂i, respe
tively, at position ifor individuals i with an interval 
ensored 
ovariate, and zero otherwise.ProofV ar(�̂) = V ar '(Â=�̂)� '(B̂=�̂)�(B̂=�̂)� �(Â=�̂) �̂! = �̂2V ar '(Â=�̂)� '(B̂=�̂)�(B̂=�̂)� �(Â=�̂)!� �̂2 '(V ar(Â=�̂))� '(V ar(B̂=�̂))�(V ar(B̂=�̂))� �(V ar(Â=�̂))= �̂2 '(V ar(Â)=�̂2)� '(V ar(B̂)=�̂2)�(V ar(B̂)=�̂2)� �(V ar(Â)=�̂2) : �The value of this expression depends on the varian
e of the interval 
en-sored 
ovariate and the estimated model parameters as well as on the value ofthe observed 
ovariate interval as 
an be seen in the following two formulas:V ar(Â) = V ar(y� �̂� �̂zR) = V ar(� + �Z+ "� �̂� �̂zR) == �2V ar(Z) + �2 + V ar(�̂� �̂z2R)and V ar(B̂) = �2V ar(Z) + �2 + V ar(�̂� �̂z2L):Consisten
y of the residual distribution fun
tionThe residuals �̂ were de�ned as the mean of the trun
ated residual distri-bution fun
tion Ĝ. In the following, it will be shown that Ĝ is a 
onsistentestimate of the trun
ated error distribution G.Proposition 5It holds that �̂2 resulting from the estimation pro
edure of G�omez et al. (2002)is an 
onsistent estimate of the true error varian
e �2.



86ProofAs explained in Chapter 1.3 of the �rst part of this thesis, the estimation pro-
edure for �2 
onsists of two steps: the estimation of the unknown 
ovariatedistribution via a self-
onsistent algorithm and the maximization of the re-sulting likelihood fun
tion. Yu et al. (1989) proved the strong 
onsisten
y ofthe generalized maximum likelihood estimate resulting from a self-
onsistentpro
edure. Thus, the estimated 
ovariate distribution resulting from the �rststep is a 
onsistent estimate for the true 
ovariate distribution.In the se
ond step, this 
onsistent estimate is used when deriving the for-mulas for the maximum likelihood estimate of �2. So, it 
an be said that, forn large, this estimate is equivalent to the 'true' maximum likelihood estimatewhi
h would result from using the true 
ovariate distribution in the likeli-hood instead of the estimated one. And as 
ommonly known, the maximumlikelihood estimator is a 
onsistent estimate for the true parameter under
onsideration (a proof is given for example in Wald, 1949).Proposition 6The estimated error distribution fun
tion F̂ = N(0; �̂2) is a 
onsistent esti-mate of the true error distribution fun
tion F = N(0; �2).ProofF̂ is a simple plug-in estimate obtained by repla
ing the unknown varian
e �2of F by an estimate. As shown in Proposition 5, this estimate is 
onsistent.Bi
kel and Fan (1996) showed that in density estimation, plug-in estimatesare 
onsistent when the estimator used to substitute the unknown parameteris 
onsistent itself.With this result and the fa
t that Ĝ is a 
ontinuous fun
tion of F̂ , the
onsisten
y of Ĝ follows straightforwardly.



Chapter 3SimulationsIn order to �nd out whether the newly proposed residuals 
an be used to
he
k the underlying assumptions of the model, it will be examined if theyre
e
t the normal distribution of the model errors and if they are sensitiveto deviations from the model assumptions. For this purpose, several simu-lation studies are 
ondu
ted whi
h in
lude the newly proposed residuals ê�as well as three other types of residuals: The ordinary least squares (OLS)residuals ê, the residuals êmid resulting from taking the midpoints of the in-tervals [zL; zR℄ as the observed values for the 
ovariate, and the residuals êlupproposed by G�omez et al. (2002) de�ned in Chapter 1.3:The four types of residuals involved in the simulation study are� the least squares residuals: êi = yi � �ls � �lszi,� the midpoint residuals: êmidi = yi��ls��lszmidi , where zmidi = zLi+zRi2 ,� the residuals following G�omez et al. (2002): êlupi = yi � �̂ � �̂zlupi,where zlupi = EŴT (ZjzLi; zRi),� the newly proposed residuals: ê�i = Æiêi + (1 � Æi)�̂i with êi as de�nedabove and �̂i = '(Âi=�̂)�'(B̂i=�̂)�(B̂i=�̂)��(Âi=�̂) �̂.The behavior of these residuals is studied under di�erent data s
enarios in-
luding various 
ovariate distributions, high and low per
entages of 
ensoring87



88in the data, and di�erent number of observations. A summary is given inTable 3.1. Table 3.1: S
enarios for the simulation studynumber of observations 200 and 500
ovariate distributions Exp(18), Weib(16 ; 32), N(6; 4)per
entage of 
ensoring 0.3 and 0.7value for � 4values for � 2 and 5value for �2 1The appli
ation of test pro
edures for normality mentioned in Chapter1 requires independent observations. But neither the OLS residuals nor thethree other residuals to be examined are independent. Thus, for 
he
kingthe normality of the residuals, the measures skewness and kurtosis are used.It is known that the value for the skewness is zero for symmetri
 data distri-butions. The more negative (positive) this value is, the more skewed to theleft (right) is the data distribution. The kurtosis is a measure for unimodaldistributions and 
ompares the data distribution's absolute maximum withthat of the density of a normal distribution. A value bigger (smaller) thanzero indi
ates that the data's absolute maximum is bigger (smaller) thanthat of the normal distribution. This means that the theoreti
 distributionof the underlying population is not normal if the values for the skewness andthe kurtosis di�er substantially from zero. The formulas for the 
al
ulationof the skewness S and the kurtosis K of n observations xi, i = 1; : : : ; n, are(Hartung et al., 1993, p.48f):S = 1nPni=1(xi � �x)3q( 1nPni=1(xi � �x)2)3 ; K = 1nPni=1(xi � �x)4( 1nPni=1(xi � �x)2)2 � 3:When 
he
king the model assumptions of linearity and 
onstant error vari-an
e, residual plots will be used instead of formal test pro
edures for thesame reason as mentioned in the 
ontext with normality.The simulations are 
arried out by the 
omputer program residuals:
ppwhi
h 
an be found on the 
oppy dis
. It in
ludes the following steps: First,



89the values zi for the 
ovariate are generated from an exponential, Weibullor normal distribution. The model errors "i are simulated from a N(0; �2)distribution. The values for the true model parameters �, � and �2 are�xed, and from these and the two previously generated variables one 
an
al
ulate the values yi of the response variable via. The estimators �̂ls and�̂ls for the model parameters of the un
ensored data are determined via theleast squares method, and the resulting un
ensored residuals êi 
an then be
al
ulated straightforwardly. The 
ovariate intervals [zL; zR℄ are generatedusing the following s
heme: Depending on the 
ovariate distribution, thereis a 
ertain number of values j, j = 1; : : : ; k, whi
h 
an be assigned to the
ovariate. An indi
ator variable Æij determines with a given probability p ifthe 
ovariate for individual i is observed at value j or not. Then, one looksat ea
h value zi and goes ba
k to the nearest observed value j and takesit as the value for zLi . Similarly, zRi is that observed value j whi
h is the�rst after zi. For the midpoint residuals êmidi , one takes the 
enter zmidi ofea
h 
ovariate interval [zLi ; zRi ℄ and 
al
ulates êmidi = yi � �̂ls � �̂lszmidi .For the residuals êlup de�ned by G�omez et al. (2002), one needs to applytheir algorithm in order to estimate the parameters �̂ and �̂. The êlup arethen 
al
ulated using the formula êlupi = yi � �̂ � �̂zlupi, where zlup is theexpe
ted value of Z under the 
ovariate distribution resulting from applyingTurnbull's algorithm to the intervals [zL; zR℄. Finally, our newly proposedresiduals ê�i are 
al
ulated via formula 2.6 in Chapter 2.The following 
ow-
harts illustrate the simulation pro
ess of the programresiduals:
pp. The steps of the program are written inside the boxes andthe arrows indi
ate whi
h step enters in the 
al
ulation of another step. The�rst 
ow-
hart represents that part of the program where the un
ensoredresiduals are generated, and the se
ond 
ow-
hart des
ribes the simulationpro
ess of the three types of residuals resulting from the data of the interval
ensored 
ovariate. As most 
al
ulations are exe
uted by pro
edures withinthe program, their names are written outside the 
orresponding box, whi
hwill make it easier to �nd one's way when looking at the program 
ode.
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ovariate values weibnormexponSSSSw model errors norma����/response values norma?least squareestimates �ls, �ls Leastsq?un
ensored residuals,�tted response values res�t
values for Æ?
ovariate intervals���/ SSSwinterval midpoints?midpoint residuals,�tted response values

parameter estimatesfrom G�omez et al. my
ovint���/ SSSwexpe
ted valuesfor the 
ovariate Turnbulls1? residual of G�omez et al.,�tted response values
residual intervals ?residual distribution,residuals �, �tted values



91Other pro
edures used in this program are listet below, together with a shortdes
ription of their usage:FileOpen: opens all �les needed for reading and writing.Spallo
: allo
ates memory for the ve
tors and matri
es.ran2: generates random uniform variates.probnormal: 
al
ulates for any given value the value of the N(0; �2) distri-bution fun
tion.s
hiefe: 
al
ulates the skewness of a given data set.kurto: 
al
ulates the kurtosis of a given data set.sign: determines the sign of a given expression.Turnbulls1: 
al
ulates the distribution fun
tion of an interval 
ensored vari-able using the method proposed by Turnbull (1976).The performan
e of the program residuals:
pp with respe
t to speed and
onvergen
e is highly satisfying. Running it on a 400 megahertz PentiumII pro
essor with 128 MB RAM main memory using the SUSE LINUX 7.1operating system yielded the values of the four types of residuals withinse
onds regardless of the number of observations and per
entage of 
ensoring.Simulation theoryThe simulation study involves the generation of data 
oming from di�erentstatisti
al distributions. The theory applied for the generation of the useddistributions is given in the following (for referen
es see Box and M�uller,1958, or Morgan, 1984).1. Uniform distributionFor the generation of a Uniform(0,1) random variable, a CongruentialPseudo-Random Number Generator is used. By applying the re
ursionformula xn�1 = axn+b mod m with seed x0 and a, b, m given numbers,a sequen
e of integers will be obtained, ea
h of whi
h lies between 0and m�1. An approximation to Uniform(0,1) random variables ui 
anthen be a
hieved by setting ui = xi=m.2. Exponential and Weibull distributionAs the Exponential and Weibull distributions are 
ontinuous, one 
anmake use of the Inversion Method to generate their distribution fun
-tions. Suppose one wishes to simulate a 
ontinuous random variable X



92 with distribution fun
tion F (x) = P (X � x), and suppose further thatthe inverse fun
tion F�1(u) is well-de�ned for u 2 [0; 1℄. Then, it iswell known that if U is a (0; 1)-Uniform random variable, X = F�1(U)has the required distribution.3. Normal distributionFor the simulation of the Normal distribution, the Polar MarsagliarMethod is applied: If U is a Uniform(0,1) random variable, then V =2U � 1 is a Uniform(-1,1) random variable. By sele
ting two indepen-dent Uniform(-1,1) random variables V1 and V2, a random point in thesquare [�1; 1℄ � [�1; 1℄ 
an be spe
i�ed whi
h has polar 
oordinates( ~R;�) given by ~R2 = V 21 + V 22 and tan(�) = V2=V1. The repeatedsele
tion of su
h points provides a random s
atter of points inside thissquare, and reje
tion of points outside the unit-
ir
le produ
es a uni-form random s
atter of points within this 
ir
le. For any of these points,the polar 
oordinates ~R and � are independent random variables, �is a Uniform(0,2�) random variable and ~R2 is a Uniform(0,1) randomvariable. One 
an writesin(�) = V2~R = V2pV 21 + V 22 ; 
os(�) = V1pV 21 + V 22 :Eventually, a pair of independent N(0; 1)-variables is obtained by de�n-ing M1 and M2 asM1 =q�2log( ~R2) V2pV 21 + V 22 ; M2 =q�2log( ~R2) V1pV 21 + V 22 :3.1 Che
king for normalityTables 3.2 to 3.5 show the simulation results for the skewness and kurtosisof ea
h of the four types of residuals. For ea
h s
enario, median and meanvalues [standard deviation℄ are 
al
ulated using 1000 repli
ates.The un
ensored residuals ê (Table 3.2) resemble the normal distributionof the model errors satisfa
torily in ea
h of the studied s
enarios. Their me-dian and mean values are about the same and always around zero. It 
an benoti
ed that the standard deviation of the skewness and kurtosis for n = 100



93is two fold that for n = 500. This means that the residuals �t better to thenormal distribution for large n than for small n. This phenomenon o

urswith all four types of residuals.The newly proposed residuals ê� (Table 3.3) have a symmetri
 distribu-tion for those s
enarios involving a low per
entage of 
ensoring (p = 0:7).Otherwise their distribution seems to be skewed to the right. The valuesfor the kurtosis are quite large at a high per
entage of 
ensoring, but alsothose for a low 
ensoring level are too big for possibly 
oming from a normaldistribution.The distribution of the residuals êmid 
oming from the 
ovariate midpoints(Table 3.4) seems to be symmetri
 only in the 
ase of a Weibull-distributed
ovariate, but then the kurtosis is substantially above zero and therefore notsimilar to that of the 
orresponding normal distribution. In all other s
enar-ios the values for the skewness and kurtosis di�er substantially from zero.The distribution of the residuals êlup (Table 3.5) is even less normal thanthe one of the êmid. They perform best within some s
enarios for the Weibulldistribution but as in the 
ase of the êmid the kurtosis di�ers substantiallyfrom zero.In summary, the results of the simulation study show that of the threetypes of residuals 
oming from interval 
ensored data, the newly proposedresiduals ê� perform best.3.2 The residuals when the model is 
orre
tlyspe
i�edResidual plots will be used to examine whether the four types of residuals
an be applied to validate the assumption of linearity. For that purpose itmust be investigated �rst how the residuals behave when there are no modelmisspe
i�
ations. Therefore, residual plots are simulated for ea
h residualtype under the assumptions of model 3 in Chapter 2. For ea
h of the 24data s
enarios, the simulated residuals are plotted versus the 
orresponding�tted values as shown in Appendix A. The �rst plot is always the one 
oming
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ht Table 3.2: Skewness and kurtosis for the least squares residuals êSkewness KurtosisMedian Mean [Std℄ Median Mean [Std℄Exponential(18)n=100,p=0.3,� = 2 -0.044 -0.042 [0.23℄ -0.009 0.055 [0.45℄n=500,p=0.3,� = 2 0.004 0.004 [0.11℄ -0.010 0.013 [0.22℄n=100,p=0.7,� = 2 -0.031 -0.029 [0.23℄ 0.006 0.078 [0.46℄n=500,p=0.7,� = 2 0.003 0.008 [0.11℄ -0.001 0.010 [0.21℄n=100,p=0.3,� = 5 -0.035 -0.037 [0.24℄ -0.031 0.052 [0.46℄n=500,p=0.3,� = 5 0.006 0.007 [0.11℄ -0.009 0.003 [0.22℄n=100,p=0.7,� = 5 -0.043 -0.037 [0.23℄ 0.008 0.061 [0.44℄n=500,p=0.7,� = 5 0.008 0.007 [0.11℄ -0.012 0.012 [0.22℄Weibull(16,32)n=100,p=0.3,� = 2 -0.038 -0.034 [0.22℄ -0.017 0.057 [0.44℄n=500,p=0.3,� = 2 0.008 0.006 [0.11℄ -0.015 0.005 [0.21℄n=100,p=0.7,� = 2 -0.021 -0.027 [0.23℄ -0.032 0.056 [0.45℄n=500,p=0.7,� = 2 0.004 0.006 [0.11℄ 0.012 0.021 [0.21℄n=100,p=0.3,� = 5 -0.041 -0.042 [0.23℄ -0.008 0.072 [0.45℄n=500,p=0.3,� = 5 0.005 0.006 [0.11℄ -0.002 0.022 [0.22℄n=100,p=0.7,� = 5 -0.016 -0.024 [0.22℄ -0.003 0.065 [0.43℄n=500,p=0.7,� = 5 0.009 0.010 [0.11℄ -0.007 0.016 [0.23℄Normal(6,4)n=100,p=0.3,� = 2 0.009 0.012 [0.24℄ -0.039 0.038 [0.46℄n=500,p=0.3,� = 2 0.007 0.011 [0.11℄ -0.006 0.010 [0.22℄n=100,p=0.7,� = 2 -0.001 -0.004 [0.23℄ -0.033 0.039 [0.45℄n=500,p=0.7,� = 2 0.006 0.005 [0.11℄ -0.014 0.009 [0.21℄n=100,p=0.3,� = 5 0.018 0.013 [0.24℄ -0.044 0.034 [0.48℄n=500,p=0.3,� = 5 0.001 -0.0003 [0.11℄ -0.009 0.011 [0.21℄n=100,p=0.7,� = 5 0.016 0.021 [0.24℄ -0.035 0.037 [0.47℄n=500,p=0.7,� = 5 0.010 0.008 [0.11℄ -0.014 0.008 [0.22℄
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Table 3.3: Skewness and kurtosis for the residuals �̂Skewness KurtosisMedian Mean [Std℄ Median Mean [Std℄Exponential(18)n=100,p=0.3,� = 2 0.215 0.204 [0.50℄ 2.539 2.793 [1.39℄n=500,p=0.3,� = 2 0.275 0.274 [0.21℄ 2.503 2.586 [0.65℄n=100,p=0.7,� = 2 -0.030 -0.030 [0.29℄ 0.664 0.775 [0.66℄n=500,p=0.7,� = 2 -0.002 0.002 [0.13℄ 0.650 0.677 [0.29℄n=100,p=0.3,� = 5 0.270 0.295 [0.59℄ 2.992 3.231 [1.54℄n=500,p=0.3,� = 5 0.300 0.315 [0.25℄ 2.995 3.057 [0.65℄n=100,p=0.7,� = 5 -0.064 -0.065 [0.30℄ 0.864 0.947 [0.66℄n=500,p=0.7,� = 5 -0.013 -0.013 [0.14℄ 0.819 0.847 [0.33℄Weibull(16,32)n=100,p=0.3,� = 2 0.153 0.182 [0.57℄ 3.145 3.502 [1.64℄n=500,p=0.3,� = 2 0.248 0.253 [0.24℄ 3.248 3.302 [0.71℄n=100,p=0.7,� = 2 -0.027 -0.035 [0.30℄ 0.766 0.857 [0.66℄n=500,p=0.7,� = 2 0.005 0.006 [0.14℄ 0.785 0.812 [0.31℄n=100,p=0.3,� = 5 0.200 0.223 [0.67℄ 3.816 4.107 [1.72℄n=500,p=0.3,� = 5 0.316 0.315 [0.28℄ 4.004 4.094 [0.87℄n=100,p=0.7,� = 5 -0.029 -0.038 [0.31℄ 0.976 1.070 [0.68℄n=500,p=0.7,� = 5 0.001 -0.002 [0.15℄ 0.958 1.004 [0.36℄Normal(6,4)n=100,p=0.3,� = 2 0.087 0.106 [0.39℄ 1.291 1.463 [0.90℄n=500,p=0.3,� = 2 0.087 0.090 [0.17℄ 1.422 1.470 [0.43℄n=100,p=0.7,� = 2 -0.081 -0.074 [0.27℄ 0.375 0.452 [0.58℄n=500,p=0.7,� = 2 -0.044 -0.048 [0.13℄ 0.394 0.413 [0.27℄n=100,p=0.3,� = 5 0.145 0.161 [0.42℄ 1.375 1.536 [1.02℄n=500,p=0.3,� = 5 0.127 0.129 [0.19℄ 1.526 1.583 [0.45℄n=100,p=0.7,� = 5 -0.062 -0.061 [0.29℄ 0.438 0.514 [0.62℄n=500,p=0.7,� = 5 -0.070 -0.070 [0.13℄ 0.491 0.516 [0.28℄
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Table 3.4: Skewness and kurtosis for the midpoint residuals êmidSkewness KurtosisMedian Mean [Std℄ Median Mean [Std℄Exponential(18)n=100,p=0.3,� = 2 0.244 0.220 [0.52℄ 2.088 2.213 [1.14℄n=500,p=0.3,� = 2 0.293 0.288 [0.23℄ 2.442 2.484 [0.54℄n=100,p=0.7,� = 2 0.142 0.118 [0.46℄ 0.653 1.026 [1.51℄n=500,p=0.7,� = 2 0.158 0.170 [0.23℄ 0.986 1.215 [0.96℄n=100,p=0.3,� = 5 0.216 0.244 [0.59℄ 2.575 2.818 [1.33℄n=500,p=0.3,� = 5 0.328 0.322 [0.26℄ 3.059 3.083 [0.56℄n=100,p=0.7,� = 5 0.544 0.545 [1.10℄ 4.591 5.556 [4.24℄n=500,p=0.7,� = 5 0.642 0.637 [0.64℄ 6.327 7.055 [3.22℄Weibull(16,32)n=100,p=0.3,� = 2 -0.038 -0.035 [0.22℄ 0.841 0.925 [0.68℄n=500,p=0.3,� = 2 0.008 0.006 [0.11℄ 0.992 0.991 [0.30℄n=100,p=0.7,� = 2 -0.021 -0.027 [0.23℄ 0.364 0.645 [1.01℄n=500,p=0.7,� = 2 0.004 0.006 [0.11℄ 0.650 0.782 [0.62℄n=100,p=0.3,� = 5 -0.041 -0.042 [0.23℄ 1.490 1.606 [0.80℄n=500,p=0.3,� = 5 0.005 0.006 [0.11℄ 1.590 1.596 [0.32℄n=100,p=0.7,� = 5 -0.016 -0.024 [0.22℄ 3.660 4.522 [3.62℄n=500,p=0.7,� = 5 0.009 0.010 [0.11℄ 5.517 6.025 [2.54℄Normal(6,4)n=100,p=0.3,� = 2 0.723 0.720 [0.23℄ 0.362 0.435 [0.58℄n=500,p=0.3,� = 2 0.725 0.723 [0.10℄ 0.397 0.410 [0.24℄n=100,p=0.7,� = 2 0.396 0.439 [0.42℄ 0.599 1.020 [1.46℄n=500,p=0.7,� = 2 0.446 0.458 [0.19℄ 0.906 1.075 [0.80℄n=100,p=0.3,� = 5 0.924 0.932 [0.23℄ 0.572 0.619 [0.58℄n=500,p=0.3,� = 5 0.946 0.942 [0.10℄ 0.577 0.586 [0.26℄n=100,p=0.7,� = 5 1.432 1.459 [0.67℄ 3.484 4.520 [3.62℄n=500,p=0.7,� = 5 1.554 1.576 [0.38℄ 4.964 5.590 [2.60℄
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Table 3.5: Skewness and kurtosis for the midpoint residuals êlupSkewness KurtosisMedian Mean [Std℄ Median Mean [Std℄Exponential(18)n=100,p=0.3,� = 2 1.046 0.732 [1.20℄ 3.013 3.511 [2.37℄n=500,p=0.3,� = 2 1.372 0.983 [1.17℄ 4.361 4.609 [1.69℄n=100,p=0.7,� = 2 -0.141 -0.169 [0.89℄ 1.649 2.818 [3.92℄n=500,p=0.7,� = 2 -0.271 -0.348 [0.58℄ 2.328 3.517 [4.14℄n=100,p=0.3,� = 5 1.087 0.738 [1.32℄ 3.252 3.961 [2.65℄n=500,p=0.3,� = 5 1.499 1.054 [1.31℄ 5.063 5.290 [1.95℄n=100,p=0.7,� = 5 -0.297 -0.337 [1.70℄ 6.768 8.538 [6.51℄n=500,p=0.7,� = 5 -0.882 -0.942 [1.32℄ 10.509 13.273 [10.11℄Weibull(16,32)n=100,p=0.3,� = 2 0.497 0.488 [0.37℄ 0.302 0.394 [0.57℄n=500,p=0.3,� = 2 0.463 0.476 [0.176℄ 0.351 0.384 [0.27℄n=100,p=0.7,� = 2 0.395 0.408 [0.596℄ 1.319 1.741 [1.64℄n=500,p=0.7,� = 2 0.529 0.517 [0.384℄ 2.039 2.177 [0.98℄n=100,p=0.3,� = 5 0.596 0.609 [0.402℄ 0.564 0.654 [0.66℄n=500,p=0.3,� = 5 0.559 0.580 [0.201℄ 0.486 0.522 [0.30℄n=100,p=0.7,� = 5 0.767 0.774 [0.986℄ 3.894 4.702 [3.13℄n=500,p=0.7,� = 5 1.181 1.087 [0.735℄ 5.629 6.008 [2.11℄Normal(6,4)n=100,p=0.3,� = 2 -1.239 -1.263 [0.41℄ 1.835 2.282 [1.91℄n=500,p=0.3,� = 2 -1.321 -1.320 [0.19℄ 2.292 2.403 [0.91℄n=100,p=0.7,� = 2 -0.828 -0.894 [0.54℄ 1.448 2.163 [2.59℄n=500,p=0.7,� = 2 -0.875 -0.906 [0.28℄ 2.171 2.527 [1.64℄n=100,p=0.3,� = 5 -1.638 -1.641 [0.47℄ 2.682 3.095 [2.30℄n=500,p=0.3,� = 5 -1.811 -1.807 [0.21℄ 3.495 3.621 [1.12℄n=100,p=0.7,� = 5 -2.201 -2.269 [0.72℄ 5.880 7.321 [5.19℄n=500,p=0.7,� = 5 -2.509 -2.541 [0.41℄ 8.921 9.666 [3.94℄



98from the un
ensored residuals ê, the se
ond one using the newly proposedresiduals ê�, the third one 
oming from the midpoint residuals êmid, and thelast one using the residuals êlup.Considering the di�erent residual plots in Appendix A, one 
an observethat the least squares residuals êi s
atter randomly in the plane and show nospe
ial patterns throughout the di�erent simulation s
enarios, thus 
on�rm-ing the 
orre
tly spe
i�ed model.In the plots using the ê�, a 
urve 
an be noti
ed that is mostly zero but atlarge values goes up and at small values goes down (see for example S
enario2). In the following this spe
ial shape will be referred to as "S-shape". Tounderstand where this pattern 
omes from, one has to look at the generationme
hanism for the residuals �̂i, those residuals whi
h 
ome from the interval
ensored data: Their values depend on the residual intervals [Âi; B̂i℄, whi
hon their part determine where the 
orresponding error normal distribution isto be trun
ated. So, if both Âi and B̂i are large (small), then the resulting�̂i gets large (small) as well. In 
ase that Âi and B̂i are of opposite sign,the resulting value for �̂i is more probable to be around zero. Figure 3.1illustrates this idea.Figure 3.1: Trun
ation s
hemes for the residual distribution depending onthe values of the residual intervals [Âi; B̂i℄
o
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In a 
orre
tly spe
i�ed model, the values for Âi and B̂i will be mostly ofopposite sign, but in some o

asions both Âi and B̂i will be small or large,leading to the appearan
e of the S-shape. So, when interpreting a residualplot using the ê�, it is nothing unusual to en
ounter the S-form pattern but



99it is not imperative either. The S-shaped 
urve does not point at possiblemodel violations but is an inherent stru
ture of these residuals when themodel is 
orre
tly spe
i�ed. The generation me
hanism of the S-shape willbe studied more extensively in Chapter 3.5.The performan
e of the êmid di�ers from s
enario to s
enario. It 
an benoti
ed that espe
ially for a high per
entage of 
ensoring (p=0.3), the plotresembles a growing and then falling varian
e of the residuals (see for exam-ple S
enario 6) whi
h would lead to the wrong 
on
lusion of a not 
onstanterror varian
e. This makes it diÆ
ult to use them for regression diagnosti
s.In the plots 
oming from the êlup, one �nds very often a 
ertain ŷ-valuefor whi
h these residuals have a far bigger varian
e than otherwise (for ex-ample in S
enario 6). The distribution of these residuals within the plot doesnot seem to follow a spe
ial pattern but they are not evenly spread in theplane, either. Using this plot in regression diagnosti
 
ould therefore 
auseirritations about possible model deviations.3.3 Che
king for deviations from linearityAppendix B shows the simulated residual plots when the true model in
ludesa quadrati
 term but the �tted model is only linear. That is, the true re-sponse values yi are generated from the model yi = �+�1zi+�2z2i +"i but theresiduals are 
al
ulated using only the linear relationship yi = �+ �1zi + "i.Following the residual theory for un
ensored data, the residual plots shouldreveal the misspe
i�ed model by showing a quadrati
 stru
ture in the plottedpoints.As the previous simulation showed that the performan
e of the residualsdoes not vary between n = 100 and 500, and be
ause it is of general inter-est to examine the small sample size behavior of the residuals, n = 500 isdropped and repla
ed by n = 30, but n = 100 is still kept.From the 24 simulation s
enarios shown in Appendix B, it 
an be seenthat the least square residuals ê perfe
tly reprodu
e the hidden quadrati
stru
ture in the data.



100The ê� re
e
t the quadrati
 stru
ture well in all s
enarios where the 
o-variate distribution is exponential and in most s
enarios for a Weibull dis-tributed 
ovariate. For the normal distribution, the quadrati
 stru
ture 
anbe seen in those s
enarios where n = 100 whereas for n = 30 the pattern isnot that 
lear. What strikes in espe
ially those plots where the per
entageof 
ensoring is high (p=0.3), is the line of residuals at zero (for example inS
enario 1). These points are the values of those �̂ whi
h are 
al
ulated fromthe estimated trun
ated error distribution and result mostly zero be
ause ofthe following fa
ts: the yi are generated from the model with the additionalquadrati
 term �2z2i . As a 
onsequen
e, the values for the yi result verylarge. These large yi-values are used in the estimation of the �̂, �̂ and �̂2(the formulas are given in Chapter 1.3 of the �rst part of this thesis) withthe 
onsequen
e that these estimates result very large as well. As the valuesof the estimated model parameters enter in the 
al
ulation of the residualintervals [Âi; B̂i℄, and above all �̂ has a huge in
uen
e as a multiplier of thez-values, the values of Âi and B̂i result being of opposite sign more often asin the 
orre
tly spe
i�ed model, and large or small values for both Âi and B̂ido almost not o

ur. Though, the line at zero does not disturb the quadrati
pattern of the un
ensored residuals in the plot and it still 
an be 
learlyre
ognized. For a low per
entage of 
ensoring, the quadrati
 stru
ture of theun
ensored residuals is very dominant anyway.The residuals êmid and êlup do not seem to be able to re
e
t the miss-ing quadrati
 term in the model and neither do they seem to support thequadrati
 stru
ture of the un
ensored residuals. In 
ontrary, they often makeit rather impossible to re
ognize the pattern of the un
ensored residuals (seefor example S
enario 5). In all s
enarios for the normal distribution as wellas in most s
enarios for the Weibull distribution, the residual plots do notshow a quadrati
 
urve. In 
ase of a exponentially distributed 
ovariate thequadrati
 stru
ture is only re
e
ted when the per
entage of 
ensoring is low.3.4 Che
king for 
onstant varian
eAll 
omputationally reasonable test pro
edures for heteros
edasti
ity arebased on the assumption of normality of the residuals. As seen previously,



101normality is not given for the êmid, êlup and ê�. So, the ordinary residual plotis used again to 
he
k this assumption for the four di�erent types of residuals.Simulations are 
arried out for a linear model where the error varian
e isnot 
onstant but depends on the 
ovariate. Appendix C shows the 24 simu-lated s
enarios where "i is generated from a normal distribution with meanzero and varian
e x2i . All four types of residuals perform similarly and it 
anbe seen that for n = 100 most s
enarios show the growing varian
e of theresiduals as the values of the 
ovariate get larger (see for example S
enario1). For a small number of observations, though, the varian
e stru
ture isnot resembled at all, whi
h leads to the 
on
lusion that there should be areasonable large number of observations when using the residual plots forregression diagnosti
s.3.5 Examining the S-shapeAs seen in the previous simulations, the performan
e of the residuals ê� vary
onsiderately depending on the per
entage of 
ensoring in the data. Anotherimportant fa
tor a�e
ting these residuals is the width of the residual interval,as mentioned in 
onne
tion with the appearan
e of the S-shape. The in
u-en
e of these two fa
tors will now be examined more extensively by studyingone data s
enario under various 
ensoring levels and interval widths. The
ensoring level p will range from 0.1 to 0.9 (in steps of 0.2), and the residualinterval width will be in
reased by 0, 0.3, 0.5 and 1 times the original intervalwidth. The model under 
onsideration will be spe
i�ed by � = 4 and � = 2,the distribution of the 
ovariate is 
hosen to be exponential with mean 18 ,and the number of observations n will be 100.First, simulations for a 
orre
tly spe
i�ed linear model and 
onstant er-ror varian
e are 
arried out and the results are shown in Figures 1-5. Asexpe
ted, at high 
ensoring levels (p=0.1 to 0.5) and a small residual inter-val width, the typi
al "S-form" as des
ribed before 
an be observed. Withgrowing interval width, though, this stru
ture disappears, and at the endthere is only one straight line at zero. This behavior is reasonable be
ausewith growing interval width the trun
ated normal error distribution approx-imates better to the not trun
ated N(0; �2) distribution, and the resulting



102means are therefore mostly zero.When the true model is quadrati
 but the residuals are 
al
ulated usingonly a linear term (see Figures 6-10), it 
an be observed that the quadrati
stru
ture is not visible at a high per
entage of 
ensoring (p=0.1), espe
iallywhen the residual intervals are very wide and produ
e residuals with valuesnear zero. In 
ontrast, the quadrati
 data stru
ture is resembled quite wellfor higher per
entages of 
ensoring, again with the observation that wideresidual intervals produ
e a line of residuals at zero.Figures 11-15 show the residual plots for the 
ase that the model is linearbut the error varian
e depends on the 
ovariate values. Here, it 
an be seenthat both the per
entage of 
ensoring and the residual interval width do nota�e
t the shape of the residuals in the plots, and the growing error varian
eis resembled well in all 
ases.3.6 Summary of the simulation resultsThe simulation results 
an be summarized in the following way: For 
he
k-ing an underlying normal distribution of the model errors, none of the threetypes of residuals 
oming from interval 
ensored data 
an be used, thoughthe newly proposed residuals ê� perform best. With respe
t to 
he
kingwhether the in
luded variables spe
ify the �tted model 
orre
tly, the simu-lations showed that the residuals �̂ are able to dete
t missing terms in themodel in all s
enarios when the number of observations is suÆ
iently large.For a small number of observations, they still perform satisfa
torily in 
aseof an exponential or Weibull distributed 
ovariate. In 
ontrast, the residu-als êlup and êmid perform well only in 
ase of a low per
entage of 
ensoringand an exponentially distributed 
ovariate. All three types of residuals 
anbe used to dete
t a 
ovariate depending error varian
e as long as there is asuÆ
iently large number of observations.



103Figure 1: Corre
tly spe
i�ed model, 
ensoring level 0.1. First graph: original residual interval width,se
ond graph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the originalinterval width.
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104Figure 2: Corre
tly spe
i�ed model, 
ensoring level 0.3. First graph: original residual interval width,se
ond graph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the originalinterval width.
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105Figure 3: Corre
tly spe
i�ed model, 
ensoring level 0.5. First graph: original residual interval width,se
ond graph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the originalinterval width.
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106Figure 4: Corre
tly spe
i�ed model, 
ensoring level 0.7. First graph: original residual interval width,se
ond graph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the originalinterval width.
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107Figure 5: Corre
tly spe
i�ed model, 
ensoring level 0.9. First graph: original residual interval width,se
ond graph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the originalinterval width.
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108Figure 6: Quadrati
 model, 
ensoring level 0.1. First graph: original residual interval width, se
ond graph:0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the original interval width.
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109Figure 7: Quadrati
 model, 
ensoring level 0.3. First graph: original residual interval width, se
ond graph:0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the original interval width.
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110Figure 8: Quadrati
 model, 
ensoring level 0.5. First graph: original residual interval width, se
ond graph:0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the original interval width.
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111Figure 9: Quadrati
 model, 
ensoring level 0.7. First graph: original residual interval width, se
ond graph:0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the original interval width.
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112Figure 10: Quadrati
 model, 
ensoring level 0.9. First graph: original residual interval width, se
ondgraph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the original intervalwidth.
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113Figure 11: Covariate depending model, 
ensoring level 0.1. First graph: original residual interval width,se
ond graph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the originalinterval width.
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114Figure 12: Covariate depending model, 
ensoring level 0.3. First graph: original residual interval width,se
ond graph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the originalinterval width.
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115Figure 13: Covariate depending model, 
ensoring level 0.5. First graph: original residual interval width,se
ond graph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the originalinterval width.
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116Figure 14: Covariate depending model, 
ensoring level 0.7. First graph: original residual interval width,se
ond graph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the originalinterval width.
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117Figure 15: Covariate depending model, 
ensoring level 0.9. First graph: original residual interval width,se
ond graph: 0.3 times in
reased, third graph: 0.5 times in
reased, fourth graph: double of the originalinterval width.
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Chapter 4Data appli
ationTo illustrate the proposed new residual theory, it is applied to data of therandomized 
lini
al trial ACTG358. This trial was designed to 
ompare sixdi�erent antiretroviral treatment regimens for HIV-infe
ted persons who hadpreviously failed 
ombination therapy involving the protease inhibitor Indi-navir. For details of the study see Guli
k et al. (2000).The 
ovariate Z is taken to be the patient's time between Indinavir failureand enrollment. It is of interest examining whether there is an asso
iationbetween Z and age X with the log10 viral load level Y at the time of enroll-ment. The 
ovariate Z was of interest be
ause delays in initiating ACTG359led to 
on
erns that patients who had failed Indinavir several months beforemight behave di�erently from those who had just re
ently failed.The analysis in
ludes 81 patients whose viral load dropped below 500
opies during their prior treatment with Indinavir. Be
ause the viral loadwas monitored only periodi
ally, the exa
t time at whi
h a patient's viralload fell below or 
limbed above 500 
ould not be observed dire
tly. Thus,the 
ovariate Z, the time between Indinavir failure and enrollment, is 
en-sored into the interval of the elapsed time between the �rst viral load re
ordabove 500 
opies and randomization, and the elapsed time between the lastviral load below 500 
opies and randomization.Fitting the model Y = �+ �Z + 
X + " to the data yields estimates forthe regression parameters (estimated standard errors) of �̂ = 4:0877 (0.1596),�̂ = �0:0028 (0.0031), 
̂ = 0:0071 (0.0031), and "̂2 = 0:2732 (0.0455). Thus,119



120the positive 
oeÆ
ient for Z suggests that patients with longer delays be-tween Indinavir failure and study entry tend to have higher baseline viralload levels (p=0.02). Similar results were obtained when X was not in
ludedin the model. Age was not signi�
antly asso
iated with the baseline viralload (p=0.37), see G�omez et al. (2002).G�omez et al. (2002) evaluate the goodness of the �tted model with theirproposed residuals êlup. As seen in the simulation results of Chapter 3,these residuals are not generally able to dete
t violations of the underlay-ing model assumptions. Hen
e, we repeat the residual analysis of the datafrom ACTG359 and re-
he
k the �tted model with a residual plot applyingthe newly proposed ê�. The resulting plot of the ê� against the �tted responsevalues ŷi is given in Figure 4.1.Figure 4.1: Residual plot for the �tted model of the ACTG358 data
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121It 
an be seen that the residuals s
atter randomly in the plane. They showno spe
ial patterns indi
ating possible model violations like missing regressorvariables or non-
onstant error varian
e. So, it 
an be 
on
luded that the�tted model represents the data adequately and support the hypothesis thatpatients with longer delays between Indinavir failure and study entry tendto have higher baseline viral load levels.
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enario 1: 
ovariate distribution Exp(18 ), �=2, p=0.3, n=100:
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enario 2: 
ovariate distribution Exp(18), �=2, p=0.3, n=500:
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enario 3: 
ovariate distribution Exp(18 ), �=2, p=0.7, n=100:
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enario 4: 
ovariate distribution Exp(18), �=2, p=0.7, n=500:
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enario 5: 
ovariate distribution Exp(18 ), �=5, p=0.3, n=100:
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enario 6: 
ovariate distribution Exp(18), �=5, p=0.3, n=500:
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134S
enario 7: 
ovariate distribution Exp(18 ), �=5, p=0.7, n=100:
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enario 8: 
ovariate distribution Exp(18), �=5, p=0.7, n=500:
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enario 9: 
ovariate distribution W(16 ; 32), �=2, p=0.3, n=100:
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enario 10: 
ovariate distribution W(16 ; 32), �=2, p=0.3, n=500:
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enario 11: 
ovariate distribution W(16 ; 32), �=2, p=0.7, n=100:
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enario 12: 
ovariate distribution W(16 ; 32), �=2, p=0.7, n=500:
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enario 13: 
ovariate distribution W(16 ; 32), �=5, p=0.3, n=100:
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enario 14: 
ovariate distribution W(16 ; 32), �=5, p=0.3, n=500:
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enario 15: 
ovariate distribution W(16 ; 32), �=5, p=0.7, n=100:
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enario 16: 
ovariate distribution W(16 ; 32), �=5, p=0.7, n=500:
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enario 17: 
ovariate distribution N(4,4), �=2, p=0.3, n=100:
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enario 18: 
ovariate distribution N(4,4), �=2, p=0.3, n=500:
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enario 19: 
ovariate distribution N(4,4), �=2, p=0.7, n=100:
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enario 20: 
ovariate distribution N(4,4), �=2, p=0.7, n=500:
o

o

o

o

o

o

o

o

o
o

o
o

o
o

o

o

oo

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo

o

o
o

o

o

o
o

o

o
o

o
o

o

o

o

o

o

o

o

o oo
o

o

o

o

o

o

o

oo

o

o

o

o

o

o o
o

o

o

oo

o

o

o

o o

o

o

o

o

o

o

o

o o
o

o
o
oo

oo
o

o

o

o
o
o oo

oo

o

o
o

oo
o

o

oo

o

o

o

o

o

o

o

o

oo

o

o

o

o

o

o

o
o

oo

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo

o

oo

o

o
o

oo

oo

o

o

o
o

oo
o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o

o

o

o o

o

o
o

o

o

o

o

o

o

o

oo

o
o

o
o
o

o

o

o
o

o

o
o

o

o
o

o

o

o

o o

o

o

o

oo
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o
o

o
o

o

o

o

o

o
o

o

o

o
o

o
o

oo

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o
o

oo

o

o

o

o

oo

o o

o
o

o

o

o

o o

o

oo
o

o
o

o

o

o

o

o

o

o o

o

o

o

oo
o

o

o

o

o

o

o

oo

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o

o

o ooo

o

o o

o

o

o

o

o

o

o
o

oo
o

o
o

o

o

o

o

o

o

oo

o

o

o
o

o

oo
o

o
o

o
oo

o

o
o

o

o

o

o

o

oo

oo

o

o

o

o

o

o
oo

o

o

o

o

o

o

o

o

o

oo

o

o

o

o

o

o

o

o

o

o

o

oo

o

o

o

o
o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o

o o

o

o

o

o

o
o

o o

o

o

o

o

o

o

o

o

ey20

e2
0

6 8 10 12 14 16 18

-3

-2

-1

0

1

2

3

o

o

o

o
o

o

o

ooo
o

o

o

o
o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

oo oo

o

o
o

o

o

oo

o

o
o

o

o

o

o

o

o

o

o

oo oo
o

o

o

o

o

o

o

oo

o

o
o

o
o

o o
o

o

o

oo

o

o

o

o o

o

o

o
o

o

o

o

o
o
o

o
o
oo

oo
o

o

o

oo
o oo

o

o

o

o
o

oo
o

o

o
o

o

o

o

o

o

o

o

o

oo

o

o

o

o

o

o

o

o

o

o
o

o

o

o
o

o

o
o

o

o

o

o

o

o

o

o o

o

o

o

o

o

o

o

o

o

o

o
o

o
oo

o

o

o

o

o
o

o

o

o

o

o

o

o

o
o

o

o

oo
o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o

ooo

oo

o o
o

o

o o
o

o
o
oo

o

oo

o
o

o

o o
o

o o

o

o

oo

o

o

o

o
o

o

o

o

oo
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o
o

o
o

o

o

o

o

o

o

o

o
oo

o
o

o

o

o

o

o

o
o

o

o
o

o
o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o o
o

o o

o

o

o
o

o o

o
o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o
o

o

o

o oo

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o

o
o

oo

o

o

o

o

o

o

o

o

o

o

oo

o

o
o

o
o

o

o

o

o

o

o

oo

o

o

o

o

o

oo
o

o
o

o
oo

o

o
o

o

o
o

o

o

oo

ooo

o
o

o

o

o
oo

o

o

o

o

o

o

o

o

o

oo

o
o o

o

o

o

o

o

o

o

o

oo

o

o

oo

o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o

o
o

o

o

o

o
o

o

o
o

oo

o

o

o

o

o

o

etay20

et
a2

0

6 8 10 12 14 16 18

-3

-2

-1

0

1

2

3

o

o

o

o

o

o

o

oo

o

oo

o
o

o

o
o

o

o

o

o

o

o

oo

o

o

o

o
o

o

o

o

o

o

o

o

o

o

oo

o

o

o

o

o

o

o

o

oo

o

o

o

o

o

o

o

o

oo oo
o

o

o

o o

o

o

oo

o

o

o

o
o

o o
o

o

o

oo

o

o

o

o o

o

o

o

o

o
o

o

o oo
o

o
oo

oo
o

o

o

o

o

o oo

o

o

o

o
o

oo
o

o

o

o
o

o

o

o
o

o

o

o

oo

o

o

o

o

o

o

o

o

oo

o

o

o

o
o

o

o
o

o

o

o

o

o

o

o

o o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo

o

o

o

oo

o

o

o

o

o

o

oo
o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o

o
o

o ooo

o

o

o

o

o
o

o

o

oo

o

o

o

o
o

o
o

o
o

o

o

o

o

o
o

o

o

o

o o

o

o

o

oo
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o
o oo

o

o

o

o

o

o

o

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o o
o

o

o

o

o

o o

o
o

o
o

o

o

o

o

o

o

o

o

o

o

o
o

oo

o
o

o

o

o o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o o

o

o

o

o

oo

o

o

o o

o

o

o

o

o

o

oo

o

o
o

o
o

o

o

o

o

o

o

oo

o

o

o
o

o

oo
o

o
o

o
oo

o

o
o

o

oo

o

o

oo

oo

o

o

o

o

o

o
oo

o

o

o

o

o

o

o

o

o

oo

o

o

o

o

o

o

o

o
o

o

o
oo

o

o

o
o

o

o

oo
o

o

o

o
o

o

o

o

o

o

o

o

o

o

o
o

o

o

o
o

o

o o
o

o

o

o

o

o

o

o

midy20

m
id

20

6 8 10 12 14 16 18

-2

0

2

4

o

o
o

o

o

o

o

o

o

o oo

o

o

o

o

oo

o

o

o

o

o

o
o

o

o

o
o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo
o

o

o

o

o

o
o

o

o

o oo
o

o

o

o

o

o

o

oo

o

o

oo

o

o o
o

o

o

oo

o
o

o

o
o

o

o

o

o
o

o

o

o oo
o

o
oo

oo
o

o

o
o

o

o oo
o

o

o

o

o

oo o

o

o

o

o

o

o

o

o

o

o

o

oo

o

o
o

o

o

o

o

o

o

o

o

o

o

oo

o

o
o

o

o

o

o

o

o

o

o o

o

o

o

o

o

o

o

o

o

o
o

o

o

o
o

o

oo

o
oo

o

oo

o

o

oo
o

o

o
o

oo
o

o
o

o
o

o

o

o

o

o
o

o

o

o

o

o

o

o o

o

o

o

o
o

o

o
o

o

o

o

o

o

o

o

o
oo

oo

o
o
o

o

o

o
o

o o

o
o

o

o

o

o

o

o

o

o

o

o

ooo

o

o

o

o
o

o

o

o

o

o

o

o

o
o

o

o
o

o

o

o

o

o
o

o o
o

o

o

o

o
o

o

o

oo

o
o

ooo
o

o

o

o

o
o o

o
o

o

o

o
o

o
o

oo
o

o

o

o

oo

o o
o

o

o

o

o

o o

o

oo

oo
o

o

o

o
o

o

o

o o

o

o

o

oo
o

o

o

o

o

o

o

o
o

o

o
o

o

o

o

o

o

o

o

o

o

o

o o

o

oo

o

ooo

o

o

o

o

o

o

o

o

o

oo

oo o

o
o

o

o

o
o

o

o

oo

o

o

o
o

o

oo
o

o
o

o
oo

o

o
o

o

o

o

o

o

oo

oo

o

o

o

o

o

o
oo

o

o

o

o

o
o
o

o

o
oo

o

o

o

o

o

o

o
o

o

o
o

oo

o

o

o

o

o

o

oo
o

o

o

o
o

o

o
o

o

o

o

o

o

o

o

o

o

oo

o

o

o o

o

o

o

o

o

o

o

o

lupy20

lu
p2

0

6 8 10 12 14 16 18

-6

-4

-2

0

2



148S
enario 21: 
ovariate distribution N(4,4), �=5, p=0.3, n=100:
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enario 22: 
ovariate distribution N(4,4), �=5, p=0.3, n=500:
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enario 23: 
ovariate distribution N(4,4), �=5, p=0.7, n=100:
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enario 24: 
ovariate distribution N(4,4), �=5, p=0.7, n=500:
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Appendix BResidual plots when aquadrati
 term is missing
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enario 1: 
ovariate distribution Exp(18 ), �=2, p=0.3, n=100:
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enario 2: 
ovariate distribution Exp(18), �=2, p=0.3, n=30:
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enario 3: 
ovariate distribution Exp(18 ), �=2, p=0.7, n=100:

o

o o

o

o

o

o

o

o

o

o

o

o ooo
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o o

o

oo

oo

o

o

o

o

o o

o

o

o

o

o

o o

o

o

o

o

o

o

o

o

o

o

o

oo

o

o

o

o

o

o

o

o

o oo

oo

o

o

o

o

o

o

o

oo

oo oo

o

o
oo
o

o o

o

o

eylin3

el
in

3

0 100 200 300

-20

0

20

40

o

o o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo

o

o

o

o

o o

o

o

o o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o oo

oo

o

o

o

o

o

o

o

oo

oo oo

o

o
oo
o

o o

o

o

etaylin3

et
al

in
3

0 100 200 300

-20

0

20

40

o

o o

o

o

o

o

o

o

o

o

o

o o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o o

o

o

o

oo

o

o

o

o

o o

o

o

o

o

o

o o

o

o

o

o

o

o

o

o

o

o
o o

o

o

o

o

o

o

o

o

o

o oo

oo

o

o

o

o

o

o

o

oo

oo oo

o

oo
o
o

o o

o

o

midylin3

m
id

lin
3

0 100 200 300

-40

-20

0

20

40

o

o oo

o

o o

o

o

o

o

o

o
ooo

o

o

o

o
o

o

o

o

o

o

o

o
o

o

o

o
o

o

o

o

o

oo

o

o

o

o

o o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo
oo

o

o

o

o

o

o

o

o

o oo

oo

o

o

o

o

o

o

o

oo

oo oo
o

oooo
o o

o

o

lupylin3

lu
pl

in
3

0 100 200 300

-60

-40

-20

0

20

40



157S
enario 4: 
ovariate distribution Exp(18), �=2, p=0.7, n=30:
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enario 5: 
ovariate distribution Exp(18 ), �=5, p=0.3, n=100:

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o

o

o

o

o

o

o

o
o

o o

oo

o

oo

o
oo

o

o

o

o

o

oo

o
o

o

o

o

oo
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

oo

o
o

o

o

o

o
o

o

oo

o

o

o

eylin5

el
in

5

0 100 200 300

-20

0

20

40

o

o

o

o

o

o

o

o

o

o

o

oo

o

o

o
o

o

o
o

o

o

o

o

o

o

o

o

o

o o o

oo

o

oo

o o
o

o

oo

o

o

o

o

o

o

o o

o

oo

o

o

o

o

o

o

o o

o

o

o

o o

o

o

o

o

o

oo

o

o

o

o

o

o

o

oo o o

oo

o

o

o
o

o

o o

o

o

o

o oo

etaylin5

et
al

in
5

0 100 200 300

-40

-20

0

20

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o
o

o

o

o o

o

o

o

o

o

o

o

o

oo o

o

o

o
o

o

o

o
o

o

o

oo

o

o
o

o

o o

o

oo

o

o

o

o

o

o

o

o
o

oo

o

o o

o

o

o

o

o
o

o

o

o

o

oo

o

o

o

o o

o

oo

o

o

o

midylin5

m
id

lin
5

0 100 200 300

-100

-50

0

50

100

150

200

o

o

o

o
o

o

o

o

o

o

o

o

o
o

oo

o

o

o

o
o

o

o

o

o

oo

o

o
o

o

o

o

o

o

o

o

o

o

o
o

o

o
o

o o

o

o

o

o

o

o

oo
o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o

o
o

o

o

o

o
o

o

o

o

o

o
o

o

o

o

o

o
o

o

o

o

o o

o

o

o
o

o

o

lupylin5

lu
pl

in
5

0 100 200 300

-100

0

100

200



159S
enario 6: 
ovariate distribution Exp(18), �=5, p=0.3, n=30:
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enario 7: 
ovariate distribution Exp(18 ), �=5, p=0.7, n=100:
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enario 8: 
ovariate distribution Exp(18), �=5, p=0.7, n=30:
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enario 9: 
ovariate distribution W(16 ; 32), �=2, p=0.3, n=100:
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enario 10: 
ovariate distribution W(16 ; 32), �=2, p=0.3, n=30:
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enario 11: 
ovariate distribution W(16 ; 32), �=2, p=0.7, n=100:
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enario 12: 
ovariate distribution W(16 ; 32), �=2, p=0.7, n=30:
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enario 13: 
ovariate distribution W(16 ; 32), �=5, p=0.3, n=100:
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enario 14: 
ovariate distribution W(16 ; 32), �=5, p=0.3, n=30:
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enario 15: 
ovariate distribution W(16 ; 32), �=5, p=0.7, n=100:
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enario 16: 
ovariate distribution W(16 ; 32), �=5, p=0.7, n=30:
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enario 17: 
ovariate distribution N(6,4), �=2, p=0.3, n=100:
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enario 18: 
ovariate distribution N(6,4), �=2, p=0.3, n=30:
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enario 19: 
ovariate distribution N(6,4), �=2, p=0.7, n=100:
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enario 20: 
ovariate distribution N(6,4), �=2, p=0.7, n=30:
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enario 21: 
ovariate distribution N(6,4), �=5, p=0.3, n=100:
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enario 22: 
ovariate distribution N(6,4), �=5, p=0.3, n=30:
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enario 23: 
ovariate distribution N(6,4), �=5, p=0.7, n=100:
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enario 24: 
ovariate distribution N(6,4), �=5, p=0.7, n=30:
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Appendix CResidual plots when the errorvarian
e depends on the
ovariate
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180S
enario 1: 
ovariate distribution Exp(18 ), �=2, p=0.3, n=100:
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181S
enario 2: 
ovariate distribution Exp(18), �=2, p=0.3, n=30:
o

o

o

o
o

o
oo

o

o

o

o

o
o

o

o

o
o

o

o

o

o o

o

o

o

o

o
o

o

x2

ev
ar

x2

2 4 6 8 10 12

-1.5*10^11

-10^11

-5*10^10

0

5*10^10

10^11

1.5*10^11

o
o

o

o o

o

oo

o

o

o

o

o

o

o

o
o

o

o

o
o

o
o

o

o

o

o

oo

o

x2

et
av

ar
x2

2 4 6 8 10 12

-150

-100

-50

0

50

100

150

o
o

o

o o

o

oo

o

o

o

o

o

o

o

o

o

o

o

o
o

o o

o

o

o

o
oo

o

x2

m
id

va
rx

2

2 4 6 8 10 12

-150

-100

-50

0

50

100

150

o
o

o

o o

o
oo

o

o

o

o

o

o

o

o
o

o

o

oo

o o

o

o

o

o

o
o

o

x2

lu
pv

ar
x2

2 4 6 8 10 12

-150

-100

-50

0

50

100

150



182S
enario 3: 
ovariate distribution Exp(18 ), �=2, p=0.7, n=100:
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enario 4: 
ovariate distribution Exp(18), �=2, p=0.7, n=30:
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enario 5: 
ovariate distribution Exp(18 ), �=5, p=0.3, n=100:
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enario 6: 
ovariate distribution Exp(18), �=5, p=0.3, n=30:
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186S
enario 7: 
ovariate distribution Exp(18 ), �=5, p=0.7, n=100:
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187S
enario 8: 
ovariate distribution Exp(18), �=5, p=0.7, n=30:
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188S
enario 9: 
ovariate distribution W(16 ; 32), �=2, p=0.3, n=100:
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189S
enario 10: 
ovariate distribution W(16 ; 32), �=2, p=0.3, n=30:
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enario 11: 
ovariate distribution W(16 ; 32), �=2, p=0.7, n=100:
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191S
enario 12: 
ovariate distribution W(16 ; 32), �=2, p=0.7, n=30:
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enario 13: 
ovariate distribution W(16 ; 32), �=5, p=0.3, n=100:
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enario 14: 
ovariate distribution W(16 ; 32), �=5, p=0.3, n=30:
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enario 15: 
ovariate distribution W(16 ; 32), �=5, p=0.7, n=100:
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195S
enario 16: 
ovariate distribution W(16 ; 32), �=5, p=0.7, n=30:
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enario 17: 
ovariate distribution N(6,4), �=2, p=0.3, n=100:
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197S
enario 18: 
ovariate distribution N(6,4), �=2, p=0.3, n=30:
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enario 19: 
ovariate distribution N(6,4), �=2, p=0.7, n=100:
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199S
enario 20: 
ovariate distribution N(6,4), �=2, p=0.7, n=30:
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200S
enario 21: 
ovariate distribution N(6,4), �=5, p=0.3, n=100:
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201S
enario 22: 
ovariate distribution N(6,4), �=5, p=0.3, n=30:
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enario 23: 
ovariate distribution N(6,4), �=5, p=0.7, n=100:
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203S
enario 24: 
ovariate distribution N(6,4), �=5, p=0.7, n=30:
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