ON RANK AND KERNEL
OF PERFECT CODES

SUBMITTED TO UNIVERSITAT AUTONOMA DE BARCELONA
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE

DEGREE OF DOCTOR OF PHILOSOPHY IN COMPUTER SCIENCE

by Merce Villanueva i Gay
Bellaterra, July 2001



(© Copyright 2001 by Merce Villanueva i Gay



I certify that I have read this thesis and that in my opi-
nion it is fully adequate, in scope and in quality, as a

dissertation for the degree of Doctor of Philosophy.

Bellaterra, July 2001

Dr. Kevin T. Phelps
(Adviser)

Dr. Josep Rifa i Coma
(Adviser)



to my family



Abstract

In this dissertation, we will study the rank and the dimension of the kernel of binary
1-perfect codes and in general the rank of g-ary 1-perfect codes over a prime power
alphabet, [F,.

It is known the existence of binary 1-perfect codes with any possible rank and
any possible size of the kernel, separately. We will consider the following problem,
for what pairs of numbers (7, k) does there exist a binary 1-perfect code C' of length
n = 2™ — 1 having r(C) = r and k(C) = k. We establish the exact upper and
lower bounds on the dimension of the kernel, once the rank is fixed. In order to show
that, we also establish some results on the structure of binary 1-perfect codes. We
also construct binary 1-perfect codes with different dimensions of the kernel between
the upper and the lower bounds for any rank, using the Doubling and Switching

construction.

q¢" -1
qg—1
with any possible rank, Vm > 4. In order to prove that, we generalize an approach

Finally, we establish the existence of g-ary 1-perfect codes of length n =

of the Switching construction to construct g-ary 1-perfect codes.
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Chapter 1
Introduction

Investigating perfect codes is one of the most fascinating subjects in coding theory.
Many problems regarding perfect codes are still open, for example, the main problem
of the construction and enumeration of perfect codes remains unsolved. In recent
years, a lot of papers have been devoted to the construction and investigation of

properties of perfect codes.

Let IFy be a vector space of dimension n over a Galois Field F, = GF' (q). A g-ary
code C' of length n is perfect if for some integer 7 > 0 every z € Fy is within distance
r from exactly one codeword of C. A g-ary perfect code of length n can correct r
errors, so they are also called perfect r-error correcting codes or r-perfect codes.

It is well-known that, over a prime power alphabet [F,, the only parameter for

which there exist nonequivalent perfect codes is » = 1. These are the g-ary 1-perfect
q¢" -1
1!

Linear g-ary 1-perfect codes are unique up to equivalence, they are the well-known

n—m

codewords and minimum distance 3.

codes. They have length n =

q-ary Hamming codes and they exist for all m > 2. Nonlinear ¢-ary 1-perfect codes
exist for ¢ =2, m > 4; ¢ > 3, m > 3, and for ¢ a prime power, ¢ # 4 or 8, m > 2.
Over other alphabets, the only known perfect codes are the trivial ones. These are
the codes containing all vectors of some length and the codes consisting of only one

codeword of length n. So, we will henceforth only work on 1-perfect codes over a
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prime power alphabet, F,.

In this dissertation we will focus on two structural properties, rank and dimension
of the kernel, which let us study nonlinear perfect codes. The rank of a code C, r(C),
is simply the dimension of the subspace spanned by C, (C'). The kernel of a binary
code C'is defined as: K¢ = {x € Fy : C = C+z}, in other words, it is the subset of
F? such that any vector in it leaves C' invariant under translation. In general, for any
g-ary code it can also be defined as the intersection of all maximal linear subcodes in
that code. We will denote the dimension of the kernel of C' by k(C'). When the code
(' is linear, the rank and the dimension of the kernel are the same and equal to the
dimension of the code. In some sense these two parameters give information about
the linearlity of a code.

The rank and the dimension of the kernel do not give a full classification of 1-
perfect codes, since two nonequivalent 1-perfect codes could have the same rank and
dimension of the kernel. In spite of that, they can help to a classification since if
two 1-perfect codes have different rank or kernel dimension they are not equivalent.
Another invariant, called STS-Graphical invariant for perfect codes has been studied

lately, [Dejo1].

Both the rank and the kernel of binary 1-perfect codes have been studied separa-
tely. Ranks of binary 1-perfect codes were investigated by Etzion and Vardy [EV94],
who proved that there exist 1-perfect codes with any possible rank. Phelps and LeVan
[PL95] obtained 1-perfect codes with kernels of all possible sizes. These two results

are the following:

Theorem 1.1. [EV94] For all m > 4 there exists a binary 1-perfect code, C, of length
n = 2" — 1 with a rank of dimension r(C) =n —m+ s for each s € {0,1,...,m}.

Theorem 1.2. [PLI5]| For all m > 4 there exists a binary 1-perfect code, C, of length

n = 2™—1 having a kernel of dimension j if and only if j € {1,2,...,n—m—2,n—m}.



The rank and kernel are known to be related, [EV98]. The first relation is es-
tablished in [BGHS83] and it says that for a binary 1-perfect code C, C*+ C K¢ and
E(C)+r(C)>n+ 1.

The main question which we will address in this dissertation, about binary 1-
perfect codes, is for what pairs of numbers (r, k) does there exist a binary 1-perfect
code C' of length n having 7(C') = r and k(C) = k. This question was posed by
Etzion and Vardy in [EV9S].

It is already proved by Phelps for which pairs (r, k) there exists a binary 1-perfect
code C of length 15 constructed using the Doubling construction and having r(C') = r
and kernel dimension k(C) = k, [Phe00]. We will see that it does not exist any 1-
perfect code, C, of length 15 with rank r(C') < 14 having a kernel of dimension
different than the one of the 1-perfect codes obtained in this way. We will assure
this, after showing for each rank which are the lower and the upper bounds for
the dimension of the kernel. For rank r(C') = 15, although it is known that the
admissible kernel dimensions are 1, 2, 3, 4, 5, 6 and 7, it has been only proved that
there exist binary 1-perfect codes of length 15 with kernels of dimensions 1, 2, 3, 4
and 5 (see [EV98]). Summarizing, for n = 15, the following table shows for which
pairs (r(C), k(C)) there exists a 1-perfect code with these parameters. The question
mark sign means it is not known if there exists a 1-perfect code with that rank and

dimension of the kernel.

r(C) k(C)
11 |11
12 9
13
14
15

co 0o oo

N
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In general, we will establish the exact upper and lower bounds on the kernel

dimension of binary 1-perfect codes of length n = 2™ — 1, once the rank is fixed,



4 CHAPTER 1. INTRODUCTION

except for one case. For l-perfect codes with maximum rank, r(C') = n, called full-
rank 1-perfect codes, and for all m > 4, we will give an upper bound but we will not
prove this upper bound is tight. Despite this, it is already known that for all m > 10
this upper bound for full-rank 1-perfect codes is tight, [EV98]. So, the only cases
which remain unsolved are for 4 < m < 10.

In order to construct binary 1-perfect codes of length n = 2™ — 1 with all the
different kernel dimensions, k(C'), between the upper and lower bounds for any rank,
r(C), we will use the Doubling and Switching constructions of 1-perfect codes. We
obtain a large number of cases but we do not completely settle the question, partly
because we need to construct full-rank 1-perfect codes with different k(C'). We only
know how to construct full-rank 1-perfect codes of length n = 2™ — 1 with the lower
kernel dimension, k(C') = 1, for all m > 4 [PL95] and with the upper kernel dimension,
for all m > 10 [EV9S].

The rank and the kernel of g-ary 1-perfect codes (¢ # 2) have not been studied
before. On the rank, we will prove the generalization of Theorem 1.1 for g-ary 1-
perfect codes, when ¢ is a prime power. In order to show this result we will also
generalize the approach of the Switching construction developed in [PL95] to construct

g-ary 1-perfect codes. On the kernel, we will not give any result in this dissertation.

The overview of this dissertation is the following:

Chapter 2 exposes definitions and known results we will need in chapter 3, where
we can find the new results we develop in this dissertation about binary 1-perfect
codes. This chapter is organized as follows: first we introduce the binary 1-perfect
codes as a family of codes such that the Hamming bound holds; in section 2.2 we
show some well known results about linear binary 1-perfect codes, called also binary
Hamming codes; in section 2.3 we develop some known constructions of nonlinear

binary 1-perfect codes; in section 2.4 we describe some properties of these codes;



finally, in section 2.5, we give the known results about two of these properties, the rank
and the kernel of binary 1-perfect codes, which are the main focus of this dissertation.

Chapter 3 and 4 are the core of this work, where the new contributions regarding
binary and g-ary 1-perfect codes respectively are presented.

In chapter 3, we analyze the rank and the kernel dimension for binary 1-perfect
codes of length n = 2™ — 1. First of all, we will prove some results on the structure
of 1-perfect codes. Next, we will establish the lower and upper bounds on the kernel
dimension of 1-perfect codes once the rank is fixed. We will show that these bounds
are tight except the upper bound of full-rank codes if m < 10. We will study some
results that will let us to obtain 1-perfect codes with different dimensions of the kernel
between the lower and upper bound, for each possible rank. Since we will not be able
to construct full-rank codes we will not completely settle the question of for what
pairs of numbers (r, k) does there exist a binary 1-perfect code C' of length n having
r(C) =rand k(C) = k.

In chapter 4, first of all we will review definitions and known properties and cons-
tructions of g-ary perfect codes. Then, we will generalize an approach of a well-known
construction of binary 1-perfect codes, the Switching construction, to obtain g-ary 1-
perfect codes. Finally, using this construction, we will establish the generalization of

Theorem 1.1 for g-ary 1-perfect codes, that is the existence of g-ary 1-perfect codes
" —1

of length n = for m > 4 and rank n — m + s for each s € {0,1,...,m}.
Finally, in chapter 5 we summarize the obtained results, we give the conclusions
of this work and we point out possible future lines of research regarding rank and

kernel of perfect codes.
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Chapter 2

Definitions and previous results

In this chapter we expose definitions and known results that we will need in chapter
3, where we can find the new results we develop in this dissertation about binary
1-perfect codes. This chapter is organize as follows: first we introduce the binary
1-perfect codes as a family of codes such that the Hamming bound holds; in section
2.2 we show some well known results about linear binary 1-perfect codes, called
also binary Hamming codes; in section 2.3 we develop some known constructions of
nonlinear binary 1-perfect codes; in section 2.4 we describe some properties of these
codes; finally, in section 2.5, we give the known results about two of these properties,
the rank and the kernel of binary 1-perfect codes, which are the main focus of this

dissertation.

2.1 Binary perfect codes

Let F3 be a vector space of dimension n over GF'(2). The Hamming distance between
vectors x,y € FY, denoted d(x,y), is the number of coordinates in which z and y
differ. The Hamming weight of x is given by wt(x) = d(z,0), where 0 is the all-zero
vector.

A binary code, C, of length n is simply a subset of Fy. Without loss of generality

7
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we shall assume, unless stated otherwise, that 0 € C' throughout this thesis. The
elements of C' are called codewords. The minimum distance of a code is the smallest
distance between a pair of codewords. A code C'is called linear if it is a linear space
over a binary field. In other words, if x and y are codewords, then the resulting sum
x + vy is contained in the code as well.

We say that a code is even if all its codewords have even weight. We shall define an
extended code of the code C, denoted by C*, to be the code resulting from adding an
overall parity check digit to each codeword of C', thereby causing all of the codewords
to have the same parity. We shall assume that the parity check digit shall cause each
codeword to have even weight, so an extended code is an even code.

Two codes Cy, Cy C F§ are isomorphic if there exists a permutation 7 such that
Cy = m(Cy) ={m(c) : ¢ € Ci}. They are equivalent if there exists a vector a € F}
and a permutation 7 such that Cy = a + 7(Cy) = {a + 7(c) : ¢ € C1}. In the case
where 7 is the identity permutation, then C5 is said to be a translate or coset of C; if
there exists some vector a € F} such that Cy +a = Cy. If C7 = C; then the mapping
c— a+m(c), Ve € C is said to be an automorphism of Cy. Aut(C) will denote the

group of all automorphisms of C'.

Throughout this thesis, we shall utilize a particular family of codes, namely binary
perfect codes. A binary code C' of length n is perfect if for some integer » > 0 every
x € [Fy is within distance r from exactly one codeword of C.

A perfect binary code attains the sphere-packing or Hamming bound, that is

on
©) + () +--+ ()

) + (711) +o 4 (f) is the number of vectors of length n contain in a sphere of

ICl=

n

where ( 0

radius 7 around the codewords, [MS77]. We can also define a perfect binary code as a
binary code such that the Hamming bound holds. A perfect binary code of length n
can correct r errors, so they are also called perfect r-error correcting codes or r-perfect

codes.
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In 1973 it was proved independently by Tietdviinen [Tie73] and by Zinov’ev and
Leont’ev [ZL73], that the only binary perfect codes of length n are:

e trivial (binary) perfect codes in cases r = 0 and r = n.

(binary) repetition code in case r = (n — 1)/2 with n odd.

(binary) Golay code in case r = 3 with n = 23.

(binary) 1-perfect codes in case r = 1 with n = 2™ — 1.

The binary Golay code is unique up to equivalence, [Ple68, Sno73, DG75]. The
1-perfect code with length n = 7 is also unique up to equivalence. Thus the only
parameters for which there exists nonequivalent binary perfect codes are r = 1 and
n=2" — 1, with m > 4, [Phe84a].

The linear 1-perfect codes are, again, unique up to equivalence, [MS77]. They are
the well-known Hamming codes. We will explain more about these codes in the next
section. Nonlinear 1-perfect codes have been constructed, for example, by Vasil’ev
[Vas62], Solov’eva [Sol81], Mollard [Mol86], Phelps [Phe83, Phe84a], Bauer et al.
[BGH83], Zinov’ev [Zin88], Etzion and Vardy [EV94], Phelps and LeVan [PL95] and

Rifa [Rif99]. Some of these constructions are outlined in section 2.3.

The 1-perfect codes of length n = 2™ — 1 have dimension k = n — m, 2" ™

codewords and minimum distance 3.

A binary 1-perfect partition is a partition of the space FY into n+1 binary 1-perfect
codes Cy, C, ..., C,. We can assume the zero vector is in Cy and the vectors having
a one in the i'" coordinate and zeros elsewhere, ¢;, are in C;, Vi € {1,...,n}. Given a
binary 1-perfect code C of length n = 2™ — 1 we know that there always exists n + 1
translates of C, C'+eg, C'+e1,..., C + e,, that form a binary 1-perfect partition
of F%, we will call this the trivial partition. Similarly, the set E5™, of all the even
weight vectors in F%, can always be partitioned into even translates of an extended

I-perfect code C* C Ey*.
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Two partitions Cy, Cy,...,C,, and Dy, Dy,..., D, are isomorphic if there exists
a permutation 7 of the coordinates which maps the vectors of each class into the
vectors of a class in the second partition, that is Vj € {1,...,n} D; = {n(C;)} for
some i € {1,...,n}. Two partitions Cy, Cy,...,C, and Dy, D1, ..., D, are equivalent
if there exists a permutation 7 of the coordinates and a translation 7 such that for

all classes D, there exists a class C; such that D; = {n(C;) + 7}.

2.2 Linear binary 1-perfect codes: Hamming codes

In this section we will see some known results about Hamming codes, that can be

found for example in [MS77]. We will use these results in next chapters.

A linear code of length n is a linear space over F. A matrix G is called a generator
matriz of a linear code C' if the rows of G form a basis for C'. If C' has length n and

dimension k, then G is a k X n matrix.

The dual code of a linear code C of length n and dimension k, denoted by C*
is the set of vectors which are orthogonal to all codewords of C', that is the set
Ct={velF} : VoreC, v-x =0} Thedual code is a linear code of length n
and dimension n — k. A matrix H is called a parity-check matriz of a linear code C
if the rows of H form a basis for the dual code C*. If C has length n and dimension

k, then H is a (n — k) x n matrix.

A code C'is cyclic if it is linear and if any cyclic shift of a codeword is also a
codeword, that is, whenever (cg,c1,...,c,—1) is in C, then so is (¢, _1, Co, C1, -+ -, Cn_2).
The polynomials ag+ a2 + asx® + - - - +a,_12" ! of degree at most n — 1 over Fy may
be regarded as the words (ag, ay,...,a,_1) € Fy. Thus a code C of length n can be
represented as a set of polynomials over Fy of degree at most n — 1. If C' is a cyclic
code, there is only a monic polynomial g(x) such that C' = (g(x)), that is, g(z) is a
generator polynomial of C. If r = deg(g(z)), then the dimension of C' is n — r.
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A code of length n = 2™ — 1, m > 2, having parity-check matrix H whose
columns consist of all nonzero vectors of length m is called a Hamming code of length
n = 2™ — 1. This family of codes has minimum distance 3 and 2"~ codewords, so
attains the Hamming bound and is a family of 1-perfect codes. It is well-known that
the Hamming codes are unique, up to equivalence.

If o is a primitive element of a finite field GF(2™) then 1,«a,a?,...,a*" 2 are

distinct and can be represented by distinct nonzero binary m-tuples. So a parity-

check matrix of a Hamming code of length n = 2™ — 1 can be taken to be
H=(1,a,0% ...,0%" 7%

where each entry is to be replaced by the corresponding column vector of length m.
The following result give us that there is a cyclic Hamming code of length n =

2™ — 1, for each m > 2.

Theorem 2.1. Let « be a primitive element of GF(2™). The Hamming code given

2m—

by the parity-check matriv H = (1,,a?,...,a*" 72) is a cyclic code with generator

polynomial g(x) = my(x), where my(zx) is the minimal polynomial of c.

The intersection of cyclic codes is a cyclic code. So, if we have two different cyclic
Hamming codes H; = (mq(x)) and Hy = (mg(z)), where o and (3 are primitive
elements of GF(2™), the code C = H; N Hy is a cyclic code such that C = (m,(x) -
mg(x)). In this case, deg(mq(x) - mg(z)) = 2m, so dim(Hy NHy) = n — 2m and
dim(H; U Hy) = 2m. We will use this result in sections 2.4.3 and 3.3.

The characteristic vector of a subset V', where V' C {1,2,...,n}, is the vector
Xx(V) = (21, 29,...,2,) € Fy with x; = 1 if and only if i € V.

A Steiner triple system is an ordered pair (V, B) where V is a finite set of points
or symbols, and B is a set of 3-element subsets of V' called blocks or triples, such that
each disordered pair of distinct elements of V' is contained in exactly one triple of
B. The order of a Steiner triple system (V, B) is the size of the set V', denoted by
|V| = n. We will denote a Steiner triple system of order n by ST'S(n).
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The relation between S7'S’s and Hamming codes is given by the following result:

Proposition 2.2. If H,, is a Hamming code of length n = 2™ — 1, then the code-
words of weight 3, called triples, form an STS(n) if we identify the codewords with

characteristic vectors of subsets of {1,2,...,n}.

In fact, there is the same relation between ST'S’s and 1-perfect codes (not ne-
cessarily linear) if C' contains the zero vector. We will talk about this in section

2.4.1.

Another known result about Hamming codes is the following:

Theorem 2.3. The codewords of weight 3 in the Hamming code are a spanning set

for the code.

A finite projective geometry consists of a finite set {2 of points and a collection of

subsets called lines, which satisfies:

1. There is a unique line (denoted by (pq)) passing through any two distinct points
p and q.

2. Every line contains at least 3 points.

3. If distinct lines L, M have a common point p, and if ¢,r are points of L not
equal to p, and s,t are points of M not equal to p, then the lines (¢t) and (rs)

also have a common point.

4. For any point p there are at least two lines not containing p, and for any line L

there are at least two points not on L.

A projective geometry PG(t,q) can be constructed taken the points of ) as the
nonzero vectors of length ¢ + 1 over GF(q) with the rule that (ag,as,...,a;) and
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(Aag, Aaq, ..., Aa;) are the same point, where A is any nonzero element of GF(q).

These are called homogeneous coordinates for the points. The number of points in

. t+1_1
q
Q is s

consists of the points (Aag + pbo, ..., Aay + pby), where A, € GF(q) are not both

The line through two distinct points (ag,ay,...,a;) and (bg, by, ..., b;)

zero. A line contains ¢+ 1 points since there are ¢? — 1 choices for A, u and each point

appears ¢ — 1 times in (Aag + pbo, - . ., Aay + pby).

The coordinates of a Hamming code of length n = 2™ — 1 are in one-to-one
correspondence with the columns of its parity-check matrix which in turn correspond
to points in the binary projective space PG(m — 1,2). The Steiner triple system
associated to the Hamming code is in fact lines of the projective space. So, we
can refer to coordinates being independent if the corresponding columns (points) are
independent. Equivalently, we will say that a set of r points is independent if and
only if the smallest subsystem containing these points is a system of order 2" — 1. In

particular, if a set of r points is independent, then no three points are collinear.

2.3 Constructions of binary 1-perfect codes

In this section we briefly outline some known constructions of nonlinear binary 1-
perfect codes.

Many constructions of 1-perfect codes exist. In [Sol00a] we can find a short sum-
mary of constructions which we include now. In 1962, Vasil’ev [Vas62] constructed a
large number of nonequivalent 1-perfect codes. In 1977, Heden [Hed77] constructed
1-perfect codes which are not equivalent to the Vasil’ev codes. The class of 1-perfect
codes described by Solov’eva in [Sol81] (they are not equivalent to the Vasil’ev codes)
contains the Heden codes properly. Two years later, Phelps [Phe83] independently
discovered Solov’eva’s construction and generalized it [Phe84al. A generalization of
Vasil’ev’s construction can be found in [Mol86]. In 1970 and 1988, Zinov’ev [Zin88§]

gave two constructions of 1-perfect codes with the method of concatenation. In 1988
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Solov’eva presented another class of 1-perfect codes [Sol88] and generalized it with
Vasil’ev in [VS95]. In 1994 Vardy and Etzion described a class of 1-perfect codes of
full rank [EV94]. There are also three codes of length 15 (Bauer et al. [BGHS83])
and three codes of length 15 described by Heden in [Hed94]. In 1995 Phelps and
LeVan [PL95] presented 1-perfect codes with all possible sizes of kernels. In 1996
Avgustinovich and Solov’eva [AS97]| gave a construction of 1-perfect codes which led
to a new lower bound on the number of different 1-perfect codes. In 1996 Lobstein
and Zinov’ev generalized the concatenation construction of 1-perfect codes [LZ97]. In
1997 Rifa and Pujol [RP97] constructed a family of 1-perfect codes called perfect ad-
ditive propelinear codes. In 1999 Borges and Rifa [BR99] give a full characterization
of 1-perfect additive codes. In the same year, Rifa [Rif99] constructed 1-perfect codes

from some Steiner triple systems.

2.3.1 Vasil’ev construction

Nonlinear 1-perfect codes were first constructed by Vasil’ev, [Vas62].

For v € F3, let p(v) = wt(v) mod 2. Let C,, be a 1-perfect binary code of length
n=2"—1. Let f: C, — {0,1} be an arbitrary mapping, such that f(0) = 0 and
fle1) + fca) # f(c1 + o) for some ¢y, ¢a,¢1 + o € C,.

Proposition 2.4. [Vas62] The code Cs, 11 defined by
Cons1 = {(v]v +clp(v) + f(c)) : veF;, ceCy}
where (+|-) denotes concatenation, is perfect.

We can construct 2/¢1=1 1-perfect codes of length n from a 1-perfect code C' of
length (n — 1)/2 using the above construction. This will give 2! different 1-perfect
codes of length 15 (containing the zero vector) but Herget [Her82] prove that there

are only 19 nonequivalent codes.

The following construction, due to Mollard [Mol86], is in a sense a generalization

of Proposition 2.4.
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For © = (11,12, - -+, T1ny, T21, T22, - - -, Tymy) € Fo'"?, define the generalized pa-

rity functions pi(z) = (01,02,...,04,) € Fy' and py(z) = (01,0%,...,0,,) € Fy* by
setting o; = ;”il zi; and of = 37" x5, Let C) and Cy be two 1-perfect codes of

lengths n; and ng, respectively. Let f : C7 — F3? be an arbitrary mapping.
Proposition 2.5. [Mol86] The code F defined by

F =A{(z|cy + pr(x)|ca + pa(x) + f(c1)) @ z € F3"™ ¢y € O, o € Co}
is a 1-perfect code of length n = ning + nq + ns.

Note that for ny = 1, Proposition 2.5 reduces to Vasil’ev’s construction.

2.3.2 Doubling construction

The following construction of 1-perfect codes of length 2n + 1 from 1-perfect codes
of length n is due to Phelps [Phe83] and Solv’eva [Sol81], so it is also called Phelps-
Solov’eva construction.

Let e; denote the binary vector of length n having all components equal to zero,
except the i component, which contains a one. Let X C F} and Y C F3*. Then,

the direct sum of X and Y, denoted by X ®Y € Fy*™ is as follows:
XoY=A{(r,y) : € X, yeY}

Let C be a 1-perfect code of length n and C5 be an extended 1-perfect code of length
n+ 1.

Proposition 2.6. [Phe83, Sol81] The code

n

C=(C1aCs) | (Cr+e®(Cotenn))

=1

where T is a permutation on the set {1,2,...,n}, is a 1-perfect code of length 2n+ 1.
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In section 3.4, we will establish results on the rank and the kernel of binary 1-
perfect codes constructed with this construction. We will use these results to construct
binary 1-perfect codes with different ranks and dimensions of the kernel, in sections

3.3, 3.5 (or see [PV0la]) and 3.7.

The next proposition is a more general variant of the above construction.

Let C;,C5,...,C* and D}, D%, ..., D? be partitions of Ef*! and Fy T \E5 ! res-
pectively, into extended 1-perfect codes by extending with an even parity coordinate
the first ones and with an odd parity coordinate the second ones. Let 7 be a permu-

tation on the set {0,1,...,n}.

Proposition 2.7. [Phe83, Sol81] The code C' defined by
C={(c|d) : ceC}, de Dy}

15 an extended 1-perfect code of length 2n + 2.

Puncturing any coordinate of C' gives a 1-perfect code of length 2n + 1.

Let R be an extended 1-perfect code of length k. For each r € R, let ), be

a minimum distance 2 code of length k£ over an alphabet of n + 1 symbols, with

|Qr| = (n+1)F1.
Proposition 2.8. [Phe84a|] The code P defined by

P={(clea| -+|ex) + c; €}y r=(r1,72,...,7%) € Ry (J1, 2,5 k) € Qr}
is an extended 1-perfect code of length k(n + 1).

Puncturing any coordinate of P gives a 1-perfect code of length k(n 4+ 1) — 1.
Note that for k = 2, R is an extended 1-perfect code consisting of a single vector 01,
and the code @, is in effect a permutation on the set {0,1,--- ,n}. Thus Proposition

2.7 is a special case of Proposition 2.8.
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The following construction, due to Etzion and Vardy [EV94], is in some sense a
generalization of the construction of Phelps [Phe83] and Solov’eva [Sol81].

Let V be a subset of F}. Let A = {A;, Ay, ..., Ay} and B = {By, By, ..., By} be
two ordered sets of subsets of V. For v € V, define

As(v)={i : ve A} Ap(v)={i : ve B;}

where A; € A and B; € B. We say that A and B form a perfect segmentation of order
k of the set V, if both Ujep ;) A; and Ujea , ) B; are 1-perfect codes of length n, for
allv e V.

Proposition 2.9. [EV94] Let A and B be a perfect segmentation of Fy. The code C
defined by

C={(ulv) : ve A, ve B;}
1s a 1-perfect code of length 2n + 1.

Note that any two partitions of Fy into n 4+ 1 1-perfect codes form a perfect
segmentation of Fy. Thus Proposition 2.7 is a special case of Proposition 2.9. In fact,
n+ 1 is the minimum order of any perfect segmentation of F5. In [EV94], it is shown

that perfect segmentation of higher order exist.

2.3.3 Switching construction

This construction consists on starting with a 1-perfect code C' of length n and switch-
ing out one specially selected set of codewords S C C for another set of vectors S’.

The resulting code C" = (C\S) U S” would be a 1-perfect code.

Let C' and D be two (disjoint) 1-perfect codes. In general, we choose D = C + ¢;
a translate of C'. We can form a bipartite graph G' with vertex set C'U D and edges
[z,y] for z € C and y € D where d(z,y) < 3.
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Proposition 2.10. If C is a 1-perfect code and M UM +e; is a nontrivial component
in the graph G, then C' = (C\M) U (M + ¢;) is also a 1-perfect code.

Another equivalent formulation of this construction, due to Solov’eva [Sol88], is
the following:

For a 1-perfect code of length n, we define the minimum distance graph of C as a
graph G(C) = (C, E) with the codewords in C' as vertices and edges [z,y]| € E if and
only if d(z,y) = 3.

We define a subgraph G;(C) = (C, E;) as the subset E; of all the edges [z,y] in
G(C) where codewords = and y disagree with the i" coordinate. Solov’eva in [Sol88]
introduced this subgraph G;(C) and established that the number of components m

satisfies the following inequalities,

2<m<
so the subgraph G; is not connected.

Proposition 2.11. [Sol88] If C' is a 1-perfect code and S C C' is a component of G;,
then C" = (C\S) U (S + e;) is also a 1-perfect code.

Another approach of the switching construction can be found in [AS97] or [Sol00b].
A neighborhood K (M) of a set M in F4 is the union of spheres of radius 1 with centers
at the vectors of M. We can also say that a set C' C F}' is a I-perfect code of length
n if K(C) = FY} and for any x,y € C one has K(z) N K(y) = 0. Aset M C C is
an i-component of the 1-perfect code C if K(M) = K(M + e;). It is easy to see the

following result:

Proposition 2.12. [AS97] If C is a 1-perfect code and M C C' is an i-component,
then C" = (C\M) U (M + ¢;) is also a 1-perfect code.
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In the next chapters we will use the following approach to the switching construc-
tion due to Phelps and LeVan [PL95].

Define T; to be the linear subcode of a Hamming code, generated by the codewords
of weight 3 having a 1 in the i*® component. There will be a path from z to y in G; if
and only if there is a sequence of codewords of weight 3 tq,%s,...,ts € T; such that
x+1t; +to+---+t; =y which is equivalent to saying if and only if y € T; + x. Thus
T; + x is a component of G; in the graph of the Hamming code. We can say that in

the Hamming code the components in the subgraph G; are cosets of a linear subcode.

Proposition 2.13. [PL95] Given a Hamming code H,, of length n = 2™ — 1, let T;,
x; € Hy,. Then,

C = (H \(T, + ;) U (T} + z; + €;)

is a nonlinear 1-perfect code of length n, Vi € {1,...,n}.

This idea has been used to solve a number of important problems, [EV94, PL95,
AS95, AS96]. For example, in [AS97], Avgustinovich and Solov’eva used this to
obtain an important lower bound on the number of nonequivalent 1-perfect codes of
a given length n. In this article, they raise the question of if all 1-perfect codes can be
obtained from the Hamming code by a sequence of such switches. In [PL99], Phelps
and LeVan present a 1-perfect code of length 15 and show that it can not be obtained
from the Hamming code by switching. In [SolOOb] it is showed that the Vasil’ev’s

construction is a switching construction.

2.4 Properties of binary 1-perfect codes

In [Sol0Ob] we can find a short summary of properties of 1-perfect codes. In this
section we will only see the ones that we will use in the next chapters. In the next
section we will talk specifically about two properties that are the main focus of this

dissertation: rank and kernel.
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Let C be a code of length n, and let A; be the number of codewords on distance
7 from a fixed codeword in C. The numbers Aq, Ai,..., A, are called the weight
distribution of C. Of course A9+ A; +--- + A, = |C|. A code is distance invariant
if the number A; does not depend on the choice of the codeword.

It is easy to see that the linear codes are distance invariants. However, in a
nonlinear code this need not be true. For example, the nonlinear code given by the
following codewords, C' = {(0,0), (0,1), (1,1)}, is not distance invariant.

In 1959 Shapiro and Slotnik [SS59] proved the following results:

Proposition 2.14. If a nonlinear code is distance invariant, and it contains the
all ones vector, then for every word contained in the code, its complement is also

contained in the code.

Theorem 2.15. The (extended) 1-perfect codes are distance invariant codes. Thus,

the complement of a codeword is again a codeword.

If the complement of a codeword is again a codeword, we will say that the code

is self-complementary.

2.4.1 STS and 1-perfect codes

A Steiner triple system is an ordered pair (V, B) where V' is a finite set of points or
symbols, and B is a set of 3-element subsets of V' called blocks or triples, such that
each disordered pair of distinct elements of V' is contained in exactly one triple of
B. The order of a Steiner triple system (V, B) is the size of the set V', denoted by
|V | = n. We will denote a Steiner triple system of order n by ST'S(n).

The existence problem of ST'S(n) was solved by Kirkman [Kir47], who proved
the following result. We can also see its proof in many books of design theory, for

example in [HP85] or [LR97].

Proposition 2.16. [Kird7] An ST'S(n) exists if and only if n =1, 3 (mod 6).
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Given two ST'S(n), (V,B) and (V, B’), we will say that they are isomorphic if
there exists a permutation 7w on the set V such that B = w(B’). We will denote by
(V,B) = (V,B).

For n = 3,7 and 9, there only exist one ST'S(n) up to isomorphisms. There are
two ST'S(13) up to isomorphisms. For n = 15, there are 80 nonisomorphic ST'S(15),
[WCC19]. In [Gib76] and [Rif99], we can see two methods of uniquely identifying the
80 nonisomorphic ST'S(15). For n = 31, there are of the order of 10??°. The methods
of uniquely identifying the nonisomorphic ST'S(15) are not useful for n > 15.

We say that (V, B) is a partial Steiner triple system if every pair of elements of V'

is in at most one triple of B.

A Steiner quadruple system is an ordered pair (V, B) where V' is a finite set of
points, and B is a set of 4-element subsets of V called quadruples, such that each
3-element subset of V' is contained in exactly one quadruple of B. We will denote a

Steiner quadruple system by SQS(n), where |V| = n.

The characteristic vector of a subset V', where V' C {1,2,...,n}, is the vector
X(V) = (z1,29,...,2,) € Fy with x; = 1 if and only if i € V.

The relation between STS and 1-perfect codes is given by the following result
that we can find in [GvT75] or [Til76].

Proposition 2.17. If C is a 1-perfect code of length n containing the zero vector,
then the minimum weight codewords (of weight 3) in the code form an ST'S(n) if we
identify the codewords with characteristic vectors of subsets of {1,2,...,n}. Similarly,

the words of weight 4 in C* form a SQS(n+ 1).

A derived Steiner triple system is a Steiner triple system which can be extended
to a Steiner quadruple system. For length 15, it has already been shown [DSd85] that
all 80 nonisomorphic ST'S(15) are derived. However, the problem of whether every

STS(n) is derived or not is still unsolved for all admissible n > 15.
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Any 1-perfect code C of length n can be extended to a code C* of length n + 1
by adding an overall parity check bit. Thus, the codewords of weight 3 in C' that
have become codewords of weight 4 in C*, along with the codewords of weight 4
already contained in the code, form a SQS(n + 1). This show us that if we have
a l-perfect code containing a Steiner triple system, then this must necessarily be a
derived Steiner triple system. We will say that a Steiner triple system is perfect if it
is contained in a 1-perfect code of length n.

In [Phe84a], Phelps show that at least 23 of these (derived) ST'S(15) are perfect.
In [LeV95], it is shown that 8 more ST'S(15) are perfect using switching techniques.
In [Rif99], Rifa constructed 1-perfect partitions of % and, therefore, 1-perfect codes
from some ST'S(n) called well-ordered.

2.4.2 The dual code

By the dual or orthogonal code of a code C' of length n, denoted by C*, we mean the
dual of the subspace spanned by C, that is the set of vectors which are orthogonal to

all codewords of C

Ctr={uelFy} : u-v=0, YveC}

The dimension of C* is n — r(C), where r(C) is the dimension of the subspace
spanned by C, (C'). We will say that 7(C) is the rank of C' and that C' is a full-rank
code if r(C) = n.

Proposition 2.18. [BGHS83| Let C' be a 1-perfect code of length n = 2™ — 1. Any

non-zero codeword in the dual code C+ must have weight (n +1)/2 = 2m~1,

In [EV94], Etzion and Vardy give a necessary and sufficient condition for a code
C of length n = 2™ — 1 to be perfect if there exists a vector w € C* of weight
(n+1)/2 = 2™, Without loss of generality assume that the nonzero entries of w

are in the first (n41)/2 positions, and hence for each (u|v) € C such that v € F*™ /2
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wt(u) is even. Define
T(u) ={veFy 2 ¢ (up) e C}
Hv) = {uecEM? . (up) e C}

Proposition 2.19. [EV94] The code C is perfect if and only if the following two

conditions hold.
(n+1)/2 .
1. Yu € Ej , T(u) is a perfect code of length (n —1)/2.
2. Yv € an_l)/Q, H(v) is an extended perfect code of length (n +1)/2.

Notice that if C'is a 1-perfect code, by Proposition 2.18 all the nonzero vectors in
C* have weight 2™, Then, if C*+ # {0}, that is if r(C) < n, we can construct 1-
perfect codes T'(u) and extended 1-perfect codes H(v). Actually, the following result
is also true for such a perfect codes.

Given a code C', we can shorten a code by considering the subcode
Cr={ceC : ¢;=0,Viel}

The support of a nonzero vector x = (x1,xs,...,2,) € F} is the subset of indexs of

its nonzero coordinates, supp(x) = {i : z; # 0}.

Theorem 2.20. Let C' be a 1-perfect code. For any non-zero codeword w in the dual

code of C, the shortened code Ciyppw) 15 a 1-perfect code of length (n —1)/2.

2.4.3 Intersections of 1-perfect codes

Given two binary codes C', Cy of the same length, the intersection number of C; and
Cy is defined as n(Cy, Cy) = |Cy N Cy.

The largest possible intersection number of 1-perfect codes was determined in
[EV94], where Etzion and Vardy showed that if C} and Cy are two distinct 1-perfect
codes of length n = 2™ — 1, then

77(01, 02) < 22m—m—1 . 22"%1—1
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and this bound is tight, for all m > 3. There exist perfect codes C, C5 of length 2™ —1
such that n(Cy, Cy) = 22" ~™~1-22"""~1_ This bound was established using a switch of
one ¢-component in Vasil’ev’s construction. Moreover using multiple switchings they
obtained intersection numbers of the form k22" '~ for all k = 1,2,...,22" '=m _ 1,
[EV98].

The smallest possible (nonzero) intersection number of two 1-perfect codes is 2
because since all perfect codes are self-complementary, their intersection must have
even cardinality. This implies that if C, Cy are 1-perfect codes and n(Cy, Cy) # 0,
then n(C1, Cy) > 2. In [EV98], Etzion and Vardy proved that, for each m > 3, there
exist two 1-perfect codes C7, Cy of length 2™ — 1 such that n(Cy, Cy) = 2. This lower
bound was constructed exploring a switch for the concatenation construction of the
Hamming code.

It follows from these results that the intersection number of any two distinct 1-

perfect codes C, (5 of length n = 2™ — 1 is in the range
2< 77(017 02) < 92" —m—1 _ 22*”—171

and both bounds are achievable for all m > 3. In [EV98] is given many different inter-
section numbers but the problem of enumerating all possible intersection numbers of
1-perfect codes remains open. Even for the case of length 15, a complete enumeration

does not seem to be easy.

However, in [EV98] Etzion and Vardy provide a complete solution to this problem,
that is, to find all possible intersection numbers, if the perfect codes are linear codes,
namely, the Hamming codes of length n = 2™ — 1. Now, we will explain the solution
to this problem and the construction of these codes by induction. We will use it in
section 3.3 to prove the main result in that section.

Let ‘Hi, Hy be two Hamming codes of length n = 2™ — 1. Since Hamming codes
are unique, H; and Hy are necessarily isomorphic. Since both codes are linear, their

intersection number is necessarily a power of 2.
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For m = 3 and n = 7, it is easy to find specific permutation such that n(H;, Hs) =
2,4 or 8. For example, let H; the code defined by the parity-check matrix whose
columns are ordered lexicographically, and let Hy be a code defined by the parity-

check matrix

0011011 0011011 0001111
0110110 or 0110101 or 0110011 (2.1)
1000111 1000111 1100101

respectively. In fact, it is showed that a similar situation occurs for all m > 3,
namely, all the powers of 2 in the range 27 —2m 2n=2m+l — 9n=m=1 are attainable as
intersection numbers of distinct Hamming codes of length n = 2™ — 1.

Let Hy, H, be parity-check matrices of the Hamming codes H; and Hs of length
n =2" —1. Then C = H; N 'Hs is a linear code, whose parity-check matrix is given
by .

" [z

We shall henceforth write H = H;||H> to denote this structure. It is obvious that

rank(H) < 2m, since H; and Hy each have m rows, and therefore,
U(HI;HQ) — |C| — 2n—rank(H) > 2n—2m
It is also obvious that n(H;, Hy) < 2" ™! if the codes H; and H, are distinct.

Lemma 2.21. [EV98| For each m > 3, there exist two Hamming codes Hy, Hs of
length n = 2™ — 1 such that n(Hy, Hy) = 2"2™.

We could take H; and Hs, for example, two different cyclic Hamming codes H; =
(ma(z)) and He = (mg(x)), where o and § are primitive elements of GF(2™). See
the comments after the Theorem 2.1 in section 2.2. In [EV98] these Hamming codes
are constructed in a different way:.

The following theorem give the solution of the intersection number for Hamming
codes. We will also include the proof to give the construction of these Hamming

codes.
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Theorem 2.22. [EV98] For each m > 3, there exist two Hamming codes Hy, Ha of
length n = 2™ — 1, such that

n(Hi, He) =2""" for r=m+1m+2,...,2m

Proof: The proof is by induction on m. The induction basis for m = 3 is established
in (2.1). Now assume that, for each r = m,m + 1,...,2(m — 1), there exist parity-
check matrices H; and H} of two Hamming codes of length 2"~! — 1, such that
rank(H;||HS) = r. Take
0---0 1 1---1 0---0 1 1---1
Hl - / ! H2 - !/ !/
H 0 H H) 0 H,
It is easy to see that Hy, Hs are parity-check matrices of isomorphic Hamming codes

of length 2™ — 1, and that
rank(Hy||Hs) = rank(H{||Hy)) +1=7r+1

Thus, all ranks in the range r4+1=m+1,m+2,...,2m — 1 are attainable. Finally,

the rank of 2m is also attainable by Lemma 2.21, which completes the induction.

2.5 Rank and kernel of binary 1-perfect codes

The nonlinear 1-perfect codes are not fully classified. Two structural properties of
nonlinear codes are the rank and kernel. They have been defined in order to study

these codes.

The rank of C, r(C), is simply the dimension of the subspace spanned by C, (C).
We say that C' is of full-rank if r(C') = n or equivalently if (C) = F}

The kernel of C' is defined as: Ko = {x € F} : C = C + z}, in other words, it
is the subset of I} such that any vector in it leaves C' invariant under translation. If

the zero vector is in C, then the kernel of C'is actually contained in C, and moreover,
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the kernel is a linear subcode of C'. Thus, if C' is linear, then the kernel of C' is itself.
In general, C' can be written as the union of cosets of Ko and K¢ is the largest such
linear code for which this is true [BGH83]. It is also easy to prove that the kernel of
a code is the intersection of all maximal linear subcodes in that code. We will denote
the dimension of the kernel of C' by k(C).

Both the rank and kernel of 1-perfect codes have been studied. In this section,
we will give some known results about these two parameters. We can also find a

summary in [Sol00b].

Ranks of binary 1-perfect codes were investigated by Etzion and Vardy [EV94,
EV98|. In [EV94], they proved the following result:

Theorem 2.23. [EV94] For all m > 4 there exists a binary I-perfect code, C, of
length n = 2™—1 with a rank of dimension r(C') = n—m+s for each s € {0,1,...,m}.

In 1994, Heden [Hed94] constructed three 1-perfect codes of length 15 which had
kernels of dimension 1, 2 and 3. In 1995, Phelps and LeVan [PL95] obtained 1-perfect

codes with kernels of all possible sizes, by multiple special switching.

Theorem 2.24. [PL95] For allm > 4 there exists a binary 1-perfect code, C, of length

n = 2™—1 having a kernel of dimension j if and only if j € {1,2,...,n—m—2,n—m}.

The rank and kernel are known to be related, [EV98]. The first relation is esta-
blished in [BGHS83].

Proposition 2.25. [BGH83] For a 1-perfect code C, C*+ C K¢ and
E(C)+r(C)>n+1

This follows easily from two facts: first, the complement of any codeword is always
a codeword, so the all ones word is always in the kernel; second, the dual of C'is always

a subcode of the kernel K.
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The question which we will address in chapter 3 is, for what pairs of numbers
(r, k) does there exist a 1-perfect code C' of length n having r(C) = r and k(C) = k.
This question was posed by Etzion and Vardy in [EV9S].

In section 2.5.1 and 2.5.2 we describe the construction of the 1-perfect codes given
by Theorem 2.23 and Theorem 2.24 respectively. In section 2.5.3 we will give some
known results about full-rank 1-perfect codes and kernels, since in chapter 3 we will
not be able to construct such that codes with kernels of different dimensions. In

section 2.5.4 we will establish the known results for length n = 15.

2.5.1 Ranks of binary 1-perfect codes

In [EV94], Etzion and Vardy proved the following results about the rank of 1-perfect
codes obtained from different constructions.
Let V(n) be the set of all the 1-perfect codes of length n that may be obtained

using the Vasil’ev construction, see Proposition 2.4.
Lemma 2.26. [EV94] For Cy,1 1 € V(2n+ 1), rank(Conyq) = rank(C,) +n+ 1.

Let M(n) be the set of all the 1-perfect codes resulting from the construction due
to Mollard and given by Proposition 2.5.

Lemma 2.27. [EV94] For F' € M(n), rank(F) <n+ rank(Cy) —n;.

Let Py(k(n+ 1) — 1) the set of all the 1-perfect codes obtained by puncturing the

codes given by Proposition 2.8.

Lemma 2.28. [EV94]| For C € Py(k(n+1)—1), rank(C) < k(n+1)+rank(R)—k.

Using the construction given by Proposition 2.9, it is possible to construct 1-
perfect codes of length n and any rank in the range of n — m 4+ 1 to n — 1 in the

following way, [EV94].
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Let H; and Hs be two isomorphic Hamming codes of length n’ = (n — 1)/2 and
rank n' — m/, where m’ = m — 1, such that C" = H; N H, has cardinality 2%~
Then H; = C'U(¢1+C") and Hy = C"U(ca+C") for some ¢; € H,\C" and ¢y € Ho\C".
Let V.="H; U (ca +Hi) = Ha U (c1 + Ha). It is easy to prove that {Ay, Ay, Az, Ay}
and { By, By, Bs, By} form a perfect segmentation of V' taken A; = C’, Ay = ¢; + ',
As=cy+C', Ay =c1+co+C" and By = H{,By = Hy, By = ¢ +Ha, By = co + H;.
Let (ao+H1), (a1+H1), ..., (aw+Hq) and (bo+H1), (b1 +Hi), ..., (b +H1) be two
partitions of Fgl into cosets of Hy, such that ag = by = 0 and a; = by = ¢y. Define a
perfect segmentation of F} by completing {4, Ay, As, Ay} and {By, By, By, B,} with
Aixz=a;+H; and B;y3 =b; + Hy, for i =2,3,...,n.

The rank of a 1-perfect code constructed by applying Proposition 2.9 to this

perfect segmentation, is given by
rank(C) = 2 - rank(H;) + rank(I)

where I' = {(0]0), (c2]|0), (0]ca)} U {(a;|b;) : @ = 2,3,...,n'}. Obviously, m <
rank(I') < 2(m — 1) and the vectors as,ag, ..., a, and by, bs, ..., b, can be always
chosen such as to make I" have any rank in the above range. Since rank(H;) = n'—m/,
the rank of C' can be made to attain any value in the range of n —m +1ton —1
This construction does not give full-rank 1-perfect codes. However it is shown
that for n = 15, it gives a l-perfect code of rank 14 which can not be constructed
using neither Vasil’ev construction (Proposition 2.4) nor its generalization by Mollard
(Proposition 2.5) nor any of Phelps constructions (Proposition 2.8). We can see this

from Lemmas 2.26, 2.27 and 2.28.

Using switchings of i-components, Etzion and Vardy [EV94] also constructed full-
rank 1-perfect codes of length n from the Hamming code for all admissible n. In fact,
this construction gives 1-perfect codes of all possible ranks. To describe these codes
we will give the approach developed by Phelps and LeVan in [PL95]. We will also use

this technique to generalize this result for g-ary 1-perfect codes in chapter 4.
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Let T; be the linear subcode of a Hamming code, generated by the codewords
of weight 3 having a 1 in the i"* component. The following result allow us to make

different switches as the described by Proposition 2.13.

Lemma 2.29. [PL95| Let H,, be a binary Hamming code of lengthn = 2™—1, m > 4,
with {1,2,...m} as a set of its independent points. Then, there exists x1,xa, ..., Tn

such that fori,j € {1,2,...,m}, T, + x; is disjoint from T; + x; for i # j.
The following result is not stated this way in [PL95], but it is proved.

Proposition 2.30. [PL95] Let H,, be a binary Hamming code of length n = 2™ — 1,
m >4, with {1,2,...,m} as a set of its independent points. Let

O = (Hm\ Q(Ti+gji)> U O (T + x; + )

=1

Then, r(C") =n—m+s, Vs € {1,...,m}.

So, we have the result given by Theorem 2.23.

2.5.2 Kernels of binary 1-perfect codes

In this section we will describe the results in [PL95], where Phelps and LeVan cons-

truct 1-perfect codes with kernels of all the admissible dimensions.

In order to do that, they showed the following result about the kernel of 1-perfect
codes constructed using the Doubling construction given by Proposition 2.6, as long
as the dimension of the kernel K of C is less than (n —1)/2. In chapter 3, Theorem
3.17, we will generalize this result for any K7, not necessarily with dimension less

than (n —1)/2.

Lemma 2.31. [PL95] Let C = (C1 & C5) UL, (C1 + €; ® (Cy + ex())*) where Cy, Cy
are 1-perfect codes of length n, then the kernel of C is K; ® K5, where Ky, K5 are the
kernels of Cy, C5 respectively, as long as the dimension of K is less than (n —1)/2.
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As a consequence of this lemma we have that:

Corollary 2.32. [PL95] If there exists Cy, Cy 1-perfect codes of length n with kernels
Ki, K, respectively, where dim(K,) < (n — 1)/2, then there exists a 1-perfect code
C of length 2n 4+ 1 having a kernel K = Ky & K, where dim(K) € {2,3,...,n}.

They also proved the following results about the kernel of 1-perfect codes cons-
tructed with the Switching construction given by Proposition 2.13. Before this, we
will write the results about the size of the intersection of the subspaces we have
defined as T;. In chapter 4 we will show these results for ¢g-ary Hamming codes.

Let H,, be a Hamming code of length n = 2™ — 1. Let T} be the linear subcode
of a Hamming code, H,,, generated by the codewords of weight 3 having a 1 in the

i'" component.

Lemma 2.33. [PL95| The dimension of T; is (n — 1)/2.

Lemma 2.34. [PL95]| Forr > 2 independent points in the projective space associated
with the words of weight three in the Hamming code of length n = 2™ — 1, the subspace
TiNTyN---NT, has dimension 2m™".

We assume that {1,2,...,m} are independent points. In order to make different
switches, by Lemma 2.29, we can choose x4, Z2, . . ., &y, such that T; + z; and Tj + x;

are always disjoint for all j # i and m > 4.

Theorem 2.35. [PL95] Let H,, be a Hamming code of length n = 2™ — 1, m > 4,
and let
¢ = (Ha\ J @+ a) v | (Tt i+ )
i=1 i=1

Then, Kev = (i, Ti and dim(Ker) = 1.

In fact, by the proof of this Theorem, we also have the following more general

result.
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Theorem 2.36. [PL95] Let H,, be a Hamming code of length n = 2™ — 1, m > 4,
and let

S

¢ = (A U @) U U b

i=1

Then, Kor = (., T; Vs e€{L,2,...,m}.

Independently, Heden [Hed94] found a 1-perfect code of length 15 and kernel of
dimension 1.
It is also possible to make multiple switches from the same coset at one time,

taking a subspace K such that it contains 7;.

Lemma 2.37. [PL95] Let H,, be a Hamming code, and let K be a subspace of Hy,
such that T; C K C H,,, and dim(K) < dim(H,,) — 2. Then,

C' = (Hn\(K +y) U (K +y+e)
1s a 1-perfect code with kernel K.

Corollary 2.38. [PL95| There exists C', a 1-perfect code of length n = 2™ —1, having
kernel K where the dim(K) € {(n—1)/2,...,n —m — 2}.

Using all of these results, Phelps and LeVan proved Theorem 2.24. By Theorem
2.35, we have 1-perfect codes of length n = 2™ — 1, m > 4, containing a kernel
of dimension one. From Corollary 2.38, we can find codes containing kernels of all
dimensions from (n — 1)/2 up through n —m — 2, and also n — m. From Corollary
2.32, we have a recursive construction of 1-perfect codes having kernels of dimension
2 up through (n — 1)/2. It is only necessary to see this result for the case n = 15.

For a kernel of dimension 1 we can use the Theorem 2.35, for dimensions 7, 8, 9
and 11, Corollary 2.38. Theorem 2.36 give 1-perfect codes having kernels Ty, T1 N T,
and T1 N1, N Ty if we only make one, two or three switches respectively, so we also

have codes with kernels of dimension 4 and 2. Finally, Heden [Hed94] and [BGHS83|
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have constructed 1-perfect codes of length 15 having kernels of dimensions 3, 5 and
6.
So, we have the result given by Theorem 2.24.

2.5.3 Full-rank codes and kernels

In order to prove that for all n > 10, there exists a full-rank tiling of F}, Etzion
and Vardy [EV98] obtained certain bounds relating the dimension of the kernel of
full-rank 1-perfect codes. In fact, they proved which is the largest possible dimension
of the kernel of a full-rank 1-perfect code of length n = 2™ — 1 for all m > 10. We
will also see in this section that the existence of full-rank tilings of F} for some values
of n is closely related to the existence of full-rank 1-perfect codes with kernels of high

dimension.

A tiling of F} is a pair (V, A) of subsets of F3' such that every = € F4 has a unique
representation of the form x = v+ a, with v € V and a € A. Thus (V, A) is a tiling
if and only if

V+A=F; and (V+V)N(A+A) ={0}.

Without loss of generality, we can always assume that 0 € VN A. A tiling (V, A) of
F?% is trivial if one of the sets V', A is {0} and the other is Fy. It is of full-rank if
(V) = (A) or, equivalently, rank(V') = rank(A) = n.

First of all we show the connections between tilings and 1-perfect codes.

Theorem 2.39. [CLVZ96| Let (V, A) be a tiling of F3 and let v = |V| — 1. Further,

let H(V') be an n X v matriz having the nonzero elements of V' as its columns. Define
C={zelFy : HV)x' € A}

Then, C s a 1-perfect code of length v.
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We will say that C' is the 1-perfect code associated with the tiling (V, A). The
following proposition gives that if (V,A) is a full-rank tiling, then the associated

1-perfect code C'is also a full rank.

Proposition 2.40. [CLVZ96] If C is the 1-perfect code of length v associated with a
tiling (V, A), then
rank(C) = v —rank(V) + rank(Awy),

where Awy = AN(V). In particular, if (V) = F3, then
rank(C) = v —n+ rank(A)

Let C be the 1-perfect code associated with the tiling (V, A). Then it is easy to
see that the kernel of C'is Ko = {x € C : H(V)z' € Ka}. Along with Proposition
2.40, this implies the following.

Proposition 2.41. [EV98| If C is the I1-perfect code of length v associated with a
tiling (V, A), then

dim(K¢) = v —rank(V) + dim(Ky,,,),
where Apy = AN(V). In particular, if (V) =F3, then

dim(Ke) =v —n+ dim(Ka)

Now we will see two different constructions of tilings and how they are used to
construct full-rank tilings.
Construction A Let (V, A) be a tiling of Fy and let a* be a nonzero element of A.

Counsider the sets
Vi={(|0) : veV}U{(v|l) : veV}

A'={(al0) : a€ A} U{(a"[1)}

where A* = A\{a*}. Then (V' A’) is a tiling of F5*!.
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Proposition 2.42. [EV98] If (V, A) is a full-rank tiling of Fy and rank(A*) = n,
then the tiling (V', A’) obtained by Construction A is a full-rank tiling of Fytt.

Starting with a full-rank tiling (V, A) of F}* with |[V| = 20 and |A| = 2* cons-
tructed in [CLVZ96], and iteratively applying Construction A, establishes the follow-

ing.
Theorem 2.43. [EV98| For all n > 14, there exists a full-rank tiling of Fy.

It was already shown in [EV94, CLVZ96] that full-rank tilings of F} exist for
all n > 112. Since full-rank tilings of F} do not exist for n < 7, as established in

[CLVZ96], these results leave only the six values n = 8,9, ..., 13 unresolved.

Construction B Let Ay be a subspace of F} of dimension k. For any V' C F7, we
define V/Ay as follows. Fix a basis aj, as, ..., a; for Ay and complete this to a basis
a1, as, ..., a5, b1, by, ... b,y for F3. Then each vector v = Zle aiaﬁ—zzlk Bib; in V
is mapped onto the vector v' = Z?;lk Bib; in V//Ag. Thus V/Ay is just the projection
of V onto 4 /Ag. Note that Fj /Ay may be regarded as F2~* under an appropriate
change of basis, namely, under the linear transformation that takes by,bs,... b, &
into unit vectors. Thus we will identify F%/A, with F3~* and think of V/A as a
subset of F27%. Let (V, A) be a tiling of F%. Let Ay be a k-dimensional subspace of
K 4. Then, (V/Ag, AJ/Ay) is a tiling of Fy~*,

Proposition 2.44. [CLVZ96] If (V, A) is a full-rank tiling of FY, then the tiling
obtained by Construction B, (V/Ay, AJAy), is a full-rank tiling of Fy .

Last proposition implies the following.

Proposition 2.45. If there exists a full-rank tiling (V, A) of Fy with dim(K4) = r,
then there exist full-rank tilings of Fy % for all k =1,2,...,r.

Starting again with the full-rank tiling (V, A) of Fi* with |V| = 2! and |A] = 2*
exhibited in [CLVZ96]. Since Ky = K4 = {0}, by Theorem 2.39, Proposition 2.40
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and 2.41, the associated 1-perfect code C is a full-rank code of length 219 — 1 = 1023
and dim(K¢) = 1023 — rank(V') + dim(K4) = 1009. Let A,, denote the Hamming
sphere of radius 1 in Fj. Then (Ajg3,C) is a full-rank tiling of F1°?3. Applying to
this tiling Construction B and Proposition 2.45, we obtain full-rank tilings of F} for

all n = 14,15,...,1022. So, we also have Theorem 2.43 using Construction B.

Using Construction B and starting with the full-rank tiling (A1g23, C) of F3%, the
associated full-rank 1-perfect codes of length n = 2™ — 1 have kernels of dimension
>n—m—10 for m = 4,5,...,1022. The 1-perfect code associated with the full-rank
tiling of F1* has kernel of dimension n —m — 4 for m = 10. The following theorem
show that this is the upper bound of the dimension of the kernel for full-rank 1-perfect

codes.

Theorem 2.46. [EVIS8] If C is a full-rank 1-perfect code of length n = 2™ — 1, then
dim(K¢g) <n—m—4
Furthermore, this bound is tight for m = 10 and m = 11.

More generally, Etzion and Vardy [EV98] give a complete answer to the question
of which is the largest possible dimension «(m) of the kernel of a full-rank 1-perfect
code of length n = 2™ —1 for all m > 10. We also give the proof of this result because
we will use the same idea to prove the upper bound on the dimension of the kernel

for a 1-perfect code with any rank.

Theorem 2.47. [EV98] Let & be the unique integer such that 2°=1 — (§ — 1) <m <
20 — 6. Then

am)=n—m—9
for all m > 10.

Proof: We first show that a(m) <n—m—0 =n — (m +0), where n = 2™ — 1.

Assume to the contrary that there exists a full-rank perfect code C' of length n such
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that dim(K¢) =n—m — 0 + 1. Since C' is the union of |C|/|K¢| cosets of K¢, the
total number of linearly independent vectors in C' is at most

€l

dim(Kc) + (|Kc| —1)>n

Substituting dim(K¢) = n—m—3d+1 and |C| = 2"™™, we obtain m < 2°~!—§, which
contradicts the definition of §. By Theorem 2.46, the theorem is true for m = 10 and
m = 11.

Next, we show how to construct a full-rank 1-perfect code C15 of length n = 2121,
such that dim(K¢) = n — 17 = n —m — §, for m = 12. Start with the full-rank
tiling (V, A) = (A45,C) of Fi?, where C' is a full-rank 1-perfect code of length 15.
Then, apply Construction A to obtain a full-rank tiling (V’, A’) of F1¢ with |V’/| = 25
and |A’| = 2", Now, apply Construction A again, with the roles of V' and A’
interchanged. This produces a full-rank tiling (Via, Aj) of Fi7 with |Viy] = 212
and |App| = 25. The full-rank 1-perfect code Cjy associated with this tiling has
length n = |Vi5] — 1 = 2!2 — 1 and by Proposition 2.41 and Theorem 2.46 we have
dim(Ke,,) =n —rank(Vig) =n — 17.

Now, iteratively applying Construction A to (Vi2, A1), we obtain full-rank tilings
(Vin, A) of F3'° with associated full-rank I-perfect codes of length n = 2™ — 1 and
kernel of dimension n — (m + 5). Since in all of these tilings |A,,| = |A;s| = 2°,
we can keep iterating Construction A in this way as long as m +5 < 2° — 1 or,
equivalently, m < 2° — 5 = 27. This proves the theorem for all m = 12,13,...,26.
For m = 27,28, ...,57, we start with the full-rank tiling (A3, C'), where C' is a full-
rank 1-perfect code of length 31, and proceed as before. Continuing in this manner

establishes the theorem for all m > 10.

Note that Theorem 2.46 is not a special case of Theorem 2.47, since it holds also
for m < 10. For example, for m = 4 it follows from Theorem 2.46 that the possible
dimensions of the kernel of a full-rank 1-perfect code of length 15 are 1,2...,7. The

problem of determining which of these kernel dimensions are attainable is closely
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related to the problem of existence of full-rank tilings of Fy for n = 8,9,...,13.
Indeed, a full-rank 1-perfect code of length 15 and kernel of dimension k& implies
by Proposition 2.45 the existence of a full-rank tilings of Fy for all n > 15 — k.

Furthermore, we have the following result.

Proposition 2.48. [EV98] A full-rank 1-perfect code of length 15 with kernel of

dimension 7 exists if and only if a full-rank tiling of TS ewists.

It is still open if there exist a full-rank 1-perfect code of length 15 with kernel
of dimension 7. However, Phelps found full-rank 1-perfect codes of length 15 with
kernels of dimensions 2,3,4 and 5 (see [EV98]). This implies full-rank tilings of F3
exist for n = 10,11,12 and 13. Then, with the Proposition 2.43 we have that for all
n > 10, there exists a full-rank tiling of F}, and the only values unresolved are n = 8

and 9.

2.5.4 Rank and kernel for n =15

In this section, we will show for which pairs (r, k) there exists a 1-perfect code of
length 15 constructed using the Doubling construction and having rank »(C) = r
and dimension of the kernel k(C) = k. Using the Doubling construction described by
Proposition 2.7 we can get extended 1-perfect codes of length 2n + 2 from two given
extended 1-perfect partitions of Ef*'. Puncturing these codes we obtain 1-perfect

codes of length 2n + 1.

In order to enumerate all nonequivalent extended 1-perfect codes of length 16 that
can be constructed by the Doubling construction, Phelps [Phe00] found all nonequi-
valent 1-perfect partitions of F5 into 1-perfect codes of length 7 in the following way.

There are 30 different, but isomorphic, Hamming codes of length 7 corresponding
to the 30 different Steiner triple system of order 7. Each linear code has 8 cosets. Any
1-perfect partition will either have at least 2 cosets of these linear codes or will have

at most one coset of any linear code. In the first case, we can choose one linear code
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and its coset and enumerate all solutions. In this way, Phelps found 192 different
partitions but only 10 nonequivalent partitions. In the second case he found only
one nonequivalent solution. So, there are 11 nonequivalent 1-perfect partitions of F&,
[Phe00]. Of these 11 partitions, six had previously been also found by Phelps [Phe83].

Doubling construction uses extended 1-perfect partitions. As with 1-perfect codes
and extended 1-perfect codes, if two partitions are equivalent then the corresponding
extended partitions will also be equivalent; however, the converse is false. Puncturing
extended partitions in different coordinates can result nonequivalent partitions. In
fact, although there are 11 nonequivalent 1-perfect partitions of F3, there are only 10

nonequivalent extended 1-perfect partitions of length 8.

For each pair of extended 1-perfect partitions of length 8 it was constructed dif-
ferent nonequivalent 1-perfect codes of length 15. Finally, computing the rank and
the kernel of these 1-perfect codes, Phelps [Phe00] obtain the following table which

shows the number of nonequivalent codes by rank and kernel.

r(C)/ k(C)|11 9 8 7 6 5 4 3 2 1
11| 1
12 2 2 3
13 7 11 38 34 20
14 1 4 48 210 374 172 36
15

In chapter 3, we will see that it does not exist any 1-perfect code, C', of length
15 with rank r(C') < 14 having a kernel of dimension different than the one of the 1-
perfect codes obtained in this way. In that chapter, we will assure this after showing
for each rank which are the lower and the upper bounds for the dimension of the
kernel.

For rank r(C') = 15, although it is known by Theorem 2.46 and 2.35 that the
admissible dimensions of the kernel are 1, 2, 3, 4, 5, 6 and 7, it has been only proved

that there exist full-rank binary 1-perfect codes of length 15 with kernels of dimensions
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1,2, 3,4 and 5 (see [PL95] and [EV98]). We also constructed these codes ourselves
independently.

Summarizing, for n = 15, the following table shows for which pairs (r(C), k(C))
there exists a 1-perfect code with these parameters. The question mark sign means
it is not known if there exists a 1-perfect code with that rank and dimension of the

kernel.

r(C) k(C)
11 |11
12 9
13
14
15
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Chapter 3

Rank and Kernel of binary

1-perfect codes

In this chapter, we analyze the rank and the dimension of the kernel for binary 1-
perfect codes of length n = 2™ — 1. First of all, we will prove some results on the
structure of 1-perfect codes. Next, we will establish the lower and upper bounds on
the dimension of the kernel of 1-perfect codes once the rank is fixed. We will show
these bounds are tight except for one case. For 1-perfect codes with maximum rank
r(C) = n, called full-rank 1-perfect codes, we do not prove the upper bound is tight,
Vm > 4. Despite this, it is already known this upper bound for full-rank 1-perfect
codes is tight, Vm > 10, by Etzion and Vardy [EV9S8]. So, the only cases that will
remain unsolved will be whether there exist full-rank 1-perfect codes with that upper
bound for 4 < m < 10. These results given in this chapter are new and they will be

also shown in [PVO0la].

We will also see that using the Doubling construction and some new results, we
can construct binary 1-perfect codes C' of length n = 2™ — 1 with any rank r(C) < n
and different dimensions of the kernel, k£(C'), between the upper and lower bounds.
We will obtain a large number of cases but we will not completely settle the question,

partly because we need to construct full-rank 1-perfect codes with different k(C').

41
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We only know how to construct full-rank 1-perfect codes of length n = 2™ — 1 with
the lower dimension of the kernel, k(C) = 1, Vm > 4 [PL95] and with the upper
dimension of the kernel, Vm > 10 [EV98].

3.1 Properties on the structure of 1-perfect codes

As we can see by Proposition 2.17, the codewords of weight 3 in a 1-perfect code of
length n form a ST'S(n), (V, B), if we identify the set of codewords of weight 3 with
the set of triples B, and V is the set of coordinates. In this way, we can say that the
linear code of a Steiner triple system (V, B) is just the span of B. It is well-known
that the dual code of the ST'S(n) is an equidistant code with all nonzero codewords
having weight (n + 1)/2, [DHV78] (see also [Her85, EV94]). In fact, much more has
been established about the structure of the ST'S(n) and that of its dual code (see
[DHVT78, Tei80, Her85, Bon84]).

For any binary code C of length n and minimum distance 3, then we can define a

neighborhood triple system, NT'S(x), for each codeword z € C
NTS(z)={xz+vy : yeC, d(z,y) =3}

It is easy to see that if the code C' has minimum distance 3 then the NT'S(x) is
a partial triple system for each z € C. It is well known that if C' is a 1-perfect code
of length n then the neighborhood triple systems are in fact ST'S(n). Moreover, this

property characterizes 1-perfect codes.

Theorem 3.1. A code C' of length n and minimum distance 3 is a 1-perfect code if

and only if every neighborhood triple system is a Steiner triple system.

Proof: Let C be a code of length n and minimum distance 3 where every neighbor-
hood triple system is a Steiner triple system. C is 1-perfect if every word is either a
code word or distance one from a unique codeword. Let y € F™, y & C. Let x € C be
the closest codeword to y. Assume d(z,y) > 2 and that these words disagree at least
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in coordinates ¢, j. Because the NT'S(z) is an ST'S(n), there exits 2’ € NT'S(x) such
that z’ disagrees with x in exactly 3 coordinates i, j, k (i.e. the support of z 4 /).
But then z’ agrees with y in coordinates 7, j and could disagree with y in coordinate
k. Hence z’ is closer to y than z, contradicting the choice of . Thus we conclude

that d(z,y) = 1 and C is perfect.

Clearly, any word in the dual of a 1-perfect code C' must be in the dual of ev-
ery neighborhood triple system NT'S(x), x € C. This conversely implies that each
NTS(x) must have a common structure induced by C*. First, we review the struc-
ture of a Steiner triple system induced by its dual code when n = 2™ — 1. Define
a sub-ST'S(q) of a Steiner triple system, (V, B), as a pair (S,, B,), where S, C V,
B, C B where B, restricted to the subset of coordinates S, is a ST'S(q).

Lemma 3.2. [DHV7S8, Tei80| Given a Steiner triple system, B, of order n = 2™ —1,
and its dual code B*, then for every subspace D of dimension m — s in Bt there is

a corresponding sub-STS(ng) in B, ng = 2% — 1, on the set of coordinates
SD = {Z DG = 0 V(Cl,Cz,...,Cn) S D}

Note, that for s = 0,1 we have the trivial triple systems on 0 and 1 points
respectively with no triples and for s = m we get the entire ST'S(n,,) which is not a

proper subsystem.

We also have:

Lemma 3.3. [DHV78, Tei80| The dual of a 1-perfect code C of length n,, = 2™ — 1

1s a subcode of the dual of a Hamming code of length n,,.

We need to introduce some notation in order to discuss the subcodes of a 1-perfect
code C. Given a subset of coordinates S C V = {1,2,...,n,}, and a codeword y € C
define

Cs(y)={xs : v€C, z;=y; Vi € S}

where xg is the restriction of the codeword z to the subset of coordinates S.
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Theorem 3.4. Given a I-perfect code C' of length n,, = 2™ —1 and its dual code C*,
then for every subspace D C C* of dimension m — s, s > 0, and for every y € C,
the subcode Cs,(y) is a I-perfect code of length ng = 2° — 1 where Sp is as above, the
set of coordinates which are zero in every codeword of D. Moreover, when s > 1, the

characteristic vector x(Sp) is in the kernel of C.

Proof: Given the subspace D C C* of dimension m — s, then |Sp| = n, = 2° — 1.
For any y € C, consider the subcode Cg,(y) and any codeword z' € Cs,(y). Since
for every x € C, the NT'S(x) has a sub— STS(ns) on the set Sp, then the NT'S(z’)
is an ST'S(ns) where 2’ is the restriction of # to Sp. By Theorem 3.1, this means
that Cs,(y) is a 1-perfect code.

We know that the all-ones vector (of length ny) is in the kernel of every 1-perfect
code Cs, (y) when s > 1. But, this implies that x(Sp), the codeword that has a 1 in

the coordinates Sp (and zero elsewhere), is in the kernel of C. 1

Corollary 3.5. If C is a 1-perfect code and C* is the dual of C, then C+ C C.

3.2 Lower bounds

The lower bound on the dimension of the kernel of a 1-perfect code in terms of the

rank of the code is given by the following result, which comes from Theorem 3.4.

Theorem 3.6. Let C be a 1-perfect code of length n,, = 2™ —1, rankr(C) = n—m+s

and a kernel of dimension k(C), then

EC) > 2mt ifs>1
EC) > 2m1—1 ifs=1

Proof: Let C be a l-perfect code of length n,, having rank r(C) = n — m + s,
s > 1. Then C* has dimension m — s and has 2™~ — 1 subspaces of dimension
m — s —1. Let S be the set of coordinates corresponding to the subspace C* and let

Si, 7 =1,2,...,2™7% — 1 correspond to the subspaces of dimension m — s — 1. By
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the definition of the subsets S and S;, S C S;. Moreover, the 2™7% — 1 codewords
x(S;) are independent and in the kernel for s > 1. If s > 1 then the codeword x(S)

is in the kernel and is also independent giving 2™~ % — 1 + 1 independent words in the

kernel of C. 1

The bound established in Theorem 3.6 is the exact lower bound. The following
result is not stated this way in Phelps and LeVan [PL95], but it is proved. Actually,
we have this result from Theorem 2.30 and 2.36, where it is shown the construction

of these codes using the switching technique.

Theorem 3.7. [PLI5] For allm > 4, there exists a 1-perfect code of lengthn = 2™ —1,
having rank n—m-+s and kernel of dimension k = 2™~% when s > 1 and k = 2m"1 -1

when s = 1.

3.3 Upper bounds

The upper bound on the dimension of the kernel of a 1-perfect code in terms of the
rank of the code is a generalization of an argument of Etzion and Vardy [EV98]. We

included this argument with Theorem 2.47.

Theorem 3.8. A I-perfect code of length n = 2™ — 1 with rank n — m + s and a
kernel of dimension n —m — & fulfills 2° —6 —1 > s.

Proof: A 1-perfect code of length n = 2™ — 1 which has rank n — m + s must have
that many independent vectors. The kernel contains n —m — ¢ independent vectors.
Since each coset of the kernel can have at most one additional independent vector,

we have that the maximum number of independent vectors will be,

n—m

n—m—29 +

2n_m_5—12n—m+s

which simplifies to 22 —§ —1 > s. 1
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Etzion and Vardy [EV98| give a construction of full rank 1-perfect codes (i.e.
s = m) that achieve this bound when m > 10. In section 2.5.3 we included this

construction proving Theorem 2.47.

The results from [Phe00], that we also included in section 2.5.4, show that this
bound is tight for m = 4 and s < m. Actually, in that section we saw the rank and
the dimension of the kernel of all the 1-perfect codes of m = 4 (length 15) in [Phe00].
It is showed in [Phe00] it is possible to construct a 1-perfect code of m = 4 for any
rank n —m + s with 0 < s < m and for any possible dimension of the kernel between
the lower and upper bound. The only open question for length 15 is if there exist
full-rank 1-perfect codes with kernel of dimension 6 and 7. Summarizing, for m = 4,
the following table shows for which pairs (r(C), k(C)) there exists a 1-perfect code

with these parameters.

r(C) k(C)
11 |11
12 9
13
14
15

o o
SURIEN SR RN |
=)
ot ot o
NN
w w

N DO

Now, in this section, we will generalize the previous result to any length. We will
see this bound is tight for m > 4 and 0 < s < m. The extreme case s = m, that is
the construction of full-rank 1-perfect codes with maximum dimension of the kernel,

will still remain open for 4 < m < 10.

In order to establish this upper bound we will need some results on Hamming
codes. Let H; and H, be two different isomorphic copies of the Hamming code of
length n = 2™ —1 (and dimension 2™ —m —1). Let T; denote the subspace generated

by the words of weight 3 that have a one in the i*" coordinate. The coordinates of the
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Hamming code are in one-to-one correspondence with the columns of its parity check
matrix which in turn correspond to points in the binary projective space PG(m—1, 2).
So, we can refer to coordinates as being independent if the corresponding columns
(points) are independent.

As we showed in section 2.5.2, Lemma 2.33 and 2.34 [PL95], we have for any i the

2m71

dimension of 7T} is — 1 and for any r > 2 independent coordinates in a Hamming

code of length 2™ — 1, the dimension of the intersection of corresponding r subspaces

T; is 277, This result is crucial to establishing the next result:

Theorem 3.9. For any m — § > 1 independent coordinates in a Hamming code of
length 2™ — 1, the dimension of the subspace spanned by the union of corresponding

m — & subspaces Tj is 2™ —m — 1 — (2° —§ — 1).

Proof: Let K be the subspace spanned by the union of these m — § subspaces T;. If

m — ¢ = 1, then the result is clear. If m — § > 2, using inclusion -exclusion we have

- 2
1=2

= —(m—-6)-2° g(—l)i(m z_ 5) gm—0-i
= —(m—9)— 25(Z1i— 270)
= 2" 1-m—(2°—-6-1)

This leads to the next important Corollary.
Corollary 3.10. Given Hamming codes Hy, Hy of length 2™ — 1 if

K =<|JT: >= HinH,
iel
where I is a set of m — § independent coordinates, then the dimension of the inter-

section of the dual codes is

dim(HENHy) =m —(2° =6 —1)
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Proof: We have dimHi- = dimHy = m, and
dimK*+ = dim(H{ UHy) =m + (2° — 6 — 1).
Thus

dim(H{ N Hy') = m+m — dim(H;{" U Hy)
= m—-(2°-0-1)

Observe that if {7, j, k} is the support for a word of weight 3 in a Hamming code
then T}, C T; UT;. Thus if S = {k | T, €< U,.,; T; >} then |S] =2l — 1 =2m=% —1

iel

and the set of coordinates S correspond to a sub Hamming code of this length.

Lemma 3.11. Let K =< J,_.; T; >, where I is a set of m—¢ independent coordinates

iel
i a Hamming code of length 2™ — 1. Then, the following vectors are basis for the

dual space K+

0...0 1...1 0...0 0...0
0...0 0...0 1...1 0...0
0...0 0...0 0...0 1...1
A AL Ay e A

where A is a check matriz of a Hamming code of length 2™~° — 1 and A} Vi €
{1,...,29 — 1} is any matriz A* = (0 A) or A* + B;, where B; is a matriz with the

all-ones vector in the 7 row and zeros elsewhere.

Proof: We can assume that the first 2™7% — 1 coordinates are the points of the
smallest sub-ST'S containing the m—4 independent points and A is the check matrix of
the sub Hamming code in these coordinates. We can also order the other coordinates

such that each 2™~ consecutive coordinates plus the first 2™~% —1 form a sub-ST'S of

0 1 1
order 2m~*+! — 1 with check matrix for the sub Hamming code . There

0 A

are 2° — 1 of these subsystems.
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By Theorem 3.9, we know that dimK*+ =m —§+2 —1. We have m —§ +2% — 1
linearly independent vectors, thus we only need to see that these vectors are in K+.
We have to prove that any vector x ({7, j,k}) € K such that i € I multiplied by any
row is zero. Notice that the coordinates j and k either are both in the first 2™ — 1
coordinates or are in the same subset of 2™~ coordinates. Then, it is clear that the
first 2° — 1 rows are in K and if the last m — § rows are (A A*... A*), they are
also in K*. If we change any A* with A* + B; for any j € {1,...,m — 4}, then the

vectors are still linearly independents and are in K+.

Theorem 3.12. [EV98]| For each m > 3 and s € {1,...,m}, there exist two Ham-
ming codes Hy, Hy of length n = 2™ — 1 such that

dim(Hi U Hy) =m + s

In fact, in [EV98] this result is stated as Theorem 2.22. We included the proof of

this result to show how to construct these two Hamming codes.

We will use the two previous results to prove the next Lemma.

Lemma 3.13. For each m > 4 and s € {1,...,m}, there exist two Hamming codes
Hy, Hy of length n = 2™ — 1 such that
Hf UHy C< UTi >t and dim(Hf UH)) =m+s
iel

where I is a set of m — § independent coordinates, if 2° —§ — 1> s and § < m.
Proof: Let A be a check matrix of a Hamming code of length 2% — 1, and
A* = (0 A). Let B; be a matrix with the all-ones vector in the j row and zeros
elsewhere.

If2° —§—1>s,thend >2, Vs e {l,...,m}.

If 6 = 2, then s = 1. We can construct the Hamming codes H;, Hy defined by the

following check matrices

0 by...by by...by b3...D3
A A* A* A*



20 CHAPTER 3. RANK AND KERNEL OF BINARY 1-PERFECT CODES

0 by...by by...by bs...bs
A A A" A+ B
011

for any j € {1,...,m — 2}, where B = (by by b3) = . In this case, by
101

Lemma 3.11, we know that Hi U Hy C< |J,.;T; >t and it is easy to see that
dim(H- UHy)=24+m—-2+1=m+1.

If § > 3and s < 6, then by Theorem 3.12 there exist two Hamming codes Hy, Hy of
length 2° —1 such that dim(ﬁfuﬁ;) =0+sVse{l,...0}. Let C =(c1ca... cos_q)
and D = (dy dy ... dss_y) be the check matrices of H; and H,. The Hamming codes

H,, H, defined by the following check matrices

el

0 c1...c1 Cy...Cy ... Co6_1...Co6_1
A A* A* A*
0 dy...dy do...dy ... dys_q...dys_,
A A* A* A*

have dim(H{- UHy" ) =d+s+m—30=m+s,Vs € {1,...,0}.
If § > 3 and s > ¢, we can take the following check matrices for the Hamming

codes H; and H,

0 ci1...c1 Coy...Co ... Co6_1...Co6_1

A A* A* A*
0 dl...dl dz...dz dt"'dt dt-i—l"'dt-‘rl d2571...d2571
A A*+B, AA+By ... A"+ B, A* A*

where C' and D are the check matrices of Hamming codes H; and H, such that
alim(ﬁlL U H;) = 20. We can assume that the 20 coordinates that generate the
subspace Ffuﬁj are the last ones. Then, dim(H{f UHy) = 26+m—3§+t = m+05+t
Vvt € {1,...,m—§} aslong as 2°—1 > 26+t which is true because s = §+t < 2°—5—1.
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Theorem 3.14. Given two Hamming codes Hy and Hy of length 2™ — 1 and s €
{1,...,m} such that
Hi U Hy C< UTZ >+ and dim(Hf UH$) =m+s
iel
there exists a 1-perfect code C of length n' = 2™ — 1, where m' = m + 1, which has
rank n’ —m'+s and a kernel of dimension n' —m' — 4§ where  is the minimum integer

such that 2° —§ —1 > s.

Notice that if m > 4, Vs € {1,...,m} there exists at least one J such that
22— §—1>sand § < m. So, Lemma 3.13 and Theorem 3.14 lead to the upper
bound is tight Vm > 5 and s < m. In order to prove the previous theorem we need
to establish some results on the rank and the kernel of 1-perfect codes constructed
with the Doubling construction. In next section, we will develop these results and we

will also give the proof of this theorem.

3.4 Doubling construction

In this section, we establish results on the rank and the kernel of 1-perfect codes
constructed with the Doubling Construction due to Phelps and Solov’eva and given
by Proposition 2.6. We will use these results to prove Theorem 3.14 at the end of
this section and also to construct 1-perfect codes of different ranks and dimensions of

the kernel in section 3.5.

Let 'y be a 1-perfect code of length n and C3 be an extended 1-perfect code of
length n 4+ 1. By Proposition 2.6, the code

C=(C10C5) | (Cr+ed(Coten))
=1

where 7 is a permutation on the set {1,2,...,n} is a I-perfect code of length 2n + 1.

Theorem 3.15. The rank of an 1-perfect code C' of length 2n + 1 constructed with
the Doubling construction taking the identity permutation is 2n — r(C{- N Cy).
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Proof: We will see that r(C+) = r(C} NCy) + 1. Let u = (z,y*), where z =
(1, 20), ¥ = (Y, Yns1) and y = (Y1,...,%,). By definition, if u € C*, then
(x,y*)-(c+ej,d +e;+en1) =0,Ve e Cy,d* € Cyandi € {0,1,...,n}. From this we
conclude that z-¢ = y*-d* and x; = y; +yn11, Vi = 1,2, ... ;n. If 2 = (Yns1y - -+, Yns1),
this is equivalent to (z + y)c = y*d*, Ve € Cy, d* € C5. If y,.1 = 0, then yc = yd,
Ve e Cy, d* € C3, 50 u = (y,y,0), where y € Ci- N Cy. If y,11 = 1, it is clear that
the vector u = (0,1,1) € C*. So, we have that r(C*) = r(CE-NCy) +1. 1

Before establish the kernel of the 1-perfect codes of length 2n+ 1 constructed with
the doubling construction, we will see the following result which give the kernel of a

trivial 1-perfect partition of F7.

Proposition 3.16. Let C,C +eq,...,C + e, be a partition of F" in 1-perfect codes.
Then, the kernel of the partition is Kp = Ko Uer (Ko+e;), where I = {i:T; C K¢}

Proof: It is clear that Ko € Kp. We will see that Ko +¢; C Kpif1 € I. If
x € Kg+eforsomeie€l, x+e € Ko,sox+C+e; =C. Foreach j € {1,...,n},
J #iexists k, k #iand k # j such that e;+e;j+e, € T; € K¢, 50 C+e; = C+e;+ey
and then x + C' 4 ¢; = C' + ¢;. Finally, we have x € Kp.

If v € Kp,then 2 +C = C or o+ C = C +e¢; for some ¢ € {1,...,n}. In the
first case x € K. We will see that in the second case x € Ko + ¢; where ¢ € I. If
x4+ C =C+e;thenz+C+e; =C. We know that x € Kp,soVj € {1,...,n},j#i
exists k, k # i and k # j such that v +C +e; = C+e;, 50 C+e;+ e+ e, = C and
T, C Ka.

Phelps and LeVan [PL95] show that if K and K are the kernels of the codes C
and Cy, then the kernel of C'is K; @& K, where

C=(C,®Cy) Ucl+ez (Cy+e)")

as long as the dimension of K is less than (n — 1)/2. We can also see this result
with Lemma 2.31. Now, we will see which is the kernel of C, in general, without the

condition that the dimension of K; has to be less than (n — 1)/2.
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Theorem 3.17. The kernel of the 1-perfect code C' of length 2n+ 1 constructed with
the Doubling construction from 1-perfect codes Cy and Csy, as above, is

(Kio K3) | (K +e @ (K +e))

iel

where I = {i: T; C K; N Ks}.
Proof: If (z,y) € K; @ K3, then it is clear that (z,y) € K¢. If (z,y) € K1 +¢; @
Kj+e;+en4q, for some i € I then (z,y)+(C1,C5) = (Cr+e;,Cs+e;+en41) € C and
Vie{l,....n}, j#i(2,y)+(Cite;,C5+ej+enrn) = (Crteite;,C5+ei+e) =
(Cy+ey, C3+ep+entq) because given ¢, j ¢ # j 3k such that e;+e;+¢e, € T; C K; and
ei+ej+e, € T; C Ky, and then Cy+e;+¢e; = Ci+e, and C5 +-e;+¢e; = C5 +ep+epq1.
So, we have that Ky @ K Ujer (K1 +6; @ (Ks +¢;)*) C Ke.

Now, we suppose that (z,y) € K¢. If (z,y) + (C1,C5) = (C1,C3) then (z,y) +
(C1+e€;,C5+ej+eps1) =(Cr+e;,Ch +e; + ent1), and we have (z,y) € K; & K.
If (z,y) + (C1,C5) = (C1 +¢€;,C5 + €; + eny1) and Vj # i exists s # ¢ such that
(z,y) + (C1 +¢€;,C5 +¢ej +eny1) = (C1 +e5,C5 + €5+ €,41) then v € K; 4+ ¢; and
ye K;+e +ep1. If j =5 wehave v € Ky and x € K3 + ¢;, but K3 C (4, so this
is not possible. If j # s, x € K1 +e; and x € Ky + ¢ + e, 50 €; +€; + €5 € K7 and
T, C Ky. Also,y € K5 +e;+epp1 and y € K5 +¢ej 4+ e, 50 €, +€; +e5 € Ky and
T, C Ky 1

Now we have the necessary results to prove Theorem 3.14.

Proof: If dim(Hit U Hy) = m + s, then dim(Hi- N Hy) = 2m — (m + s) = m — s.
By Theorem 3.15 using the Doubling construction with the identity permutation
we can construct a l-perfect code C of length n’ = 2™ — 1 such that r(C) =
2n — dim(H{ NHY) =2n—m+s =n'—m' +s Vs € {1,...,m}. We know
that < Uie.rTi >C H; N Hy, so by Theorem 3.17 the dimension of the kernel is
KC) > 2n—m)+m—0 =n—m'—46. If H- U Hy C< ;g
dim(Hi U Hy) < dim(< U,; T; >*), so s <2° —§ — 1. If we take the minimum §
such that s <29 —§ — 1 then k(C) <n’ —m/ — § by Theorem 3.8. 1

T, >*, then
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3.5 Some results near the upper bound

In previous sections, we established the exact lower and upper bounds on the dimen-
sion of the kernel, once the rank is fixed, except the exact upper bound for full-rank
1-perfect codes of length n = 2™ —1if 4 < m < 10. Now, we would like to know if we
can construct binary 1-perfect codes with any rank and with kernels of any dimension
between the lower and upper bounds.

In this section, we will see that we can construct binary 1-perfect codes of length
n = 2™ — 1 with rank 7(C) < n and with kernels of dimension near the upper
bound, that is between the upper bound and 2(n’ — m’), where n’ = 2™~! — 1 and
m’ = m — 1, or equivalently, with kernels of dimension k(C') = n —m — ¢ for any §

such that 22 —§ — 1> sand 6 < m if r(C) =n —m + s.

Using the Doubling construction, Lemma 5.6 gives us a construction of Hamming
codes which allows us to obtain Vs € {1,...,m — 1} 1-perfect codes of length n =
2™ — 1, rank n — m + s and kernel of dimension n — m — 9, where 0 is the minimum
integer such that 20 —§ — 1 > s, that is, kernel with maximum dimension. But, in
fact, we can prove a stronger result that will allow us to construct in a similar way
1-perfect codes with rank n —m+s Vs € {2,...,m — 1} and dimension of the kernel
n—m — 6 for any § such that 2° —§ —1 > s and § < m.

Notice that for s = 1, in [PL95] it is proved that we can construct 1-perfect codes
with any dimension of the kernel between the lower and upper bounds using the
Switching construction. We include this result in Lemma 2.37. This result shows
that from a Hamming code, H,,, we can make one switch and have a 1-perfect code
C, such that the rank is r(C') = n —m + 1 and the kernel has any dimension,
(n—1)/2<k(C)<n-—m-—2.

Theorem 3.18. For each m > 3 and s € {2,...,m}, there exist two Hamming codes

H,, Hy of length n = 2™ — 1 such that

dim(Hf UHy)=m+s and I={i| T, C HNH)}=0
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Proof: If s = m, we can take two different cyclic Hamming codes Hy, Hs. It is
easy to see that dim(Hi- U Hy) = 2m. In order to see that I = (), we can assume
that there is a T; C Hy N Hy, but then T;,; € H; N Hy and we would have Hy = H,
because H; N H, is also a cyclic code.

Assume now s < m. Let A be a check matrix of a Hamming code of length
2m=s — 1. If s > 3, we can construct the Hamming codes H; and Hs by the following

check matrices

0 by...by bo...by ... bys_q...bgs_
M1: 1 1 2 2 25—1 25—1
A 0A 0A ... 0A
0 Clbl.‘.bl Cgbg...bg Cgs_lbgs_l...bgs_l
My =
A 0A 0A 0A

where B = (b1 by...bys 1) and C' = (¢ ¢a ... cos_1) are the check matrices of Hamming
codes H; and Hj such that dzm(ﬁlL Uﬁ;) =2s,and {i | T; C HiNHy} = (). In this
case, dim(Hi- U Hy') = m — s +2s = m + s. Finally, we will show that I = (). Let
M, (i), My(i) denote the i columns of M;, M, respectively; then it is sufficient to
show that for any i there is a j such that columns M (¢), M;(j), M;(k) are dependent
but columns My (i), Ms(j), Ms(k) are not. We have several cases to consider. If

M, (3) = (ZT), or (0) then M (i) = My(i). We can assume that by # ¢; in which case

as

we pick j such that M (j) = (%) and Ma(j) = (). If My(i) = (%) and Ma(i) = ()

then by the properties of H,, Ho (or of B, C') we can pick j such that M,(j) = (Ig),

Ms(7) = (‘g) and b,, b, b, are dependent but ¢,, ¢, ¢, are not.

If s = 2, we can construct the Hamming codes in the same way, where B =

011
and C' = . In this case dim(Hi- U H3-) = m + 2, and we can see
101 110

that I = () using a similar argument as before and that the columns between C' and

D are all different. 1

Now, we can prove the following result which is stronger than Lemma 3.13, for

s> 2.
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Lemma 3.19. For each m > 3 and s € {2,...,m}, there exist two Hamming codes

H,, Hy of length n = 2™ — 1 such that
<\JTi>CHNH,  dim(H UH)=m+s
icl
and {k | Tp € Hi N Hy} = {k | T €< U;e; T >}, where I is a set of m — 9

independent coordinates, 2° —§ —1> s and § < m.

Proof: If 6 =m, I = () and then {k | T, C<
take the Hamming codes H; and H, the same as Theorem 3.18.

.er Ti >} = 0. In this case, we can
If § < m, then m > 4 and we can use the same argument as in the proof of Lemma
3.13 but taking the two Hamming codes H; and H, such that {i | T; C HiNH,} = (.

We can do this, because of Theorem 3.18. 1

Theorem 3.20. For eachm > 4 and s € {1,...,m—1}, there exists a 1-perfect code
C of length n = 2™ — 1 with rank n — m + s and a kernel of dimension n —m — 6,

where 20 — 6 —1> s and § < m.

Proof: If s =1, using the Switching construction we have 1-perfect codes with any
dimension of the kernel, [PL95].

If s > 2, using Lemma 3.19 and a similar argument as the proof of Theorem 3.14
we can construct Vs € {2,...,m — 1} a l-perfect code C of length n = 2™ — 1 which
has rank n — m + s and a kernel of dimension n — m — ¢ as long as s < 20 —§ — 1

and 0 < m — 1, because now we know exactly how many 7; there are in H; N Hy. 1

3.6 Examples

By Theorem 3.20, we can construct Vs € {2,...,m — 1} l-perfect codes of length
n=2m—1, rank n —m + s and kernel of dimension n —m —§, where 20 —§ —1 > s
and 0 < m, that is, with a kernel of any dimension between the upper bound and

2(n' —m’), where n’ = 2™~1 —1 and m’ = m—1. This is because the maximum § such
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that 0 < mis m —1 and in this case the dimension of the kernel is n —m —(m—1) =
n—2m+1=2(n" —m).

For s = 1 and m > 5, by Theorem 3.14 we can construct 1-perfect codes with
maximum dimension of the kernel. But, in [PL95] it is proved that we can construct
1-perfect codes with any dimension of the kernel between the lower and upper bounds

using the Switching construction.

For example, for n = 31 and n = 63, we have the following tables that show us

for each rank the dimensions of the kernel we can get using Theorem 3.20.

n=31 r(C) E(C)
26 | 26
27 24 23 22 21 ... 15
28 23 22 7 ... 7 8
29 23 22 7 ... .07 4
30 23 22 7 ... ... .72
31 ? 701
n=63 r(C) k(C)
57 | 57
58 55 54 H3 H2 51 ... 31
59 54 53 52 7 ... 7 16
60 54 53 52 7 ... ... 7 8
61 54 b3 52 7 ... ... ... 7 4
62 53 b2 7 .. .. ..o .72
63 ? 701

In this section, we will give some examples of 1-perfect codes of length n = 31.
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To construct a 1-perfect code of length 31, rank 26+4s and a kernel of maximum
dimension 26 — 0, by Theorem 3.14, we need two Hamming codes Hy, Hs of length

15 such that dim(H- U Hy) = 4+ s and H UHy C< |J,.,; T; >, where [ is a set of

el

m —§ independent coordinates and § is the minimum integer such that 20 —§ —1 > s.

Example 1: If s = 1, the minimum § such that 2° —§ —1 > 1is § = 2, so |I| = 2.
By the proof of Lemma 3.13, we can choose the following check matrices for these

Hamming codes:

000  b1b1b1by  bobobaby  b3bsbsbs
101 0101 0101 0101
011 0011 0011 0011

000 b1b1b1by  bababoby  b3bsbsbs
101 0101 0101 1010
011 0011 0011 0011

011

101
In this case, dim(H;" U Hy) = 5 and Hi" U Hy C< [J,.;T; >+, where |I| = 2, so
dim(H{ NHy) =4+4—5=3,T, C HiNH,and Ty, C H; N Hy. Using the Doubling

where B = (b1 bg bg) =

construction and by Theorem 3.15 and 3.17, we can obtain a 1-perfect code C' of length
31, with r(C) =215 —dim(H{- N Hy) =30 —3 =27 and k(C) = 11+ 11 + 2 = 24,
which is the upper bound for rank 27.

Example 2: If s = 4, the minimum 6 such that 2° —§ —1 >4 is § = 3, so |I| = 1.
By the proof of Lemma 3.13, we can choose the following check matrices for these

Hamming codes:

0 Ci1C1 C9Cy ... CqCy

1 01 01 ... 01
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0 didy dody ... drdy
1 10 01 ... 01
where
1000111 1001101
C' =1 1011001 D=1 0011011
1101010 1100011

are check matrices of two Hamming codes H; and H of length 7 such that dzm(ﬁll U
H;) = 6 and the subspace ﬁf U ﬁ; is generated by the last 6 coordinates.

In this case, dim(Hi U Hy) = 8 and Hi- U Hy- C Tj. So, using the Doubling
construction and by Theorem 3.15 and 3.17, we can get a 1-perfect code C of length
31, with r(C') = 30 and k(C') = 23, which is the upper bound for rank 30.

It is also possible to construct 1-perfect codes with an allowed kernel not necessary
of maximum dimension. Next, we will show an example of a 1-perfect code of length

31, such that its kernel does not have maximum dimension.

Example 3: If we want to construct a l-perfect code of length 31, rank r(C) =
26 + 3 = 29 and kernel of dimension 22, which is not the highest possible, we need
two Hamming codes H;, Hsy of length 15 such that dim(Hi- U Hy) = 4 + 3 = 7 and
without any 7; in the intersection Hy N Ha, so such that [ ={i : T; C Hi N Hy} = 0,
since we want 22 =31 —-5—9,0=4and m —9 = 0.

In this case, s = 3. By the proof of Theorem 3.18, we can construct the Hamming

codes H; and H, defined by the following check matrices:

0 biby byby ... b7b
M, = 101 0202 707
1 01 01 ... 01
0 b by ... b
M, — €101 C202 Cr07

1 01 01 ... 01



60 CHAPTER 3. RANK AND KERNEL OF BINARY 1-PERFECT CODES

where
1011100 1110100
B =1 0101110 C =1 0111010
0010111 0011101

are check matrices of two Hamming codes H; and H of length 7 such that dim(ﬁll U
H;) =6and {i : T; C HiNH,} = (). We can take H; and H as two different cyclic
Hamming codes generated by the primitive polynomials g;(z) = z3+z+1 and go(z) =
23+ 41 respectively. Then, we have dim(H{UH3) = 7, dim(H{ NHy) =8—7=1
and I = {i : T; C Hy N Hy} = (. Using the Doubling construction and Theorems
3.15 and 3.17, we can obtain a 1-perfect code C' of length 31, with r(C') = 30—1 = 29
and k(C) =11+ 11 = 22.

3.7 Bulging middle

In this section, we will show how to construct 1-perfect codes with different ranks
and different kernel dimensions between the lower and upper bound. In order to do
that, we will use the Doubling construction and the results of section 3.4.

We will obtain a large number of cases, but we do not completely settle the
question, for what pairs of numbers (r, k) does there exist a binary 1-perfect code C'

of length n = 2™ — 1 having r(C) = r and k(C) = k.

Let C} be a 1-perfect code of length n and C5 be an extended 1-perfect code of
length n 4+ 1. By Proposition 2.6, the code

n

C=(CaCs) | J(Cr+ed(Cotens))

i=1
where 7 is a permutation on the set {1,2,...,n} is a 1-perfect code of length 2n + 1.
By Theorem 3.15, we know the rank of the 1-perfect code C' of length 2n + 1

constructed as above and taking as 7 the identity permutation is

r(C) =2n — 7”(C’1L N Cj)
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So, we are interested in knowing how we can choose the 1-perfect codes C and Cs to
obtain different dimensions of C{- NC5- and therefore different ranks for the 1-perfect
code C'. We will compute this dimension in different cases which will also allow us to

know the kernel dimension for the 1-perfect code C' of length 2n + 1.

In this first case, if we use the following result and Lemma 2.31, we will be able to
construct, in a recursive way, 1-perfect codes with all different ranks (except full-rank
codes) and with different kernel dimensions, between the lower and upper bound, for
a fixed rank. We will show, with some examples (n = 31 and n = 63), that we can

not obtain codes for all the possible kernel dimensions.

Proposition 3.21. Given two I-perfect codes of length n, C; and Cy such that
r(Cy) < r(C1), we can obtain two 1-perfect codes Cy and Cy isomorphic to Cy and
C'y respectively such that (Co) C (C).

Proof: If 7(C,) < r(C}), then T(UIL) < T(U;). Since the dual codes are linear
codes and r(@f) < 7“(62L ), there exist Ci- and C5 isomorphic codes to éf and 5;
respectively, such that Ci+ C C5-. Using the same permutation, we have codes C}

and Cy isomorphic to C; and C, respectively, such that (Cy) C (C}).

By Proposition 3.21, given two l-perfect codes C; and Cy of length n = 2™ — 1
and ranks 7(Cy) = n —m + s and r(Cy) = n — m + s, where s,5' € {0,1,...,m}
and s < s, we can obtain l-perfect codes C; and Cj isomorphic to C; and C,
respectively such that r(C{- N Cy) = r(Cf) = m — s, since (Cs) C (C1). Then, the
code C' of length 2n 4 1 constructed with the Doubling construction and taking the
identity permutation has rank 7(C) = 2n — (m —s) = 2™ — 1 — (m + 1) + s, where
s € {0,1,...,m}. Taking codes C; of length n with all possible ranks we obtain
codes C' of length 2n + 1 with all possible ranks except rank 2n + 1, those which are
full-rank codes.

By Lemma 2.31, we know the kernel dimension of the 1-perfect code C of length
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2n + 1 constructed using the Doubling construction and taking the identity permu-
tation is k(C') = ky + ko, where k) = k(Cy) and ke = k(Cy) as long as ky < (n—1)/2.
Next, with some examples, we show for which pairs (r(C), k(C')) we can construct

a l-perfect code of rank r(C') and kernel dimension k(C').

Example 1: There exist 1-perfect codes of length 31 for the pairs (r(C), k(C)) which

correspond to

e l-perfect codes with the lower and upper bounds of the dimension of the kernel
for a fixed rank except full-rank 1-perfect codes with the upper bound if 4 <

m < 10 (using the results in sections 3.2 and 3.3).

e l-perfect codes C of length n with k£(C') near the upper bound, exactly with &(C)
between the upper bound and 2(n’ —m/), where n’ = 2™~! —1 and m' = m — 1,

except for full-rank 1-perfect codes (using section 3.5).

e l-perfect codes C' with rank r(C') = n —m + 1, in this example r(C) = 27, and
with any dimension of the kernel between the lower and upper bounds. It was
proved in [PL95] that from a Hamming code, H,,, we can make one switch and
obtain a 1-perfect code C, with rank r(C') = n —m + 1 and kernel dimension

with any value, (n—1)/2 < k(C) < n—m—2, in this example 15 < k(C') < 24.

e l-perfect codes constructed from the above arguments using Proposition 3.21,
Lemma 2.31 and the pairs (r(C), k(C)) for which it is known there exists a
1-perfect code of length 15 having rank r(C') and kernel of dimension k(C') (see
table in page 40).

We summarize all these results in the following table. The question mark sign means
that by using the previous results we do not know if there exist 1-perfect codes with

these parameters.
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(C) k(C)
26 | 26
27 24 23 22 15
28 23 22 ? 17 8
29 23 22 ? 17 4
30 23 22 ? 6 ... ... ... 2
31 ? 71

63

Example 2: There exist 1-perfect codes of length 63 for the following pairs of num-

bers (r(C), k(C)) doing the same as before starting from the table of length 31.

r(C) k(C)
57 | 87
58 55 54 b3 52 ... 31
59 54 53 52 40 16
60 54 53 52 40 8
61 54 53 52 40 .. 4
62 53 52 ? 27 25
63 ? 1

In a more general case, in order to use that by Proposition 3.17, the kernel of C'

is

(K, & KJ) U (Ki+e @ (Ko +e:)")

where K and K> are the kernels of C} and C; respectively and I = {i : T; C K1NK,},

we are interested in results that will give us how many 7; are in K; N Ky. We will

study the case when I = () and it is possible to know the rank of Ci-NCj . In this case,
the kernel dimension of the 1-perfect code C' of length 2n + 1 will be k(C') = k; + ko,
where k1 = k(C}) and ky = k(Cy), and the rank r(C) = 2n — r(Cit N Cy).

There is a well known result due to Luc Teirlinck [Tei77] which states that given

any two Steiner triple systems (S, By), (S, B2) on the same set of points, S, there
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is a permutation 7 of S such that By N 7(Bz) = (. This means that given any two
1-perfect codes (', C5 there is an isomorphic copy of C5 such that these codes have
no words of weight 3 in common. Using these codes in the Doubling construction
would produce a code of length 2n + 1 with I = (), that is, whose kernel is K; & K3,
where K7 and Ky are the kernels of C; and Cs respectively. In fact, we do not need
the triple systems to be disjoint for this result, a weaker condition will suffice.

Let Cy and Cy be two 1-perfect codes of length n = 2k + 1 and let (S, By) and
(S, Bs) be the respective triple systems corresponding to the words of weight 3 in
each. Let S = {00, 21,..., %, Y1, ..,y } and assume that the triples through co are
{o0, 21,91}, ..., {00, 2k, yr} € B1N By, Apply the permutation 7 = (21 ... xj) to B
giving a triple system m(Bz). Clearly the triples through oo are different in B; and
7(Bsy). Also for each x; € S the triple {oo,z;,y;} € By and {00, z;,y; 1} € 7(Bs);
similarly for each y; € S. Thus B; N7(Bs) does not contain all k triples through any
given point. In this case we have I = {i : T; C K; N Ky} = () but it is not easy to
know r(C{ N C3H).

Next, we will prove some results which will allow us to know the structure of the
dual code. With these results we will show that given two 1-perfect codes of length
n = 2™ — 1 with kernels of dimension k; and ks respectively and ranks n — r; and
n — 1y, 1 < 79, then there exists a 1-perfect code C' of length 2n 4+ 1 with kernel of
dimension k(C) = ki + kg and rank r(C) =2n —ry if ry <m — 2.

Lemma 3.22. [KS93] Let C be a I-perfect code of length n = 2™ — 1 and rank
r(C)=n—m+s. ThesetV ={i|z;=0Vz € Ct} is an s—1 flat in the projective
space PG(m —1,2) , so |V|=2°—1, and
(€)= Hy | (Hn+e))
jev
where H,, is a Hamming code of length n = 2™ — 1.
Proposition 3.23. Let C' be a I-perfect code of length n = 2™ — 1 and rank r(C) =

n—m++s. The generator matriz H for the dual code C* is a matriz (m —s) X n such
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that every nonzero vector of length m — s occurs as a column vector 2° times and the

zero vector occurs 2° — 1 times.

Proof: The dual code C* is a vector space of dimension m — s, so the generator

matrix H is a (m — s) X n matrix,

where h; are column vectors of length m — s. By Lemma 3.22 we know (C) =
H,,Ujev (H,, +e€;), where H,, is a Hamming code of length n =2m -1,V = {i | z; =
0 Ve € C+} and |V| = 2° — 1. Since H,, C (C), the rows of the matrix H are m — s
rows of the check matrix of the Hamming code H,,. Since H,,+e; C (C), the column
h; = 0Vj € V, so the zero vector occurs |V| = 2° — 1 times in H. Taking only the
m — s rows in the check matrix of the Hamming code H,, such that have zeros in the
th

7" component Vj € V', every nonzero m — s vector occurs as a column vector equally

often 2° times. 1

We can always order the column vectors of the generator matrix of C+, H, lexi-
graphically.

It is easy to see that the direct sum of the symmetric group of 2° — 1 symbols,
Sos_1, with 279 — 1 copies of Sys is the group of permutations that fix the generator
matrix of Ct. The perfect code C' will have 2™~% — 1 copies of the ST'S(257! — 1)
all intersecting in the same 2° — 1 coordinates (the zero columns). The other 2°

coordinates in each system correspond to 2° identical nonzero columns of H.

Example: If C' is a l-perfect code of length 31 and rank r(C) = n—m + s =
31 — 5+ 2 =28, a generator matrix H of the dual code C* is the following:

000 0000 0000 00OO 1111 1111 1111 1111
H =1 000 0000 1111 1111 0000 0000 1111 1111
000 1111 0000 1111 0000 1111 0000 1111
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The direct sum of the symmetric group of 3 symbols S5 with 7 copies of S, is the
group of permutations that fix H. The perfect code C' will have 7 copies of the
STS(7) all intersecting in the first 3 coordinates. The other 4 coordinates in each

system correspond to 4 identical nonzero columns of H.

Proposition 3.24. If there exist two 1-perfect codes of length n = 2™ —1 with kernels
of dimension ki and ko respectively and ranks n—ry and n—ry, 0 < r; < ry < m, then
there exists a 1-perfect code C' of length 2n+1 with kernel of dimension k(C) = ki+ks
and rank r(C) =2n—ry if ry <m — 2.

Proof: Let C; and C5 be the two 1-perfect codes of length n = 2™ — 1 with rank
n—ryand n—ry, 0 < ry < 1ry < m, respectively. Since n—ry > n—rq, by Proposition
3.21 there exist two 1-perfect codes C and C, isomorphic to C'; and Cs respectively
such that (Cy) C (C}) or equivalently, Ci- C C5-.

By Proposition 3.15, the rank of the 1-perfect code C' obtained using the Doubling
construction and taking as 7 the identity permutation is r(C) = 2n—ry, 0 < r; < m.

By Proposition 3.17, the kernel of C'is

(K1 o K3) | (K + e @ (Ka + e)")
iel

where K7 and K5 are the kernels of C; and Cy respectively and I = {i : T; C K1NK,}.
If we find there exist isomorphic copies of C'; and Cs such that we still have C’ll - C’j
and I = (), the 1-perfect code C' would have a kernel of dimension k(C) = k; + ky
and rank r(C) = 2n — r1. In order to have I = (), we do not need the triple systems
of (7 and (5 to be disjoint, we just need they do not contain all triples through any
given point.

Let H, and H, be the generator matrices of C{ and Cy respectively, with the
column vectors ordered lexigraphically. If 1y = m —s < m — 2, then s > 2. By
Proposition 3.23, in the matrix Hy, every nonzero vector of length r;, = m — s occurs

as a column vector 2° > 4 times and the zero vector occurs 2° — 1 > 3 times.
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We assume that I # (). Let T; and T} denote the subspace generated by the words
of weight 3 that have a one in the i** coordinate in C; and Cj respectively. For each
1el, T, =T C KiNKy; CCyNCy, we will see we can make a transposition to Cy
such that fix i, fix the generator matrix Hy and T; # T}. If 7 is one of the first 2° — 1
coordinates (the zero columns) in H;, we choose a subset of 2° coordinates which
correspond to the same column vector in H;. Notice that in a vector x ({4, j, k}) € Tj,
7 and k either are both in the first 2° — 1 coordinates or are in the same subset of
2° coordinates. We can make a transposition of two of these 2° > 4 coordinates in
the same subset such that T; # T/. If 7 is in a set of 2° > 4, we can also make a
transposition of two of these 2° > 4 coordinates in the same subset such that T; # T

and fix 7. 1

Next, using Proposition 3.24 instead of Proposition 3.21 and Lemma 2.31 and
doing the same as in the examples 1 and 2 (pages 62 and 63), we have the following

pairs (r(C), k(C)) for which exist 1-perfect codes of length 31 and 63.

r(C) k(C)
26 | 26
27 24 23 22 ... ... ... ... ... 15
28 23 22 7 ... ? 19 ... ... 8
29 23 22 7 ... ? 19 ... .0 Ll 4
30 23 22 7 ... L. ? 6 ... ... ... 2
31 /Y A |
r(C) k(C)
57 | 87
58 55 b4 53 52 ... ... ... ... 31
59 54 53 52 ?7 ... ? 49 ... ... ... 16
60 54 53 52 7?7 .. ? 49 .. L 8
61 54 53 52 ? ? 49 ... .. 0 L L. 4
62 53 52 ? ? 27 2 ... . L. 2
63 ? 701
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Althought Proposition 3.24 give a stronger result than Proposition 3.21 and Lemma
2.31, since we do not use k1 < (n — 1)/2, we still can not obtain all possible pairs
(r(C), k(C)), 1-perfect codes with all different kernel dimensions between the lower
and upper bound for a fixed rank. Even if we knew how to construct full-rank 1-

perfect codes for any k(C') and any length, we would not obtain all the others.



Chapter 4

Q-ary perfect codes

In previous chapters, we discussed about binary 1-perfect codes. We gave some
known definitions and results in chapter 2 and we proved some new results about
the rank and the kernel of these codes in chapter 3. In this chapter, we will give the
generalization, to ¢g-ary 1-perfect codes, of definitions and results we can find in the
previous chapters for the binary 1-perfect codes. The rank and the kernel of g-ary

1-perfect codes (¢ # 2) have not been studied before. The most important result in

m

this chapter is the existence of ¢g-ary 1-perfect codes of length n = with any

possible rank, Vm > 4. On the kernel of g-ary 1-perfect codes we will not give any

result in this dissertation.

In section 4.1 we will review some definitions and known properties for g-ary 1-
perfect codes. In section 4.2 we will show some known constructions of g-ary 1-perfect
codes. In section 4.3, first of all we will generalize an approach of a well-known
construction of binary 1-perfect codes, the Switching construction, to obtain g-ary

1-perfect codes. Then, using this construction, we establish the existence of g-ary
m

1-perfect codes of length n = a for m > 4 and rank r(C') = n —m + s for

each s € {1,...,m}. This is a generalization of the binary case proved by Etzion and
Vardy in [EV94]. All the results given in this last section are new and they will be

also shown in [PVO1b].

69
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4.1 Definitions and Properties

Let Fy be a vector space of dimension n over a Galois Field F, = GF(q). The
Hamming distance between vectors x, y € [y, denoted d(x,y), is the number of
coordinates in which x and y differ. The Hamming weight of x is given by wt(x) =
d(x,0), where 0 is the all-zero vector. Obviously, d(x,y) = wt(x — y).

A g-ary code, C, of length n is simply a subset of Fy. Without loss of generality, we
shall assume, unless stated otherwise, that the all-zero vector is in C. The elements
of C are called codewords and C' is called linear if it is a linear space over F,. In
other words, if x and y are codewords, then Az 4 uy is contained in the code as well,
VA, pn € Fy. The minimum distance of a code is the smallest distance between a pair
of codewords.

We shall define an eztended code of the g-ary code C, denoted by C*, to be the code
resulting from adding an overall parity check digit to each codeword of C', thereby
causing all of the codewords x = (21, 72, ..., 7,) € F to satisfy > 1", 2; = 0 in If,.

A monomial matriz is a matrix with exactly one nonzero entry in each row and
column. Two codes C;, Cy C F?

q’

monomial matrix A over F, such that Cy = {cA : ¢ € C,}, [MS77]. They are said

are said to be isomorphic if there exists a n x n

to be equivalent if there exists a vector v and a n x n monomial matrix A over F,
such that Cy = {v+cA : ¢ € C1}. There is a more general definition of equivalent
codes. Two codes C1, Cy C Fy, are said to be equivalent if there are n permutations

T1,..., Ty of the ¢ elements in F, and a permutation o of the n components such that

Cy ={o(n(c1), m2(c2), ..., mal(cn)) : (c1,09,...,¢,) € C1}, [CHLLIT].

A g-ary code C of length n is perfect if for some integer r > 0 every x € Fy is
within distance r from exactly one codeword of C. A g-ary perfect code attains the
sphere-packing or Hamming bound, that is that the spheres of radius r around the

codewords partition the whole space Fy, or equivalently

n

B q
= e
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where >0 (*)(g — 1)" is the number of vectors of length n contain in a sphere of
radius r around the codewords, [MS77]. We can also define a g-ary perfect code as
a g-ary code such that the Hamming bound holds. A g¢-ary perfect code of length n
can correct r errors, so they are also called perfect r-error correcting codes or r-perfect
codes. If |C| > 2, then the minimum distance of such a code is d = 2r + 1.

In [Tie73, ZL73], was proved that the only perfect codes of length n over a prime

power alphabet are:

o trivial g-ary perfect codes in cases r = 0 and r = n.

e binary repetition code in case r = (n — 1)/2 with n odd.

e binary Golay code in case r = 3 with n = 23.

e ternary Golay code in case r = 2 with n = 11.

e ¢-ary I-perfect codes in case r = 1 with n = a" _1 , m > 2, where ¢ is a prime

or prime power. !

Over an arbitrary alphabet, different to a prime power, the only known perfect
codes are the trivial ones. These are the codes containing all vectors of some length
over some alphabet which are 0-perfect codes and the codes consisting of only one
codeword of length n which are r-perfect codes for each r > n. In [Bes83], Best showed
that in general there are not unknown r-perfect codes over arbitrary alphabets for
r¢{1,2,6,8}.

The binary and ternary Golay codes are unique up to equivalence, [Ple68, DG75].
The linear g-ary l-perfect codes are, again, unique up to equivalence, [MS77]. They
are the well-known g-ary Hamming codes and exist for all m > 2. Nonlinear g-ary
1-perfect codes also exist for ¢ = 2,m > 4; ¢ > 3,m > 3, and for ¢ a prime power,
q # 4 or 8 m > 2, [Vas62], [Sch68], [Lin69]. For ¢ = 2, in section 2.3 we have
seen some constructions of nonlinear 1-perfect codes. For other ¢’s, constructions of

nonlinear 1-perfect codes were presented by Schonheim [Sch68], Lindstrém [Lin69],
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Phelps [Phe84b], Mollard [Mol86] and Etzion [Etz96]. Some of these constructions

are outlined in section 4.2.

m—1

] ,m > 2, and r = 1. They have

The g-ary 1-perfect codes have length n = a

q"~™ codewords and minimum distance 3.

A q-ary I-perfect partition, as in the binary case, is a partition of the space Fy into
n(q — 1) + 1 1-perfect codes Cy, C1, ..., Cyg—1)- We can assume the zero vector is in
Cy. Given a g-ary 1-perfect code C of length n = (¢ —1)/(¢— 1) we know that there
always exists n(¢ — 1) + 1 = ¢™ translates of C, that form a g-ary 1-perfect partition
of Fy, taking C' + ale;, Vj e {1,...,q—1},i € {1,...,n}, where a is a primitive
element of F;, and e; denote the vector of length n having all components equal to
zero, except the i*" component, which contains a one. We will call this partition the

trivial partition.

We know that binary 1-perfect codes are distance invariant codes, [SS59] (or see
Proposition 2.15). Abdurahmanov [Abd91] showed the same result for any g-ary
1-perfect code.

4.2 Constructions of g-ary 1-perfect codes

In this section, we briefly outline some known constructions of nonlinear g-ary 1-
perfect codes. In [CHLL97]|, we can also find a description of these constructions,

which we include now.

The first construction of nonlinear g-ary 1-perfect codes is due to Schonheim
[Sch68] and it is a generalization of binary Vasil’ev’s construction (Proposition 2.4)
to the g-ary case. We do not describe it now, but we will give two constructions,
which are generalizations of this construction as well as generalizations to the g-ary
case of constructions given by Proposition 2.5, which was itself a generalization of

Vasil’ev’s construction.
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Consider the lexicographical order on the coordinates of any vector u € ngfl)"m,

_ _ q—1 ng I q—1 ni
U= (U111, 01,125 -« -5 Ug—1in0mp)- 80 = D50 D52 upj and s = D570 by 0 upj,

we define 71 (u) € Fj* and mp(u) € Fy2 in the following way:

m(u) = (81,82, -, Sn,)
mo(u) = (81,59, ...,5,,)
qgm —1
Let C7 and C5 be two g-ary 1-perfect codes of lengths n; = 1 and ny =
q JE—
m2 __
a 1 respectively, over Fy. Let f: €y — Fj? be an arbitrary mapping.
q J—

Proposition 4.1. [Mol86] The code F' defined by

F = {(ulvy + m1(u)|vg + mo(u) + f(v1)) : u € ng_l)”””, v € Cy, vy € Co}

qm1+m2 -1
15 a q-ary I-perfect code of length n = 1
q —_—
Note that for ¢ = 2 we have Proposition 2.5, for n, = 1 we would have the

generalization of Proposition 2.4, that is the Vasil’ev’s construction, to g-ary case,

and for ¢ = 2 and ny = 1 we obtain Proposition 2.4.

Next construction is a less straightforward generalization of Proposition 2.4 to the

g-ary case, and it is due to Phelps [Phe84b].

m1_1

qg—1

Let C7 and C5 be two g-ary 1-perfect codes of lengths n; = d and ny =

g™ —1

cardinality ¢?~'. Let Cy and C5 be two g-ary (n; + 2,¢™ %, 2) and (ng + 2, ¢ "1, 2)

respectively, over IF,. Let C3 be a g-ary 1-perfect code of length ¢ 4+ 1 and

codes, respectively. Because they have minimum distances 3, 2 and 2, respectively,

the codes C3, Cy and C5 can be expressed as

Cs = {(z]fi(2)| fa(x)) : z € FI'}
Cy={(z|fs(x)) : =€ F31+1}
Cs = {(z|fu(x)) : = TPt}
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where f;(z) € F, for ¢ = 1,2,3,4 and can be interpreted as a parity function.

For ¢ = (c1,¢2,...,¢,) € C1, d = (dy,da,...,dn,) € Co, u;; € ]Fgfl, for 1 =
1,2,....,np and 7 = 1,2,...,n9, let a; = fa(fi(win),..., fi(tin,),c;) and b; =
fa(f2(uag), o, faun, 5), dj).

Proposition 4.2. [Phe84b| The code F' defined by

F = {(U171| e |ui,j| cee |un1’n2|(a1, ag,...,Anq, bl, b27 ey bn2)) .
U5 € Fg_l, CEc 01, de OQ}
qm1+m2 -1
is a q-ary I-perfect code of length n = ]
q R
When ¢ = 2, if we take C5 = {(000), (111)}, then for ¢ = 1,2 and for z = 0, 1,

fi(x) = x; the functions f3 and f; can be either the usual binary parity function 7

or 1 +m. Now for u;; € Fy, a; = w(ui1,.. ., Uiny, i) = T(Wix,... , Uin,)+ ¢ and
bj = m(u1j,...,Upn, ;) + d;. So, using the generalized parity functions p; and p,
of construction given by Proposition 2.5 and letting u = (uy |-+ || - [tunyny) €

F5'"2 we have
F={(ulc+pi(u)|d+ pa(u)) : uwe F'", ceCy, de Cy}

which is slightly less general than Proposition 2.5.

When ny = 1, this construction give the generalization of Proposition 2.4, that
is the Vasil’ev’s construction, to g-ary case. When n, = 1 and ¢ = 2, we have
Proposition 2.4 without the mapping f. So, using a mapping f : C1 — [F;? this
construction gives a construction which is truly a generalization of Propositions 2.4

and 2.5.

Next construction uses Zinoviev’s generalized concatenated codes [Zin76] to con-
struct g-ary 1-perfect codes.

Let A and B be a gq(A)-ary (n(A), |A|,d(A)) and ¢(B)-ary (n(B), |B|,d(B)) codes,
respectively, with |B| = ¢(A). We label the codewords of B from 0 to ¢(A) — 1, B =
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{b6(0),...,b(q(A) — 1)}. For any codeword a = (ay,...,an)) € A, we construct the
vector a(B) = (b(a1)| - - |b(ana))). Now C = {a(B) : a € A}isa q(B)-ary code with
length n(C) = n(A)n(B), size |C| = |A| and minimum distance d(C) > d(A)d(B).
The codes A, B and C' are called, respectively, the outer, inner and concatenated
codes.

Assume now that the inner code B is partitioned into ¢; subcodes:

q1—1

B=|]J B
=0

where, for i =0,1,...,¢q;1 — 1, B; is a ¢(B)-ary (n(B), K1, d;) code.
Assume furthermore that each subcode B; can be partitioned into g subcodes:

fori=0,1,...,¢1 — 1,
g2—1

j=0

where, for j = 0,1,...,¢0 — 1, B;; is a ¢(B)-ary (n(B), Ks,ds) code. Now, any

codeword b € B belongs to exactly one B;; and, if b has index k in B, ;, we see that
(Z,],]f) < {O,,ql—l} X {O,,QQ—I} X {0,,[(2—1}

completely identifies the vector b. We note b = b(i, j, k).

Let g5 = K,. Consider, for [ = 1,2,3, a g-ary (n(A), |A|,d(A;)) code A; and a
codeword a;, = (a1, ..,0;n)) € A;. For any s between 1 and n(A), the triple
(@i, s, Qiy.55 Qig s) designates a codeword b = b(a;, s, asy s, @iy s) belonging to B.

Let C = {(b(as, 1, @iy 1, Giga| - - - |0(@iy n(a)s Qig n(a)s Gignea)) © @i, € A1 <1< 3}

Theorem 4.3. [Zin76] The code C' is a q(B)-ary code of length n(C) = n(A)n(B),
size |A1]|As||As| and minimum distance d(C') > min{d(A;)d(B),d(As)dy,d(As)ds}.

This construction can be extended to more levels of partitioning and more codes

Ay, leading to Zinoviev’s generalized concatenated codes.

Now, to construct g-ary 1-perfect codes using the above construction, we take

B =T, where ¢ = ¢(B) is a prime power and n = n(B) = (¢° —1)/(¢—1). Partition
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B into ¢® cosets B; of a g-ary Hamming code of length n: each B; is an (n,¢"*, 3)
code and q; = ¢°, o = ¢"°.

For A, take a gi-ary Hamming (n(4) = (¢" — 1)/(q1 — 1), ¢"“Y™™,3) code and
let Ay = IFZQ(A).

Then, with this choice of parameters and by Proposition 4.3, we have the following

result:

Proposition 4.4. [Dum98| The code C' is a q-ary 1-perfect code with length

n(C) =n(A)n(B) = (¢ = 1)/(¢ = 1)

Next construction is a generalization of Doubling Construction given by Proposi-
tion 2.7 to the g-ary case and it is due to Mollard [Mol84].

For any vector v = (vy,...,v,) € Fy, let p(v) = > v; and for any ¢ — 1 vectors
VL, U1 i FY Tt pog, .o vg1) = S li-p(vs). Let n= (¢ —1)/(g — 1), and

let CQUCYU...UC), \yand CuUCTU...UCy

(g—1) be two partitions of F}' into

n(q—1)+1=¢™ g-ary l-perfect codes of length n.
Proposition 4.5. [Mol84] The code C' defined by

C={(v1] - |vgalp(vr, ... ;v 1)lvg) v €Fy,i=1,...,¢—1,
Zf:_ll v; € C]Q =, € C’jl}

is a g-ary 1-perfect code of length n' = (g™ —1)/(q — 1).
Note that for ¢ = 2, we have
C = {(vilp(v1)|vz) : v €Fy, v € CJQ = Uy € Ojl}

which is, up to permutation 7, the code defined in Proposition 2.7.
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4.3 Ranks of g-ary 1-perfect codes

A structural property of nonlinear codes is the rank. The rank of a g-ary code C' of
length n, r(C'), is simply the dimension of the subspace spanned by C. Etzion and
Vardy [EV94] established the existence of 1-perfect binary codes of length n = 2™ —1,
m >4, and rank r(C') = n—m+s for each s, s € {0,1,...,m}. We will generalize this

result for g-ary 1-perfect codes. So, we establish the existence of g-ary 1-perfect codes
m

of length n = a 1 for m > 4 and rank r(C') = n—m+s for each s € {0,1,...,m}.

All of these results given in this section are also shown in [PV01b].

First of all, in section 4.3.1, we will generalize an approach of the Switching
construction to obtain g-ary 1-perfect codes. Then, in section 4.3.2, since we need
to assure that we can make multiple switches, we must know the dimension of the
subspaces T; and the dimension of the intersection of two of these subspaces (see

section 2.5.2 or [PL95]). Finally, in section 4.3.3, we prove that we can obtain g-ary

with all the possible different ranks, Vm > 4,

1-perfect codes of length n = a

which it is a generalization of the binary case proved by Etzion and Vardy, but using

techniques developed in [PL95] by Phelps and LeVan.

4.3.1 Switching construction

The most intuitive approach to constructing nonlinear 1-perfect codes consists of
starting with the Hamming code H,,, and switching out one specially selected set of

codewords S C H,, for another set of words S” such that the resulting code
C=(H,\S)us

would still be a 1-perfect code. This idea has been developed from different approaches
to construct binary 1-perfect codes, see [AS95], [AS96], [EV94] and [PL99]. In [Etz96],
Etzion used one generalization of this technique to construct g-ary 1-perfect codes. In
this section we will generalize the approach developed in [PL95] by Phelps and LeVan

to construct g-ary 1-perfect codes. They use the switching construction to construct
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nonlinear binary 1-perfect codes with kernels of different sizes.

Let F, = {0,a°% «,...,a% 2}, where « is a primitive element. Let e; denote the
vector of length n having all components equal to zero, except the i*" component,
which contains a one. Let C be a g-ary 1-perfect code, and let C' +a7e; be a translate
of C. Let T; will denote the subspace spanned by the triples through the point .
Assume T; + x; C C, for some x; € C. We shall define a switch to be the process of
the replacing the coset Tj + z; with the coset T; + z; + afe;. The resulting code C’
can be defined as

C' = (C\(T; + ;) U (T} + z; + o’ e;)

for some i € {1,2,...,n} and some j € {0,1,...,q — 2}.

Proposition 4.6. Gwen a q-ary Hamming code H,, of length n = a _1 , et T,
q
x; € H,,. Then,
C' = (H \(T; + 2;)) U(T; + x; + o’ e;)

is a nonlinear q-ary 1-perfect code, ¥i € {1,...,n} and ¥j € {0,1,...,q — 2}.

Proof: It’s easy to see that C’ is not linear.

The code C” has the right number of codewords, so we only need to show that the
minimum distance is 3. Assume that ¢ € H,,\(7; + x;) such that d(c,y) < 2 for some
y € Ty + x; + a’e;. Then d(y — ¢,0) < 2, and y — ¢ € H,, + a’e;, but this implies
that y — ¢ € T; + o/e; since the words of weight less than or equal to 2 in H,, + o/e;
are the words v + o’e; where v is a triple containing o’ in the component 7, or when
v =0. Thus, y € T; + ode; + ¢ = T; + o’e; + z;. In other words, ¢ € T; + x;, but

c € H,\(T; + x;), so the minimum distance is still three. 1

By the above proposition, once we have made one switch we have another ¢-ary
1-perfect code. In order to make 1-perfect codes of different ranks, we want to make
a series of switches such that we can switch T} + x; with 7% + 21 + ofle;, Th + 29
with Th + 29 + a’2ey, ..., T), + x,, with T, + z,,, + &/™e,,. We can do this if T} + z;
and T}, + z, are always disjoint for all k£ # i. We will see in the Proposition 4.10 that
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this is possible Vm > 4. In order to prove this result we need to know the dimension

of the subspaces T; and the dimension of the intersection of two of these subspaces.

4.3.2 Subspaces T,

m

qg" —1
g—1"
of H,, consist of n pairwise linearly independent columns vectors of length m over

Let H,, be a g-ary Hamming code of length n =

The parity check matrix

F,. From H,, we can construct a projective space PG(m — 1, ¢q) of dimension m — 1
over F,, where the points are the columns of the parity check matrix of H,, and three
points are in a line if the corresponding columns are linearly dependent (cf [BMT75]).
Then, the elements of the support of a word of weight 3 are points that are in a line in
the projective space. We will say that {1,2,...,k} is a set of independent points if the
corresponding columns of the parity check matrix are a set of independent vectors,
that is if in the projective space no set of three points are colinear.

Let © = (z1,72,...,7,) € Fy, then the support of x is supp(z) = {i : z; # 0},

Proposition 4.7. Given a q-ary Hamming code H,,, the dimension of T; is ¢ * —1,

Vie{l,...,n}.

Proof: If w € T; such that wt(w) = 3 and the ¢ component is nonzero, then supp(w)
are points in one line through the point ¢ of the projective space associated with the
g-ary Hamming code. Each line corresponds to a subcode isomorphic to the g-ary
code Hy (of dimension ¢—1). For each line there are ¢ —1 linearly independent triples
that have their support in that line and generate this subcode. There are (n — 1)/q
lines through the point 7, because in each line there are ¢ + 1 points. So, the number
of linearly independent words that generate 7T; is

@—1Kn_1>=d"1—l

q

Lemma 4.8. Given a q-ary Hamming code Hs, the dimension of T, NT; is q(qg—1)
Vi,je{l,....,n} i#j.
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Proof: The projective space corresponding to the g-ary Hamming code Hj is a plane
with n = q?’_—ll = ¢* + ¢+ 1 points. We will see that T; N T; can be generated by
q(¢g —1) linqearly independent vectors, ¢ — 1 of weight 3 and (¢ — 1) of weight 4.

Let L;; be the set of ¢ + 1 points in the line that contain the points 7 and j. The
triples in 7; N T} have their support in L;;. Since for m = 2, n = ¢+ 1 and we know
that T, UT; = Hy, dim(Hs) = dim(T;) + dim(T};) — dim(T; NT;) and by Proposition
A7 dim(T;NT) =q—14q¢—1—(¢+1—2)=q—1. So, there are ¢ — 1 linearly
independent triples.

Consider the words of weight 4 in T} that are generated by two triples that come
from different lines containing 7. Their support has two components in one line and
two components in another line through the point 7. In each line we can choose ¢ — 1
linearly independent triples such that contain i. We can fix one line, so there are ¢ — 1
different lines without the line L;;. In this way, we can construct (¢ — 1)* quadruples
which are linearly independent vectors in 7T;. The supports of these quadruples are
quadrangles in a projective plane.

Consider quadrangles in a plane determinated by lines through the points ¢ and
j. Let z one of these quadruples. Without loss of generality, we can assume that
supp(z) = {1,2,3,4} and {1,2,:} and {3,4,i} are the support of the two triples that
generate z. So, we can write z = (a,b,¢,d,0,...,0), where a,b,c,d € F,. Given
the following vectors (a, 0, ¢,0,...,0) and (0,b,0,d,0,...,0), there exist two words of
weight 3, v = (a,0,¢,0,2,0,...,0) and w = (0,b,0,d,0,y,0,...,0). Since the code is
linear, z — v —w = (0,0,0,0, —x, —y,0,...,0) € H3 and then the component where
x and y are must be the same j in the line L;; and x = —y. We need to see that
the others words in 7; N7} can be generated by triples or quadruples. Suppose we
have w € T; N Tj such that wt(w) > 4 with minimum weight. We can suppose that
the support of w contain at most one element of L;;, otherwise, if w = Bey + ve; + v,
where {k,l} € L;;, there exist an unique word ¢ = ey + ve; + de, such that s € L;;
and ¢ € T;NT};. Then we could take v’ = w —c € T; NT; and wt(w') < wt(w). Since

wt(w) > 4, w has at least 4 components that are not in L;;. We know w € T}, so
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the components not in L;; are in pairs in lines through the point 7 and with at most
one pair in each line. Since w € Tj, we can say the same. Then, w = ¢ + v, where
ceT;NT; and wt(c) = 4, so we can take w’ = w — ¢ =v € T; N T; and we will have

wt(w') < wt(w). This give us a contradiction since w has minimum weight.

Proposition 4.9. Given a g-ary Hamming code H,,, the dimension of T; N'Tj is

(q_l)qm_2 Viuje {1,,71} Z#]

Proof: If m = 2, then n = ¢+ 1 and by the same argument that in the proof of
Lemma 4.8, we have that dim(T; N T};) = ¢ — 1.

Let L;; the set of ¢ + 1 points in the line that contain the points ¢ and j. By the
above argument for m = 2, the elements in 7; N 7} that have their support on L;;
can be generated by ¢ — 1 linearly independent vectors. If m > 2, the dimension of

the projective space is m — 1 > 2, so it contains planes. The number of planes that

n—(qg+1)

contain the line L;; is 5

since the number of points besides the line L;; is
n— (g+ 1) and in each plane there are ¢* + ¢ + 1, but only ¢* not in L;;. By Lemma
4.8, there are q(q — 1) linearly independent vectors such that they have their support
on the points of a plane. Since ¢ —1 vectors are in the line L;; contained in the plane,
we have (¢ — 1)%. So,

dim(T,NT;) =q—1+ (#)(Q—l)Q—(q—l)me

4.3.3 Q-ary l-perfect codes with different ranks

Now, as in [PL95] for the binary case, we can prove the following result that allow us
to make different switches.

m_q
= m>4,
qg—1

with {1,2,...,m} as a set of its independent points. Then, there exists x1,xa, ..., Ty

Proposition 4.10. Let H,, be a g-ary Hamming code of length n =

such that T; + x; is disjoint from T; + x; for alli,j € {1,...,m}, and j # 1.
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Proof: The number of cosets of T; is exactly

‘C’ = 7qn_m = qq;n—zl _m_qm_1+1
T g

Each switch affects at most

73] — 0" (g™
T N T
of these cosets. Then, if there are m cosets selected, there are at most

m—1_1_(_ m—2
mq° 1-(q—1)q

cosets which intersect these chosen ones. So, we need to prove that

— _ m_1 —
mqqm 1_1_(q_1)qm 2 << qu71 7m7qm 1+1

This can be reduced to the following expression since log, is an increasing function

m—1
logy m+q™ ' —1— (g —1)g" 2 << 2 0 —m—q" ' +1
q J—
and by simplifying, we get
m—2 __ 1
m+logg m — 2 << q
qg—1

Notice that if m = 3, we need that 1 + log,3 << 1, but log,3 > 0. If m = 4, we
have to prove that log,4 << ¢—1. This is true for ¢ = 3 and for ¢ > 4 since log,4 < 1.
For ¢ = 2 and m = 4, as it is said in [PL95], we can still find a series of switches using

a more careful inclusion/exclusion argument or a simple brute force search. If m > 4
m—2 1

the former equation is true, since m+log,m—2 and q—l =" 3" g+
q —
m—2 _
are increasing functions and 1 increase quicker than the other one. 1
q R
m—1
Theorem 4.11. Let H,, be a g-ary Hamming code of length n = a T m > 4,
q J——

with {1,2,...,m} as a set of its independent points. Let
C' = <Hm\ U (T; +:B,)> U U (T; + z; + o’ie;)
i=1 i=1
where j; € {0,1,...,q—2} Vi € {1,...,n} and « is a primitive element of F,. Then
r(C"Y=n—m+s, Vse{l,...,m}.
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Proof: If s = 1, then C' = (H,,\(T1 + z1) U (T1 + 21 + o’te;). The elements of
T, + 1 +a’le; can not be generated by the elements of H,,. Since we need the vector
ey, the rank of C" is r(C") =n —m + 1.

Suppose that

s—1 s—1
o — (Hm\ H (T; _,_xz)) U H (T; + 2; + ¥ e;)

r(C") =n—m+s—1and (C") is generated by the elements of H,, and e, ey, ..., e5 1.
Since {1,2,...,s} is a set of independent points Vs < m, there are not any codeword
such that its support is a subset of {1,2,...,s}, so e; can not be generated by the

elements of H,, and e, es,...,e,_1. Then

C" = (C'\(Ts+ z)) U (Ts + x5 + alvey)
= (Ha\ UL (T+2)) U ULy (T + 2+ afiey)

has rank n —m +s. 1

By Theorem 4.11, we proved that starting from the ¢g-ary Hamming code, H,,,

of length n = q and using the switching construction we can construct g-ary

m

1-perfect codes of length n = a for m > 4 with all possible different ranks.

We know that also exist nonli_near 1-perfect g-ary codes, for m = 2 if ¢ is a prime
power g # 4 or 8 and for m = 3 if ¢ > 3, [Vas62], [Sch68], [Lin69]. For these cases and
using the ideas developed in this section, we can only construct nonlinear 1-perfect
g-ary codes of rank r(C) = n —m + s for some s € {1,...,m}. Actually, if m = 2
then Hy = T; Vi € {1,...,q + 1}, since dim(Hy) = dim(7T;) and T; C H,. So, we
can not use our construction to get nonlinear 1-perfect g-ary codes of length ¢+ 1. If
m =3, ¢ > 3, then T; C Hj since dim(Hs) > dim(T;) Yq > 3. In this case, we can at
least make one switch, C" = (H3\(T; + ;) U (T; + z; + oJie;), so r(C') =n —m + 1,
but we can not assure that if {1,2, 3} is a set of independent points in Hj, there exist

T1, Ty Or T, Xe, 3 such that Vi, j € {1,2,3} T, + z; is disjoint from T} + x; for j # i.
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Chapter 5

Conclusions

In this dissertation new results about the rank and the kernel of perfect codes are
presented. These two parameters are interesting to study nonlinear perfect codes.
We focused on 1-perfect codes over a prime power alphabet, since it is known it is

the only one for which there exist nonlinear perfect codes.

In this work several results about binary 1-perfect codes and, in general, about
g-ary l-perfect codes, where ¢ is a prime power are obtained. For binary 1-perfect
codes we studied for what pairs of numbers (r, k) does there exist a binary 1-perfect
code C of length n = 2™ — 1 having 7(C) = r and k(C) = k. For g-ary 1-perfect

codes, we were interested in generalizing previous results about the rank of binary
q" —1

qg—1

1-perfect codes proving the existence of g-ary 1-perfect codes of length n =

with any possible rank.

In this chapter we will summarize the obtained results and we will give the conclu-
sions of this work. Then, we will point out possible future lines of research regarding

rank and kernel of perfect codes.

85
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5.1 Results of the dissertation

5.1.1 Binary 1-perfect codes

In chapter 3, we proved the following results on the rank and the kernel of binary

1-perfect codes.

First, in order to give the lower bound on the dimension of the kernel of a binary
1-perfect code in terms of the rank of the code, in section 3.1 some properties on the
structure of 1-perfect codes are presented. The first one characterizes 1-perfect codes
and the second one describes the subcodes of a 1-perfect code C.

We remember some notation. For any binary code C of length n and minimum

distance 3, we defined for each codeword x € C' a neighborhood triple system
NTS(z)={z+y : yeC, d(z,y) =3}

Given a subspace D of ] we defined the set of coordinates
Sp={i : ¢, =0 V(c1,ca,...,¢,) € D}

Given a subset of coordinates S C V = {1,2,...,n}, and a codeword y € C we
defined
Os<y):{5(]5 : JZGC, T; = Y; ‘v’z%S}

where xg is the restriction of the codeword z to the subset of coordinates S. The
characteristic vector x(S) for S C V is the binary vector of length n that has 1 in

the i*" coordinate if and only if i € S.

Theorem 5.1. A code C of length n and minimum distance 3 is a 1-perfect code if

and only if every neighborhood triple system is a Steiner triple system.

Theorem 5.2. Given a I-perfect code C' of length n,, = 2™ —1 and its dual code C*,
then for every subspace D C C* of dimension m — s, s > 0, and for every y € C,

the subcode Cs, (y) is a 1-perfect code of length ns = 2° — 1 where Sp is as above, the
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set of coordinates which are zero in every codeword of D. Moreover, when s > 1, the

characteristic vector x(Sp) is in the kernel of C.

From Theorem 5.2, we proved next result which gives the lower bound of the

kernel of a 1-perfect code since the rank is fixed.

Theorem 5.3. Let C be a 1-perfect code of length n,, = 2™ —1, rankr(C) = n—m+s

and a kernel of dimension k(C), then

=
8
v

2m=s gfs>1
kKC) > 2m 1 -1 ifs=1

Phelps and LeVan [PL95] proved the following result, which leads us this bound
is the exact lower bound. Actually, we have this result from Theorem 2.30 and 2.36,

where it is shown the construction of these codes using the switching technique.

Theorem 5.4. [PLI5] For allm > 4, there exists a 1-perfect code of lengthn = 2m—1,
with rank n —m + s and kernel of dimension k = 2™ when s > 1 and k = 2™ —1

when s = 1.

An upper bound on the dimension of the kernel of a 1-perfect code in terms of

the rank was given by the following result, which is a generalization of an argument

due to Etzion and Vardy, [EV98].

Theorem 5.5. A I-perfect code of length n = 2™ — 1 with rank n — m + s and a
kernel of dimensionn —m — & fulfills 20 —§ —1 > s.

For the extreme case s = m, Etzion and Vardy [EV98] gave the same upper bound
VYm > 5 and a construction of full-rank 1-perfect codes that achieve this bound when
m > 10. In section 2.5.3 this construction is included by proving Theorem 2.47. For
s = m = 4, Theorem 5.5 says the upper bound is 8. In [EV98] it is showed a better
upper bound, 7, but it was not proved it were tight.
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The table in page 40 shows for which pairs (r, k) there exists a binary 1-perfect
code of length 15 (m = 4) constructed using the Doubling construction and having
r(C) = r and k(C) = k, [Phe00]. From this table, we can assure this upper bound
is tight for m = 4 and 0 < s < m. Actually, from Theorem 5.3 and 5.5, we can also
say it is possible to construct a 1-perfect code of length 15 for any rank 11 + s with
0 < s <4 and for any possible dimension of the kernel between the lower and upper
bound. The only open remaining question for length 15 is about full-rank 1-perfect
codes with kernel of dimension 6 or 7.

In section 3.3, we generalized the previous result to any length showing this bound
is tight for m > 4 and 0 < s < m. The extreme case s = m, that is the construction
of full-rank 1-perfect codes with maximum dimension of the kernel, will still remain
open for 4 < m < 10. In order to establish this upper bound we proved some results
on Hamming codes. Let T; denote the subspace generated by the words of weight 3

that have a one in the i*" coordinate.

Lemma 5.6. For each m > 4 and s € {1,...,m}, there exist two Hamming codes
H,, Hy of length n = 2™ — 1 such that
Hi UHy C< UTZ >+ and dim(HUH$) =m+s
iel
where I is a set of m — § independent coordinates, if 2° —§ — 1> s and § < m.
Theorem 5.7. Given Hamming codes Hy and Hy of length 2™ —1 and s € {1,...,m}
such that
Hf UHy C< UTi >t and dim(H{f UHy)=m+s
iel
there exists a 1-perfect code C of length n' = 2™ — 1, where m' = m + 1, which has

rank n’ —m'+s and a kernel of dimension n' —m' — 4§ where § is the minimum integer

such that 2° —§ — 1 > s.

If m >4, and s € {1,...,m} there exists at least one § such that 2° — ¢ —1 > s
and § < m. So, Lemma 5.6 and Theorem 5.7 lead to that the upper bound is tight

Vm > 5 and s < m.
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In order to prove the previous theorem we established some results on the rank
and the kernel of 1-perfect codes constructed with the Doubling construction due
to Phelps and Solov’eva. We also used these results to construct 1-perfect codes of
different ranks and dimensions of the kernel. Next we describe again this construction.

Let 'y be a 1-perfect code of length n and C3 be an extended 1-perfect code of
length n 4+ 1. By Proposition 2.6, the code

C = (CaCy) Ucl—FBZ (Co + ex(i))¥)

where 7 is a permutation on the set {1,2,...,n} is a I-perfect code of length 2n + 1.

Theorem 5.8. The rank of an 1-perfect code C' of length 2n+ 1 constructed with the

Doubling construction taking the identity permutation is 2n — r(Ci- N Cy).

Theorem 5.9. The kernel of an 1-perfect code C of length 2n + 1 constructed with
the Doubling construction taking the identity permutation is
(K1 @ K3) | (K1 + e @ (Ko +e)")
iel

where K1 and Ky are the kernels of Cy and Cy respectively and I = {i : T; C K1NK,}.

Lemma 5.6 gives a construction of Hamming codes which allows us to obtain
Vs € {1,...,m — 1} 1-perfect codes of length n = 2™ — 1, rank n — m + s and kernel
of dimension n —m — &, where ¢ is the minimum integer such that 2° —§ —1 > s, that
is, kernel with maximum dimension, using the Doubling construction. But, in fact, a
stronger result is proved that will allow to construct in a similar way 1-perfect codes
with rank n —m +s Vs € {2,...,m — 1} and dimension of the kernel n —m — ¢ for

any § such that 2° —§ —1 > s and § < m.

Lemma 5.10. For each m > 3 and s € {2,...,m}, there exist two Hamming codes

Hy, Hy of length n = 2™ — 1 such that

<UL >CHNH,  dim(H UHy)=m+s

el
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and {k | T, € Hy N Hy} = {k | T) C< U, T >}, where I is a set of m —§
independent coordinates, if 20 — 6 —1> s and § < m.

Theorem 5.11. For eachm > 4 and s € {2,...,m— 1}, there exists a 1-perfect code
C of length n = 2™ —1 which has rank n—m+s and a kernel of dimension n—m—9,

where 2° — 6 — 1> s and § < m.

For each m > 4 and s € {2,...,m — 1}, in other words the above theorem says
that there exists a 1-perfect code C' of length n = 2™ — 1, with rank n — m + s and a
kernel of any dimension between the upper bound and 2(n’ —m’), where n’ = 2m~1 -1
and m’ = m — 1. This is because the maximum 0 such that § < m is m — 1 and in
this case the dimension of the kernel isn —m — (m —1) =n—2m+1=2(n’ —m/).

For s = 1, in [PL95] it is proved that we can construct 1-perfect codes with any
dimension of the kernel between the lower and upper bounds using the Switching
construction. This result shows that from a Hamming code, H,,, we can make one
switch and have a 1-perfect code C, such that the rank is 7(C') = n —m + 1 and the
kernel has any dimension, (n —1)/2 < k(C) <n—m — 2.

Using the Doubling construction, we showed how to construct 1-perfect codes with
different ranks and different dimensions of the kernel between the lower and upper

bound. By Theorem 5.9, since the kernel of C' is

(K1 K3) | (K + e @ (Ka + e)")
iel
where K7 and K> are the kernels of C; and C; respectively and I = {i : T; C K1NK,},
we were interested in results that will say how many 7; are in K; N K,. We proved

the following result which corresponds to I = 0.

Proposition 5.12. If there exist two 1-perfect codes of length n = 2™ —1 with kernels
of dimension ki and ko respectively and ranks n — r1 and n — ro, r1 < 19, then there
exists a 1-perfect code C' of length 2n + 1 with kernel of dimension k(C) = ki + ko
and rank r(C) =2n—ry if ry <m — 2.
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Summarizing, in chapter 3, we proved we can construct the following binary 1-

perfect codes of length n =2" — 1, m > 4.

e l-perfect codes of length n = 2™ — 1 with the lower and upper bounds of the
dimension of the kernel for a fixed rank except full-rank 1-perfect codes with

the upper bound if 4 < m < 10 (using the results in sections 3.2 and 3.3).

e l-perfect codes of length n = 2" — 1 with the dimension of the kernel near the
upper bound, exactly between 2(n’ —m/), where n’ = 2™t —1 and m' =m —1,

and the upper bound except for full-rank 1-perfect codes (using section 3.5).

e l-perfect codes of length n = 2™ — 1 with rank r(C) = n —m+ 1 and with any
dimension of the kernel between the lower and upper bounds. From a Hamming
code of length n = 2™ — 1, H,,, we can make one switch and obtain a 1-perfect
code C, with rank r(C) = n — m + 1 and the kernel with any dimension,

(n—1)/2 < k(C) <n—m—2, [PL95].

e 1-perfect codes of length n = 2™ — 1 constructed using Proposition 5.12 and the
pairs (r(C'), k(C)) for which it is known there exists a 1-perfect code of length
2m=1 — 1 having rank r(C) and kernel of dimension k(C') (using section 3.7).

For example, for length 31 and 63 we summarize all these results in the following
tables. The question mark sign means that by using the previous results we do not

know if there exist 1-perfect codes with these parameters.

r(C) k(C)

26 | 26

27 24 23 22 ... ... ... ... .. 15

28 23 22 7 ... 7?7 19 ... ... 8

29 23 22 7 ... 7 19 ... ... .. 4

30 23 22 7 ... ... 7 16 ... ... .. 2
31 E T |




92 CHAPTER 5. CONCLUSIONS

(C) k(C)

57 | 57

58 55 54 53 52 ... ... ... .. 31

59 54 53 52 ? ? 49 ... ... L. 16

60 54 53 52 ? ? K 8

61 54 53 52 ? ? O 4

62 53 52 ? ? 20 25 ... ... ... 2
63 ? 71

The previous tables show we can not obtain 1-perfect codes for all the different
dimensions of the kernel between the lower and upper bound for a fixed rank. Even
if we knew how to construct full-rank 1-perfect codes for any k(C') and any length,

we would not obtain all the others.

5.1.2 Q-ary 1l-perfect codes

In chapter 4, we proved the following results on the rank of g-ary 1-perfect codes.

First, we generalized an approach of the Switching construction to construct g-ary
l-perfect codes. We remember that T; denote the subspace of Fy generated by the

words of weight 3 that have a one in the i** coordinate.

m_1
4 =" letT,
1

Proposition 5.13. Given a q-ary Hamming code H,, of length n =
x; € H,,. Then,

C' = (Ho\(Ti + z:)) U (Ti + x4 a’ey)
is a nonlinear q-ary 1-perfect code, ¥i € {1,...,n} and ¥j € {0,1,...,q — 2}.

By the above proposition, once we have made one switch we have another g-ary
1-perfect code. In order to make 1-perfect codes of different ranks, we want to make
a series of switches such that we can switch T} + x; with 7% + 21 + ofle;, Th + 29
with Ty + z9 + of2ey, ..., T, + x,, with T),, + z,,, + a?™e,,. We saw we can do this

Vm > 4 because we can choose x1, Zo, ... x,, such that T; + x; and T}, + x}, are always
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disjoint for all k£ # 7. In order to prove this result, the dimension of the subspaces T;
and the dimension of the intersection of two of these subspaces are computed.

Finally, on the rank of g-ary 1-perfect codes, the existence of g-ary 1-perfect

codes of length n = with any possible rank, Vm > 4 is established. This is a

generalization of Theorem 2.23, due to Etzion and Vardy [EV98], but using techniques
developed by Phelps and LeVan [PL95].

Theorem 5.14. Let H,, be a q-ary Hamming code of length n =
with {1,2,...,m} as a set of its independent points. Let
o <Hm\ U @+ m) U J (T + 2+ aey)
i=1 i=1
where j; € {0,1,...,¢q—2} Vi € {1,...,n} and « is a primitive element of F,. Then
r(C"Y=n—m+s,Vse{l,...,m}.

We know that also exist nonlinear 1-perfect g-ary codes, for m = 2 if ¢ is a prime
power g # 4 or 8 and for m = 3 if ¢ > 3, [Vas62], [Sch68], [Lin69]. For these cases and
using the ideas developed in section 4.3, we can only construct nonlinear 1-perfect
g-ary codes of rank r(C) = n —m + s for some s € {1,...,m}. Actually, if m = 2
then Hy = T; Vi € {1,...,q + 1}, since dim(Hy) = dim(T;) and T; C H,. So, we
can not use our construction to get nonlinear 1-perfect g-ary codes of length ¢+ 1. If
m = 3, ¢ > 3, then T; C Hj since dim(Hs) > dim(T;) Yq > 3. In this case, at least
we can make one switch, C' = (H3\(T; +z;)) U (T} + x; + odie;), so r(C') = n—m+1,
but we can not assure that if {1,2, 3} is a set of independent points in Hj, there exist

x1, Ty Or X1, %o, x3 such that Vi, j € {1,2,3} T, + z; is disjoint from T} + x; for j # i.

5.2 Future research

Since there are still some open questions in our work, in this section we would like to

point out some possible lines for pursuing future research.

For binary 1-perfect codes:



94 CHAPTER 5. CONCLUSIONS

e We established the exact upper and lower bounds on the dimension of the kernel
of binary 1-perfect codes of length n = 2™ — 1, once the rank is fixed, except
for one case. It would be nice to solve this case, that is to know the exact
upper bound of the dimension of the kernel for full-rank binary 1-perfect codes

of length n =2" — 1,4 <m < 10.

e Although we have obtained a large number of binary 1-perfect codes with dif-
ferent ranks and different dimensions of the kernel we did not completely settle
the question for what pairs of numbers (r, k) does there exist a binary 1-perfect
code C of length n = 2™ — 1 having r(C) = r and k(C) = k. We think it is
possible to look into this problem proving some results using the Doubling and

Switching construction.

e [t would be also interesting to completely settle the question for length 15. In
this case the only open question is whether there exist full-rank 1-perfect codes
with kernel of dimension 6 and 7. As we saw in section 2.5.3, this problem is

equivalent to the existence of a full-rank tiling of Iy for n = 8 and 9.

e In order to obtain whether there exist binary 1-perfect codes of length n = 2™ —1
with any rank and any dimension of the kernel between the lower and the upper
bound, it would be useful to know how to construct full-rank 1-perfect codes of

length n = 2™~! — 1 with different kernels.

For g-ary 1-perfect codes:

qgm —1

qg—1
with any possible rank, Vm > 4. Actually, we know that also exist nonlinear

o We established the existence of g-ary 1-perfect codes of length n =

1-perfect g-ary codes, for m = 2 if ¢ is a prime power ¢ # 4 or 8 and for m = 3
if ¢ > 3. It would be interesting to construct g-ary 1-perfect codes with any

possible rank for these cases.
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e The kernel of g-ary 1-perfect codes has not been studied before. It would be nice
to generalize Theorem 2.24 which establishes the existence of binary 1-perfect

codes with kernels of all possible sizes, to ¢g-ary 1-perfect codes.
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