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13. Tha Mata Theorem. 

OMÍS (cf. (13.14)). 

(13.1).- Th«or»ni. Let (C,C) be a generic element ol HB,§ Süd «it (J/»a9) € rit »uch 

thai P(C,C) Ä P{D,D). Then one (and only one) of the following two fact« occur«: 

i) (C, C) and (D, 17) are tetragonally related. 

ii) (£,C) € ^L.f.« and (D.D) m obtained frooi ( £ , Q as in the construction of §8. 

The aim of this section is to prove Proposition (13.14) which it a fir»t step in the proof 
of the theorem. 

Let (CX) he a generic element of KB, Let (D,D) € % be such that P{D,D) M 

P(ÚtC). In particular the theta divisor of P(D,D) is singular in codimension 3 and 
P\ÒtD) is not the Jacobian of a curw (ef. [ a i ] and (3.2), (3.3)). Then» (Bell, T** 5.4 
imple« thai e9(Ò,D) = 0. On the other hand in Th. (4.10) of be. cit. there is a list of 
the coverings with c, = 0 and dimension of th« singular ben« of the theta divisor equal to 
g-5. Since P(C,C) is not a Jacobian and g > 10 this hat becomes shorter: one has that 
the pair (D, D) verifies at least one of the following possibilities: 

(13.2) 

a) D is a double cover of a «table curve of gem« 1, 

b)(D,D) €«;,», 
e)<A.D) € * ; , , • 
d) (/>,D) € fftt where 2 < t < |«f*| 
(cf. (2.10) for definitions) 

(13.3).- Remark. We shall use the notations 

*V*.i » i(tT) € fa , , , , | r verifies (13.2.a)}, t = 0,...,(*f±l 

«»,# - <** , ) ' - UtT) € ^ , » I r wife« (13.2.11)}. 

The space« K^ t, H'Bst Cor t * 0, . . . , [S—j and H% # are not closed in %9. In fact all 
the inclusions 

Wf,i C «J,, C H9,, fcw t * 0, . . . 4*§ij 

^».tf,i c n'Btttt c f «,f i far t« o,. . . »t*?1! 
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are*net(cf. (2.10) for the ciennition. o í % s m à W ^ h i l l l » W i « t f t É « M 
is open dense te the third space. Recall that the respective dimension» have been given in 
(2.2) and (2.10). 

H i first treat l ie possibility (13.2.b). 

(13.4).- Proposition. Lei (¿\C) be a generic clement of KB,t Let {£>,D) € X',., be 

such thai Hkm * # t&C) . U M <£.C) € *»,f j U * V r • « ! (£»C) and ( £ , 0 ) ate 

tetragonally related. 

PROOF: Let IT be a hvperelliptic curve anea that D m constructed from H by identifying 
two pain of points. If any of the pairs is hyprrrlliptic, then D is obtained from a hyper-
eliptk «tve by identifying a pair off point». By .4 10, m [B.1) PfD, D) u, a J a r e a n 
and we get a contradiction. Assume first that if is irreducible. % (12.3), the tetragonal 
construction gives a cover (C*,C) € £».,.« tetragooally related with (D.D). Then by 
(?.») and (?.«) either ( ^ » C ) « ( £ C ) or (d tC) is tetragonally related with <£•,<?•) 
(and hence with (Ò, D)). Mow we want to show that the genericity of (Ó, C) is enough to 
obviate other possible cases. To see this, we prove previously a Lemma. 

(13.5).- Lemma. The subspace 

{(«%.£«) € M'tJt | D„ is reducibfe) 

has codimension > 3 in H'l0. 

PROOF: Let (D0,17«) be a generic element of an irreducible component of the set of the 
statement. Let ¿f 0 be a hypereHtptk curve such that D9 m constructed from Ho by 
identifying two pairs of points. By hypothesis Ha is reducible, hence it is obtained by 
identifying two copie« of P 1 along g-1 pouit». The points in the second copy are not 
arbitrary. Therefore the component has big mdunenaton and we are done. I 

(13.6).- How we end the proof of Proposition (13.4). Assume that the curve if is re­
ducible. According to (13J) 

dimJt{(£, D) € n^ I D is reducible}) < 2§ - 4. 

Since dimP(Äatf,i) = 2§ - 3 when I > lf and (Ó,C) is gene«! we get {CfC) # "%B,§J 

for t > 1. Analogously one has dhnl*(E»#,g)»dimP(Ä'Äi) * % - 2. Hence (ÒX) Í 

^fl,».o U ^-'B.§
 an<^ we get a contradiction. | 

The following two facts will be very useful in the rest of the paper. 
(13.7). Lemma. Let (C .̂C) be a genertvl ^k-ment of K ß ,,, with í > 1. Tbcu PlC.C) is 

isogenous to a product of t* < ample abenan varieties of dimension» t and g-t-1. If (C. C) 

is a genetk element of UM,$,9 U M%t§, then P(é\ C) » simple. 
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PlOOF: By (2.8) M Í fl . l l} all we haw to pea» is «mplidty. This ia a conaequence 
@ f ^ p < s t M i f t ( 4 ^ k p M I - ^ ^ a » t e f c f t i f t ^ i i a A t o i M M é let T be a generic 
wp^^^HBHiî pPw*iWiii ^^^ais> V ^ P * ; wsiflpMsj« ^^ «« a^aj ssBMŝ aŝ ïisjapjP ŝĵ p ^pa^ ^W a w w ' ^ w w ^ I P « ̂ sw îSAajpajp̂ Pnaa*'' ^^na* W^P ws^m aa$ ^ssjBa«!aj!Pa«p P̂WiPapaÉBBaajp 

variety >l wsfifrfaja' End(A)3 Z. | 

(13.8).- Corollary. Let (CCj be a generic element of ft«,f and let (D,D) € H'tJ with 
I > 1 ruch that J*f¿tC) * P 0 . Ö ) . We write 0 « D% Ué Ifc « t a t ^¡h) « t - i ajai 
3 F \ * ^ a ^ | l JF ™'*i Jp w «p* • •aw*Bp* 

a) the curve« Hi and Dj are irreducible, 

b) (C,C) € ft«,#,t. 

PROOF: Recall that partial normalization at D, O 2), gives an isogeny 

i l ^ n ) — J»0„I>,) x Piàttih% 

Suppose, for instance, that Hi i* reducible. Then, normalization at the intersection of 
its components, gives an isogeny between P[Di.D\) and a product of at least two non-
trivia] abelian varieties. This contradicts (11.8) and hence a) is proved. Moreover the 
dimensions of the abelian varieties that appear in the product above is aa invariant of 
P(D$D) m P(Ó,C). Tbl» the dimension» of PiDl,Dl) and P(D2,D7) coincide with the 
dimensions of P{CuE) and P(Ct,E). This implies b). | 

Next we «-onsider the case (13.2.c). 
(13.9).- Proportion. Let (C.C) be a generic element of KB, and kt (t,D) € X'# , 

be such that P{b,D) a P{Ò,C). Then (ÒtC) € fta»f»i. Moreover «the» (Ú,D) m 
tetmgonally related with (ÖtC) or ia tetragonaUy related with an element of ft'Bif , (i.e.: 
verifying (13.2.a)). 

PROOF: The first statement has been proved in (13 S.b). To see the second claim we write 
D » P1 Ü4 Dt where £?2 is a hyperelliptic curve (cf. (2.10)). By (13.8.a) D% is irreducible. 
Then, (12.2) says that there exists an element {C'.C) € K'BfA tetragoually related with 
{D,D) If this element belong« to fta.,.1 then Theorem (6.24) shows that (C.C) and 
(D,D) are tetragonally related. 1 

(13.10).- Summarizing: given (C.C) and (D.D) as in the statement of the Theorem 
(13.1), the second pair verifies at least one of the four conditions in (13.2). When condition 
b) holds then the theorem is true. On the other hand, if c) holds either the theorem is 
verified or we are lead to the case (13.2.a). We will consider the ease a) hi §14. How we 
want to «tart the study of case d). This study will be completed in §§15 and 16. 
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(13.11).- Raiiiajrk. Let (C,C) be a general element of KB,§ ns» 

(is.it) 03)€irftl-(ff^uiffJu( y t ^ ü t y i n i i i i i , 

(A (13J) fcf deEaiiioiis) m à that Pl(£,C) * 1*0» U). % (HS.b) (£ t C) € ft**«. 
We shall «fite 0 = £>, U4 Z>2. By (13.8.a) 0 , and £>2 are both irreducible. Recall that 
P(ÖfC) i« not a Jacobian «ad that § > 10. All these properties make it passible to tut 
the next Proposition, which is a particular ease of (5.12) in [Sh2j: 

(13.13).- Proposition. Let q : t —* T be an element of Ht such thnt dim SingE = 
0 - 5, y > 10, P{t,F) it not a Jacobian and F is either irreducible or hat two irreducible 
components intersecting in «at least, four points. Let X be an irreducible component 
of Sags sucà tha* dimit = § - 5. The« we are in one of the c a n a)« b)t c), d), e) 
below and -Y, thought in the natural model H*, » contained in the respective varieties 
Z., Zk, 2e ¿i, or Z, (cf §1 for delnitiow): 

a) F is obtained by identifying two pain of points on a curve If. There exist» a morphism 
1: H —» P 1 of degree 2 over the generic point of P*. Let 

i 
H , r 

-i lf 
H » F 

be the part»! desingularizat ion». Theo 

Zm m closure of {L € Pit XT I h%l) « nXtfiOrUMA) 

where 4 is an effective divisor with non singular support) 

b) F * Fi U# FJ a''d F * f% u* Tj. If / is the partial desiagijdariiation of f at f i ñ f j , 
t i iaiin 

In this case the oodimensious ©f E* "m Pit», F,)*. i « 1,2 are exactly 2, that is to say 
dirndl s | - 5 . 

c) f « Fi Ü4 Fj» F m Ti U« Fj and. «ay, Ti is byperelBpttc with 7 the attached (2:1) 
map. If / is the partial desingularization of f at f 1 n f a, then 

*.«(yv(«txitf1.r1r)t 
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m¡m A « # « f { f % · ( ^ ( l l ) f ( i ) € a f , i » r , ) I 

where A if fea Hfectivr divisor with nen angular support}. 

4)f aBfiu«fa,r«riu«rtfefrfribfepifjffqafejttie. ^ B ^ ^ n r i - i » ! 4-••<•*«)» 
H k 0k»t(*t + • • • + »4)m «*»rv öfetk*» 

Zj = ckwure of {1 =f'(A/M.4) € P(T. D* | À "m an effective diviaor with non singular 

support and M € Pkr*(r) with h9(M) > f and Afp», * ^ }. 

e) There exists a morphism f : T —* £0 onto a curve £0 consisting of at most two 

irreducible components; the genus of £ 0 is equal to 1 and the morphism g hat degree 2 

ova- the generic pouts of £0 . We will not need the description of Z#. 

We shall call in each case Z™, 1 " , Z " , Z * , (=*)""» and (ear*)* the union of the 

components of maximal dimension. 

(13.14).- P r o p o r t i o n . Let ( C . O be a generic element of KB , and let (D,D) € K, 

mich that P ( £ , C ) * ñ,D,D). Then ( £ . C ) and ( ¿ . D) axe tetragonaUy related or at kart 

one of the following facts 

1*̂ 1 

(i.e. (btD) vmi&m (13.2.a); cf. (13.3)). 

b) D = Di U« D2 , £) = D | U4 £>3 and £>i is an irreducible plane quartic. Writing 

Di fi Uf * {»i 4. • • • 4. jf4}, it is Of»!(or 1 4- * • • 4- *4> * t^o,. The curve D? m irreducible 

and hypereffiptic of genus y - 5. In this cane (£ ,C) 6 HB*,4 «nd »he iioittorphisBi 

P{D,D) m P(ÒX) identile» Zà- with W», Z f with IT, and Zf » Z¿ with » '_ , (fee 

(13.13) aboce for notations) 

c ) D ^ D , U 4 D ^ 1 d í ) = D , U , D ; w U h D 1 . D i l r r e < l u r 1 h l , h y ^ ^ p t 1 c r u r v ^ o f í e n u S 

t - 1 andf - t~2rwpe^ ive |y , with« > 2. In particular (J&,D) € H'ttt. Inthi»ca»e(tf»C) € 

Ä B , , . I and with the notations of (13.13), the isomorphism P(D,D) * P(C,C) identifies 

Z|* with W9 and the two varieties of type Z " conwpondiag to th* two hyperelliptic 

component« with W% and W-% (one of them is empty exactly when HT-j = I) . 
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Pmoor: We already mentioned that, with this hypothesis, ( # 3 ) « « M M at least one of 
the four eases in (13.2). On the other hand twoflf these cases have been treated in (13.4) 
and (13.9). Since (13.2.a) coincide» with a) above it only remains to prove: 

(13.15).- If in addition (D%D) belong» to 

l*iLl 

K* - <*1 .• ü «;,»u ( y n'Bt9j u mi,,) «ta i > 11 

then either (13.14b) or (13.14c) hold«. We keep this hypothesis on (J&,D) in the rest 

of the proof. In particular we can write D = Dil)t D2 with Di and D% irreducible (cf 

(13J.b)). Moteo*« ( Í ,C) belong» to m»,f,i (cf. (13.&*)). By applying (13.13) we find 

the possible description» of the component» of maximal dimension of SiagH*. Recall that 

dunJ^1 a f - S -

(13.16).- Lemma. Let (C,C) and {D.D) be as above. Then Z¿* is irreducible and via 

the wmmvlmm HD.D) * PitC) it « » p o o d , to the component H . of SmgS* (cf. 

(2.?) and (13.13) for definitions and notations). 

PlOOr: Indeed, fet Xi and X% be component» of (H*)*" and (HI)1" respectivery. Then 
(j)~l(Xi * -X'l) fe irreducible: suppose not« then different component» of StngE* of di­
mension § - 5 are exchanged by translations. From the definitions of !§'„ i= 2,0.2 (cf. 
(2.6), (3.?)) it b easy to check thw is not possible in P(C,C) and we get a contradiction. 

On the other hand 

/ • ( / ( ( / • r ' i - t i * A*,))) = HXt) x /(JTa). 

By (13.7) J tDt .Di) and P{bt,Dt) are «imple. Thus, for .=1,2 either /(.¥,) is finite or 
f(Xé) = P(¿?„D,). Let £, be a generic efetnent of X». i = l j . Then **(£,) = 1 (recall that 
»*m*tA.fiii)^é «2). Now (cf. e.g. (3.14) of (Sh2]> ¿.»(¿»(i, - «'(*,))) = 0, where *, is 
a generic point in Ò, and i' is the natural involution. Therefore i , - i'(i,) | I(Xt), We 
conclude tàat /(JT,), l(X2} and /((/•)-»(-«". x .Yt)) are finite. Hence (/•)- ,(.¥. x Xt) m 

an irreducible component of StngE* invariant only by a finite group. Only the component 
Wo verifies thb property (cf. (5.12)), therefore Xt = (E*)"*. for i = U and I f is an 
irreducible component of StngE* corresponding to W9, | 

In the situation of (13.16), deg(/*) = 4 (cf. [Bel], (3.6)), thus from the proof of (13.16) 
one ah» obtains that f((E*)*") = 0, i=l,2 and I(Z?) «Iter/*. 

(13.17).- Lemma. Assume that one at the components of D, say Di, is hyperelliptic 
and that dimZc =s g - 5 (cf. (13.13)). Then the corresponding variety Z * is irreducible. 
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Pioor: Arguing m in Lemma (13.16), if X m a component of (ex?)", the» (P)~"È(X x 

P(JÓJ,Í>J) ' ) ¡a irreducible. Suppose tel >' i» another component of («jrj)"\ Since Zf 

MI non empty and corresponds to W», then the isomorphism P(D,D) ft P%C^C) sends 

(^)-»(JT x * « % , H , r ) «J (>*)" H* » H ^ i * A t » to V . , U IT,. On the other hand 

hmñ'Hx x JVV wmniwi·r·cir*n-vw») D W *^^» ft). 
Hence we get a contradiction because 

/(wyn/cir.j) »mute. 

Therefore (exf)"* and Z? are irreducibles. | 

(13.18).- Lammst. With our hypothesis (cf. (13.15)), if (£>,/?) verifies also the assump-
tious of (13.13.a). then dimZ™ < § - 5. 

PROOF: The unique configuration of the type of (13 13a) compatible with D = Dj U4 D2, 

D\ and D% irreducible, and (D.D) $ H't0 » the following one: 
# 

Normalising D at two point* of Di ft Di we obtain a curve H admiting a (2:1) map 
t : II —» P 1 which is constant on one of the curves, say D?. 

Assume that dimZ* = § -5 . We call É the curve obtained by normalizing D at the two 

points corresponding to the above ones, and we write f | for the double cover B • B. 

Let d\,d2 € H be the preimages of the remaining point« in D, n D2. Let § the partial 

desingularization oí Ñ in J} , i f On* has the isogeuies (cf. §1) 

P0fDr -£• #»(£,,¥)• i PiDuDtf x P(Dv,Dtr 

where I is the desingulariiation of £ at />i n i)a . Let £ be a general element of Z«, then 

«•(!) — fí(7*(0Pi(l))X<À)« with ^ an effective divisor with non singular support. Thus 

!•(*•(!)) = f·(t,*(i*(Op,(i))MÍ)) = 

-(fí(7*(0p»(D)XA),ftí-«fi -4tKfí(7*(CV.(l))XÍ),fi t(-ái - * ) ) « 

= (0^(2*1, + 2J,KÍiM~<li - ^ ^ ( - « í , - d%){k%))» 

= (C?A i(Ji+rfaKÍi),CJ^(-J,-J,MÍi»K 

where O ^ i ) ^ = 0^,(i»), i=l,2. ience: 

f*^(Z.) C [U € SJ ! h*(U(-d\-Í3)) > 0} x | Í f € P02,Dtf \ h9(U(¿i + ¿,)) > 0} 



equal to (a poateriori equal to) duuP(Pi, D t )-3 and danPiÒt, D?)-l respectively. Tltar«* 
fiaw» if X M a component of J J \ there exist irreducible components Jig and Jft of the »eta 
on the right hand aide auch that j*(A°(A*)) « X | K X%. Arguing m in Lemma (13.16), 

D and *' ¡a the involution. Therefore the simplicity of P(ÉitDi) (d, (11.8)) implies that 
I(X,) mm finite for i=1.2. In particular f(X) m finite. Hence JT corresponds to B'o by 
the isomorphism P{D,D) St P{C>C). Since the components 2J» »Ad ZJ* ate different 
(take f = go h and compare r\Z%) computed above with /*(!§) « Bf x SJ) one gets a 
contradiction with (13.16). 1 

(13.19), Le.nma. Keeping our a«tmption. UT( 13.15)). suppo« that (D.D) ««me. 

(13.13d) and that dimZj = y - 5. Then Z¿ "w irreducible (in particular Z¿ = Z"). 

PROOF: Writing / for the partial normalization táD mt D\f\D% one easily checks that 

where I is the ramification divisor of Dt —» D\. Since (/ i)~ ,({í} x P d ^ ü j ) * ) is 

irreducible and has dimension f - 5 the result follows. | 

Ho« we end the proof of Proposition (13.14). Since the element {D.D) vermes the 
hypothesis given hi (13.15) we can apply (13.13) in order to recognize the components of 
maximal dimension in Sings*. By (13.16) the component H0 corresponds to Z" . Since 
f > 2 other components of maximal dinienxiou exist (cf.(2.7)). According to (16.18) case 
(13.13.a) does not provide any component. Let us consider case e). One obtains that the 
only configuration of type (13.13.e) compatible with (13.15) is the following one: 

öi» Di mm two hypereUiptic curve» and D% O D$ consist» of two pain of hypereBiptic 
points tor both curve«. 

This kind of elements parametrize a subspace of H9 of dimension 2g-4. Therefore 
P{D,D) a P(6,C) contradict« the genericity of (C*,C) (see (136) for a similar argu­
ment). 

We conclude that the components tf*_3 (if non empty) and W% come from the cases 
(13.13.C) and (13.13.d). By (13.17) and (13.19), the components of type Z? appear twice 
when í JÉ 4 and (13.14.c) is verified. Moreover when t = 4 we are lead to the possibilities 
b) and c) of the statement. | 

(13.20).- In the rest of Part III we «hall prove the fallowing resulta: 

• If (Ò,D) verifies (13.14A), then (DtD) m tetragonally related with (C,C) (§14). 
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• U(D,D) verifies (13.Hb), then (D,D) mconstructedfrom (CX) mm¥m% II(|1S). 
• V(D,D) verifies (13.14.c), thai (I), D) U tetra^anally related with (C.C) (§l§). 
Clearly (13.14) plus these three facis imply Theorem (13,1). 
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l i . Tfct CM» C11.MA). 

The tum of this section is to prow the following result: 
(141).- Proposition. Let (¿ ,C) be a general element of Kgif and let {D,D) € fcf be 

such that D is a double cover of a stahlt curve £^ of genus 1 and J*0 f £ ) Ü P{C,C) 

The» {C.C) and (D,D) are tetragonally related. 

(14.2).- Remark. Notice that (14.1) finishes the proof of Theoreui (13.1) in caw 
(13.14.a) (or alternatively (13.2.a)). 

PROOF: UDU smooth, then the statement m a mmequmce of the results of Part I. 

Assume that D is singular. Observe that a stable curve of genus 1 is irreducible with, at 

most, one double point. 

We first prove that D is irreducible: suppose not, then D consists in the union of two 

curves of genus < 1 intersecting in, at most, g+1 points. This kind of elements parametrizes 

a subspace of high codimensitHi (greater than 2) in RH t On the other hand the dimension 

of the generic Ihre of #^«a>fi» b 1 if t> 1 and 0 if t=0 (cf. the summary in §17). Henee 

,. - . - . f 2 f - 2 fori > 1 
dtmJIÄii ») a f 

I 2f - 3 for f = 0 
and the geaerkity of (C.C) allows to avoid this possibility (cf. (13.6) for a similar argu­
ment). In fact by the same reason D m supposed to have either one singularity or two 
singularities with image a singularity of £«. In the second ease the element {D. D) belong« 
to H'f0 and by (13.4) the statement follows. In the rest of the proof we assume that D 

hat oae angularity. 

If £!» is angular then D is obtained by identifying a pair of points in a byperelliptice 
curve. By [BelJ, (4.10) this implies that Pl_D,D) "m the Jacobian of a curve and we get a 
contradiction with ¡Shi]. Hence £^ 

We treat first the case Gtl&iD) 3 Z/2Z x Z/2Z. There exist two involutions t\ and 4 
on D lifting the involution on D. By construction, <\ and 4 exchange the branches of the 
singularity of D. Then one obtains the following commutative diagram: 

D 

/ I \ 
D Di Di 

\ í / 
where Di :=» Dft[, i=l»2 are smooth curve« and the discriminant divisors of Di —• E 

and Dt —* E0 intersect in a point (in particular t > 1). By (2.10) this element is obtained 
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\f mH^to****^*****^*meint* tiltil ktwmmt. By the results 
of Part 1 (Ò,D) and (£»C) are tetragonally relate. 

Finally assume that G*l£(£>) • Z/2Z. Then (¿>, D) € K"B t {A (13.3)). l i e statement 
is a consequence of the following Lemma and the results of Part 1. 

(141), Lemma. With the* aswmpti*», there c a t e an c l i e n t ( C C ) € H f l ,o 
tetragonally related with (D,D). 

PROOF: We extend the injection ; : K'B f «-* RB.$A (commuting with the Prym map) 
given in §7 to elements (£),D) as above. To do this we replace in the definition of j the 
symmetric product» Ò&K Dm by the varieties of effective Cartier divisor» of degiee 2 
Hwr*(D), Div3(ö). la other word», take the curve CJ given hy the pull-back diagram 

q — » Dfcr*(J>) 

£• ——» Drv2(D) 

Then, bcal computations nhow that CJ & «mouth. The involution on Diva(IJ) restrict» 

to an involution on C't. Taking quotient we get an elliptic curve E*. The fibre product of 

CJ —* E* with the transponed morphiam of E* —• £Q give» a curve Ò*. The curve & has 

two involution» attached to the projections; call *' the compo«ition of the«* involutions. 

Then (C*,C"/*') € fta.f.s- Since for all (D,D% the elements (D,D) and j(D,D) are 
tetraganalh; related (el. §7) we are done. | 
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IS* « M I cas« (13.14»t>). 

This section is drvotrd to provr the foUowiu« 

(15.1).- Proposition. Let ( £ , C) bm a generic element of TLB,t «nd let (£>, D) € H'tA be 

suchthat P ( ^ , P ) 5 P(C,C), Ö = D|U4£>¿. Í? = DtUéDt MÈÀDI is an irreducible piane 

quartic. Suppose abo that writing UiOHa * {*! + •• •+**}, it it 00k(x i+ •--+*«} =• <*?©,» 

and that the curve Dj is irreducible and hypt-relliptic of genos g - 5. 

Then ( £ , D ) it constructed from ( ¿ \ C ) at in §8. 

PROor: Recall that in this caw {€,C) € ft«4.4 »nd the isomorphism P(DtD)M P(C,C) 
identiies ZjT with IF», I f with W'i and Z J * Z¿ with IT . j (see (13.18) and (13.14b)). 

We shall use again the variety 

A, * {« € PittC) I i + W»n H', C W9) 

defined in (5,5). 

One has 

(15.2).- Lemma. With the hypothesis of (15.1) the following fact» hold: 

a) There east» a birationai isomorphism between the curve Aj n 2Aj and the curve B% 

obtained by the following pull-back diagram 

(15.3) 

2 ——* *»a 

I 1 
* * * j 

where JVa and JVj are the nonnalizatioas «if D% and D% respectively, and §\ "m the linear 

series induced by the hypereluptk structure of D%. 

b) The curve Ca (sec (2.1)) is the normalization of B%. 

c) The involution ra in Cj «»responds to the involution of Bt given by the restriction 

of the natural involution of Ñ™. 

d) There exists a linear serie« § | on E such that one gets a pull-back diagram 

£>f , C f 

p« _ J U JE™. 

Moreover the involution ( r | ) ^ coincides with the exchange of sheets on JÖj. 
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PROOF: We i n t we a). By using the identificat»!* W§ m Z f mà W% - Z?, and the 

dennitioas of Zf", JJ» (cf. (13.13)) it m mm to see that 

r . n ir, • í /T »(dir * <(«•;)• n (Sjr% 

wiw/ist i«*«««^»«!»^ 
ol this wt i» f-7. Tia« far«« to tare (**\)m c (-I)*1- Bew« 

At - (h'Hiduh) € Piòi.Dt) M IM),.!),) i a, • (s;r c (Sjr, 
¡j+(«*irc(s;r}). 

h the proof of (IS.IS) we «aw that 1((H|')"') « (0). There!» 

A, - (h~Hm * {¿, € P 0 , . D a ) | à , • ( « $ ) - C ( H | D ) . 

Since (E | ) M M irreducible (cf. (13.16)) and Sings* has not components of dimension g-§, it 

is not hard to see that (HI)1" is the closure of the set of effective divisor» with nan-singular 

support .4 such that Nm(.4) = *y , By using this one checks the inclusion 

{i + , _ f - i € P(¿i,Da) I i , # , r , i c ( à i ) r . f N iU* + Í ) € *} } + e*J C ( A ; ) " . 

Thus one has 

( / * ) " l ( {0) Mckume { i + f - r - i € PiD-t,Dt) | i , i , r , j € (¿Met». 

Nm(x + y ) € « t ) ) C A t. 

From this inclusion a straightforward computat ion gives 

|0) x c k * t t w { i + $-« ' (x) -« ' (y)<: P\Dt,D-i)\i,§£ (ihUt, 

SM* + v) € f|| C /*(A2 n2A,K 

where i* is the natural involution on D%. Since the curte on the right hand side b irreducible 

(cf. (5.?)) one has an equality. By wring the description of AjíltAj in P{C,C) one obtain» 

that A t n2Ai is ©¡rationally tsoanrpbic with Xtñ%\t¡wm(e*{tJE)) = /*(Atn2A2) (recall 

that K*r(/*) = wm(t*{tJE))). On the other hand there easts a natural map from the 

normalization of Ü3 to the set of the left hand side in the inclusion above. Since C% is the 

normalization of Aj n 2Ai we get a morphiam from the normaiiation of Üj to C%. An 

elementan' «mint says that g{Ct) equals the genus of the normalizaticn of B2 (use (113)). 

Therefore C2 and È\ are isomorphic and a) is proved. 
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Part S) is a corollary of a), l b wm c) it aufic« to nrall that the multiplication by (-1) 

induces on C% the involution t». Note that in this context this multiplication coincide» on 

B i with the restriction of the involution on .VJ . 

Finally, we prove d). We first observe thM c) implies that E is the normalization of 

fl3/(involution). Since this last curve ha« a« obvious hypereUiptic structure given by 

diagram (15.2) we obtain oa E a linear series § | . The rest is left to the reader. | 

As a consequence (ï>2,£>3) is obtained from ({Ci.E),g\) m m the Step 2 of §8. 

Hext we concentrate in the relation between (C%*E) and (Òi.Di). We «hall consider at 

above the surface 

A_, = {« € P0,€) | à + W, n I I - , C Wf.) 

defined in (3.5). From the descriptions of ZJ¡* and Z¿ (cf. (13.13 )) one gets 

A - j - t / T ' í U H j r - í f t ï x I O } ) 

where I is the ramification divisor of 0% —» $ i . We call S the surface ( (SJ)" — {1} x |0}.) 

That is to say the group 

K e r / - « / ( i r , ) » » * ( e * ( a i £ ) ) 

acts on A_a and the quotient is S. We study first thi» surface in the more transparent 

context of P(C,C). 

{15.4).- Proposit ion. The surface S is exactly angular at the origin and the minimal 

resolution of the singularity is 

C
W Ç 

PEOOF: We borrow from (5.6) the equality 

A - a * { * ; ( e ; ( f ) - r - * ) | * € £ . r . j g C i . 21 s et{r) + M*)} . 
Let X C Cj a ) x £ be th« preiinage of A_a by the morphistn 

C j " x E —* JC 

( r + «,x) —• *r(r-f/*-ffJ(x)). 

Tben A' is an unrmmifted covering of degree 4 of CJ21. One obtains the commutative 

diagram 
X » A_j 

i I 
Cf> » A- a / i r* (e* ( 2 J£ ) )»5 . 
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The morphiam C\2) —» I M M isomorphism away from the origin 0 «od the preimage of 

0 is the irreducible curve €}(£), of positive g e t » . Thus 5 is exactly singular in the origin 

and C\3) is the minimal resolution of the singularity. | 

We shall consider the plane quintic giveu by the union of Dx and the line r containing 

the discriminant point« of X>i —* D\. We call f the ellpiic curve which obtained as the 

double cover of r with discriminant divisor rñD%. By identifying in the natural way the 

ramtieatioo points of &t —• D\ and £* —» r one constrticts an allowable double c o w of 

the plane quintic mentioned above. By [Bc3] (Proposition (6.23)). there exists a smooth 

non hyperelliptic curve V of gem» 5 such that 

war) - ^ ß , u r 

* * 

IV^tO/involutioti ~~* DiUr. 

Now to prow that (Dt, Dt) is constructed from C% m in Step 1 of §8 it nifftees to show 

that r a C i . 

(15.5)- Proposition. The surface» S and Fri} are birationally equivalent. 

PROOF: The description of S as a subset of P[D\,Di)x Pi í>a, Dt) (cf- (13.13)) give* the 

iiottiorphiitm 5 3 (HJ)m. The general element of (H*)"* is an elective divisor of degiee 4 

with non-singular support. Its norm is a divisor un Dx consisting of 4 points on a line. By 

construction the general point of D\ corresponds to a linea»- series g] on F that d o « not 

come from linear sen« on E'. 

Let j - , y be general points of V. To contain the inu- 7y is a line» condition for a quadric 

containing the canonical image of F in P 4 . The intersection of the pencil of quadri« sa 

obtained with Dt provide« four singular quadrics containing If. Consequently there exist 

exactly four linear serie» g\ on T passing through the divisor jt + p. These four Eoear series 

define an effective divisor of degree 4 on Dt and the image in Dt are four colli near points. 

We obtain a genericaüy infective rational map from Trl> to (Hp"* and we are done. 1 

(15.6).- Corollary. The curves C\ ami F are isomorphic. 

PROOF: By (15.4) and (15.5) it follows tliat C¡ J > and F<2 ' arc birationally equivalent. Now 

the result is a consequence of a Theorem of Martens ([MJ). | 

Having established that (£>„£?,) are obtained from (C, ,£) , i= 1,2 as in Part II we end 

the proof of (15.1) showing that (D,D) comes from (Di,Di) and (ß a , i ? j ) as in the Step 
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3 of §8. Note first that ti» result« juat obtained make po«àble to u»e all íhe p*rt8 of (9.1) 
« * * Omp«t¡r). I»bet Ú» » * * . * . f t , « d Ih.fart i f A ß ) « « 6 , C v M i l * . 
tools to prove the property (9.1.iv). (By (9.14) this property is equivalent to the property 
required in Step 3 of the construction of (Ö,D)). In conclusion alH-have to do to end the 
proof of (15.1) is to »how that (9.1 Jv) holds. Keeping this r-ategy in mind «me construct 
a commutative diagram 

0 0 

i i 

I i A 

0 —» tJE —* P(Ci,J?)xP(Ca.E) Ï+ PiC,CjiP{b,D) —. 0 

PiDuDi)xPibt,Dt) i PiDuDúxPiD^Ih) 

i * 4 
0 0 

where / is the normalization of 1? at I?, (1 <Da {cf. (2.8) for the definition of <p and cf. 
(13.16) and (5.12) for the upperr%htcorner). Since EadP(D„D,) ä Z (cf.fC-G-Tj, (4.7) 
or proof of (13.8) above), I = (±Id) + (±Id). Hence 

(15.7) rhP(D<D)) = (ft, x M ^ - ' f a P í C C ) ) ) . 

In (10.14) we saw that 

r(tP0%D)) m {(*„ói) €2 P{DltDt) K, J>(0,.i>,} 1 «1,(0,) . «»(à,)} 

(cf. | | 4 and 9 for definitions). On the other hand i\ i» easy to check that 

<p-l(tP(CX)) = {{àuàt) €aP(C„ E) *2PiC7.E) | 

3# €2 i E such that 2ò, = e\(p).2Ò2 = €$(#)}• 

Thu* by applying gt y g2 to (15.7) one has 

9i x 0 t({(ò,,à2) €2 P(DuDi) x P(D2,D2) I t*,(à,) = t>2(è,)}) = 

(W-8) =i(er(#) ,£ | (#)) l#€ a JE) . 

Finally we show that (15.8) implies 

V I (ÖI) ss t^(a3) iff 3p €i JE weh that y,(á,) = £*0) 
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for all òi 6a J*0t) amà At €s P(D.D7). The part a» fa clear. Suppose that 51(0,) * 
«¡(#) and ufé») « f;(p) far ß €t J*. Then % (15.8) there exist {é| ttt|) such that 

•it»!) - • tPP •«> #i(*i) - #i(*i). i»Pt> - üí*í). She» Ibtfi »jiftiJDi), i « l j 
(cí. (9.1.Í)) m l these elements áo art change the mint of 1», the part *s follows. Th» 
finishes the proof of (15.1). 1 
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1«. The c í e f lS-l i^. 

In this sectk» we eod the proof oí Theorem (13.1). Recall that (13.14) reduced the proof 
to three cases. In (141) and (15.1) we have treated the Erst and the second retpectively. 
So, to finwh the proof of Theorem it suffices to prove the following 

(16.1).- Preposition. Let (¿\C) he a general dement of KB., tad let (£>.£)) € K'f f. 

I > 2 tacit that P ( ^ C ) if P{D,D). Wc write £> = D, U4 £>2 Assume that DUD2 are 

irreducible ltypereliptk curves of grao, f - 1 and f - f - 2 respectively. Then (£, C) and 

(D, D) are tetragorally related, 

(16J) , If««»rk. Recall that in thk as« <(?,C) € *„ , , , , a r t with the notation, of 
(13.13), the isomorphism P(D, D) a P{OX) identüe* Z " with W^ and the two varieties 
of type Z " correspondiag to the two hypereliptk component» with Wj and W-% (mm at 

them is empty esaetly when f§ r. t » I ) . 

PROOF: If we are able to prove that (Ó, D) verm« he hypothesis of the construction 

given in (12J), then there will exist elements of Kg , , tetragooaUy related with (D,D). 

Then, by (14.1), these elements will be tetragooaily related with elements of %B.t.t «od 

(Ò,C) and (DtD) win be tetragona% related. Essentially we ordy have to prove that D 

is tetragonal. Therefore the Proposition is a consequence of the following fact. 

(16.3).* Proposition. There exists a finite moronism of degree four, 7 : D —* P1 , 

whose restrictions to Dx and D2 coincide with the respective hyperelliptic morphism and 
such that -)(D\ ft D2) consist» of four diferent points. 

PROOF: What we have to do is to glue the hyperelttptk morphisms j t : D, —• P 1 . Let 
D\ H D% = {di,..,, (¡4). It suffice» to prove the equality of crani ratios 

(16-4) I -ri(di): Ti(dj): 7i(«ft): ti(d4) | s | ^a(di): *ra(df): lt{d$): t a W 1 • 

Recall that we obtained in (15.2) that the irreducible curve A3n2A3 (cf. (5.5) and (5.7)) 

is birationally equivalent to the curve B-¡ given by the pull-back diagram 

(16-5) 
B2 —— Ñf 

I i 
p» , ivf» 

where JVj and JVa are the normalizations of D? and D2 respectively. Moreover the involu­
tion on A2n2A2 attached to the multiplication by —1 equals the involution on 2?2 inhereted 
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6 « . tb . ta**. <**«>. i t a ^ M M l - k - . A - f t ^ ^ d t a f a J 
Èt and therefore £ is the norm*lü«tion of Ba/(involution). Then from the analysis of the 
diagram (16.5) we get that the ttoai ratio | 7i(sf,): 7i(dj): ft(é§): t i(^t) I coincides with 
the mm rati© of the low discriminant point* of the obvious two-toon« ©owtAgi—tP 1 . 
hi par t ióte the points 7(</,),i = 1, . . . , * nrr all diiferrnt. 

On the other side when f > 4 the same argument works when replacing At ñ 2Aj by 
A-, n 2A_, and J , % «à* curve Ä» given hy the pui-back diagram «lalngons to (16.5). 
So the cross ratio at the right hand side in (16.4) also equals the croa« ratio of the four 
discriminant points of certain two-to-one utorphi»m from £ to a projective fine. This 
clearly implies the equality (16.4). 

To conclude the proof we only need to consider the case« t = 3.2. In the first case we 
imitate the procedure of Part 1 (ef. proof of (5.16)) in order to recover the set of data 
(CuE). 

Assume Erst t - 3 . We denote by / the de»mgular«at»of Äat Ä , n ^ a . Wecafl», and 
Xj to the ramified double covers D, —• £>,. i=1.2 induced by the partial desingul irization. 
One has (compare with (5.12.Í) and (5.13)): 

(16.6).- Lemma. The following equalities hold (of. (13.3) for definitions): 

a) /(Z~) = (/*)- ,(F(Ä l li?1) x {0)) (thin is true for f > 1). 
b) 

( J ( ( Z r u n / ( 2 T ) ) « ( / V ' U i - A € P{Dt,A?,) | t Ä € ( S T ) - } x < 0 ) ) . 

PROOF: We first see a). According to (5.12.a) and {16.2) one has that / (Z") is an abelian 
variety of dimension t containing /(Wo) = f(Z") = Ker(/*) (see (13.16)). On the other 
hand the very definitions imply that fm{I(Z?)) DP\Òi,Di)x (O). Hence 

The equality of dimenáon» concludes the proof of a). 

hi part b) we only show the inclusion of the left hand side member in the right hand 

side member. The opposite inclusión u left to the reader. Fix l € Z*. By definition 

f(L) = (Lul%) € (ED- * (HI)"". Then 

(K)-l n M?) = {6 € P(DfD) I /*(«) = (ò,,0) and à + I € Zf> = 

= {Ò € F(À£>) | /*(<») = (à,,0) and ó, + Í , € ( H j r } 

and we are done. | 

Let us denote by A_j the 2-dimeiisional variety obtained in (16.6.b) (observe that 
dimiED"1 = <nmP0uDi) - 2 = í - 2 = 1). 
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(li.?).. Lemma. O M has ti» « p A i r : 

ftA-,MA-.) - { I - .fll)€ IIA,»!?,)* 11 ç (H¡r,Ki^(l) - T?<€M1M * {•). 

P n o r : One haa /»(A-t 01A.») • /*(A-t) ^ *¿/*(A-t). According to ($.!•) thia «et w 
an irreducible curve. Since both sets in the equality of the statement have dimension 1, 
we only have to prove the inclusion of the right l·imd aide member in the left hand side 
member and this is straightforward. | 

Observe thai the normalization of the curve B- given by the pull-back diagram 

Ä. . À J " 

I I 
Dl ... .- MW 

has a natural merphisi» onto {¿-*¡(¿) | £ € (H*)",Nm^fl) « 7i(öpi(l))}. Since Ci "m 

the normaliatiooof A_ff»2A_i and A_in2A_i it hiratioaally equivalent to /*( A_jfl2A_a) 
(use the explicit description of A-i fl2A_i in P(C,C) and that Kerf* = **(i*(a«/£))) 
we obtain a morphism from the normalization of B. to C^. By comparing genera on« get« 
that C\ is abo the desingularuat ion of Èt, The proof at (10.3) follows as in the case f > 4. 

Finally we observe that hi case f = 2 (he curve D k always tetragonal. Indeed, in this 

case the gent» of Di is 1. To simplify assume it i» smooth. Then the cross ratio of the 

images of the four point« Di ñD% by the two-to-one tnorpbianis D% —» P ' induced by the 

linear series §| on D% "m not constant. Hence with a Mutable Mich morphism we construct 

a four-to-one inorphitm D —• P1. This conclude» the proof of (10.3) and therefore of 

Theorem (13.1). | 
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4P iP 9 slfcÉ^^lPHIWliMp ÄBrfP^PiBWP^SJWp ^P^W " i S S W P W H P H ^IP^p 

(5.16), (6.11), (6.24), (7.23) and (13.1) we obtain tbe following ¿act» (we keep the notations 

of |S): 

a) Let (C,C) be a generic element of KB,, , , with f 4 0,1,4. T t « # " ' ( J ^ € ^ ) ) «oaiita. 
of: 

• two elliptic curve« isomorphic to E contained in ft'aifi, (note that Aut(E) at 
Z/2Z x E acts on this part of the fibre). 

• an irreducible surface contained in H't,. If t ft 2 it w isomorphic to E x E. 

b) Let (Ö, C) be a geaerk element of U# tf ,4. The« P~%(P(Cf C)) consists of: 
• two elliptic curve* isomorphic to E contained in H%itéi 

• a surface isomorphic to £ x £ contained in WfA. 

• a subvariety of dimension one contained in H'lA (these are the unique elements of 
the fibre not obtained in a tetragonal way). 

c) Lea (Ó,C) be a generic element of ft*.,.). Then P~*(/^C,C)) consist« o£ 

• two elliptic curve» isomorphic to £ contained in Ä' i i f i , , 
• an irreducible curve contained in "H'§1. 

d) Let (C, C) be a generic element of f J,,.» U Ä'Ä . Then P~l(P(Ú, C)) const«« of: 

• a tingle point in each component KB,§M and ftflf#, 
• an elliptic curve isomorphic to E contained in M'§0. 
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