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Appendix B 

The Model Equations Near the 
Equilateral Points in the 
Earth-Moon System 

B.l Introduction 

In this Appendix we have included the obtention of the model equations used to 
study the neighbourhood of L\. To do that, the full solar system and radiation 
pressure are taken into account to write the Lagrangian and Hamiltonian of the 
problem. In that Lagrangian, the terms which contain Legendre polynomials (except 
those coming from the RTBP) are expanded as power series in x, y, z. Its coefficients 
are known functions of the positions of the bodies of the solar system. For a short 
time interval it can be assumed that these positions, and therefore the coefficients, 
are quasiperiodic functions of time. 

A computation of these coefficients using a Fourier analysis shows that the rele
vant frequencies are the ones related to the following four angles: 

1. The mean longitude of the Moon (equal to 1, because of the choice of the 
units). 

2. The mean longitude of the lunar perigee. 

3. The mean longitude of the ascending node of the Moon. 

4. The mean elongation of the Sun. 

All the contributions with amplitude less than 5 x 10~5 are dropped in order to keep 
a manageable number of terms. This leads to the fact that the perturbation coming 
from the planets, the radiation pressure and the aspherical terms coming from the 
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116 The Model Equations Near the Equilateral Points 

Earth and Moon can be neglected. Using this, it is possible to write the equations 
of motion in a simplified way. 

The technical details can be found inside next sections. 

B.2 Systems of Reference 

We consider an inertial frame of reference with the origin at the centre of masses of 
the solar system and the axes parallel to the ecliptic ones. The equations of motion 
of a spacecraft in the solar system can be written as 

á = o £ f̂o-*>. 
Ae{S,E,Plt...,Pk) I RA - R |3 

However, the above system of reference is not convenient to study the motion of 
a spacecraft in the vicinity of the libration points L4 or L$ corresponding to the 
Earth-Moon system. As it is usual, the libration points are defined as the ones that 
form an equilateral triangle with the Earth and the Moon. These points are placed 
at the instantaneous plane of motion of the Moon around the Earth (see Figure B.l) 

We define a normalized reference system centered at the libration points and 
given by the unitary vectors ë\, ë*2 and ¿3: 

ei = 

e3 = 

e3 = 

TEM 

I rEM I ' 
rEM A rEM 

I rEM A rEM I 

e3 Ae a . 

±EM 
M 

*- x 

M 

Figure B.l 

We introduce a modified mass of the Earth, E, to satisfy the third Kepler's law 

K = G(È+M) = nlíalí 
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where UM and <ZM are the mean motion and the semimajor axis of the Moon around 
the Earth. The rest of mass E = E — E will be considered as a perturbation. Then, 
in this normalized system (a;, y, z), we adopt the following units: 

• The unit of mass is chosen such that G(E + M) = 1, 

• The unit of time is defined to have UM = 1, 

• The unit of distance is taken as rEM • 

Therefore, in the L4 case, the coordinates of the Earth and the Moon are: 

• (XM,VM,ZM) = (J ,—r,0) . 

In a similar way, for L5 we have: 

• (xE,yE,zE) = (-f>^,0), 

• {xM,yM,ZM) = ( | , 7 , 0 ) . 

For a precise definition of the adopted system see [13]. 

B.3 The Lagrangian 

In the normalized system of reference centered at the libration point L t, i = 4, 5, 
the Lagrangian (see [13]) can be expanded in Legendre polynomials as: 

L = Uk2(x2+y2 + P) + 2kk(xi + yy + zz) + 
L·i 

+2k2 (E{xy - yx) + F{yz - zy)) + k2{x2 + y2 + z2) + 

+k2(Ax2 + By2 + Cz2 + 2Dxz)} -

-k2(xEx + ysy) - kk(xEx + yey) - k2(AxEx + ByEy + DzEz) -

-k2(-EyEx + ExEy + FyEz) + 

+Kk-\l -ßM + VÉ) E «n^n(cos E1) + 
n>l 

+i<k-i^j:(^)npn(coss1)+ 
rs „Ti W 

i x-^ / acosA2 1 v-> / a \ n _, , . x \ 
+ / a - 1 E ^ —-T- + -A E (-) PnicosAr) , 

Ae{StM,Pi PÚ \ TEA rAn>X^AJ ) 
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where a = (x,y,z) is the position vector of the spacecraft, v stands for the vector 
tTin the normalized system, k = rEM is a scaling factor, cosAi = ( ^ ¿ ^ / ( f ^ a ) and 
cosv42 = (rEA,à)/(r£Aa). We denote by V the modulus of the vector V. The term 
with fig takes into account the radiation pressure of the Sun. The coefficients A, B, 
C, D, E, and F are defined by 

A = 02cos28 + 82, 

(cos2 8 + sin2 8R2)02 + (2 + R2)82 + (R + sin SO)2 R2R2 

B = 

C = 

(l+R2) (l+R2)2' 

RW-82 + (R + sm80)2 R2R2 

(l + R2) (l + R2)2' 

cos 80 R 
D = - s i n í c o s ^ 2 ( l + f i 2 ) 1 / 2 - ( i + j R 2 ) l / 2 , 

_ 0 cos S + 8R 

(l + R2)1/2' 

F = 0sinS+ R 

(1 + R2Y 
where 

R = 
0 cos8 

and 0, 8 denote the geocentric longitude and latitude of the Moon, respectively. 
From the Lagrangian, the equations of motion are easily written as: 

x-2y-x = C(l)x + C(2)y + C(3)z + 

+C(A)x + C(5)y + (7(7) + 

+Kk~3(l -ßM + »É){x - xE) J2 an-2Pn(cos Ex) + 

n 

a 
>2 TS 

n>2 
n-2 

+Kk-3fi§(x - xs) £ ^ ^ „ ( c o s 5i) + 

+ ia-3 £ »A ( - | ^ + (* - XA) £ £ ^ P n ( c o 8 ^ ) ) , 
A€P \ EA n>2rA 

y + 2x-y = C(l\)x + C(\2)y + C(n)z + 

+C(U)x + C(l5)y + C(16)z + C(17) + 

+Kk~3(l -PM + nÉ)(y - yE) £ an-27n(cos Ex) + 
n>2 

an"2— 
+Kk~3n§(y - ys) £ -—p^cosSt) + 

n>2 TS 
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a""2-^ 
+ * * - 3 Z ^ [ - ^ + (y- VA) £ ^TTPnicosA,) , 

A0> ' EA n>2 VA 

Z = C(21)x + C(22)y + C(23)z + 
+C(25)y + C(26)i + C(27) + 
+A'fc"3(l - / iM + /zÉ)^ £ an-2Pn(cos Ea) + 

n>2 

n>2 r 5 

+/a-3 £ ^ (-|f¿ + (z - zA) E O ^ c o s * ) ), 
A6p \ EA „>2 rA / 

where V = {S,M,PU ...,Pk}, Pn(a) = -d(Pn^(cc))/da, 

C(0) = Kk~3-1, 

C(l) = A - l - M T 1 , 

C(2) = 2kk~1E + È, 

C(3) = £>, 

C(4) = - 2 k - 1 , 

C(5) = 2 ( 0 - 0 2 + £ - l ) , 

C(7) = ( k - 1 - A ) x E - ( 2 k - 1 £ ; 4 - ¿ ) í / f ; , 

C(12) = B-l-kk~\ 

C(13) = 2kk~1F + F, 

C(16) = 2F, 

C(17) = (kk-1-B)yE + {2kk-1E + Ê)xE, 

C(23) = C-kk~\ 

C(27) = -DxE + (2kk-1F + F)yE, 

and C ( l l ) = -C(2) , £7(14) = -C*(5), C(15) = C(4), C(21) = C(3), C(22) = 
-C(13) , C(25) = -C(16), (7(26) = C(4). 

B.4 The Hamiltonian and the Related Expan
sions 

The Hamiltonian will not be required in what follows. However we give it because 
of its possible use in future work. 
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We start with the expression of the Lagrangian (given in Section B.3) of the 
problem when normalized coordinates centered at the instantaneous L4(5 point of 
the Earth-Moon system are used. 

The momenta px,py,pz are introduced through 

px = dL/dx = k2x + kkx - k2Ey - kkxE + k2EyE, 
Py — dL/dy = k2y + kky + k2(Ex - Fz) - kkyE - k2ExE, 

Pz = dL/dz = k2z + kkz + k2Fy-k2FyE. 

From these relations it is easy to express ¿,y, z as functions of the positions and 
momenta, the coefficients being functions of time. 

The Hamiltonian is obtained as 

H = J^Pi4i - L, 

with 

q=(x,y,z)T, p=(px,py,Pz)T, 

where in <j,-, as well as in x2 + y2 + i 2 , xx + yy + zz, E(xy — yx) + F(yz — zy), 
xEx + yEy and —EyEx + ExEy + FyEz, ¿, y, z are substituted by their expressions 
in terms of positions and momenta. 

After a somewhat lengthly computations the following Hamiltonian is obtained 

H = :;k-2(pl+p2
y + p2

z)-kk-1(xpx + ypy + zpz) + 
1 
2 
+E(ypx - xpy) + F(zpy - ypz) + 

+(iek~1xE - EyE)px + {kk'^ys + ExE)py + Fyspz + 

+Terms purely depending on time — 

-Kk~x{\ -fiM + HE) £ a"Pn(cos Ex) -

+«- E n (-a-^+~ E (f- r p.(«* *)), 
TA n>l v r ^ 7 / 

AC? \ rEA 

The time depending functions which appear as coefficients have been partly 
computed in the development of the Lagrangian. The only additional function is 
k-2. 
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B.5 Some Useful Expansions 

In order to get a quasiperiodic solution of the problem it is convenient to develop 
the right hand side of the equations as series of the following types 

52<iijkrXiy'zkF(vrt + <¿v), 

or 
¿ ] T a r F ( M + ¥V), 

where v denotes i , y or z and F stands for one of the trigonometric functions sinus 
or cosinus. 

A Fourier analysis of the functions that appear in the equations will give the co
efficients, dijkr, ar, the frequencies, vr, and the phases, y>r, involved in the dominant 
terms. 

We deal separately with the terms of the equations which involve the Legendre 
polynomials. These terms come through derivation with respect to x, y or z, of 
the corresponding terms of the Lagrangian. So it is more convenient to develop the 
summations of the Lagrangian and then to compute the derivatives. 

Using the normalized system of coordinates we have 

cos Ei = z = -7r(x + 5v3?/), 
arg ¿a 

xxM + yyM + zzM 1 , rz , 
cos Mi = : = ~{x - sVóy), 

arM ¿a 

with s = 1 for L4 and —1 for L5. 
Therefore, it is not difficult to see that 

n > l n> l k=0 v >' 

n—2k i /o\m 1 

^ ml(n - 2k - m)\ , ¿-f . ni!n2!n3! 

where 

and 

/ 1 if A = E, 
J ~ 1 0 if A = M, 

_ J 1 if A = E, 
r _ l - 1 ifA = M. 
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A routine, EXPEAT, gives the coefficients of each monomial xxy3zk up to a given 
order n = i + j + k. This routine has been checked comparing the development with 
the generating function 

1 

y/l — 2a cos Ai + a2 

where A = E or M. It has been seen that to get a difference of the order of 10 - 5 , 
terms up to order 20 are required if the magnitude of a is 0.5, but only order 8 is 
required if a = 0.15. 

We note that the coefficients in the development of 

"£anPn(cosA1), 
n>l 

for A = E or M are constants and so no Fourier analysis is needed for those terms. 
For the planets and the Sun, similar expansions are obtained where the coeffi

cients of the monomials are functions of time. We have: 

• For the planets 

A^-V^E(f)n^(cos^). 
rA n > l ^rA 

For the Sun 

Kk-Hßt + ßs) „ 

In general, we have the following expansion 

Kk-^s + ßs)-^ £ f ^ ) n p n ( c o s ^ ) -
rs "^ \rs/ 

k k-ni , n-2fcn-2fc-/i -, 

XS»5.Bl!n'!(fc-Bl-B»)!S £ W-(n-2k-h-h)\X 

XUJ [fj UJ [fj x y z ' 
where /3 = n — 2k — 1^ — l2. 

The terms of the expansion can be collected in the form 

£ /(ft,*,*)*"***", 
91>92>93 

where 
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The coefficients, cqiq2(¡3^i2i3 and the exponents, qi,q2,qz,h,h,h, a r e computed 
up to a given order n = qa + q2 + qs in the routine EXPEAT. The routine has been 
checked using the generating function 

1 1 

JrA — 2afA cos Ax + a2 ?A 

Some computations for the Sun, Venus and Jupiter show that order 3 is needed 
for the Sun, and order 2 is sufficient for the planets in order to have a difference of 
order 10~~5. 

A routine, FUN4, has been done to compute the time dependent functions at 
a given day. This routine will be used by the program that performs the Fourier 
analysis. 

B.6 Fourier Analysis: Relevant Frequencies and 
Related Coefficients 

First of all the equations of motion as given before, are rewritten in the more con
venient form displayed below: 

x-2y- 3x2
Ex - 3(1 - 2nM)xEVEy = 

Oj)x + C(2)y + C(3)z + C(4)x + C(5)y + C(7) + 
+Ä"fc~3[—3(1 - 2mM)xEx2 - ¿VExy] + 
+Kk-3(1 - HM)(X - xE) £ «n_rPn(cos E) + 

n>4 

+Kk~3
liÉ(x - xE) Y, an-rPn(cos Ex) + 

n > 2 

a"- 2^ 
+Kk-3ß§(x - xs) £ T ^ n í c O S S j ) + 

n>2rS 

a n-2_ 

+Kk-3l·LM(x ~ XM) J2 -r^+ïpnicosMi) + 
n>4 rM 

an~2-= 
+Kk-3 £ /M - ^ + (* - 'A) E h*r»("» * ) ' 

Açj» \ 'EA n>2 TA 

y + 2x- 3y%y - 3(1 - 2fiM)xEVEX = 
C ( ñ > + C(12)y + C{\2)z + C(14)i + C(15)y + C(16)i + C(17) + 

+A'fc-3[-3(l - 2mM)xExy - 3y£2/2] + 
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+Kk~3(l - fiM)(y - VE) 53 «n_2^n(cos Er) + 
n>4 

+Kk-3nE(y - yE) ¿2 an-2Pn(cos E1) + 
n>2 

+Kk-3fi§(y - ys) 53 ?^Pn(cos $0 + 

where 

n>2 rS 

an~2— 
+Kk~3fiM(y - VM) 53 -z¿+ípn(cos Mi) + 

n>4 TM 

+ Kk-3 53 ßA [ - f | 4 + (y _ W ) £ ^ P n ( c O S * ) ) , 
¿gp' V TEA „>2 rA 

z + z = 
C(21)x + C(22)y + C(23)z + C(25)y + C(26)z + C(27) + 
+Kk~3(l - iiM)z 53 an-2Pn(cosEr) + 

Tl>3 

+Kk~3ßEz 53 an_2Pn(cos Ea) + 
n>2 

+Kk~3ßs(z - Z5) 5 3 Í+Í?n(cOS Si) + 
n>2 r 5 

a«-2  

+Kk~3nMz 53 T^+r^n(cos Mx) + 
n>3 rAi 

+/a-3 53 ßA (-^. + (z-zA)J2^Tn(cosA1)) , 
^g^' \ TEA n>2 rA / 

^ = {5,Pa,...,Pfc}, 
C(l) = C(l) + ( / O T 3 - l ) ( - l + 3 4 ) , 
C(2) = C(2) + {Kk~3-1)3(1-2fiM)xEyE, 
C(7) = C{7) + Kk-3xE, 

£(11) = C(ll) + (ff*-3- 1)3(1 -2itM)xByE, 
£(12) = C(12) + ( / O r 3 - l ) ( - l + 3t/|), 
£(17) = C(17) + /a - 3 t / £ , 

C(23) = C(23) + {Kk~3 - 1), 

and, in fact, fM is equal to 1 in the normalized system. 
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The coefficients C(j) and C(j) and the ones coming from the effect of the Sun 
and planets are computed by the routine FUN4. We shall use the following notation 
for further use: 

SO(l) = K]£3-l, 50(6) = £ ( 5 ) , 50(11) = 0(16), 
50(2) = 0(1), 50(7) = 0(7), 50(12) = 0(17), 
50(3) = 0(2), 50(8) = 0(11), 50(13) = 0(23), 
50(4) = 0(3), 50(9) = 0(12), 
50(5) = 0(4), 50(10) = 0(13) 

for terms and coefficients coming from the non circular motion of the Moon, and we 
expand the term 

rS n>! \rs/ 

accounting for part of the contribution of the Sun to the Hamiltonian as: 

ctant + 505(1)* + S0S(2)y + 505(3)* + 505(4)x2 + S0S(5)xy+ 

+S0S(6)xz + 505(7)j/2 + 505(8)y* + 505(9)*2 + 5O5(10)x3 + • • • 

The contributions of the planets can be expanded in a similar way. 
Then the contribution of the Sun to the equations is of the following form: 

• 1st equation: 505(1) + 2505(4)x + 505(5)y + 505(6)* + • • -, 

• 2nd equation: 505(2) + 505(5)x + 2505(7)y + 505(8)* + • • -, 

• 3 r d equation: 505(3) + 505(6)z + S0S{8)y + 2505(9)* + • • -, 

where: 

505(1) = 505(1) - Kk-3fis^r-.. 
rES 

505(2) = SOS(2)-Kk-3fis^, 
rES 
¿ES 505(3) = S0S(3)-Kk-*iis-

ES 

which is quite useful because of the cancellations (i.e. SOS(j) , j = 1, 2, 3 is quite 
large but SOS(j), j = 1, 2, 3 is rather small). 

A Fourier analysis of the functions SO(i), i = 1,...,13 and SOS(i) i = 1,...,9 has 
been performed. Other functions SOS(i), i > 10 have also been computed but the 
fact that in the denominator appears at least fj3 makes them negligible. 

The Fourier analysis has been done in several steps. First we have performed 
several FFT in order to identify the relevant frequencies. Some of them appear both 
in the SO(i) functions and in the SOS(i) ones. " -
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The frequencies retained are in principle, the ones such that the peak of the mod
ulus of the discrete Fourier Transform is greater than 10"4. The unit of frequency 
has been taken equal to the frequency of the mean longitude of the Moon. Then the 
frequencies have been checked against linear combinations of the four more impor-
tatnt terms appearing in the motion of the Moon (the motion of the Earth-Moon 
barycentre perhelion has been neglected). Let v be one of the obtained frequencies. 
We look for expressions of the type: 

v = n\V\ + n%V2 + TI31/3 + n4i/4, 

where 
^1 = frequency of the mean longitude of the Moon = 1, 
z/2 = frequency of the mean longitude of the lunar perigee, 
1/3 = frequency of the mean longitude of the ascending node of the Moon, 
V4 = frequency of the mean elongation of the Sun. 
The FFT have been carried out using 216 points in a time interval equal to 8192 

sidereal revolutions of the Moon centered at the epoch r = 1 — 0.5/36525 Julian 
centuries since 1900.0. The results obtained for the frequencies are given in the 
Table B.l where there appear also the phases at the epoch r . The values of FFT 
are related to the approximate frequencies in the following way: 

FFT - 1 
frequency = 

no. revolutions of the secondary 

The normalized time is taken with origin at the epoch r and such that the 
sidereal period of the Moon is equal to 27r. Hence if JD is the Julian date counted 
from 1950.0 ( and then r = 18262 JD) we have the relation 

tn = (JD - 18262)ñM 

where tn stands for the normalized time and WM for the mean sidereal motion of the 
Moon in rad/day ( note that UM = v\ letting aside the units). 

The results of the FFT analysis for the functions SO(i), i = 1,...,13 and SOS(i) 
i=l,...,9 have been computed. We list a sample containing SO(\) and 50(13) and 
all the SOS(j) larger than some tolerance in the Table B.2 and B.3 for the L4 

equilibrium point. 
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N FFT Frequency Phase n\ n2 «3 714 

1 1088 .13269847190295 + 00 .58208588448835 + 00 2 -2 0 -2 
2 6424 .78404273508685 + 00 .30561811246835 + 01 -2 1 0 3 
3 6934 .84637313262635 + 00 .23885116295325 + 01 -1 0 1 2 
4 7037 .85884674956765 + 00 .16594479132545 + 01 -1 1 0 2 
5 7511 .91674120698985 + 00 .36382670091675 + 01 0 -1 0 1 
6 7580 .92519598551915 + 00 .50920835090885 + 01 0 0 0 1 
7 8124 .99154522147065 + 00 .22415337977415 + 01 1 -1 0 0 
8 8226 .10040188384125 + 01 .15124700814645 + 01 1 0 -1 0 
9 8328 .10164924553535 + 01 .78340636518625 + 00 1 1 -2 0 
10 8736 .10663492359515 + 01 .84480058631565 + 00 2 -1 0 -1 
11 14072 .17176934991355 + 01 .33188958265095 + 01 -2 2 0 4 
12 14547 .17755879565575 + 01 .52977149224245 + 01 -1 0 0 3 
13 15159 .18503919710385 + 01 .39009817109965 + 01 0 0 0 2 
14 16246 .19830904429415 + 01 .44830675954835 + 01 2 -2 0 0 
15 22195 .27092387206065 + 01 .55604296242495 + 01 -1 1 0 4 
16 23282 .28419371925095 + 01 .61425155087385 + 01 1 -1 0 2 
17 24369 .29746356644125 + 01 .44141608604695 + 00 3 -3 0 0 
18 30318 .37007839420765 + 01 .15187781148125 + 01 0 0 0 4 
19 31405 .38334824139795 + 01 .21008639993015 + 01 2 -2 0 2 
20 31507 .38459560309215 + 01 .13718002830215 + 01 2 -1 -1 2 
21 32594 .39786545028245 + 01 .19538861675105 + 01 4 -3 -1 0 

Table B.l. Values of the frequencies and phases. 
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FFT Cosinus coefficient Sinus coefficient 
1 

1088 
6424 
7037 
7511 
7580 
8124 
8328 
8737 

14072 
14547 
15159 
16246 
22195 
23282 
24369 
30318 
31405 

4.736558433505679£ - 03 
-1.442878806787767£ - 03 

1.732884404452373£ - 04 
-2.328750090605973£ - 03 
-7.188469510604870E - 04 

2.527291376289149E - 04 
9.112384873999765£-02 
5.519636493992337E - 04 
3.427934502822663£ - 04 
1.505348196583156£ - 04 

-9.838830990845423£ - 04 
-1.434663778272931£ - 02 

2.038370016127341E - 03 
5.837752807074912£ - 04 

-3.977169383514819E - 03 
9.015594811462270£ - 04 

-4.837067869558339£ - 06 
-1.194870945858466£ - 04 

0.0£ + 00 
9.486955994339119^-04 
1.319772662125154£-03 

-2.614600756885180£ - 02 
-8.334045780647701E - 04 

6.772719887250550£ - 04 
.114730314343880^ + 00 

-2.929283508050680£ - 04 
4.720421965804989£ - 04 

-1.990498598218668£ - 05 
1.041806911006114^-03 
1.362093368173893£ - 02 

-8.718756403069540£ - 03 
5.138938756818489E - 04 

-5.612676063410181£ - 04 
-4.245134436628341£ - 04 

1.571617391046836£-04 
-2.090091434778585£ - 04 

Table B.2. FFT of function 50(1). Total number of terms = 18 
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FFT Cosinus coeffficient Sinus coeffficient 

1 
1088 
6424 
7037 
7511 
7580 
7649 
el24 
8328 
8737 
9211 
14547 
15159 
16246 
22195 
23282 
24369 
30318 
31405 

-6.3467998860932701; - 03 

1.8714013814418221;-03 

-2.0939065699894541; - 04 

2.9261460243770301; - 03 

9.2235498241032491; - 04 

-3.2224002720876211; - 04 

7.0628302391696521; - 05 

-.1209967278328021;+ 00 

-7.3901842674667671; - 04 

-4.6990979766677181; - 04 

1.0788256763206221; - 04 

1.9398185284087441;-03 

2.8877777958742101; - 02 

-3.1500382215552231; - 03 

-1.2350762777760331; - 03 

8.3484991062752161; - 03 

-1.5514323314957331; - 03 

-1.9911862028097751; - 05 

-1.9245238954137601;-04 

0.0E + 00 
-1.2299333453723161; - 03 

-1.6102945493229881; - 03 

3.2828713404550041; - 02 

1.0678909919807661; - 03 

-8.6898787986389931; - 04 

1.1171743761365661;-04 

-.1523439048261981;+ 00 

3.9500084913343091; - 04 

-6.4938350588197121; - 04 

1.0360116231732551; -05 

-2.0489001912598391; - 03 

-2.7412862367598261; - 02 

1.3470808131318991; - 02 

-1.0884380020135841; - 03 

1.1789533598269341;-03 

7.3152059237895021; - 04 

2.9103819070090601; - 04 

-3.2001223291763531; - 04 

Table B.2 (Continuation). FFT of function 50(13). Total number of terms 
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FFT Cosinus coefficient Sinus coefficient 

1 

7037 

8124 

14547 

15159 

22195 

23282 

1.0760419713798741; - 03 

5.5409682321592051; - 04 

-1.3715678746263271; - 04 

9.4528701046554201; - 05 

1.1462659572323431; - 03 

1.2976447287430691; - 04 

-4.2997734704732831; - 04 

o.oi; + oo 
2.5769949259339651; - 04 

2.2234088847111021;-05 

3.1755894059296471; - 04 

4.7755713509122701; - 03 

-4.3803109792542321; - 05 

5.4907682050893721; - 04 

Table B.3. FFT of function 505(1) . Total number of terms = 7. Factor = 0.8 

FFT Cosinus coeffficient Sinus coeffficient 

1 

7037 

14547 

15159 

23282 

9.8490817165657411; - 04 

1.2911398088331311;-04 

1.5878332761340361;-04 

2.3878479135367721; - 03 

2.744346740034203^ - 04 

o.oi; + oo 
-2.7677370443245441; - 04 

-4.7362703174741941; - 05 

-5.7358360858903101; - 04 

2.1488193847487051; - 04 

Table B.3 (Continuation). FFT of function 505(2) . Total number of terms = 5. Factor 

= 0.4 

FFT Cosinus coeffficient Sinus coeffficient 

1 

7037 

14547 

15159 

23282 

8.6085274729097351; - 04 

2.1371064392863871; - 05 

-9.1120967751983721; - 05 

-1.4251529686110551; -03 

-2.7619856493084071; - 04 

o.oi; + oo 
2.4334467507924111; - 04 

9.6351161006755021;-05 

1.3525867422336751;-03 

-3.9066505473469751; - 05 

Table B.3 (Continuation). FFT of function 505(4) . Total number of terms = 5. Factor 
= 0.64 

FFT Cosinus coeffficient Sinus coeffficient 

7037 

14547 

15159 

23282 

2.4359088293817411; - 04 

9.627416669766357£ - 05 

1.3522657534330751; - 03 

-3.9136913591135101; - 05 

-2.1470500545697441; - 05 

9.104857039991896^ - 05 

1.4248406705121571; - 03 

2.761690038753613^ - 04 

Table B.3 (Continuation). FFT of function 505(5) . Total number of terms = 4. Factor 
= 0.32 
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FFT Cosinus coefficient Sinus coefficient 
1 

15159 
2.274585745896600£ - 04 
3.562730984701729J5-04 

0.0E + 00 
-3.381233036219169£ - 04 

Table B.3 (End). FFT of function 505(7). Total number of terms = 2. Factor = 0.16 

The output of the FFT as it is given has been filtered using the following criteria: 
Only the modulus of an harmonic is considered. If this modulus times a certain factor 
is greater than a certain tolerance (10~4) then the term is retained. The factor has 
been taken equal to one for all the SO(i) functions and it is explicitely given for 
the SOS(i) functions in the tables. Its value depends on the power of x, y, z which 
multiplies the function in the equations. 

When the frequencies are known it is possible to obtain the related coefficients 
by means of the Fourier integral 

1 r^+T -t - \ e-«f(t)dt, 
1 JtQ 

where the time interval T is a multiple of the period associated to the frequency. 
The integral has been discretized using the trapezoidal rule. Several time intervals 
and steps have been used in the numerical integration to allow for interval checks. 
This task is performed by routine FURLE4 of program FURI4. The routine analyzes, 
for a given frequency all the functions. In the Tables B.4, B.5 and B.6 we present a 
sample of the results obtained by this routine for the first three frequencies. 
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S0(1) 
S0(2) 
S0(3) 
S0(4) 
S0(5) 
S0(6) 
S0(7) 
S0(8) 
S0(9) 

SO(10) 
SO(l l ) 
SO(12) 
SO(13) 

.17382394166E-02 

.10254938500E-02 

.22031065393E-02 
-.17639764051E-06 
-.17307793543E-05 
-.26882174545E-03 
-.13914423698E-03 
.22032251981E-02 
.36333639998E-02 
.10485703027E-05 

--92204252159E-07 
-.24044366876E-03 
-.22537364397E-02 

-.59997788432E-05 
-.44121424690E-05 
.38134680368E-04 
.19321594920E-06 
.72200869768E-04 

-.53853805348E-05 
.39655171023E-04 

-.53343756680E-04 
-.13413292051E-04 
-.11465982572E-06 
-.12856628128E-06 
-.22794948912E-04 
.78832163123E-05 

.47395438954E-02 

.36027986003E-02 

.60072135347E-02 
-.17353689874E-07 
-.90353795223E-06 
.32977405368E-04 
.24057388853E-04 
.60072434427E-02 
.10713307661E-01 
.41263815965E-06 

-.90175501289E-07 
.42731885096E-04 

-.63511715714E-02 

Table B.4. Fourier coefficients of the SO(i) and SOS(i) functions, related to the 
frequency number 1. The first column corresponds to the cosinus coefficients, the second 
one to the sinus ones, and the last one to the independent term. The integration has been 
done for 8192 revolutions of the secondary and taking 8 points in each revolution. 

SO(l) 
SO(2) 
S0(3) 
SO(4) 
SO(5) 
SO(6) 
S0(7) 
SO(8) 
S0(9) 

SO(10) 
SO(l l ) 
SO(12) 
S0(13) 

.30632775366E-03 

.24249374638E-03 

.33831721635E-03 
-.13503954382E-05 
.57330463257E-03 
.35050838445E-03 

-.36878758031E-04 
.43820510280E-03 
.70196530135E-03 

-.13869493463E-05 
.28201432971E-05 
.35994617897E-04 

-.36918032250E-03 

.12346476348E-02 

.96888738711E-03 

.15780928718E-02 

.14476202672E-05 
-.14472472257E-03 
.14174950728E-02 
.32894793201 E-04 
.15516641720E-02 
.28207723232E-02 

-.10175523278E-05 
-.27481969897E-05 
.30471828167E-04 

-.15037606804E-02 

.47341287409E-02 

.36012017019E-02 

.60005784389E-02 

.42641555370E-06 
-.49781903353E-05 
.29956955699E-04 
.25487464934E-04 
.60001514495E-02 
.10703587254E-01 

-.55271606980E-06 
-.17430992628E-05 
.44751279129E-04 

-.63420936877E-02 

Table B.5. Same as Table B.4 but for the frequency number 2. Number of revolutions: 
4096. Points per revolution: 16. 



Fourier Analysis 133 

S0(1 
S0(2 
S0(3 
S0(4 
S0(5 
S0(6 
S0(7 
S0(8 
S0(9 

SO(10 
S0(11 
S0(12 
S0(13 
S0S(1 
S0S(2 
S0S(3 
S0S(4 
S0S(5 
S0S(6 
S0S(7 
S0S(8 
S0S(9 

.12594557653E-02 

.97557845230E-03 

.15752246597E-02 

.20009741744E-05 

.63634153151E-03 

.15605501736E-02 

.27775849432E-05 

.16174194937E-02 

.28647541603E-02 

.60705362417E-03 

.40866601041E-05 

.37377039494E-04 

.16058308817E-02 

.34000091963E-04 

.10881522867E-04 

.63677501510E-03 

.13120464456E-04 

.24023399950E-04 

.91503256635E-06 

.13263767627E-04 

.73582861048E-03 

.14330317099E-06 

-.10753826679E-02 
-.83490712227E-03 
-.13900301966E-02 
-.72477983103E-03 
.67359537336E-03 

-.13249168303E-02 
-.37580911560E-04 
-.13359997934E-02 
-.24479837772E-02 
.17137791843E-05 
.14431431247E-02 

-.11063942554E-04 
.13682229965E-02 

-.10493905037E-04 
-.34846744803E-04 
.36331197235E-03 
.12482105204E-04 

-.26527334802E-04 
.72517896787E-03 

-.12414720462E-04 
.84265032711E-06 

-.67384742087E-07 

.46883313243E-02 

.35655706288E-02 

.59405518526E-02 
-.11795161652E-05 
-.32478296958E-04 
-.38796341658E-04 
.23131449008E-04 
.59440843559E-02 
.10599262504E-01 
-43077937962E-06 
.51020775047E-05 
.44632152297E-04 

-.62825187859E-02 
.13450566027E-02 
.24626744913E-02 

-.33152319641E-06 
.13455711899E-02 

-.57890491722E-06 
.11565824739E-05 
.14220109638E-02 

-.10549880246E-05 
-.27675821537E-02 

Table B.6. Same as Table B.4 but for the frequency number 3. Number of revolutions: 

2048. Points per revolution: 32. 

Wi th these values in hand we have performed a second Fourier analysis of the 
real functions minus the values obtained by the Fourier computations (routine FUN4A 
computes these new modified functions). This second step can be seen as a check of 
the results obtained and also allows the detection of other frequencies, very close to 
the previously detected and having a not too small amplitude. Though there appear 
some new frequencies it has been seen that their contribution is not significant. A 
sample of the results obtained by routine FURLEN4 for these modified functions is 
given in the Tables B.7, B.8 and B.9 for the first three frequencies. It can be seen 
tha t the coefficients obtained for the cosinus and sinus terms are rather small. 
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50(1) 

50(2) 

50(3) 

50(4) 

50(5) 

50(6) 

50(7) 

50(8) 

50(9) 

50(10) 

50(11) 

50(12) 

50(13) 

.355684175721; - 06 

.701157928371; - 06 

.121468772981; - 07 

-.157313567531; - 06 

-.211030292841;-06 

-.387492535521; - 06 

.321410206231; - 07 

-.200112808661; - 06 

.243698515551; - 06 

.139899798091; - 06 

.411086340801; - 06 

-.127463286561;-05 

-.739489791871;-07 

-.403224194981; - 06 

.381396338181; - 06 

.485694267311; - 06 

.237084405641; - 06 

.759228108961; - 06 

-.976593417361;-07 

.485940356311; - 06 

-.491031317731;-06 

-.257747666611;-06 

.119574762951;-06 

-.608563666391;-06 

-.263681646641;-07 

.355245545151; - 06 

.285591747861; - 06 

-.296814654091; - 06 

.640510074801; - 06 

.163297911511; - 08 

.232848087341; - 06 

.146320350601; - 06 

.394864266201; - 09 

.626936098421; - 06 

-.896747486281; - 04 

-.184401574741; - 07 

.175163246021; - 08 

-.410024717941; - 06 

-.384494238761; - 06 

Table B.7. Fourier coefficients of the modified SO(i) and SOS(i) functions, related to the 
frequency number 1. The integration has been done as in Table B.4 . 

50(1) 

50(2) 

50(3) 

50(4) 

50(5) 

50(6) 

50(7) 

50(8) 

50(9) 

50(10) 

50(11) 

50(12) 

50(13) 

-.314674657761; - 06 

.233242097251; - 06 

.330060880031; - 06 

-.520352384711; - 07 

-.400978766871; - 06 

-.220787011621;-06 

-.198527449851;-06 

-.399338177381; - 07 

.241881918711; - 06 

-.615946876801: - 07 

.800070612691; - 07 

.191183345961;-06 

.467975577411; - 06 

.705691240261; - 07 

.416249178911; - 06 

-.561789181441;-07 

.677681828281; - 07 

-.324712360871;-06 

.454834020841; - 06 

.308750991751; - 08 

-.181979694591;-06 

-.592860573681; - 07 

-.419492976871; - 07 

-.152468258541;-06 

.415422170471; - 06 

-.442837826481;-06 

.698484793821; - 06 

-.295178767821; - 06 

.115698405161; - 05 

-.715188149521; - 07 

.320220212261; - 08 

.312370042041; - 06 

-.160304023251;-06 

.115730713511; -05 

-.890532983221;-04 

.636344631431; - 07 

.275126749651; - 06 

-.656471232091; - 06 

-.942460252291; - 06 

Table B.8. Same as Table B.7 but for the frequency number 2. The integration as in 
Table B.5. 
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50(1 
50(2 
50(3 
50(4 
50(5 
50(6 
50(7 
50(8 
50(9 

50(10 
50(11 
50(12 
50(13 

.83862202057£- 07 

.15084988671^ - 06 

.10131300913£- 06 

.14977378829^-07 

.45668273592£ - 07 

.21389373857^ - 06 

.47234336885^ - 07 

.11483834669^-06 

.28735451872£ - 06 

.74150799164£ - 06 

.86156201155£ - 07 

.58220691088£ - 05 

.98281403861£ - 07 

.12053975395£ - 06 

.21198080749£ - 06 
J8747132178£ - 07 
.45068790493£ - 06 
.42364167443£ - 07 
.16964795833£ - 06 
.11750549388£-07 
.23676579824£ - 06 
.14052713876£ - 05 
.25949499804£ - 08 
.36440373236E - 06 
.16316368674£ - 05 
.16817065629£ - 06 

.75000519757^ - 06 

.41922643094^ - 07 

.12087952354£ - 05 

.17041202246£-06 

.77235136276£ - 08 

.61346136009£ - 06 
-.19035975416^-07 
.12361078470^ - 05 

-.88639938983£- 04 

-.11900690689^-06 

-.67459315737^ - 06 

-.32477746550^ - 06 

-.10120677298£-05 

Table B.9. Same as Table B.7 but for the frequency number 3. The integration as in 
Table B.6. 

B.7 Simplified Normalized Equations 

We shall use a simplified version of the equations of motion that retains the terms 
called SO(i) and SOS(i) and the ones coming from the RTBP. 

Let us introduce some auxiliary functions P(¿), i=l,...,20 which account for the 
terms appearing in SO(i) and SOS(i) according to the following definition 

P(l) = 505(1)+ 50(7), 

P(2) = 1 + 2505(4) + 0.2550(1) + c*50(2), 

P(3) = 505(5) + 50(3) + a50( l ) , 

P(4) = 505(6) + 50(4), 

P(5) = 50(5), 

P(6) = 2 + 50(6), 

P(7) = 1 + 50(1), 

P(8) = 505(2) + 50(12), 

P(9) = 505(5)+ 50(8) +«50(1) , 

P(10) = 1 + 2505(7) + 50(9) - 1.2550(1), 

P(l l ) = 505(8) + 50(10), 

P(12) = - 2 - 50(6), 

P(13) = 50(5), 

P(14) = 50(11), 

y i fc'itYúi^*' 



136 The Model Equations Near the Equilateral Points 

P(15) = = S0S(3) + yESO(lO) + 0.550(4), 

P(16) = = 505(6) + 50(4), 

P(17) --= 505(8) - 50(10), 

P(18) = = 2505(9) + 50(13) + 50(1), 

P(19) = = -50(11), 
P(20) = = 50(5), 

where a stands for 1.5J/B(1 — 2¡IM)- With these definitions the functions P{i) can 
be expressed as 

m m 

P(i) = Aijo + Yl Ai,j c o s ej + S Bij sin Oj, 

where Oj = Vjt + ipj, with i/j, <pj being the frequency and phase as given in the 
preceeding section, and t denotes the normalized time. The values of the coefficients, 
given in a suitable way to be used by the program that computes quasiperiodic orbits, 
are given in Table B.10 . 



Simplified Normalized Equations 

.00137 
2 -2 0 -2 0 -.00014 

-1 1 0 2 1 .00158 
1 -1 0 0 0 .00031 
1 -1 0 0 1 .00017 

-2 2 0 4 0 .00033 
-2 2 0 4 1 -.00031 
-1 0 0 3 0 .00086 
-1 0 0 3 1 -.00020 
0 0 0 2 1 -.01428 

-1 1 0 4 0 -.00011 
-1 1 0 4 1 -.00015 
1 -1 0 2 1 -.00154 
0 0 0 4 0 .00042 

0 0 0 4 1 .00011 

2 -2 0 2 0 .00037 

2 -2 0 2 1 .00026 

2 -1 -1 2 0 .00015 

2 -1 -1 2 1 -.00005 
2 1.00759 

2 2 -2 0 -2 0 .00145 

2 2 -2 0 -2 1 -.00010 
2 -2 1 0 3 0 .00031 

2 -2 1 0 3 1 .00136 

2 -1 1 0 2 0 .03148 

2 0 -1 0 1 0 .00023 

2 0 -1 0 1 1 .00098 

2 0 0 0 1 0 -.00089 
2 1 -1 0 0 0 .16503 

2 1 1 -2 0 0 -.00062 
2 2 -1 0 -1 0 -.00018 
2 2 -1 0 -1 1 .00081 

2 -2 2 0 4 0 .00084 

2 -1 0 0 3 0 .00028 

2 -1 0 0 3 1 .00122 

2 0 0 0 2 0 .02665 

2 2 -2 0 0 0 .01351 

2 -1 1 0 4 0 .00057 

2 1 -1 0 2 0 .00423 

2 3 -3 0 0 0 .00107 

2 0 0 0 4 0 .00102 

2 2 -2 0 2 0 .00109 

2 4 -3 -1 0 0 .00006 

3 .00000 

3 -2 1 0 3 0 -.00005 
3 — 1 1 0 2 1 .00181 

3 -1 0 0 1 .00020 

3 -2 2 0 4 1 -.00036 
3 — 1 0 0 3 0 .00100 

3 — 1 0 0 3 1 -.00021 
3 0 0 2 1 -.01649 
3 — 1 1 0 4 1 -.00017 
3 -1 0 2 1 -.00179 
3 0 0 0 4 1 .00014 

3 2 -2 0 2 0 -.00006 
3 2 -2 0 2 1 .00032 

3 2 -1 -1 2 0 .00009 

3 4 -3 -1 0 1 -.00006 
4 .00000 
4 2 -1 -1 2 1 -.00102 
4 4 -3 -1 0 1 -.00029 
5 .00000 

5 2 -2 0 -2 1 .00007 

5 -2 1 0 3 0 .00062 

5 -2 1 0 3 1 -.00014 
5 -1 1 0 2 1 -.01686 
5 0 -1 0 1 0 .00060 

5 0 -1 0 1 1 -.00014 
5 0 0 0 1 1 .00053 

5 1 -1 0 0 1 -.10793 
5 1 1 -2 0 1 .00043 

5 2 -1 0 -1 0 .00058 

5 2 -1 0 -1 1 .00013 

5 -2 2 0 4 1 .00010 

5 -1 0 0 3 0 .00190 

5 -1 0 0 3 1 -.00044 
5 0 0 0 2 1 -.02947 
5 2 -2 0 0 1 -.00882 
5 -1 1 0 4 1 -.00074 
5 1 -1 0 2 1 -.00382 



The Model Equations Near the Equilateral Points 

5 3 -3 0 0 1 -.00068 7 2 -2 0 0 0 .01344 

5 0 0 0 4 1 .00017 7 -1 1 0 4 0 .00079 

5 2 -2 0 2 1 .00024 7 1 -1 0 2 0 .00417 

6 2.00003 7 3 -3 0 0 0 .00107 

6 2 -2 0 -2 0 -.00027 7 0 0 0 4 0 .00016 

6 -2 0 3 0 .00035 7 2 -2 0 2 0 .00025 

6 -2 0 3 1 .00152 8 .00251 

6 -1 0 2 0 .03817 8 2 -2 0 -2 0 -.00024 
6 0 —1 0 1 0 .00029 8 -1 1 0 2 0 .00165 

6 0 — 1 0 1 1 .00127 8 1 -1 0 0 0 .00054 

6 0 0 1 0 -.00112 8 1 -1 0 0 1 -.00010 
6 1 — 1 0 0 0 .21765 8 -2 2 0 4 0 .00057 

6 1 -2 0 0 -.00083 8 -2 2 0 4 1 .00017 

6 2 —1 0 -1 0 -.00025 8 -1 0 0 3 0 -.00020 
6 2 —1 0 -1 1 .00110 8 -1 0 0 3 1 -.00090 
6 -2 2 0 4 0 .00051 8 0 0 0 2 0 -.01435 
6 -1 0 0 3 0 .00064 8 2 -2 0 0 0 .00006 

6 -1 0 0 3 1 .00279 8 -1 1 0 4 0 -.00018 
6 0 0 0 2 0 .04294 8 -1 1 0 4 1 .00008 

6 2 -2 0 0 0 .01481 8 1 -1 0 2 0 -.00161 
6 -1 1 0 4 0 .00101 8 0 0 0 4 0 .00046 

6 1 -1 0 2 0 .00535 8 0 0 0 4 1 -.00023 
6 3 -3 0 0 0 .00104 8 2 -2 0 2 0 .00076 

7 1.00474 8 2 -2 0 2 1 -.00019 
7 2 -2 0 -2 0 .00173 8 2 -1 -1 2 1 .00005 

7 2 -2 0 -2 1 -.00011 9 .00000 

7 -2 0 3 0 .00030 9 -2 1 0 3 0 .00005 

7 -2 0 3 1 .00132 9 1 -1 0 0 1 -.00020 
7 -1 0 2 0 .03149 9 -2 2 0 4 1 .00036 

7 0 — 1 0 1 0 .00023 9 -1 1 0 4 1 .00017 

7 0 — 1 0 1 1 .00100 9 0 0 0 4 1 -.00034 
7 0 0 1 0 -.00086 9 2 -2 0 2 0 .00006 

7 1 —1 0 0 0 .16441 9 2 -2 0 2 1 -.00032 
7 1 -2 0 0 -.00063 9 2 -1 -1 2 0 -.00009 
7 2 —1 0 -1 0 -.00018 9 4 -3 -1 0 1 .00005 

7 2 -1 0 -1 1 .00080 10 1.00768 

7 -2 2 0 4 0 .00019 10 2 -2 0 -2 0 .00145 

7 -1 0 0 3 0 .00040 10 2 -2 0 -2 1 -.00010 
7 -1 0 0 3 1 .00172 10 -2 1 0 3 0 .00031 

7 0 0 o 1 2 0 .02658 1 10 -2 1 0 3 1 1 .00136 1 
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10 -1 1 0 2 0 .03348 12 -1 0 0 3 0 -.00064 
10 0 -1 0 1 0 .00023 12 -1 0 0 3 1 -.00279 
10 0 -1 0 1 1 .00099 12 0 0 0 2 0 -.04294 
10 0 0 0 1 0 -.00088 12 2 -2 0 0 0 -.01481 
10 1 -1 0 0 0 .16504 12 -1 1 0 4 0 -.00101 
10 1 1 -2 0 0 -.00062 12 1 -1 0 2 0 -.00535 
10 2 -1 0 -1 0 -.00019 12 3 -3 0 0 0 -.00104 
10 2 -1 0 -1 1 .00080 13 .00000 
10 -2 2 0 4 0 .00084 13 2 -2 0 -2 1 .00007 

10 -1 0 0 3 0 .00028 13 -2 1 0 3 0 .00062 

10 -1 0 0 3 1 .00121 13 -2 1 0 3 1 -.00014 
10 0 0 0 2 0 .01014 13 -1 1 0 2 1 -.01686 
10 2 -2 0 0 0 .01351 13 0 -1 0 1 0 .00060 

10 -1 1 0 4 0 .00057 13 0 -1 0 1 1 -.00014 
10 1 -1 0 2 0 .00223 13 0 0 0 1 1 .00053 

10 3 -3 0 0 0 .00107 13 1 -1 0 0 1 -.10793 
10 0 0 0 4 0 .00063 13 1 1 -2 0 1 .00043 

10 2 -2 0 2 0 .00109 13 2 -1 0 -1 0 .00058 

10 2 -1 -1 2 1 .00007 13 2 -1 0 -1 1 .00013 

10 4 -3 -1 0 0 .00007 13 -2 2 0 4 1 .00010 

11 .00000 13 -1 0 0 3 0 .00190 

11 -1 0 1 2 0 .00131 13 -1 0 0 3 1 -.00044 
11 1 0 -1 0 0 -.00142 13 0 0 0 2 1 -.02947 
11 0 0 0 4 0 .00008 13 2 -2 0 0 1 -.00882 
11 0 0 0 4 1 .00006 13 -1 1 0 4 1 -.00074 
11 2 -1 -1 2 0 .00391 13 1 -1 0 2 1 -.00382 
11 4 -3 -1 0 0 .00116 13 3 -3 0 0 1 -.00068 
12 -2.00003 13 0 0 0 4 1 .00017 

12 2 -2 0 -2 0 .00027 13 2 -2 0 2 1 .00024 

12 -2 0 3 0 -.00035 14 .00000 

12 -2 0 3 1 -.00152 14 -1 0 1 2 1 .00144 

12 -1 0 2 0 -.03817 14 1 0 -1 0 1 -.00145 
12 0 — 1 0 1 0 -.00029 14 2 -1 -1 2 1 .00203 

12 0 — 1 0 1 1 -.00127 14 4 -3 -1 0 1 .00058 

12 0 0 1 0 .00112 15 .00000 

12 1 — 1 0 0 0 -.21765 15 -1 0 1 2 0 .00007 

12 1 -2 0 0 .00083 15 0 q 0 4 0 -.00006 
12 2 —1 0 -1 0 .00025 15 0 d 0 4 1 -.00006 
12 2 — 1 0 -1 1 -.00110 15 2 -i -1 2 0 -.00339 
12 -2 2 0 4 0 -.00051 15 2 -i -1 2 1 -.00050 
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15 4 -3 -1 0 0 -.00101 18 0 0 0 4 0 .00046 

15 4 -3 -1 0 1 -.00018 18 2 -2 0 2 0 .00063 

16 .00000 18 2 -1 -1 2 0 .00008 

16 2 -1 -1 2 1 -.00102 18 2 -1 -1 2 1 -.00008 
16 4 -3 -1 0 1 -.00029 19 .00000 

17 .00000 19 -1 0 1 2 1 -.00144 
17 -1 0 1 2 0 .00009 19 1 0 -1 0 1 .00145 

17 0 0 0 4 0 -.00008 19 2 -1 -1 2 1 -.00203 
17 0 0 0 4 1 -.00006 19 4 -3 -1 0 1 -.00058 
17 2 -1 -1 2 0 -.00391 20 .00000 

17 4 -3 -1 0 0 -.00116 20 2 -2 0 -2 1 .00007 

18 -.00721 20 -2 1 0 3 0 .00062 

18 2 -2 0 -2 0 -.00051 20 -2 1 0 3 1 -.00014 
18 -2 1 0 3 0 -.00007 20 -1 1 0 2 1 -.01686 
18 -2 1 0 3 1 -.00029 20 0 -1 0 1 0 .00060 

18 -1 1 0 2 0 -.00805 20 0 -1 0 1 1 -.00014 
18 0 -1 0 1 0 -.00006 20 0 0 0 1 1 .00053 

18 0 -1 0 1 1 -.00028 20 1 -1 0 0 1 -.10793 
18 0 0 0 1 0 .00024 20 1 1 -2 0 1 .00043 

18 1 -1 0 0 0 -.05390 20 2 -1 0 -1 0 .00058 

18 1 1 -2 0 0 .00022 20 2 -1 0 -1 1 .00013 

18 2 -1 0 -1 0 .00007 20 -2 2 0 4 1 .00010 

18 2 -1 0 -1 1 -.00030 20 -1 0 0 3 0 .00190 

18 -2 2 0 4 0 .00010 20 -1 0 0 3 1 -.00044 
18 -1 0 0 3 0 -.00038 20 0 0 0 2 1 -.02947 
18 -1 0 0 3 1 -.00166 20 2 -2 0 0 1 -.00882 
18 0 0 0 2 0 -.02691 20 -1 1 0 4 1 -.00074 
18 2 -2 0 0 0 -.00733 20 1 -1 0 2 1 -.00382 
18 -1 1 0 4 0 -.00088 20 3 -3 0 0 1 -.00068 
18 1 -1 0 2 0 -.00459 20 0 0 0 4 1 .00017 

18 3 -3 0 0 0 -.00078 20 2 -2 0 2 1 .00024 

Table B.10. Values of Aij and Bitj. The first index gives the number, i, of the function 
P(i). The four next indices denote the linear combination of the four basic frequencies. 
The fifth one is 0 for the Ai¿ coefficients (cosinus terms) and 1 for the 2?,¿ ones (sinus 
terms). Only coefficients greater than 5 X 10~5 have been retained. 

With this notation the equations of motion written in a simplified form are: 

x = P{1) 
X-XEf1 x X + XE , . 

3 (1 - \IM) 3 \IM ~ XE[l - 2fJLM) 
PE PM 

+ 
+P(1) + P(2)x + P{3)y + P(4)z + P{5)x + P(6)y, 



Numerical Tests 141 

y = P(7) 
y -VE,, V y-VE 

—-5—(i - UM) 3 — P M - VE 
'PE rPM 

+P(10)y + P(ll)z + P(12)¿ + P(l3)y + P(14)i, 

+ P(8) + P(9)x + 

z = P(7) "(I - PM) - -Z—PM 
'PE 'PM 

+P{\8)z + P(l9)y + P{20)¿, 

+ P(15) + P{16)x + P(17)y + 

where rpE, rpM denote the distances from the particle to the Earth and Moon, 
respectively, given by rPE = (x-xE)2+(y-yE)2+z2, r2

PM = (x+xE)2 + (y-yE)2+z2. 
We recall that xE = - 1 / 2 , yE = - \ / 3 / 2 for L4 and xE = - 1 / 2 , yE = >/3/2 for L5. 
Finally, pM is 0.012150298. 

B.8 Numerical Tests 

To be sure that, the simplified system is meaningful we have written a test program 
(FUCHE4) such that given initial conditions in normalized coordinates, transforms 
them to ecliptic ones. Then computes the vectorfield on the particle in ecliptic 
coordinates using the full solar system (JPL ephemeris) and after performs the 
transformation back to normalized coordinates. On the other hand we can evaluate 
directly the simplified vectorfield (already in normalized coordinates). Then we can 
select either a given point in the neighborhood of L4 in the phase space (introducing 
the position and velocity) or some points from a quasiperiodic orbit (we have used 
the planar one mentioned in Section 3.3) 

The biggest difference between the two vectorfields in normalized coordinates, is 
of the order of 10~3. This is due to the fact that we are using a simplified version of 
the equations in which the time dependent coefficients are functions of an small set 
of frequencies (21). In the other hand the amplitudes related to these frequencies 
have been computed using an analytical model of the solar system and here the tests 
have been done against a numerical one. In any case it seems reasonable to believe 
that the orbits found using the simplified equations can be easely modified to satisfy 
the complete system of equations. Below we give some results of these tests. 

First we give the Modified Julian Day (origin at 1950.0). Then the initial position 
and velocity in normalized units. The vectorfields computed by Newton's law using 
the JPL ephemeris for the full solar system, and by the simplified model are given. 
Finally the differences are printed. 
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Day =18000.0 

Position Velocity 
.4331E-02 .4603E-02 .0O00E+00 .7472E-02 .4518E-01 .0000E+00 

JPL Fourier 
.121E+00 -9.548E-04 8.522E-04 .123E+00 2.325E-03 4.896E-04 

Differences 
2.190E-03 3.280E-03 -3.625E-04 

Day =18004.0 

Position Velocity 
.2308E-01 -.9956E-02 .0000E+00 .4378E-02 -.5727E-01 .0000E+00 

JPL Fourier 
-.134E+00 -7.246E-03 -1.548E-03 -.133E+00 -5.169E-03 -2.223E-03 

Differences 
1.309E-03 2.076E-03 -6.751E-04 

Day =18008.0 

Position Velocity 
.2546E-01 -.6202E-01 .0000E+00 .8812E-02 -.3001E-01 .0000E+00 

JPL Fourier 
-.140E+00 -.113E+00 2.610E-03 -.138E+00 -.113E+00 3.198E-03 

Differences 
2.155E-03 7.484E-04 5.880E-04 

Day =18012.0 

Position Velocity 
.1285E-01 -.2503E-01 .0000E+00 -.4244E-01 .9153E-01 .0000E+00 

JPL Fourier 
.170E+00 3.792E-02 -3.931E-03 .171E+00 4.056E-02 -3.941E-03 

Differences 
1.216E-03 2.634E-03 -9.854E-06 
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Day =18016.0 

Position Velocity 
.1858E-01 .5904E-02 .OOOOE+00 .2784E-01 -.2869E-01 .0000E+00 

JPL Fourier 
-3.038E-02 -3.016E-02 3.893E-03 -2.978E-02 -2.862E-02 4.030E-03 

Differences 
5.976E-04 1.547E-03 1.364E-04 

Day =18020.0 

Position Velocity 
.2124E-01 -.4192E-01 .0000E+00 .3842E-02 -.6128E-01 .0000E+00 

JPL Fourier 
.157E+00 -7.021E-02 -2.786E-03 -.156E+00 -6.807E-02 -3.148E-03 

Differences 
5.854E-04 2.135E-03 -3.624E-04 

Day =18024.0 

Position Velocity 
.2540E-01 -.5558E-01 .0000E+00 -.2128E-01 .5774E-01 .0000E+00 

JPL Fourier 
5.146E-02 -2.504E-02 1.852E-03 5.331E-02 -2.191E-02 2.032E-03 

DifTerences 
1.848E-03 3.132E-03 1.802E-04 

Day =18028.0 

Position Velocity 
.7192E-02 .7655E-02 .0000E+00 .2130E-01 .2310E-01 .0000E+00 

JPL Fourier 
8.352E-02 -1.359E-02 -1.498E-04 8.516E-02 -1.070E-02 -1.413E-04 

Differences 
1.638E-03 2.886E-03 8.434E-06 
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Day =18032.0 

Position Velocity 
.2201E-01 -.1775E-01 .0O00E+0O -.4279E-02 -.5752E-01 .0000E+00 

JPL Fourier 
-.141E+00 -1.437E-02 -1.393E-03 -.140E+00 -1.164E-02 -1.664E-03 

Differences 
1.151E-03 2.727E-03 -2.703E-04 

Day =18140.0 

Position Velocity 
.1994E-01 -.3135E-02 .0000E+00 .7127E-01 -.3114E-01 .0000E+00 

JPL Fourier 
-6.424E-02 1.317E-02 -1.269E-03 -6.223E-02 1.616E-02 -2.325E-03 

Differences 
2.012E-03 2.983E-03 -1.055E-03 

Day =18144.0 

Position Velocity 
.7461E-02 -.3875E-01 .0000E+00 -.1026E-01 -.3574E-01 .0000E+00 

JPL Fourier 
-.116E+00 -5.530E-02 6.615E-04 -.115E+00 -5.254E-02 1.920E-03 

Differences 
1.311E-03 2.752E-03 1.259E-03 

Day =18148.0 

Position Velocity 
.1485E-01 -.4205E-01 .OOOOE+00 .3903E-02 .4640E-01 .0000E+00 

JPL Fourier 
5.352E-02 -.101E+00 -2.899E-04 5.459E-02 -9.964E-02 -1.476E-03 

Differences 
1.064E-03 1.606E-03 -1.186E-03 
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Day =18152.0 

Position Velocity 
.1155E-01 .3235E-02 .0000E+00 .2604E-01 .1447E-03 .OOOOE+00 

JPL Fourier 
-4.164E-03 -3.256E-02 9.665E-04 -2.599E-03 -3.118E-02 9.921E-04 

Differences 
1.564E-03 1.386E-03 2.555E-05 

Day =18156.0 

Position Velocity 
.1307E-01 -.2273E-01 .0000E+00 -.2854E-01 -.3552E-01 .0000E+00 

JPL Fourier 
-8.436E-02 3.492E-02 -4.509E-04 -8.362E-02 3.737E-02 -6.057E-07 

Differences 
7.454E-04 2.450E-03 4.503E-04 

Day =18160.0 

Position Velocity 
.9541E-02 -.4964E-01 .OOOOE+00 .1933E-01 -.3819E-02 .OOOOE+00 

JPL Fourier 
-4.872E-02 -.124E+00 -2.264E-04 -4.747E-02 -.122E+00 -7.410E-04 

Differences 
1.251E-03 2.331E-03 -5.145E-04 

Day =18164.0 

Position Velocity 
.9203E-02 -.9062E-02 .0000E+00 -.6827E-02 .5432E-01 .0000E+00 

JPL Fourier 
.111E+00 -3.098E-03 1.634E-03 .113E+00 -7.480E-04 1.453E-03 

Differences 
2.305E-03 2.350E-03 -1.814E-04 
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Day =18168.0 

Position Velocity 
.1966E-01 -.8469E-02 .0O0OE+0O -.5251E-02 -.3387E-01 .0000E+00 

JPL Fourier 
-8.316E-02 1.858E-02 -2.475E-03 -8.127E-02 2.203E-02 -2.419E-03 

Differences 
1.891E-03 3.452E-03 5.597E-05 

Day =18172.0 

Position Velocity 
.3391E-02 -.4040E-01 .OOOOE+00 -.5969E-02 -.2705E-01 .0000E+00 

JPL Fourier 
-.108E+00 -6.761E-02 2.435E-03 -.106E+00 -6.473E-02 2.653E-03 

Differences 
1.544E-03 2.879E-03 2.186E-04 



Appendix C 

Proof of Theorem 2.3 

Here, the reader can find the technical details concerning the proof of Theorem 2.3. 
As it has already been mentioned, this proof is very similar to the one of the KAM 
Theorem that V. I. Arnol'd did in [1]. For this reason, we have closely followed that 
proof, only changing those (small) parts that are different. We have used the same 
notation of [1], and the basic lemmas can also be found therein. 

C.l Previous Lemmas and Theorems 

In this section, the reader will find the lemmas and theorems used to prove Theo
rem 2.3. 

Lemma C.l Consider the function H(p,q) = (^,Pi) + H0(p2) + Hi{p2,q-i,q2), the 
domains F, G, Ü, and the positive numbers Q, 0, p, ß, j , 8, M, K. We suppose 
that 

1. In the domain F = {(p,q) /P = (pi,P2) € G = G1 x G2, |Im q\ < p} the 
function ^ 

H(p,q) = H(p) + H(p,q) 

is analytic and 

\H(p,q)\<M, <fH(p,q)dq=:0. 

Moreover, if A is the diffeomorphism p2 >—• w of G2 onto the domain Q (whose 

points are u = g—), then 

0\dp2\ < \dA\ < e\dp2\ ( O < 0 < K 0 < o o ) . 

2. The numbers ß, 7, S, K satisfy the inequality 

8 < 8^{n,0) = min{¿ r \L 2 \L^Q~\ I ; 1 } , 

147 
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106<2y<g<l, 3ß < 26, 2ß < K, 

where Li(n) are defined by (C4)-

3. M < 6uKß2, where v = 2n + 3. 

We set N = - log j¡ and G2
KN = A^Ü.KN, where SIKN consists of those u for which 

\(<ß,k)\ > K\k\-(n+V for all integral k, 0 < |A;| < N. Finally, GKN is defined as 
G1 x G2

KN. 
Then in the domain P € GKN~20, |Im Q\ < p—2^ there exists a diffeomorphism 

B : P,Q —> p,q such that 

1. \B-E\< ß, \dB\ < 2\dx\ {x = P,Q). 

2. H(p,q) = ~H(P) + H2(P,Q) where (p,q) = B(P,Q) and for P e GKN - 2ß, 
\lmQ\<Q~21, \H2{P,Q)\<MH-2vß-\ 

Proof: 

1.- The canonical transformation with generating function Pq + S(P, q) 

p = P + Sq, Q = q + Sp, (C.l) 

takes H(p, q) into the form 

H(p, q) = U(P) + Sa + S2 + £ 3 + £4(P, Q), (C.2) 

where 

Sa = (<j>(P),Sq) + [H(P,q)]N, 

52 = H(p)-H(P)-(p-P,fpJ, 

5 3 = H{P,q)-[H{P,q)]N, 

5 4 = H(p,q)-H(P,q), 

H(P,q) = Y,h(P)e^k«>\ 

[H{P,q))N= £ hk{P)e^k«\ 
0<\k\<N 

and <j){P) states for the vector ip,u>(P), where 

The variables p, q are given in terms of P, Q by (C.l). 
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2.- In order that Si = 0 we set 

where 

0<\k\<N 

S«(p) = TTTTpn^ = Sk(P*). (¿(P),¿)v - - - v - ' - (°-3) 

For P2 e G2
KN we have |(¿,fc)| > K\k\^n+1) (0 < |ib| < N). By 2°A of 4.2 (see [1]) 

and hypothesis 1 of this lemma we have \hk\ < Me- 'fcK Hence, by (8) I o of 4.2 (see 
[1]) we have 

where v\ — n +1, L0 = v\x e~Vx and so by 2°B of 4.2 (see [1]) we have, for P2 G G2
KN 

and |Im q\ < p — 28, 

l^)|<f^ ( L 5 = 4 n L 0 , i/2 = 2n + l) . 

3 . - Since M < PKß2, 8 < I J 1 (L2 = 16nL5, v = 2n + 3) we have 

MZ5 < ß2 

K8" 16n 

Thus, by 3° of 4.3 (see [1]) the equations (C.l) define a canonical diffeomorphism 
B of the domain 

P 6 GKN - 2ß, \lmQ\<g-58<g-28-3ß 

(since 3/9 < 28), moreover 

ML ML, 
B-E\<i^-<ß, \dB\<2\dx\, \P-p\<-—^, (x = P,Q) 

Kß8 1/2 K8^+l 

4.- We estimate the quantity £2 by Taylor's formula (4° of 4.2 (see [1])). If 

P2£G2
KN-2ß, \lmQ\<g-b8, 

then from 

L3 = \L2n2) that 

d2H 
dP2 < 0 (because \jp-\ < 0 ) it follows (in view of 8 < Z^ 1© - 1 , 

|S2 |< 
M2 Qn2L2 M2 

K2 282l*+2 K282v*+3 
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5.- The estimate for S 3 is established in C) 2° 4.2 (see [1]). Since \hk\ < Me~Wp, for 
P € G, |Im Q\ < p - 7 - 6, N = Mog j¡ we have (in view of 8 < L j \ L4 = 2(Ç )w) 

m . M2L4 M 2 

S3 < —7— < S"i ¿"1+1 ' 

6.- The estimate for E4 is obtained from the Lagrange formula (4° of 4.2 (see [1])). 
From 

PEGKN-W, \lmQ\<Q-56, 

There follows 
|Im q\ < g - 48 and \P - p\ < ß, 

and so 

Pi + ifa-Piie&KN-ß (|A|<i), 
so that by Cauchy (3° 4.2 (see [1])), 

dH 

dp 
< 

ß' 

For 8 < L2\ L2 = 16nL5 we have 

|El |<J^£i< W 
KßS^+l Kß8^+2' 

7.- Combining the estimates for S2 , £3, E4 and using the conditions 2/9 < K, 
8 < Lî1 = 1/12, 7 > 3<5, v = 2n + 3, v\ = n + 1, v2 = 2n + 1 we obtain, for 
P2 6 ^l-jy — 2ß, |Im C¡)| < /> - 26 < /> - 56 - 7 the inequalities 

IE1 + S2 + S 3 + E 4 | < M 2 
£-(2i*+3) ¿-("2+2) 

Ä - 2 Kß 
< M28-2vß-2, 

as required. The constants L, are given by 

Lx = 12, L2 = 4n+2ne-(n+1)(n + l ) n + \ 

X3 = 24*-1n2e-<2n+2>(ri + 1)2"+2, ¿ 4 = 2n+le~nnn. 
(C.4) 

L e m m a C.2 We consider the function H(p,q), domains F, G, 0 , and positive 
numbers 0 , 6, p, ß, 7, 8, M, K. We suppose that 
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1. In the domain F = {(p,q) /p = (pup2) e G = G1 x G2, |Im q\ < p} the 
function 

H(p,q) = H0(p) + H1(p,q) 

is analytic and 

\Hi(p,q)\ < M, e\dP2\ < \dA\ < <d\dp2\ (0 < 6 < 1 < e < oo), 

Ma 
dp2 

where A is a diffeomorphism p2 »-> u> = —^ of the domain G2 onto the domain 
Ü. 

2. The numbers ß, 7, 8, K satisfy the inequalities 

8< ¿W(n,0,0) =min{M°)(n,2e),2-1n-10}, 

106 < 2 7 < g < 1, 3/3 < 28, 2ß < K, 

where 8^ is defined in Lemma C.l. 

3. M < 8vKß2, where v = 2n + 3. 

Then, there exists a domain F' = {{P,Q) / P G d = G\ x G\ C G, |Im Q\ < 
p' = p — 37} and a canonical diffeomorphism B : P,Q —> p,q of the domain F' into 
F, such that 

1. \B-E\< ß, \dB\ < 2\dx\, F' cF-ß, (x = P, Q). 

2. H(p,q) = H(p) + H2{P, Q) where in the domain P,Q G F' 

li-ïv a-2 \E2\ <M' = Ml8~lvß 
dH2 

dx 
< 

AP_ 

ß 1 
d2H2 

dx'1 < 
IM' 

3. The mapping A' : P2 —> |p- is a diffeomorphism of G\ onto ü\, and 9'\dP2\ < 
\dA'\ < &\dP2\, where 6' = 0(1 - 8), 0 ' = 0(1 + 8) and \A' - A\ < ß8, and in 
the notation of Lemma C.l 

wh ere 

tt-i = £IKN — d, 

d = (5 + 7e)ß, N = -\og- 1 

7 °2M 

4. mes (G - Gi) < 0 -nmes (0 - Hi), where 

ÏÏi = ÜKN -d, d = (6 + 76))0. 
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H1(p,q) = H1(p) + H1(p,q), 

fH1(p,q)dq = 0. 

H(p,q)=7I(p) + H1(p,q), 

H(p) = Ho(p)+Hi(p). 

Consider the mapping A' : p2 —> f̂ - = A(p2) + A(p2)- By hypothesis 2 and 3 we 
have M < g/?2 , S < 1, 9 < 1. Consequently, by Cauchy (3° of 4.2 (see [1])), for 
p e G - ß we have |A| < f < ßS, \dA\ < Sö\dp2\. We now apply the lemma of 
5° 4.3 (see [1]) concerning the variation of the frequency, putting b = 3ß. By 5° 
4.3 (see [1]) A' maps G2 = (A1)'1^ diffeomorphically onto fix = CIKN — d where 
d = (5 + 70)ß and G\ + 3ß is mapped into fl^jv- Furthermore, the conclusions 3 
and 4 of the present lemma are also valid. 

2.- We now apply Lemma C.l to the function H(p,q) = H(p) + Hi(p,q) in the 
domain F. Since, by 1.-, Hi < 2M and 0'\dp2\ < \dA'\ < Q'\dp2\, the hypothesis 
of this lemma imply that we may apply Lemma C.l. This latter gives us a diffeo-
morphism B : P,Q —> p,q of the domain P € GKN — 2/?, |Im Q\ < p — 27 and the 
inequality \H2(P,Q)\ < M'. Hence, by Cauchy (3° 4.2 (see [1])) for P G GKN - 2ß, 
IIm Q\ < p — 37 < p — 27 — ß we obtain the estimates of conclusion 2. 

3.- According to 1.-, for P,Q G F' (that is, P G C?i, |Im Q\ < p - 3j) there follows 
P € GKN — 3ß- But then, by 2.-, the conclusions 1 and 2 hold, and this completes 
the proof. • 

Theorem C.l Consider the function H(p,q), the domains F, G, ft, and positive 
numbers D, M, 0 , 6, p, ß, 7, 8, K. We suppose that: 

1. In the domain F = {(p,q) /p = (^1,^2) 6 G = G1 x G2, |Im q\ < p < 1} the 
function 

H(p,q) = H0(p) + H1(p,q) 

is analytic and 

\Hx{p,q)\ <M, e\dp2\ < \dA\<e\dp2\ ( o < 0 < i < e < o o ) , 

where A is a diffeomorphism p2 •—> u> = ^ ^ of the domain G2 onto the domain 
Ü of the type D (see §4, 4.1 of [I]). 

Proof: 
1.- We set 

where 

Then 

where 
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2. The inequality 

6<SW(n,0}e,g,x,D) = 

= mm{S^(n, ±9,20), 8™(n, x, g), ¿<3>(n, 0, 0 , x, D), S^(x, 9)} 

is satisfied, where ¿(1) is defined in Lemma C.2, 

¿(2) = min{10-4>4 n ,4-4 n ,x}, 8^ = x(2 + ö"1)"1, 

í (3) = min{e2n(32n2 + lOOn)"2", (6 + 140)"1 , 4 - n - 2 x 0 n 0 - n Z r 1 n - 1 } . 

3. Let ß = 83, 7 = 8*n, T = 8n + 24. Suppose also that 8\ — 8, and for s > 1 put 

8S+1=83
SL\, & = e 7s = ^ n , MS = 8J. 

Then there exists a sequence of domains F0 = F, Fi, F2, . . . of the form Fs = 
{{PsiQs) I Ps £ Gs = G] X Gl, |Im Qs\ < p3} and a sequence of canonical diffeo-
morphisms Bs : PS,QS —» Ps-i,Qs-i of the domains Fs into Fs_i such that for 
s>l 

1. \BS -E\< ßa> \dB.\ < 2\dx.\, Fs c Fs_i -ß,ß3> j . 

2. Forp,q = BiB2...Bs(Ps,Qs) where PS,QS 6 Fs we have 

H(p,g) = H^(Ps,Qs) = H{
0
S)(PS) + HÏ\P.,Q.), 

\H¡S)\<MS+1, 
dH¡ (•) 

dxs 
<8sß; S+l) 

d2H¡° 
dxi 

<8S {xs = Ps,Qs). 

dH • ( « ) 

3. The mapping As : (Ps)2 *-* wfy îS a diffeomorphism of the domain Gs, such 
that 

0\d(Ps)2\ < \dAs\ < e|d(P,)2 | , \AS - AS^\ < ßs8s, 

where 9= \9 and 8 = 20 . 

4. mes (G - Gs) < xmes G. 

Proof: 
1.- Put K = K8X. We shall show that under the conditions of this theorem, 
Lemma C.2 is applicable. In fact, hypothesis 1 of Lemma C.2 follows from hy
pothesis 1 of this theorem. The condition 8 < <5(1) of that lemma follows from the 
inequality 8 < 8^. Since 8 < 8^2\ hypothesis 2 of Lemma C.2 is satisfied because 

7 < ^ , 7 < ? 



154 Proof of Theorem 2.3 

108 < lOS1/2Sn/4 < - ^ 7 < 27 , 383 < ?¿ < 28, 283 <82<8x= K. 

Finally, hypothesis 3 follows from the inequality 8n + 24 = T > z/ + 2 + 6 = 2n + l l . 

2.- Since 8 < 8™, we easily obtain for s > 1 the inequalities 

8S+8S+1 + ---<28S, 3 ( 7 i + 7.+1+ •••)< 6% < 67i < 2 | . (C.5) 

By (C.5), if we put 0o = 9, 0O = G, Po = p, 6S = 0a-i(l - 6,), 0 S = 0S+1(1 + 8S), 
ps = ps-i — 37«, (s = 1,2,...), we obtain the inequalities 

e s > o = -, e s < 0 = 20, e.>eco = %. (c.6) 

It is easy to verify that for s > 1 the numbers /?„, 7,, 8S, Ms, K satisfy the inequal
ities of hypothesis 2 of Lemma C.2 with the constants 0,_i, 05_i, ps-\- This was 
established in 1.- for 5 = 1. 

3.- From 8 < ¿(3) it follows in view of the inequality I o 4.2 of [1], for Ns = ^ log -^ 
that 

W < ¿, ( ¿ n l o g i s - ( T + 1 ) ) n < ¿, (4n(T+ l)e-nty < 

<8l(4n(T+l)e~1)n <l. 

Put 

&s = 53 m_2-
JVa_i<m<W s 

Since ^Tcs < 2, £ < 8^ and (C.7) imply the inequalities 

(C.7) 

¿ [A>. + (6 + 70S)&JV;] < ¿ [ / ^ s + 8S] <A8X<XD\ (C.8) i i <7S + ÔSJ < 40! < XL~ 
5 = 1 S = l 

where 

4.- Suppose that the quantities 

A._!, F s_ l 5 G5_i, ¿ ^ ( P s - i ^ - i ) , il._a , ¿ U , 0S_1 ; £>s-i, (C.9) 

and #,, 7s, ia , A/* satisfy the conditions of Lemma C.2. Then that lemma defines 
the quantities 

A', B, Ff, Gu H(P) + H2(P,Q), nu ÏÏx, 9', 0 ' , g', 
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which we denote (in the notation of 2.-), respectively, by 

A., B„ F., Gs, Hl'\P„Q.) = H{
0
s)(Ps) + HÏ\p.,Q.), íl„ ÏÏ„ 0., 9 „ QS. (CIO) 

From conclusion 2 of Lemma C.2 in the form T = 8n + 24 we obtain, in F s , 

l#i(s)l < MX2uß72 = 8?-4n-12 = ¿ f = ¿J+1 = MJ+1. (C.11) 

The conclusions 1, 2, 3 of Lemma C.2 with 2.- and (C.ll) imply that if the quantities 
(C.9) and ßa, j s , Ss, Ms, K satisfy the hypothesis of Lemma C.2, then so do the 
quantities (C.9) when s — 1 is replaced by s, and also ßs+i, 7«+i, Ss+l, M,+ 1 , K. 

5.- But by 1.- the quantities (C.9) when s = 0 (where A0 = A, F0 = F, Go — 
G, H(°) = H, P0 = p, Q0 = q) and ßx, 71} ¿x, M1? /f satisfy the hypothesis of 
Lemma C.2. Consequently it can be applied for all s, and so we obtain the quantities 
(C.9) for s = 1,2, — The conclusions 1, 2 and 3 of the theorem now follow from 
conclusions 1, 2 and 3 of Lemma C.2 in the form (C.6). We have, howewer, not yet 
proved that Fs is nonempty. This follows from conclusion 4 of the theorem, which 
we shall now prove. 

6.- By conclusions 3 and 4 of Lemma C.2 we have 

mes ((?,_! - G.) < r n m e s (iî,_1 - ÏÏS), (C.12) 

where T¡s = {Sls-i)KNa - ds, ds = (6 4- 7®s)ßs and i)s_i are obtained from Ü by 
means of the formulae 

0 0 = ÍÍ, fim = (^m-l)ifJVm — dm, 

dm = (5 + 7es)ßs, 7Vrn = - ^ - l o g - ¿ - ( m = l , 2 , . . . , 5 - l ) . 
Im ¿lvlm 

Since dm > 0, 1 < Ni < N2 < • • -, and the domain íí = í)0 is of type D by hypothesis 
1, we have by the aritmetical lemma (we refer to the lemma contained in 3° of 4.1 
in [1], that can be proved for this case using the ideas contained in Lemma 2.12) 

mes (iî,_! - il.) < DL[Kas + (6 + 7e.)ßaN?]mes iî. (C.13) 

But since mes fi < 0nmes G, (C.12), (C.13), (C.8) lead to 

s 

mes {G - Cs) = E m e s (G—i ~ Gm) < 
(C.14) 

< ¿2 [Kam + (6 + 7em)ßmNm]Dmes G < xmes G. 
m = l 

Consequently conclusion 4 is established. • 
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C.2 Proof of Theorem 2.3 

In this proof all the variables are to be taken as real, unless otherwise stated. 

1.- Because of inequality (2.12) of Theorem 2.3, for any K > 0 we may find positive 
numbers 0, 0 , D, m depending only on AC, G, H0 such that the domain G can be 
represented in the form G^ U . . . U G^ U G, where mes G < K/2 and each domain 
G^' is transformed diffeomorphically by the mapping A : p2 *~* "gHa into a domain 
íí<*'> of type D (see I o of 4.1 (see [1])); moreover the inequalities 

0\dp2\ < \dA\ < e\dp2\ (0 < 0 < l < 0 < oo). 

are satisfied in each of the domains G^\ 

2.- If we can find M ( K , p, G^\ Ho) in each of the domains G^\ then 

M(K, g, G, H0) = min M ( ¿ , e, G«\ H^ , 

gives the proof of Theorem 2.3, We shall therefore assume henceforth that hypothesis 
1 of Theorem C.l is satisfied in the domain G. We shall prove Theorem 2.3 assuming 
M = ¿if, T = 8n + 24, Si < i (5)(n, 0,0, p, K, D), where the constant ¿(5) is defined in 
Theorem C.l. Now, the conditions of Theorem C.l are satisfied and so its conclusion 
holds. 

3.- Convergence. Theorem C.l yields the sequences Fs and Bs. From ßs = S^ < 4 - s 

and the conclusion 1 of Theorem C.l all the conditions of the lemma on convergence 
of I o of 4.4 (see [1]) follow. According to this lemma the sequence of diffeomorphisms 
Ss = Bi B2 • • • Bs (s = 1,2,...) on the compact set 

Foo= f)Fs ( Poo € Goo, |Im Gool < f?oo, where Goo = n G°i ôo > f 
s>0 \ s>0 á 

converge to a certain mapping ¿"oo- From conclusion 4 of Theorem C l mes G,» > 
(1 — Ac)mes G. But Ss are canonical transformations and so preserve measure, so 
that mes -S^oo = mes Foo. By 4° 4.4 (see [1]) it follows that 

mes SooFoo > lim mes SsFoo = (27r)nmes Goo > 
(C.15) 

> (2TT)"(1 - x) mes G = (1 - x) mes F. 

We set F' = S^F^ and prove the assertions 1-4 of Theorem 2.3 
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4.- Invariance. It follows from conclusion 3 of Theorem C.l that the sequence of 
diffeomorphisms As converges on G^ to a mapping A», where 

oo , 

l¿.-4*>|< £ ßmSm<-ß.+1. (C.16) 
m=s+l ^ 

Let us write the canonical equations with Hamiltonian H^(Pa, Qs) in the form 

xs - Xs(xs), where xs = P3,QS. (C.17) 

The transformations Ss are canonical and so if xs(t) is the solution of the equations 
(C.17), then x(t) = Ssxs(t) satisfies (C.17) when s = 0. We shall show that if 
*£<x> — -* o o j Qoo £ Foo putting XQO = 0, A^Poo) and £oo(¿) is the solution of the 
equation (C.17) when 5 = oo with initial conditions in F^, then x^t) G F^ and 
-Soo^oo^) belongs to F and satisfies (C.17) when s = 0. 

We use Lemma 3° of 4.4 (see [1]). Suppose that for xs — PS,QS, Xs(xs) = 0, 
AS(P„). By conclusion 2 of Theorem C.l we have \XS — Xs\ < \ßs+\ in Fs. From 
(C.16) we obtain |Aoo — Xs\ < ßa+i in F^. Also, from the conclusions 2 and 3 of 
Theorem C.l we obtain 

dXs 

da 
< 2n6s + 0 < n + 0 . 

Lemma 3° of 4.4 (see [1]) now shows that SooXoo(t) satisfies (C.17) when s = 0, that 
is, (2.14). 

5.- Let us introduce the notation pw = v4"M00(F00)2, where (Poo)2 G G^. Since 
(see 4.-) 1^(^00)2 - ^00(^00)2! < ß, we have |J4(POO)2 - Apu\ < ß1 and by Lemma 
4° of 4.3 (see [1]) \(pj)2 - pJ[ < ß\e~l- Also> bY t h e l e m m a o f 3 ° ( s e e Í1]) o n 

convergence we have \Soa-E\ < 2ß. Thus, for Poo, Qoo G Poo we have (from the 
condition S < 6^ of Theorem C.l) 

| S o o ( P o o , Q o o ) - ( i > u , , Q o o ) | < / 3 l ( 2 + r 1 ) < X. ( C . 1 8 ) 

6.- The equations p,q = S^p^A^u, Q) for each fixed (Poo)2 = 
-̂ 00 '*•' ^ ^00 can be 

written in the form (2.15). They define the torus T¿ and the coordinates Q = Qoo on 
it. The invariance of 7¿ is proved in 4.- and also the equation (2.17). The analyticity 
of Soo with respect to Qœ follows from the uniform convergence of Ss for each fixed 
Poo G Goo in the complex domain |Im Qool < poo- Conclusion 3 of this theorem 
follows from (C.18). This completes the proof. • 
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