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Preface

In this work, we will study some problems emerging from the theory and applications of stochas-
tic equations driven by a fractional Brownian motion (fBm). A fBm {B}!, t € R}, defined for
any H € (0,1), is a stochastic process which has been introduced first by Mandelbrot and Van
Ness in 1968 (see [MaVa68]), with the aim of generalizing the standard Brownian motion (sBm)
to a family of processes depending on a parameter H, which still enjoy most of the properties
of the sBm.

The need of introducing such a process came from the world of applications. The hydrologist
Harold Hurst, while studying the distribution of the intensity of the floods of the Nile river,
discovered a rather unexpected fact: the range of the distribution of the floods was not com-
patible with the assumption of independence of increments which is intrinsic in a sBm setting.
It was the first time that such a phenomenon was observed, and for this reason the parameter
H € (0,1) of a fBm B is named Hurst parameter (see [Hur51])).

A fBm B, for all H € (0,1), is a Gaussian process, meaning that its finite dimensional
distributions are Gaussian random vectors. It is characterized by having zero mean, i.e. E[Bf!] =
0, for all ¢t € R, and covariance structure given by

E [BIBI] = = (t*" + [s|* — |t — s[*"), for all s,t € R.

N |

From the expression of the covariance, it is immediate to notice that for H = % the fBm B3
reduces to a sBm: thus, it is truly a generalization.

Our main focus, and the most original part of this thesis, is the study of stochastic partial
differential equations (SPDEs), driven by a noise W which is partly a fBm. The theory of
SPDEs has had a very huge interest in the last decades, due to both independent mathematical
interest and possible applications in modelling. There are two main research lines, that ap-
proached this kind of equations in two different ways: the setting of infinite dimensional Hilbert
space-valued SDEs (see [DPZa]) and the random field setting (see [Wal86]). We will focus on
the latter approach, following also more recent works like [Dal99, BJQ15, HHLNT17].

Our main result is the continuity in law of the solutions of such equations with respect to the
Hurst parameter H. We recall that the continuity in law with respect to fractionality indices
has been studied in other related contexts ([JoVi07, JoVi07, JoVil0, JoVil0, WuXi09, AiSg17]).
We point out that showing the continuity property with respect to H of the solution, for both
time (SDE) and time-space (SPDE) stochastic differential equations driven by fractional noises,
is a very interesting problem not only from a theoretical point of view, but also in the modelling
applications. Indeed, if one uses such a model in applications it is very important that the
estimates of H are stable and the above described continuity property may help in this direction.
We will see one of these applications in Chapter 4.

We give a bit more of context of our setting: let WH = {WH(t,2), (t,7) € [0,T] x R} be a
Gaussian process, defined on a complete probability space (2, F,P), with zero mean and with



covariance structure given, for ¢, s € [0,7] and z,y € R, by:
1
(W)W (s,y)] = S A 8) (22 + |y — |z — o).

This process is thus a sBm in the time variable t € [0,T] and a fBm of parameter H € (0,1) in
the space variable x € R. The SPDEs that we consider are

Liuf (t,2) = b(u® (t,2)) + o (uf (t,2))WH (t,z), (t,2) € [0,T] x R, (1)
where L;, for ¢ € {w, h}, is either the wave or the heat differential operator, i.e.

oult o?ut o?ut 1 0%
Lyu™ (t,z) = W(t#ﬁ) - W(taw); Lyu (t,z) = W(t’ T) — 5@(@1‘)-
The noise W is the formal derivative of the process WH we defined above. Due to the lack
of regularity of the noise, to give meaning to (1) one needs to introduce a weaker concept of
solution, denoted in literature as mild solution. It is an integral formulation of (1), that we
describe precisely in Chapter 2.

In this setting, our result consists in showing that u!" 4 uflo, whenever {H,,, n € N} is a
sequence of Hurst indices such that H,, — Hg as n — co. This convergence, that we denote with

i>, is the convergence in law (also denoted weak convergence), in the path space C(]0,7] x R).
This problem has been already studied in [Bez16], in the case of the heat equation and for
Hy € [%, 1), with a general o and with the space variable 2 € R?. We will extend this result to
the case of the wave equation and to a general Hy (which varies in dependence of the various
cases we consider), restricting for the sake of simplicity to the one-dimensional case d = 1.

We investigate this problem in two different settings: in [GJQ20] we studied the semilinear
additive case, which is the case when b is a Lipschitz function and o = 1, and in [GJQ19] we
studied the linear multiplicative case, which is the case when b = 0 and o(u) = u. Depending
on the setting we are considering, we will also need to impose different initial conditions for the
problem. We also remark that in the semilinear additive case we are able to prove the result
for any limiting value Hp € (0, 1), while in the linear multiplicative case we have to restrict to
Hy € (,1), due to well-posedness problems that arise in (1).

We give a brief outline of the work that we need to do in order to show the result, in both
cases. For the semilinear additive case, we first focus on the linear version of the equations
(b = 0), for which the existence and uniqueness of the solution, together with the existence
of a continuous modification, for any H € (0,1), is well-known, for example, from [Ball2], for
H< % and [Dal99] for H > % In this case, since the solutions uf are still Gaussian processes,
the convergence in law of u» to u® reduces to analyse the convergence of a family of centred
Gaussian processes. In order to prove this, we first check the tightness of the corresponding
family of probability laws induced by {ufl", k € N} on C([0,T] x R). Tightness is a measure-
theoretic property that implies relative compactness, and thus the existence of a limit measure
Y for a subsequence {uf"x k € N}. We are only left to identify the limit Y as u/o. This is
quite straightforward, thanks to the Gaussianity of the solutions. We point out that in this case
the proof is the same for both the wave and the heat equation.

In the case when b is a general Lipschitz function, we first show that both equations in (1)
admit a unique solution for any H € (0,1). As far as we know, it is a relatively novel result for
the case H < 1 (the case H > % is in [DaQull]).

The analysis of the weak convergence in the semilinear case does not admit a unified proof
for wave and heat equations. More precisely, for the wave equation, the convergence in law of
ufn to uflo, whenever H, — Hj, follows from a deterministic pathwise argument: we prove that,
for almost all w € €2, the solution can be seen as the image of the solution in the linear additive



case through a certain continuous functional F' : C([0,7] x R) — C([0,7] x R). In the case of
the heat equation, the previous argument can only be applied partially, since the associated
deterministic equation which has to be solved in order to define the above-mentioned functional
seems to be ill-posed for an unbounded general coefficient b. We overcome this difficulty by
first assuming that b is a bounded function and then by using a truncation argument. It is
also worthy to point out that, in the analysis of the wave equation and the heat equation with
bounded b, we have established ad hoc versions of Gronwall lemma which have been crucial to
complete the corresponding proofs.

We consider then the linear multiplicative case o(u) = u, which is also named in the literature
as Hyperbolic Anderson Model (HAM) and Parabolic Anderson Model (PAM), respectively (see
[BJQ15, HHNT15, BJQ17] and references therein). There are several well-posedness results for
these equations. For the case H < % some results may be found in [BJQ15, HNZ17], while the
case H > % falls in the general framework of Walsh and Dalang [Wal86, Dal99, DaQull].

In these cases, the fact that H < % entails important technical difficulties in order to define
stochastic integrals with respect to the noise W#. Moreover, as proved in [BJQ15], the above
equations admit a unique solution if and only if H > %.

In this setting, we show again that the weak convergence uf» 4 wHo holds. The proof, as
in the semilinear additive case, consists in establishing that the family of measures induced by
{ufl" n € N} is tight on C([0,T] x R), followed by the identification of the limit law as uo.
The proof of the tightness is quite involved from the computational point of view, since we need
to extend several results appearing in [BJQ15, BJQ16, BJQ17].

Regarding the limit identification, one of the key elements of the proof is to show a rep-
resentation formula for the integrals with respect to W of a deterministic function f, i.e. to
show that for any H € (0, 1) the following equality holds

/OT/Rf(t’x)dWH(t’x):ATA(THf)(t’x)dW(tvx)’

where {TH, H € (0,1)} is a family of transformations of f and W is a complex Gaussian
measure which is independent from H. This result turns out to be crucial in the identification
of the limit in the linear multiplicative case (see Section 2.4.5). For this purpose, we also use
some results of Malliavin Calculus, a stochastic calculus of variation theory which is useful to
study many results in the theory of SPDEs.

A possible future extension of the work described above is to study these results within
the framework of regularity structures. A first attempt towards this direction is done here in
Chapter 3 by considering the continuity problem for a stochastic differential equation (SDE)
driven by a fBm B, in the rough paths theory setting ([Gub04, FrHa, FrVi, FrVill]). We
consider the SDE

dv = p(y")dt + o(Y")dB. (2)

We clarify and slightly extend a continuity result appearing in Chapter 15 of [FrVi], giving also
a brief introduction to rough paths theory.

The result is the following: under the assumption H € (%, %), consider the solution Y# of

1/3([0, 7)) of 3-Hélder continuous

functions. It is possible to show that, whenever H — Hy € (%, %), it holds YH % YHo where

(2), which defines a probability distribution on the space C/

2 denotes the convergence in distribution on C/3([0,T)).

The proof of this fact relies on a fundamental tool in rough paths theory: given an equation
like (2), it is possible to define a solution operator which maps the noise BH into the solution
YH In classical stochastic settings, like for example in Itd’s theory, this map is discontinuous,



and it can be shown that it is impossible to make it continuous (see [FrHal]). The main idea of
rough paths theory is to enrich the noise BY, by postulating a further component (the integral
B of BH with respect to itself) and by considering the noise as the couple (B¥ B). In this
enriched setting, the solution map (B?,B#) — Y can be made continuous (see [FrVi, FrHal).

This crucial observation has an immediate effect on our continuity problem: it is sufficient
to show that (BY B) 4 (BHo BH0) and exploit the continuity of the solution map to notice

that Y# % yHo, Tn the present work, we prove the continuity result (B¥,BH) 4, (BHo BHo)
by exploiting the usual scheme, that is to establish the tightness and then to identify the limit.
Our contribution consists in the fact that we proved the tightness in the specific case of the
fBm considering a slightly weaker assumption than the one in [FrVi]

The last part of the work is devoted to the development of a model driven, among other
factors, by a fBm BY. This model is then used to forecast the future prices in the Italian
wholesale electricity market (available at [Prices]). We propose a stochastic differential equation
of the type (2), coupled with a deterministic seasonal term and a jump component which will
be modelled through a Hawkes process.

Hawkes processes are a generalization, studied first by Hawkes in [Haw71(1), Haw71(2)],
of the classical Poisson point processes. In a Hawkes process, the intensity function, which
is the function that models the frequency of the random jump times, is assumed to be self-
exciting, instead of being constant. This means that every time a jump occurs, the instantaneous
probability that a subsequent jump occurs is higher than in "normal periods”. This is an
interesting effect for our study case, since the italian electricity market shows the presence of
several jumps, some of which appear to be clustered over short time periods.

Regarding the practical implementation of the model, we first study, following [JTWW13,
NTW13, Werl4], the problems of parameter estimation and dataset filtering. These are crucial
steps in the pre-processing phase of the model. After that, we finally evaluate the performance
of the model. To do this, we use the model to produce forecasts of future electricity prices, at
different forecasting horizons (from 1 to 30 days in the future). These forecasts are given in
the form of interval forecasts (studied in [Werl4] and [NoWel8]) instead of the more classical
point forecasts. This choice aims at evaluating more in detail the quality of the forecasts in the
distributional sense, instead of giving a single prediction value. These kind of forecasts are then
evaluated by using adequate metrics, like the Winkler score and the Pinball loss function.
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1 | Anintroduction to the fractional
Brownian motion

In this Chapter we introduce the central object of this thesis: the fractional Brownian motion
(fBm). We first discuss its definition and basic properties. Then, we introduce a pair of integral
representations for the fBm (Proposition 1.10 and Proposition 1.14), which are known from
the existing literature. Finally, we present the theory of Wiener integration with respect to
the fBm, that is, the theory of integration of deterministic functions with respect to the fBm.
In this framework, we prove an almost sure representation formula (Proposition 1.18) for the
Wiener integral with respect to a fBm, based on one of the integral representations presented
before. This result slightly extends the results in Section 3 of [PiTa00].

1.1 Definition and basic properties

Let (2, F,P) be a complete probability space, i.e. a probability space for which, whenever B C F
is such that P(B) = 0, then any A C B satisfies A € F.

Definition 1.1. Let H € (0,1). We define the fractional Brownian motion (fBm) of Hurst
parameter H as the Gaussian process {B}?,t € R} characterized by

i) B =0
ii) E[Bff] =0 for any t € R.
iit) BB BA] = L(|t|* + s> — |t — s|*T) =: KT (s,t), for all s,t € R.

The fact that the fBm exists is a consequence of the fact that the covariance function K is

non-negative definite, for all H € (0,1), meaning that for every (s1,...,sn), (z1,...,2,) € R”
it holds
n n
Z Z KH(S]', sk)xjxk > 0.
j=1 k=1

This has been proven in [SaTa], Lemma 2.10.8.

Remark 1.2. It is immediate to notice that H = % yields E[Bf B¥] = min(t, s), which is the
covariance of a standard Brownian motion (sBm). This shows that the fBm is a generalization
of the sBm.

Remark 1.3. One can define the fBm also for H = 1 as B} =t B, for all t € R, where B is a
centred Gaussian distributed random variable with variance equal to 1.

Remark 1.4. We clarify why the fBm is characterized by its mean and covariance function.
It is well-known that any R"-valued Gaussian random vector (X7, ..., X,) is characterized by
its mean (1, ..., u,) and covariance matrix (am)i,j:l,,_,n. This can be shown easily through
characteristic functions.



We report now some interesting properties of the fBm. Not all of these facts will be important
for our purposes, but they allow us to get a clearer insight on the nature of such a process.

Definition 1.5. Let X = {X;, t € R} and Y = {V}, t € R} be two stochastic processes. We

say that X is equal in distribution to Y, and we denote it with X 4 Y, if the two processes
have the same finite dimensional distributions. This means that, for every n € N and for
every (t1,...,tn) € R", the random vectors (Xy,,...,Xy,) and (Y3, ..., Y}, ) induce the same
probability distribution on R".

Definition 1.6. Let o > 0. Let X = {X¢,t € R} be a stochastic process. Define for any b € R
the process X = {Xp+ := Xy, t € R}. We say that X is a-self similar if, for every b € R, it

holds X < |b*X.
Proposition 1.7 (Basic properties of the fBm). Let H € (0,1). Then, the following hold:

1) Let o < H. The fBm B has a continuous modification, which can be chosen such that
the trajectories are a-Holder continuous.

2) The fBm B is H-self similar.

d

3) The fBm has stationary increments, i.e. for any h > 0 it holds Bﬁh — B,Il{ = BH.
4) Let t; <ty <tz <ty. One has that
— if H= %,
B[(B - BIBE - BH|{ >0 irE >,
<0 ifH<}

This means that the fBm has negatively correlated increments when H < % and positively
correlated increments when H > %

Proof. To prove 1), we notice that condition 44i) in Definition 1.1 implies that E[(Bf — Bf)?] =
|t — s>, This, by Kolmogorov continuity theorem (Theorem A.2), implies that the fBm of
parameter H € (0,1) has a continuous modification. Still by Kolmogorov continuity theorem,
this modification can be chosen such that the trajectories are Holder continuous for any o < H.

For 2), we refer to page 7 of [Mis]. To prove 3), it is sufficient to observe that E[BHh—B,? | =
E[Bf1] = 0 and that, for every t,s € R, it holds

1
B|(BfL, — BB, — BI| = S (1P + 15 — |t — 5" ) = B[B}'BI),

which concludes the proof thanks to Gaussianity.

To prove 4), it suffices to notice that for t; < to < t3 < t4, and for H € (0,1) \ {%} it holds

1
BB - BB - BI)] = 5 (Ita =P 4 lts — 2 — 4 — 1o — [t — 1227
to ta
=(2H - 1)H / (s — )2 dsdr.
t1 t3

The integral appearing is always positive (the integrand is positive), so the sign only depends
on 2H — 1, being positive for % < H < 1 and negative for 0 < H < %
O

10



Remark 1.8. Property /) in Propostion 1.7 is the key reason for the use of fBm in stochastic
modelling. Indeed, the usual modelling with a sBm assumes that the noise of the input data is
uncorrelated, whenever it is considered on disjoint time intervals. This hypothesis is often proved
to be too restrictive, and sometimes even false. A possible solution to this is to consider fBm as
the driving noise in modelling. We will analyse in Chapter 4 the advantages and disadvantages
of this approach in detail.

There is another nice characterization of a fBm which involves the self-similarity and the
stationarity of the increments:

Proposition 1.9. Let H € (0,1] and let {X;,t € R} be a stochastic process with E[X?] = 1
and Xo = 0. The following two statements are equivalent:

1) X is a Gaussian process which is H-self similar and with stationary increments
2) X is a fBm with Hurst parameter H.

Proof. The case H = 1 is immediate, via the definition given in Remark 1.3. Let H € (0,1):
we only have to prove that 1) = 2), since the converse has been proven in points 2) and 3) of
Proposition 1.7.

We have to prove that X has mean 0 and covariance given by

1
E[X,X] = §(|SI2H + [P — [t = s[*).
We compute, using stationarity of the increments and self-similarity:

BIX,X] =3 B[(X,)? + (X0 = (X, — X,
1

—SE[(X0)? + (X2)* = (Xi-s — Xo)?]

1
=5 (I + 12 = |t = s ) E[X)

1
= (I8P + [P = |t = 527),

2
which concludes the proof. O

It is also worth pointing out that fBm is not a semimartingale, when H # % Semimar-

tigales are a large class of processes that are relevant in the theory of stochastic integration.

Indeed, they are the largest class of processes for which it is possible to define It6 integral
and Stratonovich integral (see e.g. [ReYo]) so that the integral satisfies a minimal continuity

property.

1.2 Representations in law of the fBm

A useful property of the fBm is the fact that it has several integral representations, some of
which are relatively simple and quite useful for applications, as we will see in Chapter 2. We
refer to [SaTal, Section 7.2, for a more complete outlook on the topic.

First of all, we consider the so-called moving average representation.:

Proposition 1.10 ([SaTa|, page 320). Let H € (0,1). Let {W;,t € R} be a sBm. Consider,
for allt € R,

- 1 1 _1
B = s [ (=00 = ((=)) " ), (1.2)

11



where the constant Cy(H) is given by

Ci(H) = (/OOO ((1 +a)H-3 - xH—%)2dx + 22) B

Then we have that BE 4 BH,

Remark 1.11. For a R-valued function f, the notation f; denotes the function

) f(x) if f(z) >0
fo(@) = {0 if f(z) < 0.

Remark 1.12. When H = 1, one has C(3) = 1 and we could read (1.2) as fg Wy for t >0
and —fto W, for t < 0.

Proof (Proposition 1.10). We denote with fr; the integrand of (1.2). First, we have to check
that fry: € L*(R) for every t € R, H € (0,1). When t = 0, fgo = 0 trivially, and there
is nothing to check. Suppose that ¢ # 0: it is immediate to notice that for  — 0 we have
fri(x) ~ 23 which is square-integrable, and for  — t we have that fg(x) ~ (t — x)Hfé,
which is square-integrable too. Moreover, we have that whenever z > t then fg.(z) = 0, so
)=

we are only left to show that fg; is integrable for + — —oo. But we have that (t —z)" "2 —

(—a;)H_% ~ C(—.CC)H_% (one can easily check it with Taylor expansions). Thus fm; € L*(R).

Now we denote with X; the right-hand side in (1.2), and we show that X; has the covariance
structure of Definition 1.1. We compute the covariance E[XX}| in the same way as (1.1). We
need then to compute only E[X?], E[X?2] and E[(X; — X,)?]. Thanks to classical Ito isometry
we have, supposing, without loss of generality, that ¢ > O:

R I A R
t2H

_CH(H)Q/R<(1 ) (_u)f*%)de
:szg)z [/0 (1 -wfs - (_u)H*%)de + /01(1 — )ty

gl [ () g e

where we used the change of variables u = % and the definition of C1(H). This can be done
similarly for ¢+ < 0. For the term E[(X; — X;)?], it suffices to notice that thanks to It6 isometry
one has
1 1 1\ 2
BI(X, = X)) = [ (((s =) )73 = (¢t = 2))7 %) a
(%= X0 =gz [ (=00 = (=) ) o

=gz [ (= =" = () )y = = s,

where we used the change of variables y = x —t. This concludes the proof, since X is Gaussian,
being the integral of a deterministic function with respect to a sBm. O

The next integral representation that we introduce is the so-called spectral representation
[PiTa00], or harmonizable representation [SaTa]. This representation will be further generalized
in Chapter 2 and it will be a key tool for our results on stochastic partial differential equations
with multiplicative noise.

In order to state and prove it, first we briefly introduce the notion of complex random
measure. Our aim is to be able to define a complex Gaussian measure M which will play the
role of the integrator in (1.2).

12



Definition 1.13. We define the complex Gaussian measure M with values in (R, B(R), A),
where )\ is the Lebesgue measure on R, as a measure given by M = M + iM?, where M, M?
are independent (real) centred Gaussian measures such that for every Borel set A C R it holds

i) M'(A) = M*(—A) and M?(A) = —M?*(—A).

ii) E[\MI(A)P} = E[\MQ(A)F} = |A|/2, where we denote as |A| the Lebesgue measure of
A.

Given Definition 1.13, it is immediate to notice that it holds E[[M(A)ﬂ = |A|, for every

Borel set A C R. It is possible to define an integral with respect to this measure, similarly to
It6 integral. We refer to [SaTal, Section 7.2.2 for more details. For our purposes, it is sufficient
to say that, given a complex-valued (deterministic) function f € L?(R), the integral

/R F(x)diL

where we denoted dM, := M (dx), satisfies the Itd isometry in the sense that for f,g € L2(R)

(possibly complex-valued)
f(z dM f(z
el ([ o) ([ serasn)] = [ s 09

E] :Au@nm.

We are now ready to state the spectral representation result.

Proposition 1.14 ([SaTa], Proposition 7.2.8). Let M be a complex Gaussian measure as defined
in Definition 1.13. Let H € (0,1). Then, the fBm BH of parameter H has the following integral
representation, for allt € R. Let BH be the process defined by

itx

- 1 -
sz@ﬂﬂ/e. 2|5~ aN,, (1.4)
R

1T

where

HT(2H) sin(wH) ) 3

™

Ca(i) = (
Then, we have that BH 4 pH,

Proof. We report the proof for the sake of completeness: again, we denote in (1.4) the integrand
as fm,; and the whole integral as Xj.
It is easy to check that for every t € R and H € (0,1) it holds fg; € L*(R). Indeed,

[ fra(@)] ~ Ja = 2 as |z| — co. Moreover, the function |£-—1

‘ is bounded for |z| — 0, and

thus the only possible singularity comes from |x\§7 , which is square integrable anyway. This
means that fr; € L3(R).

We show now that X is a Gaussian, H-self similar process with stationary increments:
thanks to the characterization property Proposition 1.9 this is sufficient to show that X is a
fBm of parameter H. First of all, the gaussianity of X comes from the fact that it is defined as
the integral of a deterministic function (also called Wiener integral) with respect to a Gaussian
process.

We are left to check that X is H-self similar and its increments are stationary. We first

check that X 4 a X;. To do this, it is sufficient to check that they have the same mean and
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covariance structure. Being a Wiener integral with respect to a Gaussian process, X4 has zero
mean for all t € R, and we are left to show that

E[X o Xas] = *?PE[X; X,].

We compute explicitly, thanks to It6 isometry,

iatx

-1 tasr _
B Xo] = [ (S0 ) (S el
R i 5
:/(eiat;r _ 1)(e—iasx _ 1)|$|_1_2Hdl'
R

A , d
— /R(ezty _ 1)(€—zsy _ 1)‘y|_1_2Ha1+2HZy

:(I2H / (eity . 1)(e—isy . 1)’y|—1—2de
R
=a* B[ X, X,).

We check that the increments are stationary. Fix h > 0. We exploit gaussianity again, plus the
fact that for every t we have E[X;;, — X] = 0 = E[X;]. We are left again to check that the
covariances are the same: notice first that

ethe (gite _ 1 1 5
Xt+h—Xh=/( . )|:c|2 Ham,.

R 1T

We have then

E|(Xipn — Xn)(Xsqn — Xh)} _/R <€ih$(e.it$ _ 1)) <WM)|$’12HCZ(L'

1r 1r

:/ (eit‘”‘ - 1) (em‘ — 1)|x\1_2Hd$
R\ 4T iz

—E[X,X,].

We are only left to prove now that E[|X1|2} = 1. This is only a matter of computing the
integral

/ | fra(x) |2d:U.
R

We refer to the proof of Proposition 7.2.8 in [SaTa] for the computations.
O

Remark 1.15. The integrand fx, in Proposition 1.7 can be seen as f(x) = Fljgy (x)]:r\%_H,
where we denote with Fg the Fourier transform of a function g € L!(R), defined as

Fq(&) ::/Re_i&g(x)da:. (1.5)

This fact will be crucial when using the representation (1.4) to obtain a spectral representation
also for Wiener integrals, as we will see in Proposition 1.18 and, in the multidimensional case,
in Chapter 2.

We observe that the representation result Proposition 1.14 can be used as an alternative
definition of the fBm. Let B be the process defined, for every t € R, by

B .= Cy(H) / Flog(@)|e|3~Hdl,,
R
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where M is the complex Gaussian measure defined in Definition 1.13. Then, we showed in
Proposition 1.14 that BY has the same distribution as BY.

This is useful because we can define the fBm of Hurst parameter H € (0, 1) via this relation;
hence, we can define the whole family {B, H € (0,1)} on the same probability space (2, F,P).

Definition 1.16 (fBm, alternative definition). Let M be a complex Gaussian measure as defined
in Definition 1.13. For every H € (0,1), we define the fBm process B on the space (Q2, F,P),
defined for every t € R as

H CQ(H)/]:].[O’t](.’ﬁ)‘ﬂfﬁ_Hde
R

From now on, we consider this last one as the standing definition of fBm. Thus, there
exists a single probability space (€2, F,P) on which all of the fBm’s B are defined, for every
H € (0,1). This fact will have further consequences, as we will see in Proposition 1.18.

1.3 Wiener integral with respect to the fBm

When developing a theory of stochastic calculus with respect to a process X, the first step we

take is to define the integral of a (possibly large) class of deterministic functions with respect

to X. This kind of integrals are also called in the literature Wiener integrals. When X = BY/2,

i.e. in the sBm case, we have that the natural class of such integrands is L?(R). In the case

of the fBm with H # % it is more difficult to identify the space of integrands. Indeed, when
1

H > 35, the "natural” space contains not only functions, but also pure distributions. For a

detailed overview of the topic, we refer to [PiTa00] and [Jol06].

Let H € (0,1), and let f be a deterministic elementary function, i.e. a function given, for
some ¢ € R and for some t1,to € R, with t; <9 by f(x) =¢ Lt 2] (t). Imagine that we wish to

define the integral
£ [ swant = [ ey, uoast

A natural choice would be to define, similarly to the construction of the Riemann-Stieltjes
integral, Iy (f) := c(Bg - Bg) Let now & be the vector space of simple functions, i.e. finite
linear combinations of elementary functions. The map I is clearly linear from & to L°(€),
which is defined as the space of measurable random variables.

Let us suppose for a moment that H = %; the linear map f + I /5(f) defined on & takes
values in L?(£2) and defines an isometry between & and L?(Q), if we endow & with the L?(R)
norm, which we denote by || - [|z2r). We check it briefly: suppose without loss of generality
that f(t) = >,y ¢jli;_y4;)(t), where —o0 < tp < t; < -+ <ty < co. We can do this for
two reasons: we can always split a finite number of superimposed intervals in a (larger) finite
number of disjoint intervals, and we can add intervals with ¢; = 0, if needed. We have that

N
1 2 1 2
Il/2 ZC] / t]/ 1)1
7=1

which implies
N N
B2 1/2
[|11/2 } ZC E[ / Btj/_l)Q] = ch‘tj - tj*1| = ||f||%2(R),
j=1 j=1

which is the desired isometry. By linearity and isometric extension, we can thus define I/, for
every function in L?(R). This is true because the set € of simple functions is dense in L?(R).
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Actually, one can prove more: the isometry between L?(R) and L?(f2) is an isometry between
Hilbert spaces, since it preserves also the inner products:

E[L5(H)1(9) / f(a

In the pure fBm case H # %, we wish to find a suitable space of integrands that replaces
L?(R). In [PiTa00], various choices of space have been proposed. Here, we will only define and
use a particular choice, called in [PiTa00] the spectral domain of B¥, whose construction is
inspired by the spectral representation (1.4).

First, we notice the following fact: let f € £ be a simple function of the form f = >" J<N fi=
Zj<N Cjlis; e, With s; < ¢; for every j =1,...,n. By definition of the integral of elementary
functions, we have that

/R f;(0)dBH = ¢;(BI - BI).

Thanks to Definition 1.16, we have that
(B! = BI) e, CaH) [ (Fligs (@) = Flig(a)al =" di,
=i Cal) | Fig, (a)lalt~"a,
=Cy(H) /R]:fj(m)]x\;Hsz

Thanks to the linearity of the integral and of the Fourier transform, we can write that

These considerations lead us to, thanks to classical Ito isometry,

B[ 11(£)F] = Catt [ |7 $(@)Pla' - aa, (16)
R

for any f € £. More generally, for f,g € £, we have

E[IH(f)IH(g)} = CQ(H)z/]:f(x)}—g(w)ml—szx'
R

This property leads us to the definition of a natural space of integrands:
A= {f e IP(R) / F (@)l da < oo},
R
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We endow the vector space Ay with an inner product defined in the natural way as
() = ColH)? [ Ff @) Falallal'~*da.

and with the induced norm ||f||g = (f, f>g2. We already showed (when we proved that
fri € L?(R)) that £ C Ay, but we are interested in knowing whether £ is dense in Ay or not.

Proposition 1.17. Let H € (0,1). The space Ap is a inner product space endowed with the
inner product (-,-) ;, but it is not complete. Moreover, the space € of simple functions is dense
in Ag with the norm || - ||g. As a consequence, we can define, for every f € Ay, the integral

In(f) = /R f(tydBH,

via a standard isometric extension. This integral satisfies the It isometry in the sense that for
every f,g € Ag

B[ 1n(N1(0)] = (.90 = | FH@Fg@lels " (17)
Proof. See Section 5.1 of [PiTa00]. O

With this definition in mind, and since the family {B*, H € (0,1)} is defined on a single
probability space (€2, F,P), we are able to prove the following result, which will be further
generalized in Chapter 2 in a 2-dimensional case, and for the n-th order iterated integral.

Proposition 1.18. Let M be the complez Gaussian measure defined in Definition 1.18. Then,
for every f € Ay, it holds that, P-almost surely:

[ #0aBf = cum) [ Ff@)fals Mt (1.8)
R R

Proof. Recall that the noises {B, H € (0,1)} are now defined on the same probability space
(Definition 1.16). We already proved the relation (1.8) for f € £, and it holds P-almost surely.
Let now f € Ay. By Proposition 1.17, there exists a sequence of simple functions {f,,n €
N} C & which converges to f in the || - ||z norm. We have that (1.8) holds for f = f,, for every
n € N, and in addition we have that, by the Itd isometry

i B[( [ (60~ fueasl?)’] = him B[(Cattt) [ (@) - Fhu(o)lald Mart,)

n—o0

= lim CQ(H)Q/RWf—fn)(x)|2\x|é—de —0,

n—oo

since ||f — fullg — 0 by hypothesis, as n — oo.
O

In the proof of Proposition 1.18, we could integrate f(t) — f,(t) with respect to B¥ and
Co(H)(F(f — fn)(x))|x]%_H with respect to M essentially for the same reason: the fact that
f — fn € Ay implies that Co(H)(F(f — fn)(x))\x]%_H € L*(R) by the very definition of Ag.

Remark 1.19. Proposition 1.18 may seem redundant, but anyway it turns out to be an impor-
tant tool in estimates for the following reason: it allows us to compare Wiener integrals relative
to different noises (in the family {B H € (0,1)}) in the strong LP(2) sense, allowing us to
obtain stronger estimates.
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2 | SPDEs with fractional noise: con-
tinuity in law

In this chapter, we discuss the main result of this thesis, that is the continuity with respect to
the Hurst parameter H of some classes of wave and heat SPDEs driven by a noise W, which
behaves. in the space variable. like a fractional Brownian motion of Hurst parameter H € (0, 1)
and, in the time variable, like a standard Brownian motion (sBm),

Before introducing the main results, we give an introduction to the theory of stochastic
partial differential equations (SPDEs), in the framework of the random field approach, first
developed by Walsh in [Wal86]. We will put a special focus on the stochastic heat and wave
equations, driven by the noise WH. We consider both the case of additive and multiplicative
noise.

In Section 2.1, we discuss briefly and rather informally the basic concepts and intuitions
behind the study of SPDEs. Then, from Section 2.2 onwards we will give a rigorous treatment
of the topic. We will privilege a particular class of equations, driven by a Gaussian noise W#
which behaves in time like a sBm and in space like a fBm of Hurst parameter H € (0,1). We
recall and extend the solution theory for equations of this type in Section 2.3. For the solutions
uf of this class of equations, in Section 2.4 we will study the weak continuity problem with
respect to the parameter H.

2.1 SPDEs in the random field approach

Informally speaking, by SPDE one can mean any type of PDE which is influenced by some type
of randomness. We will focus here on SPDEs which are defined for (¢,z) € [0,7] x R and are
of the form

Lu(t,z) = b(u(t, ) + o(u(t, z)) X (t, z). (2.1)
Here, we denote by L a second-order differential operator, b,0 : R — R are two functions with
suitable regularity conditions and X denotes a noise forcing term, defined on some probability
space (Q,F,P). In this setting, the term X will be the only source of randomness for the
equation. The value T" > 0 that we fixed represents the time horizon of our problem. We will

consider two choices of the operator L, the wave operator % — %86—:2 and the heat operator

% - %(%22- Depending on the operator L, we will consider also different initial conditions: we

will impose ug(z) = u(0, x) and vo(x) = %U(O, x) for the wave operator and only ug(z) = u(0, x)
for the heat operator. We will discuss later the regularity that we have to impose on ug, vy from
case to case.

Example 2.1. We consider an illustrative example for equations of the form (2.1). Set L =

% - %8‘9—; (the heat operator), b=0, c =1 and X = W, where W = W (¢t,z) is a 2-dimensional
Gaussian white noise. Then equation (2.1), that we consider with initial condition ug regular
enough, reads

ou 0%u .
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We see that this is just a version of the usual heat equation, to which we add a stochastic
forcing term W. The white noise W is characterized by having zero mean and covariance
E[W (t,2)W (s,y)] = §(t — s)d(x — ), where we denoted by & the Dirac delta distribution at 0.

Consider now the classical intuition behind the heat equation: for a fixed ¢ty € [0,7] the
function x +— wu(tp, x) describes the distribution of heat in a one-dimensional medium at time
to. As the time ¢ progresses, the form of the equation causes a ”diffusion” of heat, which tends
to spread out evenly in the x variable, like the physical intuition suggests. What do we change
by adding a white noise term in the equation? The intuitive answer is that, in the stochastic
version of the equation, the diffusion process still takes places, but it is perturbed by the term

W, which adds a random noisy perturbation in the system.

Another important problem in SPDE theory is the regularity problem. Many natural choices
of noise term X are highly irregular. Consider Example 2.1; in this case the noise term W is
space-time white noise: this means that it is a random distribution which is the distributional
derivative of a Brownian sheet (a realization W (-, -)(w) of white noise is a collection, indexed by
(t,z) € [0,T] x R, of the outcomes of a family of independent Gaussian random variables with
zero mean and unitary variance). We expect this lack of regularity of the noise to propagate
to the solution u, even we expect also some influence from the smoothing effect of the heat
operator.

This heuristic reasoning translates to the need, for most of the noises X, of a weaker notion
of solution, compared to the classical one suggested by (2.1). This leads to the so-called mild
formulation of an SPDE, which we discuss in full details in Section 2.1. Anyway, we will still
write formally our SPDEs in the form (2.1) from time to time. When we do this, we refer to
(2.1) as the formal version of our SPDEs.

Once we have a proper notion of solution, we can ask ourselves some classical questions,
starting from the basic existence and uniqueness problem for (2.1). We will discuss about
classical and more recent developments in this topic in Section 2.4. Apart from existence and
uniqueness, there are various other questions that one can ask about the solutions of an SPDE.
We give some examples: a first interesting property that is studied is the a.s. path regularity of
the solution. Given a solution u of an SPDE of the type (2.1), the idea is to check whether for
almost every w € Q the paths u(-,-)(w) have some regularity in [0, 7] x R (i.e. continuity, Hélder
continuity, see [SaSa00], [SaSa02]). We will see some examples of this problems in Section
2.4. Another interesting property is the intermittency property, which has been studied e.g. in
[DaMu09], [HHNT15], [BJQ17]. Informally speaking, the solution u of an SPDE is said to be

intermittent if it presents large and quickly disappearing spikes.

Our main result will concern another type of problem: consider an equation of the form (2.1),
but driven by a noise WH which behaves in time like white noise and in space like fractional
noise of Hurst parameter H € (0,1). Then, if the solution exists for every H € (a,b), with
0 <a<b< 1, we can consider the family of solutions {u”/, H € (a,b)}. A natural question
is: is this family continuous with respect to the parameter H? We will answer this question
in the framework of weak convergence (also termed convergence in distribution) on the space
C([0,T] xR) of continuous functions, endowed with the norm of uniform convergence on compact
sets. We give a first informal statement of our result

Consider equation (2.1) driven by the noise W, defined for (t,z) € [0,T] x R as
Lufl(t,x) = b(u® (t,2)) + o (uf (t,2))WH (¢, x).

We will prove that, under each of the three sets of hypotheses A, B1, C, defined in Section 2.4,
it holds the following: let {H,, n € N} be a sequence of Hurst indexes such that H, — H,
where both the {H,,, n € N} and Hy are admissible values for the set of hypotheses that we are
considering.
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Then it holds that w2 w0 in the sense of weak convergence in the space C([0, 7] x R),
endowed with the metric of uniform convergence in compact sets.

This result, apart from being natural and interesting from the mathematical point of view,
is a first step towards using a model like (2.1) driven by W# in applications. Indeed, if one uses
such a model, usually has to estimate the parameter H of the model from previously available
data. This, even if done through exacts methods, can never give an exact result, due to the
finiteness of observable data. One has then to check that the error made in the estimation of
the parameter H propagates reasonably on the solution u’. The continuity in distribution of
uH with respect to H is a first step in this direction. Even if the result is not quantitative, it

gives a first positive answer to this sensitivity problem.

In Chapter 4 we will see an example of application of such kind of fractional noises to
an electricity market. In that case the driving noise will be a simple fBm B¥ instead of the
2-dimensional noise W that we are considering here.

We give meaning now to the main concepts of SPDE theory. We start from the above
mentioned concept of mild solution. Before being able to define it, we need several tools.

The concept of fundamental solution is very important. Given a differential operator L, if
one can find a fundamental solution G for L, then the solution of the non-homogeneous problem
Lu = f can be found by convolving G with f. We do not enter into the details of this, but we
will see the utility of fundamental solutions also in the stochastic setting soon. We report the
two cases of fundamental solutions of our interest:

1) When we are in the wave equation case L = g—; - 83—;2, the fundamental solution G = G(x)

is given by
1

Ge(2) = 5l{ja1<)- (2.2)

2) When we are in the heat equation case L = 2 — %88—;2 the fundamental solution G = Gy(x)
is given by

1 o2
Gi(x) = e 2. (2.3)

V27t

The constant % appearing in the Heat equation operator is just there by convention. The

equation is completely equivalent to the form % — aa—;g

We also have to define properly the noise X; in Section 2.2 we will interpret X as the formal
derivative of a stochastic process X = X (¢, x) defined of a probability space (£, F,P), endowed
with a suitable filtration {F;, t € [0,T]}.

Remark 2.2. We give some intuition about what we mean as formal derivative. Our general
objective will be to define an integral with respect to the process X. Assume X : [0,7] xR — R
is a smooth deterministic function. We already saw in Chapter 2 (in the 1-dimensional case)
that one can define the Riemann-Stieltjes integral with respect to X as a limit of Riemann
sums. If X is, as we are assuming, at least differentiable, the Riemann-Stieltjes integral can be

also defined as - -
/0 /R F(t2)dX (1, 3) = /0 /R Pt 2) X (¢, ) dtda

This definition is consistent with the limit of Riemann sums. This explains why we denote the
noise as X, while in the following we will consider its formal integral X. The idea is that we will
"integrate” the expression (2.1) in order to obtain an integral formulation of it. This reasoning
can be made precise in the framework of random distributions, but this goes beyond the scope
of this work and we will skip it.

21



Regarding the construction of the filtration {¥;}, we define it as the natural filtration asso-
ciated to the noise, conveniently completed. See later for a precise definition. We are ready to
define:

Definition 2.3. We say that a stochastic process {u(t,z), (t,x) € [0,T] x R} is a mild solution
for (2.1) if it is adapted with respect to F;, jointly measurable and it satisfies for every (¢,z) €
0,7] x R

u(t,z) = Iy(t, z) // u(s,y))Gi—s(z —y dyds+// u(s,y))Gi—s(x — y) X (ds, dy),

(2.4)

where we denoted as I the solution of the deterministic equation Lu = 0 associated with (2.1),
with the same initial conditions.

We recall that a process Y = Y (¢, x) is said to be jointly measurable if the map (¢, z,w) —
Y (t,z)(w) is measurable with respect to the o-algebra B([0,T]) ® B(R) ® F (the codomain R is
obviously endowed with the o-algebra B(R)), where we denote by B(A) the Borel sigma-algebra
on ACR

For the moment, we did not say anything about the initial conditions of the problem. These
will in general depend on the form of the operator L. We give two examples: in the case of the
heat equation, we only have to impose u(0,2) = up(x). In the case of the wave equation, we
need to impose u(0,x) = ug(x) and %(0, x) = vo(x). We will discuss more precisely the issue
of initial conditions later.

In the right-hand side of (2.4), the rightmost addend is an integral of a stochastic process
with respect to our noise X. Being able to define a proper notion of integral with respect to X
is a key tool in the theory of SPDEs. The possible definitions of integral strongly depend on
the form of the noise X. For our purposes, we will only work with the assumption that X is
a Gaussian noise and, more specifically, that X behaves like a sBm in the time variable ¢ and
behaves like a fBm in the space variable z.

2.2 Spatially homogeneous Gaussian noise

We will define here the concept of spatially homogeneous Gaussian noise. We will see that all
the noises of our interest W, for all H € (0, 1), will be interpreted as spatially homogeneous
Gaussian noises. The family of spatially homogeneous Gaussian noises is useful because it is the
family that we will use to construct a proper integration theory for both deterministic functions
and stochastic processes. With this integration theory, we are able to give an adequate meaning
to equations of the form (2.1) in the mild sense of Definition 2.3.

2.2.1 Definition and examples

We define now the concepts that we need in order to give meaning to Definition 2.3. As a
general framework, we lie into the theory of martingale measure stochastic integrals, introduced
by Walsh in [Wal86]. The theory developed by Walsh has undergone a series of more recent
developments and generalizations (see e.g. [Dal99], [NuQuO07], [DaQull]), which have allowed
to study a larger class of equations.

Here, we will only consider the fruitful notion of spatially homogeneous Gaussian noise, and
define the integral with respect to it. In particular, we will later on restrict to a special class
of noises W, which behave in time like a sBm and in space like a fBm of Hurst parameter
H € (0,1). The theory of stochastic integration with respect to such noises lies partially into
the general theory of spatially homogeneous Gaussian noises exposed in [DaQull], except from
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the case H € (0,3), which has been handled separately in [BJQ15] and [HHLNT17] (in the
former case using some ideas from [BGP12]), due to the more irregular nature of the noise
WH. We highlight that, even if it is possible to define a stochastic integral with respect to
WH when H € (0, %), it is not possible to show existence and uniqueness of a solution for (2.4)
whenever H < i. This limitation is somehow consistent with the existing boundaries for this
kind of problems involving a fBm. See [BJQ17] for a significant non-existence result for the

wave equation driven by WH, when H < i.

Before restricting to the case of the noises W, we briefly introduce the basic theory of
spatially homogeneous Gaussian noises. For a function ¢, we denote with Fo(t,-)(&) its Fourier
transform with respect to the space variable z € R.

Definition 2.4. Let X = {X(¢), ¢ € C5°([0,00) x R)} be a Gaussian process, defined on a
complete probability space (€2, F,P), indexed on the space C§°([0, 00) x R) of smooth functions
with compact support. We say that X is a spatially homogeneous Gaussian noise if it has zero

mean, i.e. E [X(go)} = 0 for all ¢ € C§°([0, 00) x R), and satisfies, for every ¢, € C5°([0,T] xR),

B[x (00X ()] = [ [ Folt ) OFEI ()it = (. 0)x. (25)

for some temperate non-negative measure p on R, which we will call the spectral measure of X
and has to be symmetric (in the sense that pu(—A) = u(A), for any A € B(R)).

Remark 2.5. With this definition, the map ¢ — X (¢) is linear. Being X Gaussian, it suffices
to check that

2
B[ (X (ap +bv) - aX(p) - bX(¥)) | =0,
which is immediate to check by applying (2.5) (see [Nua], Definition 1.1.1).

The integrability conditions on p that are needed in order to be able to define the stochastic
integral with respect to X allow the space of integrands with respect to X to be rich enough to
define a good integration theory.

The most general approach to the spatially homogeneous Gaussian noise consists in defining
the covariance structure starting from a tempered distribution ®. Tempered distributions over
R are elements of S’'(R), the dual space of the Schwartz space S(R). The space S(R) is defined
as the space of functions g : R — R that are C* and such that g and its derivatives, multiplied
to a polynomial of any order, decay to 0 for x — oo. Its dual space is the space of linear
continuous functionals ® : S(R) — R. We will not define the metric that is used on S(R), since
it goes beyond the scope of this thesis. We refer to [Sch] for a more detailed study of this topic.

Given a non-negative-definite tempered distribution ®, which means that, for every g €
S(R)a

®(g*g) >0,

where g(z) = g(—x), it is possible to define a spatially homogeneous Gaussian noise {X =
X (), ¢ € C([0,00) x R)} again as a process with zero mean and covariance (see [BJQ15] for
example)

B[X()X@)] = [ @(ptt) 5 000.0) . (2.6)

This definition can be specialized to the case in which ® defines a measure A on R. See for
example [DaQull], [NuQuO7]. Let A be a non-negative, and non-negative definite measure on
R. This means that A(A) > 0 for every A € B(R), and that for every g integrable with respect
to A,

/(9 * §)(x)A(dz) > 0.
R
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We can define a spatially homogeneous Gaussian noise {X = X (¢), ¢ € C([0,00) x R)} as a
stochastic process which has zero mean and covariance given, for every ¢,y € C5°(]0,00) x R),

by
B[x()XW)] = [ a [ (ot =i )@ (27)

A more specific case of covariance structure is when ® defines a function f. This case
was first studied in [DaSa80] (see also [Dal99]): consider a function f : R — [0,00) which is
continuous on R\ {0} and symmetric, in the sense that f(—xz) = f(z). One could define a
spatially homogeneous Gaussian noise {X = X (¢), ¢ € C(]0,00) x R)} as a process with zero
mean and covariance structure given, for every ¢, € C5°([0,00) x R), by

E[x()x@)] = [ at [ [ pttavtnsic - . (28)

The interesting fact about these definitions is that all of them coincide, whenever it is
possible to deﬁne all of them: indeed, if one chooses f as in (2 8) then f induces a measure
= [, f(x)dz and a tempered distribution ®(¢) := [ f( x)dz. And if one has a
measure A, thls obviously defines a tempered dlstrlbutlon D(p) = ngo x)A(dz). We have
then, in this case,

/ dt// (4, 2)0(t ) f(z — y dydaz—/ dt/ £ ) (@) A(d)

—/ (ot ) D(t, )t
0

where we interpret ¢ (¢, z) = i (t, —x).

Another interesting fact about this direct approach to spatially homogeneous Gaussian noises
is the fact, consequence of Bochner’s Theorem, that ® is a non-negative tempered distribution
if and only if it is the Fourier transform in §’'(R) of a symmetric non-negative tempered measure
. We recall that a non-negative measure is tempered if and only if it holds

1
. g e <
for some m > 1 (see [Dal99], [DaQull] [BJQ15]).

We recall that in our case we will consider a specific type of noise WH, which is a one-
parameter family of noises indexed by H € (0,1). We give a formal definition.

Definition 2.6. Consider the family of measures {ug, H € (0,1)} associated with {WH H ¢
(0,1)}, defined by
I'(2H + 1) sin(nH)

U = CH’é“liQde, CH = 9 . (2.9)

This family satisfies (2.24), for every H € (0,1). For every H € (0,1), we define W# as in
Definition 2.4, where pu = pup.

The Fourier transform of py in S’(R), defined as the distribution ® such that for every
¢ € S(R) it holds

/R Fool€)un (d€) = 3 (p).

This Fourier transform of py is equal to the integrable function fy(z) = H(2H — 1
when H > %, and it is equal to the genuine distribution

)|x|2H—2

Dy(p) = H2H 1) /R (p(x) — p(0)) |2 ~2dx
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when H < % Due to the different behaviour, the problem has to be handled with different
techniques in the two cases. The case H > % belongs to the general theory studied, for example,

in [Dal99], while the case H < 3 is more involved and was handled in [BJQ15] and [HHLNT17]

As we already suggested in the right-hand side of (2.5), the covariance structure of a spatially
homogeneous Gaussian noise defines an inner product on the space C§°([0,00) x R), which is
not complete under this inner product. We define

Hy = Coo([0,00) x R) 7,

the completion of C5°(]0,00) x R) with respect to the inner product (-,-)x. This makes Hx a
Hilbert space. An interesting fact is that the space Hx is not necessarily a space of functions,
but it can also contain some proper distributions. This is the case for the space Hpy induced
by pwg whenever H > %, whereas in the case H < % the space Hj is a space of functions. We
refer to [Jol10] and [PiTa00] for an analysis of these problems.

Clearly, since Hx is a Hilbert space, its inner product naturally defines a norm, given for
v € MHx by

lellrex = (s @) )

2.2.2 Wiener integral

We define now the stochastic integral of a deterministic function with respect to X. As always,
we put a special focus on the case X = W which is the one of interest for us. The definition
of Wiener integral is quite straightforward: the construction of a complete space allows us to
extend the definition of spatially homogeneous Gaussian noise to allow elements of the type

X (p), with ¢ € Hx. This can be done by isometric extension of a linear operator with values
in L2(Q).

Definition 2.7. Let X = {X(¢), ¢ € Hx} be a spatially homogeneous Gaussian noise on
[0,T] x R. For any ¢ € Hx, we say that X (p) is the Wiener integral of ¢ with respect to X,
and we denote it as

/OO/ o(t, ) X (dt,dx) := X (p). (2.10)
0o JR

Remark 2.8. Thanks to the linearity of X, the definition satisfies the basic requirement of an
integral, i.e. the linearity with respect to the integrand functions. Clearly this is not sufficient
to justify the fact that we call X (p) an integral. We will go into details now.

The definition of Wiener integral may look artificial, but it has a natural interpretation.
Suppose that for s <t and x < y the function ¢ = 1 yx (2 € Hx; then, in order to have a
good definition of integral, one hopes to have

/000 /R Lot x () (1, 2) X (dr, d2) = X (t,y) — X(t,2) — X(s,y) + X(s,2)

for some 2-dimensional random field X = {X (¢, z), (t,z) € [0,7] x R} which is defined consis-
tently with X = X (). The idea is to check that 1( 4 (0,4 € Hx, for every (¢,z) € [0,T] xR and
define the random field X (¢,7) = X(1(gx(0,s])- We use the same notation X for the spatially
homogeneous Gaussian noise and for the random field, since there is no risk of confusion.

Let H € (0,1). When X = W# it holds that 1(s (s, € Hx (see [BJQL5], Remark 2.1),
and thus it is always possible to define the random field {W¥ (t,z), t € [0,7], z € R} in the
way we just described.

25



The definition of the random field W# (¢, z) makes clear why we say that W behaves like
a sBm in the time variable ¢ and like a fBm of Hurst parameter H € (0, 1) in the space variable
z. Indeed, we have that

EWH (t, )W (s,y)] :CH/O /R1[o,t](r)l[o,s](T)fl[ow](g)w|£|1—sz£dr
:cH/O /R1[0,(m5)](7’)]-'1[0@](g)}w|£|1—2ﬂd£dr

:</Oms dr)CH/R]:l[O,z](g)}—l[o,y](f)KIl_Qde

1
=5 A 8) (|22 + [y — |z — g2

The last step is a consequence of Proposition 1.14.

Remark 2.9. To define a theory of stochastic integration with respect to a noise X, it is also
possible to start directly from a random field X = X (¢, z). In [BGP12], the authors construct,
in such a framework, the space of deterministic integrands starting from elementary functions
of the type 1, x(z,y, @nd define the space Hx starting from them.

The covariance structure of the spatially homogeneous Gaussian noise becomes an Itd’s type
isometry, now that we interpret X (¢) as a Wiener integral. Indeed, we have, for any ¢ € Hx

o
B (P = [ [ el
When we consider X = W# (and thus p = up), this reads, for every ¢ € Hy

E[X(¢)?2] = en /0 h /R Folt, )OI de.

The definition of Wiener integral can be extended to the n-dimensional case with the iterated
Wiener integral. We refer to [Nua| for a good reference on the topic. The idea is to integrate
functions that belong to the Hilbert space HE", for any n > 1. Consider an orthonormal basis
of Hx with elements {ej,ea,...}. Take an elementary element of 7—[}8}” of the form

P =Cip,.in€i1 @ . . . Q€4

where © denotes the symmetrized tensor product, defined as

N A 1
a1 ®az®@ - Qap = —
n!

Z Ar(1) @ Ar(2) @+ D Ar(n),
TEP(n)

where P(n) is the set of permutations of order n. The set of linear combinations of elementary
elements is dense in H?}" An element of this form can be more conveniently (for our purposes)
written as

¢ = le,...,jmei“@ L Belm, (2.11)
where all the j1, ...y, are different and &k + --- + k;, = n. We define for such an element the
n-th order multiple Wiener integral as

L (9) = i Pry (X (€5)) -+ Pro (X (e5,,)), (2.12)

where we denote by Pi the normalized k-th Hermite polynomial, defined as

(DR 2 dh 2
Pk(.fC)— %l 62w<€ 2)7

26



where k£ > 0. The multiple integral is then extended by linearity to linear combinations of
elementary functions of the type

Y= E cl-l,..,,ineh@...@ein.

finite
On this class of functions one has the natural norm induced by the norm || - |3
[lllpzn = > il

finite

and it holds
B[IEX@)2) = ntlIgl .
where 1
Q(t1,x1, ... ty, ) = I Z O(to(1)s Ta(1)s - - - > ta(n)s To(n))
o€P(n)

denoted the symmetrized version of ¢, as defined in [Nua]. Thus the integral can be extended
isometrically as an L?(Q)-limit to the completion of the space of elementary functions which is
exactly the whole space HS". For a general ¢ € HY", we have I,X (¢) := IX({).

Moreover, we have that, for any ¢ € HE,

B[N (@)P] = B[l @F] = ntl16le.

For a general element ¢ of HY", the norm HQDHH%TL is given by

HSOH’H?E" = /[Ooo)” \/n ‘fgp(th?t%’?tny)(gla7€n)’2/~1'(d§1),u<d§n)dtldtn (213)

Here, we still denoted with F the Fourier transform on a function defined on R™. It is given,
for ¢ € R™ and f € L'(R"), by

F()(E) = / 1€ f () da

n

where we denoted by (-, -) the standard inner product on R™.

2.2.3 Spectral representation of W

For the moment we defined a general spatially homogeneous Gaussian noise X. In this section
we prove a set of results which are relative to the special case X = W that we already defined.
In particular, we will give a useful representation of the iterated Wiener integral with respect
to the noise W¥H. This representation is the 2-dimensional version of the one of Proposition
1.18, which is a consequence of the representation result for the fBm Proposition 1.14. We will
follow the same steps: first, we define an integral representation for W, and from this we will
derive a representation result for the Wiener integral with respect to WH.

As we introduced in the previous section, W = {WH (¢), ¢ € Hy} is a spatially homoge-
neous Gaussian noise defined on some complete probability space (€2, F,P), and characterized
by the covariance structure

B[WH W w)] = [ [ Folt, ) OF 0 el dsat,

where ¢y is the constant defined in (2.9), which we recall to be

| T(2H + 1)sin(rH)
- or '
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Let us denote in this case the space Hyyu as Hy We also denote the inner product (-, )%,
as (-,-)y and the norm || - ||3, as || - ||z. We define, as usual, the random field W (¢,z) :=
wH (1(0,4)x(0,2))- From now on, with an abuse of notation, we will denote with WH both the
spatially homogeneous Gaussian noise and the random field.

As we saw in the one dimensional case, representations like the one of Proposition 1.14 allow
us to define our family of processes on the same probability space. In the 2-dimensional case,
we will define our family of random fields {W#, H € (0,1)} using a single complex Gaussian
process W defined of a suitable probability space (9, F,P). We define the following:

Definition 2.10. Let W be the C-valued random measure on B([0, 00) x R) defined as W =
W1 + iWs, where

i) For all A, B € B([0,00) x R), we have that

|AN B|
2 Y

B[W(4)W;(B)] =
for any j = 1,2, where |A N B| denotes the Lebesgue measure of AN B.

The form of W implies that for all A € B([0,00) x R) one has E [W(A)} = |A|. The measure

W is thus essentially a white noise. Moreover, it is closely related to the measure defined in
Definition 1.13. Indeed, if one defines for every t € [0, 00) the process Wi(A) := W ([0,t] x A),
it is immediate to notice that, for ¢ fixed, the measure A — Wi(A) is a modification of the
measure defined in Definition 1.13, whose variance is only multiplied by the constant .

Proposition 2.11. Let W be the random measure introduced in Definition 2.10 and consider:

[N

WH (1, 2) == C(H) / / 101 (5)F (1o.a)) () [y V2~ H TV (ds, dy). (2.14)
0 R

Then, WH is a Gaussian process which has the same distribution as the random field WH

Proof. Clearly, being WH the integral of a deterministic function with respect to a Gaussian
process, it is a Gaussian process. The fact that it has the same covariance structure as W
comes from a straightforward application of the standard It6 isometry. O

We prove now a representation result for the multiple Wiener integral (2.12) with respect
to WH . Before proving it, we need the following corollary of [BGP12], Theorem 4.3:

Proposition 2.12 (of [BGP12], Theorem 4.3). Every element in the Banach space Hy can be
approzimated by elementary functions of the form

o(t,x) = Z (5% (y,] (t, ).

finite

Proof. The result is a direct consequence of [BGP12|, Theorem 4.3. Indeed, in that case the
authors showed that every element of the space of predictable processes X = X (¢, z)(w) whose
|||z norm is in L*(€2) can be approximated by simple processes of the form 1g(w)1 (541, for
G measurable. To prove our result, it is sufficient to observe that if we choose a deterministic
element ¢ in their proof, also its approximating sequence ¢,, is deterministic. Moreover, the
norm they define on the space of processes Ay, defined as

Ax = {[0, o0) x Q = S(R) : ¢ is predictable, Fg;(w) is a function

for all (w,t), and E{/Omé|f¢t($)]2dtux(dx)} < oo},

28



is equal to the norm || - ||z on Hp, whenever we compute it for a deterministic element ¢.
Indeed, for a ¢ € Hp, we have

lolas =Blew [ [ iFae @Rz =en [ [ 1750 @ P dsae = el

This two facts conclude the proof.
O

We have then that we can define the whole family {W#  H € (0,1)} on the same probability
space. This will allow us to compare directly solutions of SPDEs relative to different values of
H. From now onwards, we will denote W = WH  without risk of confusion.

Remark 2.13. If we denote, for every H € (0,1), with FfI the filtration generated by
{(WH(s,z),s € [0,t], = € R}, we clearly have from (2.14) that 7 C F;, where F; is the
filtration generated by {W (s, A), s € [0,t], A € B(R)}. From now on we will denote with F;
the filtrations defined here.

Theorem 2.14. Let f € ”H%". Denote with If(f) the n-th multiple integral with respect to the
noise WH. Let f be the function defined by

fltr,m1,to, @, oty )
= (ea) 2 F(f(t1, s tos sy tps ) @1y oy an)|an V2 H | 271
Then it holds that
L) = (), (2.15)
where the integral I, is the n-th order Wiener integral with respect to a complex Brownian

motion W. The constant cyy is the one given in (2.70)

Proof. We first check that the result is true for the first-order Wiener integral If. Given
p € Hy, let

Bt ) = (en) 2 F(p(t, ) @)l />~
We prove that, for ¢ € Hp, we have

which means

/ / (t,x)WH(dt,dx) = (cy 2/ /.F«p ()| >~ HW (dt, dx).

This is true for step functions of the form ¢¢ = 1(; gx(y,.]- Indeed, for these functions it
holds, thanks to Proposition 2.11 and thanks to the linearity of the integral and of the Fourier
transform,

-

/ / ety 1YW (dt, da) =W (5, 2) — WH(r, 2) = WH (5, ) + WH(r, )

)} / / ) (D F Ly (€)[€1Y27 1V (dt, de).

By Corollary 2.12, we have that the linear combinations of step functions are dense in Hp,
which implies that the first-order identification is true for all ¢ € Hpy. Indeed, if for any ¢ € Hpy
we see both integrals

/ / (t,x)WH(dt,dz) and (cy Q/ /.F(p (2)]| V2 HW (dt, d)
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as a limit of integrals of step functions in L?(£2), we see that the norm in which we are taking
the limit (after using It6 isometry) is the same in both cases.

We extend now this correspondence also to the n-th order integral. By definition, the n-th
dimensional Wiener integral with respect to W of an elementary function f € 7—[%” written in
the form (2.11) is given by

IE(F) =ciy i P, (WH (e5)) -+ Po, (W (e5,.))
=i Per [T ((e0)3 e, (65 )62 ) |
o Py [B((en) Fes (b, (63,0163,
=L [cﬁv---ﬂ'm ((CH)%fejl (0, ) () IER |1/2*H> B
S ® ((CH)%}‘ejm (tj: ‘)(fjm)lfjmll/Q_H) ®km}

=I, [(CH)%ff(tl, o tm, (&L - 7§n>‘§1‘1/2—H . ‘gn‘l/Q—H]_

This proves (2.15) for elementary functions. The extension to a general function f € ’H%”
is straightforward. It holds by definition that

Fllpen = £l (2R xR))®n -

Then, if fi is a sequence of simple functions converging to f in the norm of 7—[%" it holds
immediately that fr — f in L2(R, x R), and by the uniqueness of the limit in L2(Q), we have
that o

L) = In(f),

which is our thesis.

2.2.4 Skorohod stochastic integral

Here we introduce briefly the theory of Skorohod integration with respect to the noise W . This
techniques work for a more general class of noises, but since we are going to use only briefly this
framework in the following, we think that it is better to restrict directly to the noise W of our
interest. Here, we will introduce the Skorohod integral using techniques inspired by Malliavin
Calculus. For further details about Malliavin Calculus, or any of the topics mentioned in this
subsection, we refer to [Nua]. We are going to define now only the minimal set of objects and
concepts which permit us to work in this setting in the following.

The idea of Malliavin Calculus is to define a theory of calculus for random variables, defining
for example objects like the derivative of a random variable. Malliavin Calculus also allows to
define a notion of stochastic integral with respect to W . This notion of integral will be related
to the one defined later in Subsection 2.2.5 by the forthcoming Theorem 2.27.

Let G be the o-algebra generated by {W¥# (o), ¢ € Hu}. By Theorem 1.1.1 of [Nual, we
have that F' € L?(£2,G,P) can be represented as

F=E[F]+) F,. (2.16)

n>1

Here F,, € Hpn, where Hp p, is the n-th Wiener chaos space associated to WH . The n-th Wiener
chaos space is a space of random variables which has the following property: every F,, € Hg,p
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can be represented as I(f,), where f, € H$". This means that for every F € L*(Q,G,P) we
can rewrite (2.16) as

F=E[F]+ Y I(fn), (2.17)

n>1

for some sequence {f,, n > 1} of functions such that f, € 7—[%”. These Wiener spaces are
orthogonal between them, in the sense that if ¢ € Hp,, and ¢ € Hp ym, with m # n, then

B[ 1 ()15 ()] = 0.
Let now S be the class of random variables F' that can be written as

F=fW"e1),....W(en)), (2.18)

where f € Cp°(R"™) and the p; € Hpy, for every j = 1,...,n. For any F' € S, we define the
Malliavin derivative of F' as the Hg-valued random variable DF' given by

pr=y S (o). W ) (2.19)

1

If we endow S with the norm || F||p1,2 := E[|F|2]%+E [\ |DF| ]%{H} ? it turns out that the operator

D can be extended to the completion of S with respect to ||-||p1,2, which we will denote by D2
We define now the Divergence operator §, which is the adjoint of D. The divergence operator
is defined on its domain Dom(d), which is the space of Hg-valued random variables such that
u € L*(Q;Hy) and

’E[(DF, u)H} ‘ < c,E[|F]?]?, forall F e DY2,

where the constant ¢ = ¢, depends on u. Being the adjoint of D the divergence operator 0 is
defined for any u € Dom(§) by the duality relation, holding for every F € D'2:

E[<DF, u>H} — B[F§(u)].

From the duality relation and the fact that for any constant F' = ¢ it holds DF = 0, one
can deduce that E[0(u)] = 0, for every u € Dom(d). The divergence operator § has a fruitful
interpretation as a stochastic integral. We will denote, for any u € Dom(d), the Skorohod
integral of u as

/0°° /R“(ta 2)WH (6t,6x) := 6(u).

This notion of integral, as it is evident, does not rely on any adaptability condition for the inte-
grand process u. Thus, it is suitable also for studying SPDEs in which it is not possible to define
a natural filtration with respect to which we solve the problem. Anyway, it is also compatible
with [t0’s type definition of integral for adapted processes, as we will see in Subsection 2.2.6.

2.2.5 It6 stochastic integral

We introduce now the theory of stochastic integration with respect to the spatially homogeneous
Gaussian noise X = WH. This time we wish to integrate stochastic processes, and not functions
like in the Wiener integral. There are various approaches in the literature (see for example
[Dal99], [Wal86], [BJQ15], [HHLNT17]); the idea that they have in common is to define the
integral fooo Jr 9(t,x) X (dt,dz) for a sufficiently large class of processes and to make it satisfy
a Burkholder’s type estimate. With this two things, it is possible to define a proper solution

31



theory for equations like (2.4), for example using fixed point arguments in some suitable Banach
space to show that a solution to (2.4) exists. We outline the standard construction in the general
case of a spatially homogeneous Gaussian noise X, to give an idea of the general construction.
We will then specialize to the case of the noise WH.

We defined WH as a spatially homogeneous Gaussian noise on a complete probability space
(9, F,P), and we saw that it is possible to define a random field, which we still denote as W,
by defining WH (¢, z) := WH(l[OﬂX[O’x]). This can be done because, for any H € (0,1), for any
0<s<t¢<T, and for any x < y, the function 15 jx[z, € Hu. We define the natural filtration
on F given by F; := o({WH(s,z), s € [0,], z € R}) VN, where N denotes the sets A € F
with P(A) = 0.

Definition 2.15. We say that ¢ is an elementary process if it is a finite linear combination of
processes of the form

g(t,:c,w) = Y(w)l(r,s]x(y,z} (t,l’), (220)

for some 0 < r < s < T, for some z < y and for some F,.-measurable random variable Y. We
denote the space of such processes as &.

For a process g of the form (2.20), we define its stochastic integral with respect to W as
the process (g - WH); given by

(g-WwH), :/Ot/Rg(T, o)WH (dr, dx)

(2.21)
::Y(WH(t/\s,z) —~WH@tNs,y) =Wt AT, 2) —i—WH(t/\r,y)).

If we consider (2.21) for ¢t > s, we can get rid of the minimums appearing and we obtain the

rectangular increment of W over the rectangle (r, s] x (y, 2], thus making the integral notion

a natural one. The definition can be extended to elements of £ by linearity.

Remark 2.16. We built the definition of elementary process (2.20) on functions of the type
L(r.s]x(y,2)- This is not the only possible choice. In the classical references [Wal86] and [Dal99],
the authors consider elementary functions of the form

g(tv €, (,U) = Y(w)l('r,s} XA(t’ 33),

where A € B(R) has bounded Lebesgue measure. This framework leads naturally to the concept
of Walsh’s martingale measure; consider a spatially homogeneous Gaussian noise X. Then we
can define a martingale measure as M (¢, A) := X (1(“]X ), and it gives rise to an integral of
the type

/t/ (. 2)M(dr. dz) = ¥ (M(t A s, A) — M(t Ar. 4))
0 JR

These two different approaches are equivalent if both of them are well-defined. Note that the
latter approach fails when we consider the driving noise W# for H € (0, %) Indeed, in [BJQ15],
Appendix C, the authors showed that in that case there exists a bounded Borel set A such that
LirsjxA & Hu, in the sense that

/ / [F (L s a) (8 ) (€ PJE) 7 dedt = oo,
0 R

This is the main reason for which we defined an elementary process of the form (2.20).

Given the definition of integral (2.21), the next step is to extend it to a larger class of
integrand processes. The classical idea is to define an isometry between a suitable space of
integrands and a suitable space of integrals, which allows to extend the integral to a general

32



class of integrands (the completion of £ with respect to the norm we are using on it) by isometric
extension of the integral operator. We refer to [Dal99] for a general, yet not exhaustive, case.

Following [Dal99] and [BJQ15] we endow £ with the norm

lgllo = E[en / / Folt,)()Ple)2H e, (2.22)

and we define Py as the completion of £ with respect to the norm || - ||p. It turns out that the
integral (2.21), with X = W is an isometry from the space £ to the space of continuous real-
valued martingales {M = M (t), t € [0,T]}, adapted with respect to F;, and endowed with the
norm ||M|| := E[M2]'/? (see [BJQ15], page 9). Thus, the map can be extended isometrically
to the whole space Py. We have then that the integral of a process g in Py is defined, given a
sequence g, — g in Py, as

(g-wH),: hm//gnsx H(ds,dx),

n—oo

where the limit is meant in the space of continuous real-valued martingales M, with the norm
defined above.

We have skipped the details of this construction, and specifically the proof that there is this
isometry between the space of elementary integrands and the space of martingales. This has
been proven in [BGP12] in a general case, and involves the construction of a complex-valued
Walsh martingale measure. We omit the details here, since they would complicate the exposition
and they have few relevance in the following.

An interesting question is to determine which kind of processes belong to Py. This is a
crucial question in order to determine which kind of equations driven by W we will be able
to solve. We will present now two criteria of integrability, one for H > % and the other one for
H < 1.

2

Theorem 2.17 ([DaQull], Proposition 2.9). Suppose H € [3,1). Let T : [0,7] x R — R be
a function such that, for allt € (0,T), ['(t) is a non-negative function with rapid decrease and
such that its Fourier transform FL(t,-) (computed in S’'(R)) satisfies

cH/ /\]—T 6)21E|F 2  dgdt < oo.

Moreover, we assume that T'(t,dz)dt defines a non-negative measure such that

sup I'(t,R) < 0.
te[0,7

Let Z : Q2 x [0,T] x R — R be a predictable stochastic process such that it holds

sup E[\Z(t, 1‘)|2] < 0.
(t,)€[0,T]xR

Then, the stochastic process {S = S(t,z) := Z(t,x)['(t,z), (t,x) € [0,T] x R} belongs to Py
and, if Z satisfies, for some p > 2,

sup E[\Z(t, x)\p] < 00,
(t,x)€[0,T] xR

then we have the following Burkholder-Davis-Gundy inequality

E[|(S.WH)t|P} < z,(1)8 1 /Ot ds(supE[[Z(s,:z:Hp])/RCH|]-T(S,-)(§)|2]§|1_2Hd§, (2.23)

zeR
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where the constant z, is the constant appearing in the classical Burkholder-Davis-Gundy in-
equality for continuous martingales, and vy is given by

t
v = cx /0 s /R FT(s, ) (6) Ple] M de.

Remark 2.18. Theorem 2.17 holds also for a general spectral measure u, provided that the
measure satisfies the so-called Dalang condition

/ . +1‘§’2 p(dé) < 0. (2.24)

This is implicitly satisfied for our measure pp, for every H € [%, 1). Indeed, the measure pp
satisfies (2.24) for every H € (0,1).

Theorem 2.19 ([BJQ15], Theorem 2.9). Suppose H € (0,1). Let S : Q x [0,7] x R — R be

a predictable function. Assume that for every (w,t), S(w,t,-) is a tempered function, whose
Fourier transform FS(w,t,-) (computed in S'(R)) is a locally integrable function such that

1) = E[en [ ' 178ty PIer-*"agar] < o

Then, S € Py and it holds the isometry property E[|(S . WH)T|2} = I(T). Moreover, we have
the Burkholder-Davis-Gundy inequality

B[(S - WH)rl?] < zlem)FE| / / FS (O Ple 2 agar] . (2.25)
where the constant z, is the constant appearing in the classical Burkholder-Davis-Gundy in-

equality for continuous martingales.

Remark 2.20. The two Theorems 2.17 and 2.19 have a similar thesis, i.e. the integrability
for a certain class of predictable processes and a Burkholder-Davis-Gundy inequality for these
processes. But there is an important difference: Theorem 2.17, which is valid when H > % ,
gives a more flexible type of estimate; indeed, the Fourier transform in the Burkholder inequality
is computed only for the deterministic part I' of the integrand process .S. This quantity can
be often computed explicitly. This is not the case in Theorem 2.19, which works under the
hypothesis H < % Indeed, in this case the Fourier transform has to be computed for the whole
integrand S. We will see later how this makes our calculations more involved whenever H < %

Theorem 2.19 can be rewritten in an equivalent non-spectral form thanks to the following:

Proposition 2.21 ([BJQ15], Proposition 2.8). Let g : R — R be a tempered function whose
Fourier transform in 8'(R) is a locally integrable function. Then, for any H € (0, %)

cx / Fo(&) 2l 2" de = Cy / l9() — 9Pl — o 2dyds, (2.26)

whenever one of the two integrals is finite. The constant C is given by Cy = H(1 — 2H) /2.

Remark 2.22. We rewrite the quantities appearing in Theorem 2.19 in an equivalent form as

= E C’H/ / (t,x) — S(t,y)[*|x — \2H*2dyda;dt} < 00
R2

and
[[(S WH)T\p] < z,(Ch) 2E / /|S (t,x) — S(t,y)*|x — \QH*%lyala:dt}5

This is consistent with the original version of these estimates which appears in Theorem 2.9 of
[BJQ15].
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2.2.6 Relation between Ito integral and Skorohod integral

As we already mentioned, the integral (S - W), defined in Subsection 2.2.5 can be related
to the integral (u) defined in the previous Subsection 2.2.4 by the following Theorem 2.27,
which is an extension of Theorem 4.2 of [BJQ17] to the case H > % To do this, we need some
preliminaries.

First, let A € B([0,00)). We define for every element f € H5" the element f15" € HE" in
the following way: if f is a function, we define it naturally as the function f 1%”. If f is a general
element of H5", we take any sequence {fx, k¥ € N} of functions in H$" such that fi — f in
HE™ as k — co. We define then

187 .= lim f,1%".

f A k—oo fk A

This limit exists; indeed, we have that f; is Cauchy in H$", and then
||fk1§n - felﬁnHH%” < ka - feHHgn

implies that fkli?" is also Cauchy in H%”. The limit clearly does not depend on the chosen
approximating sequence. We recall now some results from [BJQ17] that we will use in the proof.

Lemma 2.23 (Lemma A.1, [BJQ17]). Let F € L*(Q) with Wiener Chaos expansion given by
F =3 I(f,), where the f, € H5" are symmetric, and let A € B([0,00)). Then it holds

E[F|Fa]l = LI (fa15").
n>0

Proof. The proof is exactly like the one in [BJQ17]. We only observe that if h € HS" is
symmetric, it can be written as the limit of a sequence of symmetric functions, which in turn

can be written as the limit of linear combinations of functions of the type f®", where f € Hpy
and || ][y = 1. O

Lemma 2.24 (Proposition 1.3.3, [Nua]). Let F € D'? and v € Dom(d) such that Fu €
L%(Q;Hy). Then, Fu € Dom(8) and it holds

d(Fu) = Fé(u) — (DF,u)p.

Lemma 2.25 (Proposition 1.3.6, [Nua]). Let u € L*(Q;Hy) and {u,, n > 1} C Dom(§) such
that E[Hun - uH%_tH] — 0 as n — oo. Suppose that there exists a random variable G € L*(£2)
such that, for all F € S,

E[(S(un)F] ~ E[GF].

Then u € Dom(6) and 6(u) = G.

We now define the contraction ®1: let h € 7—[?}”. We define, for an element of the canonical
basis of HE",
(61 R QR en) ®1 h = (61 & .- ®€n71)<enah>H7

and we extend it to a generic f € H?}" by linearity and density. We have the following lemma:
Lemma 2.26 (Theorem 4.3.8, [Stu04]). Let F =Y, I (f,), with f, € HS" symmetric. Then
F € DY2 if and only if
> nnl||fal 2 en < o0,
H

n>1

and in this case, for every h € Hy it holds

(DF Wy = 3 nIl (fu @1 ).

n>1
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Theorem 2.27. Let H € [1,1) and let u = {u(t, ), (t,z) € [0,00) x R} be a stochastic process
such that, restricted to t € [0,T], belongs to Pyo. Then for any t € [0,00), uljpy € Dom(d) and
its Skorohod integral coincides with the Ité integral, that is

/OOO/Ru(s,x)l[o,t](S)WH((Ss,éx) :/Ot/RU(S,x)WH(ds,dx)

Proof. The proof is an adaptation of the one of Theorem 4.2 of [BJQ17]. The only difference is
that here the general element of Hp is not a function, since the space Hp also contains genuine
distributions for H > % Referring to the proof given in the appendix of [BJQ17], we only have
to adapt the proof of Case 1, since the general case can be carried out identically.

Let g = g(s,z,w) = Y(w)1g 4 (5) 1[0 (), where we assume Y to be bounded, Fo = Fjg 4
measurable, and Y € D2, We have to check that gljo,q € Dom(d) and that it holds d(gljg ) =
(g - WH);, which is our thesis for the type of functions g we are considering. Notice first that
91100 = Y Ljantba x[u,e]- Since Y € D2 and Liant,bat] x[u,o] € Dom(d), we can apply Lemma 2.24
to conclude that g1y € Dom(é) and

5(9110,6) = YO (Lant,one)x[uw]) = (DY Lantbnt x[ue]) B

if the right-hand side belongs to L*(Q2). We have that Y'6(1jons patxjue]) € L*(Q), and if we
show that (DY, 1jgapae)x[u,s]) # = 0 we have finished.
We prove it: let us denote h := ljgaspagx[u,e] O simplify the notation. Since Y is Fq-
measurable, we have
Y =EB[Y|F]=> I (gnlfor));
n>0

for some symmetric g, € HS", and then, thanks to Lemma 2.26 we have that

(DY, h)ur = I (gal gty @1 h).
n>0

But now we notice that gl%% ®1h =0, forall g € H%”. Indeed, we show it for g = e®", where
e € Hy is a function. We have that

n1@n 1)1 ®(n—1)
o® 1%(1] @1 h = B )1 [o,a} <61[ al> h)

but we have that
{e1j0,a), h / / Fe(s 0,a] ($)F L] () Ljant,pne (8)dEds = 0.

This can be extended to a generic element in 7—[?}" by linearity and density.

The proof is then extended to the general element ulj, € Po, following exactly the same
steps of Theorem 4.2 of [BJQ17].
O

Remark 2.28. We want to remark that the hypothesis that u € Py implies (almost by defini-
tion) that u is adapted, so that it makes sense to compare the two integrals with this restriction.
We can say that, when we restrict the Skorohod integral to the class of adapted processes, it
coincides with the It6 integral.
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2.3 Existence and uniqueness of solution

Consider the equation (2.1) driven by W#:

Lut(t,2) = b(u (t,2)) + o (uf (t,2))WH (t, ), (2.27)
where the operator L is either the wave operator L = g—; — 88—;2 or the heat operator L = % — 8‘9722,
giving rise to
0?ut o*ut .
and
out 2uH I o -
W(m l‘) = W(tv .%') + b(u (ta 33‘)) + U(u (t7 x))W (tv .T), (SHE)

which will be the two equations that we will study. By a solution to (2.27) we mean a mild
solution, as defined in Definition 2.3. This means that we ask a solution u? to (2.27) to be an
adapted process with respect to the filtration {F;,¢t € [0,7]} defined in Remark 2.13, jointly
measurable and such that for every (¢,2) € [0,7] x R it holds

uH(t,ZL') = Ig(t,m)+/0 /Rb(uH(s,y))Gts($—y)dyds+/0 /Ra(uH(s,y))GtS(:B—y)WH(ds,dy),

(2.28)
where GG is the fundamental solution associated to L and Iy is the deterministic solution of
the PDE given by Lu = 0, with the same initial conditions that we impose on our stochastic
problem. The explicit form of Iy is given by:

To(t,z) = ;/xj voly)dy + %(uo(a: +1) — uo(z — 1))

for the wave equation (where have to impose ug(x) := u1(0,z) and vo(z) := %uH(O, x)), and
by:
Io(t,z) = [ G~ g)uolu)dy
R
for the heat equation, where we only have to impose ug(z) := v (0, 2). From now on, we will
refer to (2.28) as the general form of our equation, but the reader should keep in mind that,

unless explicitly stated, we are considering both cases of (SWE) and (SHE) at the same time,
with the natural changes on Iy and G.

We will work under 3 different sets of hypotheses, which are relative to the form of the
functions b, o, and to the initial conditions uy and vy.

Hypothesis A: [Linear additive case]
We assume that b = 0 and o = 1. Regarding the initial conditions, we assume
(a) Wave equation: ug is continuous and vy € L}, .(R).
(b) Heat equation: ug is continuous and bounded.

Hypothesis B: [Semilinear additive case]

We assume that b : R — R is a Lipschitz continuous function, and ¢ = 1. For the initial
conditions, we assume

(a) Wave equation: ug and vy are H-Holder continuous and bounded.

(b) Heat equation: ug is H-Holder continuous and bounded.
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Hypothesis C: [Linear multiplicative case]

We assume that b = 0, and o(u) = u. The initial conditions are
(a) Wave equation: ug =n and vy = 0, for some 1 € R.
(b) Heat equation: ug = 7, for some n € R.

Let us postpone, for the moment, the discussion about the initial conditions. The need
for different type of initial conditions comes, indeed, from technical reasons, and it does not
have a great interest for us, apart from the fact that we will be trying to use the most general
hypotheses that we can. The specific hypotheses will be discussed in Sections 2.4.3, 2.4.4 and
2.4.5. When proving our main result, we will also have to introduce a slightly modified version
of Hypothesis B, which we define later as Hypothesis B1 (see Section 2.4.4).

Remark 2.29. We explain the motivation of the names: the term linear comes from the fact
that b = 0, and thus the SPDE, if we remove the noise term W  is a PDE of the form Lu = 0.
We termed semilinear the case in which b # 0, consistently with the PDE literature. The
term additive in Hypothesis A and B comes from the fact that the noise W (¢, z) enters into
the equation without any dependence on the current values of the solution w(t, x). On the
other hand, we define as multiplicative the case in which the noise term depends linearly on the
solution u’. In Hypothesis C, the term linear is also relative to the fact that o(u) = u is a
linear function.

Each of these sets of hypotheses gives rise to different difficulties. We will now discuss each
of these cases, stating an explicit result on existence and uniqueness of a solution for (2.28) in
the specific case.

2.3.1 Linear additive case

In the Linear additive case (Hypothesis A), equation (2.27) reads
Luf (t,2) = WH(t, z),

and the mild fomulation (2.28) reads

ul (t,x) = Io(t, x) + /0 /RGt_S(m —y)WH (ds, dy). (2.29)

We observe two things: first, the mild formulation in this case is an explicit formulation, since
the solution u® only appears on the left-hand side. Thus, it is sufficient to see that the right-
hand side is well defined to conclude that a solution exists and is unique. Secondly, the integral
appearing in the right-hand side is a Wiener integral, since G is a deterministic function. Thus,
there is no need to define stochastic integrals with respect to W to give a solution theory for
this equation under Hypothesis A. This will allow us to have existence and uniqueness for every
H € (0,1). Conditions (a) and (b) in Hypothesis A easily imply that there exists a unique
and continuous solution Iy : [0,7] x R — R of the deterministic associated problem Lu'’ = 0.
Summarizing, it holds the following basic result

Theorem 2.30. Let H € (0,1) and suppose we are under Hypothesis A. For every T > 0 there
exists a unique solution v = {uf (t,x), (t,x) € [0,T] x R} of equation (2.29) Moreover, the
random field v admits a modification with continuous sample paths.

Proof. To show the existence and uniqueness of a solution, it is sufficient to observe that the
Wiener integral appearing in (2.29) is well-defined and that the solution of the deterministic
equation [y exists and is unique under our current hypothesis. The first fact is an immediate
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consequence of Lemma 2.46, which is stated later, while the second relies on the results in
Section 4 of [DaQull].

We are only left to prove that the solution u’ has a modification with continuous paths.
Indeed, since Iy is deterministic and continuous, we check that the stochastic convolution
afl (t,z) := ul(t,x) — Iy(t, ) admits a continuous modification. This is a direct consequence of
Step 1 in the proof of Theorem 2.45 in Section 2.4.3. More precisely, for any p > 2, there exists
a constant C' (depending only on p) such that, for all ¢, € [0,7] and z, 2’ € R, it holds

Bl (t,2) — @ (¢, 2)| < O {lt =¥ + ]2 — 2|1},

where a« = H for the wave equation and a = % for the heat equation. An application of
Kolmogorov’s continuity criterion concludes the proof. O

Remark 2.31. In the case of the heat equation, the assumptions of Theorem 2.30 indeed imply
that, for all p > 1,

sup E[]uH(t,m)]p} < 0.
(t,)€[0.T] xR

For the wave equation, this property can be obtained by slightly strengthening the hypotheses
of up and vy, e.g. assuming that they are bounded functions (see [DaQull], Lemma 4.2).

Remark 2.32. The proof of Theorem 2.30 actually implies that the stochastic convolution
in equation (2.29) has a modification which is (locally) S1-Holder continuous in time for any
b1 € (0,a), with « as before, and (locally) S2-Holder continuous in space for any 5 € (0, H).

2.3.2 Semilinear additive case

In the semilinear additive case (Hypothesis B), the formal equation (2.27) reads
Luf (t,z) = b(u (t,2)) + W (t, 2),

and the mild formulation (2.28) is given by

uH(t,a;) :IO(t,a:)+/0 /RGt_s(x—y)b(uH(s,y))dyds—i—/O /RGt_S(ac—y)WH(ds,dy). (2.30)

In this case, the integral equation is an implicit equation, but still there is no genuine stochastic
integral appearing. This allows us to prove existence and uniqueness the equation for every
H € (0,1). Our result about existence and uniqueness for (2.30) is a special case of Theorem
13 of [Dal99]. In that reference, the author considers only the case H > %, with a null initial
condition, while we use it with the general initial conditions given in Hypothesis B. For the sake
of completeness, we give a complete proof of the result in our setting.

Theorem 2.33. Let H € (0,1), and assume we are in the setting of Hypothesis B. Let p > 2
and T > 0. Then, equation (2.30) has a unique solution u' in the space of L*(Q)-continuous
and adapted stochastic processes satisfying

sup E[|uH(t,x)|p} < 0.
(t,2)€[0,T] xR

Proof. We follow similar arguments as those used in [Dal99]. We split the proof in four parts.

Step 1: We define the following Picard iteration scheme. For n = 0, we set
t
udl (t, x) = Io(t, z) +/ / Gi_s(z —y)WH (ds, dy), (2.31)
0o Jr
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and for n > 1 we define

H(t,2) = ull( / [ Gt =ttt (s, )y s (2.32)

Clearly, the process ufl is adapted and, by step 1 in Section 2.4.4, it is L?(Q)-continuous.
Then, ull admits a jointly measurable modification (cf. [BQS18], Proposition B.1), which will
be denoted in the same way.

Owing to Lemma 2.35, we obtain that, for every n > 0, the Picard iteration u!! is L?(Q)-
continuous, and thus has a jointly measurable modification. Moreover, by Lemma 2.36 below,

ul! is uniformly bounded in LP(Q), i.e.

sup E[|uf(t,x)|p} < 0.
(t,z)€[0,T]xR

The above two facts imply that ull is well-defined, for all n > 0. On the other hand, it is clear
that any Picard iteration defines an adapted process.

Step 2: We prove that the Picard iteration scheme converges in the space of L?(Q)-
continuous, adapted and LP(Q2)-uniformly bounded processes, which is a complete normed space
when endowed with the norm

[l I, =

(M)SE?T}XR (E [‘UH(t, z) ’p:| ) 1/p.

Indeed, it can be seen as the closed subset formed by adapted process of the space
L>=([0,T] x R; LP(%2)),

which is a Banach space for any p > 2.

Then, it is sufficient to show that the sequence of Picard iterations is Cauchy with respect
to || - ||p to infer the existence of a limit.

We use that b is Lipschitz and Minkowski inequality for integrals to obtain

(E [‘ugﬂ(t, x) —ul(t, x)‘le/p

= (B[] [ [ Gesto = ootadd 5.0 — 0l iy ])
(] [ [ Gete—wlall s —ull sy as]])
<c// (Gislo = y)ufl (s,9) = wily (s, y)ﬂ) dy ds
gc/o /RGt_S(x—y) sup (E[|uf(s’,y)—uf,l(s’,yﬂp})l/pdyds

IN

y€eR,
s'€]0,s]
/ H / 1/p
=c [ sup (Blufl(s',y) — ull_i(s" )] ) Vs
yGR ]
s € [0,s

This inequality implies that

sup (E[|u£[+1(8, x) — uf(s, x)|p])1/10 <C sup (E[!unH(s’, y) — unH_l(s’, y)ﬂ ) 1/pds
Sggé&iz] s'€0,s]
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If we define

we have that

Thanks to Lemma 2.36, we have that fj is a bounded function on [0,77], and thus integrable.
Then, by Gronwall lemma, we can conclude that {ull},>¢ defines a Cauchy sequence in the
underlying space, and therefore it converges to a limit «, namely

im  sup E[|unH(t,a:)—uH(t,x)|p —0.
=% (1 1)e[0.T] xR

Since any u!l is L?(Q)-continuous and adapted, v/’ has the same properties. In particular,
L?(Q)-continuity implies the existence of a joint-measurable version of u!.

Step 3: We check that the process u is a solution of (2.30). To do this, we take n — oo
with respect to the uniform LP(€Q)-norm in the expression

wlly (t,2) = uf (t,2) //Gt s(x —y)b(ull (s,y))dy ds.

The left-hand side, by its definition, converges to u!, while for the non-constant (with respect
to n) part of the right-hand side, we argue as follows:

EH /Ot/RGt_S(w — y)(b(uf(s,y)) _ b(uH(é,’y)))dde‘le/p

<o(®]] [ [ Gesa— o)~ s.npiayas|]) "

<c [ [ Grate - (B[l ts0) " s00P]) s

1/p
<c / sup (B[[ull (s,y) — u (s, )] ) s
(5,9)€[0,T]xR
1/p
<c  sw (B[lufl(sy) - v s p)l]) "
(s,y)€[0,T]xR

We note that the latter term converges to zero as n — co. Thus, we have that u?! satisfies
(2.30).

Step 4: Uniqueness can be checked by using analogous arguments as those used in the
previous steps. O

We have the following property of the sample paths of the solution u*.

Theorem 2.34. Let p > 2. Assume that Hypothesis B is fulfilled. Let u™ be the solution of
(2.30). Then, for any t,t' € [0,T] and z,2’ € R such that [t' —t| < 1 and |2’ — x| < 1, the
following inequalities hold true:

sugE“uH(t',x) - uH(t,xﬂp} <Gt — )P (2.33)
re
and
sup E[]uH(t, z') —ufl(t, x) ]p} < Cplz’ — x|HP, (2.34)
te(0,7)
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where v = H for the wave equation and v = g for the heat equation. Hence, the process u! has
a modification whose trajectories are almost surely v'-Holder continuous in time, for all v < 7,
and H'-Holder continuous in space for all H' < H.

Proof. The bounds (2.33) and (2.34) are an easy corollary of the stronger results obtained in
Step 1 of the proof of Theorem 2.45 under Hypothesis B1, given in Section 2.4.4. Indeed, we
proved the same kind of estimates, but uniformly with respect to the Hurst index H, when
restricted on a compact set H € [a,b] C (0,1). Here, we need to obtain (2.33) and (2.34) only
for a fixed H € (0,1). O

We conclude this part by stating and proving the two lemmas that we used in step 1 of the
proof of Theorem 2.33 above.

Lemma 2.35. For each n > 0, the process ul defined by (2.31) and (2.32) satisfies the follow-
ing. There exists a constant C = C(n, H) such that, for anyt € [0,T] and h € R witht+h <T,
it holds

Chmin(QH,l) ti
sup E|[ul (t + h, z) — ull(t, x)\z] < = ) wave cqua Z.On’ (2.35)
z€R Ch™, heat equation.
and, for any v € R and h € R with |h| <1,
sup E[\u (t,x +h) —ull (t,2)] ] < Ch*H. (2.36)

te[0,T]
In particular, the process ull is L?(Q)-continuous.

Proof. We proceed by induction. In the case n = 0, first we study the time increments. We
focus on the right continuity. The computations for the left continuity are analogous. We have

B|luff (¢t + b, @) — uff (1,2)] < 2041+ A3),

where

’Io t+h .iL') Io(t Q?)’

‘/ / (Crin=s(@ = y) = Gis(w — y)]W* (ds, dy)
+ /tH_h/RGHh_s(J: —y)WH(ds,dy)‘g].

In Theorem 3.7 of [BJQ15], it is shown that

A Ch*H  for the wave equation,
1
ChH for the heat equation.

Concerning the term Ay, we have
Az <2(A21 + Azp),

where
Ao =8| [ [1Geoneste =) = G = ) s, )],
Ao = EH /tHh/RGHhs(ﬂf —y)WH (ds, dy)ﬁ.
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These terms have been studied in the proof of Theorem 2.45 in the linear additive case (see
Section 2.4.3) concretely As ;1 corresponds to term J; in that theorem and term Aj 5 corresponds
to I1. So,

{CthH , for the wave equation,
2,1 S

C’h%+H, for the heat equation,

and
{ChHQH , for the wave equation,
22 <

Ch%+H, for the heat equation.

Putting together the above estimates, we obtain the validity of (2.35) for n = 0.
Regarding the space increments, we have, for any h € R with |h| < 1,

B(luff (t 2 + h) = uff (1, )| < 2(B1 + By),
where
B = |Io(t,x + h) — Ip(t, )],
By = EH /Ot /R[Gt_s(a: +h—y) — Gi_s(z —y) W (ds, dy)ﬁ.
As before, by [BJQ15], Theorem 3.7, we have
By < Ch*f

for both heat and wave equations. The term By corresponds to the term Jo in the proof of
Theorem 2.45 in the linear additive case (again, we refer to Section 2.4.3). Hence

By < C|h|+2H.

So, we have proved (2.36) for n = 0.

We suppose now by induction hypothesis that u/! satisfies (2.35) and (2.36). Let us compute
the time increments of unHH, for 0 < h << 1:

E|:|unH+1(t + h,x)—uf+1(t,x)|2} < S(Dl + D2 + D3)’

where

Dy = Bl[ufl (t + h,z) — uff (t, )]

D2:E:(/;/Ras@nb(uﬁf(wh—s,x—y»—b(uf@—s,y)rdydsf],

-, rt+h 2
D3;=E </ /Gs(y)\b(un(t—l—h—s,x—y))\dyds) }
LN Ji R
We already showed that D; is bounded as the right hand side of (2.35), so we only need to

handle Dy and D3. As in Lemma 19 of [Dal99], first we compute Do. Namely, using that b is
Lipschitz and applying Cauchy-Schwarz inequality and Fubini theorem, we have

t t
Do<c( [ [ Guwayas) [ [ Guwutl(eshsa—y)ufl(t - 5.0 ) dyds
0 JR 0 JR
t
<CE[ [ [ Gulufl(t+h=s.0—y) —ull(t = 5.0~ ) dyas]
0 JR

t
—C [ [ G|l e+ = sx— ) ufl(t = 5.0 )] dy s
0 JR

< Ch*H | wave equation,
~ | ConH, heat equation.
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Notice that in the last inequality we used the induction hypothesis.
Regarding D3, we have

D3§C/tt+h/R(1+E[[uf(t+h—s,x—y)|2DGs(y)dyds.

The uniform boundedness in L2(Q2) of u/! (by Lemma 2.36) gives that

t+h
D3 < C/ / Gs(y)dyds < Ch,
t R

for both wave and heat equations. Thus, taking into account the above estimates for Ji, Jo and
J3, we obtain that ul,, satisfies (2.35).
We are left to deal with the spatial increments of uf 1. Indeed, we have

B|luflya (b + ) = ullyy (1 0)2] < 2(51 + Ko),

where

Ky = Efuf (t,2+ h) = uff (t,2)1]

Kz:E[(/Ot/Rrbwf(t—s,wh—y))—b(ufu—s,m—y>>|Gs<y>dyds)2]

The term K has already been studied, and K5 can be treated as the term J,, obtaining that
Ky < C|h[*. So we can infer that (2.36) is fulfilled for ufl, ;. O

Lemma 2.36. Let p > 2 and [a,b] C (0,1). Let ul!

n, n >0, be the Picard iteration scheme
defined in (2.31) and (2.32). Then,

sup sup sup E[|uf(t, x)\p] < 00.
n>0 Hela,b] (t,2)€[0,T]x R

Proof. First, we have
B[lufl(t, )] < G (1Io(t, )" + B /0 t /R Grslw = )W (ds, dy)|'] ).

By [DaQull], Lemma 4.2, we have that

sup  [Io(t, x)| < oo,
(t,x)€[0,T]xR

and this is uniform in H, since we are considering the same initial conditions for every H.
Regarding the stochastic term, arguing as in (2.45) and applying Lemma 2.46, we get

t P t _ p/2
B| [ [ o —nwiasy|] =’ [ [ 1FGiste = 9©P I agds]
0 JR 0 JR
2
Cp (t1+2H>p/ , Wwave equation,
2
Cp (tH )p/ , heat equation.

The last inequality comes from an estimate essentially identical to the one already computed
in (2.46). All above constants which are dependent on H can be uniformly bounded, provided
that H is in the compact interval [a,b] C (0,1). The above considerations yield

sup sup E[]ué{(t, x)|p} < 0.
Hela,b] (t,x)€[0,T]xR
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Next, owing to (2.32) we can infer that

E[|u£[+1(t,x)|p} < C(l + EH /Ot/RGts(x — y)b(u,?(s,y))dy dsﬂ).

If we apply Holder inequality, we obtain

Bl| [ [ Geste -t s mpavasf ]

< n[ [ [ Grate o) (1+ 1l . ]
=it 0 [ [ Gt — [l .0y i 27

<Ci+ 02/ / sup sup “unH(s/,y))]p} Gi—s(x —y)dy ds
R Helab] (s,y)€[0,5] xR

<Cp+ 02/ sup sup E[\uﬁ(s’,ymp} ds
0 Helab] (s',y)€[0,s] xR

The constants appearing in the previous calculations are clearly independent of H. Then, we
have

sup sup E [IunHH(t’, y)lp}
Hela,b] (t,y)€[0,t] xR

t
<Ci4Cy [ sw o swp  E[ufl()]ds
0 Helab] (s',y)€[0,s] xR

We conclude the proof by applying Gronwall lemma. O

2.3.3 Linear multiplicative case

We move now to the linear multiplicative case (Hypothesis C). In this case, the hypothesis that
we impose implies that Io(t,x) = n, for all (¢,2) € [0,T] x R. The formal equation (2.27) has
the form

Luf (t,2) = u* (¢, 2)WH (¢, ),

and the mild formulation (2.28) reads

H = t xr — UHS H S . .
u (t,x>—n+/0/RGt_s< yyul! (s, )W (ds, dy) (2.38)

In this case, the integral appearing in (2.38) is a genuine stochastic integral, and for the moment
we will consider the It0’s type integral, i.e. the one defined in Section 2.2.5. The solution theory
for equations of this form has been developed in [Dal99] and [DaQull] for the case H € (3,1)
and in [BJQ15] and [HHLNT17] for H € (§,3). We will see later in Theorem 2.42 how this
notion of solution relates to the Skorohod notion of solution, when the integral in (2.38) is
interpreted in the sense of Skorohod, as defined in Section 2.2.4.

The fact that the integral in (2.38) is really a stochastic integral does not allow us to solve
the equation when H < i. We report here the relevant existence and uniqueness results:

Theorem 2.37 ([DaQull], Theorem 4.3). Let H € [%, 1). Consider the setting of Hypothesis
C. Then, there exists a unique mild solution u™ to equation (2.38). Moreover, the solution ul
is L%(Q)-continuous and satisfies, for every p > 1,

sup E[]uH(t,a;)P”} < 0.
(t,2)€[0,T]xR
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Remark 2.38. In [DaQull], the result is stated for a general second-order differential operator
L and for a general noise X. The case of the heat and wave operators fall under their hypotheses,
and so does the noise W, provided that H > % This result, indeed, holds also for the more
general form of equation

Lufl (t,2) = b(u® (t,2)) + o (ufl (t,2))WH (t, z),

whenever b, o are Lipschitz continuous functions. We will not consider this more general setting,
as we prefer to study the same equation for all admissible values of H.

Theorem 2.39 ([BJQ15], Theorem 1.1). Let H € (1,1). Under Hypothesis C, there exists a
unique mild solution v of (2.38). Moreover, the solution uf s L?(2)-continuous and satisfies,

for every p > 2,

sup E[|uH(t, x)|p] < 00 (2.39)
(t,2)€[0,T] xR
and )
v B[l (s,y) — u'l (s, 2)P|”
sup / G (z—y — dydzds < oo. 2.40
toeprxrJo Jrz ! ( ) ly — z[>72H (2.40)

We see that in the case H € (1, 1) the solution u” satisfies, in addition to (2.39) the further
constraint (2.40). This comes from the fact that, when H € (1, 3), we have to look for a solution
of (2.38) in the space of L?(Q)-continuous, adapted and jointly measurable processes endowed

with a Sobolev’s type norm which includes a term of the form (2.40).

For the moment, we have not said anything about the path continuity of the solutions. As
in the linear additive and the semilinear additive cases, we have that the paths of uf are almost
surely H'-Holder continuous in space, for every H' < H for both wave and heat equation. In
the time variable, we have that the solution u” is almost surely H%—Hélder continuous, for every
H' < H in the heat equation case, and H’-Holder continuous, for every H' < H, in the wave
equation case. This has been proved in [BJQ16] in the case H € (3, ). For the case H € [3,1),
we refer to [SaSa00, SaSa02] and to [Wal86]. Moreover, like in the semilinear additive case
this result can be shown as an immediate consequence of the stronger results Proposition 2.61
and Propostion 2.68 proven in Section 2.4.5. We state a general result here for the sake of

completeness.

Theorem 2.40. Let H € (,1). Then, the solution uf! to (2.38) satisfies the same conditions
of Theorem 2.84, i.e.

sup B|[u (¢, ) — u (1, 2)lP| < Clt/ — ¢7

zeR

and

sup EB|lu(t,2) = u (L, 0)P| < Cyla! — x|,
te[0,7)

where v = H for the wave equation and v = % for the heat equation. Thus, the process uf has
a modification whose trajectories are almost surely v'-Holder continuous in time, for all v < 7,
and H'-Holder continuous in space for all H' < H.

Proof. As in Theorem 2.34, the estimates we need are a consequence of the stronger result
obtained in Proposition 2.61 and Proposition 2.68 in Section 2.4.5. Indeed, in that case we
proved the same estimates, but uniformly with respect to H. O

We give now an equivalent result for the mild equation (2.38), where the stochastic integral
is interpreted in the Skorohod sense. We have that the equation in this case reads:

uH(t,2) =+ / N /R 101(5)Gis (@ — y)u! (s, y) W (85, 0y). (2.41)
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We say in this case that u is a Skorohod mild solution of (2.41) if it is a process adapted with
respect to {F;,t € [0,00)} which satisfies for almost every (¢,z) € [0,7] x R equation (2.41).
We have the following

Theorem 2.41 ([BJQL7], [HHLNT17)). Let H € (},1) and T > 0. Equation (2.41) has a
unique adapted solution.

Proof. This result has been already proved in [BJQ17], Theorem 4.3 for H € (1, 1) in the case of
wave equation. In page 49 of [HHLNT17], the authors notice that this is true also in the case of
heat equation, always under the constraint H € (%, 3). We can extend it to the case H € [3,1)
thanks to Theorem 2.27. Indeed, Theorem 2.27 shows that It6 integral and Skorohod Integral
coincide, and this implies immediately that the existence and uniqueness of a mild solution in

the It6 sense implies the existence and uniqueness of a solution in the Skorohod sense. O
We are now ready to prove the extension of Theorem 4.3 of [BJQ17] that is of our interest.

Theorem 2.42. Let H € (1,1) and let u*’ be the mild solution to (2.38) in the Ito sense.
Let a1 be the mild solution to (2.41) in the Skorohod sense. Then, the two solutions coincide.
Moreover, the Picard iterations defined for m >0 by

ull (t, ) :==Io(t, x)

¢ 9.42
ult i (t,x) r—fo(t,x)Jr/O /RGt—s(w—y)Uﬁ(S,y)WH(ds,dy) 242

satisfy (up to a predictable modification)

ul(t,x) =Y I (g; (- t, 1)),

=0
where IJH is the j-th multiple Wiener integral with respect to WH and g; 15 given by

gn(t17x17 t27 €2, ... 7tn7 xn) = Gt—tn (.’IT - $n) e Gtz—tl ("BQ - CC]) X n1{0<t1<"'<tn<t}' (243)

Proof. The result has been already proven in Theorem 4.3 of [BJQ17] for the wave equation in
the case H < % We are extending it to the case of the heat equation, and for H > %

We make use of Theorem 2.27, that we extended to hold under our current hypotheses. The
remainder of the proof of this result can be carried out using exactly the same argument used
in Theorem 4.3 of [BJQ17]. The argument translate without modifications to include the heat
equation case, and the case H > %

O

2.4 Weak continuity with respect to H

In this section we will state the main problem of our interest, that is the continuity of the
solution u!? of (2.28) with respect to H.

Let H € (0,1) and let {W# = WH(t 2), (t,x) € [0,T] x R} be the random field defined in
Proposition 2.11. We recall that
1
B[WH (o)W (5,y)] = 5t A ) (I + [y = o —y27),

so that it makes sense to say that WH is a sBm in the time variable and a fBm of Hurst
parameter H € (0,1) in the space variable.
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We saw in the previous sections under which hypothesis there exists a unique mild solution
(2.4) of a SPDE (2.1) driven by X = W,
We state informally the main problem of our interest: let u’’ be a solution of (2.4) with
X=wh .
Lut (t,z) = b(ull (t,z)) + o (uf (t,2))WH(t, z).

Is it true that uf — w' whenever H — Hy? This is an analogous problem to the one we
considered in Chapter 3, but in a 2-dimensional setting. We will give in Theorem 2.45 a positive
answer to this question, where the convergence will be meant in the distributional sense.

2.4.1 Introduction

In any of the three settings (Hypothesis A, B, and C), consider equation (2.1) driven by W#
in its mild form (2.28), which we recall here

t
uH(t, x) = Io(t,x)—i—/o /Rb(uH(s,y))Gts($ —y)dy ds

t
% H
+ [ ot ) Grs o — )W . ).

We saw that for all sets of hypotheses A, B, C we have a result of existence and uniqueness for
uf . In the following, we have to slightly strengthen Hypothesis B. We introduce:

Hypothesis B1: [Semilinear Additive Case — Weak convergence]

We assume that b : R — R is a Lipschitz continuous function, and o = 1. Let Hy € (0,1)
and assume {H,, n € N} is such that H, — Hy as n — oo. Fix any o > Hp; without loss of
generality, we can assume H,, < « for every n € N. For the initial conditions, we assume:

(a) Wave equation: ug and vy are a-Holder continuous and bounded.

(b) Heat equation: ug is a-Holder continuous and bounded.

We observe that, if we fix a single n € N and we consider H = H,, from the point of
view of the regularity of the initial conditions Hypothesis B1 is strictly more restrictive that
Hypothesis B. So all the results we obtained about existence and uniqueness of a mild solution
under Hypothesis B still hold under Hypothesis B1.

The range of values of H for which such a solution exists depends on the hypotheses that
we are considering. Under Hypothesis A and B1, we have that a solution exists, and has
almost surely continuous paths, for every H € (0,1). Under Hypothesis C, the solution exists
(and again has a.s. continuous paths) for every H € (i, 1). Indeed, speaking about the path
regularity of the solutions, we know even more, namely that the paths are almost surely Holder
continuous, but for our purposes it is sufficient to exploit their bare continuity.

The fact that the solution u? has almost surely continuous paths on [0,7] x R means that,
for every set of hypotheses, the solution u? induce as a probability measure on C([0, 7] x R).
We endow the space C([0,7] x R) with the metric of uniform convergence on compact sets.
Its topology is defined as follows: we have that {f,, n € N} C C([0,7] x R) converges to
f € C(0,T] xR) as n — oo if and only if, given any compact set K C [0,7] x R, we have
that f, — f uniformly on K. It is not immediate to show that this topology is metrizable. A
reference for this fact can be found in page 68 of [McNt].

We recall also the concept of weak convergence (often named convergence in distribution, or
convergence in law, in the probabilistic setting).
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Definition 2.43. Let {P,, n € N} be a sequence of probability measures on some metric space
(S,S), where S is the o-algebra generated by Borel sets of S. We say that P, converges weakly
to P (or, equivalently, converges in distribution) on S if for any bounded, continuous function
f:5 — R one has

Pu(f) = /S FdP, "2 P(f) = /S fdp,

and we denote it with P, 4 p.

Remark 2.44. With an abuse of notation, we will often speak about the weak convergence of
sequences of S-valued random elements X,,, instead of the probability distributions Py, that

they induce on S. In that case, by X, 4 X we will mean Px, 4 Px.
We are ready to state the main result of this chapter

Theorem 2.45 ([GJQ20], [GJQ19]). Consider the SPDE (2.1) driven by X = W where L
is either the heat operator or the wave operator. Fix any set of hypotheses: its mild formula-
tion is given then by (2.28), which translates to either (2.29), (2.30) or (2.38) respectively for
Hypothesis A, B1 or C. Furthermore:

i) Under Hypothesis A or Bl1, let Hy € (0,1) and suppose {Hy,, n € N} C (0,1) such that
n—oo

H, — Ho.

n—0o0

i’) Under Hypothesis C, let Hy € (%, 1) and suppose {Hy, n € N} C (%, 1) such that H,, ——
Hy.

Then, it holds that uff" % uHo on C([0,T] x R), as n — cc.

2.4.2 Auxiliary results

In the proof of the main result of the present chapter (Theorem 2.45) we need some technical
results. We start with 4 lemmas, proved in [BJQ15], which provide explicit estimates, depending
on H, of the norm in the space L?(R; u!7) of the Fourier transforms of the fundamental solutions
of the deterministic wave and heat equations. We recall that, respectively for the wave equation
and for the heat equation, we have:

FGy(€) = sin|(§|§]) and _1;52

In the following three lemmas, we will denote either one of these two functions by FG(§). We
recall that the spatial spectral measure is given by p?(d¢) = cg|¢[* 727 d¢ (see (2.9)).

Lemma 2.46 ([BJQ15], Lemma 3.1). Let T > 0. Then, the integral

FGy(€) = exp ( ) t>0,€eR. (2.44)

T
Ap(a) == /0 /R FGUO)le] de dt

converges if and only if a« € (—1,1). In this case, it holds:
1

21_0‘00427T2_0‘ for the wave equation,
-«
AT(a) =
2 1
1 F(a; )T(l_a)/2 for the heat equation,
-«

where the constant C,, is given by

fial sin(ra/2), «a € (—1,1)\ {0},

Co =

a=0.
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Lemma 2.47 ([BJQ15], Lemma 3.4). Let T > 0 and « € (—1,1). Then, for any h > 0, it
holds:

C|h|*=®  for the heat equation,
CT|h|'=  for the wave equation,

T
/0 /R(l — cos(Eh)) |[FG()P[¢]* dE dt < {

where C' = [(1 — cosn)|n|*2dn.

Lemma 2.48 ([BJQ15], Lemma 3.5). Let T' > 0 and o € (—1,1). Then, for any h > 0, it
holds:

Co|h|1=/2 " for the heat equation,
C,T|h|*=®  for the wave equation,

T
/ /‘]:G”h(g)_fGt(ﬁ)\Zlf\adfdtg{
o Jr

where

(1= P2y
c, :/ = dn  for the heat equation, and
R n

min(1, [7]?)
R |n*@

Lemma 2.49 ([BJQ15], Lemma D.2). For any H € (0,1) and for any £ € R, we have:

Cy=4 dn for the wave equation.

11— e—i@y?dx e 2T (2H + 1) sin(7H)
|z|2—2H H(1—-2H)

R

We recall now briefly some basic probabilistic results about the tightness property of a set
of measures {P,, n € N}. Tightness is a useful tool when proving weak convergence, since
it implies the relative compactness of the set of measures {P,, n € N} by the well-known
Prohorov’s Theorem. We make it more precise.

Definition 2.50. Let (S,S) a metric space endowed with the o-algebra S generated by Borel
sets in S. Consider a sequence of probability measures {P,, n € N} on S. We say that the
family {P,, n € N} on S is tight if, for any € > 0, there exists a compact set K C S such that

sup P,(K) < e.

neN
Definition 2.51. Let (S,S) a metric space endowed with the o-algebra S generated by Borel
sets in S. Let {P,, n € N} be a family of probability measures on S. We say that the family
{P,, n € N} is relatively compact if it contains a subsequence {P,,, k € N} which converges
weakly to some probability measure P on S, as k — oo.

Tightness is related to relative compactness by the following;:

Theorem 2.52 (Prohorov’s Theorem. [Bil], Theorem 5.1). Let (S,S) a metric space endowed
with the o-algebra S generated by Borel sets in S. Let {P,, n € N} be a family of probability
measures on S. If {P,, n € N} is tight, then it is relatively compact.

Remark 2.53. The converse implication in Prohorov’s Theorem also holds, provided that S
is separable and complete. Anyway, we do not need it and we will not take care of this fact in
the following.

We remark that in our case we will have S = C([0,7] x R). In this setting we have the
following criterion for tightness (see [Yor83|, Proposition 2.3):
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Theorem 2.54. Let {X)}aea be a family of random functions indexed on the set A and taking
values in the space C([0,T] x R), in which we consider the metric of uniform convergence over
compact sets. Then, the family {X)\}xea is tight if, for any compact set J C R, there exist
p,p > 0,0 > 2, and a constant C such that the following holds for any t'.t € [0,T] and
', x e J:

(i) supres B[|X2 (0,00 | < o0,
. 6
(i1) sup/\eAE[|X,\(t/,x’) — XA(t,a:)P’} < C’(\t’ —t|+ |2’ — x|) .

2.4.3 Linear additive case

In this section we prove Theorem 2.45 under Hypothesis A, i.e. in the linear additive case. We
recall again the mild formulation (2.29) in this case:

W (1 2) = ot z) + //Gtsx— H(ds, dy),

and we recall also that under Hypothesis A we can consider any H € (0,1). We have from
Theorem 2.30 that a solution to (2.29) exists, it is unique and has continuous paths. We are
ready to start the proof of our main result.

Proof (Theorem 2.45, linear additive case). We split the proof in two steps. In the first one,
we prove that the sequence of stochastic convolutions @/ := ufl" — Iy is tight in C(]0, 7] x R).
By Prohorov’s Theorem 2.52, this implies that the sequence of convolutions @" possesses a
weakly converging subsequence @ to some limit law Y. The second step is devoted to the
identification of the limit law as Y = @ffo = wfo — J;. This is the typical strategy when
showing convergence in distribution of a family of processes, and we will use it again in the
linear multiplicative case in Section 2.4.5.

Step 1: Since H,, — Hy, the sequence {H,,} is contained in a compact set K C (0,1). For
a fixed H € (0,1), the solution u” is expressed as

Mt = otta) + [ [ Gl )W s, ),
We apply Theorem 2.54 to the family {@ = u — Iy} ek of stochastic convolutions:
Hit o)y =ul (t,2) — Io(t, ) = //Gt s(x —y)WH(dy, ds).
We write then, supposing without loss of generality that ¢ >t and 2’ > x:
al(t',a") — a'l(t, x) Z/tt, /Rths(w’ —y)W(ds, dy)
+ /Ot /R[ths(x’ —y) = G—s(x — y)|WH (ds, dy).

Thus, we have
E[\UH(t,x) - uH(t/,x’)ﬂ < Cy(I + 1),

& [\ / ' i Gt/_s@’y)wﬂ(ds,dy)(”],

o1

where I1, Iy are defined as:



I —F U/ / [Gis(z — y) — Gy_s(2' — )]WH (ds, dy)‘ }

Since I; is the moment of order p of a centered Gaussian random variable, we have

U / / () Gora(a’ — )W (ds, )| ]

p/2
= 2 &P /0 Loy (9) [ FFGu- (= (OPIE QHdsds]
- p/2 (2.45)
=2, /t /R |fGt/s(x’—-)(5>12|51‘2ﬂd£ds]

. vt p/2
=z, /0 /R |st/<f)\2|f|1—2Hd5ds’] :

Notice that we have used the standard properties of Fourier transform in the space variable,
and we performed the change of variable s’ = ¢ — s. The constant z, is the p-order moment of
a standard normal distribution and cg is given by (2.9).

Now we apply Lemma 2.46 and obtain

~ 1
Zp 0%2 [22H01—2H 1+ 2H

I < (2.46)
i [hra - mw o]

p/2
(t' — t)HZH] , wave equation,

, heat equation.

The above constant C’l_g m 1s the one of Lemma 2.46:

(1 — _
wsin(wl QH), HG(O,l),H;&%,

. 2H
Ciron =
1
T H=-=.
2 2
First, we observe that z, is independent of H and
I'2H + 1)sin(nH) _T'3) 1
CH = < = —,
2w 27 T

Next as far as estimate (2.46) for the wave equation is concerned, we note that 227 < 4 and
1+2H <1, for any H € (0,1). Thus, we concentrate on the constant C;_sz, which we show to

be uniformly bounded in H. Clearly, the function Ci_op : (0,1) — R has, possibly, a singularity
only in H = %, but since I'(x) ~ % as x — 04, by simple calculations we have that the function

C~’1,2 H is continuous also at the point H = % Therefore, C~'1,2 g is bounded on the set K.

1
On the other hand, regarding estimate (2.46) for the heat equation, we have that Ef(l —H)

defines a continuous function of H on the interval (0,1), and thus it is bounded on K.
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We now turn to the analysis of the term I. More precisely, we have
T
Ir,=E |:‘ /0 /R 1[0,t](8)[Gt_s(I —y) — Gt’—s(l'/ _ y)]WH(dS, dy)‘p:|

o[ [T 2 p/2

= 2] [ | 10a6s) [ [7(Grmate =) = Gomala’ = ) O] e -2ag ds}
0 R

/2 t 2 p/2

=2y [ /0 /R FGrosw =)&) = FGu_oa’ = ()| lel' 2 ag ds]

< % c’;’f%( [ /O t /R [FCuola’ =)&) — FG (o' — (@) e ae ds] "

+ [/Ot/R ‘]—"Gt_s(a?’ —)(é) — FGy_s(x — ')(5)‘215\12Hd§d3]p/2>

= zpcf;{Qcp(Jl + JQ),

where C), denotes some constant depending on p. We estimate J; and J> using similar techniques
as those used for the term I;. Hence, via the change of variable s’ =t — s, we have:

' 2 p/2
h= [/0 / | FG (@ =)&) = FGy(a' = )(©)| I¢I' 2 a ds’} .
Thus, by Lemma, 2.48,

Mgﬂ tP/2(t — t)PH < Z\IIp{/2 TPt — t)PH | wave equation,
J1 <
NJZZI/Q(t/ — t)PH/2, heat equation.

The above constants are the following:

1 min(1, |h|?)
M= g
1 1
= dh+/ ———dh
/h>1 |h|1r2H hj<1 [R[2H1
1,1
- H 1-H’
and
2 2

[ (1—ez)? l—e =
NH—/R |h|1+2H dh < w |R[IT2H dh

1 1
< dh+/ ————dh
/h>1 |h| 2 hj<1 [R[2H1
1 1

H+1—H'

1
The function H — —
e function I7 + 1—H
For the term Js, we have:

is again continuous in (0, 1), and thus bounded for H € K.

J2 = [/Ot/R‘fGts(m/ — (&) — FGi—s(x — .)(5)‘2|€|1—2Hd§d5r/2
= [/Ot/R[l —cos(&(2" — 2))]| FGy (z — .)(5)‘2‘§|172Hd§ ds/:|P/27
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and applying Lemma 2.47 we end up with

C’Z/Q tP/2 (2! — z)PH < C’Zﬂ TP/2(z' — z)PH | wave equation,
Ja <

C’Zﬂ (2 — x)PH, heat equation.

Here, the constant Cpy is

1 — cos(h) 1 1
Cp=| ——57+dh< —=+——
H /]R ‘h‘l—i-QH _H+1—H7

which again is a bounded function on the set K.
To sum up, we have proved that

E|aHu¢g—aHucynﬂfgc(@h-owu+@'—xyw)

where @ = H for the wave equation and a = % for the heat equation, and the constant C

depends only on p and 7. Thus, choosing p > we have that the hypotheses of

mingex H’
Theorem 2.54 are fulfilled by the family {@}gcx, for both for (SWE) and (SHE), and thus
the family is tight on C([0,7] x R). This concludes the first step of the proof.

Step 2: In order to identify the limit law of the sequence {uH" }n>1, we proceed to prove
the convergence of the finite dimensional distributions of @» when n — .

We recall that, for every H € (0,1), @7 = uf — Iy is a centered Gaussian process, so it
suffices to analyze the convergence of the corresponding covariance functions.

Let (t,z), (t',2") € [0,T] x R and suppose without loss of generality that ¢ > ¢. Then,

B[ath (t,)af (¢,2')] = cn, /Ot/RfGt_su — O FGo_ (@ —)(©) J¢]* > ds.

Let us first consider the case of the wave equation. Taking into account the explicit form of
FG(&) (see (2.44)), we have

B[ 1 )i (¢, 9] = e, /0 [ i€ sin((t — s)|g) sin((# — e e

We clearly have that cy, — ch,. The integrand function in the latter integral converges, as
n — 00, to
e~ sin((t — s)[€]) sin((¢' — )[€])
| §’1+2H0 ’

for almost every (s,€) € [0,t] x R. Moreover, thanks to the fact that |sin(z)| < z for all z € R,
its modulus is dominated by the integrable function

(t—s)(t' —s)

Teoaun (H—1 <
|£|25upn(Hn)—1’ s € [Ovt]a ‘§| <1,

1

GEEDCDIEE s €10,¢], €] > 1.

Then, by the dominated convergence theorem, we obtain that

lim E [ (t, 2)il" (¢, )| = ex, / t / e sin((t = s) D sin(( — ) e o
0 JR

n— o0 ’£|1+2H0

:E@%uwm%wwﬂ.
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On the other hand, in the case of the heat equation, we have

(=52 _ (t'-s)€2

—153: z') 5
B[atl (t, 2)a" (¢, 4')] = e, / / e —deds. (247

The pointwise limit of the above integrand is given by

) t—s)e2 t'—s)e2
e_lg(x_x/)e_( ;)5 e_( 23)5
T |

for all s € [0,¢] and £ € R, and its modulus reads

(t+t' —25)g2
e 2z
|¢[2Hn—1
Now, we use the bound
—az? .
e < —5, ifa>0,
ax

with a = (t +t' — 2s)/2 (which is always positive provided that s € [0,¢]). Thus

1

_ (4t 202 €25, (Hn)—1 €] <1, s €0,
2

- <
2H,—1 —
[3 9

(t/ _ t)’é“Zinfn(Hn)—s—l ’

€1 >1, s €0,t].

This covers all cases except ¢t = t/. In this latter case, the modulus of the integrand appearing
n (2.47) becomes

1

(€ ()1 €l <1, s €01,

e_(t_s)£2
T =

exp < —(t— S)€2>

|¢[2imnfn(Ha)—1

€1 >1, s e0,t],

and the integrability of this function is an easy consequence of Lemma 2.46. Therefore, by the
dominated convergence theorem, we also obtain that

lim E ﬁ,H"(t,x)ﬂH"(t’,x’)} - E[@HO(t,x)aHO(t’,x’) :

n—oo

which concludes Step 2 of the proof.
To finish the proof of the theorem, it remains to observe that, since the translation by Iy
is clearly a continuous mapping from C([0,7] x R) into itself, the convergence in distribution

d ~H . 1. e ey d .
aff» 5 afo implies the convergence in distribution u’* < w0, which was our statement. [J

2.4.4 Semilinear additive case

We prove now Theorem 2.45 in the semilinear additive case. We are thus under Hypothesis B1,
which allows us to consider any H € (0,1). The mild formulation in this case is given by (2.30),
which we recall:

uH (t,x) = Ip(t, 2) / /Gt Sz — y)b(u H(s,y))dyds+/0t/RGt_s(x—y)WH(ds,dy).
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Fix Hyp € (0,1) and consider any sequence {H,, n € N} such that H,, - Hp as n — oco. We
will work under hypothesis B1 in the following.

With this hypotheses, we still have that the existence and uniqueness result for (2.30) holds,
as we proved in Subsection 2.3.2. We prove our main result Theorem 2.45 in this framework
now. We will divide the proof in three different cases. The first one is the wave equation
case. The second is the heat equation case with the additional hypothesis that the function b
is bounded and Lipschiz. The third one is the heat equation case with b only Lipschitz.

In the first two cases we will use the same technique in the proof, while in the third we will
exploit the result for b bounded and a limiting argument to deduce the general result. Before
entering into the proofs, we give two ad-hoc versions of Gronwall lemmas that will be used in
the proof. The first one is relative to the wave equation, and has been already shown in [BeJo15]

Lemma 2.55. Let {f,, n > 0} be a sequence of real-valued non-negative functions defined on
[0,T] x [a —T,b+T], for some a,b € R such that a<b, and T > 0. Suppose that there exist

A, 1> 0 such that, for every (t,x) € [0,T] X | and n >0,
T+t—s
fop1(t,z) < A+ = // fn(s,y) dyds,
r—t+s

and that fo is bounded. Then, for every n >0 and (t,z) € [0,T] X [a,b], it holds that

(MtQ)

< )‘Z (ut*)*

, (2.48)

which in particular tmplies that

lim sup f(t, z) < Xexp(ut?).

n—o0

Proof. We prove it by induction: the case n = 1 reduces to the inequality

fl(tvx) <A+ MtZHfOHOOv
that is clearly satisfied. We go on with the inductive step: if (2.48) holds true, then

T+t—s n— 1 S 52n
Fari(ta) <A+ E // Y ()" +y|f0|oo(“n,) | asay

t+s k=0 k!
-1 2\k 2\n
[ 3 (ps®) (ps®)
._x+2A2@ SIED DY TP TR Lt P

=0

N

t n—1 k 2\n
<a+u | t[AZ(“;) 11 folloo 5 s

k k+1 n(42\n+1

1 ( p" (%)
= A ]
o Zk' /<;+1 *llolloo s i 513
k’+1 t2 k+1 n+1(t2)n+1

_AJFAZ K2k + 1 +||f°||°° n!(2n + 1)

n+1 2\n+1
,u t
<AZ ol E)

(n4+1)!
which is our thesis. In the last two inequalities, we shifted by one the index of the sum and we
used the fact that 4k% + 6k +2 > k + 1, for every k € N. If we take the limsup as n — oo in
both sides of the inequality we also obtain easily that

lim sup f,,(t, z) < Xexp(ut?).

n—o0

o6



O
Remark 2.56. Using Lemma 3.7 of [ChDal5], one could get a sharper version of this result.

We introduce now another Gronwall’s type lemma that will be used in the case of the heat
equation. This result is somehow analogous to Lemma 2.55, but its hypothesis are a bit more
restrictive, since it asks that b is bounded and Lipschitz. This restriction on b will be the reason
for which in the standing semilinear additive case we have to split the proof of Theorem 2.45,
for the heat equation, in the cases with b bounded and b possibly unbounded.

Lemma 2.57. Let {fn}n>1, fn : [0,T] x R = R, be a sequence of functions that satisfy, for
every (t,x) € [0,T] x R, the following inequality: for some p, A >0,

_lz—yl®

[fra1(t, ) = fult, 2)] < po e 5 0(fn(8,9)) = b(fn-1(s,y))|dy ds + A,

t

1
/0 /R V27 (t —s)
where b : R — R is bounded and Lipschitz continuous with Lipschitz constant C'. Then, we have

that, for any n > 1 and (t,x) € [0,T] x R,

Cn—l Hn n—1 )\tk
Far (t,2) = fults2)] < 200 & M

As a consequence, we also have that

timsup ((sup | fousa(F,) = falt, o)) < Ae'

n—oo xER
Proof. We prove it by induction. First, we compute

_lz—yl

|fa(t, ) — e 0= ”\b(fl(s y)) — b(fo(s,y))|dy ds + A

pal<n [ [ e
o—y|?

_lz—1
< 24/ [bl]so e 29 dyds + A

t 1
/0 /R \V2m(t —s)
< 21/[b|e /Ot 1ds + A
= 20t||b||co + A
For the inductive step, we have to exploit the Lipschitz continuity of b:

_lz=yl?

’fn-‘rl(tvx) - fn(ta x)‘ < 12 6 20 S) ‘b(fn(s Z/)) (fn—l(say))‘dyds + A

! 1
/0 /R 27 (t —
t —
<uc [ [ %ﬁ_ T 5,9) — s,y ds +

‘z, Cn—2 s n—1
< [ | s T oS
ok
+Z = }dyds—i—/\

t nem—1.n—1 n—2 k
B urC" s As
_/ [2]|b||007(n_1)! + 30 2 s+ A

0 k=0

—1

)" AtF
_2boon1/'6 e
Bl gjk
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A direct consequence of this fact is that

limsup | fr41(t, ) — fr(t,x)] < et

n—o0

which concludes the proof. O

Remark 2.58. The hypothesis that b is bounded is used only in the step n = 1 of the induction,
to show that the integral is finite. However, it looks like there is no other way to prove the result
for a general b without imposing some boundedness conditions on f; and fy. The conditions
on f1, fo could be weaker than the one on b; for example, continuity and polynomial growth at
x — oo would be sufficient to prove the result.

Wave equation

Due to the difference between the two Gronwall lemmas we just proved, we provide two separate
proofs for Theorem 2.45 for the wave and heat equation. We start from the wave equation.

Proof (Theorem 2.45, semilinear additive case, wave equation). We introduce the general argu-
ment that use to prove the result both in this case and in the following case. Let 1 be a
deterministic function in C(]0,7] x R), and consider the (deterministic) integral equation

2(t,2) = /0 /R b(2(5.9))Gr—s( — y)dsdy + n(t, ), (2.49)

which is defined on the space C([0, 7] x R), endowed with the metric of uniform convergence on
compact sets. Recall that here we are considering as G the fundamental solution of the wave
equation, given by Gy(x) = 1 < (t, z).

We will prove that (2.49) admits a unique solution. This allows us to define the solution

operator
F:C(]0,T] xR) — C([0,T] x R) (2.50)

by (Fn)(t,z) := z(t,x). We will show that this operator is continuous.

Denote now as @'’ the solution of the linear additive mild equation (2.29) and with u/»
the solution of the semilinear additive equation (2.30). Notice that, if we define (for any fixed
n € N) n(-,-) = a'(-,")(w) and z(-,-) := u"(-,-)(w) we have that u/™» = F(a') (almost
surely). Since we have proved already that Theorem 2.45 holds in the linear additive case, we
know that @f» converges in law, in the space of continuous functions, to @°. Therefore, we
can apply Theorem 2.7 of [Bil] to obtain the desired result.

We prove now that (2.49) is well-posed and defines a continuous operator from C([0,7] x R))
into itself. We define the Picard iteration scheme

20(t,z) :==n(t, )
/ /Gt s\ — (Zn—1(37y))dyd5+n(t’ :IZ) (251)
//a:ths (2ne1(8,y))dyds + n(t,z), n>1.

t+s

Clearly, the above expressions of the Picard scheme are well-defined. Moreover, since b is
Lipschitz continuous, if z,_1 is continuous then also bo z,_1 is so. This gives by induction that
zn is a continuous function. Moreover, we will show that z, converges uniformly on compact
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sets on [0,7] x R. More precisely, we prove that the sequence {z,},>0 is uniformly Cauchy on
[0,T] x [-L, L], for every L > 0. Indeed, for all (¢,z) € [0,T] x [-L, L], we have

nialt,2) ~ nlt,0)] = 3 L[ et~ sy ds

t+s
r+t—s
<C// znsy—znlsy‘dyds
rx—t+s
We can apply Lemma 2.55 to the sequence of functions f, := |z,41 — 2| and with A = 0 and
w = 2C, obtaining that
2012)"
o) =zt < (s Jas) - (s )]) 200
(s,9)€[0, T x [~ L—T,L+T] n.
2CL%)"
< ( sup 21(s,y) — 20(s, y)l) (n')

(s,9)€[0,T)X[—L—T,L+T)

Notice that the latter bound does not depend on ¢t and x. This remark, together with the
fact that the function z; — zy is bounded on any compact set, and that the sum » 7o, (wnﬂ
is convergent, yield that the sequence {z,(t,z)},>0 is uniformly Cauchy on [0,T] x [—L, L].
Let z(t,z) denote its limit. Then, by the uniqueness of the pointwise limit, the fact that
C([0,T] x R) is a complete metric space (with the underlying metric) and that z,, n > 0, are
continuous functions, we have that z is also a continuous function in C([0,7] x R).

Letting n — oo in (2.51) and observing that b o z, — b o z uniformly on compact sets, one
immediately gets that z solves equation (2.49).

The uniqueness of the solution comes from a simple remark: suppose we have two solutions
21, 22 relative to the same 7. Then, for a fixed L > 0 and for any (¢,z) € [0,T] x [-L, L], we
have

r+t—s
21(t, ) — 2a(t, )| < = // b(z1(5,9)) — b(za(s, v)Idy ds

t+s
T+t—s
< C/ / 21(s,y) — 22(s,y)|dy ds.
T—t+s
It remains to apply Lemma 2.55 to obtain the uniqueness for every L > 0, and thus for the

equation on the whole space.

Let us now turn to the analysis of the solution operator F : C([0,7] x R) — C(]0,T] x R),
which is defined by F'(n)(t,x) := z(t,xz). We need to prove that this operator is continuous with
respect to the metric of uniform convergence on compact sets. That is, we show the continuity
of the restricted mapping

Fr, :C([0,T] x R) — C([0,T] x R),

for every L > 0.
We denote by || - [|oo,r, the supremum norm on C([0,7] x [-L,L]). Let z; := F(n) and
29 := F () for some 11,12 € C([0,T] X R). Then, for (t,z) € [0,T] x [-L, L],

Tr+t—s
vwm@tm<//) b(z1(5,)) — b(za(s, )|y ds + [ (t,2) — ma(t, )]
r—t+s

T+t—s
<o [ [ atosn) = sty + i =l
r—t+s

Here, we apply again Lemma 2.55 to obtain that

121 = 22|00,z < Clln — 02|00, -

29



Heat equation, b bounded

Proof (Theorem 2.45, semilinear additive case, heat equation with b bounded). As in the previ-
ous case, it is sufficient to construct the operator (2.49), that we recall:

() = [ [ We(o)Goosla ~ pidsdy + nt.a),

where this time the fundamental solution is

If we show that F' : C([0,T] x R) — C([0,7] x R) such that Fn(t,x) := z(t,z) is well-defined
and continuous also in this case, we can repeat the argument we used for the wave equation to
conclude that uf» — w0 in distribution on C([0,7] x R) as n — oo, whenever H,, — Hy.

We prove then the well-definiteness and continuity of F'. As in the case of the wave equation,
we consider the Picard iteration scheme

20(t,z) = n(t, )

zn(t, ) / /Gt s(@ —y)b(zn-1(s,y))dyds + n(t, x)

lz—yl|?

6_ 2(t=s) b(zn—1(57 y))dyds + n(ta ZL’), n 2 1.

:/o/mm

We clearly have that zg is continuous. Assume that z, 1 is well-defined and continuous, and we
check that z, is so. The well-definiteness of z, follows from the fact that b is bounded, which
implies that the integral defining z,(¢,z) is convergent for every (¢,x) € [0,T] x R. Regarding
the continuity of z,, let (¢,x) € [0,7] x R and pick a sequence (ty,,zn) — (t,x) as m — oo.
Then,

tm
et ) = / / Grors(m — 9)b(zn (5, 9))dy ds + 1t Tm)
tm
/ /G b(zn—1(tm —s’,xm—y'))dy'ds'+n(tm,xm)
Sup,, tm
/ / 1012 (8 )Gt (0t (b — T — 1))y ds'

+ n(tm, Tm)-

Thanks to the continuity of b and z,_1, the latter integrand converges point-wise to

1[0,t]><R(5/7 yl)Gs’(y/)b(Zn—l(t — sz — y/))

Since b is bounded and G has finite integral over [0, sup,, t,,] X R, we can apply the dominated
convergence theorem to obtain that

Hm 2, (tm, Tm) = 2n(t, x),
m—0o0
SO zp is continuous.
For every (t,z) € [0,T] x R, we can infer that

|z —yl|?

[2n1(t, ) = 2n(t, 2)| < e 20 [b(2n (s, 9)) = b(zn-1(s,y))|dy ds.

=
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By Lemma 2.57, we get

Cnfltn CnflTn
< 2||blJoe———
n: n:

’ZnJrl(tal') - Zn(ta$)| < 2”b||00

Since the rightmost term of this inequality is the general term of a converging series, and the
series does not depend on (¢, x), we can infer that the sequence {z, (¢, z) },>0 is uniformly Cauchy
in C([0,T] x R). This means that a limit z exists and, since z, — z uniformly, z € C([0, T] x R).
Moreover, it is straightforward to verify that z is the solution to equation (2.49). Finally,
uniqueness of solution can be easily checked by applying again Lemma 2.57, in the same way
we did in the wave equation case.

As far as the continuity of the solution operator F' : C([0, T] xR) — C(]0, T] xR) is concerned,
where F'(n)(t,x) = z(t,z), this property can be verified in the same way as in the case of the

wave equation, applying Lemma 2.57.
O

Heat equation, b general

Proof (Theorem 2.45, semilinear additive case, heat equation with b general). Recall that the ini-
tial condition ug is assumed to satisfy Hypothesis B1. In particular, ug is a-Holder continuous
for some o > Hj.

We will use a truncation argument on the drift b: for every m > 1, set

b () = b(x) Am, if b(x) >0,
mit) = b(xz)V —m, if b(z) <O0.

We have that b, is bounded and Lipschitz continuous, and converge pointwise to b, as m — oo.
Moreover, a unique Lipschitz constant can be fixed for all functions b,,, m > 1, and b. We
define u'» to be the solution of (2.30) where b is replaced by by, and corresponding to the
Hurst index H,. An immediate consequence of Theorem 2.45 in the case b bounded is that, for
any m > 1,

wtn THLM) uHo (2.52)

on C([0,T] x R).
The proof of Theorem 2.45 in our standing case is split in three steps.

Step 1: First, we check that the family of laws of {uff"},>1 is tight in C([0,T] x R). For
this, we will apply again Centsov criterion stated in Theorem 2.54. We point out that, indeed,
the computations of this step are valid for both heat and wave equations.

Notice that condition (i) of Theorem 2.54 is clearly satisfied, since uf'»(0, 0) is deterministic
and does not depend on n. Regarding condition (ii), let ¢,¢ € [0,7] and z,2’ € R with ¢/ > ¢
and 2’ > z, and we can suppose that |z — /| < 1 and |t — /| < 1. We aim to estimate

Bl uf (¢, 2') — utl (t,x)v)} <c, (E[\uH (', ) — uftn (t,x')\p]

+ E[|an (t,2') — uln(t, x)|p]) (2.53)
—C, (1 + J).
We will see that
I <Ot —t)PrP, T < Cyla’ —afPP, (2.54)

where Br, 87 > 0 are two positive constants.

61



To start with, we have that

I<c (|Ig(t’ o) — Io(t,2")P
—|—E ’/ /Gt/ ' —y)WH(ds, dy) — / /Gt s(@" — )W (ds, dy)) }

+E ’/Ot,/RGt/s(ﬂc'—y)b(uH"(s,y))dyds—/o /RGtS(fU/—y)b(uH"(S,y))dyds‘pD
= Cp(li + I + I3).

Regarding I, it is known from [BJQ15], Theorem 3.7, that, for a a-Holder continuous initial

condition, it holds
(infp, Hp)p

L<Clt —t|Z <Clt —t| = . (2.55)

Next, by step 1 in the proof of Theorem 2.45 in the linear additive case (Section 2.4.3), we
clearly obtain that

(infp Hn)p

L<Cl —t]"* <Ol —t . (2.56)

It remains to estimate I3. First, in the first summand of I35 we perform the change of variables
s’ =s—(t' —t), so that we obtain I3 < Cp(I31 + I32), where

0
p
I = / / Gy (@' = y)b(u (s + (¢~ £),y))ds'dy"|
—(t'—t) JR

and
Iy ::EH/O /RGt_S(a:’—y)(b(uH"(s—i—(t’—t),y)) — bt (s,y)) )dyds|”].

Clearly, I3 < C|t' —t|P by Holder inequality, Lemma 2.36 and the linear growth of b. For I3 9,
we have that

I, =B /0 t /R Guaa — ) (b (s + (¢ = 1),9)) — b (5,9)) ) dy ds”]
< CE[/Ot/RGtS(x’ - y))an(er ' —1),y)) — an(s,y)‘pdyds]
<cC /0 t /R Gioa’ =) (sup supBl[uf"(s + (¢ = 1)) — u'" (s.9)[] ) dy ds

n>1 yeR

t
=C | sup supE HUH" (s+ (' —1),y)) —ull(s, y)m ds.
0 n>1 yeR

This latter estimate, together with (2.55) and (2.56) and the very definition of I, let us infer
that

wHn(t 4 (' — 1), 2) — ulln (1, x)ﬂ

sup supE [|
n>1 z€R

t
< il — )PP + G / sup sup B[[u'™ (s + (¢ = 1),) = " (s, )| ] ds,
0 n>1 yeR

where the constants C; and C; do not depend on H,, and 8; = %infn H,,. Hence, by Gronwall
lemma, we obtain the desired estimate for I (see (2.54)).
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Let us now deal with the term J in (2.53). Assume that 2’ = x + h, for some h > 0. We
have

E[yan(t x4+ h) — utn(t, x)ﬂ <C (|10(t z+h) — Iy(t,z)|P

‘/ /Gt s(x+h—y)WHn (ds, dy) — / /Gt s(z —y)WHn(ds, dy)”

E ‘/0 /RGt_S(:c + h — y)b(u (s, y))dy ds (2.57)
[ [ ase s uaasl])
0o JR
= J1+ o+ J3.

By [BJQ15], Theorem 3.7, and step 1 in the proof of Theorem 2.45 in the linear additive case,
we get, respectively,

Jy < cplinfnadeand gy < ¢ plintn Hop, (2.58)

In order to tackle the term .J3, we perform the change of variable 3/ = y— h in its first summand,
yielding

’/ /Gt s(@ =y )b(u (s, + h))dy ds—/ /Gt s x—y)b(uH”(s,y))dde(p]

Then, renaming the variable 3 as y, we have

’/ / utn (s,y 4+ h)) — b(ut (s, y)))Gt_s(:c—y)dyds‘p}

<C [ sup SupEH Hn(s,y+h)) — (s,y))’p}ds.
0 n>1 yeR

Putting together this bound and those of (2.58), we get

supsup E [|uH” (t,z + h) — utln(t,z) |p}
n>1zeR

t
<O pbIP 4 02/ sup supEHan(s,y +h)) — an(s,y)"’] ds,
0 n>1 yeR

where 87 = inf,, H,. By Groénwall lemma, we conclude that estimates (2.54) hold. Therefore,
by Theorem 2.54, the family of laws of {ufl"},>1 is tight in C([0,T] x R).

Step 2: This part of the proof is devoted to show the following uniform L?(£2)-convergence:

sup sup  Bl|ull(t,z) — o (t,z)?| —— 0.
He[a,b] (t,x)€[0,T]xR m—00

We remark that, indeed, the uniformity with respect to (¢,x) € [0, 7] x R will not be needed in
step 3, but we obtain it for free thanks to our Gronwall-type argument exhibited below.
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We argue as follows:
B[lufl (¢, 2) — u (¢, 2) ]
<0/ /Gtsx— B[ (uf (5, ) — (" (5,)) | dy ds
<o ([ [ Gusa—um[lomuliis.n) —bma” (.0 dy s
# [ Gule =B [l (5.0 50y )
/ | Gesla = B[l (o) = " s.9) g s
//@sw-hb<<»—mﬂwmeWWWMﬁ
< C(/O swp sup Bflult(sy) — u”(s' )] ds

Hela,b] (s',y)€[0,s] xR

(2.59)

[ Gt = B [l 5,00) = 0 5,0 ] B ) > )y ).

where in the progress we used the fact that |b,, (u (s,y))—b(ul (s,y))| = 0, whenever |[u'! (s,y)| <
m.

A direct consequence of Lemma 2.36 is that «!! is uniformly bounded in LP(2), with respect
to H € [a,b] and (t,z) € [0,T] x R, for any p > 2, which means that there exists a constant M,

which depends only on p and T such that

sup sup E[\UH(t,x)]p} < M,. (2.60)
Hela,b] (t,2)€[0,T]xR

Hence, by Markov inequality,

Bl 0P|

P (s, )] > m) € ——— = < 2.

Note that the latter estimate is again uniform with respect to H € [a,b] and (s,y) € [0,T] x R.
Thus, going back to (2.59) and using the linear growth of b and (2.60), we get

2.61)
t 1/2 ¢ 1/2 (
< / CM2 Gi_s(x —y)dyds < / C’AM2 ds =: g

o JR m 0 m m

We observe now that if on the left-hand side of (2.59) we replace ¢ with any ¢’ < ¢, the inequality
would still hold exactly in the same way (indeed, the integrand on the right-hand side is positive,
S0 it is increasing as a function of ¢). Therefore, we can infer that

s sup Bl (t,x) - uf (¢, 2) 2]
Hela,b] (t,2)€]0,t] xR

C t
<Shicy [ s s Bflull(sg) - o ()P ds
m 0 Helab] (s',y)€[0,s] xR

Then, Gronwall lemma implies that

3lQ

s sup  B[lufl(t,2) - u (¢, 2) ) <
Hela,b] (t,x)€[0,T] xR
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which is what we wanted to show.

Step 3: We prove that the finite dimensional distributions of uf» converge to those of u!.

Given a finite dimensional vector {(t1,z1),..., (tx, zx)} and f € Cy(R¥), we can write

‘E[f(uH"(tl,xl), . ,uH"(tk,wk)) - f(uHO(tl,:cl), . ,uHO(tk,:Uk))} ’
< ‘E[f(uH"(tl,ml),...,uH“(tk,xk)) _ f(uf,{n(tl,xl),...,ugn(tk,xk))}]
+ ‘E[f(ug”(tl,ml), ouln(ty, xk)) - f(ugo(tl,:nl), coudlogt, IL‘k)):| ‘

+ ‘E[f(uﬁo(tl,ml), ey ugo(tk, xk)) — f(uHO(tl,xl), ce ,uHO(tk,xk))} ‘
=: I1(m,n) + Io(m,n) + Is(m).

Assume that f : R¥ — R is Lipschitz continuous with Lipschitz constant L ¢ (we can always
restrict to the class of Lipschitz continuous functions to verify weak convergence). Then, for all
H € [a,b],

sup ‘E[f(uH(tl,azl),...,uH(tk,xk)) _ f(ug(tl,xl),...,ug(tk,xk))}(

Hela,b]

< sup EHf (t1,21), - H(tk,xk))—f(u{,{(tl,xl),...,uf;{(tk,xk))H

Hela,b)
< sup L E[(zk:m t; :E) H(t- :L‘<)|2>1/2}

Hela,b] j=1 j’ ’ n

; o (2.62)
TG ")
k o " 51\ 1/2

ctr o (S el )
gLfk%( sup sup [[u (t,x) — H(t,x)|2D1/2,

Hela,b] (t,z)€[0,T]xR

where the last term converges to 0 as m — oo thanks to step 2, and taking into account that
we are considering an arbitrary but fixed number of terms k. Hence, for any € > 0, there exists
mg > 1 such that, for all m > mg, we have

sup (Il(m, n) + I3(m)> <

n>1

| ™

In particular, we have

‘E[f(uH"(tl,:nl),...,uH"(tk,mk)) ~ (), . ,uHO(tk,xk))” < In(mo,n) + %

Finally, it is sufficient to observe that the convergence (2.52) implies the corresponding conver-
gence of the finite dimensional distributions, and thus for some ng > 1 we have that, for all
n > ng, it holds Iz(mo,n) < 5. Therefore,

jE[f(an(tl,xl),...,an(tk,xk)) - f(uHO(tl,xl),...,uHO(tk,xk))]j <e,

where € can be taken arbitrary small. This concludes the proof of Theorem 2.45 in the semilinear

additive case for the stochastic heat equation in the case of a general Lipschitz continuous drift
b.
O
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2.4.5 Linear multiplicative case

We prove now Theorem 2.45 in the linear multiplicative case. This means that we are under
Hypothesis C, and we can consider only H € (%, 1). The mild formulation in this case is given

by (2.38), that is,

H = t T — UHS H S .
<t,x>—n+/0/RGts< yyul! (s,y)WH (ds, dy)

We remarked in Theorem 2.39 that a solution exists and it is unique for this problem. Moreover,
we showed that also the Skorohod mild solution (2.41) exists and coincides with the It6 mild
solution defined by (2.38), thanks to Theorem 2.42. From the latter result we also have that
the Picard iteration scheme {u’l, m € N}, used in [BJQ15] and [DaQul1] to obtain a solution
for (2.38) coincides with a sum of multiple Wiener integrals (up to order m) of a deterministic
function g,,. We will recall this result precisely later and we will make use of it to prove our
main result.

Let Hy € (i, 1) and suppose that {H,, n € N} C (%, 1) is such that H,, — Hy as n — oo.
We aim to prove that uff» — 40 in distribution on C([0,T] x R)) as n — oo. We will split the
proof in 3 parts: in the first two parts, we will show that the sequence of solutions {uf», n € N}
defines a tight family of probability measures on C([0,T] x R). We split the computations in
the case H € (%, 1), which has more involved calculations, and the case H € [$,1), in which
the calculations are more straightforward. We explain briefly why: in the case H € (%, %),
the Burkholder-Davis-Gundy inequality (2.25) forces us to consider the Fourier transform of
the whole integrand process, while in the case H € [%, 1), when we use the Burkholder-Davis-
Gundy inequality (2.23), we only have to compute the Fourier transform of the deterministic
part of the integrand process, which will be explicit in our case. In the third part of the proof,
we will identify the limit. To do it, we will exploit the representation result for multiple Wiener
integrals Theorem 2.14 to compare the Picard 1terat10ns ull relative to different values of H.
This implies that we can compare also the solutions u/! relative to different values of H, and
allows us to show the identification of the limit. With these facts in mind, we give the proof of
Theorem 2.45 in the standing case.

Tightness in the case H ¢ (%, %)

Let {ull», m € N} be the sequence of Picard iterations defined by (2 42) in order to solve (2.38).
Suppose for the moment that the limiting Hurst exponent Hy € (X 1 2] If Hy € (& 1 2) we can
assume without loss of generality that the whole sequence {H,, n € N} C [, 0] C (,3). If
Hy = %, we can assume at most that {H,, n € N} C [, 3) C (3, 3). From now on we will de-
note both type of sets as K, meaning that K = [n1, 2] if Hy € (1, 5) and K = [y, 3) if Hy = 3.
Clearly, if the limiting exponent Hy = % we cannot suppose that H, — Hg always from be-
low. In Section 2.4.5 we will handle also families of Hurst exponents of the type K = (%, 2], so

that we complete our result (the union of a finite number of tight families is a tight family itself).

The solution u!? has been found in [BJQ15] as a limit of the Picard iterations (2.42), defined
by

ubl (t, z) ==Io(t, x)
ug+l(t7 r) :=Io(t, ) / /Gt s —y (S,y)WH(ds,dy), m > 0.

The limit is found in the Banach space (x, || || XH) of L%())-continuous, adapted and jointly
measurable processes such that

Y[y = 1Y, + ¥ ]lyz < oo,

66



where, for a process Y = {Y'(t,z), (t,z) € [0,7] x R} the (semi-)norms are defined by

1/p
Y = sup E||Y(t, x)P
|| ||X1 (t,x)€[0,T]xR [‘ ( )’ :|

and

H(1—-2H) /t )
Y = sup _ G (z—y
¥l (t,x)é[O,T]xR( 2 0 Jr2 ( )
2/p (2.63)

Een o)) ds) v

y— P

Notice that the LP-part || - ||y, of the norm [ - ||y u does not depend on H, as it is also pointed
out by the notation itself, while the Gagliardo-type part || - || XX depends on H.

Remark 2.59. In [BJQ15], the norm HHX? is defined without the constant M Anyway,
since the two definitions give rise to equivalent norms, the results about existence and uniqueness
of a solution for equation (2.38) when H € (1/4,1/2) are still holding true. On the other hand,
we will see how adding this normalizing constant helps us in proving the uniform (in H) results
that we need in the estimation process.

We prove an embedding lemma for the spaces Y, which could be of independent interest:

Lemma 2.60 (Sobolev-type embedding). Let i <a<p< % Then the following embedding
holds:

X = X7
This means that there exists a constant C' such that for every process Y which is adapted, jointly
measurable and L?(Q)-continuous it holds

Y[ye < ClIY | xa- (2.64)
Moreover, it holds the following stronger property for the Gagliardo-type seminorms || - ”XB :
2
sup ||Y[]y8 < CIY][xe (2.65)

Bela,3)
where the constant C depends only on p and T'.

Proof. We follow the same reasoning of [DPV12]. Since for any v € (1/4,1/2) the norm ||- ||, =
I+ flx, + 11 HX; has a constant (with respect to 7) part, we only need to prove the inequality
(2.64) for the [[ - [y part of the norm. We have

B[IY (s.9) - V(s 2] " -
BL-25) [* Y)Yz
2/0 - G?_s(x—y) = 2 dydzds
2/p 172 (2.66)
1—-2 t E |Y(Say) - Y(S7y - 3)‘10
= M/(; s G?ﬁs(x _y) [ |E‘2725 :| dydzds

< C(Il + IQ),
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where we label I; the term where we integrate in the variable Z in the region |Z| > 1, and I
the term where we integrate in the region |z| < 1. First we handle I;

B(1-28) [ , B[V (s,9) = Y (s, — 2)P?] " i
= (2 /0 /IR 2121 Ceslemt) |Z|2-28 =y ds)

1/2
1/ _
<Cp sup [’Y( ’p} P Qﬁ // Gl (@ =) 25d2dyd3
(1,2)€[0.T] xR Z>1 H

The integral f|5|>1 W%Qﬁd? = ﬁ, therefore we have that

B(l1—2
s —25) // G? . (z—v) 5 25dzdyds
[z|>1 ’|

Sﬁ/ /Gf_s(x—y)ddeSﬂCTSC;
0 JR

Thus we can conclude that

1/p
II S Cp,T sup E[’Y(t7 m)’p:|
(t,x)€[0, T xR

Regarding I, we observe that

B(1-28) [ ) E[\Y(s,y)—Y(s,y—E)l”r/p - 2
b= (2/0 A e O Y B dZdyd‘S)

2/p
o(l —2a) (' , B[[Y(s,9) = Y (s,y = 2)P 12
< // Gi_s(zr—y) —5 dzdyds
2 0 JrJjz1<1 |z|22

}2/1)

all — 2« ¢ E |Y(S7 )_Y(87 _2)|p 1/
(052 [ [ [tem ey I )
t s5,y) = Y(s,y —2)P o 1/2
< (52 o e T e )

(t,z)€[0,T]|xR
=[Ylys-

Notice that both the estimate for I; and the estimate for 5 are independent of (¢, z) € [0,T] xR
and of § € [, 1/2). Therefore, we can take the supremum for (¢,z) € [0,7] xR and § € [a,1/2)
in the left-hand side of (2.66) to conclude

S[up ) Ylys < CorllYllx, + [Yllxg < ClIY]xe, (2.67)
Be a,2

which obviously implies
Ylye < (Cpr + DYy, + 1Y lxs < ClIY[xe
for a suitable constant C. L]

We are ready now to state the main result of this subsection.
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Proposition 2.61. Let Uy := {uff, H € K} be the family of solutions of (2.38), where K is
either of the form [n1,m2], with ni,n2 € (%, %) and m < ma, or K = [n, %), where m € (i, %)
Then, the family Uk s tight in C([0,T] x R), endowed with the metric of uniform convergence

on compact sets.

We postpone the proof of this result, since we need some auxiliary results. The idea is to
use again Centsov criterion (Theorem 2.54) in order to prove the tightness. We need to get an
estimate of the type

(i) supyea E[IX2(0,0)7] < oo,
0
(ii) supyen E[|XA(t’,:L") - XA(t,x)ﬂ < C(\t' —t]+ o — x|) .
We will obtain such an estimate for u by obtaining first a similar estimate for the Picard
iterations ul. Since the estimation for the Picard iteration will be uniform with respect to H

and satisfy some further conditions, we will be able to pass to the limit as m — oo and obtain
the estimate we need for the family u’.

First of all, we show the following well-definiteness theorem for the Picard iterations {u/l},,,
which is an adaptation of Theorem 3.7 of [BJQ15], stated uniformly in H. We remark that also
its proof is an adaptation of the proof presented in [BJQ15]. We only have to take care of the
fact that we need those results uniformly in H.

Proposition 2.62. Let p > 2 and Cy =

M. For any m > 0, we have that

i) For any H € K, ull(t,z) is well defined for any (t,z) € [0,T] x R
i1)  sup sup E[\uTHn(t,x)]p} < 00
HeK (t,x)e[0,T]xR

¢
iii)  sup sup CH/ G? (z—v) (P)
HeK (t,z)€[0,T]xR 0 JR?

2/p

X dydzds < oo

Proof. As we said, we adapt the proof of Theorem 3.7 of [BJQ15] to our case. The adaptation
consists in taking care that all the estimates can be generalized in order to be uniform for
H € K. We prove the result by induction.

Step 1: we check that for m = 0 condition (P) holds.

First, notice that ufl(t,z) = Iy(t,z) is the solution of the deterministic equation, which is
well defined under our initial condition hypothesis, so that the first condition in (P) is satisfied
for any H € K.

Moreover, the explicit form of I, together with boundedness of the initial conditions (we
are indeed considering a constant initial condition), easily implies that

sup  |Io(t, x)| < oo,
(t,)€[0,T) xR

which implies the condition i) of (P) in the case m = 0. Regarding the third condition of (P),
we use Lemma 2.60. Observe that

2/p
o ! o2 (E[Uo(&y)—fo(s,zﬂpb o o
H/O /R? sz —y) g — 222 ydzds = || OHXE'
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Applying (2.67) with § = H, a = n; we have that

sup HIOHXH < sup |[lollys < 2G5 20l + 1ol
He[nlvg)

Since we already showed
[ollx, = sup  [lo(t,2)| < oo,
(t,z)€[0,T]xR
we are left to prove that
[Hol[ym < oo,

which is an immediate consequence of the proof on page 17 of [BJQ15], since n; € (% I ;)

Step 2: we prove the first two conditions in (P) for m + 1, assuming that they hold true for
m. First, from Section 3.2 of [BJQ15] we have that the Picard iterations ufl | are well-defined
for every H € (1,1). Regarding the condition 4i) in (P), we have that

B, (t, x)\p] :EHIO(t, )+ /0 t /R Gt_s(x—y)uﬁ(s,y)WH(ds,dy)’p} .
2.68

§C<|I0(t, x)|P + EH /Ot/RGt_S(x - y)u%(s,y)WH(ds,dy)’pD.

We know from Step 1 that the first term is bounded uniformly in ¢, x, H. For the second term,
we define S (s,y) := Gi_s(x —y)ull(s,y). We already know that S/ is integrable with respect
to the noise W# (from the proof of well definiteness of the Picard iterations ufl ), so we are
only left to show that the second term is also bounded. Extending the integration interval and
using Theorem 2.19 we have that

E ‘/t/Gt_s(x—y)ug(s,y)WH(ds,dy)‘p}

|SH (s,9) — SH (s, 2)|? p/2
<
2pBE ‘C’H/ // |y—z\2H2 dydzds‘ ],

where z, is the constant of the Burkholder-Davis-Gundy inequality and Cy = H(1 —2H)/2 as

before. If we now add and subtract the mixed term Gy_s(x — y)ull (s, z) we obtain

|SH (s,y) — SH(s, 2)|? p/2
z2pE ’CH/ // \y—z]2H2 dydzds‘ }

uH (s,y) — ull(s, 2)|? p/2
< Cz EHC’H/ / Gf_s(:c—y)| m( yj 2_”;5{ ) dydzds‘ }
0 JR2 z|

ly
Gro(—y) — Gy olz — 2)|? P/
+E ’C’H/ / lutl ( sz|2’ t=s( y)z]2 t2H( ) dydzds‘ })

C(Il + 12

We estimate first I;: thanks to the Minkowski inequality for integrals we have that

2/
r B[lufi(s,y) - wi(s, 20| o2
I < CH/ / G?_s(ac—y) 55 H dy dz ds
0 JRr2 ly — 2|

which is uniformly bounded for H € K and (¢,z) € [0,7] x R thanks to the inductive hypothesis
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on the third condition in (P). Using the same inequality for I3 we obtain:

/2
T 2/ o 2 P
I, < C’H/ / E[|ug(s,z)]”} PIG-s( yz ﬁt;;(x 2) dy dz ds
0 JR2 ly — 2|
g<sup sup E[|u££<t,x>|p]>
HeK (t,x)€[0,T]xR

p/2
|Gt s l‘— Gt s( —Z)|2
dydzd .
(o] [ oty

Thanks to the inductive hypothesis for condition ) in (P) the first factor is bounded, while for
the second factor we use Proposition 2.21 to obtain

p/2
|Gt s .’L'— Gt 5( —Z)‘Q
(C’H/ /R2 z|2 ST dydzds

. p/2 (2.69)
= (cH I/ |fGt_s<5>|2|5|”Hd5ds> ,
0 R
where we recall that the constant cg is given by
I'(1+2H)sin(rH
ey = L+ 2H)sin(rH) (2.70)

2

Notice that it holds cy < 5= for H € (4, 3). Moreover, the last integral appearing in (2.69) is
uniformly bounded for H e 'K and (t,z) € [0,T] x R, thanks to Lemma 2.46. Indeed, it holds

22HCy _op5my TH2H wave equation,

T
/ / FGr_(&)21€]' "2 de ds < (2.71)
0 JR %p(l — H)TH heat equation.

The constants depending on H that appear can all be bounded uniformly when H € K. Indeed,
in Step 1 of the proof given in 2.4.3 we showed that this is true even when K is a compact
interval in (0,1). In particular, in that proof it is shown that the constant Cj_gz, which is
defined in Lemma 2.46, defines a continuous function C : (0,1) — R, and then it is bounded on
every compact interval. Thus, since also I < oo, we can conclude that

sup sup E[luﬁJrl(t, x)|P| < o0.
HeK (t,z)€[0,T]xR

Step 3: we prove that condition #ii) in (P) holds for ufl ;. The proof is identical to the
proof on pages 19-21 of [BJQ15], except for the fact that we have to take care that all the
estimates are uniform with respect to H € K. We prove it in detail: we need

t
sup  sup  Cp / G} (z—y)
HeK (t,z)e[0,T]xR 0 JR?

X EEET dydzds < oo
z

(2.72)
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We compute:

Bllufly1(s, 5+ 2) = ufl 1 (5. )"]
< Cllo(s,y +z) = Lo(s, y)"|
+CE| ]/ / sry 2 = 0) = Gompy = v)uld (r, o)W (dr, o)
< C|IO(S7y+Z> 7-[0(5’3/) |

+CC§;/2E<

(Gorly+2 =) = Gomrly = v) )ufi(1,0)

RQ

_ N\ H |2 1 _
— (Gg_r(y—i- z2—0)—Gs_r(y — v))um(r, v)‘ mdv dv dr

p/2>

Plugging this computations into (2.72) we obtain two terms. The first term is the left-hand side
of (2.72) itself, in the case m = 0, which we already proved to be bounded in Step 1. The other
term appearing is

Gt s B
ch/ I (
1

2
— (Gs_r(y +z — E) — GS—T(y — 6))“%(7‘, 6) mdv dﬂd""

Gs—r(y+2z—v)—Gs— (y—v))ug(r,v)

p/2\ 2/p
) dz dy ds.

We add and subtract the mixed term (Gs_,(y+ 2z —v) — Gs_.(y —v))ull (r,7) and we have that
the last integral is bounded by C' (C’%IAl + C% As), where

G2 (v —
Cirs CH/ /dedyd HQ 2H <// Ger(y+2—v) = Gsr(y —v)?
R
1 p/2\ 2/p
><|ug(r,v)—ug(r,ﬁ)Fmdvd@dr ) ,
dvdvdr|u rv)|

G?_
A dzdyds
C“CH//Rz” S ( "

% [(Gs—r(y+2—v) = Gs—r(y =) = (Gs—(y + 2 =) = Gs—(y — U))|2
’7} 76|272H

RQ

p/2> 2/p

We start from Aj;: by applying Minkowski inequality for integrals, then Fubini’s theorem,
together with some change of variables (see details on page 20-21 of [BJQ15]) one can see that

G ( y+z —Gr(y)]?
C% A, <CH/ dr/dz/dy‘ Z[p-2h W)l

2
B[l (s,v) - uli(s,2)7] "
></ ds/dv/dvars(a:—y—v)

‘U—@|2_2H
Gy + 2) = Gr(y)|?
<CH/ dr/dz/ |z‘2 oH

R R
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The supremum appearing in the last term is bounded thanks to the inductive hypothesis on
condition 7ii) of (P). The remaining integral

G ( y+z - G(y)* ¢ 2¢e|1—-2H
CH/ dr/dz/ o _CH/O dr/R|]-"GT(§)| €2 ge  (2.74)

by Proposition 2.21 The last term, after extending the integral in dr over [0,7], is bounded
thanks to (2.71), taking into account that again cy, which is given by (2.70), satisfies ¢y < 5-.

This bound for the term C% A, is uniform with respect to H € K and to (t,z) € [0,T] x R;
indeed, the dependence on x € R in the estimates was eliminated using the inductive hypothesis
in the last term of (2.73). The dependence on t € [0,7] is handled by noticing that the last
integral in (2.74) is monotone increasing in ¢, and bounded by (2.71) when ¢ = T'. Finally, we
keep track of the dependence on H € K thanks to the constant Cy = w
acts as a normalizer of the integral

1 d H—1/2
2|2—2H z 00,
|z|>1

and gives a bound for the term C%Al which is also uniform for H € K.

, which basically

We handle now the term As. Using Minkowski inequality for integrals we have that

t GQ _ B} 2
CHA < C} / / dzdyds% / / dvdﬁdrE[luﬁ(rﬂ)l”} "
0o JRr2 2| 0 JR?

NCary+ 2= 0) = Gy (y =) — (Curly + 2= 0) ~ Gas(y v>>|2>

_ 7|2—2H
v ="l (2.75)
<C% | supE||ull(t,z) p // dzd d //dmfdr
H((m) [| ‘ ) e ! \2 P )y e
X’(Gs T(y—l—z—v) Gs— r(y ))_(Gs T(y+z—v) - _U))|2
v —o|2—2H :

Using again Proposition 2.21 and the induction hypothesis on the second condition in (P), we
have that the last term is bounded by

T—y s )
0% A3 < CrrenC / /]R 2 Z|22H>dyds /0 [ 1= REG ) Ple s ar

Notice that, while using Proposition 2.21, one of the two constants C'y was ”transformed” in
cH, in the same way as (2.74). Since cg is bounded uniformly for H € K we include it in the
constant C. Thanks to Lemma 2.49, we are able to compute explicitly the integral

/ 11— %212 _ 20(2H + 1) sin(nH) e[i-2H
|z|2—2H H(1—2H) ’

which yields

A (2H + 1)
C% Ay <Ch (H(T_;;l C//G y)dy ds

21—2H
x /0 / Gy (&) P2 e dr

<I'(2H + 1)sin(7H)C / / G2 y)dy ds)

([ |st_r<s>P|£r2<lf2H>dsdr.)
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In the last inequality we used the fact that, since Cy = w,
2I'(2H + 1) sin(nH)

H(1—2H)

Jit =T'(2H + 1)sin(7H).

Now we have to bound uniformly in ¢,z, H the last term of (2.76). First, we observe that
I'(2H + 1)sin(rH) < C for H € K, since it is a continuous function of H. Regarding the first
integral, we have that

t t2 .
T wave equation,
G? (x—y)=< 1
/0 /R == Y) {4\/77751/2 heat equation,
thus it can be bounded by its value at ¢ = T, which is moreover finite. The last integral is the

usual one appearing in Lemma 2.46, but this time with o = 2(1 — 2H). We rewrite (2.71) in
this case:

24H*102(1_2H) ﬁT‘lH wave equation,

T
/0 /]R IFGis ()PP de ds = (2.77)

4Hl_1 r <3_24H ) T*5"  heat equation.

As we said before, the constant C’l_gH deﬁnes~a continuous function from (0,1) to R. Via
rescaling, it is easy to see that consequently Cy(i_of) is continuous on (i, %) Notice that
1.3) strictly contains K, either in the form K = [, 70] or in the form K =
(71, %) Thus, 02(1_2 H) 18 bounded uniformly in K. The other quantities appearing in (2.77) are

obviously bounded on K. Indeed, 2471 < 2, ﬁ <1, W{l < 4771%1, and F(%) < F(%) =

v/7. Thus, we have bounded the three factors on the right-hand side of (2.76) independently of
t,x, H.

Then, we can take the supremum over (¢,x) € [0,7] x R and over H € K in (2.72) to obtain
the third condition in (P) for the (m + 1)-th Picard iteration uf ;.

the interval (

O]

We have now that the Picard iterations are well-definite and that they belong to our space of
functions x*. Moreover, for a fixed m € N, both their semi-norms are uniformly bounded with
respect to H. This will be crucial to prove an estimate in the fashion of Centsov criterion for the
Picard iterations {u/l},,. This kind of estimate will be proved later in Proposition 2.66. Before
that, we have to prove one more auxiliary result about the LP norms of the Picard iterations:
we need that they are bounded also uniformly with respect to m € N. Explicitly, we need:

sup sup sup E[|ug(t, x)|p] < 00. (2.78)
m>0 HeEK (t,z)€[0,T]xR

To obtain this result, we choose to adapt the proof of convergence of the Picard iterations given
in [BJQ15] to show that this convergence is also uniform in H, when we consider only the L?
semi-norm. This will give the uniform boundedness (2.78) that we stated.

Define the auxiliary quantities:

Vilt) = gap sup (B [l 0.2) =l s 0.00])

t
Wi (t) := sup supCH/ / Gf,s(a: —y)ly — 2\2H72
HeK zeR 0 JR2

2/p
< (B|lufi(s,9) = wih 1 (s.9) = wll(s,2) + ull 1 (s, 2)P | ) dydzds,
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where the constant Cg appearing is again M Notice that thanks to Theorem 2.62 both

quantities are bounded for any m € N. The bounds given in Theorem 3.8 of [BJQ15] for these
two quantities have been used in Theorem 3.9 of [BJQ15] to show that the Picard iterations
converge to a solution in the space . Here we are going to adapt those two results to the
fact that we wish to show that the Picard iterations converge uniformly also with respect to
H € K. This will give us the fundamental property (2.78).

Proposition 2.63. For any m > 0 and for any t € [0,T] we have that

Vint1(t) < /Ot Vin(8)J1(t — s)ds + CWy,(t) (2.79)

and
Wit (£) < /0 Vin(s) ot — 5)ds + /0 Win(s)J1(t — s)ds, (2.80)

where J1 and Jy are non-negative integrable functions on [0, T].

Proof. The proof just consists in adapting the proof of Theorem 3.8 of [BJQ15] to the fact that
we are defining the quantities V,,, and W,, taking the supremum also with respect to H. We
check first (2.79): we have that
H H p] 2P
B(lufl 1 (t2) — wil(t, )| < (A + As),

where

t
Ay :CH{EH /O | Glsle—yly ==
/2 2/p
Ul 5) = L2 (5) = (5, 2) a5, 2) Py = s }
t
45 =0y 8| / Giale =)~ Goo = 2)P
0 JR

/2 2/p
X |uﬁ(5’ z) — ug_l(s, z)\2|y — z|2H_2dy dz ds‘ ] } ,

Thanks to Minkowski’s inequality for integrals, the term A; satisfies
A < W ().

The estimation of As is a bit more involved: again by Minkowski’s inequality for integral, it
holds

t
Ay <Chy / / Groalz — ) — Gos(z — 2)?
0 JR2
2/
X B lufl(s,2) — ult_y(s,2) "]y — 22 2dy dz ds
¢
<CH/ Vin(s) /2 Gi_s(z —5y) — Gi_s(x — 2)|*|ly — 2|*" 2dy dz ds,
0 R
so that our candidate Ji(t) is

J1(t) = sup C'H/ |Gi(x —y) — Gy(x — z)|2|y — Z\QH_Qdydz.
HeK R2
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Here the dependence on H € K yields the first additional complication with respect to the
proof given in Theorem 3.8 of [BJQ15], since we have a different form of .J;. To show that
J1 € LY([0,T)), first we note that by the change of variable ¢/ = z — y and 2/ = 2 — z we can
rewrite Jy as

Ji(t) = sup CH/ |G (y (2)|?|ly — 2|*" 2dy d= (2.81)
HeK

Then, we rely again on the normalizing constant C'r;. We have that by Proposition 2.21

C / Guly) — Gu(=)Ply — =M 2dy d= = cp / FGL()[2l€] 2 de.

We already showed that the constant cg is bounded for H € K, and thus we have that, by
Lemma 2.46

Ji(t) = Sup cH/ | FG (&)t 2 H de

<C sup / | FG(€) €] de (2.82)
<C Clr(2H + 1)t* wave equation,

su
B HeII)( Cl HtH 1 heat equation.

Notice that, compared to Lemma 2.46, here we are only integrating in d¢. We differentiated
with respect to t that estimate in order to obtain the estimate that we needed. In Section 2.4.3
we showed that the constants C; and C%,; appearing are continuous for H € (0,1), and thus
bounded for H € K. The same is true obviously for the additional terms 2H + 1 and H and
thus the function J; can be bounded by

2mo ot <1,
t, t>1

0 gc{

in the case of the wave equation and by

=t t <1,
<
Ji(t) <C {t1/2, > 1

in the case of the heat equation, both of which are in L'([0,T]). This concludes the proof of
(2.79).

We are left to show that (2.80) holds. We follow again the proof of Theorem 3.8 of [BJQ15].
With a change of variable we rewrite the integral appearing in the definition of W, 1(t) as

s\ —Yy 2
pecu | [t
< (B[t 1,5+ 2) —wll(s,y -+ 2) —wllya (5,9) +ulks,)P] ) dydz s
Notice that
B{lufl (5,9 +2) = uft (5,5 + 2) = wll 1 (5,9) + ull(s,9) P

_E‘///W Gor(y+ 2 —v) — Gy_ (y—v))(ug(r,u)—ug_l(r,v))WH(dr,dv)‘p].

76



If we apply Theorem 2.19 and then we add and subtract a mixed term (see [BJQ15] for the
details) we have that B < C(B; + Bs), where

Gi—s(z —
By C’H/ds/deyd t’|2 ST { ‘/ R2|Gsr y+z—v)— Ger(y —v)|?

2/p
/2
‘|2_2I_Id'l)d'l)d7"p :|} ,
v —

By C’H/ds/RQdyd Gt’8|2 Q_H { ‘/dr/devcH (r, ) —ull_|(r,7)?

2
NGemely 2 20) = Gy =) Goely b2 ) 4 Gecyly — 0y "
|’U _@’2—2H '

X |U7I_YIL(T7 ’U) - ugfl(ra U) - uT}rIL(Tv 6) + uTanl(ra 6)|2

Notice that, similarly to the proof of condition iii) of (P), we have that the constant Cy appears
raised to the power 2. This is the key point in making our estimations uniform in H. For Bj,
we proceed with the Minkowski inequality for integrals and several changes of variables (in the
same way as the proof of condition iii) in (P)) to obtain that

t t—r
By SC’JQLIC/ / drdzdy G (y+22 ST / / ds dv dvGy—r—s(x —y —U)2
0 JR2 2] R2

2/
B[luft(s,0) = ufl 1 (s,0) = ull(s,9) + ull_, (s, 0P|
‘ ’U|2 2H :

X

Consider now the integral inside the parenthesis: if we multiply it by one of the two constants
Cp, and we take the supremum with respect to z — y and H we obtain W,,,(t — r), so we can
write

|Gr(y + Z) — GT(Z/)P

‘2’2—2H

t
B1 SCHC/ Wm(t—?”)d?”/
0

R2

dydz.

If we now perform the change of variables 7 = t — r and we take the supremum over H of the
integral in dy dz (using the other constant C'y), we obtain, by the definition of Jp,

t
B < c/ Wi (7)1 (¢ — 7)dr
0

We point out that in (2.80) we do not have any constant C' appearing in the rightmost addend.
This is not a problem since we can re-define, in case C' > 1, the function J; to be C'Ji, and the
estimate (2.79) would still clearly hold true. Then we have that

B; < /Ot Wi (7)J1(t — T)dr.
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Regarding Bs, using again Minkowski inequality for integrals we obtain that

t 2 s
Gi—s(z —y) / H, o " _.12/p
By <C? Tims b T J E _ P
2_CH/0 ds IR<2dyalz EE ( ; dr RZdvcﬁ [|um(r,v) um_l(r,v)|]
|GS*T(y +z— U) — Gsz(y B ’U) B Gsfr(y +2z— 6) + Gsfr(y _U)|2)
X
|U_@‘272H
t _ 2 S
<C’12q/ ds/ dyde/ drVi,(r)
0 R2 || 0
) ) = D)
X(/ dvd@|Gs_T(y+z v) = Gs—r(y U)iGs—r(y‘i‘Z V) + Gs—r(y U)‘)
R2 |v —v|2—2H

t _ 2 S
—CH/ ds/ dyde/ drVi,(r)
0 R2 |2| 0
< (en [ 11 e PLFG (ORI de).
R

In the last step we used again Proposition 2.21. Thanks to Lemma 2.49 we can compute
explicitly the integral in dz

/ 11— e—ifﬂdz _ |£’1,2HF(2H + 1) sin(rH)
|z|2—2H Cx

If we plug this computation inside the last term of the inequality and we use Fubini’s theorem
we obtain, thanks to the fact that I'(2H + 1) sin(rH) < C, independently from H € K,

b Sc/ot Vin(r)dr (en /t/RGt_s(m—y)Q/Rst_r(é)P\ﬁlz(l2H>d§dyds).
:C/Ot Vm(r)dr<cH /:/RGt—s(y)2/R’st—r(g)P’f2(1_2H)dfdyd8)-

Thus, our candidate for being Js is

t
Jo(t—7) = sup ey / /R Cra(y)? /R FGon(©)RIEP2 dg dy ds. (2.83)

HeK

It is not evident that the function Js is a function only of the difference t — r. Anyway, Lemma
3.3 of [BJQ15] proves it. Indeed, it shows that

t AH+1
_ Cra(t—r) wave eq.,
Gi—s 2/ FGy_, 21¢12(1 2H)d duds = )
| [ Grw? [ G PP e dyas SV

Thus we are only left to prove that the constants appearing are bounded uniformly in H, which
in our case is crucial to be able to define Jy as a supremum over H € K. We evaluate directly
the integral above, following [BJQ15]. First, we evaluate the integral in d¢ using Lemma 2.46
with a = 2(1 — 2H)

24H -1 (2—4H) sin(n(1—2H)) (s — r)4H—1

)5 wave eq.,
FGo (6216202 ge — 4H-1
| FG PRI (3= 5 ryei-or heat e

(2.84)

We have also that, for any ¢ > 0:

t/2 wave equation
Gty — , ) 2.85
/R t(y)°dy {2771/2t_1/2 heat equation. ( )
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We plug this two results together separately for the wave and for the heat equation.

For the wave equation, we have:

/ t / Grs(y)? / | FGaer(€) Pl dg dz ds
r R R

4H—-2 — sin(7(1 — t
— 2 F(2 ig)_l( (1 2H))/r(t—8)(S—T)4H1dS.

If we perform the change of variables v = s —r and v/ = v/(t — r) we can compute
t t—r
/ (t —s)(s —r)*1ds :/ (t —r— o) tdy
r 0
1
:(t o 7ﬁ>4H—i-1/ (1 - 7)/)(1}/)4H_1d2}/
0

=(t —r)T13(2,4H)

where the § function is also given by S(z,y) = I'(x)I'(y)/T'(z + y). Then we have:

t
/ / G ()’ / G ()12 dg dz ds
r JR R
27212 — 4H) sin(n(1 — 2H))
N 4H —1
— CyH(t _ ,r)4H+1

B(2,4H)(t — r)*H+!

We want to assure that the constant Cy depending on H which appears is bounded for H € K.
Recall that the interval K is either of the form K = [ny, 7] with 1/4 < n; < 12 < 1/2 or of the
form [m,1/2) with n; € (1/4,1/2).

Thus the lower bound for H is always a value n; strictly bigger than 1/4, and we do not
have any problem if the constant C is diverging for H — 1 /4. On the other hand, we allow
our interval K to be extended up to H = 1/2, so we have to check that the factors are not
diverging for H — 1/2. This is the case only for I'(2 — 4H) ~ 5—477 when H — 1/2, which is
balanced by the term sin(m(1 — 2H)) ~ 7(1 — 2H) when H — 1/2, giving to their product a
finite limit equal to 7/2 as H — 1/2. Thus we can say that the constant Cy in the case of the
wave equation is bounded by a constant C' which does not depend on H € K. Moreover, we
already shown that also the constant ¢y appearing in (2.83) is uniformly bounded for H € K.

Then, we have:

t
Bt =) = sup en | /R Gr_s(y)? /R FG (€122 de dy ds

HeK
= sup CHC'H(t — r)4H+1,
HeK
< C sup (t —r)H*!
HeK

which clearly belongs to L'([0,T7]), provided that we bound separately the case t < 1 and ¢ > 1
with different exponents, in the same way as we did for Jj.

Regarding the heat equation, the situation is simpler. Indeed, in this case when we plug
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together again (2.77) and (2.85) we obtain:

[ [erswr [ 1Fe.@pi-=acazas
r R R

3—4H\ [
:2771/2I‘<2)/ (t—s)_%(s—r)QH_%ds

T

= 2W1/2F<¥>5<%7 2H — %) (t — 7")2H_1

= Cp(t—r)*!
Here the constant Cy is clearly bounded for H € K, so that we have also in the case of heat
equation that Jy belongs to L'([0,T]), reasoning as before.

Coming back to our estimation of the term By, we have then that it holds

t
By < / Vi () Ja(t — r)dr,
0

as we wanted to show. Thus, we can conclude that it holds

Winia(t) < C(By + By) < c(/ot Vin(3) ot — s)ds + /Ot Wi ()1t — )ds).

which is equivalent to (2.80), provided that we rename the functions J; and Jz after multiplying
them by a constant. O

With Proposition 2.63 we just proved, we are able to show a more powerful version of
Theorem 3.9 of [BJQ15]:

Theorem 2.64. For any H € (1/4,1/2), the sequence {ull, m > 0} of Picard iterations con-
verges to a L*(Q)-continuous process ufl in the space xf. This process is the unique mild
solution of (2.38).

Moreover, the uniform LP convergence is uniform also with respect to H € K, i.e. it holds

sup sup  El|ull(t,z) —uf(t,2) ]p} 170

HeK (t,z)€[0,T)xR
Proof. Most of the things stated in this result have been already proved in Theorem 3.9 of
[BJQ15]. We have to check only one thing: that the modified definitions of V,,, and W,,, work to
show that the Picard iterations converge uniformly also with respect to H € K to the solution
ufl. There is no need to check that the solution is the same found in [BJQ15], since for a fixed
value of H the norm || - ||y is equivalent to the one defined in Definition 3.6 of [BJQ15], as we
noticed in Remark 2.59.

We define:
My (1) := Vi () + Wi ()

and

J(t) = C(Jl(t) + JQ(t)).
It is immediate to verify that by applying two times recursively Proposition 2.63 we have
t
Mp1(t) < / (M (8) + Mp—1(5))J(t — s)ds.
0

We wish to apply a Gronwall lemma (Lemma 3.10 of [BJQ15]). We have to show that

sup M;(t) < oo,
te[0,7)
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sup Ms(t) < oo.
t€[0,T]

Both requirements are met thanks to conditions ii) and iii) of (P). Thus, we have that

sup M,(t) < oo,
mzlte[o,T]

which implies that
> sup [luff —ufl_ g < oo,

m>1

This implies that {ull},, is Cauchy in x¥, uniformly with respect to H € K, and then the
sequence u!! converges uniformly in H to his limit u, which we already know to be existing
and unique. This clearly implies that the convergence is uniform in H for the LP semi-norm. [

This result yields an immediate useful corollary for our purposes

Corollary 2.65. Since the sequence of Picard iterations {ull},, converge uniformly in LP(Q)
with respect tot € [0,T], z € R, H € K, i.e.

sup sup E[|u%(t, x) —utl(t, :U)|p] 220,
HeK (t,z)€e[0,T|xR

the family {ufl, m > 0,H € K} satisfies:

sup sup  sup E[|uf£(t, w)\p] < 0.
HeK m2>0 (t,z)€[0,T]xR

Thanks to these results we are finally able to prove our main Hoélder-type estimate for the
Picard iterations {ug ,m>0,H € K}, which is an adaptation to our case of Proposition 2.2 of
[BJQ16].

Proposition 2.66. Fiz any hy € (0,1). Then, for all |h| < ho
1/p
sup sup ( Du (t,x 4+ h) —ull(t, x)\pD < Cp|hI™
HeK (t,z)€[0,T)xR

1/p -
sup sup ( []u (t+h,z) —ull(t, ;r)]pD < Cp|h|™,
HeK (t,x)e[0,TA(T—h)]xR

Q)

where 1 = m for the wave equation, and 71 = m /2 for the heat equation. The constant C,,
satisfies

Cm < C(c(ho) +¢(ho)Cm—1), (2.86)
where the functions c¢,¢: R — R are non-negative and hmo ¢(ho) = 0. We define C_1 = 0.

0*)

Proof. We adapt the proof of Proposition 2.2 of [BJQ16] to our case. Again, we have to take
care that the proof can be adapted to the fact that here we need estimates which are uniform in
H. As usual, when a constant does not depend on any significant quantity we will just denote
it with C, and it may change from line to line.

Step 1: we check that for m = 0 condition (Q) holds.

We remark that the deterministic solution does not depend on H, since we fixed for all H € K
the same initial conditions ug, v9 and we assumed that they are n;-Holder continuous functions.
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In [BJQ15], the authors prove that for uniformly a-Hélder continuous initial conditions it holds
that for the wave equation

sup [To(t,z + h) — Io(t,z)| < C|h|°,
(t,2)€[0,T] xR

L HN e (2.87)
sup [To(t + h,z) — Io(t,x)| < C(1+ hy 7)|h|%,
(t,z)€[0,TA(T—h)] xR
while for the heat equation it holds
sup  |Io(t,z + h) — Io(t, )| < C[h|*,
(t,z)€[0,T]xR
) (2.88)
sup |IO(t+hax) —I[)(t,lﬁ)‘ SCWQ/ :

(t,z)€[0,TA(T—h)]xR
In our case, we have the same estimates but with e = n;. Thus, we can take the supremum for
H € K without changing the result, obtaining condition (Q) in the case m = 0.

Step 2: we are left to show that the two conditions of (Q) hold true for ufl ;.

We follow the proof given in Proposition 2.2 of [BJQ16], adapting the argument to our
necessities, i.e. that the estimation process is independent of H. We start computing the space
increments of u/?_;:

1/p
B|luft 1 (tw + ) = ull oy (1, 2)P

<z

To simplify a bit the notation we define:

I[)(t, T+ h) - IO(ta .CC) + /0 /R (Gt—s(m +h— y) - Gt—s(x - y))ug(s,y)WH(ds, dy)

p] 1/p

Sﬁ(s, y) = (Gt_s(a: +h—y)— G_s(x— y))ug(s, Y).

Thanks to Theorem 2.19, we can write

1/p
B[lufl (b + h) = wll ey (8, )]

olt,z + olt, )| + (s,y S,z y z zdyds
<ol h) —1 01/2 SH —sH 2H=201. iy d

p};)

We already proved that Iy < |h|™ in Step 1. We compute I, following the proof of Proposition
2.2 of [BJQ16], together with Theorem 3.7 of [BJQ15]:

= C(IQ + Il)

I < C(I + L),

where

¢ u,Hn s, —u,Hn s, 2)|?
I —c}q/?(EH /0 RQ|Gt_s<x+h—y>—Gt_s<:c—y>|2‘ (,yyzzp_zﬁ, Wy az as

o2
Iy =C} <E’//R Tl (2P by - G —)

’;Di

- (ths(x +h— Z) - ths(x - Z))|2dy dzds
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We start from I77: we use Minkowski inequality for integrals and we obtain

t
13 <Cy / / Grs(z+ h—y) — Gos(z — )P
0 R

(/E[m H(sy+2) —ulls)p] )
X dz |dyds
R

|z‘272H

<Ij; + 17}

where I}, is the integral in dz corresponding to the region {|z| > ho} and I{; is the one
corresponding to the region {|z| < ho}.
We consider first I7;: observe that from Corollary 2.65 we have that

sup sup sup [|u (t, ac)\p] < 0.
HEK m>0 (t,2)€[0,T] xR

This implies that

t 1
I < CCH/ / Gys(z+h—y) = Gs(w — y)P(/ ) dy ds.
0 Jr Iz >ho |21
We compute explicitly the integral in dz:

1 H(1—2H) —p2! _
C —_dz=2 0 = Hp2H- 1,
H/|z>h0 |2]2—2H ** 2 9H — 1 0

Coming back to I}, we have:

t
i §C’thH_l/0 /R|Gt_s(x +h—y) — Gis(z —y)|’dyds
Bl 1—-2H
<CHRHp =CH (|h|) 22 < O H B2 < C|ppm,
0

which completes the estimate for I7;. Arguing on I7}, we use the induction hypothesis to infer

that 2/
p
[ Bllufi(s) — w2l [ P
EARS —5 5 %
1<t P2 ™ Jer<ng 2P

Since hy < 1, we have that E ‘2 - < Mgl%, and thus

2m h4771 1
Ofn/ T <02/ 2 = 2C], p g = C g
—1
|z|<ho |2] |2|<ho

Then we have that
t
Ity <Cy C C%hg™ / / Gi—s(z+ h—y) — Ges(z — y)Pdy ds
R
=Cy C Cl b |h]
<ccgnn (i) e
ho

<CCZh3™ |h[>™.

Then we managed to show that I, < C|h|*™ + C thgm |h|?™ | which implies

In < 0(1 + cmhgl) ™.
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We handle now the term I12: we use again Minkowski inequality for integrals and Corollary
2.65 to obtain

t
1
It SCHC/ / 557 |Gi—s(r + h —y) — Gi_s(z — y)
0 Jrz |y — 2|
— Gi_s(x+h—2)+Gi_s(z — 2)*dz dy ds.

Thanks to Proposition 2.21, we have that

t
1< [ [ (= coshleD)IFGinle) el de s
This last expression can be evaluated thanks to Lemma 2.47, with a =1 — 2H:
I2, < Cy C Cy|h?H.

Here the constant Cy appearing is defined as
Cy = /(1 — cos(z))z2H 1z,
R

which has been computed in Lemma D.1 of [BJQ15]. As usual, we have to take care that this
constant can be bounded by a constant C' which is independent from H € K. The explicit
values of C are, in our setting:

I'(1—-2H) cos(mH
CH: % H e (0,1/2),
/2 H=1/2.

This function of H is continuous for H € K, since cos(mH) ~ 3(1—2H) and I'(1—2H) ~ 5

as H — 1/2. Thus Cy — n/2 as H — 1/2, which implies that Cy < C, independently from
H € K. This means that we have:

Ii» < C|n)T < Cln™.

Putting together all the estimates for the space increments, we have proved that

1/
swp  sup  Bflufl (b4 k) —ull (o)) < C(Cot Cobl) BT,
HeK (t,x)€[0,T]xR

which is basically the same estimate obtained in Proposition 2.2 of [BJQ16], with 7, replacing
H.

We show now the result for the time increments. Again, we follow the steps of Proposition
2.2 of [BJQ16]:

1/p
E[|ug+1(t +hyr) —ul (t, x)\p] <C(Jo+Ji+ J).

We compute the increments only for h > 0, since the case h < 0 is analogous. The term
Jo = |Ip(t + h,x) — Iy(t, )| has been estimated in Step 1. J; and J; are defined respectively by

1/p

t+h H H 2

1/2 1Giins(® — YU (5,y) — Grins(x — 2)uy, (s, 2)| p/2

5 =Cy EH/ / s azayds|" ||
t R2 ly — 2|

¢
Jy =Cif? (EH /0 - [(Grin—s(@ = y) = Gos(x — y)ufh(s,y))
1/p
1 p/2
— (Gryn-s(x — 2) = Gis(x — 2)ufi(s, Z))Fmdz dy ds‘ D '
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We start from J;. First we apply Minkowski inequality for integrals to obtain

2/p
v B[|Gron oo = y)utl(s,y) = Gronos(e — 2)ull(s, 2) P
J12 SCH/ / 220
t R2 ly — 2>~

$,2)]

dz dyds
< C(Ju + Ji2),

where we obtain the two terms J11 and Jq2 by adding and subtracting the mixed term Gy p_s(x—

y)ull (s, z), so that:

2/
o JE[lutt(s,9) = ull(s, 2P|
Ji :CH/ Giyn—s(x —y) 5 5 dz dyds,
t R2 ly — 2|
t+h 2/p |Gt _ — G _ 2
J12 :CH/ / E[|u£(s,z)|p} P|Gin—s(@ yz 2_?; s(@ = 2) dzdyds.
t RR2 ly — 2|

We start with Jy1: by a change of variables we have that

2
" (7 B[y~ (s + 2]
I = C / / Grons(z —y) / o d | dy ds.
t R R ’Z|

We split the dz integral again into the regions {|z| > hg} and {|z| < hg}, respectively, so
that Ji1 = Jj; + J7;. We already computed the integral

1
CH/ —gdz = Hhg"
|2|>ho 212720 0

so that, thanks also to Corollary 2.65, we have that:

h
H<emg [ [ Giayas
0 R

1
<CRITH P < Ong!t I

We defined here v = H in the wave equation case and v = H/2 in the heat equation case. The
last estimation comes again from the fact that |h|/hg < 1 and that v/H — 27 > 0. Notice that
we made again a key use of the normalizing constant Cp in the J{; step.

To obtain the uniformity with respect to H, we have first to observe that the quantity

2H —1—(1/H —2)y =0 when v = H and it is equal to H —1/2 when v = H/2. In this second

case we can bound hé{ —1/2 < hgl_l/ 2 We can conclude that

(2.89)

C’hm_l/th]m heat equation,
TR P

C|h|*m wave equation.

To estimate J7|, we have to use the induction hypothesis into the dz integral:

t+h ’Z|2771
J{ll SCH an/ / Gt+hfs(x - y)2 / Wdz dy ds
¢ R |2|<ho |Z]

ccnc [ Grnta— ) L )dyds
~UH Uny ] R t+h—s Yy \2l<ho |Z‘4771_2 Y

<C CH CglhénlfH"Y/H*ZY‘th

< C anhém—lwm heat equation,
N C'C'%hénrl|h|2’71 wave equation.
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We estimate now Ji2: we use Corollary 2.65 and Proposition 2.21 to obtain

h
Jio gccH/O /R|fG,(g)|2|§|1—2Hd5dr.

Notice that again we made use of the constant C'gy, which is now replaced by cy < C. We use
now Lemma 2.46 to obtain

H < m i
Tio < {C\h| < C|h| heat equation,

C|h|?H+L < O|hm+L < C|h|>™  wave equation.

This allows us to conclude that:

1

I S e -
C(1+ hy + Chy )|h|2  heat equation,

J1 = o2 —2
C(1+Cnhy 2)|h™ wave equation

(2.90)

which is a good estimate, since 217, — % > (0. e compute now Jo: we follow again Proposition 2.2
of [BJQ16], using again Minkowski inequality for integrals and obtaining that JZ < C(Ja1 +Ja22),
where

t
J21 :CH/ / ’Gt—i-h—s(x - y) - ths(x - y)|2
0 JR2
2/p
< (E[lwfis ) —uli(s.y+ 2P| ) 2P 2 dzdy ds,
t
T =Cu [ [ 16— 1) = Gins(o = 1) = Granslo = 2) + Gl = 9P
0 JR
2/
X (E [lug(s, z)|pD p|y — 2?2 2dz dy ds.

As for I1; and Jip, we split the integral in the two regions {|z| > ho} and {|z| < ho}, giving
respectively the two terms J5; and JJ;. Using Corollary 2.65 we have that

t
Jh SCHh%H_l / / |Gipns(z —y) — Gi_s(x — y)|*dy ds
0 JR

(L
SCth_lth/HSCh(Z)H 1+(H 2)7’h’2’y
< Chglfl/Q\th heat equation,
| C|hPm wave equation.

The last step we made is identical to (2.89), while previously we used again the normalizing
constant C'y as usual and we used the fact that the last deterministic integral

t
/ /R Grans(@ —y) — Grsla — y)[2dy ds
0

is bounded by Ct|h| for the wave equation and by Ch/? for the heat equation, as it is pointed
out in page 24 of [BJQ15]. For JJ;, as usual we use the induction hypothesis to infer that,
identically to I7; and J7;:
51 <C Cuhg™ = Co B
- {C CZha™ A heat equation,

dny—1 .
C C2hy™ *|h[*™  wave equation.
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We are left to show that Jys can be bounded appropriately. We use Corollary 2.65 and Propo-
sition 2.21 to obtain that

t
Jag <C CH/ /2 Grph—s(@ —y) — Gi—s(z — y)
0o JR
— Giyphs(t — 2) + Gy_g(x — 2)|*dz dy ds

t
_Cep /0 /IR FGrans(€) — FGoo(€)PI€]2" de ds

This can be estimated using Lemma 2.48 with « = 1 — 2H. We have to take care that this
estimate is independent from H. Looking at the proof of Lemma 2.48, given in [BJQ15], we see
that it holds the following;:

t
/ / FGron (€)= FGro(©)2IE)" 2 de ds < {
0 R

T|h|?"  wave equation,

C|h|H heat equation.
Here the constants appearing are

min(1, [y])?

o
¢=0 |y’1+2H

R

dy

(with C” independent from H) for the wave equation and
(1—e —v?/ 2)
C= / [y 2H dy
for the heat equation. We have to show that both are bounded uniformly with respect to
H € K. But this is clear since in both cases the integrand is summable for any H € K and
it can be bounded by replacing |y|'*2# with |y|?> when |y| < 1 and by |y|'**?" when |y| > 1,

giving an estimation which is independent of H € K.
This allows us to conclude for Jy that

C|h| < C|h|™  heat equation,
J22 < 2H 2 :
C|h|*" < C|h|*™  wave equation.

We have then, considering the whole Js:

C(1+ ho i + C th 2)|h| heat equation,

J2 < 2m—
C(1 4 Cnhy )|h|771 wave equation.

(2.91)

As we did for the space increments, we put now together all the estimates for the components
Jo, J1, J2 of the time increments, obtaining

1/p
B[lufly1(t+ b w) = ufl (8,2)P

<C(Jo+ J1 + J2)
1 2771_1 9 .
C(l+hy *+ C' hy" 2)|R|™/?  heat equation,
C(1+Cp hgm 2)|h|m wave equation.

§C<c(ho) + sz(ho)) ||

Notice that this is true because the estimates of J; and Jo yield an identical result. We see
clearly that the constant C),4+1 can be defined as

Crni1 = C (elho) + Cme(ho)),
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and that since 27 — 3 > 0 the functions c(hg),c(ho) satisfy the our thesis, i.e. that they are
non-negative and ¢(hg) — 0 as h_.0 — 0. We see that, as it happened for the space increments,
those estimates are independent from H € K and (¢,z) € [0,T] x R, so that we can take the

supremum with respect to those variables in the last inequality to obtain
H H P l/p
sup sup E[|um+1(t + h,x) — Uy, (¢, )| }
HeK (t,x)e[0,TA(T—h)]xR
<C(e(ho) + Cme(ho) ) 1| ™
=Crnp1|h[™,
which concludes our proof. O

Combining Proposition 2.66 and Corollary 2.65 we finally have the following result:

Proposition 2.67. There exists hg > 0 such that for every |h| < hg it holds

sip  sup B[l (tw+ k) —ull(t,2)) < Ol
HeK (t,z)€e[0,T]xR

and

sup sup E [\UH(t + h,z) —ull(t,z) ]p} < C|h|Pm,

HeK (t,x)e[0,TA(T—h)]xR
where C' is a constant depending only on p. Here 7jy = ny for the wave equation and 71 = 11/2
for the heat equation.

Proof. Recall that by Proposition 2.66 we have that

sup  sup Bl[ull(t, x4+ h) — ufl(t,)["] < Conlh™
HeK (t,z)€[0,T]xR

and
sup sup E {\uan(t + h,z) —ull(t, x)\p} < Cpp|h|P™,
HeK (t,x)e[0,TA(T—h)]xR
where the sequence of constants {Cy, },, satisfies (2.86). So we wish to take the limit for m — oo
on both sides on the inequalities and check that the same result still holds.
For the left-hand side, it is sufficient to notice that thanks to the uniform convergence in
LP(Q) stated in Corollary 2.65 it holds:

sup  sup Blull(t,z+ h) — ufi(t,2) "]
HeK (t,x)e[0,T]xR

1% sup sup E[|uH(t7 x+h) —ut(t, w)|p} :
HeK (t,z)€[0,T]xR

Thus we are only left to show that the limit can be taken also on the right-hand side, i.e. that
the sequence of constants C,, is bounded, provided that we choose a suitable value for hy. This
has been already shown in Theorem 1.1 of [BJQ16], under the same hypothesis that we have
here, so that the proof is complete. ]

Now we have all that it is needed to prove our tightness result Proposition 2.61.

Proof. (Proposition 2.61). First, we notice that condition 4) is clearly satisfied, since u* (0, 0)
is deterministic and independent from H, so that

sup Ef|u"(0,0)[") = sup u"(0,0) = sup uo(0) = uo(0) < oo
HeK HeK HeK
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We have to prove ii). First, we rewrite

/p

E[|UH(?5/7$/) — uH(t,a:)]p} ! ]1/10

_ E[yuH(t+h,x+ k) — ufl (¢, 2)P
and we notice that
E “uH(t + h,x + k) —ufl(t, 5'3)|p}
< C(E[\UH(tJrh,erk) —uH(t,a:—i-k)]p} +E[\uH(t,x+ k) — uH(t,x)\pD-

This two terms can be estimated separately using Proposition 2.67, uniformly in ¢, x, H, ob-
taining
1/p _
Blu(t+ ko + k) = uf (L) | < CqRPP 4 k).

Thanks to the uniformity with respect to t,x, H, we can conclude that for every t’,¢ and z/, x
such that |t/ —¢| < hg and |2’ — x| < hg it holds

E[yuH(t’,x') —uH g, x)\p] <Ot — P + |2’ — zfPm). (2.92)

As we already said, these estimates hold only for |h| < hg, but we need such an estimate to hold
also when the increment |h| > hg. This is not a problem, since whenever |h| > hg it is sufficient
to update the constant C' in order to have that

2P sup  sup E[]uH(t, x)|p} < Chy™.
HeK (t,z)€[0,T]|xR

Tightness in the case H € (1,1)

We wish to prove an analogous tightness result as Proposition 2.61 for the case H > % We
state it in Proposition 2.68 below.

Suppose now that the limiting exponent Hy € [%, 1), so whenever H,, — Hj we can suppose
without loss of generality that H, € K, where K is either of the form [n;, 2], with ny,72 € [%, 1)
and 11 < n9. As we already observed at the beginning of Section 2.4.5, if we prove the tightness
of the set of measures {ul, H € K} also for K of the form considered here, this will include

1

also the case in which Hy = 5 and H, — Hy neither from above nor from below.

We already pointed out before that, thanks to the fact that Theorem 2.17 has a stronger
thesis than Theorem 2.19, we will be able to give a direct proof of the estimate needed for Centsov
criterion, without having to pass through Picard iterations. We will prove the following;:

Proposition 2.68. Let Uy := {ul, H € K} be the family of solutions of (2.38), where K is of
the form [, m2], with ni,n2 € [%, 1) and m < ma. Then, the family Uk is tight in C([0,T] x R),
endowed with the metric of uniform convergence on compact sets.

Proof. We use again Centsov criterion Theorem 2.54. Thus, we have to prove again that, for
every t,t' € [0,T] and for every x,z’ € R:

sup  E|[uf 2 —u (t,2)|P| <Ot —t| + |2’ — z])°. (2.93)
He[m m2]

We split the proof in two steps: first, we prove a uniform LP(£2) boundedness result. Then,
we prove (2.93).
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Step 1: We show that

sup sup E[!UH(t,a:)H < oo. (2.94)
Helni,ne] (t,2)€[0,T]xR

To do this, we prove that the Picard iterations of our equation {u’! tn, i satisfy the following
boundedness condition

sup sup  sup E[[uf(t,x)]p} < 00. (2.95)
He[n1,m2] n>0 (t,2)€[0,T]xR

Since for any H € [n1,72] it holds that the Picard iteration scheme converges uniformly (in ¢, x)
in LP(f2) to the relative solution uf as n — oo (Theorem 13 of [Dal99]), we have that for the
set of solutions {u'} g it holds (2.94). To obtain (2.95), we proceed as in page 22 of [Dal99]:

1)

B [lufi )] <6 (1ot + B [ [ Guoate— )l o, . )

¢
<C+CE|| / / Grs(w = y)ufl (s, )W (dy, ds)|'| (2.96)

o JR

=C+CJ.
We apply now Theorem 2.17 to obtain
t
7 <Cer )t [ ds(sw B[l 5. 0)]) [ PG - ORI g

. : (2.97)

SCCH(Vt,H)gﬂ/tdS( sup SUPE““T?(SWU)V’D/R!}—Gt—s(w—ﬂ(f)2|§\1_2Hd§.

0 Helnime] zeR

Here, vy i is defined as

t
Vi i ::cH/O /R|]-"Gt_s(x—-)(§)|2\§|1‘2Hd§ds
t
_ itz L(£)|2|e|1—2H /
n [ [ 1€ FGA Pl agas

t
_ 2 1—-2H
—en /0 /R FGL(©)PIe[ 2  deds.

Observe that for every H € (0,1) it holds cp := w < 1. We notice moreover that

v, is almost equal to the last integral appearing in (2.97), except for the fact that in vy g
we are also integrating with respect to the time variable. This difference does not allow us to
consider both terms as a unique term. Therefore, we take them into account separately in our
calculations.

We start with v; g: thanks to Lemma 2.46, this term, both in the case of the heat and the
wave equations, is bounded uniformly in ¢ and H, i.e.

sup sup v g =C < 0. (2.98)
He[n1,n2] t€[0,T]

We compute now the d¢ integral in (2.97). Here the estimation is more involved, at least for
the case of the heat equation. In both cases we follow the explicit computations on page 13 of
[BJQ15].

90



We start from the wave equation case:
[17G e~ @ PIer-dg = [ 7o (oM ae
R R
in?((t — % ¢in?((t —
_/melmdg_z/o de

00 12
= Q(t — S)2H/0 lerll_i_g? dr = Q(t — S)2H22H_101_2H

(2.99)

—(t—)2HR2HC < T2HRHC

where we used the change of variable z = (t — s)§ and the last integral is the same appearing
in page 13 of [BJQ15]. The constant Cj_oy appearing is the same one appearing in Lemma
2.46. We already showed that C1_opy defines a continuous function for H € (0,1), so it can be
bounded by a constant C' when H € [n;,12]. Thus we can conclude that in the case of the wave
equation

sup  sup / FGCru(w — YOI de = C < oo,
Helnin2] (t,2)€[0,T]xR

This implies that
J < C’/ ds sup supE[!uf(s,w)!pD-

HE[m ’r]Q IER

This quantity does not depend on H and z, so that we can infer from (2.96) that it holds

t
sup_swpE[Jully(t. )] <0+ C [ s sup supE[Jull (s, )] ).
Helni,nz] z€R 0 Helny,nz] zeR

We can use now the classical Grénwall lemma with f,,(s) := supy , E[|u§(s,x)\p} and g = C
to conclude that

sup sup  sup supE[\u (t, g:)|1”} < 0,
n>0te[0,T] He[m n2] z€R

which is what we wanted to show.

In the case of the heat equation, the computations are more involved, since in the estimate
(2.99) the term (t — s) appears raised to a negative power, and then it cannot be bounded
uniformly by a constant for any s < ¢t. We have thus to use Lemma 15 of [Dal99] in his full
generality. In detail, we have

/ [ FGis(a — )€€ > dg = / I FGi—s(€)Ple] 2 de
R R

— / eft‘ﬂ?’f‘lfQHdg — 2/00 67t12x172Hd:C
R 0

= (t—s)! / e Yy Hdy =T(1 — H)(t —s)T 71 = gyt — 5).
0
Observe that for all H € [n1,n2] we have gg(t —s) < g(t — s), where

(t—s)m=t se(t—1,1
1, se[0,t—1].

gt —s):=T(1 —n9) x {
Plugging this result into the estimation of J we have that

J<C/ ds sup supE[]u (s, a:)]pD (t—s).

He[n,n2] zeR
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Again, this estimate is uniform with respect to H and x, so that we can take the supremum
on the left-hand side of (2.96) as we did in the case of the wave equation, and conclude by
Lemma 15 of [Dal99] (with f, defined as before and g(t — s) = Cg(t — s)) that (2.95) holds.
Given (2.95), we have that (2.94) clearly follows

Step 2: We want to prove that (2.93) holds. We compute separately the time and the space
increments, and then we deduce the general result. We start from the space increments.
We prove that, given p > 2, there exists C' such that for every |h| <1 it holds

sup sup E [\uH(t, T+ h) - UH(ta x)‘p] < C]h\’“p (2'100)
Helni,me] (t,2)€[0,TIxR

We start computing

E[|uH(t, z+h) —ufl(t, x)ﬂ <C <uo(t, x4+ h) — Io(t,z) P

t p
o] fiete e h ) = Gt -
= C(A]_ + AQ)
Thanks to (2.88) and (2.87) we have that sup; , A1 < C|h|™. Regarding As, we use Theorem
2.17 to obtain

ozt [ ol 1]

yeR

« CH/R F(Gisla— )+ Cusla+ b~ -))(5)\2\&1—2%5.

We point out that the quantity v; i also depends of the integrand function, which in this case
is [Gy_s(z+h —1y) — Gi_s(x — y)]u’(s,y). We see how to handle this soon.

Thanks to Step 1, we can take the supremum of E[|uH(s, y)|p} also with respect to ¢t and
H, and obtain

Ay <Cn)i sup  sup B[l (k)]
(t,2)€[0,T|xR HeE[n1,m2]

/ /‘f Gt s — )+ Geslx+h—") )(5))2|§|1—2Hd5ds

:C'(Vtﬂ)? sup sup E[|u (, x)|p]
(t,I)E[O,T} xR He [7’]17772]

w\‘@

<C(Vt H)

where in the process we recognized that the integral appearing after taking the supremum was
exactly equal to v 7. So we are only left to give an estimate of

[N4S]

(n)¥ = (cn /0 t /R F(Grsla =)+ Custa =) (@) el deds) .
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We will make use of Lemma 2.47:

(1)t =(cn / / €5 (1 = 7 FG (&) Plé) > dgds)
~(en [ [11-e G P deds)’

¢ p

:(ch/O /R(l—cos(hf))]]—"Gs(f)|2|§|12Hd§ds)2

[M4S]

)
2

T
g(ch/ /(1 - cos(hf))|.7:G5(§)]2|§\1_2Hd§ds)
o JrR
D
gc(cHWH) 2,
The constant Cp is the same appearing in Lemma 3.4 of [BJQ15], and it is given by

- 1 1
Cr :z/(l—cos( Nl 2y < ~+ 1 _ <,
. H 1=

provided that H € [n1,n2]. Thus, we have

sup  sup (I/uH)g < C|h|HP < C|hmP,
Heln,n2] te[0,T]

since |h| < 1. As an immediate consequence, we have that

sup sup A2 < C|h’771p
Heln,me] (t,2)€[0,TIxR

Since both the estimate for A; and for Ay are independent from ¢, x, H we have that

Sup sup  B|[uf!(t,z +h) - “H(t,x)’p} < C(A1 + A2) < Clh|™,
Heln,ma] (t,2)€[0,T]xR

which is exactly (2.100).

We need to estimate now the time increments: again, we want to prove that given p > 2
there exists a constant C' such that for every |h| <1 it holds

sup sup B[Ju (¢ + h,2) = u (t,2)p
Hen,n2] (tx)e[0V(—h),TA(T—h)]xR
< C|h|™P  wave equation,
C |h]n71p heat equation.

(2.101)

We compute, supposing h > 0 (the case h < 0 is analogous)
Bl (¢ + h,) - u (1, 2)P sc<uo<t +h,w) = Io(t, 7)”

+E /0 /R[Gt+hs(x — y) — Gt_s(.TU — y)]uH<3’ y)WH(dy, ds)

)

/Hh/Gt*h s(@ =y (s, )W (dy, ds)

=:C(By + By + Bs).
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As for the space increments, from (2.88) and (2.87) we have that (recall that the deterministic
solution Iy is by construction independent from H)

C|h|™P  wave equation.

Clh| 3P heat equation,
su
(t,z)€[0,TA(T—h)| xR

Regarding By, we have by Theorem 2.17

t
By SC(Vt,H)S_l/ dSSUPEDUH(Sv»’U)ﬂ
0 zeR

% cn /R F(Cronmsle =) = Cuale =) @) e/~ dcas.

)
2

<C(vym)2z~" sup sup [\uH(t,x)]p}

Henm2] (6,x)€[0,TA(T—h)] xR

X cH/ /’]—' Giphos(x —-) — Gt_s(:r—-))(f)’2\§|1_2Hd§ds

<C(]th 5

'd

We are then left to estimate vy .

v =ent [ [ |F(Geoneste =) = Goosto =)@ 168 P
—e [ [ |F(Gounte = - Guto - )@ 1P Macas
<C /0 ' /R F(Gointa =) = Glo - '>)(£)\2|£|1—2Hdsds

¢ [ [ |FGui© - oo le-acas

< C1.uT|h|?"  wave equation,
~ | Com|h|® heat equation.

The last inequality holds thanks to Lemma 2.48.The constants C g, Co p are different, but we

already showed in Section 2.4.3 that both can be bounded by % + ﬁ, which is a continuous
function on (0,1), and thus bounded on [n;,72] by a constant C'. This means that

[N14S)

(vi,m)

< C|h|HP < C|h|mP  wave equation,
C|h|%'J < C’|h|%1p heat equation.

Since these estimates are now uniform with respect to ¢, x, H, we can infer that

sup sup

B, < C|h|™P  wave equation,
He[”h,nﬂ (t,m)E[O,T/\(T—h)]XR

C|h| P heat equation.
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We are left with estimating the term Bs:

‘/ / it,640] (8)Gen—s(z — y)u H(S’y)WH(dy,ds)‘p}

<Clom)s™ /0 dssupE[[u (s, )7

yeR
% CH/R L0 (8)F Grpnes(@ — )(€) 2] ~2H dg

<C(vem)?™" sup sup “u (t, x)\p]
He[n,ne] (t,x)€[0,T]xR

e / [ 6 FGu o N Plel " deds

<C(Vt H

l\')\'d

We have to estimate again (4 p): we perform the change of variables s’ =t + h — s and we use
again Lemma 2.46 to obtain

T
P / / Lo ()| F G (€)[21€]2H deas
0 R

h
2 1-2H /
<c /0 /R Gy ()2l 2H deds

< {CLH]h\HQH wave equation,

Co. g |h|" heat equation.

As we pointed out right after (2.71), the two constants C~’1, g and C~’2, g are continuous functions
with respect to H on (0,1). This means we can bound both with a constant C' independent
from H € [m1,n2]. Thus we have

[SIS]

(nm)s <C {’h’l’/2+Hp < |h|mP  wave equation,

|h|2H < |h|2m heat equation.
Since also in this case the estimate is independent from ¢, x, H, we can conclude that

h|MP  wave equation,
sup sup By <C A d
xR

Hen,m2] (t,2)€[0,TA(T—h \h|g"1 heat equation.

Putting all the estimates together, we conclude that (2.101) holds.

Our final aim is to prove (2.93). We suppose that at least one of the two increments |t — ¢t
and |2’ — x| is smaller than 1. Indeed, if both |t/ —¢| > 1 and |2’ — x| > 1 we have, thanks to
Step 1, the stronger estimate

sup Blluf(t, ) —ufl(t,2)P] <C.
He[m m]
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Given t/,t,2', x, we define h =t —t and k = 2/ — 2 and we have

Blu(t',a/) = u (t,2) | =B[lu (¢ + by + k) = o (1, 2)7|

<C (E[\u% Fhoao+ k) —ufl(t o+ k)ﬂ + E[|uH(t,g; k) - uH(t,x)v’D

<C'| sup sup E[|uH(t +hyx) — (2, m)|p]
Helm m2] (t,2)€[0,TA(T—h)] xR
+ S sup E[IuH(t, z+k) — (1, ;c)ﬂ
He[n 2] (t,2)€[0,T]xR

C([h™mP + |k’mp> = C(’t/ —t|MP 4 |z' — x‘mp) wave equation,
¢ W%lp + me) = C(\t’ — t]%lp + |z’ — x]"”’) heat equation,

so it suffices to take p > % for the heat equation and p > 77% to obtain (2.93) and conclude the
proof.

O]

We conclude this section by proving an easy consequence of Step 1 of the proof above, which
extends Corollary 2.65 to the case H > 1/2. This result will be a key tool in the next section,
when we identify the limit distribution.

Lemma 2.69. Let H > 1/2 and {ufl}, be the sequence of Picard iterations (2.42) which
converge to the solution of the mild formulation (2.38). Then ull converges in LP(Q) to the
solution u™ uniformly also with respect to H € [n1,12], i.e. it holds

sup sup E \uf(t, x) — uH(t, x)|P noee

Helny,me] (t,2)€l0,T]xR

0.

Proof. Tt is sufficient to use the Gronwall lemma in the same fashion as Theorem 13 of [Dal99],
with some care to the fact that the result has to be uniform also with respect to H € [n1,n2].
We start by computing

B[ttt 0) —ulle.a)7] 2| | t [ Gesta =l (5.9) =l (5. )|

t
<ep(vn)i ! [Cas(sup sup Ejuff(s,2)  ufl (5.0
0 z€R He[m n2]

<o [ 176 = (@) Plel' s
We have already noticed in (2.98) that

sup sup Vt}H < 00.
H€[771,772] tG[O,T]

Afterwards, we also proved that the d¢ integral can be bounded by a constant C' uniformly in
H,t, and x, All of these facts imply that

t
B|luffyy(t,2) - ulf (ta)P] < C s s ]E[wf(s,m —ufl (s, 2)|"]ds.
T €[n1,m2

If we define now

My(t) = sup  sup supB[|ufly(s,2) — ufl (s, )1,
s€[0,t] He[n1,m2] zER
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we have that it holds .
A@@sc/ﬂnl@w,
0

which, together with the fact that

sup My(t) = sup sup E[|u1(t,33) — uo(t,:c)|p} < 00,
tE[O,T] H€[771 :772] (t,I)E[O,T]XR

implies by the classical Gronwall lemma that > o M,(T') converges, which implies that

sup sup E[\u,?(t,x) —uH(t’:E”p} no, ).
Hen,m2] (¢,2)€[0,TIxR

In fact, we already know that the (¢, x)-uniform limit in LP(9) of every ul! exists and it is equal
to ufl. O

Identification of the limit

Let now Hy € (3,1) and consider {H,, n € N} such that H, — Hy as n — co. The tightness,
that we showed in Proposition 2.61 and Proposition 2.68, of the set of probability measures
induced by {uf"},, on C([0,T] x R) implies that there exists a subsequence H,, such that

d
ue Y, ask —

where Y is a stochastic process with a.s. continuous trajectories and the convergence is in the
usual weak sense.

We want to identify this limit with »f0. To do this, we will check that given an arbitrary
sequence H, converging to Hp, the finite dimensional distributions of uf» will converge to
those of w0, This is sufficient to conclude the proof thanks to Theorem 2.6 of [Bil]: given
an arbitrary subsequence w7, thanks to our tightness results we would have that it has a
further subsequence u'™re that converges to some process Y, and the identification of the finite
dimensional convergence of wke — uHo would allow us to use Theorem 2.6 of [Bil].

Before stating and proving the main result of this section, we need some preliminaries.
The main idea is to show the convergence of the finite dimensional distributions of uf» to the
ones of u™® by showing the L?(Q) convergence ufl»(t,z) — u'o(t,x), for any fixed (t,z) €
[0,7] x R. This can be done thanks to the fact that, in Subsection 2.2.3, we defined all our
noises {W#, H € (0,1)} on the same probability space. The idea to show uf (¢, z) — uo(t, z)
is to show that u!ln(¢,z) — ullo(t,z) in L?(Q) as n — oo for the m-th Picard iteration, and
then to extend this to uf» thanks to a uniform limiting argument in m.

In order to show the convergence result for the Picard iterations, we will make use of Theorem
2.42, that allows us to see the m-th Picard iteration as

ulr(t,z) =Y I (g;(- t,2)),
j=0

where the latter is a finite sum of multiple Wiener integrals of order up to m and the g; are
given by (2.43). Then, the multiple Wiener integrals of order j < m relative to different values
of H can be compared explicitly thanks to the representation result for I given by Theorem
2.14.

We are now ready to prove our final result which, in turn, completes the proof of Theorem
2.45 in the linear multiplicative case.
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Proposition 2.70. Let Hy € (1,1), and H, — Hy. Let {u'"},, and uf™® be the solutions of
(2.38) with the correspondent noise. Then the finite dimensional distributions of uf" converge
to those of uf, as n — oco.

Proof. In order to show the finite dimensional weak convergence we will make use of the uniform
LP(Q) convergence of the Picard iterations ul obtained in Corollary 2.65 for H < 1/2 and in
Lemma 2.69 for H > 1/2. It is sufficient to consider p = 2. We have:

sup sup E[|ug(t, x) — utl(t, x)ﬂ 220,
HeK (t,z)€[0,T]xR

As we already suggested, it is sufficient to show the stronger pointwise L?(2) convergence.
Thus, we show that, for any fixed (¢,z) € [0,T] x R:

E [\an (t,x) — ullo(t, xﬂ n2% ), (2.102)

We have that:

B|lu(t,2) — uf (t,2) 2| <C(B[ju"(t,2) - ulir (t,2)

Hy (t,x) 2:|

+ B[ luflo (¢, 2) — w2, 2) ) )
=:I1(m,n) + Ia(m,n) + I3(m).

+ B[ Jufl (¢, 2) - ulh

Thanks to Corollary 2.65 for H < 1/2 and Lemma 2.69 for H > %, we can infer that, for a
given € > 0, we can choose mg big enough such that for every m > mg we have

sup |I1(n,m) + Is(m)| < e/2.
neN

Thus we are left to show that Iz(mg,n) — 0 as n — oo. This, in particular, means that we
need to show that the mg-th Picard iteration is continuous in L?({2) with respect to H.

By Theorem 2.42, we have that for any H € (%, 1) the Picard iterations ugo can be repre-

sented as a sum of iterated integrals up to the order mg. Precisely, we have that
mo
H H
Upy (8, ) = Z Ij (gj('v t,x)),
§=0

where the functions g; are defined by (2.43). Since myg is fixed, we are considering a finite sum.
Thus it suffices to show the the convergence in L?(f2), with respect to H, for a single iterated
integral I JH (g9j). We compute, using the representation result Theorem 2.14:

1 (97)(t,2) =1} 07) (1)
) /ﬂo T)xR); (e 160270 gy 27— (e Y] |/27H0 g 11270 )
5 X

X Jr(gj(tlﬂ R 7tj7 17 x))(flv B afn)W(dtladfl) T W(dtj’dgj)
(2.103)

Now, we use the classical It6 isometry to compute now
B[] (g;) (8, @)~ 1] (g, (t,2) 2]
. . 2
_/{[o T]xR}I () (&0 27| [M2 I — (e, )|y [V HO (g /2 Mo
T

X |F(gi(ts, s tjy ot @) (Ery oo, &)|2dEr - - - dE; dty - - - dt.
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We show that the last integral converges to 0 when n — oco. To do this, we have to compute
explicitly the Fourier transform appearing in the above expression. Recall that

¢

FG (&) = e 2, for the heat equation,

and
in(t
FG(&) = S1n(§]§|)’ for the wave equation .
Moreover, in page 10 of [BJQ17] the authors computed explicitly the multiple Fourier transform
J—"gj(tl, Ty ,tj,-,t,(lj>(§1, . 7§j)

=ne T TG EG, 4 (&) FGry—ty (61 + &) -+
X FGrot;(§1 4+ + &) o<t <ty <t}

Plugging in this expression in the last integral and performing basic computations (e.g. consider
the integral on the simplex Tj(t) := {(t1,...,t;)|0 < t; < --- < t; <t}), we obtain

B 1] (g)(t @) = I (g,) (¢, @)
S/ / déy - --d&; dty - “dtj’n*FGtQ—tl (1) FGry—t,(§1 + &2) -+
Tj(t) R7

X FGiog, (14 - + @)(2

X [(em Plea V2 g M2 — (g 2o g /2o

J
/Tj(t) /Rj ! J &l J”(el;[l | tot1 te(77€)| )

’1/2—H,L 1’1/2—Hn . 1/2—H,

X ‘(CHn)j!m In2 —n “nj —nj-1

1/2—H0|,,72 ‘1/2—H0 . | 71|1/2—H0 2

— (crp ) Im| —m nj — 1N

)

where we used the change of variables 1y := & + --- + &, for £ = 1,...,j. We wish to use
dominated convergence to show that this integral converges to 0. It is clear that we have
almost sure pointwise convergence to 0 of the integrand function on Tj(t) x R7, for any fixed
t,x € [0,T] x R (here t,z act as parameters of the integral, and moreover we do not need
uniform estimates in this case). Indeed, for this it is sufficient to notice that the constant cp
is continuous as a function of H on (0,1). Moreover, to show that an integrable upper bound
exists, we observe first that cj it is also bounded by a constant C independent from H, whenever
H € K, where K is any compact subset of (0,1) (see its definition in Theorem 2.14).

Now, we show that the integrand can be bounded. We start by bounding it with the two
terms:

J
o1 1 1
(H ’}-Gtul—té(m)‘Z) ‘(CHn)Jml‘? Mg — 2= nj = mj-12 fin
=1
Lol 1 1_p |2
— (emy ) Im |2 7o ng — |27 Ho oy — my_qg |2 HO

J
<(TT1F Gt e mo)?)2 (<cHn>2J\m\”Hn|n2 [y — gy [
(=1

+ (CHO)2j|771|1—2H0|772 _ 771|1_2H0 - ’nj _ 77j1’1_2H0> .

99



The two resulting terms are of the same type, except for the fact that the first one also
depends on n, and they are equivalent to the integrands studied in [BJQ17], page 11-13 (in the
case of wave equation only, and only for H € (i, %)) From now on we will only consider the
part of the integrand function that depends on n; for the other part, its integrability will be an
immediate consequence of the first case.

We study now separately the term

i
<H [ FGrpar—t, (77@)\2) (o, ) fm =21 gy — |2 gy — P20 (2.104)
/=1

in the cases H, > 1/2 and H,, < 1/2. In the former, the bounding function can be produced

quite simply, while in the latter we need some more effort.

Let us start from the latter case, i.e. H, < 1/2: we want to produce an integrable function
independent of n which bounds the integrand above. We use the following fact: whenever
H e (0,3),

j j
[T 1me = nea 252 < S T el (2.105)
(=2 acD; (=1

where D is a set with cardinality 277!, Its elements are multi-indices a = (ay, ..., ;) whose
sum equals (7 — 1)(1 — 2H) and satisfy

a; €{0,1-2H}, and ay € {0,1 —2H,2(1 —2H)}, for { =2,..., 5.

When H = H,, we denote the ay as ay,,, replacing H with H,, in their definition. The fact
that (2.105) holds true is based on the inequality, which holds for a,b > 0 and p € (0, 1]:

(a+b)P <al +1P.

Using this inequality with p = 1 — 2H > 0 and doing some computations (page 12, [BJQ17]),
we obtain (2.105). We can bound the integrand (2.104) (after removing the constant cy, < C)
with:

J 2
H ‘fGt[—te—l (7715)‘ |771|172Hn e |nj - 77j—1|172Hn

/=1
j 9 J
< T |FCumtus )| 1725 57 T el
/=1

OCEDj /=1

Let us remark that, for every H € (1/4,1/2) and in the case of the wave equation, these
integrands have already been shown, in pages 11-13 of [BJQ17], to be integrable on our domain.
If we extend this result to the heat equation case, we can use the upper bound function defined
in the following way: let §; = min,, H, > 1/4 and 3 = 1/2. We define fo, fi, fo : R — R as

follal) = 1,

Al = T ez,
aj =

1 a2 =1 x| < 1,

2(1-251) >1
fallal) = {"””' == 1,

|2[2(1=202) =1 |z] < 1.

100



Define, for every ay ,, the quantity

0 ap,=0,
N<a€,n) =41 Qpn = 1—-2H,,
2 Qpp = 2(1 — 2Hn).

We are now ready to bound the integrand with

j i

IT|7Gu oot b= 52 TT el

=1 aED; (=1

; 2 . (2.106)
<11 ’FGtz—tl—l(n@>) Fllmh) D7 T e (D).

=1 aeD; (=1

The last function is integrable; to see this it is sufficient to divide the space Tj(t) x R? in the 27
regions generated by all the possible combinations |n| > 1 or |n| < 1, for £ =1,...,j. Then,
in order to show that each of these reduced integrals is bounded, it suffices to bound it with
the integral on the whole space, which we will show now to be bounded.

To check this last fact, it is sufficient to show it for a single integrand of the form

J j
11 ‘fGtz—te_l(m)’?\m\ﬁ > ITime (2.107)
(=1

acD; (=1

where, this time, the 3, a; do not take values into a discrete set, but they satisfy the weaker
constraints

b e KyC [0,1/2), a € K C [0,1/2), and ay € Ko C [0,1), fOl“E:Q,...,j,

where the sets K1, K are fixed compact and given by K7 = [0,1 —2min H,] and Ky = [0,2(1 —
2min H,,)] (we are assuming implicitly that min H,, < 1/2; if this is not the case, then the entire
sequence falls in the case H,, > 1/2, which we will study afterwards). It is important to notice
that these sets Ko, K1, Ky are fixed, given the sequence H,. The fact that 1 — 2min H,, < 1/2
and 2(1 —2min H,) < 1 turns out to be crucial for our estimates.

We write the integral of (2.107) on T}(t) x R7 explicitly (see [BJQ17], page 12)

/ (/ |-7:Gt2—t1(771)!2|771|'3+°”d771>
Tj(t) “JR

! (2.108)
X H </]R |}-Gte+17te(77£)|2’W|a"dm)dt1 . "dtj.
=2

Notice that here we do not have any summation over D;; in fact, we are considering only a
single term. From now on, we have to consider separately the wave equation case and the heat
equation case. As we already pointed out in (2.82), for any v € (—1,1) it holds

Cl(2—~)t'™7  wave equation,

1=y ,— (v+1)
crisay

/R FG©)Iepde g{

heat equation.

We recall that the constants C’, and C7 are continuous with respect to v € (—1,1). This time
we will use vy = 1—2H and v = 2(1 —2H), and still we can bound them uniformly with respect
to H € K C (4, 3], with K compact.
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Using this result in (2.108) we obtain, for the heat equation,

e .
/ (tz—t1)% H(tﬁ+1—t£)+ldt1---dtj:0<oo
T;(t) e

The last integral is bounded thanks to the fact that the time intervals are finite and all the
exponents are strictly greater than —1.
For the wave equation, we have

j
/ (ta — t2)' P00 [ (tesr — to)! 0ty -+ dt; = C < o0,
T;(t) /—2

In this case, the exponents are even greater than 0. This concludes the proof in the case

He(4,2]

In the case H € [%, 1), the computations are much less involved. Recall that we essentially
have to bound the integrand in the following integral

/ /R'(ﬁ(fGtM_tz(&+---+£g)]2)\§1!1‘2’{"---§j|1—2Hnd§1---dgjdtl---dtj. (2.109)
j T =1

Here, the fact that 1 — 2H,, < 0 is helping us. Indeed, we can define the bounding function in
a quite straightforward way: let

(Iz]) 1 lx| > 1,
x|) ==
g |l,|1—2(maxn Hy,) |ﬂ§| < 1.
Clearly, the integrand function in (2.109) is bounded for any n € N by
J 2
(TT |7 G sl + -+ €| )ati&al) - o165
/=1

We check that this upper bound function is integrable. We can compute

i1
/Tj_l(m [yt ((g PG+ + 0| e -

[ (fGt_tj@l+---+£j>\2g<rfjr>d£jdtj>-

We compute:

[ e st
[ e o steasn,
[ [ s atsbas,
- / t N O &) aga;
/ e v g g,
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We check separately the wave equation case and the heat equation case: for the wave equation,
it holds that

‘Sin(t\il) ‘

| FG(§)] = <t, forevery { € R, foreveryt e [0,T]

Thus, we have

/ / |<1‘.7:Gt &+ +E) ‘ )| €| 2minn Hn gt

</ / 6= 52 12 minn g g < — CL° o
t;1 Jlg <1 1 — min, H,

t sin? [ (¢ = )61+ + &
dg;dt;
/t]'—l /|;J|>1 &1+ + &2 &t

/ / Sln t—t |§1 + - —{—qu t ( )
d;dt; = | C(t—t))dt; < o,
tio1 |€1 + -4 &2 7 ti1 I

and

. in2(t
since [p sm|$(|2‘x|)dx = 7t.

We can now repeat exactly the same computations, starting from (2.110) in the case j —
1,7 —2,...,1 to obtain easily the integrability of our upper bound for the wave equation case.

For the heat equation, we have

tl¢|?

| FGi(&)|=le 2| <C, forevery £ € R, for every t € [0,T].
‘We have
t 2 .
/ / (FG, (6 + )| I 12 g
t; JIg1<1
t : CT
< Clg | 2minn Hrgedt; < —————— = C,
/tj /j|<1 |j‘ 77 =1 — min,, H,
and

</t:/ReXp(_ (t—tj)!&;-"'+§j|2>d§jdtj:/t:CMdtj<oo,

which, again by iterating this computation, shows that the upper bound function is bounded
also in the heat equation case. This completes the proof. ]

We put together the pieces of the proof of Theorem 2.45 in our standing case.

Proof (Theorem 2.45, linear multiplicative case). It is sufficient to notice that thanks to Propo-
sition 2.61 and Proposition 2.68 we have that the sequence of probability measures induced by
{ufl" n € N} is tight on C([0,7] x R).
This fact, together with the finite dimensional L?(Q2) convergence proven in Proposition
2.70, shows that ufir 9y o on C([0,T] x R), when n — 0.
O
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3 | A rough paths approach to SDEs
with fractional noise

Our main objective in this chapter is to study the continuity properties with respect to H of
the SDE, defined for ¢t € [0,T7:

dX; = p(Xy)dt + o(Xy)dWH (3.1)

where the driving noise W# is a fBm of Hurst parameter H € (%, %), here interpreted in the
framework of rough paths theory.

The interest for such a problem comes from the natural translation of the results of Chapter
2 to the framework, developed very recently in literature, of the regularity structures. The first
step towards this direction is to consider the one-dimensional SDE problem in the setting of
rough paths theory.

Our main problem in this chapter will be the continuity of the SDE solution {X¢, ¢t € [0,T]}
with respect to the parameter H. This problem has been already investigated by [RiTal6],
[RiTal7] in the case H — (3)4 (that is, when the convergence is from above). We give a proof
of the continuity result when the limit value Hy € (%, %) Such convergence result has been
proved for a general class of noises in [FrVi] (see Theorem 15.51 therein). Due to a change
in the definition of p-variation, introduced in the errata corrige of [FrVi], the above result has
been subsequently slightly modified. With the new definition, carefully studied in [FrVill], it is
not entirely clear whether one can apply Theorem 15.51 of [FrVi] to the noise W in order to
prove the weak convergence result for (3.1). The main result of this chapter is a refined version
of this proof, which uses a slightly weaker hypothesis instead of the one assumed in [FrVi], and
which is specialized to the case of the noise W . This work will appear in the forthcoming
paper [DGMU20].

3.1 Rough paths theory

In this section we will give a brief introduction to rough paths theory, giving the basic notions
necessary to motivate and define the objects that we will use in the following. We follow closely
the rather direct approach of [FrHa].

3.1.1 Motivation

Rough paths theory originates in the 90s from a very natural problem. Let us consider the
classical stochastic differential equation

dXt == M(Xt)dt + O'(Xt)th, (32)

where u, o are regular functions (for example, Lipschitz continuous), and W; is a sBm defined
of a filtered probability space (2, F,{F;, t € [0,00)},P). In the context of probability theory,
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this equation has a well-established solution theory, through It6 (or Stratonovich) integration
theory. Anyway, if, for a fixed w € €1, we consider this equation as a deterministic problem, the
resulting ODE is ill-posed.

We will briefly explain why. For a complete and very clear insight on this (and much more),
we refer to [FrHal, Chapter 1. In order to give meaning from an analytical point of view to
(3.2) one needs to be able to define, for f,g:[0,7] — R at least continuous, the integral

T
/O £(t)dg(2),

where f and g play the role of X and W, respectively. This problem is well-known, and the most
classical theory of such integrals is the Riemann-Stieltjes integration theory. In this framework,
supposing that f is continuous and g is of bounded variation, one has that the integral [ fdg
is well-defined in the sense that

T
lim, 3 Fle)o(ty) — 9lts)) = [ F(Bdg(® (3.3)
tjEP 0

|P|—0

is a good definition of integral. Here, we are taking the limit over partitions P of [0,7] such
that the mesh |P| := max; |t; 41 —t;| — 0 and the evaluation points ¢; € [t,;41] can be chosen
arbitrarily. The limit is remarkably independent from the way in which the partitions tend to
0 and from the choice of the evaluation points c;.

This classical integration result has a natural extension in the framework of Hélder contin-
uous functions, called Young integral. The intuitive idea is to trade some of the regularity of g
to f, while the definition (3.3) remains well-posed.

Definition 3.1. Let (S, d) be a metric space and let a € (0,1) We say that a function f : R — S
is a-Hélder continuous if there exists a constant C' < oo such that

supM =C. (3.4)

s;ﬁt ’S — t‘a

We denote the vector space of such functions C%(R;S). The definition naturally extends to
functions defined on any interval [a,b] C R.

With this definition in mind, we have that the limit in (3.3) is well-posed also if f €
C2([0,T);R) and g € CA([0, T]; R), provided that a+ 3 > 1. Anyway, in order to give a meaning
to (3.2) one should be able at least to give a meaning to the integral

/ W,dW,,
R

which is impossible even in this framework. Indeed, by Proposition 1.7, the trajectories of sBm
only belong to C*([0,T]; R), for every a < %, giving 2a < 1.

We explain more clearly why this limitation is really a problem for SDEs. As we already
pointed out, there exist probabilistic ways to find a solution to (3.2). Suppose that we are
exploiting It6 integration theory to give meaning to (3.2). Denote by S : W +— X the solution
map (or Itd map) that associates to the sBm W the solution X of (3.2). This map cannot be
made continuous in the sense of paths, whatever (reasonable) space we use to define it on. We
make this precise:

Proposition 3.2 ([FrHa], Proposition 1.1). Let C([0,T];R) be the space of real-valued contin-
uwous functions endowed with the uniform convergence norm, and let W be a sBm. There exists
no separable Banach space B C C([0,T];R) such that
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i) The paths of W lie almost surely in B

it) The map .
(f.9) > [ f0(o,
0

which is well-defined for smooth functions, can be extended to a continuous map from
B x B —C([0,T];R).

This result shows that it is impossible to make the solution map S continuous with the
structure that we imposed up to now. The main idea of rough paths theory is to overcome this
problem by enhancing the process W with its iterated integral

t
W, = / (W, — W)W, (3.5)

defined in a convenient way. The main contribution of rough paths theory is the following: if,
instead of the process W, we consider the pair (W, W) on a suitable space, the solution map to
equation (3.2) given by (W, W) — X can be made continuous.

A first interesting fact is that the lift map ® : W+ (W, W) is universal, in the sense that it
does not depend from the form of equation (3.2). In general, there are various possible choices
for the lift map ®. For example, in the case of sBm one can define (3.5) in the It6 or in the
Stratonovich sense, and this will lead to different notions of solution.

There is a second remarkable fact, that shows how the present construction is quite general.
Denote as S* : W +— X the solution map in the Ito sense and S* : W — X the solution map
in the Stratonovich sense. Given our construction, in both cases the solution map factorizes in
Si=8io®" and 55 = S50 ®*., where we denoted as ® and ®* the lift map respectively of It6
and Stratonovich integration. We have that the lifted solution map Si=85=8 , giving

St =50 d, 5% =50 ®°,
so that the map S is independent from the choice of the lift.

3.1.2 Holder spaces and lifted paths spaces

We introduce now the main objects that we need to define rough paths spaces. The natural
construction of rough paths spaces is done for V-valued processes X;, where V is a Banach
space, but, for simplicity, in the following we restrict for simplicity to the case V = R.

Let now X = {X;, t € [0,7]} be a continuous function from [0, 7] to R. We wish to define a
rough path for X. Until now, we only considered analytical properties of a path. If we want to
give a general construction of a rough path over X we have to identify the set of algebraic and
analytical properties that a notion of iterated integral X : [0,7]? — R has to satisfy in order to
be a good definition of integral. From now on, given a function X : [0,7] — R we denote th
increment of X over [s,t] as X+ := X; — X, not to be confused with X, ; which is defined on
[0, T)?.

Definition 3.3. Let X : [0,7] — R and X : [0,7]? — R be continuous functions. We say that
X satisfies the Chen’s relation if for any s,u,t € [0,T] it holds
Xs,t - Xs,u - Xu,t - Xs,uXu,t (36)

Relation (3.6) is very natural in the context of integration: it is immediate to verify that if
W is a lift defined by (3.5), where we interpret the right-hand side as a It6 integral, we have that
(3.6) is satisfied. Moreover, since X;; = 0, it follows from (3.6) with s = u =t that X;; = 0
too (this is another natural property, if we think of X as an integral).
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Another crucial consequence of (3.6), that we do not prove here, is the fact that the knowl-
edge of a path t — (Xo¢, Xo¢) entirely determines the form of X. Thus, we can say that the
couple (X, X) is really a path, that is, a one-parameter object.

We come now to the analytical properties that it is necessary to impose on X and X, recalling
that our general goal is to extend the theory of Young integrals to functions which are rougher,
i.e. less regular.

Definition 3.4. Let o € (3, 1]. We define the space of a-Hélder rough paths €% = €°([0,T))
as the space of pairs X = (X, X) that satisfy (3.6) and for which it holds

X X
|| X || := sup [ Xt and [|1X||2¢ := sup [Xst

, Rl (3.7)
s#t |8 - t|a sF£t ‘3 - t|2a

Remark 3.5. The space € can be seen as the subset of the vector space C* ©C2% of the pairs
X = (X, X) which satisfy (3.7) but not necessarily (3.6). This space, endowed with the natural
norm

I XI|cageza = Xo + [ X]la + [IX]|2q

is a Banach space. Somewhat uncomfortably, ¥’ is only a subset of this space and it is not a
linear subspace, due to the non-linear scaling of (3.6). In detail, we have for X € ¢ and A € R
that

Mgy — A — Mo = MXy — X — Xoug) # OXy — AXW)(AXy — AX,) = M2 X0 X,
except for A =0, 1.

By Remark 3.5, we cannot see €' as a linear subspace of C* ®C3®. Anyway, the norm which
makes C® @ C3% a Banach still induces a good notion of distance on C*:

Definition 3.6. Let o € (%, %] On the space €“ we define the a-Hdlder rough path metric as

|Xs,t - Ys,t +su ‘Xsﬂf - Ys,t|

p 3.8
e T e G

pa(X,Y) = || X = Vo + [IX = Y]|2a = sup
s#t

Remark 3.7. Notice that (3.8) does not correspond exactly to the distance induced by the
norm of C® @ C2% on €%, since it lacks the initial condition term |Xo — Yp|. Anyway, it is
convenient for our purposes to consider Definition 3.6.

The non-linear scaling property of (3.6) given by (X, X) — (AX, A2X) suggests the definition
of the following quantity, which is homogeneous with respect to (3.6)

Definition 3.8. We define on € the a-Hdolder rough path norm as the quantity given by

X

vo = [[Xla + VIX]|20- (3.9)

Remark 3.9. The quantity ||X||g« is not a norm in the usual sense, because [[AX||ga #
IA] - [|X]|#e, but scales correctly with respect to the (3.6)-preserving transformation (X,X) —
(AX, A?X). Indeed, introducing the notation X, := (AX, A?X) we have that

(XA

g0 = A [IX

A

Having defined the algebraic well-posedness relation (3.6) and the spaces with suitable reg-
ularity, we may ask ourselves if they permit a good definition of rough paths. First, we observe
that neither (3.6) nor the definition of €’* imply any type of chain rule or integration by parts
formula.
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This is not surprising. Considering the basic sBm setting X = W, we know that there are
several choices (in fact, infinite) for the definition of the integral with respect to W, and only
the Stratonovich integral preserves the classical rules of integration. Anyway, the It integral
is a very popular choice, thanks to its non-anticipativity property, which is considered natural
for many applications.

Keeping these considerations in mind, we introduce now the concept of geometric rough

path. The idea is to encode the chain rule as an algebraic property in the rough path space. If
X is a smooth function, we have that

t t
Xs’t :/ (XT - XS)dXT = / XrdX; — X Xs + (Xs)2
S s

_(x)? - C O (X,)? (3.10)

1
=5 (Xi - X,)2.

Definition 3.10. We define the space 6;* of geometric rough paths as the space of rough paths
in ¥* which moreover satisfy condition (3.10).

Remark 3.11. We note that (3.10) completely determines the form of X. This is true only in
dimension one. If we consider paths with values in R¢, the function X becomes R? @ R%valued
(matrix-valued) and condition (3.10) becomes Sym(X) = (X, ® X,,). In the latter case we
would still have some freedom on the non-diagonal terms Xi{t, which translates to some freedom
in the definition of [ X'dX7, whenever i # j (we will not go into details here). We refer to
[FrHa)] for a precise description of the RY case.

Remark 3.12. In both [FrVi] and [FrHal, the authors introduce an useful construction, which
permits to see rough paths as Lie group valued functions, for a suitable group GV (Rd). Due
to the fact that we are in the case d = 1, in our case this construction does not help us and
we will not present it. Anyway, some of the results from [FrVi] that we will use are originally
stated following this notation. We will translate them to be consistent with the notation that
we are using. In particular, the distance denoted with d(Xs, X;) in [FrVi] and with deo (X, Xy)
in [FrHa] is simply |X;| + [Xs|'/? in our case. From now on, we will denote

1
d(Xs,Xt) = |X57t| + ‘Xs,t|§

3.1.3 Gaussian processes as rough paths

We report here some useful results about the theory of Gaussian rough paths. Following [FrVi]
and [FrHa], we wish to construct a canonical rough path structure for a class of continuous
Gaussian processes which satisfy a certain condition on their covariance structure. This will
include as a special case the fBm, which we will then study in detail in Section 3.2.

Let {X;,t € [0,7]} be a real-valued centred continuous Gaussian process with covariance
structure given, for s,t € [0, 7], by

E[X,X,] = K(s,1).

We recall that a Gaussian process is completely determined by its mean and covariance. We
define now some notions that we will use throughout the rest of this chapter. First, a bit of
notation; given a function f : [0, T]? — R, we denote with

f(s’t> = J(t0) — Fltw) — [(5,0) + [(5,0)

U, v

the rectangular increment of f.
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Definition 3.13. Let A :={0<s<t<T} and w: A x A — [0,00). We say that w is a 2D
control if it is super-additive in the following way: given a rectangle R C [0, T]2 and any finite
partition {R;,1 < j <n} of R, we have

w(R) > w(Ry).
J<N
Given a function f defined on rectangles, we say that f is controlled by the control w if for any
rectangle R C [0,7]? it holds
[f(R)] < w(R)

Definition 3.14. Let f : [0,7]?> — R and let p € [1,00). For an interval [a, b], such that a < b,
let D([a,b]) be the family of finite partitions {a;,i < n} of [s,t]. We define for every rectangle
R=[s,t] x [u,v] C[0,T)? with 0 < s<t<T and 0 <u < v <T the p-variation

N
V(£ [5,8] % [u,0]) == sup (Z‘f(t“““)‘) (3.11)
1,

{t;}eD([s,1]) tjstj+1
{t}eD([u,v])

and we say that f has finite p-variation if it holds that V,(f, [0, T]?) < oc.

Definition 3.15. Let f : [0,7]> — R and let p € [1,00). For every rectangle R C [0,7]? we
define the controlled p-variation as

[flpvar = sup (Z \f(A)\p> " (3.12)

where we denoted as P(R) the family of partitions of R made by rectangles.

Remark 3.16. Let us remark that the family of grid-like partitions used to define (3.11) is
actually smaller than the family of general rectangular partitions used to define (3.12). This
implies that trivially, for any f, for any R and for any p > 1 one has

‘/p(fa R) < |f’p-var,R~

Less trivially, one has that this inequality is strict, whenever p > 1. We will see an example of
this behaviour in the case of the fBm W in Proposition 3.24.

We will see how, given a continuous and centred Gaussian process X with covariance K, it
is possible to construct a canonical rough path X, provided that the covariance function K has
some p-variation regularity, and that the p-variation of K is controlled by some 2D control w.
We make it more precise.

Theorem 3.17 ([FrVi], Theorem 15.33). Let Xy, fort € [0,T], be a centred continuous Gaus-
sian process with values in R. Suppose that there exists a p € [1,2) such that the covariance K
of X has finite controlled p-variation dominated by a 2D control w such that w(]0,T]?) < oo.
Then, there exists a unique process X in € such that X lifts X, in the sense that m (X¢) =
X — Xo.
Moreover, there exists a constant C' = C(p) such that for every s <t and for every ¢ > 1 it
holds

1

BaX, X)) o= B (100l + uel¥2)] < Cloyasls. 1) (3.13)

The lift X is unique and natural in the sense that it is the limit in the space of rough paths €' of
any sequence X, of piecewise linear or mollified approximations to X such that || Xy — X ||eoc — 0
almost surely.

Remark 3.18. Regarding the approximations to a rough path X via regular functions, we refer
to Chapter 15 fo [FrVi], in which there is a large discussion about piecewise linear and mollified
approximations of a Gaussian process. A complete discussion about this topic would exceed the
scope of this work.
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3.1.4 Rough differential equations

Given a rough path X = (X, X), one wishes to construct a rough differential equations (RDEs)
theory dealing with equations driven by a rough path X. Since we already pointed out that a
rough path X is really a one-dimensional object, in principle there is no problem in trying to
consider equations of the form

dY, = f(Y;)dX,. (3.14)

We want to understand, as usual, this equation in the integral form

t
n=m+/fmmx. (3.15)
0

The problem in (3.15) is that we have to make sense of the integral with respect to a rough
path X. This is a very rich problem in rough paths theory. Lyons’ original idea (see [Lyo98])
was to define the integral [ F(X;)dX; for functions F of X which were suitably regular. Then,
Gubinelli in [Gub04] extended this approach to include integrands Y which were controlled (we
will not explore the concept) by X, giving rise to a Banach space of integrands. We refer to
Chapter 4 of [FrHa] for an overview of the topic.

To our purposes, we will not enter into the details of the construction of the integral. We
just explain the main idea that connects the construction of the integral for a large enough class
of integrands with the existence and uniqueness results for equations like (3.15). The idea is the
following: if one is able to define the integral [ F(X)dX for a suitable large class of functions F,
one may be able to reformulate the existence for a solution to (3.15) as a fixed point problem,
and solve it through some iterative method.

In general, there is a huge literature regarding the construction of a solution theory for
equations of the type (3.15) (see the already mentioned [FrVi|, [FrHal], [Gub04], [Lyo98]).

Another important feature, that we will use in the following, is the fact that the solution
map is continuous, when seen as a map from rough path spaces to function spaces (actually, to
even richer spaces). Again, we will not enter into details, apart from remarking, as we already
did before, that the lack of continuity of the solution map in the framework of classical SDEs
was one of the motivating reasons for the introduction of rough paths.

We move now to our specific case: we recall that we want to study an equation of the form

(3.1), which we rewrite here

dX; = u(Xy)dt + o(Xy)dw/
One may notice that (3.1) and (3.14) differ for the presence of a drift term. Anyway, it is
possible to see any d-dimensional RDE with drift as a d + 1-dimensional RDE without drift, by

seeing the dt integral as a "regular rough path” and adding it as an additional dimension of the
rough path. The details of this construction are given in [FrVi], Chapter 12.

The solution X7, as always, is interpreted in the sense
t t
XH = xl +/ w(XH)dt +/ o(xHawH, (3.16)
0 0

where Xo € L%(Q) is the initial condition of the problem. The integral appearing will be
interpreted as an integral with respect to a rough path W = (WH ,WH ) defined over the
process WH.,

We are left to show that a canonical rough path lift W exists for W#. We follow the
construction of a rough path for Gaussian processes given in Subsection 3.1.3. In particular,

we want to use Theorem 3.17 to obtain a canonical geometric rough path for W, for every
H e (3,3)
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We need to find a p € [1,2) such that the p-variation of K¥ is finite and bounded by a
control wg. It turns out that, thanks to Theorem 1 of [FrVill] and to Proposition 3.24 (which
we state and prove in the next section), the function wy, defined for some ¢ > 0 small enough,

 |pcH e
wH(R) T ’K |ﬁ+a—var,R
is a good control for the (55 + )-variation of K (notice that 55z < 3 for our range of values
of H, thus there exists an € > 0 such that ﬁ + e < 2). This construction will be clarified later,
when we will also prove some stronger results.

We summarize all the previous considerations in a minimal existence/uniqueness and conti-
nuity result. The result we report is minimal in the sense that we put the minimal structure that
we are going to use in the following section. We refer to [FrVi], Section 12.1.2 for a complete
study of the problem.

Theorem 3.19. Let H € (3,3], let X' = 29 € R be a constant and let p,o € C}(R)
(bounded functions which are three times differentiable). Then, there exists a unique solution
X = (X)epm) of equation (3.1) with initial condition xo. Moreover, the solution X™ is a

continuous function of WH = (WtH,Wgt), in the sense that the solution map S, given by

S ¢ — c*([0,T))

3.17
wWH 5 xH (38:17)

is continuous, for any 0 < a < H.

3.2 Weak continuity with respect to the noise

In this section we study our main problem in this Chapter, that is, the continuity in law of the
solution to (3.1) with respect to H. Let us write again equation (3.1)

X[ = u(XIdt + o (X)W,
where W# is a fBm of Hurst parameter H € (%, %], and we highlighted the dependence of the
solution X; from H denoting it with X//. We restrict to H < % in order to use the rough paths
techniques in a non-trivial way. Indeed, when H > % the regularity of the noise allows for a
classical solution theory in the sense of Young integration. By Theorem 3.19 we have that a

solution to (3.1) exists and it is unique. Moreover, the solution operator is continuous from ¢’*
to C*([0,77), for any 0 < o < H.

Remark 3.20. When H = 1, the solution X 7 to (3.1) becomes a Stratonovich solution of an

SDE driven by a sBm. This is a direct consequence of the fact that when we lift a sBm W3 to
a geometric rough path, we obtain the Stratonovich integral.

Since we have existence and uniqueness of a solution X for every H € (%, %], a natural

question that can be addressed is: does the solution X change continuously with respect to
H? Looking to the equation through the glasses of modelling, this question can be reformulated
as: can I say that if I get a small error on the estimate of H, I also get a small error in my
model prediction X ?

We prove the following result:

Theorem 3.21. let us consider equation (3.1), for t € [0,1], with pu,0 € C3(R). Let X be an
L?(Q) random variable independent on WHn and let us denote by XHnXo the solution of the
equation (3.1) with H = H,, € (%, %] If H, — Hy € (%, %], then XHnXo converges to XHo-Xo
in distribution in the space C%([O, 1]).
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Remark 3.22. The fact that we consider only ¢ € [0, 1] is not a true restriction, since one can
always reformulate an equation on [0,7] as an equation on [0, 1] reparametrizing the noise by
considering W2, for t = [0, 1] (see also [FrVi], Chapter 15). Anyway, this assumption simplifies
a bit the estimates in the proof of Theorem 3.21.

In order to prove the theorem, we reason similarly to the following result of [FrVi], adapting
the first part of their proof to work with a more general assumption and writing carefully the
details for the second part.

Theorem 3.23 ([FrVi], Theorem 15.51). Let X", for 1 < n < oo be a sequence of centred
R-valued continuous Gaussian processes in [0, 1]. Assume:

i) There exists a p € [1,2) such that the covariances K™ of X™ are of finite p-variation, and
they are controlled uniformly by a 2-dimensional control w, in the sense that

sup |[K"|?

2
neN p-var,[s,t]2 < w([s,t] )

i) X™ is the natural lift of X™ with paths in CIP™"*([0,T], G3(R)), for some p > 2p.
i4i) The covariances K™ converge pointwise to K on [0,1]2.

Then, for every p > 2p, X™ converges weakly to X*° in the p-variation topology. Moreover, if
w is Holder dominated, the convergence holds also with respect to the %—Hé'lder topology.

The space G3(R) that appears is the space of geometric paths, introduced in Chapter 7 of
[FrVi]. Another useful tool is the following result, which is a slight generalization of a result in
[FrVill]

Proposition 3.24 ([FrVill], Examples 1-2). The covariance K® of a fBm of parameter H €

(0, %] has bounded 2}{ -variation V% (KM [0,7)%), which moreover satisfies for every s < t
2

Vi (KT [s,1]?) < eyt — s|?H. (3.18)

2H

Moreover, if one considers H &€ [7]1,%], with n1 > 0 fized, the constant cg can be chosen
uniformly with respect to H.
Finally, one has that the controlled ﬁ—vam’ation is infinite, that is,

H
’K ’ﬁ—var,R = 00.
Remark 3.25. Proposition 3.24 shows that the p-variation and the controlled p-variation are

really two different concepts.

Proof (Proposition 3.24). The proof is almost the same given in [FrVill], Example 1. In our
result we take care explicitly in the estimates of the dependence from H. Regarding the second
part of the statement, i.e. that [K| + . = oo, we refer to [FrVill], Example 2.

2H ’

We scrutinize the computations in Example 1 of [FrVill]. Fix 0 < s <t¢ < 1. Consider two
partitions {t;}, {t} € D([s,?]). Following [FrVill], we have

1
°H 1
> ‘E[Wt[i{,tiJertthJrl} <6t — tia. (3.19)
i

We remark that this is true because all the non-explicit constants C(H) that appear in the
proof given by [FrVill] (denoted there as cp) can be chosen to be equal to 1, thus we are only
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left with the explicit constant 62. This is true because C (H)’s arises in a term of the type
HyH
‘E[WSJWufu} )

EW AW éE[(Wt - wihHw - wih]|
= [E[ov =W wi - wl e wl - wihw - wi]|
’E[ —wWHywWH - Wf)}

B[(WT - Wiy
+ B[ - wiHwE - wi)|.
1
— §‘|t_u|2H_ |t—U|2H+ |’U—S|2H— |u—s|2H‘
< |u_v|2H>

where in the last step we used the fact that [t —u|?H = |t —v+v —u|?H < |t —v*H +|v—ul?H,
which is true since 0 < 2H < 1. This implies obviously that [t — u[?H — |t —v|?H < |v — u|?H,
which is what we used. This estimate appears several times in the proof of [FrVill], but does
not add any dependence of the constants from H.

Coming back to (3.19), we are only left to sum over i obtaining

j : 2H
’E[ t17t1+1 t t]+1:|

and we can take the sup over all partitions of D([s,t]) to obtain our result. The final constant

1
< 6ﬁ’t_8‘7

cy = 62 is clearly bounded whenever H > n; > 0, if 1 is fixed, giving also the second part of
the statement, i.e. the independence from H of the constant.
O

Proof (Theorem 3.21). The idea of the proof is to exploit the continuity of the solution map
stated in Theorem 3.19. It is sufficient to show that

W = (Wt W) 25 W = (e Wil

in the space %3 Indeed, by the continuity of the solution map stated in Theorem 3.19, this

implies that
x Hn,Xo n—>oo; x Ho,Xo

in C%([O, T1). We are then left to show that WH» — W holds in the space €.

To prove this, we follow the same reasoning as in the general convergence result Theorem
3.23. However, in our proof, instead of i), we use the slightly weaker assumption

i’) There exist a p € [1,2) such that the covariances K™ of X™ are of finite p-variation,
and each of them is controlled by a 2D control wy, which satisfy the uniform Hélder bound

sup [K"|7

neN p-var,[s,t]2

— supwn([s, 112) < CJt — s,
neN

The stronger version i) was used in the proof of Theorem 3.23 to obtain the tightness of
the set of measures. In our case we obtain it directly via the Kolmogorov-Lamperti criterion
(Corollary A.11, [FrVi)).

Our proof is structured in the following way:
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Step 1) We state some useful properties of the p-variation and controlled p-variation for functions
f:[0,7? =R

Step 2) We use these properties together with Proposition 3.24 and Corollary A.11 of [FrVi]
and Theorem 15.33 of [FrVi] to obtain the tightness of the set of measures induced by

(WH")nGN

Step 3) We identify the limit in the same fashion as in Theorem 15.51, [FrVi|, using linear ap-
proximations of WH» which converge uniformly with respect to n € N.

Step 1

In [FrVill], Theorem 1, the authors showed that even if the p-variation and the controlled
p-variation are different concepts, they are e-close concepts. Precisely, we have that for ¢ > 0,
p > 1, there exists an explicit constant C(p,e) > 1 such that for every f : [0,T]?> — R and for
every R rectangle in [0, T]? it holds

‘f|p+s-var,R S C(p7 E)‘/p(fu R) (320)

This of course implies that
|f’p+€—var,R S C(p, 5)‘f|p—var,R

and that
Vpre(f, R) < Clp, )V (/. R) (3.21)

The constant C(p, €) is given by (see [FrVill], Theorem 3 with § = 1+ % — L =1+

pte p(p+e)
and the arbitrary « € (1,0) that we fix as « := 92;1 +1=1+ m)

C(p,e) = { [1 - c(l + m)} T (3.22)

XC(l+m>+[l+<<l+]ﬁﬂ}’

where ¢ denotes the Riemann zeta function. We notice that this quantity, for any fixed € > 0,
is continuous with respect to p € [1,00). Indeed, it only diverges when p — oo, since ((z) — oo
when z — 17,

Step 2

In order to obtain a uniform Kolmogorov-type estimate for the WH» we want to apply
Theorem 15.33 of [FrVi] (Theorem 3.17). The key point is that the constant C appearing in
the estimate (3.13), provided that the process X has finite controlled p-variation, depends only
on p,

If we show that there exists a unique p € [1,2), independent from n € N, such that all
processes WHn have bounded p-variation, we could then give a uniform estimate of

1
sup B |d(W T, Wil ]
neN

We prove that there exists such a p € [1,2). Since we are considering Hy > % as our limiting
value, then there exists a § > 0 such that it holds definitively H,, > % + 4, and thus
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3_
Let g1 := 2 2'0 ® be fixed in the following considerations. By Step 1, we can define for every

n € N a 2D control wy,, in the following way:

s +e
wn, (R) =K |7

1
mqtsl—var,R

L4 1,
<C(gge) ™V et (323)
2H, THn

1
SCVQF"-FQ(

2Hnp

K R),

where in the last inequality we used the fact that, for our fixed 1 > 0, the quantity C (ﬁ, £1)

is continuous (and thus bounded) for H,, € (0, 1] (that corresponds to the region p € [1,00) in
(3.22)).

Moreover, by [FrVill], Example 2 we have that

L 2H, (#+ )
VIR K (s, 4]2) <eplt—s| N
2Hn,

—cplt — 5|1 T2Hner (3.24)

<c|t — s|,

where in the last inequality we used Proposition 3.24 (specifically, the fact that ¢y can be chosen

independently from H € (%, 1]) and the fact that |t — s| < 1, together with 2H,&1 > 0.

As a consequence, for every n € N the control wpy, satisfies
wm, ([, 42) < Clt — 51, (3.25)

which means that it is an Holder dominated control. Moreover, the bound on the control does
not depend on n and therefore, by Theorem 15.33 of [FrVill] with p = pg there exists a constant
C = C(po) such that for every ¢ € [1,00) and for every s,t € [0, 1]

Jun

S 1
supE[d(W/, Wn)7) <sup O/, ([s, 1)
neN neN (326)

We use this uniform estimate in the Kolmogorov-Lamperti tightness criterion (see, for example,
Corollary A.11 of [FrVi]), with r := 2py = ﬁHﬂ € [1,3) and we can choose ¢ >> 1 such that
1_1

T2 % This is possible because % > %

This means that our sequence WHn is tight in ‘ia”%, and thus it possesses a subsequence
converging to some limit Y.

Step 3

We identify the limit Y as W0 by following the same strategy as in the proof of Theorem
3.23 in [FrVi].

The fundamental idea is to show that, for every n € N, the (lifted) piecewise linear approx-
imations S3(WHnP) of WHn converge to WHn in L4(P), uniformly with respect to n € N,
whenever the amplitude of the dissection D of [0, 1] tends to 0. In order to prove this, it suffices
to use the uniform estimates of Theorem 15.42 in [FrVi]. We do not go into the details of the
construction of S3(W#nP) we only remark that they are a natural approximation of the fBm
WH and of his lift WH.
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Summarizing: we already shown that the entire sequence (K*), has finite controlled po-
variation, for some py < 2, and the controls wy, satisfy (by (3.25))

supwi, ([0,1]%) = M < .
neN

We now fix p = pg and p = 3 > 2py in Theorem 15.42 of [FrVi] to obtain that, for every

n € (0, ﬁ - 1%) there exists a constant C(po, p, M, n) such that for every dissection D of [0, 1]

it holds

wls

1
sup B[ |[W — Sy(WHP))|[2, 1" < sup Cry/gmaxwr, ([t ti]?)
neN neN tieD

<C ti—tiql3
sOwimppagent—talt o

<C,C./q sup diam(D)3
neN

—(1C,/q diam(D)3 .

Thus, it holds that the piecewise linear approximations S3(WH»Pm) converge to W uni-
formly with respect to n, whenever the amplitude of the dissections D,, tends to zero for
m — 00.

Now it suffices to apply Lemma 15.50 of [FrVi] with Z™" = WHnDPm  where D,, is a
sequence of dissections of [0, 1] whose amplitudes tend to zero. The lemma is basically a careful
application of triangle inequality in a double convergence, where one of these convergences is
uniform (the one in m, uniform with respect to n). Since for the linear approximations, which
are essentially finite dimensional processes, the weak convergence Sg(Wn:Dm) — G3(/Ho,Dm)
as n — oo holds trivially, for every m € N, this is sufficient to conclude the proof.

O

Remark 3.26. When H > %, the result can be proven following the same steps, but without
the need of rough paths theory. Indeed, the solution map WH — X is continuous, since we are
in the framework of Young integration theory. This means that whenever H > % it is sufficient
to show that, for some o > %, it holds WH — WHo in ¢*([0,T]) when H — Hy. This can be
shown again via Kolmogorov-Lamperti criterion (Corollary A.11, [FrVi]).
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4 | A fractional-Hawkes model for
electricity prices

The last part of the thesis is devoted to a modelling and computational application of the noises
we studied. Our aim is to develop a model for the description and the forecast of the gross
prices of electricity in the liberalized Italian energy market. This will be also the subject of our
forthcoming paper [GiMo19].

The common thread with the previous chapters is the use of a fractional noise. In this case,
this is represented by the choice of a SDE driven by a fBm B as one the components of our
model. Apart from this component, our model will contain a jump process, modelled through
a self-exciting Hawkes process, which aims to model the shock formation in the markets, and a
deterministic component, which aims to reproduce the seasonal trends of the prices.

We will finally validate the model via the analysis of our data time series, and we will
compute and evaluate the forecast produced by our model, computing the prediction intervals
(PI) estimated by our model, and evaluating their quality by using adequate evaluation metrics
like the Winkler score and the Pinball loss function.

4.1 Mathematical modelling of electricity markets

In the last decades the electricity market has been liberalized in a growing number of countries,
especially in the European Union. Liberalized markets have been introduced for example in
Germany, Italy, Spain, UK, as well as in all nordic countries. The introduction of competitive
markets has been reshaping the landscape of the power sectors. Electricity price now undergoes
to market rules, but it is very peculiar. Indeed, electricity is a non-storable commodity, hence
the need of having a particular organization in the market emerged. This has usually resulted
in the creation of a day-ahead market: a market in which every day there are some auctions
regarding the delivery of energy at a fixed time of the following day. The price of the electricity
is determined by crossing the supply curve and the demand curve, for the hour for which the
auction is taking place (see e.g. [RFC]). The steepness of supply and demand curve can be
regarded as the cause of one of the main characteristics of the electricity price market, i.e.
shock formation in the prices, which is one of the more important aspects that distinguish the
electricity market from the other similar financial markets, and also one of the most difficult
to model. A shock, or spike is a sudden large rise in the price followed by a rapid drop to its
regular level. Power prices may soar during short periods of time, and then fall back to more
normal levels shortly after (see e.g. [BBK]).

The distinction between spiky and “standard” behavior turns out to be crucial in the mod-
elling of the electricity price: the need to obtain a good reproduction of the spikes in the models
represents one of the main differences between other financial markets and the electricity mar-
ket. Another important difference with respect to other markets is the seasonality that can be
observed. It is mainly due to a clear weekly periodicity, caused by the fluctuations in consump-

119



tions during different days of the week [RFC]. There is also a long-term seasonal effect on the
prices, which appears over time lengths of approximately 3-4 months.

Two of the first models for electricity price are due to Schwartz [Sch97, LuSc02]. In [Sch97]
the authors introduced an Ornstein-Uhlenbeck model for the spot price dynamics which included
a mean-reversion component, and later on, in [LuSc02], a deterministic component describing
the seasonality was added. Since this works, a widespread literature has been proposed in order
to model the basic features of this market, especially about the formation of spikes, which were
not covered by the aforementioned papers [Sch97],[LuSc02]. An interesting review of the state
of the art has been given by Weron in [Wer14]. The interested reader may also refer to the huge
amount of papers therein. Weron proposes a classification of the models in five main classes:
i) the multi-agent models, which simulate the operation of a system of heterogeneous agents
interacting with each other, and build the price process by matching the demand and supply
in the market; ii) the fundamental (structural) methods, which describe the price dynamics by
modelling the impacts of important physical and economic factors on the price of electricity; iii)
the reduced-form (quantitative, stochastic) models, which characterize the statistical properties
of electricity prices over time, with the ultimate objective of derivatives evaluation and risk
management; iv) the statistical approaches, which are either direct applications of the statistical
techniques of load forecasting or power market implementations of econometric models; v)
the computational intelligence techniques, which combine elements of learning, evolution and
fuzziness to create approaches that are capable of adapting to complex dynamic systems,

Here we are interested in the third class and, partially, in the second class. In our stochastic
model the time dynamics of the spot price is described by modelling the drift via a deterministic
function which models the long—term seasonality, while the noises responsible of the standard
fluctuations and the extreme spikes are described by the solutions of two independent SDE’s,
one of them modelling the standard behavior and the other one modelling the spiky behavior.
Our model can be summarized as

2
St =ft)+ > Xi(t), t>toeRy

=1

where f is a deterministic function and the X;, for ¢ = 1,2 are two stochastic processes subject
to a mean reversion term, responsible for the randomness in the base component and in the
spiky regime, respectively. Different examples of these kind of models may be found for example
in [KMS10, MeTa08, Werl4, JMSS18|.

From now on, we denote with Y;, ¢t € {1,...,3287} the time series of the spot prices under
study. Often, among the characteristics of the spot prices, one that is not taken into account is
the presence of self-correlations in the price increments Y; — Y;_1. The presence of this feature
suggests, when trying to model these kind of markets, to modify the structure of the existing
models to include the self-correlations. One of the possible choices that have been used in
literature so far is to consider a fractionally integrated ARFIMA model, a generalisation of the
classical ARIMA model, as it has been done in [GiGrl3], and in other cases reported in the
review [Werl4]. In particular, in [GiGrl13] this has been done for the Italian electricity market.

From the point of view of reduced-form models, the natural adaptation might be to consider
a fBm as the driving noise of the base component instead of the usual sBm. This is the direction
of this work. In particular, the process X; will be a fractional Ornstein-Uhlenbeck process.

In literature there have been several attempts of using a fractional Brownian motion in fi-
nancial market modelling. Its relatively simple nature, combined with its flexibility in modelling
data whose increments are self—correlated, gave rise to a growing number of models involving
fBm. Anyway, it was pointed out quite early by Rogers in [Rog97] that a model involving fBm
would result in admitting the presence of some kind of arbitrage in the market.
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More into details, Cheridito [Che02] proved that there are strong arbitrage opportunities
for the fractional models of the form

X(t) =v(t) + o B (t)

X (t) =exp(v(t) + o BH (1)), 4.1

where v(t) is a measurable bounded deterministic function and B is a fractional Brownian
motion of Hurst parameter H € (0,1). This arbitrage opportunities can be built provided
that we are allowed to use the typical set of admissible trading strategies (see [Che02] for the
complete definitions). This set of admissible strategies in particular allows to buy and sell the
stock continuously in time, which is a questionable assumption in many frameworks. In [Che02]
the author proved that for the models (4.1) the arbitrage opportunities disappear, provided that
we restrict the set of strategies to the ones that impose an arbitrary (but fixed) waiting time
h > 0 between a transaction and the following one. In the present work we consider a fractional
Ornstein—Uhlenbeck process. We cannot use directly the results in [Che02], but the extension
to this family of processes should be straightforward and may be subject for future work. About
the restriction of a waiting time h > 0, we point out that it is meaningful in the case of day—
ahead markets, like electricity market is. Indeed, the price is established only once per day, and
thus we can observe realisations of the process X; it only at discrete times. Obviously, in this
case there would be no possibility of considering a strategy which needs arbitrarily quick (in
time) modifications.

A striking empirical feature of electricity spot prices is the presence of spikes, that can be
described by a jump in the price process immediately followed by a fast reversion towards the
mean. It is interesting to notice that in the case of the Italian electricity market the presence
of several jumps is shown, many of which appearing clustered over short time periods. As a
consequence, the second component Xo will be defined as the solution of a mean reverting pro-
cesses driven by a self-exciting Hawkes process, which is a jump process whose jumps frequency
depends upon the previous history of the jump times. In particular, right after a jump has
occurred, the probability of observing a subsequent jump is higher than usual. The interested
reader may refer to [BMM15, Haw18] fo an excellent survey on the introduction, the relevant
mathematical theory and overview of applications of Hawkes processes in finance and for more
recent financial applications.

The second part of the chapter is devoted to a complete computational study. We apply the
model to the study case of the time series of the Italian MGP, the data of the day-ahead market
(see [Prices]) from January 1, 2009 to December 31, 2017. The first two years are the sample
considered for the estimation and validation of the model. We carry out the difficult task of
separating the components of the raw prices into our main components (weekly component,
long-term seasonal component, standard behaviour, spiky behaviour). Then we deal with the
problem of the estimation the parameters of the model and we test the forecasting performance
of our model on forecasting horizons from one to thirty days. The parameters are estimated in
a rolling window fashion. We construct prediction intervals (PI) and quantile forecasts (QF)
and evaluate them via a class of adequate evaluation metrics like the Winkler score and the
Pinball loss function.

We conclude that the analysis shows some quantitative evidence that both the fractional
Brownian motion and the Hawkes process are adequate to model the electricity price markets.

4.2 A model driven by jumps and a fractional Brownian motion

In this section, we introduce the structure of the model, we plot some of his paths for different
values of the parameters, and we discuss in detail the techniques of parameter estimation that
we will use to calibrate the model to the real data that we will consider.
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4.2.1 The equations

The model we propose extends in different ways some relevant models already available in
the literature. In particular, we consider a modification of the model proposed in [BKMO7,
MeTa08] and then modified for example in [JMSS18], by including some self-exciting features,
via Hawkes-type processes.

We adopt an arithmetic model as in [BBV13, BKN12, BKM07, JMSS18] in which the power
price dynamics is assumed to be the sum of several factors. We suppose that the spot price
process S = {S(t),t € Ry} evolves according to the following dynamics

S(t) = f(t) + X (2). (4.2)

The function f(t) describes the deterministic trend of the evolution, while the process X =
{X(t),t € Ry} describes the stochastic part. The latter is a superposition of two factors: X7,
known in literature as the base component, which is continuous a.e. and aims to model the
standard behavior of the electricity price, and Xo which is the jump component, describing the
spiky behavior of the electricity prices, overlapped to the base signal. This means that, for any
te Ry,

X(t) = X1 (t) + Xa(t). (4.3)

First of all, we consider a mean-reverting model: despite the possible noise, the price tends
to a specific level. In particular, our starting assumption is that both in the basic and spiky
regimes prices tend to revert towards their mean, even if with different strengths. This is
because we expect that whether the price strongly deviates from the mean value, as during a
spike, then it returns to the average level with a stronger force than usual.

Regarding the base component, let us note that in many time series of the electricity markets,
an evidence of correlation among price increments is clear. For example, see Figure 4.11. In
order to capture better such a correlation within different returns, we consider an additive noise
driven by a fractional Brownian motion.

Furthermore, the Italian market is rather peculiar since clearly identifiable spikes are rare; as
a consequence the intensity of the spike process is small and becomes difficult to be estimated.
Moreover, despite the small number of spikes, a clustering effect seems to be present; so one
might better include the effect of a self-exciting stochastic process. Hence, by following recent
literature [BaMul4, BMM15, BCZ13, CHST18, DaZal4, Hail7, JMSS18], we model the jump
component X, via a Hawkes marked process.

To be more precise, let us consider a filtered probability space (Q, F, {F;}ier,.P). We
suppose that X; follows a stochastic differential equation driven by a fractional Brownian motion
B = {BH(t),t € R,} with Hurst parameter H € (0,1) and diffusion coefficient 0 € R,
subject to mean reversion around a level zero, with strength a; € R..

For any t € Ry, we define X (t) as the solution of the following equation
dXi(t) = —ai1Xi(t)dt+odBH(t). (4.4)

Proposition 4.1 ([KMR]). Given aq,0 € Ry and H € (0,1), Equation (4.4) admits the unique
solution

t
Xi(t) = X1(0)e ™t -y ae_alt/ e~ 15dBH (s) + o B (1) (4.5)
0
t
= X100 4o / e~ =) g BH (5)).
0
X1 is called a fractional Ornstein-Uhlenbeck process.
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The covariance structure of such a process is rather complex (see Theorem 1.43 in [KMR],
simplified in the case of the variance of the 1-dimensional marginals.

Proposition 4.2 ([KMR], Theorem 1.43). Given ai,0 € Ry and H € (0,1), the following
properties hold.

i) For any t € Ry, the variable X1(t) has a Gaussian distribution, i.e.
X1(t) ~ N (X1(0)e™, Vo (1)) (4.6)

where the variance Vy, (t) is given by
t
Vo, (t) = HU2/ 21 (6_0‘18 + e_al(zt_s)> ds. (4.7)
0
i1) The variance has the following time asymptotic behavior

lim Vg, (t) = oy Ho?T(2H),

where I' : R — R is the classical I' function.

We move now to the Xs component: we wish to define it as the solution of a mean-reverting
SDE driven by a Hawkes marked process m, i.e. as

Xo(t) = X(0) — / s X(s)ds + / / " / x (ds, dn, d=) (4.8)

We introduce its components in detail. Consider a marked point process

{(T3, Zi) tien, (4.9)

where, for any ¢ € N, T; is the random time at which the i-th jump occurs and Z; is the relative
random jump size. So we may express the counting measure J of the jumps via the marked
process (4.9) as

= Zz; Z; er,(dt) = /RZQ(dt, dz), (4.10)

where €, is the Dirac measure localized in z and @ is the following marked counting measure
on Ry xR

o0

Qdt,dz) = €, z,)(dt, dz). (4.11)
=1

The counting process N = {N;};cr, associated to the marked point process (4.9) is such
that, for any t € R4

o0

Ny =) er([0,1]) = Q([0,#] x R). (4.12)

i=1
The process N is characterized by its time dependent conditional intensity A¢, ¢ € Ry, which is
the quantity such that:

A = lim E [Nitar — Ne|Fi]
dt—0 dt

)

and
1—M\dt+o(dt), k=0
prob (Npyar — Ny = k| F) = < Aedt + o(dt), k=1;
o(dt), kE>1
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In our case, we suppose that, for any ¢t € Ry, )\; is a function of past jumps of the process,
i.e.

t
Ar = A +/ O(t — s)dN,, (4.13)
0

with background intensity A > 0 and excitation function ® : Ry — Ry. Whenever ®(-) # 0,
the resulting process is different from a homogeneous Poisson process, and if

@] = /OOO o(t)dt < 1, (4.14)

the existence of a unique process is implied. Condition (4.14) also implies the stationarity of
the process, that is that its distributions are invariant under translations [BrMa96, BaMul4,
BMM15]. Equation (4.13) states that the random times of the jumps are governed by a constant
intensity A and that any time a jump occurs, it excites the process in the sense that it changes
the rate of the arrival of subsequent jumps, by means of a kernel ®. Usually, the latter decreases
to 0, so that the influence of a jump upon future jumps decreases and tends to 0 for larger time
increments. We say in this case that N is a univariate Hawkes processes [Haw71(1), Haw71(2)].
Note that we may make explicit the dependence of the intensity process upon the random jump
times {7} };en by the following

)\t:)\+/0t<1>(t—s)ZeTi(dx):)\+ > e(t-T.

€N €N T;<t

As it happens in many examples in modelling (see [BCZ13, BaMul4, BMM15]), we consider
an exponential model for the excitation function, that is

D(t) = ve P, (4.15)

where 7, 8 € R, represent the instantaneous increase after a jump and the speed of the reversion
to A of the excitation intensity. As a consequence, the intensity (4.13) becomes

¢
At =A —I—/ e PN, = X + Z e AT, (4.16)
0 ieN: Ti<t

It may be seen as a solution of the following stochastic differential equation

d\ = B (A — \) +vdN,. (4.17)

Notice that (4.16) is the solution of the equation (4.17) when the process starts in Ag infinitely
in the past and it is at its stationary regime. Otherwise, in order to model a process from some
time after it is started and setting an initial condition Ag = A* the conditional intensity, solution
of (4.17) would be

t
A=e PP = X))+ A+ / e PE=9)dN,. (4.18)
0

As mentioned above, for ¢t large enough the impact of the initial condition vanishes, since
the first term would die out. Note that a new jump of IV; increases the intensity, which in-
creases the probability of new jump, but the process does not necessarily blow up because the
drift is negative if A; > A. Furthermore, while the process {/N;};cr, is non Markovian, the
bidimensional process {(NV¢, A¢) }ier, is a Markov process [BMM15], such that

dE[N,] = E[\]dt, (4.19)
dEN] = (BA+ (v —BE]) dt. (4.20)
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Since the solution of equation (4.20) is

t
E[\] = E [Ao] e + By / e~ (-B)(t=9) g5,
0
if ¥ > (3, then the intensity would explode in the average, and so it would happen for the process
N;. This is not the case in the stationary regime, since in the exponential case, assumption
(4.14) becomes

o ,y
1>V=||‘I>H1=/ ve Ptdt = —,
0 B

i.e.

v < B. (4.21)

With this definition of N in mind, we introduce the noise term 7 appearing in the stochastic
differential equation (4.8) that defines the process Xs. Let m be a Poisson random measure on
Ry x Ry x R with intensity measure A = vy X vy X u, where vy is a Lebesgue measure on R.
The measure p is the distribution of the size of the jumps that satisfies condition (4.22). We
suppose that the size distribution is given by a Borel measure p on R, satisfying the condition

/O (g AmP)uldn) < oo, (4.22)

If we suppose pu(dn) = €1(dn), the jumps are of size one. In [DFH16], in a more general
setting in which they consider multidimensional non linear Hawkes process, the author prove
that the Hawkes process (4.12) with conditional intensity given by (4.16) may be written as

t )\t (o)
Ny = / / / m (ds,dn,dz) . (4.23)
oJo Jo

In conclusion, the process X = X1 + X5 is given by the solution of the following system, for
te R+,

Xi(t) = X,(0)— /O "o X (8)ds + 0 / "B (s), (4.24)

0
Xo(t) = XQ(O)—/OtaQXg(S)ds+/Ot /OAS /Ooozw(ds,dn,dz), (4.25)

coupled with equation (4.17), with ~, 5, A € R.
Finally, (F)¢cr, is the natural filtration generated by the processes. System (4.24)-(4.25)
admits a unique solution thanks to classical results.

4.2.2 Path simulations

In the following we consider the simulation results showing the macroscopic behaviour of the
model, by considering some fixed set of parameters in Tables 4.1-4.3. For the jump size distri-
bution p we choose to consider the Generalized Extreme value distribution, that is a probability
measure depending from 3 parameters i, € R and ¢ > 0 with density function given by

f(z) = 1 t(:c)gﬂe_t(x), (4.26)

g

where )
(1+&(22) 78 rg#0
o—(a—ii)/5 if € = 0.
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Table 4.1: Fixed parameters used in the simulations: mean-reverting parameters o and s, diffusion
coefficient o, basic Poisson point process parameter A\ and the parameters i, € R and & > 0 in the
Generalized Extreme Value distribution (4.26).

Some of the parameters we considered for these simulaitons are fixed, namely the set of
parameters appearing in Table 4.1. On the other hand, for some of the parameters of our
model, we consider a changing set of parameters in order to evaluate the impact of some of the
important features that we introduce with our model: the fBm depending from the parameter
H and the parameters «, 5 of the self-exciting part of the Hawkes process

Parameter a.l. a.2. a.3.
H 0.2 0.5 0.7

Table 4.2: Set of simulation parameters: values for the Hurst parameter H in the diffusion term in
(4.24).

Parameter (a) (b) (c) (d)
¥ 0 0.05 | 0.15 0.3
B 0 0.08 0.2 0.5

Table 4.3: Set of simulation parameters for the Hawkes excitation function: v and § in (4.17) satisfying
stationarity condition (4.21).

We consider, only in this section, a fixed deterministic function
f(t) =130 1j9,00)(1),
and the following deterministic initial condition for the processes X; and Xo
X1(0) = X2(0)=0.

Stochastic simulation are carried out by generating exact paths of Fractional Gaussian Noise
by using circulant embedding (for 1/2 < H < 1) and Lowen’s method (for 0 < H < 1/2), while
the Hawkes process is generated by a thinning procedure for inhomogeneous Poisson process as
in [Oga781].

We see in Figures 4.1-4.8 some simulations of a path of X = X7 + X5 for the different values
of the parameters chosen in Tables 4.1-4.3. Even in some cases this meant that some parts of
the path are not visible, we chose to keep the same scale in all figures. This makes us see very
clearly the differences caused in the nature of the process X; by the changes in the values of
H. We see in particular that, keeping a1, o fixed we get a much more variable process as long
as H increases.

Regarding the jump component X9, which is independent from X;, we see that the cluster
effect is clearly visible for the sets of parameters (b)—(d). It seems that the set of parameters
(b) is producing more clusters than the others. This may seem strange, since in this case the
parameter v is lower than in (¢) and (d), but we remark that in all cases the parameter 3, which
models the speed of mean reversion of \; towards A, varies consistently with ~.

We make a remark about the relation of this simulations with the real data. If we compare
Figures 4.1-4.8 with Figure 4.9, in which we plot the entire dataset that we will analyse, we can
make some qualitative considerations. Our simulations of X7 + X5 do not include any seasonal
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Figure 4.1: Path of the process X = X7+ X5 (red) and of X alone (blue), with the corresponding
Xs in black on the right. Case H = 0.2 and (a) A=0,8 =0; (b) A =0.05,5 = 0.08
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Figure 4.2: Path of the process X = X;+X> (red) and of X alone (blue), with the corresponding
X in black on the right. Case H = 0.2 and (¢) A =0.15,8=10.2; (d) A =0.3,8 = 0.5.

component, and this is clearly visible. Anyway, from the point of view of the appearance of the
paths, we see some similarities between Figure 4.9, the bottom plot of Figure 4.3 and the top
plot of Figure 4.4, which are relative to H = 0.3 and the set of parameters (b) and (c) for the



X1 path with H=0.3, a, =0.1, 0=6, superposed with X=X‘+X2
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Figure 4.3: Path of the process X = X7+ X5 (red) and of X alone (blue), with the corresponding
Xs in black on the right. Case H = 0.3 and (a) A=0,8 =0; (b) A =0.05,5 = 0.08
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Figure 4.4: Path of the process X = X;+X> (red) and of X alone (blue), with the corresponding
X in black on the right. Case H = 0.3 and (¢) A =0.15,8=10.2; (d) A =0.3,8 =0.5.

Hawkes process, corresponding to v = 0.05, 8 = 0.08 and v = 0.15, § = 0.2. In both of these
figures the standard volatility seems quite similar to the one of the real data, and moreover the
jump behaviour (both amplitude and clusters) is quite similar to the one of Figure 4.9.
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Figure 4.5: Path of the process X = X7+ X5 (red) and of X alone (blue), with the corresponding
Xs in black on the right. Case H = 0.5 and (a) A=0,8 =0; (b) A =0.05,5 = 0.08
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Figure 4.6: Path of the process X = X;+X» (red) and of X alone (blue), with the corresponding

X in black on the right. Case H = 0.5 and (¢) A =0.15,8=0.2; (d) A =0.3,8 = 0.5.

These considerations are coherent with the estimates that we will get in Section 4.3.3.
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Figure 4.7: Path of the process X = X7+ X5 (red) and of X alone (blue), with the corresponding
Xs in black on the right. Case H = 0.7 and (a) A=0,8 =0; (b) A =0.05,5 = 0.08
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Figure 4.8: Path of the process X = X;+X» (red) and of X alone (blue), with the corresponding
Xo in black on the right. Case H = 0.7 and (c) A =0.15,5=10.2; (d) A =0.3,8 = 0.5.

4.2.3 Parameter estimation

This section is devoted to the methods of estimation for the parameters of the two stochastic
components X1 and X of our model. We recall that we have the following set of parameters



to be estimated from the dataset Y

’ Equation \ Parameter
X1 ay
X]_ g
X1 H
X2 Qg
X2 )\0
X2 0
X2 p
X parameters for jump distribution

Table 4.4: Parameters of the model

Estimations for X;

For the base component X;, we have to estimate three parameters: «q, which is the rate
of mean-reversion of the process to the zero level, o, which is the variance parameter of the
fractional noise B, and the parameter of fractionality of the noise H itself, which determines
whether the contributions of the noise term are positively correlated (if H > 1/2), negatively
correlated (if H < 1/2) or non-correlated (if H = 1/2, which is the case in which the noise is a
classical Brownian motion).

We discuss first the estimation of the Hurst exponent H, which is the coefficient of fraction-
ality of our driving noise BY. The estimation of this parameter is very important for practical
purposes, since it determines the magnitude of the self-correlation of the noise of our model.
There are various techniques that can be used to infer the Hurst coefficient from a discrete sig-
nal. In [MiWo07] there is a good review of some of these techniques. Anyway, these techniques
can be used to estimate the Hurst coeflicient only supposing that we are observing a path of a
fractional Brownian motion { B (w)}; alone, without any drift. Since we are using the solution
of an Ornstein-Uhlenbeck SDE to model the base component, in principle we could not use
these techniques. Indeed, we tried to implement some of those techniques to estimate the Hurst
coefficient from realized paths of the process X1, and they performed poorly.

We decide to use, instead, the estimator presented in Theorem 3.4 of [KMR], which is a
consistent estimator of the Hurst coefficient given the observations of a wide class of SDEs
driven by fractional Brownian motion, including the case of an Ornstein-Uhlenbeck model.

Suppose that we can observe our signal on the interval [0,7] partitioned as {%T}k, for
k €{0,...n}. Given a stochastic process {V,t € [0,T]}, define the quantity

AR X, = X(%T) - 2X1<kT) +X1<k . 1T>.

n

By Theorem 3.4 of [KMR], we have that

gy S0

n == — log — 3
TR ST

is a strongly consistent estimator for the value of H, i.e. it holds
H, @2 H.

In our case, our dataset will be discretized in time steps with minimum length equal to one, so
we will have to stop at a specific step of the discretization, which is exactly the maximum value
of n such that % > 1.
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In order to estimate o, we consider the estimator introduced in Proposition 4.2 of [HNZ17].
Suppose we observe the whole path of a solution Xi(¢) of a fractional Ornstein-Uhlenbeck
equation. We define the estimator, for any k > 2 and for any p > 1, as

n71+pHan Xl (T)
6r(n) == o J’j : (4.27)
7p

where V" X1 (t) is the k-th order p-th variation process defined by

v (u ()|

j=0

[nt] k+1

v = 3 s ()] =
=1 =1

[nt]—k+1

and the constant ¢y, appearing in (4.27) is given by

2p/2F(P+1>
._ 2 ) p/2
Ckp = 1 Pl.r>

2

where py, 7 is
k
_if 2k .
= 3 0 (2 e
. —J
j=—k
With a discrete dataset of time lenght N and with minimum discretization length equal to

1, we can only compute the estimator 7 (n) for n = 1 and T = N. We choose to use k = 2 and
p=2.

We estimate then «; by using an ergodic estimator that is introduced again in [HNZ17].
We first define its continuous version. Given a solution X;(t) defined for ¢ € [0,T] of an
Ornstein-Uhlenbeck equation, we define it as

1 T ~ 3
v (T) = <7 X tht) . 4.28
&1(T) a2Hr(2H)T/O 1) (4.28)
It holds that &;(T) — a1 a.s. when T'— oo. This estimator can be easily discretized. Suppose
that we are observing our process X in the time points {kh}, for h = 0,...,n. Here h is the

amplitude of the time discretization, and we suppose that h = h(n) is such that An — oo and
h(n) — 0 when n — oco. In [HNZ17] the authors define the discretized estimator as

1

a1 (n) == (U2HF SHTT le kh) ) = (4.29)

The only difference with the continuous version is the discretization of the integral appearing
n (4.28). The following result holds:

Theorem 4.3 ([HNZ17], Theorem 5.6). Let X; be the solution of an Ornstein- Uhlenbeck process
observed at times {kh,k = 0,...,n}, and such that h = h(n) satisfies hn — oo and h(n) — 0
when n — co. Moreover, if we suppose that

3+2H
i) if H € (0, ),nhp—>0asn—>oof0r50mep€<,1+2H —|—2H))
1

i1) ifH:%,ng%,?n)%O as n — oo for some p € (1,2)

ii) if H € (%, 1), h’n — 0 as n — oo for some p € <1, :—g)

[\][eV)
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. ~ —
Then the estimator & —2% aq a.s.

We observe that in our case we are not able to extend the total length of the observation
interval, since only a single time series is given. In addition, our dataset consists in daily
observations, so that the minimum time increment A that we can consider is h = 1. We aim to
define a proper function h = h(n) such that it satisfies the conditions of Theorem 4.3 for every
value of H € (0,1) (which is in principle unknown).

Let N be the length of our dataset. As a fundamental condition, we want that h(N) = 1,
so that we are able to compute the N-th approximation of our estimator with our data. We
look for our candidate h within the class of functions

NS
o= (2
()= (2
for some positive § to be determined. All h in this class satisfy that h(/N) = 1. We need also
need to have that nh — oo, as n — 0o, which imposes the condition § < 1. Moreover, we have
to impose on h conditions i), i), i) of Theorem 4.3. We compute

NP
nh(n)? = T
In condition i) and iii) we need nh? — 0 as n — oo, while in i) we need log(h;h) — 0. Since

log(nh) — oo by hypothesis, the condition nh? — 0 is more restrictive and we impose it also in
ii). Since we do not need a priori which is the value of H of our fractional Ornstein-Uhlenbeck
process X7, we find a p = p(H) that is a good choice for any value of H € (0,1). One can easily
verify that p(H) = 1+ H lies in all the admissible intervals for p in 4), i), ii7). With this choice
of p, the expression of nh? reads

N(1+H)5

In order for the right-hand side to converge to zero we must have § > % So we are left

(1+
with the pair of conditions
1

1+H

<d <1,

which are both satisfied if we define
1

0=0(H):=——,
(H) (1+H)2

for any H € (0,1). With this choice of h, we are able to calculate the N-th step of the
approximation of «aq, regardless of the estimation H of H that we obtained.

Still, in the definition of &1 (n) there is a clear dependence on o, which in our case is unknown.
We remark that anyway, since the estimator  converges a.s. to its respective true value as the
order of the approximation increases, we have that the estimator &; converges a.s. to a; also if
we substitute & to ¢ in its definition.

’ Case H o ‘ q5% (1) ‘ q95% (A1) H o ‘ 5% (0) ‘ 995%(0) H H ‘ q5% (H) ‘ Qo5 (H ) ‘
a.l 0.1069 | 0.0050 0.2523 6.2334 | 5.7834 | 6.7926 0.1940 | 0.0885 0.2969
a.2 0.1030 | 0.0220 0.2098 6.2313 | 5.7705 | 6.8007 0.2927 | 0.1902 0.3931
a.3 0.1017 | 0.0445 0.1737 6.2233 | 5.7024 | 6.8636 0.4909 | 0.3982 0.5819
a.4 0.1019 | 0.0531 0.1641 6.1976 | 5.4920 | 7.0783 0.6882 | 0.6024 0.7715

Table 4.5: Estimated parameters of the component X, given M = 20000 realizations of the
component X itself for each of the parameters set a.l ...a.4.
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Estimations for X

For the jump component Xs, there are three separated tasks to carry out in order to estimate
the parameters of the model. First, one has to estimate the parameters of the self-exciting
intensity of the Hawkes process. Second, one has to choose and fit an adequate distribution for
the jump magnitude. Third, one has to estimate the mean-reverting parameter as appearing
n (4.25).

We start with the parameters of the jump intensity A\; defined in (4.16). In [Oza79] the
author gives an explicit formula for the log-likelihood for the observed jump times T;, given the
three parameters A, y, 8 of the intensity function A;. The log-likelihood takes the form

L(Th, ... To|\ v, 8) = —AT, +Z ( P )
+Zlog ()\ + ’YA(j)),
j=1

where A(1) =0, A(j) = 23;11 e PTi=T) 5> 2. In order to have a more efficient maximization
process, one can immediately compute the partial derivatives of L. One has

dlogL _ S~1( gy Y [A@)]
oy Z[a(e 1>+§ A+yA®) |

j=1
OlogL - 1 —B(T—T; 1 _ Tn—T;
aﬁ = _ryz [ﬁ(Tn_Tj)e B( J)_f_?e B( i)
_Z[/\+’YA ]
Odlog L 1
- -7, — |
N * ; [)\—F’YA(%)]
with
PlogL _Z”: AG@) 17
oy P A+~A®0) |

0%log L 1 —B(T. —T 2 —B(T. —T
- = [ﬁ(Tn—Tj)ze IR o (T = Ty)e PO

134



0?log L . 1 ]
o Z-uﬂA(i))Z’

j=1

0?log L "1 . 1 .

_ = = — Tn —T. e—B(Tn—TJ) + — S_B(Tn_TJ) —1 :|
9P ; 5~ 7 ( )

~[ yA@)B(GE)  B() .
2 (A +7A43))? A+7A(i)] ’

0%log L T Al
g __Z (4) ];

0vON = LA +9A®0)?
OlogL _ ~[__aBG)
opoy ;[QHA@))Q]'

In the previous equation the functions B and C are defined as B(1) = 0, B(j) = Zf;ll (T; —
T)e PT=T) j > 2 and C(1) = 0,C(j) = NI (Tj — T;)2e PT=T) | j > 2. Since the log-
likelihood is non-linear with respect to the parameters, the maximization if performed by using
nonlinear optimazation tecniques [Oza79].

’ Case H Ao ‘ 5% (o) ‘ Q95% (Mo) ‘
b.1 A\ =0.1 || 0.0101 0.0061 0.0141
b.2 Ao = 0.1 || 0.0105 0.0059 0.0162
b.3 \g =0.1 || 0.0095 0.0057 0.0139
b.4 Ao = 0.1 || 0.0088 0.0053 0.0126

Case Y 5% () 995% ()
b.1v=0 0.0046 | 3.84-107° 0.0267
b.2 v=0.05 || 0.0366 0.0146 0.0606
b.3 v=0.15 || 0.0840 0.0472 0.1217
b.4~v=0.3 0.1163 0.0479 0.1850

Case B QS%(B) %5%(5)
b.18=0 0.6097 0.0407 0.8025
b.2 8 =0.08 || 0.0814 0.0318 0.1379
b.3 5=0.2 0.1414 0.0846 0.2113
b4 5=0.5 0.2782 0.1393 0.4421

Table 4.6: Estimated parameters of the component Xo, given M = 20000 realizations of the
component Xy itself for each of the parameters set b.1 —b.4.

We see that the estimated values are below the true values, especially for big values of v, 3.
For the set of parameters (a), the value of 3 is largely overestimated, but this is not a problem
since the corresponding value of y are very small, and thus there is no observable self-excitement.

Regarding the jump magnitude distribution, we fit the data via an MLE procedure by con-
sidering a Generalized Extreme Value (GEV) distribution. It is a continuous distribution which
may seen as the approximation of the maxima of sequences of of independent and identically
distributed random variables. It depends upon three parameters which allow to fit properly the
data.

Finally, the estimation of the mean-reverting parameter as of the jump component X5 can
be done by using the estimator defined in [KMS10]. Given a dataset Y2 which we aim to model
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with our jump process X5, a consistent estimator for the mean-reversion parameter ay is

. Yo(j —1)
—log ( =S =), 4.30
2= T0) (4.30)
We will need an approximation of this estimator in our estimation process, which is very closely
related to one made in [KMS10]. The details will be discussed during the data filtering process
in the next section.

4.3 A study case: Italian data

Here we describe the time series that we are sudying, that is, the Italian electricity spot prices,
that inspired the choice of the model that we made in Section 4.2. We first perform some
explorative analysis on the time series, and after that, we discuss the problem of data filtering
that we need to solve in order to obtain from rough data the different components of out model.
In the end, we perform out-of-sample simulations to try to predict future prices of electricity,
discussing the results with some evaluation metric like Winkler score and Pinball loss function.

4.3.1 The dataset

We will consider the time series of the Italian Mercato del giorno prima (MGP, the day-ahead
market), available at [Prices|. Figure 4.9 shows a plot of the daily price time series Y (¢) from
January, 15 2009 (¢ = 1) to December, 315 2017 (t = 3287).
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Figure 4.9: The time series Y (¢) of the the daily electricity price in the MGP from January, 01
2009 (t = 1) to December, 31 2017 (¢t = 3287).

The MGP market is a day-ahead market, i.e. a market in which the price is established
via an auction for the blocks of electricity to be delivered the following day. The agents that
operate as buyers in the market have to submit their offers between 8:00 a.m. and 12:00 noon
of the previous day. The offers regard the hourly blocks of electricity which will be delivered
the following day. This means that an agent will submit 24 different offers (with different prices
and quantities) for the electricity of the following day, and he will do it all at the same time.
Also the sellers submit their offers, by telling the quantity of energy that they are willing to sell
and the price at which they want to sell it. The market price is then established before 12:55
p-m., and it is an hourly price, determined by finding the intersection of the demand and the
offer curve relative to the specific hour of the day. After the determination of the market price,
all the electricity bought and sold for that hour is traded at the market price.
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We choose to model the daily average of the hourly price. This is a quite common choice in
the literature, especially for reduced-form models [Werl4]. Indeed, the main aim of reduced—
form models is to be able to capture more the medium term (days/weeks) distribution of prices
than the hourly price, and to use these estimated distributions of prices to pricing electricity
future contracts, which are very useful and used financial instruments in the electricity market.

We are aware that this averaging filters out many extreme behaviours of the market. Indeed,
a single hourly extreme price is unlikely to produce a significant variation in the average daily
price. Anyway, we are also aware that reduced—form models usually perform poorly on the
hourly scale [Werl4]. We remark that all the analysis that follows has been carried out also
using on—peak (08:00-20:00) and off-peak (20:00-08:00) data separately, without obtaining a
significant difference from the entire day averages.

The data available start from April, 2004, which is the moment in which the liberalised
electricity market started in Italy, but we chose to focus on more recent data, from 2009 on-
wards, to make the model more tight to the present nature of the electricity market. This does
not prevent the performance evaluation of the model from being sufficiently robust, since the
dimension of the sample is NV = 3287.

We use the data in the following way: the first 730 days have been used for the study of the
dataset and for the validation of the model. Then, we evaluated the performance on forecasting
future prices for time horizons of length h = 1,..., 30, using rolling windows: at time t, we use
the data from ¢t — 730 to ¢ for the calibration of the parameters of the model, and we simulate
the future price at time ¢+ h using those parameters. Then, we move ahead from time ¢ to t +h
and we repeat the previous steps, starting from parameter estimation.

The first task that has to be performed on the price time series Y is the separation, or
filtering, of the different signals. It is clear that this is not an easy task and it might not be
done in a unique way. In literature a lot of effort as been done for this purpose (see [JTWW13,
NTW13, Werl4, MeTa08, KMS10, NoWel8]). Moreover, we think that in our case the relatively
small presence of clearly recognisable spikes in our dataset makes the spike identification task
even more difficult than usual.
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Figure 4.10: Calibration window for the time series Y (¢) of the the daily electricity price in the
MGP from January, 01 2009 (¢t = 1) to December, 31 2010 (¢t = 730).

Note that from now on we consider as the window for the calibration of the model the one
corresponding to the first two years, 2009 and 2010. The reduced time series Y (¢),¢ € [1, 730]
is shown in Figure 4.10.
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4.3.2 Data filtering

Weekly seasonal component. The first component that should be identified and estimated
is the one dealing with trends and seasonality in the data. As stated in [JTWW13] and in the
literature therein, the estimation routines are usually quite sensitive to extreme observations, i.e.
the electricity price spikes. Hence, one should first filter out the spikes, that often are identified
by the outliers. Actually, whether to filter out the spikes before or after the identification of
the deterministic trends is still an open question in general.

Furthermore, the deseasonalizing methods used in literature are very different: some authors
suggest to considered sums of sinusoidal functions with different intensities [CaFi05, GeRo06,
KMS10], others consider piecewise constant functions (or dummies) for the month [FHS11,
LuSc02], or the day [DeJ06] or remove the weekly periodicity by subtracting the average week
[JTWW13]|. It turns out than an interesting and more robust technique is the method of wavelet
decomposition and smoothing, applied among others in [JTWW13, NTW13, Wer06, Wer08|.

In Figure 4.11 we show the autocorrelation function both for the whole series and within
the calibration window. We see how for any lag multiple of seven the correlation is statistically
significant. In the calibration windows only for the lag=14 there is not a significant correlation
at the level 95%. In any case the presence of weekly periodicity is clear.
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Figure 4.11: Autocorrelation function of the daily electricity price returns: (a) January, 01 2009
(t =1) to December, 31 2017 (¢ = 3288)(b) the calibration window January, 01 2009 (¢ = 1) to
December, 31 2010 (¢t = 730).

As a consequence, the first step that we chose to perform on the data is to remove the
weekly periodicity. As in [DeJ06, Werl4] we do it via the use of dummy variables, which take
constant value for each different weekday. Hence, we subtract the average week calculated as
the sample mean of the sub-samples of the prices corresponding to each day of the week, as in
[JTWW13|. Public holidays are treated in this study as the eighth day of the week. Hence, the
total number of dummies is eight.

Formally, we define a function D = D(t) which determines which label the ¢-th day has, i.e.
D(t) =i,i=1,,...,7,8, if day t correspond to Monday (and not a festivity), ..., Sunday (and
not a festivity) and a festivity, respectively.

We define the restricted time series Yp—; as the time series formed only by the price values
labelled with the day j, and with E its arithmetic mean. Then we define the whole dummy
variables function Yp as

8
Yp(t) =Y 1p—;(t) Y= (4.31)
j=1
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Figure 4.12: (a) Original prices Y (green) and prices after dummies removal Y, (blue); (b)
Autocorrelation of the returns of the prices Yy,

As a consequence, the new time series we are going to consider is the one defined as follows
Yult) = Y () = () = Y () = (Yp(t) - V). (4.32)

where Y is the arithmetic mean of Y (¢),t = 1,...,730. The result of (4.31)-(4.32) is that the
arithmetic mean of the prices Y,, corresponding to a specific day of the week coincides with
the mean of the all prices within the calibration window. As one can see in Figure 4.12-(a),
the resulting series Y, after removing the dummy variables is barely distinguishable from the
original time series Y; it is only a bit more regular. On the other hand, Y,, does not show
weekly correlation, as we notice from Figure 4.12-(b).

Jump component. Before filtering the long-term seasonal component, we chose to filter
out the jump component. The reason for this order lies in the following consideration: at a
small scale, the presence of a slowly moving seasonal trend does not affect the recognition of a
price spike. On the other hand, if we chose to filter the long-term seasonal component before
filtering out the spikes, the presence of one of more spikes could affect the form of the seasonal
component, which is something that we intuitively regard as incorrect. Indeed, we tend to
consider the spikes as an ”external event” in our setting, and we do not want the seasonal term
to be affected by the presence of a price spike.

As in [KMS10], the idea is to obtain the filtered time series, denoted Yy, as the series that
contains the jumps and their paths of reversion towards their mean. We first estimate the
mean-reversion speed ag by the estimator &s given by (4.30); by performing the estimate along
the entire time series, not only in the jump times: this is not restrictive, since the strongest
rates of reversion towards the mean happen right after a jump has occurred. Afterwards we
identify the jump times. The idea is to consider as jumps the price increments that exceed k
standard deviations of the price increments time series. This cannot be implemented to the
time series Y,, directly, because, in case two spikes appear one after the other, the second one
would not be considered as a spike. In order to avoid this effect, we define the modified time
series ffw as B

Yw(t) = (1 — ag)Yw(t) + @21/30(25),

where Y30(t) is the moving average of the time series Y,, over periods of 30 days. Then, we
defined the times series

{Yw(t) —?w(t—l)} —t=23,... (4.33)
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of the modified increments, which takes into account a reversion effect towards the moving
average Y3g. It performs very well also when the spikes appear in clusters. Then, denoted by &
the standard deviation of the series (4.33), we say that a spike occurs at time 7 if

Yo (1) = Yoo (r — 1)| > 2.55. (4.34)

If N is the number of detected spikes, i.s. if {7; }j:1 _y are the times satisfying condition
(4.34), the corresponding jumps are defined, for j =1,..., N as

fi; = Yu(r5) — Ya(r; — 1).

Once we have the estimates {(7;,[1;)},_; y of the times and magnitudes (4.9) of the jumps,
we obtain the estimation Y;(t) of the solution Xs of (4.25) as follows

ZM e 92"Te, ([~00,1]) (4.35)

Given Y as in (4.35), we denote the filtered time series as

Yi(t) = Yu(t) = Y (1),

Long-term seasonal component:

We explain now how we identify the long-term seasonality component fl, which will be so
that the total deterministic component will be given by f = fs + fl There is a lot of literature
on the subject (see, for example, [BKN12, CaFi05, DeJ06, GeRo06, JTWW13, LuSc02, Wer08]).
These references try to explain such a component by means of sinusoidal functions or sums of
sinusoidal functions of different frequencies. In the case of our price series it seems that there is
no statistically significant dependence upon such periodic function, both in the case of month,
half-year or a year periodicity.

As a consequence, we chose to use the method of wavelet decomposition and smoothing,
applied among others in [JTWW13, NTW13, Wer06, Wer08]. The idea is to consider the
time series Y and convolving it repeatedly with a family of wavelets, which have the effect of
smoothing the series Y;. If we manage to smooth Y, enough to remove the effect of stochastic
oscillation, but not too much to remove the long-term trend, then we can subtract this smoothed
version of Y from Y itself, obtaining a centred time series with almost no long-term oscillation.

We go more into details: we refer to [NTW13| and the literature therein. We use wavelets
belonging to the Daubechies family, of order 24, denoted by (F—db24). Wavelets of different
families and orders make different trade-offs between how compactly they are localized in time
and their smoothness. Any function or signal (here, Y;) can be built up as a sequence of
projections onto one father (W) wavelet and a sequence of mother wavelets (D): Yy = Wy, +
Dy, + Dj,_1+...4+ Dy, where 2* is the maximum scale sustainable by the number of observations.
At the coarsest scale the signal can be estimated by Wy. At a higher level of refinement the
signal can be approximated by Wji_1 = W, + Dj,. At each step, by adding a mother wavelet D;
of a lower scale j =k — 1,k — 2, ..., one obtain a better estimate of the original signal. Here we
use k = 8, which corresponds a qua81—annual (28 = 256 days) smoothing. Then, the estimator
fl of the long-term deterministic part f — fs is given by

filt) = Ws(t), (4.36)

the Daubechies wavelets of order 24 at level 8.
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Figure 4.13: Price series Yy (blue) and estimated f (red) via Daubechies of order 24 wavelets
at level 8.

The resulting time series Y} given by

Yi(t) = Ys(t) = fuld), (4.37)

represents finally a realization of the base component Xj.

Figure 4.13 show the price series Y and the overlapped estimated f'l via Daubechies wavelets
of order 24 at level 8, and the final signal Y}, which is we recall to be a sample of the process X.
The wavelet interpolation is here extended outside the calibration window. This is not automatic
in the case of wavelet decomposition, since the wavelets are compactly supported and we are
convolving only up to the final time of our dataset. To obtain this prolongation, we prolonged
the time series in the forecasting window by using the technique of exponential reversion to the
median, thoroughly studied in [NTW13], before applying the wavelet de-noising. In this way we
have been able to obtain a function f; which extends also to times ¢ in the forecasting windows.

4.3.3 Out of sample simulations

We will perform and assess here the forecasts of future electricity prices through our model. We
first outline the simulation scheme and make some considerations about the parameters in the
rolling windows. After this, we define the metrics which we will subsequently use to evaluate
our results.

Parameter estimation in the rolling windows

We recall that for each time ¢, when forecasting the price distribution at time ¢ 4 kj, (where
kn € {1,...,30} is the forecasting horizon), we carry out a new calibration of all the parameters
of the model, including the Hurst coefficient H. We think that in this way, if there is a change
in the data coming as input, the model is able to change its fine structure coherently with these
changes. For example, if the self—correlations changes, or disappears, at some point, we expect
the parameter H to change consequently, and possibly approach %
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We start analysing H: as long as our rolling window for estimation is advancing,the values

of H are on average increasing. The first estimate is H = 0.2909. The mean value across the
whole dataset is 0.3735. In general, the values are such that

0.2128 < H < 0.6234.

Notice that the maximum value is above the H = 1/2 threshold and this shows that a positive
correlation between the increments may occur. We show the averaged behaviour of H across
all our time lengths in Figure 4.14. In general, as we already pointed out, we think that this

10-days moving average for the estimated value of H
0¢ T T T

0 500 1000 1500 2000 2500 3000

Figure 4.14: 10-days average of the estimated value H of H. We chose the 10-day average in order to
smooth out some irregular behaviour at shorter scale.

moving identification of the parameter H is useful to update the fractional structure of the
model when the input data are suggesting to do so, giving a better modelling flexibility, also in
case of future changes in the market nature.

Regarding the parameters of the fractional Ornstein—Uhlenbeck process X1, oy and o, pro-
gressing in our rolling window, we found a change in the estimated values of the parameters;
summarizing, we obtained that the range of values for &; and &

0.0453 < &1 < 0.6823
4.2069 < o < 8.8972.

We see that there is a large variation in the parameters, especially for &i, but we remark
that this variation is gradual, since the mean reversion rate decreases while moving through our
forecasting dataset, together with the volatility . Looking at Figure 4.9, this can be observed,
at least for the volatility, also by a macroscopic observation of the data.

Looking at the estimation of the parameters of the jump process Xs, a bit of variability
through the dataset is shown, but there is not an evidence of a particular pattern. Moreover,
the jump observations are relatively rare (20-40), so based on the available data, it would be
even more difficult to draw conclusions on their long term behaviour. The estimated values of
the mean-reversion coefficient o are such that é&s € [0.3564,0.6211], with an the mean value
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0.4358. As the Hawkes process parameter estimation regards, Ao € [0.0101, 0.0284] with mean
value 0.0169, 4 € [1.12-1079,0.1574], with mean their mean 0.0625 and § € [0.0012,0.9993]
with mean 0.3662. There is a great variation in such estimates. This, in our opinion, is due to
the low dimension of the dataset, because not many spikes are present. Thus, the MLE method
is finding sometimes a good evidence of a self-excitement (when v is bigger and relatively close
to ) and sometimes no evidence of self-excitement (when ~ is very small and/or 8 is much
bigger than ). To show this fact, we plot in Figure 4.15 an histogram of the ration /3, which
is a very good indicator of the presence of self-excitement. From the histogram, we can see that
roughly half of the time the ratio is below 0.25 (showing little or no self-excitement), and half
of the time above (showing a significant self-excitement). We think this is another evidence of
the flexibility of our model, similarly to the estimations of H. If some self-excitement seems to
be present, then the model is including it. Otherwise, the model will simply produce a classical
point process with constant intensity.

Ratio 1/§

Figure 4.15: Ratio between 4 and /3 throughout the entire dataset.

As the estimation of the parameters (fi, &, ) of the Generalized Extreme Value distribution
we have that [ € [11.2506,19.4064] with a mean value 15.6687, £ € [—0.4809, 4.2591] with mean
0.4125 and & € [0.3248, 3.8260] with mean 2.2331. We only remark that even if there is a great
variability in the parameters, the median value of the jump size is not varying from one estimate
to the other. We recall that the median (the mean is not always defined) of a GEV distribution
is given by
log(2)~¢ — 1

¢ .
In Figure 4.16, we see that this value is oscillating between 11 and 22, which are reasonable
values for the jumps in our dataset.

Median = p 4o

Forecasting performance

In this section we will evaluate the performance of the model described in Section 4.2 when it
is used to forecast future values of the electricity prices. As pointed out in [Werl4], there is no
universal standard for evaluating the forecasts.

The most widely used technique is to obtain point forecasts, i.e. single forecast values,
and evaluate them using some error function. The most common error function for this type
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Median of the GEV distribution
I

Figure 4.16: Median of the GEV distribution throughout the entire dataset.

of forecasts is Mean Absolute Percentage Error (MAPE), together with its refinement Mean
Absolute Scaled Error (MASE). Another frequently used measure is the Root Mean Square
Variation (RMSV), which is simply the estimated standard variation of the forecast error.
In our model, the SDE-type structure is not particularly suitable for giving short-term point
forecasts, as it is also pointed out in [Werl4]. So in the following we will not concentrate our
analysis on point forecasts, as we do not expect our model to be able to outperform more
sophisticated and parameter-rich model in this task. Instead, we focus on the relatively novel
concept of Interval Forecast, that we introduce now

Interval Forecast (prediction interval, PI)

More recently, as was already suggested in [Wer14] and as it has been more thoroughly analized
in the very recent review [NoWel8], the driving interest in forecast evaluation has been put
in interval forecasts and density forecasts. Interval forecast have also been used as the official
evaluating system in 2014’s Global Energy Forecasting Competition (GEFCom2014). For this
and other reasons that we will point out, in this paper we will concentrate mainly on interval
forecast. As it is said in [NoWel8], there is a close relation between interval forecasts and
density forecasts.

Interval forecasts (also called Prediction intervals, shortly PI) are a method for evaluating
forecasts which consists in constructing the intervals in which the actual price is going to lie
with estimated probability «, for a € (0,1). There are many ways to build the interval,
depending also on the type of model that one is using. After an interval forecast is obtained,
its performance can be evaluated in different ways, see [NoWel8] for a complete review of the
existing techniques. Here we will evaluate interval forecasts for different time lags h, using 3
different techniques: Unconditional Coverage (UC), Pinball loss function (PLF) and Winkler
Score (WS).

Unconditional Coverage (UC). Establishing the UC just means that we evaluate nominal
rate of coverage of the Prediction intervals; as stated in [NoWel8], one can simply evaluate
this quantity, or consider the average deviation from the expected rate a. As pointed out in
[NoWel8], if we call P; the actual price, [I:t, Ut] the Prediction interval at level a € (0,1), we
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are checking the fact that the random variable

=

1, lngE [I;t,[jt],
0, if P, ¢ [Ly, Uy,

has a Bernoulli B(1, «) distribution. This works clearly under the assumption that the violations
are independent, which may not always be the case.

Pinball loss function (PLF). The Pinball loss function is the function that has been used
for evaluating the models participating in the GEFCom2014, and it is a scoring function which
can be calculated for every quantile ¢q. If we denote with P, the actual price, with Qq(Pt) the
g-th quantile of the estimated prices P, obtained with the model, the Pinball loss function is
defined as

(1—q)(Qq(P) — P), if Py < Qq(Py),

Pin(Qq(Ft), P, q) := {Q(Pt —Qqu(Py)), if P, > Qq(P).

Winkler Score (WS). The Winkler score is a scoring rule which is similar to the Pinball
loss function, with the aim of rewarding both reliability (the property of having the right share
of actual data inside the a-th interval) and sharpness (having smaller intervals). For a central
a-th interval [Et, Ut}, 6y := U, — Ly, and for a true price P, the WS is defined as

(St, if P, e [LAtyﬁt]7
WS([Le, U], P) = { &+ 2(B, — Uy), if P, > U,
5t+%(-[;t_Pt)a lfPt<_Et

As it can be seen, the WS has a fixed part which depends only on the dimension of the Prediction
intervals.
The models. We checked the performance of 3 different models:

e The 2 SDE models described in Section 4.2, one with fBm, and one with sBm.

e A naive model, built as Naive(t)=D(t)+H, where D is the dummy variables function and
H is randomly sampled historical noise ([NoWel8]) coming from the relative calibration
window.

Forecasting horizons. As already mentioned, used as the calibration window a rolling
window with fixed dimension of 730 prices, corresponding to the 730 days of past observations.
In this framework, we will consider the following forecasting horizons kj:

kn = {1,2,...,29,30}

For each forecasting horizon we make a new estimate of the parameters at a distance kj from
the previous one, in order to have the sampled prices coming from disjoint time intervals.

Results

We start analysing the performance of the models by their observed UC. In Figure 4.17 we
report their performance in a plot which spans across all the forecasting horizons kj, that we
are considering. The dotted black line represents the relative level of coverage that we should
attain. The closer we are to the dotted line, the more accurate a model is in covering that
specific interval.
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UC at 50% - models without wavelets vs. Naive

UC at 90% - models without wavelets vs. Naive

Figure 4.17: Observed Unconditional Coverage of the model with the fractional Brownian motion (blue),
with the standard Brownian motion (red) and the naive one (yellow)) for 50%,90% and 98% coverage
intervals. On the horizontal axis, we represent the length kj, of the forecasting window we are considering,
while on the vertical axis we represent the UC value.

In the 50% interval, the naive model seems to be more stable, even if it is almost always
under-covering the interval. Among our models, the fBm model, except for the shorter fore-
casting horizons, is performing remarkably well. The sBm model is over-covering the interval,
for almost all forecasting horizons.

Moving to the 90% (mid plot) and 98% (bottom plot) prediction intervals, the fBm model
performs in general better than the other ones, except for a slight excess in coverage for the
90% PI with small forecasting windows. In the 98% PI, also the sBm model has a very good
performance, which will be confirmed by the numerical data for the UC reported in Table 4.7.

| Avg. score\Model | fBm [ sBm [ Naive |
UCxso 54.54% 60.37% | 46.02%
UCsgy, error +4.54% | +10.37% | —3.98%
UCjgy abs. error 5.95% 10.37% 4.83%
UCyoy 90.63% | 93.65% 86.02%
UCygy, error —-0.93% | —9.10% | +3.79%
UCypy abs. error 2.81% 3.67% 4.04%
UCoysy 97.02% | 97.58% | 94.13%
UCygy, error —0.98% | —0.42% 3.87%
UCygy, abs. error 1.19% 0.99% 3.90%
Table 4.7: Coverage rate for the estimated PI, averaged over all forecasting horizons k;, = 1,...,30.

The average error, as it can be seen, is just the difference of the average coverage from the nominal value.

We analysed then the WS and the PLF of the different models. In Figure 4.18 and in
Figure 4.19 we reported again the results spanning along all forecasting horizons. We note that
the PLF is a function of the quantile we are evaluating, so that in principle we would have to
evaluate it separately for every quantile ¢ = 1,...,99. As was also did in the GEFCom2014
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competition, we averaged first over all quantiles, in order to obtain a single value and make
comparisons easier.

Winkler scores for 50% central Pl

Winkler scores for 90% central Pl

Figure 4.18: Winkler scores for 50% and 90% PI.

In terms of WS (Figure 4.18), the fBm and the sBm models outperform the the naive
benchmark. The difference between the fBm model and the sBm model is very small in general,
but the fBm model performs better than the sSBm one in almost every prediction interval. This
is true especially if we consider the 90% interval WS.

There seems to be a sort of contradiction in our results: indeed, when it comes to the UC at
level 50%, the naive model seemed to be slightly better than the fBm model, while in terms of
WS for the 50% PI the fBm is clearly superior to the naive benchmark. This is possible because
the WS is a metric which not only evaluates the share of coverage of a prediction interval, but
also gives a penalty for missed values, and this penalty depends on the magnitude of the error
made. Thus, it may seem reasonable to suppose that the naive model, while performing quite
good in terms of coverage at the 50% PI, makes bigger errors than the fBm model.

The results about the PLF are quite similar to the ones of the WS. Again, the fBm and the
sBm model outperform the naive model, while being very close one to each other. Again, the
fBm model performs slightly better than the sBm model.

We make anyway a remark: both in terms of WS and PLF, the naive model is performing
better than the fBm and the sBm model when the forecasting horizon k, = 1. This is somewhat
consistent with a fact mentioned in [Werl4], which we already reported: the reduced-form
models, like ours, usually have a quite poor performance in very short-term forecasts.

[ Score \Model [[ fBm | sBm [ Naive |

WS50% 20.87 [ 21.30 [ 23.14
WSg0% 38.62 | 40.44 | 46.25
| PLF | 2.3484 | 2.3920 | 2.6164 |

Table 4.8: Winkler scores and Pinball loss function values, averaged over all forecasting horizons k;, =
1,...,30.
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Pinball scores (average) over all forecasting horizons (1-30)

Figure 4.19: Pinball loss function (average).

In Table 4.7 and Table 4.8 we reported the above discussed values, averaged over all different
forecasting horizons. In terms of the UC, each of the three models is performing better than
the others for a certain PI, while both for the WS and the PLF we see the better performance
of the fBm model also from these numerical data.

4.3.4 Conclusions

Drawing some conclusions from the results analyzed above, there are some evidences that a
fBm-driven model may be more adequate to model the electricity prices than a sBm-driven
model.

Regarding the forecasting performance (QF and PI), the fBm methods have better perfor-
mance than the sBm ones in terms of WS and PLF, while both the sBm and the naive model
enjoy some success when evaluating the UC.

To understand this apparent contradiction, we remark (as we already did) that WS and
PLF are scoring rules which give a penalty for missed forecasts (while UC does not), and these
penalties depend also on the magnitude of the error. The fact that fBm models outperform
sBm models in this evaluation may mean that the QF and the PI given by the fBm models are
in some sense more robust than the sBm ones (and also than the ones of the naive benchmark).

Concerning the model structure, we remark that we found very satisfactory the fact that the
parameter estimation for the Hawkes process gave roughly half of the times a very significant
value, meaning that the clustering effect is not only visible on a macroscopic scale, but is also
captured by the numerical methods.

This was not assured in principle, since the Italian market is rather peculiar, having only a
small number of real spikes. This gives, as a consequence, that the intensity of the spike process
is small and could become difficult to estimate, even if this was not the case for our data.

Regarding the role of the fractional Brownian motion in the model, we remark that we
found some very interesting informations from the estimation procedure. The fact, shown in
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Figure 4.14, that the parameter H is tending to 0.5 in more recent times may mean that the
market is finding automatically a way towards the ”independence of increments”, which would
be implied by the fact that H = 0.5. This is remarkable also for the fact that the independence
of increments is closely related, for these models, with the absence of arbitrage. Even if we
pointed out that arbitrage is usually not possible, for this kind of models, when trading only
once per day, a good question for future developments in this sense may be: are electricity
markets, which are ”young” financial markets, finding their own stability with the passing of
time, or are our findings specific to the italian market? In any case, are these changes going to
last in the future or we may see a return of a fractional effect in the next years?
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A | Appendix

A.1 Basic probability results

Let (92, F,P) be a probability space. We recall that given a stochastic process {X:,t € R} with
values in some metric space (5,d), we say that X is a modification of X if it is a stochastic

process such that for every t € R .
P(X; =X;) =1.

Definition A.1. Let f: R — S, where (S5,d) is a metric space. Let a € (0,1). We say that f
is Holder continuous of exponent « if it satisfies

[f(s) = f()]

sup ——————— < X
87515 |t — S’a

Theorem A.2 (Kolmogorov continuity theorem). Let (2, F,P) be a probability space and let
(S,d) be a complete metric space. Let X : R x Q — S be a stochastic process. Assume that
there exist o, B > 0 such that for every s,t € R it holds

E[|Xt - Xsﬂ < Ot — s|1*+8,
Then, there ezists a modification X of X with continuous sample paths X. (w), for all w € Q.

Moerover, for every v € (0, g), the modification can be chosen such that the sample paths are
~v-Hélder continuous.
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