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Abstract

This thesis deals with lattices over polynomial rings and its applications to
algebraic function fields. In the first part, we consider the notion of lattices
(L, || ||) over polynomial rings, where L is a finitely generated module over
Ek[t], the polynomial ring over the field &k in the indeterminate ¢, and || ||
is a real-valued length function on L ®y k(t). A reduced basis of (L, || [|)
is a basis of L whose vectors attain the successive minima of (L, || ||). We
develop an algorithm which transforms any basis of L into a reduced basis of
(L,| ||), for a given real-valued length function || ||. Moreover, we generalize
the Riemann-Roch theory for algebraic function fields to the context of
lattices over k[t]. In the second part, we apply the previous results to
algebraic function fields. For a divisor D of an algebraic function field
F/k, we develop an algorithm for the computation of its Riemann-Roch
space and the successive minima attached to the lattice (I,] ||p), where
I is a fractional ideal (obtained from the ideal representation of D) of the
finite maximal order O of F and | ||p is a certain length function on
F. Let ko be the full constant field of F'/k. Then, we can express the
genus g of F' in terms of [kg : k] and the indices of certain orders of the
finite and infinite maximal orders of F. If k is a finite field, the Montes
algorithm computes the latter indices as a by-product. This leads us to a
fast computation of the genus of global function fields. Our algorithm does
not require the computation of any basis, neither of the finite nor the infinite
maximal order. The concept of reduceness and the OM representations of
prime ideals lead us in that context to a new method for the computation
of k[t]-bases of fractional ideals of Op and k[t_l}(t_l)—bases of fractional
ideals of the infinite maximal order of F', respectively. In the last part, our
algorithms are applied to a large number of relevant examples to illustrate

its performance in comparison with the classical routines.
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Introduction

This document is ostensibly concerned with lattices over polynomial rings and its ap-
plications to algebraic function fields.

An algebraic function field over an arbitrary field k is a finite algebraic extension
over the rational function field k(¢) in the indeterminate ¢. The theory of algebraic
function fields occurs in various branches of mathematics such as for instance algebraic
geometry and number theory.

The theory of algebraic function fields was initially developed by Dedekind, Kro-
necker, and Weber in the 19" century. Along the 20" century, this approach was
further developed by various mathematicians like Artin, Hasse, Schmidt and Weil.
Nowadays it is a key ingredient in interdisciplinary fields like computer algebra, cryp-
tography and coding theory.

In that context, the fast computation of basic objects in algebraic function fields
(like the genus or the Riemann-Roch space of a divisor) by computer algebra systems
like Magma, Sage, Singular, and Pari play a significant role.

In algebraic number fields, many computational issues are tackled by the theory of
lattices over the integers. In the context of algebraic function fields this role is played
by lattices over k[t], the polynomial ring over k in the indeterminate ¢. In 1941 K.
Mabhler [21] laid the foundation for the theory of lattices over k[t]. In the second half
of the 20" century the concept of lattices over polynomial rings became an important
tool for the basic arithmetic in function fields [30, B1] and the factorization of bivariate
polynomials over finite fields [18].

In 1999 J. Montes [23] developed a new computational representation, the so-called
OM representation, of prime ideals in Dedekind domains, which is heavily intertwined
with the work of MacLane [20] and Okutsu [28]. This lead to a new computational
approach to ideal theory in fields of fractions of Dedekind domains [9].
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By representing a function field by
F =k(t,0), with f(¢,0) =0,

where f(t,x) € k[t, z] is monic an separable in z, the results of Montes, MacLane, and
Okutsu become available for algebraic function fields. This allows a fundamental modi-
fication of the handling of algebraic function fields from an algorithmically perspective,
which is in many cases superior to the classical and common methods [5 [6].

Along this memoir a Magma package has been developed, which provides the above
mentioned OM representation of prime ideals in the context of algebraic function fields
over finite fields and several subsequent algorithms. The reader may download the file

from www.mat.uab.cat/~bauch /resources/Dateien/GlobalFF.m..

The exposition is roughly divided into the theory of lattices over polynomial rings

and its applications to algebraic function fields.

In the first chapter we introduce the theoretical and algorithmic background of al-
gebraic function fields and present in that context the Montes algorithm and the OM

representations of prime ideals as well as some of their applications.

The second chapter is the core of this thesis. We introduce the theory of real-valued
lattices over polynomial rings and consider specific bases generating them; the so-called
reduced bases. These bases play a fundamental role; for instance, the lengths of the
vectors of a reduced basis B attain the successive minima of the lattice spanned by B.
Analogously to the theory of lattices over Z, we define the determinant of a lattice and
the orthogonal defect of a basis. This leads to a reduceness criterion for a set of vectors
in a lattice and a reduction algorithm; that is, an algorithm, which transform any basis
of a lattice into a reduced one. Afterwards we analyze the complexity of the reduction
algorithm. We end the chapter by considering classes of lattices and the concept of
weakly-reduceness (semi-reduceness), which allows us to accelerate the reduction algo-

rithm.

In the third chapter we consider the Riemann-Roch theory on abstract lattices. We

generalize to this abstract context the concept of a divisor and some other invariants
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in algebraic function fields.

In the fourth chapter we apply the results of the previous chapters in the context of
algebraic function fields. This leads to an algorithm for the computation of Riemann-
Roch spaces. Moreover, the theory of lattices allows us to derive a formula for the genus
g of a function fields, which afford a fast computation of g by the Montes algorithm.

Later, we present a method for the computation of the successive minima of a divi-
sor which only applies techniques from linear algebra. Our algorithm does not require
the computation of Puiseux series and can be applied for arbitrary function fields. We

give a detailed complexity analysis of all the mentioned methods.

In the fifth chapter we generalize the concept of reduceness in the context of al-
gebraic function fields. Using OM representations of prime ideals we deduce a new
method for the computation of bases of fractional ideals in function fields. Moreover,
the generalization of the ideas of Chapter 4 allows us to derive an algorithm for the

computation of bases of certain holomorphic rings.

In the sixth chapter we present the practical performance of the presented routines
for global function fields; that is, function fields over [Fy, the finite field with ¢ elements.
We show the running times of the mentioned algorithms by considering concrete func-

tion fields, which vary in g and gq.
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1. Fundamentals

1.1 Algebraic function fields

Let k be a field and denote by

the polynomial ring and the rational function field in the indeterminate ¢t over k, re-
spectively. Let vy be the discrete valuation on K defined by: For any rational function
x =a/be K, where a,b € A are polynomials and b # 0,

N e

Denote by Ay := k[t_l](t—l) C K the valuation ring of v, and by m, its maximal
ideal. By Uy :={a € K | voo(a) = 0} we denote the group of units of As,. On K we
may consider the length function determined by the degree; that is | | := —v. We call
this length function the degree function on K, because |h| = degh, for h € A.

Every monic and irreducible polynomial p(¢) € A determines a discrete valuation
vp : K — Z U {oo} in the usual way, and induces a place P, := {a € K | vp(a) > 0} of
the rational function field K/k, with residue class field k, := A/(p(t)). We define the
unique place at infinity of K by Py := {a € K | ve(a) > 0}.

From now on F/k will denote an algebraic function field of one variable over the
constant field k. That is, F/k(t) is a separable extension of finite degree n, for t € F'
transcendental over k. We define the full constant field ko of F/k to be the algebraic
closure of k in F.

A place of F/k is defined to be the maximal ideal of a valuation ring O of F/k.
Denote by P the set of all places of F'//k and let Poo(F) C Pr be the set of all places
over Po. We define Po(F) := Pp \ Poo(F). Every place P € Pp corresponds to a
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surjective valuation vp : F' — Z U {oo}, which vanishes on k. The valuation ring of P
is Op:={z € F|vp(z) >0} and its residue class field is given by Fp := Op/P.

For a place P of F/k lying over P, we write P|P, and denote its ramification index
by e(P/P,). If P € Po(F) we write P|Ps and e(P/Ps), accordingly. The residue
class field Fp of a place P is a finite extension of k, and therefore a finite extension
of k. The degree of P (over k) is defined to be the integer deg P := [Fp : k| and the
residual degree of P over Py is degy, P := [Fp : kp]. For a place P € Poo(F) the degree
and the residual degree of P|Ps, coincide.

A divisor D of F/k is a formal (finite) Z-linear combination of the places of F'. The
set of all divisors D of F/k is an abelian group which is called the divisor group of
F/k. For a divisor D = pcp apP, we set vp(D) := ap and define the degree of D
(over k) by the integer

deg D := Z apdeg P.
PEPF

The support of D is the set supp(D) := {P € Pr | vp(D) # 0}. A partial ordering on
D is defined by: Dy < Dy if and only if vp(D1) < vp(D2), for all P € Pp. We call
D € Dy effective if D > 0; that is, if all coefficients are nonnegative. Every z € F*
determines a principal divisor (z) := ) pep, vp(2)P. Principal divisors have degree

zero. Denote by
Zz ;:{PE]P)F|’UP(Z)>O}, Nz ::{PE]P)F|UP(Z)<O}

the sets of zeros and poles of z, respectively. These sets are finite and we call (2)g :=
> pez. vp(2)P the zero divisor of z and (2)ee := Y _pcy, —vpP(2)P the pole divisor of
z.

The Riemann-Roch space of a divisor D of F is the finite dimensional k-vector space
L(D):={a€ F*|(a)>—-D}U{0}.
Instead of dimy £(D), we write dimg D. Then, we may define the genus g of F' as
g :=max{degD —dimy D+ 1| D € Dp}.

Let Op := Cl(A, F) and Op = Cl(Ax, F') be the integral closures of A and A,
in F', respectively. We may realize an algebraic function field F'/k as the quotient field
of the residue class ring A[x]/(f(¢,z)), where

flt,z) = 2™ +ay ()" + - 4 an(t) € Alz]



1.2 Ideals in function fields

is irreducible, monic and separable in x. A polynomial f satisfying these conditions is
called a defining polynomial of F'/k. Such a representation exists for every algebraic
function field over a perfect constant field [33, p. 128]. We consider § € F with
f(t,0) =0, so that F' can be expressed as k(t,6). We call A[f] the finite equation order
of f, and we define

Cy:=max{[dega;(t)/i] | 1 <i<n}, folt™ )=t f(t,t%z).

Then, fs belongs to k[t™!,z] C As[x] and the quotient field of the residue class ring
Ax[7]/(fo(t~1,)) becomes a realization of the function field F/k. Clearly, 0 :=
0/tC7 is a root of foo. As O is integral over A,,, we may consider the infinite equation
order Aool0o].

Any element a € F yields a K-linear map p, : F' — F, defined by pq(2) :=a - 2.
We define the norm and the trace with respect to the extension F/K by

Np/i(a) = det pa, Trp/g(a) := Trace(pa),

respectively.

1.2 Ideals in function fields

The rings Or and Op are Dedekind domains. Hence, any nonzero fractional ideal of
OF or O has an unique decomposition into a product of nonzero prime ideals.

Any nonzero prime ideal in A is principal and generated by a monic irreducible
polynomial p(t) € A. Then, p(t)Op = Hp|p p¢(®/P)  for some nonzero prime ideals p €
Op. If p|p, we say that p lies over p(t). Then, we call e(p/p) the ramification index of p
over p(t), and we define the residual degree of p over p(t) by f(p/p) := [Or/p : A/(p(t))].

The only prime ideal in Ao, is muo, which is generated by ¢t~1. It holds t 10 p o =
Hp‘mw pe(/me)  for some nonzero prime ideals p € O Foo- Again, we say that those p
lie over my,, we define the ramification index of p by e(p/ms), and the residual degree
by f(p/moo) := [OF00/P : Aso/Moc].

Any nonzero prime ideal p of F, that is a nonzero prime ideal of Or or Op,
determines a discrete valuation v, on F', which vanishes on k. Therefore, the prime
ideal p corresponds uniquely to place of F'. Every place of F' is attached in this way to

a prime ideal of F'.
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1.2.1 Indices of free modules

Let V be a K-vector space of dimension n. If B = (by,...,b,) is a basis of V' we denote
by cg the K-isomorphism
cg:V — K",

mapping x € V to its coordinate vector with respect to the basis B.

Definition 1.2.1. Let B = (by,...,b,) and B’ = (V),...,b)) be two bases of V. The
transition matrix from B to B’ is defined to be the unique matric T = T(B — B') €
GL,(K) such that

Ty ... b)) = (by...by)™.

Thus, if (a1, ..., a,) are the coordinates of a vector u in V' with respect to the basis
B, then (aj ...ay)T is the coordinate vector of u with respect to the basis B'.

For arbitrary bases B, B’, B” of V' we have
T(B — B")=T(B — BT (B — B").
We may identify an m x n matrix with a K-linear map via the K-isomorphism
K™" —» LK™ K"), Mw~|[(a1,...,am)— (a1,...,am)M].
In this way, if T = T(B — B’), the following diagram commutes:

E -2 Kn

o\ I

KTL

For R € {A, Ax}, a basis of a free R-module M of finite rank can be considered as
a basis of the finite dimensional K-vector space M ®pr K. Hence, for two R-modules of
rank n with bases B and B’ we can define a transition matrix from B to B’, analogously.
Since R is a principal ideal domain, the set of fractional ideals of R is the set of all
R-modules I = hR, for some h € K. By hiR - haR := (h1ha)R, for hq, he € K, the set
IR of nonzero fractional ideals becomes an abelian group, the ideal group of R, where

R is the identity element.

Definition 1.2.2 (Index). Let M and M’ be two free R-modules of rank n. The index
[M : M'| € Ig, is defined to be the nonzero fractional ideal generated by the determinant

of the transition matrix from a basis of M' to a basis of M.
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If we change the R-bases of M and M’, we change the determinant of the transition
matrix by a factor in R*, the unit group of R. Hence, the index [M : M'] is independent
of the choice of the bases of M and M’ and in particular well-defined.

For any monic and irreducible polynomial p(¢) in A, we can extend its induced
valuation v, to I4 by v,(hA) := vp(h). Analogously, we set voo(hR) := vso(h) in order
to extend the valuation vy to Ir. In particular, the degree function | | can be defined
for fractional ideals of R, as | | = —vco.

We summarize some of the basic properties of the index of free modules of finite

rank over principal ideal domains. Details can be found in [17, [32].
Lemma 1.2.3. Let L, M, and N be free R-modules of rank n.
1. [L:N]=|[L:M][M : NJ.
2. [M:N]=[N:M]"L
3. [aM : aN] = [M : N, for all a € K*.
4. If N C M, then [M : N| = hy---hyR, for certain hy,...,h, € R such that
M/N = R/hR X ---x R/hyR, hi| -+ |hn.
In particular, [M : NJ]M C N.
5. If N C M, then M = N if and only if [M : N] = R.

Definition 1.2.4. A matriz M = (m; ;) € A"*"NGLy(K) is in (row-) Hermite normal
form over A (HNF) if

1. M is a lower triangular matrix.
2. The diagonal entries are monic.
3. Foralll <i < j<mn,mj; belongs to a fized subset of representatives of A/m;;A.

Note that the third condition is equivalent to m;; = 0 or 0 < |m;;| < |m;;l|, for

1<i<y<n.

Definition 1.2.5. A matric M = (m; ;) € A "NGL,,(K) is in (row-) Hermite normal
form over Ao (HNF) if

1. M is a lower triangular matrix.
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2. The diagonal entries are t~-powers.

3. For all 1 < i < j < m, m;; belongs to a fized subset of representatives of
Aoo/mi,iAoo~

Note that the third condition is equivalent to m;; = 0 or 0 < Voo (Mj;) < Voo (M),
for 1 <i < j < n. Moreover, the fixed subset of representatives can be chosen to lie in
k[t~!]. In that case M belongs to k[t—1]"*".

Any matrix M € R"*"NGL,(K) can be transformed into a unique matrix in HNF

by elementary row operations in R. Details can be found in [29].

1.2.2 Bases of fractional ideals

Since F'/k is a separable extension of degree n, any fractional ideal of Of is a free A-
module of rank n and any fractional ideal of Op o is a free Ao-module of rank n [32].

Hence, the index is well-defined for fractional ideals. We consider again R € {4, A}

and define
Op, ifR=A
Op = ]
OF o0, IifR=Ax.
We summarize some well-known properties of the index of fractional ideals of Dedekind

domains. Details can be found in [I7, [32].

Lemma 1.2.6. For fractional ideals I,1' of Og, it holds:
1. [Og : 1] = Np/g(I).
2. Op: 171 =[0g: 171 =[I:0g].
3. [Og: II' = [Og : I]|OR : I'].

A basis B of a fractional ideal I of O is defined to be an A-basis of I. Analogously,
we define a basis B’ of an fractional ideal I, of O to be an As-basis of I,. By
Or we denote 0 if R = A, and 0O, for R = Ay. We define By,, to be the family
(1,0R,...,0% ). Clearly, By, is a basis of R[0g].

In this subsection we consider canonical bases of fractional ideals in function fields.
These canonical bases consist of elements having “small” size, which is comfortable
from the computational point of view. Moreover, we can determine concrete bounds
for the entries of the transition matrix from such a canonical basis to By,. These

bounds will play an important role in further complexity analyses in Chapter [4]

10
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Let I = HpeMax(OR) p®, with ap € Z and almost all of them equal zero, be a nonzero

fractional ideal of Or. We define

r= JI sl (1.1)

pEMax(0Og)

Clearly, I'* is again a fractional ideal of Op.

Definition 1.2.7. The height of the fractional ideal I of O or I of O 1s defined
to be the integer

W) = | AlO]]] or h(leo) = — |5 : Aso[fo0]]]-
Additionally, we define the absolute height of I or I by
H(I):=|[I*: Op]| + |disc f| or H(Is):=—|[I%: Opc]| — | disc fool-
Lemma 1.2.8. Let I and I be as in the last definition. Then, it holds
1. h(I), h(ls), H(I), H(Ix) >0,
2. h(I) < |[I* : Og]| + § disc f| < H(I),
3. h(Iso) < =|[I% : OFol| — 3l disc foo| < H(Ino).

Proof. Since the exponents in the decomposition of I* and I3 are nonpositive integers,
we have A[f] € Op C I* and Ax[fs]) € Op o C IX. Then, by the properties of the
index of modules we deduce [I* : A[f]] = rA withr € A and [I%, : Ax[0]] = 1" Ao with
1" € Aoo; hence, h(I) = |r| > 0 and h(Ix) = —|r'| > 0. Since |disc f|, —|disc fs| > 0,
we deduce H(I), H(Ix) > 0.

For the second statement we use the transitivity of the index
[I*: Alf]] = [I" : Op][OF : A[0]].

Denote by B = (bg,...,b,_1) a basis of O and let By := (1,6,...,6"1). By [29] it
holds
diSCf = det(TrF/K(9i+j))0§i7j<n = (det T('Bg — B))Z . det(TI‘F/K(bibj)>0§i7j<n.

Then, (det T(By — B))? divides disc f and therefore (disc f)A C (det T(By — B))?A =
[OF : A[0]]?. Hence, |(disc f)A| = |disc f| > 2|[OF : A[f]]|, and in particular |[I* :
Al0)]] = [[I* : Op][OF : A[0]]] < |[I* : OF]| + 3|disc f| < H(I). Item & can be shown

analogously. O

11



1. FUNDAMENTALS

Definition 1.2.9. Let B be a basis of a fractional ideal I of O and T the transition
matriz from B to Bg,. We call B an Hermite basis of I, if hT is in HNF, for any
h € R\ R* such that hT € R ™.

Let M be in R"*"NGL,(K). The HNF of the matrix PM coincides with the HNF
of M, for any P € GL,(R).

Lemma 1.2.10. Every ideal I of Or admits a unique Hermite basis.

Let B be an Hermite basis of I and T' = T(B — By,). The diagonal entries
di,...,d, € K of T are canonical invariants of the fractional ideal I, which only
depend on f, the defining polynomial of F'/k. In particular, [R[fg] : I] = (dy - - - dn)R.

From the fact that I is an ideal we deduce d,|---|d;; that is, d;/d;+1 € R for all
i. We call these elements the elementary divisors of I. If I is contained in R[fRr], by
Lemma we obtain di,...,d, € R and

RIOg]/I = R/diR x --- x R/d,R.

For any subset S C R, we call an element A € S\ {0} minimal if degh or v (h) is

minimal among all other elements in S, for R = A or R = A, respectively.

Lemma 1.2.11. Let B be an Hermite basis of a fractional ideal I of Or and (t; ;) =
T(B — By,,). For g € R minimal such that gT' € R™™" it holds,

lgtijl < H(I) or wveo(gtiz) < H(I)
according to R=A or R = Ax.
In order to proof this statement we will use the following lemma.

Lemma 1.2.12. For I = HpeMaX(OR) p®, we write I = Iy - I, where I := Ha,,<0 pr
and Iy := Hap>0 p. Then,
h(I) + h(l2) < H(I).

Proof. Let R = A, the case R = Ay can be treated analogously. Clearly, I* = I} - I
by definition. Then, Lemma shows that

[I*: Op)[0F : A[A])? = (I} : A[O])[I; : A[A]).

According to the proof of Lemmawe have |[Op : A[]]| < | disc f]; hence, h(I})+
h(Iy) = |[I* : Op]| + 2|[OF : A]0]]| < H(I). O
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1.2 Ideals in function fields

Proof of Lemma[1.2.11. We consider the case R = A. The case R = A can be treated
analogously. Let I = Iy - Iy with I, I> defined as in Lemma [1.2.12

As [I : A[f]] = rA with r € A, we deduce |g| < |r| = |[I1 : A[A]]] = h(I1), by the
minimality of |g|.

Since B is an Hermite basis of I, the matrix 7" := T(B — By,,) is triangular and
the entries of the j-th column satisfy |t; ;| < |t ], for j < i < n. We consider the
matrix 771 = T(By, — B) which has the diagonal entries t;]l for 1 < 5 < n. Let
g € A\ {0} be of minimal degree such that g’ A[f] C I (or equivalently ¢'T~1 € A"*").
Then, ]g’t;ﬂ > 0 and equivalently |¢'| > |¢; ;|-

Since [Op : Iz] = A with 7 € A, we obtain |¢'| < |r'| = |[[Op : I2]| by the
minimality of |¢g'|. Now, [Op : L] = [Op : (I3)7Y] = [I} : OF], so that |¢/| < |[[5 :
OF]| < h(1y).

Finally, we deduce |gt; ;| < h(I1) + h(I2) < H(I), by Lemmal[l.2.12| O

Corollary 1.2.13. Let B be an Hermite basis of a fractional ideal I of Or. Suppose
that T = T(B — By,) = (fi;j/hij) with coprime polynomials f;;, hi; € A, and let
g € A\ {0} be of minimal degree such that gT € A™*™. For 1 <i,j <n, we have

lg| + max{|f; ;|, |hi;|} < 2H(I).

Proof. For R = A the statement is a direct consequence of Lemma [T.2.11]

Let R = As. We consider the elementary divisors dy,...,d, of I, which satisfy
d; =t with a; € Z and a1 < --- < oy, since d;/d;i1 € Ao for all i. We fix ¢ = t75,
where 8 := max{ay,,0}. Then, ¢’ € Ay is minimal with ¢'T" € AZ*". Lemma
shows that vs(¢'ts ;) < H(I), where (t;;) = T. Since ¢'T is in HNF, the diagonal
entries are t~1-powers, and in particular v (g't;;) = deg,-1(g't;;) holds. Hence, the
entries in ¢'T satisfy deg,-1(¢'t; j) < H(I) by the definition of the HNF in that context.
For any h € k[t™!] of ¢t~ !-degree equal m we can write h = t™h/t™ with t™h € A
and [t™h| < m. Thus, any entry of ¢'T can be written as f;;/t™ with f;; € A,
\fij| < H(I), and 0 < m;; < H(I). Clearly, there exists m € Z, with m < H([), such
that t™ f; j/t™i € A, for all 1 <4,j <n. We set g :=t" and h; ; := t"" and obtain
\g| + max{|fi |, |hi;|} <2H(I), for 1 <i,j < n. O

1.2.3 Ideal representation of divisors

Let F'/k be a function field. The places Q € Py and P € Py, are in 1:1 correspondence

with prime ideals q of O and p of Op o, respectively. If @) lies over P,, then q lies over

13



1. FUNDAMENTALS

p(t) and it holds

e(Q/Py) = e(a/p), deg@Q=1[ky: k] f(a/p), vq =g

For the places P at infinity of F' we analogously deduce:

e(P/Px) =e(p/my), degP = f(p/ms), vp =w,p.

This identification leads to an ideal theoretical representation of a divisor D of F/k.
For
D= ag-Q+ Y bp-P
QePy PePo
with ag,Bp € Z, we consider the pair (I, 1), where I := HQEIP’O q % and I :=
I1 PeP.. p_bP are fractional ideals of Op and Op, respectively. We call (I, I) the

ideal representation of the divisor D.

1.3 Algorithms and complexity

For all considered algorithms we assume that the field k is computable; that is, the
zero and one in k are available and basic operations as +, —, -, /, and the comparison of
equality of two elements in k£ can be performed. We can extend this operations to the
ring k[t] and the rational function field k(t); hence, k[t] and k(t) become computable.
In any runtime analysis we count the number of operations in k.

In the complexity estimations we use the big O notation: Let g,h : R®? — R two
functions. We write g = O(h), if there exist constants c¢,z9 € R, such that |g(z)| <
ch(x) for all z > x.

1.4 Montes algorithm in function fields

Let F'/k be a function field with defining polynomial f € k[t, z] and let p(t) be a monic
and irreducible polynomial in A. Denote by K, := k,((p(t))) the completion of K at
the place P,, where k, = A/(p(t)). The valuation v, extends in an obvious way to K.
Denote by A, := k,[[p(t)] the valuation ring of v, and by t, = p(t)A, its maximal
ideal.

14



1.4 Montes algorithm in function fields

Moreover, let Ko, := k((t7!)) be the completion of K at the place P. The
valuation can be extended to K., analogously. By /100 C K and my, we denote the
valuation ring of v, and its maximal ideal.

By the classical theorem of Hensel [I5] the prime ideals of Op lying over p(t) are in
one-to-one correspondence with the monic irreducible factors of f in flp [z]. The same
yields for prime ideals of Of and monic irreducible factors of fo in Ao [x].

The aim of the section is to describe the Montes algorithm, which determines for the
input of f and p(t) a parametrization of the irreducible factors of f in A,[z]. Denote
by p a prime ideal of O lying over p(t) and denote by f, € Ap[a:] the corresponding
irreducible factor of f. Then, the Montes algorithm produces a list of data, a so-called

type,

t = (Yo; (1, A1, ¥1); -5 (Pra1, Arg1, ¥rg1)),

which is a representation of the irreducible factor f, and therefore a representation the
prime ideal p. We call this representation an OM-representation of p (cf. Definition
1.4.3)).

The Montes algorithm can be seen as a factorization algorithm, which detects the
factorization of f € /lp[x], but never computes it. To this purpose, a kind of Hensel’s
lemma of higher order is applied [8, Theorem 3.7]. At any level ¢ > 1, besides the
fundamental data ¢; € Alz], A\; € Qs0, ¥; € F;[y], where F; is a finite extension of k,,

the type supports:

o N;: Ap[:n] — 28" 4 Newton polygon operator,

A~

e R;: A,[z] = F;[y] a residual polynomial operator,
e vi_1: K,(x) > ZU{oo} a discrete valuation.

Below we give an overview of the Montes algorithm, the OM-representation of prime
ideals, and certain applications, which will be useful for further considerations. The
results are mainly extracted from [8] and [9]. A comprehensive explanation of the

Montes algorithm can be found in [7].
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1. FUNDAMENTALS

1.4.1 Types

Denote v, : K, — Q the canonical p(t)-adic valuation on the Laurent series ring K,.

We extend v, to a discrete valuation vy on Kj(z), determined by
v i Kpla] = ZU{oc}, woleo+-+-+ca”) i=min{up(c) [0S j < v} (12)

Types of order zero

We denote by Fy := k, = A/(p(t)) and define the 0-th residual polynomial operator

Ry : Aplz] = Foly], g(z) — g(y)/p*09),

where  : Ayy] — Foly] is the natural reduction map. A type of order zero,

t = (Yo),

is determined by ¥y(y) € Fy[y|, a monic irreducible polynomial. A representative of t
is any monic polynomial ¢1(z) € A[z] such that Ro(¢) = vo.

We consider the defining polynomial f of the function field F'/k. From a factor-
ization of Ro(f)(y) = ¥ ¥nf into the product of irreducible monic polynomials
Yio(y) € Foly] we deduce types of order zero. Each irreducible factor ¢;o(y) singles
out one type of order zero. For convenience, we consider one fixed factor, denote it by

1o, and consider a representative ¢1 € Alx]. Let m; := deg ¢;.

Types of order one:

Newton polygon operator. The Newton polygon of a polynomial g(z) € Kp[z] is
determined by the pair (vo,¢1). If > 5qas(x)d1(z)” is the ¢1-adic development of
g(z), then

N1(g) == Nug,6,(9) (1.3)

is defined to be the lower convex hull of the set of points of the plane with coordi-
nates (s,vo(as(x)p1(z)®)). However, we only consider the principal part of this poly-
gon, Ny (9) = N, 4,

I(Ny (g)) of the polygon Ny (g) is, by definition, the abscissa of its right end point.

(g), formed by the sides of negative slopes of Ni(g). The length

The typical shape of N; (g) for a monic polynomial g is as shown below.
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1.4 Montes algorithm in function fields

Figure 1.1: Newton polygon of g.

0 ords(e)  UN;(g)  Ldegg/mi

Residual polynomial operator. We fix F; := Fo(y)/(¢0(y)) and we set zp to
be the class of y in Fq, so that F; = Fo[zp]. The polygon N := N; (g) has a residual

coefficient ¢, at each integer abscissa, ordg, g < s <I(IN), defined as follows:

0, if (s,vo(as)) lies above N,
Cs 1=
Ro(as)(z0) € F1, if (s,vp(as)) lies on N.

Denote by Slopes(NN) the set of slopes of N. Given any A € Qs¢, we define:

a vertex, if —\ ¢ Slopes(N),

SA(N) :={(z,y) € N | y + Az is minimal} =
A(N) = {(z,y) |y + Az is minimal} {aside, if —\ € Slopes(NV).

The following picture illustrates both possibilities. In this picture L) is the line of slope

— A having first contact with N from below.

Figure 1.2: A-component of a polygon.

SA(N) SA(N)

Ly

In any case, Sy(IV) is a segment of R? with end points having integer coordinates.
Any such segment has a degree. If A = h/e with h,e positive coprime integers, the

degree of S\(N) is defined as:

d:=d(Sx(N)) := L(Sx(N))/e,

17



1. FUNDAMENTALS

where [(S)(IN)) is the length of the projection of S\(IN) to the horizontal axis. Note
that S splits into d minimal subsegments, whose end points have integer coordinates.
Denote sg and s; the abscissas of the endpoints of S). Then, the abscissas of the points
on Sy with integer coordinates are given by sg,sg +€,...,81 = sg + de. We define the

residual polynomial of first order of f(z), with respect to vg, ¢1, A, as:

Rog i M9)(Y) 1= s + Csgpeyy + -+ F Cs1yd € F1ly].

Note that cs,cs; # 0; thus, the degree of Ry 4, 1(g) is always equal to d. Let hy,e; be
coprime positive integers and consider the positive rational number \; = hj/e;. Let

¥1(y) € Fi[y] be a monic irreducible polynomial v (y) # y. Then,

t= (7/1(); (¢1,>\1,¢1))a

is called a type of order one. Such a type supports a residual polynomial operator of
the first order Ry := R, 4, 1,- Given any such type, one can compute a representative
of t; that is, any monic polynomial ¢o(x) € A[z] of degree e; deg )1 deg ¢, satisfying
Ri1(¢2)(y) = 11 (y). This polynomial is necessarily irreducible in A,[z].

Discrete valuation. The triple (vg, ¢1, A1) also determines a discrete valuation
on K,(x) as follows: For g € K,[x] nonzero, we consider the intersection point (0, H)
of the vertical axis with the line of slope —A; containing Sy, (Ny (g)). Then, we set
v1(g(x)) :=e1 H.

Types of order r:

Now we may start over again with the pair (v1, ¢2) and repeat all constructions in order
two. The iteration of this procedure leads to the concept of a type of order r.

A type of order r > 1 is a chain:

t= (w()a (¢1, )\1>¢1); ce (¢Ta AT‘?¢T))7

where ¢1(),...,¢.(r) € Afz] are monic and irreducible in Ay[z], Ai,..., A\ € Qso,
and Yo(y) € Folyl,...,¥r(y) € Frly] are monic irreducible polynomials over certain
fields Fg C - - - C F, that satisfy the following recursive properties:

L. Ro(¢1)(y) = tho(y). We define F1 := Fo(y)/(¢o(y))-

2. Forall1 <4<,

18



1.4 Montes algorithm in function fields

o deg ¢;| deg ¢y 1,
o Ni(¢it1) == Ny, ,.¢,(¢it1) is one-sided of slope —)\;, and

o Ri(dit1)(y) = Ro,_1 6,0 (dit1)(y) = ¥i(y).
We define Fi 1 := Fy[y]/(i(y))-

3. ¥r(y) #y. We define F, 1 :=F,[y]/(Vr(y)).

Thus, a type of order r is an object structured in r levels. In the computational
representation of a type, several invariants are stored at each level, 1 < ¢ < r. The

most important ones are:

oi(x), monic polynomial in A[z], irreducible in A,[z],

my, deg ¢;(x),

Vi :=v;_1(¢;), nonnegative integer,

Ai = hi/e;, h;, e; positive coprime integers

»i(y), monic irreducible polynomial in F;[y],

fia deg ¢1 (y)a

i, the class of y in F;11, so that ¥;(z;) = 0 and F; 1 = F;[z].

Take fy := degy. Note that
m; = (fofi--- fic1)(ex---ei1) = ei1fimimi—1, dimp,Fopq = fofi---fi.  (1.4)
The discrete valuations v, . .., v, on the field K,(z) are essential invariants of the type.

Definition 1.4.1. Let g(z) € Ay[x] be a monic polynomial, and t a type of orderr > 1.

1. We say that t divides g(z), if ¢¥r(y) divides R.(g)(y) in F,ly]. We denote
ordg(g) := ordy, (Rr(9))

2. We say that t is g-complete if ordy, (R.(g)) = 1. In this case, t singles out a
monic irreducible factor g¢(y) € Ap [x] of g(x), uniquely determined by the property
R, (g¢(x))(y) = ¢¥r(y). If Ky is the extension field of K, determined by g¢(z), then

e(Ke/Kp) =er---er, [(Ke/Kp) = fofi - fr

3. A representative of t is a monic polynomial ¢r41(x) € Alx|, of degree my41 =
er frmy such that Ry (¢r41)(y) = ¥r(y). This polynomial is necessarily irreducible
in flp[ac]. By definition of a type, each ¢;+1 is a representative of the truncated
type of order 1

Trunc;(t) := (Yo; (d1, A1, ¥1); . -5 (Pis Ais 5))-
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1. FUNDAMENTALS

4. We say that t is optimal if my < --- < m,, or equivalently, if e;f; > 2, for all
1<e<r.

A type t of order 0 is by definition optimal.
Lemma 1.4.2. With the above notation, ord¢(g) = I(N,;,(9))-

1.4.2 The Montes algorithm

At the input of f(x) and p(t), the Montes algorithm computes a family ti,...,t, of
f-complete and optimal types in one-to-one correspondence with the irreducible factors

of feyy..., fe, of fin flp []. This one-to-one correspondence is determined by

1. For all 1 <3 <k, the type t; is fi,-complete.

2. For all j # i, the type t; does not divide fi,.

The algorithm starts by computing the order zero types determined by the irreducible
factors of f(x) modulo p(t), and then processes to enlarge them in a convenient way
until the whole list of f-complete optimal types is obtained. Let us briefly explain how
that enlargement is realized along the Montes algorithm. Suppose a type of order ¢ — 1

dividing f(z) is considered,

t = (Yo; (d1, A, ¥1); - (dim1, Nim1,%i-1))-

A representative ¢;(z) is constructed. The type t branches in principle into as many
types as pairs (A, (y)), where —\ runs on the slopes of N, (f) and 9 (y) runs on the
different monic irreducible factors of Ry, | 4. A(f)(v) € Fily].

Every output t of the Montes algorithm is a type of order 7+ 1, where r is called the
Okutsu depth of the corresponding irreducible factor f¢(x). The sequence [¢1, ..., d;]
is an Okutsu frame of f¢(x). Details can be found in [I1].

The invariants v;, h;, e;, f; at each level 0 < ¢ < r are canonical (depend only on

f(x)). The (r + 1)-level t carries only the invariants:
Gra1sMpg 1, Vg1, Aep1 = —hog1, 6001 = Lhegn, fryn = 1
If p is the prime ideal corresponding to t, we denote
fo(@) = fu(x) € Aplal,  Gy(x) = dryr(x) € Ala], Fy:=TFpyy,
Up(y) = bra(y) € Fplyl,  np = myp1 = deg fy = deg @y,
ty :=t = (Y05 (01, A1, ¥1)5 - -5 (D, Ars ¥r); (Dp, Argr, ¥yp))-
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1.4 Montes algorithm in function fields

The polynomial ¢, is an Okutsu approzimation to f,. It is a sufficiently good approxi-

mation for many purposes.
Definition 1.4.3. We say that t, an OM representation of p.

Remark 1.4.4. In order to deal with the prime ideals of Of o, the infinite mazimal
order, we can apply the Montes algorithm to the defining polynomial fo(t~% x) €
k[t~1, 2] and the irreducible polynomial t=1 € k[t~1]. Then, the OM representation of
p in O is given by a certain type with ¢-polynomials ¢1,...,¢r, ¢p € k[t~ ).

Example 1.4.5. Let F = {0,1,2} be the field with three elements. We consider the
function field F/F with defining polynomial f(t,z) = 2% + 323 + (2t% + 5 4 2t)2? +
2z + t'2 € F[t, 2] and the irreducible polynomial p(t) = t € F[t]. Let us determine the
f-complete and optimal types which correspond to the prime ideals of O lying over
p(t). We set Fy :=F and obtain

Ro(f)(y) =y" + 2y = (y+2)%y € Foly.

The two irreducible factors 1y(y) := y + 2 and ¥((y) := y of Ro(f)(y) determine two
types t and t’ of order 0, respectively.

Since ord%(Ro(f)(y)) = 1, the type t' = (¢} is already f-complete and optimal.
A representative of t’ is given by ¢} (z) = z € F[t,z] and we have detected the first
prime ideal p’ lying over p(t), given by its OM representation

ty = (y; (2,12,y+2)), ¢y(z)==.

The data of the last level are determined by the computation of Ny (f), one-sided of
slope —12, and Ri(f)(y) = 2y + 1. The Okutsu depth of f, is zero and we have

e(p’/p) = f(»'/p) = 1.

Clearly, ¢1(x) = x + 2 is a representative of t. As t is not f-complete, we have

to enlarge the type. By Lemma the Newton polygon Ny (f) = N, , (f) has
length equal to ord¢(f) = 3. Hence, in order to compute this polygon, we need only to

consider the first four coefficients of the ¢;-development f = > s>0 AP

ap =t + 28+t 3 +2t, a =13 +2t5 +1¢,
as =208+t +2t, az=t3+1.
The Newton polygon Ny (f) is shown in Figure
Since Ny (f) is just a side of slope —A := —1/3, it holds Sx(Ny (f)) = Ny (f).
Hence, we deduce Ry (f)(y) = Rug,¢1,2(f)(y) = Ro(ao)(z0)+Ro(as)(z0)y = 2+y € Fiy],
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Figure 1.3: Newton polygon of Ny (f).

0] 1 2 3

where F1 = Fo[y]/(v0) = Fo. We set A1 :=1/3, ¥1(y) := y + 2, and enlarge the type t
to a type of order 1,

t = (Yo; (¢1, A1, 91))-

Clearly, t is f-complete and optimal. Thus we have detected the second prime ideal p
of O over p(t). An easy computation shows that ¢o(z) := 23 +2t+2 is a representative
of t. The OM representation of p is given by

ty=(y+2(x+2,1/3,y+2); (2® + 2t + 2,1,y + 1)),

because Ny (f) := N, 4 is one-sided of slope —1 and Ry(f) =y + 1. The Okutsu

depth of f, is one and we get e(p/p) = 3, f(p/p) = 1. Also, we have the following

approximate factorization of f in Ap [x]:

fra-(2°+2t+2).

1.4.3 Secondary invariants and applications

Let p(t) € A be an irreducible polynomial and p a prime ideal of O lying over p(t)
corresponding to a f-complete type t, of order » + 1. By item @ of Definition we
know that

e(p/p) =e1---er, f(p/p)= fofi- fr

We consider all prime ideals py,...,ps of O lying over p(t) and their corresponding
f-complete types ti,...,t;. We denote by f,, € flp[x] the irreducible factor of f
corresponding to t;, for 1 <17 < s.

The index ind(f,,) is defined to be the length as an A,-module of O, /A, [fy,], where
Oy, is the integral closure of A, in K,(y,). The number ind(f,,) may be expressed by

a closed formula in terms of the data attached to t;:

ind(fp,) = np, (e(m/p)_1 -1+ i (:Tp - 1) Y )
j=1 Y

el-..ej
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where ej, f; are the invariants of the type t; and r is the Okutsu depth of f,,. Then,
the valuation of the index [Op : A[f]] at p(t) may be computed as

w([OF = A =Y ind(fy) + D vp(Res(fis fyy)- (1.5)
j=1 0<i<j<s
Details can be found in [13].
For 1 <i,j < s with ¢ # j, we define the index of coincidence between the types t;

and t; as

i(65,t;) = 0, if ¥o; # 1o,
Y min{l € Zso | (¢, Mg, Y1i) 7# (15, Mg, Yig)}, i o = 1o j.

Lemma 1.4.6. Let 1 < 4,5 < s with i # j and let | = i(t;,t;) be their index of

coincidence. Then,

npnp; (Vi + min { )7, A}
vp(Res(fpis fy;)) = ]< j )

€1 €1y

where )\Sf, )\’;;’. € Q are the hidden slopes of the pair (t;,t;), defined in [J].

The hidden slopes are computed along the Montes algorithm; hence, according
to the last lemma and the integer v,([OF : A[f]]) is computed by the Montes
algorithm as a by-product.

If we consider f,, instead of f and and all f,-complete types ti,...,ts, which
correspond to all prime ideals of Of o, we analogously obtain a concrete formula for
Voo ([OF,00 * Aco[fc0]])-

Summarizing, the Montes algorithm computes the important invariants as the ram-

ification index, the residual degree, and the “local indices” as a by-product.

Algorithm 1: Montes algorithm

Input: A defining polynomial f (resp. foo) of a function field F'//k and a monic irre-
ducible polynomial p(t) in A (resp. t~1).

Output: A family tq,...,ts of f-complete (resp. foo-complete) and optimal types,
parameterizing the monic irreducible factors fy, (z),..., fp,(x) of f in Ay[z] (resp.

of foo in Anolz]).
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1.4.4 Okutsu approximations

Denote p a prime ideal of O over p(t) (resp. of Op o over t~1) and let

tp = (sz)ﬂv (¢17 )\17 wl)a ceey (¢T7 >\T7¢7’); (¢P7 Ar—i—lﬂ/’p))

be an OM representation of p. The polynomial ¢,(x) is an Okutsu approzimation to
the p(t)-adic irreducible factor fy(x) := f,(z) [1I, Sect. 4.1]. The value A\rq1 = hrq1
is not a canonical invariant of f,. It mesures how close is ¢, to f,; we have ¢, = f, if
and only if hy41 = oo.

Later we will describe algorithms involving prime ideals (cf. Algorithm , which
require the computation of an Okutsu approximation ¢, with sufficiently large value
Ar+1 = hy41. This can be achieved by applying the single-factor lifting algorithm of
[12], which improves the Okutsu approximation to f, with quadratic convergence; that

is, doubling the value of h,;1 at each iteration. By [9, p. 744] it holds

Vp(dp(0)) = Vi1 + A1,

where V.1 = e, fr(e,V, + hy) (cf. [I, p. 141]) is an invariant of the type t,. By [9]
Proposition 4.7] the value vg(¢p(0)) is given by a closed formula in terms of the data
attached to the types t,, tq, for any prime ideal q of Op lying over p(t) (resp. of Op
over My,) different from p. Hence, the single-factor lifting algorithm can produce an

element ¢, (#) in F' with arbitrary large valuation at p and constant value vq(¢y(#)), for

qlp (resp. qlmso) with q # p.

Algorithm 2: Single-factor lifting

Input: An OM representation t, of a prime ideal p, with an Okutsu approximation ¢,
and h € Z.
Output: An Okutsu approximation ¢, with vy(¢},(6)) > Vip1 + h.

1.4.5 Divisor polynomials

The notion of divisor polynomials is due to Okutsu [28]. These polynomials will play
a fundamental role in Chapter [5| in the context of the computation of bases of frac-
tional ideals in function fields. The results are extracted from [II]. A comprehensive

explanation and proofs can be found there.
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For any prime ideal p of F' lying over p(t) (resp. ms ), we consider the data

tp, fo(@), dp.

Additionally, we choose a root ¢, in Fp (resp. Ko ) and consider the local field Fp =
K,(0,) (resp. Fp = K(0p)). In particular, Fp is an extension of K, (resp. Ko ) of
degree n, = deg f,. As before, we denote by v, the discrete valuation on K induced by
the monic and irreducible polynomial p(t) and denote by ¢ its canonical extension to
an algebraic closure of K. The same applies to v, and K. Consider the topological
embedding ¢ : F' — Fp, determined by 6 — 6, (resp. 0 + 0)). Let vy be defined as
in and let v, = vy if we consider floo.

Proposition 1.4.7. For any integer 0 < m < ny, there ewist a monic polynomial
gm(z) € Aylx] (resp. Aso[z]) of degree m such that

0(gm(0p)) = 9(9(p)) — vo(g(2)),
for all polynomials g(x) € Ayz] (resp. Aso[z]) having degree m.

Note that the valuation condition from the last proposition do not depend on the
choice of the root 8, of f,.

Definition 1.4.8. We call g, (x) a divisor polynomial of degree m of f;.

Lemma 1.4.9. Let 0 < i < j < ny and g;(x), gj(x) two divisor polynomials of f,.
Then,

(g5 (0p)) = (gi(0y))-
Proof. Since 2/ %g;(z) € flp[x] is monic and has degree equal j, the last proposition
shows that
(g (0p)) = (05" gi(6p)) = 0(gi(6p))-
O

Let t, be an OM representation of the prime ideal p lying over p(t), with ¢-
polynomials ¢1, ..., ¢,.. We fix ¢g := z. Recall that m; = deg ¢;, for 0 < < r.

Theorem 1.4.10. For 0 < m < ny, we write uniquely

,
mi1

ng cmi, 0§ci<z7+.
0 my

1=

Then, gm(x) :=[1i_ ¢i(x) is a divisor polynomial of degree m of fy.
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1. FUNDAMENTALS

Definition 1.4.11. For a prime ideal p of F' we define
BP = {1,91(.’E), s 7gnp—1(x)}'

Note that, for a prime ideal p of Op, the set By is a subset of A[z]. For a prime
ideal p of OF, it holds By C Au[z].

The set of all g,,(8,)/p(t)2@m @Dl for 0 < m < ny, is an A,-basis of the integral
closure of A, in the finite extension K,(6,). This basis is called the Okutsu basis of
p. Analogously, the set of all gm(gp)/t—Lﬁ(gm(Gp))J, 0 < m < ny, is an A-basis of the

integral closure of K in the finite extension K (6,).
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2. Lattices over polynomial rings

The theory of lattices over the integers is an important tool in algebraic number theory.
The notion of lattices over Z has an analogous concept, lattices over polynomial rings.
The role of Z is played by k[t], the polynomial ring in an indeterminate ¢ over k. For
this ground ring, the theory of lattices becomes simpler. For instance, the problem of
finding a shortest vector in a lattice can be solved in polynomial time; whereas this
particular problem shall be deemed to be difficult in a lattice over Z. The theory
of lattices over k[t] is in substance due to Mahler [2I]. In the end of the the 20"
century lattices over polynomial rings (or Puiseux series rings) were applied in order
to factorize multivariate polynomials [I8] and to compute Riemann-Roch spaces in
algebraic function fields over C [30] or over F, [31]. In that context it is necessary to
determine a reduced basis (cf. Section of a lattice. This led to several reduction
algorithms [18] 24) 30], 3T, 35]; that is, algorithms, which transform any basis of a lattice
into a reduced one. While these methods cover particular cases we present a reduction

algorithm, which determines a reduced basis in a general setting (cf. Section .

2.1 Lattices and normed spaces

Although for many applications it is sufficient to deal only with lattices over the poly-
nomial ring A = k[t], we consider a more general situation.

Let Koo := k((t71)) be the completion of K at the place P». The valuation va
extends in an obvious way to K, and it determines a degree function on K., as in
Chapter || := —vso. Let Ay C Ko be the valuation ring of vs, and theg its maximal
ideal.

Consider a principal ideal domain R with field of fractions Kp C K. Typical
instances for R will be R = A, Ay, or Aoo.
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2. LATTICES OVER POLYNOMIAL RINGS

Definition 2.1.1. Let X be a finitely generated R-module. A norm, or length function
on X is a mapping
IIl: X — {—c0}UR

satisfying the following conditions:
L lz 4yl < max{[z]l, [[yll}, for all z,y € X,
2. |laz|| = |a| + ||z||, for alla € R, x € X,
3. ||z]| = —o0 if and only if x = 0.
Clearly, the degree function itself | | : R — {—oo} UR is a norm on R.

Remark 2.1.2. Let e > 1 be a real number. By using el | instead of | |, and ell I instead
of || ||, we would get the usual properties of a norm: ||0| =0, |laz| = |a|||z|. However,
we prefer to use additive length functions because then |a| € Z is the ordinary degree
of a, for any a € K. Another psychologically disturbing consequence of our choice is
the fact that a lattice may have negative volume (cf. Section .

Lemma 2.1.3. Let X be a finitely generated R-module and || ||: X — {—o0} UR a
norm on X, then for any x1,xe € X with ||x1| # ||x2|| holds

[[1 + o] = max{{|a ||, [[2]]}.

Proof. Since ||z1]| # ||z2||, we can assume |zi|| > ||z2|. Suppose that ||z + z2|| <
max{[lzi[], [[z2]} = llz1]]. We obtain [[z1] = |[(z1+22) —22| < max{|[z1+2al], [z2]} <

lx1]|, a contradiction. O
Definition 2.1.4. Let X be a finitely generated R-module. For r € R we define
X<y ={z e X ||z|| <r}, Xep={zeX||z| <r}

Definition 2.1.5. A lattice over R is a pair (L,|| ||), where L is a finitely generated

R-module, and || || is a norm on L such that
dimy L<, < oo, for allr € R.

For simplicity, we write L instead of (L, || ||).

Definition 2.1.6. A normed space over Kg is a pair (E,| ||), where E is a finite
dimensional Kg-vector space equipped with a norm || || such that (L,|| ||) is a lattice
for all finitely generated R-submodules L C E of full rank.
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2.1 Lattices and normed spaces

Lemma 2.1.7. Let E be a finite dimensional Kgr-vector space equipped with a norm
Il | admitting a lattice (L,|| ||) with L C E a full rank submodule. Then, (E,| ||) is a

normed space.

Proof. Let L' C E be a finitely generated R-submodule of full rank. Since there exists
an a € Kp\ {0} with aL’ C L and (L, || ||) is a lattice, we obtain

dimy, Llﬁr = dimg(al’)<, < 0o, for all r € R.

O]

Clearly, if (L, ||) is a lattice, then L ®r Kg is a normed space, with the norm
function obtained by extending || || in an obvious way. The second property in Definition
of a norm shows that L has no R-torsion, so that L is a free R-module and it is
embedded into the normed space L @ p K. Conversely, if (E, || ||) is a normed space,
then any R-submodule of full rank is a lattice with the norm function obtained by
restricting || || to L.

Asin Definition[2.1.1] many concepts can be introduced both for lattices and normed
spaces. By the above considerations it is easy to deduce one from each other. In the
sequel we give several definitions for lattices over A and we leave to the reader the

formulation of similar concepts for more general lattices or normed spaces.

Definition 2.1.8. A lattice homomorphism between two lattices, (L, || ||) and (L', ||'),
is an A-linear map, p: L — L' such that ||o(x)|| = ||z||, for all z € L.

A length-preserving A-module isomorphism is called an isometry between (L, || ||)
and (L', | [I').

A morphism between two normed spaces (E, || ||) and (E,| ||') is a K-linear map
¢ : E — E’ such that [|¢o(x)||" = ||z, for all z € E.

A length-preserving K-isomorphism is called an isometry between (E,| ||) and
(EL -

Definition 2.1.9. The orthogonal sum of two lattices (L, || ||), (L, || ||) is defined as:
LLL =(LeLl ), )] :=max{]z], ]},

forallxz € L, 2/ € L'. Instead of L | L we write for simplicity L™.
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2. LATTICES OVER POLYNOMIAL RINGS

Definition 2.1.10. Given a lattice L = (L, || ||) and a real number r, we define the
twisted lattice £(r) to be the pair (L, || ||"), where |z||" := ||z|| + r, for all z € L.
We define in a completely analogous way the twisted normed space E(r) of a given

normed space € = (E, || |)).

Example 2.1.11. The lattice O is by definition the pair (A, | |), where | | is the ordinary

degree function. Analogously, we define the normed space X = (K, | |).

Example 2.1.12. Let F'/k be an algebraic function field and denote P, (F') the set of
places over P, of F'. Then,

= min {—2rt))
PePo(F) Le(P/Px)
is a norm on F' and (F), || ||) becomes a normed space over K (cf. Theorem |4.0.1)).

Example 2.1.13. Let F'/K be as in Example [2.1.12] and for each place P of F' above
Ps, let Ep be the completion of F' at P. The function | ||p := —vp( )/e(P/Px) is a
norm on the finite dimensional Ks-vector space Fp. By fixing embeddings F < Fp,

we get a canonical embedding
F— J_p|pooﬁ'p, r (x,...,1).

The induced structure of a normed space over K that F' inherits from this embedding,
coincides with that described in Example [2.1.12

Lemma 2.1.14. Let (E,|| ||) be a normed space over K with dimg E =n and L C E

an A-lattice. For 1 <i <mn, consider
Ri = {max{||z1],..., |z} | z1,..., 2z € L are A-linearly independent }.
Then, r; := inf(R;) exists and is attained by some vector in L.

Proof. Suppose A1 > A2 > ... is a strictly decreasing sequence in R;. Then, we obtain
a chain of k-vector spaces
Loy, DLy, 2.

=

This is a contradiction to the fact that L is a lattice. O

Definition 2.1.15 (Successive minima). Let (L, || ||) be a lattice of rank n. The suc-
cessive minima of L are the real numbers r1 < --- < r, defined as in Lemma |2.1.1]).
For each 1 < i <mn, the number r; is minimal among all real numbers r € R for which

there exist A-linearly independent vectors x1,...,x; € L<,.
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2.2 Reduced bases

2.2 Reduced bases

We fix throughout this section a normed space (E, || ||) over K of dimension n. By a
basis of F we mean a K-basis. By a basis of a lattice L C E we mean an A-basis. Any
basis of L is in particular a basis of E. Conversely, any basis B of F, is a basis of the

lattice L := <B > 4 the A-submodule generated by B.

Definition 2.2.1. Let B = {by,..., by} be a subset of E. We say that B is reduced if

any of the following two equivalent conditions are satisfied:

1. |Jaiby 4+ -+ - + ambp || = max {||a;b;||}, for all ai,...,am € K.
1<i<m

2. |la1by + - -+ + ambm|| = max {||a;bi||}, for all a, ..., an € A.
1<i<m

The following observations are an immediate consequence of the definition of re-

duceness.
Lemma 2.2.2.
1. A reduced family is K-linearly independent.

2. Let B ={b1,...,bp} C E be a reduced set. Then, for any ai,...,a, € K*, the

set {aiby,...,ambn} is reduced.
Definition 2.2.3. A reduced basis of E is a reduced family of n vectors B = (by,...,by).

For a basis B = (b1,...,b,) € E", denote by ¢3 : E — K" the K-isomorphism

mapping x € F to its coordinates in K™ with respect to the basis B.

Lemma 2.2.4. Let B = (by,...,b,) € E" be a basis of E with the vectors ordered by
increasing length:

ri= (ool < - <= [[ba-
Then, the following conditions are equivalent:
1. B is a reduced basis of E.
2. cp: E—X(r1) L+ LX(ry) is an isometry.

3. The lattice L := (‘B >A is isometric to O(ry) L -+ L O(ry).

31



2. LATTICES OVER POLYNOMIAL RINGS

Proof. The fact that cg is an isometry is a reformulation of condition I of Definition
Analogously, the fact that the A-isomorphism

n
L—)An, ZaibiH(al,...,an)

i=1
is an isometry between L and O(ry) L --- L O(r,) is a reformulation of condition 2 of
Definition 2.2.7] O
Proposition 2.2.5. Let B = (by,...,b,) € E™ be a reduced basis of E with

rpi= b < <= -
Let L = <B >A be the lattice generated by B. Then,
1. The set ||E|| :== {||z|| | * € E} of all lengths of vectors in E is the discrete subset:

BN\ {=0c})/Z = (r1+Z)U---U(rn +Z) CR/Z.

2. r1 <--- <1y are the successive minima of L.
3. For any r € R, the following family is a k-basis of L<,:
(it |1<i<n, 0<j <|r—ri}

In particular, take rg := —00, rpy1 := 00 and let 0 < k < n be the index for which
e <17 <7Tgy1. Then,

K
dimg L, =) (lr = i) +1).
i=1
Proof. The length of any nonzero vector z = > ; a;b; € E is of the form

]l = max {lla:bill} = laj[ + |[bs]l = laj| +r; € rj + 2.
<i<n

This proves the first item.
For any 1 < j <n, the vectors x = Y 1 ; a;b; € L satisfying

sl > o = ma {lacbe]}

lie necessarily in the submodule < bi,...,bj—1 > - Hence, for any A-linearly independent
family z1,...,z; € L, we know that
max{||z1],..., [lz;[I} > 1651,
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2.2 Reduced bases

because the elements x1,...,z; cannot all lie in the submodule <bl, o big >A, which
has rank j5 — 1. This proves the second item.

For the last statement, the element z = " | a;b; belongs to L<, if and only if
o)l = ma (llaibl}} < r.
This is equivalent to ax4+1 = -+ = a, = 0 and
la;| <1 —ry, 1<i<k.

The subset of all polynomials a € A satisfying |a| < r — r; is a k-vector subspace with
basis 1,¢,...,tI" "], This ends the proof of the last item. O

The following observation is a direct consequence of item 1 of Proposition [2.2.5

Lemma 2.2.6. For any real numbers r < s, the set | E| N [r,s| is finite.

The most relevant property of a reduced basis is that the lengths of the vectors attain
the successive minima of the lattice generated by the basis. Actually, this property
characterizes reduceness as shown by Theorem below. This fact guarantees the

existence of reduced bases in any normed space.

Lemma 2.2.7. Let (L, || ||) be a lattice and ry < --- < 1y, its successive minima. Choose
bi...,bm € L such that [|bi|| =71,..., ||[bm|| = rm. Then, {bi,..., by} is reduced.

Proof. We apply induction on m. Clearly, for m = 1 the statement is true.
Assume the statement holds for m — 1. We take ay,...,a,, € A and set u :=
airb1 + -+ am—1bm—1. We have to show that

[+ ambm|| = max{|[ul], ||ambm]|},

since by induction hypothesis it holds ||u| = maxi<;<m{||aibi||}. For ||u|| # ||ambml]]
the statement yields by Lemma [2.1.3

Suppose [|ul| = [|ambm || = |am| + rm and [[u + ambm || < max{||ull, [ambmll} = ||ull.
In particular, we have a,, # 0. We write a,, := A\pt®™ + al,, where )\, € k* and
lal,| < |am| = am. We fix I := {1 < j < m | |labi|]| = |Ju||}. For j € I we write

a; == \t™ + al, where \; € k* and |a}| < |a;| =: o;. Then,

WA b = At by + At by + 0,
iel
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2. LATTICES OVER POLYNOMIAL RINGS

where u’ collects all summands with strictly lower norm than |ull. We set uy :=
Y icr Ait®ib;. Since ||u 4 ambn|| < |lul|, we obtain

HU() + )\mtambmH < HUH = |al| +ri=a;+mr;, YielU {m} (2.1)

Since r; < 7y, we have oy, < o; for i € I. By ([2.1) we deduce b := t~%"ug + A\by, € L

with ||b|| = —aum + [|uo + At b || < 7. Since by, ... by—1,b are linearly independent

in L, we have a contradiction to the minimality of r,. O

Theorem 2.2.8. Let L C E be a lattice and r1 < --- < 1, its successive minima. Let
B = (b1,...,by) be a family of elements in L such that ||b;j|| = ri, for all 1 < i < n.
Then, B is a reduced basis of L.

Proof. From Lemmas 2.2.2] and 2.2.7] we know that B is reduced and a linearly inde-
pendent family. Thus, we only have to show that B generates L.

Assume there exists an element b € L with b ¢ (B ) ,. Since B is a K-basis of E,
we obtain b = Y"1 | \;b; with at least one \; € K\ A. Weset [ :={1<i<n|\ ¢ A}

and consider

dAbi=b— > b€l (2.2)

il ie{l,..n\I

As the set B is reduced, it holds

5

i€l

= max{[[A:bi[} = [[As05]],

for some j € I. If [A\j| > 0 we can write \; = a + \; with a € A and \} € mg
and subtract ab; in (2.2)) from both sides. Therefore, we can assume that [\;| < 0
and get [|> ,cr Aibill < [[bjll = 7;. By setting b} := >7,; A\ib;, we obtain the set
{b1,...,bj_1, b;-, bj+1,...,bn} of A-linearly independent elements in L. This is in con-

tradiction with the minimality of ||b;|| = r;. O

Normed spaces always admit reduced bases, and this is a crucial property, which

follows immediately from the last theorem.

Corollary 2.2.9. Every lattice admits a reduced basis.
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2.3 Reduceness criteria

2.3 Reduceness criteria

In this section we define a reduction map, which leads us to a practical criterion to
check wether a basis in a normed space (E, || ||) is reduced or not. For any r € R the
subspaces

B ={zcE|lz]|<r} > Eq ={zec Bz <r}

are As-submodules of E such that mE<, C E,. Their quotient,
Vi = Egr/E<r
is a k-vector space, and it admits a kind of reduction map:
red,: E<, — V., z—=z+ E_,.

Clearly, V. is nonzero if and only if r € || E]|.

Definition 2.3.1. For any B C E and p € R/7Z, we denote
B,i={be B | |b] +Z = p}.

Clearly, if B does not contain the zero vector, then B admits a partition:

B= |J B,

PER/Z
By item 1 of Proposition only a finite number of subsets B, are nonempty.

Lemma 2.3.2. Let B = (by,...,bn) be a basis of E, and let B = {J,cp/z B, be the
partition determined by classifying all vectors in B according to its length modulo Z.

Then, B is reduced if and only if all subsets B, are reduced.

Proof. Any subset of a reduced family is reduced. Thus, we need only to show that B
is reduced if all B, are reduced.

Let I :={p € R/Z| B, # 0}. We have £ =P ¢,
E generated by B,. Take ay,...,a, € K and let z = ;" | a;b;. This element splits

E,, where E, is the subspace of

as T = T, where x, = ZbiEBp a;b;. Since all values ||z, are different (because
llasbs|| = ||bs|| mod Z), we have ||z|| = max,er{||z,||}. On the other hand, since all B,

are reduced, we have ||z, = maxy,cs,{[|a;b;||}. Thus, B is reduced. O

The next result is inspired by a criterion of W.M. Schmidt [30, B1], which was

developed in the context of Puiseux expansions of functions in function fields.
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2. LATTICES OVER POLYNOMIAL RINGS

Theorem 2.3.3. Let B be a basis of E, I := {||b|| +Z | b € B} C R/Z, and let
B = Upel B, be the partition determined by classifying all vectors in B according to its

length modulo Z. For each p € I choose a real number r € p, and write
bl =7 —my, my€Z, forallbe B,

Then, B is reduced if and only if the elements {red,(t"*b) | b € B,} C V, are k-linearly
independent for all p € 1.

Proof. By Lemma [2.3.2] we can assume that all elements in B have the same length
modulo Z. Thus, I = {p} contains a single element and ||t"*b|| = r for all b € B.

By Lemma B is reduced if and only if {t"b | b € B} is reduced. Thus, we
may assume that m; = 0 for all b € B; or equivalently, ||b|| = r for all b € B.

Suppose B is reduced. Let (€)pen be a family of elements in k, not all of them

equal to zero. By reduceness,

|5, o8] = massenlestl} = . 2.9

Hence, the family {red,(b) | b € B} C V, is k-linearly independent.

Conversely, suppose that this family is k-linearly independent. Then, holds
for any family (ep)pen of elements in k, not all of them equal to zero. Now, let (ap)pes
be a family of elements in K, not all of them equal to zero. Let m = maxpcp{|as|},
and C = {b € B | |ay| = m}. Clearly, maxpep{|lapb||} = m + r, and we want to show
that [| > ,cp apbl| = m +r. Since || 32,00 apbl| < m +r, it is sufficient to check that
| > pee avbl| = m 4. For all b € C, if we write a, = et + a;, with |ay| < m, we have
again || Y, ce apbl| < m 47, so that we need only to show that || Y, e et™b]| = m + 7,
which is true by . Thus, B is reduced. O

Corollary 2.3.4. Let B be a reduced basis of E, and r € ||E||. Consider the subset
C:={be B||b|| =r mod Z}, and write

bl =r —my, my€Z, forallbeC.
Then, (red,(t™b) | b € C) is a k-basis of V.. In particular, it holds dimy, V; = #C.

Proof. By the previous theorem, this family is k-linearly independent. Let us show
that it generates V;. as well. Suppose = € E has ||z|| = 7, and write it as . = ) ;g apb,

for some a; € K. By reduceness,

= = b = b - t_mb .
r = |lz]| = max{[lasb|l} = max{faybll} = r + max{layt™"*[}
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2.4 Orthonormal bases and isometry group

Hence, |ap| < my, for all b € € and € := {b € C | |ap| = mp} # 0. For every b € C we
write ap = et + ay, with €, € k* and |a;| < m;. Arguing as we did at the end of the
proof of Theorem we see that x € ) ;e et b + Ep. O

Notation 2.3.5. Let L be a lattice of rank n, and r1 < --- < ry, its successive minima.
We denote by

sm(L) = (ri,...,m), Sm(L)={ri+Z,...,rn+7Z},
the vector of successive minima of L and the multiset formed by their classes in R/Z.

Lemma 2.3.6. Let E be a normed space. All lattices L C E have the same multiset

sm(L). We denote by sm(E) this common multiset.

Proof. Let L be a lattice in (E,|| ||). By Corollary there exists a reduced basis
B = (b1,...,b,) of L. By Proposition the underlying set of sm(L) coincides with
the image of the set ||E|| \ {—occ} under the mapping R — R/Z. Finally, for each
p =1 + Z with r; € R, the multiplicity of p as an element of the multiset Sm(L) is the
cardinality of the set B, from Definition 2.3.1 By Corollary this multiplicity is
#B, = dimy, V;, for any r € p. Thus, the set sm(L) depends only on E and not on L.

O

Corollary 2.3.7.
Two lattices L, L' are isometric if and only if sm(L) = sm(L').

Two normed spaces E, E' are isometric if and only if sm(E) = sm(E").

Proof. By the existence of reduced bases, Lemma [2.2.4] and Proposition [2.2.5] the two

statements are equivalent to:

Or)=20() =r=1r

Kr)2XK(r) <= r+Z=1r"+1Z,

respectively, for any given real numbers 7,7’ € R. These equivalences are an immediate
consequence of Autg(A) = k* and Autg(K) = K*, respectively.
O

2.4 Orthonormal bases and isometry group

Definition 2.4.1. Let E be a normed space and B = (by,...,b,) a reduced basis of E.
We say that B is orthonormal if —1 < [|by]| < -+ < ||by|| < 0.
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2. LATTICES OVER POLYNOMIAL RINGS

Clearly, two orthonormal bases of the same normed space E have the same multiset
of lengths of their vectors.
The aim of this section is to describe maps between normed spaces. In particular,

we want to derive properties of the transition matrices between orthonormal bases.

Definition 2.4.2. The set of all isometries (E,| ||) — (E,|| ||) is denoted by
Aut(E, || )-

This set has a natural group structure. We call it the isometry group on the normed
space (E, || []).

Lemma 2.4.3. Every morphism of normed spaces is injective and maps a reduced set

to a reduced one.

Proof. Let (E, || ||) and (E’, || ||') be normed spaces and {by, ..., by} be a reduced set in
E. We consider a morphism ¢ from (E, || ||) to (E',|| ||'). Since ¢ preserves the length
of the vectors, necessarily Ker(¢) = {0} and ¢ is injective. For any Aj,..., A\, € K it

holds
m , m |
H 2)%0(1%) = H Zl)\ibi = 1%33);1{“/\117"‘} = 1%%),(71{”)‘1‘p(bl)” }’
so that the set ¢(B) is reduced. -

Lemma 2.4.4. Let (E,| ||) and (E',| ||') be normed spaces with sm(E) = sm(E’) and

¢: E— E' be a K-linear map. Then, the following statements are equivalent:

1. The map p is an isometry.
2. The map ¢ sends orthonormal bases of E to orthonormal bases of E'.

3. The map ¢ sends a fived orthonormal basis of E to an orthonormal basis of E'.

Proof. The first statement implies the second one by Lemma [2.4.3] and the second one
implies trivially the third one.

We show that the third statement implies the first one. Since ¢ maps an orthonor-
mal basis B = (by,...,b,) of E to an orthonormal basis ¢(B) of E’, the K-linear map

¢ is an isomorphism. As sm(FE) = sm(E’), the two sequences of lengths
“L<biff <o < lbal <0, =1 < fleb)ll" < -+ < lp(bn)I" < 0

coincide. Therefore, for any = € E with = > ; A\;b;, we have

"= @)

lafl = macx {[IAdbil[} = max (b} = | > duplt)
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2.4 Orthonormal bases and isometry group

O]

Definition 2.4.5. Let m = mj + - - - +m, be a partition of a positive integer m into a
sum of positive integers. Let T be an m X m matriz with entries in As. The partition

of m determines a decomposition of T' into blocks:
T =(Ty), TyeAL™, 1<ij<k

The orthonormal group O(my,...,mu, Ax) is the set of all T € AZL*™, which

satisfy the following two conditions:
1. Ty € GLy, (Ax), for all1 <i < k.
2. Ty € mog ™, for all j > i.

Theorem 2.4.6. The orthogonal group O(mi,...,my, As) is a subgroup of

GL(Ax). In particular, the determinant of a matriz in O(my,...,m., K) belongs
to Uss.
Proof. The image of T € O(my,...,my, Asx) under the reduction homomorphism

As = Aoo/Mmoe = k is an invertible matrix; hence detT € Uy and T is an invert-
ible matrix. On the other hand, it is clear that O(my,...,mx, Ax) is stable under

matrix multiplication and inversion. O

Theorem 2.4.7. Aut(K") = GL,,(Aw).

Proof. Denote || || the norm of the normed space X"™. Then, X" = (K", | ||) with
(A1, s An)|| = maxi<i<n{|Ni|}. For T" € GL,(K) the map T : K™ — K™ is an

isomorphism. Denote by B = (ey,...,e,) the standard basis of K". Since B is an
orthonormal basis of X", by Lemma the map T is an isometry if and only if
B = (e1T,...,e,T) is an orthonormal basis. That is, for an isometry T the rows built

an orthonormal basis and have in particular length equal 0; hence T' € GL,,(K)N A",
We apply Theorem to the rows T1,...,T, of T. Then, T is an isometry if and

only if the rows of T are linearly independent mod m(,. This is equivalent to the fact

that 771 mod ml,, ..., T, mod m?, are linearly independent over Ay, /mqy = k. Clearly,
the last statement holds if and only if det 7' ¢ my, or rather | det T'| = 0. Thus, we have
shown that 7" is an isometry if and only if 7' € GL,(Ax). O

Corollary 2.4.8. Forr € R it holds Aut(K"(r)) = GLp(Ax).
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Proof. Denote || || the norm of the normed space X" and || ||’ the norm of X"(r). By

definition it holds || ||" = || || + 7. Then, we prove the statement analogously to the
proof of Theorem having in mind that an orthonormal basis of K" (r) is t~["1B,
where B is the standard basis of K". O]

Theorem 2.4.9. Let —1 <71 <--- <1y <0 be a sequence of real numbers. Then, for

mi, ..., Mg € Zsq it holds
Aut(LE K™ (r;)) = O(my, ..., My, Axo)-

Proof. Let E' := L% X™i(r;) and denote by || || the norm on E’. Note that the norm
is defined by

(21, ..oy zn)|| = max{|z1]| + 71,y |Zmy |+ 715 [Znempt1] F Thy - ooy |20] + 76}
(2.4)

By Lemma Aut(E") consists of the matrices T' € GL,(K) whose rows form an

orthonormal basis of E’. Let us show that this property characterizes the matrices in

O(mi,...,my, Ax). To this end, we will use the following:

Claim:

Let i € {1,...,x} and by,...,by, € E'. It holds ||b1]| = -+ = |bm,| = 7, and
red,, (b1),...,red,, (by,) are k-linearly independent if and only if the following two con-

ditions are satisfied:

Lobp= (bigs---5bny) € AL, forall 1 <1 < mj; and bj; € my, for m+m; < j <n

with m := Zg;ﬁ m;.
2. Q:=(bjy |1 <1 <my,m<j<m+m;) € GLy, (Ax).

The statement of the theorem follows immediately from the claim. In fact, for any T" €
Aut(E"), Lemma and Theorem show that the rows of T' form an orthonormal
basis of E’ if and only if the x subfamilies of the set of rows determined by the partition
n =mq + - -+ + m, satisfy the condition of the claim. By the claim this is equivalent
to T' € O(my, ..., my, Ax) (cf. Definition [2.4.5)).

We have to prove the claim. By (2.4), ||bi]| = 74, for 1 < 1 < my, is equivalent to
item [I] since -1 <r; <--- <r, <O0.

Note that b;e; € E<,,, for all 1 < j < m (because |bj;| <0, |le;|| < ;) and for all
m+m; < j <n (because |bj;| < -1, |lej|| =r; <ri+1).
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For g € Uy, denote by LC(g) € k*, the quotient of the leading coefficient of the
numerator and denominator of g; for ¢ € my, we set LC(g) := 0. Clearly, g €
LC(g) + mo, for all g € As. The above remarks show that

n m+m;
b = Z ijlej S Z Lc(bj,l>€j + Ecrys
j=1 j=m+1

for 1 <1 < m,;. Clearly, red,, (b1),...,redy, (by,) are k-linearly independent if and
only if the determinant of Q" := (LC(b;1)1<i<m,m+1<j<m-+m,) belongs to k*. The last
statement is equivalent to @ € GL,,,(As). This finishes the proof of the claim. O

Since every normed space (E, || ||) is isometric to some L5 K™ (r;) (Lemma |2.2.4]),
Theorem reveals the general structure of Aut(E, || ||).

Lemma 2.4.10. Let B’ be an orthonormal basis of E and let mq, ..., m, be the multi-
plicities of the lengths of the vectors of B'. Then, a basis B of E is orthonormal if and

only if the transition matriz from B to B’ belongs to O(myq,...,my, Aso).

Proof. Denote E' := L K™i(r;), where r1,...,7, are the pairwise different lengths of
the vectors in B’. The transition matrix 7" from B to B’ determines a K-isomorphism

T : E' — E' fitting into the following commutative diagram:

E-2 ., F

N

El

By Lemma [2.2.4] ¢y is an isometry. Hence, T is an isometry if and only if ¢z is an
isometry. By Theorem m T is an isometry if and only if T € O(my,...,my, Aco)-
Since cgl sends the standard basis of K™ to B, Lemma shows that cgl is an

isometry if and only if B is an orthonormal basis. This proves the lemma. O

Definition 2.4.11. Let B be an orthonormal basis of a normed space . The signature
of E is defined to be

Sig(E) :={||b|| +Z | b € B} C R/Z.

Clearly, this definition is independent of the choice of the orthonormal basis B.
Actually, Sig(FE) is the underlying set of the multiset sm(F), as we saw in Lemma

2.9.0]
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2.5 Determinant and orthogonal defect

In this section we define certain invariants for lattices and normed spaces, the determi-

nant of a lattice and the orthogonal defect of a basis.

Definition 2.5.1 (Volume). Let E be a normed space and B be a basis of E. We define
the volume of B as vol(B) := >, .5 ||0]].

We define the volume of E as the volume of any orthonormal basis of E. The
volume of a lattice L is defined to be the volume of a reduced basis of L. We use the

notation vol(E) and vol(L), respectively.

Definition 2.5.2 (Determinant). Let B be a basis of a normed space E. We define
the determinant of B to be the index

d(B) = [(B') - (B)4] € Ia,
where B’ is an orthonormal basis of E.

Definition 2.5.3. Let L be a lattice inside a normed space E. We define d(L) € 14 to
be the determinant of any basis of L. We call d(L) the determinant of L.

Lemma 2.5.4 (Hadamard’s inequality). Let B be a basis of E. Then,
|d(B)| < vol(B) — vol(E).

Proof. Let B = (by,...,b,) and let B’ = (¥],...,b),) be an orthonormal basis of E.
Let T = (t;;) be the transition matrix from B to B’. Since B’ is reduced, for every

1 <14,7 <n, we have

3041 < max {ltabll} = 101
Hence, every summand of det T, corresponding to a permutation 7 of the set {1,...,n},
has degree:
‘tl,T(l) T tn,T(n)‘ = ’tlﬂ'(l)’ +ot ’tn,r(n)‘
< oall = o7yl + -+ Nbwll = 1165y
= vol(B) — vol(E).
Thus, |det T'| < vol(B) — vol(E). O

Definition 2.5.5 (Orthogonal defect). The difference
OD(B) := vol(B) — vol(E) — |d(B)| > 0

is called the orthogonal defect of B.
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If B is orthonormal, then vol(B) = vol(E) and |d(B)| = 0, so that OD(B) = 0.

Lemma 2.5.6. Let B = (by,...,b,) be a basis of E. Then, for any element x =
>y aib; € E, we have

llaibi|| < ||z]| + OD(B), for all 1 <i<n.

Proof. Let B’ = (b},...,b),) be an orthonormal basis of E, and T the transition matrix
from B to B’. We have z = > | ¢;b/, for

(a1...apn)T = (c1...cpn).

Since B’ is reduced, ||z|| = maxi<ij<n{|ci|+|0}]|}. By Cramer’s rule, a; = det 7"/ det T,
where T’ is the matrix whose rows are the coordinates of by,...,b;—1,2,biy1,...,by

with respect to B’. Arguing as in the proof of Hadamard’s inequality, we get
[det 7] < S [byl| + [J]] — vol(E).
J#
Hence,
llasbill = lai| + [|bs]| = | det T — | det T'| + ||bs|]
<||z|| + vol(B) — vol(E) — | det T|
= ||lz|| + OD(B).

Theorem 2.5.7. A basis B is reduced if and only if OD(B) = 0.

Proof. If OD(B) = 0, the lemma above shows that for any x = > _." | a;b; € E, we have
||z|| > ||aibi||, for all i. Hence, ||z|| = maxi<;j<n{|la:bi||}, and B is reduced.
Suppose the basis B is reduced. Let m; = —[||b;]|] € Z, so that the basis B’ =

(t™1by,...,t""by) is orthonormal. If we take m = >_" | m; then, clearly
vol(B') = m + vol(B), |d(B')] =m + |d(B)].
Therefore, OD(B) = OD(B’) = 0. O

Lemma 2.5.8. Let E be a normed space, L C E a lattice and B = (by,...,by) a
reduced basis of L. Then, the determinant of L satisfies

n

(L) = _TlIb1-

i=1

43



2. LATTICES OVER POLYNOMIAL RINGS

Proof. Since B is a reduced basis, the family B’ := (¢"1by,...,t""b,) with m; =
—[Ibi]|], for 1 <4 < n, is an orthonormal basis of E' and T := diag(¢t~™,...,t" ™) is
a transition matrix from B to B’. By definition, |d(L)| satisfies

n

(L) = |det T| = = > m; =Y _[|lbilll.
1=1

i=1

2.6 Transition matrices between reduced bases

In this section we consider properties of transition matrices between reduced bases.

Definition 2.6.1. The real numbers ry,...,ry are said to be ordered modulo Z if
ri — [ril <rj—[rjl,
for1 <i<j<m.
The next result is an immediate consequence of the definitions.

Lemma 2.6.2. Let B = (by,...,b,) be a basis of E such that the sequence r; =
161, - -, 7 = ||bn|| is ordered modulo Z. Then, the family B is reduced if and only if

(t_“ﬂbl, el t_“’"]bn) 1s an orthonormal basis.

Clearly, a family of real numbers rq,...,r, ordered modulo Z always induces a
partition of m into a sum m = mj + --- + m, of positive integers. If we denote

s;:=1; — [ry] for all 1 < i < m, we have
_1<31:"':3m1<5m1+1:"':3m2<"'<3mn+1:"':3m§07

where k = #{r; + Z | 1 <i < m}.

Corollary 2.6.3. Let ry,...,7, be real numbers, which are ordered modulo Z, and let
n=mi+---+my be the induced partition of n into a sum of positive integers. Then,
it holds

Aut(LF K™ () = D-O(my, ..., Mg, As) - D71,

where D := diag(t[™1, ... ¢[m]).

Proof. Denote E := L% KX™i(r;) and E' := L KX™i(s;), where s; := r; — [r;]. The

matrix D determines an isometry D : E — FE’, and the result follows from Theorem
2.4.9 O
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Proposition 2.6.4. Let L be a lattice in a normed space E and let B' = (b),..., b))

and B = (by,...,by,) be bases of L, such that the two sequence of real numbers r :=
04 ]s - -y 7 == ||UL,]] and ||b1]l, ..., ||bnll are ordered modulo Z. Suppose B’ is reduced
and let n=mj+---+mg be the (by r1,...,7my,) induced partition of n into a sum of

positive integers. Then, B is reduced if and only if the transition matriz from B to B’
belongs to D - O(my, ..., my, As) - D=1, where D := diag(t/™1,... ¢["=1).

Proof. We consider B’ := (¢~ I"1p,,... . t=[™1p/) and B := (¢~ T10llp, .. ¢=lealllp,)
two bases of E. The vectors of B’ and B have || ||-value in the intervall (—1,0] and the
basis B’ is orthonormal. By Lemma B is reduced if and only if B is orthonormal.
Denote by T the transition matrix from B to B’. By Lemma the basis B is

orthonormal if and only if T € O(my, ..., mu, Ax). Then, the proposition follows from
the fact that D - T - D~ is the transition matrix from B to B’. ]
Lemma 2.6.5. Let B’ = (b),...,b),) be an orthonormal basis of a normed space E and

B = (b1,...,by) be any basis of E such that |b}]| = ||b;]| mod Z, for 1 < i < n. The
transition matriz T from B to B’ satisfies |det T| = > i [||bi|l] if and only if B is

reduced.

Proof. Suppose |detT'| = Y"1 | T||b;]|]. By the definition of the orthogonal defect, it
holds:

OD(B) = vol(B) — vol(E) — [det T| = Z 164l = Z 93 — ZH!b IT=

since ||b;]| — [||b:||] = ||b}]| by assumption. Hence, by Theorem the basis B is
reduced. If B is reduced we are in the situation of Lemma 2.5.8 O

2.7 Reduction algorithm

A reduction algorithm is an algorithm, which transforms any family of nonzero vectors
in a normed space into a reduced one, still generating the same A-module.

In the literature there are several reduction algorithms for particular normed spaces
[16], [18] and [31]. In this section our goal is to describe such a reduction algorithm for
arbitrary real-valued normed spaces. For the reader’s commodity we assume that the
initial family of nonzero vectors is a basis of the normed space.

Let B = (b1,...,b,) be a basis of a lattice L in a normed space E. The aim of a

reduction algorithm is to compute a reduced basis of L. In practice, we work out this
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problem by using coordinates with respect to an orthonormal basis B' = (b],...,b]) of
E. Let
—1<rm<r<--<rp <0,

be the lengths of b},...,b),, so that E is isometric to L ; K(r;) through the map
sending each z € E to its coordinate vector with respect to the basis B'.

The image of L in L} ; K(r;) is the lattice generated by the rows of the transition
matrix T = T(B — B’) € GL,(K) and the aim of the reduction algorithm is to find
R € GL,(A) such that the rows of RT are a reduced set of vectors.

We may always assume that T" has polynomial entries; that is,
T € GL,(K) N A™*™.

In fact, for 1 < i < n, let g; € A be the least common multiple of the denominators of

the entries in the i-th column of T, and denote s; = r; — |g;|. We consider the isometry
e L K(r) — L K(s), (z1,-..,20) = (Z191, -« -, Tngn)-

This isometry sends the lattice generated by the rows of 1" to the lattice generated by
the rows of T" := T diag(gx, - - -, gn). The matrix T” belongs to GL,,(K)NA™*™ because
it is obtained from 7" by multiplying their columns by g1, ..., g, respectively.

2.7.1 Reduction step
Our reduction algorithm is based on an iterated performance of a reduction step.

Definition 2.7.1 (Reduction step). Let B = (b1,...,b,) be a basis of a normed space
(E,|| 1]). A reduction step is a replacement of some b; € B by Zj = b; + a such that

HE]H < ||bj|l, where o is an appropriate A-linear combination of by, ..., bj_1,bj41,...,by.

Clearly, B = (b1,..., bj,l,gj, bjt1,-..,by) is still a basis of the lattice <B >A gener-
ated by B. Any reduction step keeps invariant the value |d(B)| and decreases the value
vol(B) = > ycq ||b] strictly. Since OD(B) = >, [|b|| — vol(E) — |d(B)| is bounded
by 0 from below, after a finite number of reduction steps we obtain a reduced basis by
Theorem and Lemma 2.2.6

In practice, we shall fix an orthonormal basis B’ of E' and work in coordinates with
respect to B’; thus, we represent the input basis B as the matrix T = T(B — B') €
GLy(K). The aim is to find R € GLy(A) such that RT = T(B — B’) is the matrix
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of a reduced basis B. The matrix R = T(@ — B) will be obtained as a product,
R =Ry -Ryx_1--- Ry, where each R; represents the concatenation of several reduction
steps.

The following lemma is well known.

Lemma 2.7.2. Let LT,,(k) C GL,,(k) be the subset of all matrices which, up to
permutation of its rows, are a lower triangular matrix with diagonal entries equal to 1.
For any M € K™*™ there exists a matriz P € LT,,(k), such that PM is in row echelon

form.

2.7.2 The case X"(r)

For convenience, we deal at the beginning with the “simplest” normed space E := K" (r)
with » € R. Later we consider arbitrary normed spaces. Denote || || the norm on E;

that is, for z € K™ we have

Jall = 1,2 = e (il +

Since a basis of E is reduced if and only if it is reduced as a basis of X", we could
assume that » = 0. Although there already exist several detailed descriptions of a
reduction algorithm for this particular normed space (for instance [18], [24]), we want
to review it in the case r # 0, which will be useful in regard to its generalization to
arbitrary normed spaces. Since ¢ : E — E' := K*(r'), 2z~ tI" . 2z with v/ ;= — [r] is

an isometry, by Lemma [2.4.3] we can assume that —1 < r <0.

Reduceness criterion

We want to derive from Theorem [2.3.3]a reduceness criterion for this particular normed
space. Recall that sm(F) is the multiset {r + Z,...,r + Z} of cardinality n and
V. = E<,/E., has dimension n as a k-vector space (Corollary . By The-
orem the basis B = (by,...,b,) of E is reduced if and only if the vectors
redr(t_[||b1||]b1), . ,redr(t_mbnmbn) € V, are linearly independent. We are interested
in a computational realization of red,(z), for z € E<,. Denote by B’ := (ey,...,ey) the
standard basis of K™, which is an orthonormal basis of E. For z = (z1,...,2,) € E<,,

we obtain z = Y1 | zie; with |z <O0.
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Definition 2.7.3. Any g € Ay can be consider as an element in Ko = k((t71)). We
write g =Y o0 ait ™" with m = vso(g9) € Z>o and a; € k and define

ap €k ifm=0,
0ek if m > 0.

LC(g) :=

Note that the leading coefficient of a polynomial g € A of degree m coincides with
LC(g/t™). If |g| < m, then LC(g/t™) = 0.
Any rational function f € A can be uniquely written as f = LC(f) + uy with

uf € My. In particular, z; = LC(z;) + u; with u; € my and

n n
z= ZLC(zi)ei + Zuiei,
i=1 i=1

where Y " | uje; € E-,. Hence, red,(z) = red, (31" ; LC(z;)e;) = > i LC(%;) red, (e;).
By Corollary the family red,(e1),...,red,(e,) is a k-basis of V;.. Hence, we may

consider the k-isomorphism:
Vo = k", red, (Zze) s (LC(21), ..., LC(2n)) (2.5)
i=1

attaching to any element in V;. its coordinate vector with respect to that basis. Through

this isomorphism, we may represent red,(z) by the vector:
(LC(21),...,LC(zn)) € k™
Therefore, the next statement follows directly from Theorem [2.3.3]
Corollary 2.7.4. The basis (b1,...,b,) of E is reduced if and only if
rank((LC(t0Tb; ;)1 <n) = n,
where by = (bi1, ..., bin), for 1 <i<n.
Corollary provides a comfortable criterion to decide whether a basis of E is
reduced or not.
Example 2.7.5. Let K = Q(t) and E = X2. We consider B = (by, ba) with
by=(2t+1,1), by =(t" 4 2,2t5).
Clearly, ||b1|| = max{|(2t+1),|1|} = 1 and ||b2|| = max{|t"+2], |2t} = 7. We consider
. LC(2) LC(3 2 0
M o= (LO( b)) .y = ( LCE”:??; LCE%; > = ( Lo ) € Q¥<2.
Since rank(M) =1 < 2, Corollary shows that the basis B is not reduced.
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Realization of a reduction step

Our algorithm will realize several reduction steps at once. We order by,...,b, by
increasing length, ||b1]] < -+ < ||by||. For 1 < i < n, let b1, ..., b, be the coordinates
of the vector b; with respect to the orthonormal basis (e, ...,e,), the standard basis

of K™ We set T := (b1 ...bn)" = (bij)1<ij<n = T(B — B’) and consider
T = ding(t=T0 . ¢=Tlnllyp — (= Tlexly, = Tloally, yor

The rows of T are vectors in E and have by construction norm equal to . We fix the
matrix

M = (LC(tPillTh; ))1<i jen € K0,

whose rows are representations of red, (t=1P1lp,), .. red,(t/=1*!1p,), and transform
M into row echelon form M’ := PM with P = (p; ;) € LT,(k), a lower triangular
matrix with diagonal entries equal to 1, up to a permutation of its rows (Lemma|[2.7.2)).
For convenience, we assume that P is already a lower triangular matrix.

The rows of P which correspond to the zero-rows of M’, give us non-trivial expres-
sions of the zero vector in k™ as k-linear combinations of the rows of M. Through the
isomorphism V, 2 k™ from , this corresponds to non-trivial expressions of the zero
vector in V, as k-linear combinations of redr(t_[”bl”]bl), . ,redr(t_[”b"”]bn).

For any 1 < j <, let the j-th row P; of P be:
Pj = pj1--pjj1pjj=10---0),
so that, the j-th row of PT" is:

b; = ijvifﬂlbi\ﬂbi + t*HlbjIHbj_
1<J
Let m := rank(M) and let P’ be the lower triangular matrix with rows Pj,..., P}
defined by
e; ifj<m
p={o
P, if j >m.

For 1 < j < m we define Ej := b; while for m < j < n we take

By o l10g, = 5 llsN=T0il T, (2.6)
1<j
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Thanks to our assumption ||b1]| < -+ < ||by]|, each Ej is equal to b; plus an A-linear

combination of by, ..., b,. Clearly, the family B = (gl, ...,by) is a basis of the lattice

(B)a
Clearly, the transition matrix R = T'(B — B) is given by

R = diag(¢/00 . 4llally . pr . giag(e= Tl = Tlenlly (2.7)

Note that R is a lower triangular matrix with diagonal entries equal to 1 and it belongs
to GL,(A), because ||by]| < --- < [|ba]l-

By construction, through the isomorphism (2.5)) red, (b;) is represented by the j-th
row of M, for 1 < j < n. Hence, for j > m, we have red,(b}) = 0, so that [|b}]| < r
and H@H < ||b]|. Therefore, (2.6) is a reduction step in that case. Thus, this procedure

allows us to perform n — rank(M) reduction steps.

Example 2.7.6. We consider Example again. Since B = (b1, b2) is not reduced,
we want to apply a reduction step. With

1 2
P = 0 0 and M’ := 0
-3 1 00

it holds PM = M’ and M’ is in row echelon form. Then,

R := diag(¢/1P111 4010211y . p . diag (¢~ TI01lIT =TI2lTy — < 1t6 0 ) € GL2(Q[t]),
1

2

and R - (by ba)™ = (by —5/2 by + by)™ realizes a reduction step. We consider

~ ~ —6 16 3t6
by =0 by := —b bo=——+2— ).
1 1, 2 5 1+ 02 < 2 + 2, 5 >

§>:<i

As rank(M’) = 2, the basis B := (by, b) is reduced by Corollary m

Since ||by|| = 6, we obtain

LC(*) Lo

LC t—HIE\H})’i . o — — M/ c 2><2'
( ( 7]>)1§’L,j§2 LC( _ % + t%) LC( Q

DO o+ |
Njw O

The algorithm

We denote by T7,...,T, the rows of a matrix T' € K"*",
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Algorithm 3: Basis reduction for E = X"(r)

Input: B = (by,...,b,) basis of E.
Output: Reduced basis of the lattice L = (B) 4.

1T+ (by...by)" € GLy(K), s+ 1

2: Compute g1, ..., g, € A\{0} of minimal degree s.t. T :=T-diag(gi, ..., gn) € A"
and set (t;;) =T « T

3: while s < n do

4: Sort rows of T increasingly ordered w.r.t. || ||
5 M (LO@E 1Pt )1 <ijn € K7

6 Compute P = (p; j) € LT, (k) s.t. M’ := PM is in row echelon form
7: s < rank(M")

8: if s <n then

9 fori=s+1,...,ndo

10: u;  max{l <j<n|p;,;#0}

11: Ty, <+ Tu, + Z?Ql T =TT, T

12: end for

13: end if

14: end while

15: return (by...b,)" < T - diag(gl_l, g

2.7.3 The general case

Let (E, || ||) be a normed space of dimension n and B’ = (b, ...,b!) be an orthonormal
basis of E. Denote by —1 < r1q,...,7r. < 0 the different lengths of the vectors in B’

and nq,...,n, their multiplicities, respectively. Then,
B 1L, X (),

where the isometry is given by the coordinate map cpr with respect to B’. Let
B = (b1,...,by) be a basis of E ordered by increasing length. Instead of working with

the vectors b; € B, we consider their coordinate vectors cg/(b;) = (big...bin) € K",
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which are vectors in E' := 1% K™ (r;).

Definition 2.7.7. For r € R and any basis B = (b1, ...,b,) of E we define the index
set
Iz(r):={1<i<n||b| =rmodZ}.

Note that Iz (r) does not depend on the choice of the orthonormal basis B’ and
Lemma shows that #Ig/ (1) = n,, for 1 < i < k. We can generalize Corollary
2.7.4 as follows:

Theorem 2.7.8. The basis B is reduced if and only if for all v € {r1,...,r} the

matric
M, = (LOE b, ) iery ) ety ()

has rank n;.

Proof. We fix one r € {ry,...,r,} and consider b; with length congruent to r modulo
Z (i.e. i € Iy(r)). We have t~lIbilllp; = Py tfmbimbi,jb;-. Since ||t~ MI%lp;|| = r with
—1 < 7 <0, the coefficients ¢~ [I’I1p; ; belong to A, and || D il (1) t*wbimbmbg-ﬂ <r.
We write ¢~ illly; ; = L=y, ;) 4 r; with r; € me, for § € Ip(r). Then,

= IilTp, _Zt [o:llTp, i
Z LC (¢ MleallTp, L Z ribl; + Z t*f\\bi\ﬂbi’jb;

J€lp(r) J€lpi(r) J¢ g (r)
with || 35c7,(y LC@EMPMTb, )W = v and 305, o 7ibG + X jar,, ot P00 €
E_,. Clearly, Z]ELB/(T) LC(t~ H|b ilp; ; )b is a representative of red, (¢ —Ibillp,).  Since
dimy V; = n, with n, := #Ig/(r) by Corollary the vector (LC(t_mbi'Hbi,j))jelﬁ,(r)
is a representation of redr(t_wbimbi). Then, the statement is a direct consequence of
Theorem 2.3.3] O

In order to apply a reduction step in E' = 1% K" (r;) we will restrict our obser-
vation to the i-th part KX™i(r;) of E’. The next corollary ensures that a reduction step

which is detected in K™ (r;) corresponds to a reduction step in E’ and therefore in E.

Corollary 2.7.9. Denote E' := K" (r;), for 1 <1i < k. Then, the canonical projection

E' — E' induces a k-isomorphism

EL, /E.. — E., |EL,,
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for 1 <i < k. In particular: For anyi and b= 377 | \;b; € E with ||b]| = r; the vector
(LC(t‘H‘b'H)\j))jelg,(”) € k™ is up to isomorphism a representation of red,, (t~T1bI1p),
red;. (t=MPIT (X, ..., \n)) and redf,i il (Nj)jely (r)), where red,,red; and red’. de-
note the reduction maps induced by E<,,/E,,, E/Sn-/E/<mf and E;ri/Eim, respectively.
Proof. The map EL, /E., — EL_/EL, is clearly onto; hence it is an isomorphism be-
cause the vector spaces have dimension n; by Corollary For the second statement

we consider the proof of the last theorem for the normed space E and b. O

Realization of a reduction step

Denote T := (b; j)1<ij<n € GLy(K) the transition matrix from B to B’. The rows of
T are the coordinate vectors cg/(b) for b € B. Therefore, we can identify the basis B
of E with the rows of T, which form a basis of L ;X" (r;). A reduction step will be
realized as explained in Subsection by restricting our consideration to the normed
spaces B! = X"i(r;), for 1 <i < k. We fix 1 <i < k and consider r;, m; := #I5(r;),

and n; = #Ip (r;) with the submatrix of T' given by

Tr = (bij)icly () jeln (ri) € KM (2.8)

The rows of T,, are vectors in E*. Therefore, we are in the situation of Subsection
We determine R,, € GL,,(A) as defined in (2.7). Then, by Corollary the product

Ry, (b)) 7ern ()

realizes m; — rank(M,,) reduction steps, where M, is defined in Theorem m That
is, the relations for a reduction step are detected by considering the normed space E.
By Corollary this relations also realize a reduction step in £. We will consider

this circumstance in the next example explicitly.

Example 2.7.10. Let K = F3(t) be the rational function field over Fs, the finite field
of three elements. We consider the normed space F = K(—1/2)LK(—1/3)LK(-1/4)
and consider the standard basis B’ = (eq, e2,e3) of K2 as an orthonormal basis of E.
We have r; = —1/2, 7o = —1/3, and r3 = —1/4 with multiplicities n; = 1 for 1 <7 <3
and deduce I/ (r;) = {i}. Consider B = (b1, b, b3) the basis of E with

b= (8> +1,0) ,bo i= (t(t* + 1),t,t* + 1), and b3 := (0,2} (¢t + 1),¢%).

The norm on F is given by ||(z1, 22, 23)|| = max{|z1| —1/2, |z2| —1/3, |z3| — 1/4}; hence,
IIb1ll = 5/3, ||b2|| = 15/4, and ||bs|| = 14/3. The vectors by and bg have the same length
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congruent to ro modulo Z. Thus, Ix(r2) = {1,3} and mg := #Iz(r2) = 2. The basis B
is not reduced, as B contains no vector of length in ry +7Z. We apply a reduction step.
As defined in ([2.8]) we consider

t2+1
Tr2 _ X + e Km2><7L2‘
t (t + 1)

The rows of T}, are vectors in the normed space X(r2). We obtain

LC(t=1/31(#2 4 1)) 1 «
Mr, = < LC( T4/ (1 4+ 1)) ) B ( 1 > € (2.9)

and transform M,, into row echelon form to detect the relations for a reduction step.

We deduce
10 , 1 . /
P = 5 1 and M,, = 0 with PM,, = M,,.

Then, the matrix R,, := diag(t[%/31,¢[14/31). P.diag(t~[5/31,t=114/31) as defined in (2.7)

is given by

R,, = ( Lo > € GLy(F3[t])

23 1

and R,., - (b bs)'" =: (31 gg)tr realizes a reduction step. In particular, we obtain 51 =b;

and

by =23 by + by = (20°,83(t + 2), %) .

We deduce ||bs|| = 7/2. The basis B := (by, by, bg) is reduced, since ||b1]], ||b2]|, and |[bs]|
are different modulo Z. Note that 53 and bs do not have the same length modulo Z.

The algorithm

The idea of the algorithm can be explained easily: We split the basis B = (b1,...,by)
of E into subsets B, := {b € B | ||b]| = r mod Z} for any r € {r1,...,7.}, and apply for
each of these subsets reduction steps as mentioned before. Unfortunately, we can not
ensure that the length of a reduced vector b + « lies in the same class as ||b|| modulo
Z. Therefore, it may happen that the subsets B, change after any reduction step.
Recall that LT, (k) is the set of all P € GL, (k) which are lower triangular with 1

at the diagonal, up to row permutation.
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Algorithm 4: Basis reduction

Input: B" = (V),...,b)) orthonormal basis of a normed space (E,| |) and B =
(b1,...,by) basis of E.
Output: Reduced basis of the lattice L = (B) 4.

1. Blvals < [||by ], .., [|b7, I

2: vals <— Sequence of pairwise distinct values in B'vals

3: Compute T'=T(B — B') € GL(n,K), 1 + 1

4: Compute g1, ..., g, € A\{0} of minimal degree s.t. T := T-diag(g1,...,gn) € A™*™
and set (t;;) =T « T

5: while [ < #vals do

6 Buals  [maxi, {|tsy) + 161}, .. maxt_ {[tn| + 1]}

7 Sort Bvals increasingly ordered and apply changes to the rows of T'
8: Determine all 1 <ey,...,es < n with Bvals[e;] = vals[l] mod Z

9: Determine all 1 < ¢q,..., ¢ < n with B'vals[¢;] = vals[l] mod Z

10: M (LO( Pesledle, ))icicricjcy € K79
11: Compute P = (p; ;) € LT¢(k) s.t. M':= PM is in row echelon form
12: s < rank(M')

13: if s = f then

14: if f < g and vals[l] ¢ {vals[¢] | ¢ > [} then

15: Append(vals, vals|])

16: end if

17: else

18: fori=s+1,...,fdo

19: wj < max{l < j < f|p;; #0}

20, T, « T, + it tlvalslen |- [valsesllp, o7,
21: Bvals[ey,] « max}_;{[te,, ;| + [1b}]}

22: if Bvals|e,,] — [Bvals[e,,]| ¢ {valsi] | ¢ > [} then
23: Append(vals, Bvals|e,,| — [Bvals[e,,]])

24: end if

25: end for
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26: end if
27: l+—1+1
28: end while

29: return (by...b,)" < T -diag(gy’, ..., g, 1) - (0, ... o)

Comments on Algorithm

’ Line ‘Comment ‘

1-4 | Initialization
6-11 | Computation of T, and M, with r := vals[l] as in (2.8) and Theorem

and transforming M, into row echelon form.

13 Check if a reduction step can be applied.

14-16 | If no reduction step can be a applied but the number of vectors in B of
length r mod Z does not coincide with the number of vectors in B’ of length
r mod Z, we have not found “enough” vectors in B with length congruent
to r modulo Z. Later, there will occur (after several reduction steps) “new”
vectors with length » modulo Z. Therefore, we must reconsider the value

r = vals]l] afterwards.

20 Apply reduction steps.

21 Computation of the length of the “new” vectors.

22-24 | As mentioned above, here we deal with the case, in which the length r of
the reduced vector does not coincide with the length of the original vector

modulo Z. Then, we have to reconsider the class r mod Z later.

Note that the reduction Algorithms[3|and [4|can easily be generalized to an arbitrary

subset B = {by,..., by} of a normed space.

Remark 2.7.11. By Proposition for a reduced basis B = (by, ..., by) the values
1bil], 1 < i < n, are the successive minima of L. Moreover, for a real number r,
Proposition shows that the k-vector space L<, admits the basis

{bith |1<i<mn, 0<j<|[r—|b|l}

Hence, Algorithm[{] can also be adapted to compute these objects.
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2.7 Reduction algorithm

2.7.4 Complexity

We are interested in the complexity of Algorithms[3land[d] All estimations are expressed
in the number of necessary operations in k (cf. Section|1.3)). Recall that Sig(FE) denotes

the set of different lengths modulo Z of all nonzero vectors in the normed space (E, || ||).

Lemma 2.7.12. Let B be a basis of an n-dimensional normed space E. The number

of reduction steps to transform B into a reduced basis is bounded by
# Sig(E) - [OD(B)] + (#Sig(E) — 1)n.

Proof. Let B = (by,...,b,) and let B = (31, ... ,Bn) be a reduced basis obtained from
B. Each vector b; is changed by several reduction steps until we obtain the vector

Zi € B. Let us denote by R; the number of these reduction steps; that is

by — b — ) =,

If we denote D; := ||bs|| — [|bs]|, then OD(B) = Dy + --- + Dj,.
Let k := # Sig(FE). If we apply « consecutive reduction steps to any vector b € (B) 4:

then, ||b]| —|[b*)|| > 1. In fact, since the lengths of all nonzero vectors in E have only x
possibilities modulo Z, among the x + 1 vectors in (2.10)) there must be a coincidence.
If 0 < j <1< &k satisfy ||b®] = ||bY)| mod Z then:

bl = 16| = [[69]] — 1@ = 1.

This argument shows that R; < |D;|k+r—1. Therefore, the total number of reduction
steps is:
Ri+- 4+ R, <|OD(B)|k+ (k—1)n

O

Corollary 2.7.13. Let B be a basis of the n-dimensional normed space X"(r), for
some r € R. The number of reduction steps to transform B into a reduced basis is at
most OD(B).

Proof. Follows directly from the last lemma, since # Sig(X"(r)) = #{r+Z} =1. O

We introduce heights of rational functions in order to measure the complexity of

the reduction algorithms.
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Definition 2.7.14. For g = f/h € K, with coprime polynomials f,h € K, we define
the height of g by
h(g) := max{[f], |h|}.

The height of a matriz T = (t; ;) € K™*™ is defined to be
MT) :=max{h(t;;) |1 <i<n, 1<j<m}.

Clearly, |g|,|g7 | < h(g) for all g € K \ {0}. The next lemma presents some more
properties of the height, which will be useful for the complexity analyses of several

algorithms.

Lemma 2.7.15. Let T,T' € K™ " and let T € A™™ be the matriz obtained by multi-
plying the columns of T' by polynomials g1,...,g, € A\ {0} of minimal degree.

1. (T -T') < h(T) + h(T").

2. h(T) < nh(T).
3. If T is invertible, then

(a) |detT|,|det Tt < nh(T).
(b) h(T~1) < nh(T).

Proof. The first statement is obvious. For the second item, let us show that every
column Tj of T has height bounded by nh(T). In fact, if g; is the product of all
denominators of the entries of the j-th column of 7', then each product g;t; ; is equal
to the product of n polynomials of degree less than or equal to h(T).

Suppose that T is invertible. For any permutation o of {1,2,...,n} we have
n n
i|t1,a(1) t tn,a(n)| ==+ Z ’ti,a(i)‘ < Z h(ti,a(i)) < nh(T)
i=1 i=1

This shows that +|det(T)| < nh(T), which proves item (a) because |det(T~!)| =
—| det(T)].

Denote by T;; the matrix which arises from deleting the ¢-th row and the j-th
column in T'. The entries s; ; of T ~1 may be computed as
i det(T5,)

sid = D™ gy

Hence, h(s;,j) < nh(T) because numerator and denominator have degree bounded by
nh(T'); this proves (b). O
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2.7 Reduction algorithm

Lemma 2.7.16. Let B and B’ be bases of the n-dimensional normed space E and let
B be orthonormal. Denote by T the transition matriz from B to B'. Then, OD(B) <
n(2h(T) 4+ 1).

Proof. Let B = (by,...,b,) and B’ = (b),...,b),). By definition,
OD(B) = Z ||bi|| — vol(E) — | det(T)]. (2.11)
i=1

With T = (t; ;) we obtain, for 1 <i < n:

|l = . TN < N < .
il = e {ltag| + 1511} < max ([t} < B(T)

Hence, >0, ||bi]] < nh(T).

On the other hand, vol(E) = 7", ||b;|| > —n, since —1 < ||b}|| < 0 for all 4, as B is
orthonormal. Finally () of item 3 from the last lemma shows that —| det(T")| < nh(T).
Therefore, from we deduce OD(B) < nh(T) +n+nh(T) =n(2r(T)+1). O

Lemma 2.7.17. Let T € A™" be the matriz obtained by multiplying the columns of
T € K™ " by polynomials of minimal degree ¢1,...,g, € A\ {0}, respectively. The
computation of T has a cost of O(n3h(T)?) operations in k.

Proof. Tt suffices to show that the computation of the j-th column IN’] of T has a cost
of O(n?h(T)?) operations in k.
The computation of lem(hy, ..., hy) for polynomials h; € A of degree |h;| < N has
a cost of O(n?N?) operations in k, if we use the brute procedure:
l1 = lem(hy, ha) O(N?)
lo =lem(ly, hs) O(2N?)

ln—l = ICII.l(ln_Q, hn) O((n — 1)N2)

The sum of all these costs is O(n?N?). Hence, the computation of g; has a cost of
O(n®h(T)?) operations in k. Since |g;| < nh(T) and the product g;t; ; has a cost of
nh(T)? operations in k, the n products which are necessary to compute fj require
O(n?h(T)?) operations in k. O

Lemma 2.7.18. Let B’ be an orthonormal basis of an n-dimensional normed space
(E, || |I) and B be a basis of a lattice L in E. Denote by T the transition matriz from
B to B'. Then, Algorithm [} takes at most

O(#Sig(E) - n® - h(T)?)
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2. LATTICES OVER POLYNOMIAL RINGS

arithmetic operations in k to transform B into a reduced basis. If T has only polynomial
entries the cost of Algorithm [/ is O(# Sig(E)(n* - h(T) + n3 - h(T)?)) operations in k.

Proof. By any reduction step in Algorithm [ the value OD(B) is decreased strictly. If
rk = # Sig(E), according to Lemmal[2.7.12/and Theorem[2.5.7] after at most |OD(B) ]+
(k — 1)n steps, the set B is reduced and the algorithm terminates.

Clearly, the runtime of the algorithm is dominated by the computation of T, the
transformation of matrices into row echelon form (cf. line 11 of Algorithm [4)), and the
realization of reduction steps (cf. line 20 of Algorithm .

At first we analyze the complexity of the transformation of matrices into row echelon
form along Algorithm |4 Denote by r1,..., 7, the different length of vectors in B’ and
ni,..., Ny its multiplicities, respectively. Note that n = ny + --- 4+ n,. Suppose, that
after 7 — 1 steps in Algorithm [4] we have transformed the basis B of L into B; =
(biy, ..., bi,). Note that T =T and (b;, ...b;, )" =T - diag(gy ', ..., g;%) - (0] ... b,)™.

We can split B; into disjoint subsets

where B, := {b € B; | ||b|| = r; mod Z}, for 1 < j < k. Assume B; is not reduced.
For r € {ry...,rs}, we consider the matrix M, € #3,(1)x#151 (1) g in Theorem m
Then, by Theorem [2.7.8] for at least one 7, the matrix M, has not full rank.

In the worst case, we have to transform all matrices M, ,..., M, into row echelon
form until we detect at least one reduction step (i.e. one zero row). The number of
rows and columns in M,; satisfy #Ig,(r;) = #B,; and #Ip/(r;) = ny, for 1 < j <k, by
Deﬁnitionm Hence, 3%, # 13/ (rj) = > 5y nj =nand Y7, #Is,(rj) = n. Then,
the cost for transforming all M, , 1 < j < k, into row echelon form is less or equal than
the cost of transforming one n X n matrix over k into row echelon form (which is equal
to O(n3) operations in k, cf. [6]). Hence, the cost of all transformations of matrices
into row echelon form along Algorithm [4|is bounded by O((OD(B)k + (k — 1)n) - n3)
operations in k. According to Lemma[2.7.16]the last complexity bound can be estimated
by O(kn*h(T)).

Additionally, we compute A-linear combinations of the rows of T (line 20 of Al-
gorithm , where the coefficients are of the form at™ with o € k£ and a nonnegative
integer m. After any reduction step the degree of the entries in T is less or equal than
before; that is, at any level the value of h(f ) is not increased. Since the multiplication
of a polynomial by a t-power is just a shift of the exponents, we can consider the latter

A-linear combinations of rows of T as k-linear combinations.
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The cost of any reduction step applied to the rows of T is O(n2h(T))) operations in
k. Thus, the total cost of performing all reduction steps of Algorithm {lis O(kn3h(T)?)
by Lemma [2.7.12 and [2.7.16] Therefore, the total cost of Algorithm [4] is

O(k(n*h(T) + nPh(T)?) + n*h(T)?) = O(k(n*h(T) + n*h(T)?)) (2.12)
by Lemma In terms of the input matrix T" we get a cost of
O(kn°h(T)?)
by Lemma For an input matrix 7' € A™*"™ the complexity bound becomes
O(k(n*h(T) + n®n(T)?%)).
O

In Subsection [2.8.1 we will present an optimized version of the reduction algorithm

(cf. Lemma [2.8.17)).

Corollary 2.7.19. Let B = (b1,...,b,) be a basis of the normed space E = K" (r),
reR, and T := (by...b,)". Algorithm@ takes O(n®h(T)?) arithmetic operations in k
to transform B into a reduced basis. If the input matriz T belongs to A™*™ the cost of
Algorithm @ is O(n*h(T) + n3h(T)?) operations in k.

Proof. Clearly, Sig(K"™(r)) = {r + Z} and therefore # Sig(E) = 1. Then, Algorithm
coincides with Algorithm [3] Hence, the complexity bounds follow immediately from
Lemma 2.7.18 O

If the transition matrix 7" has only polynomial entries, the complexity of Algorithm
can be split into two parts. On the one hand, we obtain O(n*h(T)) operations in
k for the transformation of matrices into row echelon form, and on the other hand
O(n®h(T)?) operations for the reduction steps. In practice, the runtime of Algorithm
(and Algorithm [4)) is dominated by the realization of the reduction steps. The reason
for this is that, h(7T") > n in most of the cases. Under this assumption the complexity of
Algorithm [3| for transforming B into a reduced basis is equal to O(n®h(T)?) operations
in k by the last corollary. In that context our reduction algorithm is one magnitude
better than the reduction algorithms described in [I8| [35] and its complexity coincides
with the one in [24]. Note that the reduction algorithm in [24] is based on the com-

putation of Popov forms of matrices over polynomial rings, whereas in [I8, B5] the
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approaches are similar to the presented one. However, in the contrast to Algorithm
the mentioned reduction algorithms do not determine a reduced basis for a real-valued

lattice.

2.8 Classes of lattices and semi-reduceness

In this chapter denote by E an n-dimensional K-vector space. We consider a norm
|| || on E and a lattice (L, || ||) in (E,] ||). Our aim is to construct a so-called “semi-
reduced basis” (cf. Definition B of L, which “nearly” behaves as a reduced
one. By introducing an equivalence relation on the set of norms on F, we can consider
instead of the real-valued lattice (L, || |) an integer-valued lattice (L, || ||"), which almost
coincides with the original one. For instance, for the computation of the vector spaces
(L,|| )<r, for r € Z, it is sufficient to determine a reduced basis B of the lattice
(L, |l II')- Moreover, the computation of the reduced basis B of (L, || ||") can be used as
a precomputation for the reduction algorithm in order to determine a reduced basis of

(L, || [|)- Thus, the reduction algorithm can be accelerated.

Definition 2.8.1. We define the norm space Norm(E) of E as the set of all norms || ||
on E such that (E, || ||) becomes a normed space. For a multiset R ={r1 +Z,...,rn,+
7} C R/Z, we define the R-norm space of E by

Norm(E, R) := {|| || € Norm(E) | sm(E, || [[) = R}.
The space of lattices of E is defined to be
LS(E) :=A{(L, || ) a lattice in (E, || ||) | || || € Norm(E)},

the set of all lattices (L, || ||), for all || || € Norm(E). Moreover, we set LS(E, R) :=
{(L,|| ||) € LS(E) | sm(L, || ||) = R} and call it the R-space of lattices of E.

We introduce an equivalence class on Norm(FE).

Definition 2.8.2. We call two norms || || and || ||" in Norm(E) equivalent, and we
write || | ~ 1", i TlIzI[T = [Iz]"], for all z € E.

We call two normed spaces (E, || ||) and (E,|| ||') equivalent, and we write (E, || ||) ~

B, af [~
We call two lattices (L,|| ||) and (L,|| ||') equivalent, and we write (L,|| ||) ~

Lo s i I~ 11
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Lemma 2.8.3. Let (E,|| ||) be a normed space. Then, (E,[|| ||]) is a normed space.

Proof. The norm properties of [|| ||] are inherited from || ||. O

The following result follows easily from the definitions.

Lemma 2.8.4. The relation ~ is an equivalence relation on Norm(E). We denote the
class of || || in Norm(E)/ ~ by [ |]-

In each equivalence class there is a unique integer-valued norm, defined by z —
[|z]|], for any || || in the class. Hence, there are as many equivalence classes of norms

as integer-valued norms

Definition 2.8.5. A basis B of E is called a semi-orthonormal basis of (E,|| ||), if it
is, up to ordering, an orthonormal basis of a normed space (E., || ||"), which is equivalent

to (E, 1)

Note that a semi-orthonormal basis of (E,|| ||) is a semi-orthonormal basis of
(E,|| |I'), for all norms || ||" in the class of || ||. In particular, an orthonormal basis

is semi-orthonormal.

Lemma 2.8.6. A basis B of a normed space (E, || ||) is semi-orthonormal if and only

if
H‘ Zabbm = max{|ap|}, for all ay € K. (2.13)
e beB
Proof. If B is semi-orthonormal, there exists || [|' € Norm(E) with || || ~ || || such that

B is an orthonormal basis of (E, || ||'). Hence,
/
H Zabe = max{|lasb}, for all ay € K.
€
beB

As —1 < ||p||) <0, for all b € B, we obtain [||b|'] = 0 and [maxpep{||apb|’}] =
maxpen{|ap|}. Since [||z]|] = [||z||'], for all z € E, the statement holds.

Conversely, if || || satisfies then []|b]]] = 0 for all b € B, and B is an orthonor-
mal basis of (E, || ||), where || || is the integer-valued norm defined by: ||z||" = [||z]|]. O

Theorem 2.8.7. Let || |,|| |I' € Norm(E). It holds || || ~ || || if and only if the
transition matriz from a semi-orthonormal basis of (E,|| ||) to a semi-orthonormal
basis of (E,|| ||') belongs to GLy,(Ax).

In order to proof the theorem we will use the following lemma.
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2. LATTICES OVER POLYNOMIAL RINGS

Lemma 2.8.8. A matriz T = (t;;) € K™*" belongs to GL,(Ax) if and only if

n
max E t--a-)}: max {la;
1§i§n{’ L I 1gign{| il},
J=1
forallay,...,ay € K.

Proof. The matrix T' belongs to GL,(A) if and only if T is an isometry on X" by
Theorem Clearly, T is an isometry if and only if

1<i<n 1<i<n

£t i’fﬂ%\} = (@1 an)T] = (@1 - an)l| = max {Jail},
j=1

for all ai,...,a, € K. O

Proof of Theorem[2.8.7]. Denote by B = (b,...,b,) and by B’ = (b},...,b),) semi-
orthonormal bases of (E, || ||) and (E, || ||), respectively. Let T' = (t; ;) be the transition
matrix from B to B’. We write for an arbitrary element z € E, z = Y ' | a;b; and

z = )i a;b; with coefficients in K and obtain aj = 377, t;,a;. Then, by (2.13) it

171

holds that

1<i<n 1<i<n

(20T = e {lail} = max {] itj,iaj(} = max {laf]} =[]}z

if and only if T € GLy,(Ax), by Lemma 2.8.8 O]

Lemma-Definition 2.8.9. Let B be a semi-orthonormal basis of (E,|| ||). Then,
we define Log := (B)a,, = (E,| |)<o. Moreover, any Acc-basis of Lo is a semi-

orthonormal basis of (E,|| ||).

Proof. By Lemma it holds for z = " | a;b; € E with coefficients a; in K that
[|z]]] = maxi<i<n{|ai|}. Clearly, ||z|| < 0 if and only if |a;| < 0, for 1 < i < n; hence
Loo = (B, <o

Since the transition matrix between two bases of Lo, belongs to GL,(As), the
second statement holds by Theorem In particular, Lo, is well-defined. O

Definition 2.8.10. A subset {b1,...,by} in a normed space (E,|| ||) is called semi-

reduced or weakly reduced if

| f;b

forany ay,...,an € K. Or equivalently, the subset is reduced with respect to the unique

W = max {[]la:billT},

integer-valued norm equivalent to || ||.
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Clearly, any reduced set is semi-reduced. In fact, many of the results concerning a
reduced set can be adapted to semi-reduced sets. For instance, the next result follows

immediately from the definitions.
Corollary 2.8.11.

1. A basis B of a normed space (E,|| ||) is semi-orthonormal if and only if B is
semi-reduced with —1 < ||b|| <0, for all b € B.

2. If B = (by,...,by) is semi-reduced, then the family (t‘mblmbl, ... ,t‘“'bnmbn) 18

semi-orthonormal.

Lemma 2.8.12. Let (L, || ||) and (L, || ||') be two equivalent lattices. Then, any semi-
reduced basis of (L, || ||) is a semi-reduced basis of (L,|| ||').

Proof. Let B be a semi-reduced basis of (L, || ||). For arbitrary coefficients aj, € K, we

beB

by the definition of the equivalence relation. Hence, B be a semi-reduced basis of
(L, [ 11)- O

deduce

1= I o] = st sty = (st

beB

The next theorem summarizes all data, which shares one equivalence class of a
lattice (L, || [|)-

Theorem 2.8.13. For i € {1,2}, denote by B; = (bi,...,bn:) a semi-reduced ba-
sis of the lattice (L,|| ||;), which is ordered by increasing length. Then, the following

statements are equivalent:
LA e~ 2
2. b1l ] = [lib2,ill2], for 1 < i <m,
3. (L, || W)<r = (L, || ll2)<r, for allr € Z, and
4- (B I <o = (B, || [l2)<0, with E := (B1)k = (B2)k

Proof. 1. = 3. One can easily see that item & of Proposition is correct for a

semi-reduced basis and an integer r. Thus,

(L, || [1)<r = ({brat’" | 1 <i<n,0<j; < —Tllbrilh] + 1.
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By Lemma [2.8.12] the set B; is also a semi-reduced basis of (L, || ||2). Hence,
(L || 2)<r = (b1t | 1 <0 <0 < i < —[llbrgl2] + )k

By assumption [|z|l1] = [||z|2] holds, for all z € E, and therefore (L,| [1)<r =
(L] ll2)<r-

3.= 2.If (L, |l1)<r and (L, || ||2)<, coincide, for all r € Z, then their dimensions
too. Let 1 < -+ < rpand 51 < -+ < s, with v = [[|b1;]|] and s; := [||b2,i]l]-
Assume that r1 = s1,...,7 = 8;; ri41 < Si+1. Then, Proposition [2.2.5] shows that
dimy (L, || |l1)<sisr—1 7 dimg (L, || |[2)<s, 11, & contradiction.

2. = 1. We fix m; = [||bis|li] = [||b2ill2], for 1 < ¢ < n, and consider B :=
(t7™by,...,t ™ by ;) with ¢ € {1,2}. By Corollary [2.8.11 B} and B/, are semi-

!/

orthonormal bases of (E, || ||1) and (E,|| ||2), respectively. In particular, (Bi)a =
(E,|l li)<o holds, for 1 < ¢ < 2, by Lemma-Definition Clearly, the transi-

tion matrix R = (a;;) from B5 to B} belongs to A" In fact 0 = [[|by,[l2] =
maxi<j<n{[llai;by 1]} = maxicj<n{lai;l}, where Bj = (b]y,...,b;,) for i € {1,2}.
By construction, the transition matrix from B; to B} is given by T' = diag(t™,...,t"").

The transition matrix M from By to By belongs to GL,(A), since both bases generate

the A-module L. Thus, we obtain the commutative diagram of transition matrices:

B, —L 5 B,

1

B, —L— B,

Hence, det R = det T det M det T~! = det M and |det R| = |det M| = 0. Therefore,
R € GLy(As) and Theorem [2.8.7 shows that || [|1 ~ || ||

Finally let us show that 7 < /. By considering the semi-orthonormal bases B} and
B, as above, the equivalence follows by Theorem and Lemma-Definition O

As we have seen in the proof of the last theorem it is sufficient to compute a semi-

reduced basis of (L, || ||) in order to determine a basis of (L, || ||)<,, for r € Z.

Corollary 2.8.14. Let L be a lattice in the normed space (E,|| ||) and denote by
S1y.--,8n its successive minima. Let B = (by,...,b,) be a semi-reduced family of
vectors in L of minimal length; that is, up to ordering, [||b;||] = [s;] holds. Then, B is

a semi-reduced basis of (L, || ||).

66



2.8 Classes of lattices and semi-reduceness

Proof. By Definition [2.8.10 B is a reduced family of the lattice (L, [|| ||]) having the
successive minima [$1], ..., [sy]. Then, Theorem shows that B is a reduced basis
of (L, [|| ||1), and in particular a semi-reduced basis of (L, || |). O

The last corollary gives us a criterion to check if a semi-reduced family of vectors
is a basis of the A-module L. In Chapter [5| we will explain it in the context of the
computation of bases of holomorphic rings in function fields in more detail.

We end this paragraph with a trivial remark.
Lemma 2.8.15. Forr € R it holds

LST = LQEST = LﬁtTESO =LNt L.

2.8.1 Computation of (semi-) reduced bases

Let B’ be an orthonormal basis of (E,|| ||) and L be a lattice in (E, || ||). In section
we already described an algorithm (cf. Algorithm , which computes a reduced
basis of L. This algorithm takes as input a basis B of L and the orthonormal basis B’.
According to Lemma the runtime of the computation of a reduced basis of L is
minimal if £ = X(r)", i.e. # Sig(F) = 1.

The computation of a semi-reduced basis amounts to the computation of a reduced
basis of a normed space in this favourable situation. In fact, by Lemmas[2.8.3]and[2.8.12]
a reduced basis of (E,[|| ||]) is a semi-reduced basis of (E, || ||) and since (E, []| ||]) is

an integer-valued normed space, it is isometric to X™.

We may use this idea to describe an optimized version of Algorithm Let B’
be an orthonormal basis of the normed space (E, || ||) and let B be any basis of the
lattice (L,|| ||) in (E,|| ||). Clearly, B’ is an orthonormal basis of (E,[|| ||]) too, and
e E— K™ an isometry between (E, [|| ||]) and X™.

In order to transform B into a reduced basis, we consider B as a basis of (E, [|| ||])
and call Algorithm (3| for {cp/(b) | b € B}. This results in a semi-reduced basis Bgemi
of (L, ||). We will see that transforming Bgeemi into a reduced basis Byeq of (L, || ||)
by Algorithm [] can be realized at minimal cost. We summarize the results by the

following pseudocode:
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2. LATTICES OVER POLYNOMIAL RINGS

Algorithm 5: Basis reduction II

Input: B’ orthonormal basis of a normed space (E,|| ||) and B = (by,...,by,) a basis
of E.
Output: Reduced basis of the lattice L = (B) 4.

—_

D {Cgl(bl), ey CB/(bn)}
: Bsemi < Algorithm (D)
Bred <Algorithm (cg,1 (Bgsemi); B)

return B,

L

Complexity

We determine the complexity of Algorithm After transforming the basis B into a
semi-reduced basis Bgemi, the orthogonal defect OD(Bgemi) is dominated by the dimen-

sion of FE.

Lemma 2.8.16. Let B be a semi-reduced basis of a lattice (L, || ||). Then, the orthog-
onal defect of B satisfies
OD(B) < n.

Proof. Let B = (b1,...,b,) and consider a reduced basis B’ = (b},...,b]) of L. By
definition B is a reduced basis of the lattice (L, []| ||]). Assume that both bases are
increasingly ordered with respect to the length of their vectors. By Theorem
we obtain OD(B’) = 0, since B’ is reduced. According to Theorem we obtain
Mol = [l|¥}]|] and therefore ||b;|| < ||bi|| + 1, for 1 < i < n. Then, 0 = OD(B’) =
vol(B’) — vol(E) — |d(L)| and therefore

OD(B) = vol(B) — vol(E) — |d(L)| = vol(B) — vol(B’) < n.

O]

According to Lemma [2.7.12] the last lemma shows that at most O(# Sig(F)n)
reduction steps are necessary to transform a semi-reduced basis of (L, || ||) into a reduced

one.
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2.8 Classes of lattices and semi-reduceness

Lemma 2.8.17. Let the notation be the same as in Lemma|2.7.18. Then, Algorithm
@ takes O(n®h(T)?) arithmetic operations in k to transform B into a reduced basis. If

T has only polynomial entries the complexity can be estimated by
O(n*(h(T) + #Sig(E)) + n*h(T)?)

operations in k. In particular, the complexity is equal to O(n3h(T)?) for h(T) > n and
T e A<,

Proof. The bounds of the statement can be easily deduced by considering Corollary

2.7.19|and the proof of Lemma|2.7.18] having in mind that # Sig(E) < n and OD(B) <
n by the last lemma. O
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3. Riemann-Roch theory on

lattices

The concept of divisors and the theory of Riemann-Roch in functions fields play a
significant role in number theory and algebraic geometry. In Chapter {4] we will see
that a divisor D of a function field F//k can be interpreted as a lattice (Lp, || ||p) by
considering F' as a K-vector space. Under this point of view, the Riemann-Roch space
of D coincides with the k-vector space (Lp, || ||p)<o-

In this chapter we will generalize the notion of a divisor and certain invariants in
algebraic function fields to lattice spaces (cf. Definition . Surprisingly, many of
these concepts can be defined without any divisor or ideal arithmetic.

We fix for this chapter an n-dimensional K-vector space E and consider Norm(E),
the set of all norms || || on E, which determine a normed space (E, || ||). In the sequel
we will describe properties of lattices in LS(E), the lattice space of E, in relation to a
fixed one. The fixed lattice is determined by a bilinear form on F.

For the rest of the chapter we fix one non-degenerated symmetric bilinear form B

on F.

3.1 Lattices and norms supported by E

Any basis of E provides a norm on F.

Lemma-Definition 3.1.1. Any basis B of E determines a norm, which is defined as

E— 17, H /\bH:: M|}
| lls:E— I; b max{|A|}

We call || |3 the by B induced norm. The norm || || belongs to Norm(E) and does
not depend on the ordering of the basis B.
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Proof. Clearly, E is isomorphic to K", where an isomorphism is given by the coordinate
map cg. Since the norm || || is the pull-back of the norm of X" = (K", | ||) with
l(Ap)pes || = maxpes{|Ap|}, the statement holds. O

By construction B is an orthonormal basis of the integer-valued normed space

(E, || |l8). The following statements are trivial and their proofs are left to the reader.
Lemma 3.1.2. Let || | € Norm(FE) and let B and B’ be two bases of E.

1.l =1 Il < |l || is integer-valued and B is an orthonormal basis of || || (up to

ordering).
2. |l llg ~ | || <= B is an orthonormal basis of [|| ||| < || lls =T ||]-

3 s = llz = T(B = B') € GL,(Ax).

Any equivalence class [|| ||] in Norm(E)/ ~ contains exactly one integer-valued
norm, namely [|| ||]. As we have seen in Subsection in same cases it is sufficient
to work with this “simplest” representative of [|| ||]. Later, we will define the degree
and dimension of a lattice (L, || ||) (cf. Definition and Definition ) and see
that these invariants are the same for any lattice equivalent to (L, || ||). Thus, for the
computation of these invariants it is sufficient to consider only the norm []| ||].

Note that any basis B of E determines the class [|| ||s], where || || is the unique
integer-valued representative. In particular, B is a semi-orthonormal basis of any
normed space (E, || ||) with || || ~ || || and it holds by Lemma-Definition that
(B, D<o = (B) Ace -

For the sequel we will fix an A-submodule O C {z € E | B(z,2) € A} and an
Ax-submodule Op oo C {2z € E | B(z,2) € Ax} both of rank n.

These modules will play the same role as the finite and infinite maximal orders O

and Op o do in the case of an algebraic function field.

Lemma 3.1.3. The modules Op and O o are free. Moreover, it holds B(z,z") € A
for z,2' € O, and B(z,7') € Ax for z,2' € Op .

Proof. The modules O and Of  are free because they are torsion free and A is a
principal ideal domain.

For the second statement we consider Og. The case O o can be treated analo-
gously. Let 2,2’ € Op, then B(z + 2/, 2 + 2') = B(z,2) + 2B(z, 2') + B(2'2’) € A with
B(z,2),B(z'2") € A by definition; hence, B(z,z') € A. O
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Definition 3.1.4. The zero norm on E is given by || ||o := || |8, where B denotes any

basis of the Aso-modul Op . The class of || ||o in Norm(E)/ ~ is called the zero class.

By Lemma for another basis B’ of Op o we have || ||z = || ||»-. Therefore,
the norm || ||p is independent of the choice of the basis.
The zero norm is a canonical object in that setting. The next observation shows

that || ||o is “compatible” with the bilinear form B.

Lemma 3.1.5. For 2,2’ € E, we have |B(z,2")| < ||z]lo + ||Z'|lo. Moreover, it holds
that O C (E, | [lo)>0 and Op.cc = (E, | [lo)<o-

Proof. Let B = (b1,...,b,) be a basis of Op . Let 2 =>"" | \ib; and 2/ =1 | Xob;
with A\;, A} € K for all i. Lemma shows that B(b;,b;) € Au, for 1 <i,j < n.

Hence,

Bz, )| = | o AN B(bi )| < max{I] + 1|+ [B(bi,by)[y < max{| ] + X1}
i.j ’ ’
< max{|Ai[} +m;wx{!A3l} = [lzllo + II"]lo-

As Op C {z € E | B(z,2) € A} we obtain |B(z,z)| > 0, for all z € Og. By the last
statement this implies ||z|lo > 0 and therefore O C (E, || ||0)>o0-
The last identity follows from Lemma-Definition having in mind that any

basis B of Of « is an orthonormal basis of (£, || |lo) by construction. O
Corollary 3.1.6.

1. (Op, | llo)<o=0rNO0Eg C {2z € E|B(z,z2) € k}.

2. B(z,2") € k, for all z,2" € (Og,| |l0)<o-

3. 0k, [ lo)<o € {z € E||lz[lo = 0}

Proof. It holds that (Og,| [lo)<o = Or N Op by Lemma [2.8.15] since Op o =
(E, | |lo)<o by the last lemma. By definition B(z, 2) € ANAx =k, forall z € OgNOg oo.

This proves item 1. Item 2 follows from Lemma [3.1.3] and item & from the last

lemma. O

The k-vector space (Og, || |lo)<o is a subset of the set of all vectors in (E, | |lo)
having length 0. This vector space can be considered as the units in O with respect to
| llo- In the function field case F'/k, the latter k-vector space coincides with £(0) = ko,
the full constant field of F (cf. ([4£.9)).
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We are going to define basic invariants of lattices with respect to the fixed lattice
(Og, |l llo)- Recall that LS(F) is the set of all lattices in (L, || ||), for all || || € Norm(E).
Clearly, (Og, || |lo) belongs to LS(E).

Definition 3.1.7 (Degree). The degree of a lattice (L, || ||) with respect to (Og, | o)
is defined by deg(L, || ) = |d(O, || o)] — |d(L,Il ID|. For convenience, we write
deg L = |d(Og)| — |d(L)| and we refer to this number as the degree of L.

Definition 3.1.8 (Dimension). The dimension of a lattice (L, || ||) is defined by dim L :=
dim(L, || ) <o-

Note that the degree and the dimension depend only on the class of (L, || ||): Let
(L 1) ~ (L, ), then [d(L, [| )] = [d(L, || |)] and dim(L, [| [[) = dim(L, || [') by
Lemma 2.5.8 and Theorem 2.8.13

Corollary 3.1.9. For any lattice (L, || ||) € LS(E) we have

n

dimL= Y (=[Ibill1+1), [d(L)| =D TlIbslT,

[l6:[1<0 =1

for any semi-reduced basis B = (by,...,by) of (L,|| ||). If B is ordered by increasing
lengths and s1 < --- < s, are the successive minima of (L, || ||), then [s;] = [||bi||], for
1 <1< n.

Proof. By Proposition [2.2.5] item 8 and Lemma the statements hold for any
reduced basis. Since the formulae just apply the integer part of the norm of the vectors
b;, both identities hold for semi-reduced bases by Theorem O

Assumption:
We assume for the rest of this chapter that dim(Og, || [lo) > 0. In other words, we

require that there exist vectors of || ||o-length 0 in Op.

Note that the following definition always depend on the bilinear form B and the

chosen submodules O and Of .

Definition 3.1.10 (Genus). The genus of LS(E) with respect to (Op, || ||o) is defined
by
dimOg —n+|d(Og)]
gE = ; .
dim Og
In Chapter 4] we will see that the genus of an algebraic function field is determined

by the latter formula (cf. (4.8])).
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3.2 Dual and complementary lattices

Lemma 3.1.11. The genus gg is a nonnegative rational number.

Proof. Clearly, gr belongs to Q, since dim Og,n, and |d(Og)| are integers. We show
that dim O —n+|d(Og)| > 0. Denote by B = (by, ..., b,) a reduced basis of (O, || |jo)-
Note that || ||o is integer-valued; then, we have by Corollary

dimOg —n+dOn) = 3 o+ 1)+ S (blo—1) (1)
[1b:]l0<0 i=1
= S (-1 > 0.
163 ]lo>0
O

Theorem 3.1.12. For any lattice (L, || ||) € LS(E), it holds that
dim L > deg L + dim(Og)(1 — gg).

Proof. Denote by B = (b1, ...,b,) a semi-reduced basis of (L, || ||). Then, by Corollary
and the genus formula we obtain

dimL= Y (=[lIbill1+1) = > (=[llb:fl T+ 1)
=1

[eill1<0
=—|d(L)|+n=degL — |d(Og)| +n =deg L+ dim(Og)(1 — gg).

3.2 Dual and complementary lattices

Definition 3.2.1 (Dual basis). Let B = (b1,...,b,) be a basis of E. The dual basis
BH# = (bf, ce b#) of B (with respect to the bilinear form B) is defined by
B(bl,b;#) == 51'73‘, fOT’ 1 < i,j <n.

If B’ is another basis of F and R = T(B — B’), then it is well-known that R™ =

T(B'# — B#).
Let || || € Norm(E). Denote by B a semi-orthonormal basis of (E, || ||) and B# its
dual one. We define the dual norm of || || to be || ||[# := || ||lg#, the by B# induced

norm from Lemma-Definition hence || ||# € Norm(E). By Theorem and
Lemma any norm || ||" equivalent to || || determines the same dual norm. We call
the class of || || the dual class of the class [|| ||].
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Definition 3.2.2 (Dual Lattice). Let (L, || ||) be a lattice. We fix L# = {z € E |
B(z,2') € A, forall 2 € L}, and define the dual lattice by (L7,| ||”*). The dual
lattice of (Og, | |lo) is called the different lattice of LS(E) and its class the different
class of LS(E).

The next result follows immediately from the definitions.

Lemma 3.2.3. The dual lattice (L*,|| ||#) is a lattice in (E, || ||*) and for any basis
B of L, the set B¥ is a basis of L.

Proposition 3.2.4. Let B = (by,...,b,) be a semi-reduced basis of (L,|| ||) € LS(E).
Then, B# = (bf&,...,b#) is a reduced basis of (L¥ .|| ||”"). Moreover, it holds that
(L || D] = =[d(L#, || ||#)] and [||b:]]] = =16} |#], for 1 <i <n.

Proof. The semi-reduced basis B induces the semi-orthonormal basis D :=
(t=MealTpy o = TlballTy, ). Hence, || |# = || |lp# and D# is an orthonormal basis
of (E,| ||#). Since T := T(B — D) = diag(¢/I01I1 ... ¢MIonllT) the transition matrix
T# .= T(B# — D#) is given by (T = diag(¢~ 10211, ¢=(llbelT). Hence, B# is a
reduced basis of (L%, || ||7).

Clearly, |d(L,|| )] = |detT| = —|detT#| = —|d(L*,| ||#)|. Since D# =
(d’f’g,...,d#) is an orthonormal basis of (L7, | ||#) and || ||# is integer-valued, we
have [[6F || = [[¢=M1%Wdf | # = —[|[bi[|], for 1 < i <n. O

Definition 3.2.5 (Complementary Lattice). For a lattice (L, || ||) € LS(E), we define
the complementary lattice (L*, || ||*) of (L, | ||) by L* := L# and || |* := || | + 2.

Clearly, (L*, | ||*) is a lattice, since (L%, | ||#) is a lattice.

Equivalent lattices determine the same complementary lattice.
Lemma 3.2.6. For || || € Norm(E) it holds (|| ||#)* = [|| |1 and (|| ||*)* = [I| -

Proof. Let B = (b1,...,b,) be a semi-orthonormal basis of (E,| ||). Then, B# =
(bfé, ..., b) is an orthonormal basis of (E, || ||#) by Proposition Since (B#)# = B
we have (|| |#)# = || || by definition. Then, Lemmashows that || |z =[] ||]-
Since B¥ is an orthonormal basis of (E, || ||#), B¥ is reduced with respect to || ||*
with HbféH* =2, for 1 < i < n. Then, the family B* := ¢~2B# is an orthonormal basis

of (E, || |I*). By definition we have (|| [*)* = (|| [*)#* + 2, where (|| [)# = || [[(z+)#-
Since B is the dual basis of B#, the basis (B*)# coincides with t>B. Hence, || ”(B*)# =
| llez5 = [l [IT — 2 and therefore (|| [|*)* =[] [T —2+2=T| |- O
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Lemma 3.2.7.
1. For (L,|| ||) € LS(E), it holds that dim L = dim L* — |d(L)| + n.
2. The genus satisfies gg = dim 0},/ dim Op.

Proof. By Proposition a semi-reduced basis B = (by,...,b,) of (L,]| ||) induces a
reduced basis B# = (bfé, ..., b)) of the dual lattice (L#, || |#), which is also a reduced
basis of (L*, || [|*), since || |* = || |# + 2. In particular, we have |[b¥||* = [ ||# + 2
and Hb#H# = —[]|bs]|], for 1 <4 < mn. Then, by Corollary it holds

dimL*= 37 (71T +n =" > I -n=>" (k-1
(|67 (<0 (|67 (|#4-2<0 [1o:l11>2

Since dim L = 3y, 1<o(—[[bs[|T+1), we obtain dim L —dim L* = Yo (=Tbil+1) =
—|d(L)| 4+ n. This proves item one.

For the second statement we consider and deduce that dimOg —n+|d(Og)| =
2 ibillo>0([billo = 1), where (b1,...,by) is a reduced basis of the lattice (O, || [lo). For
1 <i < mn, it holds —||b;|lo = [[b7[|# and —||bs[|o + 2 = [|b¥||*. Since (b7,...,b]) is a
reduced basis of (0%, || ||*), by Corollary we obtain

dim(Op, || [I*) = Z (— o[ + 1) = Z (1billo — 1) = dim O — n + |d(Og)|.
[+ <0 1164100

Hence, by the genus formula yields gg = dim 0%,/ dim Op. O

3.3 Isometry classes in lattice spaces

Two lattices (L, || ||) and (L',] |') in LS(E) are called isometric if sm(L,| ||) =
sm(L', || ||). In that case we write (L, || ||) ~ (L', || ||')-

Definition 3.3.1. Let (L, || ||) be a lattice in LS(E). The set of all lattices (L', | ||) €
LS(E) with (L, || ||) = (L, || |I) is called the isometry class of (L, || |).

Definition 3.3.2. We call two lattices (L1, || ||1) and (Lo, || ||2) equivalent, and write
(L1, || |l1) = (La, || ||2), if there exist a norm || || € Norm(E) with || || ~ || |l2, such that

(L, [ M11) = (Las [ 11)-

Note that this definition is compatible with the equivalence relation from Definition
that iS, if L1 = L2 with H Hl ~ H HQ, then (Ll, H Hl) = (LQ, H Hg) Clearly, =

defines an equivalence relation on LS(FE).
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All equivalent lattices have the same degree and same dimension. In fact, two
isometric lattices have the same degree and dimension and two equivalent norms lead
to the same degree and dimension on any concrete sub-A-module L C E of full rank.

The concept of principal and canonical divisors in algebraic function fields has an

analogy in lattice spaces.

Definition 3.3.3 (Principal lattice class). Any lattice (L, || ||) in LS(E), which is
equivalent to (Og, || ||o), is called a principal lattice of LS(E). The class of (Og,| o)
is called the principal lattice class in LS(E)/ =.

By this definition we obtain immediately the following statement.
Lemma 3.3.4. For a principal lattice (L, || ||) it holds deg L = 0 and dim L = dim Op.

Definition 3.3.5 (Canonical lattice class). Any lattice (L,|| ||) in LS(E), which is
equivalent to (0%, || ||5), s called a canonical lattice of LS(E). The class of (0%, || |I5)

is called the canonical lattice class in LS(E)/ =.

Lemma 3.3.6. For a canonical lattice (L,|| ||), it holds
deg L = 2dim(Og)(gp — 1) and dim L = dim(Og)gEg.

Proof. Since equivalent lattices have the same degree and dimension, it is sufficient
to show that (0%, | ||j;) satisfies the identities. We consider the second identity. By
Lemma we have dim 0}, = dim Og + |d(Og)| — n = dim(Og)gE.

For the first identity, let B be a reduced basis of (0%, | [|). Then, by Corollary

and \d((‘)g)] = —|d(Og)| (by Proposition , it holds

deg 03, = —|d(0%)| + [d(Op)| = = Y [bll5 +1d(0m)| = = > _(IBlIF +2) +d(0p)|
beB beB

=2(|d(0g)| —n) = 2dim(0g)(ge — 1),
where the last identity follows by the genus formula. O

We are going to introduce a partial ordering on R".

Definition 3.3.7. Let S = (s1,...,8,) and S = (s},...,s},) be in R". We write
S <8 ifs; <5 forl<i<n.

This definition allows us to compare two lattice (L, || ||) and (L', || ||") in LS(E) with

respect to their successive minima.
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We consider a collection of properties of lattices with respect to their successive
minima. The goal of the next lemma is its last item, which will be applied in Chapter
in the context of algebraic function fields (cf. Theorem 4.3.6))

Lemma 3.3.8. Let L, L' be two A-modules of full rank in E and || ||, || || two norms
in Norm(FE).

1. (L, ||) belongs to LS(E).

2. If LC L, then sm(L',| ||) <sm(L,| |]).

3. If |z|I" < ||z]], for all z € E, then sm(L, | ||') < sm(L, ]| [|).

4. 1t holds (B, | <0 € (B. | )< if and ondy if [|2/] < [|=]], for ail = € E.

5. For (E, || [[)<o € (E, || [I')<o with sm(E, || ||) = sm(E, || |'), it holds ||z[|" < =],
forall z € E.

6. For L C L' and (B, | <o C (E.|| |)<o with sm(E, | ||) = sm(E, || |I"), it holds
sm(L', || ) <sm(L, || []).

Proof. The first item is obvious by the definition of normed spaces and lattices.

The second and third items follow immediately from the definition of successive
minima.

We consider the fourth statement. Assume (E,| |)<o € (E,| ||')<o and take
any z € E. There exists m € Z such that [[[t™z||]] = 0. By assumption, it holds
[lt™z]|"] < 0; hence, [||z]'] < —m = []|z]|]. Conversely, assume that [[|z]|"] < [||z|[].

for all z € E. Then, ||z|| <0 implies that ||z||" < [||z]|'] < []|]z][]1 < 0.

For the proof of item &, we fix two orthonormal bases B = (b1,...,b,) and B’ =
(01;---,bp) of (E, || []) and (E, || [I'), respectively. As sm(E, | [[) = sm(E,|| ||'), we
have ||b;|| = ||bf]|’, for 1 < ¢ < n. Denote T = (t; ;) the transition matrix from B to

B’. Without loss of generality, let z € E with ||z]|, ||z]|" < 0 (otherwise we multiply z
with an adequate t-power). We write z = Y 1" | \ib; = > | ALbl with coefficients A;, A

in K, which satisfy by construction |\, |\;] < 0 and (A1...\,)T = (A]... ). Since
(E, || |)<o € (E, || II')<o0, it holds that T € AZ*™ and therefore

n
/ P .. . .. . .
1= [ o] < o G+ 1) < g 10
J:

As ||2]| = maxi<jcn{IAj[ £ 1101}, [|2[" = maxi<j<n{|Aj] + 0511}, and [b;]] = (B3], for
1 < j < n, we deduce ||z||" < ||z]|-
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For the last statement, from L C L’ we deduce sm(L,| ||') < sm(L, || ||') by item
2 As (B, <o € (B]| [)<o with sm(B, || [) = sm(E, || |[), by item 5 it holds
llz|I" < ||z||, for all z € E. Thus, we obtain sm(L, | ||') <sm(L,]|| ||) by item 3. Hence,

sm(L, [ ') < sm(L, || [])- O
Definition 3.3.9. Let (L, || ||) be a lattice and s1 < --- < sy, its successive minima.
We define the normalized successive minima of (L, || ||) to be the vector

smo(L, || [|) = (s1 = [s1],---,sn — [51])-

Note that the normalized successive minima are real numbers, which are strictly

greater than —1.

Lemma 3.3.10. For any lattice (L, || ||) € LS(E), it holds that

smo(L, || [[) =sm(L, || | = [s]), s :=minsm(L, | ).
The successive minima of (Op, || |lo) are already normalized. More precisely, if
sm(Og, || |lo) = (s1,--.,8n), then s1 =--- =8, =0 < 8141 where [ :=dim Op.

Proof. The first statements are obvious. Let B = (by,...,b,) be a reduced basis of
(Og, || llo) with ||b;|| = s;, for 1 <i < n. Note that ||z||o € Z, for all z € E. If ||b;]|o < 0,
then ¢b; belongs to (O, || |lo)<o and by Corollaryit holds B(tb;, tb;) = t>B(b;, b;) €
k, a contradiction, since B(b;,b;) € k. Thus, s; = 0 and dimOp = max{l <[ < n |
s; = 0} by Proposition m O

Note in particular that dim Og < n.

Definition 3.3.11 (Diameter). For a lattice (L, || ||), we define its diameter to be the

nonnegative rational number
diam(L, || ||) := maxsm(L, || ||) — minsm(L, || |]).

We define the diameter of LS(E) with respect to O to be the diameter of (Og, | o)
and write diam(LS(E)).

Lemma 3.3.12. If dim O = n, then diam(LS(F)) = 0. For dimOp < n we have
diam(LS(F)) < gp dim O + 1.

Proof. For dim O = n the statement follows immediately from Lemma [3.3.10
Suppose dim O < n. Let B = (by, ..., b,) be an ordered reduced basis of (Og, || [|o)-
By Lemma [3.3.10| we have diam(LS(F)) = diam(Og, || |lo) = ||bnllo, and ||b;|lo = 0, for
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1 <i¢ <!l with!:=dimOg. Since > 1, ||billo = |d(Og)| by Corollary we can
estimate [|b,||o by

onllo =1 <) fbillo— Y. 1=1d(0g)|— > 1=1d(0g)| - (n - dim Op).

i=1 Ibillo>0 i=i+1

By the definition of the genus, we obtain ||b,]lo < |d(Og)| — (n — dimOpg) + 1 =

From now on we will consider a subset of the lattice space LS(E). The following
restriction may seem curios, however according to Theorem this situation occurs

in the context of algebraic function fields.

Definition 3.3.13 (Bounded lattice space). For a vector S = (s1,...,8,) € R™ with
-1 <851 <+ < s, we define the lattice space of length S to be the set

LS(E)s :={(L, | II) € LS(E) | smo(L, || |[) < S}

Let R={r1+2Z,...,rn+Z} be a multiset in R/Z. Then, we define the R-lattice space
of length S by

LS(E, R)s == {(L, || [l) € LS(E, R) | smo(L, || [|) < S}

Any norm || ||" € Norm(E) with || || ~ || ||o induces a R-lattice space LS(E, R)s
of length S by taking S = (s1,...,8,) = sm(Og, || ||') and R = sm(E, || ||). We will
see in Chapter [4f that the divisor group of an algebraic function field F'/k, given by an
defining polynomial of degree n, can be considered as a subset of LS(F, R)g by choosing
[ I'=—minpep (m){vr()/e(P/Px)}-

We are interested in LS(E)g, for S := sm(Og,|| |lo), the set of lattices, whose
normalized successive minima are bounded by sm(Og, || ||o)-

The relation = from Definition restricted to LS(E)s determines again an
equivalence relation and therefore equivalence classes. Clearly, if the lattice (L, || ||)
belongs to LS(E)g, then its class belongs to LS(FE)s/ =. The principal lattice class is
contained in LS(E)s/ =, since S =sm(Og, || ||o)-

Note that all subsequent statements are still true in the latter setting, that is for

the lattice space LS(E, R)g induced by a norm || || equivalent to || ||o-
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Lemma 3.3.14. Let (L,|| ||) € LS(E)g, where S =sm(Og, || o).
1. diam(L, | ||) < diam(Og, || |lo) + 1.
2. If deg L < 0, then dim L = 0.
3. (L, || ||) is principal if and only if deg L = 0 and dim L > 0.

Proof. Since diam(L, || ||) = diam(L, || || + ), for all » € R, the first statement follows
from the definition of LS(F)s.

In order to proof the second item we denote by I; <--- <[, and s1 < --- < s, the
successive minima of (L, || ||) and (Og, || |lo), respectively. By Corollary it holds
|d(L, || DI =>i 4] and |d(Og, || [lo)] = >_i—;[si]. Then, the condition deg L < 0 is
equivalent to ;[s;] < >_i;[l;] by the definition of the degree. Let r := [l;]. By
hypothesis, [; —r < s; for 1 <4 <n. Thus,

—nr 4+ > (L] <Y [si] <> [l
i=1 i=1 i=1

Hence, r = [l;] > 0 and this implies dim L = 0 by Corollary

One direction of the third statement follows directly from Lemma [3.3.4] For the
other one we assume that deg L = 0 and dim L > 0. Since we are assuming that
dimOp > 0, this implies [l;] < 0 by Corollary In particular, (Iy,...,l,) =
sm(L, || ||) < smo(L,| ||) < (s1,-..,5n). Since degL = 0, we obtain |d(Og, | |lo)| =
|d(L, || )] and equivalently Y@ [s;] = > ;;[l;]. Thus, [l;] = [s;] = s, for 1 <
i < n, since || ||p is integer valued. Since || || ~ [|| ||], we obtain sm(L,[] ||]) =
([ Ts - [n]) = (51, -5 8n) = sm(Opg, || [lo); hence (L, [| ) = (O, || flo)- O

Theorem 3.3.15 (Riemann’s theorem). Let S = sm(Og, || |lo). For any lattice (L,|| ||) €
LS(E)s with deg L > |d(Og, || [lo)| —2n + (n — 1)diam(LS(E)) 4+ 1 it holds

dim L = deg L + dim(Og)(1 — gE).

Proof. Let (L, || ||) € LS(F)s and B = (b1, ...,by,) be areduced basis of (L, || ||) ordered
by increasing length. By Theorem [3.1.12| it holds dim L > deg L + dim(Og)(1 — gg).

In the corresponding proof we have seen that this is equivalent to

Yo Ml +1 =) (=Telll+1).
i=1

[l ([1<0

Equality holds if and only if [||b,]|] < 1, since [[|b;||] < [||bn||], for 1 <i<mn—1.
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Let (L',] |I') be a lattice having the successive minima j = --- =1/ ;| = 2 —
diam(LS(F)); I, = 2. By construction (L’,| ||') belongs to LS(E)s with dim L >
deg L + dim(Og)(1 — gg). For any (L,| ||) € LS(E)s with successive minima I; <

- < I, satisfying deg L > deg L’ it holds I,, = 1, since otherwise diam(L,| |) >
2—(2—diam(LS(F))) = diam(LS(E)), a contradiction. Hence, for any lattice (L, || ||) €
LS(E)g with

n

deg L > deg L' +1 = [d(Og,|| [lo)] — ZHH +1
i=1

n—1
= d(Og, || lo)| = (Z(z — diam(LS(E))) + 2) 1

=1
= 1d(0g, || lo)] = 2n + (n — 1)diam(LS(E)) + 1,

we obtain dim L = deg L + dim(Og)(1 — gg).

Lemma 3.3.16. Suppose n = 2.
1. For dimOg =1 it holds gg < diam(LS(F)) < gg + 1.
2. For dim O = 2 it holds gg = 0, diam(LS(E)) = 0.

Proof. Let sm(Og, || |o) = (s1,s2). Clearly, |d(Og, || |lo)] = [s1] + [s2] by Corollary
For dimOp = 1, it holds s; = 0 < s and therefore g = —1 + |d(Og, || |lo)| =
—1+4 [s2] < s9 =diam(LS(F)) < gg + 1.

By Lemma we obtain s; = s = 0, for dim O = 2. Hence, diam(LS(E)) =
0,|d(Og, | llo)] =0 and the formula for the genus yields g = 0. O

Corollary 3.3.17. Suppose dimg E = 2. For any lattice (L,|| ||) € LS(E)s with
deg L > 2gr — 1 it holds
dimL =degL+1—gg.

Proof. We apply Theorem to this case. We obtain

1d(Op, || lo)] = 2n + (n — 1)diam(LS(E)) + 1 = |d(Og, || [o)| + diam(LS(E)) — 3,
(3.2)

since n = 2. If dim(Opg, || ||o) = 1, the genus formula shows that gg = —1+|d(Og, || ||o)]
and by the last lemma we obtain diam(LS(FE)) < gg + 1. Hence, (3.2)) is less than or
equal to 2(gp +1) —3 =2¢gp — 1.
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For dim(Og,| |lo) = 2 we have seen in the proof of Lemma [3.3.16 that
diam(LS(E)) = 0,g9r = 0, and |d(Og, || |lo)| = 0. Therefore, (3.2) is lower than 2gp — 1.
Thus, in both cases the statement of the corollary follows from Theorem [3.3.15] O
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4. Lattices in algebraic function

fields

Let F'/k be a function field with defining polynomial f of degree n. Then, F' can be
considered as an n-dimensional vector space over the rational function field K. In this
chapter we will see that any divisor D in Dp induces a norm || ||p and a normed
space (F, || ||p). Hence, the results from Chapter [2/ become available in the context of
algebraic function fields.

On the one hand, the theory of lattices in function fields can be used to compute
a k-basis of the Riemann-Roch space of a divisor D and the successive minima of its
induced lattice (cf. Section and Subsection [£.3.1)), and on the other hand to derive
a formula for the genus of F'/k, which admits a fast computation of this invariant by
the Montes algorithm. Afterwards, we translate the results from Chapter [3]to algebraic
function fields.

Recall that e(P/Ps) denotes the ramification index of P over Py. For a given

divisor D, we consider a divisor

D+r(t)e= Y 0q-Q+ Y (Bp+re(P/Px))- P,
QePy PcPo
with aq, Bp,r € Z. According to Subsectionthe places Q € Py and P € P4, are in
one-to-one correspondence with prime ideals q of O and p of O, respectively. Hence,
the ideal representation of D +7(t)e is given by (I,t"I), where I := [[5cp, 7“9 and
I :=1]] PeP., p~ PP are fractional ideals of O and © F,00, respectively. In particular, I
and I, are A- and As.-modules of rank n, respectively. We consider on F' the norm:

s F = (-ocbu@ [l = guin { P22
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Clearly, any divisor D induces a norm || ||[p. As our considerations are relative to a
fixed divisor D, we write || || instead of || |[p. Note that vp = vy, for all places P of

F/k and their corresponding prime ideal p of F' (cf. Subsection .
Theorem 4.0.1.

1. LD +7r(t)s) =INt"Ioo = (L, | |)<r-

2. (L] 1) is a lattice and (F, | ||) is a normed space.

Proof. We consider the first identity of item 1. For z € L(D + r(t)s), we obtain
(2) > —(D +7(t)oo) and equivalently

vg(2) > —a@,VQ € Py(F), vp(z) > —fp —re(P/Pux),VP € Poo(F).

Clearly, this is equivalent to z € I Nt" .
In order to proof the second identity of the first item we consider z € (I,] ||)<-
That is, z € I with ||z]| < r, which is equivalent to

min

{vp(z) +vp(D)
PePo(F)

T } > 1 = vp(2) + Bp > —re(P/Psx), VP € Poo(F),

as fp = vp(D). This is equivalent to z € I Nt" [, since z € I.
We consider the second item. Regarding Definition [2.1.5] we have to show that

dimg (1, ||)<r < oo, for all » € R. This follows directly from item I. Then, Lemma
shows that the pair (F,|| ||) is a normed space. O

Corollary 4.0.2. Let B = (by,...,b,) be a semi-reduced basis of (I,|| ||). Then,
1. Io = (B[] <0,
2. the set {bit’i | 1 <i<mn, 0<7j; <—[||b;||]]+r} is a k-basis of L(D +r(t)eo),
3. dimg (D + r(t)oo) = 2, < (= [I0:lIT + 7+ 1).

Proof. By the last lemma (I,]| ||) is a lattice. Then, by Corollary the family
(t™by, ..., t"b,) with m; := —[]|bs]|], for 1 < i < n, is a semi-orthonormal basis of
(F, | ||). Hence, Lemma-Definition [2.8.9] yields the first item of the theorem.

The second item follows from the last lemma, Corollary[3.1.9] and Proposition [2:2.5

The third one follows from the second one. O
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4.1 Computation of Riemann-Roch spaces

By Corollary in order to compute a k-basis of the Riemann-Roch space £(D) =
INI, it suffices to compute a semi-reduced A-basis of I. According to Subsection[2.8.1
a (semi-) orthonormal basis of the normed space F' is required. By Lemma-Definition
and Corollary any Aso-basis of the Aq-module I, is semi-orthonormal. We

summarize the computation of a basis of a Riemann-Roch space of a divisor D:

Algorithm 6: Riemann-Roch computation

Input: A-basis B of I and A.-basis B’ of I, where £L(D) =1NI.
Output: k-basis of £(D).

1: D« (CB/(b) ’ be (B)
2: (b1,...,by) < Algorithm [3(D)
3: return {cg (b))t |1 <i<n, 0<ji < —[[leg! (b:)[1}

The correctness of the algorithm follows from the last corollary.

Note that Algorithm [6] basically coincides with the algorithm described in [16].
We will extend the latter algorithm in Subsection by Algorithm [5| (the optimized
reduction algorithm) in order to determine the successive minima of the by D induced
lattice (Z, || ||). In Chapter [5| we will present an algorithm, which determines both a

basis of I and a (semi-) orthonormal basis of .

4.1.1 Complexity

To estimate the complexity of the computation of a basis of a Riemann-Roch space by
Algorithm |§|, we fix a divisor D and denote by (I, I) its ideal representation; that is,
L(D) =1NIyx. We assume that bases B and B’ of the fractional ideals I and I, are
available. In Chapter [5| we analyze the complexity of the computation of these bases
(cf. Corollary and Theorem . Moreover, we assume that both B and B’
are Hermite bases and denote by T the transition matrix from B to B’. Then, the rows
of T are given by the coordinate vectors cs/(b) for b € B.

Let ¢g1,...,9n € A be nonzero polynomials of minimal degree such that T =

T - diag(g1,...,gn) € A™*™. Then, the following statement follows immediately from

Corollary
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Lemma 4.1.1. Denote by C(T') the cost of the computation of the transition matriz
T. Then, algorithm [0 needs at most

C(T) + O(n*W(T) + n®h(T)?)
arithmetic operations in k to determine a basis of L(D).

We are interested in a complexity estimation, which only depends on the data n
and Cy of the defining polynomial f of the function field and on the divisor D (cf.
Corollary . Therefore, we estimate h(T) and C(T) in terms of n, Cy and h(D)

(see below).

Definition 4.1.2 (Divisor height). For D € D \ {0}, we define the height of D by
h(D) := deg D*, where
D*:= Y |vp(D)|- P.

PePr

Note that the height of a divisor is a nonnegative integer and h(D) = 0 if and only
if D=0.
We will now formulate some technical lemmas, which will be useful for further

complexity estimations.

Lemma 4.1.3. Let F/k be a function field of genus g with defining polynomial f of
degree n. Then, § := |disc f| and do := Voo (disc foo) satisfy

8,000 <6+ 000 = Cyn(n — 1) = O(n*Cy).
In particular, it holds |[Op : A[f]]| <0 and —|[OF 00 : Ascbs0]]| < 0.

Proof. The discriminant of f.. belongs to k[t~!] and disc f belongs to A. Hence, doo =
Voo (disc foo), 0 = deg(disc f) > 0, and §, 000 < 0 + Joo. AS foo = t*"Cff(t,thx), the
discriminant of fo, satisfies by [27, p. 13]

disc foo = ¢~ nCr(2n=2)3Cy(n*~n) disc f = ¢=Crnn=1) disc f
Therefore, doo = Voo (disc foo) = Cpn(n — 1) — | disc f| = Cyn(n — 1) — 6. O
Lemma 4.1.4.

1. h(I) + h(Is) < H(I) + H(Is) = O(h(D) + n2Cy).

2. W(T) = O(nh(D) + n3Cy).
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Proof. In order to prove the first item we consider D = ) pepp aPP and set Do :=
ZP@PO apP and Dy, = ZP€P )apP. The ideal representation of D is given by

(1, I )Wlth
IT »r 1= I »

PePy(F) PP (F)
where the prime ideals p of F' corresponds to the places P of F'. We consider D :=

> pepo(r) lap|P and DY, =3 pep (g lap|P and set I" := [ pep, () p~lerl and I* =
i

I Pepo ()P larl as in 1’ Lemma shows that
0p : '] = Npye(I) = [ Neyw(p) 1.
PePy(F)
Since deg P = |Np/k(p)| [14], we obtain, [[Op : I']| = > pep (p) —lap|deg P =
—deg D§. As |[OF : I*]| = —|[I* : OF]|, we get
deg Dy = [[I™: OF]| = [[I" - A[6]]] - [[OF - A[f]]]. (4.2)
Analogously, one can show deg D}, = —|[I% : Ax[0x]]] + [[OF 00 1 As[f0]]|- Then,

by the definition of the height of an ideal (cf. Definition [1.2.7)) and of a divisor, we
obtain deg D§ = h(Dy) = h(I) — |[OF : A[f]]| and deg D}, = h(Dw) = h(Iso) + |[OF 0 :
Ax[0s0]]]- Since the supports of Dy and Dy, are disjoint, we obtain

h(D) = k(Do) + h(Dos) = h(I) = [[Op : A[B]]| + h(Isc) + [[OF,00  Acc[foc]]]

and therefore h(I) 4+ h(ls) < h(D) + 0 + dso. Clearly, H(I) < h(I) 4§ and H(I) <
h(Is)+ 0o (cf. Definition[1.2.7). Thus, we deduce H(I)+ H(Is) < h(I)+6+h(ls)+
o0 < h(D) +2(6 + 600) = O(h(D) +n2Cy) by Lemma [4.1.3]

For a matrix N € K"*™ denote by gy € A a nonzero polynomial of minimal degree
such that gyN € A™*™. Then, by the definition of 7' we have h(T) < h(grT). Let us
estimate the height of grT.

We consider the matrices M, M’ € K™ with M (1 6...0" 1% = (b;...b,)" and
M1 6...0mH" = (b ...0,)", where B = (by,...,b,) and B’ = (¥),...,b,). Then,
T = MM'~! is the transition matrix from B to B’. Clearly, |gr| < |gas|+ |gar—1], since
gugyr—1T € A™™ and |gp| is minimal. Then, Lemma shows that

WT) < h(grT) = |gr| + h(T) < |gur| + (M) + [gap| + R(M'). (4.3)

As B is an Hermite basis, Corollary (1.2.13| shows that |gas| + h(M) = O(H(I)). We
estimate |gpp—1| + h(M'~1) and consider

M'diag(1,2°7, ...t DC) (1 O ... 07T = (B .. 0
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We set Q := M'diag(1,tCr, ..., t"=DC). As M'~1 = diag(1,t%f,. ...t DCHQ, we

obtain
gar—1] + h(M'™Y) <lgap1| + (n = Oy + Q7). (4.4)

As gQ—1M’_1 € A", we deduce |gyp-1| < |gg-1|. Arguing as we did in the proof of
item 8 of Lemma we see that (gg2 det Q)Q~! € A" with 9 det Q € A; hence
l9g-1] < 195 det Q| < n(gq + h(Q)). Moreover, we have R(Q™Y) < nh(Q). As Q is the
transition matrix from B’ to (1,0cc,...,0% 1), it holds |gg| + h(Q) = O(H(Ix)) by
Corollaryand therefore |gyp—1|+h(M'~1) = O(nH(I)+nCy) by . Finally,
and item I show that

WT) = O(H(I) +nCj +nH(Ix)) = O(nh(D) +n3Cy).
O

Corollary 4.1.5. Let D be a divisor with £L(D) = IN 1y and B and B’ Hermite bases
of the fractional ideals I and I, respectively. Then, Algorithm[0] needs at most

O(n*(h(D) +n*Cy)?)
arithmetic operations in k to compute a k-basis of L(D).

Proof. We apply Lemma to Lemma and deduce that the complexity of
Algorithm [6] is given by

C(T) + O(n*n(T) + n3n(T)?) = C(T) + O(n°(h(D) + n>C})?).

In order to estimate C(7") we consider the proof of Lemma There we have seen
that T = MM’'~!. Clearly, the cost C(T) for computing T is dominated by the cost of
the inversion of M’ and the realization of the matrix product MM’

Since M’ = Qdiag(1,t=%7,... t~(=1C) the cost for determining M'~! is domi-
nated by the inversion of (). As B’ is a Hermite basis of J,, there exist 8 € Z such that
t3Q is in HNF. We can assume that 8 = 0. Hence, we have to invert a lower triangular
matrix, whose entries ¢; ; satisfy |¢; ;| = O(h(Is)) by Corollary By Gaussian
elimination this can be realized with at most O(n3h(I,)) operations in k.

Since h(gnM) = O(h(I)) and h(gpp—M'™') = O(nCy + nh(l)), the cost for
computing M M’'~! is bounded by O(n3(nCy+nh(Ix)+h(I))?) operations in k. Hence,
C(T) is dominated by O(n®(h(D) + n2Cy)?). O
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For divisors D with large height, under certain conditions it is utile to apply a
divisor reduction as explained in [I6]. That is, one determines an effective divisor D’

of F' of “small” height, a € F* and r € Z such that
D=D +7r(t)s — (a). (4.5)

Then, £L(D) = a-L(D'+r(t)so). Let (I, IL,) be the ideal representation of D’. Then,
according to Corollary it is sufficient to determine a semi-reduced basis of (I', || ||)
in order to compute a basis of £(D’+ r(t)s). Hence, the computation of £(D) can be
restricted to the computation of £(D’). For a divisor D, whose support only contains
places of small degree, the height h(D) enters the running time of the computation of
L(D) logarithmically. For many applications, for instance the computation of the class
group of a global function field, the divisor reduction leads to a remarkable speedup.
However, for divisors carrying places of large degree, the divisor reduction is useless.
Moreover, for many applications in function fields initially a basis of the zero divisor

has to be computed. In that context no divisor reduction can be applied.

4.2 Genus computation

Let F'/k be a function field of genus g over the field k, and denote by ko its full constant
field. In this section we present an algorithm that computes the genus of a function
field. Our algorithm is based on the repeated application of the Montes algorithm
(i.e. Algorithm . Hence, it has an excellent practical performance for global function

fields, that is, a function field with finite constant field k.

Corollary 4.2.1 ([16, Corollary 5.5]). Let D be a divisor of F and (I,l) its ideal

representation. Then, it holds
—|d(I)| = deg D + [ko : k](1 — g) — n.

Proof. Let (b1, ...,by) be areduced basis of I with respect to the norm || || = || ||p. For a
sufficiently large r € Z, Corollary shows that dimy (D+7(t)so) = iy —[110:l]1)+
nr 4+ n. Also, for large r we obtain by the Riemann-Roch theorem

dimg (D + 7(t)so) = deg(D + r(t)so) + [ko : k](1 — g) (4.6)

=degD +rn+ [ko : k](1 —g).

So, finally we have deg D + [ko : k](1 —g) —n = = > [||bil|]] = —|d(I)|, where the

last equality follows from Lemma [2.5.8 O
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Theorem 4.2.2. Let F'/k be a function field with defining polynomial f and let 0 € F
be a root of f. Let D be a divisor and (I, 1) be its ideal representation. Then,

|d(D)] = =l : A]]] + [[Loo : Aco[fc]]| + Cpnln —1)/2.

Proof. Let B = (by,...,b,) be any basis of I and B’ = (},...,b],) an orthonormal
basis of I,. We consider M, M’ € K™ with M(1 6...0" 1) = (by...b,)" and
M'(16...07m N = (b ...b,)". Then, T := MM'~! is the transition matrix from B
to B’ and by definition,

A(D)] = | det(T)| = | det(M)| + | det(M'™Y)| = —|[T : A[g]]| + | det(M' ). (4.7)
Let N := diag(1,¢t=¢7,...t=C¢r(=1)  Clearly,
(10oo... 0 HY"=N@O...0" )" = NM b, .. b))
Hence, |[Iso : Ass[0o0]]| = | det(NM'7Y)| = —=Cpn(n—1)/2+ | det(M'~1)|, and therefore
|det(M'™1)| = [[Ioo : Aco[fo0]| + Cpn(n — 1) /2.
Together with (4.7)), we obtain the claimed formula for |d(I)]. O

We apply Corollary to the zero divisor D := (0). Then, I becomes Of and

I = Op . Therefore,

_lko: k] —n+|d(OF)|
g="" o H . (4.8)

Clearly, D induces the lattice (Op, || ||o) with

—_in {vP(E)
Ilz]lo := Pnel]%nr:o {e(P/POO) } , forall z€ F. (4.9)

Note that kg coincides with £(0) = (Op, || ||o)<o. Moreover, [ko : k] = dim(Op, || |lo)<o-

Thus, in that context the genus formula (4.8]) coincides with the one from Definition
B.II0

Corollary 4.2.3. For a function field F'/k with defining equation f(t,0) =0, the genus
may be computed as:
(ko : k] —n—1[0F : A[0]]| + |[OF 00 : Asc[00]]| + Cpn(n —1)/2
[ko : k]
Moreover, let g, == —n — |[Op : A[0]]] + |[OF 00 : Asc[0s0]]| + Cyn(n —1)/2 < 0. Then,
9g=01ifgr<0andg=1if g =0.
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4.2 Genus computation

Proof. The first statement follows immediately from (4.8]) and Theorem For the

second one we consider

[ko : k] + gi Ik
0<g=0-MTIk _q <1.
9= Tk : A] ko : k]
Since g € Z, we obtain g =0 if g <0 and g =1 if g5 = 0. O

A conventional way to compute the genus g of a function field F/k proceeds as
follows: Consider the divisor D := (r(f)») and the Riemann-Roch space £(D) =

OF Nt"OF . Determine the [|| |lo]-values of a || ||o-semi-reduced basis (b1, ...,by) of
Op. For large r, Corollary and (4.6)) show that

> (=Mlbillo] + 7+ 1) = dimy, D = rn + [k : kol(1 — g). (4.10)
MoilloT<r
Since [k : ko] = dimy £(0) = > 1y, ,7<0(=[llbillo] + 1), the genus g can be deduced
easily from (4.10]).

If kg = k, that is, the constant field k is algebraically closed in the function field F
(for instance, when F' is the function field of a geometrically irreducible curve over k),
then Corollary [£.2.3] shows that the computation of the genus g of F' can be reduced
to the computation of the degree of the two indices [Of : A[f]] and [Op oo : Aco[fs0]]-

For a monic and irreducible polynomial p(t) € A, the valuations
indy := v,([OF : A]f]]), indeo = Voo ([OF 00 : Asc[00]])

of these two indices are computed by Algorithm [, the Montes algorithm. Since
Voo ([OF 00 : Axc[0s0]]) = |[OF 00 1 Asc[foc]]| by definition and

(O A= 3" w(Or s Al lp(t)],
p(t)?|disc f
the computation of the genus can be restricted to the computation of the “local values”
ind, and ind.

If ko is unknown we have to deduce [ko : k] additionally as follows: Assume we have
already computed the degree of the indices [Op : A[f]] and [Op oo : Aoo[f0]]. Then, the
degree of the places P € Py (F) and P € Py(F) with P|P,, for p(t)?|disc f, has been
determined by the Montes algorithm as a by-product. Let k = F, be the finite field with
q elements. By [14, p. 367] the integer [ := [k : k] is equal to the number of absolutely

93



4. LATTICES IN ALGEBRAIC FUNCTION FIELDS

irreducible factors of the defining polynomial f. That is, [ coincides with the number of
irreducible factors of f, considered as a polynomial in F 4 [t,z], where I’ := el and e € N
arbitrary. Since [ is unknown, we have to factorize f over a certain extension F 4 of Fy.
Clearly, [ divides n and the degree of any place of F'. Hence, we can choose I’ to be the
ged of n and the degrees of all places involved in the computation of |[OF : A[f]]| and
[[OF oo : Axc[fso]]|- This leads us to an upper bound for [ and determines a finite field
F 4 OVer which f splits into absolutely irreducible factors. By factorizing f € F e [t, x]
we obtain [.

These ideas lead to the following algorithm.

Algorithm 7: Genus computation of global function fields

Input: A global function field F'/F, with defining polynomial f of degree n.
Output: Genus g of F.

1: foo « t=Crf(t,t% ), FiniteIndex < 0, I’ + n
2: Factorize d where d = ged(disc f, (disc f)")

3: for all irreducible factors p(t) of d do

4: ind, +— Algorithm [1} f, p(t))

5. FiniteIndex < FiniteIndex +|p(¢)| - ind,
6: U < ged({deg P | P|P,} U{l'})

7: end for

8: inds + Algorithm [I foo, 1/1)

9: gp < —n—FiniteIndex—ind + Cn(n —1)/2
10: if g < 0 then

11: return 0 if gy <Oor 1lif g =0

12: end if

13: ' + ged({deg P | P|Px} U{l', gx})

14: if I’ > 1 then

15: Factorize f as a polynomial in F 4 [t, x]
16: " +— number of irreducible factors of f
17: end if

18: return 1+ g/l

94



4.2 Genus computation

Let us now fix an algorithm to factorize bivariate polynomials over finite fields.
For a polynomial f in F,[t,z] of degree n in z, let C(f) be the expected number of
operations in [F, of the algorithm applied to f over Fgn.

We admit fast multiplication techniques of Schonhage-Strassen [34].

Theorem 4.2.4. The genus of a function field F/F, with defining polynomial f of

degree n in x can be computed in an expected number of
C(f) + O(n> 0 **<log(q))
arithmetic operations in IFy.

Remark 4.2.5. In [3, []] it is shown that f can be factorized over Fyn in expected
polynomial-time. In practice, the factorization of f over certain extensions of Fy (cf.
line 15 in Algom'thm@ has an excellent performance (cf. Chapter @

If kg is known or Algorithm@ detects g, < 0 orl' =1 (in line 10 or 14), no bivariate
polynomial must be factorized. In that context the expected number of operation in F,
is bounded by O(n>+<C;* log(q)).

Proof. Initially, Algorithm [7] computes disc f and factorizes its inseparable part. Since
disc f = Res(f, f'), the cost of the computation of disc f is equal to the cost of comput-
ing the determinant of the Sylvester matrix M of f and f’. In [24] it is shown that the
cost is O(m?n?) field operations, where m denotes the maximal degree of the entries in
M. Since m = O(nCY), the computation of disc f needs at most O(n°C?) operations
in k.

In the worst case we have to factorize d = disc f. According to [35, Corollary 14.30]
the factorization of disc f can be estimated by an expected number of O((n?Cj)?T¢ +
(n2Cy)1*log(q)) = O(n*TeCp*  +n?+¢Cy ¢ log(q)) operations in Fy, since deg disc f =
|disc f| = O(n*C}) (cf. Lemma .

Let 6, := vp(disc f). Considering [I, theorem 5.14] the cost of one call of Algorithm
for the input (f,p(¢)) and (f, 1/t) is equal to

O((degp(t)) < (n**€ + n'*<G, log (¢ ¥V + n'H<67+))
and O (n2*+€ + n!*+<5,, log(g) + n!**62+) operations in k, respectively. The worst case

is that we have to call the Montes algorithm for all irreducible divisors p(t) of disc f.
Therefore, the cost of the for-loop is

Z O((degp(t))1+6(n2+e + nl-i-eap log(qdegp(t))) + n1+65g+e)
p(t)] disc f
— O(n2+661+e + n1+€52+e log(q) + n1+€52+e)
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operations in k. Adding the cost for applying Algorithm (1] for (f~, 1/t), we obtain for

the computation of the degree of the two indices

O(n2+651+6 + n1+6(52+€ + 500) log(q) + n1+e(62+e + 523—6))
_ O(n4+ecf1+e + n5+eCf2+e log(q) + n5+ecf2+e)
O(n°*<C**<log(q)),

field operations, where the first equality follows from Lemma Clearly, the cost of
the computation and factorization of disc f is dominated by O(n5T<C f2+6 log(q)). O

Remark 4.2.6. In [2, Lemma 1.29] is shown that for g > 1 the defining polynomial f of
a global function field F'/k can be chosen such that C'y = O(g?) holds. In that case algo-
rithm @ determines the genus of F in an expected number of C(f)+O(n®t<g*t<log(q))

operations in Fy.

4.3 Isometry classes in function fields

As mentioned before any divisor D of a function field F//k induces the lattice (I, || ||p)
in the normed space (F,| ||p), where F' is being considered as an n-dimensional K-
vector space and (I, ) is the ideal representation of D. In particular, any lattice
(I, Ip) belongs to LS(F), the space of lattices of F' (cf. Definition [2.8.1]).

The trace map Trp/k : F' — K with respect to F /K determines the non-degenerated

symmetric bilinear form
B:FxF—K, B(z7):= TrF/K(zz’),
the so-called trace form on F'.
Lemma 4.3.1. Op C {z € F | B(z,2) € A} and Opo C {z € F | B(z,2) € Ax}.

Proof. We show the first inclusion, the second one can be treated analogously. For
a € O, let g(z) = 2" + a,_12" " + - - + ag the minimal polynomial of . Since « is
integral over A, o? is integral over A too. Therefore, the polynomial g belongs to A[z].
By [33, p. 333] it holds TrF/K(aQ) = —[F : K(a®)]a,—1 € A; hence, Op C {z € F |
B(z,z) € A}. O

We define the zero norm || |0 by (4.9) and the zero lattice of F' by (Op,]|| |lo)-
Therefore, the results of Chapter [3| become available in the context of an algebraic

function field.
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Lemma 4.3.2. Let B be an Axs-basis of O, then || |8 ~ | |lo-

Proof. Lemma-Definition and Corollary show that B is a semi-orthonormal
basis of (F,|| ||o). Then, by Lemma it holds || |8 ~ || |lo- O

Note that in the general setting from Chapter [3] the zero norm is integer valued,
whereas || |lo with ||z||o = — minpep,_{vp(z)/e(P/Px)} has values in Q. Since the
results from Chapter (3| only depend on the class of the zero norm in LS(E)/ ~ (resp.
LS(E, R)/ ~), we can choose any representative of this class. According to Definition
the last lemma shows that || ||o as defined above is such an representative. The
reader may choose [|| ||o] instead of || ||o. However, for convenience we take || ||o as
defined in ([4.9).

We summarize some of the results of Chapter [3| in the context of an algebraic

function field.

Lemma 4.3.3. Let F/k be function field of genus g and let D € Dp with the ideal
representation (I, I). Denote by (I, || ||) the lattice induced by D.

1. deg D = deg(I, | |-
2. dim D = dim(Z, || ||)<o-
3. g=gr.

Proof. We write D = Dy+ Do, with Dy := ZP@PO(F) apP and D, 1= ZPelP’oo(F) apP.
According to it holds deg Dy = |[I : Op]|. Analogously, one can show that
deg Doo = —|[Iso : OFo]|. Hence, deg D = |[I : Op]| — |[Ioo : OFo]|- By definition, we
have deg(Z,]| ||) = |d(Op, | llo)| — |d(Z,]| ||)|.- We apply Theorem [4.2.2] and deduce that
deg(Z, ] ||) is equal to

—I[0F = A[]] + [[0F.00 : Acolfoo]l| + Cyn(n—1)/2
— (== AL+ [[Too = Aco[0oo]l[+Cpn(n = 1)/2) = |[I : OF]| = |[eo : OF 0]l

The second statement follows immediately from Theorem [4.0.1
Since kg = Op N OF o = (Op, || |lo)<o and dim Op = dimy ko = [ko : k], the last

item is a consequence of Definition |3.1.10] and (4.8]). O

The concept of Duality from Section [3.2] can be easily translated to this particular

situation. We define the dual divisor D# and the complementary divisor D* exactly
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as in Subsection by taking E := F,Op, OF, and the trace form B. Then, we can
define the lattices space LS(F') and the R-lattice space LS(F, R) of the function field
F, where R :=sm(Op, || ||o). Hence, the divisor group of F' becomes a subset of LS(F')
and LS(F, R).

We define the successive minima sm(D) of D to be the successive minima of the by
D induced lattice. We call two divisors D; and D9 isometric if their induced lattices
are isometric; that is, if sm(D;) = sm(D3). Clearly, this determines an equivalence

relation of the set of divisors of F'/k.

Lemma 4.3.4. Let D be a divisor of F/k and a € F*. Then, D and D + (a) are

isometric.

Proof. Let (I,I) the ideal representation of D. Then, D + (a) is represented by
(a='I,a7'I). In particular, D and D+ (a) induce the lattices (I, ||) and (a= 11, | ||"),

respectively, where

(i

"= - min

I =~ uin p
€P

PeP

s

Then, the isometry is determined by the K-linear map ji,-1(2) =a~'-z, for z € F. O

The converse of Lemma [£.3.4] is false in general as the following example shows.

Example 4.3.5. Let F/F3 be the function field defined by the polynomial f(¢,x) =
23 + 12z +t € F3t, 2]. The places at infinity of F' are P; and P,, where deg P; = 1 and
deg P, = 2. There exits only one place @) over P;, the place of the rational function
field F5(¢) induced by the irreducible polynomial ¢ € A. The degree of @ is equal 1.

We consider the divisors
D =2Q — 2P, .DIZZQ-%EH——be,

both having degree —2 and successive minima (1,2,2); hence D ~ D’. On the other
hand, dim(D — D") = 0 (sm(D — D) = (1,1,1)). Thus, D and D" are isometric but
there exits no element a € F* such that D = D' + (a).

We define the normalized successive minima smg(D) and the diameter diam(D) of
a divisor D by considering its induced lattice. Note that there exists an integer r such
that smo(D) = sm(D 4 7(t)s). In particular, the divisor D + r(t)~ induces the lattice
(L, ]| || = r), where (I,]| ||) corresponds to D.
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Theorem 4.3.6. For any divisor D of F/k, it holds that smo(D) < sm(0).

Proof. We identify D with the lattice (I, ]| ||) and the zero divisor with (O, || |lo). We
can assume that smo(D) = sm(D), otherwise we shift D in the right class by considering
D + r(t)co, for an adequate r € Z. Denote by dy < --- < d, and s; < --- < s, the
successive minima of D and 0, respectively. In particular, we have [di| = 0. We
consider a distinction of cases:

The case Y i [di] > Y7 [si] implies deg(Z, | ||) = degD < 0 by Lemma [4.3.3]
and Corollary and therefore dim D = 0. Since [d;] = 0, it holds dim D > 0 by
Corollary a contradiction.

Let 3314 [di] < 3774 [si]. By construction we have dim D = >7;1<o(—[di] +1) >
0. Choose a € £L(D) \ ko and consider D’ = D + (a) > 0. By the last lemma, D" and
D have the same successive minima. Denote by (I’ || ||) the lattice which is induced
by D’ and let I := (F,|| ||')<o. Then, (I, I ) is the ideal representation of D’, where
Op CI'"and (F,| |lo)<o = OFe C I, since D’ is effective. Thus, item 6 of Lemma
[3.3.8 shows that sm(D) = sm(D’) < sm(0). O

The last theorem allows us to interpret the divisor group Dg of F as a subset of
LS(F,R)s, where R =sm(Op, || |0) and S := sm(0).
We summarize the results of Subsection |3.3|in the context of an algebraic function

field.
Lemma 4.3.7.

1. The isometry class of the zero divisor in Dp is given by the set of all principal
divisors of F/k.

2. For all D € D it holds diam(D) < diam(0) + 1 < g - [ko : k] + 2.
3. For all D € D with deg D > [d(OF)| — 2n + (n — 1)diam(0) + 1 it holds

dim D = deg D + [ko : k](1 — g).

Proof. Item 1 follows immediately from Lemma item 8 and the fact that the
principal divisors of F' are characterized by divisor of F' having positive dimension and
degree equal to zero.

The second item yields by Lemma [3.3.14] Lemma and the fact that dim (0 =
dim(Op, || |lo) = [ko : k]. The third one is Theorem O
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Corollary 4.3.8. For a function field of defining equation f(t,0) = 0 with deg f = 2,

the genus satisfies

0, if |d(OF, [ lo)] = 0,
—1—=1d(Op, [ lo)], i 1d(Op, | llo)] >0,

where [d(Op, || llo)| = —|[0F : A[0]]] + [[OFc0 : Ass[0s0]]| + Cf by Theorem [4.2.4

Proof. Let s1 < s be the successive minima of (O, || jo). By Lemma [3.3.10] we know
that 0 < [s;], for i = 1,2. Then, by Corollary [3.1.9] the fact [d(Op,|| [lo)| = 0 implies
dim(Op, || [lo) = [ko : k] = 2. Thus, Lemma [3.3.16] shows that g = 0.

If |[d(OF, | ||o)] > 0 the dimension of O is one and in particular [k : k] = 1. Hence,
ko = k and the formula is deduced from . O

By the last corollary, for the computation of the genus of a function field of degree

2, one only needs to determine |[Op : A[f]]| and |[Op o0 : Aco[fs0]]]-

Corollary 4.3.9. Let D € Dp and denote by di < --- < d, its successive minima.
Then, [dn] — [di] < g~ [ko : k] + 1.

Proof. Clearly, with smg(D) = (d},...,d},) it holds (d},...,d,) = (d1 +7,...,dn + 1),
for an adequate r € Z; hence, [d,] — [di] = [d,,] — [d}]. Denote by sy < --- < s, the
successive minima of (O, || [|o). By Theorem we obtain [d] ] < [s,] = [diam(0)],
as [s1] = 0. We deduce [d,] — [d1] = [d],] < [diam(0)]. Then, by Lemma[3.3.12] and
the fact dim Op = [ko : k| the statement holds. O

Note that the last corollary improves the bound from [16, Lemma 2.15].

Denote by Pp the set of all principal divisors of F'/k. Clearly, Pp is a subgroup of
Dp. The factor group Cr := D /Pp is called the divisor class group of F//k. The class
of a divisor D in Cp is denoted by [D]. Since deg D' = deg D, for any D’ € [D], we
define the degree of [D] by the degree of any of its representative. The class group of
F/k is defined by €% := {[D] € Cp | deg[D] = 0}. The class group is an abelian group,
which is finite if F'/k is global; that is, if & is finite.

Clearly, divisors D and D’, which belong to the same class in Cp, are isometric
by Lemma [4.3.4] Thus, the classes of Cp are contained in the isometry classes of Dp.
Moreover, we can define the (normalized) successive minima of a class in Cr by the

successive minima of any of its representative.

We call [D], [D'] € Cp isometric if D ~ D', and write [D] ~ [D’].
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Lemma 4.3.10. The number of isometry classes in €% is finite.

Proof. Since all elements in an isometry class share the same successive minima, we
only have to show that the number of different successive minima, which are attained
by elements in G%, is finite.

Denote by s; < --- < s, the successive minima of 0, the zero divisor. By definition
any [D] with successive minima d; < --- < d,, satisfies deg[D] = 0 = deg0, and
therefore

n
D di1 =2 Tsil = ld(Or, | lo)|
i=1 i=1

by Corollary Since smg(D) < sm(0) by Theorem and || E| N [r,s] is a finite
set, for any 7, s € R, by Lemma [2.:2.6] there are only finitely many values that can be
attained by the d; € || F||; hence, the statement holds. O

Note that in general the group law of GOF does not respect the isometry classes of
€%; that means for Dy, D}, Do, Dy € €Y% the fact D1 ~ D} and Dy ~ D} does not imply
Dy + Dy ~ D} + D. Moreover, Dp is (in general) a proper subset of LS(F, R)g. This
fact is a direct consequence of Theorem One can easily find a concrete function
field F'/k, for which C := |d(Of)| — 2n + (n — 1)diam(0) + 1 > [ko : k](g — 2) + 1.
For instance, the function field in Example 2 from Section [6.2] satisfies C' = 213 >
[ko : k](g —2) + 1 = 157. According to the proof of Theorem the bound C was
minimal with its property. However, in function fields a better bound is available by
the theorem of Riemann-Roch. Hence, there exist a lattice (L, || ||) in LS(F, R)g such

that sm(L, || ||) is not attained by the successive minima of any D € Dp.

4.3.1 Computation of the successive minima of a divisor

Let D be a divisor of F/k and denote by (I,]|| ||) the induced lattice. In order to
compute the successive minima of D we apply Algorithm [5| the optimized reduction
algorithm, to an A-basis B of I and an orthonormal basis B’ of the normed space F.
This results in a reduced basis of (I, || ||), where the length of its vectors realize the the
successive minima of D by Proposition [2.2.5

In Chapter [5| we present an algorithm, which computes B and B’ as desired.

101



4. LATTICES IN ALGEBRAIC FUNCTION FIELDS

Theorem 4.3.11. Given a divisor D of F/k with £L(D) = INIy, B an Hermite bases
of the fractional ideal I, and B’ an orthonormal basis of In,. Then, the computation of

the successive minima of D takes at most
O(n’(h(D) +n*Cy)?)
arithmetic operations in k.

Proof. In order to obtain the desired bound we only have to consider Subsection
and replace Algorithm [3| by Algorithm [5| in the observation. According to Lemma
one can easily see that the complexity of computing a reduced basis of (I, || ||)
coincides with the complexity of the computation of a semi-reduced basis of the same
lattice in that context. Omne only has to take care with the fact that an orthonormal
basis in general can not be given by an Hermite basis. In Chapter [5] we will see that an

orthonormal basis can be determined such that the size of its vectors satisfy the same
condition as an Hermite basis in the context of Lemma|[l.2.11}and Corollary[1.2.13] O

Note that this gives us an advantage over [10, Algorithm 2.25], which only de-

termines a semi-reduced basis and therefore just an approximation of the successive

minima. That is, instead of the successive minima dy, ..., d, of D, the latter algorithm
determines [di],...,[d,]. The algorithm presented in [3I] can determine the rational
numbers di,...,d, in the context of a tamely ramified global function field. To this

purpose, Puiseux expansions of certain function field elements must be computed. This
leads to the technical problem of choosing the right precision of the expansions. Our
algorithm for the computation of the successive minima of D mentioned above can be
applied for arbitrary function fields and no Puiseux expansions are used.

Let D = D' 4 r(t)oo — (a) as described in and Denote by d; < --- < d, and
d) < --. < d] the successive minima of D and D', respectively. Then, d; = d; — r,
for 1 < i < n. Hence, the divisor reduction can be applied in order to accelerate the

computation of the successive minima of a divisor with “large” height.
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5. Reduceness

The results of Chapter [2| can be applied to compute several objects in function fields
like integral bases of fractional ideals and holomorphic rings, and in particular an
orthonormal basis of the normed space (F, || ||p), where F'is a function field and || ||p
is the norm induced by a divisor D € Dp. To this end, we introduce the notion of
P reduceness, for a place P of a function field F'/k, and S-reduceness, for a subset S
of Pr. By weaken the concept of reduceness we obtain as in Section the notion
of semi-reduceness. If S is the set of all places of F' lying over P, (reps. P ), where
p(t) € A is monic and irreducible, then Theorem provides a new description of
being a local integral basis.

We consider a different kind of “norm” on a function field F/k. Let 7 € F \ ko
and denote by k[r] and k(7) the polynomial ring and the rational function field in 7,

respectively. Clearly, F' is an deg(7)~o-dimensional k(7)-vector space. By
m
v k[r]" = Z, ’U(z;)\ﬂ' ) = 121;17”{1 | \i #0}
=
and v(0) := oo we obtain a discrete valuation, which can be naturally extended to k(7).
We define a v-compatible norm.
Definition 5.0.1. A 7-norm on F is a mapping w : F — R U {oo} that satisfies:
1. w(z +y) > min{w(z),w(y)}, for all x,y € F,
2. w(azx) =v(a) +w(x), for all a € k(1) and x € F, and
3. w(z) = oo if and only if v = 0.

In other words, a 7-norm is an extension of the valuation v to a function on F' having

all properties of a valuation except for the good behavior with respect to multiplication.
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5. REDUCENESS

Clearly, if w is a ¢t~ !-norm, then —w is an ordinary norm function on F as it was defined
in Definition 2.1.1
The theory of lattices and normed space can be adapted easily to this setting. For

instance, the concept of reduceness with respect to a 7-norm can be defined as follows.

Definition 5.0.2. Let w be a T-norm. The set B C F is called w-reduced if
Aob) = min{w(Ab 5.1
w(b; b) = minfw(Xb)} (5.1)

for all Ny € k(7). Or equivalently, holds for all Ny € k[7]. If we have additionally
0 <w(b) <1, for all b € B, then we call B w-orthonormal.
If we weaken condition (5.1)) to

[w(béxbb)J = min{ lw(\b)] },

we call B w-semi-reduced or w-semi-orthonormal, respectively.

If the 7-norm w is fixed we just say (semi-) reduced or (semi-) orthonormal, respec-
tively.

Lemma 5.0.3. The set B C F is (semi-) reduced with respect to the t~1-norm w if

and only if B is (semi-) reduced with respect to || || := —w. In particular, =1 < ||b]| <0
if and only if 0 < w(b) < 1, for all b € B.

Clearly, any (semi-) reduced set B C F' can be normalized to a (semi-) orthonormal
set {7™b | b € B}, where my := —|w(b)].

5.1 P-reduceness

In this section we introduce the notion of P-reduceness, which can be seen as a “local”
concept of reduceness. Let F'/k be a function field and P € Py(F') be a place of F
lying over P,, where p(t) € A is a monic irreducible polynomial. Alternatively, one
may choose a place P € Py (F'), which lies over Py, the unique place at infinity of the
rational function field K. Recall that k, = A/(p(t)).

Definition 5.1.1. For a € R and e € Z with e # 0, the mapping

vp(z) —a

Wpeq: F'—=RU{o0}, wpeq(z) = .

is called the (P, e,a)-norm on F.
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5.1 P-reduceness

We fix an element 7 € F' such that vp(7) = e and consider F/k(7). Then, wp,, is
a 7-norm on F.
The (P, e,a)-norm has a better behavior with respect to multiplications. In fact,

we have

vp(g)

wP,e,a(gh) = + wP,e,a(h)a Vg, h € F. (5'2)

Lemma 5.1.2. Let B C F be wpeq- (semi-) reduced. Then, B is wpeq- (semi-)
reduced, for any a’ € R.

Proof. Since wpe q/(2) = Wpe,a(2) + a;a/

ately from Definition [5.0.2 O

, for all z € F, the statement follows immedi-

The next result is an immediate consequence of ([5.2)).

Lemma 5.1.3. Let B C F be a wpeq-reduced set and ¢ € F*. Then, ¢B is wpeq-

reduced.

In order to derive an adequate reduceness criterion for the concept of “local” re-
duceness, we are going to consider local fields. Therefore, we consider the completion
of the function field F' at a place P (details can be found in [26]).

Denote by Fp the completion of F' at P. Let p be a prime ideal of F' corresponding
to the place P € Pr as in Subsection and denote by p(¢) the monic irreducible
polynomial in A lying under P. Regarding the notation from Section for P|P, and

P|Py, we can realize the completions Fp by
Fp = Ky(0y), Fp=Ku(y), (5.3)

respectively, where K, = k,((p(t))), Koo = k((t™1)), and 6, denotes a root of f,, the
irreducible factor of f over Ay[z] (resp. foo over Au[z]) corresponding to p.

The valuation v, (resp. v) extends in a unique way to a non-discrete valuation
0:Kp—Q (resp. 1: Koo — Q).

Note that 0(tp(2)) = vp(z)/e(P/P,) (resp. 0(tp(z)) = vp(z)/e(P/Px)), for z € F,
where ¢p denotes the injection of F into Fp determined by 6 Op (resp. O > 0y). In

particular, it holds

0(9(6p)) = vr(9(0))/e(P/Bp),  for all g(x) € Afz]. (5.4)
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5. REDUCENESS

The same yields for g(x) € Aso|x] with s and P|Ps. We denote by Op C Fp the
valuation ring of the restriction of o to Fp and set P := {z € Op | 6(z) > 0} the
maximal ideal of Op.

The next lemma will play a fundamental role in the subsequent description of the
computation of integral bases of fractional ideals. Any nonzero prime ideal p of F
(and therefore any place P) determines a set By, of divisor polynomials (cf. Definition
. In the sequel let P denote a place and p the corresponding prime ideal. For a
subset B of A[z] denote B(0) := {g(0) | g € B}. For convenience, we consider in what
follows only prime ideals p of Op. Clearly, all results can be translated to prime ideals

of oF,oo-

Lemma 5.1.4. Let 7 := p(t) € A be a monic irreducible polynomial and let P be a
place of F lying over P,. Then, the set By(0) is wpe q-reduced, for any a € R, where
e:=e(P/Py).

Proof. By Lemma we can assume that a = 0. Then, w := wpeo = e lup a
discrete valuation, and w(g(#)) = v(g(fy)) for all g € Alz] by (5.4). Suppose that
Bp(0) = {1,91(0),...,9n,-1(0)} is not w-reduced. Let Ao, ..., A\p,—1 € k[p(t)] with

np—1

w( )3 Nigi(6)) > min {w(xigi(6))} (5.5)
By the strict triangle inequality we only have to consider all summands on the left hand
side of , which have the same (minimal) w-value. In other words, we can assume
that all summands on the left hand side of have the same norm. According to
Lemma [1.4.9] it holds w(g;(0)) > w(g;(6)), for all 0 < j < i < ny. Since all summands
in have the same norm, we have v,(\;) > vp(A;), for all 0 < j < i < ny. Hence,
g(z) == N1 E?:"al Aigi(6) is a monic polynomial of degree n, — 1 with coefficients in
Ap satisfying:
w(g®) > min {w(h gi(0))} = wlgn,1(6)),

0<i<ny

which is a contradiction, as g,, 1 is a divisor polynomial of f, (cf. Proposition [1.4.7).
]

Henceforth we consider the 7-norm w := wp,, with vp(7) =e >0 and a € Z. We
are interested in a criterion to check wether a set B C F' is w-reduced or not. To this

end, we consider P-adic expansions of elements in Fp.
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5.1 P-reduceness

Let mp be a prime element of P (i.e. vp(mp) = 1) and R be a system of represen-
tatives of Fp, the residue class field of P. By [20, Satz 4.4] any nonzero element z in
Fp has a unique representation z = 15 (Ao + Mimp + )\27r123 + --+), where \; € R and

m = vp(z) € Z. In particular, for any z € F* we can write

tp(z) = Z )\jﬂ'g;., Aj € R.

j=vp(2)
Motivated by Section we are interested in a kind of reduction map, which pro-
vides a reduceness-criterion analogous to Theorem [2.3.3

For any r € R the sets
Fsp={zeFlwiz)>r}DF, ={zc F|lw(z) >r}

are k[r]-submodules of F'. Their quotient is a k-vector space V, := F>,/F.,. For
r ¢ w(F) it holds V, = 0, whereas for r € w(F') there is a non-canonical isomorphism
V, = Fp, which we are going to describe. Suppose that r € w(F'); that is, er € Z.

Consider the division with remainder
er+a=qge+m, 0<m<e.
For z € F with w(z) > r, a reduction map is given by
redip, ) (2) : F>r = Fp, 227 97" + P,

Clearly, redfp e,a) is k-linear and it vanishes on F%,. Thus, it induces a concrete iso-

morphism between V,. and Fp.

Theorem 5.1.5. A set B C F is w-reduced if and only if for any p € R := {w(b) +7Z |
b € B} the vectors in

{red()  (b) | b € B with w(b) + Z = p}

are k-linearly independent.

Proof. For p € R, we set B, := {b € B | w(b)+Z = p}. The fact that B is w-reduced if
and only if B, is w-reduced, for all p € R, can be shown analogously to Lemma m
Hence, we can assume that all vectors b € B have the same length p modulo Z.
Moreover, by an argument similar to that of Lemma we may assume that all
vectors b € B have the same norm, by replacing each b € B by 7b for an adequate

choice of m € Z. Let us denote by r := w(b) this common norm.
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5. REDUCENESS

Let B = {b1,...,bn}. We take hi(7),...,hn(7) € k[r] and consider z :=
Sy hi(T)b. Let m := minj<;<,{v(hi(7))} and denote by I the set of all indices i
for which v(h;(7)) = m. For i € I, we write h;(1) = A\7™ + hl(7) with A\; € k* and
v(hi(T)) > v(hi(7)). Denote 2’ := 3", .; Aib;. Since w(a + b) = min{w(a),w(b)}, for all
a,b € F with w(a) # w(b), we obtain:

w(z) = w(Z hi(T)bi> = w(z )\iTmbi> =m+w(?).
icl icl
On the other hand,
min {’u}(hz(T)bZ)} = min{w(hi(r)bi)} = ’u}(hz(T)bZ) = ’u}(/\iTmbi) =m-+r.

1<i<n el

Thus, w(z’') = r is equivalent to
0 # red’(”P,e,a)(z’) = Z A red’(”P,e’a)(b,-).
iel

Hence, w(} ;- hi(7)b;) = min{w(h;(7)b;)}, for any hi(7),..., hn(7) € k[7] is equiva-
lent to the fact that
red(p, 4)(b1), ..., red(p, ;) (bn)

are k-linearly independent. O
In order to obtain an analogous criterion to test if a subset of F' is w-semi-reduced

we introduce another kind of reduction map. Recall that w = wp, , with e,a € Z and

e > 0.

Definition 5.1.6. For r € R and z € F%|,|, we have vp(zrpr~) = vp(2) —a —
elr| > 0. We write LP(ZTF;aT_I-TJ) =X+ M7Tp+-+ )\e_lﬂfg_l + .-+, and define

sred(p, 1(2) == (Ao .. Ae—1) € Fp.

Clearly, sredfp7e7a) is k-linear.

Lemma 5.1.7. Forr € w(F) and z € F with w(z) > |r], we have sred(p, ,(2) # 0 if
and only if |w(z)] = |r].

Proof. If |w(z)| = |r|, we have w(z) < r+1; hence, vp(zmp*7~ ")) < e, and in partic-
ular sred(p . ,y(2) # 0. If [w(2)] > [r], we have w(z) > r+1; hence, vp(zmpir 1) > e

and sred(p, () = O
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5.2 S-reduceness

Theorem 5.1.8. A set B C F is w-semi-reduced if and only if the vectors in
w(b
{sred(\” \(b) | b € B}
are k-linearly independent.

Proof. The statement can be proven by considering the proof of Theorem and
replacing w by |w] and red’(R e,a) by sredzR e,a)’ respectively. ]

5.2 S-reduceness

The concept of P-reduceness can be generalized to several places Py, ..., P;. Henceforth

denote by S = {Py,..., Ps} a finite set of places of F'.

Definition 5.2.1. Let e = (e1,...,¢es5) € (Z=0)® and a = (a1, ...,as) € Z°. We define

Weq: F'— QU {oo}, we,a(z) = min {wPuei,ai(Z)}
1<i<s

An immediate consequence of this definition is the following observation.

Lemma 5.2.2. Let 7 € F such that vp,(1) = ¢; for all 1 < i < s. Then, weq 15 a

T-norm on F'.

Example 5.2.3. Let D be a Divisor of F, e := (e¢(P/Px) | P € Po(F)), and a :=
(—vp(D) | P € Poo(F)). Then, weq is a 7-norm, for 7 := t~1. In particular, —we 4
coincides with the norm || ||p induced by D defined in (4.1)).

Let again e := (e1,...,es) € (Z>0)® and a := (a1,...,as) € Z°. We fix 7 € F' with
vp, (1) = €;, for 1 <i < s and set w := we 4.
As in the last section we define “reduction maps” red and sred in order to gener-
alize the reduceness-criterion from Theorem .15 and the semi-reduceness-criterion of

Theorem [(.1.8 to this situation.

Definition 5.2.4. Forr € R and z € F, we define

redzeya)(z) = (redz«Pi,ehai)(z))lSiSS € Fp, x - x Fp, and
sredzm) (2) := (SredzPi,e,-,ai)(Z))lﬁiSS € Ff;i X oo X Ff-,:

The following properties are transmitted by the properties of the local mappings

red’(ﬂpi’eh a) and sredfpi,eh ai) for 1 < i < s, respectively.
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5. REDUCENESS

Lemma 5.2.5. The mappings redf&a) and sredq("e?a) are k-linear and vanish on F, and

F>r 41, respectively.

Analogously to Theorem [5.1.5|and Theorem [5.1.8 one can prove the following state-

ments.

Theorem 5.2.6. A set B C F is w-reduced if and only if for any p € R := {w(b)+7Z |
b€ B} the vectors in

w(b)

{red(e,a)

(b) | b € B with w(b) +Z = p}
are k-linearly independent.

Theorem 5.2.7. A set B C F is w-semi-reduced if and only if the vectors in
{sred(") (b) | b € B}
are k-linearly independent.

We are interested in the relation between P-reduced and S-reduced. Note that all

considered norms are 7-norms, for a fixed 7 as mentioned before.

Theorem 5.2.8. For 1 <1 <s, let B; C F be wp, ¢, q,-reduced and z; € F' such that,
for all b € B,

WP, e;,a; (Zib) < WP e;,a; (Zib)a forj e {17 ceey S} \ {Z} (5’6)
Then, |J;_; ziB; is we q-reduced.

Proof. We set red] := redZPi,ei,a,-) and w; 1= Wp, ¢, q;, for 1 < ¢ < sand r € R. By
(5.6), for 1 <4,j < s and b € B;, it holds w(z;b) = w(z:b); and w(z;b) < w(z;b);, for
}U(Zib)(zib) =0 € Fp,, for all j # 4, by the definition of red’.
(z;b) is given by

j # 4. Then, we obtain red

Hence, red?;(ff)b)

0,...,0,1ed” ) (z),0,...,0).

Z.
,Q
b € B;} are k-linearly independent by Theorem Hence, the set | J;_; ziBi iS We o~
reduced by Theorem [5.2.6 O

By Lemmalb.1.3|the sets z;B; are w;-reduced, for 1 < i < s, and therefore {redzlé( 3b) (z:b) |

Theorem 5.2.9. For 1 < i < s, let B; C F be wp, ¢, q;-reduced and z; € F such that
for all b € B;
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5.3 Computation of integral bases

1. |wp, 0, (2i0) | < [Py e;a,(2:b)] for 1 <i<j<s
2. |wp,e;,0;(2ib) | < (WP, e,.0,(2i0)] for 1 <1 <i<s.
Then, Ule 2iB; 18 We q-semi-reduced.

Proof. We set w; := wp, ¢, o, and sred; := sredfphemi), for 1 <i<sandr € R. By
the hypothesis, for 1 <1 < i < sand b € B;, we have |w(zb)| = |w(z:b);] < [w(z:b)];

hence, sred}”(zib)(zib) = 0 € Fp. In particular, with r; := w(z;b) we deduce, for
1 <1 <s,

sred’{é a)(zib) =(0,...,0,sred; (), *, ..., %), (5.7)
with some vectors * € Ff,;, for j > i. Since |w(z;b)] = |w(z;b);], we have

sredf;”(z"b)(zib) = sredﬁu(zib)i(zib), for b € B;. According to Lemma the sets
z;B; are w;-reduced, and particularly w;-semi-reduced. Then, by Theorem the
family {sred?(zib)(zib) | b € B;} is k-linearly independent. By , the family
Ulgigs{sredgzi)b)(zib) | b € B;} is k-linearly independent. Thus, by Theorem [5.2.7

Ulgigs 2iB; is we q-semi-reduced.

O]

5.3 Computation of integral bases

Denote F'/k a function field of degree n and Op and O  its finite and infinite maximal
orders, respectively. We consider a fractional ideal I of O or Op . The goal of this
section is to describe an algorithm, which computes a (reduced) integral basis of I; that

is, an A-basis or an Asc-basis of I, respectively.

Lemma-Definition 5.3.1. Let I be a fractional ideal of Op, by,...,b, € I be A-
linearly independent elements, and denote by M = <b1, ey b >A the A-submodule of 1
that they generate. We fiz a monic irreducible polynomial p(t) € A and denote by A,

the localization of A at the prime ideal p(t)A. The following conditions are equivalent:
1. vp([L - M]) =0.
2.01®1,...,b, ®1 are an Ap-basis of I ®4 Ap.
3. 01 ®1,...,b,®1 are a ky-basis of I @4 k.

If these conditions are satisfied we call (by,...,b,) a p(t)-integral basis of I.
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5. REDUCENESS

Proof. The three conditions are equivalent by Nakayama’s lemma, which can be found
in [17]. O

For a fractional ideal I of Of a t~l-integral basis can be defined analogously by
replacing A by k[t™!] and A, by Ao. Then, by item 2 a t~!-integral basis is just an
Aso-basis of 1.

We will restrict our consideration to fractional ideals of the finite maximal order,
since the “infinite” case can be treated analogously.

In order to determine an A-basis of I (i.e. a global basis) of a fractional ideal of O,
we may compute p(t)-integral bases B, of I for any irreducible polynomial p(t) with
vp([1 = A[f]]) # 0. Later we describe how to combine the “local” bases B, to a global
one by an easy application of the CRT.

5.3.1 Computation of p(¢)-integral bases

We fix a monic and irreducible polynomial p(t) € A and denote by P,(F") the set of
all places lying over P,. Any fractional ideal I of O has a unique factorization into
nonzero prime ideals. By the identification of nonzero prime ideals p of O and places
P € Py(F) (cf. Subsection[1.2.3]), we deduce

1= per.
PePy(F)

Let I, := HPEIP’p(F) p??. Clearly, the ideal I, induces a mapping wy, : F' — Q,

wi () = min {UP@—GP}
P peP,(F) | e(P/Py)
We set 7 := p(t). Then, the following observation is obvious.

Lemma 5.3.2. The map wy, is a 7-norm. For e = (e(P/P,))pep,(r) and a :=

((IP)PGPP(F) it holds wr, = We,q-

For P,(F) = {P1,..., Ps}, we fix e; := e(P;/Pp) and a; := ap, and set henceforth
e:=(e1,...,6) and a := (ai,...,as). For any z € F' and r € R, we set redj (z) :=

red(, ,)(z) and sredj () := sred(, ,(2).

Theorem 5.3.3. Let B be subset of F with n elements. Then, B is a p(t)-integral

basis of I if and only if B is wy,-semi-orthonormal.
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5.3 Computation of integral bases

Proof. Suppose that B is wy, -semi-orthonormal. An easy computation shows that
wr,(z) > 0 if and only if z € I; hence, the set B is a subset of I. According to Lemma-
Deﬁnition it is sufficient to show that B is a set of kp-linearly independent vectors
in order to show that B is a p(t)-integral basis of I.

Assume ) ;g \pb € p(t)I®4 A, with Ay € Ap. Then, wr, (3 ycq Apb) > 1. Since B is
wr,-semi-orthonormal, we deduce wy, (A\pb) > 1, for all b € B, and therefore v,(Ap) > 1,
for all b € B. That is, Ay € p(t)A,, for b € B.

For the other direction we use the following claim.

Claim:

Let B" = (b,...,0),) be a wy -semi-orthonormal basis, ' € GL,(4p), and B :=
(b,...,b,) determined by T(by,...,0,)" = (b1,...,b,)". Then, B is a wg,-semi-

orthonormal basis.

After the claim, the statement of the lemma yields immediately. Let B be any p(t)-
integral basis of I and B’ a wr,-semi-orthonormal subset of I with n elements. As shown
above, the family B’ is also a p(t)-integral basis of I; hence, the transition matrix from
B to B’ belongs to GLy(Ap). Thus, the claim states that B is wy,-semi-orthonormal
too.

In order to prove the claim we consider Lemma [2.8:8 Analogously to its proof one
can show that a matrix T' = (¢; ;) € K™*" belongs to GL,(Ap) if and only if

min {Up(itj’iaj>} = min {vp(a;)}, (5.8)

1<i<n 1<i<n
for all a1,...,a, € K, having in mind that | | = —ve. Let a1,...,a, € K and set
a; = Y5y tjia;, for 1 <4 < mn, where (t;;) = T. Since B’ is wy,-semi-orthonormal

and by we obtain
o (350 = o (355 - i i

n
i fias)} = mi -
121%1” {U;D(z; 3, 12,1%1”{%(@1)}
]:

Thus, B is wr,-semi-orthonormal .
O

Let f be a defining polynomial of the function field F//k and P,(F) = {P, ..., Ps}.
For any place P; € P,(F), corresponding to the prime ideal p;, denote by ®; := ¢, an
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Okutsu approximation of the p(t)-adic irreducible factor f,, of f in A,[x] (cf. Subsection
and let B; := By (0), where By, is defined in Definition

We recall that the values vp, (®;(¢)) for j # i are computed by some closed formulas
in terms of data collected by the Montes algorithm. When we improve ®;, the value
vp,(®;(0)) increases, but the values vp, (®;(¢)) for j # i remain constant.

We set ny, = deg fy,, for 1 < j < s. Note that ny, = e(P;/P,)f(P;/P,). By Lemma
the set Bj is wp, ¢, o-reduced, for any a € R and 1 < j < s. By definition it holds
#B; = deg fy;, for 1 < j <'s; hence, #J;_, Bx = >;_, deg f, = deg f =n.

By applying Theorems [5.2.8] [5.2.9] and [5.3.3] we obtain the next two statements.

Theorem 5.3.4. For 1 < x <s, we set

S
2= [ 27 0), (5.9)
j=1
J#K
where €; € {0,1} and the Okutsu approzimation ®; are chosen in such a way that, for

allb € B,
1. |wp, e, 0. (260)] < (WP, ¢;,0,(2:D) |, for 1 <k <i<s,
2. |wp, en.a.(2:0)] < |WP,e;,a,(260)], for 1 <i <k <s.

Then, {b1,...,bn} := U—1 2B is wr,-semi-reduced. In particular, the family

is a p(t)-integral basis of I.

Theorem 5.3.5. If we replace in Theorem |5.3.4] item 1 and 2 by the condition
WP, e an (26D) < WP, ¢;.0,(26b), forie{l,... s} \ {k},

then (bi/p(t)LwIP(bi)J)lgign is a wr,-orthonormal basis of I.

The idea of using multipliers to construct integral bases goes back to Ore (1925).
In [10] a similar way of determining adequate multipliers is presented. An advantage
of our choice is that in practice the multipliers z, are simple. That is, many exponents

€j in (5.9)) are zero. Often we may take

ZK:HCI)j(H), 1<k <s.
<K

114



5.3 Computation of integral bases

Since deg®; = ny, and deggm = m, for g, € By, and 1 < j < s, the degree of
[Tj< ®j(2)gm is equal 37, np, + m, and the basis B is in that particular case tri-
angular; that is, the transition matrix from B to (1,6,...,6""!) is a triangular ma-
trix. Even though, the multipliers z, are not always that simple, our choice leads
in many cases to a partly triangular basis B. Hence, the resulting p(t)-integral basis
(bi/p(t) wap(bi”)l <<, can be transformed quickly into a Hermite basis.

At the end of this subsection we consider an alternative construction for the multi-

plier z,, 1 < k < s.

Algorithm 8: Computation of a p(t)-integral basis

Input: Defining polynomial f of a function field F/k, fractional ideal I of Op, irre-
ducible polynomial p(t) € A, and boolean variable red.

Output: A p(t)-integral basis of I, which is additionally wg,-orthonormal if red =
TRUE.

[y

. Algorithm [1f( f, p(t))

: for p;|p do

3: Determine B; = By, (0) with By, as in Definition

4: Determine ®; by Algorithm [2] satisfying, if red = FALSE, the conditions of
Theorem [£.3.4] and else the conditions of Theorem [5.3.5]

5: end for

s b1, b < UL 2eBk

return <bi/p(t) L“”P(b"”)

[\]

i 2]

1<i<n

In order to determine the exponents €; and the precision of the approximations
®; so that z, satisfies the conditions of Theorem or Theorem we have to
compute the values wp, ¢ q,(2xb), for all 1 < k,j < s and b € B,. That is, we need
to determine the values vp, (®;(0)) and vp,(b), for 1 < k,j < s and all b € B,. In
[9, Proposition 4.7] concrete formulas can be found, which only depend on the data
computed along Algorithm [T} Hence, these values can be computed as a by-product at
cost zero. Thus, the cost of the determination of the integers €; and the precision of

the approximations ®; can be neglected.
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Remark 5.3.6. Let Poo(F) = {P1,...,Ps}. If we call Algorithm@for foo, t71, and
the fractional ideal Io = p{* -+ p% of Op oo, we obtain a t™-integral basis B of I.

We consider the t—t-norm

wr,

o = 121}25 {M}'

As mentioned before B is an Ax-basis of I. Let D be a divisor of F/k and —vp,(D) =
a;, for 1 <i<s. Then, || |p = —wi, . In particular, a wi_ -orthonormal basis of I
is a || || p-orthonormal basis of F. Hence, Algorithm[§ determines, if red = TRUE, an
orthonormal basis of the normed space (F, | ||p). If red # TRUE the latter algorithm

determines a semi-orthonormal basis of (F,| ||p).

Complexity

For a fractional ideal I of O or Op o let I* be as in (|1.1)). Recall that ¢, = v,(discf)
and Joo = Voo (discfoo).

Definition 5.3.7. For a fractional ideal I of O and an irreducible polynomial p(t) €
A, we define

hp(I) := op([I" = Al6]]),  Hp(I) = vp([I" - OF]) + b

Recall that for a fractional I of Op e it holds h(lx) < H(Ix) = —|[1% : Oro]| +
doo. Clearly, hy(I) < Hp(I), as 6, > 0.

We analyze the complexity of Algorithm [§] step by step and admit fast multiplica-
tion techniques of Schénhage-Strassen [34]. Let R be a ring and let g1, g2 € R[x] be two
polynomials, whose degrees are bounded by d; and da, respectively. Then, the multi-
plication g1 - go needs at most O(max{dy, ds}'*¢) operations in R. For the subsequent

complexity analysis we assume that the field k is finite with ¢ elements.

Step 1, Montes algorithm

According to [I, Theorem 5.14] the complexity of calling Algorithm [1f( f, p(t)) is
Cl _ O((degp(t))l+e(n2+e + n1+65p log(qdegp(t)) + nl+€5§+6))

operations in k.

Step 2, Computation of B;’s

We fixi € {1,...,s} and set p := p;. It holds B; = B,(f), where By, = {1,...,gn,-1(z)}
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5.3 Computation of integral bases

is a set of divisor polynomials as defined in Definition[1.4.11] For 0 < m < ny the degree
of gm is m < ny and it holds

gin(@) = ] bpai).
=0

where ¢y, o = x, the polynomials ¢y 1, ..., ¢y, € Alx] are taken from an optimal type t
of order r corresponding to the irreducible factor f, of f in flp [x], and the exponents
¢ € Z>o are defined in Theorem We denote by m; the degree of the polynomial
¢p,j, for 0 < j < r. According to Subsection we have m,41 = deg ¢, = ny. Since
t is optimal, it holds 2m; < mj4q, for 1 < j <1 (cf. Definition and (L.4)).

Lemma 5.3.8.

1. For 0 < j <r the computation of qb;jj needs at most O(m;j_'f) operations in A.

2. The computation of gm can be realized with at most O(né'“) operations in A.

Proof. For convenience, we assume that c; is divisible by 2. The computation of qb;fj €

Alz] has a cost of O( Z;cflc 7(29n)1*<) operations in A, if we use the brute procedure:

¢§,j O(mjl'+€)

(65,)*  O((2m;)'*)

cj/2\2 €
(@713 O(emy;/2)'*)
The sum of all these costs is bounded by

0(%@%)”6) = O(m}* %@")“e) = O((mye;)™*).
=0 =0

According to Theorem we have ¢; < mjq1/m;, for 0 < j < r; hence, the cost of
the computation of gb;f ; can be estimated by O(m]lii) operations in A.

In order to estimate the complexity of the computation of g,, we fix 1 < j <r and
assume that h := g;& Gp,i(x)% and ¢y j(x)% have already been computed. The cost

of the realization of the product hey ;(x)% is
O(max{deg h, m;c;}'T¢) = O(max{deg h, m;1}'"¢) (5.10)
operations in A, since ¢; < mji1/m;. Moreover, we deduce degh = Z{;& mjc; <

Zg;& mjy1. As 2m; < mjqq, for 1 < j < r we obtain

m; mj m; ,
m1+--~+mj§2j—j1+2j—7]2+~-+7]+mj=0(mj), for 1 <j<r. (5.11)
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For j =r+1 we deduce my + -+ +mypp1 = O(my +mypy1) = O(myy1), as my < Myy.
By (5.10) and ( we can estimate the cost of the multiplication h¢y, j(x)% with

O(m]l_ﬁ) operatons in A.

Then, the cost of the computation of the product g, = [[;_, ¢p,i(x)% is equal to

o( > =0 Qm;_ti) by item 1. Since m,1 = ny and by 1) we deduce O > =0 mjl_ﬁ) =

O(ny*). This ends the proof. O

By the last lemma, the cost for determining B, is equal to O(E?Lal n;“) = O(n%“)
multiplications in A. In [I] it is shown that the degree of the coefficients of any g¢,, in
B, is less than or equal to degp(t)d,. Thus, the cost of the computation of B, can be

estimated by
O(ny ™ (deg p(t)3,)'*°)

operations in k. As Y7 | n,, = n, the computation of all sets B; can be realized by
Cy:=0 (Z nﬁ“(degp(t)ép)”e) = O(n**(deg p(t)d,)" 1)
i=1
operations in k.

Step 3, Determining the ®;’s

According to [I, Theorem 5.16], the cost of the computation of an Okutsu approxima-

tion ®; with precision v at P;; that is, vp,(®;(0))/e; > v, is given by
O((degp(t))l'“(nnpi1/1+6 + n5;+6))

operations in k.
The following technical lemmas provide concrete bounds for the precision v of the

Okutsu approximation ®;, for 1 < ¢ < s, which is sufficient in order to determine a
p(t)-integral basis with Algorithm

In the following observation we assume that the multipliers z, are given by

z,.i—l_[q)eJ , alle =1
J#fﬂ

Although in practice many of the exponents €; are equal zero, for the complexity

estimation we consider the worst case €; = 1, for j # k.
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Lemma 5.3.9. For1<i<s, let B;={b;; | 0<j <ny, —1} and ®; such that

vp, (P;i(0))/e; > max{ 1<I£13x< {H;x}, 1<m<ax {Hix}+ 1} (5.12)

where

i o (e (bes TL950) —wpcoa (s TT 2,0}

j=1 7j=1
ik o

Then, {bh NN } = U Zan; with z, = ¢1( ) e ¢ﬁ71(0) ) ¢K+1(0) T ¢s(9) is wr,-

semi-reduced. In particular, the family

is a p(t)-integral basis of I.

Proof. We show that the conditions on the ®; can be translated to the following state-
ment: For 1 <k < s and for 0 <1 < ny, it holds

L. wp, e, ,a. (2xbii) < WP, e;a;(2xbky) for 1 <k < i <sand
2. wp, e an (Zkbit) S WP e 0 (2ebiy) — 1 for 1 <i <k <s.

Then, the statement of the lemma, follows from Theorem [5.3.4
By (5.2)), the inequality vp, (®i(0))/e; > Hi, for x < i, implies that, for 0 < I < ny,,

vp, (9i(0))/ei = wp, e 0, (bn,z ﬁ (I)j(e)) — WP, eia; (bn,l ﬁ ‘I’j(9)>
j=1

j=1
J#K JF#K
s
<~ wp, ez,al( Kl H (I) ) > WP, en,an (bHJ H q)](e))a
=1
J?éfﬂ J#K

which proves the first item. Analogously, the inequality vp, (®;(6))/e; > H;, + 1, for

k > 4, implies the second item. O

Analogously to the last proof one can show with Theorem the following state-

ment.

Corollary 5.3.10. If we require
vp, (Pi(0))/e; > max {H; . | K # i},
1<k<s

for 1 < i < s, instead of , then the p(t)-integral basis from the last lemma is

wr,-orthonormal.
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By Lemma we deduce a lower bound for the precision of the approximations
d;, for 1 <i<s.

Lemma 5.3.11. Fori# k and 1 <i,k < s we have
Hi . = O(Hy(I)).

Proof. We keep the notation from Lemma m For 1 <k,j<sand 0 <1 <mny, it
holds by, ®;(0) € Op. Hence, for 0 <1 < ny,, we obtain

S
meemam(bK,lzK) — WP e;,a; (bli,l H (I)j(€)>
J=1

j#l{/’i
i a a;
K i
= wp, en.0(brizn) — Wp, 00 (bml I1 @(9)) _ e G
j=1 €k €;
j;én"i
G Qj
< wPH,eK,O(bn,lZn) -+ —
K €i

Clearly, —a,/ex + ai/e; < hyp(I) by the definition of h,.

We estimate wp, ¢, 0(bsi2:). By definition, the elements b,; € B, are given by
by = gr,1(0) with g, () € Alz] monic of degree m < ny, . In [I, Proposition 1.3] it is
shown that all monic polynomials g € A[z] of degree less than ny,_ satisfy vp, (g(0))/ex <
= p(fy,) for a certain constant p which satisfies p < 6,/ny, . Hence, wp, ¢, 0(bk) <
dp/Myp,., for all 0 <1 < ny, .

We consider wp, e,,0(2x) = > 51 ;2 0P (®j(0))/ex. Let for,..., fy, be the irre-
ducible factors of the defining polynomial f in /lp[:r]. As in , we identify the
completion of F' at P, with Kp(6p,), for 1 < x < s, where 6, denotes a root of the

irreducible factor f,, . Let 0 be the extension of v, to the algebraic closure of K.

Claim: It holds vp, (®;(0))/ex = 0(P;(0y,)) = 0(Res(fp,, fp.))/ deg fp,-

After the claim, the statement of the lemma follows immediately. In fact, since

s

) :va(disc(fpi))+2 Z vp(Res(fpis fo,))

i=1 1<i<j<s
[32], I11.§2-4], we deduce wp, e, 0(zx) < 0p. Together with the previous estimations, we
obtain H;, = O(Hp(I)), for i # k and 1 < i,k < s, since hy(I) + 6, = O(H,(I)).

In order to prove the claim we consider Z the set of roots of f, . Since fy,, fy, €

A,[x] are irreducible, © is constant on fo,(Z). As

o(Res(fy,. fo.)) = o( T] £y (@),

ae”Z
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5.3 Computation of integral bases

we obtain d(Res(fy;, fp.)) = deg fp. 0(fy; (0p.)). In [, Prop. 7.4] there is a closed for-
mula for 9(®; (6, )) which is valid for any Okutsu approximation ®; of f,; in particular,
(®;(0p,.)) = 0(fp,;(6p,.)). This ends the proof of the claim.

O

According to the last lemma, we compute in Algorithm [§| approximations ®; with

a precision v = O(H,(I)) at cost of
O((degp(t))HE(nnpiHp(I)1+E + n(%“))

operations in k. In the worst case we have to determine all approximations ®; with
that precision. As .7 ;np, = n and s < n, the cost of computing the adequate

approximations can be estimated by

Ca s = O[3 (e (1) (g, () 1+ + 1))
=1

= O((degp(t))HE?”LQ(Hp([)lJr€ + 6;,“)) = O(n2((degp(t))Hp(I))1+E)

operations in k.

Step 4, Determining z,B,

We have to multiply the elements b j,, 0 < ji < ny,., of B, with the multiplier z,. As

mentioned before, the worst case occurs if any multiplier z, is given by

S
2 =[] 2:(0).
j=1
ik
Lemma 5.3.12. Let s > 2. The multipliers z1, ..., zs can be determined by 2(s—3)+s

multiplications in Alzx].
Proof. Initially we compute the products

(I)lq)g,q)lq)gq)g,...,q)l'--@372 and (513)
(I)s—lq>37q)s—2q)s—1q>57- ~'7(I)3' "cbs- (5'14)

This can be realized by 2(s — 3) multiplications. Every z; can be written as a product
of one element in the list ((5.13)) and one element in the list (5.14). Hence, to determine

the multipliers z1, ..., zs we have to apply exactly s additional multiplications. O
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The complexity of any multiplication in the realization of the multipliers can be
estimated by O(n'*€) operations in A, since the degree of any product of approxima-

tions in (5.13)) and (5.14) is less than n, for 1 <i < s. As s < n, the complexity of the

computation of z1,. ..,z is equal to O(sn!'*€) = O(n?t) operations in A.

After all, we determine the products zbx j, for 1 < x < sand 0 < j < ny,. Any
bk, is given by by j = gx;(6), where g, ;(x) is a monic polynomial in A[z] of degree
Jj < mnp,. For 1 <k <'s, the multiplier z, is given by a polynomial in A[z] of degree
less than n — ny, evaluated in 6. As Y 7, ny,, = n, the computation of z.b. ; can be
realized at cost of O(n!*€) operations in A. In particular, we can compute all sets z, B,
at the cost of O(n?*€) operations in A.

Analogously to the proof of Lemma one can show that wp, ¢; ¢, (2xbrj) =
O(Hp(I)) for 1 <i < sand 0 < j < nyp,; hence, wy, (2xbx;) = O(Hy(I)). Then, we
can realize all the multiplications modulo p(t)” with v = O(H,(I)) (cf. Lemmalp.3.17).

Therefore, we can determine z,B,, for 1 < x < s with
Oy := O(n**(deg(p(t)) Hp(1)) )

operations in k.
Total cost:

Clearly, the cost of the normalization in the last step of Algorithm [§ can be neglected.
Since Cy and C3 are dominated by Cy4, we estimate the total cost of Algorithm [§] by
O(Cy + Cy) operations in k.

Theorem 5.3.13. Algorithm [§ needs at most

O((degp(t))1+e(n2+sHp(I)1+e + n1+55p log(qdegp(t)) + n1+652+6))

arithmetic operations in k to determine a wy,-orthonormal basis of I. Moreover, the

cost of computing a p(t)-integral Hermite basis of I is bounded by
O((deg p(t)) "+ (n®H,(I)? + n'*<5, log(qi8P®)) 4 nlHeg2te))
operations in k.

Proof. The first statement follows from the above considerations. In order to transform
the basis B := (b;/p(t)L 1 )] )i<i<n, determined by Algorithm |8} into a Hermite basis,

we only have to transform the matrix gM into HNF, where M is the transition matrix
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from (1,60,...,6" ') to B and ¢ is the denominator of maximal degree in M. As
mentioned above the coefficients of the b; have degree equal to O(Hy(I)). Moreover,
according to the proof of Lemma one can deduce wp, ¢, q.(bi) = O(H,(I)), for
1 <k <sand 1 < i <n. Hence, wr, (b)) = mini<p<s{wp, e,.a. (b))} = O(Hp(I)),
and in particular the polynomial entries of gM have degree equal to O(H,(I)). Then,
by [24, Theorem 4.1] transforming gM into HNF can be realized with O(n®(H,(I))?)

operations in k. This results in the second bound of the theorem. O

As mentioned in Remark we can adopt Algorithm [8] for the computation of
an (wr-orthonormal) A.-basis of a fractional ideal I, of OF . Analogously to the

last theorem one can deduce the following statement.

Corollary 5.3.14. Algorithm[§ needs at most
O(n2+eH(Ioo)l+e + n1+6(500 log(q) + n1+65g;“)

arithmetic operations in k to determine a wr__-orthonormal basis of I.. Moreover, the

cost of computing a As-Hermite basis of I is bounded by
O(n*H(Io)? + n' 60 log(q) + n' T655)
operations in k.

At the end of this subsection we consider an alternative way of computing the mul-
tipliers z, for 1 < k < s, in Algorithm [8] Although the complexity of the computation
of the z, plays a minor role in the runtime of Algorithm [§] the computation of the
Okutsu approximations ®; up to a certain precision has an important impact on the
practical performance of the computation of a p(t)-integral basis.

According to Theorem and Theorem we have to construct elements z.
with “large” valuation at P;, for j € {1,...,s}\ {s}, and “small” valuation at P,. In

[9] a method is described, which produces elements cp, € F', for 1 <i < s, such that
vPi(CPz') > 0, Upj(Cpi) =0, for 7 752

as a by-product of the Montes algorithm. Then, for any x € {1,...,s}, one can easily
determine integers oy, for j € {1,...,s} \ {k}, so that

S
— o
S H °p;
Jj=1

J#k
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satisfies the conditions from Theorem and Theorem [5.3.5] respectively. Note that
c(;; can be determined modulo p(t)” with v = O(Hp(I)). Hence, the computation of
the multipliers z, is in practice extremely fast. On the other hand, by this choice of
multipliers the resulting basis is far away from being triangular. Thus, the computation
of an Hermite basis has a relatively high cost. This method may be applied for function

fields of small degree and a fractional ideal I with large Hy,(I).

5.3.2 Computation of global integral bases

In the last subsection we presented an algorithm, which computes a p(t)-integral basis
of an ideal I of Op for a monic irreducible polynomial p(t) € A. In the sequel we
describe a method, which determines a global basis (i.e. an A-basis) of I by merging
finitely many “local” bases. Recall that for any fractional ideal I = HpeMax(oF) PP we
denote I, := [, p*.

A direct consequence of Theorem [5.3.3] is the following statement.

Theorem 5.3.15. Let B C F be a set with n elements. Then, B is an A-basis of the
ideal I if and only if B is wy,-semi-orthonormal, for all monic irreducible polynomials
p(t) € A.

Lemma 5.3.16. Let p1(t),...,px(t) € A be all monic irreducible polynomials such that
vy ([1 + Alf]]) # 0. Denote by B = (bo,...,bn—1) C F a family, which is wy, -semi-
orthonormal, for all 1 <1 < k and whose elements are of the following form:

91(0)
[T p;”"

where g;(x) € Alz] monic and of degree . Then, B is an A-basis of I.

by = for 0 <1 <n and aj, € Z,

Proof. Since the denominators of the b; are the irreducible polynomials p;(t),. .., pk(t)
and B is wr,,, -semi-orthonormal, for all 1 < i < k, we have B C I. In particular, B
is a p;(t)-integral basis of I, for all 1 < i < k, by Theorem m Hence, we obtain
op, ([ : (B >A]) = 0, for all . As the g; are monic of degree [, it holds [I : (B)a] = A
and therefore (B)4 = I by Lemmal[l.2.3] O

According to the last lemma, in order to determine an A-basis of a fractional ideal
I we have to construct a triangular basis with monic numerators, which is “locally”
semi-orthonormal, for any irreducible polynomial p(t) € A with v,([I : A[f]]) # 0. This
can be realized by an easy application of the CRT. To this end, the next lemma will
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be helpful. For a monic irreducible polynomial p(t) € A and I, =[], p® we set for

convenience sredy := sred(, .y, r € R, where e := (e(P/Pp))p|p, and a := (ap)y,-

Lemma 5.3.17. Let I be a fractional ideal of O, p(t) be a monic irreducible polynomial

in A, and b= Y""3 \;67 € Af]. Let ) =Y "—0 N,07 € A[f] with

A; = Ajmod p(t)”, v > |wr(b)], forallj.
Then, it holds

sred}l;[” (b)(b) = sredf(b/)l” (v).

p

Proof. We write t/ = b+ p(t)"r(t,0) with r(¢,0) € A[f]. Since [wy,(p(t)"r(t,0))] =
v + wr,(r(t,0))] > |wr,(b)], we have wr,(b) = wg,(b'). Then, the statement follows
from Lemma [5.2.5 O

Now we are able to describe a method that allows us to construct a global basis of
a fractional ideal I from the local bases of I.

Let p1,...,px be all monic irreducible polynomials in A with vy, ([ : A[f]]) # 0 and
denote, for 1 <i < k, by B; = (b, ...bin—1) a pi(t)-integral basis of I, where

vij = |wr, (9i;(t,0))) (5.15)

with g; j(t,x) € A[z] monic of degree j. For j € {0,...,n — 1} fixed, let g;(¢,6) € A[f]
such that its coefficients coincide with the coefficients of g; ;(¢,8) modulo p;(t)%, for
1 <i < k, where 3; j := max{v; j,0} + 1. We set

gj (t7 9)
L= pi(t)7es
Lemma 5.3.18. The family B’ = (by,...,b,) with b, defined in is a pi(t)-

integral basis, for 1 <i < k.

b = (5.16)

Proof. By Lemma [5.3.17]it holds

w i(t,0 wr,,. (gi,5(t,0
redl,ipi (g5(¢ ))(gj(t, 8)) — Sredlpfipz (9i,4(t ))(gi,j(t, 9)

and wr, (g;(t,0)) = w(gi;(t,0))r,, , for 1 <i < k. Then, according to Theorem
the family B’ is wjpi—semi—reduced, since B; is w Ipi—semi—reduced, for 1 <7 < k. Hence,
B’ is wy, -semi-orthonormal and a p;(t)-integral basis of I by Theorem m O
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By construction B' = (b},...,b},) is triangular with b} = g;(t,0)/[i=; pi(t)"7,

where g;(z) € A[z] is monic for 1 < j < n; hence Lemmas [5.3.16/ and [5.3.18| show that
B’ is an A-basis of I.

We summarize the procedure by the following pseudo code.

Algorithm 9: Computation of an A-basis

Input: Defining polynomial f of degree n of a function field F//k and a fractional ideal
Iof O F-
Output: An Hermite A-basis of I.

1: fac < list of all monic irreducible polynomials p(t) € A with v,([I : Op]) # 0 or
vp(discf) > 1

2: for p;(t) in fac do

B, < Algorithm [§ £, I, pi(t), FALSE)

3:
4: B; < transform %Z into a triangular basis, whose vectors satisfy 1)
5: end for
6: for j=0,....,n—1do
7 Determine b as in (|5.16))
8: end for
9: Transform (by,...,b),_;) into Hermite basis (bo, ..., bn—1)
10: return (bg,...,b,—1)
Complexity

Recall that H(I) = |[I* : Op]| + 0, where I* is defined as in (1.1)). For the estimation of
the complexity, we assume that the factorization of I into a product of nonzero prime

ideals is known. In [I2] a factorization algorithm can be found.

Theorem 5.3.19. Let F/k be a function field of degree n over the finite field k with q

elements. Then, a basis of a fractional ideal I can be computed with
OM3H(I)? +n'*5?Tlog q)
operations in k.

Proof. Clearly, the complexity of Algorithm [9]is dominated by:
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e Computation and the factorization of disc f (cf. line 1).

e Computation of the local bases B; by Algorithm |8 and their “normalization” (cf.
line 3 and 4).

e Transformation of (b,...,b), ;) into a Hermite basis (cf. line 9).

In the proof of Theorem we have seen that the computation and factorization of

disc f can be realized with
O(n3 + 52+€ + 51+€ log (])

operations in k

Let p1(t), ..., px(t) be all monic irreducible polynomials in A with vy, ([I : Op]) # 0
or vy, (disc f) # 0. Clearly, the cost of the computation of a “normalized” p;(t)-integral
basis @Z of I, coincides with the cost of the computation of a p;(t)-integral Hermite
basis of I. Then, by Theorem the cost of the computation of all “normalized”
p;(t)-integral bases B, of I is given by

K

O ( > (degpi(t) (0 Hp, (I)* + n'T6p, log (7571 ")) + n1+f5§jf))
i=1

= O(m*H(I)* +n'T6* log q)

operations in k.

In order to determine (by,...,b,—1) we have to transform gM into HNF, where
M denotes the transition matrix from (1,...,0"71) to (b),...,b,, ;) and g € A the

denominator of maximal degree in M. We show that the entries in gM have degree
equal to O(H(I)).

In the proof of Theorem |5.3.13| we have seen that the elements b; ; in the p;(t)-
integral basis B; are given by

i, — R
pi(t)"es

where v; j = O(Hp,(I)). By the construction of B’ (cf. (5.16)) its elements are given
by

b — 9i (t,0)
[[=ypi(t)”
where the degree of the coefficients of g; (¢, 0) are bounded by O(>"7 | deg p;(t)Hp, (I)) =
O(H(I)). The same holds for the denominator. Hence, the entries in gM have degree
equal to O(H(I)). According to [24, Theorem 4.1] transforming gM into HNF can be
realized in O(n3(H(I))?) operations in k.
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5. REDUCENESS

Then, the complexity of the computation of an A-basis of I is dominated by
O(m2(H(I))? + n'tes®*€logq). O

Theorem 5.3.20. Let F/k be a function field with defining polynomial f of degree
n and let D = 3 pcp, apP be a divisor of F/k. Then, a k-basis of L(D) can be
determined with

O((n®(h(D) 4+ nCy)* +n’T<Cy* € log q)

operations in k.

Proof. Let (I,I) be the ideal representation of D. In order to determine a k-basis
of £L(D) we compute a Hermite basis B of I, a Hermite basis B’ of I, and apply
Algorithm [6]

By Lemma we have § + do = O(n?Cy). Moreover, Lemma shows that
H(I)+ H(Ix) = O(h(D) 4+ n2Cy). Then, by the last theorem and Corollarythe
complexity of the computation of B and B’ is given by

On*(H(I))? +n'T6%* log g + n* H(Io)? + n' "0 log g + n'T¢621°)
— O3 (H(I) + H(I))? + n'*(6 + 620" log q)
= O(n*(h(D) + n*C})? + n°T<Cr* log q)

operations in k.
Additionally, we run Algorithm @ which needs O(n’(h(D) +n?Cf)?) operations in
k by Corollary Together we can estimate the computation of a k-basis of £(D)
by
O((n* (h(D) + n2Cy)? + ™ C;** log )

operations in k. O

Note that the computation of the successive minima of D has the same complexity.

5.4 Basis computation of holomorphic rings

The concept of reduceness, introduced in Chapter [2 has another field of application.
In this section we consider a method to determine a basis of certain holomorphic rings.
The idea is an generalization and an improvement of the algorithm described in [22].
Moreover, we present a alternative reduceness-criterion, which allows us to apply the

reduction algorithm in more general situations.
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5.4 Basis computation of holomorphic rings

Let 7 € F'\ ko and S := supp((7)w). For a divisor D of F/k we define
O(D):={z€ F|vp(z) > —vp(D), for PePp\ S}
Lemma 5.4.1. The set O(D) is a free k[T]-module of rank deg(T)so.

Proof. The fact that O(D) is a k[r]-module is obvious. We consider F'/k(7). Clearly,
[F: k(7)] = deg(T)s and k(7) is the field of fractions of the principal domain k[r].
In particular, k[7] is integrally closed. Since O(0) = Cl(k[r], F'), by [33, Theorem III.
3.4] the set O(0) is a free k[r]-module of rank deg(7)~. By the strong approximation
theorem we can choose an element 2’ € F with vp(2’) = vp(D), for all P\ S. Then,

ZO(D)={z€ F|vp(z) >0, for PePr\S}=0(0).
Hence, O(D) is a free k[r]-module of rank deg(7)oc. O

The aim of this section is to develop a method to determine a k[r]-basis of the
module O(D). Denote henceforth n := deg(7)s the degree of the extension F/k(T).
Let (T)oo = >.iq 6P and a; := vp, (D), for 1 < i < s. We set e := (¢;)1<i<s and

a = (a;)1<i<s. We define the mapping
[:F—=Q, |zl :=—wea(2),

where we 4(2) is defined as in Definition

One can easily see that —|| || is a 7-norm. Moreover, for 7 = ¢ the norm || || coincides
with the norm || ||p induced by D defined in (4.1). Hence, we can consider || || as a

generalization of || |p and adopt all results from Section 4] to our situation. In fact,

the following lemma can be proven exactly as Theorem [4.0.T
Lemma 5.4.2. For D € Dr and r € Z it holds

1. L(D +7(7)o0) = (O(D), || N<r and

2. (O(D), ]|l 1) is a lattice in the normed space (F,|| ||).

The next theorem provides the theoretical foundation for the computation of a

k[r]-basis of O(D).
Theorem 5.4.3. Let B’ be a k-basis of L(D + r(7)o) with
. 2[ko : kJ(g—1)+1—degD n

; 1. (5.17)

Then, there exists B C (B')r such that B is a semi-reduced k[r]|-basis of (O(D), || |)-
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5. REDUCENESS

Proof. Let B = (b1,...,b,) be a semi-reduced basis of (O(D), | ||). If ||b;|| < r for
1 <i<mn,then B C (O(D),| N<r =L(D +7(T)sc) = (B)), by the last lemma.
We have to show that [|b;]| <7, for 1 <i <n, and r as in (5.17). We fix
oo 20ko : kl(g—1)+1— degD.
n
Analogously to Corollary one can show that

dim(D +1'(1)oe) = Y (=[lIbsll] + 7"+ 1).
[1bs [ 1<r

On the other hand, by the theorem of Riemann-Roch we obtain
dim(D + 7'(7)oo) = deg D + r'n + [ko : k](1 — g),

since r’ = (2[ko : k](g — 1) + 1 — deg D) /n and equivalently deg(D + ¢(7)s) = deg D +
nr’ = 2[ko : k](g — 1) + 1. Thus,
> (=[lIbilll + 7 +1) = deg D + r'n + [ko : k] (1 — g). (5.18)
Moafl1<r’
Clearly, Corollary can be adopted to this situation, that is —|d(O(D))| = deg D +
[ko : k](1 — g) — n. Then, Lemma shows that — > [[|b;||] + n = deg D + [ko :
k(1 — g). Hence, is equivalent to

n n

S Nl 47+ 1) ==Y Tl +n+r'n=> (=TIbll] + 7 +1)
Moall<r’ i=1 i1
0= (bl +r +1).
[11bs][1>7"

This implies that [||b;||] = r' + 1, for all ¢ with [||b;||] >/, and therefore ||b;|| < ' +1,
for 1 < i <mn. Thus, for r > '+ 1 = (2[ko : k](g — 1) + 1 — deg D)/n + 1, it holds
1bi]] <7, for 1 <i<mn. O

By the last theorem we only need to determine a semi-reduced basis in the k-vector
space £(D + (7)o ), where r satisfies (5.17). In particular, a k-basis B’ of the latter
vector space is a k[7]-generating system of O(D).

In order to transform B’ into a k[7]-basis of O(D) we apply the reduction algorithm
to B’. That is, we apply reduction steps to the elements in B’ until we have detect
a semi-reduced family B in (B); with n elements of minimal length. Then, Corollary
shows that B is a basis of O(D).

We want to adopt Algorithmto this situation. Hence, we need an adequate (semi-)

reduceness criterion.
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5.4 Basis computation of holomorphic rings

Theorem 5.4.4. A set B C F is reduced if and only if for any p € R :={||b|| +Z | b €
B} the vectors in
{red N(b) | b € B with ||b]| + Z = p}

are k-linearly independent. Moreover, B is semi-reduced if and only if the vectors in

{sved 1" (b) | b€ B}

are k-linearly independent.

Proof. Clearly, B is (semi-) reduced with respect to || || if and only if B is (semi-)

reduced with respect to the 7-norm —|| || = wcq). Thus, the statements follows by
Theorems [(5.2.6 and O

In order to compute the vectors redy, () and sred(, , (2), forr € R and z € F', one
has to determine the vectors (red(p, .. ,(2)) and (sred(p, .. ,.1(2)), for any 1 < i <'s;
that is, approximations of the Pj-adic development of vp,(z) € Fp,. We fix P := P;. In
[12] an algorithmic realization of the by P induced residue class map z +— z mod P € Fp
is presented. Let Rp C A, be system of representatives of Fp. Then, the class z mod P
is represented by an adequate element in Rp. Moreover, we can consider z mod P as a
vector in k48P,

Now we present an algorithm, which determines for r € R, P; € Pp, ¢;,a; € Z,
e; > 0, and z € F the vector Sredfpi,ehai)(z). Thus, we obtain an algorithmic realization

of sred(, ,)(2). Analogously, one can develop an algorithm, which determines redg, o) (2).

Algorithm 10: P-adic development

Input: Element z € F, real number r, place P € Pp, and e,a € Z with e > 0.
Output: sred(p, ,(2).

1 if [r] < |wpea(2)] or r ¢ wpeo(F) then
2: return 0

3: end if

4: 7 < prime element of P

5z 4z or ) 2 0

6: C + (0)o<i<up(z)

7. for j =vp(2),...,e—1do
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8: a <+ (z—2") /77 mod P
9: Append(C, a)

10: 2« 2 4an!

11: end for

12: return C

Clearly, the output of the last algorithm is a vector of elements in Rp. In the
implementation we consider these elements as vectors in k48

Now we have all ingredients to describe an algorithm, which determines a k[7]-basis
of O(D).

Initially, we compute a k-basis B’ of L(D +1(7)s) by Algorithm [6] for r := [(2[ko :
kl(g—1)+1—degD)/n+ 1]. By Theorem we have to transform B’ into a semi-
reduced basis of O(D). One possibility is to adapt Algorithm [3|straight forward. That
is, we have to change in Algorithm 3] the way of detecting the relations for the reduction
steps. Instead of determining M as in line 5 in Algorithm [3] we compute the matrix,
whose rows are given by the vectors sred(JZH ('), for b’ € B'.

Alternatively we can proceed as follows: According to Theorem there exits a
basis B of O(D), whose elements are k-linear combinations of the vectors in B’. Thus,
in any reduction step we only consider vectors by, ..., by, satisfying [||b;||] = []|b;]/1,
for 1 <i,7 < m. As we decrease by any reduction step the length of the considered
vectors, we start with the maximal possible length mg := max{||t/|| | b’ € B'}.

We apply the semi-reduceness criterion from Theorem to B, = (b € B |
[[6]]T = [mo]). In particular, we detect a family B,,, C Bj, such that the vectors in
sred(_etz()) (B, ) built a k-basis of the k-vector space <sred(_£()) (B, k- The lengths of the
vectors in B\ B, can be reduced by applying reduction steps; that is, we subtrac
from any vector in Bj, \ By, an adequate k-linear combination of vectors in B,,,.
According to Theorem the family B,,, is semi-reduced. We set B’ := B"\ B,,,.

In the next step we repeat the procedure and obtain m; := max{|[t’|| | ¥ € B'}, B}
and B,,,, accordingly. The family B,,, is semi-reduced, whereas B,,, U B,,, is not
necessarily semi-reduced. We check for any b € B,,, if {b} U B,,, is semi-reduced and
delete b in B,,, if it is not the case. Then, after finitely many steps this leads to a

semi-reduced family B,,, U B,,,. Moreover, the vectors in B,,, U B,,, built a maximal
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semi-reduced family of minimal length in

({b-€ B"[ TIIoIIT = [mo] or [lIBI[] = [ma]})e.

Proceeding this way results in a maximal semi-reduced family B := U%:()Bmi (with an
adequate | € Z) of vectors of minimal length in (B’)x; hence, by Corollary [2.8.14] the
family B is a semi-reduced basis of O(D).

We summarize the algorithm by the following pseudocode.

Algorithm 11: Basis computation of holomorphic rings

Input: A divisor D of F/k and 7 € F'\ ko with (7)s = >_7 ;& P;.
Output: A k[r]-basis of the holomorphic ring O(D).

1: Compute basis B’ of L(D + r(7)x0), for r = [(2[ko : k](g — 1) + 1 — deg D)/n + 1]
2: 14— 0, n < deg(T)oo, B < (), e < (€i)1<i<ss a < (vp,(D))1<i<s

3: while [ <n do

4: mval < maxpep/ {[|0]|}, I < set of indices of vectors in B’ having [|| ||]-value

equal to [mval]

5: M «+ (sred(_efg‘)’al(bi))iej € k™ ™ where m = #I
6: Compute P = (p; j) € LT,,(k) s.t. M’ := PM is in row echelon form
7 s  rank(M’)
8: if s <m then
9: fori=s+1,...,mdo
10: uj < max{l < j <n|p;;#0}
11: Denote b; the j-th vector in B':
bus < bus + 257" Pijb
12: end for
13: end if
14: I’ + set of indices of vectors in B’ corresponding to nonzero rows in M’
15: Let B = (bmy,---,bm,)
16: for j =mq,...,m; do
17: if rank((sred(_a‘js)"u(bi))ief/u{mj}) = s then
18: B« B\ (bm,)
19: end if
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20: end for
21: B+ BUWliel),B «+B\(b|iel),l+#B
22: end while

23: return B
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6. Experimental results

We have implemented the algorithms, presented in the previous chapters, in Magma [5].
Those algorithms concerning function fields have been implemented for global function
fields. We will compare the runtime of our algorithms with that of the algorithms of
Magma. All computations have been done in a Linux server, with two Intel Quad Core
processors, running at 3.0 GHz, with 32 GB of RAM memory. Times are expressed in
seconds. If an algorithm did not terminate after 24 hours we write “—” instead. At first
we compare the running time for the computation of the genus and the Riemann-Roch
space £(0) of the zero divisor. Later we present the running time for the computation

of £(D) for randomly chosen divisors D.

6.1 Computation of the genus

In this section we consider the practical performance of Algorithm[7]for the computation
of the genus of a global function field and that of Algorithms|[6]and [5|for the computation
of a semi-reduced basis and a reduced basis of the lattice (Op, || ||o), respectively.

For each example we present the characteristic data of the function field F'/k and
its defining polynomial f and the time, which needed the algorithms mentioned above
and that of Magma to determine the genus or a (semi-) reduced basis of (Op, || |lo),
respectively. Additionally, we give the number of seconds of the initial computation
(I.C.) in Algorithm [7} that is, the time that costs the computation of disc f and the
factorization of its inseparable part. We will see that in most of the cases the initial
computation dominates Algorithm[7} In the column Algo [7]we display the total running
time of Algorithm [7], including the initial computation.

Note that for the computation of the genus of a function field, Magma only deter-

mines a semi-reduced basis of the lattice induced by the zero divisor. We will compare

135



6. EXPERIMENTAL RESULTS

our algorithms with that of Magma; that is, we compute with Algorithm [9] and Algo-
rithm [§| bases of O and O, respectively, and call Algorithm@ in order to determine
a semi-reduced basis of (Op, || ||o). We present the running time for the computation
of a semi-reduced basis in the column Sred.

By determining an orthonormal basis with Algorithm [§] (cf. Remark and
replacing Algorithm [6] through Algorithm [5 the same procedure computes a reduced
basis of (O, || ||o). In the column Red we display the running time for the computation

of a reduced basis of (Op, || ||o)-

For the first examples we use families of global function fields, which cover all the
computational difficulties of the Montes algorithm [12]. Later, we use randomly chosen

global function fields.

We consider in all examples the function field F//k of genus g, with defining poly-
nomial f(t,x) € k[t, z].
Example 1

Let f = (x+pt)" + -+ 1)" 4+ p(t)* € Fs;[t, x], where p(t) € A is irreducible and k, r

are nonnegative integers.

g | pit) | n| k | r | LC.| Algo I?l Magma | Sred Red

0 t 5) 7 |10 0.0 0.02 0.39 0.03 0.05

22 [t +2[23] 30 [10] 004 ] 9.40 66289.34 2.2 2.6

O | t+1 |77 |163 |20 || 2.73 | 5.42 — 133.42 | 151.56
Example 2

Let f = ([]qer, (@ +ta)™ + tp(t)F)™ + tp(t)3™k € F3[t, 2], where p(t) = t? 4+ 1 and m, k

are nonnegative integers.

g degf | k| m| L.C. | Algo Magma Sred Red
50 12 21 2] 0.01 0.05 0.82 0.10 0.12
928 48 51 4 || 0.21 1.17 1322.08 9.16 25.17

1136 | 75 | 7] 5 | 3.32 | 24.30 || 15961.82 | 193.65 199.53
1198 | 147 |1 | 7 | 2.60 80.3 — 1498.19 | 13745.52
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Example 3

Let f = (22— 22 +4)3 +p* € F[t, x], where p(t) € A is irreducible and k a nonnegative

integer.
g q p(t) k I.C. | Algo Magma | Sred | Red
0 7 t+2 7 0.00 | 0.01 0.04 0.05 | 0.06
60 7 t+2 | 122 || 0.02 | 0.03 0.36 0.02 | 0.03

450 | 101 | ¢+1 | 901 || 0.00 | 0.03 15.76 0.02 | 0.02
3512 | 73 | 2+ 1| 3511 || 6.59 | 9.15 1238.77 | 10.16 | 11.09

Example 4

Let f= ((28 +4(2 + )23 + 312 + 1)222 + 4(£2 + 1)2)2 + (2 + 1)%)3 + p(t)* € F,[t, 7]

of degree 36, where p(t) € A is irreducible and k a nonnegative integer.

g q p(t) k I.C. | Algo I?l Magma | Sred Red
85 13 [ 2+1] 11 0.05 0.19 122.6 0.80 3.00
519 | 101 | t+ 17 | 112 || 0.83 4.59 1052.82 | 19.44 27.54

3379 | 53 | t?4+2 | 323 || 19.58 | 234.65 || 4617.74 | 309.23 | 308.90

Example 5

Let f= (2"t + .-+ 2+ 1)+t € F,t, z], where m, [, k are nonnegative integers.

g qg |degf|m /| I | k || LC. | Algo Magma Sred Red

6 | 101 8 4 | 3 |13 0.00 0.01 0.10 0.03 0.03

0 | 13 42 7|7 |13|0.01]| 017 292.9 3.77 4.31

2 3 260 | 13|21 | 2 | 0.02 0.82 — 31.39 32.48

36 | 13 420 | 21 | 21| 5 | 1.45 3.81 — 85325.14 —
Example 6

For 1 <1 < 6 we take the family of polynomials f; € Fy3[t, x] with:

filt,z) = 2%+t

fg(t,l‘) = f1($)2 + (t — 1)t31‘

fa(t,x) = fox)® +t!!

Salt,z) = f3(x)® + 22 fo(x)

fs(t,x) = fa(x)® + (t = D)tPa fr(2) f3(x)?
Jo(t,x) = f5(x)* + t5x f3(x) fa(x)
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I g |degf; || LC. | Algo Magma Sred Red
110 2 0.0 0.0 0.0 0.02 0.02
2| 3 4 0.0 0.01 0.01 0.03 0.03
31 9 12 0.01 0.02 1.66 0.04 0.18
4| 40 36 0.09 0.12 707.06 8.84 44.00
5| 133 72 1.37 1.61 60125.24 | 233.60 | 1922.65
6329 | 144 | 22.06 | 24.67 — 9039.53 —
Example 7

We consider the function field F//F, of genus g = 140 with the defining polynomial

o — (2 1) (2?2 — 1) — (8 + 216 4+ 1)

q I.C. | Algo m Magma | Sred | Red

3 0.01 | 0.05 64.23 | 1.56 | 14.59

97 0.03 | 0.03 169.02 | 1.16 | 16.43

10007 || 0.08 | 0.10 171.98 | 5.82 | 31.31
Example 8

We consider the function field F'/F, of genus g = 213 with the defining polynomial

282+ (t+ D22 + 8 4+ 1.

q I.C. | Algo Iﬂ Magma | Sred | Red

7 0.03 | 0.23 765.12 | 0.25 | 0.46

113 | 0.01 0.13 2011.94 | 1.79 | 79.21

1013 || 0.04 | 0.12 2017.90 | 2.01 | 92.04
Example 9

We consider the function field F//F, of genus g = 325 with the defining polynomial

o9+ ()22 18 1,

q I.C. | Algo Magma | Sred Red
7 0.04 | 0.26 5990.76 | 0.60 0.74
103 || 0.04 | 0.38 23528.40 | 0.73 0.88
1009 || 0.08 | 0.32 24305.16 | 2.33 | 3556.87
Example 10

We consider the function field F/F, of genus g with the defining polynomial 20 + (¢ +

Da? + %z + (t+ D + (85 = 3t2)x" + 15223 + ¢ + 1.
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g q I.C. | Algo m Magma | Sred | Red
1220 5 0.59 | 0.66 92.5 0.76 | 0.82
1220 | 125 || 1.05 | 1.07 98.02 | 1.34 | 1.39
1221 | 3137 || 1.64 | 1.71 212.37 | 1.81 | 1.87

Example 11

We consider the function field F/F, of genus g with the defining polynomial 25 + (¢ +
D42B 4+ (3 +5)% 4+ (t+ Da'3 + (15 — 3t2)2" + 15223 +t + 1.

g q I.C. | Algo Iﬂ Magma | Sred | Red
2082 ) 0.1 0.18 514.14 | 0.41 | 0.50
2082 | 125 | 0.21 | 0.33 598.40 | 0.47 | 0.55
2083 | 3137 || 7.39 | 7.45 1662.31 | 7.69 | 7.81

Example 12

We consider the function field F'/F, of genus g = 3669 with the defining polynomial
20+ (b4 1% + (34 5)% + (t+ D)o + (¢° — 3t2)a” + %223 +t + 1.

q I.C. | Algo Magma | Sred Red

5 7.77 7.84 15415.75 | 9.04 74.69
97 || 5.00 5.10 || 21610.17 | 8.00 | 139.59
529 || 33.93 | 33.83 || 16172.12 | 50.12 | 1170.70

Example 13

We consider the function field F/F, of genus g = 15154 with the defining polynomial
a®330 — (2 4 1)(2? — 1) — (® + 265 + 1)z

q || I.C. | Algo m Magma | Sred | Red
3 169 9.93 —a _a _a
37 || 1.90 | 32.58 —a _a _a

?All virtual memory has been exhausted, so Magma cannot perform this statement.
Example 14

We consider the function field F/Fig9; of genus ¢ = 0 with the defining polynomial
h* + 23h3 + h? 4 30h + 50 and ko = Fygy4, where h = 210 + (¢t + D + 2 + ¢t + 1.
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I.C. Algo Magma | Sred | Red
0.73 | 6.66° — 12.45 | 13.58

b Algorithm [7| had to factorize f over Fg1a. The factorization took 2.07 seconds.

Example 15

We consider the function field F'//Fi3 of genus g = 1221 with the defining polynomial
h3 + h? 4+ 4h + 1 and full constant field ko = F,33, where h := 20 + (¢ + 1)2?3 + %z +
(t+ Dt + #° - 3t2)a" +19223 + 1+ 1.

I.C. Algo Magma | Sred Red
127.82 | 129.45° — 1511.61 | 25471.56

¢Algorithm [7| had to factorize f over F;33. The factorization took 0.24 seconds.

6.2 Computation of Riemann-Roch spaces

In this subsection we compare the runtime of our algorithms for the computation of
Riemann-Roch spaces with that of Magma.

Let F/k be a global function field. Our algorithms are based on the OM-
representation of prime ideals and places (cf. Subsection , whereas Magma, uses
the classical representation [5l [6]. In order to compare the routines in the context of
the computation of £(D), for some divisor D of F'/k, we create divisors in both settings
as a free Z-linear combination of places (free representation) and by a pole divisor of a
nonzero element a € F'. Note that the timings of the subsequent computations include
both generating a divisor D and computing £(D) in the OM-setting or the classical
one, respectively.

By the computation of the Riemann-Roch space L£(D) of a divisor D, we mean
the computation of a (semi-) reduced basis of the lattice induced by D. In the rows
Sred and Red we present the characteristic data regarding the computation of a semi-
reduced basis and a reduced basis, respectively, as explained in the last section; that
is, the timings for computing £(0) and £(D) for divisors D of height h(D).

The routine of Magma, which determines such a semi-reduced basis is called Short-
Basis and is based upon the algorithm presented in [16]. For all tests we do not apply

any divisor reduction, except for the computation of the Riemann-Roch space of the
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pole divisor of a nonzero function a € F' by Magma. In that particular context Magma
applies initially a divisor reduction, which can not be avoided.

The tests are distinguished into two different types; the computation of Riemann-
Roch spaces of randomly chosen divisors given in free representation, and the compu-
tation of Riemann-Roch spaces of pole divisors of randomly chosen elements in F'.

The randomly chosen divisors (in free representation) are again separated into two
different types: For a divisor D of F'/k, we denote by md(D) the maximal degree of all
places contained in supp(D). At first we consider randomly chosen divisors D carrying

places of “small” degree; that is, divisors D satisfying
md(D) < max{[2log, (g — 2)], [210g,(29)] + 1}, A(D) < 10g,

where g denotes the genus of F//k and ¢ is the number of elements in k. According to
[16] this kind of divisors occur in the context of the class group computation of global
function fields.

Later we consider divisors, which carry places of “large” degree and have “large”

height. Note that we determine for all examples initially £(0).

Example 1

We consider the function field F//F, of genus g = 79 with the defining polynomial
fi= (22 —2x +4(t+ 1)'?%)3 + (t + 7)3 + 2 . The ramification indices of all places at
infinity are equal 1; that is, any norm induced by a divisor D of F/k is integer-valued.
Hence, any semi-reduced basis is automatically a reduced one. We consider 500 repe-

titions and the present the average values.

Computation of Riemann-Roch spaces of divisors in free representation:

| ¢=13 [ £(0) ] £(D) | h(D) | md(D) |

Red 0.12 | 0.47 553 5
ShortBasis || 0.03 | 1.13 557 5

Red 24.68 || 33161 213
ShortBasis 70.67 || 33022 214

Computation of Riemann-Roch spaces of pole divisors:
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| ¢=13 [ 4D | AD) ]| md(D) |
Red 0.16 551 98
ShortBasis || 2.19 527 96

Computation of Riemann-Roch spaces of divisors in free representation:

| ¢=13 [ £(0)] £D) [ K(D) [ md(D) |

Red 0.16 | 0.35 330 2
ShortBasis || 0.05 1.35 324 2

Red 103.70 || 33229 213
ShortBasis 293.92 || 33136 214

Computation of Riemann-Roch spaces of pole divisors:

| ¢=13 [ 4D) | D) ]| md(D) |
Red 1.64 535 94
ShortBasis || 7.71 537 93

Example 2

We consider the function field F//IF, of genus g = 765 with the defining polynomial
fi=a% + 25123 +12¢8) + 12324 4 (+12 +1)!2 + 2. We consider 250 repetitions and the

present the average values.

Computation of Riemann-Roch spaces of divisors in free representation:

| q=17 [ £(0)] £(D) | n(D) | md(D) |

Sred 0.29 18.72 4207 7
Red 0.30 19.82 4273 7
ShortBasis || 2.78 40.28 4337 7
Sred 474.30 || 79679 126
Red 507.56 || 79112 128
ShortBasis 1415.67 || 77853 129

Computation of Riemann-Roch spaces of pole divisors:

| ¢=17 [ £D) | WD) ]| md(D) |
Sred 1.83 || 2555 373
Red 1.74 || 2532 394
ShortBasis || 99.28 | 2358 373
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Computation of Riemann-Roch spaces of divisors in free representation:

| q=17" [ £(0) ] £(D) | n(D) | md(D) |

Sred 0.43 29.44 2821 3
Red 0.50 25.63 2600 3
ShortBasis || 5.35 | 107.36 2933 3
Sred 678.19 || 62171 96
Red 700.74 || 64270 98
ShortBasis 3104.04 || 60070 94

Computation of Riemann-Roch spaces of pole divisors:

| q=17 | £D) [ h(D) [ md(D) |
Sred 139.57 || 3248 613
Red 114.80 || 3271 962
ShortBasis || 560.32 || 3198 495

Example 3

We consider the function field F'/F, of genus g = 1982 with the defining polynomial
o= B 4327+ (20t 4+1)8 +2) 720 + (268 440+ 26) P23 + (£ 4+1)%t4 (22 +2) + 12 4+ 2.

We consider 250 repetitions and the present the average values.

Computation of Riemann-Roch spaces of divisors in free representation:

| q=7 ] £0) | £D) [ D) | md(D) |
Sred 1.57 | 16.66 | 3351 10
Red 6.33 | 3429 || 3560 10

ShortBasis || 180.25 | 160.84 | 3532 10
Sred 483.36 [ 71027 | 251
Red 631.17 || 68904 | 242

ShortBasis 1468.05 || 66938 | 248

Computation of Riemann-Roch spaces of pole divisors:

| ¢=7 | £(D) [ (D) ] mdD) |
Sred 0.37 4162 217
Red 1.59 4121 | 206

ShortBasis || 1277.94 || 4142 212
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Computation of Riemann-Roch spaces of divisors in free representation:

| ¢=7 [ £D) | £0) [ A(D) | md(D) |

Sred 6.03 16.53 1433 3
Red 24.70 64.40 1468 3
ShortBasis || 438.64 | 649.20 1450 3
Sred 163.88 || 16794 9
Red 257.79 || 15830 92
ShortBasis 1110.01 || 15708 93

Computation of Riemann-Roch spaces of pole divisors:

| ¢=7 ] £MD) [hD) [ mdD) |
Sred 4.26 4155 [ 203
Red 1221 [ 4104 | 181

ShortBasis || 10910.44 || 4112 | 177

Example 4

We consider the function field F'/F, of genus g = 4721 with the defining polynomial
2+ 21t +2)* — t'2, where f is defined as in Example 2. We consider 50 repetitions

and the present the average values.

Computation of Riemann-Roch spaces of divisors in free representation:

| q=5 [ £0) | £D) [ r(D) [ md(D) |
Sred 28.98 104.71 3718 12
Red 386.27 428.97 3609 12
ShortBasis || 65767.46 | 529.41 3281 12
Sred 1896.82 || 86562 357
Red 3510.66 | 91299 356
ShortBasis 20487.03 || 88076 361

Computation of Riemann-Roch spaces of pole divisors:

| ¢=5 [ £D) | k(D) [ md(D) |

Sred 3.56 16239 358
Red 837.70 || 16296 466
ShortBasis —
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Computation of Riemann-Roch spaces of divisors in free representation:

q=5 [ £(0) | £D) [ ~(D) | md(D) ]
Sred 113.31 | 552.63 [ 2875 3
3

Red 637.96 | 1729.12 2800
ShortBasis — 2597.79 2813 3

Sred 3042.12 || 52867 183

Red 5451.88 || 48783 202
ShortBasis 18761.07 || 49858 194

Computation of Riemann-Roch spaces of pole divisors:

| ¢=5" [ £D) | (D) | md(D) |

Sred 37.94 16123 383
Red 7686.77 || 16087 363
ShortBasis -
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