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Summary

Quantum computers use the laws of quantum mechanics to do complex operations that clas-
sical computers can’t solve. Quantum computers and other physical quantum systems require
quantum information to be completely isolated from the environment in order to be perfectly
functional. Quantum systems that are not completely isolated suffer from decoherence noise
and may suffer from errors. Implementing these systems is a huge challenge and development
of suboptimal systems with a low error rate seems to be the best way forward to building
these systems.

In quantum communications, designing codes that are able to reduce or protect against
errors is a necessity. This work focuses on perfect and quasi-perfect quantum codes, which are
a family of codes that exists in the classical setting and are optimum in terms of minimizing
the error probability for a given number of channel uses. In the first part of the work we
generalize the definition of quasi-perfect codes to include both classical codes and quantum
codes. We also provide an example of a quantum quasi-perfect code for 2-qubits classical-
quantum channels that make use of quantum entanglement and that can be extrapolated to
an N-dimensional classical-quantum channel.

The second part of this work focuses on quasi-perfect codes in optical communications,
where coherent states are used to convey information through an optical channel, known
as the Bosonic channel. The Bosonic channel has infinite dimension, so instead we consider
a finite-dimensional approximation of the Bosonic channel with a negligible approximation
error for a sufficiently large channel dimension. We show that phase-modulated coherent
states constitute a codebook that is quasi-perfect for the approximated channel, and thus
are close to optimal for the Bosonic channel.

The last part of the work focuses on stabilizer error correction codes, which are practical
codes that use redundancy to protect against errors. Error correction is not specifically used

to transmit classical information, but to protect quantum information instead. However,
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it is possible that we require to obtain classical information from a quantum state after
performing error correction. For these particular cases we may be able to prove that an error
correction code is quasi-perfect and thus optimum.



Resum

Els ordinadors quantics fan servir les lleis de la mecanica quantica per a realitzar operacions
complexes que els ordinadors classics no poden resoldre. Els ordinadors quantics i els altres
sistemes quantics requereixen que la informacié quantica estigui completament aillada de
I’entorn per tal de ser perfectament funcionals. Els sistemes quantics que no estan completa-
ment aillats sén afectats per soroll de decoheréncia i poden patir errors. Implementar aquests
sistemes és un gran repte i I'iinica manera de construir sistemes quantics és desenvolupar
sistemes suboptims amb una taxa d’error baixa.

En comunicacions quantiques, dissenyar codis capagos de reduir o protegir contra errors
és una necessitat. Aquest treball es centra en codis quantics perfectes i quasi-perfectes que ja
existeixen en sistemes classics i que sén optims en termes de minimitzar la probabilitat d’error
per un determinat nombre d’usos del canal. A la primera part del treball generalitzem la
definici6é de codis quasi-perfectes per incloure codis classics i codis quantics. També proveim
un exemple de codi quantic quasi-perfecte per a canals classic-quantics de 2-qubits que fa
servir entrellacat quantic i que pot extrapolar-se a un canal de dimensié N.

La segona part d’aquest treball es centra en codis quasi-perfectes en comunicacions
optiques, on estats coherents es fan servir per a transmetre informacié a través d’un canal
optic, conegut com a canal Bosonic. El canal Bosonic té dimensié infinita, per aixo considerem
en canvi una aproximacié del canal Bosonic de dimensié finita, amb un error d’aproximacio
negligible amb una dimensié de canal suficientment gran. Demostrem que una modulacié de
fase dels estats coherents constitueix un codi quasi-perfecte pel canal aproximat, i per tant
és practicament optim per al canal Bosonic.

L altima part del treball es centra en codis estabilitzadors de correccié d’errors, que sén
codis practics que fan servir redundancia per a protegir contra errors. La correccié d’errors
no es fa servir especificament per a transmetre informacié classica, siné per a protegir la
informacié quantica. Tot i aix0, és possible que requerim obtenir informacié classica d’un



estat quantic després de fer servir correccié d’errors. Per a aquests casos, pot ser possible
demostrar que un codi de correccié d’errors és quasi-perfecte i per tant optim.



Resumen

Los ordenadores cuanticos hacen uso de las leyes de la mecanica cudntica para realizar opera-
ciones complejas que los ordenadores clasicos no pueden resolver. Los ordenadores cuanticos
y otros sistemas cuanticos requieren que la informacion cuéntica esté completamente aislada
del entorno para poder ser perfectamente funcionales. Los sistemas cuanticos que no estan
completamente aislados son afectados por ruido de decoherencia y pueden sufrir errores.
Implementar estos sistemas es un gran reto y la iinica manera de construir sistemas cuanticos
es desarrollar sistemas suboptimos con una tasa de error baja.

En comunicaciones cuanticas, disenar cédigos capaces de reducir o proteger contra errores
es una necesidad. Este trabajo se centra en cédigos cuanticos perfectos y quasi-perfectos que
ya existen en sistemas clasicos y que son éptimos en términos de minimizar la probabilidad
de error para un determinado niimero de usos del canal. En la primera parte del trabajo
generalizamos la definicién de cédigos quasi-perfectos para incluir cédigos clasicos y cddigos
cuanticos. También proveemos un ejemplo de codigo cuantico quasi-perfecto para canales
clasico-cuanticos de 2-qubits que usa entrelazado cudntico y que puede extrapolarse a un
canal de dimensién N.

La segunda parte de este trabajo se centra en cdédigos quasi-perfectos en comunicaciones
Opticas, donde se usan estados coherentes para transmitir informacién a través de un canal
optico, conocido como canal Bosénico. El canal Bosénico tiene dimensién infinita, por eso
consideramos en cambio una aproximacion del canal Bosénico de dimensién finita, con
un error de aproximacion negligible con una dimensién del canal suficientemente grande.
Demostramos que una modulacién de fase de los estados coherentes constituye un cédigo
quasi-perfecto para el canal aproximado y, por lo tanto es practicamente éptimo para el
canal Bosénico.

La ultima parte del trabajo se centra en cédigos estabilizadores de correccién de errores,
que son codigos practicos que usan redundancia para proteger contra errores. La correccién
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de errores no se usa especificamente para transmitir informacién cldsica, sino para proteger
la informacién cudntica. Aun asi, es posible que requiramos obtener informacién clasica de
un estado cuantico después de usar correccién de errores. Para estos casos, puede ser posible
demostrar que un c6digo de correccién de errores es quasi-perfecto y, por lo tanto, éptimo.
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Introduction

1.1 Introduction to quantum information theory and motivation

Quantum information theory combines classical information theory with quantum mechanics.
It differs from classical information theory in several aspects. Quantum information theory is
indeterministic: it is based on the probabilities of events rather than on their predictions.
Unlike in classical systems, a quantum state can be a superposition state; that is, a linear
combination of other allowed states.

The simplest unit of quantum information is the qubit (quantum bit) which, can be
represented, for example, by the spin of an electron or by the polarization of a photon. More
complex systems like a quantum computer are harder to implement; these systems usually
are very noisy and suffer from decoherence. Quantum systems can be measured and the
measurement outcome becomes a random variable. Let’s suppose we want to implement a
quantum circuit that prepares the maximally entangled state, which is a quantum state of
two qubits which are in the same state, that is, when measured independently they behave
like a binary equally distributed random variable but their measurement outcomes are fully
correlated. Then when we measure each qubit of the maximally entangled state we may have
an outcome of "00" (that is, two classical "0s") with a probability of 50% or an outcome "11"
also with 50% probability. Measurement outcomes "01" and "10" are in principle impossible,
i.e. their probability is 0. We can simulate the behavior of this circuit using the available
(online) IBM Q Experience quantum system simulator. Our simulation consist on performing
1024 measurements of each of the two qubits. Ideally both outcome "00" and "11" should
be obtained with probability 0.5 and outcomes "01" and "10" should never happen. The
histogram of the simulation shows convergence of the expected results.
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Figure 1.1: Histogram from the simulation of a circuit that generates the maximally entangled state

The same circuit executed on a real quantum computer (also using 1024 iterations) gives
a histogram like the one illustrated in Fig.1.2
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1

Figure 1.2: Histogram from the implementation on a real quantum computer of a circuit that generates the
maximally entangled state
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The real implementation differs from the simulation: now outcomes "01" and "10" are
also obtained and outcomes "00" and "11" do not seem to be characterized by the same
probabilities. This shows that even for a very simple circuit the results when using real
quantum computers may be very different from what we expect from the theory of quantum
mechanics.

Despite being difficult to implement quantum systems have some benefits over classical
ones. They can be unconditionally secure (see for example [12], [13]) due to some particulari-
ties of quantum systems (non-cloning theorem). Quantum computers also will be able to solve
tasks that classical computers are not able to solve, and in theory be computationally more
efficient. Recently Google demonstrated quantum supremacy using a developed 54-qubit
processor [14] (that is, they claim that their processor can perform tasks that the classical
computer can not perform in practice), so maybe the quantum era is closer than we expect.
In any case, it is clear that current quantum systems demand quantum error protecting codes
for proper operation.

This work will investigate perfect and quasi-perfect codes in the quantum context. These
codes are optimum to minimize the error probability when transmitting information over a
classical-quantum channel and thus might be able to contribute to more reliable quantum
systems.

1.2 Brief introduction to the history of quantum mechanics

In the 19th century, before the introduction of quantum mechanics, it was believed that
classical physics (consisting on Newton’s laws of mechanics, Maxwell’s electromagnetic the-
ory and Boltzmann’s theory of statistical mechanics) were able to explain any physical
phenomena. However, as stated in 1901 by William Thomson Kelvin [4], there was some
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phenomena that could not be fully explained by the classical theory, namely the failure of
the Michelson-Morley experiment and the "ultraviolet catastrophe".

The Michelson-Morley experiment [5] pretended to detect the existence ether, which was
believed to be an invisible medium that allowed light waves to travel through vacuum. It
was assumed that light waves could not travel through empty space and so there had to
be a medium carrying light waves through empty space. However, the experiment provided
evidence against the ether theory.

On the other hand, the ultraviolet catastrophe is the classical prediction that a black
body would emit an infinite amount of energy at high frequencies, which does not happen in
reality. In 1901, Planck considered the hypothesis that radiating energy exists in discrete
quantities (in bundles of energy) and used this model to predict how much energy does a
black body emits in function of the frequency [6]. Later, Einstein reinforced Planck’s theory
and showed that it provided an explanation to the photoelectric effect [7]. In 1924, de Broglie
stated that every element of matter behaves as both particles and waves [8], and in 1926
Schrédinger formulated a wave equation that describes the evolution of quantum systems
[9]. In 1925, Heisenberg introduced an alternative theory called matrix mechanics [10] that
was not as popular as the Schréodinger’s theory, but later in 1930 Dirac showed that both
formalisms were equivalent and unified them [11].

1.3 Quantum postulates

Quantum mechanics are described by the following four postulates:

1. Postulate 1: Any isolated physical system has an associated Hilbert space H of a
certain dimension on the field of complex numbers C. This Hilbert space is called the
state space. The system is completely defined by a state |¢) (a unit vector) at any
instant. An example is a qubit, which is a two-dimensional vector that is defined by
two complex numbers (see Section 2.1). In general, it is a difficult problem to know
what is the state space for a specific system, and it would require to delve into the field
of quantum electrodynamics. In this work we will always assume that the state space
is known.

2. Postulate 2: The evolution of a quantum system is described by a unitary operator
U acting on the state vector.

3. Postulate 3: A quantum measurement is a set of operators {II,, }, called measurement
operators, that act on the state space of the system in order to obtain a classical
outcome m. The measurement operation is irreversible: the state after measurement is
affected by this process and it is not possible to recover the original state.

4. Postulate 4: The state of a composite system (i.e. a system consisting on two or more
physical systems) is the tensor product of the state spaces of the smaller systems. For
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example, if a system in the state |[¢)) is composed by multiple systems in the states
[¢)15|¥) ;- - 1), then the state |1)) can be decomposed as [¢) = [1)), ®[1)),®...®|V),,.

The formal definitions and implications of these postulates will be described in Chapter 2.

1.4 Objectives

This section presents the main objectives of this work, which can be summarized as the
following:

e Objective 1: Provide a generalization of perfect and quasi-perfect quantum codes
defined in the classical context to classical-quantum channels. For this purpose we
follow a similar procedure as in the classical case. Perfect and quasi-perfect quantum
codes attain the meta-converse bound with equality, and thus they minimize the error
probability over a given channel.

e Objective 2: Study simple cases of 2-qubit codes over a classical-quantum channel. The
goal is to find perfect and quasi-perfect codes, if they exist, for simplified cases. In
Chapter 4, we present some examples of quasi-perfect codes. In particular, the Bell
codes for 2-qubits and a number of codewords M > 4 are quasi-perfect codes even when
the quantum state is observed after a quantum erasure channel or a depolarizing channel.

e Objective 3: Find perfect and quasi-perfect codes for more than two qubits, or equiv-
alently for a channel dimension larger than 4. The Bell codes found for 2-qubits can
be extrapolated for an arbitrary number of qubits, although there are several ways
of building them (see for example [15], [16]). In Chapter 5, we study quasi-perfect
codes for the bosonic channel, where the dimension of the channel is infinite. We con-
sider an approximated version of the channel with finite, but arbitrarily large dimension.

e Objective 4: Find quasi-perfect codes that can perform error correction. Perfect and
quasi-perfect codes developed in objectives 1, and 2 exhibit a cardinality greater than
2N where N is the number of qubits. As such, they can’t be used directly as quantum
error correcting codes. Chapter 6 will focus on quasi-perfect codes in the error correction
setting.






2

Quantum theory

This chapter presents the notation and basic quantum concepts that are necessary to
understand this work. Textbooks [1], [2], [3] provide a detailed introduction to the area.

2.1 Qubit and the bloch sphere

In the quantum world, the most basic unit of information is the quantum bit or qubit. A
general qubit can be represented as the superposition of two quantum states:

) =al0) + B1), (2.1)
where « and § are the complex amplitudes of the superposed states |0) and |1), and where:
la|? +|8[° = 1. (2.2)

The states |0) and |1) are mathematically represented in a Hilbert space of dimension 2 as
the following two column vectors:

0y 2 [1,0]", (2.3)
1y 2 [o,1]". (2.4)

Similarly, (0] and (1| are defined as the row vectors:

(>

(0] £ [1,0], (2.5)
(1= [o,1]. (2.6)

This notation will be used later. A qubit can also be written as:

[t)) = cos(0/2) ]0) + sin(0/2)e? [1). (2.7)
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This allows us to represent it visually in a sphere, in function of the angles 6 and . This
sphere is called Bloch sphere.

)

Figure 2.1: Bloch sphere

The {|0),]1)} basis is called the computational basis, but naturally a qubit can be
represented in any other basis, for example, another commonly used basis would be the
{|4),|—)} basis with:

A 1 T
+) = ﬁ[u] , (2.8)
O (2.9)

V2

There are several ways to physically represent quantum information, including the polarization
of a photon, the Fock state of a light wave (see Chapter 5) or the spin of an electron, among
others. As an example, consider that the electric field vector of a light wave has the following
three components in the z,y and z axis:

Eq(z,1)
E(r,t) = | Ey(z,t), (2.10)
0
with
E.(z,t) = E,cos (kz — wt + o), (2.11)

E,(z,t) = Eycos (kz — wt + ) . (2.12)
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where E,, E, are the amplitudes of the electrical field in the x and y axis respectively, o, oy
are phases, w is the angular frequency, r is the position vector, ¢ is the time instant, z is
the direction of the wave propagation and k is the wavelength number. When F, = 0 and
E.(r,t) = E,coskz —wt + oy, the electric field oscillates on the = axis; in this case the
polarization is horizontal. Similarly, when E, = 0 and E,(r,t) = E, coskz — wt + «, the
electric field oscillates on the y axis, and in this case the polarization is vertical.

Figure 2.2: Vertical polarization (left), horizontal polarization (right)

A qubit can be represented as the polarization of a photon by assigning |0) to the hori-
zontal polarization, |0) = |H), and |1) to the vertical polarization, |1) = |V).

Also, if Fy = E,, then we have a wave that is a combination of a vertical polarized
wave and a horizontal polarized wave. This wave has a 45° polarization and it represents a
quantum state |H) + |V) that when normalized, it corresponds to the |+) state. Similarly, if
E, = —FE,, then we have |[H) — |V) that when normalized, it corresponds to the |—) state.
With this, it is possible to create systems that are able to use the {|0),|1)} basis and the
{|4+),|—)} basis as well.

Ey Ey

Figure 2.3: Diagonal polarization, E, = E; (left), diagonal polarization, Fy, = —FE, (right)
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2.2  Quantum evolution

Quantum systems can undergo reversible transformations which are modelled by unitary
matrices. This transformations are referred as reversible evolutions or unitary evolutions.
Reversibility is a consequence of unitary evolution because unitary operators have an inverse
(it is their conjugate transpose). Also, quantum states that go through unitary transformations
maintain unit norm. Quantum unitary evolutions can be represented as a quantum circuit,
which is a diagram that represents the qubits or quantum states of a quantum system and
the unitary operators (also called quantum gates) that are applied to them.

» — U U

Figure 2.4: Quantum circuit representation of quantum state ¢ undergoing unitary operator U

The most common unitary operators are the Pauli matrices (I, Z, X, Y) and the

Hadamard matrix (H):
10
= 2.1
! (O 1) ’ (2.13)

X = (? é) , (2.14)
7 ((1) 01) , (2.15)
Y= (; —O’> , (2.16)

H= % G 11) . (2.17)

(2.18)

In particular, the X operator satisfies X |0) = |1) and X |1) = |0) (it changes the amplitude
of a qubit) and the Z operator satisfies Z |0) = |0) and Z|1) = — |1) (it changes the phase of
a qubit). The Y operator is a combination of both operators. The Hadamard gate takes the
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{]0),]1)} basis to the {|+),|—)} basis.

2.3 Measurement of qubits

Measurement operations in quantum systems allow us to obtain classical information from a
quantum state. In general it is not possible to retrieve the complex amplitudes (« and ) or
the phase of a qubit. Instead we can only measure observables, that is, physical parameters
of the quantum state. Observables are represented by Hermitian operators (for example the
Pauli matrices). The result of the measurement follows the Born rule: the outcome of the
measurement is one of the eigenvalues of the operator and the resulting quantum state is
the corresponding eigenvector. The probability of having an outcome m when performing a
measurement over a qubit ¥ is:

where 11, is the projector onto the eigenspace of the operator used for the measurement
corresponding to the eigenvalue A,,.

For example, if we want to measure the qubit |¢)) defined above in the computational
basis we can use the Z operator, which has the following eigen decomposition:

Z = 10) (0] — 1) (1] = ((1) 8) _ (8 g) Iy —TI,. (2.20)

When we make a measurement using Z we obtain one of its eigenvalues, which are 1 and
-1. We then associate the eigenvalue ‘1’ to an outcome m = 0 and the eigenvalue -1 to an
outcome m = 1. When we measure a qubit (2.1), we have the following probabilities of
obtaining outcome 0 and outcome 1:

po=iTal) = (5 )19 = ol (221)
p =it = (g §) 1) =167 (222)
(2.23)

We could also use the operator X to make a measurement. In this case, the eigen decomposition
is the following;:

x=ie- =50 )5 (G T mmeem e

In this case, when we make a measurement on the same qubit we obtain the following
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probabilities of outcome 0 and outcome 1:

=i =30l (1 1) =S5 (2.25)
A Ll G [ ] (2.26)
(2.27)

2.4 Composite systems

It is possible to represent systems with multiple qubits in a compact way using the kroenecker
product between them. For example, a two qubit system can be represented as the kroenecker
product between both qubits:

) = [0) ®0) = 00) = ((1)) ® ((1)> _

Naturally the same applies for any other possible states. This is the mathematical model of a
two qubit system and models the behavior of them even if they are placed in different locations.
States representing more than one qubit are known as composite states. Unitary operators
that affect individual qubits that belong to a composite system can also be expressed as

(2.28)

o O O

a unitary operator that is the kroenecker product of each unitary operator. For example,
consider a three-qubit system consisting on three qubits 1, ¥9 and 3 with each qubit
undergoing a unitary transformation Uy, Us and Us. Each qubit’s output is Uy11, Ut and
Usvs, or equivalently, we can represent the output as a unitary operator affecting the whole
composite state as follows:

(Ur1h1 @ Ugtpa @ Usthz) = (U1 @ Us @ Us) (Y1 @ 2 ® 13), (2.29)

where we used the property (AC)®(BD) = (A® B)(C ® D) that is satisfied by the kroenecker
product operation. This makes it possible to represent quantum systems as a composite input
state with unitary operators applied to the composite state. An important unitary operator
that is used frequently in quantum systems is the controlled NOT gate (or CNOT gate),
which is an operator that takes two input qubits and outputs two qubits. One of the input
qubits is a "control" qubit that is not affected by the CNOT operator, and the other one has
its amplitude flipped if the control qubit is |1). The CNOT operator can be expressed as:

UCNOT = (2.30)

o O O =
oS O~ O
— o O O
o = O O
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|47 Ly

[o) D [9ep)

Figure 2.5: Quantum circuit representation of a CNOT gate

A composite quantum state that can not be expressed as the kroenecker product of two
states is called an entangled state. For example, the so-called maximally entangled state is
defined as:

1
V2

When measured in isolation using the computational basis, each of the qubits delivers a

|®T) = —(]00) + |11)). (2.31)

binary random variable. However, the outcome at each of the qubits is always the same,
i.e., they are fully correlated, even if measured in different locations. The simplest entangled
states are two-qubit states called Bell states, with the one in (2.31) being one of them. There
are other three Bell states, which have the form:

B 1
#7) = —(00) — 1)), (2.32)
) = %(IOD +110)). (2.33)
W) = —(j01)  [10)). (2.34)

V2
(2.35)

These four states are entangled states that form an orthogonal basis of the four-dimensional
Hilbert space, and will be relevant in Section 4.4.1.

2.5 Quantum state matrix representation

The description of quantum systems discussed above is only valid for pure quantum states,
that is, states fully represented in a given basis by their complex amplitudes. In general
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10> H

D)

0

€

Figure 2.6: Quantum circuit representation of the Bell state |®T)

however, quantum systems might incorporate an additional uncertainty modelled by classical
probability theory, that is, they can be characterized by different states each with a certain
probability. In this case the quantum state is mixed (not pure) and it must be described
using the quantum state matrix representation as:

zeX

where p is called the density operator. Density operators are semidefinite positive and they
have unitary trace Trp = 1, since ) ., p, = 1 and qubits have unitary norm.

2.6 Quantum channels

Let D(H) represent the space of density operators that act on a Hilbert space H. We denote
Na_,p as a map which takes density operators in D(#H 4) to density operators in D(Hp).
A quantum channel is defined as a linear, completely positive and trace-preserving map
describing the evolution of a quantum system. A map has these properties if and only if it
can be decomposed in the following way:

-1
Nasp(pa) = Z VipaV/, (2.37)
1=0

where p4 is a density operator belonging to Hilbert space Ha, d is no larger than
dim(H 4) dim(H ) and V; are called Kraus operators and belong to the space of square linear
operators which take Hilbert space H 4 to Hilbert space Hp. The Kraus operators must
satisfy:
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d—1
> Vivi=1a. (2.38)
=0

The most relevant channel in this work is the classical-quantum channel. The classical
quantum channel takes a classical input x and outputs a density operator p, associated to x.
It can be modelled as follows:

d—1
NYCp(px) = px(x)ph. (2.39)
z=0

In general, quantum channels take a quantum state and transform it into another quantum
state. An example of a quantum-quantum channel is the Pauli channel, which applies a Pauli
operator to the state with a certain probability:

1
NALg = pli,))Z' X pX' Z, (2.40)
1,7=0

where p(i, 7) is the probability of applying Z (for i = 1) and X (for j = 1), and X and Z are
the Pauli matrices defined before. Note that X = Z9 = 1 4.

The erasure channel is a quantum-quantum channel in which the dimension of the Hilbert
space at the output of the channel equals the dimension of the input Hilbert space plus
one. Note that this is a generalization of the classical erasure channel. The quantum erasure
channel is modelled by the following equation:

Nip(pa) = (1= )Zassp(pa) + ele)(els, (2.41)

where ¢ is the erasure probability and the Isometric channel Z4_,5(pa) = Ta—pp AIL Lpis
defined using the Isometry

1
Inp = [o - ] : (2.42)

where 1 4 is the identity matrix with the same dimensions as the input density operator,
i.e. dim(# ). The last channel presented here is the depolarizing channel. The effect of
this channel is to leave the input channel state untouched (with probability 1-p) or destroy
it completely, and transform it into a uniform distributed classical random variable (with
probability p) represented by quantum state 7.

NE.5(pa) =pr+ (1 —p)pa, (2.43)

_ 1
where m = T (D) T1a.
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Figure 2.7: Superdense coding protocol implementation

2.7 Quantum protocols

The superdense coding protocol is a quantum protocol used to transmit classical information
from Alice (transmitter) to Bob (receiver). The name of the protocol is due to the fact that
two classical bits are sent with a single use of the quantum channel (i.e. transmitting only
a single qubit), and one entangled pair of qubits. Initially, the protocol has Alice and Bob
sharing an ebit, |[®1) , 5 = % (10) 4 10) 5 + [1) 4 |1) 5). Then, it does the following steps:

1. Alice applies a unitary operator (i.e. an I,X, Z or Y operators) to her share of the
state, depending on the two classical bits that should be transmitted. For example, if
the first bit is a 71”7, then the X operator is applied, and if the second bit is a ”1” the
Z operator is applied. Then, the state is transformed into one of the bell states, |®7T),
|©7), [¥F), [¥7).

2. Alice transmits her qubit to Bob through the quantum channel.

3. Bob measures the state in the basis [®1),[®7),|¥T), |[¥ ). Since this base is orthogonal,
he is able to distinguish these four states perfectly. Using the result of the measurement,
he can recover the classical bits that were transmitted.

The circuit implementing the superdense coding protocol is represented in 2.7.

Similarly, the teleportation protocol is used in order to transmit quantum information by
transmitting only two classical bits. The name of the protocol is due to the fact that the
quantum state that is transmitted is destroyed in the original location and restored at the
destination. As it was the case for the superdense coding protocol, Alice and Bob initially
share an ebit |[®*) , 5. The teleportation protocol does the following in order to transmit the
qubit [¢) ,+ from Alice to Bob:

1. Alice performs a measurement in the basis [®1),[®7),|¥T), |[¥~) on her whole sys-
tem, consisting on her qubit and her share of the ebit |®*) ,. This makes the whole
state collapse to one of four possible states, which are |®T) ,/ , |[¥) 5, |27 ) 4 4 Z |¥) 5,
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Figure 2.8: Teleportation protocol implementation

[UF) y A X W) g, [97) 4o 4 XZ|9)) 5. This is because the state of the whole quantum
system is [¢) 4+ [®T) 45, which can be expressed in the Bell basis as follows:

) 19%) 45 = (@ ]0) 4 + (1) 40) \% (100) 45 + 111) ) (2.44)

(@(@F) 4 +127) 47 4) [0)5) + (BIEF) 4ra = [¥7) 40 4) 10)5)
+ (@) g g + 17 0 2) D)) + (BUPT) g4 = 197) 47 4) 1) ) (2.45)

(|‘I)+>A’A W’)B + |®_>A’A zZ |¢>B + |\IJ+>A’AX |¢>B + ‘\II_>A’AXZ |1/’>B) .
(2.46)

N

N

After the measurement operation the state [¢) ,+ is lost, and instead we get |¢) 5 under
the effect of a Pauli matrix.

2. Alice sends two classical bits to Bob in order to indicate what was the measurement
outcome (i.e. to indicate which of the four states is the state after measurement). Bob
uses this information in order to decide what operator should be applied to his share
of the ebit in order to recover |¢). For example, if the result of the measurement is
|[UH) ;s 4 X 1) 5, then he only has to apply an X gate to X |¢) 5 in order to obtain

X(X|d)p) = |¢) -

The circuit implementing the teleportation protocol is represented in 2.8. Both the super-
dense coding protocol and the teleportation protocol are examples of applications where
entanglement is used, and so classical schemes are not able to replicate these protocols.
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State of the art

This section presents the state of the art on quasi-perfect codes in the classical setting and
on the meta-converse bound in the classical and quantum settings.

3.1 Meta-converse bound

The meta-converse bound in the classical setting was introduced in [28], and it is a bound
on the error probability of a Bayesian M-ary hypothesis test. Consider a binary hypothesis
test setting, where the objective is to discriminate between two hypothesis, Hy and H; from
an observation of a random variable Y that takes values in an alphabet ). Define Py(y)
as the probability mass function of Y under hypothesis Hy and P;(y) as the probability
mass function of Y under hypothesis H;. We define T'(y) as the probability of deciding
hypothesis Hy given an observation y. Define ag(Py, P1) as the minimum probability of
choosing hypothesis H; when the true hypothesis is hypothesis Hy with a constraint on the
probability of choosing hypothesis Hy when hypothesis Hi is the true hypothesis:

ag(Py, Pp) = inf <1 - ZT(y)PO(y)> : (3.1)

Ty, TW)Pi(y)<p

Now, consider the M-ary hypothesis test setting where we want to discriminate between
M hypotheses, Hy, Hy, ..., Hpy;—1. Consider the random variables X and Y taking values in
alphabets X and Y respectively. In communication systems, a transmitter sends a message
m (assigned to hypothesis H,,) over a channel by encoding it to a codeword z, and the
receiver will get y with a probability of Py =3
deterministic, x is also assigned to the hypothesis H,, = H,. The receiver will try to guess

Px Py |x. Since the mapping m — z is

19
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the true hypothesis H, by using, for example, a maximum likelihood receiver (i.e. by deciding
H, such that x maximizes Py|x). The error probability of the system is:

1
P.=1- sz:gleagpmx(y\x)- (3:2)
According to [28] and [46, Theorem 1], the error probability satisfies
> .
P. = igfsup {aﬁ (Px x Py x, Py x Qy)}, (3.3)

where Px x Py|x = Y, PxPyx and Px x Qy = ) PxQy. The supremum is over all
arbitrary distributions QQy, and the infimum is over all input distributions Px. This lower-
bound on the error probability is called the meta-converse bound, and it is a lower bound
of the error probability. As it will be shown later, quasi-perfect codes achieve this error
probability and so they are optimum.

3.2 Quasi-perfect codes in the classical setting

This section summarizes the results from [29] where quasi-perfect codes in the classical setting
are defined.

We consider a binary hypothesis test with hypotheses Hy and H;. We define the distributions
Py and Py over the alphabet ), and T'(y) as the probability that the test decides hypothesis
Hy for a given observation y, while the probability of deciding hypothesis Hy is 1 — T'(y).
We define 7;); as the probability of deciding hypothesis j when the true hypothesis is i. In
the binary case, we may write:

o (T) 2 ZT(?J>P1(?J)7 (3.4)
mo(T) £ Y (1= T(y)) Poly). (3.5)

y
Also, we define ag(Py, P1) £ inmeO|1<ﬁ m1j0(T). The optimal test T that minimizes
Ozg(PQ,Pl) is:

Po(y) Po(y)
T (y é]l{ >v| 461 =7, 3.6
W= By Pi(y) (30
where 1[.] is the indicator function and for v > 0 and 6 € [0, 1] chosen such that 3 = mq); (TN P).
The proof can be found in [34].

Now, consider the channel coding problem of sending M equiprobable messages m €
(1,..., M) through a classical channel with a transition probability of Py|x, with input
x € X and output y € Y. A code C = {x1,22,..., 2} assigns each message to a channel
input z,,. The minimum error probability of the code is given by:

PC) =1~ 32 3 max Py x (yla). (37)
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We define () as an arbitrary distribution over the output alphabet ). For any y € ), the
input = that maximizes Py|x (y|r) also maximizes M, since Q(y) does not depend on
2. With this consideration, we define the sphere of radius 7, S, (7, @), as the set of outputs y
such that given input x have a likelihood of at least 7Q(y):

a Py x(y|r) -
Sy (1,Q) = {y ey 0w > } . (3.8)
Similarly, the interior S; (7, Q) and the shell S, (7, Q) of S, (7, Q) are defined as:
Sia(1,Q) = {y Yo T} , (3.9)
So,a:(Ta Q) = {y € y 7Q(y) = T} . (310)

We define the set Q as the set of distributions @ such that F, (7, Q) does not depend on z,
where F,(7,Q) £ P [Y € 5,(1,Q) : 7 € [0,1],Y ~ Py|x_]:

= {QGP()})

Fz(T,Q)F(T,Q),V’JZEX,TZO}. (3.11)

In cases where Q is not an empty set, we refer to the channel Py |x as a symmetric channel.

Definition 3.1. In the classical setting, a code C is perfect for a channel Py|x if there exist
v >0 and Q € Q such that the sets {S.(v,Q)}rec are disjoint and

zeC

Moreover, a code is quasi-perfect if the interior sets {S; » (v, Q) }xec are disjoint and (3.12)
is satisfied.

Let Py x be a symmetric channel, and let @ € Q. For v > 0, the error probability of a
code satisfies:

Pz (@ -5 )+ X ), (3.13)

TELY,T>Y

where Qi(7) = P[Y € Six(7,Q) : v € [0,1,Y ~ Q] , Qo(7) £ PV € Sou(7.Q) : 7 €
[0,1],Y ~ Q] and L is defined as

P
ﬁQA{TeR ] V:EGX,VyGy,YX(mw)T}.

Q(y) (314

For the proof, see [29].
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1-p

Figure 3.1: Representation of the BSC channel

3.3 Examples of classical quasi-perfect codes

This section presents some examples of quasi-perfect codes for the classical setting. Since
it is possible to express classical inputs as quantum states, we will use these examples to
compare the classical setting with the quantum setting, and to verify that the definition of
quasi-perfect codes in the quantum setting is equivalent to the classical case.

Consider the Binary Symmetric Channel (BSC) defined over a binary input alphabet
X = {0,1} and binary output alphabet ) = {0,1} with a probability of bit-flip error of
p, such that P(y = 0l = 0) = (1 —p), Ply =0z =1) =p, Ply = 1|z = 0) = p and
P(y = 1|z = 1) = (1 — p). The graphical representation of the channel is shown in Figure 3.1.

The average error probability for a single use of a channel (no coding) is:
P.=P(x=0)p+Plx=1)p=p. (3.15)

We may be interested in defining a code to reduce the error probability. Let us consider a
code that uses a two-bit input and two codewords. The input alphabet is X = {00, 01, 10,11},
the code is C = {00,11} and the output alphabet is ¥ = {00,01,10,11}. The channel is
described by the following probabilities for x € C:

P(y = 00jz = 00) = (1 - p)?, (
P(y = 01|z = 00) = P(y = 10|z = 00) = (1 — p)p, (
P(y = 11|z = 00) = p?, (3.18
P(y =00[z = 11) = p?, (
P(y=0lje = 11) = P(y = 10j0 = 11) = (1 - p)p, (
P(y =11z = 11) = (1 — p)*. (
The decoder will determine that the transmitted codeword is ”00” when receiving ”00”, and
when it receives ”11” it is going to determine that the transmitted codeword was ”11”. If the
decoder receives "01” or ”10” it will randomly decide which codeword was sent, for example,
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it will decide ”00” when codeword ”"01” is received and ”11” when codeword 710" is received.
The average error probability of this code is:

P. = P(z = 00)(P(y = 10Jz = 00) + P(y = 11]x = 00)) 4+ P(z = 11)(P(y = 01|z = 11)

+ Py = 00[z = 11)) = P(z = 00)((1 = p)p + p*) + P(z = 11)((1 = p)p +p*) = p.
(3.22)

As we see, the error probability has not improved with two channel uses, so it would make
sense to use three channel uses instead to protect against errors as we will see later. Even if
this example does not make sense in practise, it may be interesting from a theoretical point
of view in order to understand what the sets S, (7, Q), Si, z(7,Q) and S,, z(7, Q)) represent.
Using Q(y) = 1 and 7 = (1 — p)p, we get that S;, z(7, Q) are:

Si00(T,Q) = {y SN

Py x(ylz =00) > (1 - p)p} = {00}, (3.23)

Sin(m,Q) = {y ey

Pyx(yle =11) > (1 —p)p} = {11}. (3:24)

Notice that {S; (v, @) }zec are disjoint, which is a requirement for a code to be quasi-perfect.
Intuitively, we see that S;, z(7, Q) represents the decoding region that is centred at the input
codeword x, and when receiving y we have that the transmitted codeword is = with higher
probability than any other codewords for y € {S; (7, Q@)}. Depending on how small 7 is,
more codewords may be assigned to this decoding region. For example, if we had chosen
p? < 7 < (1—p)p then we would have S; oo(7, Q) = {00,01,10} and S, 11(7, Q) = {11, 01, 10}.
However, in this case we wouldn’t prove that the code is quasi-perfect since these sets are
not disjoint.

We see that the sets S, (7, Q) with 7 = (1 — p)p are the following:

So,00(T,Q) = {y ey

aw@m=mw4rﬁw}:meL (3.25)

So11(1,Q) = {y SN

aw@mn><1zw}mLm} (3.26)

Intuitively, S, (7, Q) represents the decoding region between S; oo(7, Q) and S;11(7, Q).
Finally, we have that S, (7, Q) are:

Soo(1,Q) = {Z/ ey

Pyix(yle = 00) = (1 - p)p} ={00,01, 10}, (3.27)

Si(r,Q) = {yey

Py x(ylz = 00) > (1 — p)p} = {11,01,10}. (3.28)

Since (J,ce Se(7,Q) = ¥ and {S,(7, Q) }zec are not disjoint (but {S; .(v, Q)}zec are), the
code is quasi-perfect. This implies that the error probability of the code is optimum for
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all 2-bit codes, even though there is no improvement over the 1-bit code. As mentioned,
this example is not useful in practise, but it shows that codes that don’t improve the error
probability with respect to a code of smaller blocklength can actually be quasi-perfect and
achieve the optimum error probability for a fixed blocklength.

For a more practical example, consider a code that uses a three-bit input and two code-
words. In this case, we have that the input alphabet is X = {000, 001,010,011, 100,101,110, 111},
the code is C = {000, 111} and the output alphabet is ) = {000, 001, 010,011, 100, 101,110, 111}.
The channel is described by the following probabilities for x € C:

P(y = 000|z = 000) = (1 —p)3,  (3.29)

P(y = 001|z = 000) = (y = 010]z = 000) = (y = 100|z = 000) = (1 — p)?p,  (3.30)
P(y = 011|z = 000) = P(y = 101|z = 000) = P(y = 110|z = 000) = (1 —p)p?,  (3.31)
P(y = 111|z = 000) = p®,  (3.32)

P(y =000|z = 111) = p*,  (3.33)

P(y=011|z = 111) = P(y = 101|z = 111) = P(y = 110|]z = 111)(1 — p)?p,  (3.34)
P(y =001|z = 111) = P(y = 010|z = 111) = P(y = 100|z = 111) = (1 — p)p?,  (3.35)
P(y=111|z =111) = (1 —p)>.  (3.36)

The decoder will be able to correct single-bit errors by determining that the transmitted
codeword is the one in C that is closer to the received sequence. So, when receiving 70017,
70107, 71007, the decoder is going to determine that the transmitted codeword is 000", and
when receiving ”1107,7101”, 7011”7 it is going to determine that the transmitted codeword is
”111”. So, when a single-bit error occurs, the overall error probability is not affected since
we are able to recover the original codeword. With this consideration, the average error
probability of the code is:

P, =1— (P(z = 000)P(e > 2) + P(z = 111)P(e > 2) = (3.37)
P(xz =000)((1 = p)p* +p°) + P(z = 111)((1 — p)p* + p°) = (1 —p)p* +p°) = p*,
(3.38)

where P(e > 2) is the probability of having two or more errors.

_ (=pp®

Next we show that this code is perfect. Consider Q(y) =1 and 7 = (1 — p)?p >

In this case, we have the following:

_ N2 (1—p)p? _
Soo(1,Q) ={y €Y | Pyix(ylr) > (1-p)p — } ={000,001,010,100}, (3.39)

. 2
Su(mQ)={yeY | Pyix(ylz)>(1—p)?p— %} = {111,011,101,110}. (3.40)
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And for the other regions we have:

Si00(1, Q) ={y €V | Pyix(ylz) > (1 —p)’p— %} = {000,001, 010,100}, (3.41)
Sin(r,Q) ={y €Y | Pyix(ylz) > (1-p)*p— %} = {111,011,101,110}, (3.42)
Sumn(r.Q) =y €Y | Pyixlula) = (1 —pyp— L2y -, (3.43)
Som(r@ = eV | Prixlyle) = (- pp - LoPPy — gy (3.44

In this example, S, 00(7, Q) and S, 11(7, Q) are empty sets. We can see that the sets {S;, z}
for z € C are disjoint and (J, . Si (7, Q) = Y, which implies that the code is perfect.

3.4 Meta-converse bound in the quantum setting

The quantum meta-converse bound was derived in [30] and is a lower bound on the error
probability of a quantum code (P.(C)) with cardinality M, as in the classical setting. This
section summarizes its derivation.

Consider a binary hypothesis tests that discriminates between two quantum density
operators Wy and Wy acting on a Hilbert space H. A measurement for each density operator
is defined in the form of two positive operator-valued measures 11y and II; (POVM), such
that IIy 4+ ITy = 1, where 1 is the identity matrix. These measurement operators applied to
Wy (and W7) have outcome 0 (or 1) with probability Tr(WyIlg) (or Tr(WiIly)).

We define €}y as the probability of deciding hypothesis 1 (or equivalently W;) when the
true one is hypothesis 0 (probability of false alarm) and €g); as the probability of deciding
hypothesis 0 (or equivalently Wy) when hypothesis 1 is the true hypothesis (probability of
miss-detection). Considering this, we have the following:

61‘0 =1- TI'(WQH()), (345)
60‘1 = T‘I'(Wll_.[o) (346)
We define
Wo|[W1) £  inf 3.47
ag(Wol[Wrh) Ho:g}ugﬁ(el‘O) ( )

as the minimum probability of false alarm over all possible tests IIy having a maximum
probability of miss-detection of 8. The quantum Neyman-Pearson lemma [33] states that a
test T,, is an optimum test for this binary hypothesis test problem if and only if it lies on



26 State of the art

the positive and null eigenspaces of the matrix Wy — tW; where ¢ > 0. Specifically, we define:

P & {W, —tW; > 0}, (3.48)
P72 {W, —tW; <0}, (3.49)
P 2 Wy — tW; =0}, (3.50)

(3.51)

where {A >0} 2 3.\ o E;, {\i} are the eigenvalues resulting from the spectral decomposi-
tion of A (A =), \;E;) and {E;} are the orthogonal projections onto the corresponding
eigenspaces. Then the optimum test minimizing (3.47) satisfies:

Top = P +1}, (3.52)

where 0 < p? < PP.
Consider now the case of multiple hypothesis testing, that is, we have to discriminate
among M quantum states {W7,Ws,...,Wjs}, each with an associated probability of occurring
{p1,p2;---,par} - In this case we need to define a POVM set P = {II;, s, ...,II5;} such that

> iy = 1 in order to make a measurement over the observed quantum state and decide
which is the true hypothesis. The average error probability of the test is:

M
€P)2 1= po Tr(WillLy), (3.53)

and the minimum average error probability is obtained by optimizing over all possible test P:

= ngne(P). (3.54)
We design the test P in order to minimize the average error probability. The optimum test does
not have a closed form, but it is known that it has to satisfy the Holevo-Yuen-Kennedy-Lax
conditions:

Lemma 3.1 (Holevo-Yuen-Kennedy-Lax conditions). A decoder P* = {I1}, ... ,II}, } minimizes
(3.54) if and only if, for eachm=1,..., M,

(A(P*) _mem)H:n = H:n(A(,P*) _mem) = 07 (355)
A(P*) = ppuWm > 0, (3.56)
where
M M
A(PH) 2 Z P Wi Il = Z P Il W, (3.57)
m=1 m=1

is required to be self-adjoint.
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Proof: The theorem follows from [31, Th. 4.1, Eq. (4.8)] or [32, Th. I] after simplifying

the optimality conditions. [ ]

The multiple hypothesis problem can be simplified by transforming it into a binary
hypothesis problem. We define the following matrices:

T £ diag(pWh, ..., ppuWar), (3.58)
I
D(#’O) é Mdlag(NOa "'a,uO)- (359)

The T matrix is a block diagonal matrix containing all the possible quantum states associated
to a hypothesis weighted by their corresponding classical probabilities, and the D(jg) matrix
is also a block diagonal matrix built using an arbitrary density operator p.

If we use a test P = {II;, Iy, ...., I, } to discriminate quantum states Wy, Wa,..., Wy,
we can define a binary hypothesis test to discriminate 7 and D(ug) which will have the
following false alarm and miss-detection probabilities:

M
e10(P) =1 puTr(Wplly,) = ¢(P), (3.60)
1 U 1

Considering this and the definition of ag(Wy||W1) above, it is possible to get a lower bound
on the average error probability:

€(P) z maxay (T][D(uo))- (3.62)

It is possible to show that an optimum test satisfying Lemma 3.1 achieves this bound with
respect to some specific pg. Take po = p§ = C%A(P*) with ¢ being a normalization constant
0

and t = Mcj. If we take P* = {II{,II;, ..., IT}, } then:
T— tD(,U,o) = diag(p1W1 - A(P*),pQWQ — A(P*), --~>pMWM — A(P*)) (363)

According to the quantum Neyman-Pearson theorem the optimum test 7, that minimizes the
average error probability corresponds to the non-negative eigenspace of the matrix 7 —tD(po).
If we define 7o, = diag(Top,, Tops s --s Topar) then Top, must be on the non-negative eigenspace
of pp Wiy — A(P*). Also, in order to satisfy the Holevo-Yuen-Kennedy-Lax conditions it
should also be on the non-positive eigenspace of T — tD(), so it has to be on the null
eigenspace. In this case we have:

€10(Top) = €(P7), (3.64)

€o1(Top) = (3.65)

M.
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Which means that for the test satisfying the Holevo-Yuen-Kennedy-Lax conditions and using
Lo = i we have:
E=a

(TP (0))- (3.66)

This means that the test P = P* attains the minimum probability of error. As we will see
later, quantum quasi-perfect codes achieve this bound and thus are optimum.

L
M
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Quantum perfect and quasi-perfect codes

This chapter presents the main results of this thesis, which can be found in [21] and [22]. It
is organized as follows: Section 4.1 presents the problem of transmitting classical information
over a classical-quantum channel, Section 4.2 introduces a definition of symmetric channels,
Section 4.3 defines quasi-perfect codes for classical-quantum channels and Section 4.4 shows
examples of quantum quasi-perfect codes.

4.1 Classical-quantum channels

We consider the channel coding problem of transmitting M equiprobable messages over
a one-shot classical-quantum channel z — W, with x € X and W, € D(H). While the
results from Section 3.4 were derived for discrimination among non-equiprobable alternatives,
in the remainder of this work we consider the channel coding problem with equiprobable
messages for clarity of exposition. A channel code is defined as a mapping from the message
set {1,..., M} into a set of M codewords C = {z1,...,zp}. For a source message m, the
decoder receives the associated density operator W,  and must decide on the transmitted
message.

With some abuse of notation, for a fixed code, sometimes we shall write W,,, = W, .
The minimum error probability for a code C is then given by

| M
P.(C)2 min {1 ~ Z Tr(WmHm)} . (4.1)

{My,...,1Tar } 1

This problem corresponds precisely to the M-ary quantum hypothesis testing problem
described in Section 3.4. In contrast to the classical setting, in which (4.1) is minimized by
the maximum likelihood decoder, the minimizer of (4.1) corresponds to any POVM satisfying

29
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the optimality conditions from Lemma 3.1.

A direct application of (3.62) provides an alternative expression for P.(C). Let P denote
a (classical) distribution over the input alphabet X’ and define

PWES  P) (|x><x| ® Wm>7 (4.2)

Pous (Y. _ P@la)al) o (4.3)

We denote by P the input distribution induced by the codebook C, hence PeW = 37 3= o (|2} (z]®
W,) and Pe ® p = (37 Y ,ec |#)(z]) @ p. Using (3.62) we obtain the following result.

Theorem 4.1 (Classical-quantum meta-converse bound). Let C be any codebook of cardinality
M for a channel x — W, with x € X and W, € D(H). Then,

P.(C) = sip{aﬁ (PeW || Pz @ u)} (4.4)

> i%fszp{aﬁ (PW|P® u)} (4.5)

where the mazimization is over auxiliary states p € D(H), and the minimization is over
(classical) input distributions P.

Proof: The identity (4.4) is a direct application of ((3.62)). The relaxation (4.5) follows
by minimizing (4.4) over all input distributions, not necessarily induced by a codebook. ®

The right-hand-side of (4.4) coincides with the finite block-length converse bound by
Matthews and Wehner [42, Eq. (45)], particularized for a classical-quantum channel with an
input state induced by the codebook C. The lower bound (4.5) corresponds to [42, Eq. (46)]
specialized to the classical-quantum setting (see also [43, Sec. 4.6] for a direct derivation
for classical quantum channels). The classical analogous of (4.5) is usually referred to as
meta-converse bound, since several converse bounds in the literature can be derived from it.
As it is the case in the classical-quantum setting, in the following we shall refer to this result
as meta-converse.

Theorem 4.1 implies that the quantum generalization of the meta-converse bound proposed
by Matthews and Wehner in [42, Eq. (45)] is tight for a fixed codebook C. By fixing i to be
the state induced at the system output, the lower bound (4.5) recovers the converse bound
[41, Th. 1], which is a rederivation of previous results in [44] (see [44, Remarks 10 and 15]).
This bound is not tight in general since (i) the minimizing P does not need to coincide with
the input state induced by the best codebook, and (ii) the choice of pg in [41, Th. 1] does
not maximize the resulting bound in general.
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4.2 Symmetric channels

Definition 4.1. We define a symmetric classical-quantum channel as a classical-quantum
channel x — W, with x € X and W,, € D(H) satisfying

W, = UWU], (4.6)

for all x € X, where W € D(H) does not depend on x and U, is a unitary linear operator
that acts on H and is parametrized by x.

The definition of symmetric channels is the same as the definition of covariant channels,
which can be found in the literature (see, e.g., [17] or [18, Sec. 9.7]). We define G as a
compact group, H as the input Hilbert space and Hp as the output Hilbert space of a
quantum channel N : D(H4) — D(Hp). The covariant channel is defined as the channel
Na_,p that satisfies NA%B(VnggT) = UgNAQB(p)Ug for every input state p € D(Ha),
where g = Vy, g = Uy, g € G are projective representations of G in the input and output
Hilbert spaces of the channel respectively. For a classical-quantum channel Nx_, g with
Nxopiax— Wy, € X, W, € D(Hp), we can define the orthogonal basis |x)(x|. Then,
for V, such that |z)(z| = V,|0)(0|V,, it follows that W, = U,Nx_,5(|0)(0))Ul = U, W,U].
This means that any covariant quantum channel with classical (orthogonal) inputs also
satisfies (4.6). This definition of symmetry is similar to the one considered in [19, 20] with
the additional assumption U, = U®, U!*l = 1, for some unitary U. However, we do not
impose any particular structure on the unitary representations Us,..

4.3 Quasi-perfect codes
For any operator p € D(H), and parameter ¢ € R we define
Ex(t,p) = {Wo —tp > 0}, (4.7)

For a symmetric channel x — W, = UIWU; , x € X, we consider the set of auxiliary
operators pu € D(H) such that they commute with the unitary transformations U, = € X.
More precisely, for a symmetric channel z — W,,, we define

Uw = {p e DH) | Uppt = Uy} (4.8)

Then, for any symmetric channel z — W, z € X, W, € D(H), and u € Uw, it follows that

Exlt,p) = {UWUL — tn > 0} (4.9)
= U, {W — tUlpU, > 0}U} (4.10)

where in the last step we used the fact that U, = U,u and defined g(t, p) = {W —tu > 0},
which does not depend on = € X.
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Similarly to (4.7), we define

E(t,p) 2 {W, —tu =0}, (4.12)

Ext,p) £ {W, —tu >0}, (4.13)
and

F2(t,p) & Te(WaE3(t 1)), (4.14)

G3(t, ) & Tr(p€(t, 1)), (4.15)

where, F,(-) £ E2(-), Go(+) = G2(-), independent of = € X for symmetric channels.

Definition 4.2. A code C is perfect for a classical-quantum channel x — W,,, if there exist
a scalar t and a state p € D(H) such that the projectors {gZ(t’“)}zec are orthogonal to
each other and ) o E.(t,n) = 1. More generally, a code is quasi-perfect if there exist t
and i € D(H) such that the projectors {Eg(t,u)}zec are orthogonal to each other, and for
I, & Yowecalt,p), Io £ 1 —1,, it holds that YowecEalt,p) = clo wherece R, c>0is a
normalizing constant that depends on the code C.

Ezample 1 (Classical 2-bit Binary Symmetric Channel): We consider the classical Binary
Symmetric Channel from Section 3.3 in order to draw comparisons between classical and
quantum quasi-perfect codes. We denote the BSC channel by Na_, g(|¢s) (¢z|), where |¢,)
is a quantum state representing a classical state. We denote the probability of a bit-flip error
as d, and use the assumption that (1 — ) > §. Let’s consider the case of using two uses of
the channel to transmit two possible quantum states, |00) (00| and |11) (11|, corresponding
to the input codewords (in bits) ‘00" and ‘11’ respectively. The quantum channel states are
then Wy = Na—5(|00) (00]) and W11 = Na—,5(|11) (11]), or equivalently:

1-82 0 0 0
[ o sa-ey o o
Wo=| 0 (1-85 0| (4.16)
0 0 0 &
52 0 0 0
0 (1-635 0 0
Wu=149 "0 sa-s) o (4.17)
0 0 0 (1-5)
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1000
, o100
Let’s take = 3 00 1 0 and t = 40(1 — §). Then we have that:

00 0 1

(1-6)2-6(1—6) 0 0 0 100

0 0 0 0 01 0

foo = {Woo — tu 2 0} 0 0 0 0 20 00 1

0 0 0 62-6(1-10) 00 0

(4.18)

§2-6(1-68) 0 0 0 00 0

0 0 0 0 01 0

fu={Wn -t =0} 0 00 0 =0 00 1

0 0 0 (1-6)2-6861-9) 0 0 0

(4.19)

Notice that this coincides with the classical regions Spo(7, Q) and S11(7, Q) from Section
3.3. The classical interior and shell regions of S, also coincide with £ and &7,z € {00,11}
respectively. We have that:

1 0 00

. 0000
Ego = {Woo —tp >0} = 000 ol (4.20)

0 0 00

00 00

. 000 0

0 0 0 1

0 0 00

] 0100
Eoo = {Woo —tp =0} = 001 0l (4.22)

0 0 00

00 00

. o100
En={Wn—-tp=0}= 00 1 0 (4.23)

00 00

With this, we can check the orthogonality condition that the code must satisfy in order to
be quasi-perfect:

EQEY = =0. (4.24)

S O O =
S O O O
o O O O
o O O O
o O O O
oS O O O
o O O O
— O O O

o O O O

_ O O O
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We also see that the second condition is satisfied as well:

00 00
o o [0 2 0 O} _
Eoo T &1 = 00 2 ol ~ clo, (4.25)
00 00
1 0 0 0 0 0 00O
00 00 01 00 . .
where I, =1 -1, =1 — 000 ol=loo 1 ol Notice that neither £y, £11 are
0 0 0 1 0 0 00O

orthogonal to each other, nor £y + £11 is the identity matrix, which means that the code is
quasi-perfect but not perfect as in the classical case. We see that the example provided here
and the one in Section 3.3 are completely equivalent.

Ezxample 2 (Classical 3-bit Binary Symmetric Channel): Consider the 3-bit codebook
from Section 3.3 used to transmit classical information through the classical BSC channel,
consisting on the codewords {]|000) (000 ,]000) (111|}. The quantum states at the output of
the channel are:

(1—26)3 0 0 0 0 0 0 0
0 (1-26)% 0 0 0 0 0 0
0 0 (1—26)% 0 0 0 0 0
—— 0 0 0 (1—6)62 0 0 0 0
000 = 0 0 0 0 (1-06)26 0 0 0
0 0 0 0 0 (1—4)62 0 0
0 0 0 0 0 0 (1-6)86% 0
0 0 0 0 0 0 0 5
(4.26)
53 0 0 0 0 0 0 0
0 (1—4)82 0 0 0 0 0 0
0 0 (1—6)62 0 0 0 0 0
—— 0 0 (1—6)2 0 0 0 0
L I 0 0 0 (1 —6)62 0 0 0
0 0 0 0 0 (1—68)% 0 0
0 0 0 0 0 0 (1—6)% 0
0 0 0 0 0 0 0 (1—4)3
(4.27)

We use t = 85(1 — §)? and p = Is, where Iy is the identity matrix of dimension 8. Then
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5000 is:

Eooo = {Wooo — ti > 0}

(1—26)3 —5(1—5)2

00 0 0 0 0 0
0 00 o 0 0 0 0
= 0 fo TPt 0 0 0 >0
0 00 0 0(1—25)62—68(1—205)2 0 0
0 00 0 0 0 (1 —8)82 —8(1 — 6)2 0
0 00 0 0 0 0 53 —5(1 — 6)2
1 0 000 0 0 O
01 0 0 O0O0O0TO
001 00 O0O0O0
0000 O0O0O0TO 0
100 00100 O (4.28)
0000 O0O0TO0TO 0
000 0 0 O0O0O 0
000 0 O0O0TO0TO 0
Similarly, £111 is:
00 000 O0O0O0
00 0 00 O0O0O0
00 0 0 0 O0O0O0
Em={Wm-m=0=|0 00 o000, (4.29)
00 0 00 1O0O0
00 00 O0O0T1TO0
00 0 00001

Notice that Eygg and 111 coincide with the regions Spoo(7, Q) and S111(7, @) from the 3-bit
classical example for the BSC channel of Section 3.3. Also, we can see that the code is perfect,
since Eygp and &111 are orthogonal to each other and Eygg + 111 = 1.

Ezample 3 (Pure State Channel): We consider the channel z — W, = |¢.){@s|, with
classical input = and a quantum pure-state output |¢,) (.| on a n-dimensional Hilbert space
‘H. Any pure-state W, can be constructed via unitary transformations from an arbitrary
pure-state W = |4) (1|, which means that the pure-state channel is symmetric according to
definition 4.1. If there are no further restrictions on the output of the system (that is, it
can be an arbitrary pure state W, = UIWU}L), then the auxiliary state p which commutes
with all unitary linear operator U,, x € X, is the normalized identity matrix (or equivalently
the maximally mixed state), pu = %]l. According to Definition 4.2, a code C with M =n
orthogonal pure states is perfect for this channel with parameters ¢ = n and y = %]1, since the
projectors &, (n, 21) = {|¢s) (¢z] — 1 = 0} = |¢a) (@a| are orthogonal for = € C, and they
form a basis for H. Note that this particular case can be reduced to a classical problem, since
the channel outputs commute with each other. Similarly, a code with M > n is quasi-perfect
for this channel with parameters ¢ =n and = 21 provided that Y, . [¢s) (¢s] = cl with
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c= % A family of codes fulfilling this properties will be studied in detail in Section 4.4.1. For
these quasi-perfect codes, the interiors £2(n, 21) = {|¢.) (92| — 1 > 0} = 0, hence they are
orthogonal to each other, and the channel outputs don’t commute with each other. For M < n,
the codes for this channel and the auxiliary state p = %IL are neither perfect nor quasi-perfect.

The next result provides an alternative expression for the error probability of perfect and
quasi-perfect codes.

Theorem 4.2 (Error probability of quasi-perfect codes). Let the channel x — W, z € X,
W, € D(H), and p € Uy be symmetric, and let C be perfect or quasi-perfect with parameters
t and p. Then,

PE(C) = 1_F-(ta/l)+t(G.(t,H)— |C|71)7 (430)
where |C| denotes the cardinality of the codebook C.

Proof: Let C = {x1,...,xp} be an arbitrary code for the (symmetric) channel z — W,,.
To avoid ambiguities, we shall denote by ¢ the smallest value of ¢ such that the projectors
{&2(¢, u)}m ¢ are orthogonal to each other for a certain code C. We shall refer to t as the
packing radius of the code C with respect to state p.

We define the orthogonal basis { £(i)} associated to the eigenspace of {W —tu > O} such
that

= > E(i), (4.31)
i€L®
Ex(t,p) = U,E(L,p)US = > ULE(W)UI = Ea(i), (4.32)

i€Z® i€

where we let E,(i) £ U,E(i)U}. Here, Z® denotes the set of basis indexes associated to
the strictly positive eigenvalues. Note that the projectors E, (i) are orthogonal to E,/ (%)
for z # 2/, i € Z* since the projectors {E2(t,u)} for x € C are orthogonal to each other.
Similarly, we also write

tu) = E(i), (4.33)
i€Z°
Eg(tp) = U0 (b, UL = Y UL E()US = Y Ea(i) (4.34)
i€Z° 1€Z°

where Z° denotes the set of basis indexes associated to the zero eigenvalues. In this later
case however, there is no orthogonality condition between the projectors E, (i) for ¢« € Z° for
different codewords x € C. Now define do = M|Z*| and d, = n — d,, where n = dim(#). The

M|T°
code specific constant associated with a quasi-perfect code C is ¢ = (‘1 L
o

We consider the decoder T = {IIy, ..., I/} with projectors
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= 2, (E0) + 262, (E10) (435)
= U, & (LU + %meé%t’, wuj (4.36)
=U,, Ul | m=1,...,M, (4.37)
where
M=_E(tp)+ %6_"({, ). (4.38)

Note that this definition implies

M
> My =T+ =1, (4.39)

m=1

as required.

We next show that this decoder satisfies the Holevo-Yuen-Kennedy-Lax conditions from
Lemma 3.1 and therefore it minimizes the probability of error. To this end, we write

M
1
AT) = 57 > W, (4.40)
=1
1
== > uwiuf (4.41)
(=1
M M
1 s 1 o
= MZUzwg'(taM)UzT+EZU1W50(157M)U1T- (4.42)
=1 =1

Then, it follows that

M
1 1 1
<A(T) - Mwm) M= | 57 > Wil | Iy, + 17 Wl (T, — 1) (4.43)
l#m
(L w2 () waen
- M e;ém ¢ 4 m MC c m&~m ,‘LL .
M
1 1 /1 o
=37 > Wil | Iy, + e <C - 1> tES, (, ). (4.45)

l#£m
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We consider the first term in (4.45) only. This term can be decomposed as

M M
1 1 . o7 Lo 7
LS | =L (S wiein + LS wiezin (e + ZeEm)
L#m L#m Z;ﬁm
(4.46)
1 M B 1 B
=3 > Wi (t ) + tu Z & (t, ) (57'71(15,/1) + C%(tu))
0#m 0#£m
(4.47)
1 (& _ _ 1
=07 | Do Wit (b ) +tuls — —tuss () | —E5(E ) (4.48)

RS - . N-
= e (Z W€} (E )€, (F 1) + (1 - C) ety (4.49)
l#m
RS . . 1N - -
=5 (Z WoE (&, 1) ILES, (T, 1) + (1 — C) tpun, (t, 1) | (4.50)
l#m
- Mic (1 - 1) tHEp (t, 1) (4.51)

Here, the first equality follows by noting that W, (¢, ) = tu& (¢, p) since & (t, u) is the
projector associated to the nullspace of W, — tu. Combining (4.51) with (4.45) we prove that
(A(T) — s Wy,) I, = 0. Following analogous steps we show that I, (A(T) — ;W) =
and hence the decoder satisfies the optimality condition (3.55).

On the other hand,

M M
1 1 o 1- o/ 1
AT) = 3 Wm =57 > WEL(E 1) + —tu S &t |+ 17 W ([ = 1), (4.52)
{#m l#m
Considering only the second term, we obtain
1 _
MWM(H’” —-I)= W En(t,m)+ —W 50 © (t,p) — —W (4.53)
1 1 1 o L]
= Mtp“ gm( ) MWMIO - Mwm ;lgé (ta ,U)v (454)

where in (4.54) we used that W, = Wy, Is + W,, I, and that Y, &2 (¢, 1) = I,. Continuing
from (4.52):

M M
1 . 1 o7 1 1 o7
Wi E We&g (t, ) + ol E Etp) | — MWmIo - MWm E &Lt p) (4.55)
L#m =1 L#m
1
— E WZ(‘:Z t ﬂ W E gg t /J/ MWmIo. (456)

Z;ém l#m
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The eigenvectors of W,,, —tu corresponding to positive eigenvalues belong to the subspace
spanned by I,. This means that Io(ﬁWm — ﬁt_,u) <0, and so ﬁt_,ufo — ﬁI/VmIO > 0. On
the other hand we have that:

1 . 1 .-
N ST RITN ST N TN = (457)
L#m l#m L#m
1 & _
> > (tpn = Wi)E (E, ) (4.58)
{#m
M
> 07 2 (=€t 1) = 0. (4.59)
{#m

where in (4.58) we used W, (t, ) > tu€f (t, 1), and (4.59) follows since W7, (t, 1) <
tu& ., (t, 1) which holds since £, (¢, ) and £, (£, 1) being orthogonal implies that El s (ts 1)
must belong to the negative eigenspace of W,, — tu. We conclude that A(T) — W > 0.

As the decoder T = {IIy, ..., Il } satisfies the optimality conditions from Lemma 3.1, it
minimizes (4.1). Then, combining (3.57), (4.1), and (4.14) we obtain that the error probability
of this code can be rewritten as

m=1

PC(C)—lTr(A(T*))—lTr< ZW &2 (t, ) +—ZW ot u)) (4.60)

M
1 ° - ]- n o (1
=1- 7 g Fxm (t, p) — e Tr <m§_1 tﬂgm(t7#)> (4.61)
ZM t
- m= mm - M Tr('U“IO)' (462)

Now, noting that u = (I, + I,) we obtain

M
Tr(plo) =1—Tr (u Z En(t, ) ) =1- Z Gs. (t,p), (4.63)

m=1

where the second equality follows from (4.15). Then, substituting (4.63) in (4.62), and
using the fact that Fy(t,pu) = F2(t, u) and Ge(t, u) = G2(t, 1) for symmetric channels, and
= |C|, we obtain

Po(C) = 1 — Fullp) + HGalE, p) — IC]71). (4.64)
| |

Theorem 4.3 (Quasi-perfect codes attain the meta-converse). Let the channel x — W, be

symmetric and let C be perfect or quasi-perfect with parameters t and p € Uy . Then, for
=cl,

P.(C) = ir}gf SB/p oL (PW || P& ). (4.65)
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Proof: The proof is provided in Appendix 4.C. ]

Remark 4.1. A special channel to consider is the erasure channel, that takes a quantum
state on Hilbert space Ha and outputs a quantum state on Hilbert space Hp, where systems
A and B have dimensions da and dg respectively. The erasure channel is defined by:

NZp(pz) = (1= )Zas(ps) + ele)(els, (4.66)

where p, is the input quantum state and the Isometric channel Za_p(pyp) = IAHBpMILHB
1s defined using the isometry

Tase = [0 ILM 0 } (4.67)

as unique Kraus operator and where {|0),...,|M — 1),|e)} form an orthonormal basis on
Hp. In this case we express the output state W, = NfﬁB(pI) as W, = WwIAHBILﬁB +
Wele)(elp = WQEIA%BILHB + ele)(e|p. The eigenspace of {W, — tu = 0} consist of the
eigenspace of {Za—p(pn)—tp =0} plus the eigenvector |e)(e|g. Equivalently, we can express
E(t, ) as EX(E 1) = X iere Euli) = E2(F, 1) + |e)(e| 5, where E2(L, 1) is the eigenspace of
{Za~p(pm) —tn =0} and |e){e|p does not depend on x (i.e. all codewords share the same
eigenvector |e)(e|p). The input state has no effect on the term e|e){e|p, so for this case we
introduce the following generalized definition of quasi-perfect codes which can accommodate
the different input and output dimensions of the erasure channel:

Definition 4.3. A code C is generalized quasi-perfect if there exists t and p € D(H) such
that the projectors {E2(t, ,u)}mec are orthogonal to each other, fulfilling . Ex(t, ) = Io.

Moreover we also require that ) . E;O(f,u) = Cecloa, where Iy = IA‘)BII{—)B — I,
Eo(t,p) = E(t, 1) — |e)e|p and Ce € R, Ce > 0 is a normalizing constant that depends on
the code C.

The following lemma shows that generalized quasi-perfect codes are optimum among all

codes of the same blocklength and cardinality:

Theorem 4.4 (Generalized quasi-perfect codes attain the meta-converse bound). Let the channel
x — W, be symmetric and let C be generalized quasi-perfect with parameters t and p € Uy .
Then, for M = |C|,

P.(C) = il}gf SBP aL (PW[Peu). (4.68)
Proof. We define the POVM as follows:

le)(e|B, (4.69)
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where £'°(t, ) = E°(t, ;1) — |e)(e| . Following similar steps as in the proof of Theorem 4.2,
it is possible to show that the optimality conditions from Lemma 3.1 are satisfied. We have:

M M
1 - 1 o
A(T) = ME UWEU + 3Ce > UWE(t, wU]
/=1 (=1

1 / 1
+ Wl els = A(T) + - Wie)els, (4.70)
and so:

(A(T) - 1Wm> 1,

’

1
= (A(T) - MWmIA%BII;HB) 1L,

+ <]\14W6><e|3 - AZW@)((AB) I, =0, (4.71)

where we used that (A(T)/ — ﬁWmIA_,BILﬁB> I1,, = 0 as shown in the proof of Theorem

4.2. Similarly II,,, (A(T) — 3 W,) = 0, showing that (3.55) holds. Also, A(T) — LW, is
semidefinite positive because A(T) — 3 Wi,

’

= MNT) = EWilaspIly g+ £ Wledels — S Wledels = AT) — L Walaspll 5 We
conclude that the conditions from Lemma 3.1 are also satisfied in this case. The rest of the
proof follows the same steps as in Theorem 4.2 and Theorem 4.3. O

4.4 Examples of quantum quasi-perfect codes

4.4.1 Pure 2-qubit classical-quantum channel (Bell codes)

We consider an arbitrary 2-qubit pure-state classical-quantum channel given by
= Wo = |@z)(pal- (4.72)

We define the codebook C = {z1,...,za}, with even cardinality M = 2K > 4, such that
the output of the channel of the m-th codeword is W,,, = |, )@, | with

(4.73)

on) {\}5(00)+ej¢’“|11>), m =1+ 2k,
Prpm) =

%(\01) + €9 |10)), m =2+ 2k,

where ¢, = 2nk/K, for k=0... K — 1.

This code is a generalization of the Bell states that we refer to as Bell code. The channel
output for codeword z,, is thus given by the pure state W, = W,, which is defined as

Wn = |90:vm> <‘Pwm

. For example, if M = 4, we have that K = 2 and ¢y = 0, 1 = 7,
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obtaining the following;:

[NE \7(|00> +11)), (4.74)
(R 7(|01> +110)), (4.75)
|ws) = 7(|00> 11)), (4.76)
|020) = 7(I01> 110)), (4.77)
which are the Bell states. Similarly, for M = 8, we have K =4, oo = 0, p1 = T, @5 = 7,
3 = 3% and:
[NE 7(I00> +11)), (4.78)
|022) = 7(I01> +110)), (4.79)
|02s) = 7(|00> +3111)), (4.80)
|02s) = 7(|01> +7110)), (4.81)
|Pas) = 7(I00> 11)), (4.82)
|0a) = 7(|01> 110)), (4.83)
|ar) = 7(|00> —j 1)), (4.84)
|02s) = E(IOD —j110)), (4.85)

which are phase-modulated states that are built from the Bell states. As we show next, this
codebook constitutes a quasi-perfect code.

Proposition 4.1. The 2-qubit classical-quantum channel W, = |@.) (pz| is symmetric and
the Bell code C is quasi-perfect for this channel. Moreover,

PulC) = g (W fl o) =1 = (4.86)

Proof: We have that " . |¢s) (92| = 2£14, which means that the code is quasi-
perfect as mentioned in Example 3 in Section 4.3. From Example 3, we have t = n = 4,
p= %1 and 2 (n, 1) = 0, which means that Fy(-) = G4(-) = 0. Using (4.64), we obtain
that Pe(C) =1 —t3; =1 — . ]
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4.4.2 Example: pure 2-qubit classical-quantum channel followed by a quantum
erasure channel

Consider a classical-quantum channel followed by the quantum erasure channel:
Nap(pa) = (1 —€)Zap(pa) + ele)(eln,

where the Isometric channel Z4_,p5(pa) = IA%BPAIL%B is defined using the isometry
T4, p from (4.67), particularized for d4 = 4, dg = 5. The channel is then defined by

Wa = NasB(|¢2) (02l 4)-

For M = 2K > 3, we use the Bell codebook C = {xl, .. .,xM} of Section 4.4.1. The
channel output for codeword z,, is thus given by the state W, = W,, which is defined as

Wi = NA—»B (l‘pxm> <<)0$7n |A)

Proposition 4.2. The 2-quit classical-quantum erasure channel is symmetric and the Bell
code C s generalized quasi-perfect for this channel. Moreover,
4 — 3e

Pe(C) = ag (Wl o) =1 = —7— (4.87)

Proof: The proof is provided in Appendix 4.A. [ ]

4.4.3 Example: pure 2-qubit classical-quantum channel followed by a quantum
depolarizing channel

Consider a classical-quantum channel followed by the depolarizing channel:

1
Nasp(pa) = pzh + (1 —=p)pa.

Consider the Bell codes defined in the previous cases. The channel output for codeword x,,
is thus given by the state W, = W,, which is defined as W,,, = NA_,B(|50xm> (pz,, A).

Proposition 4.3. The 2-qubit classical-quantum depolarizing channel is symmetric and the
Bell code C is quasi-perfect for this channel. Moreover,

1
Pe(C) =y (Wy | po) =1~ 77 4~ 3p)- (4.88)
Proof: The proof is provided in the Appendix 4.B. [ |

4.4.4 Extension to N-qubit classical-quantum channels

This section shows that the Bell codes for the 2-qubit classical-quantum channel can be
extended to an N-qubit classical-quantum channel.
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Consider an arbitrary N-qubit classical-quantum channel with pure outputs given by

2N _1
o)=Y all) (4.89)
=0
2N 1
=Y oy lo) (4.90)
=0
=ag|0...00) +a1]0...01) + ...+ ayv_q|1...11) (4.91)

for 212:0_1 |y|? = 1 and where Iy_1 ...lp are the digits of the binary representation of I.
The channel is then defined by the mapping z — W, = |¢.) (¢|. For M = 2N-1K > 2N,
the NN-qubit Bell codebook of cardinality M is given by C = { L1,y T M} with the following
channel outputs:

Z5(100) + €79 [11)) @ |In—3. .. lo) ,

m =1+ 2k + 2K1,
Pa,,) = (4.92)
5 (101) + €79+ [10)) @ |[In—5 ... 1o) ,

m =2+ 2k + 2KI,

where ¢y, = 2rk/K, k=0,...,K — 1, and where [ =0,...,2V"2 — 1,
The channel output for codeword z,, is thus given by the pure state Wy, = |¢z.,.) (Pz,, |-

Proposition 4.4. Let g = QLN]lw. The N -qubit classical-quantum channel is symmetric and

the N-qubit Bell code C is quasi-perfect for this channel. Moreover,
2N
(Wl o) =1- 2 (4.93)

Proof: The proof is the same to that of Proposition 4.1 and it is omitted here. [ |

P.(C) =«

L
M



Appendix

4.A Proof of Proposition 4.2

Let pp be the average density matrix as observed by the decoder. For M > 3 it follows that

0
M M
1 1—e)ily
PB = M Z m ZNA—>B Pz, ) <<sz|A) = ( Jils O (4.94)
m=1 m=1
0 0 €
Define decoder P = {II,...,IIp} as
0
1 1 -1 1 4‘@:8 ><<px ‘ :
I, = —pp*Wpnpp? = — " mhoe ] 4.95
MpB PB M 0 ( )
0 0 1
It is possible to check that II,,, > 0 and that Z%zl 1I,,, = 15. Moreover,
0
M
1 1| (1—-¢ly
A(P) & — Iy, = — . 4.96
(P) 2+ mZ:jlw = : (4.96)
0 ... 0 €

Conditions (3.55) and (3.56) from Lemma 3.1 are satisfied by this decoder as we show next.
First we can see that

*x 1 *
A(P)IL;, = 22 Wl (4.97)

45
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which implies (3.55). Equation (3.56) in Lemma 3.1 is satisfied since, for arbitrary unit

norm vector |¢’) £ [|qf_>], where |r| < 1, (¢[¢p) =1 — |n|2,

WIAP) 1) 57 (A=) W) + elnf?]
a WNIWn ¥ 37 11— &l ($lea,) P +elnl?]

where the inequality is implied by the Cauchy-Schwarz inequality since | (1]ps, )[? <

(4.98)

W) {px,, ¢z, ) = (¥]). As (4.98) implies (| (A(P) — %Wm) |t)) > 0 for an arbitrary |¢),
then (3.56) follows.We conclude that P = {IIy, ..., s} minimizes the error probability for C.
Let
0
1 | Q=L
4.99
Ho 1_ 3¢ 0 ( )
0 0 €
We prove that
15, t <0,
Ex(t, o) = § [v1) (vi] +[vg) (val, 0 <t <t (4.100)
0, t > 1o,

where |v]) = |:|90"c>:|7 lvh) = [0,0,0,0, 1]T and ¢y > 0. For ¢ < 0 the identity is trivial since

0
both W, > 0 and po > 0. For the ¢ > 0 region, we consider:
_[@=e)lpz) (| O t [(1-ely 0
Wa = tho = { 0 S v ¢ (4.101)
(1 =) (|pz) (pa] — 125 1a) 0
= € . 4.102
l 0 e(1— L) (4.102)

For t > 4 — 3¢ the matrix W, — tuo has no positive eigenvalues. For 0 <t <4 — %e it has two
positive eigenvalues whose eigenvectors are [v]) = |¢,) and |vh) = [0,0,0,0,1]
(4.100).

, obtaining

Taking ¢ = 4 — 3¢ we see that =W, — A(P) = £ Wy, — %20 is negative semidefinite.

Hence, &, (t, 1) = {Wm —tug > 0} = {Wm —tug = O} =&y (t, o) is the null eigenspace
of &-W,, — A(P). This also implies that £ (t, o) = 0, hence {€2(t, “)}xec are orthogonal
to each other. For this choice of ¢ and g, we also have that

Eao (t, p10) = P‘px>0<901| (1)] . (4.103)
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M1, 0

0 M
E°(t, 1) and I, 4 were defined in Definition 4.3. This proves that the code is generalized
quasi-perfect. The error probability using the optimal decoder P is:

We conclude that }° . E.(t, p) = { ], which means that £.°(f, ) = MToa, where

M
1
P.(C)=1- — Tr(W,,IL,, 4.104
© =1 5 v, (4101
=1-Tr(A(P)) (4.105)
4— 3¢
—1_ 4.106
M ) ( )
where in the last step we used (4.96).
4.B Proof of Proposition 4.3
Define decoder P = {II,,...,II} as
T = 1 ) (0e (4.107)
m T M (pfljm (pfl’m . .
This set of projectors satisfy II; > 0 and Zf\il IT; = 14. For this decoder, we have
M
MT) = 4 ; WilL (4.108)
4 M
i=1
=—(4—-3p)ly. 4.11
74— 3L, (1110)
It follows that
1
A(DIL; = —W, 1T, 4.111
() = 0 (1111)

which implies (3.55). Equation (3.56) is satisfied since, for arbitrary unit norm vector |¢),

(WPIAT) 1) (4 3p)
L Wiy i (p+ 41 — )| (W]ox,) [2) (4.112)
4—-3p
T R (4.113)

So T = {Ily,...,II5/} minimizes the error probability for the Bell code C.

We can also see that the channel is symmetric, because W, = U, W, U,
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with U, being a unitary matrix such that Uy |ay) (o | Uz = |ag) (o).
Next, we prove that the Bell code is quasi-perfect for the depolarizing channel. Recall that

Ex(t, o) = {Wy — tuo > 0}. (4.114)

Let pg = i]l. We obtain the eigenvector associated to the largest eigenvalue of W, — tug. To
this end, we consider an arbitrary unit-norm vector |v). The largest eigenvalue of W, — tug
is given by

mas (o] (W — tyo) [0} (4.115)
= max{® + (1= p) (olee) P -~ 7} (4.116)
3 t

The vector |v) maximizing (4.116) is |v) = |p). We can observe that ¢t = ¢y corresponds
to the case for which the maximum eigenvalue of |a;,) (| — tro is equal to zero, which is
obtained with ¢y = 4—3p. For 0 <t < 4—3p, (4.117) is the only non-negative eigenvalue with
associated eigenvector |v) = |p,). Therefore, for this interval, we obtain &, (¢, o) = |pz) (Pz].

Take t = 4 — 3p, then 3 W,, — A(T) is negative semidefinite and €2 (t,po) = 0. As a
result, {2 (t,110)}, . are orthogonal to each other. Similarly, for this choice of ¢ and po,
it follows that > . £2(t, ) = 214 and so the code is quasi-perfect. Using the optimal
decoder T, we obtain that the probability of error is

1 M
Pe(C) =1— 17> Tr(WiIL,) (4.118)
=1- Tr(/((T)) (4.119)
—1-t ;j’p, (4.120)

where in the last step we used (4.110).

4.C Proof of Theorem 4.3

We need to introduce a couple of lemmas in order to prove Theorem 4.3.

Lemma 4.1. For any binary hypothesis test discriminating between the quantum states po
and p1, it follows that

ag(pollp1)
= i;llg{Tr(po{po —tp1 < 0}) + t(Tr(pl{po —tp1 > O}) — B)} (4.121)
> Tr(po{po —t'p1 <0}) —t'5, (4.122)

for any t’ > 0.
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Proof:
For any operator A > 0 and 0 < T < 1, it holds that Tr(A{A > 0}) > Tr (AT) [45, Eq.
8]. For A = pg —t'p1 and T = T, defined in (3.52), this inequality becomes

Tx((p0 — 1)) = Tr((po — '01)Tep), (4.123)

where we defined P} £ {py — t'p1 > 0}. Indeed, (4.123) holds with equality for the value
t' =t appearing in (3.52), as Tr((po — tp1)0Y) = 0 for any 0 < 69 < {po — tp1 = 0}, since 67
is in the null-space of pg — tp;.

After some algebra, (4.123) yields

— Tr(pOTop) > — Tr(poPﬂ +t Tr(pl(PtJ,r — Top)). (4.124)

Summing one to both sides of (4.124) and noting that ag(polp1) = 1 — Tr(pOTop) and
B = Tr(p1Top), we obtain

as(pollp1)
> Tr(pofpo — t'pr <0}) +t' Tr(p1 PT) — /5. (4.125)

As (4.123) holds with equality for the value ¢’ =t appearing in (3.52), so it does (4.125) after
optimization over the parameter ¢ > 0. Then, (4.121) follows. To obtain the lower bound
(4.122), we fix t' > 0 and use that Tr(p1{po — t'p1 > 0}) > 0. [

Lemma 4.2. Let po = PW and py = P ® p be defined in (4.2) and (4.3), respectively. Then,
the optimal trade-off (3.47) for a hypothesis test between py and p1 satisfies

ag(PW || P& p)

= {iﬁr}g > P(z)ag, (W | p). (4.126)
B:Z:P(IW; zeX

Proof: We consider Lemma 4.1 with pg <= PW and p; < P ® p. Then, using the
block-diagonal structure of PW and P ® pu, the identity (4.121) yields

ag(PW || P& p)

sup{ZP TrW{W ft,u<0})

t>0

+t<ZP ) Tr(u{ Wy — tp > 0}) — >} (4.127)

TeX

_Sup{zp (Tr (W {W, — tu < 0})

t>0

+t(Te(u{Wa — t > 0}) — ﬁ;)> } (4.128)
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for any {f.}, x € X, such that ) P(z)p], = f.

We relax the optimization (4.128) by allowing ¢ to be different for each z. Then, we
obtain the following upper bound on ag (PW | P& ,u),

ag(PW | P& p)

< Z P(x) sup{Tr(Ww{Wx —top < 0})

rzeX 220
+ty (Tr(u{Wx —topn > 0}) — 6;)} (4.129)
= Pla)ag (Wa | u), (4.130)

zeX

where in the last step we applied the identity (4.121) from Lemma 4.1 with py + W, and
p1 < p. The bound (4.129)-(4.130) holds for any {3.}, v € X, such that > P(x)8, = f.
Then, to prove (4.126) we only need to show that there exist {3} satisfying >, P(x)B], =
and such that (4.129) holds with equality.

The value of t maximizing (4.128) induces the Neyman-Pearson test (3.52), which due to
the block-diagonal structure of the problem, can be decomposed into the sub-tests

T, ={W, —tu>0} +62. (4.131)

Each of these subtests induces a type-I error probability o/, and a type-II error probability
", that, according to the Neyman-Pearson lemma, satisfy Y. P(z)al, = ag(PW || P ® p)
and ) P(x)B], = f. For this choice of {3}, the optimization in (4.129) yields t, =t (as
the ¢ parameter in the Neyman-Pearson subtests is unique), and therefore (4.129) holds with
equality. The result thus follows. [ |
Now we can prove Theorem 4.3. From Theorem 4.1, we have that the right-hand side of
(4.65) is a lower bound to the error probability of any code. Then, to prove (4.65) we only
need to show that the error probability of a quasi-perfect code C coincides with this lower
bound. Using (4.121) in Lemma 4.1, with ¢’ = ¢, we have that for symmetric channels:

(W |l 1) 2 1= F2(t, 1) + (Gt 1) — o) (1.132)
=1—Fu(t,p) +t(Go(t, 1) — Bz)- (4.133)
Then, using Lemma 4.2, we have the following:
infsupas (PW||P®u') > inf P(z)ag, (W, 4.134
gowpay (PWIPoW) 2 il - 3 Ple)as. (Walls) (4.134)
> inf 1-F(t,p) +t(Galt,p) — >, P(2)Be ) 4.135
it (1= R oGt - £, P (4139

>, P@)B.=%
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which coincides with the error probability of quasi-perfect codes. This implies that
Pe(C) > infpsup,, oL (PW || P® ') > Pe(C), proving the equality.






5

Quasi-perfect codes for coherent states

This chapter presents the main results of [22]. We study quasi-perfect codes for the trans-
mission of coherent states. The information is conveyed by a laser pulse and transmitted
through an optical channel. We will show that phase-modulated codes are quasi-perfect for
an approximation of the channel.

5.1 Introduction to optical communications and coherent states

In optical communications systems the information is transmitted in the form of light,
generated by a laser or a LED. Optical communications have the advantage of having a
high bandwidth due to the fact that the carrier central frequency is very high (of the order
of Terahertz). The general classical-quantum channel is composed by a classical channel,
where the information is conveyed through an electrical signal that is converted to an optical
quantum signal and transmitted through a quantum channel. The optical signal is then
received by an optical detector and converted back to electrical. The signal generated by the
laser is a quasi-monochromatic light pulse, that is, a light pulse that has an electric field
with the following expression:

E(r,t) = B(r,t)e %2, (5.1)

where E(r,t) is in y/photons/(s - m?) units and is a term that depends on the mode and
temporal mode, i.e. E(r,t) = 1(r)s(t). The light source (laser) generates photons as a random
Poisson process with a mean number of photons equal to:

N:/OT/A|E_’(nt)|2drdt, (5.2)

53
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Optical Optical
Electrical channel input channel output
[ : Ol
signal Optical Quantum Wi
i — ¥ —»| Detector &
modulation channel

Figure 5.1: Optical channel model

where A is the aperture area of the light pulse and T is the pulse duration. Ideally, the

optical receiver detects the photons, and collects information about the arriving number of

photons (clicks) and their arrival time. The number of photons is a Poisson process with:
e—NNk

Pr = EEYE (5~3)

where py, is the probability of having k photon arrivals and IV is the mean number of photons.
It is possible to represent the state of the electromagnetic field produced by the laser as a
coherent state, defined as:

n!

1‘ |2 > a”

a)y=¢e 21¢ — |n), 5.4
|a) nz:% 7 n) (5.4)
where « is a complex amplitude, |a|? is the average number of photons of the state |a) and
|n) is the photon number state, also known as Fock state. Coherent states were introduced
in the quantum optics field by Glauber (see [23]). In general, it is not possible to produce a
state with a predetermined number of photons n, and so it is not possible to use a photon
number modulation-based system to transmit classical information. Instead, it is common
to use a phase-modulation of the coherent state |a) by associating different hypothesis to
different values of the phase of a. An overview of some types of modulations and optical
receivers is presented next.

There are different types of modulations that can be used to transmit classical information
in this setting. The simplest one is the On-Off keying modulation. In this case, the transmitter
will either send a pulse over a period of time T or send nothing, and the receiver will decide
hypothesis Hy if it receives nothing or H; if it receives the pulse.
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Ho H:
E:

Figure 5.2: On-Off keying modulation

In this case, if nothing is transmitted (hypothesis 0) the number of photons that the
receiver detects are 0. This means that there will be no error in this case, since the receiver
will always decide Hy. On the other hand, if a pulse is transmitted then the receiver will
decide H, if it receives at least a photon, and will decide Hj if no photon is received. So,
when the true hypothesis is H;, the probability of error is the probability of having 0 arriving
photons, and it can be obtained using (5.3). The overall error probability assuming a uniform
input distribution is:

1
P, = P(Hp) -0+ P(H)e ™ = 5e*N. (5.5)

A more elaborated strategy is to use an offset in order to have hypothesis 0 being |3) instead
of |0), and | + () instead of |«) (this is called a displacement operation). This strategy
utilizing displacement was proposed by Kennedy [24] and can be implemented by using a
beamsplitter. The error probability obtained is

P, = %(1 U8y 4 %67(‘“”“2, (5.6)

This expression can be optimized over § and it gives a better error probability than the one
n (5.5). Other types of modulation are phase modulations, such as the BPSK modulation or
Q-ary PSK modulations. Implementing a BPSK modulation can be done by using a Kennedy
receiver with a displacement « of the input state, such that hypothesis |—a) and hypothesis
|a) become |0) and |2¢r). In this case, the probability of error is:

1
P, = 5@*4N. (5.7)

Another strategy to implement a BPSK modulation receiver was defined by Dolinar in [25]
and explored in later works [26], [27]. The Dolinar receiver uses a feedback pulse in order
to optimize the error probability. The input pulse has a constant amplitude of E or —F
depending on which one is the true hypothesis. This pulse is divided into several segments
s(t) with the same amplitude as the original pulse, and each one is fed to the detector at
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different times. The receiver will use one of two possible pulses u (t) and u_(t) as feedback
(see Figure 5.3).

Detector

s(t) TN s(t)+u(t)
D >}

tu(t)

Figure 5.3: Dolinar receiver

The feedback signals can be expressed as:

uy(t) = \/%7 (5.8)
E
() = —— (5.9)

V1 — e—4Nt/T’

They are pulses that initially have a high amplitude and then they tend to F or —F as time
passes.
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Figure 5.5: Plot of u_ in function of time, with —E = —2

Initially, the detector is going to assume that the receiving signal corresponds to one
of the hypothesis (i.e. it assumes either that s(¢) has a positive amplitude or a negative
amplitude). Then, it will choose to use u4 as feedback if the assumption was that the signal
had negative amplitude (or in other words, the detector assumes hypothesis Hy) or u_ if
the assumption was that the signal had positive amplitude (the detector assumes hypothesis
Hy). The feedback is added to the next input segment s(¢), as shown in Figure 5.3. Since for
lower values of time u, (t) and u_ () have very high amplitudes compared to the amplitude
of s(t), the sum y(t) = s(t) + ux(t) is positive if uy (¢) is used as feedback, or negative if
u_(t) is used. In other words, the sign of s(t) + uy(t) is determined by the feedback pulse
u4 (t) (notice that the feedback signal always has a higher amplitude than the s(t) signal,
in terms of absolute value). The detector is going to use the same feedback signal until it
detects a click, which is a photon arrival. Once this happens, the detector is going to assume
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that the true hypothesis is Hy if the pulse u_ (¢) was used as feedback. Similarly, the detector
is going to assume that the true hypothesis is Hy if u4 (t) was used as feedback. Next, it
will change the feedback signal from w_ (¢) to u (t) or from u4 (¢) to u_(t) and repeat the
process until another click is detected. This process is iterated for all the pulse duration
T. When all the signal segments have entered the detector, it will determine that the true
hypothesis corresponds to the last assumption it made. Notice that as ¢ tends to T', u (t)
and u_(t) tend to E and —F respectively. If the true hypothesis is Hy, then s(¢) has an
amplitude of —F and so the amplitude of s(t) + uy(t) tends to zero as ¢ tends to 7', which
means that it is going to be less probable to get clicks.

This iterative process use all the arriving photons in contrast to the Kennedy receiver,
and is able to achieve an optimum probability of error, which is

p-1 {1 _Vi- e—4N] . (5.10)

2

This is proven in [25]. For the case of having multiple hypothesis, it is necessary to use a
Q-ary PSK modulation. An implementation of a QPSK receiver was proposed by Bondurant
and it uses a similar concept to the Kennedy receiver. The detector receives one out of Q
possible hypothesis corresponding to Q quantum states with different phases (for example,
for Q = 4, it would be |a), |—a), |ja) and |—ja)). Then, the receiver input signal is displaced
in order to "null" one of the possible states (for @Q = 4, the constellation is moved to |0),
|2a), |[jo+ «) and |—ja + a) by using a displacement of «, so that the state |—«) becomes
|0)). Next, the receiver waits for clicks. If photons are detected, then the receiver will con-
sider that the hypothesis corresponding to the state that has been nulled is not the true
hypothesis because no photons should have been detected, and in this case it will repeat the
same process by nulling another hypothesis. If no photons are detected, then it determines
that the true hypothesis is the one that corresponds to the state that has been displaced to |0).

In the next section, we will analyse codes using Q-ary PSK modulations to show that
they are quasi-perfect for an approximated bosonic channel. We will use an optimum POVM
for measurement and not consider the difficulties in implementing these receivers. Our line
of work will be focused on the optimality of the actual codes rather than the design of the
detectors.

5.2 Quasi-perfect codes for the bosonic classical-quantum channel

In this section, we explore quasi-perfect codes for the transmission of coherent states. Recall
that coherent states are represented by:

la) = emzlol? nzz;) 7 [n) . (5.11)

Notice that the dimension of |a) is infinite. We instead want to consider a finite dimensional
quantum receiver that implements collective measurements by using a POVM defined in a
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Hilbert space of dimension N, Hy, i.e., restricting the dimension of the Fock states |n) to
N,ne{0,...,N—1}.
We define the Nth order approximation |a), € Hy of a coherent state |«) as:

N-1
)y E%Zafw, (5.12)
Oy = Z \an|?". (5.13)

To determine how close the approximation is with respect to the original state we make
use of the concept of Pure-State Fidelity, which is calculated as a function of the order of
approximation N,

Cn
e|04|2
1 1
= 1 R = ) (514)
1+Cy' Ty et 1ten

n!

F(N) = [{alo)y [* =

for ey = C’;,l ZZO:N ‘o‘gn. Note that limy_, o, ey = 0 which means that if N is sufficiently
large, the Fidelity between the original and the approximated state tends to one. The Fidelity
and the Trace Distance || |a) (o — |a) (a5 ||1 for pure states are related as follows:

§|||a><a|—\a><a|N||1= = F(N)

= ~ Ve (5.15)

1+€N

Since limy_, o € = 0 for sufficiently large IV, if a measurement using an arbitrary operator
IT on the approximated state |a) 5, succeeds with high probability, it also does succeed with
high probability if applied to the original state |a) since:

21110} (o — [o) {al 1
= max {Tr{A(|a) (a| = |a) (a|y)}}

0<A<I
> [ (o ITa) — (a|y T a) y |- (5.16)

We are interested in the channel coding problem of transmitting M equiprobable messages
through a classical-quantum channel. Messages are represented by the classical random
variable z, over a one-shot approximated coherent quantum channel z — |a;) (az|,, with
a, = ae%= , € [0,27). A channel code is defined as a mapping from the message set
{1,..., M} into a set of M codewords C = {x1,..., 25 }. The decoder operates in a finite
dimensional Hilbert space of dimension N, Hy. For a source message m, the decoder decides
which was the transmitted message. Define C = {z1,..., 2}, with o, = ad,,, = aesm,
0, = % for a code with cardinality M, and for each message m = 1,..., M, i.e. as in

m
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a classical PSK modulation. Note that this implies that a = |ay,, |-

The analysis that is presented here will consider the particular case of having the same
message cardinality M as the dimension of the POVM’s Hilbert space N, in other words, we
consider N = M.

Define pjs as the density matrix observed by the M-dimensional decoder. For N = M > 2
it follows that

1 M
M Z ‘O{I'm aw7n|M

,_.

10 0 0
0 a2 0 0
1 1o o <« 0
= 2 , (5.17)
2(M—1)
0 0 0 e

where

'rl
93 _Tm

M-
e, ) = —== (5.18)
= o 2
We define the state density matrix when the message x,, is transmitted as W,,, i.e, W,,, =
lag,, ) (g, |- Also, let o, = oy, and ., = d,,, to simplify the notation. We consider the
decoder P = {IIy, ..., IIp/} where
1

1 _1 _
1L, :MpMQ Wipps®

1 or, 62 L. Ml
Om 1 &r, ... M2

f% 02, Om LM (5.19)
M1 gM-2 M3

One can check that II,, > 0 and that an\fle 11, = 1,;. Moreover,

M
AP) A LS WL,
m=1

M

1 0 O 0 ]
0 0 0

1By |0 0 2 . 0

_ - M V2 5.20

MCwu |, . : : 7 ( )
Doon g
0 0 O =
L (M—-1)! |




5.2. Quasi-perfect codes for the bosonic classical-quantum channel 61

n

with Cy = Z,AL/I:_OI %, and By = 224:_01 \‘}m Then one can check that

APy, = — WinIl,. (5.21)
Also, for any unit vector |v),

(W[ AP) o) _ (o[ A(P)ZA(P)? |v)
|

a7 ([ W [v) 3| (wlawm)
_ M (u|u) S M _
| (ul A(P)? |a) |2~ {am| AP)H am)

which proves that A(P) — W, > 0.

(5.22)

We check the symmetry of the one-shot coherent channel z — |ag) (az|,,, With |ag| = a.
In our channel we have o, = a,e'%=%) ie. |a,) = O |a,), where © is a diagonal matrix
which elements incorporate the corresponding phase shifts. Note that ©7© = I. Since (4.6)
holds, we conclude that the channel is symmetric.

We prove that C is quasi-perfect for p = pg and t = tg, with tg and po defined below.
Recall that a code is quasi-perfect with respect to po and ¢ if it satisfies that {2 (¢o, 10)} for
x € C are orthogonal to each other and also that ) . &2(t, u) = Cel,. From the optimality
condition of the decoder (5.22) we can see that A(P) — &;W, > 0, which implies that
Ex(to, o) = {Wx — topg > 0} = {Ww — topg = 0} = &2(to, po) is the null eigenspace of
47 W — A(P). This also implies that £3(¢, 119) = 0, hence {€2(to, 1) } for x € C are orthogonal
to each other. Also, do = n = M because dy = 0, which implies that Ce = 1.

Recall that

Ex(t,10) = {laa) oy — tpo > 0} (5.23)

Let pog = (1\]/3131;12 A(P) , we prove that

Sx(to,uo) = |U:r,to> <Ux>to|M' (5'24)

We obtain the eigenvector associated to the largest eigenvalue of |a) (| — t1o. To this end,
we consider an arbitrary unit-norm vector |v). The largest eigenvalue of |a,,) (m| — tuo is
given by

max_(v] (|az) (0| = to) Jv) =
[v):(v|v)=1

W%ﬂ{wm {aalv) = (0] o 0) }. (5.25)

We can observe that ¢ = tg corresponds to the case for which the maximum eigenvalue of
|am) {Qum| — tpo is equal to zero, which implies

o) (Quz|v) = topo [v) - (5.26)
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Note that (5.26) implies

|vryto> =

& . (5.27)

2l

M—-1
Oy

Multiplying by (.| g at both sides of (5.26) we obtain

1 (Bum)*
(ag| g~ |ow) (aslv) = Cor (az|v) = to (azv) (5.28)
from which we obtain tg = (301‘74)2.
M

Now, we can see that using (5.27),

D Ealto ) = Y 10nso) (Vo] (5.29)

zeC zeC
1 s 2 L M
P S (O
:%Z o, Om 1 P =1y. (5.30)
= . . . .
SU-1 M-z gM-3

So, we conclude that the code is quasi-perfect.

We can also easily find the error probability of this code, which is the minimum error
probability among all possible codes of cardinality M for this channel. Using the optimal
decoder P, we obtain that the probability of error is

M
1
Pe(C)=1-4; > Tr(Willy) (5.31)
m=1
1 B?
M Coy (5.32)

Notice that the code is quasi-perfect only for the truncated bosonic channel. However,
due to (5.16), for sufficiently large N the error probability in (5.32) is close to the optimal
error probability for the original bosonic channel.

5.3 Quasi-perfect codes for the bosonic channel incorporating a depolarizing chan-
nel

Consider the Nth-order approximation of the bosonic classical-quantum channel of (5.13)
observed after a quantum depolarizing channel, defined as:

1
NX,p(pn) = pypiv+ (1—p)pm- (5.33)
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The combined classical-quantum channel is thus W, = NP, 5 (|ow) (@s] ). Using the
codebook C defined in (5.18), the channel output is given by W, = N, 5 (|ovw,.) (@, [ 4)
m=1,..., M.

Proposition 5.1. For N = M, the bosonic classical-quantum channel incorporating a depo-
larizing channel is symmetric and the code C is quasi-perfect for this channel.

Moreover,
_ _ (1-p)B}, p

P.(C) = al (WT I HO) =1- WM Ve (5.34)

which is obtained using decoder P = {Il,..., 11y} with
T = = [m) (535)

m — M Tm) \Tm]| .

T = [1,eje"L,ere’”,e?’je”", ...,e(Mfl)je’”]T‘ (5.36)
Proof. The proof is provided in Appendix 5.A. O

5.4 Generalized quasi-perfect codes for the bosonic channel incorporating an era-
sure channel

Consider the Nth-order approximation of the bosonic classical-quantum channel (5.13)
observed after a quantum erasure channel, defined as

N plon) = (1= €)Zasp(par) + €le) (el 5.

where the Isometric channel Zg_,5(par) = T4 BPMIL _, g is defined using the isometry
1
Tasp = [0 . .].V[ 0 } (5:37)

as unique Kraus operator and where {|0),...,|M — 1),|e)} form an orthonormal basis in
‘Hp, where the dimension of Hp is dg. The combined classical-quantum channel is then
W, = N¥, 5(las) (as|,). Using the codebook C defined in (5.18), the channel output is
given by Wy, = V¥ 5 (law,,) (@l 4), m=1,..., M.

Proposition 5.2. For M = dp, the truncated bosonic channel incorporating an erasure
channel is symmetric and the code C is generalized quasi-perfect for this channel. Moreover,

(1-¢)B%, G

Pe(C) NCw e (5.38)

LY (Wa || o) =1 -
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which is obtained using decoder P = {Ily, ..., Il } with

1 5 &2 L &Ml
S 1 55 ... &M=2
1162 6w 1 ... &M=3
M= 7| , (5.39)
5M—1 5M—2 6M_3 1
0 0 0 1

Proof: The proof is provided in the Appendix 5.B [ |



Appendix

5.A Proof of Proposition 5.1

The density matrix pjs observed by the decoder in this case is:

1 M 1
pM frd M 7nz::1(1 _p) |aﬂ?7n> <aw'm|M +pM]l

_ 1 1

(1__p)6E7+_EZp % 0 .. 0

0 (1 - p)giM + ﬁp 04 .
i . 0 (1)t + 4w - '
' 22(M—1)
| : . 0 RS Jerivesyabvid
(5.40)

It is easy to see that the channel is still symmetric since W, = U, W, U, = U, (p% Tar+(1—
P)py)Us = Uppa; LUy + (1= p) Uy |ay) (| Up = pg Las + (1= p) o) (g |, with U, being a
unitary matrix such that U, |ay) (ay| Uy = |az) (0], as in the case without the depolarizing
channel.

To prove that the code is quasi-perfect, {€2 (¢, 1)} must be orthogonal to each other and
Y wec Ex(t, ) = cl. Let’s take t = to = Mco, where co = Tr(A(P)), and p = po = %A(’P) =

11 M . )
o 3 > me1 WnlIl,,. In this case we have:

EX(t ) = {Wo —tu > 0} = {(L = p) o) (| + 11 = MA(P) > 0} (5.41)
= {(1 =) low) (] + 71 = M(A = PJAP)wpor + 5750 >0} (5.42)
— {(1 = p) ) (au] = M(1 = p)A(P)por > 0}, (5.43)

65
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where A(P)wpor is the A(P) that we defined in (5.20). Notice that (5.43) is equivalent to:

£2(t,1) = {57 o) {ae] = A(P)upor > 0, (544

and from (5.22) we know that A(P)wpol — 77 |@) (@] > 0. This means that £3(¢, 1) = 0 and
so {&€2(t, )} are orthogonal.

To obtain &,(t, i), we obtain the eigenvector corresponding to the largest eigenvalue of
W, — tu, similar to (5.25):

B L (7 ) o} =

|v>}a?j§:1{(1 —p) (v]ag) (az]v) — (1 = p)M (V] A(P)wpol |U>}. (5.45)

where we used p = o and ¢ = tp. In this case the maximum eigenvalue is 0, so we can write
the following;:

(v]ag) oz |v) = M (0] A(P)wpol [v) (5.46)
Now, using |v) = LM 1 o6, 02 ... 6;‘4_1}T as in (5.27), we can see that (5.46) is
satisfied since
1 B}
(v]ag) (azlv) = Mﬁ’ (5.47)
M (0] APupor ) = 17 48 (549
wpol - M CM . .

This means that £,(t, ) = |vz) (ve| and so Y . Ex(to, ) = 1, proving that the second
condition also holds. We conclude that the code is quasi-perfect. The probability of error is

. . 1-p)B3,
obtained by using P.(C) =1 —Tr(A(P)) =1— % - .

5.B Proof of Proposition 5.2

For this case, we have that

1 M

m=1
[(1—¢) 0 0 0 0]
0 (1—e€)a? 0 0 0
1 0 0 1-e% ... 0 0
o | 2 : (5.49)
0 0 0 (- 0S
L0 0 0 0 ]
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67
and
M
A £ W, I1,,
(P) Mﬂ;
[1 0 o© 0 0]
a 0 0 0 0 0 O 0
2
0 0 < 0 0 0 0 O 0
1 By V2
=(1—€)— = . 000 0 5.50
( )MCM Do T : : + . . ( )
00 o0 . -« 9 A
vV (M-1)! 0 0 0 ... €
o 0 0 ... 0 0]

Now, using t = (1 — e)g—jﬁ +eand p=po = éA(P) (with ¢p being a normalizing constant)
we have that the matrix W, — tu has two positive eigenvalues whose eigenvectors are
lv1) = ﬁ 1 6, & .. 5£/[*1]T (the same as in (5.27)) and |vz) = [0,0,0,0, l]T. This
means that:

> Ea () = [(I; 1\04] . (5.51)

zeC

Also, &3 (t,u) =0 for all 2 € C, and so {€; (t, 1)} are orthogonal to each other. Since both
conditions are satisfied, we conclude that the code is quasi-perfect. As in the previous cases,

the probability of error is P.(C) =1 —Tr(A(P)) =1— (11;;0)312”1 -7
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Quasi-perfect codes in error correction

This chapter focuses on the quantum error correction setting. Gottesman’s works [37], [38],
[39] and Calderbank’s, Rains’s and Shor’s works [35], [36] provide an introduction to this
field.

6.1 Quantum error correction

As we know, quantum channels may introduce errors to a quantum state. In previous chapters,
we introduced optimal codes to discriminate quantum states in classical-quantum channels.
However, we may be interested instead in protecting quantum states against quantum errors.
To do so, it is necessary to add ancilla qubits to the state, so the detector can use extra
information in order to determine if an error has occurred and to correct it. An important
particularity of error correction in the quantum setting is that the quantum state should be
preserved when determining whether an error has occurred or not. This means that directly
measuring the quantum state using an optimal POVM is not a good strategy for error
correction, because then the state will collapse to one of the eigenvectors of the measurement
operators, and the original state would be lost. Instead the error correction process should
focus on determining if a particular set of error have occurred without obtaining any infor-
mation of the original quantum state (the one unaffected by errors). In general, errors are
modelled as amplitude errors (that is, one or more qubits affected by an X matrix), phase
errors (that is, one or more qubits affected by a Z matrix) or both. We refer to these type of
errors as Pauli errors, since they are modelled as unitary Pauli matrices.

A quantum error correction code C is used to encode a k-qubit quantum state into a
n-qubit quantum state, with n > k, in order to protect it from channel errors. The code
generates up to 2% different codewords that constitute the coding space. To correct two errors

69
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e, and ey from a set of correctable errors F, we need to be able to distinguish the state
corresponding to the codeword v); affected by the error e, from the state corresponding to the
codeword 1; affected by error e,, with i # j and e,, e, being unitary matrices. To guarantee
that we are able to distinguish both these states perfectly, they should be orthonormal:

(il eley ;) = 0. (6.1)

Only if this condition is satisfied for all the codewords and any e, € E, e, € E, then an
adequate measurement makes it possible to correct any error of the set E. The other condition
that needs to be satisfied to properly correct errors is that the measurement must not change
the state when no error occurs. In other words, we should not get information about the
codespace because in this case we would be distorting the input quantum state. We get
information of error e = ele, by measuring (1| ele, [1) for all possible errors e, e,. The
result of this measurement should be independent on the codeword, that is:

(il eley |vi) = (; eley 1)) (6.2)

for all |¢;) , [1;) € C. Combining both conditions, we obtain that

(Wil eley 1)) = cedij, (6.3)

where § is the Dirac function and ¢, is a constant that only depends on the error vectors
€z, ey. If this condition holds, then the decoder may perform a measurement in order to
obtain knowledge about the (possible) errors that may have occurred, that is, in order to
obtain the syndrome. Then, depending on the syndrome obtained the decoder applies a Pauli
operator to recover the original state.

6.2 Stabilizer codes

A stabilizer correction quantum code is an error correction code that consists on a commutative
group S called stabilizer and a coding space T that is determined by the stabilizer. The code
encodes a k-qubit state belonging to 7 (a codeword) into a n-qubit state. The coding space
T has a dimension of 2% and is build as follows:

T={1) | Salv) =I¢) VS, €S}, (6.4)

with S, € S,z € {1,2,...|S|}. We denote the set of correctable errors E = {e1, ea, ..., ep}
as the set of Pauli errors that can be corrected by the decoder. Then for all e, € F,
x € {1,...,|E|} there is at least one stabilizer element S, that anti-commutes with e, that
is, Spep = —€,5;.

The decoder may use a POVM to make a measurement to detect possible errors without
affecting the codeword. To do that, consider the projectors II, = % and II, = %,
where II, and II, are built using the stabilizer component .S, and where I,, is the identity
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matrix of dimension n. A measurement of the quantum state |¢) (1| using the projector II,
will have a probability of outcome "1’ being the following;:

(25 ) = (S 0+ ) wl)
—n (W ) wl) = miowh =1 69

If the quantum state was affected by an error e, that anti-commutes with S, and the
state became e, |¢) (1| €l then the probability of obtaining outcome 1’ using the projector
II, would be:

o (D e wled) =1 (el + e o)) (il )

2
=Tr (<e$|¢2> — exw)2>) (1| e;> =0. (6.6)

So the projector will give an outcome of 1’ when there is no error e,. Similarly, for the

projector I1,:

(25w wl) = (-5 0) o) =m (-1 w) =0 @)
1 (25 E e i) = ((Ferlo) - Fealvh) w1l )
=Tr <(ex|w2> + eI?) (1] eL> =1. (6.8)

So, using the POVM {II,,II,} to perform a measurement will allow us to detect error
e, with certainty. Notice that II, + I, = I,, because of the way the projectors are build
and II, > 0, I, > 0, confirming that this POVM is valid. To detect and correct mul-
tiple errors, we need to make use of all the stabilizer elements and build the projectors
11,1, . .. ,H|S‘,ﬁ1, o, ..., 1:[|3‘. Then, the POVM that the error correction decoder uses is
build using all the combinations of I, and II,, that is,

{IL My .. 15, I TI, . .. ﬁ|5‘, LI l:[‘3|}. The syndrome is obtained directly from the
outcome of the measurement. Then, the decoder will use a look-up table in order to deter-

mine the operator that needs to be applied to the quantum state to do the error correction
procedure.

Ezxample A trivial example of a stabilizer code is the Shor 9-qubit code that encodes a
single qubit into a 9-qubit codeword as follows:

102) 2 (]000) + [111)) (J000) + [111)) (J000) + [111)), (6.9)
1) 2 (]000) — [111)) (J000) — [111)) (|000) — [111)). (6.10)
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This code was defined by Shor in [40] and is the equivalent to the repetition code in the
classical case. The code has a stabilizer S defined as follows:

$1=20Z0IIIII’IR]1, (6.11)
Sy =210 21100, (6.12)
S5=IQI®I®Z0ZRIRIRIR’I, (6.13)
S, =IQIRI®ZRI®ZRIRIRI, (6.14)
Ss=IRIQIIRIRI®Z®ZRI, (6.15)
Se=202Z0I”1I”1I1”019Z/1® Z, (6.16)
S =XRXRXX®X®X®I’IRI, (6.17)
Ss=IRIQI®X®X®X®X®X®X. (6.18)

Now, an amplitude error (X error) to the first qubit (e; = X @IQIRIQRIQIRIRIRI)
will anti-commute with S; and S5, an amplitude error to the second qubit will anti-commute
with S, an amplitude error to the third qubit will anti-commute with S5, etc. Similarly,
different (single) phase errors will anti-commute with at least one of the stabilizers Sg, S7, Ss.
Using these properties, the decoder can differentiate between single qubit amplitude and/or
phase errors and correct them.

Other simple examples include the 7-qubit Steane code [47] and the 5-qubit code given in
Section 6.3.

6.3 Performance of error correction quasi-perfect codes

This section shows how to study the performance of a quantum error correction system
consisting on a codebook and a set of stabilizers by using the properties of quasi-perfect codes.
In contrast to previous chapters, error correction does not involve making a measurement of
a quantum state. However, we may want to protect a qubit (or multiple qubits) using error
protection and later measure it to obtain some classical information from it. For example,
we may want to implement the superdense coding protocol to transmit classical information
between Alice and Bob. As we’ve seen in Section 2.7, Alice needs to send her share of the
entangled state through the quantum channel. If the quantum channel is noisy, then errors to
the qubit will be more likely to happen, and (classical) communication will not be possible.
In this case, we may need to implement an error correction code in order to protect the qubit
against errors, while maintaining the entanglement properties which would not be possible
if we measured the state. We may also need to protect Bob’s qubit from decoherence by
implementing error correction.

We can show that a particular error correction code is optimum by proving that it is
quasi-perfect. As we will see later, even if the code is quasi-perfect the error correction
procedure may degrade the error probability. As an example, we will consider the 5-qubit
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error correction code which is the simplest code that can be used to correct Pauli errors to
a single qubit. For the channel model, we consider two channels: the depolarizing channel,
which is a simple and trivial case, and the Pauli channel, which is a more interesting but
also a more complicated channel to study.

Consider the 5-qubit stabilizer code C = {|0),|1L)} with
1
|0) = Z[ |00000) + |10010) + |01001) + |10100) + [01010) — |11011) — |00110) — |11000)

— [11101) — |00011) — |11110) — |01111) — [10001) — [01100) — [10111) + 00101} ],
(6.19)

1
1) = 7[[11111) +[01101) + [10110) + [01011) + [10101) — [00100) — [11001) — |00111)
— |00010) — [11100) — [00001) — |10000) — [01110) — [10011) — [01000) + |11010) .

(6.20)
and with the following stabilizers:
S1=X®I0720X®I, (6.21)
S =1I10XRZRZIRX, (6.22)
S3=X®IRXQ®RZRZ, (6.23)
Si=723XIX®Z. (6.24)

Consider the 5-qubit classical-quantum channel & — W, = |¢.){ps| observed after a
quantum depolarizing channel, defined as

WP = N2, (e} (al) = (1 = Plew) (pul + 55 Ls2, (6.25)

with |po) =10z) and |p1) = |11).

First, we show that the code is quasi-perfect for the depolarizing channel. To do that,
consider t =p and p = 3—12 Then, we have:

€6 = {1 =p)|00) Ou| + 351 —tn > 0} = {1 = p) [0 Oz + 51 = 1 >0} (6.26)
={(1=p)|0L){0L] > 0} = |0L) (O, (6.27)
& = {(1=p)10) (el + 55—t >0} = {(1 = p)[10) (el + 551 = 21> 0} (6.28)
={(=p) 1) QL] >0} = [1) (1] (6.29)
Since |01) and |11) are orthogonal codewords, we have that £ and £ are orthogonal.

Also, we have that
& ={(1—=p)[0L) (O] = 0} =1, (6.30)
E={(1—-p)|1) (1] >0} =1. (6.31)
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Channel
5 |
X Wx | | Depolarizing| W:P W'y
—p| Encoder }————pl —————p{ Decoder p—p
! channel !
: I

Figure 6.1: Source and channel model

So we have that ) . & = & + & = 2I. Also, the channel is symmetric since
W, = UW,Ul = (1= p)Us|a) (@| Ul + U, BIUL = (1 = p)Uy &) (a| Ul + £1 because
U,U! = I, where & does not depend on z . We conclude that the code is quasi-perfect and

achieves the optimum error probability.

Next we want to check that the error correction does not degrade the probability of
error. We should take into consideration that the error correction procedure may affect the
probability of error. If we wanted to obtain classical information from the quantum state
(for example, we would like to know whether codeword |0), or |1), is transmitted) ideally
we would use the optimum POVM in order to make a measurement of the state. Since the
code is quasi-perfect, we know that the error probability is optimum in this case. The error
probability that we get when measuring the quantum state after performing error correction
may be higher than the one we get by using the optimum POVM to measure the state directly.
That is the case when we consider the Pauli channel as the channel model, as we will see later.

In order to check the optimality of the error correction procedure, we consider that the
decoder is part of the channel (see Figure 6.1). We compute the optimum error probability
at the output of the depolarizing channel since we know that the code is quasi-perfect in
this case. Then, we compute the probability of error obtained by using the error correction
decoder and compare it to the optimum.

Since the code is quasi-perfect and the channel is symmetric, we can compute the optimum
error probability as:

PC) =1 Fu(t, ) + ¢ (G.(t,,u) - AZ) . (6.32)

To obtain the first term we can use the symmetry property and use any of the codewords for



6.3. Performance of error correction quasi-perfect codes 75

the calculation:

Fu(t, 1) = Te(Wo&d (t, ) = (1= p) Te([02) (02) + 35 Te([02) 02) = (1= p) + 2.
(6.33)

Similarly, the second term is obtained as follows:

t(Gutem - 57) =r (M) - 5) =0 (35~ 3)- (6.31)

The optimum error probability is:

Pe(C):l—(l—p)—%—k%—g:g. (6.35)
We obtain the same error probability when we try to discriminate the states after the error
correction procedure, because with probability (1 — p) the detector is going to correctly
assume that the state wasn’t affected by any errors, and with probability p is going to
randomly decide that a single-qubit Pauli error occurred and try to correct it by applying
the same Pauli matrix to the state. Thus, the average error probability after error correction
is also &, which means that implementing error correction for a depolarizing channel does
not worsen the error probability. That is not necessarily the case for other channels, as we
will see next.

We would like to analyse a more complex case; in particular, we study the optimality
of the code when we transmit the quantum information through a quantum Pauli channel.
Since error correction is aimed at correcting Pauli errors, it makes more sense to consider
the Pauli channel in order to model the errors. Similar to the previous section, we first show
that the code itself is quasi-perfect for the Pauli channel, and then we compare the optimum
error probability to the one that we obtain using the error correction procedure.

Consider the 5-qubit stabilizer code C = {|01),|1.)} defined by equations (6.19), (6.20),
with the following stabilizers:

S =X®Z0Z0Xal, (6.36)
S =1XRIRZX, (6.37)
S3=XRI®X®RIRZ, (6.38)
S4=ZXQI®XQZ (6.39)
Consider the 5-qubit classical-quantum channel z — W, = |p,){p.| observed after a

quantum Pauli channel, defined as

= NA_p(l9a)(¢al) prk, Dlea)pal (X (k) Z(D)T, (6.40)
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where |pg) = |0z) , |¢1) = |1z) and p,, , is the probability of having a certain type
of errors X, Z or Y in each qubit. The matrices X (k), Z(l) are 32 x 32 matrices that
consist on a Kroenecker product of identity matrices I with X and Z matrices respectively,
and k and [ are indexes that specify ki, ko, k3, k4 and ks, and [y, lo, I3, I4 and [5 with
X(k) = X @XF@ Xt @ Xk @Xk and Z(1) = Zh @ 22 ® 23 @ Z1 @ Z'5. The sum is over
all values of k and [, or equivalently over all combinations of k1, ks, k3, ks, ks, l1, l2, I3, {4 and
l5. Notice that the probability of getting an error Y on a qubit is the probability of getting
both an error X and Z because Y (k)|p.) (@Y (k)T = X (k) Z(k)|p){(0|(Z (k)X (k))T. We
will assume that the probabilities of getting X and Z errors on a qubit are independent for
all qubits. With this assumption, we define the probability p;s;., with ¢ € {0,1,2,3,4, 5},
j € {O, 1,2,3,475}, t=ki+ko+ks+ks+ksand j =1y + 1o+ 13+ 14 + 5 as the probability
of W, having an ¢ number of X errors and j number of Z errors. In particular, we define the
following:

Pizjz = Ph(1 — pa)° 'pl(1 —p.)° 7, (6.41)

where p, and p, are the probabilities of having a single-qubit X or Z error respectively.
Then, the Pauli channel in (6.40) can be expressed as:

= N 5(l¢a) (9sl) mez Dlea) (@l (X (R)Z(D)T. (6.42)

Our objective is to prove that the channel is symmetric and that the code is quasi-perfect
for the Pauli channel.

To prove symmetry, we need to show that W, can be expressed as W, = UwWU;L for
x € X where W does not depend on z. In order to do that, we need to define what is the set
of W,. In general it is not trivial to prove symmetry of the code over all possible 5-qubit
states (notice that in this case the channel states are mixed states in contrast to previous
examples where the states where pure). We decided to restrict the input alphabet X' to all
states that are a Pauli transformation (an application of an X, Z or Y matrix to one or
multiple qubits) of |0); defined in (6.19). The state |1); in (6.20) can be obtained as

U=(X3XX®X®X), (6.43)
1), =U10)p, (6.44)
so it satisfies this assumption. In this case we can define Wy = W = NT_ ;(|0), (0],)

and W, = NT ., p(lez)(pz]) = NV 5(U, 0), (0], U,), where U, is a Pauli transformation
unitary matrix. We can then write the following:

Wo—mez D)10), 0], (X (k) Z()), (6.45)

W = mez DU [0}, (0], Ua(X (k) Z(1))T. (6.46)
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To prove symmetry, we need to show that W, = U,WU,. To do that, notice that U,
commutes or anti-commutes with any other matrix that is also a Kroenecker product of
Pauli matrices:

X(1)Z(j) = £Z(5)X (3). (6.47)
Thus, we have:
UWU, = U, prz Z(1)10), (0], (X (k)Z()' | U,
= mez Z()Ux 10}, (0], Us (X (k) Z (1) = W, (6.48)

Proving W, = U,WU,. We conclude that the channel is symmetric.

To prove that the code is quasi-perfect, we need to show that £J (¢, 1) and &7 (¢, p) defined
as:

E(to ) = {Wo —tp >0} = piaj2 X (k) Z(1) |0}, (0], (X(K)Z(1)T —tp >0, (6.49)
k,l

E(t ) = (W — tu> 0} = { S pur XNZ(W) 1), (1], (XR)ZW) — >0 ). (6.50)
k,l

are orthogonal, and that &y (¢, u) + E1(t, 1u) = ¢l, where ¢ € R, ¢ > 0 and:
Eo(t, p) = {Wo — tp = 0}, (6.51)
S1(t,,u) = {Wl — LL/.L Z O} (652)

The proof is provided in Appendix 6.A. The error probability of the code obtained by
using the optimum POVM to directly measure the quantum state is given in (6.92). We can
also check that the error correction procedure degrades the error probability, as shown in
(6.147).

This section shows how it is possible to prove that an error correction code is quasi-perfect
and thus optimum for discriminating between states, even though the analysis is particular
for each case. We also show that the error correction procedure may introduce a degradation
to the error probability when discriminating between two or more quantum states, since error
correction focuses on recovering the original quantum state rather than on optimizing the
code and the associated POVM in order to distinguish states in a classical-quantum channel.

In general, it is not trivial to show that a particular code is quasi-perfect, and even in
the 5-qubit example that has been presented here it has been necessary to make a strong
assumption to show that the code satisfies the symmetry condition. However, this shows that
the theory presented in the previous sections can be used in practical schemes and may be
worth exploring its application to error correction and not only to state discrimination.






Appendix

6.A Analysis of the 5-qubit stabilizer code

With some abuse of notation we will write &, = &,(t,u) and €2 = £2(t, ) . Let’s take
w= é and t = tg. The value of ¢ty that proves that the code is quasi-perfect depends on
the eigenvalues of the matrix Wy (the matrix Wj has also the same eigenvalues). Define the
following values:

)\1 = Pox2z + Ppox3z + 3p2w1z + 7p2a:2z + 7p213z + 3p2w4z + P4z0z + 2pp4a:1 + 2p4w2z

+ 2paas: + 2Pazaz + Pazse, (6.53)
A2 = Poz2z + Pox3z + D220z + 4P2212 + OP2x2z + OP2s3z + 4P2x4az + D25z + Pazis

+ 4paw2s + APax3z + Pavaz, (6.54)
A3 = Pox1z + Powds T D220z + 2P2212 + TP2222 + TP2232 + 2P2242 + D2asz + 2Pax1-

+ 3paw2z + 3Pax3z + 2Pazaz, (6.55)
A4 = P0z0z + Powsz + OP221z + SP2s22 + 5P2s3z + Sp2sdz + Spas2z + Spasaz, (6.56)
A5 = Bp1g2z + OP1a3z + OP3x1z + OP3s2z + OP3w3z + OP3xaz + P5z0z + Psuszs (6.57)
A6 = Pix1z + 4P1a2: + 4P1232 + P1oaz + P30z + 4P3a12 + 5P3a2: + 5P3ass + 4p3aas

+ P35z + P52z + P5a3zs (6.58)
A7 = 2p1212 + 3P122s + 3P1a32 + 2P1242 + P3202 + 2D3212 + TP3222 + TP3232 + 2P3042

+ D325z + Psa1z + Powdz, (6.59)
As = P10z + 2P1212 + 2P1222 + 2P1232 + 2P124z + P1a5z + 33212 + TP322: + TP3232

+ 3P3waz + Psa2e + Psase- (6.60)

The eigenvalues of the W matrix are A5 and Ay with multiplicity 1 and A1,A2,A3, Ag, A7
and Ag with multiplicity 5. Consider A;;, > Xi; > iy > Aiy, 2> Aig > Aig > Ai, > Ajg, Ai; €

AL Az, Az, Aay As, Ag, Az, As), € {1,2,3,4,5,6,7,8}. Then, we choose to = 32 (2432% ) in
{7a3a757657787] 5 4y 9y 95 Uy ’ 0 P}
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order to take half of the eigenvalues of the original matrix Wy when calculating {Wy —tg
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-1 -1 0

-1 0 -1-3 0 1 0 0 -3 0

0

I and &§, £ are orthogonal,

And using (6.61) and (6.62) we check that & + &

1mum error

that the 5-qubit code is also quasi-perfect for the Pauli channel. The opt
probability of the code can be obtained by using P.(C) = 1 — Fy(t, 1) + t (Ga(t, 1) — 77)>

proving

= Tr(Wo&G (t, 1))

and Fo(t, 1)

= Tr(ués) = 3

’ G' (t? M)

1
2

1
where i =
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Define:

_ Doz0z + 5p0m1z + 10p0x2z + 10p013z + 3p0m4z ~+ Poz52
- )

)

Ao 16

A = 5P1202 + 25p121- + 50p142. ];50p1x3z + 25p124, + 5p1x5z’

Ay = 10p240z + 50p2z1- + 100pas2, ;-61001)2@«32 + 50p2z4, + 10p215z’
As = 10p3202 + 50p3a1- + 100psz2. ;;3 100psz32 + 50p3g4. + 10psas.
Ay = 5P4z0z + 25paz1z + 50paz2: 1+650p4m3z + 25p4ga. + 5p4m5z’

As = D520z 1+ 9P5e1z + 10psg2, 14-6102959;32 + 3pszaz + p5w527

B, — Pozo: + Pox1z — 2D0x22 1_62p0x3z + Pozaz + pOzSz’

By = 3D1202 + 3P1212 — Op1222 1*66plz3z + 3p1a4. + 3plz5z’

By = 2p220> + 2P2212 — 4P2222 1_64p2;c3z + 2p2gaz + 2p21;5z’

By — 2p3202 + 2p3212 — 4P3222 1_64p3w3z + 2p3za. + 2103152:’

By = 3P420> + 3Pax1z — 6Paz2: 1—66p4z3z + 3Paza. + 3p4m5z’

By = Dosz + Psa1z — 2P5a22 1_62p59c3z + Psaaz + Psusz

Cy = P0z0z — 3P0z1z + 2P0s22 122p0x3z — 3Poz4z + Dowse 7

Cy = D120z + P11z — 2P1222 1—62plxgz + Digaz + plsz’

Cy = 2p2:20> — 6p2s12 + 4p2:2. 1+64p2x3z — 6paga, + 2p2ac5z’

Oy = 2p3202 — 6p3212 + 4P3222 + 4P3232 — Op3aaz + 22?393527

16

C4 _ P4z0z + Paz1z — 2}74122 - 2p4x32 +p4x4z + Paz5z

16 ’
C- = D520z — 3p5xlz + 2p5z2z + 2p5:c32 - 3p5m4z + Psas52
e =
16
D, = Pz = 3p121z + 2p1222 + 2P1232 — 3P124z + Piasz
16
D4 _ P4z0z — 3p4:r1z + 2p4a¢2z + 2p4x3z - 3p4$4z + Pax52

= Ag + Ay + Ay,
Ty = By + By — By,
r3 = By — B2 + Cy,
ry = Cy — Ca2 + Dy,
x5 = Ay + Az + As,
r¢ = By — B3 — Bs,
xr7 = C1 — B3 + Bs,
g = Dy — C3 + Cs.

16

)

)

b

(6.63)
(6.64)
(6.65)
(6.66)
(6.67)
(6.68)
(6.69)
(6.70)
(6.71)
(6.72)
(6.73)
(6.74)
(6.75)
(6.76)
(6.77)
(6.78)

(6.79)
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The matrix Wy can be expressed as:

0 x5 —xzg 0 a7 O 0 —zg zy O O —=z7 0 x5 xg O —zg 0 O x7 O —zp-zg 0 0 —zg-zg 0 x5 O —zg
0 -6 @5 O -xg O O a7 xy O O —z7 0 —xzg-zg O a7 O O -z 0 —xzg-z7 O O x5 xg O x5 O 0 —axg
-3 0 0 = 0 —ap my O 0 —z3-—=z3 0 w4 O 0 @ 0 w3 —xp 0 —xz4 0 0 w3 x4 0 0 a5 0 x4 x4 O
0" @7 —xg O x5 0 O —wmg-zg 0 O —zg 0 —x7 7 O a7 O zg 0 wxg —w7 O O ag —xg 0 —wxg O 0 —ag
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We then obtain that:

P.(C)=1—-Te(Wo&S(t, 1)) =1 — (11zy + 1529 — Sz — bxg + b + 1526 + 5x7 + Hus) .
(6.92)

With that, we have proved that the optimum error probability for this channel using
two input codewords and with the assumption that we’ve used to prove symmetry has the
expression in (6.92) and is satisfied by the codebook in (6.19), (6.20).

Since the code is quasi-perfect, we know that using an optimal POVM to measure the state
at the output of the Pauli channel would achieve the optimum error probability. However, we
should consider that the error correction procedure of the decoder may include a degradation
of the error probability, as mentioned in the analysis for the depolarizing channel case.

In order to obtain the error probability after the error correction procedure, we consider
that the decoder is part of the channel as we did for the depolarizing channel (see Figure
6.2). The degradation of the error probability introduced by using error correction is the
difference between the error probability with error correction and (6.92).

We define the following projectors:

I+S81 - 1-51
Hzifnﬂz——a (6.93)

T4+52 - I-82
g:égyg:—ja (6.94)

I+83 - I-53
&:—%f,&z——ﬁ (6.95)

1 4 _ I1—-54
p o 1t54 5 _I-54

5 (6.96)
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Channel
5 |
1 [ 1
X Wx Pauli Wi W'
—p| Encoder }————pl —————p{ Decoder —p
: Channel !
: l

Figure 6.2: Source and channel model

We define the POVM T = {P,P,P3P;, PPy P3P, PP, P3Py, ..., P P, P; Py} in order to
determine if an error has occurred and to obtain the syndrome. The decoder uses a look-up
table in order to obtain the syndrome from the outcome of the measurement, as shown in
Table 6.1.

PP,P;P, [ 0000 | IQI®RI®IRQI
P P,PsP; | 0001 | X®@I®IQI®I
P P,PsP, | 0010 | IQRIQZ®IQI
P P,PsP, | 0011 | I®I®IQI®X
P P,PsP, | 0100 | IQIQIQI®Z
P P,PsP, | 0101 | IQZQI®IQI
PP,P3P, | 0110 | IQIQI®X QI
PiP,PsPy | 0111 | IQRI®I®I®Y
P P,PsPy | 1000 | I X ®@I®IQI
P PPsP, | 1001 | I®I®I®Z®I
P P,PsP, | 1010 | Z@IQI®I®I
PP,P;P, | 1011 | YQI®I®IQI
PP,PsPy | 1100 | IRT®XQI®QI
P P,PsPy | 1101 | IQY QI®IQI
PP,PsP, | 1110 | IQIQY ®IQI
P PPsPy | 1111 | IQI®IQY QI

Table 6.1: Look-up table that the detector uses for error correction. Left: POVM elements. Center:
Corresponding syndrome. Right: Error correction operator that the decoder applies

Let’s define a POVM P = {II,II; } consisting of the following projectors in order to
measure the state after error correction:

Iy = 16 diag(|0z) (OL]), (6.97)

IT; = 16diag(|1z) (1L]). (6.98)
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Where Iy + II; = I is satisfied because of the orthogonality between Ily and II;. Notice that
Tr(Ilp [0L) (0L]) = 1, Tr(Ily |1) (1]) = 0, Tr(II1 |0L) (0]) = 0 and Tr(IIy [1.) (1.|) = 1. It
is possible to check that the Yuen-Kennedy-Lax conditions are satisfied by this POVM:

1 1
(A(P) - MWO)HO = M(WOHO + WhlliIly — Wollp) = 0, (6.99)
1 1
(A(P) - MW1)H1 = M(Woﬂoﬂl + WAIL — WAIlh) =0, (6.100)
1 1 1 1
A(P) = 37 Wo = 37 (Wollo + WAl ) — Wy = = (Whlly — Wolly), (6.101)
1 1 1 1
A(P) = ;W = 37 (Wollo + Willy) — Wi = - (Wollp — Willo), (6.102)

where in the two last equations we used that Wyllo—Wy = —WyIly and W1Il; —W; = —W,1l,.
The error probability is the following:

- Tr(WO,ec]-_-[l) —+ TI‘(WLECH())
’ 2

= TT(WO76CH1), (6103)

where Wy oo, W1 . are states that represent the effect of error correction applied to Wy and
Wi respectively. To formally define Wy (. and Wi ¢, we should first consider the effect of
the error correction detector to the quantum state in a practical scheme. The state W,
x € {0,1} would be measured using the POVM T in order to obtain the syndrome. This
measurement operation would make the state collapse to a state W, » k€ {0,1,...,15},
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with:

W,
W,
W,
W,

T Mg

Wan,

T Mg

T My
W

W nrg

TMyq
TMyo

TMj3

TMis

TMg

PP, PsPyW, Py Py P3Py

TI'(P1P2P3P4Wm) ’
Py PyPsPyW, PP, P3 Py

b

Tr(Py Py PsP,W,)

_ P P, PsP,W, P P,PsP,

TMy —

)

Tr(Py Py P3PyW,,)
P, P,P3;P,W,P,P,P;P,

)

TI‘(P1P2P3P4WL-)
P, P,PsPyW,P,P,P; P,

bl

Tr(P, P, PsPyW,)
PPy PsPyW, PPy P3 Py

b

TY(P1PQP3P4W1-)

PP PsP,W, P PPy Py

TMg —

)

Tr(Py Py PsP,W,)
P1PQP3P4WxP1P2p3P4

)

TI‘(P1P2P3P4WI)
p1P2P3P4me1P2P3P4

)

Tr(151P2P3P4W3;)
PP PsP,W, P, Py Ps P,y

b

Tr(]51P2P3F_’4Wm)

_ PP, PsP,W, P P,PsPy

TMyg —

b

Tr(Py Py PsP,W,)
p1P2P3P4W£P1P2P3p4

)

TY(P1PQP3P4WI)
p1p2P3P4erlp2P3P4

)

Tr(p1p2P3P4W3;)
P, P,PsPyW, P, P,Ps P,

bl

Tr(]51]52P3154Wm)

PP PsP,W, P PPy Py

TMyy —

b

TY(P1PQP3P4WI)
PPy P3PyW, PPy P3Py

Tr(Py Py P3Py W)

(6.104)
(6.105)
(6.106)
(6.107)
(6.108)
(6.109)
(6.110)
(6.111)
(6.112)
(6.113)
(6.114)
(6.115)
(6.116)
(6.117)
(6.118)

(6.119)

The outcome of the measurement is a 4-bit number that indicates the Pauli operator that must

be applied to W, M, according to Table 6.1. For example, if the outcome of the measurement

is '0110’, then the detector will apply an X operator to the fourth qubit. After this error
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correction stage, the states W, become W, as follows:

e,
W;MO = Wang, (6.120)
W;Ml = X1 Wy, X1, (6.121)
Warss = ZWanr, Zs, (6.122)
W;M3 = X5 Wy, Xs, (6.123)
Wy = Z5Wan, Zs, (6.124)
W,y = Z2Wayy, Za, (6.125)
W = XaWay, Xa, (6.126)
Wy, = YsWa,, Y, (6.127)
W,y = XoWay, X, (6.128)
W;Mg = ZaWa iy Zas (6.129)
Wi = Z1Wa, 71, (6.130)
W, = YWy, Vi, (6.131)
Wy = XaWa,, X, (6.132)
W,y = YaWe,, Yo, (6.133)
Wor, = YsWeo, Y, (6.134)
Wars = YiWaor, Ya, (6.135)

where

X, =X®I®IQI®I, Z=20I0I0Ix], i=Y®I®I®I®I, (6.1306)
Xo=I®XQRIQI®I, Z,=1020IxIx], ,=10Y®@I®I®I, (6.137)
Xs=IRIXQIQI, Z3=I0I0ZRI®1, Ys=10IY®I®1, (6.138)
X, =1@I0IeX®l, Z=I10I012Z1, V,=I10Ix1Y®I, (6.139)
X;=I0IRI®I®X, Zy=I1RI0IRI0Z Ys=IIxI®I®Y.  (6.140)

We define Wy . and Wi .. as the sum of all the possible states W; My resulting from the
error measurement operation, weighted by their probability:

15

WO,ec - ZpkW(;Mkv (6141)
k=0
15

Wl,ec - Zpkwle, (6142)
k=0

where py = Tr(P,W,Py), P, € T. The W, .. states are essentially the expected state at the
output of the error correction detector. Then, the probability of error can be obtained by
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using (6.103). For each P, € T, we have:

TI‘(P1P2P3P4WOP1P2P3P4H1)
= 5plz2z + 5p1m3z + 5p311z + 5173122 + 5p3x32 + 5p3z4z + 5p5:1302 + 5p51527 (6143)

Tr(Py Py Ps PyWo Py Py PsPyIly) = Tr(Py Py PsPyWo Py Py Py PyTly ) = Tr(Py Py PsPyWo Py Py Py PyTl4)
= Tr(P, Py PsPyWy Py Py PsPyI1;) = Tr(Py Py P3 PyWo Py Py P3PyI14)
= Poz2z + P0z3z + D221z + TP2422 + TP2232 + 3P224z + Pawo

+ 2paz1z + 2Paz2s + 2Paase + 2Pazaz + Pawsz, (6.144)

Tr(Py Py PsPyWo Py Py PsPyT1y) = Tr(Py Py PsPyWo Py Py Py PyTly ) = Tr(Py Py PsPyWo Py Py Py PyTl4)
= Tr(Py PaP3 PyWo Py Py Py PyIly) = Tr(Py Py Py PyWo Py Pa Py Pyl )
= 2p1z12 + 3P122: + 3P1232 + 21242 + D320z + 2P3212 + TD3222

+ Tp3a3: + 2P324> + D325z + Psa1z + Dozdzs (6.145)

Tr(Py Py PsPyWo Py Py PsPyI1,) = Tr(Py Py PsPyWo Py Py Py PyI1y ) = Tr(Py Py PsPyWo Py Py Py PyTl4)
= Tr(P, Py PsPyWy Py Py PsPyI1;) = Tr(Py Py P3 PyWo Py Py P3PyI14)
= Pox2z + Pox3z + D220z + 4P2212 + SP2222 + OP2s32 + 4P2s4-

+ P2a5z + Pawtz + 4Paw2s + 4Paase + Pazas- (6.146)

And the total error probability is:

Pe cc(C) = 10poz2- + 10pog3: + 10piz12 + 20p142: + 20p123> + 10p1g4z + 5p2zos + 35p2z1-
+ 60paz2, + 60p2z3. + 35p2s4z + Sp2usz + OP3w0z + 15p3x12 + 40p3z2. + 40pses
+ 15p3z4z + OP3252 + 5Pazoz + 15paz1z + 30pag2z + 30p4ar3. + 15pszaz + S5pags.
+ D520z + OPsz1z + OPsraz + Psase- (6.147)

The error probability that is obtained using error correction is larger than the optimum
one (i.e. the error probability obtained by directly using a POVM to measure the quantum
state). For example, using p, = 0.04 and p, = 0.03, we obtain that P, ..(C) ~ 0.0242 and
P,(C) = 0.0193. The degradation of the error probability due to the use of error correction
can be calculated as P, ¢.(C) — P.(C).






7

Conclusions

In this work we introduced a new family of codes for transmitting information through a
classical-quantum channels that optimize the error probability under a symmetry condition.
These codes are called quasi-perfect codes and are the equivalent of the quasi-perfect codes
for classical channels.

In Chapter 4, we introduced the definition of quasi-perfect codes and generalized quasi-
perfect codes for the classical-quantum channel. This definition is similar to the one in the
classical case, and it’s also valid for classical channels. We proved that the quasi-perfect
codes attain the meta-converse bound with equality under a symmetry condition, and so
they optimize the probability of error of a classical-quantum channel for a fixed cardinality
of the code and dimension of the codewords. In that chapter we also showed some particular
examples of quasi-perfect codes that satisfy the symmetry condition. The most interesting
ones are the Bell codes, which are a generalization of the Bell states for 2-qubit channels.
These codes are quasi-perfect for a code cardinality M larger than the channel dimension V.
In general, practical codes are the opposite in the sense that they use a smaller cardinality
of the code in order to reduce the probability of error.

In Chapter 5 we studied the optical channel, where the information is transmitted using
coherent states, through the bosonic channel. This channel has infinite dimension, so we
considered its truncated approximation of dimension N. We showed that the phase-modulated
coherent states constitute a quasi-perfect code for this truncated channel, as long as the
number of codewords M is the same as the dimension of the truncated channel N. A phase-
modulated codebook of finite cardinality M used for the infinite-dimensional bosonic channel
is not quasi-perfect, but for sufficiently large N the bosonic channel can be approximated to
the truncated channel with a negligible error. This makes this code nearly optimal even for
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the bosonic channel, providing an example of a practical code that uses M < N which is
close to optimal.

In Chapter 6, we focused on stabilizer error correction codes, which are practical codes
that use M < N. Error correction codes are in general used to preserve quantum information
and not to transmit classical information, however there may be situations where we want
to measure a state after undergoing error correction. In these cases it may be interesting
to show that an error correction code is optimum for a state discrimination problem. We
showed that the 5-qubit stabilizer code is an example of a quasi-perfect code for the 5-qubit
Pauli channel. The analysis to prove that is very case-specific, which means that it is not
possible to make any claim about other stabilizer codes being quasi-perfect without making
a particular analysis for each case. We also proved that the error correction procedure makes
the probability of error increase when we want to distinguish codewords using an optimal
POVM.
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