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Introducción 

H contenia» dr la premte task te halla mumido ca la última é»w te de esta iattodurcaáa. 
Con el in dr farüitar MI feetwa y «toarlo »m su cuutexto nacen«» un breve- recuento ée 

k» tapem neceaari» sobce «ariedaéw abetunan, jaeobtaaa» y variedade« de Prym. 



V*rted*ie$ «*«&•»•« 

D»do un torortjmplrjo v4 * C ' /A »e ti«»* ua»identifif»ciou n»tur»l A == Bi(A,Z). Ad 

uua forma bilineal antisimét 

corresponde a un elemento f de Hoin(A'Z/il.A,Z).Z) = Äa(.4,Z). Fijemos i m tal £ . 

Sran f i. . r ¿ , € C» grnrr*d»>rr» dr A &MRÍMHWABI la» coordenadas de km wetores e, 

«ni culumna ©bteoetBOS un» matrix $ï llamada matrix dr período«. Sra fí la mat nz que 

reprrsruta a I« foam biluwa] E ea erta nusnia baue, Las relatione« bÜkieale« de Ri«-iuann 

ÜBHl m Q 

i í ï # ' l > 0 

•on «navajeóte» a la «xtstcttria de tast l a t tnvertiblr amplio £ «obre A cuya cfaue de Chern 

mmí En tal cm» A p»-edestunergirsten un espacio prttyectivoy munavariedad algebraica. 

El Teorema de Rietnatm-Rocà afirma que 

Ä * U , £ ) = / d e l B 

l*n» v*rttd*4 aieaaa« fmuqmàmenU p»tmm*¿A (vapp) es un par formado por un toro 

complrjo 4 Junto con un ha/ invert iblr amplio £ nobre 4 tal que à§ | .4, £) « 1. & decir la 

matrix anttsimrtrira B que repreneota a la ela« de Chan de £ e» unitnodukr. Por algebra 

lineal existe entonce« iu¿a base de A en k cual la matriz de E toma k forma 

B _ / ü Mt \ 

*~ V-w, o / 
Cambiando k base de C f de forma adecuada se obtiene que la matrix de periodo» ar 

puede expresar de k forma (Id» r) y las relacione« bilineaJe* de Rjemann ar traducen en 

las condiciones 

T = ' 7 

Iin(r) > 0. 

Llamamos semicspacto ie Sieget al conjunto de las matrices complejas «jnétrkas j n g con 

parte imaginaria deinida positiva, y lo denotan»« por H9, Claramente es exhaustiva la 

aplicación de H9 en eJ espacio At de la* cía«» de isomorÄMnos de vapp dada por 

r--CV(Id,r) 
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(indicamos también con (Id,r) la red de C 8 que generan la« columna« de esta matriz). 

H grupo simpléctico Sp(2,2ç) actúa »obre fgf de forma compatible con esta aplicación y 

el cociente H9/Sf(Z%2§) es isomorfo a At. S r a una matriz del semiespacio de Siegel 

llamaremos ( .4, ,£,) a la vapp correspondiente. 

Sobre el producto C f x H9 m define la función iheta L· Mitmmnm 

${t,r)m y* f·»f··r·4·t ,·»> 

M€S* 

Fijad» r, #(*, r ) ss 0 deine un divisor de C* invariante por las traslaciones con elemento» 

de (Id,r) determinando en Ar un divisor «métrico 0 r que verilea £t 3S 0.4,(0*). 

Jacobinas 

Se» C una curva algebraica proyectiva irreducible no singular sobre C con género 

geométrico g. Sea w i . . . . . «;9 una baue de H9(C,»'c h es decir g forma« diferencíale« bolo 

morfas sobre C lio«dniente independientes. Sea 7i , . . .7a f una base de JST|(C.Z). La 

marrú a*« peri&io» íí asociada a la curva con esta» elecciones es la matriz compleja gxtg 

cuya columna j-ésima es 

El Teorema de Torelli (cf. (Toj) afirma que la curva C eatá detenninada por la ii^itri* 

de período« 0. Este enunciado se refennula de manera natural en el contexto de las 

variedades abeliana«. En efecto, si i*> y «*/' son dos formas diferenciales hokxnorfas sobre la 

curva entonces se verilean las relación« 

* ' A w = 0 

i / i j A 3 > 0 si »' j£ 0. 
./c 

Utilizando la relación entre el cup producto en cohoinología y el producto de intersección 

en homología las propiedades anteriores implican que la matriz 0 verifica la» relacione« 

MMneales de Riemann con respecto a la matriz antwimétrica unimodular entera B tal que 

'B~% es igual a la matriz de los productos de mtersección (7, • 7¿ 1. En consecuencia el 

cociente de C f por la red generada por las columnas de la matriz de períodos -fe C es 

una vapp de dimension g a la cual llamarnos jaeobimna de C y la denotamos por JC. 

/ 
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ö c » un diviaor represent ando hi polarización principal f h 

Otra definición de JC, independiente de coordenadas es la siguiente. La 

sobre rielo« define »ma inyección de Ht(C,%) en el dual de //°(C,wc), y 

La for mit hi lineal es 

Ä»(C2) x Ä,(C«) — Jfa(CI) a 2, 

con el isoinortisiuo dado por la elate de orientación de la estructura analítica de C. 

Indicando pe» M9 el especio de moduM de las curva» de género g se obtiene ass una 

aplicación 

C>~->JC. 

En este lenguaje el Teorema de Torelli * expresa diciendo que / es infectiva (la aplicación 

J recibe el nombre de mirfumo ¿e Tortllt). 

De este resultado se conocen mucha» deu*j*tr*riotirs. la mayor parte de ella» se basan 

en el estudio de la geometria del divisor theta. Utilizando const ruccione« geométrica» 

elementales se reconstruye a partir de (JC.Öf) la cur'**» C. ül«ervem«i primero que C 

vive de forn i natural en tu propia jacobiaaa. En efecto, fijado j»t € C, asociamos a un 

punto p de la ..tirra h tplicación lineal 

n (€,<**(•) —» C 

que integra cada forma bokwaorfa entre p® } p. Escrito en «»ordenada«, la imagen de p es 

r r 

La definición depende del camino escogido entre p® y p par» reaMiar la intregación, Ha

ciendo cociente por ¿f|(C,Z) la indeterminación desaparece, obteniéndose un punto de la 

jacobiana. 

Consideremos la curva sumergida en su jacobiana de este modo, Observemos que todos 

los espacio» tangent« en puntos de la jacobtana se identifican canónicamente vía traslación 
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em f j c P i . à cual se identifica también canónicamente coo # ^ C , i ^ f . Toinando el 
I I ^ ^ ^ Ä J ^ J Ä j f c A A f t A M t t Ú l A ^ K ^ a s s y d n f l a ^ îfcJÉiiM^ÉiJw^ tf^^A 8 a a ^lAAMMiyHSa ^Btf& A^EMÉNSMMKatfft Aflfc ^Iwia^laÄ^wSÄsa^BEa^^ ^ ^ H H I SÉfe aiHfcaMa^RBMÍImi0HSia jg^ * A. J » ' * 

que coincide eon I» apiicscióo canóiüc« v'-^· • A«, cumndo U c v r a no es biperetíptica, 

también «pairee sumergida eu d proyectivuado del espacio tangente a la jacobiana en d 

origeu. 

El divisor thet a m obtiene ahora geométricamente a pati ir d« C merced al Teorema de 

pnxaiuetrización de Rirmaun que afirma «pe la imagen de la aplicación »urna 

r»t-> , t p 

es tin trasladado del divisor theta. 

E«taj>arimietrizacume»un puiai)esetí»iaJ«icl«>tudiugeométrict>del(livisor theta. Per

mit»-, por ejemplo, describir «1* singularidad«* obtrméudoae que la dimension de Singöf 

es g 3 Í C M hiperelípt ica, v g 4 ti no fe a . 

Indiquemos a nodo de ejemplo dos de la» deinout racione* del Teorema de Torelli. La 

prunera et debida a A Andreotti ((A)). Estudia la aplicación de Gauss que a t o m a eada 

punto no angular de H, el espacio tangente de S e en ese punto, lo que IM» da un sube-

•pari© vectorial de «dimensión 1 de Tjc(O) y, por tanto» un punto de P{B*{CMC))-

Tomando la adherencia del graft» de esta aplicación, obtenemos un m a r i n o finito. Su 

lugar discriminante es, si la curva m no UpeteÜptka. la hipfmu|>erficie dual de la nage« 

canónica de C (la cual determina la cur*» C por geometria projectiva elemental). 

La segunda ca debida a Enrique«. Petri. Andreotti. Mayer y Green. En un punto doble 

de ©c% d projeciivkado del cono tangente al d i v í « trasladado al origen e§ una 

de rango menor o igual que cuatro conteniendo a la imagen de la aplcación canónica. Se 

prueba que, si C no es especial, la mtersrcción de «ta* cuádrica» coincide con VW(C)-

Vanrdadet it Prym 

Una variedad de Prym es una vapp de un tipo más general que una jacobiana. Para 

deürúrla tomemos un recubrimiento irreducible de prado dos no ramificado de una curva 

de género g; 

5 



Fijad» C, tale« recubrimientos están paraiuctrizados pot loa punto« de orden ém é t JC. 

lift involución i del cambio de hoja en C induce sendas involuciones i* de H*(Ó,*>¿.)* y 

Jf i (£ , 1 ) fa^aactmmnft*. Turnando ka subespacio« antiinvariantes respectivo» i 

un» variedad abebana P(ÒtC) :•» (JT*(£.«tf¿n~/ ' i (¿«B)~ «-* J € * la « M Í 

»«ne*'««' if /Vym asociad* al recubñnúeutu Oirbo de otto modo i defiw 

i* de la jacobiana de C f P\C,C) m la component« oeutra del núcleo del, 

Otra definición es la únaente: *| recubnnuento * 

Mm» : it —• JC 

cuya definición, interpretando las jacobian*» como grupo* de ríase» de divisores (Te 

de AbeJ y de Jaeobi) es: ^mm(J^ntp$} * £nt*(J>»)- D núclee tiene dot coupon»»!« y 

«a variedad de Prym e» la que emà'mm al origen Visto* como elemento* de JC «Pie ' tC), 

loa puntos de P{C, C) cwrre«puiiden a las clanes de tus díviiww« de la farm* 
i i 

,mí 

Por otro lado la polariíackin de JC restringe a pütsráarión principal H 

en P{C,C). En el lenguaje de las ibona» binneales se tiene «pe 1* forma bilineal «obre 

ífi(C, Z) retttringe a HtiCZ)" y 1* matrix reducida de est* restricción es 

/ 0 2ldf \ 
V-2W f § / 

Se obtiene aaí una vapp. Su dunenaón p es la diferencia entre la* «IIIUCÍÍMUIM^ de araba* 

jacobiana». Por la fórmula de Rietnaiui-Hurwitx sr obtiene p»ir tanto que p=g-l. 

Análogamente a lo que »«cede en el caso de las jarobtana» la curra C vive dentro de la 

variedad de Pry»: Fijado un punto p» € C drnuimuft 1* mtuenuón 

c — pid.o 
p —> p ~ t{p¡ * Pm -«(!%)• 

Derivando est* aplicación, los paralelismo* m- mantienen: se «»btiene un mornsmo de C 

en el proyectivixado del espacio tangente a P\C.C) eu el origen» el cual se identifica 

canónicamente ron (lf*(¿\w¿.)*)~ = lf*(C.«?c(»j))\ donde » € Pk · (C) es el punto de 

orden dos que define el recubrimiento Ente uu f&no coincide con el a la sene 

lineal | veil) 1 *1 «me •* k suele llamar $eimmn4mt£a. Si la curva no admite series lineales 

del tipo §], es decir no e* term§e»aj, el mormano «efíikanánko es una inmersión. 

La teoría de las variedades de Prynt jurga un papel destacado en varios campo« de la 

geometría algebraica, de los cuales los más destacado» son lo* siguiente«: 
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Mu mi HUM trrwim%^Vnv— de carácter muy varwvlo y éxito di veno aparecen ei¿ hi liter-

atura. I i o · ^ f M M · a t ^ ^ M É i F ^ f a t e . h i n ^ w a é · h i t f M t a M l · . · l e . dan nombre 

• otros tanto« enfoque* de la cues* km. B punto é t vista original es debido a Schottky 

f Jung, y es en ei que aparecen la» variedades de Prvju. Encuentran relaciones entre I M 

"thetanullwieTte'' (que son IM coordenadM proyectivM naturales de casto recubrimiento 

de At) que, presumiblemente, definen é lugar geumétrico J(M,) en At De form- muy 

simplificada ae podría decir que I M jarobianM cumplen I M ecuaciones de Schottkj-Jung 

debido a que * » lea puede mmemtm variedad» de Prym Por otro ¡ado la existencia o 

no de vapp no jacobuuuu verificando esta» ecuaciones es un problema cuya respuesta se 

desconoce. El mayor »vanee en eaia dirección e» debido a B v Geemeu (e£ [Gej) que probó 

que J(Mt) es una componente irreducible del lugar definido por dichas relaciones. 

bi Estudio §mmitrmm it lm* wnrdtdr.* db l t i s t i . L M curva« C y f y JII geometría 

se utÜsa para obtener propiedad« de la variedad de Prym. Por ejemplo el divisor H 

admite una descripción del tipo dado por el Teorema de parametrk«ciàn de Rietnann 

Explícitamente, escribtettdo 

S* •* |C € Picaf~*|C) | Nm v (0 * «*»r y A*(<!\o «"• P«" y positiv«}. 

existe (i € Pie ,i~1(¿*) tai que H* - ¿« coincide con 5. 

Se obtienen también descripción«"» expuestas del lugar singular de E, que han permitido 

probar que su dimensión es aentpre nmyor o igual que p-6. También se obtiene una 

clasilfcarián de loa rerubrimmsWia para cuyas variedad«» de Prym se cumple dim SingH > 

p - 4 . 

La itti|x>rtancia de estos hecho» radica en que habitualaiente es muy difícil realizar 

cucólos aobre la geometría del divisor theta de una vapp general Cor: gran diferencia 

la« jacobianas son IM vapp mejor eutendidM, proporcionando en At un subespacio de 

dimensión 3g*3 (notemos que dim«4f -diniH, - \<¡{g 4-1) ). Como comentaremos más 

adelante I M variedades de Prym parametrkan un Mtbeapario de dimensión 3g conteniendo 

en su adherencia a las ,»*robuuins Asi toda vapp de dimensión menor o igual que tres es 

una Jacobian», mientras que una vapp general de dimensión menor o igual que ciñen es 

una variedad de Prym. 

c) Jacobianas mtermeétms ie sólidos y pntbitmas de racionalidad. L M jacobianas inter

medias de ciertas sólido« adnrsfn «na repreAeatacióji como variedad» de Prym. De hecho 
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« t e fenómeno te ae t imé i» lo» llamado, t i m a o s «tt cuádnca. 4oe son aquella, w i t à è i 

dimensión constante impar. B ejemplo más couocido es c1 de la hipersuperficie cúbica no 

singular del espacio pruyect ivo de dimensió» cuatro. Sea .V un tal sólido y fijemos una 

reda í contenida eu A". P a n cada 2 plano ir eontenknd» i f w tiene 

wñX*ÍUQ 

donde Q m una cónica. Esto» 2-plauos están ptratuet rizados por un espacio **foyectivo de 

dimensión do«. Lo« I-planos para 1'* cual«-» la rúnica Q degenera describen una qmntica 

plana C. Para eawa punto de esta quintica obtenemos dos rectas contenida* en .Y por lo 

que C viene dotada de fon» natural de un rect«brwni^o doble 

Se tiene un isomornemo de vapp 

Eate herbó lleva a una demostravión de que X uo e» racionid, resultado que fue demostrado 

en primer l u ^ r por H.Ciernen» y P.Çrirata» (of. (C-G|). Se prueba primero que si X fuera 

racional se «u jacobiana intermedia se «preuaria romo ruina directa de j^cobiaar.» de 

imr·h» lisa«. Por otít» lado (C,C) no peite··.·'ce al conjunto de lo* recubrtmi«i!o8 para los 

cuide» dím SingH > p — 4. Por tanto JX no e» una jacobian*. 

£f proUemm 4e T«rtUk aar» Im mneétie» de P-rgm 

Ya nenio» comentado que loa i*cubritiú<*nto» doble» irreducible« no ramificado» de una 

curva lisa C de género g » t an en biyeccíún con el conjunto de cardinal Íi§ - 1 de los punto» 

de orden dos de J C Llaniatnon Ht mí espacio de moduli de lo» pare« {C,*i) con » € JC-10} 

y 2f¡ » 0. La aplicación olvido de M9 a Mt e» un recubrimiento no ramificado de 22* - 1 

boja». En particular dimftf = % - 3. A la aplicación 

?nt —».4»-, 

que asocia a un par (C,i¡) la variedad de Prym (con su pclariíación natural) del corres

pondiente recubrimiento * le llama «flic««*»» ie Prym. Es el análogo a la aplicación 

de Toreüi. Con» en el caso de las jacobianas se plantea el ''problema de TorellT: ¿Es 

inyectiva la aplicación P?. 
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Comparemos las dimenssooes a t W j = 9§ — 3 y de «A^—i = j f i f ~ *); 

f % — S §§f§~ i i 

t S 1 

S t S 
4 • • 
5 12 1§ 
• 13 IS 

1 18 I I 

Obviamente hi aplicarien no ptwdr -m-i mytvt iva m § < 5. Analicemos primer© los 

caso« nirrespoudientr* a fétteto« ba j * * E-» »-«>u*»-ridt> desde Wir t i i iget (cf. [Wi j ) que P 

es geucricaiurute exhaustiva • § v 6 y «•* t m é t icajnrnte falla flf s ( . Sin embargo 

se desprende del aualisis dr cierttw rjeuipk*» concretos que la aplicación de P rym no es 

mtac» exbauBtiva. Elk» m tm rele jo de que P n«» c* propia. En [Bel ] , Benuville extien«' A 

aplicación de Prym a drtertiiioadow m-ubiuii>rut<i* de curva» estables llamados «sfmtMsle*, 

coctpaetilicando de este modo la apli<n<iuu »Ie Prym La idea es la siguiente; por la 

propiedad u»iver»al d r extensión de la compart i iear ión de Sataj« Af^% «ie At-i, P se 

extiende a una a p l k a r n t 

Ps • Ps —^ Is 

donde Äg* es la compartif icarión estable dr I ? r Sem admisibles 1« e lement« de Ä f := 

I r ) " ! ( * 4 f _ i ) y drnotanto»por Pa l« res t r i cc iónd r P" m M9. Explícitamente, unm<>rfi*mo 

finito de grado dus w : C —* C entre curvas est aides con involución d r cambio d r hoja i 

« admiaíble si y solo si se verifican las dt« siguientes condiciones: 

a) los punto» fijos d r t son singulares y la involución de cambio dr boja no intercambia 

las ramas d r la singularidad, 

b) el número de nodo« no fijos por i coincide con el de componentes irreducible« no fijas 

por la »vo lo««» . 

Alguno» de estos recubrimientos jm habían »do « tud iados por Wirt inger, en concreto 

aquéllos en los que ninguna componente es fija por i . La variedad de Prym de estos re

cubrimientos es tsouiorfa a la jueobtana de la curva base. En consecuencia las jacobianas 

están contenidas en la imagen de P. 
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El cat» fs*t fiter coma especialmente atrar t i vo at producirse hi igualdad de dimen

siones. I B [D-S}, R. Donagi y R.Smith deinuest ran que «i grado de P es 27 y prueban que 

la fibra genérica tiene la núsma e»tructura que las S? recta» contenidas en U superficie 

La anient» dteniaíér m mue»tm que el enunciada del problema de Torelli en este 

contexto requiert* la mrtnccK« y > I. I % U M y* que la respuesta al problenu. e» 

•pçrnénramcnte afirmativa**, m decir la aplicación de Prym es genátkamente inyeeiim 

Este hecho fur prohado *uuuitáurameutc por R Frirduiiui y R.Sinith (cf. [F-S]) y por V. 

Kawv (cf. (KJ). Ambas ánnnstrariattM te basan en el estudio de la nplicación P en fibras 

«•pecialeii. variedades de Prym reducíales en un r u ó e Mamarias a jacobiatia» en el otro. 

En fWel), G. Webers da un método cotistrurtivo para recuperar» iiempre eoo k hipóte»» 

de generiridad, «1 ivrubrúniento a partir de 1» geometría de h\ vapp. Par» recuperar 

la «perncie C -f t en F(C,C) . estudia la »tih^niedad de lo« puntos que trasladan el 

lunar singular del divisor tbeia dentro del propio divisor. Este método de reconocer dato» 

geométrico» intrtnsiecanieiiie a partir de la variedad de Prym es uno de los principales 

reruraos que utüuaiuos en « t e trabajo. 

Recientemente Ü.Debarre ((Del]) ha dado otra demostración constructiva de la inyee-

tividad genérica. En este caso utütxa los proyectivizadna de lo« conos tangente« al divisor 

zz* en los puntos doblen. Sus trasladados al origen non cuádricaa de P{T/>{ (){0)) conte

niendo l« imagen de 1.» apuración annkanouica. Cuando la curva es general la intersección 

coincide con dich» curva, se imita por tanto una de las Enea* de demostración del Teorema 

de Ton-lli p a n tan jarobianas. 

La conjttnr» tetf«§#ft«i 

La aplicación de Pryu» IM» es invectiva para ninguna g. Este resultado fue probad© 

por A. Beata vine (cf (Be2]) para f < 9 utilizando la construcción de Recilla» ([Re]). Esta 

construcción anocia a un elemento (C\ C) € Ht y a una •crie lineal g\ iobre C una curva 

tetragonal T tal que JT 3 PfC.C). 

La no inyectividad para todo g es consecuencia de la construcción tetragonal de Donagi 

(cf. [Do]). Moviéndose en el mismo orden ele ideas» esta construceród generalaa la de 

Recilla» y la contiene como un caso degenerado. Pasamos a d«icribiria: fijemos una terna 

(C, C, $1)» donde n ; V —-* C m un recubrimiento no ramificado de curvas lisas irreducibles 
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y hi M M lineal g\ wtá definida »bre C. Caamàemmm la variedad X definida por el 

diagrama de pull-back siguiente: 

i | # * * 
i 4 

p t — — • 0*K 

La variedad .Y descompone en la muñen disjunta de dos curta« cune: «s .Y, y A'¿ inran-

ante» por la involución natural en C*4*. Sean X% y -Yj la« re«peetivas curvas e©cie»te por 

esta acción. Lo« recubrirme»*©» (.Y,,.Y,} aun aduáitible» y »e verifica c.ue 

Además este proee» es revertióle: las curvas X, vienen dotadas de sendas arries Mneaks 

f ] . Cuuido alguna de la» curva», por ejemplo Ai es lina (la admisibilidad obliga a A'j a 

serle también) podemos iniciar la couArueriáo run la tema |.Y«»A"i,f|) obtienéndose la» 

De aquí se deduce la no inyertividad. Al existir curv» con una infinidad de arries Eiimfai 

f ] incluí» aparecen fibra» de F de dimrnaióu positiva. 

Por tanto la complejidad de la aplicación de Pryíu es notoriainetttr mayor a aJ de Torelli 

R.Donagi enuncia la emnjetnm fet?sf#»«l: m dos recubrimientos limos aparecen en la misma 

fibra de la apuración de Prytn» se pmm del uno al «tro aplicando «iceiávaaiente, cambiando 

la serie §\ en cada paso, la con*trucck"» tetragonal. 

En [De2j O.Debarre estudia la fibra de la aplicación de Prym ¡wbre PiC.C) rao C 

tetragonal gememl de género § > 13. La grnericidad de l« curva implica la existencia 

de un« mura señe lineal v{ »obre eUa, La fibra está formada en este caao por lo« tres 

recubrimientos tetragotialiBente relacionado» confirmando de esta manera la conjetura en 

« t e caso. Es esencial en la éV*»M«trackÍE eludir aquella» curras con una infinidad de 

serie» linéale» tetragonales, a saber: las curva» rñpereu'pttcas, la» trigonaJe« y lat llamada« 

bteliptic«. Esta» últimas son la» que admiten una presentación corno r*cubrtiiMent© doble 

de una curra elíptica. 

A pesar de este resultado positivo, la conjetura, tal coa» está enunciada, no es cierta 

(cf. [De3], [Do2]). EUo §e deduce del siguiente estudiï del de moduli HB § de hm 

recubrimientos dobles no ranuficados de las curvas bieh'pticas. Este espack» descompone 
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en I» mink» a t (*f^| + 2 componen»*» irreducible« 1 M cuales notamos por Ä#,f,t*< = 

m obtiene un faxubrimiento iaomorto «1 inicial junto eon olio no li»o. Se» 7 el conjunto 

de recubrimiento« admiaiblea no ü»o« M Í obtenido« (eon las notaciones de (2.10) te t i n e 

"H,,Q C f* C H'f 0)- Por otro lado una construcción tetragonal aplicada a tan elemento de 

12g proporciona do» elemento« de 7 . En consecuencia 

peto no bay forma de pasar mediante i^nstruccione« tetragonaJe« de una componente a 

Este contrarjeiupk) ea iná» de forma que de lando. Si la construcción tetragonal fuera 

siempre rewrtible (no aólo cuando lo» irrobrituieutoa obtenido« aun nao«) el coctraejemplo 

no seria tal. Ea natural esperar que la ruoMrurrkw «e pueda extender a lo« «cubrimiento« 

admatiMea eliminando así la obstrucción que impide tramitar tetragonalnienie de Jv'|. a 

^B f o Estafemos en tal cano ante una conjetura trtngontl cttcnitd: 

RetuUiio* obtrntdon e« U »resettle tesu 

En esta memoria te estudia la Ibta de la aplicarien de Prym »obre PiC.C) donde 

C m una curva bteiíptka §eneml. Se pretende con elk» extend« el estudio reilisado por 

O.Debarre «obre la« curva» tetragoiialrs gefwalesi a este ea«©. De las tres familia« de cur»»« 

con infinidad de aeriea tetraganak» que antes mencionadnos, las bielípttea» presentan, a 

priori el aspecto más rico: sus arrie« lineales §{ no tienen punto base, con lo que la 

construcción tetragonal "no defenem" y. por otro lado, e» el IMIKO de ¡us tres caaos en el 

que la variedad de Pryi» no e« una jacobtaua. El beci» de que la dincwpaiicia señalada 

con la conjetura en «u tan .u¡ación «taudard ('conjetura »tandard,,) nanea en el campo 

bieliptico añade un mayor interés a este caso. 

En el primer capítulo delimitamos b s fronteras de la conjetura standard en el campo 

bieMpíko. Cuando (£\ C) ea un esmento general de HB.$J
 Çfm ' i l l * conjetura »tandard 

se verilea, es decir, cualquier otro recubrimiento D •—» D no ramificado de curra« usas con 

P{C,C) 3! P{D*D) ar obtiene a partir de íC.C) aplkando sucesivamente la construcción 

tetragona! (Teorema» (5.11), (5.16), (6.111 y (6.24)). 

Seguidamente estudiamos la apucanén P restriñida a cada una de la« componentes 

reatante« ft*,,,« y Ä#
Ätf. En «abas rituacioiies la aplicación es inyectrta (Teorema» (7.6) y 



(7.221). II» mtím^Bma^mmtàméÈmBAmmmm permite incluso dar una inyeccuo explícita 

de H'B t en ^s . f ,» . Cono consecuencia se pmeba que si (D,D) € %9 pertenece a la fibra 

de P(C,C) con (<*\C) un elemento general de £V_ U ^B . Í .O entonce« (¿>,D) también 

P ^ ~ - • *•», U «....,.. K eró«* «o (c. o. - i ««u«™*, M n v U k ^ -
eon él a través de elementos admisibles de 7 . La« técnicas utilizadas en el análisis de cada 

componente son diferentes debido a «pe para valores de t inferiores a cuatro la« propiedades 

de las curvas de gener«) bajo inciden en la geometría de las variedades de Prym 

correspondiente!«. 

B siguiente mmm en el estudio de la fibra consiste en pasar al terreno admisible. Ello 

exige extend« la construcción tetragonal a « t e contexto. En el §12 se esbata como nacerlo 

siguiendo las ideas de A Beauviíir (ct. |Be2j). Se sustituye el producto simétrico de IM cur 

•v%M por la« variedad«« de divisares de Cartier efectivos de pado dado. Consiguientemente 

tietw sentMo plantear la con jet urn tetragonal extendida eliminando las ñipóte«« de Msitud 

en la conjetura inicial. Los resultados del capit ufe 1 no« dice« ahora que el coutracjemplo 

citado en la sección anterior no contradice la conjetura tetragonal extendida. 

En el capítulo II ¿amo» un coutraejetnplo propiamente dicK> a la conjetura tetragonal 

extendida. La construcción allí dad« asocia al p#r fbrinadr» por un elemento general de 

HB.$A y WÖÄ «ríe lineal g\ fijada tobre la curva base cuatro recubrimientos con curra 

ba«e no tetragonal y con la misma variedad de Prym que el recubrimiento inicial. En la 

construcción interviene de forma crucial el hecho de que las jacobianas de» las curvas de 

género cinco admiten una presentación distinguida «MM» variedad de Prym. 

Por último, en el tercer capítulo se prueba que este contraejrmpki es el único que aparece 

en el caso de la« curvas birlípticas geuerale* i Teorema (13.1)). Es d-cir lo« elementos de 

la Ibra estudiada se obtienen ut.lixando la couMruccion tetragonal o bien la construcción 

dada en el capítulo II. En el |17 dann«, a modo de resumen, la descripción de la fibra 

estudiada. 

En poca« palabra« el contenido de esta memoria es el siguiente: 

a) tras extender la construcción tetragonal a los recubrimientos admisible» eliminando así 

la discrepancia antea mencionada, se construye un contraejemplo a la conjetura extendida 

y 
b) se describe completamente la fibra de P sobre P\C,C) con C bieMptica general, 

interviniendo en eUo solamente la constnii-eióu tetragonal y la construcción que da lugar 
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al contraejemplo dt a), m decir: a» hay «ni« cont raejemplos « i «1 caso bielíptico general. 

Agpsilnco sj Dr Welters la generosidad con la que ine ha ofrecido su ayu<la y su tiempo 

dunuitf estos años, tanto eu el periodo dr formación previo a la elaboración d> este trabajo 

como durante la creación y redacción del mismo 

Quiet© « p w a r tmakèàm mi agradronueuto a los ranpÉem del DepattaÄeat d*A%e^a 

i Geatwtita por MI toparte. Con ellos he compartido nmteumt jca*. doeeiieta y «ft». 

Por A i»© qmero dar la» p m n a nu familia por w amor, paciencia y apoyo iiseral en 

los oíalos moment»* 

14 



1. N«tr*iM. 

Throughout t W i papar we work mm the l e i d ©I the cwnpir« numbers. The raaMaot § 

« i l l be pea te t than or equal to 10. i f a n m » we abafl » r a n a projective ecainrettrd n i m 

wi*h at moat double ordinary aiaKuUritir*. I f C is • r w w we ahall denote by j ( C ) the 

arithmetiv gn iu t of C. For a aubapaer F of £ f » t l r t ymbu l F denote« i h r r luaui* o f F "m 

For D, ¡y two d iv ino» on a smooth curve €*. the « p j f i » « D s D* wi l l indicate that 

they are linearly equivalent. We shaU denote by P k ^ C ) the art of l iurar equivalrace 

chumes of degree d d i vitoca on C l ' tuaüy we ««hall not make difference* between a diviaor 

and its linear equivalence clat t in P i c ^ f O . Fm two non-negative integer* r.d we t h a i 

consider the algebraic subnet» «if PicJf €*>: 

H*J|C> = |C € P i r 4 fC» i Ä*U"» > r * I). 

Let f : C —» C be a double cover erf » tnaMtth curve, either uuramitied «.« r'unified exactly 

at the point t Q\,- • • ,Qk € C. Let A be the dineriiuiuaut diviwir. that i* to tay 

i 

A = £*<(/.)• 

Once C ia given, tb r inorphiarn * and the curve C are determined by A and a wiikjue 

element £ € P i c i O tat i t fy i t ig 2^ s A . In fcet C 5 S p e r K Y *f- CYt ~C>» »here the CY-

algebra structure i t determined by the map CY< ~C) %-; 0(A ~£> - i Y l - A ) •—» ¿ V given 

by the mult ipl icat ion w i th an equation km A . The clatt { veriie» »*(£) s J3t»i ^?»- **** 

w i l l refer t o ( and A a» the clatt and the ditcri ini&ant divisor respectively attached to the 

covering» 

A curve C is »aid to be hypevelliptic if it can be represented a» a double covering of the 

projective Mne. 

Let D,D% and Di be curve». The notation 
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means that £> = £>, U D¿ and #£>, n £>, = k. 

The symbols ( ] «ad •* «rffl m-am rational cohoruology class and algebraic equivalence 

r«pectiv%. 

If .4 is an abeüan variety and n is a positive integer, the group of the element» x € A 

such that »* » 0 will he »ritten by „.4 Fur a polarised abeliau variety -4 the symbol 

¿ 4 denote» an ¡avertible sheaf defining the polariaation, we rail A4 the isogeuy A •—• .4 

induced by ¿ 4 (cf. (Mu2|) «ad we demote by U{LA) t» kernel. We shall denote by H4 

an enVctive divisor such that ^ 4 ^ 4 ) 3 X 4 . When speaking of the Jacobiau of a smooth 

cur*e «V we shall use Ls «ad 0s iastead erf LJS *uA "BJS-

If (.4, £41 and (B, L H I «*"» two polarized «behau varieties, the diviaor E4 x B 4- A x Eg 

gives 00 .4 x B 1 polarization who» attach«! invertible sheaf i» written £,4 B i g . We shall 
« § * * 

If A* is a subvariety of an »belian variety .4 we define 

t(X):={s€ . 4 | o + .Yc .Y) . 

This is a closed algebraic ü¡ubgr»*uo of .4. 

Let {C. C | € K9 and P it« associate! Pryin variety (cf. Introduction), There i» a natural 

model {P*, E* > of I P. E) in Pie1 ' *"J( C*) described as follows ((Mulj) 

P* = R € PicJ»-a(C) I Xtu»(C) s h'c. h9(C) even ) 

E* = { ( € P * i A f l ( ( | > 2 l . 

In these terms, the singular locus of E is tk>rribed (loc. cit.) as: 

SingE* = Smg*fE* U Sing^E* where 

Sing'E* = {< € P* 1 h9(C) > 41 and 

Sim&S' = R € P-1C = * • « ) + Co, Ä ° K . ) > 1.A°(C) > 2}. 

The angularities of the first kind are called »table and the singularities of the second kind 

are called exceptional. These definitions depend on ». 

Let » : D —» D be a double cover of curves and let 1 be the involution on D which 

interchanges the sheets of the cover. We say that (D, D) is allowable (cf. (Belj) if the only 

fixed points of 1 are nodes where the two branches are not exchanged, and the number of 

nodes exchanged under 1 equals the number 2c« = 2r((Z>,D) of irreducible components 
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exchanged under t. The Prym variety is defined in the sanie «ay as in the smooth esse. 

We denote by P[D, D) (instead otP[í>,D)) this abelian variety and we reset*» the symbol 

P for modular statements. Moreover the natural models described above still make sense. 

According to (Bel], (4.11) the Prym variety uf an allowable double covering with c, = 0 

coincides with the Prym variety of its stable reduction. We shall assume (except iu $12) 

that we ate m toe stable case« 

If Sing( Ò) is st riet h contained in ( i € £>i t(i) - 1} then the heme of the norm map 

ha« a unique component, which m an abelian variety. We use ah« the notation P\ £>. D) 

to refer to this abeüan variety. In this case we deine 

PiÒ.Df = N w i V o ) C Pic1»"1! Ò) 

Zm~{C€P[D.D)'\h9iO> 1} 

what m.*o »» the dusJktng sheaf. The codiinensiun of H* is, at least, 2. 

Let 9 : D —* D a doubfe cowr of curtw and let i be the attached involution on 

D. A^un» that Singlo) C {i € D | i(f) = i ) , »(Singo) = SingD and that all 

the component» of Ò are invariant by the covering involution. Let ¿ | , . . . , iA € Sing(Ò) 

and *i » »(i | ) , . . .»** * e(i*). Let / : A* —* D and / : N —» D be the partial 

deajagularuatioos of D and D m i | . . . . ,*à and «i , . . •. *» respectively. Then one has a 

finite morphism of honïogeneouti space«: 

f:PíD,Df—*P\S\Nf 

I —/•<£)<- £ i). 

Analogously 

/ • :P{D,D) — PiS'.X) 

L • ~* / [L·i 

is an isogeny (cf. (Sh2). p. 110). 
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Capítulo 1, Th* fibra of P mm m generic elemeut of P[Rtí t\. 
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2.Summary of known resulte 

The following fact» mottly are talen from (De 3¡. 

Let Bf be the moduli »pace for the bi elliptic curve» of genus g and let Kf t be the 

UKKIUIÍ space for unranufied double covering»« of bi elliptic curves, obtained by the pull-

back diagram 
* * • , § ~~~—~* ^ f 

I I 
Let i» fix an element (C, C) € Ka, f Mid let e : C —— E be a niorphiain of degree two 

on a »month elliptic curve E {e is uiiiciuc up t*» autucnorphisius of £ if j > 6). The Galois 

group of C* «"« £ may be identified with either 2 /22 or 2 /22 x 2 /22 . We »hall denote 

by H'B,9 *he subset of the elements with GaW» group 2 /22 . 

<2.1).- If Gal ¿(C) - 2 /22 n 2 /22 , we write for the element» of the group: Id, t, 11, t-¡, 

where i h the involution wliich intetchaiiges the »hret» of the double rmw w. Let C| = 

C/( 11). d = C/iif) be the quotient curves. 

One ha» a commutative diagram: 

12,2» 

C 

t ¡ t j 

, \ I"/.» 

where T§ . it2, e, and f j are the obvious morphi^m*. We shall always assume that §(C\ ) < 

j/(Cj). It is easy to check the equality: 

f(C,)4-f(C|» = f + I: 

so if f ( d I = r + 1 . we obtain jjf(Cj) = g - 1 and r +1 < § - 1 implies that f € {0 , . . . , f 1 ^ ) } . 

Lrt ^»,»,t he tlie subset OÍKB,9 consisting of the elemeuts (C%C) with Gali iC) 2 2 /22 x 

2 /22 and jr(C|) = r + 1, f(C2) = g - t. 

One find« that ft'Ä>f • ft a.f .o , . . . . fts ¡*~j. are the irreducible components of RB.§ and 

that each one has dimension 2o - 2. 

(2.3).- Let (€,€)€ ft Ä,f ,t- hi relation to the diagram (2.2) we fuc the following notation: 
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i ) t- f*i and T} «re the invQkitiaM of C»C| and C» associated to e , f i and e i respectively 

it) A . - - « » A f - r € £ • » U» discrmiàiiant points oí e and A * ]C*Í7 ,·^« *• *ke *&*• 

criminal)! divisor. We write Ft». , . , F j f _ i for the corresponding nmifirat ion paints of 

iii) C € P i c ' " 1 ! ^ ) Í» the class aüsociated to e. Hmte 2£ s A. 

iv) if € i i f is the class associated tc w. 

We may assume that / V . . . ./*» are the discriminant point» of*! and that P j»+i , . . . , F j f _ 

are those of tj. Wr shall denote by A | . A j . d and ^ the discriminant di%is»ors and the 

classes associated to e i and í ¿ respectively. So: 

A = A | + Aj and 2Ci ~ A i , 2^2 = A j . 

(2.4).- It i» easy to check the following fact«: 

»> { = it + £t-

Ü) 1/ = P\ • • • • + F|» - f*(6 I = P j | + | + • • • + Pit^i - i'iii). 

ill) C 5 C | x £ C i-

ÍV ) I j O Ig = <2 ° < I = ' . Í ö 11 = I , O 1 - J -|, l O l j = f j O j = l | , 

v) The involutions i | mid i j are lift inga to C of the involution r of C. Analogously i 

and *| both lift r, and i and t% both lift r j . 

vi) c{(A|) and eft€jI (resp. i J ( A | ) and í | ( ( | ) ( are the discriminant divisor and the 

class associated tíi JT| (resp, ??2|, 

(2.5).- We keep the sssumptkm iC.C) € RB,$J and we write F = F | C , C ) . We have 

the description: 

H * - K K i ) + *;(Ca>l C i€»?(C, ) . a e W ' ^ ^ f G ) , 

*w», KV+ Xmtl( (,) = *} 

(2.6).- For f > ? define the following subvaricties of H*: 

l ' = {»*((,) * ^ « , Y ) 1 C i € W V ( C , ) . C 2 € H * ; - , - i ( C a ) . 

Nmti {(,) = Ci. .Vm f, ((a» = 6 } 



C € FkHEh Nm,J<%l) + JVnt„|Ci) + 2C « f'» 

where # € {0.2. -2) . Then SingH* 1 V U H'-a U Wt U ll"t with ewualtj if á «few not 

belong to the image of the addition map | f J x j | |—»1 2f I f <bii Lappen» if %ö,C) m 

general). Otherwise m finite number of new iwiUted »inpil&riti« eotild appear. 

(?.?).- The following table contains relevant information to be used in the sequel: 

> 4 

duu g - 7 irred. 
dim f - 7 

H'-i ' J i l l irred. 
chin 9 • - 5 

IF» I I irred. irred. irred. 
dira f - 5 dun y - 5 dim § ~ 5 

H*2 irred. irred. irred. irred. irred, 
dim y - 5 dim y - I dim y - 5 dim y - 5 dim § - 5 

As wr shall see in (3.4), when 1 = 3 and [C.C) is general V ha« two components. 

The singularity corresponding ft» an element of each »MM* of these varieties is stable for V. 

exceptional for ,l*o and stable and exceptional for lt"_2 and W2. 

By using (2.4.%') the wader cau observe that aH these viirieties «re fixed by the reflection 

with respect to Ay« (i.e.: fixed by i). 

(2.8).- Consider now the abelian varieties P ( := P(Ci,E) = A*er(.Vmt|) (if t > 1) and 

Pi := P(C¿,E) = ÀVrliVm,,). We define the morphisms: 

V? : P | x Pj —» P 
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t¡r sending « , , & ) t« »fCCi) + *!<&>*if « > 1. «" i 

# : J | — * P 

% sending Cf t o *J(CJ) if í == 0. Then y and # are isogenies and: 

!Ter(*)*{0,e;(¿i)} 

(2.9).- Remarle. The definitions of í . r .P , , .. , P J # _ 2 , ^ , { and r/ given in (2.3) make 

« a i « « i f <e,o € *•„.. »<< - - a - «-> "-u*ho„« 
(2.10).- Now we want to apply the tetragonal construction to an element (C\ C) € HB,§• 

Assumiug first that (C,C) € "Urn*,* and beeping the notation of (2.3), fix a linear series 

f| x £ inducing an involution v. Applying the tetragonal const ruction to (C.C) with 

respect to c*(f|) one obtain* two element» (C\C) and (Ò",Cm) of H9 (cf Introduction) 

verifying: 

a) In term« of the data introduced in (2.1), one of the coverings, say {C',C), can be 

deaeribedbythenewsetofdata: 

/ 1 \ 
C Ci Ct 

Note that (&,C) 5S(C,C) if t = 0. 

If v{Pi) # pi for 1 < i < 2f < j < 2§ - 2, then (C'.C) € *a.# . i- lu any ca*e 

( C ' , C # ) € t B , M . 

b) We now «Jtisider the second covering (C",C"). For 2 < f < [ ^ j we define 

Wf.i = {(f^r) € Ä , | T = r ^ l ^ T t with F^Tf curves of genus f - 1 , 0 - 1 — 2 respectively}. 

(Notice that t — 1 < g — t — 2, since Í < f*~J). We call *Wf,i the suhspace defined by 

the additional condition of F i ,F j being irreducible and smooth. Then the second cover 

(Cw, C) ¡& an element of H'§ , such that the components of C" are hypereUiptic curves. If 

moreover *(!*) ?É Pt- for 1 < i < 2« < j < 2§ - 2, then (Ó",C") € Kfi». 

For f = 1 we put 

^f , i ~ {(r»r*) € Ä f / f = P 1 U4 Ta and T% is a hyperelliptic curve). 

Again the additional condition of Tj being irreducible and smooth defines a subspace H9,\. 

Then (&\ C") € %v When v verifies the same condition as above, then {Ú", C") € 'Hgi 
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Finally *w drfiac for t = G 

"H.jf — {( i , r ) € Äg / r is obtained v o n a hyperelhptic curve by identifying 

By imposing t hat tbe byprrelliptic curve b o g irreducible and snooth, and each pair betau 

aon-bfpwtlij^k we define a sitbspace Hf,§. Then ( ¿ ^ C ) € tf9ß, If »» is g n o s i then 

(Òm
tC

m)€H9jt 

By applying the tetragonal construction to a« element of R'g f we óblala two elements 

of K* 0. Once again if the linear sérica y] is general, then they belong to tff j . 

dim Xf,» « % - 7 for r > 2, 

dim Hf i « % ~ 2 and 

dim Kff» = 2§ - 1. 

Notice that our definition of Wf ,# differ* a bit oí that of (DeJj. This change is neceMary 

in order to have the next property. 

(2,11),- Any clement of H1V cam be obtained by means of the tetragonal construction 

from an element of RH tu In fact, this is a consequence of the construction that will 

be p n » in §12. On the other hand, notice that #*!^'a>§) C P|K f ,»). Hence P(*'»>,#) c 

(2.12).- Remark, from (2.11) we deduce that for each element of H'B there «ckti 

an element of HB.§.9 component giving the aame Prym variety. TW» implies that the 

tetragonal conjecture at stated initially is not true. Tbk »ugge»t» the need for extending 

the tetragonal construction to the case of allowable double cover» and for extending the 

tetragonal conjecture to the proper map P. 

(2.13).- Although we have no direct description of SingE* when we are in HB f we deduce 

from FLmark (2.12) and Table (2.7) that SingE* ha« a unique component of dimenáo« 

a — 5 and possibly a finite number of isolated singularities. 

(2.14).- Finally we recau two lemmai borrowed from (Mul) and [De2j. First we need a 

definition. Let * : C —» C be a double cover of a smooth curve. We shall say that an 

effective divisor on C » »-ample if it doe» not contain inverse images of effective divino« 

of C. Let ( € Pic(C) be the claw attached to w. With this notation one has: 
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(2.15).- Lamina ([MulJ,p.338). W £ it an inwrtiblr sheaf torn C and Ò is an effective 

• - * £ — *.l»*f£) ®% % 0 » — £ ®^ m»mdè) - O — O-

(!.!•).- Lemma (DabvneJDäl^JM). LA » : Ò —-» Che an alowaMe doubk cower 
of a atable oinr C, ¿ an inwrtible fhcaf on C and D a reduced elrment of | A> # 
{#«•»(£))"" * | «Hb i»M¡ngtt¡ar w^ort. Suppcue thai l § (¿ 9®¿ O^iÒ)) > l far al 
eftctiw dmm» D mA that Mm9(D) * D. The» *•(£) > I. 



¿.Some properties of bi-«Uiptic 

"Äs MCÜMS ileal* with properties of bi-eUiptic curves that wit be wed later on. In a 
first reading it n»ay be skipped and kept for reference purposes. 

Let £ : C -—• E be a (2:1) moronism of smooth curves where B m an elliptic evarm. We 

«knot* by A and C the discnmiuant divisur and la« class determining e. By Riemann 
Hwrwit*: 

degà « ?f - 2, degf = f - 1. 

Let r : C —> C be the involution which interchange the point« of each ihre. 

(3.1}.-r-eiifM*a Lei Ä, B be effective divitor» on E and C renpectivelj. assume that B 
i» f-Minple (ef Í2.14J). Them; 

ae4M)+«kg(JI)<f<C)-l => k9ii'{A)-¥ B) = h*(A). 

PtOOF: By applying {2.15) we obtain an exact sequence: 

0 —• 0E\A) — c . lOdc 'M) + B)) — Od.4 +• Nm,(B) - Ó — 0. 

aus: 

A V U ) + B) < A#(.4) + à§(4 + .Vm,(B) - 0 = **M). 

(M the other ride, one has an injection ^ :\ À |—»| e*(À) + B | pvra by ^|Ä) = e*(Ä) + i?, 
soa·(e*(4) + B) = à§(.41. 1 

Note that B is fixed in the linear series \ e*{A) + B \ and that <̂  is a bijection. In 
particular» if B = 0: 

degM)< j<C) - l => h9(£*(A)) = h°(A) 

and 

le*U) |={£-(Ä»IÄ€i .4I!=£*(MI) . 

(3.2).- If f(C) > 5, then C m not trigonal (ef (TeJ). 

(3.3).- If g(C) > 4, then C is not hyperelliptk. To see this» take £> > 0 a divisor of 
degree two on C. By (3.1) h°(D) = 1. 
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(3.4).- Amunt that C is general, of grau* 4k Thro w$ (C) ha* two different points. In 

fact the canonical model of C i» the complete intersection of a cubic and a quadric in P 3 . 

ng» of the quadric Mt on C the linear serie» §§ of this curve. Lei D > 0 be a 

• S divisor on C such that h°(D) - 2 . If | £> j were the unique gff then: 

D s r(D). 

We write Q t , . . . , Q « € C for the rauunVatiou points of e. For each i € {I , . . . ,6} we find 

point» x ( ,y, € C « e h that D i Q , - f i , + y„ hence: 

r»4 »• a r ( x , ) + r(y t). 

By (3.3) th» i» an equality. if y, * r(x,) then D s Q. -f e*(r(*,)) and by (3.1) *•(!)) « 1. 

We deduce that i, = r ( r j , y, * r(y,). How, by taking norm«, there appear linear 

equivaleficeji between diviaors on E having »upport on discriminant point«. Thk contradict» 

the generality of C 

(3.5).- Aavumr that C ta general, of genu» 3. Then C m not hyperelliptic. Indeed, by 

using that € can be hypereliptic in at most one way we ran imitate the proof of (3.4). 

(3.6)-- We consider the following subvnrietie* of Pk f < c , ~ , (C) : 

r = {( € Singo* I , V m , ( C ) = 0 

r = ( e * ( r + i ) + C#l * . . " € £ . C '€H' f V,_sl if #<C)>5 

4 = {**<*) + C | x € £ , C* € H'JC >_,} 3 Z" if S(C) > 3. 

Remark»: i) If §{C) > 3, then A "m ¿»reducible of dimension §{C) - 2. 

ii) If #|C) > 6, then Z* and Z" are irreducible of din»en«on y(C)-4 and Sing©" = Z'UZ" 

([We2],Prop.3.6). If §(C) = 5, then the equality hold» but Z' is not always irreducible (in 

fact by (Tej there is a bijeetbn between it» component» and the bi-elliptk structures on 

C). 

(3.?).- In order to avoid annoying notation for the varieties V and Wm (where a € 2.0, -2 ) 

described in (2.6) we use the definitions of (3.6) applied to C} and Cj. In these terms the 

descriptions of (2.5) read: 

V - K ( C i ) + *J(Ca)l C i € Z | , Ca€Zi> 

W-t = K ( < » ) + irJÍCi)! Ci € Zf, Ca € B¡, Nm.t (Ci) + JVm„(Ca) = () 

W, « K i d ) + *,*«,) | d € i 4 , , d € . 4 a , JVm t l(d) + jVm,,(d) = £} 

Wa«í»r (Ci ) + «ï(Ca)l C i € 6 ; t Ca€ZJ , JVmti(Ci) + JVm^(Ca)«è}. 
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(3.8).- Lemma( [De3],Lemma 5.2.10). Assume g{C) > 6 mà i x 1 € Pic ' ( C ) _ ' (£ ) . Then 

|C € I * | iVmf(C) - I ) i» ¡mdarifaferf dfaMMh» y(C) - 5. 

!n part icular Z ' H Z" i» irredueibkr. 

The following facts will be wed throughout. 

(3.9).-Proposition. One has the followiug equalities: 

i ) I f f (C)>3theD: 

{a € JC | o + .4 Ç A] s {t*(ò) | o € Pk (£ )} . 

ü ) K f ( C ) > 5 t h « i : 

|« € JC 1 a + Z" C 4} = {a € JC | o + Z" C 6*} = 

= |« € JC | a + Z' O Z # C A} = {« € JC | a + Z' n Z" C ©*} = 

= { c " ( i ) ~ r - í | ¿ € £ , r , a € C } . 

iti) If 9(C) > 5 then: 

{a € JC I a + Z" C Z") = (a € JC I a + Z' fl Z* C ZM} = 

= ( £ * ( a ) | o € P k B { £ ) } . 

PlOOF: i). The inch»«» of the tecond member in the first one is clear. Let a € / C »uch 

that a + .4 C A, In particular, for all i € xTandZ?€ Ci9~sí one ha« A§(a + £*(x) + D) > 0. 

Then: 

A8(a + £*(x)i >0. 

otherwise by Riemann-Roch 

fc0(AV - f*(ir) - a) = h9(emU - *) - a) « f (C) - 3. 

By taking point» Xi,...»x f<c»-j »uch that xt+i is not a base point of the -«near sen« 

| £*(| - x) - a — xj - • • • - - x, |, one finds an effective divisor D = £»Í¿ ~ T« untying 

Ä°(e*(C - * ) - a - D) as 0. So A9(a + «*(x) + D) - 0, which if a contradiction. 

Now we may write as D- e*(x) where I? is an effective divisor of degree two verifying 

h*(D + e*(o)) > 0 for all a € Pk9{E). 

By applying (2.15) we conclude that D € Im(ff*), thereby proving i). 
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i ) . All tLe equalities are an eaay cooaecueuce of the fblk»»ñng oue: 

{«€ JC ¡m±M'ñM" C®*} ** ¡emm~r ~é I § Ç E* rte€C'h 

Thi» fact an» proved by Debarre in |De5]. We give hem an sketch of the proof. We only 

p w e the indiHioo of the left hand ride member in the rifat hand ride member. Write 

m m D - e*{À% where À € Pter(£) and D "m effective. If we assume that D m e-ampie 

the« 2r < g + 1. In fact it i» not neeestary to «»r id« the rate the case 2r ac § + 1. It 

suffices to obtain a contradiction if r > 2. 

Suppose that 2r < § - 2. For a generic element B € Pk r( F% there edst» iy > 0 »weh 

• I> + D* i» e-ample. 

• 2É+Nm,(D>) = | . 

Then e*|B) + l>* € 2* n Z". By applying (2.15) 

0 < Ä°(d + e*(B) + D*) » *•(I? + ff + £*(Ä - i») 

< à§( J - .4) 4- h*{Xm.[D 4- ö'> -»- Ä - .4 - 0 

= A9(Ä - i ) 4- «•(AV.d» -A~B) 

which traduction because B m generic, The caaes 2r = g — l,f arc stmilai. 

Part iii) foEows from ii). 1 
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V * A iwy 

Let / : Uf —• N be A (2:1) morphism of smooth curve« with ramification divisor 

£ i . , <?•• We denote by # the involution of i t attached to / , 

L* t b . . b » hu«U. oo A - i th «r-(t) * L. C W « « « « p i » - . „ „ t a d in 
such a way that: 

Writing L[xj ft« the point wiae Ihre of L owe* i € i t , one obtain« isotaorpbtMas: 

given by multiplication with constants A, with Af = 1. We attach to L a vector f(L) = 
(A1,...,Aà)€(/i3)*wh.cl1drpend1ioutbrchoIcroft7. Tie amhtgiisty disappears when we 
pa« to the quotient modulo ¿if by the natural action. Tb-n we have an homomorphism 
of group«: 

r : K « f V - l ) —ÍÜ2Í- . 

We use the notatiou v{D) and v(C) for D * divisor and C an invert ible sheaf on Ñ. 

(4.1).- Proposition. There exists a Ene bundle L on N inch that / -(L) * L iff v(L) >••••• 

(ïTTTTTï). 
PlOOf: It w i m to use [G|,Th.l,p.l7. | 

(4.2).- Proposition. Let ¿ be an invertí ble sheaf on V »««h that **(¿) a £ Then 

there exists a divisor Ò on S with 0 < D < £f , , $ , and an invertible sheaf £ on JV such 

Pioor: By »Hang the exact « ¡ o n e * 

0 __» O^-Q.) —»o? — % — 0 

and by observing that 0¿(--<)¿) i fw»(/*) (hence by (4.1) v{-Qt) # (1 1)) one has 

v(-Qi) ae ( 1 , : . . , - ! , . . . , ! ) . Then, by tensoring^ with suitable sheave« 0¿(-Qt) we can 

make all the coordinate« of the corresponding vector be equal. | 

Let (C,C) € HB,§- We keep the notations of §2. In particular ty €t JC is the class 
determining * : Ú — C. 
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(CS).- CüPefcurjr. ö i » ha» (£,C) € E*Äti iff r % ) fft f . 

P t e o r ; % (Í.4I)* f % ) - f « IMB ( £ , C ) # * * , , . C Q H « I N I # suppose r*(f) « f. 

Applying (4.2) we may write: 

i f - f 

r, « H - t*(À) with 0 < D < J ] F». 
«»i 

Let Ci (nap. Cj) be the double c o w on if p i*n by the class of Á (cesp.( - 4 ) and the 

discriminant dmsar JVm«(£) (rasp. A - ATmt(D)). Observe that: 

e*(JVmc(9)) = 2f = 0, 

& due to the injretivity of £*: 

Nmdnl = 0 and 2.4 s JVm,(0). 

Then C S C | x£ Cj »nd C 3 C/(*i o t.%), t% and t s being the involutions at ú attached to 

the project»» CM C I «nd t*2 respectively. Hence {C,C} € "RB.$.Í fe* *aa* t. | 

(4.4).- Lemma Assure r > 0. We rotiiider the commutative diagram: 

J C , —^~* i C 

• T T 

«/£ —_—-» J C J 
»; 

Then: 

*ruc,)n»;(7c,) = <*v*<«)) | o € Pk0i£)} 

PlOOF: Fix | € huag(*¡) n lma§(irf) and d\ € JCi. è% € JC t such that J a #f( J , ) = 

'5 (A)- B F íbe astumption t > 0, the morpliism» »i and jra are ramified, hence w¡ and 

» | are injertive. Thus we need to Sad &n element J € Picp(£) auch that ¡}x = w*(i) and 

$2 - T | ( I ) . TO W this observe that ij(tf) = | . On the other side from (2.4.v) one ha«: 

therefore 

ir?(A)«0«*ÍKíA)) 
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In a similar way we get ft •« rf(#t). t / applying (42), t ime exist divisors Dx am Cx, D2 

on C2 and classes o , . a 2 € Pic°(£) gt*ch that: 

(45) A s cf<#, - 0,» A s **(*») - ft 

wherr 0 < D, < ramificatlou cbvj»t>r of í,. i = 1,2. 

Hence: 

v*(e*(tt| - 03» s * i ( 0 i ) - "¡(Ds) 

Let Äi and Jta he the cffwtm « v i m s cm C such llwt 

»•(At) » »;<I>i), *• (* , ) * * , ( 0 i ) 

thus 
21 3 f - l 

0 < Ä» < ]T J», 0 < Äj < ]T #». 
in l m } t + l 

From 

» * ( e ' ( * i -• «*i)l s »*(Äi - Ä j ) . 

two possibilities appear: 

either i) f * | o i - ü . ) s Ä i - Ä j 

or ii) c*(i»i - o - j ) ss Ä| - it« + ff. 

We first «wppose i). F b n (4.1) we haw i»(Ä| - Ä}) = (1 1), i.e.: i*(Ä,) = r(Ä}). By 

applying the proof of (4.2) we can compute these vectors: 

v(Mi) = (A, , . . . ,Aa t , l , . . . , l ) with A, * - 1 iff P, € Supp(Äi) 

»'(Äa) = ( l , . , . , l , A a N » , , . . . , A l i _ l | with A, = - 1 iff P, € Supp(J?}) 

We conclude that A, = • • • = Aa, = Xit4.t = • • • = A}#_3. that is to say, either Rt = Rt - 0 

or Ä| = Y^Li P** Ä} = E?I}t+i iV If Äi = Ä} « 0, then O) = ß j s 0 and we finish by 

taking I = ¿ , = àt. Similarly, if Ä, = £ * , F», Äa = E Í - í ¿ i P. « r get D, s *?({,) 

and £?j s ef(Ca) (** (2.3)). By replacing in (4.5): 

On the other side, by (2.4.Ü): 
a* a»-a 

e'(a,-a,)S£p,- £ P,sc*(6 -6) 
t a i l 1*214-1 

and one finally obtains | S Ó , - ( J S Ò J - &. 
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hike« 
m i)- 1 

ü) we can imitate the abovr parf % replying 7 by the 

«Jato 
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Ä.The components "Rn.i.t for t > 3 

lu the first half of this paragraph iC\C) is with f > 4 and F as 

P(Ú,C% We keep the nutations of §§1 and X In particular § > l i , 

In order to describe the ihre of the Prym map over P we «hall IM» idea» from [Wei] 

and [De2j. Via geometric constructKMX» we recover «wamttsJ information that almost gives 

the initial dat«. To make the construction intrinsic*] we will need to recognize some 

components of SingH* Por instance we can recognize V by it» dimension. Our first goal 

will he to recover from P other component«. 

Recalling the descriptions of (3.?) one has: 

(8.1).- Proposition. The variety W_a n ll'j is irreducible of dime««» § - f and one 

has the equality: 

W_, 0 Wt = K K i ) + »a«a)! Ci € ZT.Ca € 2?. JVm.,(Ci) • JVm.,(Ca) = 0 -

Floor: We check first the eauality. Clearly the second member is contained in the first 

one. To »e the opposite kicluäon we apply (4,4). Indeed» tmppone that 

(5.2) *i(G) + *JKa) = »í«í» + *KC¿) 

where 

Gee:. Ci€z;. ci€zr. c,€e; 

and A'mei(Ci»+ iVm,,«») = NmH((¡» + A fm f i(Q * £• 

Then; 

By (4.4) there exists a € Pic°(£) such that: 

Ci - C! = e\ià) 

In particular (i = e\[á) + Ci and replacing this in (5.2) we are done. 
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(Cud) —» «i(CiI + *iíCt) 

Lr t m define T - KCi.fc) € * f x I J | M n * « » ) * ^»» . (C i ) - l l - Oearty t ( T ) -

W'_, n Wj . Since each fibre of the induced map T —* lf'_2 n W ' j i i isomorphic to £ (use 

(44)) it suffice» to prove that T m ureducible ofdimension 9 - 8 . T o m this look at the 

l i n t projection: T —* 2*. Cksmày I f is kwÄmb le and by (3.8) the fine« are urredttdbJe 

of éamension § - f - 5 (note that § > 10» * > 4 and t + 1 < f - t imply § - I > 6 ). Thus 

T M ¡neducibte and dunf* «dim Z" + f - i - f t « f - 3 + f - » t - 5 « f - 8 . | 

(5.3).- Proposit i©«. The varieties W9 n l f - t «n^ " 's ñ Wj ate both »reducible of 

dimension g - 1 and they are described at follows: 

W9 n W-a - {*•«») «I- »J(Ct) I Ci € I f , Ct € 4,» JVwi.,(Ci) + * "»„«i) = CI 

i r .n i r t . K « , ) • »i(C») I Ci € AuQ € f,w^'wt,(Ci) + JVf».»(Ci) - CI-

P»OOf; By symmetry only one variety has to be considered, far instance W9 n !fa. Imi

tating the proof of (5.1) one rimis the equality. The irredncibtlity and dimension may be 

obtained as in be, cit, replacing # by the morphism: 

f ' : i t , x Z» —* Pk*»'*{C) 

(C1.C1) — »i(Ci) + »J(Ca) 

and T by r = {« „Ca ) € .4, x Z'{ \ JVm.,«, } + JVm#,(Ca) * C). 1 

(5.4).- Remark. The second statement of Proposition (5.3) «till hold« true i f 1 > 2. 

(5.5).- We put 

A. * {i € P 1 i + W« n Wm C Ha) 

where o « 2, - 2 . 

Due to (5.1) and (5.3) we know W9 among the components of Sings* of dimension § - 5. 

Therefore we recogniie abo {(W§nWt),(WtC\ W-t)}. Combining both facts {A~ t ,A i } i» 

intrinfically recovered from P. Our next aim m to compute A - t and Aa-
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(5.6).- Proportion. One has U* eqtuüitie«: 

í) á - f - K < « i W - r - « ) | i € l » r,«€Ci, 21 « « i » + «•(«)} 

M) At - { » I f f t í * ) - r - # ) | * € E. r ftífCi» 2» • f#)4-f tf#)}. 

PROOF: We only provr the second oat, the first on« being equivalent. Looking at (5.3) it 

is easy to check that the second number of this equality » contained ir the firt.t ont (by 

(2.8) its elements belong to P). Ufe show the opposite inclusion. Fa i € As. By using 

(2.8) we may write 

4 * »?(«i) • *J(«a) wüh JVmC|(«i) » JYwi#tfiif) - 0. 

L** *?(Ci) + »1(4) € II'« n Wt when» Q € «4,» <* € I f and jYmt|(<|) 4* JVm„«t) - I 
U-f ,5.3: )• Applying Lemma (44) there exist elements <I € A„ Q € A, and ó € Pk*(£) 
surh that: 

«a 4- Ct = Ct - *J(ó) € 4 i -

Therefor« «! 4- J4| C A| and «a 4- Zj C A». Then by using (3.9.Í) and (SJ.ii) we finush the 

proof | 

(5.?).- Proposition. As«»»* I > 4. The sets A_an2A_a and A«n2Aa are two synnetric 

irreducible curves. Then* uonnahzat ioiw are G and Ct respectively» and r, and r¿ are the 

involutions induced by the (-1) map of P 

PlOOF: We first ©bserw that: 

2A_a» i * r ( * - r | f - T | ( x ) - r , ( y ) ) | x , y € C | } 

2Af * {*J(* 4» i - TüU) - ri(i)) I s%i € Ca). 

Now, it suffices to eotinider the set A-a 0 2A.a . One has: 

A- , n2A_, * K ( J - - r,(*)) 1 * € Ci). 

Indeed, since T% has fixed points, n\(x - r|(x)) € 2A_j for all or € Cx. Moreow: 

»í(x - r,(*)) « »r(ej(ei(*)) - 2r,(jr)) € A_,. 
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Tower the opposite inclusion, tai» i f f mà r.# € 0 , w è titai Ü m *i(r) +«t(«) and 

suppose that >r*(ij(x) - r - *) € M . | , We obtain A linear equivalence: 

*f(«ï(*) - r - «) * »J(f 4- * - f|(y) - Ti(*)) 

who* y» * € Ci. S a m »* w injeetiw: 

(5J> f|(*) + n t f ) + *"il*)«*-4* H r + i . 

By MMunptk« f > 4 and this» (3.1) ¡suples that fcf(tf(# )+ri(»)4>f*(x)) * 1 iff M«) «i y 

If V — r iU) the initial element belong» to the right hand suk member tnvially Thus we 

cau assume that (5.8) "u an equality of divisor» «od then either y - rt(z) or y » r-i(y) or 

s = n ( t ) . In any c a » the i n c l u í » fellows. 

Now, taking the morphiim 

<Pi ". €*i —-* A- j n 2A_j 

* —• » J ( x - r|(x)) 

the statement follows by obaerving that -^, i» biratianal [C\ "m not hypereiMptk by (3.3)) 

«id that ^i(ri(x)) = - ^ i ( x ) 1 

(5.9).- Let w' : D —• D be an uwammed double cover of smooth curve* « e h that 

P\D,D) a P. Since the angular locus of the theta divisor of P has d i m « » « § ~ 5 = 

dimP - 4» D is either trigonal or bi-eJMplk (cf. |MulJ,p.344). If D i» trigonal P is the 

Jacobian of a cunre (cf (ReJ). Then, by [Su] C has to be either hyperellptk or trigonal» 

which contradict» either (3.2) or (3.3). Thus D is bi-eUiptk. 

Moreover, looking at the table (2.?) plus the obsenfation of (2.13) we deduce that 

(D, D) € HB,§,9 *»*h * > 4. Let ß i and D-¡ be the bi-eJhptk curves of genu« «4-1 and 

f - a attached to (!),/)) in the usual way (cf (2.1)). Since a» we hmrs seen in (5.7) (Ci , r t ) 

and (Ct,rt) can W recovered from P, one haw iiöBiarphkms <g?, : D, —> C, i = 1,2 

commuting with the corresponding involutions. In particular the base elliptic curve is the 

same and s = t. Summarising, if the diagram attached to {D. D) is. 

D 

D Dt D 3 

X W / . 
* E '* 

*>0 



there e x * #j € Aut(iT) (i m 1,2) enea that 

<l i" 
& '""""im- •"'•'• £ u 

Thus we obtain a diagram 

/ 1 \ 
D Ct C* 

Comptwjnjt with a suitable mtomorphbia of £ we get 

(5.10; 

/ i \ 

whew # € Aut(£) and 4(A) # J1», for «I 1 < i < 2t < ; < 2f - 2. 

(5.11).-Tktaorvin. Let (£,C) be a general element of "R.B,§>* *»*»* ^ * andf > 10. Let 
(Ò.D) € * f midi that P0,D) 2 P(C»C). Then (ÀU) € nB,9,t and iCfC) and 0 , D j 
are tetraganaUy related. 

PnOOP: By (5.9) it only remains to see that each diagram (5.10) can be obtained by 

applying successively the tetragonal construction starting from the initial dement (Ò,C). 

By (2.10) it suttees to see the following fart; 

Lemma. Asmime that E is general. Then the set: 

T^{*€kut(E)l*{Pt)^ P,, for 1 <i < 2 t < j < % - 2} 

is generated andtipficatively by the element» of T that correspond to the linear aerie* §J 

of E. 

Pioor: Let • € T. Take a point r € E and put i = #<r). Let * be the associated 

isomorphism of JE. In other words. 
• 

•ft IS 

E • E 

.,{ }«, 
•#J& — ' -» JE 

è 
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where #1»ft we the embedding! of B m its Jacobian vi* translations hf f and J mpeethM^r. 
Since £ is general «ad 4(0) = 0 one ha« • = ±Id. Then either # 0 ) = ¿ - r + ¿ for all 
f € S or # ( i ) = r + i - x f c r a l l i € £ : . In the seeoad cast • i» the automorphism 

determined by the linear serie» f f 4- J f. Maw assume that #(*) ü - H ï . Let «s 
conrider the automorphisms • i and t j o f f given by the linear aerie» | 2# ] and f f 4* i |. 
The,*; 

and 

*t(*l(*)) a ^ 4- i - #i(f J • r< r i -» + # l i - # + J. 

So: # i e #i «s • . Moreover for a general f Ç E one has #i € F. Sin» the linear gems 
| x 4- #( i ) | vari« with f when # is not an automorphism associated to a f J we obtain 
#2 € T also for a general f £ E. This ends the proof of the lemma. | 

The test of the section will be devoted to proving the analogtse of the Theorem (5.11) 
ft» the component HB,§ J* Let (Ò.C) be a general element of this component. There are 
two component« of dimension • - 5 in Sings': W9 and Wt (cf. (2.7)). 

(5.12).- Lemma. One has the rqu&lni«* (cf. |1 and (2.8) for notation«, part iii will not 
be needed here, but later one): 

i) /(lv*t)«»í(Pi) fort>l 

it) /(fr») * *•(«•(,,/£)) fert>2 

HI) HW-i)mwÍiP¡) fcrt>4. 

P»OOF: We ihow fest the equality i). To prove the inclusion of *i(P\) in the left hand 

side member we eotaider *{(&) € *f(/*i) «id we take an element r^Ci) 4- *J(Ca) € Wt 

where <, € ©|» Ci € %t wd M»t,Ki) + >'"»#,( Ca> = t Since the map 

Pic·íDxCj"—»PJc*(C,) 

is surjective, we may write 

fl 4- Cl 5 CI + fjti»), where Cl € e ; . p € Pic8(lT). 

Then 

* r w 4* »i(Ci)+«;«,> - »r«i)+»t*cca 4* €,*(#)) € m . 
To see the opposite inclusion take i = *¡{al) 4- «¡('a) € P with ax € P\, «a € F] and rota 
that à 4- W2 C H'2. By applying Lemma (4.4) as before (see for instance the proof of (5.0)) 
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w* get a , + J ? C Zy. % (38ui) tief» «nata 4 €i 7 £ M À that a7 m c|(A). T i m a n » 

i f f f f t J t ) . 

In ü% tbr inclusion of l i» right hand aide member in tàc Jeu hand «de member is «¡um«». 

Take now à «»?(<»! ï+»J(aj) with ai 6 Pi anda2 € % Awume that à+W 0 C W%. Again 

H P wife ^^^fcÄi^^^^ttaMfcHaTPw^p **̂ s> flap**flassjsjfcsflBa a *p* ** Jf "̂PSMsafr flMSjsisa as*^ if # a 'fc"* *^fe0 ^SJSJP»*P »ajp (? «^PJK ^M. mW&M* awayr %MVawflHi| %a^p*4ie*a'* 

we obtain that à € T*(i*| 7£)) This end» the proof of the incluaion 7(H*0) C ir ,(f*(J7E)) 

Part i t ) it analogous to part i). | 

By dimen»ion count of 7(H',), i = 0.2, we may distinguish W% from VV2. 

(§.13).- Propoait^on. One ha«: 

U ( (»•) - !n#,*(Fi ) ) - {n¡ít¡m - r - a ) I f € £;»%* € C, and 2* 8 fi(r) + «,(•)}. 
j*#» t,a# 

PtOOF: Let ( » *r(C|(i) -r r) + *f(G), »ft«» * € £ , r € d 6 € ¿ i and such that 

Nmt,(f |(f) + r)+Ka«,(( t ) » (. We tafee «i € #*i «ich that 

*i*(«i) + C € l l V 

By Lemma (4.4) this implies that 

«i + ej(¿) + r € A%. 

Hence « t * r ' - r + ej(ñ) where o € JE, r,r' € d - By replacing á by i - f i ( r ' ) for some 

i € £ we get 

(5.14) (Wy_ ¿ n J^(#>») C K ( f *(f) - r - #) I i € £ , * € C, and 2* s e,(r) -I- f ,(*)). 

The inclusión of the right hand side member in the left hand aide member in (5.14) is 

trivial. The equality in (5.14) clearly implies the equality we wanted to prow. | 

(5.16).-TkMffwat Let (Ò,C) be generic element of H Ä t i j with §> 10 and let [D.D)€ 

n9 such that P 0 „ 0 ) a P\a,C). Then [Ò.D) € * » . , . , and {ÒX) and (DtD) • » 

tetragonally related. 

PlöOF: Firat we observe that the method« med in the firat part of this section (i.e.: 

I K {C,C) € HB.$,U t > 4) in order to recover the set erf data ( d » r t ) are still valid 

(cf. (5.4),(5.6.ii) and (5.?)). On the other side we have wen in (5.13) how to recognae 

intrinácaUy in P the «et 

{ * í ( e ¡ ( x ) - r - « ) | x € £ . r , « € C i and li S f i ( r ) + f , ( i ) J . 

Since it coincide» with the sc« obtained in (5.6.Í) we can also imitate the process given in 

(5.7) to obtain the set of data (Cu ri)* Then the proof continues as in (511). 1 
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0.Tb« components RB,,,I MMI ^e , , , i 

In this paragraph we wish to provr the analogue of Theorem (5.11) fix* the components 

^».».2 «nd Ka,t,\ We use ewentially the same idea». Only th# way to memm (C| . r,) 

need» a uew point of view, we shall consider the study of some intersections E* O E*§. We 

keep the assumptions and notations of § 1 and $2. 

Let m denote by i C . f l a g e n « « element of ft0<,,. f ro« (2J) and .2 7) we may 

suppose that: 

SingE* = W, U WV 

(6.1).- Due to (5.121 we can make a dtífcrence between both component». 

(S.2).- R e n t « * . We imitate §8 (§ee i5.4), (5.5) and (5.1)) and obtain from P* the curve 

A, n2A a * f*JU - **(*)) I * € Ct). 

By normaliiing we recover (Cj, rj). 

Now we aim at describing a jmbvariety of *J(P|) that deternúne» the curte C\. 

(6.3).- Proposition One has the following equalities: 

¡) If à s *J(jr - rj( j-))» where jr € Cj , then 

E*f lE | = Fu .Y(à) 

where 

xm = {*•((,» + »j(Ci) I Ci € e;,ca € e;, A°KJ - x) > o 
and JVmtl(Ci) -r JVro,,«,) = C} 

is the moving part of this algebraic system and F it the fix part (see below for a description 

of F). 

ii) Let N = K ( C , ) + , • ( ( , ) | Ci € et.JVm.,(Ci) = (uQ € Z't}. Then: 

f] Xià) = W9uWtuN, 

and N is the union of the irreducible components distinct frcm WQ U W%. 
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i i ) M i - »i(*t) t wimm «t € #t - W* A « 

JfrtHl-K(C,) + »í(Ci) lCi€©ír i (#^, i f f^(Ci)- I i tCi€iy 
U KCC») + »|(0 | Ci € 8J, JTm^O - Ci.Ci € 3 fi I?). 

PltOOf: i). Lat C " *i(Ci)+*íKi) € S*nSJ «ilk i « *}(#-t*(*)). By applying Lemma 
(44) we find elements C| € ÖJ»CS € ©| and # € Pirü(£) such that: 

(«.4) Cl * Cí • € J(f) 

Suppose first that i = 0. Theo 

Ci € e; n(©5),.nU) = (c, € e ; i *•«, - *) > e} 

U <Ci €©! !* • ( ( , -I» r,(x))> 2). 

If Cí belong to the second set, by Riemann Roch ©ne has 

A*<A c , -Ca-*iU))>0. 

Deine X =- Ci ~ JVm„(Cj). ^ = Ci - €|(Á) und 4i = Ci + í ¿ W Then 

*B(A) « Ä8(CI - ej(6 - ATm.,«,))) - ¿ V i í K i ) + í ,tf i)) = *Vi(G)) > 0 
* f(A - x) = h9(MCt - r*(Ci» - x) « *•(AV, - Ca ~ r,(x)) > 0. 

Therefore *f(Cii f »KCl) = *•<*> + *||<|,) € Xlö). 

On the other hand if p # 0 then (ci. (De4], p.9) 

C, € e intet) . . , , ,« At u{Ci € er | JVm.,(Ci) = à -M). 

If JVmt|(Ci) = Ci +# then# = iVmtl(Ci)-Ci - 6 ~ iVmft(Ci) and t^ replacing in (6,4) 
one has 

Ta*(Ca) + * - r , ( x ) s A*c,-C5-

Thus Ct € 03^(0a)«-n(«) • ^ proceeding as above we conclude that Ca € X{à). We haw 
proved the inclusion E* H HJ C F U -Y(ò), where 

F = K(Ci) + »J(Ci) I Ci € Aub € e|,JVmtl(Ci) + NmtM(Q) = (}. 
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The inclusion of X(è) in the ieft hand side member it trivial. Take mem < = *¡tCi) + 

*f(Cs) € F. Since the map 

fk9(E) x Cl§"m — Ke*-*(C») 

is «irjective we am write 

x - TJ(X) + ( j i ß + ej(íi) 

and then *}(* - rt(t}) + < 2 »f(C, 4- ej(o)) + »|(D) € 1*. 

The reader may observe that F and X{à) have pure dunenskm § - 3 and that dim( F O 

X(à)) Ä § - 4 for ail i . Tb» concludes the proof of i). 

ti) The inclusion 

I t i U t t j U J V t f | Jf(à) 
4€AtraAt-(0) 

left to the reader. 

To see the opposite inclusion let ( as «••((,) + *j(Ca) e .Y(ò) for all à € A) n 2A2 - {0}-

Then for all í € Cj there exist Cj € 6J , ( , € 0 J and # € Pic*(£) such that 

A ° ( ( Í - Í ) > 0 

16-5» Ci s (J 4- e¡(p) 

Ca 2 Ca - clip)-

Let T be an irreducible component of the fibre of the map 

Pk°(£) x C t x c ; , _ 4 > — P k ' - ^ C » ) 

(i . jr .D) ~ * J-+ D ~ i | | # ) 

over Ca- I» these term« the condition« (6.5) say that we may (and will) »Mume that the 

projection from 7 to Ca is surjectiv*. Suppose that the projection T —» Pie§(l?) is 

constant and let p\ be the image. Then for all * € Ca we find an effective divisor D such 

that: 

Ca 2 j» + D - e,(#t). 

Therefore h9((2 + e\{fa) ~ z) > 0 for all t € C% and hence Ca € Sing©! = Z't U Z j . So C 

belong» to Wj U N. 
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If T —• Pie*í^) i» Mqactiv* v» find th»t 

far mil # € Pic°( £) . Hence Ca € .4f. How it is not hard to deduce that C € H"o U Wt-

from the dencriptioni it "m clear that N has not component« contained in fV§ U HV Tb» 

finishes the proof of ii). 

iii) The inehmk» of the right hand »ids- member in the left hand side member is left to the 

reader. To tee the opposite inclusion let »t(Ci I -*• »JCCI) «»A *»«t Ci € ÖJ, iVwit, (Ci) = 

(1* 4*i € Zj and suppose that 

*?(-«!+Ct)+*;<Ca>€ 5*. 

Again there exitt CÍ € O*. Ci € ö | and p € Pic-! £ ) with 

-01 4-d S (¡ + f J(^) 

Ci s Ci - íï<p). 

If p = 0 then d € Of n (ÖJ)# | . On the other hand p # 0 implies that 

Ci € e ; n ( e j ) _ t ; , # ) = At U {Ci € » J I . V W „ K J > = 6 - l i 

siare (j € Z,, only (i € A-t is pomiiblr and then C-j € Z¿ n Z-j. I 

(6.6).- We shall define few* ò = irj(ai M i € Fj - {0} 

iV(a) = K Í G ) + *ÍKJ> i Ci € e;n(e;).,..vm„u"i) = Ci.d € z¿}. 

This set is recovered from A* n H| a» the union of the component« not contained in W%. 

Our next goal is to distinguish points in *f(P1) looking at the number of components of 

S(à). We will see below that the set 0J ñ (0J)«, n A'm^'Ui) is unite. The rardinal oí 

this iet coincide« with the number of irreducible components of JV(o). 

(6.?).* Let U be the ample divisor induced by 0 ! on the abelian surface Pi. By Riemann-

Roch 

By «sing ¡Mul)»p.330 we obtain deg(A0) = 4 and therefore £?a = 4. 
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(•»§).- Li* a* € Ci and let at m g - r%(g) € J*i. One ha« 

«I n P f k •(*•<?,) u K, € ej | *•((, + n(*)) -1). 

l i — *i(*)- On the other nana if the divtior r + # «wriie» fc*(r + * + fi(r)) =• 2 «ad 

í i< r j + f | ( j ) % | i then by Rirm&un Roch 

0 < * -(a*c, - r - j - r,(*)) = * § | r , | r ) + r,( j) - r,(*)) = *g ( r + • - * ) . 

Hence the aceoad component intersect» Nm~t
li(%) at the nam* points. That is to say, in 

this ease S{à) has at most t*ii component». 

(6.9).* Let E be the w i w given by the pull-bark diagram: 

V - I^Wí 

1 k1 

I (i I • Em 

the borifontal arrow» being inclusion». Since O is general it is easy to obtain (cf. §11) 

that E is a «Booth curve erf genu» 3, the quotient E/f, is an elliptic curve E% and Ei m 

not iaotiiorpbic to £*, 

We shnil denote by E« the image of the map 

i + i — • * -f M - r,( x) - r | (y) . 

(6.10).- Proposition One ha«: 

|6 € **(Pi) | number comp. S(à) < 4} = II U *,(£«) 

where D = {*J(* - r t(.r)) | J € C |} . 

PtöOF: By (6J ) we must study te cardinal of the set e¡ n (9JÏC, n .Vm" 1 ^,) when 

oi € Pi- from (6.8) we haw the inclttnton of II in the left hand sde member. To see the 

rest of the statement we shall need the following propertie« of the quartic plane curve C\ • 

• The Hue« determined by the divisors ej(jr) with x € E all pass through a common 

point 0 € P » , where 0 # C». (In fact 0**P{H9{E,OB(ÍI))X) CPH9(CltKc%)m)-
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PJ. . . .,P¿ oí í ! belong to a line / 

• If i , v € C\ verify f i(x) + cj(y) s fi then 0 € l ? . 

The picture i«: 

OIL 

In fact the úsvolution t% admits the CtiUowing description: fet x € Ci and tafee x' € ÍH(5x, 

then | 0 ,* ' ;* , r i (x) )= - 1 . 

Tate now a point * + y € 6J n (Of)«, n ATm'Víi). The following equalities are veU-

known: 

I f « PTej(x + y) C VTJCt(M + y) a P l T ( C „ A ' c . r 

F? = P T ( « . k i ( x + y) whefe r - M € | x + y - s , | . 

Since c^x) + ci(y) H £i(r) + Cj(j) = {, both lines pa» through 0 . They are equal iff the 

Wowing equality of diviso« holds 

x + y + r,(x) + r,(y) = r + * + rt{r) + r,(«), 

that is to say iff *¡{ai) € Ü U #,(£#). 

Assume irst that **(«i)# IIUxJ(E0). In this case t b e c u r w e j n i ö f ) . , is not singular 

at x + if and it suffices to show that Off PT>\(0) in order to obtain transversahty in the 

intersection. Indeed: 

Tñm . (B*(CuKCtrr = j m ^ d » * = ww* C J^(C„ITC.)' 
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On the other hand, if SR is an equation for the ramification divisor A = £ * „ , K t ^ e n *&* 

inclusion 

^¿ .Os ) * * * *«? , . *« . , ) 

* -»e í(*)*it 

induce» an equality ¥M9(E,Og) * {Ä}. By duni tkg we gel Ojí I * P T ^ (0). Observe in 

particular that it follows from this that the set 8 fn(8*) # I nJVm~ l( |i) is finite. Combining 

(6.7) with the traMwrsaBty we find 

** |ÖI ) i- n U **(£«) = * number comp. N(à) « 4. 

Finally if «i € S© then PTe*(x + y) = PTj©*^ (x 4- y). Thus ©• n (0J)«, is angular at 

x+y. 

Therefore U| ç E« = » number comp. JV(à) < 4. | 

(6.1t).- Theorem. Let {C,Q be a generic element of ftj»,f ,3 with § > 10 and let 

(D,D) € nt be such that P{D,D) 3 P(C.C). Then ( À D ) € Ä Ä t f J and ( 0 . D ) and 

{C,C) are tetragonmlly related. 

PicXJF: In view of the proof of (5.11) it suffice« to show how to reeopitte (Ci, f"j) and 

( C J . T J ) from P. Observe that (6.2) says how to recover (Cj.rj). In particular we recover 

the curve E. By combining (61), (6.2), (6.3), (6.6) and (6.10) we recover the srt nu»*(S t ) 

intrinsically. By (6.9) one obtain» that the normalisation of wJ(E«) is an irreducible curve 

of genus < 3. Th»js if it has genus < 3 then we distinguish U m the component of the set 

with normalization of genus 3. Otherwise since the quotient of E by the involution given 

by symmetry is not isomorphic to E we also recover 11. Now by nortnalking the symmetric 

curve n we obtain ( d , rt). | 

In the rest of this section iC,C) will be a general element of RB.§.\- By (2.6) and (2.7) 

we can assume that SingH* = li 'j is irreducible of dimension § - 5. 

(6.12).- Proposition One ha* the following equality: 

(Ò € P I « + If a C H ' | = {»•(o,) + *; (e ; ( i ) - r - s) | 

a% € Pt,i £ E, r , # € C j , 2x s ff»(r) +*a(*)). 

PlOOP: The inclusion of the second srt in the first one is clear. To see the opposite 

inclusion take à = *?(ai)+*3(a2) € P where a i € Pi, «a € Pi and such that à+rf j C H*. 
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Lai C * «í(«) + »KCl) € W i , with « € C i , Cl € I f mà tt(x) + JVwi^Ci) * f. i f 

app%ing Lemma (44) one finds elements x* € Ci»Ç| € W*_t(C*t) and ¿i € P k * ( £ ) mmh 

that 

(6.13) «i 4» * s * ' 4- f *(#) 

«a + Ca s Ci - ilW-

Let us define the following uubvariaíy uf Ci x Z J 

Y - It**,Cí> € C t x Z * I f ,(x) 4- A'm^lC-j) s Cl-

Consider mm the morphism: 

t : Picef £» x C , x Cj ,~< , ) — P k ' t C , | x P k ^ 2 ( C j ) 

(¿.x'.D) - - ( * ' + ejt/») - a , . 0 - f|(#) - a2). 

In these terms the equivalence* uf (6.13) ~emá: Y C Im(tir). Since F i» irreducible (it 

suffices to apply (3.8) to the i h r « of the projection map from Y to Ci ) there exists an 

irreducible component X of • ~ , (F ) such that the induced map 

* : .Y — F 

is dominant. U q : X —* Pic t t(£) is the first projection we rail F# := # l f " ' ( p i ) for all 

p € Pic°(iT). Two cases are possible: 

either a) )> = F for si Hue /»€Pica(E) 

or è) Y0^Y for ail />€Pic°(£). 

In case a) define 

fci = a. - £,(f>) and 6-j = i i | 4- f j i p ) . 

Then (6.13) i»ays: 

A § ( l , 4 - f ) > 0 , á u ( l a+-Ca)>Ü for all < X . C J ) € * " 

Hence I , = 0 and 6j + Z f C 0J . Therefore by using (3.9.a) we finish th<* proof. 

In case b) we write A : Y —» C| C Pic'(Ci) for the first projection. We claim that A( j ' 

is non-surjective for general p € Pic°(£). Otherwise for all x € Ci one finds an element 

Ca € Z f such that (x,Ci) € F#. In particular A"(o, ->, x - e,(^)) > 0 and then «i = f j(p). 
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Now since fer * general #, Yß «-out«aus component« of codimen*ion 1 in >" wr deduce 

from the claim the foliowing bet: thru- exist» *« € C\ suck that A"'( J 0 ) c IV B«nee 

(ft. 13) read*: 

*a («t+x<t -«? ( * ) ) > 0 and A f(at + ( i + £ ; ( # ) ) > 0 

for »11 Ci € 2% with ATmt|(Ct) = ( - ii(*#)• In particular 

«i + 4M + Ka € Z? | iVw«„U*a) * I - «i(*t)} C BJ. 

The proof endt by observing that 

IC» € Z j 1 .Vm.,(Ca) = í - íi(*o)} = í j (ò) + Z', ft Z? 

where 2à - Ci - ii(x§>* and applying (3.9.Ü). 1 

We shall denote by B the set described in (6.12). 

(6.14).- Proposition. The abelian variety »*(Pt) act» t « f l n 2 f l by translaticns ou P 

and the quotient 
J0 2J P 

is a symmetric curve with nornialkation Cj. The reflection on Pfw*(Pi} indue« on Cj 

the involution rj. 

PROOF: By using the «tandard arguments of §5 one ha«: 

B f l 2 B = K ( « i > + » i U - * * ( * ) ) I «i € P i . x € C 2 } . 

Now the morphism 

* —• *J(x - ra(x)) 

is birational and verifies A(ra(x)) = -A(x). 1 

(6.15).-Thr reader can prove without much work the following properties: 

• Pi C JC\ is an elliptic curve . 

• The inorphism 

/i : C, — P, 

x —* j - - r ^x ) 

is a double cover with two ramification points : ing on C*i a new bi-elhptic structure. 

The attached involution rj is the composition of r, with the hypereUiptic involution. 
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• We shall write Qt 

point» of f j . With the of (2.1) : 

Qt 4- Qt m P¡ + P¡ 5 KCt 

and 

r > ( Q i ) - 0 * e i ( Q i ) « e i ( G a ) € | É i l 

We write Qi = ^i(Qt) and $ 1 = M(QI)-

The picture k: 

•1 

JS-J Q , C? *X 

Vi v> 

where | fi |= {P§}. 

• Note that $ , = ^(Q,) = Q, - r , ( Q i ) = -(Qa - r,(Qa)) = - / i (va ) = - & . Moreover 

Summarizing we obtain (composing with *\: P% —• **(Pi)) that C\ can be represented 

as the double cover of w¡{P1) aiaociated to the class of the origin (as a point of the abelian 

«ibvariety of P) and the discriminant divisor n¡(Qi) + *{{Qi). Since the class is trivially 

recovered from %\{P\\ we only need to End the divisor inside P. Moreover the involution 

ri will appear when composing the canonical involution of C\ with the involution attached 

to this cover. 
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(6.16).- Proposition. Let à = «ff« - r,(x)) §§ t where x € C|. Then: 

w Mss?iî r 

r - f *,%) 4- «HCl) I i € Ci»Ci € i t l f f i( i) + M M * « » ) » IJ 

iKD - (V |v) • »i«f) 16 € es,«!*)+JVf»,,<c») • ft. 

Pioor: To «w the inelttwa F U Jtyi) C S* O SJ campa« with (§J.i). We praw the 
oppoAe mduwm. Fix { » *?(») + *}(G) « ^ f € Ci .d € ©| and *i(p) 4 JVm„(Ct) s f 
werUying 

-# 4 C € H*. 

By lemma (4.4) one finds eiements z € Ci.Cá € W^_a(Ca) »ad ^ € Rc' íE) such that 

(«.17) ft + TUX) - x s x + efa) 

y = 4 - e¡m. 

We cotiaid« the possibilitirs: 

l ) /> as 0 

it) # # 0 . 

If i) orcurs one has 

y 4- rt(x) 5 1 + :. 

The equality «wild fc*d to y = x (rerall that x # ri(x) due to i # 0) and ( € Ä(ö). So 

we only «insider the cage: 

(6.18) n + T,(x)2itf, . 

Defining o = ¿i _ £i(lt) ° w find» 

(6.19) i + ef(o) = y + A'c, -fJUidr)) s AV, - n l i f l s n i A ' c , - i f ) s * . 

Moreover iVrwtJ(Çt) s ( - c,(y) s ¿x + á. Hen« 

(6.20) *«(Ca - «•(•)) » *#(ÜTc, - T*(0)) - *•<**<&)) = **<&) > 0. 
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Combining (6.19) and (6.20) one has: 

c • <if+*i«)+»KCt - mm m *;<*)+»net - 4(m € mm. 
From now on wr assume ß ft 0. By (6.1?) we get 

Cs € BS n C©l)-*.(#> - 4» U Kt 6 Hf . , (Ct) I iVft»^«,) - (» - #} 

(tf.[De4jfpJ). When Ca € At, ckarty ( € F*. On the other hand if JVm«,((s) » fj - /> we 

By replacing ß "m the first linear equivalence of (6.17): 

T-|(X) + AV, s * + n i l ) + 2« 

Writing Kct = i 4 - i ' * e haw now r,(x) 4- x' s * 4- nllf )• We deduce as before that either 

x = y or x 4- T|(y) s A*ct • The first possibility lead« directly to ( € A(ò) and the tecaod 

one implies 

r,(x) + y ~ A'c,. 

Going back to (6.18) wr end the proof a» in cane i). 1 

(6.21).- Remark. As a matter of fact the computation of E* • E | ha« been mad« by 

Debarre in [Deöj. He Inda: 

H* • H¡ = K € H* | *§(C - *?(*)) > 1} for à = »ftx - r»(x)) 

and 

Singt E* • E¡) D (C € E* | A°(C - *,'(*)) > 2}. 

We adapt his general proof to our case. First we note that 

F U R(a) = {< € E* I aö(%
: - < (x ) ) > 1}. 

Indeed, the ineliütion of F'uR{ à) in the right hand side member comes from the descriptions 

of (6.16). Next if ( = *¡[y) + »KCa) € =• with hu{*¡{v - x) 4- * J (CJ ) ) > 1 one has either 

that f | ( ( a ) is not »j-ample (cf. (2.14)) or 

0 < A9(y - x) 4- h\y - x + JVm.,(»J(Ca)) - e , (6) ) = 

= h°(v - x) + A9(f - x + ej(¿ - eiiv» - ij(6)) = 

= AB(y-x)4> * » ( £ * ( ( , ) - x - r , ( y ) ) . 
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Il i* easy to cbeck that the first mm implies that Ci € 4 t and then C € F*. The second 

case leads to ant of the following two possibili t ien: 

t) y « * 

•») # + r , ( i ) * f f ( | i ) « á * e l . 

The recurrent argument Martini at (i.lS) finishes the poof of the inclusion of the right 

hand side member above, in #** U A(ò). 

Next* note that |C € H" | k%( - *|(x)) > 1} i» a special itib«»riety associated to the 

Maear system J Kc - #*»»»( *í(x)) | in the nenne of (Be2) |cf. ahw fW«8|). In other «ordi, 

defining -V by the pull-I jack diagram 

I ÀV - JVm«<*?(x)) 1 » C«1»-4» 

the image of A" by the morphisin 

# : C***^ —» Pic»»"»«?) 

has two connected component». Only one of thene component« «it« inaide P* and it equals 

E" n Ej. In ioc. cit., Beauville compute« the cohoinology class of special subvarietiea. In 

the pretent case the class is (HJ . So E* • EJ is reduced and the equality of the statement 

hold«. 

Suppose now that ( € E* verifies h9{( - Jr*(x)) > 2. We can aMMme that h°{() = h§((-

®*{*~ ri(*))) = 2 (otherwise either ( € SttigE* or C € SingEj» hence ( € Singf E'-EJ)). It 

suffices to check that the tangent space« of the two divwors at the point are equal. Taking 

bases for both H°(() and H°(( - w¡{z - rt{r))) the reader can apply [MuiJ, p.343 for this 

computation. This finish« the proof of the statements in (6.21). 

We remark also that, since on E* *p m one-to-one outside {( € E* | h9(( - *f(x)) > 

2}, a characterisation of Welters (cf. [We3j and [Be2]) of the singularitie» of the »pedal 

subvmrieties give« the inclusion: 

(6.22) 

Singf E* • E¡) C {C € E* | h°{( - #*(*)) > 2} U {<(*) + Ú such that 

for A > 0 maximal with w*{A) < D, h°(A + e*Ui(x))) > 1}. 

The next result allows one to find distinguished point« in *í(Fj). 
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(6J3).- PNpMÜiMa. ÏM i # i » *?(»-f|(s)) € »'(ft). I t o dfaa(Sn45*·EÍ)-F') 
iff f i ( * ) « | i . 

PROOF: From (6.21) and (€.21) it suffices to aw the following facte 

•) If f j(x) fff | i |, then R(a) - F* ¡atenecU the second «ember of (6 22) 

in a finite number of points. 

it) if « » ( * ) € | 6 I . t b « « l i « ( i K a ) " F , ) n { C € S · | * · ( C - * r ( * ) ) > 2 } > 0 . 

To see it) observe that the «et 

of dimension g-6 is contained in the above intersection. 

Asiume now that e ((x) ¿ | Ci I »nd tata» ¿ = **(*) 4- *ï(Ca) •*«*» that Ca ̂  ^a- Then 

**(c - <i*)) = *•(*;(<»)) = **(Ci)+**(Ct - 4di» = **(Ci)-

So Ä§(< - r?(x)) > 2 impEe. ( , € Singöf « ZJuZJ . Since Ca £ A% 3 Z? and ¿Vm,,«,) # 

(a this is a contradiction 

Suppo« finally that the«* exist» a divisor A > 0 on C such that 

*•(*,"(Ca) - **M)) > 0 and h\A •¥ f *(e,(x))) > 2. 

In particular 4 # 0. By using (3.1) the second inequality says that either .4 if not e-simple 

or deg(.4)=g-2. In the first case w conclude that we muy write 

*;(Ca)5*V(.4)) + Ä 

where A and B art* effective divisors on E and Ú respectively and 4 is not trivial. Then 

0 < *•(*; (d - « I U I » = *•(& - ci(À)) + fcf(Ct - e%A) - eH(i)), 

which contradicts that (t ^ .4f. On the other hand, if degf ji)=g-2 then **{A) = *j(Ca)-

Taking norms one obtain» that 1A s i*(£i(Ca))- % (3.1) there exists an effective divisor 

À9 of degree g-2 on E such that 2.4 = €*(4§). As above A not e-simple leads to a 

contradiction. If A m e-simple, then it has support in the ramificat» locus of e i, and a 

finite number of possibilities appear. | 
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(8.24).- Theorem. L*t (C,C) be a generic element of HB,9,\ MHI let {D-D) € X9 audi 
that P(C,C) » P(BtD% Then (£>,£>) € 7?B,fl, and (£ f Q and (D, £>) are tetragonally 
reia text. 

PROOF: By using the arguments of (5.9) we conclude that (D,D) € fcaj*. Then, fron 
the number of irreducible components of SingH* (cf. (2.7) and (2.13)) we conclude that 

0 , D) € WBt9 U * . , , , U tn.f .1. 

At we shall see Í independently) in (7.1.i) (cotnbtiied with (2.12)) the property 

dimfi € P | ò + SingH* C SingE*} * 1 

(cf. (5.12.Ï)) do« not hold fot the elements of the component» HB%§ and t f ( | i i . So 
(Ò.D)€ HB.$A- By arguing a« in (5.11) it suffices to explain how to recover (C*i»f,) and 
[Ct, rt) from P. The way to do it in the second cane come* from Propòsit«» (6.12) and 
(6-14). In the first cane this is done by combining (S.15), (6.16) and (6.23). | 
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7.TU« components HB,1.9 u n *n,g 

As we remarked in (2.12) the study of these two components should he door simul

taneously. Our approach consist m looking at each component independently »ad tina, 

««par ing the const rue ticms made is each CMt, to establish »a injection from R'8 f in 

^VB.,,0 confuting with the Pryui map. 

I« . (C.C) € * , . , , . W, b » r . h , n o u . » - cí §1 » d p . ü. ü ú . -e t i co ^ do o « 

need the assumption of generality. Although the equality SingH* = B*2 cannot be used. 

W'2 appears as the unique component of diniensiou greater than 0. Recall that t - 0 

impfai that e, and tr, are u o m a V d . We thali denote by A the a t» t r im* element of 

wm(e*UJE}}. 

(7.1).- Proposition. One has the equalities: 

1) | « € F i a + W'iC ll'i} = |0,A) 

it) | i € P I á + !**, C H*| = |» |(€ |«i» - r - «) J1 € £ , 

r , * € C a . 2* £ t2( r) + c2(4)). 

PROOF: In both equalities the inclusion of the right hand ride member in the left hand 

side member is clear. We fix à € P. By (2.8) we may write à - irf(at) where «t € P%. 

First we mippone that i 4- W2 C W'j. Since 

W'2 = K ( G ) I Ca € Zt
#.iVwit,(Cí> = Cl 

and 

we deduce that for all <j € Z2' with Smtt[Q) = C 

(?-2) ni + CaCZ". 

By taking o = ej(d) with 2o = d we get 

« + ICa € Z? ! A'r»w,(Ca) = £ | = Z, H Z?. 

So J 7,2) says that 

«2 — o + Zj n Z-2 c Zj . 

Hence, by (3.9.ÜÍ), a% € Pi n Im(e*) and we are done. 
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Next w# assume thai i -f W% C H*. We obtain similarly 

•i • iL * «•! *««.«•.»- I I c ©| y l^)«-le>. 

Taking a as before one ha» 

«i - a 4* 2 | n ZJ C ®1 U(05)f|<|,i* 

By usmg the irreiliHihility of Z¿ D Z , (cf (3.8)) and (3.9.Ü) wr end tbr poof. | 

Let us denote by S the «et described in (7.1.Ü). Then 

{7 3) Proposition Tv.e «et SH2S it a «yininetrk curve with uurmaiizat i<m C2 Moreover 

r t is the tnvotutioii « d i * » ! m Cj by the (-1) map of P . 

PROOF : We claim that the fertowiag equality hold» 

(7.4) 5 n 2 5 *{*><*- '»< ))\r€Ci). 

First w «se thai all the statement« a » a consequence of this claim. In fart, only the 

biratiouality of the map 

ç : Cj -—» S d 25 

x —^ »|(j. _ rt(r)) 

needs to be prwred. Assume that ^or) = f̂ |>. Then * + rj(y) - rj(x) - y € Xer(ir|) « 

|0,c | lCi) | . Hence: 

2* -r ? ' i l f ) £ 2y 4- 2r¡{x). 

The equalit", erf1 divison would conduce to either / a j o r i s r j l i ) . So we can suppose 

that h*{ 2s + 2TJ( i 1) > 2. Since all the linear serie« g J ou C¡ com,« frotn y¿ 's on £ one finds 

a divisor A € IT11* «»eh that 2x 4- 2r-t{§) = r%4{ and then we haw again either i = j o r 

x = r2(x). 

In order to prove (7.4) we observe that 

IS = K « , - rt(Ci)) 1 Ca € WtíCt ,} . 

Suppose that *2(*;(x) - r - a) € 2S where x € E, r , * 6 C j and 2x 5 ea(r} + ea(i). For 

some points f, i € Ca one has 

either e J(x) — r — i s j + : - »*i(y) — ra(*) 

or Í ; ( X ) - - - * = v 4- a - r2(y) - r,(*) 4- € | ( 6 ) . 



Sam twill C M « are similar wn suppose that 

tf(*i + **(*) + r t W i f + t + r + i . 

If Ae(c|(f) 4- %fy) 4- rj( z>) « 1, t i n Lenta* (3.1) implies that * = r2{y) and one has: 

Other wis«- »e get an rqiiÄÜt y uf dmsors. The proof ends by lookm* at the diferent 

ptwsibtlitjes The opposite incittstou is left to the reader. | 

(7.5).-Hrnaarlc. The dala (C| , rt) do not determine the initial tànumà(C.C). However, 

by recciwertng the el«« c|(Ci I» the eurw C\ fhence (C*,C*)J may be reeonatnicted hom ow 

infonnatum 

(7.6).- T t * o r * m Let (C,C) mod (D.D) be two tltmtiá* ti 11 B,9¿ wrifytng Pf€ \C) S 

PID,D% Then: (<*.C) a ( & D ) . 

PtöOF; By (7.1), (7.3) and (7.5) it «ftee» to exhibit a way to recover ej((i) from P. 

Going back to the proof of (7.3) our finds a morpbiam: 

C, — P 

inducing a merphkm: 

j : JCt -— P. 

By construction one can lactaria* j into / e h, where 

h ; JCt —» Imago /d - . J) a Pj 

is the obvious map a n d / = » | , j» . Then Keiij') = | 0 . t | ( ( i ) ) . Hence «v obtain i | ( ( i ) € 

p% c JCt. i 

Lei (C,C) € ^ 0 > f . We keep the notation« and assumptions of | 1 and |2 (are »pecialiy 

(2.9)). In particular $ > 10. Recall that by (4.3) one has r*(n) jt ». 

(7.7).- Proposition. With the above notations. SingE* ha* a unique irreducible com

ponent of ditneniian § - 5. Thb component admit» the description: 

W . <»•(**(! + f)) 4 C € P* ) f,» € E,( € * ? , - „ ( £ ) } . 
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PROOF: Acceding to (2.13) it only remains to check that dimW » § - § (note that % 
definition W C Sng*»S* C Sags* (cf§l)). We. consider the morphism: 

( i + #,£)—.»Ä +*•(£•(! + #)). 

Let us define T « *f,|(P·)aiKÍ*t : T—• P* the reatnetkn of *. Th»§bre of the projection 
of 7 onto E{1> over u point i + j » isomorphic to a special rabvariety (in the teme of 

[We2] and fletj) associated to the linear system | A'c - 2**(* + §) | -*j «*(( ~ 2* ~ 2§) | 
of diüMmon f - 6. Hence dimT = $ - 4. Since «(T) = W and the genètic fiSre of à has 
dimension 1 we conclude that dimlV = 9 - 5. | 

(7.8).- Proposition, One iuts the equality: 

{* 6 P I i 4- Wr C = 1 * {»•(«*(*)) - C € P I * € £,C € W?(£)} 

PlOOF; Let i € P »ich that i 4- H* C H*. We wish to see that i m in the right hand ride 
member. By hypothes» 

far all (x + y.C) e £**> x Wj f_ l t(£) «en »hat »•(£*(* -I- #)) • ( € P - . l y standard fact» 
from the theory of Prym varirties this implies that: 

Af(a+ *•(«•(*+ *)) + 0 > l 

for a i (f • |f,C) € £"> x WJ_i.(£) mch that 2e*(x -I- y) + ,Ymf(() s A*c. By applying 
(2.16) one ha»: 

fTJ) h*{à + *•(€*(* + y)))>0 for all * , * € £ . 

In particular we may write à s ö-**(e*(x+y)) where JD € £*•'and #«>»„(/>) s 2f*(x+y). 
Then (7.9) reads 

h\D + *m(em[á))) > O for all d € Pk ' (£) . 

Let us make the decomposition D * **(€*(l>) + 0 ) + 0 ' where 0 , 0 , 0 * are effective 
divisors on £ ,C and £ respectively, 0 is f-simple and 0* is s-aimpfe (cf. (2.14)). Note 
that it suffices to see that the divisor 0 is not trivial. 
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Thro % applying (2.15) twice one ha«: 

§ < *»0 + #•(#•(!))) - *•(#•(#•(!> + 4) + D) + i h < 
< * V ( Í > • 4) -I» H) 4- **(**(£ 4- 4) + JJ + JVw^^) - f ) 

and 

k9{t*0 + a) + 0 ) < Ä8(Ä + A) + *•(!> + o + Nm¿D) - Ó-

Si»« d e ^ Ö + 4 + JVm,(¿>)) <degf Ä) a 8 < § - I «d*"g(C) we obtain 

0 < *8<D + 4) + hs(t*(D + « » * U + Nm9(D*) - if). 

Suppose i m that deg(i)) = 0. Then we have 

(7.10) O<fc9(f*(ä» + O + A ' m » 0 ' l - i ) far a t t r t € P k § í i : ) - f O ) . 

On the other «de Nm„(D) = 2e-(¿* -4- y) implies t iui 

2 0 + .Ym,(D ' )5 2i°U + y). 

So (7.10) read» 

i < *•(«•( 2/ + 2* + o) - 0 - *) for all <t € Pic J ( f ) - | i | . 

Let ¡y > O mich that 

(7.11) e·(2x + 2ï + a)-D-B'sii. 

Thai 2 (0 4- V) € | e'(2(2x 4- 2* 4- a)) ¡ . Since dep{(242.* 4* 2y 4- a)) = 8 < f — 1, we can 

apply (3-1). Therefore there exist» an effective divisor F mi E such that 

HD+ &) = £•{?). 

In particular D 4- D* is r-invariant. Looking at (7.11) we «»elude that r*(f) = f, which 
is a contradiction. | 

Let us denote by S* the set {I € P | i + It' C H*}. 
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(7.12).- ProDoaHIoii. The following inclusions hold: 

f f l t S * C T m 0 - #*0>€ MIÈ€ Wf(ó),Nmn(ò) € fast«**)) C 5* 

PROOF: Let us define 

ir - 0 - »*0) | Ä € HfiA JVMMÍ» € tac*)) 

By (7.8) one ha» 2S' C C So, our statements follow from the claim: 

£fr»S**r. 

The tndhtak» F c l ^ n S * » defer. W« prowe the opposite inclusion. Let A - t ° 0 ) € f/ 
and r , i € £ tudb that jVm»0) = t*{f + *). If we suppose that Ä - **0) € S# then one 
fiada elementa 0* € C"*4* and * € £ »weh that 

(7.13) **0) + ^ I À + **(e*(*)). 

We may write Ä « *•</*) + È where É > © is »-ample and 4 is effective. Looking at the 
degree of 4 we have three povsiUMtks: 

a) deg(4)= 2. b thta case D - t*[D) = 0 € T. 

b) deg|4) = 1. Therefore degà) = 2. By replacing in (7.13) 

D' + im{B)sB+w *(*•(*)). 

The equality of divisor» would imply £ < *•(*•(*)). Since 4 is tr-aimple» Nmw(È) *c*(f) 
and then 

D - * * ( P ) s J ? - i * ( S ) € r . 

We suppose new that 

2 < AB(Ä + »•(£*(*))). 

By applying (2.15) 

2 < A V ( * ) ) + *•( JVm.0) + f •(*) - V) = 1 + h*(Nm9(B) + e*(#) - »). 

On the other «da JVm»0) « JVwi»0) - 24 * c*(r + i) - 24. So 

0 < Ji*(JVm„0) + e*(x) - ») « *•(**(* + i + f) - 24 - q). 

Arguing at in (7.11) we get r*(^) = n, whicv is a contradiction, 
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e) éqrfitl * 0. Then D m ir «mpie. We go back fto (7.13) V there li aa equality, then 

1 < * • (# ) 4 »•(!*(f))) < I • * § { f f t ) + Nm4b)) - f) . 

S a w JVm,(»*(¿)> • f *(# • J) OB» baa •*(**(* + ? + * ) - • ) > & Again this implies 

r*(») = a, which is a contradiction. | 

(7.14).- Note thai the remark (2.12) make» it possible to compare the variety 5 ' with 

the variety $ which appears in the first part of this sect km. So S* ft 25 ' is a symmetric 

irreducible curve of genta« §, Since V "m ah» a curve we conclude that 5 ' n 25* is an 

irreducible component of V. 

In «raer to study the curve T* we deHne T m the variety given by IbUowiag puB-back 

diagram: 
T » Cm 

'I I*1*1 

It is not hard to we that the uiorphir:n 

•end» T btimtkinaly to T*. 

We shall denote by j the involution of T induced by i"1 . The above diagram can be 

Cactorued as follow»: 

j :; » (*m 

4 1*' 
jfj _ — , e , a » / i m 

A| k 
E —^— C<3» 

where: 

i) the map« / i and / a are double covers, ft is ramified at the point« *•(#*,) € T, i = 

1 , . . . , 2? - 2, where P, are the ranáficata» points of c and / j » uaraniified. In particular 

T/j m a smooth curve. 
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I ) Similarly è | t àf m» (2:1) morphisms. the ramification Incut of ht is the diagonal 

4 C C<;" «ad if to unramified. In particular Cm/i{3) m an smooth surface. 

(7.16).- L»mma.-The morphisin / 2 is the double cover associated to the class f = 

NaUf ) € » / £ - ! • ) . 

PROOF: We start % noting that f * § implies f + r*(r>) = 0 and then r*(rj) « rj, So 

f # 0 . H « t , fbntig suitable element. C mà < of C « and £ « eme nao a « a ^ r t M i w 

diagram: 

»I»» I M M , 

By applying the ftmci*ir Pic* we obtain: 

p»·(·i»>>| Ti*».»* 

Pic»|C»»| — 1 — Pk#( JC) 

the homontal arrows W a g iamnorphisms. Since »* and Mm, are dual to each other 

(cf.(MulJ) and Ker{**) = | 0 . f} we obtain that HXjcil)) € Ki»(PkB(jr,a>)). In this way 

we get the class defining fcj. How restricting t he class to £ we end the proof by noting 

that to restrict this class to £ is equivalent to taking the norm of ». | 

(7.1?).- Propositi©». T is an irreducible smooth curve of genu» §, 

PlOOF: By (7.16) T¡j m an irreducible smooth elliptic curve. As we indicate in (1.14) 

T* contain» an irreducible curve of genu» §, namely S* 0 25*. Therefore J contain« an 

irreducible component of geomètric genu» §. We call this component X. Snce 

/ l | j r X — T/> 

ramifies in at most 2§ - 2 points, by applying Riettuttut-Hurwiti to the normalization of X 

we conclude that ft, jç ramifies in exactly 2g ~ 2 point». Thus X is «nooth and X = T. § 

(7.18).- Corollary. The equality T = 5 ' n 25 ' holds. Moreover T is symmetric and 

the multip nation by -1 indue*« on T the involution j . 

(7.19).- Comparing with the construction made in the first part of the section (from 

(7.1) to (7.6)) we note that {T,j) play the role of (C*,r3). There we obtained a point of 

%(JC%) which allowed us to reconstruct C%. 
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By translating this to the present cxwrtCTt wr c»o cooclude that tbere exi»t« »n jitnagiqj 

way to recognise a certain element of tJT. Moreover this ciaaa appears in Im(/,*). 

Our next aim is to ctsmpute this point in trnus uf the initial data. To do this we imitate 

thr proof vif (7 6*. 

Lat? : J - ^ P be tUr compoaition of toe utirmaluution map with the úiclujson F «--» P. 

11« indticrd map between if* and ? fartorizr* through a tnorphism 

7: (Id - jm%m * K«< A'm*» —» P. 

We «ant to find the iernet of ?. Pteviomly: 

(7.20).- Lamma. Let C € Pic^C?), Consider the morphiam 

an the induced morphian 

¥:JT—* JC, 

Then: Im| *. J ^ jym ») C P and the restriction 

v : KertA'm/, I —» P 

is 7. 

Pitoor: Straightforward. | 

Now, ¿nee the unique non »ero element of Ker( i ) appent» in Im(/f) it suffice« to study 

the Kernel of v. « ^ #»*. 

An mmy computation gives the following result: 

(7.21).- Lemma. The following diagram commutes: 

JT —Ü-» JC 

J £ —L-« JE. 

Corollary. Ker(7)» fm(2JE). 
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PlOOF: FVom Lemma (7.20) w» hat« K « H ) = KCT (i>). By applying U M M (7.21) one 

fall 

KM» IMT)) - T ( i « ) C I W A )• 

Sa« / | is mijtrtàw hs((/i o /i)*)•»inK/f) «o^ he«* K«c ( f )» f*{tJE). i 

(7J2)fThMv«a. Let (£.CM&0) € *V» «UCE that H¿*»C) tt P(D,D% Then 
(¿,C)a<d,l>). 

P R Ü O I : It suffices to show that the initial data are determined by T. ; and fm(<gJE). 

Indeed the uon-zoro element of f*(%JB) give» a point of fJ(T/j) that allows us to recover 

the morphtttm Tfj —•* IT. 

Mow consider the pull hack dianrain 

X -—•-» 7*«» 

I I 
ft 

E _ _ * i r / j ) 1 « . 
The», the morphism 

i - ^ ( H i ' ) + ( i + i ( i ' i ) 

where *(x) 4- *( i ' ) € Im(£°), is an uwxnorpbism and the involution j < a > of T*1' indue«« on 

C the involution *. | 

Now we point out that the constructions used to prove Theorems (7.6) »ad (7.22) can be 

compared in order to ol a an injection from £ 'B in ^a, f ,» commuting with the Prym 

map. We explain how this map goes. 

Let (C'tC) € Ä j | . Suppose that e' : C —-» E' mm bi-eUiptic structure of C. 

Coiwtruct the pull-back diagram 

T - • Cmï 

1 1 
p • CH2> 
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The involution *(,) rtntricti to mm iorolutiou j of f. Then T/j m an «Optic curve. We call 

£ — » f 

i i-
The ctirve C hat two involutkius attached to the projection»; call < the composition oí this 
involutions. T im (£, Oft) € *»*,» it the ¡mage of ( £ \ C*). 

There is a natural way to inverting the injection above: Start with an element [C,C) € 

^»,§,§- With the notations of $2, observi- that f = 0 implies that C\ is ah» elliptic. We 

call /i : £ —» C\ to the transposed morphkni. Then the pull-baclc diagram 

A# Mt) 

r*. . vit) 

give» an element (£",C) € £ , , whet« C* » £"/*, i being the restriction to & of the 
involution <U). In general this element belongs to R'g f and in this eaae its image by the 
inject«! given above is {Ó%C). In any case ( C \ C ) € Ä*a>f and Cum double covering of 
a smooth curve of genus 1. 

Finally we get 

(7J3).- T I M O M « . Let (£.C) € *».#.§U*'atf and let 0 » Ö) € ^ f MÍA that 1*0, I » a 

P(£.C). Then 0 , 0 ) € A j t ^ U A j and |€ \C) and 0 , 0 ) a » tetragonaly related (in 

the general explaine<l in the Intioditrtion). 

PROOF: By arguing M in (5.9) we obtain» that D m bi elliptic. The table (2.7) implies 
that 

0 , 0 ) € KB,9A U * » . , , U *'.-.,• 

By rampanng (0.12) with (7.1) we exclude the firtt possibility. If (C.C) and 0 , 0 ) belong 

to the same component, then the statement » a consequence of (7J) and (7.22). If they 

belong to diferent components» say 0 , 0 ) € H'B f and {C,C) € ^», f ,s, then the injeetion 

given above gives an element (Dm*Dm) € t ^ , a with P 0 0 ) a J*(0i>,0t>). By (7.16) 

(C,C) = (£>o.I>o) and by construction (C.C) and (D.D) are tetragonally related through 

an element of H9t%. § 

65 



Capitulo II. A coostruction of noo-tetr«ii>nsJ type 

For all this part we fix mgeneric dental (C,C) of HB** mu^ • liarar Ktin §§ « the 
elliptic curve £ (we keep the notation» of §§1 and 2). The inA section (§8) is oWotré - * 
the description of four allowable ewe» constructed from this set of data. These corns 
Wong t© the ihre of P over P(£, C). The proof of this fid is pw» in §10. 
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8>TiM court ruction« 

We shall givr the description of ¿he attached covering» in t i n « step«. 

Step 1 

The curve C% is fo elliptic of gr~.ua S. Since it is general it has a unique hi elliptic 

•fracture. It m weB known that (ef. (A-C-G-H], p.270, or remark H in (3.$)) 

W·'i
,(C,,í»<Ó,üef(Pk,*£)) 

where P i » |C € W^íCiJ/Nm«,^) * £ i | » • «moot« e w e of genu» 7. The intonectian 

P i n*; («€*(£) ) = i«J(* + y ) /x , j € £ KMI 2* + 2* 5 ft) 

consists of four different point«. 

The variety Wf{Ct) i» invariant by the action 4' -• À*c, - C »J»dt % paoaiag to the 

quotient, we get an aUowable double :?©ver 

(8.1) H V t C i ) — * P | U l 

where P i is a smooth irreducible plan* quart ic and / b a fine interacting P i in four 

different points. 

in fact the curve D% U I "m the öWrimiaant curve of the system of quadrics containing 

the canonical image of Ct. Then, each point of D, J / parametrice« such a quadrk of rank 

< 4 (4 if the point d o « not belong to D\ O I). The 2-plane» contained in the quadric deine 

two linear series §] on the curve (both linear series coincide if and only if the point belongs 

to P | n /)• Thi* is another description of the cover (8.1). 

As a particular came of known result« one has an iatMnorphksn of principally polarised 

abelian varieties ([Ma].[Be3] and (K-KJ) 

(8.2) JCi^PiW¡(CihDiUt). 

(cf. (9.9) for a discusión of thi» isomorphism). 

We will say that (í>i, Dt) is "the cover associated to Cj n . 

Step 2 

Let us consider the commutative pull-back diagram 

(S.3) 
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«% - — • c f * 

i I-"-
fi 

The involution r , leave» invariant tint curve Òa. Ca l Da the quotient curve. Then 

D? —• D2 is an allowable double covenug except for additional nuniiiratiun ai lour 

smooth points. Since C% is general, A a ha», at moat, one angularity (tue Critetiou (13.1)). 

The curve Ha "m hvperelliptic of genu» 0 - 6. For simplicity we will súpose that the linear 

series g\ is general. Then ¿)¡ and Dj are smooth (they are connected by (13.1)). 

We wii lay that (D%,D%) m **the cover amoetated to (Ct»§|)**. 

Step 3 

To construct an allowable ciiver (£>.£>) from the paim ( D], £>i) and (I>2, D¿ I we identify 

the ramification points of both covers (and the (LVnmmant points correspondingly) in the 

following way: 

Let ft €Pk ' ( JP), such that 2i}( S (1 1 * 1, . . . ,4. The classes ef(*t,) correspond to the 

ramification points of Dt —» Dj, Note that 

On the other hand the ramiication points of £>2 —* Dj are ffj(i,) € C\ where 

2J| € 9 j , 1 — 1,. . . ,4. One ha» abo 

{0.*i - ¿ a , * | - * , , # , - .r4) = , J E . 

(8.4).- Let 7 be a brjection 

l 1 · l * a l , . . . , 4 ~ — * l ' i / i « i l , . . . , 4 

n, —•cità 

such that % - ^ and <r{ ,̂) - »(fy) coincide in j J E . It is easy to am that four such 

bijection» exist. We then identify f,(»i,) with £¡(9(1},)), » = 1.....4, thus obtaining an 

allowable covering (D. D). The corresponding covering map will be denoted by p : D —•* D. 

Moreover up to change in the indie» of the x, we may a*mine that ¿, = er(tf,), » = 1 4. 

(S.5).-Theorem. There exist an isomorphism of principally pobxked abeti&n varieties 

PiÓ,C}SzP{D,D) 
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Tb* proof will be given in {18. 
(•••).- Remark. Observe that the tmm D m anther tetragonal nor atable twfactkai cf 

a tetragonal curvr. Therefore (D,D) má (C,C) an uot tetragunally related (cf. {12 for 
tie definition of tetragonal fetation). 
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SJeÄ <mm IUPSF AS1^WW^P»PSF'SIÄS^H8MI SMS ^PSsPSWlS» ' " (É* 

In this section wr kerp the notations p : D —• £), (D,,D,), i = 1,2 to rrfrr to the 

oawHRnp conttructcd in §8. We put p, :m p j ^ f j « 1,2. 

For a line bundle 2. ou D, invariant by the covering involution we denned in §4 an 

element 

r,(¿)€lfaLf i »1,2. 

We shall take the ordering of the factor» of (pa)* for r, and «'j compatible with the 

identifications made in Step 3 of §8. 

The aim of thin section is to prove the following technical result: 

(9.1).- Proposit i««. The» exist ¡sogesie* 

tt:PiDt.D,)-+P[Ct,E) und 

A t : P t C , £ ) — » P ^ . D . ) con i s 1,2 

verifying á, o g, = 2 and such that 

i) Kerf |,»=p*i, Jo») 

iv) If á , € i F ( A » D , ) . then 

tíi(òi) = t»|(àj) iff 3p € j «J£ »uch that a«(ò|) = e*(j>) 

i ,)Ker(A,)=e,· | tJ£) 

i i ,»M2P<C„£)) = p · l a ^ , » 

ui*) *r(^piö,.o,))"" ^«r.^i 
foc » = 1,2, where Ifn/j,^,) and ¿ j ^ c f ) •**" th* polarisations induced by the inclusion» 

in the respective Jacobians. 

PROOF: We first consider the CÄÄP t = 1. The inclusion 

D i ^ N m - , < e ; , ) - # » ( C , . £ ) , 

yields a naorphisni 

fl :/£>,—*F(C„£). 
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W f e * í a . » i . - ( # ¡ ) ( r ( f t 1 j ) , | , 

h i . « « . « , u> d - r i b , * . n* A « I * * * . L « i i ft- V«. d » o * b , < i > ü » 

corresponding element of Pic (C|). Then 

• i i 

(9.2).- Lemma. Owe te g\{p\{JDx)) = 0 In particular g\{p\(iJD\\) - 0. 

PlOOtF: Let J^«é*é € JB% with £ t f i i * 0. t b a 

On the other «de in Propoation (4.?) oi [C-G-Tj the faüowàng retuh i« proved: ft« a 

general bi-elMptk ram T the Jacohian J F b bogeneu» to a product of an elliptic curve 

% a simple abelian variety 4 vwfyiag End(.4) a Z. Thus f i # 0 implies that 91 is an 

iaogeny. To study the behaviour ai §i with respect to the points ai order two we use the 

following result; 

(9.3).- Lemma. One has the equality 

tPiÒuDi)- Pt{tJDt)U{pm
%h) ~ h - h € P f 0 „ i > , ) / ? € PSc^D,), 

¿i,¿i € Ó1 ramification point» of pi} 

PlOOF: Let à € t P{D\,Di). Sine* it b invariant by the involution on Òi we can apply 

Propoiitk» (4.2). We get that there exbts an effective divisor ,4 contained in the ram

ification divisor ai P l wich that à + À € p?(Pic(Z>i)). In particular 0 <deg j < 4 and 

deg.4 b even. Since the ramification divbur belongs to p\(P'tc{Di))% the cases deg.i = 0,4 

imply à € pidJDi). When de&À = 2 there exist two ramification point» i i . i j »ich that 

à + i | + ¿1 € pJ (Pk ! (0 i ) ) and we are done. | 

(9.4).- Corollary. Let ¿ i , i j he two ramification point» of p1 such that < i i >= 

ff|(^iK < h >= £¡(m) *nà P¡h) ~ h - h €tPiDuDi) for some-j € Pkl{Di). Then 

iúpth) - ¿1 - h) - £*dñt - mh 

PROor: By using the explicit description of §\ one has 

9i(pmih) - h - h) =< p¡h) > ~e*i(m) ~e¡ím) = 

= íí(íi) - f Kit) - eUm) = e¡(m - %). 1 
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Clearly this implies ii) of Propo«tioo (9.1). 

lbpw*« i) i » »hall *m that deg(yi) * !*(« # iJI>t ) . Thii will be enough due to (9.2). 

To begin with.* 

(95).- Lemma. In PiC\,E) mm hat the equality of cchoniology clanes 

[Dl} «CPtCt.c7>* 

PlOOF: One ha« an eract sequence 

0 — , JE -^—• P( £*,,£) * J E -^ i C , — 0 

and 

# * 8 r i - H m v c > x J E + 2P(Ci, E) x {0} 

(cf. (Mul],p.330). On the other hand the following equality hold» in JC*i 

l 4 + EJ = (lt'4
,(C»)] = 2Cr1 

(cf. [VCG-H].p.320. Th.4.4). By applying <r': 

4 0 » x <0}J +4[{0) x JEj = 2**(Cc.) = f ^ O r j ) = 

= l l H p c r , , « x J E + 2P(C„£> x {0}]* « 

2 ** 
= jrl-F(C,,fci x JEJ + — • 4 - 2(HP(CVfcl x {0}] 

(in the last equality we use that [P(Ci.E)x{0}] ; i = 0). Therefore (/>» x{0}) = ( H ^ C . F Í P / S Í X 

{0} and we are done. 1 

(9.6).- Lemma. The isogeny §j has degree 2*. 

PROOF: Taking quotient by a maximal isotropic subgroup of tf(£/»(r,.£)) = ¡UiJE) we 
get a isogeny of degree 2 

c : P ( C , . £ ) — * A 

where A is a principally polarized abeiian variety »uch that C*(LA) ~ Lp\cx.Ey By *be 

projection formula c*(C#*cc,,ff)) = 2<4- Thus (9.5) implies that cm(D%) ¡» twice the minimal 

class in A. Hence the principal polarization of (JDi) induces on A twice the principal 

polarization, that is to say, there is a commutative diagram 
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(f.?) 

J ^1^ P(CUB) - Í Ü - (JÒi) 

In partieuJar 

On the Mà«- band #Ji#»*(Jöi)> » O with the fact of ft being an iaogeoy imply that 

f Kerf { )* = p\{JDi). Mciw kt us « « M A T the dUgnun 

(9J) 

i 

i 

i 

Ketf', 

1 

Kerf¡/(Krr9¡)* 
I 
0 

V 

-__ 

— 

0 
4 

JP, 
• 

* 

i 

JÒt/pliJDt) 
1 
0 

- ^ P(Ci,£) 

| 

f t 

Combining (9,?) and the dwal diagram of (9.8) one gets a commutative diagram 
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» la* I ' • 1 

where v is the inclusion map (jr¡ - § J o v) maá the commutative diagram 

1 . " f 

{JDt/rtiJDi)) —^— PíDt.Dú 

is » «mseqtience of the relation 

(pj) = A|i€ c Niiiri o AI1 

(cf. [MulJ, p.328). Then 

2* = deg ll*> = A-giftt M**gl»i). 

By (9.2) we have degf f i) > 2*. Thus degtg») = I and deg|§i) = 2*. This finishes the proof 

of Lemma (9.6) and hence of part i) of Pmpositioii (9.1) . 1 

To prove iii) we use part i). One ha« Kerjh = Ä f l ^ ^ p^) . Hence there «list* »a 

i»niorpliiitin of abelian varieties o : P{Di,D%) -—• P{C*i, Cj) such that ooXF. A ^ f » j | . 

From part ii) it then follows that 

We then have the following diagram 

0 0 

1 i 

1 l 

PÏbJDi) —* Pi Du Dt) 

4 
PiDltDx) 

í 
0 

tt#Ae(6, » i» 
fc 

4 

"i* 

i 

P(C,.£) 
1 •*!•< €", ,*! 

» 
P(C|,£) 

1 
0 
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wit h ß an isomorphism of abelian varieties, «ad 

Since !nd(P(G» E)) 3 2 , one has 6 o ß » W and 

»9 part ii i) follow». 

The isogeuy h% : P(Ct,E) —•* P[Di,D%) i» deined by the condition h%o§t = 2. It i» 

then easy to deduce i*K ü") and iii*) firotu i), ti) and iii). All tM» far i=l , of contat. 

(9.9).- Remark. A» announced in |S we explain how the iiwtnorphism (8.2) goes in this 

context. Consider the nuxphism 

*?t : PiWliCxUDi U/) — PiDuDi) x J £ ^ _ * P ( C i . £ ) U i - J G . 

where f : D\UE ~—» H"4'(G ) » the normalization map. Then one ha«: 

Prop«*Uioii([Be3],[K-K]). The morphism ^o verifies 

i )K«rv?o= J P(H' 4
, (G) .ö tU/) 

») ^»(ör , ) - ^-piw¡i€',kD%un-

In particular there exists MI isomorphem *? of pricipally polarized abelian varieties «ich 

that ^o = 2y. 

PROOF: The proof is left to the reader. | 

Going bark to the proof of (9.1), we consider uow the case i = 2. The inclusion 

jjr% /-*( i I 

gives a map g'¿ : JD-¡ —• P(C2 . E). That is 

(9.10) *¿(£n,i ,) = y^ ».(-"..i + *,.j) 
i i 

where 53, n, = ü and r , j + s,,2 € Cj 1 ' is the divisor corresponding to the point i , € $3 . 

It is straightforward to check that 

Let §-j = S'í|p(/>,,!>,)• A» in the case i = 1, y3 is an isogeny and fa(p|(a«/öa))—0. 

75 



We can reven« the construction of diagram (8.3): % using the linear series y\ on Dt 

given by the hypexeSiptic structure and normalising tat curve obtained bam the natural 
flill§*llÉO£ giÉfttf£*9ytt IMfc ABÉ 

ca — » ^ f 

1 _ i 
pi _üL 4«. 

Moreover the involution of ífy induce« on C] an involution that coincide» with iy Imi

tating the const ruction of ü we get an iaogeny 

ht:P{Ct,E) —*Ht>*Dt) 

verifying h^eK^JB)) * 0. By using the description« of §j r,nd h% we obtain Äf e g2 ** 1. 
Now parta i), ii),»') and ii') are obvious. Part iii) is (as in case i=l) a formal consequence 
of i) and ii) and the fact that End(P(C2,E)) = Z. Now h2og2 = 2 and iii) give iii'). 

It remains only to prové iv). First of all we note that the Lemma (9.3) is still valid for 

3P0ttD%). Let é t . £(-,) - ii - i, €t P0tr P3) with ii9iá € Ä t ranillkation point, 
given by the divisors c|(f i) and f|(f,) respectively. Then by using (9.10) one ha« 

(9.11) f i (à a ) = 4 ( f , -ii). 

Let á, * pJ(V) - et(%) - ttinfh I* € Pic1!!),). Rom (9.4) and (9.11) it fbttows 

(9.12) 3ß such that f ,(«i) * €m
%(p) and f a (à t ) = c;(#) «# t|# - ifj» = i , - f ¿. 

Hence, by (8.4) 

3^ such that fi(tti) = £*(ß) and ft(òj) = e\(p) <* 

«*• either {¿, j , i \ / } « {1,2,3,4} or {ij} = {t'»/} or t = j and i' = >'. 

On the other hand #i(éi) (reap. vt(a3}) gives -1 in the entries i' and j ' (reap, t and 

j) when t' ^ j ' (resp. • f* i) . If i = j (reap, i' = j ' ) , then »i(ò,) « (1,1,1,1) (resp, 

t?a(<it) = (1,1,1,1)). Since the classe« of the vector» »i and v% are denned modulo a global 

sign we finally get 

(9.13) 3p such that fi(ài) « e\(p) and fa(át) = e^iß) ** »i(*»i) = i?2(òa). 

This ends the proof of Proposition (9.1). I 
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Observe that propertie» i), I) iii), i'), I*) and iii*) MC independent for the caaes i=l and 
i=2. On the contrary (9.1.jv) dependí on the way that (D,D) has been constructed (cf. 
Step 3 of P) . In fact % combining (9.12) and (9.13) one fad« 

(9.14).- Remark. One» a bisection a 

l i i | i«l,...,é —* |*éli«l»..„É 

m —• Hm) 

(d. §8 for definitions) is given, the following two facts are equivalent: 

>) f• - % «id o(m) - ®í%) corneae in tJE for all if j m l , . . , ,4 
ii)FbraUd| €a F0i , I>, ) and « t €j P(Dt,D3): 

Pi í« i ) = tp 1 (a t ) t f f3#€ t J E «wee that §,(«,) «e*(#)»t = 1,2. 

In other word«, the property we tequire in (8.4) and property (9.1.W) are equivalent. 



«BMPv JB •^•r^MWP W P B ¡tß WHPmMS^HPBHIP Ä l p P H P j f H 

The isogeo es h% i t t l à§ defined in {9 and tac: 

(MU) 

1 
0 . » jJJ6 ——• 

0 
i 

i 

¿»(¿„¿Ox *£,,!>,) 
í 
0 

map y j 

— 

—• 

p«»|iJ)Aiwto«« 

0 
1 

**(c*(,J£)) 
i 

1 
0 

In [De3], Debar« prove» that 9m{L^,c^ *** *̂<Ci,a*> 0£*<c»,ff)- Ron» (t.l.Mi*) 
obtains that 

The map <p is an MOfeny, this implies 

Let / : U% U D% —» l> be the partial dettngulariiatioo at D% ft D%. Cawider the 
inorphism 

The following holds: 

Indeed, by definition 

(10.4) 

(/) °xp(b,m° f = Xp{ètMinHih,íh)0f*°^0,m°^B) okf,iíh,mïxfnb*,ihr 
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O n t b e o t h e r h ^ t b e p u ü - b a d t o í t h e p o U r i M U i o o o í ^ Ó , , ! ) , ) * ^ ^ , ^ ) 
P(D,D) twice Ike principal polarisation (cf (Belj). Thai U: 

Sin» /* is mrjective (10.3) it proved. 

Now we deine1 he isogrny 

# : P(CtC) ^ *\ÖuDt)x P0t,Dt) L P[hD). 

Mate that 

(MM) d e g l t l - d ^ r ) . ^ / ' ) 

. I l l .4-2* .I1«»-«» . t1»-1 « #, /•(£, C). 

On the other hand by corabining (10J) and (10J) one has 

(10.7) *^Lmt>,m^ t<7te,m-

Theorem (8.5) worn follow» in a» obvious way from (10.?) Mid the n e » 

(10.8).- L e m o n . The following equality bold«: Ker# *» P\UtC). 

PlOOF: By (10J) the statement can be written alternatively ri2P{CtC)) Ä Ker(/*). On 

the other hand, by definition 

Ker(/ ') = Kert(/*) e A ^ ^ j ^ ö . ^ , ) . 

Rom tbi» fact and (10.5) one gets 
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Consequenct ly, lo establish the T-*wiBy* jg equivalent to "***T*g th^t 

A fist step to »how thi» i» to %mmi* both ««t«. 0o» has 

! ii.10) 
m*JDt) x tiUWn) C K i ^ f t C » Ct **0i»l>i) x , Hi t , -D a ) 

(10.11) 
*M*HM x ̂ (i^i) C ftJHÒ.D)) C, P0„l>i) »» F(^ll3). 

Indeed the right hand «de inclusions are obvious. On the other side the definition of r (ci 
(10.1)) and (f.Lü*)pve 

r(,P(£,C)) D <*, x M t W » . £ ) x , P(C,,£)) - K(,JI>,) x ^ ( t JH i ) . 

This proves (10.10). Mofwver (10.5) implies that 

3 K o J A ^ t D i i u n ^ t D t ) ) * PÍ(iil>i) x p|( f / l> t), 

which gives (10.11). 

By combining (10.10) and (10.11) with (f . l i) one obtains that (10J) and the ftátowing 
equality are equivalent 

(mit) („ x mMtña,cm * m * m%ruPiD.Dm-

But from the deÉnition of r (ci. (10.1)) it is emj to tee that 

r{tP{dtC)) - (*i x hMiàJ) I 3# €i ' £ »ch that 2á = efo). 20 = 4(#|)) . 

TI«,*, t in« fc,o|,a2,i = 1,2: 

(10.13) ( f l x f tMr(,F(C,C)))= {{e*t(ßheHßniß€t.fE}. 

If we show that 

(10.14) f%P(D,D)) « {<*J) €a P 0 . . D , ) x f F(Ò, ,P3) | *,(*) « t^(l)}, 

Í10.12) will «low from (f . l i / ) and (10.13). 



Wt check equality (10.14). H i first pan» the iixlusion of the left hand Mb mem! er ¡a 
tai nght hood noe member. Let | # 9 p | € / (t/^ö» JD)). Denote by ¿(a) MM ¿(p) tot 
corresponding line ^»MU« QO U^ and J#§ renpectrveiy. Then thete exists a W«* Kiw»/<U 
I € /"(Ö,D) • « * »tal i » • bi>U « d / • ( ! ) - {Hi\Uhl U« i € Ä n A,- W> d l 

we obtain an isomorphism k i I(ó)[i,] — K j p t l « the composition of the natural 

identification I(ò)[i,] —»I[i]*— I(^)[f,]. 

Since Nm,(¿) = 0. ¿ S i*(Í) u trivial. So «*(£) M L~l M JL WB ehooae an isomorphism 
v?: L •—»t*(L) normalized in order to have <•(*?) o y » M Int morphism y induces by 
restriction 

tr 
* i : £<é) -# ••(¿(e)) 

ft : I ( * - i «*«#))• 
By construction one has a romwitatiw «hagraai 

WX*il —— K3H*»J 

«•(KÄ))(*I1 * W ) p t l 

I I 

Thus f,( 1(a)) = v2(L(3)) (see §4 for the definition of v%) and therefore 

/ • (I ) € {(« J ) € , P 0 , , i > , ) x , l ^ i ? , ) i »,(¿) « *(£)} . 

Now, to obtain (10.14) we prove that both sets haw the same cardinality. From (9.3) 
(applied to both P(Di,Di) and P(£a,l>i)) one gets 

4 

*I(IP<*VIM) - •idi'iA.fliw- <(Ai.....A4)€ 0.»)4/* I IXA* Ä *)>• 
« • 1 

Since Ker(v¿)aBp?(sJ2)é), i« 1,2 (cf. (4.1)) we conclude 

#{(o J) €i PiDuDijxtPiD^Ih) | »,(0) . *(£)} . #2P(DuDt)- #Ker(V2) « 

- ¿ # a P 0 „ i > , ) • $*P{Í>*D%) - # f ( , F ( 4 ß ) ) . 

This finishes the proof of the Theorem (8.5). 1 
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©ww a generic element of J^fta?,«) 

This part is devoted to studying the fibre of the extended Prym map for generic elements 
of 7ia,#. The results we obtain are summarized in Theorem (13.1). Essentially we prove 
that the elements described in Part II yield the unique counterexemple to the extended 
tetragonal conjecture that east« generically in the bi-eliptic case. 

Some result, on special .ubvarietie. of divkors for rannied donhte « ^ i n g , appear in 
§11. In §12 we extend the tetragonal construction to allowable cover« and we apply this 
construction to the coverings considered in our situation. In {13 we start the proof of 
Theorem U3.1), leaving three case« for sections 14,15 and 16. Finally in §1? we give a 
complete description of the fibre of P over #*(€*, C) with (C, C) a generic element of H»,f. 
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l i . Special subvariatlaa of divkon fcr ramifed doubt« covering*. 

fetkMa«á»m^^l^i«riown^tal^aMt^tedfetiMf««É. tk^tm 
generalizations of known results (cf. [Wr3j, |Be2J). The, proofs a n not given because they 
are similar to those of [We3j. 

Let A' be a projective irreducible smooth curve of genus g and let tr : N —• .V be a 
doublt cover ramified at the points Ä»,.... Rjn Let A a Unear system aa N at degree tf 
(not necessarily complete) of dimension >1. The special subvariety determined by A is, 
by definition, the variety X\ given by the following pull-bark diagram: 

4 . » Niéi. 

(11.1).- Proposition (Connectedness criterion). If A is base-point-free, then X\ is 

connected. 

(11.2).- Proposition (Irreducibility criterion). If A is ba» -point free and the codimen-
sion of Sing-YA in A'A is greater than or equal to 2, then A A i\ irreducible. 

(11.3).- Proposition (Smoothness criterion). Assume that A is complete and base-

point-free. Let D € A and let I) € XA such that *a(Í>) ~ D. Pu*. 

f> = r*(A) + È + Ä„ + • • • + it,è» i¿ # •/ if J •* / 

with J4, B effective and È simple with respect to * and not containing ramification points. 
Then A'A is smooth at D if and only if 

fc»(U _ À _ y ( 4 t ) _ . . . . W{RH ) ) a t h*{D) _ degt^j _ | 

S3 



[Be2]) lo allowable double covert. W* follow the idea suggested fay BeauviUe in [Be2j, 
Remarque 4« p.3W. We do not need here toe hypothecs of stability on tat We 

ooly give sketch« of the proof». 
Let m i D —» D an allowable double covering with c#(Ä,U) = 0 and t the exchange 

sheets involution on ¿>. We amy that D is tetragonal if it can he represented as a four-to-
one cower of the projective Ine. We denote by Div*( D) and Div'(Z>) the varieties which 

^m^Um^Úm^^mCM^ñrmm.vt^mé^bmdDm^^i^. Recall thai 
the group of Cartier divisors on È m 

where K m the ring of rational function, on & Chooring unifer^áng páramete« f, and 
ft at the preimage* i] and i j of a singular point i in the normalization of D we can write 

t " | / 0 | —» C* x Z x Z 

where f, and K¿ are the corresponding valuation» on A'. 

The four-to-one covering 7 : D —• P 1 indue«« an inclusion P 1 —» Div4f,D). On the 
other hand there exists a well-defined norm map ([Bel],p. 158): 

Mm» : Div4(i>) —• Div4(Z>). 

Let us construct the pull-back diagram 

X — — Div4(0) 

I I N « . 

By choosing an element in X one gets morpfaisms ^ and •? making commutative the 
diagram: 

Div40) » jft 
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and « a i thai Nm*(<¿(JÍ)) m Q. Sam Ker(Nin») ha» two connected components, the 

• « » t i i o M o l P · W n i ^ t o t e ^ l ^ t f · f i d f l ^ t f t t e A · i r f t h · d l i « « « - ^ « « 
be written as (i — l)"(ap) with oo €Pic(D) and deg(ao) even, l i particular .V„ i — 1,2 age 
invariant by the action vt i • Moreover .Yt, 1*1,2 ave connected. This can be proven by 
ümUÚ« «h. fnot at ( U ) » IWrtl. U . * be lU: , « * « . «Í * . ¡ - 1.2 t» ü * « k 
Notice that JTi and A'j are tetragonal. 

Lenuna. The singularities of À, are ordinary and the covers -Y, —•* XiJ - 1,2 are 
allowable with c, = 0, 

SKETCH or PROOF: Let S\. ,V„ t = 1,.. . , r the normalizations of the components of D 

and D respectively. Let Y be the variety obtained by the pull-back diagram 

Y • ^ r
I
M l , x . . • x J V < á * , 

pi , ^¡'»»x· · ·xJV^ 
where the horizontal arrow below corn« from the natural four-to-oce map Nt U • • • U 

iVr •—» P 1 (fo di = (JV, : P lJ and rfi 4- • • • + dr = 4). There is a birational morphism 

from 1 to F sending a divisor £ § m9ÚMnii + E i . t a** , i«*•w«»n») to Ei «p*,»** + 

E i .«•»•'»»rn**1 "** R | * ï · ^ # cm^ ^ * ° ^ * * t a e "»»f** °f -^i "^ Xi. 
When r=l, criterion (11.3) gives the singularities of F . Then, computations of local 

monodroiny (cf. [D-S]. p.48 for similar arguments) provide the singularities of Fi and F2 

Since the btrational maps Xi —• Vtt i^lf2, can be described explicitly the statement of 

the lemma follows easily. 

When r > 2 one combine the study of the projections of F, with (11.3) to carry out a 

case-by-case analysis of the singularities of Y\ and IV One obtains the proof of the lemma 

as above. | 
Notice that in the case r > 2 there appear new involutions on F , for instance *, l x 

... x 1**' x • • • x ii restricts to F . When dt is odd the involution exchanges the halve« 
and one gets an isomorphism between Y% and Fj. 

Let (Do,-Do) € Ä f '"• the covering obtained by »table reduction of the pair (D$D). 

We shall say that (A',,.Y,), i=1.2 are the result of the tetragonal construction applied to 
(D,D) (or (£>o,D0)). We attend the definition to the stable reductiou (A,, A-,') of the 
paira (A,, A,), i=l,2. In this way we restrict the tetragonal construction to the context of 
the stable curves. We shall abo say that two pairs are tetragonally related when one is 
obtained from the other by succesive applications of the tetragonal construction. 
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álMap&*S JP* wm 9 »al̂ Hl̂ ™^^SWS ÎPWPlP^MPS> • • ^ * ^W^MSMWy^WjpsWH^fc B W P ^ I ^ S ^ W Í « W H W W P «alPsSWiMB'·' 

i) The t i M p H i construction applied to (À.,-Vi) (rtmp. (-Vj, A",)) with i»«» inhereted 
tetragonal structure yields (X%tX§J (reap. (-Yi, J\i)) and (D,O}-

I) f(Jt l vX|) II I f f t t I t ) • J"(A,aU 
SKETCi OF PROOF: i) Take j=l. We c»»! ^ Ct)iv4(.V,) the variety of divisor* det rmined 
by the morphism X\ ——* P . Let i € £) tutficiently general. There exist eight points in 
J* containing x, fee in -Y|. One get» as element in È attached to i . The study of the 
special points of 17 leads to a caae-by-case description. Par example: assume i € Èlm with 
«(f) = x and the Cartier divisor belonging to P' CDiv4(/.",) and containing x is of the form 
x + y + (r, 1,1 )t where a is a singular point of C w th preimage i. If i + y + { v/r.l, 1)¿ € -Ylt 

then the other points of *t| in the fibre are 

*(*) + *(•/)+ ( ^ . À . *)• 

* + *(#) + ( - ^ » l . i U 

(recau that Nm,((c.m,n)i) * ((-l)""* , ·c , ,m.n^ i ) and that ('((r,m,R)i)-
( ( -^"•"cm.njj , cf.[Bell, p.158 ). Since they are not tied ponts for i{l> they are rt 
regtilar in Jf| and it« image« {x + § 4- |^/r, 1,1)], |x + i(|) + ( - ^ \ 1»1)»J € -Yi are ate 
regular. Therefore 2 ( i+y+(^ , 1, l)!+2(i+i(y)+( - ^ , 1, l)#>aneiiMieiit of Div*(.Y,) in 
the linear series given by Xt —• P1. Hence 2(i + y + ( ^ , l , l h ) + 2(x + t(y) + (-->^,l,l)) 
is a point in 5. We leave to the reader the rrmaimng poaaibvlitiea. The case of À'j is 
similar. 

ii) According to [Be2],p.364 the «homology class of <p(Xi) "» f í^ .C) m twice the 
minimal class. The universal property of Prym varieties (cf. [Ma], [K-K]) give» the iso-
morplxisms. | 

Remark- To simplify we have supposed: 
a) D is four to-one cover of P1. 

b)ct(t>,D)~0. 
One tan define the generalized tetragonal construction without these restrictions (al

though it it not needed here), that is to say: for all allowable double covers of tetragonal 
curve«, where tetragonal curve means that there exists a fine bundle L o* degree four on 
the curve such that h°(L) = 2. it has a finite base locus B and L(-B) defines a finite 
morpbism from the curve to P1. The definition of the construction extends verbatim and 
(12.1) holds. Now, in some cases, the halves .Y,j=1.2 are not connected. When B above 
is a point we recover the construction of Reculas (cf [Re] or [Be2]). 
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(12.2).- We want to apply the tetragonal conrtruction to the element» (£>,D) € H't„ 

with t~>\ verity ing 

• D = Z?i U< P j , «an» P i and Ifc are iiredueible. 

• There exists ? : D —* P 1 such thai t p i «nd 7|o, have degree 2. In particular H | 

ObseriT thai the second condition is vacuous when t=l. 

Ife keep the notations Dív*0)f Dtv*(I>)f Ñu Ñtf Mu J*t. X, Éu Xu Fi »ad %. 

The involutions l12' M tm am t(a> x 1(,> act both on each component Yt and also on the 
varieties Ét. Then, easy local computations show that these involutions exchange the 
branches at the singular points of .Y,, i =1.2. Hence the curve« €*t :-• -Y,/l,2) x iir' and 
Ci := Xt¡tm x 1 ( , ) , ¡=1,2 are smooth. On the other hand, let B,, i=l,2 be the curvea 
gi'-en by the pull-back diagram 

J, , jvf» 

i I 
pi » JV«», 

We then have that Ct (reap. C2) is the normalization of B t (reap. B%). One obtains easiiy 

that Ci and C] are bi-eUpttc and g{Ct) = f + 1, y(Ct) = y - 1 . As a consequence one gets 

that both cover» (*Y„ JÍ,), i*l,2 belong to HBS,*' Moreover the curves Xi and JYj can be 

represented as double coverings of a smooth curve of genus 1 (with the notation» of (13.3) 

this means in particular tkat (XuXi) € M'B§V i * U ) . 

(If J).- Mart we indicate how to apply the tetragonal construction to a covering (D, D) 6 

H* A such that D m obtained from an «wdaeible hypereUiptic curve M by identifying two 

non-bypereUiptic pairs of points xi% xt and yi, y?. The curve D is tetragonal in two different 

a) The curve D is the stable reduction of the curve D1 « P 1 Ulf UP* where M intersects 
the first copy of P ' in two points: xi and j t , the second copy in the points yi and y2 

and the two P 1 are disjoint. The curve D' is clearly tetragonal. Applying the tetragonal 
construction we obtain a »ingle cover (with the notations of the lemma above, this rvse 

corresponds to r = 3,d, = l.J2 = 2, and <¿s = 1, and since at least one of the rf, is odd the 
two halves are isomorphic). Imitating the arguments of (12.2) one shows that it belongs 
t o ftfl.f.o (observe that in this case C\ and Ca smooth implies that the coverings (X, A*,) 
are smooth). 

b) Let fi»*t»yi,|i € P 1 be the images of j , ,x 2 ,y , ,y 2 by the hyperelliptic morphism. 
(1:1) 

There is a unique double covering P 1 » P 1 sending each pair Xui% and y t,ys to a 
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«ingle point. Hmhm**<mmHà*M-«» P l ooUined by coinpoaing the hyperdhptic 

cotwtnrction gire two cover»: one in K'f , and the other in H'Bf (compare with (2.10)) 
(in fact, with the notation« of (13.3), th» mmmà element belong« to Hf^). Thi» "m a 
eomfMMt «I mm m) above and the map fron * S.,.Q to >?'B # explained in |?. 
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