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Introduccién

El coutenido de |a presente tesis se halla resumido en la iltima ;»: '« de esta introduccidn.
Con el fin de facilitar su lectura y situarlo en su contexto hacemos un breve recuento de
los topicos necesarios sobre variedades abelianas, jacobianas y variedades de Prym.



Dado un toro complejo A = C?/A se tiene uns identificacion natursl A = H,(A.Z). Asi
E:AxA—12

corresponde a un elemento § de Hom{A?H(A,2),Z) = H*(A,Z). Fijemnos una tal E.

Sean ¢,....,€3, € C? generadores de A. Escribiendo las coordenadas de los vectores e,

en columna obtenemos una matriz 2 llamada matriz de periodos. Sea B la matriz que

representa a la forma bilineal E en esta misina base. Las relaciones bilineales de Riemann

QB'Q =0
0BT >0
son equivalentes a la existencia de un haz invertible amplio £ sobre A cuya clase de Chern

sea §. En tal caso A prede suunergirse en un espacio proyectivo y es una variedad algebraica.
El Teorema de Riemann-Roch afirma que

h°(A.C) = Vdet B.

Una verieded abehana principaimente polarizada (vapp) es un par formado por un toro
complejo A junto con un haz invertible amplio £ sobre A tal que A% A, L) = 1. Es decir |a
matriz antisimétrica B que representa a la clase de Chern de £ es unimodular. Por algebra
lineal existe entonces uta base de A en la cual la matriz de E toma la forma

_{ 0 14,
b= («-—I&, 0 ) ‘
Cambiando la base de C? de forma adecuada se obtiene que la matriz de periodos se

puede expresar de la forma (Id, 7) y las relaciones bilineales de Riemann se traducen en
las condiciones
T :t T

Im(r)> 0.

Llamamos semiespacio de Siegel al conjunto de las matrices complejas simétricas g x g con
parte imaginaria definida positiva, y lo denotamos por H,. Claramente es exhaustiva .
aplicacion de M, en el espacio A, de las clases de isomorfismos de vapp dada por

r—s Cf/(Id, )
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(indicamos también con (Id, ) Ia red de C¥ que generan las columnas de esta matriz).

El grupo simpléctico Sp(Z, 2¢) actiia sobre N, de forma compatible con esta aplicacién y
el cociente M,/Sp(Z,2g) es isomorfo a A,. Si 7 es una matriz del semiespacio de Siegel

llamaremos (A4,,L,) a la vapp correspondiente.
Sobre el producto C? x M, se define la funcion thets de Riemsnn

: ] +
#z.7)= Z T nTntling
nEdr

Fijada 7, 8(z, 7) = 0 define un divisor de C? invariante por las trasiaciones con elementos
de (Id, 7) determinando en A, un divisor simétrico ©, que verifica £, = 0,4,(0,).

Jacobianas

Sea C una curva algebraica proyectiva irreducible no singular sobre C con género
gromeétrico g. Sea wy., ..., wy una base de HY(C. ¢ ). es decir g formas diferenciales holo-
morfas sobre C linealmente independientes. Sea 3,,...7;, una base de H,(C.Z). La

matriz de periodos (2 asociada a la curva cou estas elecciones es la matriz compleja gx2g

t
(/ \-V‘}q‘-‘,/ W").
b/ ]

El Teorema de Torelli (cf. [To]) afirma que la curva C esta determinada por la natriz
de periodos 2. Este enunciado se reformula de manera natural en el contexto de las
variedades abelianas. En efecto, si w y w' son dos formas diferenciales holomorfas sobre 1a

curva eatonces se verifican las relaciones

/u:/\w':ﬁ
po

e/w’/\:}}o stw #0.
(&

cuya columna j-ésima es

Utilizando la relacién entre el cup producto en cohomologia y el producto de interseccion
en homologia las propiedades anteriores implican que la matriz €0 verifica las relaciones
bilineales de Riemann con respecto a la matriz antisimétrica unimodular entera B tal que
‘B~! es igual a la matriz de los productos de interseccion (v, - 7,5. En consecuencia el
cociente de C? por la red generada por las columnas de la matriz de periodos te C es
una vapp de dimension g a la cual llamamos jecobiana de C y la denotamos por JC.
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Simbolizaremos con O¢ a un divisor representando la polarizacién principal y le lamamos
Otra definicion de JC, independiente de coordenadas es la siguiente. La integracion
sobre ciclos define una inyeccion de H,(C,2) en el dual de H*(C.wc), y

IC = HYC,«c)*/Hi(C.2),

La forma bilineal es
H\(C,Z) x H\(C.Z) — Hy(C,2)= 2,

con el isomorfismo dado por Ia clase de orientacion de la estructura analitica de C.
Indicando por M, el espacio de moduli de las curvas de género g se obtiene asi una
aplicacis

J:J“’MA‘
C— JC.

En este lenguaje el Teorema de Torelli se expresa diciendo que J es inyectiva (la aplicacion
J recibe el nowmbre de moarfismo de Torells).

De este resultado se conocen muchas demostraciones, la mayor parte de ellas se basan
en el estudio de la geometria del divisor theta. Utilizando construcciones geométricas
elementales se reconstruye a partir de (JC.0¢ ) la curva C. Olservemos primero que C
vive ae forn 1 natural en sn propia jacobiana. Eu efecto, fijado py € C. asociamos a un
punto p de la urva lz 2plicacion lineal

Haf C‘.av’{‘ } o C

que integra cada forma holomorfa entre py y p. Escrito en coordenadas, la imagen de p es

La definicion depende del camino escogido entre py y p para realizar la intregacion. Ha-
ciendo cociente por 4,(C.Z) la indeterminacion desaparece, obteniéndose un punto de la
jacobiana.

Consideremos la curva sumergida en su jacobiana de este modo. Observemos que todos
los espacios tangentes en puntos de la jacobiana se identifican canénicamente via traslacion
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con Tic(0), el cual se identifica también candmicamente con H*(C,wc)*. Tmnando el
sspacio tangente en cada punto de la curva sc obtiene la “dexivada” de la inmersién C — JC

C — P(H%C,wc)")

p— (wn(p): - 1 wy(p))
que coincide con ir aplicacion candnica ¢ .. Asi, cuando la curva no es hipereliptica,
también aparece sumergida en el proyectivizado del espacio tangente a la jacobiana en el
origen.

El divisor theta se obtiene ahora geométricamente a partir de C merced al Teorema de
parametrizacion de Riemann que afirma que la imagen de la aplicacién suma

cr!' —JC
es un trasladado del divisor theta.

Esta parametrizacion es un punto esencial en el escudio grométrico del divisor theta. Per-
mite, por ejemplo, describir sus singularidades obteniéndose que la dimension de SingO¢
es g-3 si C es hipereliptica, y g-4 si no lo es.

Indiquemos a modo de ejemplo dos de las demostraciones del Teorema de Torelli. La
primera es debida a A.Andreotti ([A]). Estudia la aplicacion de Gauss que asocia a cada
punto no singular de O¢ el espacio tangente de O¢ en ese punto, lo que uos da un sube-
spacio vectorial de codimension 1 de Tic(0) y, por tanto, un punto de P(H*(C,uc)).
Tomando la adherencia del grafo de esta aplicacion, obtenemos un morfismo finito. Su
lugar discriminante es, si la curva es no hipereliptica. la hipersuperficie dual de la imagen
canonica de C (la cual determina la curva C por geumnetria proyectiva elemental ).

La segunda es debida a Enriques, Petri. Andreotti. Mayer y Green. En un punto doble
de O, el proyectivizado del conc tangeute al divisor trasladado al origen es una cuadrica
de rango menor o igual que cuatre conteniendo a la imagen de la aplicacion canonica. Se
prueba que, si C no es especial, la interseccion de estas cuadricas coincide con ¢ (C).

Variedades de Prym

Una variedad de Prym es una vapp de un tipo mas general que una jacobiana. Para
definirla tomemos un recubrimiento irreducible de grado dos no ramificado de una curva
de género g:

x:C—C
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Fijada C, tales recubrimientos estén parametrizados por los puntos de orden dos de JC.
La involucién ¢ del cambio de hoja en € induce sendas involuciones «* de H%(C,we)* y
H,(C, Z) respectivamente. Tomando los subespacios antiinvariantes respectivos se obtiene
una variedad sbeliana P(C,C) := (H%C.wp)*) /H\(C.Z)" — IC a la cual llamamos
variedad de Prym asociaca al recubrimiento. Dicho de otro modo ¢ define una involucion
:* de la jacobiana de & y P(C, C) es la componente ueutra del niicleo del morfismo Id+4°.
Otra definicion es Ia siguiente: el recubnimiento » induce una aplicacion norma entre
Nm, :JC — JC
cuya definicion, interpretando las jacobianas como grupos de clases de divisores (Teoremas
de Abel y de Jacobi) es: Nmo(3 n,p,) = ¥ n,z(p,). El nicleo tiene dos compouentes y
.a variedad de Prym es la que contiene al origen  Vistos como elementos de JC =Pic?(C),
knpm;:wdcP{&,C}mm&numcm&kmcﬁvimm&hfm

%

z nylp, — dpy)l

=1
Par otro lado la polarizacion de JC restringe a dos veces una polarizacion principal =
en P(C,C). En el lenguaje de las formas bilineales se tiene que la forma bilineal sobre
H(C.Z) restringe a H,(C.Z)" ¥ la matriz reducida de esta restriceion es

0 2ld,
~2d, 0 )

Se obtiene asi una vapp. Su dimension p es la diferencia entre las dimensiones de ambas
jacobianas. Por la formula de Riemaun-Hurwitz se obtiene por tanto que p=g-1.

Andlogamente a lo que sucede en el caso de las jacobiznas la curva C vive dentro de la
variedad de Prym: Fijado un punto py € € definimos la inmersion

¢ — P(C.C)

P——p—ip)+py—tps)
Derivando esta aplicacion. los paralelisios se mantienen: se obtiene un mortismo de €
en el proyectivizado del espacio tangente a F(C.C) en el origen, el cual se identifica
candnicamente con (H“té',wé}‘)“ = H%C.«c(n))". donde n € Pic®(C) es el punto de
orden dos que define el recubrimiento. Este morfismo coincide con el asociado a la serie
lineal | we(n) | al que se le suele llamar semicandnico. Sila curva no admite series lineales
del tipo g}, es decir no es tetragonal, el morfistno semicanénico es una inmersion.

La teoria de las variedades de Pryi: juega un papel destacado en varios campos de la

geometria algebraica, de los cuales los mas destacados son los siguientes:
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a) Bl probiema de Schotthy. Es el problema de caracterizar las jacobisnas cxtre las vapp.
Numerosas aproximaciones de cardcter muy variado y éxito diverso aparecen eu la liter-
atura. Los Tecvemas de Matsusaka y Shiota, la conjetura de la trisecante, etc. dan nombre
a otros tantos enfoques de la cuestibn. El punto de vista original es debido a Schottky
y Jung, y es en ei que aparecen las variedades de Prvu. Encuentran relaciones entre las
“thetapullwierte” (mmhmmﬁmwm&mxmbdwo
&&)wmmmn&mmm&ml(M,)mA. De form. muy
simplificarda e podria decir que las jacobianas cumpleu las ecuaciones de Schottky-Juag
debido a que “se les puede asociar™ variedades de Prym. Por otro iado la existendia o
no de vapp no jacobianas verificando estas ecuacioues es un problema cuya respuesta se
desconoce. El mayor avance en esta direccion es debido a B.v.Geemen (cf. [Ge]) que probo
quc]( )mmmmp«ammﬁmvdmhkcﬂlugw&r&mdupcx&chum

b) Estudio geométrico de las varedades abehranas. Las curvas C y C y su grometria
se utiliza pars obtener propiedades de la variedad de Prym. Por ejemplo el divisor =
admite una descripcion del tipo dado por el Tearema de parametnizacion de Riemann.
Explicitamente, escribiendo

——

2* = {( € Pic** () | Nmol{) =we y A%C.()es par y positivo}.

existe (o € Pic??-3(C) tal que =* - ¢ coincide con =.

Se obtienen también descripciones explicitas del lugar singular de =, que han permitido
probar que su dimension es siempre mayor o igual que p-6. También se obtiene una
clasificacion de los recubrimientos para cuyas variedades de Prym se cumple dim Sing= >
p-4

La importancia de estos hechos radica en que habitualmente es muy dificil realizar
calculos sobre la geometria del divisor theta de una vapp gencral. Cor gran diferencia
las jacobianas son las vapp mejor entendidas, proporcionando en A, un subespacio de
dimensién 3g-3 {notemos que dimA, =dinM, = 4g(g + 1) ). Como comentaremos mas
adelante las variedades de Prym parametrizan un subespacio de dimension 3g conteniendo
en su adherencia a las jacobianas. Asi toda vapp de dimension menor o igual que tres es
una jacobiana, mientras que una vapp general de dimension menor o igual que ciner es
una variedad de Prym.

c) Jacobianas intermedias de sdlidos y probiemas de racionalidad. Las jacobianas inter-
medias de ciertos sélidos adrritn una representacion como variedades de Prym. De hecho
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este fendmeno se cxtiende & los llamados fibrados en cuddricas yae son aquellas variedades
que admiten un morfismo sobre el plano proyectivo con fibras isoniocfas a cuidricas de
dimensién constante impar. El ejemplo mas conocido es ¢ de la hipersuperficie cibica no
singular del espacio proyectivo de dimensién cuatro. Sea X un tal olido y fijemos una
recta [ contenida en X. Para cada 2-plano r contenicndo a [ se tiene

rNX=1uQ

donde Q es una c6nica. Estos 2-planos estan parametrizados por un espacioc “royectivo de
dimension dos. Los 2-planos para los cuales Ia conica Q degenera describen una quintica
plana C. Para caua punto de esta quintica obtenemos dos rectas coutenidas en X por lo
que C viene dotada de forma natural de un reewbrirui~ato doble

xrC—C

Se tiene un isoworfismo de vapp
J¥ 2 P(C.C).

Este hecho lleva & una demostracion de que Y 1o es racionnl, resultado que fue demostrado
en primer lugar por H.Clemens y P Gniffiths (of. [C-G]). Se prucba primero que st X fuera
ractoual se su jacobiana intermedia s expresaria como cuma directa de jrcobiancs de
cur'as lisas. Por ot-o lado (€, C) o pertes- e al conjunto de ks recubrimientos para los
cuudes ditn Sing= > p — 4. Por tauto J X no es una jacobiana.

El problema de Torells para las variedades de Prym

Ya hemos comentado que los recubrimientos dobles irreducibles no ramificados de una
curva lisa C de género g estan en biyeccion cou el conjunto de cardinal 2%¢ — 1 de los puntos
de orden dos de JC. Llamamos R, al espacio de moduli de los pares (C.n) con g € JC - {0}
¥ 2n = 0. La aplicacidn olvido de Ry a M, es un recubrimiento no ramificado de 2% - 1
hojas. En particular dimR, = 3¢ — 3. A Ia aplicacion

P:R,«*.A,..g

que asocia a un par (C,n) la variedad de Prym (con su pclanizacion natural) del corres-
pondiente recubrimiento se le llama aplicaciin de Prym. Es el analogo a la aplicacion
de Torelli. Como en el caso de las jacobianas se plantea el “problema de Torelli”: (Es
inyectiva la aplicacion P?.




Comparemos las dimensiones de R, = 3¢ - 3y de 4,_, = bo(g - 1)

) -3 {st9-1)
2 3 1

3 6 3

4 9 ¢

5 12 10

6 15 15

7 18 21

Obviamente la aplicacion no puede ser wyectiva si ¢ < 3. Analicemos primero los
casos correspondientes a génervs bajos. Es conciido desde Wirtinger (cf. [Wi]) que P
es genericamente exhaustiva si ¢ < 6 y es genéricamente finita si ¢ = 6. Sin embargo
se desprende del analius de ciertos ejemplos concretos que la aplicacion de Prym no es
nunca exhaustiva. Ello es un reflejo de que P no es propia. En [Bel], Beauville extien: .a
aplicacion de Prym a determinados recubnimientos de curvas estables llamados admisibles,
compactificando de este modo la aplicaciou de Prym. La idea es la siguiente: por la
propiedad universal de extension de la compactificacion de Satake AS_| de A, ;. P se
extiende a una aplicacion

P ﬁf — A,

donde R es la compactificacion estable de R,. Son admisibles los elementos de R, :=
(P%)- ¥ A,_1)y denotamos por P a la restriceion de P a R,. Explicitamente. un morfismo
finito de grado dos x : C — ( entre curvas estables con involucion de cambio de hoja ¢
es admisible si y solo si se verifican las dos siguientes condiciones:

a) los puntos fijos de ¢ son singulares y la iuvolucion de cambio de hoja no intevcambia
las ramas de la singulandad.

b) el nimero de nodos no fijos por ¢ cvincide con el de componentes reducibles no fijas
por la involucion.

Algunos de estos recubrimientos ya habian sido estudiados por Wirtinger. en concreto
aquéllos en los que ninguna componente es fija por . La variedad de Prym de estos re-
cubrimientos es isomorfa a la jacobiana de la curva base. En consecuencia las jacobianas
estan rontenidas en la imagen de P.




El caso g=0 aparece como especialmeute atractivo al producirse la igualdad de dimen-
siones. En {D-§], R.Donagi y R.Smith demnestran que el grado de P es 27 y prucban que
la fibra genérica tiene la misma estructura que las 27 rectas contenidas en la superficie
ciibica de P°.

La anterior discusior nos muestra que el enunciado del problema de Torelli er este
contexto requiere la restriccion ¢ > 7. Digamos ya que la respuesta al problems es
“genéricamente afirmativa”, es decir la aplicacion de Prym es genéricamente inyectiva.
Este hecho fue probado simultdineamente por R.Friedman y R.Smith (¢f. [F-S]) y por V.
Kanev {cf. [K]). Ambas demostraciones se basan en el estudio de la aplicacion P en fibras
especiales: variedades de Prym reducibles en un caso e isomorfas a jacobianas en el otio.

En [Wel], G.Weliers da un métodu constructivo para recuperar, siempre con I hipotesis
de genericidad, el recubrinnento a partir de la geometria de la vapp. Pars recuperar
la superficie C + C en P(C.C). estudia In subvariedad de los puntos que trasladan el
lugar singular del divisor theta dentro del propio divisor. Este meétodo de recanocer datos
gromeétncos intrinsecawnente a partic de la vanedad de Prym es uno de los principales
recursos que utilizamos en #ste trabajo.

Recientemente O Debarre ([Del]) ha dado otra demostracion constructiva de la inyec-
tividad generica. En este caso utiliza los proyectivizados de los conos tangentes al divisor
= en los puntos dobles. Sus trasladados al ongen son cuadricas de P(Tp(-¢)(0)) conte-
niendo la imagen de la aplicacion semicanouica. Cuando la curva es general la interseccion
coincide con dicha curva. we imita por tanto una de las lineas de demostracion del Teorema
de Torelli para ins jacobianas.

La conjeturs tetragonal

La aplicacion de Prywm no es inyectiva para ninguna g. Este resultado fue probado
por A.Beauville (cf.[Be2]) para ¢ < 9 utilizando la construccion de Recillas ([Re]). Esta
construccion asocia a un elemento (C.C) € R, ¥ a una serie lineal g sobre C una curva

tetragonal T tal que JT = P(C.C).

La no inyectividad para todo g es consecuencia de la construccion tetragonal de Donagi
{cf. [Do}). Moviéendose en el mismo orden de ideas, esta construccion generaliza la de
Recillas y la cuntiene como un caso degenerado. Pasamos a describirla: fijemos una terna
(C.C.g}), donde x : ¢ — C es un recubrimiento no ramificado de curvas lisas irreducibles
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y Ia serie lineal g} esté definida sobre C. Consideremos la variedad X definida por el

diagrama de pull-back siguiente:
| Q——ll
| .
I |«
Pl ‘____’__:___, C'“’.

La variedad X descompone en la reunion disjunta de dos curves cone: w X, y X, invani-
antes por la involucion natural en ¥, Sean X, y X, las respectivas curvas cociente por
esta accion. Los recubrimientos ( X,, X,} son admisibles y se verifica cue

PX,.X1) 2 PX:. X)) 2 P(C,C).

Ademas este proceso es reversible: las curvas X, vienen dotadas de sendas series lineales
9. Ciando alguna de las curvas, por ejemplo X, es lisa (la admisibilidad oblige a X, a
serlo también) podemos iniciar la construccion con la terna (X, X}, g}) obtienéndose las
otras dos.

De aqui se deduce la no inyectividad. Al existir curvas con una infinidad de series Lineales
¢4 incluso aparecen fibras de P de dimension positiva.

Por tanto la complejidad de la aplicacion de Prym es notoriamente mayor a al de Torelli.
R.Donagi enuncia la conjetura tetragonal: si dos recubrimientos lisos aparecen en la misma
fibra de la aplicacion de Prym, se pasa del uno al otro aplicando sucesivamente, cambiando
la serie g} en cada paso. la construccion tetragoual.

En [De2] O.Debarre estudia la fibra de la aplicacion de Prym sobre P(C.C) con C
tetragonal genersl de género ¢ > 13. La genericidad de la curva implica la existencia
de una tnica senie lineal g; sobre ella. La fibra esta formada en este caso por los tres
recubrimientos tetragonalmmente relacionados coufirmando de esta manera la conjetura en
este caso. Es esencial en la demaostracion eludir aquellas curvas con una infinidad de
series lineales tetragonales, a saber: las curvas hiperelipticas, las trigonales y las llamadas
bielipticas. Estas iltimas son ias que admiten una presentacion como recubrimiento doble
de una curva eliptica.

A pesar de este resultado positivo, la conjetura, tal como esta enunciada, no es cierta
(cf. [De3], [Do2]). Ello se deduce del siguiente estudio del espacio de moduli R , de los
recubrimientos dobles no ramificados de las curvas bielipticas. Este espacio descompone

11




mhm&[ql1+zwmmhmmwn.,,,,,:.

&‘..,[‘i-‘ly‘ﬂ‘.‘ Cuando » aplica una cocstruccidn tetragonal a un elemento de R 3, 0

se obtiene un recubrimiento isomorfo al inicial junto con otro no liso. Sea 7 el conjunto

de recubrimientos admisibles no lisos asi obtenidos (con las notaciones de (2.10) se tiene

MHy0 C T C H},). Por otro lado una construccién tetragonal aplicada a un elemento de
8., Proporciona dos elementos de 7. En consecuencia

P(Ry,) C P(T)= P(Rp40).

pero no hay forma de pasar mediante construcciones tetragonales de una componente a
otra.

Este contracjemplo es mas de forma que de foudo. Si la construccion tetragonal fuera
siempre reversible (o solo cuando los recubniientos obtenidos son lisos) el contraejemplo
no seria tal. Es natural esperar que la construccion se pueda extender a los recubrimientos
admisibles eliminando asi la obstruccion que impide transitar tetragonalmente de Ry  a
R B g0 Estaremos en tal caso ante una conjeturs tetragonal eztendide.

Resultados obtenrdos en la presente tesss

En esta memona se estudia la fibra de la aplicacion de Prym sobre P(C.C) donde
C es una curva bieliptica general. Se pretende con ello extender el estudio rezlizado por
O.Debarre sobre las curvas tetragonales generales a este caso. De las tres familias de curvas
con wfinidad de series tetragonales que antes mencionamos, las bielipticas presentan, a
pricri, el aspecto mas rico: sus series lineales ¢! no tienen punto base, con lo que la
construccion tetragonal “no degenera” y. por otro lado, es el unico de los tres casos en el
que la vanedad de Prym no es una jacobiaua. El hecho de que la discrepancia senalada
con la conjetura en su fot: ..iacion standard (“conjetura standard™) nazca en el campo
bieliptico anade un mayce: interés a este caso.

En el primer capitulo delimitamos !as fronteras de la conjetura standard en el campo
bieliptico. Cuando (C,C) es un elemento general de Rp.g.econt > 1 la conjetura standard
se verifica, es decir, cualquier otro recubrimiento D — D no ramificado de curvas lisas con
P(C.C) = P(D. D) se obtiene a partir de (C.C) aplicando sucesivamente la construccion
tetragona! ( Teoremas (5.11), (5.16), (6.11) v (6.24)).

Seguidamente estudiamos la aplicacion P restringida a cada una de las compouentes
restantes R 0 ¥ R’y ,. En smbas situaciones la aplicacion es inyectiva (Teoremas (7.6) y
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(7.22)). Un esiudio comparativo de ambos casos permite incluso dar una inyeccién explicita
de R, en Rp 0. Como consecur ncia se prueba que si {D, D) € R, pertenece a la fibna
de P(C,C) con (C,C) un elemento general de R'g, U R0 entonces (D, D) también
pertenece a R} ,UR 8,50 . 8i no ccincide con (C,C), estd “relacionado tetragonalmente”
con él a través de elementos admisibles de 7. Las técnicas utilizadas en el andlisis de cada
componente son diferentes debido a que para valores de t inferiores a cuatro las propiedades
especiales de las curvas de género bajo inciden en la geometria de las variedades de Prym
correspondientes.

El siguiente )aso en el estudio de la fibra consiste en pasar al terreno admisible. Ello
exige extender la construccion tetragonal a este coutexto. En el §12 se esboza cumo hacerlo
siguiendo las ideas de A.Beauvilie (cf. [Be2]). Se sustituye el producto simétrico de las cur-
n8 por las variedades de divisores de Cartier efectivos de grado dado. Tonsiguientemente
tiene senti-lo plantear la conjetura tetragonal extendida ehminando las hipotesis de lisitud
en la conjetura inicial. Los resultados del capitulo I nos dicen ahora que ¢l contraejemplo
citado en la seccion anterior no coutradice la conjetura tetragonal extendida.

En el capitulo Il camos un coutraejemplo propiamente diche a ia conjetura tetragonal
extendida. La construccion alli dada asocia al par formado por un elemento general de
RB.g.4 ¥ una serie lineal ¢, fijada sobre la curva base cuatro recubrimientos con curva
base no tetragonal y cou la misma variedad de Prym que el recubnmietito inicial. En la
coustruccion interviene de forina crucial el kecho de que las jacobianas de las curvas de
genero cinco admiten una presentacion distiuguida como vanedad de Prym.

Por ultimo. en el tercer capitulo se prucba que este contraejemplo es el unico que aparece
en el caso de las curvas bielipticas generales ( Teorema (13.1)). Es decir los elementos de
la fibra estudiada se obtienen ut.lizando la coustruccion tetragonal o bien la construccion

dada en el capitulo 1. En el §17 damos. a wodo de resuinen, la descripcion de la fibra
estudiada.

En pocas palabras el conienido de esta memoria es el siguiente:

a) tras extender la construccion tetragonal a los recubrimientos adinisibles eliminando asi
la discrepancia antes mencionada. se construye un contraejemplo a la conjetura extendida
y

b) se describe completamente la fibra de P sobre P(C.C) con C bieliptica general,
interviniendo en ello solamente la construccion tetragonal y la construccion que da lugar
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al contraejemplo de a), s decir: no hay 'nas contracjemplos en el caso bieliptico general.

Agradezco al Dr. Welters la generosidad con la que me ha ofrecido su ayuda y su tiempo
durante estos aios, tanto en el periodo de formacion previo a la elaboracion de este trabajo
como durante la creacion y redaccién del mismo.

Quiero expresar cambién mi agradecimiento a los compaseros del Departament d'Algebra
i Geometria por su soporte. Con ellos he compartido matematicas, docencia y cafes.

Por ultimo quiero dar las gracias a mi familia por su amor. paciencia y apoyo moral en
los malos momentos.
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1. Notrtion.

Throughout this paper we work over the field of the complex numbers. The constant ¢
will be greater than or equal to 10. By a curve we shall mean a projective connected curve
with at most double ordinary singulanties. If C 1s a curve we shall denote by ¢(C) the
arithmeti. genus of C. For a subspace F of R, the symbol F denotes the closure of F in
R,

For D. D’ two divisors on a smooth curve C, the expression D = D’ will indicate that
they are linearly equivalent. We shall denote by Pic?{C) the set of liuear equivalence
classes of degree d divisors on C. Usually we shall not make difference between a divisor
and its linear equivalence class in Pic¥(C). For two non-negative integers r.d we shall
consider the algebraic subsets of Pic!(Cy:

WHC) = {{ € PiediCy [ R > r s 1}

Let x : C — C be a double cover of a smooth curve., either unramtied ot ruified exactly

at the points Q... Qi € C. Let A be the discriuinaut divisor. that is to say
&
A= Z Q. )
g |

Once C is given. the morphismu * and the curve C are determined by A\ and a unique
element § € Pic(C) satisfying 26 = & In fact C = SpeciO¢ -+ O —£)) where the O
algebra structure is determined by the map O¢(-£§) = O =€) 2 Oc( -Q) — O¢ given
by the multiplication with an equation for . The class § venfies 7°(§) = szt Q.. We
will refer to £ and O as the class and the discriminant divisor respectively attached to the
coverng.

A curve C is said to be hyperelliptic if it can be represented as a double covering of the
projective line.

Let D. D, and D; be curves. The notation

D=Du,D,
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means that D = DU D; and #D: "Dy = k.

The symbols | ] and ~ will meau rational cohomology class and algebraic equivalence
respectively.

If A is an abelian variety and n is a positive integer, the gioup of the elements r € A
such that nz = 0 will be written by ,A. For a polarized abelian variety A the symbol
L 4 denotes an invertible sheaf defining the polarization, we call A 4 the isogeny 4 — A
induced by L4 (cf. {Mu2]) and we denote by H(L,) s kernel. We shall denote by = 4
an effective divisor such that Q4(Z4) 2 L 4. When speaking of the Jacobian of a smooth
curve N we shall use L x and O instead of L ;n and = .

If(A.L,4) and (B, L g) are two polarized abelian varieties, the divisor Z, x B+ Ax =y
gives on A x B a polarization whose attached invertible sheaf is written L 88 L g. We shall
set

Ca=[ZAl* Yia=-1

If X is a sulvariety of an abelian variety 4 we define
lHiX)={reAd|la+ X CX}.

This is a clused algebraic subgrouw of A.
Let (C.C) € R, and P its associnter Prym vanety (cf. Introduction). There is a natural
model { P* =) of (P.Z) in Pic??73((") described as follows ([Mul])

P* = {{ € Pic®* }C) | Nma({) = K. h%() even }
=t ={{€ P R() > 2}

In these tenns, the singular locus of = is deseribed (loc. cit)) as:

Sing=* = Sing™,=° USing”,=*  where
Sing"Z* = {{€ P |h(() >4} and
SingT,Z* = {C € P*{{ =2+ o A%Co) 2 1.A%C) > 2}

The singularities of the first kind are called stable and the singulanties of the second kind
are called exceptional. These definitions depend on =.

Let # : D — D be a double cover of curves and let : be the involution on D which
interchanges the sheets of the cover. We say that (D, D) is allowable (cf. [Bel}) if the only
fixed points of « are nodes wheze the two branciies are not exchanged, and the number of
nodes exchanged under « equals the number 2¢c, = 2¢,( D, D) of irreducible components
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exchanged under :. The Prym variety is defined in the same way as in the smooth case.
We denote by P(D, D) (instead of P( D, D)) this abelian variety and we reserve the symbol
P for modular statements. Moreover the natural models described above still make sense.
According to [Bel], (4.11) the Prym variety of an allowable double covering with ¢, = 0
coincides with the Prym variety of its stable reduction. We shall assume (except in §12)
that we are in the stable case.

If Sing(D) is strictly contained in {# € D | ((Z) = #} then the kernel of the norm map
has a unique component, which is an abelian variety. We use also the notation P(D, D)
to refer to this abelian variety. In this case we define

P(D.D)* = N («p) C Pic?*~% D)
== {{e P(D.D) | h°{) 2 1)

where wp is the dualizing sheaf. The coditnension of Z° is, at least, 2.

Let * : D — D a double cover of curves and let « be the attached involution on
D. Assume that Sing(D) C {i € D | «#) = #}). =(SingD) = SingD and that all
the compouents of D are invariant by the covering involution. Let §,.....4, € Sing( D)
and s, = 7(3,),....54 = ®(5s). Let f - N — Dand f : N — D be the partial
desingularizations of D and D in 3y.....5; and s,,....s; respectively. Then oue has a
finite morphistn of homogeneous spaces:

f°.P(D.D) — P(N.N)*
L — f(Lx- Z i)

HHE{h . 4a}

Analogously

j‘ : P{D.[)} o P{‘v,;\'}
L — f(L)

1s an isogeny (cf. [Sh2], p.110).
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Caplitulo 1. The fibre of P over a generic element of P(Rp ).
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2.Summary of known results

The following facts mostly are taken from [De 3}.

Let B, be the moduli space for the bi-elliptic curves of genus g and let Ry, be the
moduli space for unramified double coveringss of bi-elliptic curves, obtained by the pull-
back diagram:

R, — R,

l |

B, —— M,

Let us fix an element (C.C) € Ry, and let ¢ : C — E be a morphism of degree two
ou a smooth elliptic curve E (¢ is unique up to automorphisms of E if 1 > 6). The Galois
group of C over E may be identified with either 2/2Z ot Z/2Z x Z/2Z. We shall denote
by R's, the subset of the elements with Galois group Z/22.

(2.1).- If Galp(C) > 2/2Z x Z/2Z. we write for the elements of the group: Id, ¢, ¢y.1;.
where ¢ is the wnvolution which interchanges the sheets of the double cover . Let €, =
C/ti).Cy = C/iay) be the quotient curves.

One has a commutative diagram:

(2.2)

¢

AL

c G G

f\\l iﬂ l/:'y
E

where 7. 7. ¢, and ¢, are the obvious morphisins. We shall always assume that ¢(Cy) <
g(Cy). It is easy to check the equality:

dCii+9(Cr) =g+ L.

soif ¢(C)} = t+1, we obtain ¢(Cy) = g—tand t +1 < g —t umplies that t € {0, .. .. {%’-’-})
Let Ry, ¢ be the subset of R g , consisting of the elements (C,C) with Gal(C) = 2/2Z x
Z2/2Z and g(Cy) =t +1, ¢g(Ci) =g 1.

Ore finds that R’y ;. Rg 40, - 'RB,.,§L}1} are the irreducible components of Rg 4 and
that each one has dimension 20 - 2.

(2.3).-Let (C.C) € R B.g.1- In relation to the diagram (2.2) we fix the following notation:
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i) 7. 7y and r; are the involutions of C, C and C; associated to ¢, ¢, and ¢3 respectively
ii) Py,....Py,_; € E are the discrimainant points of ¢ and A = 322277 P, is the dis-

[T 3]

criminant divisor. We write Py,... Py,_; for the corresponding raruification points of
€.

iii) £ € Pic? " '(E) is the class associated to ¢. Hence 2§ = A.
iv) n €3 JC is the class associated tc x.

We may assume that Py, . .., P;, are the discriminant points of ¢, and that Py, ..., P},,.,g
are those of £;. We shall denote by A,.A;.€, and £, the discriminant divisurs and the

classes associated to ¢ and ¢ respectively. So:
A=8;+0; and 26, = A, 26, = N,

{2.4).- It 1s easy to check the following facts:

W =Py Py = G EPrus 0+ Pryog - 0160
m)C=2Cyxp Oy
W)t 013 =130 =, Loy =0 = iy, 1013 = 4201 = 44.

v} The involutious «; aud ¢ are hiftings to C of the involution r of C. Analogously «
and ¢ both lift r, and ¢ and ¢, both Lift r;.

vi) ) (Ag) and £3(&) (resp. €3(Ay) and £3(£,)) are the discriminant divisor and the

class associated to =, (resp. 7).
(2.5).- We keep the assumption (C.C) € Rp. 41 aud we write P = P(C.C). We have

the description:

S =+ ) G EWNC). G e W), (Ca
Nmg (G + Vg (Q) = £}
{2.6).- For ¢ > 7 define the following subvarieties of =*:
V= {ri((+73¢) ] GeWHCD. G eW, (G
Nmg ($) =& Nmg,(G) =&}
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We = {r)(G)+ 2G) + 2% ()] G EW,,(C) G €W, 4(Ca),

{ € Pﬁcz(Eg ch;!"»l) + Nmsg(ﬁ"t} - 2€ = E}
where a € {0.2.-2). Then Sing=* 7 VU W_;u W, U W, with equality if A does not
belong to the image of the addition map | € | x | £ |—=i 2¢ | (this Lappens if (C,C) is
general). Otherwise a finite number of new isolated sinpularities could sppear.

(2.7).- The following table contains relevant information to be used in the sequel:

t 0 1 2 3 >4

v (] 0 ) dm ¢-7 irred.
dim ¢~ 7

W, 1 ¢ ¢ ] ured.
dim g -3

W, ¢ ¢ irred. rred. irred.

dit, ¢ -3 dum ¢ -3 dim ¢-9

W, irred. irred. ired. irred. irred.
dim ¢ -3 din g~ 0 dum ¢ -3 dim ¢ -5 dun ¢ -3

As we shall see in (3.4), when t = 3 and (C.C) is general V has two components.
The singulanity corresponding to an element of each one of these vaneties is stable for V',

exceptional for 'V, and stable and exceptioual for W_,; and W,

By using (2.4.v) the reader can observe that all these varieties are fixed by the reflectiou
with respect to K¢ (i.e: fixed by ).

(2.8).- Consider now the abelian vaneties Py := P(Cy. E) = Ker(Nm, ) (if t > 1) and
Py := P(C;. E) = Ker{Nm,,). We define the morphisms:

;:P;xf’;-—-—oP
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by sending ((1,(3) to x}((a) + x3(Ca), if ¢ 2 1, and
v:Pp— P
by sending (3 to #3({3) if t = 0. Then ¢ and ¥ are isogenies and:
Ker(p) = {(e(a),£3(a)) | a €3 JE)
Ker(y) = {0,3(£1))

(2.9).- Remark. The definitions of ¢, 7, Py,..., P, _3,A,€ and n given in (2.3) make
still sense if (C,C) € Ry , and we will use them throughout.

(2.10).- Now we want to apply the tetragonal construction to an element (C,C) € Rp,.
Assuming first that (C,C) € Rp,.« and keeping the notation of (2.3), fix a linear series
¢; n E inducing an involution v. Applying the tetragonal construction to (C,C) with
repect to ¢*(g3) one obtains two elements (C’,C”) and (C”,C") of R, (cf Introduction)

ifying: ”

a) In terms of the data introduced in (2.1), one of the coverings, say (C',C’), can be
described by the new set of data:

ot

S LN
¢ C G

\ l‘! /*“:
E

Note that (C*',C') = (C,C)if t = 0.

If W (P,) # Pjfor 1 <i <2t <j< 2 -2 then (C'.C') € Rpgr In any case
(élv Ce) € ﬁﬂ.!.t'

b) We now consider the second covering (C",C"). For 2 < t < {’-I‘,-‘-l} we define
1{;‘, ={(I.N e R, | T =T U,I'y with I'},T; curves of genus t— 1, g —t — 2 respectively}.
(Notice that t —1 < g — t — 2, since t < [£3}]). We call M, the subspace defined by
the additional condition of T'y,T'; being irreducible and smooth. Then the second cover
(C",C") is an element of M, . such that the components of C" are hyperelliptic curves. If
moreover ¥(P;) # P; for 1 <i <2t < j < 29 — 2, then (C",C") € M, ,.

For t = 1 we pnt

M, = {([,T) € R,/T = P' Uy [ and T is a hyperelliptic curve}.

Again the additional condition of I'; being irreducible and smooth defines a subspace H, ;.
Then (C",C") € M, ;. When v verifies the same condition as above, then (C",C") € M, ;.
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Finally we define for ¢ = 0

%ﬁ”((ﬁﬂﬁﬂ,ﬁhMMtwmww . 'ns
two pairs of points}

By imposing that the hyperelliptic curve being irreducible and smooth, and each pair being
non-hyperelliptic we define a subspace M, q. Then (C*,C") € M), ,. If v is geveral then
(C’",C")GH,;

By applying the tetragonal construction to an element of Ry , we obtain two elements
of M), ,. Once again if the linenr serics ¢; is general, then they beloug to H, .

The spaces M, , are irreducible and dense in X tmﬁ....,[‘i—ll,\%h‘waho

5.0

(ﬁﬂlu"e’zaﬂ“’? fmt_“;:Z,
dim H,, =29 -2 and
dim M, = 2¢ - 1.

Notice that our definition of M, , differs a bit of that of [De3]. This change is necessary
in order to have the next property.

(2.11).- Any clement of M, o can be obtained by means of the tetragonal construction
from an element of Ry, . In fact, this is a consequence of the construction that will
be given in §12. On the other hand, notice that P(R'y /) C P(M,,). Hence P(R},) C
P(RB.’J))*

(2.12).- Remark. From (2.11) we deduce that for each element of R'g,, there exists
an element of Ry, component giving the same Prym variety. This implies that the
tetragonal conjecture as stated initially is not true. This suggests the need for extending
the tetragonal construction to the case of allowable double covers and for extending the
tetragonal conjecture to the proper map P.

{2.13).- Although we have no direct description of Sing=* when we are in Ry , we deduce
from P.mark (2.12) and Table (2.7) that Sing=* has a unique component of dimension
¢ — 5 and possibly a finite number of isolated singularities.

(2.14).- Finally we recall two lemmas borrowed from [Mul] and [De2]. First we need a
definition. Let ¥ : ¢ — C be a double cover of a smooth curve. We shall say that an
effective divisor ou C is x-simple if it does not contain inverse images of eJective divisors
of C. Let ( € Pic(C) be the class attached to . With this notation one has:
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(2.15).- Lemma ([Mul],p.338). i £ is an invertible sheaf on C and D is an effective
z-simple divisor on C there exists an exact sequence:

0 — £ — x,(%*(L) 80, OND)) — L Do, O(Nm (D) - () — 0.

(2.16).- Lemma (Debarre [De2],p.550). Let x : ¢ — C be an allowable double cover
d;MmC*fmmﬁmeCMDtMW&f c ®
(Nmo(€))"" | with non-singuiar support. Suppose that h(€ o, Op(D)) > 1 for all
effective divisors D such that Nm,(D) = D. Then h%£) 2 1.
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3.Some properties of bi-elliptic curves

This section denls with properties of bi-ellipiic curves that will be used later on. In a
first reading it may be skipped and kept for reference purposes.

Let ¢ : C — E b2 a (2:1) morphism of smooth curves where E is an elliptic curve. We
denoie by A aud £ the discriminant divisor and the class determining ¢. By Riemann-
Hurwitz:

degd =29 -2, degf=g-1.
Let = : C — € be the involution which interchanges the points of each fibre.

(3.1}.-Fewtanu Let A, B be effective divisors on E and C respectively. Assume that B
is e-simple (¢f 12.14)). Then:

dei(A) + deg(B) < ¢iC) -1 = h%e"(A) + B) = A°(A).
PROOF: By applying (2.15) we obtain an exact sequence:
0 — Op(A) — e (Oce*(A)+ B)) — Op(A+ Nm (B) - £) — 0.

Thus:
h%(e°(4) + B) < h°(A) + h°(A + Nm(B) - £) = h°(A).

On the other side, one has an injection ¢ :| A |—| ¢*(A)+ B | given by o(R) = ¢*(R)+ B.
so h%*(A)+ B) = h°%(A). §

Note that B is fixed in the linear series | ¢*(4) + B | and that ¢ is a bijection. In
particular, if B = 0:

deg(A) < g(C) -1 = h%:"(A)) = h°%A)

and
le*(A) |={*(R)IRej A} =<(| A
{3.2).- If g(C) 2 5, then C is not trigonal (cf [Te]).

(3.3).- If g(C) > 4, then C is not hyperelliptic. To see this, take D > 0 a divisor of
degree twoon C. By (3.1) A°(D) = 1.
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(3.4).- Assume that C is genersl, of geaus 4. Then W}(C) has two different points. In
fact the canonical model of C is the complete intersection of a cubic and a quadric in P3.
The rulings of the quadric cut on C the linear series 3} of this curve. Let D > 0 be a
degree 3 divisor on C such that A% D) = 2. If | D | were the unique g} then:

D = r(D).

We write Q,,..., Qs € C for the ramification points of ¢. For each i € {1,...,6} we find
points 2.y, € C such that D = Q, + 1, + y, bence:

4y =iz, +riy)

By (3.3) this is an equality. If y, = r(z,) then D = Q, + ¢*(¢(z,)) and by (3.1) A% D) = 1.
We deduce that r, = r(r,). y, = r{y,). Now, by taking norms, there appear linear
equivalences between divisors on E having support on discriminant points. This contiadicts
the generality of C.
(3.5).- Assume that C is general, of genus 3. Then C is not hyperelliptic. Indeed, by
using that C' can be hyperelliptic in at most one way we can imitate the proof of (3.4).
(3.6).- We consider the following subvarieties of Pic?'?-'(C):

Z'= {CeSingd" | Nmy(() =€)

Z"={eMzr+y)+('| tweE (eWpes) i g(C)>5

A= (i‘f:} + {t i Ire E. C’ € “":{(#}_3} o Z” 'f y(C) 2 3.
Remarks: i) If g(C) > 3. then A is ireducible of dimension ¢(C) - 2.

i) lf g(C) > 6, then Z' and Z" are irreducible of dimension ¢(C)—-4 and Sing®® = Z'UZ"
([We2],Prop.3.6). If g(C) = 5, then the equality holds but Z’ is not always irreducible (in
fact by [Te| there is a bijection between its comuponents and the bi-elliptic structures on
C).

(3.7).- In order to avoid annoying notation for the varieties V and W, (wherea € 2.0, -2)
described in (2.6) we use the definitions of (3.6) applied to Cy and C;. In these terms the
descriptions of (2.5) read:

V={m((1)+ 7)) (€2, €z}
Wor={m(G)+ ()| G €Z), (€063 Nme((i)+Nme,((2)=¢)
Wo={x[(1)+73(C2)| G €A, €Az Nme(G)+ Nmey(G2) = €}
Wo={r}(C)+73(C) | 61 €6]. (€2, Nm, ((1)+Nmg,(() =€)
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(3.8).- Lemma([De3},Lemma 5.2.10). Assume g(C) > 6 and fix A € Pic®©)~}(E). Then
{¢ € 2" | Nm,{(() = A} is irreducible of dimension ¢(C) - 5.

'n particular 2’ N Z" is irreducible.
The following facts will be used throughout.
(3.9).- Preposition. One has the following equalities:
i) If (C) > 3 then:
{a€JCla+AC A} = {e"(a) | a € Pic(E)).
i) If g(C) > 5 then:

{a€lJCla+2"CA}={a€lCla+2Z"CO} =
={a€lCla+2Z2'N2"CA}={a€lC|a+2'N2"CO} =
={e*(#)-r-s|z€ErseC).

i) If g{C) > 5 then:

{a€ldCla+2"Cc 2"} ={a€dCla+2'N2Z"C 2"} =
={¢"(a) | a € Pic®(E)}.

PROOF: i). The inclusion of the second member in the first oue is clear. Let a € JC such
that a+ A C A. In particular, for all + € E and D € C'*~% one has h®(a+<°(z)+ D) > 0.
Then:

h®%a+¢*(r)) > 0.
Indeed, otherwise by Riemann-Roch
h (K¢ —e*(2) —a) = h®e*(E —1)—a) = ¢(C) - 3.

By taking points z,,...,r,)-3 such that r,4, is not a base point of the ‘near series
| e -2)-~a—-1r, —--- -1, | one finds an effective divisor D = 2’“ 3., verifying

=]

h%e*(€ — £) —a— D) =0. So h°a + £*(1) + D) = 0, which is a contradiction.
Now we may write a = D - £*(#) where D is an effective divisor of degree two verifying

h°(D + ¢*(a)) > 0 for all a € Pic®( E).
By applying (2.15) we conclude that D € Im(s*), thereby proving i).
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ii). All tlLe equalities are an easy consecuence of the following one:
{a€JC|a+2'N2"CO°)={c*(2)-r—s|2€E, rseC;.

This fact was proved by Debarre in [De5]. We give here an sketch of the proof. We only
prove the inclusion of the left hand side member in the right hand side member. Wrice
a = D - ¢*(A), where A € Pic"(E) and D is effective. If we assume that D is e-simple
then 2r < g + 1. In fact it is not necessary to consider the case the case 2r = g+ 1. It
suffices to obtain a contradiction if r > 2.

Suppose that 2r < g — 2. For a generic element B € Pic"(F there exists D’ > 0 such
that:
o D+ D' is ¢-simple.

e 2B+Nm (D' = ¢
Then ¢*(B) + D' € 2'n Z". By applying (2.15)
0<ha+:(B)+D)=h"D+D +(B-A))

<h(B-A)+h%Nm D+ D')+B-A-¢)
=h*(B-A)+h%Nrn D)-A-B)

which is a contradiction because B is generic. The cases 2r = g — 1, ¢ are similaz.
Part iii) follows from ). §




4.A key lamma

Let f : N — N be a (2:1) morphism of smooth curves with ramification divisor
T3, Q.. We denote by @ the involution of N attached to f.
wfhtﬁmbundkwﬁvithc‘(i}kﬁ. Chooee an isomorphism » normalized in
such a way that:
o*(p)oy =ld;.
Writing L{#] for the pointwise fibre of L over € N, one obtains isomorphisms:

PlQi) : LIQ) — o*(D)Qi = Lio(Q)] =LIQi] i€ (1.....k}

given by multiplication with constants A; with A? = 1. We attach to L a vector (L) =
(Agy--..As) € (2)* which depends on the choice of p. The ambiguity disappears when we
pass to the quotient modulo p; by the natural action. Then we have an homomorphism
of groups:

[
v:Ker(a'-x)-—.S-‘-‘-?-)—,
Ha

We use the notation v(D) and v(£) for D a divisor and £ an invertible sheaf on N.

(4.1).- Proposition. There exists a line bundle L on N such that f*(L) = L iff o(L) ::
(1,....1).

PROOF: It suffices to use [G],Th.1,p.17. §

(4.2).- Proposition. Let £ be an invertible sheaf on N such that 6*(£) = £. Then
there exists a divisor D on N with 0 < D < E:_l(:" and an invertible sheaf £ on N such
that

fUL = Lo»O0g(-D)

PROOF: By using the exact sequence:
0— 0&(-@.) — Q¢ — C?Q‘ — 0

and by observing that Oa(-Q;) ¢ Im(f*) (hence by (4.1) (-Q,) # (1.....1)) one has
o(-Qi)=(1, ..,— ,...,1).Thaa,hytcumnngfmthsmtableshum0¢( ~Q,) we can
make all the coordinates of the corresponding vector be equal. §

Let (C,C) € Rp,. We keep the notations of §2. In particular n €; JC is the class
determining r : ¢ — C.
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(¢.3).- Corollary. One has (C,C) € R)y, iff 7*(n) # 7.

Paoor: By (24ii), ’(n) = n when (C,C) ¢ R’y,. Conversely suppose r*(n) = 1.
Applying (4.2) we may write:

n=D-¢(4d) with 0<D< Ep,‘

Let C, (resp. C3) be the double cover on E given by the class of A (resp.f — 4) and the
discriminant divisor Nm,(D) (resp. & — Nm,(D)). Observe that:

e (Nm(n)) =29 =0.
So due to the injectivity of ¢*:
Nmen)=0 and 24 = Nm (D).
Then C = C, x g C; and C = C/(¢, 243). 1, and (3 being the involutions of ¢ attached to

the projections on (', and C; respectively. Hence (C.C) € Rp.g.¢ for some t. §
(4.4).- Lemma. Assume t > 0. We cousider the commutative diagram:

IC, — JC

A s

“
Then:
2 (JC) Nx3(JCy) = {x°(c*(a)) | a € Pic®(E)}

PRrOOF: Fix 3 € luag(x]) N Imag(x3) and 3, € JC,, d; € JC; such that 3 = »3(3,) =
73(32). By the assumption t > 0, the morphisms =, and r; are ramified, hence =} and
73 are injective. Thus we need to find an element 3 € Pic®(E) such that 3, = #( ) and
B2 = n3(B). To see this observe that e;(ﬁ} = 3. On the other side from (2.4.v) one has:

3(A) = 3(x3(Bh)) = 73(r7(Hh))

therefore
(B =8 =x}(r1B1))
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and

Hh =r(B).
In a similar way we get 3; = r3(3;). L'y applying (4.2), there exist divisors D, on C,, D,
on C; and classes 6;, a2 € Pic?(E) such that:

(4.3) h=ei(ar ~Dy, By=ej(a;)- Dy
where 0 < D, < ramification divisor of ¢,, 1+ =1,2.
Hence:

x*(¢*(ay ~ a3)) = 7)(Dy) — 73(Dy)
Let R, and R; be the effective divisors on C such (hat
(R ==}(Dy), =*(R;) =x3(Dy)

thus i 292
0SR <Y P, 0<Ri< ) P
(2.3} i+l
From
x*(e*(a; - az)) = x*(R, - Ry).
two possibilities appear:

eith: 1) ¢*ay~a,)=R, - Ry
or 1) ¢*(a;-a3)=R,-R;+n.

We first suppose i). From (4.1) we have v(R; — Rz) = (1,...,1), i.e.: v(R,) = v(R3). By
applying the proof of (4.2) we can compute these vectors:

!?(R;) = (Al.‘.,,Au,l..“,n with A, =~-1 if P e SUPP(R‘}

o(Ry) = (1. 1. Azre1.. Azy-z) with A, =-1 iff P, € Supp(R,)
We conclude that Ay = --- = Ay = )44 = -+ = Mgy, that is to say, either Ry = R; =0
or Ry =Y P, Ry=Y20;1 P. R, =Ry =0.then D, = D; = 0 and we finish by
taking 3 = a; = a,. Similarly, if Ry = Y20, P, Ry = Y272 | P, we get Dy = ¢3(£))
and D; = €3(&;) (see (2.3)). By replacing in (4.5):

S =€l = &) F2 =¢jlaz - &)

On the other side, by (2.4.ii):

Fij 2912 ) )
s‘(é,-—d:)sZi’.- Z P, =e*& - &)
g =2t41

and one finally obtains 3 = a, - §, = a; - &.
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8.The components Rp,, fort >3

In the first half of this paragraph (C'.C) is an element of Rp,, with t > 4 and P =
P(C,C). We keep the notations of §§1 and 2. In particular ¢ > 10.

In order to describe the fibre of the Pry:n map over P we shall use ideas from [Wel)
and [De2]. Via geometric constructions we recover essential information that almost gives
the initial data. To make the construction intrinsical we will need to recognize some
components of Sing=". For instance we can recognize V by its dimension. Our first goal
will be to recover from P other components.

Recalling the descriptions of (3.7) one has:

{5.1).- Proposition. The variety W_; N W; is irreducible of dimension g — 9 and one
has the equality:

W N Wy = {27({) +23(¢2) 1 G € 27.Ca € 27, Nmy ($1) + Nmy,((z) = €).

PROOF: We check first the eauality. Clearly the second member is contained in the first
one. To see the opposite inclusion we apply (4.4). Indeed. suppose that

(5.2) ) + 23() = 7(G) + 73(())
where

GEeEBY, (1€Z), (eZ. (;€0;
and Nm, () + Nm,(¢2) = Nmg () + Nmg,((3)

(|

£.
Then:
(G = ) = w6 ~ ()
By (4.4) there exists a € Pic?( E) such that:
¢1 - ¢ = ¢1(a)
(3 = €2 = =3(a).
In particular {; = e}(a) + (] and replacing this in (5.2) we are done.
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®: 2" x 28 — Pic*- ()
(€1,Ga) — =3(G) + 73(Ca)

Let us define T = {((1,2) € 2} x Z7 | Nm,,((1) + Nmy,((3) = €}. Cleasly ¥(T) =
W_3 NW;. Since each fibre of the induced map T — W_; N W, is isomorphic to E (use
(4.4)) it suffices to prove that T is irreducible of dimension g — 8. To see this look at the
first projection: T — Z¢. Clearly Z}' is irreducible and by (3.8) the fibres are irreducible
of dimension g —t — 5 (note that ¢ > 10, t > 4and t+ 1< g-timply g-t>6) Thus
T is irreducible and dimT =dimZ) + g -t -3=t -3 +9g-t-5=g-8. §

(5.3).- Proposition. The varieties Wy N W_; and Wy N W; are both irreducible of
dimension ¢ — 7 and they are described as follows:

P NOW_g = {x}((1)+%3(() |1 € Zy.(2€ A, Nm ((1) 4+ Nmy ((2) = C"}
WenW, = {':((t) + !;((3} | (1€ ALGa € Z;',; Nm., (C1)+ Nme,(Ca) = f)

PROOF: By symmetry only one variety has to be cousidered, for instance Wy N W;. Imi-
tating the proof of (3.1) one finds the equality. The irreducibility and dimension may be
obtained as in loc. cit. replacing ¥ by the morphism:
¥': A x Z) — Pic?*}C)
(€1.€2) — =7(G1) + 73(C2)
and T by T' = {((1.G2) € Ay x Z7 | Nme (G) + Nme(G2) =€} B
(5.4).- Remark. The second statement of Proposition (5.3) still holds true if t > 2.

(5.5).- We put
Ae={F€P|i+WonW, C W,

where a = 2, -2,

Due to (5.1) and (5.3) we know W), aniong the components of Sing=" of dimension g — 5.
Therefore we recognize also {(Wo N W;), (W, N W_3)}. Combining both facts {A_3, Az} is
intrinsically recovered from P. Qur next aim is to compute A_; and A,.
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(5.8).- Proposition. One has the equalities:

i) A= (rj(ej(2)~r—s)|2€E, rs€C;, 2E=e)r)+e(s))
i) Ap={x3(e}(2)-r-2) |2€ E. r,.€C;, 2&=ey(r)+ey(s)).

PRrOOF: We only prove the second one, the first one being equivalent. Looking at (5.3) it
is easy to check that the second wember of this equality is contained ir the first vne (by
(2.8) its elements belong to P). We show the opposite inclusion. Fix @ € A;. By using
(2.8) we may write

@ =r=x(a;)+x3(a;) with Nm, (a,) = Nm,,{a;3) =0.

Let x5(¢1) + %3((2) € Wo NW; where (; € A;, (3 € Z7 and Nm, ({)) + Nme,((2) = €
(¢f (5.3}). Applying Lemma (4.4) there exist elements (| € A,. ¢} € A; and a € Pic% E)
such that:

a1+ = +é(a) € A
a3+ (2 =(3-¢3(a) € A;.

Therefore a, + A, C A, and a3 + Z7 C A;. Then by using (3.9.i) and (3.9.11) we finish the
proof. §

(5.7).- Proposition. Assume t > 4. The sets A_;N2A_; and A;N2A; are two symnetric
irreducible curves. Their normalizations are C; and C; respectively, and 7, and r; are the
involutions induced by the (-1) map of P.

PROOF: We first observe that:

W ={rz+y-n(n)-niy))| ryeC}
g ={rj(z+y-niz)-nly))| =z.yeC}

Now, it suffices to consider the set A_; N2A_;. One has:
AaN2A; = {xj(z - n(2))| reC;)
Indeed, since r; has fixed points, x}(z — 7,(r)) € 2A_; for all £ € C,. Mareover:

Tz - ni(2)) = 7i(e}(ex(x)) — 2n{z)) € A_,.
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So the right hand dde member of ihe equality is ~on*ained in the left hand side member.
To see the appasite inclusion, take # € £ and r,s € C; such that 27 = ¢,(r) + ¢3(s) and
suppose that xf(e}(3) — r — s) € 2A_;. We obtain a linear equivalence:

(@) -r-s)=xiy+z-nly) - n(z)
where y, 2 € C). Since 7} is injective:
(5.8 e +np+n(z)=y+s+rs

By assumption t > 4 and then (3.1) implies that A%(ef(2) + ni(y)+ni(z)) = 1iff ry(2) # y.
i y = r1(z) the initial element belongs to the right hand side member trivially. Thus we
can assume that (5.8) is an equality of divisors and then either y = r(z) or y = 7)(y) or
2 = ri{z). In any case the inclusion follows.

Now, taking the morphism

1 C; — A_z ﬂgi\-g

r——w(z - 1(r))

the statement follows by observing that >, is birational (C, is not hyperelliptic by (3.3))
and that ¢ (ri(x)) = —o(2) B

(5.9).- Let x' : D — D be an unramified double cover of smooth curves such that
P.D,D) > P. Since the singular locus of the theta divisor of P has dimension ¢ - 5 =
dimP — 4, D is either trigonal or bi-elliptic (cf. [Mul],p.344). If D is trigonal P is the
Jacobian of a curve (cf [Re]). Then, by [Sh1] C has to be either hyperelliptic or trigonal,
which contradicts either (3.2) or {3.3). Thus D is bi-elliptic.

Moreover, looking at the table (2.7) plus the observation of (2.13) we deduce that
(D,D) € Rp,, with s > 4. Let D, and D; be the bi-elliptic curves of geaus s + 1 and
¢ — s attached to (D, D) in the usual way (cf (2.1)). Since as we hav= seen in (5.7) (Cy, 1)
and (C3, 7;) can be recovered from P, one has isomorphisms ¢, : D, — C, i =12
commuting with the corresponding involutions. In particular the base elliptic curve is the
same and s = t. Summarizing, if the diagram attached to (D, D) is:

* D £
" ImN\T
D D, D
N L/,

E }
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there exist §; € Aut(E) (i = 1,2) such that

.

Dy — C;
R C
E —— E.
')
Thus we obtain a diagram b
LN
D C G
\’%‘:"r‘;, .
Composing with a suitable atomorphism of E we get
(5.10) .
D
AN
'} C! C’t
N oey
E

where ® € Aut(F) and O(P,}#P,. forall 1 <1 <2t <j<29-2.

(5.11).-Thaorem. Let (C,C) be a general element of Ry, with ¢t > 4 and g > 10. Let

(D.D) € R, such that P(D,D) = P(C.C). Thea (D,D) € Ry, and (C,C) and (D, D)
are tetragonally related.
PRrooF: By (5.9) it only remains to see that each diagram (5.10) can be obtained by
applying successively the tetragonal construction starting from the initial element (C,C).
By (2.10) it suffices to see the following fact:

Lemma. Assume that E is general. Then the set:

F={®cAut(E) | ®P)# P, for 1<i<2<j<29-2}
is generated multiplicatively by the elements of I' that correspond to the linear series g}
of E.

PROOF: Let @ € I'. Take a point 7 € E and put 5 = &(7). Let & be the associated
isomorpldsm of JE. In other words:
L

E —— FE

s

JE —— JE
¢




where t,, t; are the embeddings of E in its Jacobian via translations by 7 and i respectively.
Since E is general and #(0) = 0 coe haa & = +1d. Then either &() = # ~ 7 + 3 for all
FE€Eax¥z)=7+5-2forallz2 € E. In the serond case @ is the automorphism
determined by the linear series | # + 3 || Now assume that ®(2) = # -7 + 5. Let us
conrider the automorphisms @, and ®; of E given by the linear series | 2F | and | 7 + 4 |.
The.:
" (E)=2Hk-4%
and
(N (2))=Ff+s-(i)=r+s-D+E=i—-F+3s.

So: P09, = ®. Moreover for a general # € E one has @, € I'. Since the linear series
| 2+ #(z) | varies with # when & is not an automorphism associated to a g} we obtain
®; € I also for a general 7 € E. This ends the proof of the lemma. §

The rest of the section will be devoted to proving the analogue of the Theorem (5.11)
for the component Rp 43. Let (C,C) be a general element of this component. There are
two components of dimension ¢ — 5 in Sing=": W,y and W; (cf. (2.7)).

(5.12).- Lemma. One has the equalities (cf. §1 and (2.8) for notations, part iii will not
be needed here, but later one):

1) I{W3)==](P) fort -1
u) I(We) = x*(e*(1,JE)) fort > 2
i) IW_2)=x3(P)  fort>4.

PROOF: We show first the equality i). To prove the inclusion of x{{P,) in the left hand
side member we cousider x;(3) € #;(P,) and we take an element x}((;) + #3((2) € W,
where (, € 03, (3 € Z7 and Nm,,((;) + Nm,,((2) = €. Since the map

Pic®(E) x C\¥ — Pic%(C))
i surjective, we may write
B+G=C +el(p),  where (| €0], pePic(E).

Then
1(8) + 73(G1) + 73(C2) = *3(()) + 73(C2 + €3(p)) € Wi

To see the opposite inclusion take @ = #3(a, ) + x3(a2) € P with a; € Py,a; € P; and suca
that a + W; C W,. By applying Lemma (4.4) as before (see for instance the proof of (5.6))
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we get a3 + 37 C Z7. By (3.9.ii) there exists @ €; JE such that a; = £3(&). Therefore
a€ =}{R)

In ii), the inclusion of the right hand side member in the l2ft hand side member is obvious.
Take now & = z}(@; )+ 73(az) with a; € P, and a3 € P;. Assume that G+ W, C W,. Again
as a consequence of Lemma (4.4) one has a, + A, C A, and a; + A; C A;. By using (3.9.i)
we obtain that é € #*(¢*(JE)). This ends the proof of the inclusion I(W,) C #*(¢*(,J E)).

Part iii) is analogous to part i). §

By dimension count of I(W),), : = 0,2, we may distinguish Wy from W),.

(5.13).- Proposition. One has:

U ((Wg)_f Nxf(P)) = {x(ef(z) -r-s) | € E;r,s € C) and 27 = £,(r) + £1(s)}.

{ew,
PROOF: Let { = #J(e3(2) + r) + %3(C2). where : € E. r € C; (3 € A; and such that
Nm,, (£3(£) + r)+Nm,,({2) = £. We take a, € P, such that
rilai) + (€ Wo.
By Lemma (4.4) this implies that
ap +e5(2)+r €A

Heuceay = v’ —r + ¢}(a) where a € JE, r.r' € C,. By replacing @ by & — ¢,(r') for some
r € E we get

(5.14) (Wo)_¢nai(P1) C {n}(ef(2)-r—s)| 1€ E,s€Cyand 27 =ey(r) + 4(s)}.

The inclusion of the right hand side member in the left hand side member in (5.14) is
trivial. The equality in (5.14) clearly implies the equality we wanted to prove. §

(5.16).-Theorem. Let (C',C) be generic element of R, 3 with ¢ > 10 and let (D. D) €
R, such that P(D,D) = P(C.C). Then (D.D) € Rp,s and (C,C) and (D, D) are
tetragonally related.
PROOF: First we observe that the methods used in the first part of this section (i.e.:
for (C.C) € Rt t 2 4)in order to recover the set of data (C;, ;) are still valid
(cf. (5.4).(5.6.i1) and (5.7)). On the other side we have seen in (5.13) how to recognize
intrinsically in P the set

{x3(e3(z) —r ~s) |2 € E.r.s € Cy and 22 = 64(r) + £,(s)}.

Since it coincides with the set obtained in (5.6.i) we can also imitate the process given in
(5.7) to obtain the set of data (C;,7,). Then the proof continues as in (5.11). §
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6.The components Rp,; and Rp,,

In this paragraph we wish tc prove the analogue of Theorem (5.11) for the components
Rbsa and Rp,,. We use essentially the same ideas. Only the way to recover (Cy, 7))
needs & new point of view, we shall consider the study of some intersections Z°*N=*;. We
keep the assumptions and notations of §1 and §2.

Let us denote by (C.C) a genera: element of Rpg2 From (2.6) and (2.7) we may
suppose that:
Sm,g_.. = WoU W,

{6.1).- Due %0 (5.12) we can make a difference between both components.
(6.2).- Remark. We imitate §5 (see (5.4), (5.5) and (5.7)) and obtain from P* the curve

A3 N27; = {m3(x = ny(2)j | £ € Ca}.

By normalizing we recover (C;. 13).
Now we aim at describing a subvariety of »7{P,) that determines the curve C,.

{6.3).- Proposition. One has the following equalities:
i) If a = x3(z - r3(z)). where z € C;, then

=*nzZ; = FuXia)
where

X(a) = {#}((1) + 73((2) 1 L €O (€O A(G-2)>0
&ﬁd .‘VWI“(CQ) + ‘N’mlz((2) = E}

is the moving part of this algebraic system and F is the fix part (see below for a description
of F).

i) Let N = {x3(()) + 73(C2) | ¢1 € O], Nm,((1) = £,,(2 € Z}}. Then:

[l X@=W,uWw,uN,
3€A2M2A, - (0}

and N is the union of the irreducible components distinct frcm Wy U W).
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iii) if @ = x{(a;), where ay € Py - {0}, then:

NNE] = {x}(C1) + 73(C2) | & € 87N (8])e,, Nme, (G1) = 1,2 € 23)
U{=}(C1) + #3(C2) | G € B3, Nm, (1) = §1,C2 € 23N Z23).

PROOF: i). Let { = #((1) +*3((2) € E*NE] with & = #3(z — ry(z)). By applying Lemma
(4.4) we find elements (| € 63, € ©} and 5 € Pic*(E) such that:

(6.4) G = +e5(p)
ra(z) — 2+ (2 = (3 — £3(p)-

Suppose first that p = 0. Then

GE 9; Q(G;)x—cn{z} ={(2 € e; | hﬁ{‘:&t ~-z)>0)
U {Cz € O3 | A% (2 + mal7)) 2 2).

H (; belongs to the second set, by Riemann-Roch one has
h° (R, = G2 = malx)) > 0.
Define A = €3 - Nm,((3). 31 = (1 ~€j(\) and 33 = (2 + ¢3(A). Then

hO(31) = h%((1 = €762 = Nmey () = h%(—r7(Co) + €3(61)) = R°(m((i)) > 0
h%(B2 — 1) = A% K¢, = 13((a) — 1) = h%(K¢, = (3 = ra(1)) > 0.
Therefore x7({;) + 73((2) = 7{(51) + *3(32) € Xia).
On the other hand if p # 0 then (cf. [Ded], p.9)

GEBINON e = AU{GE€O] | Nme (1) =& + p}.

If Nm, ((1) =& + p then p = Nm, ((1) - & = & — Nm,,((2) and by replacing in (6.4)
one has

13(C2) + r = n(x) = K¢, - (3.

Thus (; € 03N (03), ) add proceeding as above we conclude that (; € X(a). We have
proved the inclusion =* N =3 C F U X(a), where

F= {x}(C1)+73(C2) | &1 € A41,(3 € O3, Nmy (C1) + Nmy,((2) = €).
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The inclusion of X(&) in the ieft hand side member is trivial. Take now { = #{(()) +
x3((2) € F. Since the map

Pic®(E) x C{¥ ™ — Pic?~%(C3)
(a.D) — z3(@a)+ D
is surjective we can write
r-1mz)+ (2= D+exla)
and then x3(z — ra(z)) + { = *}((1 + €](a)) + 73(D) € =°.

The reader may observe that F and X{a) have pure dimension ¢ — 3 and that dim(F n
X(a)) = ¢ — 4 for all a. This concludes the proof of 1).
i1} The inclusion
WouW,uNc ) X
d€AINIA;~ {0}

is left to the reader.

To see the opposite inclusion let ( = x1(G1) + 73((2) € X(a) forall a € A;N2); - {0}
Then for all r € C; there exist (] € 61.(; € O] and p € Pic’( E) such that

K3 — 1) >0
(6.5) GG+
(2= G - £3(p).

Let T be an irreducible component of the fibre of the map

Pic®(E) x C; x CY ™Y — Pic?~%((3)
(p.2.D) —r+ D - <3(p)

over (3. In these terms the conditions (6.5) say that we may (and will) assume that the
projection from T to C; is surjective. Suppose that the projection T — Pic%(E) is
constant and let py be the image. Then for all € C; we find an effective divisor D such
that:

2= 1+ D - ¢3ipo)

Therefore h%((z + £3(po) — ) > 0 for all r € C; and hence (; € Sing®; = Z} U Z}'. So {
belongs to W, U N.
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I T — Pic®(E) is surjective we find that
h(C2 +€3(p)) > 0

for all 5 € Pic’( E). Hence (3 € A;. Now it is not hard to deduce that { € WoU W;.
From the descriptions it is clear that N has not components contained in Wy U W,. This
finishes the proof of ii).

i) The inclusion of the nght hand side member in the left hand side member is left to the
reader. To see the opposite inclusion let *3({;) + *3((3) such that {, € 8}, Nm({;) =
1. (2 € Z} and suppose that

Ti(—ay + Q1)+ ®3((2) € =°.
Again there exist {} € 0], (3 € O3 and p € Pic’( E) with

—a + G = +eap)

YRS

= C'z - fg{ﬁ’)»
If p = 0 then ¢, € B8] N (O7}),,. On the other hand p # 0 implies that
GG E€EOINOY) ey = AU €O Nme,((2) = &2 - p}.

Since ¢z € Z;, oniy (2€ 4,18 ;xmbie and then (z € Z; B Z? [ ]
(6.6).- We shall define for a = #}ia,).a, € P, - {0}

N(a) = {77(Q) + 770C) [ G € O7N{O7)e, . N1, (G) = &1 2 € 23}

This set is recovered from N N =} as the umion of the components not contained in W;.
Our next goal is to distinguish ponts in =#}( P, ) looking at the number of components of
N{(a). We will see below that the set O] N (O}),, N Nm_'(£,) is tinite. The cardinal of
this set coincides with the number of irreducible components of N(a).

(6.7).- Let D be the ample divisor induced by 6, on the abelian surface P,. By Riemann-

Roch 2
h(D) = -DT and h°(D)? = deg(Ap).

-

By using {Mul],p.330 we obtain deg(Ap) = 4 and therefore D? = 4.
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(6.8).- Let 2 € C, and let a; = 2 ~ ny(z) € P,. Oue has
8;N(6})e, = (2 +C1)U{(i € 67 [ A%((y + mi(2) =2}
The first component meets Nm; !(§;) at the points z + y and z + \(y) where ¢,(y) =
£y — £3(2). On the other hand if the divisor r + s verifies A%r + s + 7(z)) = 2 and
€1(rj + 1(s) = £, then by Riemann-Roch

0<A%Kc, —r—s-n(z)) = h%ni(r) + ri(s) = ni(2)) = R%r + s — 1).

Hence the secoad component intersects Nm_ '() ) at the same points. That is to say, in
this case N(a) has at inost two components.

(6.9).- Let T be the curve given by the pull-back diagram:

T —q?
-
& | —— EW

the horizontal arrows being inclusions. Since €'} is general it is easy to obtain (cf. §11)
that ¥ is a smooth curve of genus 3, the quotient X}r:”

not isomorphic to E.
‘e shall denote by L, the image of the map

is an elliptic curve E, and E, is

4

r+y-—r+y-nir)-nlyh
(6.10).- Proposition. One has:
{a € #}(Py)| number comp. N(a) < 4} =T U x](Zy)

where Il = {#](z - r,(2)) | 2 € C}}.

PROOF: By (6.6) we must study te cardinal of the set 6} N (0};,, N .vm;‘(é,) when
ay € P,. From (6.8) we have the inclusion of IT in the left hand side member. To see the
rest of the statement we shall need the following properties of the quartic plane curve C-

¢ The lines determined by the divisors :{(z) with z € E all pass through a common
point O€P?, where O¢ C,. (In fact O=P(H*( E,Og(£,))*) CPH(C,.K(,)*).
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¢ The ramification points Pj,.. ., Pq of £; belong to a ine ! and O¢ 1.
o 2,y € C) verify e;(z) + ,(y) = & then O€ Ty.

T A — - - — o —_—

In fact the involution 7, admits the following description: let € C) and take 1’ € INOz,
then | 0,2', 2, 7y(2) |= ~1.
Take now a point z +y € 67 N(0}),, N Nm_ (). The following equalities are well-

known:

= PTQ:(J‘ +y)C PTJC‘(I +y)= PHG(C;, Kc‘ )*

73 =PTlie;), (z +y) wherer + s€|z+y—ay |.
Since €,(z) + €,(y) = €,(r) + €4(s) = &, both lines pass through O. Thcy are equal iff the
following equality of divisors holds

THy+n(z)+n(y) =r+s+nir)+n(s),

that is to say iff x3(a,) € ITU =} (Z,).
Assume first that #(a;) ¢ IUx(Zy). In this case the curve 8] N(O3),, is not singular
at 7 + y and it suffices to show that O¢ PTp (0) in order to obtain transversality in the

intersection. Indeed:
Tr(0) = (H%(Cy,Kc,)")* = HYE,Of(£,))* = HE,Of)* C HYC\, Kc,)".
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On the other hand, if sx is an equation for the ramification divisor R = ¥4, P! then the

H°(E,Of) — H%(C,,K¢,)

s —&(s)sr

induces an equality PH*(E,Og) = {R}. By dualizing we get O¢ | = PTp, (0). Observe in
particular that it foillows from this that the set 0;N(0}),, "Nm!(,) is finite. Combining
(6.7) with the transversality we find

7i(a;) ¢ U =}(Ey) = number comp. N(a)=4.

Finally if a;, € £ then PTa;{.r +y)= PT(Q;,“i: + y). Thus ©} N (O1}),, is singular at
X+Y.

Therefore a; € £y => number comp. N(a) < 4. §

(6.11).- Theorem. Let (C.C) be a geueric element of Rp,; with ¢ > 10 and let
(D.D) € R, be such that P(D, D) = P(C,C). Then (D,D) € Ry, and (D.D) and
(C,C) are tetragonally related.

PROOF: In view of the proof of (5.11) it suffices to show how to recognize (C,, ;) and
(C;.72) from P. Observe that (6.2) says how to recover (C3, 7;). In particular we recover
the curve E. By combining (6.1), (6.2), (6.3), (6.6) and (6.10) we recover the set [TUx{(Ty)
intrinsically. By (6.9) one obtaius that the normalization of 77(E,) is an irreducible curve
of genus < 3. Thus if it has genus < 3 then we distinguish I1 as the component of the set
with normalization of genus 3. Otherwise since the quotient of £ by the involution given
by symmetry is not isomorphic to E we also recover [1. Now by normalizing the symmetric
curve [l we obtain (Cy,7,). §

In the rest of this section (C,C) will be a general element of Rp.g1- By (2.6)and (2.7)
we can assume that Sing=" = W} is irreducible of dimension ¢ - 5.

(6.12).- Proposition. One has the following equality:

{ae Pla+ Wy C=) = {x{(a)) + mj(e3(2) =7 — 8} |
@ € PLr€E, rseC 25=cr)+cs))

PROOF: The inclusion of the second set in the first one is clear. To see the opposite
inclusion take a = x{(a;)473(az) € P wherea, € P,. a; € Pyandsuch that a+W, C =°.
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Let { = z}(z) + #3((2) € Wi, with 2 € C), (3 € 2} and €)(z) + Nm((2) = €. By
applying Lemma (4.4) one finds elements ' € Cy,(; € W)_,4(C2) and p € Pic®(£) such
that

(6.13) ay+r =1 +¢}(p)
az + (2 = (3 — £3(p)
Let us define the following subvariexy of ) x 2§
Y= {(r. (€ Cy xZ) leylz)+ Ny ((y) = £}
Consider now the morphism:
¥ : Pic%(E) x €y x CY ™% — Picl(C)) x Pic? %)
(p.r'.D) —~ (' +¢}(p)-a,.D - £3(p) — a3).

In these terms the equivalences of (6.13) -ead: Y C Im(¥). Since Y is urreducible (it
suffices to apply (3.8) to the fibres of the projection map from Y to C; ) there exists an
irreducible component X of ¥ "'(Y) such that the induced map

V. X —V

is dominant. If ¢ : X — Pic®(E) is the first projection we call Y, := Wig~'(p)) for all
p € Pic®( E). Two cases are possible:

either a) Y, =Y for some p € Pic®(E)
or b) Y,#Y forall pe Pic’(E)

In case a) define

by =a; —c}(p) and by = ay + £3(p).

Then (6.13) says:
Ro(by 4+ ) >0, A%b,+(3) >0 forall (r.(3) €Y.

Heuce by = 0 and b; + Z7 C ©3. Therefore by using (3.9.1i) we finish th~ proof.

In case b) we write A : Y — C; C Pic!(C)) for the first projection. We claim that A Y,
1s non-surjective for general p € Pic’( E). Otherwise for all r € C, one finds an element
(2 € Z7 such that (z,(z) € Y,. In particular h°(a, + £ — ¢}(p)) > 0 and then a, = <}(p).
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Now since for a general p, Y, contains components of codimension 1 in ¥ we deduce
from the claim the following fact: there exists ro € C, such that A~}(z,) C Y,. Hence
(6.13) reads:

&u(fx; + Xy *ﬁ:(ﬁ)) >0 and 56(:‘33 +(3 +£;(p)) >0

for all {3 € Z7 with Nm, ((3) = £ - €1(z0). In particular
02 +€3(p) + {2 € 23 | Ny (Ga) = € - ealx0)} C 85,
The proof ends by observing that
{G2€ZY | Nm (G2) =€ - erlxo)) =¢3(a)+ 23N 27
where 2a = § — £,(zg), and applying (3.9.11). B
We shall denote by B the set desenbed in (6.12).

{6.14).- Proposition. The abelian variety #]( P;) acts on BN 2B by trauslaticns on P

and the quotient
Bn2B P

C
(P T ox(Py)
is a synunetric curve with normalization C';. The reflection on P/x(P,}; induces on C;
the involution 7.

PROOF: By using the standard arguments of §5 one has:
BN2B = {xj(a)) + n3(r —rz(x)) | a) € Pr.1 € C,}.

Now the morphism
:N2B
ACyp— b
! P

r ——s wi{r - 1ir))

is birational and verifies A\(ry(r)) = = Az). §
(6.13).-The reader can prove withou: much work the following properties:
e P, C JC, is an elliptic curve .
o The morphism
n:Cp— P
r—esr—nmnir)

is a double cover with two ramification points :  .ing on C; a new bi-elliptic structure.
The attached involution r| is the composition of 7, with the hyperelliptic involution.
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o We shall write Q, and Q; for the fixed points of r; and P;, P} for the ramification
points of ¢;. With the notations of (2.1) :

Q+Q =P +P =K,

(@) = Qa, 51(0!)*’5;(0:)6[51{
n(P) =P, w(P)=uPy) =0

We write Q; = u(Q,) and Q2 = 4(Q3).
The picture is:

£

—?ﬁo *F”n ?25 ‘0 A@: Q:f

where | £, |= {f’e}-

o Note that @, = u(Q,) = Q1 —7(Q1) = —(Q2 - 11(Q2)) = —n(Q2) = ~Q3. Moreover
0 =P +P=Q,+ Q.

Summarizing we obtain (composing with # : P, — x}(Py)) that C; can be represented
as the double cover of x}(P;) associated to the class of the origin (as a point of the abelian
subvariety of P) and the discriminant divisor #](Q,) + #§(Q2). Since the class is trivially
recovered from #{(P,), we only need to find the divisor inside P. Moreover the involution
71 will appear when composing the canonical involution of C, with the involution attached
to this cover.
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(6.16).- Proposition. Let & = x(z — 7\(z)) # 0 where x € C,. Then:

E°nE; = FUR(a)
where

F' = {x}(y) + 23(C2) | y € C1, (2 € Az, era(y) + Nm,,((2) = €)
R(a) = {x}(2) + 73(C2) | 2 € ©3,€4(2) + Nm,((2) = €).

PROOF: To see the inclusion F' U R(&@) C =* N =} compare with (6.3.i). We prove the
opposite inclusion. Fix { = x(y)+ 73((2) with y € C),(3 € ©3 and €,(y) + Nm,,((2) = £
verifying

-a+(€Z".

By lemma (4.4) one finds elements 2 € C,.(; € W)_;(C;) and p € Pic®(E) such that

(6.17) y+nlri-z=z+¢(p)
G =~ £3(p).

We cousider the possibilities:

t) p=10
) p#0

If 1) occurs one has

g+nlri=r 4+

The equality would lead to y = r (recall that r # ri(r) due to a ¥ 0) and t, € Ria). So
we only consider the case:

(6.18) y+nlr) =ac,.

Defining a = £, — ¢,(y) one finds

(6.19) y+eila)y=y+ Ke, —eliaily) =K, - nly) =n(Ke, —y)=1z.
Moreover Nm,,((2) = € — €,(y) = &3 + a. Hence

(6.20) h%(Ga - %(a)) = KK, - 12((2)) = K°(72((a)) = h°(Ga) > 0.

50




Combining (6.19) and {6.20) one has:
¢ = x}(y +€3(a)) + 73((2 — €3(6)) = 7}(2) + 73((z - €3(d)) € R(a).
From now on we assume  # 0. By (6.17) we get
(2 € 03N (03)-e3p) = 42U {(2 € W,_3(C2) | Nmo,(Ga) = &3 - p}

(¢f.[Ded),p.9). When (; € A,, clearly ( € F'. On the other hand if Nm,,((;) = & — p we
deduce

aly) =6 +p.
By replacing p iu the first linear equivalence of (6.17):

nir)+ Ke, =1+ nly) + =

Writing K¢, = z + 2’ we have now 7(z) + ' = 1 + 1(y). We deduce as before that either
r=yorr+1n(y)= K¢, The first possibility leads directly to ( € R(a) and the second
one implies
rnir)+ Y= A'C;*

Going back to (6.18) we end the proof as in case 1). §

(6.21).- Remark. As a matter of fact the computation of =° - =} has heen made by
Debarre in [Ded]. He finds:

=S = {CEe ST AAC - wi(a) 2 1 for @ = xj(x — (1))
and
Sing(Z*-Z3) D {C € 2 | h%(( - #}(2)) 2 2},

We adapt his general proof to our case. First we note that
FURa)={Ce= (¢—mi(z)) 21}

Indeed. the inclusion of F'UR(a) in the right hand side member comes from the descriptions
of (6.16). Next if { = xj(y) + 73((z) € =" with h®(x(y — 1) + x3(C2)) > 1 one has either
that 73((2) is not =,-simple (cf. (2.14)) or

0< h%y—z2)+h%y -1+ Nmg(x3((2)) - €3(€2)) =
=h(y-2)+ Ry -r+c)(E-ai(y) -e5(&) =
= K%y - z) + h%ej(&h) — 2 = ni(y)).
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It is easy to check that the first case implies that (; € A; and then { € F*. The second
case leads to one of the following two possibilities:

1) y=1z
1) z4+n(y)=eb)=Ke,.

The recurrent argument starting at (6.18) finishes the proof of the inclusion of the night
hand side member above in F’' U R(a).

Next, note that {C €= | A% - x3(z)) 2 1} is a special subvariety essociated to the
linear system | K¢ — Nmg(x{(z)) | in the sense of [Be2] (cf. also [We3]). In other words,
defining X by the pull-back diagram

X s (N2e-0

| Ke - Nm,(r:(z)) | ——— Ctis-®

the image of X by the morphism
g CH~Y _ pict-3(()
D-—— x(z) + D

has two connected components. Ouly one of these compouents sits inside P* and it equals
Z*NZ;. In loc. cit., Beauville computes the cohanology class of special subvarieties. In
the present case the class is [Z]. So =°- Z; is reduced and the equality of the statement
holds.

Suppose now that { € =° verifies A%( — x3(r)) > 2. We can assume that h%(() = A% -
73(r = 11(z))) = 2 (otherwise either { € Sing="or ¢ € Sing=}, hence { € Sing(Z*-Z3)). It
suffices to check that the tangent spaces of the two divisors at the point are equal. Taking
bases for both H®({) and H%({ - x;(z - r1(x))) the reader can apply [Mui], p.343 for this

computation. This finishes the proof of the statements in (6.21).

2}, a characterization of Welters (cf. [We3] and [Be2]) of the singularities of the special

subvarieties gives the inclusion:

(6.22)
Sing(Z* - =3) C {{ € Z* | h%(( - #}(2)) > 2} U {=](z) + D such that

for A > 0 maximal with z*(4) < D, A%A +£°(e1(2))) > 1}.

We remark also that, since on =° ¢ is one-to-one outside {f €= h°(f - x3(r)) 2

The next result allows one to find distinguished points in =7(P;).
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(6.23).- Proposition. Let 0 # & = x{(z - ry(2)) € x}(P;). Then dim(Sing(=*-=3) - F)
iff e4(2) = £,.

ProoF: From (6.21) and (6.22) it suffices to see the following facts:
i) B ey(2)¢j& |, then R(a) - F’' intersects the second member of (6.22)
in a finite number of points.
u) B ez)€l&). then dim(R(a) - F)n{{ € 2" | A%( - *j(2)) 22} > 0.

To see ii) observe that the set
{=(2)+ 73(() 1 a2 23 - 23N 25 e4(2) = &4}
of dimension g-6 is contained in the above intersection.
Assume now that £,(z) ¢} £, | and take = %7(x) + x3((3) such that (; ¢ A;. Then
K¢ = w3(2)) = KU(x3(Ga)) = R%(Ca) + AO(Ga - €3(60)) = A°(Ga).

So h%({ — x3(x)) > 2 implies (; € Sing®3 = Z;U Z}. Since (; ¢ Az O ZJ and Nm,,((2) #
£, this is a contradiction.
Suppose finally that there exists a divisor A > 0 on C such that
h%(%3(C2) — x°(A)) > 0 and h%(A + £°(£,4(2))) > 2.
In particular A # 0. By using (3.1) the second inequality says that either A is not ¢-simple
or deg( A)=g-2. In the first case we conclude that we may write

5.

G = (et (AN + B
where A and B are effective divisors on E und C respectively and A is not trivial. Then
0 < A%x3((z = €3(A)) = A%(G2 = £3(A)) + A°(Ga — €3(A) - €3(6:)),

which contradicts that (; ¢ 4;. On the other hand. if deg( A)=g-2 then 7°(A4) = =3({2).
Taking norms one obtains that 24 = ¢°(£3((3)). By (3.1) there exists an effective divisor
Ay of degree g-2 on E such that 24 = ¢*(4y). As above A not ¢-simple leads to a
contradiction. If A is ¢-simple, then it has support in the ramification locus of ¢;, and a
finite number of possibilities appear. §




(6.24).- Theorem. Let (C, C) be a generic element of Ry,,.; and let (D, D) € R, such
that P(C,C) & P(D, D). Then (D,D) € Rp ., and (C,C) and (D, D) are tetragonally
related.

PROOF: By using the arguments of (5.9) we conclude that (D, D) € Rp, Then, from
the number of irreducible components of Sing=* (cf. (2.7) and (2.13)) we conclude that

(D.D)€ R ,URp,0U R,
As we shall see ‘independently) in (7.1.i) (combined with (2.12)) the property
dim{a€ P|a+ Sing=* C Sing="} =1

of. (5.12.)) does not hold for the elements of the components '3" and Rp,0. So
D.D)e R, By arguing as in (5.11) it suffices to explain how to recover (C,, ) and
C3.73) from P. The way to do it in the second case comes from Propositions (6.12) and
6.14). In the first case this is done by combining (6.15), (6.16) and (6.2%). §
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7.The components Rg,o and R,

As we remarked in (2.12) the study of these two components should be done simul-
taneously. Our approach consist in looking at each compouent independently and then,
comparing the constructions made in each case, to establish an injection from R, in
R B.y,0 commuting with the Prym map.

Let (C,C) € Ry 0. We keep the notations of §1 and §2. In this section we do not
need the assumption of generality. Although the equality Sing=* = W; cannot be used,
W, appears as the unique compounent of dimension greater than 0. Recall that t = 0
implies that ¢; and r; are unramified. We shall denote by A the non trivia: element of
x*(e*(4,JE)).

(7.1).- Proposition. One has the equalities:
1) {ae Pla+W,C W,;}={01\}
u) {a€ePla+W,C=") = {x}{e3(z)-r—s)|z€E,
r.s € Cy. 2r=ea(r)+ca(s)}.

PROOF: In both equalities the inclusion of the right hand side member in the left hand
side member is clear. We fix a € P. By (2.8) we may write @ = x3(az) where a; € P;.
First we suppose that a + W; C W;. Since

Wi = {r3(C2) | (2 € Z7. Nm,((3) = €}
and
Ker(r3) = {0.<3(&1)}
we deduce that for all (; € Z} with Nm, ((;) = ¢
(7.2) ay+ €Z)
By taking a = ¢3{a) with 2a = £, we get
a+{CG€ZyINm () =€V =2,nZ].

So (7.2) says that
a3-a+2,N2) CZ;
Hence, by (3.9.iii}, a3 € Py N Im(¢}) and we are done.
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Next we assume that & + W; - Z*. We obtain similarly
a+ic €271 Nm =€) C U (8wt
Taking a as before one has:
a-a+23N2Z3 COTU(BF)4 (e,
By using the irreducibility of Z4 N 27 (cf.(3.8)) and (3.9.ii) we end the proof. §

Let us denote by S the set described in (7.1.1i). Then

(7.3).- Proposition T.c set SN2S is a symmetric curve with normalization C;. Moreover
73 is the involution induced on C; by the (-1) map of P.

PROOF: We claim that the following equality holds
(7.4) SN2S = {x3iz — sl i)l r€Cy}

First we sec tha! all the statements are a consequence of this claim. In fact, only the
biratiouality of the map
v - C; — 5“25
r— wy(r —r3{r})
needs to be proved. Assume that (1) = p2(y). Then £ + r3(y) - r2(x) — y € Ker(x3) =

{0.5;{{;}} Hence:
27 + 2(y) = 2y + 2ry(2).

The equalit- of divisors would conduce to either £ = y or r = 73(r). So we can suppose
that /% 2r + 2r5(y)) 2 2. Since all the linear series g} on C; come from ¢}'s on E one finds
a divisor 4 € E'? such that 2r 4 2r,(y) = <*(A} and then we have again either z = y or
r=r 4z}

In order to prove (7.4) we observe that
25 = {%3((a - nal(2)) | G2 € WH(C)}

Suppose that 73(¢3(r)—r —s) € 2S where r € E, r, s € C; and 2& = e4(r) + £4(s). For
some points y, z € C; one has

either €3(z)-r—s=y+:-r(y)—maA2)

or ej(F)—-—s==y+:—ry) - ra(z) +3E)
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eEi+ny)+n(zi=y+z+r+e.
If h%(e3(2) + na(y) + ma(z)) = 2, then Lemma (3.1) implies that : = r3(y) and one has:
re3(F) —r—s) 2 aiy + 2 - naly) - nlz)) =0

Otherwise we get an equality of divisors. The proof ends by looking at the different
possibilities. The opposite inclusion is left to the reader. §

(7.5).- Remark. The data (C;. r;) do not determine the initial element (C,C). However,
by recovering the class £3(£, ), the curve C, {hence (C,C)) may be reconstructed from our

(7.6).- Theorem. Let (C,C) and (D. D) be two elemenis of Ry , o verifying P(C.C) >
P(D.D). Then: (C.C) = (D.D).

PROOF: By (7.1). (7.3) and (7.5) it suffices to exhibit a way to recover ¢3(§;) from P.
Going back to the proof of (7.3) one finds a morphism:

C} et P
inducing a morphism:
J: J(’z — P

By construction one can factonze j into ' o h, where
h: JC'; e l!ﬂ&gfldw ;3:3 Pz

is the obvious map and ;' = 2 Py Then Ker()') = {0.£3(£;)}. Hence we obtain £3(£,) €
P,clJC; B

Let (C.C) € R'y,. We keep the notations and assumptions of §1 and §2 (see specially
(2.9)). In particular ¢ > 10. Recall that by (4.3) one has 7°(n) # n.

(7.7).- Proposition. With the above notations, Sing=* has a unique irreducible com-
ponent of dimension g — 5. This component admits the description:

W= {z(c"(z+y)+{€ P |rye E(e WP _,(C)).
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PROOF: Acording to (2.13) it oniy remains to check that dimW = g — 5 (note that by
definition W C Sing!,=* C Sing="* (cf.§1)). We consider the morphism:

K : B3 x G310 Picu”z(é )
(+§,D) — D+ =x°(*(z + §)).

Let usdefine T = x~}(P*)and  : T — P* the restriction of x. The fibre of the projection
of T onto E'¥ over a point # + § is isomorphic to a special subvariety (in the sense of
[We2] and [Be2]) associated to the lincar system | K¢ — 26°(2 + ) | =| e*(§ - 22 - 2§) |
of dimension g - 6. Hence dimT = ¢ - 4. Since X(T) = W and the generic fire of & has
dimension 1 we conclude that imW =g - 5. §

(7.8).- Proposition. One has the equality:
{aePla+WCE")={x(c"(2))-C€PlzeELeWC))

PROOF: Let a € P such that a + W C =*. We wish to see that a is in the right hand side
member. By hypothesis

ha+x(c"(r +y) +{) 22
for all (£ +y.{) € B x W), _o(C) such that x°(¢*(z + §)) + { € P°. By standard facts
from the theory of Prym varieties this implies that:

ha+x(c(2+y)+()>1

for all (2 +y.() € E® x W’;’,__,@{C‘} such that 2¢°(z + y) + Nm,(() = K¢. By applying
(2.16) one has:

(79) h%a+ =*(e*(z +y))) >0 forall ryekE.

In particular we may write d = D—x*(c*(r+y)) where D € C'® and Nmy(D) = 26*(2+y).
Then (7.9) reads

R(D + x*(c*(a))) >0 for all a € Pic®(E).

Let us make the decomposition D = x*(¢*(D) + D) + D' where D,D,D’ are effective
divisors on E,C and C respectively, D is ¢-simple and D' is z-simple (cf. (2.14)). Note
that it suffices to see that the divisor D is not trivial.
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Then by applying (2.13) twice one has:

0 < A%(D + x°(e*(a))) = A%x*(e*(D+a)+ D)+ D) <
SA(e*(D+a)+ D)+ K% (D+a)+ D+ Nm(D')-9)

and
h(e*(D+a:+ D)< h%D +a)+ h*(D +a+ Nm (D) - §).

Since deg(D + a + Nm, (D)) <deg(D) =8 < g - 1 =d~g(£) we obtain
0<hYD +a)+h%e"(D+a)+ D+ Nmo(D')-n).
Suppose 1w that deg(D) = 0. Then we have
(7.10) 0< h%c*(a)+ D+ Nmy(D')-9y) for all a € Pic% E) - {0}.
Ou the other side Nm (D) = 2:%(z + y) implies th. t
2D + Nmo(D') = 2:%(r + v

So (7.10) reads

0<h’c*(2s+2y+a)-D-1y) forall ac€Pic’(E)- {0}
Let D’ > 0 such that
(7.11) (2242 +a)-D-D'=1.

Then 2(D + D') €] €’(2(22 + 2, + a)) , . Since deg(2(2z + 2y + a)) =8 < g — 1, we can
apply (3.1). Therefore there exists an effective Jivisor F on E such that

AD+ D')= <*(F).

In particular D + D’ is r-invanant. Looking at (7.11) we conclude that 7*(n) = 5, which
is a contradiction. §

Let us denote by S’ the set {a€ P|a+ W C =7}
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(7.12).- Proposition. The following inclusions hold:
SN2’ CT ={D-(D)e JC|DeWXC),Nm (D) € Im(e*)} C S’
PROOF: Let us define
U={D-(D)| D € W(C),Nmy(D) € Im(e")}
By (7.8) one has 25’ C U. So, our statements follow from the claim:
Uns' =T

The inclusion T* C U N §” is clear. We prove the opposite inclusion. Let D — (D) € U
and 7, s € E such that Nmg(D) = ¢*(F + 3). If we suppose that D — (*(D) € 5’ then one
finds elements D’ € C'*) and 7 € E such that

(7.13) (D)4 D' = D+ x*(e°(2)).

We may write D = x°(A) + B where B > 0 is r-simple and A is effective. Looking at the
degree of A we have three possibilities:

a) deg(A)= 2. In this case D — *(D)=0€ T".
b) deg(A) = 1. Therefore deg( B) = 2. By replacing in (7.13)
D' +%(B) = B + »*(c*(2)).

The equality of divisors would imply B < x°(¢*(£)). Since B is x-simple, Nm(B) = ¢°(#)
and then
D-(D)y=B-B)eT.
We suppose now that
2< hY(B + x°(e%(2))).

By applying (2.15)
2 < h%e*(2)) + AYNmo(B) + €%(2) - y) = 1 + A% Nmao(B) +€%(2) - n).
On the other side Nmo(B) = Nmy(D) - 24 = ¢*(7 + i) - 24. So
0< A Nmy(B)+e%(z)-n) =K% (F+s+2)—24-1).
Arguing as in (7.11) we get 7*() = 5, which is a contradiction.
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¢) deg(A) = 0. Then D is x-simple. We go back to (7.13). If there is an equality, then
D = x*(<*(#)) and one has a contradiction. Otherwise, by applying (2.15)

2 < KY(D) + 2°(e*(#))) < 1 + A°(e*(2) + Nmy(D)) - y).
Since Nmy(s*({D)) = ¢*(7 + 5) one bas A%(c*(Z + ¥ + 3) — ) > 0. Again this implies
r*(n) = n, which is a contradiction. §

(7.14).- Note that the remark (2.12) makes it possible to compare the variety S’ with
the variety S which appears in the first part of this section. So §' N 2S”’ is a symmetric
irreducible curve of genus ¢g. Since T is also a curve we conclude that §' N 25’ is an
irreducible component of T”.

In order to study the curve T’ we define T as the variety given by following pull-back
diagram:

T — (‘jm

r| [wr
E—".cm
It is not hard to see that the morphiem
c? —p
D—D- (D)
sends T birationally to T”.

We shall denote by ) the involution of T induced by «!?'. The above diagram can be
factorized as follows:

T —+ ¢
fai l‘t
T)) — - CB D

" [o

“

E .
where:

i) the maps f, and f; are double covers, f, is ramified at the points x*(P,) € T, 1=
1,...,2g9 — 2, where P, are the ramificat:on points of ¢ and f; is unramified. In particular
T/ is a smooth curve.
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ii) Sunilarly Ay, A; are (2:1) morphisms, the ramification Jocus of A; is the diagoval
A C € and A, is unramified. In particular C(3/:® is an smooth surface.
(7.16).- Lemma.-The morphism f; is the double cover associated to the class % =
Nm.(n) €3 JE - {0}.
PRrOOF: We start by noting that 4 = 0 implies n + r°(n) = 0 and then r°(n) = 5. So
i # 0. Next, fixing suitable elements ( and { of C** and (*? one bas a commutative
e L, e

ol e

co L. e,
By applying the funcior Pic® we obtain:
Pic®(C*) —1— Pic%JC)
Px“m“*;{ I(N-.i‘
Pic®(C) —— Pic®JC)
the horizontal arrows being isomorphisms. Since x* and Nm, are dual to each other
(cf.[Mul]) and Ker(x*) = {0,n} we obtain that t(\ ;c(n)) € Ker{Pic’(x'?’)). In this way

we get the class defining h;. Now restricting this class to E we end the proof by noting
that to restrict this class to E is equivalent to taking the norm of n. §

(7.17).- Proposition. T is an irreducible smooth curve of genus g.

Proor: By (7.16) T/) is an irreducible smooth elliptic curve. As we indicate in (7.14)
T’ contains an irreducible curve of genus ¢. namely S’ N 2S’. Therefore T contains an
irreducible component of geometric genus ¢g. We call this component X. Since

fux: X —T/;
ranifies in at most 2g — 2 points. by applying Riemaun-Hurwitz to the normalization of X
we conclude that f,, y ramifies in exactly 2g - 2 points. Thus X is smooth and X =T. §

(7.18).- Corollary. The equality T' = §' N 2S5’ holds. Moreover T is symmetric and
the multip. :ation by -1 induces on T the involution ).

(7.19).- Comparing with the construction made in the first part of the section (from
(7.1) to (7.6)) we note that (T, ;) play the role of (C3,7;). There we obtained a point of
2(JC2) which allowed us to recounstruct C,.
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By transiating this to the present context we can convlude that there exists an intrinsical
way to recognise » certain element of ;Ji". Moreover this class appears in Im( f7).

Our next aim is to compute this point in terms of the initial data. To do this we imitate
the proof of (7.6;.

Let v : T — P be the composition of the normalizstion map with the inclusion T — P.
The induced map between JT and ? factorizes through a morphism
:(d=-°WJT) = Ker(Nmy ) — P.

We want to find the kernel of 3. Previously:
(7.20).- Lemma. Let { € Pic}(€). Cousider the morphism

T—C?® -:E»JC'
an the induced morphisn
v JT — JC.

Then: Im( Y, Ker{ Nm " }} C P and the restriction

v:Ket(Nmy, } — P
is 5.
PROOF: Straightforward. §

Now, since the unique non zero element of Ker(3) appears in Im( f}) it suffices to study
the Kernel of v ..
| Im(f})

An easy computation gives the following result:
(7.21).- Lemma. The following diagram commutes:

T —= . J¢
P =ifyef; )‘I I(l**)’
JE - . JE

Corollary. Ker(7) = f*(;JE).




i

ProoF: From Lemma (7.20) we have Ker(7) = Ker (#). By applying Lemma (7.21) one
finds

Ker(v lim(s*)) = f*(2JE) C Ker(Nwmy, ).
Since f7 is surjective Im((f2 © f1)°) = Im(f}) and hence Kezr (7) = f*(;JE). §

(7.22).-Theorem. Let (C.C).(D.D) € Ry, suck that P(C,C) & P(D,D). Then
(€.C) =D, D).

PROOF: It suffices to show that the initial data are determined by T,; and f*(3JE).
Indeed the non-zero element of f*(;JE) gives a point of ;J(T/;) that allows us to recover
the morphism T/) — E.

Now consider the pull-back diagram
X —- T
L

Then, the morphism

C—X

T—(F+ )+ (F+dd))

where x(7) + x(#') € Im(¢*), is an isomorphism and the involution ;' of T'? induces on
C the involution «. §

Now we point out that the constructions used to prove Theorems (7.6) and (7.22) can be
compared in order to ol  a an injection from R’y, in Rp ¢ commuting with the Prym
map. We explain how this map goes.

Let (C",C’) € R'g,. Suppose that ¢’ : C' —s E' is a bi-elliptic structure of C".
Construct the pull-back diagram

T —— '

L

e, o
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The involution +'?) restricts to an involution j of T. Then T/j is an elliptic curve. We call
€y : E' — T/} to the transposed map. By taking again & pull-back diagram we get
¢ — T

I

E =T

The curve C has two involutions attached to the projections; call ¢ the composition of this
involutions. Then (C.C/:) € Rp .0 is the image of (C*,C").

There is a natural way to inverting the injection above: Start with an element (C,C) €
RB.40- With the notations of §2, observe that t = 0 implies that C, is also elliptic. We
call f, : E — C,; to the transposed morphism. Then the pull-back diagram

Cw C;”

L
?
N
¢, —— EW
gives an element (C',C’) € R,, where C' = C'/:, « being the restriction to €’ of the
involution «?). In general this element belougs to R, and in this case its image by the
injection given above is (C,C). In any case (C*,C') € ﬁ‘a.; and C' is a double covering of
a smooth curve of genus 1.
Finally we get
(7.23).- Theorem. Let (C.C) € R ,0UR'y , and let (D, D) € R, such that P(D. D) >
P(C,C). Then (D,D) € Ry 0 UR) and (C,C) and (D, D) are tetragonally related (in
the general sense explained in the Intioduction).
PROOF: By arguing as in (5.9) one obtains that D is bi-eliiptic. The table (2.7) implies
that

(bs D) € RBJJ U Rﬂ",n U R!EQ,.

By comparing (6.12) with (7.1) we exclude the first possibility. If (C,C) and (D, D) belong
to the same component, then the statement is a consequence of (7.6) and (7.22). If they
belong to different components, say (D, D) € R’ , and (C,C) € R p .0, then the injection
given above gives an element (Do, Do) € Rp, 5 with P(D, D) = P(Dy, Dy). By (7.16)
(C,C) = (Do, Do) and by construction (C,C) and (D, D) are tetragonally related through
an element of M, . §




Capitulo II. A consiruction of noa-tetragrnal type

For ali this part we fix a generic element (C,C) of Rp, 4 and a linear scries g} -0 the
elliptic curve E (we keep the notations of §§1 and 2). The first section (§8) is devoted -
the description of four allowable covers constructed from this set of data. These covers
belong to the fibre of P over P(C,C). The proof of this fact is given in §10.




8.The construction.

We shall give the description of :he attached coverings in three steps.

Step 1

The curve C; is bi-ellipiic of gr-us 5. Since it is genoral it has a unique bi-elliptic
structure. It is well known that (cf. [A-C-G-H], p.270, or remark i in (3.6))

W}(C\) = D, U e}(PicXE))
where D, = {¢ € W}(C,)/Nm,,({) = £} is a smooth curve of genus 7. The intersection
D NedPicX(E)) = {e}(x +y)/r.y € E and 27 + 2y = &)

cousists of four different points.
The variety W/((')) is invariant by the action ( — K¢, — ( and, by paasing to the
quotient, we get an allowable double -over

(8.1) Wi(Cy) — Dy Ul

where D, is a smooth irreducible plane quartic and ! is a line intersecting D, in four
different points.

[n fact the curve D, Ul is the discriminant curve of the system: of quadrics containing
the canonical image of C;. Then, each point of D, Ul parametrices such a quadric of rank
< 4 {4 if the point does not belong to Dy N!{). The 2-planes contained in the quadnc define
two linear series g} on the curve (both linear series coincide if and only if the point belongs
to D, N1). This is another description of the cover (8.1).

As a particular case of known results one has an isomorphism of principally polarized
abelian varieties ([Ma].[Be3| and [K-K])

(8.2) JC, = P(W:(C:LD;UI).

(cf. (9.9) for a discusion of this isomorphism).
We will say that (D), D,) is “the cover associated to C,".
Step 2
Let us cousider the commutative pull-back diagram
(8.3)
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http://gr~.ua

b,_____‘ C;”

.

"

P' —— E¥.
The involution r{” leaves invariant the rurve D,. Call D, the quotient curve. Then
D; — D, is an allowable double covering except for additional ramification at four
smooth points. Since C; is general, D has, at most, one singularity (use Critetion (13.1)).
The curve D; is hyperelliptic of genus ¢ — 6. For simplicity we will supose ihat the linear
series g} is general. Then D; and D, are smooth (they are connected by (13.1)).
‘e will say that (D, Dy) is “the cover associated to (Cy.9})".

Step 3

To construct an allowable cover ( D, D) from the pairs ( D,, D,) and (D;, D;) we identify
the ramification points of both covers (and the discriminant points correspondingly) in the
following way:

Let n, €Pic*(E), such that 2n, = £, + =1.....4. The classes ¢(9,) correspond to the
ramification points of D, — D,. Note that

{O.m — maumy — ma.m — na} =2 JE.

On the other hand the ramification poiuts of D; — D, are €3£, € (",2’ where
2r,€9). 1=1....,4 Oue has also

(0.2 — 2.2y —r3, 1y - 24} =2 JE.
(8.4).- Let 7 be a bijection
{”t}tuh“,.i — {:n}om!,,,,,i
e — o(n,)

such that n, — 7, and o(n,) - o(7),) coincide in ;JE. It is easy to see that four such
bijections exist. We then identify ¢}(3j,) with £3(e(n,)), 1 = 1..... 4, thus obtaining an
allowable covering ( D, D). The corresponding covering map will be denoted by p: D —» D.
Moreover up to change in the indices of the z, we may assume that r, = o(7,),1 =1,....4.

(8.5).-Theorem. There exist an isomorphism of principally polarized abelian varieties

P(C.C)= P(D,D).
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The proof will be given in §10.

(8.6).- Remark. Obeerve that the curve D is neither tetragonal nor stable reduction of
a tetragonal curve. Therefore (D, D) and (C,C) are not tetragonally related (cf. §12 for
the definition of tetragonal relation).
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9. The isogenies ¢; and A,.

In this section we keep the notations p : D — D, (D;,D,), i = 1,2 to refer to the
coverings coustructed in §8. We put p, :=pp , 1 = 1,2.

For a line bundle L oo D, invariant by the covering involution we defined in §4 an
element

v(l) e 2= “‘” i=12

We shall take the ordering of the factors of (u;)* for v, and vy compatible with the
identifications made in Step 3 of §8.
The aim of this section is to prove the following technical result:

(9.1).- Proposition. There exist isogenies

gt:mbnng}“—“’f,((‘hg} ‘m:i
h,: P(C,.E) — P(D,,D,) coni1=1,2

verifying A, 0 g, = 2 and such that
1) Ker(g,)=p;(2JD,)

ii) g(2P(D,. D)) = £} JE)

i) 9:(“”(1‘“553 Lpgf)hm‘x

wv) If a, €3 P(D,, D,). then

vi(ay) = va(ay) ff 3p €; JE such that g,(a,) = £](p)

i') Ker(h,)=¢(3JE)

i) h,(;P(C,, E)) = p}(:JD,)

i) A3 (Lpp, p,)) ~ Liie, )

for: = 1.2, where Lp ;, 1, , and L p(c, r) are the polarizations induced by the inclusions
in the respective Jacobians.

PROOF: We first consider the case 1+ = 1. The inclusion
D, — Nm; ff!? = P(C\.E),

yields a morphism
¢, : JD, — P(C,.E).
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It is convenient to describe the map g} explicitely. Let i € D,. We denote by < 7 > the
corresponding element of Pic*(C;). Then

Q;(Zﬂeft) = zﬂs < i, >, where zm =0.
] ] ]

(9.2).- Lemma. One has g}(p}(JD))) = 0. In particular ¢,(p3(:J D)) = 0.
PRroO#: Let Y, n.2i € JD, with ¥, n, = 0. Then

91“’1‘2“&33)1 = ﬂl(zﬂd’ (z2)) = Z”t <p'(z) >
= zn.s,{a) = (E:n.) &) =01

Ou the other side in Proposition (4.7) of [C-G-T] the following result is proved: for a
general bi-elliptic curve T the Jacobian JT is isogenous to a product of an elliptic curve
by a simuple abelian vanety A verifying End(A) = Z. Thus ¢, # 0 implies that ¢, is an
isogeny. To study the behaviour of ¢, with respect to the points of order two we use the
following result:

(9.3).- Lemma. One has the equality

1P(Dy, Dy) = p}(2d D) U {p}(1) - &, - 23 €P(Dy, D, )/y € Pic'(Dy),

%1, % € Dy ramification points of p, }
PROOF: Let a €; P(D,,D,). Since it is invariant by the involution on D; we can apply
Proposition (4.2). We get that there exists an effective divisor A contained in the ram-
fication divisor of P! such that a + A € p}(Pic(D,)). In particular 0 <degA < 4 and
degA is even. Since the ramification divisor belongs to pi(Pic(D,)). the cases degd = 0.4
imply a € pj{(2JD;). When degA = 2 there exist two ramification points 3, 73 such that
a + 2 + i3 € p}(Pic'(D,)) and we are done. §

(9.4).- Corollary. Let i,,:; be two ramification points of p, such that < 3, >=
eiim), < Z2 >=¢e}(m) and p}(7) - £) - #; €; P(D,. D) for some 4 € Pic'(D,). Then
n(py(7) = & = 22) = e5(m - n2)-

PROOF: By using the explicit description of ¢} one has

ai(p1(1) - £ - £3) =< pi(7) > —¢1(m) —e7(m) =
=ey(&) —ey(m) —e30n2) = €3(m = n2)- B
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Clearly this implies ii) of Proposition (9.1).

To prove i) we shall see that deg(g:) = 2°(= #3JD,). This will be enough due to (9.2).
To begin with:

(9.5).- Lemma. In P(C,, E) one has the equality of cchomology classes

[D\] = Cpec, by

PROOF: One has an exact sequence

{e,.1}) o
0-— JE—— P(C|.EYXJE = JC, — 0

(r.y) —z+ei(y)

and
0‘9(‘1 ~ Emchg; x JE +2P{C,.E) x (0}

(cf. {Mul],p.330). On the other hand the following equality holds in JC,
Dy + E] = [WJ(C1)] = e,
(cf. [A-C-G-H|.p.320, Th.4.4). By applying o*:
41Dy x {0}] +4[{0} x JE] = 20°(Gey) = 20708, ) =

(Zpci. X JE +2P(CLE) x {0})* =

jro®=lw

2 -
= ,i-‘-}'{c,,s; x JE] + i 4 2{;:;*:(\‘5:) x {0}]

b

(in the last equality we use that [P(C;, E)x{0}]* = 0). Therefore [D, x{0}] = [Epc, £1]*/3"x
{0} and we are done. §
(9.6).- Lemma. The isogeny ¢, has degree 2°.
PROOF: Taking quotient by a maximal isotropic subgroup of H(L p(¢, g)) = €}(2JE) we
get a isogeny of degree 2
c:P(C,.E)— A

where A is a principally polarized abelian variety such that ¢*(L4) ~ Lpc, k). By the
projection formula ¢,({p(c,.£)) = 2. Thus (9.5) implies that c,( D)) is twice the minimal
class in A. Hence the principal polarization of (JD, )a induces on 4 twice the principal
polarization, that is to say. there is a commutative diagram
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(9.7)

-

., ¢ - i) -
A —— P(C\,E) —— (JD)

- -3
21“1 ﬁl "#“1
]

A —— P(C\.E) —— D,
In particular s ima
deg(2)y!) 2MtmA
degli) = et rE
On the other hand ¢i(pi(JDy)) = 0 with the fact of g, being an isogeny imply that
(Kerg})® = pj(JDy). Now let us consider the diagram

(9.8)
0 0
{ l
-
(Ke’tg;}@ — JD,
! r;‘ﬁ
0 — Ketg! — D, 2 PCLE) — 0
| ! I
0 — Kerg)/(Kerg,)® — JD,/pi(IDy) -+ P(C,.E) — O
l i
0 0

Combining (9.7) and the dual diagram of (9.8) oue gets a commutative diagram



P(CLE) 2 b,

v /. ., I
- (’{) - v
c.E)y 2., 1D
P( ! ) ' P(ﬁbpl)

I [ =
P(C\.E) 2. (JD\/py(IDy))

where v is the inclusion map (¢, = ¢} o v) and the commutative diagram
D, T . D
T d
(JDy/pi(ID1) —— P(Dy.Dy)
is a consequence of the relation
(P}) = Ap, = Nmy, 0 2!
(cf. [Mul], p.328). Then
2% = deg(u) = deg(go) - deg(g:).
By (9.2) we have deg(¢,) > 2°. Thus deg(go) = 1 and deg{g,) = 2°. This finishes the proof
of Lemma (9.6) and hence of part 1) of Proposition (9.1) . §
To prove iii) we use part i). One has Kerg, = H{Lm(,j‘m)). Hence there exists an
isomorphism of abelian varieties a : P(Dy, Dy) — P(C,.C,) such that aodp s 1, = g1
From part ii) it then follows that
“(Aé’(é.l};}“mg“p’ M) =1 JE) = H(L e, 1))
We then have the following diagram

0 0
R i
0 — pi:JD,) — P(D,. D)) — H(Lpic, ky) — 0
I ! !
“”‘reé; By

0 — pi(adDy) — be;“Dni P(C,.F) — 0

rzl 1*3-{(*,15

X 3 .
P(D,, D) < P(C\,E)
l !

0 0




with 3 an isomorphism of abelian varieties, and
§| Olp(cfhme,, = imb‘,m)eﬁﬁlmghg)onomehm} nﬂ’mhb”o&o&

Since End(P(C,,E)) 2 Z, one has G o5 = Id and

9i(Lpc.e) ~ Lpls by

so part ii) follows.

The isogeny hy : P(Cy.E) — P(D,,D,) is defined by the condition h, 0 g, = 2. It is
then easy to deduce 1), 11') and i11’) from 1), ii) and 11). All this for i=1, of course.

(9.9).- Remark. As announced in §8 we explain how the isomorphisim (8.2) goes in this
context. Consider the morphism

Il . {9 1) pu
g0  POWNC).D U s P(Dy.Dy) x JE ——"% P(C\.E) x JE = IC,.

where f : D,UE — W}{C,) is the normalization map. Then one has:
Proposition([Bel],|[K-K|). The morphisiu y¢ venfies
i) Kergo =2 PIWHCy).Dyul)
) 93(O¢,) ~ 42 py WlCo. Doty
In particular there exists an isomorphism ¢ of pricipally polarized abelian vaneties such
that g = 25

PRroOOF: The proof is left to the reader. §

Going back to the proof of (9.1), we consider now the case 1 = 2. The inclusion
D; . C;“
gives a map g : JD, — P(C,.E). That is

(9.10) g )_mi = Yn (211 + 202)

where 3" n,=Gand z,, + 2,3 € C';h is the divisor corresponding to the point Z, € D;.
It is straightforward to check that

g2(Py(J Dy)) =
Let 92 = g3,p(p,.p,)- As in the case i = 1, g; is an isogeny and g3(p3(2J D7))=0.
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%mm%mm&mtm): by using the linear series y} on D,
- given by the hyperelliptic structure and normalizing the curve obtained from the natural

pull-back diagram we get
C; —— ﬁiﬂ

L

5o
P‘ mma— Dz .

Moreover the involution of D{” induces on C; an involution that coincides with . Imi-
tating the construction of g2 we get an isogeny

hy : P(Cy,E) — P(Dy, D;)

verifying hz(e3(2JE)) = 0. By using the descriptions of g; tnd h; we obtain hy 0 g; = 2.
Now parts i), ii), i’) and ii’) are obvious. Part iii) is (as in case i=1) a formal consequence
of i) and ii) and the fact that End(P(C;,E)) = Z. Now hj 0 g2 = 2 and iii) give iii’).

It remains only to prove iv). First of all we note that the Lemma (9.3) is still valid for
2P(D3, D). Let &3 = p3(7) - #; — #; €3 P(D;. D;) with #,,#; € D, ramification points
given by the divisors €3(Z;) and €3(Z;) respectively. Then by using (9.10) one has

(9.11) 9a(az) = €3(%, - 1,).

Let &, = p}(1’) — () — €}(y), 7' € Pic’(D;). From (9.4) and (9.11) it follows
(9.12) 3p such that ¢,(&,;) = €](p) and g3(a3) = €3(p) @ N — iy = 2, - ;.
Hence, Ly (8.4)

3p such that ¢,(a;) = €}(£) and ga(a3) = £3(p) &
& either {i,j,i",j'} = {1,2.3,4} or {i,j} = {i'.;'}or i =j and i' = j'.

On the other hand vy(a;) (resp. v3(a3)) gives -1 in the entries i’ and ;' (resp. @ and
j) when i’ # j' (resp. i # j). i = j (resp. i’ = j'), then v)(&) = (1,1.1,1) (resp.
va(é3) = (1,1, 1, 1)). Since the classes of the vectors v, and v, are defined modulo a global
sign we finally get

(9.13) 3p such that ¢,(G1) = ¢](9) and g3(a3) = €3(p) & vi(a)) = vz(d2).
This ends the proof of Proposition (9.1). §
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Obeerve that properties i), ii) iii), i’), ii’) and iii’) are independent for the cases i=1 and
i=2. On the contrary (9.1.iv) depends on the way that (D, D) has been constructed (cf.
Step 3 of §8). In fact by combining (9.12) and (9.13) one finds:

(9.14).- Remark. Once a bijection o

{Ri}imt, .4 — {Zi}im1...4
i — a(n;)
(cf. §8 for definitions) is given, the following two facts are equivalent:
t} f}.“" ii,‘ md G(?},) *6(7},‘) eoumidem QJEﬁllnt‘) = 1,,..,4
ii) For all &, €; P(D,, D,) and a3 €; P(D;, Dy):
v;{&‘} = v«z(&:) iff 3[3 €2 JE such that g,‘(ﬁ.) = 8:(5),3 = 1‘2;

In other words, the property we require in (8.4) and property (9.1.iv) are equivalent.



10. Proof of Theorem (8.5).

The isogen’es hy and h; defined in §9 and the map ¢ given in (2.8) allow us to construct
a commutative diagram:

(10.1)
0 0
! i
0 — JE —  €}(aJE) x e3(3JE) — x*(e*(3JE)) — 0
i !
0 — JE — P(C)\,E)x P(Cy.E) 5 P(€,C) — 0
Ay xhy r
P(Dy,Dy) x P(D;,D;) =——= P(Dy,Dy) x P(D,,Dy)
| !
0 0
In {DeS], Debarre proves that v’(lfp(c-‘c}) ~ LP(C;,E.‘) a8 Lp!(;,‘g). From (9.1.iii") one
obtains that

?'(**(L b, 0,) 8 Los,.on) ~ Lic, 5y LEc,. iy ~ # (L)
The map y is an isogeny, this implies
. o2
(10.2) r*(Lpip,.0,) BLpp,.0,) ~ L oy

Let f : D, uD; — D be the partial desingularization st D, N D;. Consider the
morphism

f'= xl;(‘b.D) °(f')~9 Ap(Dy.Dy )% P(Dy.Dy) P(D,.D,) x P(Dy,D;) — P(D, D).

The following holds:

(10.3) ()Y (Lap.p) ~ Lpip, p,) B Lpp, 0y

Indeed, by definition
(10.4)

" L. ; -1 F
(f) 02 p5,0)° ' = Ap(b,,00)x P20 © F* 0 Ap(p.0) @ (f*) © A b, .Dy)x P( D2 D2
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On the other hand the pull-back of the polarization of P(D;, D,) x P(D,, Dy) induces on
P(D, D) twice the principal polarisation (cf. [Bel]). That is:

(10.5) (F*) 0 Appy oyxpidr.om © f* = 2App. )
Hence by composing on the right hand side in (10.4) with f* we obtain
(F') 0 A pp.0y® £ 0 £* =20 pp, oy yxpin.omy © F

Since f* is surjective (10.3) is proved.
Now we define the isogeny

®: P(C.C) — P(D,.D,) x P(D2,Dy) I P(D, D).

Note that
(10.6) deg(®) = deg(r) - deg( /')
h ) h ) Fe
- = 4&5( %~ deg(f*).deg(A p(p, .0y )x (L. On)
4-4

=4 28 . 2%9-6) _ 920-2 _ 4 P(C.C).

On the other hand by combining (10.2) and (10.3) one has

(10.7) ®(Lpp.py) ~ Lﬁr&m'
Theorem (8.5) now follows in an obvious way from (10.7) and the next
(10.8).- Lemma. The following equality holds: Ker® =, P(C.C).
PROOF: By (10.6) the statement can be written alternatively r(; P(C,C)) = Ker(f’). On
the other hand, by definition
Ker(f') = Kes((f*) o Ap(p, py)xP(Dy.Dy))-

From this fact and (10.5) one gets

Ker(f') = f*(: P(D, D)).
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Consequenctly, to establish the Lemma is equivalent to seeing that
(10.9) r(aP(C,C)) = f*(2.P(D, D).

A first step to show this is to “bound” both .sets. One has

(10.10)

P}(39Dy) x p}(2JD3) C r{(3P(C,C)) Cz P(Dy, Dy) x3 P(D,y, D)
(10.11)

P(39Dy) x p3(3JD3) C f*(3P(D, D)) C3 P(Dy, Dy) x4 P(D3, D).

Indeed the right hand side inclusions are obvious. On the other side the definition of r (cf
(10.1)) and (9.1.ii") give

r(2P(C,C)) D (hy x hy)(2P(Cy, E) x3 P(C3, E)) = pi(3dDy) x p:(aJD;).
This proves (10.10). Moreover (10.5) implies that

e o
F*GPD.D) =\3lp, o1 oy KerF9)) D
O Ker(App, p,)xPiDy.0y)) = P1(2D1) X p3(2J Dy),

which gives (10.11).
By combining (10.10) and (10.11) with (9.1.i) one obtains that (10.9) and the following
equality are equivalent

(10.12) (91 x g2Mr(GP(C.C))) = (g1 x g2 f*(2P(D. D))).
But from the definition of r (cf. (10.1)) it is ensy to see that
r(2P(C,C)) = (hy x h3)({(6,8) | 3p €, "E such that 24 = e}(5). 23 = €3(5)}).

Thus, since h,09, =2, 1 = 1,2:
(10.13) (91 % galr(aP(C,C))} = {{3(p).e3(p)) | p €2 TE}.

If we show that
(10.14)  f*P(D, D)) = {(a,B) €2 P(Dy. D) x3 P(D3,D2) | vi(&) = vo(B)},
(10.12) will follow from (9.1./) and (10.13).
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We check equality (10.14). We first prove the inclusion of the left hand side meml er in
the right hand side member. Let (&,5) € f*(3P(D,D)). Denote by L(a) and L(A) the
corresponding line bundles on D; and D, rewpectively. Then there exists a line bundle
L € P(D, D) such that £3? is tzivial and f*(L) = (L(&), L(B)). Let & € D, N Dy. We call
#) (resp. #3) the point # when viewed a3 a point of D, (resp. D;). Taking pointwise fibres
we obtain an isomorphism A : L(a)[#)] — L(B)|#:) as the compasition of the natural
identification L(@)[#1] —» LIF) — L(A)js).

Since Nm,@) =0, L@s*(L)is trivial. So«*(L) 2 L' = L. We choose an isomorphism
¢ : L — 1*(L) normalized in order to have (*() 0 ¢ = Id. The morphism y induces by
restriction

o1 : L(@) — *(L(@))
#2: LB) = (L(B)).
By construction one has a commutative diagram
Lali) —— LBl
!iwi!al tlwiht
*(L(@))[#] (LD
!1 H
Lalh) —— Ll
Thus vy(L(a)) = va( L(5)) (see §4 for the definition of v;) and therefore
f*(L) € {(a.8) €2 P(Dy, D\) x3 P(D3, Dy) | vi(&) = val B))}.
Now, to obtain (10.14) we prove that both sets have the same cardinality. From (9.3)
(applied to both P(D,, Dy) and P(Dy, D)) une gets

.
v1(2P(Dy, Dy)) = va(aP(D3, Da)N= {(Ar,..., Aa) € (w2)*/ua | [[As = 1))
=]

Since Ker(v;)=p?(3JD;), i=1,2 (cf. (4.1)) we conclude

#{(a, ) €2 P(Dy, D1)x2P(D2,D2) | v1(6) = va(B)} = #2P(Dy, Dy) - #Ker(vz) =
#1P(D1.D,)- #2P(D;. Dy) = #7*(:P(D, D).
This finishes the proof of the Theorem (8.5). §
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Capftulo 3. The fibre of P over a generic element of P(Rp,)

This part is devoted to studying the fibre of the extended Prym map for genernic elewuents
of Rp,. The results we obtain are summarized in Theorem (13.1). Essentially we prove
that the elements described in Part II yield the unique counterexemple to the extended
tetragonal conjecture that exists generically in the bi-eliptic case.

Some results on special subvarieties of divisors for ramified double coverings appear in
§11. In §12 we extend the tetragonal construction to allowrble covers and we apply this
construction to the coverings considered in our situation. In §13 we start the proof of
Theorem (13.1), leaving three cases for sections 14,15 and 16. Finally in §17 we give a
complete description of the fibre of P over P(C,C) with (C,C) a generic clement of Rp,.




11. Special subvarieties of divisors for ramified double coverings.

In this section we shall collect various results that are required for our work. They are
generalizations of known results (cf. [We3], [Be2]). The proofs are not given because they
are similar to those of [We3].

Let N be a projective irreducible smooth curve of genus g and let x : N —s N be a
double cover ramified at the points R,,.... Rz.. Let A a linear system on N of degree d
(not necessarily complete) of dimension >1. The special subvariety determined by A is,
by definition, the variety X given by the following pull-back diagram:

Xy —— N

'i;)‘“:“l l.{ﬁ

A ,...._’.__... N6

(11.1).- Proposition (Connectedness criterion). If A is base-point-free, then X, is
connected.

{11.2).- Proposition (Irreducibility criterion). If A is bas-point-free and the codimen-
sion of SingX, in X, is greater than or equal to 2, then X, i+ irreducible.

(11.3).- Proposition (Smoothness criterion). Assume that A is complete and base-
point-free. Let D € A and let D € X such that #a(D) = D. Pu

D=x*(A)+B+R,+--+R,, ij#ipifj¢j

with A, B effective and B simple with respect to ¥ and not containing ramification points.
Then X, is smooth at D if and only if

h(D-A-x(R,)---x(R,,)) = h*%D) - deg(A) - k




12. The generalised tetragonal construction.

In this section we give a natural way to extend the tetragonal construction (cf. [Do},
[Be2]) to aliowable double covers. We follow the idea suggested by Beauville in [Be2],
Remarque 4, p.36{. We do not need here the hypothesis of stability on the curves. We
only give sketchs of the proofs.

Let = : D — D an allowable double covering with ¢,(D, D) = 0 and ¢ the exchange
sheets involution on J. We say that D is tetragonal if it can be represented as a four-to-
oune cover of the projective line. We denote by Div¥(D) and Div¥(D) the varieties which
parametrize the effective Cartier divisors of degree d on D and D respectively. Recall that
the group of Cartier divisors on D is:

DiviD)= P z:+ @ K0
ze(:‘,., o singulaz
where K is the ring of rational functions on D. Choosing uniformizing parameters t, and
t; at the preimages i, and 3, of a singular point i in the normalization of D we can write
K103 L xzxz
class of A — ((b/t5 )31/ N3a). 1(h), va(h))
where v, and v, are the corresponding valuations on K.
The four-to-one covering 7 : D —s P! induces an inclusion P' — DivY(D). On the
other hand there exists a well-defined norm map ([Bel],p.158):
Nm, : Div{(D) — Div4(D).
Let us construct the pull-back diagram
X —— Divi(D)
| e
p— . Div4(D).
By choosing an element in X one gets morphisms ¢ and ¢ making commutative the
diagram:
Div4(D) --i—-a JD
Ru.l Kn.l
Div¥(D) —— JD
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and such that Nm.(3(X)) = 0. Since Ker(Nm,) has two connected components, the
variety X is the disjoint union of two varieties X, aud X;. Two points a,a’ € X over the
same point of P! belong to the same bhalf if and ouly if the class of the divisor a — o’ can
be written as (¢ — 1)*(ao) with ap €Pic(D) and deg(ae) even. In particular X;,i = 1,2 are
invariant by the action of (). Moreover X, i=1,2 are connected. This can be proven by
imitating the proof of (8.8) in [We3]. Let X, be the quotient of X;,i = 1,2 by this action.
Notice that X, and X; are tetragonal.

Lemma. The singulasities of X; are ordinary and the covers X; — X,,i = 1,2 are
allowable with ¢, = 0.
SKETCH OF PROOF: Let N,, N, i =1,...,r the normalizations of the components of D
and D respectively. Let ¥ be the variety obtained by the pull-back diagram

Yy — ﬂ':“’x---xﬁfi"

l. i

P! o N o x N
where the horizontal arrow below comes from the natural four-to-ore map Ny U--- U
N, — P'(sod; =[N, : Pl and d) + --- + d, = 4). There is a birational morphism
from X to Y sendiug a divisor ¥, regular MHE + i ingulartCo- M3 M3 80 305 oy, nad +
ZI singalar m;3; + n;i;. We call ‘}; and f"'j the images of ;i'g and X:.

When r=1, criterion (11.3) gives the singularities of Y. Then, computations of local
monodromy (cf. [D-S), p.48 for similar arguments) provide the singularities of Y; and Y;.
Since the birational maps X, — Y;, i=1,2, can be described explicitly the statement of
the lemma follows easily.

When r 22mecombinethestudydt}wpmjcdimsd?. with (11.3) to carry out a
case-by-case analysis of the singularities of Y; and Y;. One obtains the proof of the lemma
as above. §

Notice that in the case r > 2 there appear new involutions on Y, for instunce 4‘,“’ X
o 1) x4 restricts to Y. When d, is odd the involution exchanges the halves
and one gets an isomorphism between Y; and Y;.

Let (Do, Do) € R, "~ the covering obtained by stable reduction of the pair (D, D).
We shall say that (X},X,-), i=1,2 are the result of the tetragonal construction applied to
(D, D) (or (Dy,Dy)). We extend the definition to the stable reduction (X!, X!) of the
pairs (X;, X;), i=1,2. In this way we restrict the tetragonal construction to the context of
the stable curves. We shall also say that two pairs are tetragonally related when one is
obtained from the other by succesive applications of the tetragonal construction.
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(12.1).- Propaosition. The following properties hold:

i) The tetragonal construction applied to (Xy, X;) (resp. {X3,X3)) with its inhereted
tetragonal structure yields (X3, X3) (resp. (X,, X)) and (D, D).

i) P(X,X,) % P(X3, X;) % P(D, D).
SKETCN OF PROOF: i) Take j=1. We csll $ CDiv¢(X,) the variety of divisors det. rmined
by the morphism X; — P!. Let i € D sufficiently general. There exist eight points in
X cootaining #, four in X). One gets an element in $ attached to . The study of the
special points of D leads to a case-by-case desription. For example: assume # € D,oq with
(%) = z and the Cartier divisor belonging to P' CDiv*(.7,) and containing z is of the form
z+y+(r,1,1), where s is a singular point of C with preimage 5. f i +§+{/F,1,1); € X;,
then the other points of X, in the fibre are

(3)+dg)+ (Vr i 1)
P+u) +(=Vr 10,
‘(i) + i+('ﬁ* 191)3

(recall that Nm,((c,m,n);) = ((=1)™*"c?, m.n\,;, and that *((c,m,n);)=

((=1)™*"¢,m,n);, cf.[Bell, p.158 ). Since they are not ficed points for ‘") they are »ll
regular in X, and its images [# + § + (V7. 1.1)], (2 + «(§) + (=7, 1.1);] € X, are also
regular. Therefore 2{i +j+(v/7,1,1)]+2[# +:(9)+( -/, 1,1);, is an element of Div4(X, ) in
the linear series given by X; — P!. Hence 202+ y + (V7. 1. 1))+ 22 +(§) +(=/TF.1,1))
is a point in 5. We leave to the reader the remaining possiblities. The case of X; is

ii) According to [Be2],p.364 the cobomology class of »(X,) in P(C,C) is twice the
minimal class. The universal property of Prym varieties (cf. [Ma!, [K-K]) gives the iso-
morphisms. §

Remark.- To simplify we have supposed:

a) D is four-to-one cover of P*.

b) c.(D,D) = 0.

One can define the generalized tetragoual construction without these restrictions (al-
though it is not needed here), that is to say: for all allowable double covers of tetragonal
curves, where tetragonal curve means that there exists a line bundle L of degree four on
the curve such that A%(L) = 2, it has a finite base locus B and L(—B) defines a finite
morphism from the curve to P!, The definition of the construction extends verbatim and
(12.1) holds. Now, in some cases, the halves X,i=1,2 are not connected. When B above
is a point we recover the construction of Recillas (cf [Re] or [Be2}).
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(12.2).- We want to apply the tetragonal construction to the elenwnts (D, D) € ),
with ¢ > 1 verifying

o D = D, Uy D3, whrre D, and D, are irreducible.

¢ There exists 7 : D — P? such that 7p, and yjp, have degree 2. In pasticular D,
and D; are hyperelliptic.

Obeerve that the second condition is vacuous when t=1.

We keep the notations Di“\“‘(ﬁ), Div4( D), x&g, ﬂz, Ni, Nj, f, fg, xz. f'] and f’a‘
The involutions 12 x ) ans (2 x 1 act both on each component Y; and also on the
varieties X,. Then, easy local computations show that these involutions exchange the
bianches at the singular poinhaff.«. i=1,2. Hence the curves C, := x.'/l“) x (3 and
Cy:= Xi/!'® x 1%, i=12 are smooth. On the other hand, let B,, i=1,2 be the curves
given by the pull-back diagram

Bi A‘fr(?)

| |

P! —— N

We then have that C, (resp. C;) is the normalization of B, (resp. B;). One obtains easily
that C, and C; are bi-elliptic and ¢(C)) =t + 1, ¢(C2) = ¢ — t. As a consequence one gets
that both covers (X,, X,), i=1,2 belong to Rp,.,. Moreover the curves X, and X; can be
represented as double coverings of a smooth curve of genus 1 (with the notations of (13.3)
this means in particular tuat (X,,X,) € R}y, . i=1.2).

(12.3).- Next we indicate how to apply the tetragonal construction to a covering ( D, D) €

3.0 Such that D is obtained from an irreducible hyperelliptic curve H by identifying two
non-hyperelliptic pairs of points r, z; and y,, y;. The curve D is tetragonal in two different
weys:

&) The curve D is the stable reduction of the curve D' = P! UH UP? where H intersects
the first copy of P! in two points: r, and r;, the second copy in the points y; and y;
and the two P! age disjoint. The curve D’ is clearly tetragonal. Applying the tetragonal
construction we obtain a single cover (with the notations of the lemma above, this ~:3e
corresponds tor = 3,d; = 1,d; = 2, and dy = 1, and since at least one of the d; is odd the
two halves are isomorphic). Imitating the arguments of (12.2) one shows that it beiongs
to R ,.0 (observe that in this case C; and C; smooth implies that the coverings (X,, X;)
are smooth).

b) Let #,,%;,41,§2 € P’ be the images of z;,r3,y;,y2 by the hyperelliptic morphism.
(2:1)
There is a unique double covering P! —— P! sending each pair #,,#; and ;,y; to a
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single point. The fous-to-one covering ## — P* obtained by composing the hyperelliptic
map with the (2:1) morphism above factorines through D. In this case the tetragonal
construction give two covers: ane in ) o and the other in Ry, (compare with (2.10))
{hﬁt,ﬁhwmd(m).%mmwﬁoﬂ%‘). This is a
consequence of case 8) above and the map from R g 4,0 to R, explained in §7.
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