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ABSTRACT

Let (K,v) be a discrete rank-one valued field. In a pioneering work, S.
MacLane studied and characterized the extensions of the valuation v to the
rational function field K(z). M. Vaquié generalized his work for an arbitrary
valued field (K, v), not necessarily rank-one nor discrete. A more construc-
tive contribution for the theory was given in the case where v is discrete of
rank-one, where J. Ferndndez, J. Guardia, J. Montes and E. Nart provided a
computation of generators of the graded algebras and introduced some residual
polynomial operators. In this memoir we extend these results to a valued field
(K,v), not necessarily rank-one nor discrete. We also establish a connection
between inductive valuations and irreducible polynomials with coefficients in
K" precisely, we construct a bijective mapping M — P/~ between the
MacLane space of (K, v) (considered as the set of strong types) and a certain
quotient of the subset Py C IP of defectless polynomials with coefficients in the
henselian field K. Finally, as an application of the techniques presented in
this work we reobtain some results on the computation of invariants of tame
algebraic elements over henselian fields.
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Introduction

Let (K, v) be a discrete rank-one valued field. In a pioneering work, S. MacLane studied
and characterized the extensions of the valuation v to the rational function field K (x)
(17, 18].

For simplicity, let us focus our attention on those extensions p of v for which p(x) > 0.
Then, starting from Gauss’ valuation o (which is the minimal extension of v to K(z)
satisfying u(x) = 0), and choosing certain key polynomials ¢; € K[z] and positive rational
numbers ;, MacLane constructed certain inductive valuations on K(x),

Ho M H1 ¢2—ﬂ§ T ¢r—1_=’Y;—1 Hr—1 M Hr = [, (1>
where, for 1 < ¢ < r, each valuation p; is an augmentation of the valuation p,;_1, deter-
mined by the condition ~; = p;(¢;).

MacLane proved that all extensions of v to K (z) can be obtained as a certain limit of
inductive valuations [17]. Also, he showed that these ideas lead to a concrete algorithm
to find all extensions of v to a finite extension of the base field K [18].

In [30, 31, 32], M. Vaquié generalized MacLane’s theory to the case of an arbitrary
valued field (K, v), not necessarily rank-one nor discrete. The graded algebra G, attached
to a valuation p, and certain residual ideals in the degree-zero subring A, of G, are crucial
in the development of the theory.

The residual ideal of a non-zero polynomial g € K|x] is defined as

RM(Q) = H“(g)g“ N Au»
where H,,(g) is the image of g in the piece of degree p(g) of the algebra.

J. Fernandez, J. Guardia, J. Montes and E. Nart gave a constructive touch to Vaquié’s
approach [6]. Restricted to the case v discrete of rank-one, they provided a computation
of generators of the graded algebras. Also, for an inductive valuation as in (1), they
introduced some resitdual polynomial operators,

R;: K[z] — kilyl, 1<i<nm, (2)

where y is an indeterminate, and k; C A, is a field which is a finite extension of the
residue class field k£ of the initial valuation v. The structure of A, as a k-algebra is
completely determined by the subfield k;, since there are elements y; € A,, which are
transcendental over k; and satisfy A, = k;[y].

The operator R, is a kind of algorithmic representation of the residual ideal operator
R,.. More precisely, for any polynomial g € K|[z], the element

B, (9)(yr) € Ay

1X



is, up to a power of y,, a generator of the residual ideal R,(g).

Let K, be the completion of K with respect to the v-adic topology. This constructive
approach leads to a fast algorithm for polynomial factorization in K, [z], inspired in a
similar algorithm developed by J. Montes for p-adic fields [20]. This algorithm is a kind
of efficient version of the original algorithm by MacLane in [18].

These polynomial factorization algorithms based on inductive valuations have many
applications to the resolution of arithmetic tasks in number fields and function fields
8,9, 10].

On the other hand, in [6] the authors found a tight link between the set of inductive
valuations and the set P of monic and irreducible polynomials with coefficients in K,.
More precisely, they established a canonical bijection

M — P/~ (3)

between the MacLane space M and the quotient set of P under a certain equivalence
relation ~. The MacLane space is defined as the set of pairs (i, £), where p is an
inductive valuation on K(x) extending v, and L is a strong maximal ideal of A,,.

In this memoir, we extend the results of [6] to an arbitrary valued field (K, v), not
necessarily rank-one nor discrete.

In this general situation, the completion K, looses the nice properties it had in the
classical rank-one, discrete case. Its role is undertaken by any henselization (K",v") of
the original valued field.

Also, the experts will not be surprised by the fact that inductive valuations may
provide a bijection like (3) only for the subset Py C P of defectless polynomials with
coefficients in K"

A monic irreducible polynomial in K"[x] is defectless if by adjoining a root of it to K"
we get a valued field (K’,v") such that

[K': K] = e(v/ [o") f( /o).
The memoir is distributed into three parts.

Part I: Background on valuations
This part, of a preliminary nature, contains two chapters.

In Chapter 1, we include basic facts about valued fields and semivaluations on the
polynomial ring K [x] in one indeterminate.

The graded algebra of a valuation on K[z is described, and the basic properties of
key polynomials are reviewed, mainly taken from [23].

In Chapter 2, we review MacLane’s construction of augmented valuations [17, 30].
If a given valuation p on K|[x] admits key polynomials, it is possible to augment p to a
larger valuation with a prefixed value on a given key polynomial.

Most of the content of this chapter is extracted from Vaquié’s paper [30]. Some results
not contained in [30] are an easy transcription to the general case of results that were
obtained in [6] for rank-one discrete valuations.



Finally, some basic results which we could not find in the literature are probably well
known.

In any case, we provide proofs of all results in order to help the reader to get some
familiarity with the main features of this construction.

Part II: Inductive valuations on polynomial rings
This part contains five chapters.

In Chapter 3, we review some basic facts about the Newton polygon operator at-
tached to a pair u, ¢, where p is a commensurable extension of v to K[x] and ¢ is an
arbitrary key polynomial for p.

Tipically, when p is a rank-one valuation, the Newton polygon of a polynomial in K|[x]
lies in the euclidean plane. For higher rank valuations, Newton polygons of polynomials
lie in the rational vector space Q x QI', where I" is the value group of v.

Apart from this change of ambient space, all results of this chapter are an easy tran-
scription of the results of [6, Sec.2], up to a different normalization of the Newton polygons.

Chapter 4 is devoted to wvaluations of depth zero, which are in a certain sense “very
small” commensurable extensions of v to K[z].

These valuations are constructed as an augmentation of an incommensurable valuation
l—o0, Which is a kind of absolute minimal extension of v to K{z].

We analyze the structure of the graded algebra of the valuation p_., and describe its
set of key polynomials.

Also, we determine the structure of the graded algebra of the depth-zero valuations.
Their set of key polynomials is described in Chapter 6, where this is done for all valuations
w of finite depth.

In Chapter 5, we discuss inductive (finite depth) valuations and their MacLane chains
as in (1). Optimal MacLane chains are analyzed and a certain unicity property is proved
for them.

A MacLane chain of an inductive valuation p supports many discrete data and oper-
ators which are described in this chapter.

As mentioned above, inductive valuations are useful to detect information about the
irreducible factors over K"[x] of any given polynomial f € K|x].

Since we are interested in the design of algorithms which capture this information, we
need algorithms able to compute all data and operators supported by a MacLane chain.
To this end, we are led to fix an auxiliary finitely generated group I'* of the value group
I.

Finally, certain rational functions in K (x) are construced, leading to special elements
with prescribed degree in the graded algebra G,, which play an important role in the
description of the structure of G, as a G,-algebra, where G, is the graded algebra of the
initial valuation v.

Chapter 6 is devoted to the construction of residual polynomial operators as in (2),
which play a key role in the whole theory.

There is a general residual polynomial operator R,, introduced in [23] (cf. section 1.7
of this memoir). Its construction depends on the choice of rational functions in K (x) with
a prescribed p-value.



From an algorithmic perspective, we need to choose these rational functions in a
coherent way for the different levels of the MacLane chains, thus allowing a recursive
(hence constructive) computation of the residual polynomial operators.

To this end, the results of Chapter 5 depending on the choice of an auxiliary finitely
generated group I'® of the value group I' are crucial.

The chapter concludes with an analysis of the dependence of the residual polynomial
operators on the choice of the finitely generated subgroup I''® and the choice of an optimal
MacLane chain for .

Chapter 7 contains a description of G,, as a G,-algebra. A complete description of G,
as a k-algebra is obtained only when the value group I' of the initial valuation v is finitely
generated.

Part III: Defectles polynomials over henselian fields
This part contains four chapters.

In Chapter 8, we review the basic properties of the henselization of a valued field.
We show that an inductive valuation p on K[z] admits a unique extension to K”[z]. This
extension is still inductive, because every optimal MacLane chain of p lifts in a natural
way to a MacLane chain of the extension.

As a consequence of this result, all key polynomials of inductive valuations are defect-
less polynomials in K"[z].

The chapter ends with an example of a non-inductive valuation, admitting key poly-
nomials which are not irreducible in K"[x].

Probably, all results of this chapter are well-known to the experts in the field.

In Chapter 9, inspired in [6] and [22], we formulate the concept of proper key poly-
nomials and we introduce types.

A type is a pair t = (i, £) where p is an inductive valuation on Klz| and L is a
proper maximal ideal of the subring A, of G,,. In this context, £ proper ideal means that
L =TR,(¢) for some proper key polynomial ¢ for p.

A proper key polynomial ¢ satisfying £ = R,,(¢) is called a representative of the type
t. The main result of the chaper shows that two types coincide if and only if they have
the same sets of representatives.

In Chapter 10, we assume that (K, v) is a henselian field, and we still denote by v
the unique extension of v to a fixed algebraic closure K.

As a general aim, we would like to study how far can we approximate a given prime
polynomial F' € Klz], by key polynomials of valuations on K|[z].

This problem distinguishes two phases. In section 10.1, we show that for any key
polynomial ¢ of an inductive valuation p on K|z], the condition

¢ lu F, (4)

(meaning that H,,(¢) divides H,,(F') in the graded algebra), implies that R ,(F') is a power
of the maximal ideal R,(¢) in A,,.
This fact leads to a vast generalization of Hensel’s lemma (Theorem 10.7).



In this way, by constructing (via the augmentation process) larger valuations admitting
key polynomials for which (4) holds, we discover several invariants of F'| related to the
discrete data supported by any optimal MacLane chain of .

Simultaneously, the key polynomials satisfying (4) are better approximations to F, in
the sense that the resultant Res(F, ¢) has a larger v-value.

In a second phase, developed in section 10.4, we must determine under what conditions
this approximation process is able to reach a valuation p admitting /' as a key polynomial.

Both phases are inspired in a pioneer work by Okutsu [24], who showed how to con-
trol the quality of the approximations when K is the completion of a rank-one discrete
valuation v. In this classical case, this process converges for any prime polynomial, and
all involved valuations are inductive.

The connection of Okutsu’s approach with inductive valuations was found in [7]. Fi-
nally, still restricted to rank-one discrete valuations, the main result of Okutsu was rein-
terpreted in [6] as the existence of the canonical bijection (3).

For both phases, we follow closely the approach of [6]. The generalization of these
ideas to the case of a general valuation v is easy, but it has a crucial limitation. The
second phase is only possible for defectless polynomials.

The main result of the memoir is the construction of a bijective mapping
M — Po/%

between the MacLane space of (K, v) (considered as the set of strong types) and a certain
quotient of the subset Py C P of defectles polynomials with coefficients in the henselian
field K.

The extension of these ideas to arbitrary prime polynomials would require the use of
continuous MacLane chains and their limit augmentations considered by Vaquié in [30].
We hope to be able to deal with the general case in a future work.

Finally, in Chapter 11, we apply the techniques of Chapter 10 to reobtain some
results on the computation of invariants of tame algebraic elements over henselian fields.

These results may be found in the literature as the combined contribution of several
papers of different authors [1, 2, 3, 4, 15, 16, 29].

Our aim is to give a unified presentation of these computations, with simplified proofs,
derived in a natural way from the results of Chapter 10.






PART 1

Background on valuations






Chapter 1

Valuations on polynomial rings

Throughout this memoir we fix a valuation on a field K,
v: K — I'U{oo}.
We suppose that I' =T, is its value group, and we denote by
o0 =0,, m=m,, k=k,

its valuation ring, maximal ideal and residue class field, respectively.

For any a € O, we denote by @ € k its class modulo m. Given a polynomial g € Olz],
we denote by g € k[z]| the polynomial which is obtained by taking classes modulo m of all
coefficients of g.

The aim of this memoir is to study inductive valuations over (K, v), and use them to
parameterize defectless polynomials over henselian fields.

These valuations are certain commensurable extensions of the valuation v to the field
K(x) of rational functions in one indeterminate.

In this preliminary chapter, we recall some background on valued fields and rings.

1.1 Ordered abelian groups

An ordered abelian group is an abelian group (I", +) equipped with a total order <, which
is compatible with the group structure:

asf = a+y<f+y, Vo, g yel
A subgroup A C I' is convex if
a,feN = o] CA
The following properties of convex subgroups of ordered abelian groups are well known.

e The quotient I'/A inherits a natural structure of ordered abelian group.

3



4 CHAPTER 1. VALUATIONS ON POLYNOMIAL RINGS
e The kernel of an order-preserving group homomorphism between two ordered abelian
groups is a convex subgroup.

e The convex subgroups of I" are totally ordered by inclusion.

Definition 1.1. The rank of I' is the cardinality of the set of proper convex subgroups of
L. It is denoted as tk(T).

For instance, let R}, be the additive group (R", +) equipped with the lexicographical

lex
order. This ordered abelian group has rank n, and any ordered abelian group of finite

rank n can be embedded into R} via an order-preserving homomorphism.

Definition 1.2. We say that QI' :=T' ® Q is the divisible hull of T.
The dimension of QL' as a Q-vector space is called the rational rank of T".
It is denoted as rr(I') = dimg Q.

Thus, the rational rank of I" is the cardinality of a maximal linearly independent subset
of I', as a Z-module.
For any subgroup A C I', we have

k(") <1k(A) +rr(I'/A). (1.1)
In particular, rk(I") < rr(I"), but equality does not necessarily hold. For instance,
rk(Q) =1 =r11(Q), rk(R) =1 < 11(R) = o0.

Ordered abelian groups are torsion free. In fact, suppose that 0 # a € I' has finite
order n > 0. By eventually replacing a with —«, we may assume that « > 0, and this
leads to a contradiction:

0<a = a<2a<---<na=0.
Since I is torsion free, the natural group homomorphism
I — Qr, a—a®l (1.2)

is an embedding. Every element in QI' can be written as a ® % for a € I" and some
positive integer e. This expression is unique up to the following identification:

1 1
aR-=0R - <= da=ef.
e d

Notation. In the sequel we shall write a/e instead of a ® é
We can consider a total order in QI:
aje < Bld <= da<ef.

It is easy to check that QI is an ordered abelian group and the embedding (1.2) preserves
the order. Clearly,
rk(I") = rk(QI), rr(I) = rr(QT).
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1.2 Valued fields

In this section, we collect several basic results on valuations on fields. Most of them have
been extracted from [5].

Let K be a field and I" an ordered abelian group. A mapping
v: K — T'U{o0}
is said to be a wvaluation on K if it satisfies the following properties for all a,b € K:
(0) v(a) = oo if and only if a = 0,
(1) v(ab) = v(a) + v(b),
(2) v(a+b) > Min {v(a),v(b)}.

The group of values of v is the image of the group homomorphism K* —— T' induced
by v. We denote it by
Iy =v(K™).

The subring O, = {a € K | v(a) > 0} is called the valuation ring of v.
The following properties of valuation rings are well-know:

e O, is a local ring with maximal ideal m, = {a € K | v(a) > 0}.
The quotient k, = O,/m, is called the residue class field of v.

e For any a € K*, we have either a € O, or 1/a € m.

e O, is integrally closed, and its ideals are totally ordered by inclusion.

Definition 1.3. Two valuations v;: K — T'; U {co} (i = 1,2) are equivalent if they have
the same valuation ring: O,, = O,,.

This happens if and only if there exists an order-preserving group isomorphism
vy, — Ty
such that ¢ o v; = vs.

Definition 1.4. Let v: K — I"' U {oo} be a valuation.
Let L/K be an extension of fields. A valuation on L,

w: L — T"U{oo},
15 said to be an extension of v if O, N K = O,.

Equivalently, there exists an order-preserving embedding I', < I', such that the
following diagram commutes.



6 CHAPTER 1. VALUATIONS ON POLYNOMIAL RINGS

We define the indez of ramification of an extension w/v of valuations as:
e(w/v) = (Ty: Iv),

having in mind that it can be infinite.

Also, an extension w/v of valuations determines an embedding k, < k,, between the
residue class fields.

We denote the residual degree of the extension w/v as

flw/v) = [ky: k).
This number may be infinite as well.

Definition 1.5. An extension w/v is said to be immediate if e(w/v) = f(w/v) = 1.

Commensurable extensions

Definition 1.6. An extension w/v of valuations is said to be commensurable if ', /T, is
a torsion group. This is equivalent to rr(I'y,/T",) = 0.

In particular, (1.1) shows that
rk(T,) = rk(T'y), rr(T,) = 1r(Ty).
Suppose v is the trivial valuation on K; that is, I, = {0}. Then, for any field extension
L/K, the trivial valuation on L is the only commensurable extension of v.
If the extension w/v is commensurable, there is a natural order-preserving embedding
of I, into the divisible hull of T';:
i: T — QT,, v —> (e)/e,

where e € Z, which depends on v, satisfies ey € T',,.
The valuation on L given by

@ L 2T, — QT

is another extension of v, and it is equivalent to w. In fact, w = i o w by construction;
and ¢ is an order-preserving group isomorphism between I', and 'z =i (I',).

Lemma 1.7. Let wy, wy be two commensurable extensions of v to L.
Let wq, wy be their QI ,-valued versions.
Then, wy, wy are equivalent if and only if w; = w,.

Proof. If w; = ws, then w; and ws are equivalent, because each w; is equivalent to
w; for 1 =1,2.

Conversely, suppose that w; and w, are equivalent. Let ¢ : I',, — I'y, be an order-
preserving group isomorphism such that ¢ o w; = wy. This isomorphism extends in a
unique way to an order-preserving automorphism z of QI', such that

20@1:@2.
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This leads to the following commutative diagram:

I, — T. <2 QI,
I e

I, — T, <% QI,

Since ¢ restricted to I', is the identity, it must be the identity on QI', as well, so that
19 0t = i1. Hence, w; = ws,. O

Finally, let us mention another fundamental inequality.
Theorem 1.8. For an arbitrary extension w/v of valuations, it follows that
tr. deg(ky/ky) + rr(Ty/Ty) < tr.deg(L/K).

In particular, if L/K is algebraic, then k,/k, is algebraic and w/v is commensurable.

1.3 Graded algebra of a valuation

To any valuation v on K we may associate a graded algebra as follows.
For any a € T',,, consider the O,-submodules:

Po={a€ K|v(a)>a}Dd>Pr={aec K |v(a)>al,

leading to the graded algebra

._ _ +
g’u L grv<K) - @QEFU Pa/Pa '
The product of homogeneous elements is defined in an obvious way:
(a+P)) (b+73;) = ab+73(j+5.

If the class of a +Pf and b + Py are different from zero, then v(a) = «, v(b) = .
Hence, v(ab) = a+ f3, so that ab + P;Zrﬂ is different from zero too.
This means that G, is an integral domain.

The subring of homogeneous elements of degree zero is k,, so that G, has a natural
structure of k,-algebra.

Definition 1.9. There is a natural mapping H,: K — G,, given by
H,(0) =0, Hy(a)=a+ Py, fora#o0.

Two elements a,b € K are said to be v-equivalent if H,(a) = H,(b). In this case, we
write a ~, b.
This is equivalent to v(a — b) > v(b), and it implies v(a) = v(b).

An extension w/v of valuations determines an embedding of graded algebras

Gy = Gy = gr, (L), a+Prw) = a+Pl(w), VaeTl,, Vae P,(v).
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Lemma 1.10. Let w/v be an extension of valuations. The following conditions are equiv-
alent.

(1) w/v is immediate.
(2) The natural embedding G, — G,, is an isomorphism.
(8) For every & € L, there exists a € K such that £ ~,, a.

Proof. Let us see that (1) implies (2). Since f(w/v) = 1, the canonical mapping
k, — k, is an isomorphism. Thus, the embedding G, — G, restricts to an isomorphism
between the homogeneous parts of degree zero.

On the other hand, since e(w/v) = 1, for every o € T, there exists a € K with
w(a) = a. Hence, the mapping G, — G,, is an isomorphism on the homogeneous parts of
degree « too:

Pa(v)/Py(v) = Hy(a)k, —— Hy(a)k, = Pa(w)/Py (w).

Conditions (2) and (3) are both equivalent to the fact that the mapping G, — G, is
onto. Finally, (2) clearly implies (1). O

1.4 Semivaluations on K|x]

An extension of v to the field K (z) is completely determined by its action on the poly-
nomial ring K[z]. Thus, we may restrict our attention to mappings

p: Klz] — T" U {00},
satisfying conditions (0), (1), (2) of a valuation (cf. section 1.2), and such that
Mg = Lo,

for some order-preserving embedding ¢: I' — I".

It is convenient to enlarge a little bit the notion of valuation on a polynomial ring,
and deal with semivaluations.

The definitions that follow can be extended to arbitrary commutative rings, but we
keep dealing with our ring K [x] for the reader’s convenience.

Definition 1.11. Let K be a field and T an ordered abelian group.
A semivaluation on K|x] is a mapping

p: K[z] — T"U {0}
satisfying the following properties for all f, g € K|[x|:
(1) p(fg) = pu(f) + nlg),

(2) u(f +g) > Min{u(f), u(g)}.
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As usual, such a mapping satisfies

p(f) <ulg) = ulf +9) = nlf).
In fact, u(f + g) > p(f) would lead to a contradiction:
p(f) = Min{u(=g), u(f +9)} > n(f).
The support of u is the ideal
pi=p,=p"(c0).
Condition (1) shows that p is a prime ideal of K|x].
Definition 1.12. We say that p is a valuation on K[z| if p = 0.
Only in this case p extends to a valuation on the field of fractions K(x).
In any case, p induces a valuation
m () — T
on the residue field x(p), which is isomorphic to the field of fractions of K[z|/p.
Let us denote the corresponding maximal ideal and valuation ring by
m, :=my; C O, := Oz C k(D).
The residue class field of i is defined to be
k,=0O,/m, = kg
Also, we denote the group of values by
Ly =Tz =p(k(p)"),
which coincides with the subgroup of I generated by pu(K[x] \ p).
Conversely, for any p € Spec(K|[z]) and any valuation
r(p) — T"U {oo},
we obtain a semivaluation on K[z]| with support p, just by taking the composition
K[z] — Klz]/p — k(p) — T U {o0}.
Definition 1.13. Two semivaluations v, p on K[z] are said to be equivalent if the fol-
lowing equivalent conditions are satisfied.
(1) There exists a (necessarily unique) order-preserving isomorphism v: ', = T, such
that p=1owv.
(2) For all f,g € Klz|, the condition u(f) > u(g) is equivalent to v(f) > v(g).

(3) p, =p, and O, = O,.
Let us show that these conditions are equivalent. It is clear that (1) implies (2).
Condition (2) obviously implies p, = p,.. Also, O, = O, because f € O, is equivalent
to u(f) > p(1).

Finally, (3) implies that 7 and 7z are equivalent valuations on the same field. Hence,
there exists an order-preserving isomorphism ¢: I', = T, such that 7 = ¢ o 7. By com-
posing with the mapping K[z] — K[z|/p, — k(p), we get =t owv.
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Semivaluations on K|z| extending a given valuation on K

We are interested in equivalence classes of semivaluations p on K|x] extending our given
valuation v on K, with group of values I'.

Equivalently, we are interested in pairs (p,z), where p € Spec(K|[z]) and 1 is a valua-
tion on k(p) extending v.

We say that the extension p/v is commensurable if 7i/v is commensurable; that is,
rr(I',/I') = 0. As mentioned in Chapter 0, to any such commensurable extension we may
attach a QI'-valued extension

Klz] — QI' U {c0}.

By Lemma 1.7, equivalence of commensurable extensions of v is translated into equality
of QI'-valued extensions of v.

Since we are only interested in commensurable extensions of v, we may focus our
attention on the set of semivaluations with values in QI',

V:=V(K,v) ={p: Klz] — QI'U{oo} | yx = v}.
If v is the trivial valuation on K, then V consists of the one-element set containing
the trivial valuation on K (z). Hence, we may exclude this case from our analysis.

Hypothesis. From now on, we assume that v is not the trivial valuation.

Since all our semivaluations take values in the same ordered group, there is a natural
partial ordering in the set V:

p<pif o p(g) < plg), Vg e Klxl.

There is a special element in this set, which is called Gauss” valuation:

pcmss (32, as2*) = Min {o(a,)}

0<s

Clearly, pcauss has trivial support, so that it is a valuation indeed.
Gauss’ valuation is the least element in the subset of semivaluations satisfying u(x) >
0:
e V? M(Z’) >0 = HGauss < 22

We may classify the elements in V according to its support:

v= U V. Vi={neVi|p.,=p}
peSpec(K[z])

For p = 0, note that Vy C V is precisely the subset of all valuations in V.
For p # 0, we have p = ¢ K [z] for some monic irreducible ¢ € K[z]. The field
L =k(p) = Klz]/p

is a finite extension of K. Thus, V, may be identified to the set of all equivalence classes
of valuations p on L extending v.
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1.5 Graded algebra of a valuation on K|z]
Let p be any valuation on Klz| extending v. Recall that p extends to a valuation i on
the field K(z).

For any a € I';,, consider the following O-submodules in K|x]:
Pa={g € K[a] | (g9) = o} D Py = {g € K[z] | u(g) > a}.

The graded algebra of p is the integral domain:
Gu = er,(K[a)) =D, . PalPi

Clearly,
O CPy=Klz]NO,, m=P; NOCP =K[z]Nm,.

Let A := A, = Py/P; be the subring determined by the piece of degree zero of this
algebra. There are canonical injective ring homomorphisms:

kE— Ak,

In particular, A and G, are equipped with a canonical structure of k-algebra.
We have natural embeddings of graded k-algebras

Gy = gr,(K) — G, = gr,(K[z]) — grp(K(z)).

none of which is necessarily onto.

The graded algebras gr,(K), gr;(K(z)) are the ordinary graded algebras introduced
in section 1.3, attached to the valued fields (K, v), (K(z), ), respectively.

There is a natural map H,: K[z] — G, given by

7 B g—I—P:(g) € Pu(g)/'P:(g), if g #0,
=10 if g = 0

Note that H,(g) # 0 if g # 0. For all g, h € K[z] we have:

H,(gh) = H.(9)Hu(h),

Ho(g+ h) = Hy(g) + Hy(h), if ju(g) = p(h) = (g + ) -

For a valuation ¢/ € V with p < g/, there is a canonical homomorphism of graded
algebras:
G, — Gu, g+ P;r(g) (1) — g+ ,P:(g)(:u,)'
Clearly,
Hy(g), if p(g) = w'(9),
0, if p(g) < 1 (9)-
Definition 1.14. Let I(A) be the set of ideals in A, and consider the residual ideal

operator:
R :=R,: Klz] — I(A), g (H,(9)G,) NA.
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This operator R translates questions about the action of y on K[z] into ideal-theoretic

considerations in the ring A.
To this end, the next definitions are crucial to translate properties of the action of u

on K |z] into algebraic relationships in the graded algebra G,,.

Definition 1.15. Let g, h € K[z].

We say that g, h are p-equivalent, and we write g ~, h, if H,(g) = H,(h).

We say that g is p-divisible by h, and we write h |, g, if H,(g) is divisible by H,(h)
inG,.

We say that g is p-irreducible if H,(g)G, is a non-zero prime ideal.

We say that g is p-manimal if g 1, f for any non-zero f € Kz] with deg f < degg.

In other words, for f,g,h € Klx] \ p:

e gr~uh = ulg—h)>pulg).

e h|,g < g¢g~,hf, forsome f e K[z].

e g is p-irreducible <= [g |, fh = g, f or g, h]

The property of g being p-minimal admits a relevant characterization.

Lemma 1.16. Let ¢ € K|x| be a non-constant polynomial. Let
f= ZO<3 as®®, as € Kz], deg(as) < deg(¢)
be the canonical p-expansion of f € K|x]. The following conditions are equivalent:
(1) ¢ is p-minimal
(2) For any f € K[z], u(f) = Min{pu(ao), u(f — ao)}-
(3) For any f € K[z, u(f) = Min{p(a,6")}.

(4) For any non-zero f € Klx|, ¢ 1, f if and only if u(f) = p(ao).
Proof. Write f — ag = ¢q with ¢ € K[x]. Then, u(f) > Min{u(ao), 1(¢q)}
An strict inequality implies ag ~, —¢q. In particular, ¢ is not p-minimal, because
¢ |, ap with deg(ag) < deg(¢). Hence, (1) implies (2).
An inductive argument shows that (2) implies (3).

Let us now deduce (4) from (3). For any non-zero f € K[z| we have u(f) < u(aop), by
item (3). If u(f) < p(ao), then f ~, ¢q, so ¢ |, f.

Conversely, if f ~, ¢g for some g € K|[z|, then pu(f — ¢g) > p(f). Since the ¢-
expansion of f — ¢g has the same coefficient ag, we have u(f — ¢g) < p(aop), by condition
(3). Hence, pu(f) < pi(ao).

Finally, (4) implies (1). If deg(f) < deg(¢), the ¢-expansion of f is f = ay. By item
(4), ¢ 1u [ O

The property of p-minimality is not stable under p-equivalence. For instance, if ¢ is
p-minimal and p(¢) > 0, then ¢ + ¢* ~, ¢ and ¢ + ¢? is not p-minimal. However, for
p-equivalent polynomials of the same degree, p-minimality is clearly preserved.
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1.6 Key polynomials

We keep dealing with an arbitrary valuation g on K[z], extending v.

Definition 1.17. A key polynomial for p is a monic polynomial in K[x] which is simul-
taneously p-minimal and p-irreducible.
The set of key polynomials for p will be denoted by KP(u).

Key polynomials for valuations on K|[x] were introduced in the seminal paper of S.
MacLane [17]. Since then, these objects have been extensively studied, mainly for its
connection with the study of the defect of a valuation in a finite extension, and the local
uniformization problem [6, 13, 19, 23, 28, 31].

In this section, we collect several basic facts about key polynomials, most of them
extracted from [23].

Lemma 1.18. Let x € KP(u), and let f € Kx] a monic polynomial such that x |, f
and deg(f) = deg(x). Then, x ~, f and f is a key polynomial for p too.

Let us introduce some notation, to be used throughout the memoir.
Notation. For any positive integer m we denote:
K[z]m = {a € K[z] | deg(a) < m},
Lo =Tym={pa) €T, |a€ K[z, a#0}.
Lemma 1.19. Let x € KP(u). Then,
1. The polynomial x is irreducible in K[x].

2. For a,b € K[]aeg(y), let ab= c+ dx be its x-expansion. Then,
p(ab) = p(c) < p(dx).

Proof. Take a,b € K[x]qeg(y). Since x is p-minimal, we have x {, a and x 1, b. Hence,
X {u ab, because x is p-irreducible too. In particular, we can’t have y = ab.
Also, p(ab) = p(c) < p(dy) follows from Lemma 1.16. This proves (1) and (2). O

Semivaluation attached to a key polynomial

Let x € KP(p). Consider the prime ideal p = x Kz] and the field K, = K|[z]/p.
Lemma 1.20. The set Lyeg(y) 45 a subgroup of 'y, and <Fdeg(x), w(x) > =T,.

By the definition of Igeg(y), We get a well-defined onto mapping:

Uy - K; — Laeg(x) oy (f+p) = pu(fo), VfeK[z]\p,

where fy € K|x] is the common 0-th coefficient of the y-expansion of all polynomials in
the class f + p.
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Proposition 1.21. The mapping v, is a valuation on K, extending v, with group of
values geg(y) -

Moreover, u(f) < vy (f) for all f € K[z|, and equality holds if and only if x 1, f.
Denote the maximal ideal, the valuation ring and the residue class field of v, by:
m, C O, C K,, ky = Oy /m,.

Let 0 € K, = K|z]/(x) be the root of x determined by the class of z.
With this notation, we have K, = K(#), and

o (f(0)) = p(fo) = vy (fo(0)), Vf € Klz].
We abuse of language and denote still by v, the corresponding semivaluation
K[z] —» K, =% Taeg( U {00}

¢ (00).

with support p = xK[z] = v

Proposition 1.22. The residual ideal R(x) is the kernel of the onto homomorphism
A —> ky, g+P — g(0)+m,.

In particular, R(x) is a mazimal ideal in A.

Minimal expression of H,(f) in terms of y-expansions

Let x € KP(u). For any non-zero f € K[z| with canonical y-expansion

f = Z stsa fs S K[-ﬂdeg(x%

we denote I, (f) ={s € Zso | p(fsx®) = p(f)}, and
Sux(f) = Min(L(f)), s, (f) = Max(1(f)). (1.4)

Lemma 1.23. Let f,g € K|z| be non-zero polynomials. Then,
(1) | ~u Zselx(f) fsx®.

(2) If f ~, g, then I,(f) = L,(g), and fs ~, gs for all s € L,(f).

(3) The integer s = s, (f) is maximal with the property x* |, f. Namely, s, (f) is the
order with which the prime H,(x) divides H,(f) in G,. In particular,

Sux(f9) = sux(f) + 8.x(9)- (1.5)
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Key polynomials of minimal degree
Suppose that ¢ € KP(u) has minimal degree among all key polynomials for .

Proposition 1.24. For any non-zero g € Klx|, with ¢-expansion g = > ., gs¢°, the
following conditions are equivalent.

(1) g~ a, for some a € K[T]deg(s)-
2) H is algebraic over G,.

(2) Hy.(9) g

(3) H,(g) is a unit in G,,.

(4) 5n.6(9) = 5,6(9) = 0.

(5) g ~u 9o-

Proposition 1.25. Let k C A be the algebraic closure of k in A. Then, k is the maximal
subfield of A and the mapping k — A — kg is an isomorphism.

Let us characterize p-minimality of any f € K[z] in terms of its ¢-expansion.

Proposition 1.26. For any f € Klz| with ¢-ezpansion f = Zi:o fs@°, fo # 0, the
following conditions are equivalent:

(1) f is p-minimal.
(2) deg(f) = s),4(f) deg(¢).
(3) deg(fe) =0 and p(f) = p (feg").

Let us introduce an important numerical invariant of a valuation on K[z] admitting
key polynomials.

Theorem 1.27. For any monic non-constant f € K[x] we have

u(f)/ deg(f) < C(p) == p(¢)/ deg(¢),
and equality holds if and only if [ is p-minimal.

Structure of A as a k-algebra
Theorem 1.28.

o If u/v is incommensurable, then k= A =k, is a finite extension of k.
o IfKP(u) =0, then k=A =k, is an algebraic extension of k.

o If /v is commensurable and KP(u) # 0, then there exists £ € A transcendental
over K such that
A=rlg],  Frac(A) = k(&) = k.
the last isomorphism being induced by the canonical embedding A — k.
We may take & = H,(¢°)H,,(u)™!, where ¢ € KP(u) is a key polynomial of minimal

degree n, e is a minimal positive integer such that eji(¢) € Lacg(g), and u € K[x]qeq(s)
satisfies p(u) = eu().
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1.7 Residual polynomial operator

Let u € V be a valuation with KP(u) # 0.
The choice of the pair ¢, u as above, determines a transcendental generator £ of A as
a k-algebra, and a residual polynomaial operator:

R:=R,: Klz] — &[y]

which is a kind of computational representation of the residual ideal operator R.

We agree that R(0) = 0. For the definition of R(f) for a non-zero f € Klx], let us
consider its canonical ¢-expansion f =), as¢°.

Let us simplify the notation of some data we attached to this expansion in the last
section:

I(f) = 1o(f) = {s € Z>0 | plas9”) = p(f)},
s(f) = sus(f) = Min(I(f)),  8'(f) = s, 4(f) = Max(I(f)).

For s € I(f), the condition p(as¢®) = p(f) implies that s belongs to a fixed class
modulo e. In fact, for any pair s,t € I(f),

,LL(CLS(bS) = N(at¢t) = (t - S)M(¢> = :u(as) - M(at) < Fdeg(d)) — l=s (IIlOd 6).
Hence, I(f) C {so,51,...,54}, where d = (s'(f) — s(f))/e, and
so=s(f), sj=so+je, 0<j5<d, sq=5(f).

By Lemma 1.23, we may write

f Nu Z as¢s NN« ¢50 (aSO + e + &8j¢j€ + e + &Sd¢de) , (16)
s€I(f)

having into account only the monomials for which s; € I(f). We define
R(f) =co+cry+ -+ cary® +y? € kly],

where the coefficients ¢; € x are defined by:

o Hu(asd)ilHM(u)jidHM(asj)7 if Sj € I(f)v
G = {o, if s; & I(f). (1.7)

We define the normalized leading coefficient of f as:
nle(f) = Hy(as,)H,(u)?.

It is a homogeneous unit in G,, of degree pu(f) — s(f)u(¢).
Let us mention some of the basic properties of the operator R.

Lemma 1.29. Let f,g € K|z| be non-zero polynomials. Then,
o deg(R(f)) = d = (s'(f) — s(f))/e-
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o R(f)(0) #0.

e f~.9 = R(f)=R(g)
o H,(f)=nle(f) Hu(¢)*DR(f)(E).
e R(fg)=R(f)R(g).

R(f) = EPDR(f)(©)A.

Another application of the residual polynomial operator is the characterization of all
key polynomials for .

Proposition 1.30. Let ¢ be a key polynomial for u, of minimal degree.
A monic x € Klx] is a key polynomial for p if and only if one of the two following
conditions is satisfied:

(a) deg(x) = deg(¢) and x ~, ¢.
(b) s(x) =0, deg(x) = e deg(¢) deg(R(x)) and R(x) is irreducible in kly].
In the first case, R(x) = {A. In the second case, R(x) = R(x)(§)A.

Finally, a last relevant application of the operator R is its contribution to the study
of the fibers of the mapping
R: KP(u) — Max(A),

leading to a unique factorization theorem in G,,.

Proposition 1.31. Let ¢, ¢ € KP(u). The following conditions are equivalent:
1. ¢~y @

2. H,(¢) and H,(¢') are associate in G,,.

3. 61,9

4 R(9) = R(S).

5. R(¢) = R(¢).
Moreover, these conditions imply deg(¢) = deg(¢').

Theorem 1.32. Let u be a valuation with KP(u) # 0. The residual ideal mapping

R: KP(u) — Max(A)
induces a bijection between KP(u)/~, and Max(A).

Theorem 1.33. Let P C KP(u) be a set of representatives of key polynomials under
p-equivalence. Then, the set HP = {H,(¢) | ¢ € P} is a system of representatives of
homogeneous prime elements of G,, up to associates.

Also, up to units in G,, for any non-zero f € Klx], there is a unique factorization:

frn ], 00 a0 =suo(f). (18)

where s,,.4(f) is the order with which the prime element H,(¢) divides H,(f) in G,.
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1.8 Valuations admitting key polynomials

Theorem 1.34. Let p be a valuation on K|[z| extending v.
The following conditions are equivalent.

1. KP(u) = 0.
G, is algebraic over G,.
Every non-zero homogeneous element in G, is a unit.

p/v is commensurable and k,/k is algebraic.

The set of weighted values

W ={u(f)/ deg(f) | f € K[z] \ K monic}

does not contain a mazximal element.



Chapter 2

Augmentation of valuations

In this chapter, we review a relevant construction due to MacLane [17]. If a given valuation
w on K[z] admits key polynomials, it is possible to augment u to a larger valuation with
a prefixed value on a given key polynomial.

MacLane dealt only with discrete rank one valuations. In 2007, Vaquié generalised
MacLane’s theory to arbitrary valuations [30].

Most of the content of this chapter is extracted from that paper by Vaquié. There
are some results not contained in [30], which are an easy transcription to the general case
of results that were obtained in [6] for discrete rank one valuations. Finally, some basic
results which we could not find in the literature are probably well known.

In any case, we provide proofs of all results in order to help the reader to get some
familiarity with the main features of this construction.

2.1 Basic properties of augmentation

Let us fix an arbitrary valuation p on K[z, extending v.

Definition 2.1. Let ¢: I'), — I" be an order-preserving embedding of I, into another
abelian ordered group. Take ¢ € KP(u) and v € I any element such that u(¢) < .
The augmented valuation of u with respect to these data is the mapping

p': K] = I" U {oo}
determined by:
o y/(a) = p(a), if deg(a) < deg(¢).
o 1(¢)="1.
o If f =Y, as¢’ is the p-expansion of f, then

W(f) = Min {4 (a,6*) | 0 < s} = Min {ju(a,) + 57 |0 < s}
We use the notation ' = [u; ¢, 7).

19
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We emphasize that ¢ is an arbitrary key polynomial for u, not necessarily of mini-
mal degree. However, it becomes a key polynomial of minimal degree for the augmented
valuation p'.

Proposition 2.2. Let i/ = [u; ¢,7].

(a) This mapping i’ is a valuation extending v, and satisfies
p(f) <w(f), VfeKll

Moreover, equality holds if and only if 1, f.
(b) For all a € K[t]aeg(g), a # 0, the element Hy(a) € G,y is a unit.
(¢) The kernel of the homomorphism G,, — G, is the prime ideal H,(¢) G,..
(d) The polynomial ¢ is a key polynomial for i/ of minimal degree.
(¢) The value group T,y is the subgroup Ty = (T, aeg(),7 ) C I

Proof. Let us prove (a). For any non-zero f = a,¢® it is clear that
pu(f) = Min{y(as¢®) | 0 < s} < Min{pu(as) +s7 |0 < s} = p/(f).

Equality holds if and only if x(f) = p(ag), which is equivalent to ¢ 1, f by Lemma 1.16.

Clearly, (1)~ *(o0) = {0} and tx = pyx = v. Thus, in order to end the proof of (a)
we need only to check that u' satisfies conditions (1) and (2) of a valuation.

Let g = ) o<, by¢" be the ¢-expansion of another non-zero g € K|z]. Clearly, f+ g =
Y o<s(as + bs)¢® is the canonical ¢-expansion of f + g. Hence,

W (f +g)=Min{pu(as + bs) + 57| 0 < s}
> Min{Min{u(as) + s, u(bs) + s7} [ 0 < s} = Min{4/(f), 1/'(9)}-

Finally, let us check that p/(fg) = ¢/(f) + p/(g). We claim that
1 (ashe ¢’ ) = 1 (as0°) + 1 (br9"), Vr,s>0. (2.1)
In fact, let asb, = ¢ + d¢, be the ¢-expansion of a.b.. By Lemma 1.19,
plasby) = p(c) < pldo) = p(d) + p(d) < p(d) + 1.
The proof of (2.1) follows from this inequality, because

# (ashy¢"*) = Min{pu(c) + (r + s)y, p(d) + (r + s+ 1)7}
= K (C> + (T + 5)7 = (asbr) + (7’ + 3)7 = :U// (as(bs) + // (br¢r) :

Consider the sets

I={0<s[p(as0’) =4/ (N}, J={0<7r[w(bed") = ' (9)},
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and denote ig = Min([), jo = Min(J). Write f = F + F', g = G + G’, where
F=> a0, F=)a¢, G=> b, G=Y e
5210 5<ip 8230 s$<Jjo
If s¢1Iorr¢J, then p/(ash.¢"*) > 1/ (f) + p'(g). Hence,
[(F'G+FG+GF)>p(f)+1(g).
We need only to show that u/(FG) = p/(f) + 1/(g). Indeed, by (2.1),
W(FG) Z W (f) +1'(9).
On the other hand, let a;bj, = ¢ + d¢ be the ¢-expansion of a;b;,. Then, c is the
canonical coefficient of degree iy + jo of the ¢-expansion of F'G, and Lemma 1.19 shows
that p(a;,b;,) = p(c). Therefore, by (2.1),
W(FG) < p/(cd™ ™) = 1 (aighjo¢™ ) = 1/ (ai8) + ' (bjyd™) = 1/ () + 1 (9)-

This ends the proof of (a).

By Lemma 1.19, ¢ is irreducible in K[z]. Hence, any non-zero a € K[z]qeg(4) is coprime
to ¢, and we have a Bézout identity in K|[z],

ab=1+¢q,  deg(b), deg(q) < deg(¢).
On the other hand, (a) shows that p(ab) = p'(ab), because ¢ 1, ab. Thus,

p(ab—1) =i (¢q) > (¢ q) > p(ab) = p'(ab),
so that ab ~,, 1 and H,(a) is a unit in G,,. This proves (b).

The canonical mapping G, — G,/ sends

Hy(g), if p(g) = i'(g),
S {0, if u(g) < 1'(g)-

By (a), H,(g) € Ker (G, — G,») if and only if ¢ |, g. This proves (c)

Lemma 1.16, shows that ¢ is g/-minimal. Let us prove that ¢ is y/-irreducible.

Suppose ¢ 1, f, ¢ g for some f,g € K[z|. Let ag, by be the coefficients of 0-th
degree of the ¢-expansions of f and g, respectively. Let agby = ¢+ d¢ be the ¢-expansion
of agby, so that c is the coefficient of 0-th degree of the ¢-expansion of fg. By Lemma
1.19, p(agho) = p(c).

By Lemma 1.16, p/'(f) = p'(ao) = p(ao), 1'(9) = 1/ (bo) = pu(bo). Hence,

1 (fg) = plaobo) = p(c) = p'(c).

Hence, ¢ 1,/ fg, by Lemma 1.16. This shows that ¢ is a key polynomial for ;.
By (b), ¢ has minimal degree among all key polynomials for p/. In fact, any a €
K] deg(g) is not pi'-irreducible, because H,,(a) is a unit in G,,. This ends the proof of (d).
O

Finally, statement (e) follows immediately from the definition of p'.

Let us analyze when different building data ¢,y may determine the same augmented
valuation of a given pu.
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Lemma 2.3. Let ¢, ¢, € KP(u), 7,7 € I such that v > (), v« > p(os). Then,

(150,79 = (13 0, 7] = deg(¢) = deg(os), p(¢ —¢) =27 =7""
In this case, ¢ ~, ¢x.

Proof. Denote n = [u;¢,7], n« = [14; ¢«,7x]. The right-hand condition yields u(¢ —
¢*) > > /~4(¢)7 so that ¢ ~u Os.

Suppose 7, = n. By the definition of an augmented valuation,

deg(¢) = Min{deg(g) | g € Klz], u(g) <n(g)} = deg(¢.).

Write ¢ = ¢, +a, with deg(a) < deg(¢) = deg(.). By the definition of the augmented
valuations,

v=n(¢) =n.(¢) = Min{u(a), 7}, 7% =n(¢s) = n(¢.) = Min{u(a), 7}
This implies 7. = v < p(a).
Conversely, suppose v = 7., deg(¢) = deg(¢.) and u(¢ ) > 7.

— b,
Consider the ¢,-expansion ¢ = ¢, +a, with a = ¢ — ¢, € K[x]4eg(¢)- By the definition
Of 77*7

1(¢) = Min{p(a), 7} = 7 = 7.
Hence, for any non-zero f € K[z] with ¢-expansion f =3, as¢®, we have
1:(f) = Min{n.(as¢") | 0 < s} = Min{pu(as) + 57| 0 < s} = n(f).
The symmetry of the argument shows that n, = 7. O]

Let us quote an auxiliary result about g/-minimal polynomials.

Lemma 2.4. Let ¢/ = [u;¢,7] and f € Klx] a monic p/-minimal polynomial with
deg(f) = deg(e). Then, [~ ¢.

Proof. Since deg(f) = deg(¢) and both polynomials are monic, the canonical ¢-
expansion of f is

f=a+¢,  a€ K[t]aegs)

By Proposition 2.2, ¢ is a key polynomial for x4’ of minimal degree. Therefore, the
criterion of p/-minimality given in Proposition 1.26 shows that p/(f) = p/(¢). Hence,

p(f — @) = pla) = p'(a) > (' (f) = 1W'(¢) > (o),

so that f ~, ¢. n
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2.2 Image of the homomorphism G, — G,

The next result will be used very often along the rest of the memoir.

Lemma 2.5. Let i/ = [;¢,7] and f € K|x] a non-zero polynomial.
If o1, f, then H,(f) is a unit in G .

Proof. Write f = a + q¢ with a, ¢ € K[z]| and deg(a) < deg(¢).
By Lemma 1.16, u(f) = u(a) < p(gp), and Proposition 2.2 shows that u(f) = 1/(f).
Putting both results together, we get

W (f) = p(f) = pla) < plge) < p'(qd) = W'(f - a),
so that f ~, a. By item (b) of Proposition 2.2, H,/(f) = H,/(a) is a unit in G,. O
By Proposition 2.2, all homogeneous elements in the image of the canonical homomor-
phism G, — G, are those of the form H, (f) with ¢ 1, f.
By Lemma 2.5, all these homogeneous elements in Im(G, — G,») are units.

Let us give a more precise description of the image of the homogeneous elements of
degree zero.

Lemma 2.6. Let i/ = [; ¢,7]. Then,
Ker(A, = Aw) = Ru(9), Im(A, = Ap) = = Ky,

where Kk, is the algebraic closure of k simultaneously in A, and in k.
Also, vy, = Ay, and K,y is k-isomorphic to the residue class feld k4 of the semivalua-
tion vg.

Proof. The statement about the kernel follows from the definition of R, (¢), and the
description of Ker(G,, — G,») in Proposition 2.2.

The statement about the image follows from Propositions 1.22 and 1.25. ]

2.3 Generically, [')y contains I,

The group I',; does not necessarily contain I',.
For instance, for the valuations

o= [/JJGauss; X, 1/2]7 ,u, = [Mu X, ]-] = [MGauSS; xZ, 1]7

we have I', = (1/2)Z, which is larger than I',, = Z.

This anomalous behaviour may occur only when all key polynomials for p of minimal
degree are p-equivalent.

Lemma 2.7. Let ¢g be a key polynomial for p of minimal degree, and let ¢ be a key
polynomial for v such that ¢ 1, ¢o. Then,

(1) Fu,degw) = F/r
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(2) The semivaluation vy on K¢ defined in section 1.6 has group of values I'y, =T,
(3) All augmentations ' = [p; ¢,7] have Ty = (Ty, ) D T

Proof. For any augmentation p' = [u; ¢, ], Propositions 1.21 and 2.2 show that

Lo, = Lpdeg(e)s Ly = <Fu,deg(¢>)’ v >

Hence, the two last statements of the lemma follow from (1), which is proved in [23, Cor.
6.4]. O

2.4 Maximal semivaluations in V

Let us go back to our space V of semivaluations on K [z] extending v, with values in QT,
introduced in section 1.4.

All semivaluations in V which are not valuations are maximal.

Lemma 2.8. Let v € V be a semivaluation with support p # 0.
Then, v is mazimal in V with respect to the partial ordering <.

Proof. Suppose v < pu for some p € V. Then, p C p,, and this implies p = p,,
because p and p,, are maximal ideals.

Hence, 7, i are two valuations on the same finite extension L = k(p) of K, and they
satisfy 7(§) < m(§) for all £ € L. In particular, Oy C Op, and this implies 7 = [z [5, Lem.
3.2.8]. Hence, v = p. O

Let u € V be a valuation. If KP(u) # (0, then Proposition 2.2 shows that p is not
maximal with respect to the partial ordering in V.
The converse implication holds too: if p is not maximal in V, then KP(u) # 0.

Proposition 2.9. [30, Thm. 1.15] Let u,p* € V such that p < p*. Let ¢ € K|x] be a
monic polynomial with minimal degree satisfying u(¢) < p*(¢). Then, u is a valuation
satisfying

(1) ulg) = p*(g) if and only if ¢4, g.
(2) ¢ is a key polynomial for .

(3) < w o7 <, fory = ().
Proof. By Lemma 2.8, y is a valuation.

Let us prove (1). If ¢ |, g, we have g ~, ¢ ¢ for some ¢ € K|z]. Hence,
19— ¢q) 2 (g — ¢q) > p(g) = p(dq).
Since p*(¢q) > pu(oq) = p(g), we deduce

w(g) = Min{p*(¢q), " (g — ¢q)} > n(g)-
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Conversely, suppose that p(g) < p*(g). Let g = q¢ + a, with deg(a) < deg(¢). By the
minimality of deg(¢), we have ¢ # 0 and p*(a) = p(a).
Therefore, g ~,, q¢, because

(g — ¢q) = p*(g — ¢q) > Min{u*(g), n*(¢p)} > Min{pu(g), u(gd)} = u(g),

the last equality by Lemma 1.16.

Let us prove (2). If g € K|x] has deg(g) < deg(¢), we have u(g) = u*(g). Hence,
¢ 1, g by item (1). This shows that ¢ is g-minimal.

Now, suppose ¢ f, f, & u 9. By item (1), p*(f) = p(f) and u*(g) = (). Hence,
1 (fg) = n(fg), leading to ¢ {, fg by item (1). This implies that ¢ is p-irreducible.

Finally, (3) is obvious. For any g =}, a,¢® € K[z], we have
1 (g) = Min{p*(as¢%) | 0 < s} = Min{p/'(as¢°) | 0 < s} = 4/(g),

where we denoted u' = [i; ¢, 7]. O

Corollary 2.10. Let p be a valuation in'V. Then, u is maximal in V with respect to the
partial ordering < if and only if KP(u) is empty.

Notation. Let us denote by [¢],, or simply [¢] if p is clear fom the context, the ji-
equivalence class of a key polynomial ¢.

Corollary 2.11. Let p,pu* € V such that p < p*. Let ®, .+ be the set of all monic
polynomials ¢ € Klx| of minimal degree satisfying p(¢) < p*(¢). Then, u is a valuation
and ®,, ,~ is one of the equivalence classes in the quotient set KP(u)/~,,.

Proof. By Lemma 2.8, ;1 is a valuation. Take any ¢ € ®, . By Proposition 2.9, ¢
is a key polynomial for u, and for all non-zero g € K|x]:

¢lpg = plg) <u(g).

In particular, all x € ®, .- are key polynomials for u satisfying ¢ |, x. Since deg(x) =
deg(¢), Lemma 1.18 shows that all x € &, ,- belong to the equivalence class [¢].

Conversely, any x € [¢] has degree deg(¢) by Proposition 1.31. Since ¢ |, x, we have
p(x) < p*(x), so that x € @, ,-. This proves that ®, . = [¢]. O

We end the chapter with another important application of Proposition 2.9.

Theorem 2.12. For any p, u* € V such that p < p*, the interval [, p*] C 'V is totally
ordered.

Actually, we may formulate this result in an apparently stronger form.

Theorem 2.13. Let n,n', u* € V such that n,n" < p*. Then either n < n' orn’ <mn.
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Proof. Take monic polynomials ¢, ¢’ € K[z| of minimal degree satisfying

n(@) < (@), 7 () <p(¢),

respectively. By Proposition 2.9, n, ' are valuations and ¢ € KP(n), ¢’ € KP (/).
Suppose deg(¢) < deg(¢’). By the minimality of deg(¢) and deg(¢’),

n'(o) = (o) >n(d),  n'(a)=p"(a)=nla), Va& K[r|ags)-

Hence, for any non-zero g € K|x] with ¢-expansion g = )., as¢°, we have:

1'(9) = Ming<{n(as¢*)} > Ming<{n(a.d*)} = n(g),

so that ' > n.

Now, suppose deg(¢) = deg(¢’). Then, ¢ = ¢' + a for some a € K[x]qeg(s)- By the
n’-minimality of ¢’ we have n/(¢) < 1/(¢).
After eventually exchanging n and 7/, we may assume that 7'(¢’) < n(¢). Then,

1'(9) <0/ (¢") < () < ™ (9).

By Proposition 2.9, this implies ¢’ |, ¢. By Lemma 1.18, ¢ ~, ¢, and ¢ is a key
polynomial for 7. In particular, '(¢) = n'(¢') < n(¢). Therefore,

1(g) = Ming<{n(a.¢°)} = Ming<.{n'(a,¢°)} = 1'(9),

so that ' <. ]
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Chapter 3

Newton polygons

In this chapter, we review some basic facts about the Newton polygon operator attached
to a pair p, ¢, where p is a valuation on K[x| and ¢ is an arbitrary key polynomial for p.
Tipically, when p is a rank one valuation, the Newton polygon of a polynomial in K|[z]
lies in the euclidean plane. For higher rank valuations, Newton polygons of polynomials
lie in the rational vector space Q x QI'.
Apart from this change of ambient space, all results of this chapter are an easy tran-
scription of the results of [6, Sec.2], up to a different normalization of the Newton polygons.

3.1 The rational space Q x QI'

Given any two points in the Q-vector space Q x QI'
P=(s,a), Q=(t,5) € QxQT,
we may define the segment joining them, as the subset
S={(s,a)+e(t—s,0—a)] e€cQ, 0<e<1} CQxQT.

If P = (@, this segment contains a single point S = {P}.

If s # t, this segment has a natural slope

SI(S) == s(P,Q) := (8 — a)/(t — 5) € Q,

uniquely determined by the pair P, Q, regardless of the order in which these points are
considered.
If s =t, but a # 3, we may agree that sl(S) = oo.

A subset of Q x QI is convex if it contains the segment joining any two points in the
subset. The convex hull of a finite subset C C Q x QI is the smallest convex subset of
Q x QI containing C.

The border of this hull is a sequence of chained segments. If the points in C have
different abscissas, the leftmost and rightmost points are joined by two different chains of
segments along the border, called the upper and lower convex hull of C, respectively.

29
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Figure 3.1: Convex hull of a finite set of points with different abscissas

Qr

3.2 Newton polygon operator attached to p, ¢

Let 2 K[z] — QI' U {oo} be a valuation in V.
The choice of a key polynomial ¢ for  determines a Newton polygon operator

Nug: K[z] — P(Q xQI'),

where P (Q x QI') is the set of subsets of the rational space Q x QI'.
The Newton polygon of the zero polynomial is the empty set. If

9=, 00"  deg(a;) < deg()

is the canonical ¢-expansion of a non-zero g € K[z|, then N := N, 4(g) is defined to be
the lower convex hull of the finite cloud of points

C={(s,ulay)) | s €Zs} CQxQr.

Figure 3.2 displays the typical shape of such a polygon.

Figure 3.2: Newton polygon of g € K|[z]
Qr

o ordy(e) ) e

The abscissa of the left endpoint of NV is the smallest integer s such that as # 0. In
other words, s = ordy(g).
The abscissa of the right endpoint of NV is called the length of N, and is denoted ¢(N).

Clearly,
((N) = |deg(g)/ deg(¢)] -



3.2. NEWTON POLYGON OPERATOR ATTACHED TO p, ¢ 31

If N is not a single point, we formally write
N=51F-FS, sl(Sy) < -+ < sl(Sk),

where the segments S; are the sides of N ordered by their increasing slopes.

The left and right endpoints of N, together with the points joining two different sides
are called vertices of N.

The points P = (s, «) lying on a side S are characterized by the following property:
sI(S) >sl(P,Q), VQ=(t,p) €C, witht < s,
sl(S) <sl(P,Q), VQ=(t,5)e€C, witht>s.

A-component of a Newton polygon

The next (trivial) observation is emphasized because we are often going to use it in what
follows.

Remark 3.1. For any A € QI, the line of slope —\ passing through the point (s, p(as)) €
C meets the vertical azis at a point with ordinate p(as) + sA.

Figure 3.3 illustrates Remark 3.1 for positive and negative values of .

Figure 3.3: Lines passing through a point of the cloud C. Note that & > 0 and < 0.

line of slope —f

line of slope —«

wlas) +%

Definition 3.2. Let N = N, 4(g) be the Newton polygon of some non-zero polynomial
g € Klz], and let A € QT".

The A\-component Sy(N) C N is the intersection of N with the line of slope —\ which
first touches N from below.

The left and right endpoints of Sx(N) are denoted

(Sy,¢,A(g>,Uu,¢,A(g>>7 (SL,¢>,,\(9)7U;L,¢,A(9)) € Zxo x Ty
Definition 3.3. We say that N = N, 4(g) is one-sided of slope —\ if
N = S)\(N>7 S,u,¢>,)\(g> - 07 S,,u,,qﬁ,)\(g) > 0.

If N has a side S of slope —A, then S\(N) = S. Otherwise, Sy(NV) is a vertex of N.
Figure 3.4 illustrates both possibilities.
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Figure 3.4: A-component of N, 4(g). In both pictures the line L has slope —A.

0 Su,qs,)\(g) 3:“1),)(9)

Principal Newton polygons

By Remark 3.1,
S\(N) ={(s,u) € N | u+ s\ is minimal },

and the line of slope —\ containing S)(N) meets the vertical axis at the point with
ordinate
Min{u(as) + sA | 0 < s}. (3.1)

Since ¢ is p-minimal, Lemma 1.16 shows that this value (3.1) coincides with p(g) if
we take A = u(¢). The next remark follows.

Remark 3.4. For any non-zero g € K|x], the value p(g) € QI is the ordinate of the
point where the vertical axis meets the line of slope —u(p) containing the pu(p)-component
of the Newton polygon N, 4(g).

As a consequence, the ji(¢)-component of N, 4(g) plays a special role. In Lemma 3.6
below some particular data attached to this component are described.

On the other hand, the sides of N, ,(g) with slope strictly lower than —u(¢) con-
tain as well rich arithmetic information about the polynomial g, with respect to the key
polynomial ¢.

More precisely, if —v is a slope of N, 4(g) with v > 1(¢), then the augmented valuation
W = [p; ¢, 7] will contain relevant information about g, with respect to ¢.

This motivates the next definition.

Definition 3.5. The principal Newton polygon Nﬁf’d)(g) is the polygon formed by the sides
of N,s(g) of slope less than —u(¢).

If Nyu¢(g) has no sides of slope less than —u(@), then N;7.(g) is defined to be the left
endpoint of N, »(g).

Figure 3.5 displays a principal Newton polygon, and illustrates the computation of
1(g) according to Remark 3.4.

The length of a principal Newton polygon has an interesting algebraic interpretation
in terms of the graded algebra G,, as shown in item (2) of the next lemma.
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Figure 3.5: Principal Newton polygon of g € K|x]

line of slope —u(¢)

ordg(9)  spelg) = LN™)  Q

=)

Lemma 3.6. Let N = N, 4(g) be the Newton polygon of a non-zero g € K|x|.

(1) The abscissas of the endpoints of the pu(¢)-component of N are

Suo.u(@)(9) = Sue(9), S,,u,(;ﬁ”u(dﬂ (9) = 5;,¢(9)7
where s,,4(9), 5,,4(9) are the invariants introduced in (1.4).

e length of the principal polygon g) 15 equal to the order with which the prime
2) Thel h h ncipal pol Nﬁ”’(ﬁ ‘ l he ord ith which th ]
element H,(¢) divides H,(g) in the graded algebra G,,:

C(N25(9)) = sp6(9)-

(3) If h € K[x] satisfies g ~, h, then S,4)(9) = Sue)(h).

Proof. Recall the notation from (1.4),

I4(9) = {s € Zxo | plasd®) = pu(9)},
se(9) = Min(Iy(g)), s, 4(9) = Max(I4(g)).

By Lemma 1.16, pu(g) = Min{u(as¢®) | 0 < s}. By Remark 3.1, the points (s, p(as))
lying on S,,4)(g) are precisely those with s € I4(g). This proves (1).

It is obvious that ¢ (N (g)) is equal to the abscissa s,,4,.(¢)(g) of the left endpoint
of Sy (g). We have just seen that this abscissa is equal to s,4(g), and it was proved in
Lemma 1.23 that this integer is the order with which the prime element H,(¢) divides
H,(g) in the graded algebra G,. This proves (2).

Finally, if g ~, h, then Lemma 1.23 shows that I4(g) = I;(h). By item (1), the two
segments S,,4)(9), Su(s)(h) have endpoints with the same abscissas.

Hence, these segments coincide. In fact, the ordinates u, u’ of their endpoints are
determined by the abscissas s, s’, and the common value

pu(g) = p(h) = u+ sp(¢) = u' + s'u(¢).
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3.3 Newton polygons with respect to augmented val-
uations

For the rest of the chapter we fix a valuation » € V and an augmentation

w=[v;6,7]

with respect to some key polynomial ¢ € KP(v) and some value v € QI'. Recall that

7= (@) > v(9).

Consider a non-zero g € K[z|, with ¢-expansion g = > .. as¢°.
Throughout this section we denote

Sy(g) = Sy (Nos(9))

(3.2)
s(9) = suen(9),  S'(9)=s,45.(9),  ulg):=ue,(9)

By Proposition 2.2, ¢ is a key polynomial for g of minimal degree among all polyno-
mials in the set KP(u).

So, it makes sense to consider the Newton polygon N, ,(g), which is related to N, 4(g)
in an obvious way:

Nyis(9) = Nuo(9)- (3.3)

In fact, they have the same finite cloud of points:

deg(as) < deg(¢p) = o1, a5 = ulas) = v(as),

the last implication by Proposition 2.2.

This trivial observation has a relevant consequence. We saw in the last section that
certain information about g, i1, ¢ can be read in the Newton polygon N, 4(g). When we
deal with an augmented valuation, this information can be read already in the Newton
polygon N, 4(g) with respect to the “small” valuation v from which we constructed p by
augmentation.

For instance, Figure 3.6 shows how to read the value pu(g), as indicated in Remark
3.4. In order to be able to quote this computation of u(g), we state it as an independent
result.

Lemma 3.7. Consider the augmented valuation p = [v; ¢,v]. For any non-zero g € K|x],
the line of slope —y which first touches the polygon N, 4(g) from below meets the vertical
axis at the point (0, u(g)).

In the same vein, Lemma 3.6 shows that certain algebraic information concerning the
graded algebra G,, can be read directly in the y-component of N, 4(g).

Again, we state in an independent lemma the result of applying Lemma 3.6 to the
augmented valuation pu.
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Figure 3.6: N, 4(g) contains information about the augmented valuation p = [v; ¢, 7]

Qr
:(} Nu,(b(g)
u(g) ¢
°
°
3 line of slope —v(¢)
vig)l — j line of slope —y
0 s(g) 5}(9) Q

Lemma 3.8. Let g, h € K[z] be non-zero polynomials.

(1) The integer s(g) is the order with which the prime element H,(¢) divides H,(g) in
the graded algebra G,,.

(2) s'(gh) = s'(g) + &'(h).
(3) If g ~u h, then S,(g) = Sy (h).

Proof. By Lemma 3.6,

$(9) = Sv.61(9) = Suo.4(9) = 5.,6(9),

is the order with which the prime element H,(¢) divides H,(g) in the graded algebra G,,.
This proves (1).

The right endpoint of S, (g) equals the left endpoint of S, (g), for 0 < e < 1 sufficiently
close to 1. Hence, s'(g) = s}, 5. (9) = Sv.6.4(9)-

By item (1) applied to the augmented valuation y' = [v; ¢, ey], we deduce that s'(g) is
the order with which the prime element H,/(¢) divides H,/(g) in the graded algebra G,,.
This proves (2) (see equation (1.5)).

Item (3) follows directly from item (3) of Lemma 3.6. O

Remark. In item (2) of Lemma 3.8, it is essential that p is an augmented valuation.
The analogous statement for an arbitrary valuation holds only if ¢ is a key polynomial
of minimal degree [23].

An example

Newton polygons constitute a malleable tool, wich enables us to “visualize” sophisticated
relationships in the graded algebra G,,, whose checking by purely algebraic techniques may
require some onerous work.
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As an example, let us show that the converse implication of Lemma 2.5 is false.

For instance, consider a polynomial f with Newton polygon N, 4(f) as indicated in
Figure 3.7. That is, N, 4(f) is one-sided of slope greater than —+ (Definition 3.3).

Figure 3.7: An example where ¢ |, f but H,(f) is a unit in G,

Nuo(f)
u(f ’
line of slope —v(¢)
)
line of slope —y
0

Then, the line of slope —v first touching the polygon from below meets the polygon
only at the point (0, u(f)). Thus, S,(f) = {(0, u(f))}, so that s(f) = s'(f) = 0.

By Lemma 3.8, s, 4(f) = s, ,(f) = 0, and Proposition 1.24 shows that H,(f) is a unit
ing,.

On the other hand, since v(¢) < v and N, 4(f) has a positive length, the line of slope
—v(¢) first touching the polygon from below will meet the vertical axis at a point whose
ordinate will be smaller than pu(f). Therefore, v(f) < p(f), and Proposition 2.2 shows

that ¢ |, f.
3.4 Addition of Newton polygons
There is a natural addition of segments in the space Q x QI'. We admit that a point is a
segment whose right and left endpoints coincide.

The sum S; + S of two segments is the ordinary vector sum if at least one of the
segments is a single point. Otherwise, S + S5 is the polygon whose left endpoint is the

vector sum of the two left endpoints of S7, S5 and whose sides are the join of S; and S
considered with increasing slopes from left to right (see Fig. 3.8).

Figure 3.8: Addition of two segments
Qr

S1+ 52
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We keep dealing with an arbitrary valuation v € V, and a key polynomial ¢ € KP(v).
Also, for any v € QT', v > v(¢), we keep using the notation of (3.2).

Lemma 3.9. For non-zero g,h € K[z|, and any v € QI', v > v(¢), we have

S, (gh) = S,(g) + 5, (h).

Proof. Since the involved segments either have the same slope or consist of a single
point, the statement is equivalent to the equalities

s(gh) = s(g) +s(h), §'(gh)=5"(g9)+s'(h) and wu(gh) =u(g)+ u(h).

The first two equalities follow from equation (1.5) and Lemma 3.8.
In order to prove the third, consider the augmented valuation u = [v; ¢,v]. By Lemma

3.7,

u(g) +s(g)y = wu(g),  u(h)+s(h)y=u(h),  ulgh)+s(gh)y = u(gh).

Since s(gh) = s(g) + s(h), the claimed identity u(gh) = u(g) 4+ u(h) follows from u(gh) =
p(g) + u(h). B

The addition of segments may be extended to an addition law for Newton polygons
in a natural way [9, Sec. 1]. Given two polygons

N=St-FS, N=8+F S,

the left endpoint of the sum N + N’ is the vector sum of the left endpoints of N
and N’, whereas the sides of N + N’ are obtained by joining all sides in the multiset
{S1,...,8k,S],...,S,}, ordered by increasing slopes.

As an immediate consequence of Lemma 3.9, we get the Theorem of the product for
principal Newton polygons.

Theorem 3.10. Let ¢ be a key polynomial for the valuation v € V. Then, for any
non-zero g, h € Klx| we have N}" (gh) = N}",(g) + N.%;(h). O

The analogous statement for entire Newton polygons is false.
For instance, consider g,h € K[x]qeg(g) such that deg(gh) > deg(¢). Both polygons
N, 4(g) and N, 4(h) are a single point, while N, 4(gh) has a side of length one.
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Chapter 4

Valuations of depth zero

In this chapter, we construct valuations of depth zero, which are in a certain sense “very
small” commensurable extensions of v to K [z].

These valuations will be constructed as an augmentation of an incommensurable val-
uation ji_.,, which is a kind of minimal extension of v to K|x].

We analyze the structure of the graded algebra of the valuation p1_., and describe its
set of key polynomials.

Also, we determine the structure of the graded algebra of the depth-zero valuations.
The set of key polynomials for the depth-zero valuations is determined in chapter 6, where
we describe KP(u), in general, for all valuations p of finite depth.

4.1 The minimal extension of v to K|z]
Let us fix a certain order-preserving embedding of abelian ordered groups:
L= (ZxT), 77— (0,7)
Consider the following mapping:

powi Kla] — (Zx D)y Ufoo),  fr— (—deg(f), v (e())))
where lc(f) € K* is the leading coefficient of a non-zero polynomial f, and we agree that
fi-o0(0) = o0.

Clearly, if f =}, asz®, then

ool f) = Min{p_oo(a,2%) | 0 < s} = Min{(—s, v(a,)) | 0 < s}, (4.1)

Lemma 4.1. This mapping ji— s a valuation on Klx| extending v.

Proof. Clearly, fi_oojx = v and pZ5 (c0) = {0}.

On the other hand, if f =} a,2® and g =} bsx®, (4.1) shows that

f-oo(f +9) = Min{(=s,vs(as + b)) | 0 < s}
> Min{Min{(—s, vs(as)), (—s,v(bs))} | 0 < s}

39
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= Min{pi—oo(f), p-oo(9) }-
Finally,
Hoo(fg) = (= deg(fg),v (1c(f9))) = poo(f) + 1-o0(9);
because deg(fg) = deg(f) + deg(g) and lc(fg) = le(f)lc(g). O

The value group of this valuation p_ is

F,u_oo = (Z X 1—‘)lex .
Hence, p_4 is an incommensurable extension of v.

The valuation ring and maximal ideal of the extension of y_. to K(z) are

O ={f/g | deg(f) < deg(g), v(lc(f)) > v(lc(g))},
m,_, ={f/g|deg(f) <deg(g) or deg(f)=deg(g), v(lc(f)) > v(lc(g))}.

The next (trivial) observation is useful to analyze the structure of the residue class
field & the graded algebra G, _, and the set KP(y_o).

H—o0?

Lemma 4.2. Let f, g € K[z] be non-zero polynomials.

(1) |~ le(f)adesld).
(2) fr~uwg == deg(f)=deg(g), lc(f)~yle(g).

Corollary 4.3. Let y be an indeterminate, to which we assign degree (—1,0).
There is an isomorphism of graded G,-algebras

Glyl — G, yr—H, (2).
In particular, it induces an isomorphism k ~ A, ~k, _ of k-algebras.

Proof. Clearly, this G,-homomorphism is onto and preserves degree. Also, it has a
trivial kernel by Lemma 4.2.

In particular, it induces an isomorphism £ ~ A, ___ between the subrings of degree zero.
Finally, it is easy to deduce from item (1) of Lemma 4.2 that the canonical embedding
A, . =k, _ is an isomorphism. In any case, this holds in general for incommensurable
extensions (see Theorem 1.28). O

Corollary 4.4. The set of key polynomials for p_. is
KP(p—oo) ={r+a|a€ K}.
All these polynomials are ji_ s -equivalent.

Proof. By item (1) of Lemma 4.2,  |,__ f for any non-constant polynomial f. Thus,
any polynomial f with deg(f) > 1 is not p_-irreducible.

On the other hand, x is a key polynomial for p_,. In fact, x is p_-minimal by (4.1),
as a consequence of Lemma 1.16. Also, x is p_-irreducible by Lemma 4.2.

Finally, v +a ~,___ x for all a € K, by Lemma 4.2. Thus, Lemma 1.18 shows that all
these polynomials are key polynomials for p_ ., too. O
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Minimality of i, among all extensions of v to K|x]
Our fixed embedding I' < (Z x I'),. induces an embedding
QI — (@ x QI),, -

Hence, we may think that the valuation p_., and all semivaluations in V take values in
the common group (Q x QI'),,.
In particular, we may compare their values. We clearly have

wowlf) S ulf),  VfeK[], Vpev. (4.2)
In a certain sense, this property characterizes pi_ ..
Theorem 4.5. Consider an arbitrary valuation n on K|z
n: Klz] — T"U oo,

which extends v with respect to a certain fized embedding v: I' — T".
Then, the following conditions are equivalent.

(1) With respect to the embedding QI' — QI induced by ¢,
n(f) <u(f), VfeK], VpeV.
(2) With respect to the embedding QI' — QI induced by ¢,
n(z) <, Vv e QI

(3) The valuation n is equivalent to fi_q.

Proof. Suppose condition (1) is satisfied.
By Corollary 4.4, z is a key polynomial for p1_.,. Since

poo(z) = (=1,0) < (0,7),  VyeQI,
we may consider augmented valuations
fy = [-oo; 2, (0,7)], Vv eQI.
By Proposition 2.2, the value group of these valuations is:
I, = ({0} xT,(0,7)) c {0} xQrI.

By dropping the first (null) coordinate of these values, we may think that I'), = < | Y > C
QI'. After this reinterpretation of the value group, we get

py €V, py(r) =7, VyeQl.
By assumption, our valuation 7 satisfies:

n(x) < py(z)=v,  VyeQl,
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after identifying v with its image ¢(y) € QI".
Since we exclude from our considerations the case v trivial (see section 1.4), our group
QI has no minimal element, and the last inequality must be strict:

n(x) <~  VyeQrl.
This proves (2).
Assume now that condition (2) is satisfied. We deduce immediately
n(x™) <y <nlxz™™), Vv eQr, Vm € Zy. (4.3)
This property implies:
f g le(f)ateV) v fe Kz], f#0. (4.4)

In fact, any two non-zero monomials ax™, bx™ of different degree, have different n-value,
and the smallest value is that of the monomial of maximal degree:

n<m = na™") <wv(b/a) = nlax™) < n(bx"). (4.5)
Now, we claim that the group homomorphism
j: (ZxT), — I, (m,a) — o — n(z™),

lex

is an order-preserving isomorphism.
In fact, (4.4) shows that j is onto. Also, (m,«) € Ker(j) implies

nz")=a = m=0 = a=0,

in order not to contradict (4.3). Thus j is a group isomorphism.
Finally, 7 preserves the ordering:

(n,v(a)) < (m,v(b)) = j(n,v(a)) = nlaz™) <nlbz™") = j(m, v(a)).

If n < m, this inequality follows from (4.5). And for n = m it is obvious, because

n(a) = v(a) and 7(b) = v(b).
This ends the proof of the claim.

Finally, n and p_, are equivalent valuations because the following diagram commutes:

J
(Z X F)lex — F77

PENON s (4.6)
K(x)*

In fact, for any non-zero polynomial f € Klz|, we have

H-oo(f) = (= deg(f),v(e(f),  n(f) =n (le(f)a=D),
the last equality by (4.4). Thus, jo o = 7. This proves (3).

Finally, suppose that n and p_., are equivalent. That is, there exists an order-
preserving isomorphism j such that diagram (4.6) commutes.

Since Mg = v = fi_co|, the isomorphism j ® Q maps the subgroup {0} x QT into
1(QT"). Hence, by applying j to the inequalities in (4.2), we obtain the inequalities in item
(1). O
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Unicity of 1., under field extension

Let L/K be a field extension and let w be a valuation on L extending v.
We may consider an analogous minimal valuation on L[z]:

ex U{00}, = (= deg(f), w (le(f)))

Clearly, the restriction of pi_oo 1 to K[x] is fi—oo-

fowor: L[z] — (ZxT)

Corollary 4.6. Any valuation p on L[x] extending pi—o is equivalent to fi—oo 1.

Proof. If pjk[s) = fi—o0, then clearly p(z) <« for all v € QT
The result follows from Theorem 4.5. ]

4.2 Valuations of depth 0

Definition 4.7. A valuation p on Klz| is said to have depth zero if it satisfies
e [t is commensurable over v.
o [t is equivalent to a valuation which can be obtained as an augmentation of p_s.

By Corollary 4.4, a key polynomial for p_, is of the form z+a for an arbitrary a € K.
In order to build an augmentation of y_., which is commensurable over v, we must take
any v € QI' and consider (0,7) as the augmented value of x + a. Let us denote the
corresponding augmentation by

po(T + a,7) = [Hoo;  +a, (0,7)].
Lemma 2.3 shows under what conditions two of these augmentations coincide:
ol + a,) = pola +b,7) = va—b) =y =7..
By Propositon 2.2, the value group of these valuations is:
Cpoetar) = ({0} x T, (0,7) ).

By dropping the first (null) coordinate, we obtain equivalent valuations with values in
QI'. We denote these valuations in V with the same symbol:

po(x +a,7): Klz] — QI'U{0}.
By definition, they act as follows on non-zero polynomials:

po(x + a,7): Zas(x +a)® — Min{v(as) +sy]0 < s},

0<s
and the value group is I'y(z4a,y) = <F, vy >

Remark. In particular, Gauss’ valuation has depth zero: pGauss = Ho(,0).
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Our aim is to determine the structure of the residue class field and the graded algebra
of these valuations of depth zero.
From now on, we fix one of these valuations and we denote it simply by:

fo = pio( + a, ).
Notation.

e pg=x+a

e € Z-o minimal positive integer such that ey € I'

h=eyel

7" € K* choice of an element such that v (7Th) =h

Yo = ¢6/n" € Kla] has po(Yp) = 0

ph=H, (7") € G, has degree h.
o zo=H, (¢o) € G,, has degree 7.

® Yo = Hﬁm(Yb) - ISPEh €EAC g,uo

Remarks.
(1) Note that for any m € Z, we have my € I" if and only if e | m.

(2) The elements " € K*, ph € g, are not h-th powers. Since h may not be an
integer, this would make no sense.
In section 5.2 we shall give a better motivation for the use of this notation.

Since ¢y is a key polynomial for py of minimal degree (one), Proposition 1.25 shows
that x ~ kg, has dimension one as a k-vector space. Thus, & = k is algebraically closed
inside A.

Since ¢ is a prime element in G, the element y, = p~ " x§ is associate to a power
of x, because p" is a unit. In particular, yy & k, because in k all non-zero elements are
units. Thus, yop € A\ k is transcendental over k.

By Theorem 1.28 and the remarks following it, we have

A= k[yo]-

Also, the residue class field k,, is isomorphic to the field of fractions of A, and the class
of ¥y € O,, modulo the maximal ideal is a Hauptmodul of the extension &, /k.

Theorem 4.8. The graded algebra G,,, may be described as follows as a G,-algebra:

g,uo - gl}[‘r()] - gv[yo; I‘O],

where yo € A is transcendental over G, and xq (of degree ) is algebraic over G,[yo] with
manimal equation x§ = " yo.
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Proof. All non-zero polynomials f € K|z] admit a ¢g-expansion with coefficients in
K. Therefore, G,, = Gy[zo], because all homogeneous elements H,,(f) belong to G,[zo].
In particular, G,, = G,[zo] = Gu[vo, zo].

Imagine a minimal homogeneous algebraic equation of yq over G,. Since y, has degree
zero, all coefficients of the equation have degree zero. Thus, they all belong to k (identified
to A,). Hence, there is no such algebraic equation because yy is transcendental over k.

Let us check the minimality of the algebraic equation of xy over G,[yo]. Suppose we
have a homogeneous relation

Z Cm 3581 - 07 Cm S gv[y(]]

meN

By applying the identity 2§ = p" 5, we may assume that 0 < m < e.
Then, this sum cannot have two different monomials:

deg(Cm xp') = deg(Cu ) = (m —n)y = deg(¢,) — deg((n) €T,

and this implies m = n (mod e), leading to m = n by our assumption on the exponents.
Therefore, our relation takes the form (zg' = 0. Since G, is an integral domain, we have
necessarily ¢ = 0. O]
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Chapter 5

Inductive valuations

A valuation p on K|[z] is said to be inductive if it is attained after a finite number of
augmentation steps starting with the minimal valuation p_:

T T T N == ) (5.1)
with values vy, ...,7. € QI', and intermediate valuations

to = to(Po, Y0), pi = [pie1; @i, v, 1 <@ <

The non-negative integer r > 0 is the length of the chain (5.1).

Note that g is an inductive valuation because it is the last valuation of a chain of
augmentations of length r = 0.

However, we do not want to consider p_., as an inductive valuation, because it is
incommensurable over v.

Since the value group of an inductive valuation is a subgroup of QI', all inductive
valuations belong to our space V. Let us denote by

yind = yiMd(K 0) c Y

the subset of all inductive valuations.

By Proposition 2.2, the family of all intermediate inductive valuations in a chain like
(5.1) is totally ordered in V:

Mo < H1 < <y = My

and every polynomial ¢; is a key polynomial for p; of minimal degree.
Since every ¢;11 is pg;-minimal, item (2) of Proposition 1.26 shows that

1 = deg(¢o) | deg(¢n) | --- | deg(¢p—1) | deg(y).
Also, Theorem 1.27 shows that,

Vo Mi(Dia) o opa(di) | piea(Pd)
) = deg(Grnr) ~ dea(o)  deglon) H) 2

47
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Therefore, the constants C(u;) € QI' grow strictly:
Yo = Clpo) < Cp) <--- < Clpy) = Cp)-

Since C'(u;) = i/ deg(¢;), the sequence vy < --- <7, grows strictly too.

Nevertheless, as mentioned in section 2, the value groups I' , Iy, of a sequence of
augmentations do not always form a chain.

In the next section, we shall impose a technical condition on chains like (5.1), to ensure
that these value groups form a chain.

Before of that, let us mention a property which is valid for arbitrary chains of aug-
mentations.

o+t t

Lemma 5.1. For a chain of augmented valuations as in (5.1), consider f € K[xz] such
that ¢; 1, , f for some 1 <@ <. Then, pi—1(f) = pi(f) =+ = - (f).

Proof. By Proposition 2.2, p;—1(f) = p;(f). By Lemma 2.5, H,,(f) is a unit, so that
it is not divisible by the prime element H,,(¢i+1) € G,
Thus, ¢;4+1 1, f and the argument may be iterated. O

5.1 MacLane chains of valuations

Lemma 5.2. For a chain of augmented valuations as in (5.1), the following conditions
are equivalent:

(1) Giv1 tu, &0 forall 0 <i<r.
(2) Giy1 o, i forall 0 <i<r.

Moreover, these conditions are satisfied if
(3) 1 =deg(¢o) < deg(¢r) <--- < deg(¢y).

Proof. By the p;-minimality of ¢;,q, the condition ¢;,
deg(¢i+1). And this leads to ¢;y1 ~,, ¢; by Lemma 1.18.
Hence, any of the conditions (2) or (3) implies (1). Obviously, (1) implies (2). O

u @i implies deg(¢;) =

Definition 5.3. A chain of augmented valuations as in (5.1) is called a MacLane chain
if it satisfies condition (1) of Lemma 5.2.
If it satisfies (3), we say that it is an optimal MacLane chain.

As an immediate application of Lemma 5.1, in a MacLane chain like (5.1) one has:

1(9i) = wi(9i) = i, 0<i<r (5.3)
Also, for any 0 <4 < r, the truncation of a MacLane at the i-th node

$0,70 é1,m Pi—1,Yi—1 iV
oo —2 Mo —> -0 —7  Mi-1 T M,

is a MacLane chain of the intermediate valuation ;.

The purpose of using MacLane chains is clarified by the next two results, which are
an immediate consequence of Lemma 2.7.
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Lemma 5.4. In a MacLane chain as in (5.1), the value groups of the valuations are

FM0:<F770>7 F#i:<Fﬂi7177i>7 1§Z§T7
In particular, ' Cc T’y C---CI'),, =T,.

Lemma 5.5. In a MacLane chain as in (5.1), the value groups of the semivaluations vy,
are F%O =T, and F% =T, for1 <i<r.

On the other hand, the imposition of the technical conditions of Lemma 5.2 does not
restrict the set of valuations admitting chains like (5.1).

More precisely, as the next result shows, every inductive valuation admits an optimal
MacLane chain.

Lemma 5.6. Consider a chain of two augmented valuations

with deg(¢.) = deg(@). Then, ¢, is a key polynomial for p, and p, = [; dw, V.

Proof. By Lemma 2.4, ¢, ~, ¢. Thus, Lemma 1.18 shows that ¢, is a key polynomial
for p.

By the very definition of augmentations, p. = [i'; ¢x, 7] and p” 1= [1; ¢«, 74] coincide,
since both coincide with g on polynomials of degree less than deg(¢). O

In particular, the length of a MacLane chain joining an inductive valuation p with
Il 18 not an intrinsic invariant of .

However, there is a strong unicity statement if we consider only optimal MacLane
chains.

Proposition 5.7. Consider an optimal MacLane chain as in (5.1) and any other optimal
MacLane chain

®

o=t PRy B P =
Then, u = p* if and only if r =t and
deg(¢i) = deg(e;), pi—1(di — ;) = vi=1; forall 0<i<r.
In this case, we also have p; = p; and ¢; ~,, , ¢F for all 0 <i <.

Proof. The sufficiency of the conditions is a consequence of Lemma 2.3.

Conversely, suppose u = p* and, for instance, r < ¢.
Let us prove the following implication for all 0 < ¢ < r:

iy = pi_y = deg(¢;) = deg(¢;), pi—1(di — &) =>v =1,

In fact, suppose p = p* and p;—q = pf_4. Since p;—1 < p; < p, Proposition 2.2 and
Lemma 5.1 show that

pia(f) = m(f) = Gifu f = pa(f) = nlf),
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for any non-zero polynomial f € K[z]. This implies

deg(¢i) = Min{deg(f) | f € Kla], pia(f) < p(f)} = deg(6;).

The optimality of both chains and the minimality of the key polynomials imply ¢;1 1,,
o7 and ¢\ fur @5 By Lemma 5.1 and equation (5.3),

pi(07) = w(@7) =1 and  pi(e) = p(ei) = i
Write ¢} = ¢; + a;, with a; € K[x]aeg(g,). By the very definition of the augmented

(2
valuations p;, pf acting on ¢;-expansions and ¢;-expansions, respectively, we get

Vi = i (0i) < v = pi(@;) < v

This proves 7; = ;. Also, since ¢; 1, , @;, Lemma 5.1 shows that

1

pi-1(ai) = pa;) = Min{u(¢;), (67} = 7.

Lemma 2.3 asserts then p; = p; and ¢; ~,, , ¢;. This leads by a recursive argument
to p = p, = . Finally, the inequality » < ¢ would imply 1 < p*, against our assumption.
Thus, r = t. O

Therefore, in any optimal MacLane chain of an inductive valuation p as in (5.1), the
intermediate valuations o, ..., t,_1, the values 7y, ...,7, € QI' and the positive integers
deg(¢o), - . ., deg(¢,), are intrinsic data of p, whereas the key polynomials ¢y, . . ., ¢, admit
different choices.

Definition 5.8. The depth of an inductive valuation p is the length r of any optimal
MacLane chain of .
Accordingly, inductive valuations are called finite-depth valuations too.

5.2 Discrete data associated with a MacLane chain

Let us fix an inductive valuation p equipped with a MacLane chain of length r as in (5.1).
We associate with this chain several data and operators.

Througouht this section, the index ¢ takes any integer value 0 < ¢ < r, and we agree
that:

H-1:=7, Ly, =T, =T, pi-1(¢0) == Or =: C'(p-1).
Newton polygon operators

We consider Newton polygon operators
N;:=N,, ,4: Klz] — P(Q xQI).

See chapter 2 for the definition of Ny, | 4,.

Note that the operator Ny = N, 4, coincides with the operator N, ___ 4,. In fact, the
coefficients of the ¢p-expansion of any non-zero f € KJz| are elements in K, and the
valuations v and p_, coincide over K.
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Chain of value groups

Recall the results of Lemma 2.7:
Ly, = <Fﬂi717’yi >7 v (K:;l) =Ly

All indices in the chain of groups, I' C I',, C --- C I',, = I',, are finite.

Actually, every quotient I',, /I",, | is a finite cyclic group. Let us denote

1

€ = (Fﬂi: FNz‘fl) ) eiZ = {6 €Z | €7 € F,ui71} . (54)

The identification I'y, , = v (K (’;) allows a computation of the ramification index of
the extension K, /K in terms of these data:

e(d;) = (Tp,:T) =€ ei1. (5.5)

Numerical data

We define
m; = deg(¢;) € Zo,
Ai =7 — pi-1(é) € QT
C(pi) = pi(¢i)/ deg(¢i) = vi/mi € QL,
hi=ev el |

According to our initial assumptions, \g = 7 is an arbitrary element in QI', while )\;
is a positive element in QI' for 7 > 0.

By (5.2), we have recursive formulas

Ai m;
Clpi) = Cpi-1) + —, Vi = Yie1 + A
m; m;—1
The following explicit formulas follow:
m; )\0 )\z
i-1(Pi) = i1 Clui)=—++—. 5.6
pic (@) = - i (e = o+ (5.6)

If the MacLane chain is optimal, Proposition 5.7 shows that these data are intrinsic
invariants of p. In this case, we refer to them as

Yip),  m; (,u), ei(lu)7 Ai (,u), h; (:u)v

respectively.
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Chain of finitely-generated value subgroups
If the ordered group I',,, is not finitely-generated, the group homomorphism

i

K(l’)* - FM

does not admit a section.
Any finitely-generated subgroup I'; C I, is free as a Z-module. Hence, it admits a
group homomorphism
mi: Iy — K(x)7, a—> 7

such that p;om; = idr,. In other words, the choice of I'; would allow the choice of elements
7 € K(x)* satisfying

wi(m¥) = a, 7T2-a+5 = ﬂqﬂf, Va,B el (5.7)

(]

We proceed to choose finitely-generated subgroups I'; C I',,; satisfying some natural
conditions.
Since I'y, =T" + <70, Y >, there exist a; € I' such that

hi Eai+<707"'77i—1>-

Definition 5.9. We fiz a finitely-generated subgroup T, := I''® C T containing v, . . . , a,..
This choice determines finitely-generated subgroups

L= Ffi = <Fz>1,%‘> = <F71,’Yo, e 7%'> - .
By construction, h; = e;y; € I';_1 for all 7. Since,

L= (Tuis i) L= (Ti1,7% ),
the next result follows immediately.
Lemma 5.10. These finitely-generated subgroups satisfy

Ny, =T, Vo<i<r.

In particular, they form a chain

M"=r_ cloc--cl,,cl, =T

with cyclic quotients of consecutive terms. More precisely, (T;: Ti 1) = e;.

Residual polynomial operators

Definition 5.11. We say that g € K[z] has attainable p-value if u(g) € F%’;.
Denote by Kx],.ar C K|x] the subset of polynomials having attainable pi-values.

Lemma 5.12. Let g € K|z| be a non-zero polynomiall.

(1) There is a constant a € K* such that ag has attainable p-value.
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(2) If g is monic and p-minimal, then it has attainable p-value.

In particular, all key polynomials for u have attainable p-values.

Proof. The first item follows from I', = I' + <')/0, e Yr > =0+ Fff.

If g is monic and p-minimal, then Proposition 1.26 shows that deg(g) = ¢m, and
1(g) = bu(g,) = Ly, € T, O

The choice of the subgroup I'* is relevant for the definition of residual polynomial
operators

Ri = Rﬂia¢i: K[J;]Hi—at — kl[y]7

where k; is a certain finite extension of k.

We postpone to the next chapter the definition of these operators.

The subgroup I'® is not universally fixed. It will be assumed that I''® is sufficiently
large to include the values of any finite family of polynomials involved in any particular
argument or statement where we apply the operators R;.

Bases of the finitely-generated value subgroups
Let us choose a basis of I'* as a Z-module:
re=r,= 1 Z® - Doy L.
From this basis, we shall derive specific bases for the other groups:
Ui =111 2@ -+ D tig11 L.

These bases are constructed by a recurrent procedure. To this end, let us write:

i i
Yi=—"—ti1+ -+ —1,cQl, ,,
€i,1 €i.k

with h; ;, e; j coprime integers with e; ; > 0, for all 1 < j < k. Clearly,

1,79
e =lem (€1, .. €i%) - (5.8)

Let us introduce some more numerical data associated with these numerators h; ; and
denominators e; ;.

Notation. Denote ¢}, = d;; = 1, and:

e;’j = 61"1 v ei,jfl/di,l s d@j,l, diﬂ' = ng (61"]', 6;’]-) s 1 < ] S k,

/
€1 = €1 €ik/dig o dig.

Lemma 5.13. ¢}, ,, = lcm (€iny.--,€ik) = €.
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Proof. For k = 1 the statement is trivial, and for £ = 2 it is well known.
Take £ > 1 and assume that the statement holds for families of less than £ integers.
Then, €, =1lem (€1, ..., e;%-1). Hence,

lem (€;1,...,6€i%) = lcm(e;’k, k) = e;kei’k/di,k = e;kH.
The identity lem (e; 1, ..., ;%) = e; was mentioned in (5.8). O
Since ged (R j€] 5, €;;) = d;j, we have Bézout identities:
e. . .
lihigeiy + lgeiy = digy 0< by <=2, 1<j<k, (5.9)
17-]

for uniquely determined integers /; ;, ; ;.

Definition 5.14. Consider the following lower triangular matriz Q = (¢, ;) € QF<F:

di,l/ei,l O
di €;
Q= oz ,
Qm,j
di,k/ei,k
with Gm; = Ewe;,jhi,m/eiym, form > j. Then, we define
(tiv11 = tigrg) = (g -+ Lig) Q. (5.10)

Lemma 5.15. The family t;ii11, ..., tiv1k 1S a basis of T;.

Proof. Let A be the Z-module generated by ¢;1/€;1,...,tix/€; . Consider the chain
of Z-modules:
Iy c; CA.

By Lemma 5.13, we have
(AZ Pz) = (A Fz‘—l) / (Fz Fi—l) = 61'71 s ei,k/ei = dz’,l v dzk

)

On the other hand, let IV be the Z-module generated by 411, ..., tit1%, as defined in
(5.10). Let us show that I'" C T}.
In fact, for every 1 < j <k,

d; ; R s h
5] / Z7]+1 Zyk
tivtg = — tig T ligeq Ligir ot = i
Cij hez‘,j+1 h €ik "
o / 1,5 i,5+1 ik
= gi,jbivj + ei,jei,j — lij -+ Li,j+1 + -+ L¢7k) (511)
€ij €ij+1 €ik
h R s
/ / 7’71 17_7_1
= lijtigTligei; | vi— ——tin =~ tig-1 |
€i1 €ij—1

by using the Bézout identities (5.9).
Now, for any index 1 <t < j, the quotient €] ;/e;; is an integer:

/

e e
i _ Cit Citl €ij—1 c7 (5 12)
eir  dig digr1  dija
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Hence, ¢;11,; belongs to I';, because we expressed it as a linear combination of the
elements ¢;1,...,¢;,7 € I';, with integer coefficients.
Thus, we may consider the chain of Z-modules:

I''cT; CA.

The lower triangular matrix P = diag(e;1,...,€;x)Q has integer coefficients and
det(P) =d;; - - d; . We may rewrite (5.10) as:

1 1
(Li+1,1 Li+1,k) = <€ Ly - ik P.

i,1 €i.k

Hence, (A: I) = det(P) =d;1---dip = (A: I';). This proves IV =T;. O

Chain of homomorphisms between the graded algebras

Some more data are derived from the chain of homomorphisms:
Guoo — G — -+ — G, — 6.
Denote A; = A, for 0 <1 <r. By Lemma 2.6, we may consider a sequence of fields
ko = Im(k — Ay), ki =TIm(A 1 — 4A;), 1<i<r,

where k; is isomorphic to the residue class field kg4, of the extension Ky, /K determined
by ¢;. In particular, k; is a finite extension of k.
Moreover, kX = AZ, so that these fields capture all units of the rings A;.

We abuse of language and identify & with ky and each field k; C A; with its image
under the canonical map A; — A; for j > 4. In other words, we consider as inclusions
the canonical embeddings:

k=kyCk C---Ck,. (5.13)

Let us denote
fic1 = kit kiza], 1<e<r.

Thus, the residual degree of the extension K, /K can be computed as:

f(@i) = [ki: kol = fo- -+ fi1. (5.14)

Let us anticipate some properties of these numerical data, which will be proved in due
time.

Remarks.
(1) For i > 0, the field k; is obtained by adjoining to the field k;_1 a root of the
polynomial R;_1(¢;). In particular, f;_1 = deg (Ri_1(¢;))-

(2) A key polynomial of an inductive valuation satisfies deg(¢) = e(d)f(¢). In par-
ticular,

m; = ei—1 ficimi—1 = (eg---ei—1)(fo- - fi1), 0<:<r.
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5.3 Rational functions of a MacLane chain

Our main aim in this section is to construct an element y; € A; which is transcendental
over k; and satisfies A; = k;[y;].

As indicated in Theorem 1.28, this amounts to the construction of a rational function
Y = ¢;" /u; where u; is a polynomial satisfying

deg(u;) < m, pi(ui) = pi(957) = ey = hi.
By Lemma 2.5, H,,(u;) is a unit in G, and we may take
Yi = Hp,, (67 Hy, (i)™

Caution. Actually, we shall construct this unit H,,(u;) as the image in G,, of a certain
rational function u; € K(x) with value p;(u;) = h;.

By Lemma 1.24, the element H,, (u;) will coincide with the homogeneous element in
G,, determined by a polynomial of degree less than m;.

This problem raises the question of the construction of rational functions in K(x)
with prescribed p;-values in the group I',,. Thanks to our choice of a finitely-generated
subgroup I'; C T',;, and a Z-basis of this subgroup, this question amounts to the choice
of rational functions whose j;-values attain the chosen basis ¢;411, ..., tit1-

We proceed to construct these rational functions in a recursive way.
Initially, we choose arbitrary elements my ; € K such that

v(mo,5) = Lo, 1<j <k

Starting with these elements, we shall construct in a recursive way rational functions
Tiy1; € K(x) such that

pi(Tiv15) = ti1g, —1<i<r, 1<j<k
An element « € I'; can be written in a unique way as
O =Qilig11 + 0+ O bk, Qat,...,0 € 7.
Then, we shall denote by = ;, the following element:
Ty 1= Moty gy, € K(2), pi () = o
We recall that these choices determine a group homomorphism
mir1: i — K(z), Qb T

We are ready to give a recursive definition of our rational functions Y; € K(x) and
Tit1,5 € K(x)

Definition 5.16. For 0 <i <r, define
Y=o

l; i€l . ’
—hi1/ein —hij1/eij1\ P% & ; .
7rl+17‘] - <¢Z 7T7’71 T ﬂ-lyj_l 7TZ7] Y ]‘ S .] S k'
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In the definition of m;;, ;, the rational functions m;;,...,m j_1 appear with integer
exponents, because ¢ ;/e;; is an integer for ¢ < j, as shown in (5.12).
For ¢ > 0, it is easy to deduce from the definition that:

B 1no ni—1 bige;
Tit1, = To®o" - &il1 &, ) (5.15)

for a certain § € I'_; and certain (eventually negative) integer exponents ng, ..., n; 1.
Since ¢;11 1y, ¢e for £ <i, Lemma 5.1 shows that

pi(Tiv) = pir(Tigr ) = - = p(Tiv5), (5.16)
1i(Ys) = pia (o) = -+ = pu(Yy),
Let us compute these stable values.
Lemma 5.17. For every pair of indices 0 <i<r,1<j <k, we have

ni(Yi) = 0, pi(Tig1j) = Ligige

Proof. The first identity follows immediately from the definition of the rational
function Y;.

Let us prove the second identity. For i = —1, p_y(mo ;) = ¢o; for all j by definition.

Suppose ¢ > 0 and the identity holds for lower indices. Then,

Mi(ﬂ'i,j) = Mi—l(%y’) = lij,

for all j, by (5.16). Thus,

o hia hij—1 P
fi(Tig1,) = i€ \ Vi — big — 0 — Lij—1 ) + b5 tij = Lit1j,
€1 €ij—1

as shown in (5.11). O

Our next aim is to establish certain relationships between the rational functions of
Definition 5.16. To this end we introduce some more notation.

Definition 5.18. Take an index 0 <1 <r. Denote:
L=ty L=l byl 1<G<k
Consider the function
L;: Q' — Q, a— Liyoay+ -+ L oy,
ifa=agt1+ -+ optig, withay,...,ap € Q.

Lemma 5.19. For all 0 <i <r, we have L; + L;(v;) = 1/e;.
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Proof. Consider the following identity:
@_'_éi,jhi,j . dij dzldz] 1

7 =) =5 = =——", 1<j<k (5.17)
Gi,j €ij €i7j€i,j €i1...655 ei,j+1
Now, we claim that:
i hi 1 |
Lit Liv 4ot Ly =l Ly 1<j<k (5.18)
o b i.j+1

For j = k, this identity proves the lemma, since e%k 41 = € by Lemma 5.13.
Let us prove (5.18) by induction on j. For j = 1, it follows directly from (5.17), having

in mind that e}, = 1:
41 lirhia 1
_5 Zk(e_’_‘_;)_g zk:/‘

i1 €i,1 €;2

hia
L+ L,

62,1

Now, if we assume that (5.18) holds for j — 1:

hi1 hi 1
L+ Liy +"'+Li,j1 ’jl—gl ik =
€i1 ez,j 1 e@j

we deduce the identity (5.18) for j, just by adding L; ;h; ;/€; ; to both sides of the equality,
and applying (5.17) to the right-hand side. ]

Lemma 5.20. For 0 < i < r, let Q € Q¥** be the matrixz introduced in Definition 5.14.
Then,

1
(Li,l Ce L%k) Q = e— (gi,1€;71 . €i7k€;7k_).

Proof. The statement is equivalent to the following identity:
d 7] ]- / .
Li; T Lijri i+ Lig e = ;gi’jel}j’ 1<j<k,
7‘9] K3

where ¢, ; = Em-e;’jhi,m /ei.m are the entries of @) for m > j. Equivalently,

d; h; hi 1
L; ——i—L 1 Zh e o+ Ly = —.
,J i,J+
li i,j€i,5€ 1,j ei,j+1 €ik €;

By Lemma 5.19, this is equivalent to

h hi d; 1
! 4,1 VI 0,J / /
Li+ Liy —+-+ L — = L,Jl— g lig =
67‘71 elmj 2y 67’7.7 ,] 17]+1
which was proven in (5.18). O

Recall the definition of the rational functions

0 el . /
—hi1/ein —hij—1/eij—1\ Wi b ; ;
Tit1,j = <¢z i T g1 mi, 1<j<k
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Let us rewrite these identities using formal logarithms:

h; hi i
lOg Tit1,j = @i,je; . lOg (bz — 1 lOg i1 — gl lOg Tij—1 -+ g; lOg Tij-
K €1 €ij—1 7

We may unify all these identities for 1 < j < k in a single identity:
(logmiy11 - logmiv1x) = log ¢; (&716;71 e Kl-’ke;k) + (logmi1--- logmik) A, (5.19)

where A = (a,, ;) € Q"** is the matrix with entries:

0, ifm>j
—Eme;’jﬂ, if m <jJ
ei,m

Lemma 5.21. Let 0 <7 < r. Consider the column-vector
u=(h1/e1-.. hi,k/ei,k>t S QkX17
and the matriz B=u(L;; ... L) € Q¥**.
(1) For any k-dimensional column-vector v we have
Bv = Lij(a)u, where o = (t;1 -+ Lig) V.
(2) A= (I —e;B)Q.
(3) The vector u is an eigenvector of the matriz I — e; B, with eigenvalue e; L.

Proof. The first item follows immediately from the definition of the operator L;.

By Lemma 5.20,
(I - 6ZB)Q = Q — e u (L@l Cen Lz,k) Q = Q —u (&"16271 R ‘gi,ke;7k) .

Hence, item (2) is equivalent to @ — A =u ({;1€}; ... {;1¢},), or equivalently,

/ .
4m,j — Am,j = g€z Vym, .

If m>j (am; =0), or m < j (gm; = 0), the identity is obvious.
If m = j, the desired equality follows from {; , hime; ., = dim — i ,Cim-

Finally, by the first item,
(I —e;B)u=u—¢;Li(vi)u=e;L, u,

by Lemma 5.19. O
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Proposition 5.22. For all 0 < i <r, and § € I';_1, we have

W?H/W? =y

)

Proof. Write 8 = Bitiq1 + -+ + Brtig, with S1,..., Br € Z. By definition,

b
log iy = (log i1+ logmipas) @' |
B
By (5.19) and Lemmas 5.20 and 5.21,
A B
log Wzﬂﬂ = log ¢; (&,16271 gi,k€;7k) Q' : | +(log mi1 - logmig) AQ7H ]
B B
b
= e;Li(B)log ¢; + (log ;1 -~ -logm;y) (I —e;B) | -
B
= log (/bez il +10g7r — (logm; - --logm k) e;Li(B)u
Hence,
log (7.1/7/ ) = log 6" — log xl“? — 1og ;)
because (log 7, - - -log mi 1) e;u = log w7 = log 7} O

Proposition 5.23. For all 0 <1i <7, we have ¢;/7), = YL;.

Proof. By (5.19) and Lemmas 5.19, 5.20 and 5.21,

log (¢i/7]11) = log ¢ — (log mi11 -+ log mip1 i) Q'
= (1 - (&',16;71 s fi,k(f;,k) Qflu) log ¢; — (log i -+ log Wi,k) AQAU
= (1 —e;Li(vi)) log ¢; — (logmi 1 -+~ logmix) (I — e;B)u
= log gbfiL; — (logm;1 -+ logmix) e;Liu
= log ¢fiL; — log W?iL; = log YZ-L;.

€% __

because (logm;; ---logm; ) e;u =logm " = log 7rlh |

Proposition 5.24. Let (s,u) € Z>o x I',_1. Then,

b DT = (V)

Proof. By Proposition 5.22, 7%/x%,, = Y, "™ Hence, the claimed identity is

equivalent to ¢f / w1} = YTL,TS, which follows from Proposition 5.23. ]
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Elements in G, determined by the rational functions

According to (5.15), the rational functions Y;, m;; introduced in Definition 5.16 are a
product of an element in K™* by powers of ¢y, . . ., ¢; with integer exponents. The exponent
of ¢; is non-negative in the two cases: e;, and 0, respectively.

For 0 < j < i, the exponent of ¢; may be negative, but the element H,, (¢;) is a unit
in G,,, by Lemma 2.5.

Therefore, it makes sense to consider the image in the graded algebra of these rational
functions, and the image of m; ; will be a unit.

Definition 5.25. For 0 <i < r we define:
Ti = HM(¢Z’)>
Yi = HMZO/Z) € A/‘«i’
pij=H,(mj;)€G,, 1<j<k
Also, for any o = aqiin + -+ ol € iz, we define
P = Hu (7)) = i1 Dok € G-

Note that x; = H,,(¢;) is a prime element in G,,., of degree ;. Hence, y; = x5 p; " is
associate to the e;-th power of this prime element.

Also, we can think of the symbol p; as a group homomorphism:
pii iy — G, a— pi.

Lemma 5.26. Let (s,u), (s',u') € Zso x ', _, such that sy, +u = sy, + .
Then, there exists j € Z such that
s'=s+je, u=u—jh, ip¥ =aiplyl.

Proof. By (5.4), from (' — s)y, =u—u €T
j €Z. Then, u' =u— je, v, =u— jh,.
The lemma follows then easily from y, = ¢ p-h. ]

w1, we deduce s’ — s = je, for some

Definition 5.27. Suppose 0 < i <r andlet o« € I';_y. By (5.15), (5.16) and Lemma 2.5,
the elements x;, pi* € G,,, are mapped to units in G, , under the canonical homomorphism.
We denote these images by the same symbol x;, p* € G, respectively.
On the other hand, we denote by z; € ki1 C k,, the image of y; under the canonical
homomorphism
Aﬂi - ki+1 C A

i1 Yi = Zj.

By the same argument as above, z; is a unit; that is, z; # 0.
Remark 5.28. We shall see in Corollary 6.6 that k;iy1 = ki[zi] = kolzo, - - -, 2i].

Also, we shall prove in Corollary 6.18 that R;(¢;y1) is the minimal polynomial of z;
over k;. In particular, deg(R;(¢it1)) = fi.

In optimal MacLane chains, the elements z;, p$*, y,, z; € G, are “almost” independent
of the chain. Their precise variation is analyzed in section 6.6.
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Chapter 6

Residual polynomial operators of
inductive valuations

Consider a MacLane chain of an inductive valuation p € Vind:

0,70 o1,71 Dr—1,Yr—1 Dr Y
Moo — Mo — =0 —7  Hpo1 T fp = [

Throughout this chapter we denote
G =4, A=A, R =R,

and we shall freely use all data and operators associated with our fixed MacLane chain
in Chapter 5.

We fixed a finitely-generated subgroup I''® C T', leading to a chain of finitely-generated
subgroups
Me=r_clyc---cl,=T¢,

such that
hizez‘%‘EFiZF—1+<V1,~~a%‘>CFM, 0<us<r.

Also, we constructed group homomorphisms
pi:rifl — g;ﬂ o = p?a OSZST,

such that pf* is a homogeneous unit of degree « in the graded algebra G,,, .

Recall the existence of a tower of finite field extensions:
k=kyCk C---Ck, CA.
After Lemma 2.6, these fields are defined as
ki =TIm (A1 — 4A)), 1<i <.

Each k; is the algebraic closure of k in A;, and it satisfies A} = k7.

Recall the definition of the subset of polynomials having attainable p-values:
Klz]ya = {9 € K[a] | u(g) € TF} C K[z].

63
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In this chapter, we introduce residual polynomial operators:
R =Ry, 4,0 Klx]pae — kilyl, 0<i<n,

playing an essential role in the whole theory.
Each operator R; is determined by the MacLane chain of u; obtained by truncation
of the given MacLane chain of . Thus, it suffices to describe R,.

Why don’t we use the general operator R, introduced in section 1.77

Because we are interested in a constructive way to deal with inductive valuations. As
we shall see in Theorem 10.7, inductive valuations are useful to detect information about
the irreducible factors of any given polynomial f € K|[z], over a henselization K" of the
valued field (K, v).

We want to be able to design algorithms which capture this information.

To this end, we need residual polynomial operators of each of the intermediate valua-
tions p;, and they require choices of pairs ¢;, u; at each level.

The choice of the parameter u; € K(x)* is delicate. We must choose it in a coher-
ent way for the different levels of the MacLane chains, thus allowing a recursive (hence
constructive) computation of the residual polynomial operators.

This aim will be fulfilled in section 6.4.

6.1 Definition of the operator R,

We define R,(0) = 0.
For a non-zero f € K|[x] consider the canonical ¢,-expansion:

f=2 0 000 deg(as) < deg(¢y).
By the definition of an augmented valuation,
u(f) = Min{p (a,65) | s > 0} = Mingt,y (a5) + 57 | 5 > 0}.
The Newton polygon N,.(f) is the lower convex hull of the set of points:
C=A{Qs = (s, pr-1(as)) | s 20} CTZsog x Ty, ;.
Let S,,.(f) € Q x QI' be the v,-component of N,(f) (cf. Definition 3.2). Let

(50, w0) = (s:(f), ur(f)),  (5,(f), u(f)) € Zno X T,

be the left and right endpoints of S, (f), respectively.
By Remark 3.1, for any point (s,u) € N,.(f), we have

(s,u) € S,,(f) = u+ sy =p(f) =10+ sov- (6.1)
If we impose that (s,u) € Z>o x I',,_,, Lemma 5.26 shows that

(s,u) €S, (f)N (Zzo X FM_I) — s=S5y+je,, u=ug—jh,., jEZL.
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Since both endpoints of S, belong to Z>y x I',,_,, the integer j runs on:

0<j<d:=(s(f) — s ()er

This non-negative integer d is called the degree of the segment S, (f). We have d = 0 if
and only if N,.(f) has no sides of slope —~,.

In other words, if we denote s; = s¢ + je,, u; = uy — je,, we have seen that
Sy (F)N(Zso x Ty, ) ={F, Pi, ..., P},

where P; = (sj,u;) for 0 < j <d.

Figure 6.1: Newton polygon N,(f) for g € K[z]. The line L has slope —v,

Definition 6.1. For a non-zero f € K|x] with attainable p-value, we define
R(f)=cotery+---+cay’ € by,

where the coefficients c; € k, are defined as

otherwise.

. {pr " ag) € ks if Q, dies on No(f),
J
0

By Lemma 2.5, H,(as,) is a unit in G. By Proposition 2.2, u(a;) = pr—1(as;).
Therefore, if Q,, lies on N,.(f), the coefficient ¢; is a homogeneous unit of degree zero;
that is, ¢; € A" = k7.

Note that p;ur_l(asj)

tees this.

is well defined only if y,_1(as;) € I'»_1. The next lemma guaran-

Lemma 6.2. If f =), , a9} has attainable p-value, then for all s such that Qs lies on
B <

5 (f), the coefficient as has attainable pu,_q-value.
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Proof. By (6.1), the condition Qs € S, (f) leads to p(f) = pr—1(as) + s
Thus, the condition u(f) € I', implies p,—1(as) € T'. , NI, = T',_1. The last equality
by Lemma 5.10. [

If T is finitely generated, we may take I'® = I' as a universal choice for this subgroup.
This implies I'; = I',, for all i. Then, K[z, = K[z]| and the residual polynomial R, (f)
is defined for all f € Klx].

Otherwise, the finitely-generated subgroup I'® C I', and the finitely-generated sub-
groups I'; C I',,, derived from this choice, play only an instrumental role.

In any particular instance where we use the operator R,, we may think that I'® is
chosen to be sufficiently large to ensure that all involved polynomials have attainable
pu-values.

Therefore, for simplicity in the exposition of the results, we adopt the following con-
vention.

Convention. In any statement or argument involving a finite number of polynomaials, we
shall implictly assume that the subgroup I'® is sufficiently large to allow the application of
the operator R, to all the involved polynomials.

6.2 Basic properties of the operator R,

We keep with the notation from the preceding section.

Let us first summarize two basic properties of R,., which follow immediately from the
fact that o, cq # 0, because @5, = Py, and @), = P, both lie on S, (f).

Lemma 6.3. Let f € K[z]| be a non-zero polynomial.
(1) deg(R.(f)) = (s.(f) = s:([f))/ex-
(2) R.(f)(0) € k7.
The essential property of the operator R, is displayed in the next result.
Theorem 6.4. For any f € K|x], we have
H,(f) = a7 Ppir D R(F) ()
Proof. Since s & {so,...,sq} implies p (as¢?) > u(f), we have
foufs,,  where  fs =0 (a5 + a5, ¢ + -+ a0 .

Assuming that f € Klz],. has attainable p-value, Lemma 6.2 shows that uy, =
tr—1(as,) € T'r_y. Thus, we may write

fs, = opome (bo +bY, + -+ deTd) , (6.2)
where (sg, ug) = (s5,.(f), u(f)), Y, = ¢¢rm " € K(z), and

bj — thrfuoasj c K(:Ij)’ 0< ] <d.
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Since h, = e,7,, we have p (¢2°") = jh,. Thus, from u(f) = ug + so7y, we get
tr—1(bj) = jhy — ug + po—1(as;) = p (as, %) — p(f) >0,
and equality may be characterized as follows
pr-1(b;) =0 <= Qs lieson S, (f) <= pr_1(as,) = uo — jh,.
Therefore, when equality holds, we have
H,(by) = pil " H,(a,) = p. " " Hy(a) = ;.

Since f ~, fs, , the result follows from the application of H, to both sides of equation
(6.2), having in mind equation (1.3). O

Thus, any non-zero homogeneous element H,(f) splits into a product of a power of
the prime x,, times a unit, times a degree-zero element R,.(f)(y,) € A.

Remark. Lemma 6.3 and Theorem 6.4 are the first instances where we applied the above
Convention. Rigorous statements would assume that f € K[x], at.
We shall not warn the reader anymore about this Convention.

We now derive from Theorem 6.4 some more basic properties of the operator R,. We
start with a result giving a more complete form to Theorem 1.28.

Theorem 6.5. The mapping k.[y] — A induced by y — y, is an isomorphism of k,-
algebras. The inverse isomorphism assigns

H,(9) — y"9 R.(g),

for each g € K|x] having u(g) = 0.

Proof. Let g € K|z| with u(g) = 0. By Lemma 5.26, applied to the pairs (s,(g), u-(g))
and (0,0r), there exists an integer j > 0 such that

si(g) =jer, and 2@ pr@ =yl
By Theorem 6.4, H,(g) = v/ R.(g)(y,) is a polynomial in y, with coefficients in k.

This proves that the mapping k.[y] — A is onto.

On the other hand, A is a domain which is not a field, because y,. € A is not a unit
in G. In fact, y, is associate to the e,-th power of the prime element x,.

Thus, the mapping is 1-1 because the kernel vanishes, being a prime ideal of k.[y]
which is not maximal. O]

Corollary 6.6. Ifr > 0, then k, = k,_1[z._1] = k[z0, ..., 2_1]

Proof. Theorem 6.5 applied to the valuation u,_; shows that A,_; = k.—1[y,—1].
Therefore, k. = Im (A1 — A) = k,_1[2,-1]. O
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Corollary 6.7. Let f,g € K[z]. Then, R.(fg) = R.(f)R.(g)-

Proof. Since H,(fg) = H,.(f)H,.(g), the statement follows from equation (5.7) and
Theorems 6.4 and 6.5, as long as:

Sr(fg) :Sr(f)+3r(g) and ur(.fg) :ur(f)+ur(g)

These identities follow from Lemma 3.9. OJ

Corollary 6.8. Let f,g € K[x]. Then,

fNMg <~ Sr(f) :37"(9)7 ur(f) :ur(g) and RT‘(f) :RT<g)
flug = s(f) <s:(9) and R.(f) [ R:(g) in Kyl

Proof. If f ~, g, then S, (f) = S,,.(9)
have the same left endpoint: ( ~(f)su (f)) (sr(9),ur(g)). Thus, R.(f)(y.) = Rr(9)(y»)
by Theorem 6.4, and we deduce R,(f) = R,(g) from Theorem 6.5.

Conversely, the equalities (s.(f),u-(f)) = (s.(9),u,(g9)) and R.(f) = R.(g) imply
H,(f) = H,(g) by Theorem 6.4.

If f| # g, then f h ~, g for some h € K[z]|. By the first item and Corollary 6.7, we get
R.(9) = R, (fh) = R.(f)R.(h). Thus R.(f) | R,(g). By Lemma 3.9, s,(9) = s.(f)+s.(h),
so that s,.(f) < s.(g).

Conversely, s,(f) < s.(g) and R,(f) | R.(g) imply H,(f) | H.(g) by Theorem 6.4,
having in mind that p is a unit for all @ € G,

by Lemma 3.8. In particular, these segments
(9

-1

Corollary 6.9. Let f,g € K[x] such that u(f) = u(g). Then,

ylrUFolel R (F+g),  if u(f +9) = pu(f),
0, if u(f +g) > p(f).

Proof. If u(f + g) > p(f), we have f ~, —g. By Corollary 6.8,

Rr(f) = R'f‘<_g) = _Rr(g) and Sr(f) = Sr(_g) = sr(g)'

ylr DIl R (f) + ylr @D/ R, (g) = {

Hence,

ylorNled R () 4 ylor@/enl R (g) = ylorD/el (RL(f) + R, (g)) = 0.
Denote h = f + g. If u(h) = u(f) = p(g), we have

:u(f) = ur(f) + Sr(f)/yr = ur(Q) + Sr(g)’YT = U,«(h) + ST(h)’YT'

By Lemma 5.26, s,(f) = s.(g) = s.(h) (mod e,).
Thus, we can consider the divisions with remainder

37“<f) :jf€r+£7 Sr(g) :jger"i_ga Sr(h> :jh€r+€>

for some common non-negative integer 0 < ¢ < e,. Note that j; = |s.(f)/e.].
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Take u = pu(f) — 0y, = u,(f) + jrhr € I''_1. By Lemma 5.26,

wyr O ppr ) = alpryll . ayr@pr@ =l pryle, oy ®pir® = glpryh (6.3)
On the other hand, the identity from (1.3) and Theorem 6.4 show that

2 Dpur DR (F)(yr) + 25 Dp DR, (g) (y,) = 25 M p-PI R, (h) (y,).

By (6.3), this identity is equivalent to

y! Ro(f)(yr) + 472 Re(9) (yr) = y2 R () ()

By Theorem 6.5, this identity still holds if we replace y, with the indeterminate y. In this
way we get precisely the identity predicted by the corollary. O]

Computation of the residual ideal operator

We now establish a tight connection between the canonical operator R, and the (non-
canonical) operator R,.

Theorem 6.10. For any non-zero f € Klx],

Ru(f) =yl D R(f) (yr) A

Proof. By definition, an element in R,(f) is of the form H,(g) for some g € K|[z]
such that f |, g and p(g) = 0. By Theorem 6.5,

H,(9) =y 9 R, (g)(yr).

On the other hand, Corollary 6.8 shows that s,(f) < s,(g9) and R.(f) | R-(g)-
Therefore, H,(g) belongs to y /1 R.(f)(y,)A.
Conversely, if ¢ = [s,(f)/e,|, then Theorem 6.4 shows that

v R(f)yr) = Hu(fager—>Dprat=e il e R(f),

because ge, > s,(f) and p® is a unit for all a € I',_;. O

Residual polynomial of a constant

By Corollary 6.7, R,.(1) = 1. However, it is not so easy to compute the residual polynomial
of a general constant.
For any a € K*, the polynomial R,.(a) € k,[y] is constant, because

Sy, (a) = No(a) = {(0,v(a))},

so that s,(a) = s/.(a) = 0. By Lemma 6.3, deg(R,(a)) = 0.
Denote a = v(a) € I'_;. By definition,

R.(a) = p;"Hy(a).
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If » = 0, this amounts to Ry(a) = a/7§ € k*.
If » > 0, then Proposition 5.22 shows that

o
MRS

yEro(e)

T r—1

«
Trr—l

Ly

Hence, pf = p_ 12,73 (a), because p¢ is the image under the canonical homomorphism
G, — G of the element

le% er [0 o L,,«, [e%
Hurfl (erl le ! )) =Pr yrfll( )'

By Proposition 2.2, H,(a) is also the image of H,, ,(a) under the homomorphism G, , —
G. This leads to the following recurrence:

Re(a) =2 """ R, _y(a) = = 25 20 Ry(a).

In particular, if v(a) = 0, we have R,(a) = Ro(a) =a € k*.

In spite of this difficulty, for certain “nice” polynomials we may guarantee that the
residual polynomial is monic.

Lemma 6.11.
(1) If f € K|[z] is monic and p-minimal, then R,.(f) is a monic polynomial.
(12) R.(¢%) =1 for any integer s > 0.

Proof. If f € K[z] is monic and pg-minimal, then Lemma 1.26 shows that the leading
monomial of the ¢,-expansion of f is ¢%, with ¢ = s/.(f).
Hence, for d = (¢ — s,(f)) /e, = deg(R.(f)), we have

Sd = 67 CLsd - ]-7

with the notation of section 6.1. Hence, ¢q = p, """V H, (1) = 1.

Finally, for any integer s > 0, S, (¢%) = N,.(¢7) = {(s,0)}, so that R,(¢?) is a constant
polynomial.

On the other hand, ¢ is monic and p-minimal because it satisfies the conditions of
Lemma 1.26. By the previous item R, (¢%) = 1. O

Existence of polynomials with a prescribed residual polynomial

We end this section with a pair of useful results. The first one states that the decompo-
sition of Theorem 6.4 is unique, in a certain sense.
The second one establishes the existence of polynomials f with prescribed values of

sp(f), uy(f) and R.(f).

Lemma 6.12. Consider two polynomials ¢, ¥ € k.[y] such that p(0) # 0, ¥(0) # 0.
Suppose that for two pairs (s,u), (s',u') € Zso x I',_1 we have

it o(y,) = 5 p P(y,). (6.4)

Then, s =58, u=1u" and ¢ = .
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Proof. Since ¢(y,) and ¥ (y,) have degree zero in G, the equality (6.4) implies
sy + u = deg(z; pt) = deg(a p¥) = 5"y + 0.

Suppose s < s’. By Lemma 5.26, there exists an integer j > 0 satisfying

/

r_ . I . sou s ou, g
s'=s+je, w=u—jh, x7p’ =D Y.

Hence, (6.4) implies ‘
v (ur) =y ¥ (yr)-

By Theorem 6.5, we have ¢ = y’/ . Since neither ¢ nor v are divisible by y, we must
have necessarily 7 = 0. This implies s = s/, u = v’ and ¢ = 1. O

Proposition 6.13. Let (s,u) € Zso x I'y—1, and ¢ € k,[y] a polynomial with 1(0) # 0.
Then, there ezists a polynomial f € K|x], as Such that

Proof. There is certainly f € K{[z| such that H,(f) is the non-zero homogeneous
element x? p¥1(y,). Since u(f) = u + sv,. € I, this polynomial has attainable u-value.
By Theorem 6.4, we have

2 ptab(ye) = Hu(f) = 2D pir D Ro(f) ().

The result follows from Lemma 6.12. OJ

6.3 Characterization of key polynomials for p

In this section, we use the properties of the residual operators to characterize the key
polynomials for p.

Our main result, Proposition 6.16, reproduces Proposition 1.30 which was proven in
[23] for an arbitrary valuation admitting key polynomials.

However, we shall give a complete proof of the result. On one hand, we add a significant
property about the Newton polygon of a key polynomial; on the other hand, the result is
crucial for the proof of Corollary 6.19, which contains an exclusive property of inductive
valuations: their key polynomials are defectless polynomials over the henselization of
(K,v) (see Theorem 8.6 to0).

Let us first characterize the homogeneous prime elements in G. By Theorem 6.5, the
prime elements in A are those of the form (y,) for ¢ € k,[y] an irreducible polynomial.

An element in A which is a prime in G, is a prime in A, but the converse is not true.
Let us discuss what primes in A remain prime in G.

Lemma 6.14. Let ¢ € k,[y] be a monic irreducible polynomial.
(1) If ¥ # vy, then ¥(y,) is a prime element in G.

(2) If v =y, then y, is a prime element in G if and only if e, = 1.
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Proof. Suppose ¢ # y. Since 1 is irreducible, we have ¥ (0) # 0.
Suppose ¥(y,) divides the product of two homogeneous elements in G. Say

V(yr) Hu(f) = Hu(g9)Hp(h).

Since 9 (y,) has degree zero, we have u(f) = pu(gh). By Theorem 6.4,

25 pir D (g VR (F) (yr) = 2279 p 0 R () (ye) Re(B) ().

By Lemma 6.12, we have ¢ R.(f) = R.(g)R,(h). Since ¢ is irreducible, it divides either
R,(g) or R,(h), and this leads to ¢(y,) dividing either H,(g) or H,(h) in G.

The element y,. is associate to x¢" in . Since z, is a prime element, its e,-th power is
prime if and only if e, = 1. O

Besides these prime elements belonging to A, we know that z, is another prime element
in G, of degree 7,.

The next result shows that there are no other homogeneous prime elements in G, up
to multiplication by units.

Proposition 6.15. A polynomial f € K|x] is p-irreducible if and only if one of the two
following conditions is satisfied:

(1) s:(f) = 5.(f) = 1.
(2) s.(f) =0 and R.(f) is irreducible in k.[y].
In the first case, H,(f) is associate to x,. In the second case, to R.(f)(y,).

Proof. Let us assume that I'® is large enough to contain pu(f). By Theorem 6.25, the
property of R,.(f) being irreducible does not depend on the choice neither of I'® nor its
basis.

By Theorem 6.4,
Hy(f) = 27D pirD R, () (yr).

Since p;"’ is a unit and z, is a prime, H,(f) is a prime if and only if one of the two
following conditions is satisfied:

(i) s,(f) =1 and R,(f)(y,) is a unit.
(ii) s-(f) =0 and R.(f)(y,) is a prime in G.

The homogeneous element of degree zero R,.(f)(y,) is a unit in G if and only if it is a
unit in A. By Theorem 6.5, this is equivalent to deg(R,.(f)) = 0, which is equivalent to
s.(f) = s,(f), by Lemma 6.3. Thus, (i) is equivalent to (1), and H,(f) is associate to z,
in this case.

Since R,(f) # y, (ii) is equivalent to (2) by Lemma 6.14. Clearly, H,(f) is associate

to R.(f)(y.) in this case. O

(f)

Putting together this characterization of p-irreducibility with the characterization of
p-minimality from Proposition 1.26, we get the following characterization of key polyno-
mials.
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Proposition 6.16. A monic ¢ € K[x] is a key polynomial for y if and only if one of the
two following conditions is satisfied:

(1) deg(¢) = deg(¢y) and ¢~y ¢,

(2) s.(¢) =0, deg(¢) = e,m, deg(R.(¢)) and R.(¢) is irreducible in k. [y].
In the first case, R(¢) = y,A. In the second case,
R, (¢) is monic, R(¢) = R.(¢)(yr)A, and N,(¢) is one-sided of slope —,.

Proof. If ¢ satisfies (1), then ¢ is a key polynomial by Lemma 1.18.
Also, R(¢) = R(¢,) = y-A by Theorem 6.10, since s,(¢,) =1 and R,.(¢,) = 1.

If ¢ satisfies (2), then ¢ is p-irreducible by Proposition 6.15. On the other hand,
deg(R,.(¢)) = s.(¢)/e, by Lemma 6.3; thus, deg(¢) = s.(¢)m, and ¢ is p-minimal too,
by Proposition 1.26. Thus, ¢ is a key polynomial for p.

Then, R,(¢) is monic by Lemma 6.11, and R(¢) = R, (¢)(y,)A by Theorem 6.10.

Also, N,(¢) = 5,,(¢) because the endpoints of both polygons coincide. In fact, since
S,,(¢) C N,(¢), it suffices to check that their endpoints have the same abscissas. Both
left endpoints have abscissa 0, and the right endpoint of N,(¢) has abscissa ¢(N,(¢)) =
deg(¢)/m, = 5,.(¢)-

Since s,.(¢) = 0 and s/.(¢) > 0, N,(¢) is one-sided of slope —~,., according to Definition
3.3.

Conversely, suppose ¢ is a key polynomial for p. Since ¢ is y-minimal, it has

deg(9) = s (@)mr, (o) = p (659)

by Proposition 1.26.
Since ¢ is p-irreducible, it satisfies one of the conditions of Proposition 6.15.

If s,(¢) = s.(¢) =1, we get deg(¢p) = m,. Also, if we write ¢ = ¢, + a, we must have
w(a) > (@), because otherwise the point (0, u(a)) would belong to S., (¢), contradicting
the property s,(¢) = 1. Thus, ¢, ~, ¢, and ¢ satisfies (1).

If s.(¢) = 0 and R,(¢) is irreducible in k,[y], then deg(R,.(¢)) = s.(¢)/e, by Lemma
6.3. Thus, deg(¢) = s.(¢)m, = e,m, deg(R,.(¢)), and ¢ satisfies (2). O

Consider ¢y, ..., ¢, as key polynomials of py, ..., u,., respectively. Obviously, these
key polynomials fall in the first case of Proposition 6.16.

Consider ¢, ..., ¢, as key polynomials of uq, ..., u,_1, respectively. By the definition
of a MacLane chain, all these key polynomials fall in the second case of Proposition 6.16.
This justifies the next observation.

Corollary 6.17. The Newton polygon N;(¢;11) is one-sided of slope —;, for all0 < i <.

Also, we may derive from Proposition 6.16 a crucial property of residual polynomials
of key polynomials.

Corollary 6.18. The residual polynomial R;(¢;11) is the minimal polynomial of z; over
ki, for all 0 < i < r. In particular,

deg(Ri(¢ir1)) = [kiy1: ki] = fi
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Proof. By Proposition 6.16, s;(¢;11) = 0 and R;(¢;11) is monic and irreducible.

By Theorem 6.4, H,,,(¢;+1) is associate to R;(¢i+1)(y;). By Proposition 2.2, the ho-
momorphism G,, — G,,,, vanishes on these elements.

Therefore, R;(¢i+1)(z;) = 0, because R;(¢;+1)(z) is the image of R;(¢;41)(y;) under
this homomorphism. O

Finally, we deduce from these results a crucial property of key polynomials for induc-
tive valuations.

Corollary 6.19. Any key polynomial ¢ for an inductive valuation p satisfies
deg(¢) = e(0)f ().

In particular, the valuation vy is the unique extension of v to the field K.

Proof. Consider a MacLane chain of y as in (5.1). By Proposition 6.16 we have two
possibilities for a key polynomial ¢ for . Let us discuss separatedly each case.

Suppose deg(¢) = deg(¢,) and ¢ ~, ¢,. Then, Proposition 1.21 shows that
Loy = Thdeg(o) = Tdeg(sr) = Loy,

so that e(¢) = e(¢,).
Also, since R(¢) = R(¢,), Proposition 1.22 shows that k, =~ ks, , so that f(¢) = f(¢,).

Hence, it suffices to prove the statement for ¢,. By (5.5) and (5.14) we have
e(gr) =eo---er1,  flor)=foro fro1
On the other hand, Proposition 6.16 and Corollary 6.18 show that
deg(¢r) = e, 1 froame 1 = =1 fro1- - eofo = e(d) f(r)

Finally, suppose ¢ #, ¢,. For an arbitrary v € QI', v > ~,, we may consider the
augmented valuation p' = [p1; ¢,7]. Since ¢ 7%, ¢,, we may extend our MacLane chain of
i to a MacLane chain of p':

TR/ S ' S e o PRt ST L
Hence, deg(¢) = e(¢)f(¢) by the same argument we used for ¢,. ]

This property is exclusive of inductive valuations. In section 8.4, we shall see an
example of a valuation admitting a key polynomial ¢ such that v admits more than one
extension to K.

As an application of Corollary 6.19 let us see a kind of characterization of augmented
valuations.

Lemma 6.20. Suppose that the valuations u, i* € V" admit a common key polynomial,
¢ € KP(u) NKP(u*). Then,

(1) W(¢) = () = p=upu"
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(2) (@) <p (o) = p* =[u; ¢,7], with v = p*(4).

Proof. Since both semivaluations v, ¢, v+ 4, determined by i, u*, respectively extend
v to the field Ky, Corollary 6.19 shows that v, 4 = v+ 4. In other words,

ula) = 1), Va e Kltlags

Item (1) follows immediately, since p and p* coincide on ¢-expansions.

If u(p) < p*(¢), denote ' = [p; ¢,v], with v = p*(¢). Then, ¢ is a common key
polynomial for y/ and p* and both valuations have the same value on ¢. Thus, item (1)
applied to these valuations shows that p' = u*. O

This has an interesting consequence: any valuation in V which is “under” an inductive
valuation, is inductive too.

Proposition 6.21. Suppose that two valuations p*, pu € 'V satisfy p* < p. Suppose that
W 18 inductive, and consider a MacLane chain:

$0,70 b1, Gr—1,Yr—1 DY
Heoo —2 Mo — -°° — -1 — M = [

Then, there exists an index —1 <1 < r such that

either p* = pi, or p* = [pi; Gir1, 17 (Girr)],
where we agree that 11 = p_o. In particular, pu* is inductive.

Proof. Suppose that p* # p; for all —1 <4 < r. Then, by Theorem 2.13, there exists
an index ¢ such that

i < < iyt
For any a € K[Z]aeg(¢;, 1), from ¢;11 1, a we deduce that p;(a) = p141(a); hence,
pia) = p*(a) = pivi(a).
On the other hand, p*(¢it1) < pir1(¢ir1). In fact, otherwise, for any f € K[z] with
¢ir1-expansion f = Zogs as¢; ., we would have

p* (f) = Min {M* (as¢§+1) 10< S} > Min {:ui-i-l (as¢f+1) |10 < S} = piv1(f),

against our assumption.
Therefore, ¢;1 is a monic polynomial of minimal degree such that p*(¢;11) < piv1(Pir1)-
By Proposition 2.9, ¢;11 is a key polynomial for pu*. Hence, Lemma 6.20 shows that

= [Mi§ ¢i+1>ﬂ*(¢i+1>]- L

6.4 Recursive computation of the residual coefficients

From an algorithmic perspective, Corollaries 6.6 and 6.18 show how to construct the tower
of residue fields
k=kyCk C---Ck, (6.5)
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solely from the knowledge of the irreducible polynomials

@bi = Ri(¢i+1) € k‘l[x]

Each field k; 1 may be constructed as k; 1 = k;[z]/(1;), and we may identify the generator
z; € k;11 with the class of x in this quotient.

In order to perform this construction, we need to compute the residual polynomials
R.(f) = Ru¢,.(f) € k.[z] in a direct way, using only the tower (6.5) and the valuations
Lo, - - -, r—1, but with no appeal to the valuation .

This requires the computation of the coefficients ¢; introduced in Definition 6.1 by
some direct formula in terms of all previous data. To this aim is devoted this section.

Definition 6.22. For some 0 < ¢ < r, let a € Klz| be a non-zero polynomial with
attainable p;-value. We define

ei(a) = (Zz')L; sl hilui@) e ki1
where (s;(a),u;(a)) is the left endpoint of S.,(a), the v;-component of N;(a).

Theorem 6.23. Let f € K[z] with ¢,-expansion f =3 asp;.
Suppose that f has attainable p-value and let

Rf)=cot+cry+--+cay” € k,[y]

be the residual polynomial of f. Then, for each j such that c; # 0 we have

¢ = {asﬂo‘”(““’”, ifr=0,
i = .
€r—1(asj) RT—l(a-Sj)(ZT—I)? ZfT‘ > 07
where s; = s,.(f) + je.

Proof. Suppose r = 0. It suffices to prove the equality

py " H,(a) = amy "', Vae K*.
This is an immediate consequence of the identification
K — ki, b — H,(b),

for all b € K* with po(b) = 0.
Suppose r > 0. It suffices to prove the equality

p O H,(a) = 61(a) Reoi(a)(51),  Va € K[t (6.6)
Take a non-zero a € K|[z|,, . By Theorem 6.4,

Hur—1 (CL) = xi—lpg—erfl(a)(yrfl)a §= 81“*1(&81)7 U= qul(aSj)' (67>
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Since deg(a) < m, = deg(¢,), we have ¢, {, a, and Proposition 2.2 shows that
pr—1(a) = p(a). Hence, H,(a) is the image of H, ,(a) under the canonical homomor-
phism G, , — G.

By applying this homomorphism to the identity (6.7),we get

Hu(a) =2, 1py_1Re1(a)(z-1).

Hence, the claimed identity (6.6) is equivalent to:

p;#rﬂ(a)xiilpgil _ €r—1(a) _ (ZT_I)L’T_ls—qu(u)'
Since p,—1(a) = u + s7y,_1, this identity follows from Proposition 5.24, by applying H,, ,
to a similar identity between the corresponding rational functions. ]

Another crucial application of this recursive construction of the residual coefficients
is the design of a concrete algorithm to compute polynomials in Kx| with a prescribed
residual polynomial. More precisely, to make effective the result of Proposition 6.13.

In particular, this algorithm may be used to construct key polynomials ¢ such that
R(¢) is a prescribed maximal ideal of A. In other words, to make effective the bijection
of Theorem 1.32.

6.5 Dependence of R, on the choice of I''® and its basis
Let I ; C I' be another finitely-generated subgroup satisfying the conditions of Definition

5.9, and let ¢y, ... 1, be a Z-basis of I'_.
With respect to these choices, let

i, Yi, () € G 0<i<r,
% €T, 0<i<r,

be the corresponding elements described in Definitions 5.25 and 5.27.
The choice of two subgroups I'_y, I ;, and respective bases in them, determines a
family of group homomorphisms:

DN, — k7, a = (p)*/ps, 0<i<r.
In fact, this quotient (p})*/p of two units belongs to
G, NA =A7 =k

Caution! The following natural diagrams do not commute!

| C I ri..nt_, c Iinly
pid L pisa T 1 Tipa
g;;i — g;m k; C kﬁl
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In fact, by applying H to the identity of Proposition 5.22 we get

i1
(o4 a Li(a
Piv1 = Di % @,
From this, we deduce
Tiy1 () (p;+1)ap¢a - (%)

ni(a) (PP 2

Lemma 6.24. For all 0 <1 < r, we have
x; = Ty, ?J; = Ti(_hi)yi-
In particular, z; = 7;,(—h;)z; for 0 <1 <r.

Proof. The first statement is obvious: z} = H,,(¢;) = ;.

By the construction of the finitely-generated subgroups, h; belongs to I';_; NT7Y_;.
Then, from y} = (2})%(p}) ", yi = =" p; ™, we deduce y; = 7;(h;)y;. O

Theorem 6.25. Let R! be the residual polynomial operator associated with the choice of
I | and its basis.

Let f = Y ., as®; be the ¢.-expansion of a non-zero polynomial having attainable
p-value for T' and (I")®. Then,

R, (f)(y) = RL.(f)(Cy),

for & =1, (u,(f)), (=1 (—h,) €k
Proof. Let us denote for simplicity s = s,(f), u = u,.(f). By Theorem 6.4,

zp) Be(f)(ye) = Hu(f) = (27)° ()" Bo.(f)(5))-

By Lemma 6.24, this is equivalent to

R(f)(yr) = 7o(w) R.(f) (7o (=hr)yr) -

By Theorem 6.5, the same identity holds in k,.[y] if we replace y, with the indeterminate
y. This proves the lemma. [

6.6 Dependence of R, on the choice of an optimal
MacLane chain

In this section, we discuss the variation of the elements x,, y,, 2z, pf*,; € G, and the
operators S,,, R,, when we consider different optimal MacLane chains.

We saw in Proposition 5.7 that two optimal MacLane chains of the valuation p have
the same length r, the same intermediate valuations py,...,u,, and the same values
Y0, - -+, € QI'. They may differ only in the choice of the key polynomials:

0,70 d1,71 Dr—1,7r—1 DryYr
Moo —7 Ho — =°° —  Hr-1 T fr = M
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%0 dm -1 &5
oo —> Mo — =+ —=  Hp1 — M =M,

which must be related as follows:
o = ¢i + a;, deg(a;) < my, wila;)) >y, 0<i<r.
In particular, both chains support the same invariants
m, €, fi-1 € Lxo, hi € Ti_1, 0<:<,
where we agree formally that f; = 1.
Lemma 6.26. If ¢} %, ¢,, then e, =1 and a, has attainable p-value.

Proof. Since ¢, 1, a,, we have u(a,) = p,—1(a,) € 'y, , by Proposition 2.2.
Thus, the condition ¢} ¢, ¢,, which is equivalent to p(a,) = p(¢,) = v, leads to
v € I'y,_,. This implies e, = 1, and p(a,) =, € I', =T, 5. O

We use the standard notation for all data and operators attached to the upper MacLane
chain and we mark with a superscript ( )* all data and operators attached to the lower
one.

Theorem 6.27. With the above notation.
(1) pij=nij forall 0<i<r+1, 1<j<k.
(2) If gb: ~u ¢y, then T, = Ty, y: = Yr; S:T = 577-7 R: = R,.
(3) If ¢t b Gr, then i =z, + D,  yi =y, +1n, where n = R,(a,) € k.
Moreover, for a non-zero g € K[z| with attainable p-value we have

v 9OR(9)(y) = (y +n) "R (g)(y + n). (6.8)

In particular, s:(g) = ordyi, (R-(9)).

Proof. Since the choice of my1,...m € K* had nothing to do with the MacLane
chains, we have pg ; = H,,(m ;) = po,; for all j.
Suppose we have p;; = H,,(m; ;) = pi; for all j, and all 0 <4 < r. In particular,

(pr)™ = po, Vael,_;.
Case ¢; ~, ¢,. By definition,
:)3: = Hu(¢:) = H“(gbr) = Tp.

This leads to y; = y, and p;;; = pry1; for all j, by the recurrent definition of these
rational functions (Definition 5.16).
Case ¢} %, ¢r. Lemma 6.26 shows that e, = 1 and a, has atainable p-value.

Since deg(a,) < m,., we get

sr(a;) =0, ur(ay) = pr—1(a,) = pla,) =y = hy.
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By Theorem 6.4,
H,(a,) = p}" R, (a,) = p}"n.

Hence, by using (1.3), we have in this case

T, = HM(QS;) = (HM(¢T) + Hu(ar)) = +p"1,
which leads to v} = z*(p}) ™" = z.p;, " +n =1y, +1n.
Also, e, = 1 implies £, ; = 0, £, ; = 1 for all j, by (5.9). Thus,
Tt = Trj Try1j = Trj, 1< J <k,
by the definition of these rational functions (Definition 5.16).
Hence, py,1; = prj = prj = Pry1,; for all j.

Finally, let us prove the statements concerning S, and R, in items (2) and (3).
Let g € K[z] be a non-zero polynomial with attainable p-value.

Case ¢f ~, ¢.. We have already seen that z} = z,, y: = v,, and (p})* = p for all
a €1',._1. By Theorem 6.4,

29 pr IR (9) (yr) = Holg) = 2379 979 RY(9) (y, ).

By Lemma 6.12, s¥(g) = s,(g9), ui(g9) = u,(g), and R:(g) = R.(9).

This proves R; = R, already. Also, S* (g) and S,,(g) have the same left endpoint
(sr-(g9), ur(g)) and the same slope —7,; thus, these segments coincide if their right endpoints
have the same abscissa. This follows from Lemma 6.3:

si.(g9) = e, deg(R,(9)) + s:(g9) = e, deg(R;(9)) + si(9) = (s5)'(9)-

Hence 53 (9) = 55, (9)-
This argument works for an arbitrary non-zero f € K[z], by enlarging I'® to ensure
that p(f) € T, Therefore, S% = S, and this ends the proof of item (2).

Case ¢} %, ¢.. Recall that e, =1 and (p})* = pg for all @ € I',_;. By Theorem 6.4,
2@ pir IR (9)(yr) = Halg) = () pr @R} (g) (y;)-
Since x, = plry, and x* = plry* = plv(y, + 1), we deduce
ypr O pr OO R (g)(y,) = (g +m) Ol OO R () (3, + 7).
Since u,(g) + s.(g)h, = u(g) = u(g) + s:(g)h,, we may drop the powers of p,:

rOR () () = (yr + 1) DR (g)(y, + 7).

This proves (6.8), as a consequence of Theorem 6.5.
Since R’(g) is not divisible by y, the polynomial R’(g)(y+n) is not divisible by y + 7.
Hence, s!(g) = ord,., (R,(g)). O



Chapter 7

Structure of the graded algebra

We keep dealing with an inductive valuation p € Vi equipped with a MacLane chain of
length r as in (5.1), and the corresponding data described in sections 5.2 and 5.3.
Throughtout this chapter we use the notation:

G=G, A=A, k= ky, R =R,.

We recall that x C A is the algebraic closure of k, and the maximal subfield of A.
In this chapter, we study the structure of G as a G,-algebra.

7.1 Generators and relations for ¢

From the fact that u restricted to K coincides with v, we deduce a natural embedding of
graded k-algebras:

G, — G, H,(a) — H,(a), VYa€K.
This embedding extends in an obvious way to an embedding of graded r-algebras:
Gy @k — G, H,(a) ® c— cH,(a).
By Theorem 6.5, we deduce an embedding of A-algebras:
Go @ A— G, Hy(a) @ Y(y) — ¢(yr) Hyu(a),

for all ¥ € kly|.
By identifying these algebras G, ® k, G, @ A with their images in G, we clearly have:

gv Rk A= (gv Sk ’%) [yr]

Recall the elements zg, ..., x, € G, introduced in Definitions 5.25 and 5.27.

They are homogeneous elements of degree 7y, . . ., 7., respectively.
Also, xg, ..., r,_1 are units, while x, is a prime element.
Lemma 7.1. For any a € I',_, we have p& € (G, ® K) [0, ..., Tr_1].

81
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Proof. By definition, pg € G, for all § € I'_y. For r > 0, we may assume that
Pl € (Gy @k K) [T, . . ., xr_y) for all B € T',_y, by a recurrent argument.

By Lemma 1.24, there exists a € K[z] with deg(a) < m, such that H,(a) = p2.
Since p(a) = pty—1(a), this element H,(a) is the image of H, ,(a) under the canonical
homomorphism G, _, — G.

By Theorem 6.4, H,, ,(a) = zi_pt_R.—1(a)(yr,—1), for certain s € Zsg, u € I',_5.
Hence, the image of this element under the homomorphism G, | — G is

Hy, (@) = 27 pi 1 Bra(a)(z01) € (G @k K) [0, - ],

because R,_1(a)(z—1) € K. O

Theorem 7.2. The graded algebra of i admits the following description:
g = (gv ®k '%) [yhx()v s 7x7“] = (g’u ®k A) [‘r07 cee 7'1:7']7

where y,, Tg, . . ., x, have degree 0, Yo, ..., ¥, respectively.
Moreover. these elements satisfy the relations

€ €r— hr— er __ r
T80 = pizg, ., T = e, 1Y = ply,. (7.1)
Proof. Let H,(g) be a homogeneous element in G, for some non-zero g € Klx].
Lemma 5.12 shows the existence of a € K* such that ag has attainable p-value. By
Theorem 6.4,

H,(9) = Hu(a ") H,(ag) = Hy(a)™" 5 p¥ R.(ag)(y,),

for certain s € Z>gp, u € I',_4.
Since R,(ag)(y,) belongs to A, Lemma 7.1 shows that H,(g) is a polynomial in
X, ..., x, with coefficients in G, ®; A.

Let us check that (7.1) are the only relations satisfied by xo, . .., z, as generators of G
as a (G, @ A)-algebra. Suppose we have a homogeneous relation

Z(mo ..... my)ENT Umgeeme T T =0, ing,my € G O A
By applying (7.1), we may assume that 0 < m; < e;, for 1 <i <.
Then, this sum cannot have two different monomials, In fact,

deg(axy™ - x) = deg(bxg® - - - ')

= (mo—mno)Y + -+ (Mmy — 1)y, = deg(b) — deg(a) € T.

From (m, —n,)y, € L', _,, we deduce m, = n, (mod e,), and this implies m, = n, by
our assumption on the exponents. By iterating this argument, we conclude that m; = n;
for all 7.

Thus, our relation takes the form azy™ - - - 27"~ = 0. Since G is an integral domain, we
necessarily have a = 0. [

By Lemma 6.24, the generators zy, ..., x, do not depend on the choice of the finitely-
generated subgroup I'8.
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If the group I' = T, is finitely generated, then I', is finitely generated too, and we
could decribe G as a polynomial ring over A, on indeterminates representing a Z-basis of
the group.

Actually, since K[z] is not a field, we have to distinguish those values of I',, which are
not represented by units in G = gr (K |[z]).

These values are determined in Lemma 9.1, for an arbitrary valuation admitting key
polynomials. For our inductive valuation p equipped with a MacLane chain of length 7,
that result can be stated as follows:

Lemma 7.3. For any a € I',,, we have

(P(a)/PH(@) NG #0 < acT,_,.

Hence, we may use a basis of I', | to parameterize the homogeneous parts of the
graded algebra corresponding to values which admit units, and add an specific description
of the rest of homogenous parts.

Theorem 7.4. Suppose that I' = I'® is finitely generated. The graded algebra of i admits
the following description:

g=« [yr,pri’ll, . ,pﬁ] [z,] = A [pﬂ, . ,pf,ﬂ [x,].

The elements Yy, pr1, ..., pri are algebraically independent over k.
The element x, is algebraic over A [pfll, ..,pf,ﬂ , and it has minimal equation xi" =

p:}r Yr-

Proof. Theorem 6.4 shows that x,, y,., and {p;t]l 1< < k} generate G as an k-
algebra.
Let us prove that y,,p,1,. ..,k are algebraically independent over . Suppose

n . mi Mg __
Z Cnmy,...omy, Y pr,l e pr,k - O? Cnymy,...,my, € K. (72)

n,mi,...,mEE€L>q

and let us show that all coefficients ¢, . m, vanish.
We may suppose that (7.2) is a homogeneous equation. Since deg(y,) = 0 and

deg (p;”f . p;",f) =motp1+ - +mptr € =1, |,

the vector (mq,...,my) is uniquely determined by the degree of the equation, because
Lri,.-.,brg is a basis of I',_;. Hence, (7.2) takes the form:

M1 mi n _
p”'71 Ce p?’,k E Cnmy,...omy, Yp = 07

nEZZO

and this implies ¢, ;.. m, = 0 for all n, by Theorem 6.5.

Finally, let us show that the equation ¢ = pfry, is minimal. Suppose

cotex+--Fena =0, m<e, eieA[{pf;llgjgk}].



84 CHAPTER 7. STRUCTURE OF THE GRADED ALGEBRA

All terms in this equation have different degree. In fact,
deg(e; x;) = deg(e; 27) == (i — j)y, = deg(e;) — deg(e;) € Ty,

and this implies e, | (i — j), leading to i = j.
Hence, ¢; x%. = 0, for all 4, which implies ¢; = 0 for all 1. O
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Chapter 8

Lifting inductive valuations to the
henselization

8.1 Henselization of a valued field

A valued field (K, v) is said to be henselian if v admits a unique extension to any algebraic
extension of K.
This condition is equivalent to the fact that (K, v) satisfies Hensel’s lemma.

Hensel’s lemma. Let f,g,h € O[z] satisfy f = gh, with g, h relatively prime in k[z].
Then, there exist g1, hy € O[z]| with

= g1h, 91 =9, hy = h, deg(g1) = deg(g).
The completion of a valued field of rank 1 is henselian, but this is not true for valued
fields of higher rank.

However, there is a henselization of (K,v), which is a kind of minimal henselian
extension (K h M), satisfying a certain universal property.

This henselization plays a crucial role in the study of valuations of rank greater than
one, analogous to the role played by the completion for valuations of rank one.

We may realize a henselization of (K, v) as a subfield of any given separable closure K*
of K. By fixing any extension v of v to K*, we may consider the decomposition subgroup

Dy = {0 € Gal(K*/K) |t oo =9},

which is a closed subgroup of Gal(K*/K). Then, we may define K" C K* to be the fixed
field of Dz. We consider on K" the valuation v" obtained by restriction of o.
This valued field (K" v") has the following properties:

o (K" v") is henselian.

e A different choice of v leads to a conjugate decomposition group; hence to a K-
conjugate subfield of K*.

e (K, v) is henselian if and only if K = K".

87
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e If (L,v') is a henselian extension of (K, v), then there exists a unique K-embedding
2 K" — L such that v" is the restriction of v/ to K.

e v"/v is an immediate extension.

Suppose that v has rank one. The completion K, of K with respect to the v-adic
topology is henselian. Hence, there is an embedding of valued fields K" C K,. Since K
is dense in K, we deduce that K is dense in K”".

For valuations of higher rank this property does not hold. We shall see a concrete
example in section 8.4.

Finite extensions of X and K"

Let F' € K"[x] be a monic irreducible polynomial, and let Kr = K"[z]/(F) be the finite
extension of K" obtained by adjoining a root of F'. Since K" is henselian, the valuation
v" admits a unique extension w to Kp. Let us denote

e(F)=e(w/v"),  f(F)=flw/v").
We have the following numerical relationship:
deg(F) = e(F) f(F)d(F),

where d(F) is a natural number called the defect of F'.
If the characteristic of k, is zero, the defect is trivial: d(F) = 1.
If the characteristic of k, is p > 0, the defect is a power of p.
If d(F) = 1 we say that F is defectless.

Now, let f € K[z] be a monic irreducible polynomial, and let L be the extension of
K obtained by adjoining a root of f.

Suppose f separable. Let
f=FiF,

be the factorization of f into a product of monic irreducible polynomials in K"[x]. Then,
there are m extensions wy, ..., w,, of v to L, and they satisfy:

e(wifv) = e(F),  flwfo)=f(F), 1<i<m.

In particular,
m

> " e(wi/v) f(wi/v) < [L: K. (8.1)

=1

On the other hand, if f is purely inseparable, then v admits a unique extension to L.
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8.2 Restricting valuations on polynomial rings

Denote the set of equivalence classes of valuations on K{[z] extending v by
Val(K,v).

Let L/K be a field extension and let w be a valuation on L extending v.
By Chevalley’s extension theorem [5, Thm. 3.1.1], the restriction mapping

res: Val (L,w) — Val(K,v), p > 1es(p) = Pl
1s onto.

Definition 8.1. Let p € Val(L,w) and p = res(p) € Val(K,v). We say that the canonical
embedding G, — G, is a strong isomorphism f

VF e Llz|, 3f € K[z] such that deg(f)=deg(F) and f ~,F.

This property may occur only when w/v is immediate. In fact, the condition of strong
isomorphism restricted to polynomials of degree zero is equivalent to w/v immediate, by
Lemma 1.10.

In section 8.4 we shall see an example of extension p/u such that w/v is immediate
and G, — G, is an isomorphism which is not strong.

Suppose that G, — G, is an isomorphism, and take ¢ € K|x].

Then, ¢ is p-irreducible if and only if it is p-irreducible. In fact, H,,(¢) is prime if and
only if its image H,(¢) under the above isomorphism is prime.

If ¢ is p-minimal, then it is g-minimal, but the converse implication is false.

However, if the isomorphism is strong and ¢ is p-minimal, then it is p-minimal too.
These arguments prove the following result.

Lemma 8.2. Let p € Val(L,w) and p = res(p) € Val(K,v). Suppose that the canonical
embedding G,, — G, is a strong isomorphism. Then, a polynomial ¢ € K[z| is a key
polynomial for w if and only if it is a key polynomial for p.

Let us see a concrete example of strong isomorphism.

Lemma 8.3. Suppose w/v is an immediate extension. Then, the canonical embedding
g.u’foo — gﬂfoo,L
1S a strong isomorphism.

Proof. Any polynomial F' € L[x] is p—oo r-equivalent to a monomial £x™, for some
§ € L. By Lemma 1.10, there exists ¢ € K such that ¢ ~,__ , . Hence, the polynomial
f=ca™ € K| satisfies f ~, _, F. O

We recall that for valuations on the polynomial ring L[z] whose values are embedded
into a common ordered group, there is partial ordering < defined as:

p<p <= p(f)<P(f), Yfell

If L/ K is algebraic, there are no “comparable” valuations in the fibers of the restriction
mapping.
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Lemma 8.4. Suppose L/K is an algebraic extension, and p, p' € Val(L,w) have values
embedded in a common ordered group. Then,

res(p) =res(p), p<p = p=/.
Proof. Suppose that p < p/. Let F € L[z| be a polynomial of minimal degree such
that p(F) < p/(F). Since
p\L =w= pl|L7

the degree of F' is positive, and we can suppose that F' is monic.

Then, F is irreducible because p and p’ coincide on any possible factor of F' of smaller
degree.

The prime ideal F'L{z]N K [x] cannot be zero, because this would lead to an embedding
of K[z] into the field L[z]/(F), which is algebraic over K.

Hence, there is a monic irreducible polynomial f € K[z such that

FLjz]NK[z] = fK]x].

Let us write f = F' G for some monic polynomial G € L[z].
Since f has coefficients in K, we have p(f) = p/(f) by our assumptions. Hence,

p(f) =P (f) =P (FG)=p(F)+p(G) > p(F) + p(G) = p(f).

This contradiction shows that p = p/. [

It is well known that in a fiber of the restriction mapping of an algebraic field extension
we cannot find valuations p, p' satistying O, C O, [5, Lem. 3.2.8].

Lemma 8.4 has a certain analogy with this fact. However, we are in a different context,
because the field extension L(x)/K (x) is not algebraic.

Moreover, it is easy to find examples showing that the conditions p < p' and O, C O,
do not imply each other.

8.3 Lifting to the henselization

h

We are interested in the case L = K" w = v". As mentioned in section 8.1, w/v is

immediate.

For simplicity, we omit the reference to the valuations v, v", and denote the spaces of
inductive valuations and valuations on K[z] and K"[z] extending v and v" by

V(K) € Val(K), V(KM € Val(K™),

respectively.

The restriction of an inductive valuation on K"[z] is not necessarily an inductive
valuation on K|[z]. We shall see an example in section 8.4.

Nevertheless, we may extend inductive valuations on K[z] to inductive valuations on
K"Mx).
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Proposition 8.5. There is a lifting mapping
Ift: VPY(K) — V*(K") c Val (K"),  pr— p* =1ft(p)
such that res olft = idyina(xy. Also, any MacLane chain of an inductive valution

H—oo M Ko M ¢T_1—7’y;_1 Mr—1 M Hy = U, (82>

determines a MacLane chain of its lift to K"[x], with the same key polynomials ¢; and

values v; € QU

*

0,70 « P07 br—1,Yr—1 % bryYr %
e TSRSy T =

Heoo, kb — Mg —
Moreover, the embedding G, — G+ is a strong isomorphism.

Proof. Let u € V"4(K), and consider a MacLane chain of y as in (8.2).

Let us prove both statements by a recursive argument.

Suppose 1, has been constructed, as the last valuation of a MacLane chain of length
1 — 1, and satisfies:

e The restriction of p | to K[z]is p;_1.
e The canonical mapping G, , — G, | is a strong isomorphism.

If i = 0, we take i | = pi_o gn. In this case, the first assumption is obvious and the
second one holds by Lemma 8.3.
By Lemma 8.2, ¢; is a key polynomial for u;_,. Moreover, if ¢ > 0,

Gitpisy Gic1 = Qifur | bic1-

In fact, the element H,, ,(¢;) does not divide H,, ,(¢—1) in G,,_,. Since G,,, , ~ G+ ,
the images of these elements in G« preserve this property.
Therefore, if we define

pi = W6(pi) = (s di, il
we extend the previous MacLane chain to a MacLane chain of length 1.
By the very definition of the augmented valuations, res(u}) = p;.

Finally, let us check that G,, < G, is a strong isomorphism. Let

— s h
F = ZOSS €08 € K"
be the ¢,-expansion of some F' € K"[z]. For each &,, there exists a, € K[x] such that

deg(a8> = deg(fS)? (s My, §s-

Hence, f = ) ., a:¢; is the canonical ¢;-expansion of a certain polynomial f € K[z,
satisfying deg(f) = deg(F'). Also,

pi (f = F) = Ming<o{pi (a5 — &) + 57} > Mino<o{p;_, (as) + 57} = i (f).

Hence, f ~,« F. An iteration of this argument proves the proposition. O

The existence of this lifting has a relevant consequence.



92 CHAPTER 8. LIFTING INDUCTIVE VALUATIONS

Theorem 8.6. All key polynomials for inductive valuations are defectless polynomials in
K"z].

Proof. Let u € V®(K) be an inductive valuation, and take ¢ € KP(u).

By Lemma 8.2 and Proposition 8.5, ¢ is a key polynomial for the lift of u to V4 (K").
Hence, it is irreducible in K"[z] by Lemma 1.19.

Finally, Corollary 6.19 shows that ¢ is defectless. O]

Proposition 8.7. For every u € V(K the valuation p* = 1ft(u) is the unique element
in Val (K") whose restriction to K|z] is .

Proof. Suppose that p € Val (K") satisfies res(p) = p1. Let us show that p* < p.
Consider a MacLane chain of ; as in (8.2). For a non-zero F' € K"[z], let

be its (¢, - . ., ¢, )-expansion.
In general, for b € K", we have pu*(b) = v"(b) = p(b).
Since ¢y, . .., ¢, have coefﬁments in K, we have p(¢;) = u*(¢;) for all i. Therefore,
p(F) = Min{p (asg,...s,@5" - - &)} = Min{p" (as,....s, 05" - - &)} = " (F).

(
Thus, pu* < p. By Lemma 8.4, we deduce that p* = p. 0

Finally, Proposition 8.5 yields a criterion to decide when the restriction of an inductive
valuation on K"[z] is an inductive valuation on K|z].

Corollary 8.8. Let p be an inductive valuation on K"[x], admitting an optimal MacLane

chain

Fo,yo Fi,m Fr_19r—1 Er vy
:ufoo,Kh — pPo — - — Pr—1 — Pr = pP.

Then, the restriction of p to K[z is an inductive valuation if and only if there exist monic
polynomials ¢y, . .., ¢, € K|x] such that

deg(¢;) = deg(Fi),  pia (Fi—¢)) =27, 0<i<nm (8.3)
where we agree that p_; = v".
Proof. Suppose that u = res(p) is inductive. Consider an optimal MacLane chain

ooy BB B G bew (8.4)

By Proposition 8.5, this chain lifts to an optimal MacLane chain

0,70 « P1m Ps—1,Ys—1 & Ps,Ys %
Moo,k — Mg — - — Hs—1 — :us I

By Proposition 8.7, u* = p. Now, by the unicity of optimal MacLane chains (Proposition
5.7), necessarily s = r and (8.3) holds.
Conversely, the conditions in (8.3) imply that p admits a MacLane chain

0,70 1,71 Gr—1,Yr—1 br Y
Moo, kb — Po — - — Pr—1 — Pr =P,

by Proposition 5.7. Obviously, u = res(p) coincides with the inductive valuation (8.4)
determined by all these data ¢;, v;. O]
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8.4 Example of a non-inductive valuation

Let p be a prime number and denote by ord, the p-adic valuation on Q.
Suppose that p =1 (mod 4), and let iy € Z such that ord, (i3 + 1) = 1.

Consider the polynomial
¢=1>+1¢€ 7|

Since ¢ splits modulo p, the valuation ord, has two extensions v, ' to the field Q(7)
obtained by adjoining to Q a root i of ¢.
Both extensions v, v/ are immediate over ord,. Clearly,

1 =ord,(ig + 1) = v(ig + 1) = v((io + i) (io — 1)) = v(ig + 1) + v(ig — 1),
and similarly for v/. We may distinguish these two extensions by
v(i—1i9) =1, v(i+1iy) =0; V(i—ip) =0, V(i+ip) =1

Let K = Q(t), where ¢ is an indeterminate. Let ord; be the t-adic valuation, and for
any a € K*, let the initial coefficient of a be

in(a) = (t~ Ordt(a)a) (0) € Q.
Consider the following valuation of rank two on K:

v: K* — 772

lex>

a — v(a) = (ords(a),ord,(in(a))) .
This valuation admits two extensions to the quadratic extension L = K (i):
w() = (ord(€), ¥(in(€)), /(€)= (ordy(€),/(n(€))), VEEL
where ord;(§) and in(§) have the obvious meaning.
Fact 1. We may choose a henselization (K" v") of (K,v) such that
(K,v) C (L,w) C (K" v").

Let Gal(L/K) = {1, 7}, where the automorphism 7 is determined by 7(i) = —i.
Clearly,
w =wor, w=w orT.

Hence, for any extension v of w to K*, the elements in the decomposition group Dj restrict
to the identity on L. In other words, L C K".

Fact 2. K is not dense in K".
In fact, (Q,ord,) is dense in (Q(i),v). Hence, by taking ¢ € Q, the values

w(i —q) = (0,v(i — q)),

cover all elements in the subgroup {0} x Z.
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On the other hand, for arbitrary polynomials f, g € Q[t] we have

ordy(i = (f/9)) < 0.

This is obvious if ord,(f/g) # 0. In the case ord,(f/g) = 0, we have
ord(i = (f/g)) = ordy(i —in(f/g)) = ord,(i — (£(0)/9(0))) = 0,
because i # f(0)/g(0) € Q.

As a consequence,
{w(ii—a)|ae€ K} =7Z< xZ, (8.5)

so that there are no elements in K which are arbitrarily close to .
This ends the proof of Fact 2.

Fact 3. Consider the following depth-zero valuation on K"|x|:
P:,UO(I'_Z‘,'Y) GVind(Kh)v Y= (170)7

and let pu = res(p) € V(K).
For any f € Klz|, with canonical ¢-expansion f = . as¢°, the valuation p acts as
follows: -

p(f) = Min{w(as(i)) +sv [0 < s}.
We claim that
ce+d~, ci+d, Ve deK. (8.6)

In fact, if ¢ = 0 the statement is obvious. If ¢ # 0, we may assume ¢ = 1, Then, by (8.5),
we have

pl(x+d) — (i +d) = plx i) =7 > pli +d).
This ends the proof of the claim.
Thus, x 47 ~, 24, and this leads to

¢=(x+1i)(zx—1) ~, 2i(x —1). (8.7)

In particular, p(¢) = p(z — i) = 7.
Hence, the statement of Fact 3 is true for monomials. Since deg(a;s) < 1, (8.6) shows
that

plas¢®) = plas(i)) +s7 = wlas(i)) + 57.
Therefore, we need only to show that p(f) = Min {p (as¢°) | 0 < s}.
We may drop the monomials with larger p-value. Thus, we may suppose that all

monomials have the same value; say p(as¢®) = 6 for all s.
By (8.6) and (8.7), we have

as¢8 ~p as(l)(2l)s(l‘ - Z)S

Consider the polynomial F' =} a,(i)(2i)°(x —7)*. All monomials have p-value equal
to §. Thus, by the definition of the augmented valuation p, we have p(F) = 6. We may
apply equation (1.3) to deduce that F' ~, f. Hence, p(f) = 6.
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This ends the proof of Fact 3.

Fact 4. res™!(u) = {p}.
Suppose that p' € Val(K") satisfies res(p’) = p = res(p). Then,

p'(i —ip) = w(i—ig) = (0,1) >0, p(x+ i) = p(x +1i9) = w(i +ip) = 0.

Hence, p'(x +1i) = p/(x +1ig + (1 —ip)) = 0. Since p'(¢) = 7, we deduce that p'(x — 1)
This leads to p’ > p, and this implies p’ = p by Lemma 8.4.

.

Fact 5. The embedding G, — G, is an isomorphism, but not a strong isomorphism.

Consider the following elements of degre zero in the respective graded algebras:

Yp = Hy((z —1)/t) € A, Yu = Hu(o/t) € A,
By Theorem 1.28, y,, and y, are transcendental over k = Z/pZ, and
A, = k[yu]a A, = k[yp]-
By (8.7), the embedding G, — G, sends
Yu > H,(20) y, = H,(2io) y,-

Since H,(2iy) € k*, we deduce that the canonical embedding restricts to an isomorphism
between A, and A,,.

Since I', =I', =T, the embedding is an isomorphism restricted to any homogeneous
part:
Pa()/Pa (1) = Hu(a)A,  — Hy(a)A, = Palp)/Pd(p),

where a is any element in K* with v(a) = a.

However, this is not a strong isomorphism, because there is no polynomial g € K|x]
of degree one such that g ~, « —1. In fact, by (8.6), g ~, & for some £ € L. Since x — i
is p-minimal, it cannot be p-equivalent to a constant.

Fact 6. The valuation i is not inductive, and it admits the polynomial ¢ = 2> + 1 as a
key polynomial of minimal degree.

The valuation p is not inductive by the criterion of Corollary 8.8. In fact, (8.5) shows
that there is no @ € K such that v"((x + a) — (v — 1)) = v"(a + 1) > 7.

We claim that all polynomials in K[z]| of degree one are p-units, so that p admits no
key polynomial of degree one.

In fact, for any ¢,d € K (8.6) shows that H,(cx + d) = H,(ci + d) is a unit in G,
because ci+d € L*. Since this element is the image of H,(cxz + d) under the isomorphism
G, — G,, we deduce that Hu(cx +d) is a unit in G,.

Also, the image of H,(¢) under this isomorphism is H,(¢), which is a prime element
in G, by (8.7). Hence, H,(¢) is a prime element in G,.
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On the other hand, ¢ is y-minimal, because it cannot divide a non-zero homogeneous
element H,(a) with deg(a) < 2. In fact, such an H,(a) is a unit in G,, but H,(¢) is not
a unit.

This ends the proof of Fact 6.

Now, consider a kind of conjugate valuation over K, and its restriction:
P = po(x +1,7) € Val(L,w), w =res(p') € Val(K,v).
All previous facts for the pair p, u, have its analogous counterpart for the pair p’, 1.
o 1/(f) =Min{w(as(—i))+svy]0 < s}
o res” (1) = {/'}
e The embedding G, — G, is an isomorphism, but not a strong isomorphism.

e 1/ is not an inductive valuation, and it admits ¢ = 2? + 1 as a key polynomial of
minimal degree.

Therefore, this example shows that Lemma 6.20 does not hold for non-inductive val-
uations.

Fact 7. Although p and p' have ¢ = x*>+1 as a common key polynomial, these valuations
are not comparable. Neither y < u' nor pu > .

In fact,
p(z —ip) =w(i —ig) =1>0=w(i+1i) = p'(z — i),

p(r +ig) =w(i+ip) =0 <1 =w(i —ig) = p'(x +ip).



Chapter 9

Proper key polynomials and types

9.1 Proper key polynomials
Let 1 € V be a valuation admitting key polynomials. Let us emphasize two relevant
numerical data of .
The minimal degree m := m(u) of u is the minimal degree of a key polynomial for p.
By Theorem 1.27, all key polynomials for i of degree m have a constant p-value.

The relative ramification index e := e(u) of p is the minimal positive integer such that
ei(¢) belongs to Iy, ,,, where ¢ is any key polynomial of degree m.

Example. For instance, if y is an inductive valuation and it admits a MacLane chain of
length r as in (5.1), then m = m, and e = e,.

The subgroup I',, ,,, C I',, admits an intrinsic description, as the subgroup of I', formed
by all values a such that there is a unit in G of degree a.
Lemma 9.1. Let p1 € V be a valuation with KP(u) # 0. For any a € T',,, we have
(P()/PT () NG*#0 < aeTl,n,
where m s the minimal degree of a key polynomaial for p.

Proof. Let a € I',,,,, and take a € K|[z],, such that p(a) = a. By Proposition 1.24,
H,(a) is a unit in P(«a)/PH ().

Let ¢ be a key polynomial of degree m, and let v = p(¢), so that I'), = <I‘Wn, 0 >
Any a €T, ,,, can be written as

a={y+ 0, O<tl<e, Belym

By the previous argument, there exists a unit z € G* of degree 3. Then, zH“(qﬁ)é has
degree a, and there is no unit in P(a)/P*(a) = (2 Hu(¢)") A, because H,(¢) is a prime
element. O]

Notation. For any ¢ € KP(u) we denote by [¢],, or simply (@] if the valuation  is clear
from the context, the p-equivalence class of ¢ in the set KP(u).
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Let us fix a key polynomial ¢y of degree m. Proposition 1.30 shows that all key
polynomials for u have degree multiple of m:

deg(@) =m if ¢ g,  deg(o) € emZ if o & [o]. (9.1)

Let us introduce an intrinsic distinction between key polynomials, according to their
degree.

Definition 9.2. Let p € V be a valuation, and let ¢ € KP(u).
We say that ¢ is proper if deg(¢) is a multiple of em.
Denote by KP(u)P* C KP(u) the set of proper key polynomials for j.

By Proposition 1.31, all key polynomials in the class [¢] share this property. Thus, it
makes sense to talk about proper p-equivalence classes of key polynomials.

Also, by Theorem 1.33, any prime element in G is associate to the prime element H,,(¢)
determined by a key polynomial. Hence, it makes sense to talk about proper classes of
prime elements in G, up to units.

We may reformulate this remark in the context of maximal ideals of A as well. By
Theorem 1.32, we may define a degree function:

deg: Max(A) — mZsy, L — deg(L) = deg(9),

where ¢ is any key polynomial such that R(¢) = L.
The corresponding concept of proper maximal ideal has the obvious meaning.

The following remarks are an immediate consequence of (9.1).
Corollary 9.3.
1. If e =1 there are no improper classes in KP(u)/~,.

2. Ife > 1, then [¢o] is the only improper class. This class coincides with the set of all
key polynomials of degree m.

Corollary 9.4. Suppose that i is inductive and it admits a MacLane chain of length r
as in (5.1). Then

1. If e, > 1, the improper class is [¢,].
2. ¢z € KP(ILLi_1>pr, 1 S 1 S .

Remark. If p is incommensurable, then KP(u) contains a single p-equivalence class of
key polynomials, all of them of the same degree [23, Thm. 4.2].

Hence, if we agree that the relative ramification index of u is e = oo, we may mimic all
definitions given so far. In coherence with Corollary 9.3, the single class of KP(u) would
be improper.

Theorems 1.32 and 1.28 yield bijections

KP(p)/~y — Max(A) — B(s).
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where P(k) is the set of monic irreducible polynomials with coefficients in .

The first bijection is canonical but the second one may depend on the choice of the pair
oo, u, leading to a different Hauptmodul £, generating A as a rk-algebra, and a different
operator R = Ry, 4.

By Proposition 1.30, the composition of the above bijections maps:

Let us give still another characterization of properness, which follows immediately
from Corollary 9.3.

Corollary 9.5. For any ¢ € KP(u), the following conditions are equivalent.
(1) ¢ is improper.
(2) e > 1 and y is the polynomial associated with [¢] by the bijection (9.2).
(3) e>1 and R(¢) = 1.

Corollary 9.6. Suppose that p is inductive. Then, a key polynomial ¢ € KP(u) is proper
if and only if there exists a MacLane chain of j such that ¢ %, ¢,, where r is the length
of the chain.

Proof. Suppose that p admits a MacLane chain of length 7 such that ¢ %, ¢,. If
e, = 1 then all key polynomials are proper. If e, > 1, then ¢ is proper too, because the
improper class is [¢,], as shown in Corollary 9.4.

Conversely, suppose that ¢ is proper. Consider any MacLane chain of u, and let r be
its length. We know that m = m,..

If e > 1, then Corollary 9.4 shows that the improper class is [¢,]. Hence, ¢ & [¢,].

Suppose that e = 1, so that 'y, = T\ ,,. If ¢ ~, ¢,, we may take a € Klz],, with
w(a) = p(o,). By Proposition 5.7, we may replace ¢, by ¢* = ¢, + a as a key polynomial
for .1, and we get another MacLane chain of ;i for which ¢ %, ¢. ]

Definition 9.7. We say that f € K|[z| is p-proper if H,(f) is not divided by the improper
class of prime elements in G.

The next result is an immediate consequence of Corollary 9.3.
Corollary 9.8. If e =1 there are no improper polynomials.

If e > 1, then f € Klx] is improper if and only if s,,(f) > 0, where [¢o] is the
improper class.

Lemma 9.9. If at least one of the polynomials g, h € K|z| is p-proper, then

R(gh) = R(g9)R(h).
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Proof. Let us denote s = s, 4, for simplicity. By Lemma 1.29, R(gh) = R(g)R(h) is
equivalent to the following equality, up to factors in x*:

ylsh/el R(gh) = I/l R(g)yl* M/ R(R).

By Lemmas 3.8 and 1.29, s(gh) = s(g) + s(h) and R(gh) = R(g)R(h). Thus, we want to
show that

[(s(g) + s(h))/e] = [s(g)/e] + [s(h)/e].

If e = 1 this equality is obvious. If e > 1 it holds too, because one of the two polynomials
is p-proper, so that either s(g) = 0, or s(h) = 0, by Corollary 9.8. ]

Proposition 9.10. Let ¢ € KP(u) and L = R(¢) € Max(A). For any non-zero [ €
K|z|:

_ ) sue(f), if L is proper,
ords(R(f)) = {[Su@(f)/d, if £ is improper.

where ordz(R(f)) is the largest non-negative integer n such that L™ | R(f) in A.

Proof. Let P C KP(u) be a set of representatives of key polynomials under pu-
equivalence. If we apply R to both terms of the factorization (1.8), Lemma 9.9 shows
that:

R0 =7 () “TLo R 0= el

For all proper ¢ € P we have R(¢%) = R(¢)* by Lemma 9.9.
Thus, R(¢) divides R(f) with exponent a.

For the unique improper ¢ € P (if e > 1), we have R(¢) = 1, and Lemma 1.29 shows
that

R(¢p) = EA, R(p%) = £lH/IA = R ()l %s/e1.

Thus, R(¢) divides R(f) with exponent [a,/e]. O

Corollary 9.11. Let ¢ be a proper key polynomial for pn such that ¢ +#, ¢o. Then,
R(¢) € kly] is a monic irreducible polynomial, and

ordrg) (R(f)) = sue(f), V[ € Klz].

Proof. Let us denote ¢ = R(¢) € k[y] and £ = R(¢) € Max (A).

By Proposition 1.30, v is a monic irreducible polynomial, ¥ # y, and £ = ¥(§)A.

On the other hand, R(f) = /el R(f)(€)A, by Lemma 1.29. Since 1) # y, Theorem
1.28 shows that ordy(R(f)) = ordz(R(f)). Since L is proper, ordz(R(f)) = s.(f) by
Proposition 9.10. O
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9.2 Types
A type t is a pair (u, £) belonging to the set
T={(uL)|peV™ LeMax(A,), L proper}. (9.3)

By Theorem 1.32, a proper maximal ideal £ of A, corresponds to a proper equivalence
class of key polynomials for p. These key polynomials are called representatives of the

type t = (i, £).
We denote the set of all representatives of a type t by

Rep(t) = {¢ € KP(u) | R,(6) = £} C Kla].
Any type t € T determines a mapping

ordg: K[z] — N, f > ordz(RLu(f))-
By Proposition 9.10,

ordi(f) = suo(f), Vo € Rep(t).

Our aim in this section is to show that any of these two objects, Rep(t) or ordy,
determine the type t.

Theorem 9.12. Fort = (u, L), t* = (u*, L*) € T, the following conditions are equiva-
lent.

(1) t =t*.
(2) ordy = ordys.

(5) Rep(t) = Rep(t*).

Proof. It is clear that (1) implies (2). Let us show that (2) implies (3).
Take ¢ € Rep(t); that is, ¢ € KP(p) and R, (¢) = L. Since ord = ord-, Proposition
9.10 shows that

1 =ordz(R,(¢)) = orde« (R (¢)) = S o (), (9.4)

where ¢* is any representative of t*. Thus, ¢* |, ¢. Since ¢* is p*-minimal, this implies
deg(¢) > deg(¢*). By the symmetry of the argument, we deduce that deg(¢*) = deg(¢).
Now, Lemma 1.18 shows that ¢ is a key polynomial for p*.

Therefore, R,+(¢) is a maximal ideal of A,-. By (9.4), £* | R,+(¢), so that R,-(¢) C
L*, leading to R, (¢) = L*. Thus, ¢ is a representative of t*.

This shows that Rep(t) C Rep(t*). By the symmetry of the argument, equality holds.

Finally, let us prove that (3) implies (1). We need only to show that u = u*, because
then £ =R,(¢) = R, (¢) = L* for any ¢ € Rep(t) = Rep(t*).

Suppose 1 # p*, and let us show that this leads to Rep(t) # Rep(t*).

Take any ¢ € Rep(t). Since ¢ € KP(u) N KP(u*), Lemma 6.20 shows that

= o), v =w(9) > (),
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after eventually exchanging p and p*.

If e(n*) > 1, Corollary 9.3 would imply that [¢],~ is the improper class, against our
assumption that £* is proper. Therefore e(p*) = 1, and this implies that v = p*(¢)
belongs to I',. By Lemma 2.7, I';, = ', 4eg(¢); thus, there exists a € K[2]qeq(g) such that

p(a) = > u(¢). Hence,
p+a~,p = ¢+ acRep(t), d+ady 9 = ¢+adRep(th).

Thus, Rep(t) # Rep(t*). O

Let us emphasize that properness of the maximal ideal £ is an essential condition in
the definition of types. If this condition were dropped, there would be different types with
the same sets of representatives.

Let us see an example. Suppose that I' = Z and consider the following valuations of
depth zero:

:U’ZIU’O(x7O)7 pl* :,U/O(x71/2>
Clearly,
[z],={r+a|a€ K, v(a) >0}, (2] ={z+ala€ K, v(a) >1/2}.

Therefore, [z], = [z],~, while u # p*.

Computational representation of types

From a computational perspective, a type t = (i, £) is represented as follows.

e /i is represented by a MacLane chain.

e [ is represented by a monic irreducible polynomial ¢ € k,[y], ¥ # y.

Here r is the length of the MacLane chain. The data of the chain provide an explicit
isomorphism k,.[y] ~ A. Thus, a monic irreducible polynomial ¢ € k,.[y] determines a
maximal ideal £ € Max(A).

The properness of £ is guaranteed by the condition ¥ # y.



Chapter 10

Approaching defectless polynomials
by key polynomials

In this chapter, we assume that (K, v) is a henselian field.

We still denote by v the canonical extension
v: K — QI'U {oo}

of v to a valuation on K.

Let P = P(K) be the set of all monic irreducible polynomials in K[z]. We say that an
element in P is a prime polynomial.

In this chapter, we study how far can we approximate a given prime polynomial
F € K|z], by key polynomials of valuations on K|x].

This problem distinguishes two phases. In section 10.1, we show that for any key
polynomial ¢ of a valuation u € V, the condition

6l F (10.1)

implies that R, (F') is a power of the maximal ideal R,(¢) in A,,.
This fact leads to a vast generalization of Hensel’s lemma (Theorem 10.7).

In this way, by constructing (via the augmentation process) larger valuations admitting
key polynomials for which (10.1) holds, we discover several invariants of F'. Simultane-
ously, the key polynomials satisfying (10.1) are better approximations to F'; in the sense
that the resultant Res(F, ¢) has a larger v-value.

It has to be said that the degree of ¢ may be lower than the degree of F.

In a second phase, developed in section 10.4, we must determine under what conditions
this approximation process is able to reach a valuation p admitting £’ as a key polynomial.

Both phases are inspired in a pioneer work by Okutsu [24], who showed how to con-
trol the quality of the approximations when K is the completion of a discrete rank one
valuation v. In this classical case, this process converges for any prime polynomial, and
all involved valuations are inductive.
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The connection of Okutsu’s approach with inductive valuations was found in [7]. Fi-
nally, still restricted to discrete rank one valuations, in the paper [6] the main result of
Okutsu was reinterpreted as the existence of a canonical bijection

M — P/~

between a certain MacLane space and the quotient of the set PP of prime polynomials
under certain Okutsu equivalence =.

For both phases, we follow closely the approach of [6]. The generalisation of these
ideas to the case of a general valuation v is easy, but it has a crucial limitation. The
second phase is only possible for defectless polynomials.

The extension of these ideas to arbitrary prime polynomials would require the use of
continuous MacLane chains and their limit augmentations considered by Vaquié in [30].
We hope to be able to deal with the general case in a future work.

10.1 Prime polynomials vs key polynomials

Let F' € P be a prime polynomial and fix § € K a root of F. Denote
o Kp = K(0) the finite extension of K generated by 6.
e Op the valuation ring of the unique extension of v to Kp.
e my the maximal ideal of Op.
e kp = Op/mp the residue class field.

Lemma 10.1. Let F,G € P be two prime polynomials, and let Op,0c € K be roots of
F, G, respectively. Then,

v(F(0c))/ deg(F) = v(G(0r))/ deg(G).

Proof. By the henselian property, the value v(F(0s)) does not depend on the choice
of the root fg; hence,

deg(G)v(F(0g)) = v(Res(F, G)) = deg(F)v(G(0r)),
because Res(F, G) =[]y, czr) GOF) = £l cz(0) F(0c), where Z(F) is the multiset of

roots of F in K, with due count of multiplicities if F is inseparable. O

In this section, we look for properties of the prime polynomial F' derived from the
existence of a valuation p € V admitting a key polynomial ¢ such that ¢ |, F.

Theorem 10.2. Let F € P be a prime polynomial, and let § € K be a root of F. Let
¢ € Klz| be a key polynomial for a valuation p € V. Then,

¢l F = v(e(0)) > p(9).

Moreover, if this condition holds, then:
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(1) Either F' = ¢, or the Newton polygon N, s(F) is one-sided of slope —v(¢p(6)).
(2) The leading monomial of the ¢-expansion of F is ¢*, where { = (N, 4(F)).
(3) F ~, ¢ In particular, R,(F) is a power of the mazimal ideal R,(¢) in A,,.

Proof. If ' = ¢ all statements of the theorem are trivial. Assume F # ¢, and let
a € K be a root of ¢.

If ¢ 1, F, then p(F) = v(F(a)) by Proposition 1.21. Thus, Theorem 1.27 and Lemma
10.1 show that
p(¢) = p(F) deg ¢/ deg F' = v(F(«)) deg ¢/ deg F = v(¢(0)).
If¢o|, F,let g(x) = Z?:o bz’ € K|x] be the minimal polynomial of ¢(6) over K. All
roots of g(z) in K have v-value equal to 7y := v(¢(6)); hence,
olbo) = kv, w(by) > (k= )y, 1<G <k, v(b) =0, (102)

Consider the polynomial G = z;?:o bj¢/ € K[z]. The conditions in (10.2) imply that
N,.4(G) is one-sided of slope —v. Since G(¢) = 0, the polynomial F' divides G and
Theorem 3.10 shows that

N™(G) = N*(F) + N* (G/F). (10.3)

By Lemma 3.6, {(N*,(F)) = s,,4(F) > 0. Hence, N"(G) has positive length too. By
the definition of the principal polygon this means that v > p(¢) (see section 3.2).

On the other hand, since N*/(G) is one-sided of slope —v, (10.3) shows that N, 4(F)
is one-sided of slope —v too.

This proves that ¢ |, F' if and only if v > u(¢), and that (1) holds in this case.

Figure 10.1: Newton polygon N, ,(F') of a prime polynomial F' such that ¢ |, F'.  The
parameter 7y is equal to v(¢(f)), where 6 is a root of F

n(ag) = £y

slope —v

Consider the ¢-expansion F' = Zi:o as¢°. By Lemma 10.1,

v(ao(a)) = v(F(a)) = v(p(0)) deg(F)/ deg(¢) = v deg(F)/ deg(¢).

Also, since deg(ag) < deg(¢), Proposition 1.21 shows that u(ag) = v(ag(«)). Therefore,
from the fact that N, ,(F) is one-sided of slope —y we deduce:

plag) + 0y = plag) = v(ag(a)) =7 32((2))
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deg(ag) + £deg(p) ([ deg(ar)
de3(9) (deg<¢> * 6) |

If deg(ay) > 0, then a, would be a monic polynomial contradicting Theorem 1.27:

p(ae)/ deg(ar) = v/ deg(¢) > pu(¢)/ deg(¢).

Hence, a; = 1, so that the leading monomial of the ¢-expansion of F is ¢.

Since v > p(¢), Remarks 3.1 and 3.4 show that u(¢) < p(as¢®) for all s < £. Thus,
F ~, ¢'. The statement about R, (F) follows from Proposition 9.10. O

We may think of ¢ as a kind of approximation to F'. From any such approximation,
it is possible to construct a sequence of approximations with a strictly increasing value of
v(¢(0)), which is a kind of measure of the quality of the approximation.

Corollary 10.3. With the above notation, suppose that ¢ |, F and ¢ # F. Let i/ =
[ @, v(4(0))] and let ' be the algebraic closure of k in A,,. Then,

(1) There is a unique p'-equivalence class of key polynomials ¢’ € KP (') such that
¢ | F. This class [¢'],s is proper, and v(¢'(0)) > v(¢(0)).

(2) R, (F) € K'[y] is the power of a monic irreducible polynomial ¢ € r'[y].

(8) Let €' be the relative ramification index of y'. That is, €' is the least positive integer
such that ' 1/ (¢) = e'v(¢(0)) belongs to 'y deg(s) = L' pdeg(e). Then,

e(¢) =e(@)e,  f(¢) = f(¢)deg(v).

Proof. We fix ¢ as a key polynomial for p' of minimal degree, and we take any
u € K|[2]aeg(s) such that p/(u) = p/(¢¢). Consider the residual polynomial operator R,
which depends on the choice of the pair ¢, u (see section 1.7).

By Theorem 10.2, s,/ 4(F) = 0 and s, ,(F') = £. Hence, Lemma 1.29 shows that
deg(R,/(F)) =£/e > 0.

Let ) be a monic irreducible factor of R,/ (F) in ’[y]. By Theorems 1.32 and 1.28, there
exists a unique p'-equivalence class of key polynomials ¢’ € KP(y') such that R,/ (¢') = .

Since R,/(¢) = 1 and R,/ (¢') = ¢ # 1, Proposition 1.31 shows that ¢’ ¢, ¢. By
Corollary 9.3 the class [¢'],/ is proper.

By Corollary 9.11, s,/ (F') = ordy(R,/(F')) > 0. Thus, ¢ | F.

By using Theorems 10.2 and 1.27, we deduce

_ deg(¢') ,
~ deg(e) "

Also, F ~,s (¢')" by Theorem 10.2, where ' is uniquely determined by

deg(¢) = deg(F) = ¢ deg(¢').

v(¢'(0)) > ' (¢)
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By the unique factorization in G, (Theorem 1.33), the class [¢],/ is unique.
By Lemma 1.29, R,/ (F) = R,(¢')* = 1. This proves (1) and (2).

Let us prove (3). By Proposition 1.21,

Loy = Thdeso), Twy = Divdes(er)-

On the other hand, Iy geg(¢) = 'y by Lemma 2.7. Therefore

¢ = (T Twaes(s)) = (Do) Tudes(s)) = (Fv;: F%) :

This proves e(¢') = e(¢) €.
Finally, the valuation p” = [i/; ¢/, v(¢/(0))] admits ¢’ as a key polynomial of minimal
degree. Let " be the algebraic closure of k inside A,». Proposition 1.25 shows that

K~ ]{?¢, K~ k'qy.

», and this determines

Also, " is the image of the canonical homomorphism A, — A,

an embedding k' — k.
Now, the proof of Corollary 6.18 can be mimicked in our situation, and shows that

[": k] = deg(Ry(¢')) = deg()).

This ends the proof of (3). O

The iteration of this procedure yields a MacLane chain based on the initial valuation
1, with strictly better approximations:

2 I I w(g(0) < u(@(8)) < o(¢(0)) < ---

We emphasize that the initial key polynomial ¢ is not necessarily proper.

We say that this process converges to F' if after a finite number of steps we reach a
valuation p such that F' is a key polynomial for u. Since key polynomials are minimal,
they all have deg(¢) < deg(F'). By Lemma 1.18, the process converges if and only if we
reach a key polynomial with deg(¢) = deg(F).

Going in the opposite direction, if p is an inductive valuation, then the condition
¢ |, F implies analogous properties of F' with respect to the intermediate valuations of
any MacLane chain of pu.

Corollary 10.4. With the above notation, suppose that ¢ |, F' and pn admits a MacLane

chain
®0,70 1,71 " ¢277§ Dr—1,Yr—1 DY

Heoo — Mo — Hr—1 — M = [
Then, if we agree that p_1 = ji_o, we have
Gilp s Fy 0<i <y v(gi(0) =, 0<i<r. (10.4)

Moreover, if ¢ %, ¢, then v(¢.(0)) =, as well.
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Proof. Suppose ¢ %, ¢,. Then, Proposition 6.16 shows that deg(R,(¢)) > 0.
Since F' ~, ¢*, we have R.(F) = R,(¢)" by Corollaries 6.7 and 6.8. Then, by Lemma
6.3,
NP (F)) = 055, (F)) = ey deg(R.(F)) > 0.

This implies that ¢, |, , £ by Lemma 3.6.

Since F' # ¢, (because R,(¢,) = 1), Theorem 10.2 shows that N,(F') is one-sided of
slope —v(¢,(f)). On the other hand, the slope of this one-sided polygon must be —~,,
because otherwise R,.(F) would be a constant. Therefore, v(¢,(0)) = 7.

Suppose ¢ ~,, ¢,. Then, ¢, |, F and Theorem 10.2 shows that

Nr71<¢r) <Y = ,u((lﬁr) < U(¢r(6))

Hence, ¢, I, again by Theorem 10.2.

|H/7‘—1

Finally, since in a MacLane chain ¢; #,, , ¢;—1 for all 7, the iteration of these argu-
ments ends the proof of (10.4). O

Let us remark that, although p_, is incommensurable, it satisfies Theorem 10.2 too.
Actually, we have

G0 lp_o F, Voo € KP(ii_o), VF € P,

because ¢g ~, . x and F ~, _ x4 Also,

fi—oo(P0) = (—1,0) < (0,v(¢0(0))), Voo € KP(p-w), VF €P,

where 6 is a root of F in K.

10.2 Semivaluation of a prime polynomial

For a given prime polynomial F' € P, what valuations p admit key polynomials ¢ such
that ¢ |, F7?
In order to address this question, let us consider the semivaluation vr € V determined
as follows:
vp: K[z] — Kp — QI' U {oo}.

The support of vg is the prime ideal FK[x]. Clearly,
ve(f) =v(f(0)),  Vfe K[
Now, we are able to answer the posed question for inductive valuations.

Theorem 10.5. Let F € P be a prime polynomial. For any inductive valuation p € V»d
we have
dp € KP(u) such that ¢ |, F' <= p<vp.

In this case, for all non-zero f € K|z],

u(f) =ve(f) <= ot f. (10.5)
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Proof. If ;1 < vp, we may consider ¢ € K[x] monic with minimal degree among all
polynomials satisfying u(¢) < vp(¢). By Lemma 2.9, ¢ is a key polynomial for p, and
condition (10.5) is satisfied. In particular, ¢ |, F.

Conversely, suppose that ¢ |, F' for some ¢ € KP(p). Take a MacLane chain of p of
length r, as in (5.1).

Let us prove simultaneously the inequality ;4 < vp and the equivalence (10.5), by
induction on the length r of the MacLane chain of pu.

Suppose that, either r = 0, or » > 0 and both statements hold for all valuations
admitting MacLane chains of lower length.

If ¢ ~, ¢y, then ¢, |, F and pu(¢,) < v(¢,(6)) by Theorem 10.2.

If ¢ %, ¢, then u(¢,) = v(¢,(0)) by Corollary 10.4. In any case,

N(¢T) < UF(¢T)'

On the other hand, take a € K[2]qeg(,). If 7 = 0, then a € K and pu(a) = v(a) = vgp(a).
If » > 0, the condition ¢, 1, , a implies by the induction hypothesis:

pla) = pr—1(a) = vr(a).

Therefore, p < wvp, because for any non-zero f € K[z] with ¢,-expansion f =
Y o< @s®7, we have

ve(f) 2 Min{vp(asdy) | 0 < s} > Min{u (as¢7) | 0 < s} = u(f)-

Finally, let ¢’ be a monic polynomial of minimal degree satisfying u(¢’') < vp(¢'). By
Proposition 2.9, ¢ is a key polynomial for p satisfying (10.5). In particular, ¢ |, ¢, and
this implies ¢’ ~,, ¢ by Proposition 1.31. Hence, ¢ satisfies (10.5) too. m

Remark. Theorem 10.5 provides a practical device for the computation of vp.
Given f € K|xz], we need only to find a pair (u, ¢) such that ¢ |, F' and ¢ 1, f, leading

to v(f(0)) = u(f)-

This yields a very efficient routine for the computation of the valuations attached to
prime ideals in number fields or places of function fields [10, 11].

Corollary 10.6. Let p be an inductive valuation, and ¢ a key polynomial for p. Let
F € Klz] be a prime polynomial such that ¢ |, F'. Then,

(1) For any g € K[x] with deg(g) < deg(¢), we have vy(g) = p(g) = vr(g).
In particular, e(¢) | e(F).

(2) The residual field kg is contained in the residual field kr, so that f(¢) | f(F).

Proof. If g € K[]deg(s), then ¢ {, g and

by Proposition 1.21 and Theorem 10.5, respectively. This proves (1).
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Let us prove (2). By Theorem 10.5, u < vp. Hence, we have a canonical ring homo-
morphism

The kernel L of this homomorphism is a non-zero prime ideal of A,. Since this ring is
a PID, L is a maximal ideal.
Clearly, R, (F) C Lp. Hence, Theorem 10.2 shows that, R,(F) = R,(¢)* C Lp for a
certain positive integer a. Thus, R,(¢) = Lp, because both are maximal ideals.
Therefore, ky ~ A, /R, (¢) = A,/Lp, which is isomorphic to a subfield of k. O

10.3 A generalization of Hensel’s lemma

We now deduce from Theorem 10.2 the fundamental result concerning factorization of
polynomials over K. It has to be considered as a vast generalization of Hensel’s lemma.
Leu us introduce some useful notation.

Notation. Let ¢ be a key polynomial for the valuation p € V.
For each v € QI such that v > u(¢), we denote

oy =[5 0,7].

e ¢, the relative ramification index of y,.

That is, the least positive integer such that e,y € ' deg(¢) = L' deg(9)-
e £, the algebraic closure of k£ in A, .

e R, : K[x] — k,[y] the residual polynomial operator determined by the pair ¢, u,
where u € K[%]geg(s) is any small polynomial with p(u) = e, p,(¢) = e,7.

Theorem 10.7. Let ¢ be a key polynomial for the valuation u € V. Let f € Klx| be a
momnic polynomaial.
For each slope —~ of the principal Newton polygon N/iqu(f)’ let

R, (f) = Hw V™ € K[yl

be the factorization of R, (f) into a product of pairwise different monic irreducible poly-
nomials V¥ € K [yl.
Then, f factorizes in K|x] into a product of monic polynomials:

f=too™ DT Fr

where —y runs on the slopes of Nﬁf’qs(f) and, for each 7y, b runs on the monic irreducible

factors of R, (f) in k,[y].
If we denote { =/ (Nl’;”¢(f)), the degrees of the factors are given by

deg(fo) = deg(f) — fdeg(¢),  deg(fy.p) = eyay deg(v) deg(9).

Moreover, for any pair (y,1), it holds:



10.3. A GENERALIZATION OF HENSEL’S LEMMA 111

(1) Nog(fyw) is one-sided of length ea, deg(y) and slope —~.
(2) For all roots § € K of [, we have v(¢(0)) = 7.
(3) If ay =1, then f. ., is irreducible.

Proof. Let f = Fj - -- F; be the factorization of f into a product of prime polynomials
in K[z]. We are not assuming that f is separabe, so that these irreducible factors are not
necessarily pairwise different.

The idea is that we may group the factors Fi,..., F} according to some of their prop-
erties with respect to the pair u, ¢. The crucial point is that we are able to identify the
degrees of the resulting factors of f in terms of computable discrete data.

e The factor f; is the product of all Fj satisfying ¢ {, F
e The factor ¢°*4¢(/) is the product of all F} equal to ¢.

e The factor f,, is the product of all F; such that ¢ |, Fj, N, 4(Fj) is one-sided of
slope —y and R, (Fj) is a power of 9.

By Lemma 3.6 we have
b= LN () = spe(Fy), 1< j<t,
so that ¢; = 01if ¢ {, Fj, and ¢; = 1 if F; = ¢. By Theorem 10.2,

¢ lu By = deg(Fy) = {; deg(9).
By Theorem 3.10, N;"(f) = ZJ  Noby(Fy), so that £ = Zj:l ¢;. Hence,

deg(f) — deg(fo) = Z deg(F Z (jdeg(¢) = Y ¢; deg(¢) = ¢ deg(¢).
j=1

Ol F} Ol Fy

By Theorem 10.2 and Corollary 10.3, for the factors F; # ¢ such that ¢ |, F}, the
Newton polygon N, 4(Fj) is one-sided of a certain slope —v, and R, (Fj) is a power of
some irreducible ¢ € k,[y]. By Theorem 3.10, — is one of the slopes of N*/(f), and by
Lemma 1.29, v is one of the irreducible factors of R, (f).

Therefore, every irreducible factor F; such that F; # ¢ and ¢ |, F} falls into one (and
only one) of the factors f, .

Also, for any f, ,, items (1), (2) follow from Theorems 3.10 and 10.2, respectively.
Finally, for any pair v, ¢, Lemma 1.29 shows that

/m fwb H Ruw

for F; running on all irreducible factor of f, . In particular,

ay = Zj ordy Ry, (F).

Hence, if a; = 1, there can be only one such irreducible factor. O

If the valuation p is inductive, we obtain more information about the irreducible
factors of f.
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Corollary 10.8. With the above notation, suppose that p is an inductive valuation. Then,
for any pair v,1¢ we have:

(1) All irreducible factors F; of f,. satisfy
e(d)ey [ e(Fy),  f(o)deg(®) | f(Ey).
(2) Ifay =1, then F = f,, is a defectless polynomial with
e(F)=e()e,,  [(F)=f(¢)deg(v).

Proof. By Corollary 10.3, there exists ¢, key polynomial for z, such that

RM(¢’Y) =1, ¢’Y ‘M Fj,

for all prime factors F} of f, . Now, by Corollaries 10.3 and 10.6, we have

() ey =e(dy) [ e(Fy), (o) deg(v)) = f(éy) | f(E)).
This proves (1).

Suppose a,, = 1. By Theorem 10.7, F' = f, , is irreducible and satisfies:

Ny, o(F) = N,g¢(F) is one-sided of slope — 1,
R (F) =1,  deg(F) = e, deg(v) deg(9).

By Proposition 1.30, F'is a key polynomial for j,. By Theorem 8.6, F' is a defectless
polynomial. In particular,

e(F)f(F) = deg(F) = e, deg(y) deg(¢) = e, deg(v)e(9) f(¢).
Therefore, the equalities e(F) = e(¢) e, f(F) = f(¢)deg(¢) follow from item (1). O

Remark. These results, with a slightly different formulation, have been recently found
by Jakhr-Khanduja [14]. The authors use the technique of lifting of residual polynomials
instead of the residual polynomial operator.

Theorem 10.7 and Corollary 10.8 are valid for an arbitrary valued field (K, v), as long
as the valuation s is inductive. In this case, u may be lifted to the henselization K", and
¢ is still a key polynomial of the lifted valuation (see section 8.3).

In this way, these results may be used to detect information about the prime factors
in K"[x] of some given f € KJz]. Actually, they constitute the key stone to design an
OM algorithm of polynomial factorization over K"[z] of polynomials in K|x], following
the lines of the classical OM algorithm for discrete rank one valuations [9, 8, 10, 11].

However, as we shall see in the next section, this algorithm only works for polynomials
f € K|[z] all whose prime factors in K"[z] are defectless.
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10.4 Okutsu frames of defectless polynomials

We keep dealing with a prime polynomial F € P and a fixed root § € K of F.
For any integer 1 < m < deg(F'), consider the set of values

A (F) = {?Zigg((eg))) ‘ g € K[z] monic, 0 < deg(g) < m} C Qr.

Definition 10.9. Suppose that n = deg(F) > 1 and A, (F) contains a mazimal value.
Denote
C(F) := Max (A, (F)) .

We say that ¢, F' is a distinguished pair of polynomials if ¢ € K[x] is a monic poly-
nomial of minimal degree among the monic polynomials satisfying

0 < deg(¢) < deg(F),  v((F))/ deg(¢) = C(F).

Definition 10.10. We say that F' is an Okutsu polynomial if either deg(F) = 1, or all
sets Ny, (F), for 1 <m < deg(F'), contain a mazximal element.

Suppose that F' is an Okutsu polynomial, and ¢, F' is a distinguished pair.
If deg(¢) > 1, then we may consider a monic polynomial ¢’ € K|z| of minimal degree
such that

v(¢'(0))
deg(¢)

Note that, by the minimality of deg(¢), we necessarily have C'(F') < C(F).
An iteration of this argument leads to a finite family

¢07¢17"'7¢7’7¢r+1 =F

of monic polynomials in K [x] such that

1 = deg(¢o) < deg(¢1) < --- < deg(¢,) < deg(F), (10.6)
whose weighted values C;(F) := v(¢;(0))/ deg(¢;) satisty:

0 < deg(¢') < deg(9),

= O/(F) = Max (Adeg(¢)(F)) .

0
deglg) < deglon) = SO SC(F) < CunlF). 0<i<r (107)
for any monic polynomial g € K[xz] of positive degree.
Note that C,.(F) = C(F) and C,1(F) = 0.

Definition 10.11. An Okutsu frame of an Okutsu polynomial F, is a list

[¢07 ¢17 s 7¢7‘]

of monic polynomials in K[x] satisfying (10.6) and (10.7).

The length r of the frame is called the Okutsu depth of F'. Clearly, the depth r, the
degrees deg(¢o), . .., deg(¢,), and the values Co(F),...,C.(F) = C(F) € QI' are intrinsic
data of F.

If deg(F') = 1, then we agree that the empty list [ | is an Okutsu frame of F', and we
say that F has Okutsu depth equal to —oc.
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Lemma 10.12. Let [¢g, ¢1, - . ., &,] be an Okutsu frame of an Okutsu polynomial F'. Then,
®o, - - ., O are prime polynomials too.

Proof. For 0 <i < r, suppose ¢; = ab with deg(a), deg(b) < deg(¢;). By (10.7),

v(a(9))/ deg(a), v(b())/ deg(b) < C;(F).
This leads to a contradiction:

_ v(@i(0)) _ v(a(0)) +v(b(0)) _ deg(a)Ci(F) + deg(b)Ci(F)

G = Gesto) T dema) dog (0,

eta)

[]

For instance, any key polynomial ¢ for an inductive valuation p is an Okutsu polyno-
mial, and any optimal MacLane chain of yz determines an Okutsu frame of ¢.

Theorem 10.13. Consider an optimal MacLane chain of an inductive valuation:

¢ 7Yl ¢ 7Y, (b Y ¢’f*1a’y’f'*l ¢T7'Y'r
ILL—OO O_()) ILLO 1_§ Ml L;) . . — M’I‘—l — MT = /’[’

Let ¢ be a key polynomial for p. Then, ¢ is an Okutsu polynomial, and

(1) If deg(¢) > deg(o,), then [¢po, ..., o] is an Okutsu frame of ¢.

(2) If deg(¢) = deg(oy), then [y, ..., Pr_1] is an Okutsu frame of ¢.
Moreover, C(¢) = C(p) in the first case, and C(¢) = C(u,—1) in the second case.

Proof. Let a € K be a root of ¢.

Suppose deg(¢) > deg(¢,), so that ¢ {, ¢,. For any monic g € K[r]aegs) We have
¢ 1, g too, so that

v(dr(@)) = p(dr),  v(gla)) = plg),
by Proposition 1.21. By Theorem 1.27,

v(g(a))  p(g) o) v(on(a))
deglg) ~ deg(g) = O = deg() ~ deg(an)

and equality holds if and only if g is g-minimal.

By Propositions 2.2 and 1.26, ¢, is a key polynomial for p of minimal degree, and
there are no p-minimal polynomials of degree less than deg(¢, ).

Therefore, ¢,, ¢ is a distinguished pair, and C(¢) = C(pu).

Since the MacLane chain is optimal, we have deg(¢;;1) > deg(¢;) for all 0 < i < r,
and this argument shows that ¢;, ¢;11 is a distinguished pair and C(¢;11) = C'(p;)-

On the other hand, if a;4; € K is a root of ¢;,,, Corollary 10.6 shows that

g € Klz], deg(g) < deg(¢ir1) = v(g(aiy1)) = v(g(a)).

Thus, Adeg(s,,,)(¢) contains a maximal value and C(¢;11) = Cip1(9) = C(1).
This ends the proof of (1).
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Suppose deg(¢) = deg(¢,). The tautology ¢ |, ¢ implies ¢,
¢ is a key polynomial for p,_; by Lemma 1.18.

Now, deg(¢) > deg(¢,—1), and item (2) follows from the previous argument applied to
the optimal MacLane chain of y,_; deduced by truncation. ]

w1 ® by (10.4). Hence,

Conversely, any Okutsu frame of an Okutsu polynomial arises in this way.

Theorem 10.14. Let F' be an Okutsu polynomial, and let [¢o, . .., ¢, be an Okutsu frame
of ¢ppp1 =F. For all 0 <i <7, denote v; = vp(¢;) and consider the mapping

pi: Klz] — QI' U {oo}, Zasgbf — Min{vp(as) + 7 | 0 < s}.

0<s

Then, u; is a valuation, ¢;vq1 1s a key polynomial for p;, and p,. admits an optimal
MacLane chain

fooso OB gy MY gy B TRy,
Proof. The coefficients a;, € K of any ¢p-expansion satisfy vp(as) = v(as). Hence,
to(Po,Y0) = to by the very definition of the depth-zero valuations.
In section 4.2 we saw that 1o (¢o, Yo) may be identified with the augmentation [1i—oo; ¢o, (0,70)];
thus, ¢g is a key polynomial for pg, by Proposition 2.2.

Now, suppose that for some 0 < i < r, we know that u; is a valuation and ¢; is a key
polynomial for p;. Let us show that ¢;,; is a key polynomial for y; too.
First, note that u; < ve. In fact, for any polynomial f = Zogs as;,

ve(f) = Min{vg (asdf) [ 0 < s} = p(f)-

Let ¢ € KJz| be a monic polynomial of minimal degree such that p;(¢) < vp(¢). By
Proposition 2.9, ¢ is a key polynomial for y; and for any polynomial f € Klz],

w(f) < vr(f) <= 6 f. (10.8)

In particular, ¢ |,, F, and Theorem 10.2 shows that p;(¢) < v(¢(6)). On the other
hand, Theorem 1.27 shows that

v(p(0)) > 1i(9) 1i( @) v(9i(0))

deg(9) ~ deg(9) Clos) = deg(ds)  deg(dy) Ci(F), (10.9)
v(gia(0)) ' _ © o ildi)
doglony) — Cr(E) > GilF) = Olu) > 2rrms (10.10)

By (10.7) and (10.9), we have deg(¢) > deg(¢it1). Also, (10.8) and (10.10) imply
& |u; Pit1, leading to deg(¢) < deg(¢;t1), by the p;-minimality of ¢.

Hence, deg(¢) = deg(¢;+1) and Lemma 1.18 shows that ¢ ~,, ¢;11 and ¢;4; is a key
polynomial for p;.

Finally, the theorem will follow from a recursive argument, if we show that

Mit1 = [fi5 Gig1, Vi), 0<i<r.
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In fact, let f =) ., as(¢is1)° be the ¢;11-expansion of a non-zero f € Klx].

Since ¢;11 |, F, Corollary 10.6 shows that,
deg(as) < deg(dit1) == piri(as) = pias) = vr(as).
Hence, pir1 = [fi; Git1,7vit1] by the very definition of the augmented valuation. O

Theorem 10.15. Let F' € P be a prime polynomial. The following conditions are equiv-
alent:

(1) F is the key polynomial of an inductive valuation.
(2) F is an Okutsu polynomial.
(3) F is defectless.

Proof. By Theorems 10.13 and 10.14, items (1) and (2) are equivalent. Also, Theorem
8.6 shows that (1) implies (3).

Hence, we need only to show that (3) implies (1). This follows immediately from the
results of Vaquié in [30] and [31].

Suppose that F'is a defectless polynomial with deg(F) > 1. In section 10.1, we showed
how to construct a MacLane chain of inductive valuations in the interval (p_o,vr) C V:

T 200 Lo 1y T P P ne1 g L, RSt
of arbitrarily large length, with key polynomials satisfying ¢;1 |, F for all i.

If at some stage we get deg(dn+1) = deg(F'), then Lemma 1.18 shows that F' is a key
polynomial for the inductive valuation pu,,, and we are done.

Not getting F' € KP(u,) for all finite n, implies that the degree of the key polynomials
becomes stationary: there is an index ng such that deg(¢,) = deg(¢,,) for all n,m > ny.
Then, we get a continuous MacLane chain which may be augmented to a certain limit
augmented valuation by using a certain limit key polynomial [30].

This limit augmented valuation lies still in the interval (u_o,vr) C V, but it is no
more inductive. The main result of [31] shows that in this case F' has some defect. O]

Remark. The implication (3) = (1) may also be deduced from some work by Aghigh
and Khanduja [2], who use the technique of complete distinguished chains linking the root
0 of F with some element in K by a sequence of distinguished pairs of algebraic elements
over K.

The last three theorems show that “MacLane chains of inductive valuations” and
“Okutsu frames” are equivalent objects, only attachable to defectless polynomials.

This double perspective of the same objects has many consequences. The most im-
portant one is that any defectless polynomial determines a canonical inductive valuation.

Definition 10.16. Let F' be a defectless polynomial with deg(F') > 1. The Okutsu bound
of F' is defined as
do(F) =deg(F)C(F) € QI.
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We may associate with F' an inductive valuation
pr: K[z] - QI' U {o0},
determined by the following action on F-expansions f = Zogs ask”:

wr(f) =Min{vp(as) + sdo(F) | 0 < s}.

This valuation ug is a kind of limit of the process of “approaching F' with key poly-
nomials”, described in section 10.1. Let us justify that ppg is a valuation, and mention
some of its basic properties.

Lemma 10.17. Let F' be a defectless polynomial with deg(F') > 1.
(1) The mapping pp is an inductive valuation, and F' is a key polynomial for pp.
(2) If ¢, F is a distinguished pair, then ¢ is a key polynomial of minimal degree for pp.
(8) The interval (up,vr) CV consists of all augmentations

p=lpr; Fyyl, v € (8o(F),00) C QI

(4) If i € (p—oo, ptr) admits a key polynomial ¢ such that ¢ |, F, then deg(¢) < deg(F).

Proof. Let [¢o, ..., ®,] be an Okutsu frame of F'. By Theorem 10.14, the inductive
valuation p := p, admits F' as a key polynomial. By Corollary 10.6,

a € Klz], deg(a) <deg(F) = p(a) =uvp(a).

Since F' is p-minimal, for any f € K[z] with F-expansion f = > _ a,F*, Lemma
1.16 shows that

w(f) =Min{u(asF®) | 0 < s} = Min{vp(as) +su(F) |0 < s}. (10.11)
Since ¢, |, F', Theorem 1.27 shows that

_ deg(F) _ deg(F)
deg(¢r) deg(¢y)

Hence, the equality in (10.11) shows that purp = p is a valuation admitting F' as a key
polynomial.

u(F) () vr(9,) = deg(F)C(F) = 6o(F).

Let 7 be the Okutsu depth of F. If ¢, ' is a distinguished pair, we can consider an
Okutsu frame of F' with ¢ = ¢,.

By Theorem 10.14, pur = p = [r—1; ¢,7-], where we agree that pu_y = u_o. By
Proposition 2.2, ¢ is a key polynomial for ur of minimal degree.

Let p© € V be any valuation such that purp < p < vp. For any a € Klz| with
deg(a) < deg(F') we have pr(a) = p(a) = vp(a).

Hence, F' is a monic polynomial of minimal degree satisfying pu(F) < vp(F) = co. By
Proposition 2.9, F' is a key polynomial for p. In particular, F'is y-minimal, and satisfies
(10.11).
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If W(F) = pp(F), thisimplies g = pp. If p(F) > pp(F), thisimplies u = [up; F, u(F)],
with p(F) € (6o(F), 00).

Suppose that a valuation p1 < pup admits a key polynomial ¢ such that ¢ |, F'. Since
¢ is p-minimal, we have deg(¢) < deg(F).

By Lemma 1.18, the equality deg(¢) = deg(F) implies ¢ ~, F and F is a key
polynomial for p. Since F' is a key polynomial for pup as well, Lemma 6.20 shows that
pr = [p; F,u(F)]. But this implies that F' is a key polynomial for px of minimal degree,
contradicting item (2). Hence, necessarily deg(¢) < deg(F). O

Let us deduce some more properties of defectless polynomials from the fundamental
Theorems 10.13, 10.14 and 10.15.

Corollary 10.18. Let F' be a defectless polynomial with deg(F) > 1.

The sequence [¢g, P1, - .., dr] is an Okutsu frame of ¢,v1 = F if and only if ¢;, divq 18
a distinguished pair for all 0 <7 <.

In this case, each ¢; is a defectless polynomial and [y, ..., Pi—1] is an Okutsu frame
of ¢;. Moreover, C;(F) = C(¢it1) for all1 <i <r.

Proof. For 1 <i<r+1,let oy € K be a root of ¢;.

The pair ¢;, ¢;+1 is distinguished if and only if v(¢;(c;41))/ deg(¢;) is maximal among
all monic polynomials g of degree less than deg(¢;11).

By Theorem 10.14 and Corollary 10.6, all these polynomials g satisfy

v(g(air1)) = v(g(0)).

This proves the first statement and C;(F) = C(¢i41) for all 1 <i <.
The second statements follows directly from Theorems 10.13 and 10.14. [

Maximal values of vr on polynomials of a prescribed degree

Let us fix a degree m < deg(F'), and consider the set of values
I (F) ={v(9(0)) | g € K[z] monic, deg(g) =m} C QI

Definition 10.19. A monic polynomial g € K|[z] of degree less than deg(F) is said to be
F-maximal if v(g(0)) = Max (T geg(g)(F))-

Clearly, 1 is the only F-maximal polynomial of degree zero.

Let F' be an defectless polynomial, with Okutsu frame [¢o,...,®,]. Let us denote
m; = deg(¢;) for 0 < i <r.

By the definition of an Okutsu frame, the polynomials ¢y, ..., ¢, are F-maximal of
degree my, ..., m,, respectively.

Also, since for any monic polynomial g € K|[z| with deg(g) < deg(F), we have

vr(g)/ deg(g) < vp(r)/m.,

it is clear that all sets I',,(F') admit upper bounds.
However, it is not clear from the definition of an Okutsu polynomial, if all these sets
I',,(F') contain a maximal value.
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This was proved by Okutsu for the completion of a discrete rank one valuation [24,
paper II, Thm. 1]. Actually, Okutsu found, for each degree m < deg(F'), a concrete
F-maximal polynomial of degree m.

His result works in our more general context.

Theorem 10.20. Let F' be an defectless polynomial, with Okutsu frame [¢q, ..., ¢,]. Let
us denote m; = deg(¢;) for 0 <i <r.
Any integer 0 < m < n may be written in a unique form as:

r
m = Zfzml, 0< gl < miﬂ/mi,
=0

if we agree that m,,1 = deg(F).
Then, the polynomial g = [];_, gbfz 1s an F'-mazimal polynomial of degree m.

Proof. As mentioned above, the result is obvious for m € {0, mg, m1,...,m,}, being
1,00, ..., ¢, F-maximal polynomials for these degrees, respectively.

Suppose that m; < m < m;;1, for some 0 < i < r, where m,,; = deg(F).

Consider the valuation p; = pig, . By Theorem 10.14 and Corollary 10.4, ¢; and ¢4
are key polynomials for y;, and ¢4 |, F.

Take any monic g € Klz| of degree m, with ¢-expansion g = >
¢ = |m/m;|. Corollary 10.6 shows that

¢ s
<0 as®;, where

vr(g) = pi(g) = Min{p; (a:s67) | 0 < s <} < i (aed) = vr (argy) ,

where a, is a monic polynomial of degree m — fm; < m;.

Hence, if there exists an F-maximal polynomial a of degree m — ¢m;, then a¢’ is an
F-maximal polynomial of degree m.

A recursive argument shows that g = [[_, gbfz is F-maximal of degree m. O]

10.5 Types parameterize defectless polynomials

Definition 10.21. Let p be an inductive valuation in V. A key polynomial ¢ € KP(u)
is said to be strong if deg(¢) > m(u). That is, deg(@) is strictly larger than the minimal
degree of key polynomials for .

A strong key polynomial is necessarily proper, but the converse is not true.
The next result is an immediate consequence of Theorems 10.13, 10.14, and Lemma
10.17.

Corollary 10.22. The MacLane depth of an inductive valuation i is equal to the Okutsu
depth of any strong key polynomaial for p.

The Okutsu depth of a defectless polynomial F' with deg(F') > 1 is equal to the MacLane
depth of the canonical valuation pp. 0

Lemma 10.23. Let p be an inductive valuation and F a defectless polynomial with
deg(F) > 1. Then, = pur if and only if F is a strong key polynomial for p.
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Proof. If 4 = pup, then F is strong by Theorem 10.14 and Lemma 10.17.
Conversely, suppose that F' € KP(u) is strong. By Proposition 1.21, u < vp. By
Lemma 6.20, if © # up, then one of the valuations is an augmentation of the other:

p=[pr; F,u(F)] or pp=[u F,é(F).
This implies that F'is a key polynomial of minimal degree for the larger valuation. This

contradicts our hypotheses, because F' is a strong key polynomial for both valuations. [J

Notation. Let us denote by Py the set of all defectless polynomials in K[x] of degree
greater than 1.

Lemma 10.24. Let F,G € Py be two defectless polynomials of the same degree. The
following conditions are equivalent:

(1) v(G(0)) > 6o(F), where 6§ € K is a root of F.

(2) Fr~,. G.

(3) pr = pe and R(F) = R(G), where R = R, = Ry -
If they hold we say that F' and G are Okutsu equivalent and we write F' =~ G.

Proof. Since deg(F — G) < deg(F'), we have
ur(F = G) = v((F — G)(8)) = v(G(6)),

by the definition of pp. Since 6o(F) = pp(F), (1) and (2) are equivalent.

Suppose I’ ~,. G. Lemma 1.18 shows that G is a strong key polynomial for pp.
By Lemma 10.23, pur = pg and Proposition 1.31 shows that R(F) = R(G). Hence, (2)
implies (3).

The implication (3) = (2) follows directly from Proposition 1.31. O

The symmetry of condition (3) shows that ~ is an equivalence relation on the set Py.
Two Okutsu equivalent defectless polynomials F,G € Py have the same numerical
invariants attached to any optimal MacLane chain of the common canonical valuation
pr = pe. In particular, equation (5.5) shows that they have the same ramification index

e(F)=ey---e,=e(Q),
where 7 is their Okutsu depth. Hence, they have the same residual degree too:
f(F) = deg(F)/e(F) = deg(G)/e(G) = f(G).
Also, they have the same Okutsu frames, by Theorems 10.13 and 10.14.

Let us obtain a parameterization of the quotient set P/~ by an adequate space. The
MacLane space of the valued field (K, v) is defined to be the set of strong types:

M :=T* := {(1, L) | p € V™, £ € Max(A,), L strong},

where £ strong means that £ =R, (¢) for a strong key polynomial ¢.
The next result is a consequence of Lemmas 10.23 and 10.24.
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Theorem 10.25. The following mapping is bijective:
M — PBo/~, (1, L) = {¢ € KP(u) | Ru(¢) = L}

The inverse map is determined by F' — (pup, R, (F)). O
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Chapter 11

Invariants of algebraic elements over
henselian fields

In this chapter, we use the techniques and results of Chapter 10 to reobtain some results
on the computation of invariants of algebraic elements over henselian fields.

These results may be found in the literature as the combined contribution of several
papers [1, 2, 3, 4, 15, 16, 29].

Our aim is to give a unified presentation of these results, with simplified proofs derived
in a natural way from the techniques of Chapter 10.

Let (K,v) be a henselian field. We denote still by v the canonical extension of v to a
fixed algebraic closure K of K.

Let K C K* C K be the separable closure of K in K.

Let T" be the value group of the valuation v, and k its the residue class field.

Notation. For any g € K[z], we let Z(g) C K be the set of its roots in K.

Throughout the chapter, we fix an algebraic element § € K, and denote by
L =K(0)

the finite extension of K obtained by adjoining 6 to K.
Let f € K[z] be the minimal (prime) polynomial of 6 over K. Denote

n = degge(0) = [L: K] = deg(f).
Consider the following invariant of 6:
wi () = Max{v(0 — 8') | 0 € Z(f), 0" # 0} € QT.

This value is called Krasner’s constant. By Krasner’'s lemma [5, Thm. 4.1.7], if 0 is
separable over K, then:

acK, vl—a)>wg(l) = LCKa). (11.1)
Let us consider another invariant, which is not always well defined:

6k (0) = Max{v(f — a) | @ € K, degy(a) < n} € QT.

123
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Even in the case when 0 is separable, this value may not be defined. By Krasner’s lemma
(11.1), wg(0) is an upper bound for the set {v(d — a) | @ € K, deg(a) < n}, but this
does not guarantee that this set contains a maximal value.

We shall see in section 11.2 that dx(0) is well defined for defectless algebraic elements;
that is, those for which L/K is a defectless extension.

This invariant dx(6) is called the main invariant of 6.
As we have just mentioned, if 6 is separable, then dx(0) < wg(0).

In section 11.3, we prove that equality holds in the tame case, and we give an explicit
formula for 0k (0) = wk(A) in terms of the discrete invariants attached to an Okutsu frame

of f.

11.1 Distinguished pairs of algebraic elements

Lemma 11.1. For any given 3 € K and p € QI, there exists a separable B,,, € K* such

that:

sep

degy (B..,) = degg(B), V(B = Biy) > p-

Proof. If 3 is separable over K, we may take .., = .
Assume that £ is inseparable over K. Then, its minimal polynomial g € K[x] over K
satisfies ¢’ = 0. Take any element 7 € K* with

v(m) > degg(8) p — v(B),

and consider the polynomial g.., = g + mz € K[z]. Since g/, = 7 # 0, this polynomial is
separable. On the other hand,

> w(B =) =0(gu(B) = v(mB) = v(r) + v(B) > degy(8B) p.

a€Z(gsep)

Hence, there exists a € Z(g..,) such that v(8 — a) > p. We may take f,., = a. O

sep

Definition 11.2. Let o € K with deg(a) < n.
We say that o, 6 is a distinguished pair if the two following conditions are satisfied:

(1) v(0 —a)=Max{v(f — §) | 5 € K, degy(B) < n}.
(2) BeK, degg(B) <degp(a) = v(d—B)<v(d—a).

Equivalently, «, # is a distinguished pair if v(0 —a) = Jx(#), and @ has minimal degree
among all algebraic elements with this property.
The aim of this section is to prove the following result.

Theorem 11.3. For 6 € K withn = degy(0) > 1, let f € K|[x] be its minimal polynomial
over K.

(1) Suppose that ¢, f is a distinguished pair of prime polynomials (Definition 10.9).
Take o € Z(¢) such that v(0 — a) = Max{v(d — /) | &/ € Z(¢)}.

Then, «, 0 is a distinguished pair.
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(2) Suppose that «, 0 is a distinguished pair. Let ¢ € K[z| be the minimal polynomial
of a over K.

Then, ¢, f is a distinguished pair of prime polynomials.

Proof. Let us first see that (1) implies (2). We assume that ¢, f is a distinguished
pair of prime polynomials.

Let 6 = v(§ — «). Consider any 3 € K with degg () < n. We want to show:
(i) v(0—p) <.
(i) v(0 —B) =0 = degg(B) = degg(a).

Let g € K[x] be the minimal polynomial of 5 over K. We may assume that

v(0 = B) = Max{v(6 — 5') | B € Z(9)}.

By Lemma 11.1, we may assume too, that 6, a and [ are separable.
Consider a finite Galois extension M /K containing 0, « and 3, and denote G =
Gal(M/K). We claim that

S 1)) B )) 112)

deg(g) — deg(o)

In fact, assume that v(6 — 8) > 0. Then, for any o € G we get:

v(f —o(B) = v(0—o(a)+o(a)—o()+a(0) — ()
> Min{v(0 — o(a)), v(o(a) — o(8)), v(e () — o(B))} (11.3)
o (a—=80), v(f = B)} =v(0 — o(a)),

)
= Min{v(0 — o(a)), v
because v(f — o(«a)) < 0, while v(a — 0), v(f — ) > . Therefore,

#G Nl o oty - FC
deg(g)ag(e))—aeze (0 <5>>z; (0= 0(@) = go755 v(6(6)). (11.4)

This proves the claimed implication (11.2).

Now, if we had v(6 — 3) > 0, then at least for the automorphism o = 1 we would
have v(0 — o(5)) > d = v(0 — o(«)), leading to a strict inequality in (11.4). This would
contradict the fact that ¢, f is a distinguished pair. This argument proves (i).

On the other hand, the equality v(f — 5) = § is incompatible with a strict inequality
in (11.4). In fact, suppose that for some o € G we had

d=v0—p0)>vl —oc(p)) > vl —oc(a)).
Then, the inequality in (11.3) becomes an equality, and this contradicts our assumptions:

v(f = a(B)) = v(0 = o(a)).
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Thus, if v(6 — ) = §, we must have an equality in (11.4). Since ¢, f is a distinguished
pair, this implies deg(g) > deg(¢). This proves (ii).

Let us now see that (1) implies (2). We assume that «, 6 is a distinguished pair of
algebraic elements. We keep the notation

§:=v(0 —a)=Max{v(d — ) | & € Z()}.
Let g € K[x] be a monic polynomial with deg(g) < n. We want to show:
o M) _ v(@®)
deg(g) — deg(¢)
i) P0®) _ v0(6)
deg(g)  deg(¢)
By Lemma 11.4 below, we may assume that ¢ is irreducible and separable.

Also, by Lemma 11.1, we may assume that o and 6 are separable too.
Take 8 € Z(g) such that

v(# — B) = Max{v(6 — 8) | B' € Z(g)}. (10.5)

Let M/K be a finite Galois extension containing 6, o and [, and denote G =
Gal(M/K). For all o € G, condition (11.5) implies

v —0o(0) = v(l—0o(B)+0a(8)—0c(0))
> Min{v(0 —a(5)), v(o(8) — o(6))} (11.6)
= Min{v(0 —a(5)), v(8 - 0)} = v(0 — o(6))-

= deg(g) > deg(¢).

Now, we claim that
vl —o(p) <v(d—o(a)), Voed. (11.7)

In fact, if v (0 — o(«a))) = 0, then (11.7) is a consequence of the fact that a, 6 is a
distinguished pair.
If v(0 —o(a))) <9, then (11.7) follows from (11.6):

v —o(B)) <v(l—0o(0)) =v(0—ola) +o(a) —a(f))) =v (0 - o)),
because v (f — o(a)) < d = v (o(a) — o()). This ends the proof of (11.7).

Condition (i) follows immediately:

FC90) = S 00 - 0(8) < 300 — o(0))

deg<g) oeG oelG
Also, if equality holds in (11.8), then
vl —0o(p)) =v(l — o)), Voed.

#G

= Jes(d) v((0)). (11.8)

In particular, for 0 = 1 we deduce v(0 — ) = v(0 — «), which implies

deg(g) = degy(B) > degy(a) = deg(¢),

because «, 6 is a distinguished pair. This proves (ii). O
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Lemma 11.4. Let ¢, f € K|[z] be two prime polynomials with deg(¢) < deg(f). Then,
for ¢, f to be a distinguished pair it suffices to check that the two conditions:

v(9(9)) _ v(0(9))

(i) deg(g) < deg(f) = dce(g) = deg(d)’

(ii) v(g(®) _ v(e(0))
deg(g)  deg(¢)

hold for all monic, irreducible and separable polynomials g € Klx].

— deg(g) > deg(f),

Proof. Let us first show that if conditions (i), (ii) hold for all monic irreducible
polynomials in K [x], then both conditions hold for all monic polynomials.

Let g = hy -~ - hy be a product of monic (not necessarily different) irreducible polyno-
mials. Clearly, the average of the values v(6 — ) on § € Z(g) is less than, or equal to,
the maximum of the averages of the values v(6 — ), taken on the subsets

Z(g) = Z(h) U - - UZ(hy).

v(g(8)) v(hi(0)) :
mgMax{m ‘ 1§z§t}.

Therefore, (i) and (ii) hold for g if they hold for hy, ..., h;.

Finally, let us show that if conditions (i), (ii) hold for all monic irreducible separable
polynomials, then both conditions hold for all monic irreducible polynomials.

Let g € K[z] be monic and irreducible, but inseparable. Let g,., = g + 7z, for 7 € K*
with v(m) sufficiently large. As mentioned in the proof of Lemma 11.1, g,., is a separable
polynomial of the same degree.

Since (i) and (ii) hold for all irreducible factors of T, they hold for g, too. Hence,
if v(m) is sufficiently large, both conditions hold for g. O]

In other words,

11.2 Complete distinguished chains of defectless al-
gebraic elements

We keep with the notation of the previous section.

Definition 11.5. Let ag, a1, ..., 04,0 = a,41 € K be algebraic elements with
1 = degg(ap) <+ < degg(ar) < degg(0).

We say that [og, a1, ..., ] is a complete distinguished chain for 6 if a;, ;41 is a
distinguished pair, for all 0 < i <.
Theorem 11.6. For 6 € K withn = degy(0) > 1, let f € K|x] be its minimal polynomial

over K.

(1) Let [¢o, ..., be an Okutsu frame of f. For all 0 < i < r, take o; € Z(¢;) such
that v(0 — «;) = Max{v(0 — o)) | of € Z(¢:)}.

Then, [ao, ..., a,] is a complete distinguished chain for 6.



128 CHAPTER 11. INVARIANTS OF ALGEBRAIC ELEMENTS

(2) Let [ay, ..., a,.] be a complete distinguished chain for 0. Let ¢y, ..., ¢, € K|x] be the
manimal polynomials over K of ay, ..., a,., respectively.

Then, [¢o, - .., ¢y is an Okutsu frame of f.

Proof. In Corollary 10.18 we saw that [¢y,. .., ¢,] is an Okutsu frame of f = ¢, if
and only if each pair ¢;, ¢;11 is a distinguished pair of prime polynomials for all 0 < i < r.
Thus, the theorem follows from Theorem 11.3. O

Theorem 11.7 (Aghigh-Khanduja [1, 2]). An algebraic element 0 € K admits a complete
distinguished chain over K if and only if it is defectless over K.

Proof. This follows immediately from Theorems 10.15 and 11.6. O]

Distinguished pairs and distinguished chains were introduced by N. Popescu-A. Za-
harescu in 1995 [26], for K a complete discrete rank-one valued field.

However, this concept is equivalent to some sequences of algebraic elements studied
by Okutsu in 1982 [24], also in the complete and discrete rank-one case.

Let us show the equivalence between the two concepts.

Definition 11.8. Let ag, ay, ..., a0 = a,41 € K be algebraic elements with
1 =degg() < -+ < degg(a,) < degk(h).

We say that o, o, .. s a,] is a complete Okutsu sequence for 0 if the following
conditions hold for all B € K and all 0 < i < 7r:

(1) degg(B) < degg(air1) = v(0 —B) < v(f — ).
(2) degg(P) < degg(a) = v(0—p) <v(l — ).

For the comparison of Okutsu sequences with distinguished chains we need an obvious
remark.

Lemma 11.9. Suppose «, 0 is a distinguished pair of algebraic elements. Then, for all
p € K with degy(8) < degy (), we have v(0 — ) = v(a — ).

Proof. By the definition of distinguished pair, v(0 — ) < v(6 — «). This implies
immediately that v(a — ) = Min{v(a — ), v(0 — B)} = v(0 — B). O

Lemma 11.10. A sequence [ag, a1, . .., o, of elements in K is a complete distinguished
chain for 8 = a,.1 if and only if it is a complete Okutsu sequence for 6.

Proof. Let 3 € K with degg(8) < deg(0).

Suppose that [ag, aq, ..., ;] is a complete distinguished chain for 6. By definition, for
all 0 <1 < r, the following conditions hold:

(i) degg(B) <degg(ait1) = v(air1 — B) < vl — ai).

(i) degg(B) < degg(ai) = vl — B) <vlaip — o).
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If i =r, then a1 = 6. If i < r, then Lemma 11.9 shows that v(0 — 3) = v(a;1 — ).
In both cases, the conditions of Definition 11.8 coincide with (i) and (ii). Hence,
[ag, a1, - . ., @] is an Okutsu sequence for 6.

Conversely, suppose that [ag, o, ..., a,] is an Okutsu sequence for 6.
The conditions of Definition 11.8 for ¢ = r show that «,, 8 = a,.y; is a distinguished
pair.

Hence, we may apply Lemma 11.9 to conclude that
v(f = B) =vlar =), v —a;) = vl —qy),

for all 0 < j < r and all B € K with degy(8) < degy(aji1)-

Therefore, the sequence [ap,...,a,_1] is a complete Okutsu sequence for «,. The
previous argument shows that a,_1, a, is a distinguished pair.

We may iterate this argument to conclude that [ag, o, ..., ;] is a complete distin-
guished chain for 6. O]
Corollary 11.11. Let [ap,...,o,] be a complete Okutsu sequence for € K. Then,
[, ..., a4 is a complete Okutsu sequence for ayyq, for all 1 <i <.

Proof. This property is obviously true for complete distinguished chains. O]

In the next section, we compute several invariants attached to tame algebraic elements.
To this purpose, Okutsu sequences are a more feasible tool than complete distinguished
chains.

11.3 Main invariant of tame algebraic elements

Definition 11.12. Let § € K, with minimal polynomial f € K[z]. Denote L = K(0) and
let k1, be the residue class field of (L,v).
We say that 0 € K is tame if it satisfies the following conditions.

o f is defectless.
e The finite extension ki /k is separable.
e The ramification index e(L/K) is not divisible by char(K).

It is easy to check that a tame 6 is necessarily separable over K.

Recall the definition of the ramification subgroup:
G™(K) ={0 € Gal(K°/K) | v(o(c) —c) > v(c), Vece (K*)}.

Its fixed field K™ = (K*)™ is called the ramification field for the extension K*/K.
This field is the unique maximal tame extension of K in K.

More precisely, for any algebraic extension L/K, the subfield L N K™ is the unique
maximal tame extension of K in L/K.

Notation. Let |ay,...,q,] be a complete Okutsu sequence for § = a,; € K.
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We shall usually denote
do=vl0—ap) < <6 =v0—-0a,) <bs1 =00 — 1) = 0.
By Lemmas 11.10 and 11.9, we have
0i = v(aiy — ;) =0 (1), 0<i<r.

The next result is inspired in the revision of the original ideas of Okutsu [24] that J.
Guardia, J. Montes and E. Nart carried out in [7].

Proposition 11.13. Let |o,. .., o] be a complete Okutsu sequence for a separable 6 =
ary1 € K*. Consider a separable § € K*® such that

deg(ﬂ) = my, U(@ - 6) > 5i—17

for some 1 <i<r+1. Let M/K be any finite Galois extension containing K (0, ). Let
G = Gal(M/K) and consider the subgroups

Hi={occG|vl—a(0)>0_1)}DH={occG|vl—a(d) >0}

Let MHi < MHi ¢ M be the respective fixed fields. Finally, let V be the maximal tame
subextension of K(B)/K. Then,

VvV .c M"ic K(O)NK(B).
Moreover, if v(0 — 5) = 0; then
Ve M™c MT c K@0)NK(f).

Proof. First, let us show that M C K(0) N K(3). For this, it suffices to show that
all o € G fixing 0 or 8 belong to H;.

If 0(0) =0, then o € H; because v(0 — o(0)) = 00 > 0;_;.

If o(B) = B, then v(o(0) — B) = v(o(0) — o(B)) = v(0 — B) > 6;—1. Thus,

v(0 —o(0)) > Min{v(d — B), v(8 —ca(0))} > d;1.

In the case v(6 — ) = &;, the same argument shows that M7 ¢ K(0) N K (3).
Finally let us prove that V' C M*i. Since V is the maximal tame extension of K(f3),
we have that V' = K™ N K (), so we must prove that

H, c{oeG|v(o(c)—c)>v(c), VYee K(B)}.

Take 0 € H;. Any ¢ € K(f)* can be written as ¢ = g(f) for some g € KJz| with
deg(g) < m;. By the minimality of m;, for any root £ of g we have v(0 —¢) < §;_1. Hence,

v(B = &) =Min{u(s —0), v(0 =)} = v(0 — §) < 6is. (11.9)

Write g(z) = a]l¢eqy,(x — &). Then,

oo(B) _rol)—¢ o(8) - 8
TR e 1}(” )
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Since o € H;, we have

v(a(B) = B) =2 Min{v(a(8) —a(0)), v(a(0) =), v(0 = 5)} > di-1.

By (11.9), this implies v <0(§)+€ﬁ) > 0, so that
v(@—l) :1)(M—1) >0
c 9(8) '
This proves that V c M. O

Lemma 11.14. Let [ayg, ..., a,] be a complete Okutsu sequence for 6 € K.
(1) If f € K|x] be the minimal polynomial of f, then

v(0 —0') > v(0 — ap), Vo' e Z(f).

(2) If 0 is tame over K, then ay,...,«, are tame over K.

Proof. By Theorem 11.7 and Lemma 11.10, 6 is defectless.
By Theorem 10.15, f admits an Okutsu frame [¢y, ..., ¢,] with ¢9 = x — ag. By
Theorem 10.14, the inductive valuation vy admits an optimal MacLane chain
fooo 0 g P gy PRSP =

Since ¢y |, f, Theorem 10.2 shows that N, 4,(f) is one sided of a certain slope —~,
and v(f — ag) = 7o, for every root 0 of f. Thus,

v(0 —6) > Min{v(0 — ap), v(0 — ag) =0 = v(0 — ayp).

This proves (1).

By Lemma 11.10, [ay, ..., ;1] is a complete Okutsu sequence for «;. Hence, all o;
are defectless by Theorem 11.7.
As indicated in (5.13), the maximal subfields k; of the algebras A, form a chain of
finite extensions of k:
k:k()Cle“‘CerkL.

By Proposition 1.25, each field k; is isomorphic to the residue class fields kg4, of the
extension K (a;)/K. Thus, the assumption that ki /k is separable implies that all ky, /k
are separable too.

Finally, equation (5.5) shows that the ramification indices e(¢;) divide each other:

L=e(go) | ---e(di) | e(dira) | --- | e(f).

Thus, if e(f) is not divisible by the characteristic of K, all ramification indices e(¢;) have
the same property. This proves that K(«;)/K is tame for all 7. ]
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Theorem 11.15. Let § € K be an algebraic element of degree n = deg(0) > 1. Let
[, ..., o] be a complete Okutsu sequence for 0 = .1, and denote

m; = degy (), i =v(0— ), 0<i<r+1
If a. is tame over K, then it holds:
(1) K =K(ap) C K(ay) C--- C K(a,) C K(6).
(2) The following multisets of cardinality n — 1 coincide:

{v(0—0)|6 €Z(f), 6 #6}={0,....00},

n n
where t; = — —
m; mi+1

forall0<i<r.

In particular, 6, = 0k (0) = wk(0).

Proof. Let M/K be a finite Galois extension of K containing K (0, «aq,...,«,), and
denote G = Gal(M/K).

Fix an index 0 < i < r. Since degy (a;) = m; and v(0 — «;) = 0;, Proposition 11.13
applied to § = «; shows that

Vi M" ¢ MTi ¢ K(a;) N K(6),

where V; is the maximal tame subextension of K (o).
By Lemma 11.14, K(«;)/K is tame, so that V; = K(«;). Therefore,

Vi = M = MT = K(a;) € K(6). (11.10)
Now, denote Hy := G and consider the chain of subgroups
G=HyD>H D---DH,DH, 4 =Gal(M/K(@)). (11.11)
The corresponding chain of fixed fields is that given in item (1).
Moreover, (11.10) implies
(H;: Hiyq) = [K(i1): K(o)] = mypq/m; > 1, 0<i<m,

so that all inclusions in the chain (11.11) are strict. Hence, for any o € G \ H,;; there
exists a unique 0 < ¢ < r such that

o€ H;=H,;, o & Hip.

If i > 0, then v (0 — o(0)) = §;, by the definition of the subgroups H; and H,, ;.

If i =0, then o ¢ H; implies v (0 — o(0)) < dp. By Lemma 11.14, we deduce that
v (0 — o(f)) = do in this case too.

Therefore, the underlying set of the multiset {v (6 — o(0)) | 0 € G, o(0) # 6} is the
set {do, ..., 0.}

Now, it remains to find a concrete formula for the multiplicity ¢; of each value ;.
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Let f € K[x] be the minimal polynomial of 6 over K. The natural action of G on
Z(f) induces a bijection:

G/ Gal(M/K(9)) — Z(f), or— o(h).

For any 0 < i < r, the restriction of this bijection to the subgroup H;/ Gal(M /K (0))
determines a bijection:

H;) Gal(M/K(0)) — Zi(f) :={0" € Z(f) [ v (0 = 0') = d:} .
Hence, the multiplicity ¢; is equal to:

ti=H#Zi(f) — #Zia(f) = #H;) Gal(M/K(0)) — #H;.1/ Gal(M/K(0))
= [K(0): K(oy)] = [K(0): K(oip1)] = no_n

my; mit1

This ends the proof of item (2). O

We end this section with an explicit formula for the main invariant 05 (6) = wk(#) in
terms of the discrete invariants attached to an Okutsu frame of the minimal polynomial
f € K[z] of § over K.

For 0 < i < r, let ¢; be the minimal polynomial of a; over K. By Theorem 10.15,
[¢0, - - -, ¢r] is an Okutsu frame of f. By Theorem 10.14, the inductive valuation vy admits
an optimal MacLane chain

0,7, 1,7, 2,7 Pr—1,Yr—1 Sr Yy
oo O g gy BB 0y,

where v; = p;(¢;) = v(¢i(0)) for all i. Let us denote

Ao == Y0, Ai =y — Mi—1(¢i)a 0<e<r.

At the beginning of section 5.2, we saw that
A Yy
'yi:mi(—0+-~-+—>, 0<i<r (11.12)

Proposition 11.16. With the above notation, if o, is tame over K, then

Proof. Let us prove the formula by a recurrent argument on i. For ¢ = 0, we have
oo = (r — ap) and
)\0 = %Y = ’U(¢0(9)) = v(9 — Oéo) = 50.

Now, suppose that ¢ > 0 and §; = \g+---+ A, for all j < 4. Let us prove that (11.13)
holds for %.
We claim that
m; m;

v(¢i(0)) = 8; +todo + - + 161, tj = — -, 0<j<i (11.14)
J j+1
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In fact, since [ag, ..., a;_1] is a complete Okutsu sequence for a;, Theorem 11.15 yields
an equality of multisets:

[l =€) | § €2(6), € #au} = {8, 07}, (11.15)

for the multiplicities to, . ..,¢;,_; indicated in (11.14).
Now, for each £ € Z(¢;), £ # «;, we have

v(0 — &) = Min{v(0 — o), v(e; — &)} = v(a; = &), (11.16)
because v(0 — «;) = 9;, while
v(ay — &) < wgk(ay) =0 () = 0;-1 < d;.
The equalities (11.15) and (11.16) prove the claimed identity (11.14), because

v(gi(0)) = v(0 — ;) + (0 —&) =6 +todo + -+ tim10i1.
EEZ(¢i), EF v

Finally, from (11.14) and (11.12) we deduce
m; my;
5i+t050+"'+ti—15i—1 :'Yi = —)\O—F"“F—)\i,
mo m;
from which we may express ¢; as

(Si:m

i m;
Ao+t — N —todo — -+ — ti10i1.
mo m;

By applying the induction hypothesis, we may express J; as a linear combination
0; = agAo + - + ai—1 A1+ A,

where, for j <4, each coefficient a; takes the value:

my; my;
aj:__tj_thrl_"'_ti—l:_:l-
m; m;

This ends the proof of the proposition. O
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