Vi

Study of a class of

compact complex manifolds

Monica Manjarin Arcas

Director: Dr. Marcel Nicolau Reig

Tesi doctoral presentada al Departament de Matematiques de la Facultat

de Ciencies de la Universitat Autonoma de Barcelona, 2006.



Study of a class of

compact complex manifolds

Monica Manjarin Arcas

Memoria presentada al Departament de
Matematiques de la Universitat Autonoma
de Barcelona per obtenir el grau de
Doctora en Matematiques.

Bellaterra, maig de 2006.

Director: Dr. Marcel Nicolau Reig.



CERTIFICO que aquesta memoria ha es-
tat realitzada per na Monica Manjarin Arcas
sota la direcci6é del Dr. Marcel Nicolau Reig.
Bellaterra, maig de 2006.

Dr. Marcel Nicolau Reig.



Agraiments

Aquest treball no hagués estat possible sense la guia, la dedicacié i el suport
del meu director Marcel Nicolau. La seva contribucié ha anat molt més enlla
de suggerir un problema. Li agraeixo sincerament la seva disponibilitat per
discutir matematiques, la seva paciencia i ’esfor¢ que ha fet per ensenyar-me no
només ’ofici sindé també matematiques, estiguessin o no relacionades amb aquest
treball.

La construccié del capitol 3 esta inspirada en una idea de’n Jean Jacques Loeb
i en Marcel Nicolau per a estructures complexes sobre grups de Lie compactes
semisimples. El seu ajut per comprendre els punts delicats i les seves suggerencies
han estat molt ttils. En Jean Jacques Loeb s’ha interessat pel meu treball i
he pogut beneficiar-me dels seus comentaris en més d’una ocasié. Li vull agrair
també haver acceptat estar al tribunal de la tesi i escriure’n I'informe preliminar.

Durant la preparacié d’aquest treball vaig passar dos mesos a 'IMPA de Rio
de Janeiro, els hi agraeixo ’hospitalitat. He de mencionar en Santiago Simanca,
el seu interes pel meu treball, les seves preguntes i també la seva amistat van ser
un estimul per continuar. També vaig gaudir d’'una Beca Marie Curie Training
Site per participar al Semestre d’analisi i geometria complexa organitzat pel
Nessim Sibony i Guenadi Henkin a I'THP de Paris, a qui he d’agrair 'oportunitat
de beneficiar-me d’un ambient de recerca excepcional.

La meva formacié matematica ha tingut lloc quasi exclusivament al Depar-
tament de Matematiques de I’Universitat Autonoma de Barcelona, sobretot al
voltant del seminari de geometria. Dels anys passats com a becaria i de 'ambient
i la vitalitat que s’hi respira, tant cientific com no-cientific, en guardo un record
molt especial. A aquells amb qui hem compartit els cafes, les cabories, els partits
d’esquaix, els dinars a la gespa, les converses i les estones durant aquests anys,
moltes gracies, molt especialment a la Silvia, el Xavi, ’Albert R., la Natalia,
I’Albert C., I’Antonio, el David M., el Gil, el Jordi L. i el Jordi V.

iii



Els quasi dos anys passats al Departament d’Algebra i Geometria de la Uni-
versitat de Barcelona han fet possible que acabés aquest treball. Més enlla
d’aquest fet, els hi agraeixo sincerament l'acollida. Pel que fa als ”joves”, el
David, I’Elisenda, el Ferran, la Gemma, I’Helena, el Jests i el José, heu fet del
nostre racé de 'edifici de plaga universitat un lloc fantastic per passar-hi el dia
a dia.

I per ultim als meus pares i al meu germa, per recolzar-me tot aquest temps.

Aquest treball ha estat parcialment realitzat amb el suport del Departa-
ment d’Universitats, Recerca i Societat de la Informacié de la Generalitat de

Catalunya.

iv



Table of Contents

Agraiments

Table of Contents

Introduction

1

2

Preliminaries
1.1 CR-structures and complex manifolds . . . ... ... ... ...
1.2 Kahler manifolds . . . . .. .. .. .o oo
1.3 The Albanese torus . . . . . . . . . ...
1.4 Flows with transverse structures . . . .. ... ... ... ....
1.5 Riemannian and isometric flows . . . . . . ... ... 0L
1.6 Transversely Kéhlerian flows . . . . . ... ... ... . .....
1.7 Liegroups . . . . . . . . .
1.7.1 Basicconcepts . . . .. ... ... ... ...
1.7.2  The universal complexification of a real Lie group
1.7.3 Cartan, Iwasawa and Levi decompositions . . . . . . . ..
1.7.4  Classification of abelian complex Lie groups . . . . . . ..

1.7.5 The topology of compact Lie groups . . . .. .. .. ...

Normal almost contact structures. The class 7.

2.1 Generalities . . . . . . . .. e
2.2 Isometric flows. . . . . . . . ...
2.3 Real hypersurfaces in complex manifolds. . . . .. ... .. ...

2.4 Suspensions of complex manifolds. . . . .. ... ... ... ...

iii

17
17
19
20
21
22
24
24
25
26
27
29
30



3 Normal almost contact structures on Lie groups
3.1 Left-invariant normal almost contact structures . . . . . .. . ..

3.2 Non-invariant normal almost contact structures . . . . . . . . ..

4 Three constructions of complex structures
4.1 Complexification of 2-foliations. . . . . . . . . .. ... ... ...
4.2 Products of two manifolds in the class 7 (case A) . . . . . . . ..
4.3 S'-principal bundles over a manifold in the class 7 (case B) . . .
4.4 Suspensions of manifolds in the class 7 (case C) . . .. ... ..
4.5 Complexifications of manifolds in the class 7. . . . . . .. .. ..

4.6 A remark on deformations. . . . . . . . ... ...

5 Criteria of Kahlerianity
5.1 The Eulerclass . . . . ... ... .. ... ... ... ... ...,
5.2 Criteria for isometric flows . . . . . . . ... ... ... ... ..
5.3 Criteria for suspensions . . . . . . . .. .. .. .. ... ...
5.3.1 Double suspensions . . . . . . ... ... ..

5.3.2 Suspensions of manifolds in the class 7 . . ... ... ..
6 Examples of compact complex surfaces
Bibliography

Index

vi

43
45
63

73
73
78
79
81
85
85

89
89
91
94
94
105

117

127

135



Introduction

Most of the known examples of complex manifolds, in particular all projec-
tive manifolds, are of Kéahler type. Since Erich Kéhler’s article of 1933 (see
[K&h33]) the subject of Kéhlerian geometry has been transformed into a major
area of mathematics and Kahler manifolds are pretty well understood. One can
quote Hodge theory, which imposes strong topological conditions on compact
Kahler manifolds in terms of the De Rham and Dolbeaut cohomology groups,
or the Albanese torus, which provides a description of holomorphic vector fields
that allows to distinguish those that admit zeros from the non-vanishing ones.
Furthermore, Kodaira immersion theorem characterizes which compact Kéhler
manifolds are projective. Compact Riemann surfaces are always Kéahlerian. In
dimension 2, it is known that a compact surface is Kahlerian if and only if its
first Betti number (that is, the dimension of the first real De Rham cohomology
group) is even. In higher dimensions, deciding whether a given compact complex
manifold is Kéhler is far from being a solved question’.

If only for the strong topological restrictions that must verify a compact
complex manifold to be Kéahlerian one would expect that, besides dimension
2, Kéhler manifolds are the exception rather than the rule. A corollary of a
result by Taubes (see [Tau92]) implies that every finite presentation group is the
fundamental group of a non-Kéhler compact complex 3-manifold. Although it is
not related to our main goal we will briefly outline the proof of this fact (see C.
LeBrun’s expository article, [LeB97], Twistors for Tourists) for it is a beautiful
example of the interplay between complex and Riemannian geometry.

Given a Riemannian oriented 4-manifold (M, g) one can consider the S2-
bundle 7 : Z — M of almost complex structures on M compatible with g and

the orientation. The total space Z carries naturally an almost-complex structure

The most recent significant progress on that problem I am aware of is the work by M.Paun

and J.P. Demailly on the K&hler cone of a compact complex manifold.
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such that it acts by rotation by —90° on the fibre and as the almost-complex
structure corresponding to that point of Z on the horizontal subspace of TZ
(with respect to the Levi-Civitta connection). When (M, g) is an anti-self-dual
4-manifold the previous almost-complex structure on Z, which depends only on
the conformal class [g] of g, is integrable and the complex 3-manifold Z is called
the twistor space of M. Taubes proved that for any compact 4-manifold M there
exists ng > 0 such that the connected sum of M and n copies of P2 (P? with
the reversed orientation) admits an anti-self-dual metric for n > ng. Moreover,
a theorem by Hitchin states that up to a conformal isometry the only compact
anti-self-dual 4-manifolds with K&hlerian twistor spaces are S* and P2. The
fundamental group of the twistor space of M#P? being the same that the one
of M, one concludes that any finite presentation group is the fundamental group
of a twistor space. All this suggests that non-Kéahlerian geometry is an area
of geometry worth exploring in which not only results but also easy-to-handle

examples are lacking.

One can easily notice that some of the standard techniques to produce ex-
amples of compact smooth manifolds do not work in the complex case. For
instance, the maximum principle implies that the only compact complex mani-
folds of C™ obtained as the zeros of a holomorphic function are points. If one is
interested in non-Ké&hlerian examples the situation becomes even more difficult.
Compact complex manifolds obtained as zeros of holomorphic functions of CP"™
turn out to be projective by Chow’s theorem (and therefore Kéhlerian). Com-
pact complex manifolds obtained as a quotient of a bounded domain of CP" are
also algebraic (see [Sun80] or [Wel80]). On the other hand the only compact

complex Lie groups are complex torus.

Historically, the first examples of non-K&hler manifolds were constructed by
H. Hopf as a quocient of C"\{0} for n > 1 by a contracting biholomorphism of C"
which fixes the origin. Later, E. Calabi and B. Eckmann described a class of non-
Kihler complex structures on the product S?"*+1 x §2m+1 for n, m > 0 such that
the corresponding complex manifold is the total space of a holomorphic principal
bundle over P x P™ with fiber an elliptic curve. In [LN96] J.J. Loeb and M.
Nicolau generalized Calabi-Eckmann and Hopf structures by the construction of
a class of complex structures on the product S?"*1 x §?m+1 that contains the
precedents. Every complex manifold of this class is the subset of the orbit space

of an holomorphic flow on C"*™ and admits a non-vanishing holomorphic vector
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field. A similar idea has been used by S. Lopez de Medrano and A. Verjovsky in
[LAMV97] to construct another family of non-Kéhlerian compact manifolds and

later generalized by L. Meersseman in [Mee00].

In this thesis we present a different approach, even though it is partially
inspired by Loeb-Nicolau class of examples, to construct a new family of com-
plex structures on some classes of compact manifolds. Namely, we depart from
a class of odd-dimensional compact connected real manifolds equipped with a
normal almost contact structure and by very elementary geometrical construc-
tions (products and suitable S!-principal bundles and suspensions) we produce
a compact manifold together with a complex structure defined by means of the
normal almost contact structure. The basic ingredient will be the class 7 of
odd-dimensional real manifolds admitting a CR-structure of maximal dimension
and a transverse CR-action, which is also known as a normal almost contact
structure (see [Bla02] for a survey on these concepts or chapter 2). More pre-
cisely, we will consider three constructions: (A) products of odd-dimensional
real manifolds in the class 7, (B) S!-principal bundles over a manifold in the
class T (with an extra restriction on the bundle) and (C) suspensions of a man-
ifold in the class 7 by an automorphism preserving the normal almost contact
structure. The common feature of all the manifolds so constructed is the ex-
istence of a holomorphic vector field without zeros. Conversely, we will prove
that the complex structure of a compact Kéhler manifold with a non-vanishing

holomorphic vector field can be recovered by the construction of case (C).

The idea of trying to relate normal almost contact structures on odd-dimen-
sional manifolds to complex structures and of exploiting the parallelisms between
them is not new. In 1963 A. Morimoto showed how to define an integrable
almost complex structure on a product of two normal almost contact manifolds
M; x Mz (see [Mor63]). M. Capursi, in 1984, characterized when the product
metric corresponding to some particular metrics adapted to the normal almost
contact structure on M; and My is Kéhler (see [Cap84]). The complex structures
that we describe on Mj x Mg, case (A), for the choice of the parameter 7 = —i are
exactly those of Morimoto. On the contrary, the constructions of cases (B) and
(C) had not been studied and we present a unified approach to the three cases,
which is quite close to that of A. Haefliger and D. Sundararaman in [HS85]
or M. Brunella in [Bru96], in which the goal is to complexify a transversely

holomorphic flow.
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The natural question at this point is whether it is possible to characterize
when the previous complex structures admit a Kahler metric or, if this goal
turns out to be beyond our reach, to find obstructions for the previous complex
manifolds to admit a Kahler metric. Note that even for case (A) such a result
is stronger than the one in [Cap84]. Indeed, we prove that there is an obstruc-
tion for the resulting manifolds to be Kahler which can be expressed in terms of
a cohomological invariant of the departing normal almost contact structure (or
structures): the Euler class of the flow F associated to the CR-action. When the
flow F is isometric, the Euler class agrees with the classical one, as one would
expect. We will see that no complex manifold obtained by the constructions
of cases (A), (B) or (C) can possibly be Kéhler unless the Euler classes of all
the involved normal almost contact structures are zero. One of the principal
interests of this result is that it relies very little on particular characteristics of
the resulting complex manifold other than the existence of a holomorphic vector
field without zeros. This allows us to deduce several consequences on elliptic
principal bundles, C*-principal bundles and (C, +)-principal bundles. Moreover,
when the flows associated to the CR~action are isometric we give necessary and
sufficient conditions for the complex manifold to be Kéahler exploiting the fact
that for isometric flows that are transversely Kéahler it is possible to develop a
transverse Hodge theory analogous to the one on compact Kéahler manifolds (see
[EKA90]). In cases (A) and (B) the characterization is complete for isometric
flows and can be roughly stated by saying that the resulting complex manifold
is Kéhler if and only if the Euler classes are zero and the flows are transversely
Kéhlerian. In case (C) a result in this spirit requires assuming that the auto-
morphism corresponding to the suspension is an isometry. Since this hypothesis
is too restrictive we will study the question under different assumptions.

This work has been done keeping the following general goals in mind as

guidelines:

A. Construct explicit and easy-to-handle examples of non-Kéahler compact com-

plex manifolds.
B. Obtain new examples of manifolds in the class 7.

C. Study the interplay between complex and normal almost contact structures,

with special emphasis on Kéhlerianity.

In practice the results obtained can be divided in three groups:
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1. Description of a class of complex structures on certain compact manifolds

obtained from manifolds in the class 7 (Chapter 4);

2. Geometrical description of left-invariant normal almost contact structures on
compact connected semisimple Lie groups and a geometrical construction of

new non-invariant normal almost contact structures (Chapter 3);

3. Obtention of necessary (and in some cases sufficient) conditions for the com-

plex manifolds in 1.- to admit a Ké&hler metric (Chapter 5).

The rest of the thesis is organized as follows. In chapter 1 we recall all prelim-
inary concepts and results. In chapter 2 we define the class 7, we present an
alternative characterization of 7 that will be more suitable for our purposes,
we define the Euler class and we describe briefly several classical families of
examples. Finally, in chapter 6, we classify compact 3-manifolds admitting a
normal almost contact structure and study the compact complex surfaces that

are produced by the constructions in chapter 3.

In the rest of the introduction we intend to outline the main results of the
thesis. We begin by recalling some concepts and by fixing the notation.

One says that a topological space M is a complex manifold when it carries a
complex structure, that is, an atlas {(U;, p;) }ier where the U; are open subsets
homeomorphic to open subsets of C" such that M = (J,.; U; and the functions
@j o (pi_l are holomorphic. Every complex manifold carries naturally an almost
complex structure, that is, a tensor J : TM — TM of type (1,1) such that
J? = —Id (the tensor J is simple the rotation by 90° from the real direction
to the imaginary direction of a complex line). Since J can be extended linearly
to T®M one can define the eigenspaces TVOM and T%'M of J of eigenvalues i
and —i respectively. That allows us to speak of vector fields of type (1,0) and
(0,1) and by duality of forms of type (p,q). Moreover, by a famous theorem by
Newlander-Niremberg we know that the almost complex structures that arise
from complex structures are exactly those satisfying [T1OM,T1OM] c T1OM
(often called involutive or integrable). From now on, we will identify complex
structures and involutive almost complex structures.

A Riemannian metric g on a complex manifold compatible with the complex
structure in the sense that J is an isometry with respect to it (i.e. g is hermitian)
and such that VxJ = 0 for every vector field X on M (where V denotes the Levi-

Civitta connection) is called a Ké&hler metric. The last condition is equivalent
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to imposing that the 2-form ®, defined by ®(X,Y) := ¢g(X, JY) for every pair
of vectors X,Y on M, is closed. Essentially we will use two major results on
compact Kahler manifolds: Hodge theorem and a well-known corollary of it, the
d0-lemma, and Carrell-Liebermann theorem (see chapter 1).

On a compact smooth manifold M of odd dimension 2n + 1 the closest
structure to a complex one is a CR-structure (of maximal dimension), i.e. a
complex bundle ®19 of complex dimension n such that ®0 N ®L0 = {0} and
(@10 @19 ¢ 19, The real subbundle D underlying to ®1¥ defines a distribu-
tion of codimension 1 at every point of M (notice that D needs not be integrable
in the real sense, that is, we cannot assume that [D, D] C D). If M?"*! is a com-
pact connected manifold the pair (!, T') of a CR-structure and a vector field T
without zeros is called a normal almost contact structure on M if T is transverse
to the distribution D and the action induced by T preserves the CR-structure
®10, Under this hypothesis the flow F defined by T is transversely holomorphic.
Moreover, the 1-form w defined by w(T) = 1 and wjp = 0 verifies that dw is a
basic 1-form of type (1,1). Conversely, let F be a transversely holomorphic flow
on a compact manifold M?"*! generated by a real vector field T without zeros
and a 1-form w such that w(T) = 1. Set D = kerw and let J be the almost
complex structure on D induced by F. Then (D, J) is a CR-structure on M
of dimension n and T defines a transverse CR-action if and only if ipdw = 0
and the basic form dw is of type (1,1) with respect to the complex structure
transverse to F.

We define the Euler class of a normal almost contact structure, which is
a natural generalization of the Euler class of an isometric flow, as the basic

cohomology class given by
er(M) = [dw] € H*(M/F).

Note that if (®%0,7) and (¥'0 T) are two normal almost contact structures
their Euler classes coincide. The vanishing of the Euler class is equivalent to
the existence of an integrable distribution D transverse to the vector field T and
invariant by the action of T'. Moreover, as a consequence of Tischler’s theorem
(see theorem 2.1.7), if ex(M) = 0 the compact manifold M is a fibre bundle over
S1 and in particular M cannot be simply connected. On the other side, when D
is a contact distribution the Euler class is not zero.

We will denote by 7 the class of compact connected manifolds M of odd

dimension which are endowed with a normal almost contact structure. In view
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of the previous discussion is not difficult to verify that circle principal bundles
over a compact complex manifold B such that there exists a connection 1-form
w with associated curvature form dw of type (1,1) with respect to the com-
plex structure on B are examples of manifolds in the class 7. More generally,
transversely holomorphic isometric flows on a compact manifold for which there
exists a characteristic 1-form w such that dw is of type (1, 1) with respect to the
transverse complex structure also belong to the class 7. This includes certain
classes of Seifert fibrations over complex orbifolds, for instance Brieskorn mani-
folds (see section 2.3). The suspension of a compact complex manifold N by an
automorphism g € Autc(N) carries a natural normal almost contact structure
where ®10 = 719N, When the compact manifold M has real dimension 3 we
have a complete classification of the manifolds in the class 7 (see section 2.2
and chapter 6) based on Brunella-Ghys classification of transversely holomor-
phic flows on compact connected 3-manifold. Let M be a compact connected
manifold of dimension 3 in the class 7, then, up to diffeomorphism, the manifold

M3 and the vector field inducing the CR-action belong to the following list:

(i) Seifert fibrations over a Riemann surface with a vector field tangent to
the fibres such that the isometric flow of the action admits a characteristic

1-form w such that dw is of type (1,1).
(ii) Linear vector fields in T3.

(iii) Foliations on S? induced by a singularity of a holomorphic vector field in
C? in the Poincaré domain and their finite quotients, i.e. foliations on the

lens spaces Ly 4.

(iv) Suspensions of a holomorphic automorphism of P! with a vector field tan-

gent to the flow associated to the suspension.

Moreover, all the previous manifolds admit a normal almost contact structure
such that the CR~action is the one induced by the corresponding vector field.
In chapter 3 we consider normal almost contact structures on a particular
family of manifolds: compact connected semisimple Lie groups of odd dimen-
sion. In the first part of the chapter we study left-invariant normal almost
contact structures, that is, structures on a compact Lie group K such that the
vector field T' and the CR-structure ®¥ are invariant by the action on the left of
elements of K. A classical theorem proved independently by Wang and Samel-

son states that every compact Lie group of even dimension admits a complex
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structure such that left translations are holomorphic maps. A quite recent re-
sult by Charbonnel-Khalgui states that every compact semisimple Lie group of
odd dimension admits a left-invariant CR-structure of maximal dimension (see
chapter 3 for more details and more antecedents). We prove that every compact
connected Lie group of odd dimension admits a normal almost contact structure
(as a matter of fact it is enough to prove the statement for compact connected
semisimple Lie groups, one can afterwards remove the hypothesis using general
properties of Lie groups and Samelson’s result). The main interest of the previ-
ous result lies in the fact that we can describe all left-invariant normal almost
contact structures on a compact connected semisimple Lie groups geometricaly.
Before we give the precise statement one must note that a left invariant normal
almost contact structure on a Lie group K with Lie algebra ¢ is defined by a pair

of Lie complex subalgebras [ C I of dimensions n and n + 1 of g = £ such that:
(a) tnt={0}

(b) dimgl'Nt=1;

(c) lis anideal of ', i.e. [[,I'] C L

The CR-structure ' is given by [ (the conjugation is a convention that will
simplify things later) and the vector field defining the CR-action by ' N €. Ob-
viously the previous definition is valid only at the point e € K but since we are
considering a left-invariant structure the extension is unique.

More generally a normal almost contact structure on a compact connected
Lie group K of odd dimension 2n + 1 is determined by a complex subbundle V'
of T®K of rank n and a real vector field £ on K such that V' := V @ ()¢ is a
complex subbundle of TCK of rank n + 1 fulfilling:

(a) VNTK = {e};

(b) V.V]CV;

(c) [&,V]cCV;

for every p € K. By convention V' corresponds to the distribution of vector fields
of T, I()CK of type (0,1). The normal almost contact structure is then left-invariant

if and only if the subbundle V' and the vector field ¢ are left-invariant by product

of elements of K.

Theorem 1. Let K be a semisimple compact connected Lie group of odd dimen-

sion 2n 4+ 1 and rank 2r + 1 and let G be its universal complezification. Assume
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that H is a Cartan subgroup of G and A : C't' — H a Lie group morphism
verifying the transversality condition (I). If B is a Borel subgroup of G such
that H C B and U is its subgroup of unipotent elements then the Lie subalgebras
(A C Iy of g associated to the complex Lie subgroups L'y = A(C™Y) - U and
Ly = A({0} x C") - U of G define a left-invariant normal almost-contact struc-
ture Kpy on K. Moreover, the Lie subgroup Ly is closed and the CR-structure on
K determined by Lp agrees with the one induced by the embedding K — G/Lx
of K as a real hypersurface of the complex manifold G/Ly. Conversely, every
left-invariant normal almost contact structure is induced by such a morphism A

from C™* into a Cartan subgroup H of G.

The transversality condition (I) (see lemma 3.1.20) is a condition on the ranks
of some matrices associated to the Lie morphism A. To clarify the previous result
it might be useful to recall that if p : K — G is the universal complexification
of K, which is a non-compact complex algebraic group with Lie algebra g =
tC = £ @ it, then there is a decomposition of the Lie algebra g which has as a
consequence a decomposition in terms of Lie groups that we explote. Let us
choose a maximal torus T of K with Lie algebra t, let H be the Cartan subgroup
of G with Lie algebra v = t© and a Borel subgroup B of G such that H C B.
We denote by U the subgroup of unipotent elements of B and by A the simply
connected Lie subgroup of G with Lie algebra it. Then the map

O (kya,u) —k-a-u; keK,aeA uelU

is a diffeomorphism from the product manifold K- A - U into G (this is known
as the Iwasawa decomposition). In particular G/U = K - A and note that
A = R™kK Tn consequence, as the Lie group K is embedded in G/U and
U C Ly, one can see the normal almost contact structure on K as induced by
a locally free holomorphic C"!-action ¢ : C"*! x G/U — G/U. Indeed, if we
define

Fpi= p({0} x C7 [l FL = (€, [2]),

that is, the leaves through [z] € G/U of the foliations defined by the actions of
C" = {0} x C" and C"*! respectively, then one has:

Lemma 2. A locally free holomorphic C"t'-action ¢ : C"*' x G/U — G/U
fulfilling:

(i) dimg(F, NK-a) =0, fora=e and eachp e K-e =K,
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(if) dimg(F,NK-a) =1, fora=-e and eachp € K-e =K,

(iii) there exzists A € C such that § = dgo(Re ()\8%0)) is tangent to K - a, for
a=c¢e and eachp e K-e=K,

induces a normal almost contact structure on K. We refer to the previous con-

ditions as the transversality hypothesis (II).

In our case the C"*!-action is induced by the Lie group morphism A : C"*1 —
H composed with the action of H by product on the right (that is well defined
because N(U) = B).

The previous discussion allows us, in the second part of the chapter 3, to con-
struct non-invariant normal almost contact structures on a compact connected
semisimple Lie group K. The first remark is that the action of (C*)*+2 =~

H x H=B/U x B/U on the homogeneous space G/U given by
HXHXG/UHG/U, (hl,hg,[g])H[hl-g-hQ]

is well defined. Using the same idea as in the left invariant case, one can construct
normal almost contact structures on K exploiting this action of HxH on G/U. As
before, it implies the existence of non-invariant normal almost contact structures

on every compact connected Lie group of odd dimension.

Theorem 3. Let K be a semisimple compact connected Lie group of odd dimen-
sion 2n+ 1 and rank 2r + 1 and let G be its universal complexification. Assume
that H C B are a Cartan subgroup and a Borel subgroup of G respectively. Then
every morphism of Lie groups A : C't1 — H x H inducing a locally free holo-
morphic action pp : C™t1 x G/U — G/U verifying (1) determines a normal
almost contact structure in a natural way by lemma 3.2.4. Moreover, such a
normal almost contact structure is left-invariant if and only if A = (e, A2) where
Ay : C™M' — H is a morphism verifying the transversality hypothesis (I). In
particular, there exist small deformations of the previous ones obtained by de-
forming A which induce suitable C"T'-actions defining normal almost contact

structures on K generically non-invariant.

The previous result implies that every compact connected Lie group of odd
dimension is in the class 7, not only equipped with left-invariant normal almost
contact structures but also provided with non-invariant (and in particular new)

normal almost contact structures.
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After discussing normal almost contact structures and classical and new ex-
amples of manifolds in the class 7 we intend to discuss how to obtain complex
structures on the three classes of compact connected manifolds (A), (B) and (C)

described above. Namely, we prove the following results:

Proposition 4 (Case (A)). Let My and My be two manifolds in the class T .
There exists a 1-parametric family of integrable almost complex structures K,
on the product My x Mg, for 7 € C\R, so that the complex manifold M; x Ma

admits a non-vanishing holomorphic vector field v.

Morimoto complex structures mentioned before are particular cases of this
construction for 7 = —i. Calabi-Eckmann complex structures on the products

of spheres of odd-dimension S%"*! x §2m+1 are also examples.

Proposition 5 (Case (B)). Let M be a manifold in the class T. Denote by T
the vector field inducing the CR-action and by Fr the transversely holomorphic
flow induced by T. Let w: X — M be a S'-principal bundle over M with Chern
class [df), where (3 is a 1-form on X such that d3 € 7*QYY(M/Fr). Then there
exists a I-parametric family of integrable almost complex structures K, on X for
7 € C\R so that the complex manifold X admits a non-vanishing holomorphic
vector field v.

The Iwasawa manifold or, more generally, elliptic principal bundles over a

compact complex manifold are examples of this situation.

Proposition 6 (Case (C)). Let M*"! be a manifold in the class T with a
CR-structure ®1° and a vector field T inducing a transverse CR-action. Given
f € Autcr(M) such that f,T = T the suspension X of M by f admits a 1-
parametric family of integrable almost complex structures K, for 7 € C\R so
that the complexr manifold X admits a non-vanishing holomorphic vector field v

mduced by T — T%.

An example of this situation is what we will refer to as a double suspension
of a compact complex manifold. Namely, let N be a compact complex manifold
and f,g € Autc(N) so that fog=go f, the quotient X of N x C by F(z,z2) =
(f(x),z+1) and G(z, z) = (9(z),z+7) for 7 € C\R is a complex manifold with
a non-vanishing vector field induced by %.

Even though the last construction might seem rather particular it is not in

view of the following theorem that we prove:
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Theorem 7. Every compact Kdhler manifold X admitting a non-vanishing holo-

morphic vector field v can be obtained by the construction of proposition 6.
Indeed, the example of the double suspension is also quite remarkable:

Theorem 8. FEvery compact Kdahler manifold X admitting a holomorphic vec-
tor field v without zeros admits a complex structure on the underlying smooth
manifold X arbitrarily close to the original one that can be obtained by a double

SUSpension.

The previous results constitute the core of the chapter 4. To avoid presenting
a different proof of the integrability of the almost complex structures defined in
cases (A), (B) and (C) the first section of the chapter tries to describe an unified
approach. In the three constructions the initial data allows to construct a smooth
compact manifold X together with a locally free action of R? (given by two lin-
early independent vector fields 77 and T3) inducing a transversely holomorphic
foliation F. Moreover, the real distribution of the normal almost contact struc-
tures gives rise to a distribution D transverse to F. The integrability condition
of the almost complex structure on X defined by imposing that it is compatible
with the transverse holomorphic structure of F and that v = T7 — 715 is a vector
field of type (1,0) for any 7 € C\R can be explicitly written and we will make
use of this in the proof of the propositions. Moreover, when the distribution D
is invariant by the vector fields 17 and 15, which is always the case for our con-
structions, v is a holomorphic non-vanishing vector field. Loeb-Nicolau complex
structures on the product of odd-dimensional spheres (see [LN96]) can be pro-
duced by this construction for an invariant distribution D. Indeed, the complex
structure of every compact complex manifold with a holomorphic vector field
without zeros can be recovered in the previous way, maybe for a non-invariant
distribution D.

We will next state some of the main results regarding the question of whether
the complex manifolds obtained by the constructions of cases (A), (B) and (C)
admit a Kahler metric (see chapter 5 for the complete discussion). We will begin
by exhibiting obstructions in terms of the Euler class for the different situations.
To simplify the exposition we introduce the notion of complexification of a pair
(M, T'), where M is a manifold in the class 7 and T the vector field defining the
CR-action, which includes cases (A) and (C). We denote by F the transversely
holomorphic flow induced by 7. We say that a compact complex manifold X
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endowed with a non-singular holomorphic vector field v is a complexification of
the pair (M, T) if:

(i) M is a real submanifold of X.

(ii) The transversely holomorphic structure on F is induced by the complex

structure on X.

(iii) There exists A € C such that Re(Av) =T.

Theorem 9. Let M be a manifold in the class T and T the vector field inducing
the CR-action. If ex(M) # 0 then (M, T) admits no Kdhler complexification.

Corollary 10. Let M be a manifold in the class T and T the vector field inducing
the CR-action. If M admits a normal contact structure compatible with the CR-

action induced by T then (M, T) admits no Kahler complexification.

Corollary 11. Let M be a manifold in the class T and T the vector field inducing
the CR-action. If by(M) = 0, in particular if M is simply connected, then (M, T')

admits no Kdhler complexification.

A remarkable particular case of this situation is when M is a compact con-
nected semisimple real Lie group of odd dimension, for its first Betti number is
zZero.

The previous results apply to the constructions of the cases (A) and (C). For

the construction of the case (B) we prove the following:

Theorem 12. Assume that X is a compact complex manifold constructed as in
proposition 5 (case B) from a manifold M in the class T. If X is Kdhlerian then
er(M) =0 and the S'-principal bundle 7 : X — M is flat. In particular, if X is
Kdhler and H?(M, Z) has no torsion then the S'-principal bundle is topologically

trivial.

Theorem 13. Assume that X is a compact complex manifold constructed as in
proposition 6 (case C) from a manifold M in the class T. If X is Kdhlerian then
6_7:(M) =0.

The main tool used in the proof of the previous results is a theorem by
Carrell-Liebermann (see [CL73]) that states that a holomorphic vector field v
over a compact Kahler manifold X has zeros if and only if for every holomorphic

1-form a on X we have a(v) = 0. As all the complex structures that we are
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considering admit a non-vanishing vector field v if the compact complex manifold
X is Kéhler we can assume that there exists a closed holomorphic 1-form « such
that a(v) = 1. This implies the existence of a Levi-flat complex distribution on
X invariant by the vector field v, which can be translated into a condition on
the departing manifold M and on its normal almost contact structure.

Under more restrictive hypothesis we can obtain necessary and sufficient

conditions for the resulting complex manifold to be Kéhlerian:

Theorem 14. Let X = M x Mo be a complex manifold obtained by proposition
4 (case A) from two manifolds My and My in the class T such that the flows Fi
and Fo in My and Mo, respectively, induced by the vector fields of the normal
almost contact structures are Riemannian. Then X is Kdhlerian if and only if
er, (M) = exr,(Ma) = 0 and the flows Fi and Fa are isometric and transversely
Kahlerian (on M; and Ms, respectively).

Theorem 15. Let X be a complex manifold obtained by proposition 5 (case B)
from a manifold M in the class T such that the flow Fr on M is Riemannian.
Then X is Kdhler if and only if the S'-principal bundle 7 : X — M is flat,

er, (M) =0 and the flow Fr is isometric and transversely Kdhlerian.

The two last theorems are in fact two particular cases of a more general
statement and its proof explotes strongly the fact that given a normal almost
contact structure such that the flow F induced by the vector field of the CR-
action is isometric and transversely Kahlerian one can apply Hodge theory on
the transverse part of the flow F. The control on the part tangent to F is
achieved thanks to the hypothesis on the Euler class. The difficulty in obtaining
a complete characterization of whether the complex structures admit Kéhler
metrics or not when the flows are not isometric lies in the lack of control on the
transverse part of the flow F.

A different approach, based on a result of A.Blanchard (see [Bla56]) and a
theorem of D.Liebermann (see [Lie78]), allows us to prove the following nec-
essary and sufficient conditions for some of the constructions of case (C). The
first theorem deals with double suspensions and characterize when the complex
structure is Kéhler (we also give a characterization of when a double suspen-
sion is a projective manifold, see chapter 5) and the second is a generalization
of the first that is proved by the same arguments with the only difference that
transverse Hodge theory plays the role of Hodge theory on a compact Kéhler

manifold.



Introduction 15

Theorem 16. Let N be a compact complex manifold and f,g € Autc(N) such
that fog = go f and let X be the suspension N x C/(F,G) where F(z,z) =
(f(x),2z+1), G(x, z) = (g9(x), z47) andIm(7) # 0. Then the following conditions

are equivalent:

(i) X is Kahler.

(ii) There is a Kdhler form w on N such that [f*w] = [¢g*w] = [w].

(iii) N is Kdhler and there are integers n,m > 0 such that f™, g™ € Auto(N).
Theorem 17. Let M?"*! be a manifold in the class T with CR-structure ®°
and vector field T. Assume that the flow F induced by the vector field T on
M is isometric. Assume that X is a compact complex manifold constructed as
in proposition 6 (case C) from M. If X is Kdhler then the following conditions
hold:

(1) The Euler class ex(M) is zero.

(ii) The flow F is transverselly Kdhler and there exists a Kdhler transversal

form ® such that [f*®] = [®] € HY(M/F).

Moreover if the CR-structure is Levi-flat (so in particular the Euler class ex(M)
is zero) and f* = id acting on H'(M, C) then X is Kdhler if and only (i) holds.

Finally in chapter 6 we discuss examples of compact complex surfaces S that
can be obtained by the previous discussions. Using that S admits a holomorphic
vector field without zeros a well-known classification implies that such a surface

must belong to the following list:

(I) Complex tori.

(II) Principal Seifert fibre bundles over a Riemann surface of genus g > 1

with fiber an elliptic curve.
(III) Ruled surfaces over an elliptic curve.

(IV) Almost-homogeneous Hopf-surfaces.

On the other hand the classification of transversely holomorphic flows on a com-
pact connected 3-manifold by M.Brunella and E.Ghys plus a small discussion
gives the list of possibilities for compact connected 3-manifolds in the class 7°
stated above. In most cases we can determine precisely which compact complex

surface is obtained by each construction.



Chapter 1

Preliminaries

In this chapter we briefly recall all the classical notions and results that we
use hereinafter. While the first six sections deal with concepts that appear

throughout all the thesis the last section is only used in chapter 3.

1.1 CR-structures and complex manifolds

Let M be a smooth manifold and suppose that ®'¥ is a complex subbundle of
dimension m of the complexified tangent bundle T°M = TM ® C. We recall
that the pair (M, ®!) is called a CR-manifold or that the bundle ®° is called
a CR-structure on M of dimension m (cf. [KN69] or [Bog91]) if:

(i) &0 N0 = {0};

(ii) @10 is involutive, i.e. [®10, ®10) C BLO,

The complex bundle &0 induces a real subbundle D of TM defined as D =
TM N (&9 @ ®19). We define an endomorphism J : D — D imposing that
v—iJv € @1 for every v € D. Note that we can determine the CR-structure by
giving (M, D, J). Setting ®*' = ®1.0 we have a decomposition DRC = &195p0!
where ®10 and ®%! are the eigenspaces of J (extended by complex linearity to
D @ C) of eigenvalue i and —i respectively. We denote by Autcr (M) the subset
of Diff(M) of maps f such that df preserves D and commutes with J.

Now let {¢; : t € R} be the flow induced by a smooth R-action on M.
We say that {¢;} defines a CR-action if ¢; € Autcgr(M) for each t. When

dimg M = 2m—+1 we call the action transverse to the CR-structure if the smooth

17
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vector field T' = (dg;/dt);—¢ is everywhere transverse to D, i.e. (T') ® D has real

dimension 2m + 1 at every point.

An almost complex structure on a manifold M?" is a complex subbundle
TOM of T®M of dimension n such that T'OM N TLOM = {0}. We say that
M is an almost complex manifold. Equivalently an almost complex structure
on M is given by a tensor J : TM — TM of type (1,1) such that J2 = —Id.
Notice that a complex manifold M carries a canonical almost complex structure
which can be easily defined, if z; = x; 4 iy; are holomorphic coordinates, by
J(%) = % and J(%) = —%. If M is an almost complex manifold we can
decompose the complexified tangent space TCM into THOM&T%'M where T1OM
and T%'M are the eigenspaces of .J (extended by complex linearity to T¢M) of
eigenvalue i and —i respectively. In particular TVOMNT%'M = {0} and T''M @
TO'M = TCM. We also obtain a decomposition of the complexified exterior
algebra: we denote by QP9(M) the space of sections of the bundle AP(T1'M)* ®
A9(TOIM)* so that Q"(M) @ C = > prg=r PUM). We say that an r-form w is
of type (p, q) if w € QP2(M). An almost complex structure induced by a complex
structure is involutive (also called integrable), that is [TTOM, THOM] ¢ THOM.
The reciprocal, that is, an integrable almost complex structure is the canonical
almost complex structure associated to some complex structure, is true by a
deep theorem by Newlander-Nirenberg (see [NN57]):

Theorem 1.1.1. With the above notation the following conditions are equiva-

lent:

(i) J is induced by a complex structure on M.
(ii) T1O°M is involutive, i.e., [TTOM, THOM] c THOM.
(iii) dQPI(M) C QPFLI(M) @ QPatL(M).
(iv) The Nijenhuis tensor N(X,Y) = [JX,JY]-[X,Y]-J[JX,Y]-J[X, JY]

vanishes identically.

Consequently, a possible way to endow a real manifold M of dimension 2n
with a complex structure is to define an almost complex structure on M and to

check the involutivity of the distribution 7%°M or any other equivalent condition.
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1.2 Kahler manifolds

We say that a Riemannian metric g on an almost complex manifold (M, J) is
hermitian if g(X,Y) = g(JX,JY) for all pairs X,Y of vector fields on M. If
a complex manifold M admits a hermitian metric g such that its Levi-Civitta
connection V verifies VxJ = 0 for every vector field X on M we say that M is
a Kahler manifold and that ¢ is a Kdahler metric. A classical example of Kéhler
manifold is P with the Fubini-Study metric and consequently all projective
manifolds are also Kéhlerian (restricting the Fubini-Study metric).

Given an hermitian metric g on a complex manifold (M, J) we define the
fundamental 2-form ® associated to g as ®(X,Y) = g(X, JY) for every X,Y €
X(M). The real form @ is of type (1,1). Kéhler metrics are characterized in

terms of ® as follows:

Proposition 1.2.1. Let g be a hermitian metric on a complex manifold M.
Then g is Kdhlerian if and only if d® = 0.

Therefore ® represents a cohomology class in H?(M,R) which is not zero
if the manifold M is compact. Indeed, if M"™ is a compact Kéahler manifold
then even Betti numbers by, = dimg H?*(M,R) are positive for 0 < k < n.
Clearly every 1-dimensional complex manifold is Kéhlerian because as d® is a
3-form it must vanish. A compact complex surface S is Kéhlerian if and only if
b1(S) = dimg H'(S,R) is even (see [Lam99] or [Buc99]). For higher dimensions
we are far from having such a simple characterization, however compact Kéhler
manifolds verify strong topological conditions (see [ABCT96] for restrictions on
the fundamental group and a survey of related topological questions).

If M is a complex manifold we denote by Q" (M) the sheaf of germs of holo-
morphic r-forms on M. If M is compact and Kéahlerian then the holomorphic
g-forms H°(M, Q9) inject into H(M, C), that is every holomorphic form v # 0 is
closed and non-exact. Let us denote by HP9(M) Dolbeaut’s cohomology groups.
Recall that HP9(M) = H?(M,QP(M)) and set h?? = dimg HP?(M). One of
the fundamental results of the theory of compact Kahler manifolds is the Hodge
decomposition theorem (see [GH78] for details):

Theorem 1.2.2. Let M"™ be a compact Kdahler manifold. Then

H"(M,C) = GB HPI(M), for0<r<mn
ptq=r
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and HP1(M) = HeP(M). In particular by, = > p P4 and h9P = hP4,

p+q=

It follows that if M"™ is a compact Kahler manifold odd Betti numbers bog1 =
dimg H?**+1(M,R) are even for 0 < k < n. Note also that the class of the 2-form
® belongs to HY1(M, C) N H2(M, R).

In [HL83] Harvey-Lawson give a characterization in terms of currents of those
compact complex manifolds which admit Kéhler metrics, namely they prove that
a compact complex manifold admit a Kahler metric if and only if it does not
carry any non-trivial positive current which is a (1, 1)-component of a boundary.
More restrictions for a compact complex manifold M to be Kéhlerian expressed in
terms of currents can be found in the recent work of Demailly-Paun (c.f. [DP04])
on the Kéhler cone of a compact manifold (the set of HY1(M, C) N H3(M,R) of
all class of (1, 1)-forms associated with Ké&hler metrics on M)).

An important consequence of the Hogde theorem that will be used later on

is the so-called dd-lemma:

Proposition 1.2.3. Let n be a d-closed form of type (p,q) on a compact Kdhler
manifold M which is d, O or O-evact. Then there exists a form v of type (p —
1,q — 1) such that n = 8dy. Furthermore, if p = q and n is real we can choose

1y to be real.

1.3 The Albanese torus

Let M be a compact Kéhler manifold and keep fixed the notation of the preceding
section. The Albanese torus Alb(M) of M is defined as H°(M, Q)*/Hy (M, Z).
Assume h''0 =k and fix a basis w1, ..., wy, of H(M, Q). Then

A= {(/le,...,/vwa e Ck |fyeH1(M,Z)}

is a lattice in C¥ and Alb(M) =2 C*/A, which is a complex torus. In particular if
M is a complex torus then Alb(M) = M. The Jacobi map J is the holomorphic
map from M to Alb(M) defined by

e o (o)

where o € HO(M,Q!) and pg is an arbitrary base point of M. One of the

most remarkable properties of the Jacobi map is its behaviour with respect to
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holomorphic vector fields on M. Indeed every holomorphic vector field v on M
admits a projection to Alb(M) which vanishes identically if and only if v has
Zeros.

Let Auto(M) be the identity component of the group Aut(M) of holomorphic
automorphisms of M and choose f € Autg(M). There exists f! € Aut(Alb(M))
such that Jo f = floJ. Note that for every holomorphic 1-form o on M we

have f*a = «, then:

f(®) f(po) f(p) f(po) D f(po) P
/ a:/ a—i—/ a:/ a+/ f*a:/ a+/a
Po Po f(po) Po Po Po Po

Therefore we can define fl(y) = y+J(f(po)). Let us denote by b the Lie algebra
of holomorphic vector fields over M and by g the Lie algebra of holomorphic
vector fields over Alb(M). The map f — f! induces a homomorphism of Lie

algebras between b and g.

Theorem 1.3.1. Let M be a compact Kiahler manifold and v an holomorphic
vector field on M. Then v has zeros if and only if v is tangent to the fibres of
the Jacobi map.

We refer the reader to [Mat71] for the proof. Equivalently, a vector field v
has zeros if and only if it belongs to the kernel of the previous homomorphism
h — g. We denote this ideal by hy. The above theorem is a reformulation of the

Carrell-Liebermann theorem, that we will use later on:

Theorem 1.3.2 ([CL73]). A holomorphic vector field v over a compact Kdhler
manifold M has zeros if and only if for every holomorphic 1-form a on M we
have a(v) = 0.

1.4 Flows with transverse structures

Recall that a foliation F on a manifold M is given by an atlas {Uj, fi, vij bier
where:

(a) {Ui}ier is an open covering of M,

(b) fiis a submersion from U; onto a manifold V called the transverse manifold,

(c) vij is a local diffeomorphism of V such that fj(x) = (vi; o fj)(x) for every
z e U NUj,
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(d) the diffeomorphisms ~;; verify the cocycle condition v, (x) = (i © Vi) (x)
for all x € fk(Ul N Uj N Uk)

The leaves of F are defined on each open set U; as the fibers of the submersion
fi-

If M and V are complex manifolds and f; and ;; are holomorphic maps we
say that F is a holomorphic foliation. A foliation F is said to be orientable
if the plane field tangent to F is orientable and transversely orientable if there
is a field complementary to the tangent field to F continuous and orientable.
An orientable nonsingular foliation F of dimension 1 is always defined by a
nonsingular vector field T, we call such a foliation together with the vector field
a flow and we write F when the vector field is implicitly understood.

Defining a transverse structure for the foliation F is equivalent to imposing
conditions on the pseudo-group I' generated by {~;;}. For instance, a foliation
F is transversely holomorphic if V has a complex structure invariant by I'.

We denote by T'F the tangent bundle of 7. A form « on M is called basic with
respect to a foliation F if iga = igda = 0 for every vector field S tangent to the
leaves of F. Thus we can consider the basic de Rham complex Q"(M/F,R) and
the basic cohomology H*(M/F,R) (in an analogous way we define Q*(M/F,C)
and H*(M/F,C)).

1.5 Riemannian and isometric flows

A foliation F is Riemannian if there exists a Riemannian metric h on V invariant
by I'. This is equivalent to the existence of a Riemannian metric g on M whose
transverse part is invariant along the leaves of F. Such a Riemannian metric on
M is called bundle-like.

Let (M, g) be a Riemannian manifold. A vector field T is said to be Killing
if the associated 1-parameter group ¢y is an isometry for every ¢, equivalently if
Lrg = 0. We say that a one-dimensional orientable foliation F on a compact
manifold M is isometric if there exist a Riemannian metric ¢ on M and a non-
vanishing Killing vector field T such that the integral curves of T" are the leaves
of F. Rescaling the metric we can always assume that T is of constant length
one. We will say that F together with a Killing vector field of length one is an
isometric flow. An alternative (and classical) characterization of isometric flows

is the following one:
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Proposition 1.5.1. Let F a flow on a compact smooth manifold M generated
by a non-vanishing vector field T'. Then T is a Killing vector field with respect
to some Riemannian metric g on M if and only if H = {@},cp is a compact

subgroup of Diff (M), where ¢y is the 1-parameter group associated to T'.

We say that a 1-form y is a characteristic form for F and T if x(T) = 1
and irdx = 0. In particular dy is basic and L7y = 0, so x is invariant by 7.
Actually, for an isometric flow there always exists at least one characteristic form
that can be defined by imposing x(7') = 1 and x|+ = 0. Conversely, if F is an
Riemannian flow induced by a vector field T" and there exists a 1-form x such
that x(T") = 1 and ipdy = 0 then the flow F is isometric. The basic cohomology
class e4(F) = [dx] € H*(M/F) does not depend on the characteristic 1-form
chosen, for if y1 and Y3 are characteristic 1-forms then x; — x2 € QY(M/F). It
is called the Fuler class of F with respect to g and it does not depend on the
metric up to a non-zero factor (see [Sar85]).

Example 1.5.2. An example of isometric flow on the unit sphere S?**+1 c Cn+!
with the standard metric is given by the Killing vector field ' = Re(iR) for
R= Zlaizl + ...+ zn%. A characteristic form is given by

n n

W = (iZ(Zjd,?j — ,?dej))‘SZn_l = (2 Z(a:jdyj — yjdxj))‘sw_l.
Jj=1 J=1

It defines a contact structure on S2"~! ie. w A dw™ # 0. The Euler class is the
basic cohomology class of dw = (4 2?21 dz; A dyj))| g2n—1, which is the class of
the curvature form of the Hopf S'-principal bundle 7 : §?*+1 — P,

A foliation F of codimension n on a compact manifold M is called homolog-
ically orientable if H"(M/F,C) # 0.

Theorem 1.5.3 ([MS85]). An orientable Riemannian foliation F of dimen-
sion 1 on a compact manifold M"' is a flow of isometries if and only if
H"(M/F,C) # 0.

For the sake of clarity we prove the direct implication, that is, that every
isometric flow is homologically orientable. Let T be a Killing vector field for
a Riemannian metric g on a compact manifold M™*!, let ¥ be a characteristic
1-form and 7 the volume form. Since F is isometric L7n = 0 so 477 is closed and
basic. Therefore we can write nn = n%rli;pn A x. If ipn were exact, i.e. ipn = da,
then n = d(n%rla A X), which is a contradiction. Thus i7n defines a non-zero

class of H"(M/F,C).
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1.6 Transversely Kahlerian flows

Let F be a transversely holomorphic foliation of complex codimension n. We
will assume that F is homologically orientable, that is, H"(M/F,C) # 0. We
consider the complex QP7(M/F) of a smooth basic forms of type (p,q) and the
operator

9 : QPIM/F) — QPITH M/ F)

inducing the basic Dolbeaut cohomology of JF, which we denote by
HPY(M/F).

We say that F is transversely hermitian if there exists a hermitian metric h
on the transverse manifold V invariant by I'. In particular F is Riemannian. If
there exists a closed real form ® on M whose transverse part corresponds to a
transversely hermitian metric h (analogously as in the Kéhler case) we say that
F is transversely Kahlerian. We call such a form ® a transverse Kahler form
and note that the transverse part of ® is of type (1,1). The analogous to Hodge

decomposition theorem in this context is the following:

Theorem 1.6.1 ([EKA90]). Let F be a homologically orientable and trans-
versely Kdhlerian foliation on a compact manifold M of complex codimension n.
Then:

H"(M/F,C) = @pqer HPI(M/F) 0<r<n
HP4(M/F) = Hip(M/F).

As a corollary one obtains the so-called 99-lemma :

Lemma 1.6.2. Let n be a d-closed basic form of type (p,q) on a compact mani-
fold M with a homologically orientable and transversely Kahlerian foliation such
that 1 is d, O or O-exact as a basic form. Then there exists a basic form ~ of
type (p—1,q—1) such that n = 00~. Furthermore, if p = q and n is real we can

choose iy to be real.

1.7 Lie groups

Unless otherwise specified K will denote a Lie group which can be real or com-
plex, in general though we will reserve the notation K for real Lie groups and
G for complex Lie groups. We refer the reader to [Hel78], [Che68], [Die75] and
[OV94] for most proofs.
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1.7.1 Basic concepts

A Lie group K is called semisimple if its Lie algebra £ is semisimple, i.e. if
[t,€] = €. A Lie group K is called quasisimple if its Lie algebra £ is simple, i.e.
if it is not abelian and it does not contain other ideals besides {0} and ¢. Every
semi-simple Lie algebra can be represented in an unique way as finite direct
sum of simple ideals £ = Z;Zl i; and every ideal of € if a finite sum of ideals
i;. A semisimple Lie algebra has center C(g) = {X € g: [X,Y] =0, VY € g}
equal to {0}, therefore the center Z(K) of a semisimple Lie group is discrete.
Every semisimple Lie group K is, up to a covering, a product K; x ... x K,
of quasisimple Lie groups. Besides, the only connected normal subgroups of
a simply connected semisimple Lie group K are products of a certain number
of K;, therefore they are closed in K (cf. [Die75], p.39). It follows that every
normal connected subgroup H of a semisimple compact Lie group K is closed
because the universal covering K of K is a finite covering (see section 1.7.5).

If X € ¢ the adjoint of X is the endomorphism of K defined by adx : ¥ —
[X,Y]. The map X — adx is called adjoint representation and it sends every
X € ttoaderivation of £. Let £ be a Lie algebra over a field of characteristic zero.
The Killing form k of £ is defined as the bilinear form x(X,Y) = Tr(adxady)

over £ x £ where Tr denotes the trace of an endomorphism of vector spaces.

Theorem 1.7.1. A Lie algebra € over a field of characteristic zero is semisimple

if and only if the Killing form k of € is non-degenerate.

The n-th derived group of K (for n a positive integer), which we will denote
by D"K, is the subgroup of K defined inductively in the following way: D°K = K
and D" K = [D"K,D"K] for all n > 0 is the commutator subgroup of D"K.
The group K is called solvable if there exists n > 0 such that D"K = {e}.
Equivalently a Lie group is solvable if its Lie algebra is solvable, i.e. if there
exists a sequence

0= C..C=¢t ()

of subalgebras such that every quotient €;/¢; 11 is abelian. If we set £ := ¢ and
.11 := [€,, 8] for every positive integer n the algebra ¢ is solvable if there exists
[ such that € = 0, in this case these ¢; provide a sequence verifying (x).

Recall that every connected compact abelian Lie group is isomorphic to a
torus. In particular, given a real compact Lie group K, every Lie subgroup T

which is closed, connected and abelian is a torus. We say that T is a mazimal
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torus of K if there does not exist any torus in K different from T and containing
it. A necessary and sufficient condition for a connected Lie subgroup H to be a
maximal torus is that its Lie algebra b is an abelian maximal subalgebra of ¢.
Every abelian connected Lie subgroup H of a compact connected Lie group K
is contained in a maximal torus of K and every compact connected Lie group K
is the reunion of its maximal torus (as a consequence of the exhaustivity of the

exponential map on a compact connected Lie group).

Theorem 1.7.2. Let K be a compact connected real Lie group, T a maximal
torus of K and A a torus in K. There exists s € K so that sAs~' C T (therefore

sAs™' =T if A is a mazimal torus).

In particular all maximal torus are conjugate and we can define rank(K) as
the dimension of a maximal torus.

Let G be a complex Lie group, we say that G is a complex algebraic group
if it admits a structure of complex affine algebraic variety such that the map

p: G x G — G defined by pu(z,y) =2 -y~ !

is a morphism of algebraic varieties.
Examples of complex algebraic groups are C!, (C*)! and GL(I,C) for I > 1. On
C™ we define Zariski’s topology by imposing that affine algebraic varieties are
closed sets. An algebraic subgroup of G is a Lie subgroup of G closed with respect

to the Zariski topology.

Theorem 1.7.3. FEvery connected complex semisimple Lie group G admits a

unique structure of complex algebraic group.

1.7.2 The universal complexification of a real Lie group

The universal complezification of a compact real Lie group K is a couple (G, ~)
where G is a complex Lie group and v : K — G is a Lie group morphism
such that for every complex Lie group G and every morphism u : K — G of
real Lie groups there exists a unique complex analytic morphism u™ : G — G
such that v = u™ o~. The couple (G,7) is uniquely determined by K up to
isomorphism. The universal complexification G = K€ of a compact Lie group K
can be constructed in the following way. Since every compact Lie group admits

a faithful complex linear representation

p: K< GL(n,C)
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(cf. [Die75], p.90) we can consider the Zariski closure G of p(K) in GL(n,C).
Then G is a complex linear algebraic Lie group (i.e. a subgroup of GL(n,C)
defined by polynomial equations) with Lie algebra g = ¢© := £ ® C. It contains
K as completely real submanifold and verifies Z(K) = KN Z(G). Moreover G is
reductive, i.e. it has a finite number of connected components and the connected
component G? of {e} has a real compact form. Recall that a closed subgroup
K with Lie algebra £ of a complex connected Lie group G with Lie algebra g is
called a real form of G (or of g) if € — g induces a Lie algebras isomorphism
€ = g. If K is compact we then say that K is a real compact form of G. Every
semisimple complex Lie algebra g admits a real compact form (cf. [Hel78]). If G
is a complex semisimple Lie group and K is a real compact form of G, the group
K is semisimple, it is a maximal compact subgroup of G and we have Z(G)CK,
thus Z(G)=Z(K) (cf. [Lee02]).

The following result, due to Cartan, Malcev and Iwasawa (cf. [Iwa49]), states
that every Lie group admits a Lie subgroup which is a compact deformation

retract.

Theorem 1.7.4. Let K be a real connected Lie group, then K has a mazimal
compact subgroup T unique up to conjugacy and K is homeomorphic to the prod-

uct T x R™. In particular K and T have the same homotopy groups.

Let G = K€ be the universal complexification of a compact connected real
Lie group K. Since K is a maximal compact subgroup of G we conclude from

the previous theorem that G is homeomorphic to K x R™.

1.7.3 Cartan, Iwasawa and Levi decompositions

Let G = K€ be the universal complexification of a compact connected real Lie
group K. A Borel subgroup B of G is a maximal solvable irreducible algebraic
subgroup. All Borel subgroups of a complex algebraic group G are closed and
conjugate to each other (cf. [Hum75]). A Borel subalgebra b of g = £© is a
maximal solvable subalgebra. A Cartan subgroup H of G is the centralizer of a
maximal torus. All Cartan subgroups are abelian, connected and conjugated to
each other. The subalgebra of a Cartan subgroup is called a Cartan subalgebra.
Given a Cartan subalgebra t there exists a maximal abelian subalgebra t of g
such that v = € (see [Bor91]). Fix a Borel subalgebra b such that v C b and set
u:=[b,b].
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The endomorphisms of g defined by adgr, i.e. ¢r(X) = [R, X]| where R € ¢
and X € g, are diagonalizable due to the fact that g is semisimple (c.f. [Hum78]
and [Hal03]). Therefore, by a standard result in linear algebra they diagonalize
simultaneously. We have thus a decomposition in proper spaces g = @, ¢ o
where go ={X €g: [R,X]=a(R) X, VR € t}. Moreover gg = C(tr) = . We
denote by @ the finite subset of a € v*, a # 0, such that g, # 0 and its elements
will be called roots of g relative to r. With this notation there is a decomposition

in root spaces or Cartan decomposition:

g =t Daco da-
Proposition 1.7.5. With the above notation:
(a) ® spanst* and if a € ® then —a € ®.
(b) Ifa, 8 € @ then a+ B € ® and [ga, 98] C Ja+s-

(c) Ifae®, X €gy andY € g_, then [X,Y] = k(X,Y) - T, where k is the
Killing form on g x g and Ty, is defined imposing k(Ty, R) = a(R) for all

R € x. In particular [go, §—a) has dimension 1.

(d) For every a € ® and X, € go, Xo # 0, there exists Yo € g_o such that
Xo,Yo,Hy = [Xo,Ys] € v span a simple subalgebra s, of dimension 3

isomorphic to sl(2,C) via

Xa=(§0), Yar (90), Harm (o)

(e) If « € ® then dimg, = 1. In particular if by = [ga,8-a] then s, =
go @ g-aDba.

We can choose a subset ® of ® maximal with respect to the subsets ¥ such
that @ € ¥ if and only if —a ¢ ¥ and if o, € ¥ then a4+ 3 € V. In that
case t = @  gha and b = v @ 5 go is a Borel subalgebra (and every Borel
subalgebra containing v is of this type for a proper choice of the subset ®).
Moreover u := [b,b] = ©__ 504

Let H be the Cartan subgroup of G associated to the subalgebra t. It is
the universal complexification of (S1)™"&K and therefore H = (C*)™»kK If U

and B are the Lie subgroups of G associated to u and b respectively then, as a

and therefore b =t @ u.

consequence of the Cartan decomposition, B= H - U.
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From the Cartan decomposition of g with respect to t one also obtains the

following decomposition of g as a real Lie algebra:
g=tpitpu,

which is known as Iwasawa decomposition. Note that in particular bN ¢ = t.

Moreover it follows that
dimcu = (dimg K — rank K)/2;  dimc¢ b = (dimg K + rank K) /2.
We also conclude that dimg K and rank K have the same parity.

Theorem 1.7.6. Let G be the universal complexification of a semisimple com-
pact connected Lie group K with Lie algebra g = €C. Set v = € where t is
an abelian maximal subalgebra of €, b a Borel subalgebra such that t C b and
u=1[b,b]. Let A and U be the subgroups of G with Lie algebras it and u respec-
tively. Then the map

S (kya,u)—k-a-u; keK,aeA uel

is a diffeomorphism from the product manifold K - A - U into G. Moreover the

groups A and U are simply connected.

With the notation of the above theorem let T be the connected Lie subgroup
of K corresponding to t and B the Borel subgroup of G corresponding to b. Then
K/T = G/B. In particular K/T admits a left invariant complex structure.

We finally recall Levi-Malcev’s theorem on the existence of Levi decomposi-
tions. A representation of a Lie algebra g as a sum v+ s of a solvable ideal v and

a semisimple subalgebra s is called a Levi decomposition of the Lie algebra g.

Theorem 1.7.7 (Levi-Malcev). Let g be a Lie algebra over a field of character-

istic 0, then g admits a Levi decomposition.

1.7.4 Classification of abelian complex Lie groups

Every compact complex Lie group is abelian, in particular it is a complex torus.
On the other hand there is a classification of abelian connected complex Lie
groups due to A.Morimoto.

We say that a complex Lie group is a Stein group if G is Stein as a complex

manifold. It is known that every abelian connected Stein group is isomorphic to
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C™ x (C*)" for m,n > 0 (cf. [MM96]). A complex Lie group is called a (HC)-
group if holomorphic functions over G are constant. It is known that every
(HC)-group is abelian and that given a connected complex Lie group G there
exists a unique normal closed connected complex subgroup G° such that G/GY

is a Stein group and G is a (HC)-group. A.Morimoto then proves the following:

Theorem 1.7.8 ([Mor66]). Let G be an abelian connected complex Lie group.
Then G is isomorphic to the product G° x C™ x (C*)™ where m,n > 0 and G is
a (HC)-group. Moreover if G1 and Go are abelian connected complex Lie groups
and G; = GY x C™ x (C*)™ are the previous decompositions then Gi = Go
(isomorphism of complex Lie groups) if and only if G{ = GY, m; = my and

ny = ny.

1.7.5 The topology of compact Lie groups

Theorem 1.7.9. (H. Weyl) Let K be a semisimple compact connected Lie group.

The universal covering K of K is compact.

Let K be a compact connected real Lie group and ¢ its Lie algebra. Then
E=[6¢ e C) and ¥ = [ ¢ is a semisimple subalgebra of €. Recall that
C(€) denotes the center of ¢ and that it is an abelian subalgebra of €. The
universal covering K of K is isomorphic to a product R™ x K’ where K’ is a
semisimple simply connected compact Lie group. Moreover the center Z(K') of
K’ is finite and K is isomorphic to (R™ x K’)/D where D is a discrete subgroup
of Z(R" x K') = R" x Z(K’). Consider the subgroup D’ = D N (R"™ x {e}), the
compact Lie group (R" xK’) /D’ is a finite covering of K isomorphic to (S1)" x K.

Thus we have obtained:

Theorem 1.7.10 ([Die75]). Let K be a compact connected real Lie group. Then
K admits a finite covering of the form (S1)" x K" where K’ is a simply connected
semisimple compact Lie group. Moreover K = ((S1)" x K')/T" where T' is a
discrete subgroup of {e} x Z(K').

Corollary 1.7.11. If K is a semisimple compact connected real Lie group then
m1(K) is finite and by (K) = 0.

We will now see that the computation of the De Rham cohomology over a
compact connected Lie group can be reduced to the computation of the coho-

mology of its Lie algebra. Let K be a compact connected real Lie group and &



1.7 Lie groups 31

its Lie algebra. We consider the complex of differentiable forms Q*(K)X over K
invariants by the action of K on the left. Notice that Q*(K)¥ = £¢*. A theorem
by Cartan (cf. [Hae85]) states that Hj,,(K,R) is isomorphic to the cohomology
of the complex of left invariant forms, that we will denote by H*(¢*,R). The
natural inclusion Q*(K)¥ < Q*(K) induces an isomorphism between H*(£*,R)
and H*(K,R)¥ (De Rham cohomology classes on K invariant by the action of
K on the left). Since K is connected the action of K over H*(K,R) is trivial,
therefore
H*(K,R) = H*(¢",R).

On the other hand we can define the cohomology H* (¢, R) of a Lie algebra ¢ (cf.
[CEA48], [Kos50]), [Jac62]) using the complex of cochains C*(€) where a p-cochain

c is a alternated linear p-form on ¢ with values on R and the differential d is
defined by

(de)(Xo, .. Xp) = D (1) Xie(Xo, ... Xiy ... Xp)
+3 (1) e([X, Xo], X0y oy Xy ooy Xy Xp).

r<s

The restriction to left-invariant vector fields induces an isomorphism between

Q(K)X and C(£) which yields
H*(e,R) = H*(¢", R).

Theorem 1.7.12. Ift is a semisimple real Lie algebra of finite dimension then
H'(&,R) = H?(&,R) = 0.

Corollary 1.7.13. If K is a compact connected semisimple Lie group then
b1 (K) = ba(K) = 0.



Chapter 2

Normal almost contact

structures. The class 7.

This chapter is devoted to the class of normal almost contact manifolds, which
we will denote by 7. We introduce normal almost contact structures and de-
scribe several classical families of manifolds in the class 7. All manifolds are
supposed to be smooth and connected and all differentiable objects (differen-

tiable structures, tensors,...) to be of class C*°, unless it is otherwise specified.

2.1 Generalities

In this section we introduce the class 7 of normal almost contact manifolds (see
[Bla02]) and we give some equivalent definitions which are better adapted to our

purposes.

Definition 2.1.1. We denote by 7 the class of compact connected manifolds
M of odd dimension which are endowed with a CR-structure ®° of maximal
dimension (i.e. dimg¢ OO = pn if dimp M = 2n + 1) and a transverse CR-action

induced by a flow {¢}.

Let M?"*! be a smooth manifold and suppose that there are given an endo-
morphism ¢ on the tangent space, a vector field T' and a 1-form w. We say that
(p,T,w) is an almost contact structure on M if: (1) w(T) = 1, (2) rank ¢ =
2n, (3) ¢(T) = 0, (4) w(p(X)) = 0 and Y*(X) = —X + w(X)T for ev-
ery tangent vector field X on M. There is an almost contact structure on R

given by (O,%,dt). If M; has an almost contact structure (1,77, w;) then

33
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there is an almost complex structure K on M; x R defined by K(Xl,a%) =
(p1(X1) — a1, w1 (Xl)%). We say that an almost contact structure on M; is
normal if K is integrable (cf. [Bla02]).

Proposition 2.1.2. The class T is the class of normal almost contact manifolds.

Proof. Let M?"*1 be a smooth manifold with a CR-structure (D, J) of dimension
n and T a transverse vector field inducing a CR-action, let w be the 1-form
defined by kerw = D and w(7T') = 1 and using TM = D & (T) set ¢ = (J,0).
Then (¢, T,w) defines a normal almost contact structure on M. The proof of the

converse is analogous. O

We discuss now another equivalent way to determine a CR-structure of max-
imal dimension and a transverse CR-action on a manifold M?"*!. Notice first
that if M?"*! is a manifold in the class 7 the flow F defined by the CR-action
is transversely holomorphic.

Let F be a transversely holomorphic flow on a compact manifold M27+!
generated by a real vector field T without zeros and let D be a distribution such
that TM = D @ TF. We will denote by ®0 the vectors in D€ of type (1,0)

with respect to the transverse complex structure. We assume that:

(i) The vector field T preserves D, i.e. [T,D] C D.

(ii) @' defines a CR-structure, i.e. [0 10 c L0,

Then T defines a transverse CR-action.

Note that in the above situation if w is the 1-form on M defined by w(T") =1
and D = kerw then (i) holds if and only if ipdw = 0. In that case dw is basic
and then (ii) holds if and only if dw is of type (1, 1) with respect to the complex
structure transverse to F. Therefore we obtain the following characterization of

normal almost contact structures:

Proposition 2.1.3. Let F be a transversely holomorphic flow on a compact
manifold M?"*1 generated by a real vector field T without zeros and a 1-form
w such that w(T) = 1. Set D = kerw and J the almost-complex structure on
D induced by F. Then (D,J) is a CR-structure on M of dimension n and T
defines a transverse CR-action if and only if irdw = 0 and the basic form dw is

of type (1,1) with respect to the complex structure transverse to F.
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Let M be a compact manifold in the class 7 and let F be the transversely
holomorphic flow induced by the vector field T'. Let w be the 1-form associated

to the normal almost contact structure.

Definition 2.1.4. With the above notation, we define the Fuler class of the
pair (M, F) as the basic cohomology class given by

er(M) = [dw] € H*(M/F).

This definition generalizes the classical notion of Euler class of an isometric
flow. Note that the class ex(M) only depends on the flow F (in particular,
on the vector field 7' inducing the CR-action). Clearly the Euler class does
not depend on the CR-structure. Let w’ be another 1-form inducing a normal
almost contact structure on M, i.e. w'(T) =1, ipdw’ = 0 and dw' is of type (1, 1)
with respect to the complex structure transverse to F, then w —w’ € QY(M/F).
Therefore [dw] = [dw']. Nevertheless, to define the Euler class we have used the
fact that there exists a distribution of maximal dimension transverse to 7" and
invariant by the flow, which is equivalent to state that there exists a 1-form x
such that x(7) = 1 and irdx = 0. Note that ex(M) € H'(M/F) but the class
in HY1(M/F) might depend on the CR-structure.

Proposition 2.1.5. With the above notation the following conditions are equiv-

alent:
(a) ex(M) = 0.
(b) There ezists a closed I-form x on M such that x(T') = 1.

(c) There exists a distribution transverse to T of mazimal dimension and in-

variant by the flow which is integrable.

The proof is straightforward. The distribution is given by ker y and since
L7y = 0 the form y is invariant by the flow. Conversely one defines the 1-form

X imposing that it vanishes on the distribution and x(7") = 1.

Corollary 2.1.6. With the above notation if ex(M) = 0 then M is a fiber bundle
over S*. In particular by (M) # 0 and M is not simply connected.

The first statement of the previous corollary is a consequence of the following
theorem by D. Tischler :
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Theorem 2.1.7 ([Tis70]). Let M be a compact manifold. If M admits a non-

vanishing closed 1-form then M is a fibre bundle over S*.

The second statement of the corollary is an immediate consequence of the

homotopy exact sequence associated to a fibration.

Proposition 2.1.8. With the above notation, if there exists a contact form x
on M such that x(T) =1 and ipdx = 0 then ex(M) # 0.

We include the proof for the sake of clarity, however it must be noted that

follows from an argument of Saralegui for isometric flows (cf. [Sar85]).

Proof. Suppose that dim M = 2n+1 and ex(M) = 0. Then there exists a 1-form
[ basic with respect to F such that dg = dy. Therefore

dBAXNANAX"H) =x Adx" — BAdX" = x Adx"

since B A dx™ is a basic (2n + 1)-form. It follows, by Stoke’s theorem, that
fM x N dx™ = 0, which contradicts the hypothesis x A dx™ # 0. O

The rest of this chapter and the following one will be devoted to discuss some
families of manifolds in the class 7. Essentially we will consider manifolds in

the class 7 of the following types:

e [sometric flows, which include circle principal bundles over complex man-
ifolds and Seifert fibratrions over complex orbifolds (in particular real hy-

persurfaces in complex manifolds);
e Suspensions of complex manifolds;

e Lie groups (next chapter).

2.2 Isometric flows.

The next result follows immediately from the previous discussion:

Corollary 2.2.1. Let M be a compact manifold and F o transversely holomor-
phic isometric flow on M. Let T be a Killing vector field, w a characteristic
1-form and J the induced almost-complex structure on D = kerw. Then (D, J)
is a CR-structure on M if and only if dw is of type (1,1). In that case T defines

a transverse CR-action.



2.2 Isometric flows. 37

Remark 2.2.2. Recall that a Riemannian real flow F induced by a vector field
T without zeros is isometric if and only if there exits an invariant transverse
distribution, equivalently if and only if there exists a basic form 7 such that
n(T) = 1. Therefore if M is a compact manifold endowed with a normal almost
contact structure such that the flow F induced by the CR~action is Riemannian

then F is an isometric flow.

Circle principal bundles are a particular case of isometric flows. Let B be a
compact complex manifold, 7 : M — B a S'-principal bundle, T the fundamental
vector field of the action and w a connection form. We can endow M with a
Riemannian metric so that the flow F generated by T is isometric. Then T is
a Killing vector field and w is a characteristic form. Furthermore the flow F is
transversely holomorphic with respect to the complex structure induced by B.
Then (D = kerw, J) is a CR-structure on M if and only if the curvature form
dw is of type (1,1) on B. It is known that a S'-principal bundle admits such
a connection form if and only if it is the unit bundle associated to a hermitian
metric on a holomorphic line bundle. When this hypothesis is verified the vector
field T induces a transverse CR-action. Notice that if dimg M = 3 this condition

is always fulfilled since every 2-form on a compact Riemann surface is of type
(1,1).

More generally, compact Seifert fibrations over a complex orbifold also pro-
vide examples of transversely holomorphic isometric flows. Let I' be a pseu-
dogroup of complex automorphisms of C™. One defines a complex orbifold of
dimension n to be a Hausdorff paracompact space which is locally homeomor-
phic to the quotient space of C™ by a finite group of automorphisms belonging to
" (see [Sat56] for a precise definition). Assume now that M is a smooth manifold
such that S! acts freely on M on the right, the quotient space of M by the action
of S' is a complex orbifold B and the canonical projection 7 : M — B is differen-
tiable. We say that M is a Seifert fibration over B if M is locally homeomorphic
to the quotient space of C" x S! by a finite subgroup of automorphisms of C" x S*
belonging to I' x S* and the projection p is the one induced by 71 : C" x S — C"
where 71 (2,t) = z (again see [Sat56] for the precise definition). The S!-action
on M is given by a global vector field without zeros and since all the orbits are
closed if we consider the 1-parametric flow ¢; corresponding to T it generates
a compact subgroup of Diff(M). Therefore if M is compact the flow F induced

by T is isometric and it is clearly transversely holomorphic. We are thus under
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the hypothesis of the corollary 2.2.1 and we will obtain a CR-structure on M
provided that there exists a characteristic 1-form w such that dw is of type (1,1).

Let now (D, J) be a CR-structure on M?"*! and suppose that the distribution
D is a contact structure, i.e., if w is a 1-form such that ker w = D then wA (dw)™ #
0. Then (D, J) is called a strictly pseudo-convex CR-structure on M. The couple
of a strictly pseudo-convex CR-structure of maximal dimension and a transverse
CR-action on an odd-dimensional manifold is also known as a normal contact
structure. The following result is well-known, we include the proof for the sake

of clarity.

Proposition 2.2.3. Let M be a compact connected 3-manifold. If (D,J) is a
strictly pseudo-convex CR-structure and T a vector field inducing a transverse

CR-action then T is Killing for a Riemannian metric g.

Proof. The hypothesis w A dw # 0, ipdw = 0 and w(T') = 1 imply that dw is a
non-degenerate form on D, thus we can assume that dw(X, JX) > 0 for every
X € D such that X # 0 (note that w A dw(T, X, JX) = 2dw(X,JX) # 0 for
every X € D such that X # 0). Moreover dw is a closed real-valued 2-form of
type (1,1) invariant by the action of the vector field T. Therefore dw defines
a hermitian metric on D invariant by the action of T. Since dw is real-valued
g=w®uw+ g, where §(X,Y) := dw(X, JY), is a Riemannian metric on M such
that T is a Killing vector field with respect to g. O

Corollary 2.2.4. If (M,D,J) is a strictly pseudo-convex CR-structure, T a
vector field on M inducing a transverse CR-action and F the flow induced by

T, then ex(M) # 0.

The corollary is a consequence of proposition 2.1.8.

When M is a compact manifold of dimension 3 there is a classification due
to H.Geiges of the manifolds admitting a normal almost contact structure based

on the classification of compact complex surfaces:

Theorem 2.2.5 ([Gei97]). A compact 3-manifold admits a normal almost con-

tact structure if and only if it is diffeomorphic to one of the following manifolds:
(a) T\S? with T C SO(4) = Isomg(S?);

(b) T\SLy with T' C Isomy(SLs);
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(c) T\Nil® with T' C Isomg(Nil®);
(d) T\H? x R with T C Isomg(H? x R);

(e) T2-bundles over S* with periodic monodromy;
(f) S? x S%;

where 5ng denotes the universal covering of PSLa(R), Nil® the Heisenberg group
of upper triangular (3x3)-matrices and H? the hyperbolic plane. Isomg(X) stands
for the identity component of the isometry group a Riemannian manifold X and

I denotes a discrete subgroup of Isomg(X) acting freely on X.

For normal almost contact structures on a compact connected 3-manifold M
such that the flow induced by the CR-action is isometric we can give a more
explicit classification. Note that as a consequence of proposition 2.2.3 this case
includes all normal contact structures. From the classification of isometric flows
on compact 3-manifolds (see [Car84]) we conclude that if a compact connected
3-manifold admits a normal almost contact structure such that the flow induced
by the CR-action is isometric then it is diffeomorphic to one of the following

manifolds:

(i) Seifert fibrations.
(ii) Linear foliations of T3.

(iii) Lens spaces Lp, = S3/{yp,) for p,q € Z with action v, 4(21,22) =
(e27/P 2 €2™i/12y) and flow given by @4[z1,20] = [e#1tz1, €2t 25] where
1, 2 € R. Notice that Ly = S3.

(iv) S%x St and the flow given by the suspension of an irrational rotation of S2,
i.e. if we identify S? with CP! we consider the suspension of f(z) = e'*z
where o € Q.

Moreover the flow associated to the CR-action is the one specified in each case
and by proposition 2.1.8 we conclude that we can obtain a normal contact struc-
ture only in cases (iii) and (i). Note that when dimg M = 3 the base B of a
Seifert fibration 7 : M — B is a Riemann surface and the Euler class of the
isometric flow induced by a Seifert fibration is zero if and only if the fibration
is flat. On the other hand every isometric flow on a 3-manifold is transversely

holomorphic, since we can define a transverse operator J on the distribution D
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orthogonal to the leaves and the pair (D, J) defines a CR-structure on M such
that the vector field T" induces a transverse CR-action with respect to it. Then
from the corollary 2.2.1 it is clear that all the previous isometric flows admit a

normal almost contact structure.

In the last chapter we will prove that actually the only compact connected 3-
manifolds which are in the class 7 are the ones in the previous list plus foliations
on S induced by a singularity of a holomorphic vector field in C? in the Poincaré
domain and their finite quotients, i.e. foliations on the lens spaces L, , (note
that the flows in (iii) are a particular case of these ones) and suspensions of a
holomorphic holomorphism of P! (i.e. case (iv) with f € Autc(P') instead of an
irrational rotation), regardless of whether the vector fields induce an isometric

flow or not.

2.3 Real hypersurfaces in complex manifolds.

Let € be a real hypersurface of a compact complex manifold V with a transverse
holomorphic vector field S such that 7" = Re(S) is tangent to Q. Set D =
TQ N JTQ where J denotes the almost complex structure on Q. Then (D, J)
is a CR-structure on 2. Moreover if the vector field T preserves D then T
defines a transverse CR-action. This is the case for instance for $?"~1 ¢ C" and
S:ialzlaiZl + ...+ ianzn% with a; eRT for j =1,...,n. Set now (q1,...,qn) €
(N\{0})™. We say that p(z1,...,2,) is a weighted homogeneous polynomial of
type (q1,...,qn) if p(tTzy,...,t72,) = t%p(z1,...,2,) for some d € N. Let us
assume that V.= {p = 0} C C" is a smooth manifold or that it has an isolated
singularity at the origin. Set R = q121% + ...+ qnzn% and let J be the
almost complex structure of C™. Then R is transverse to the unit sphere §27~1
and we can define a CR-structure of maximal dimension on M(p) = V N §27~1
setting (D = TM(p) N J(TM(p)), Jjp). Moreover the vector field T' = Re(iR)
induces a CR-action on M(p). A particular case of this situation are Brieskorn
manifolds, which are given by p(z1, ..., 2,) = (21)* +...+(2)*" where a; € Z and
aj > 2. All these examples are S'-Seifert fibre bundles over a complex orbifold
for which the S'-action is given by the real vector field T induces a projection

7 : M(p) — B over a complex orbifold B.
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2.4 Suspensions of complex manifolds.

The opposite situation to a strictly pseudo-convex CR-structure from the point
of view of the real integrability of the distribution D is Levi-flatness, that is,
the condition w A dw = 0. In this case we can easily construct examples of
CR-manifolds with a vector field T" inducing a CR-action and such that the flow

generated by T is not isometric.

Definition 2.4.1. The suspension of a compact manifold N by g € Diff(N) is
the compact manifold M given by M = N x R/ ~ where (z,s) ~ (g(2),s + 1).
We denote M = N x, R.

Proposition 2.4.2. Let N be a compact complex manifold and g € Autc(N).
The suspension M of N by g carries a natural Levi-flat CR-structure defined by
TN and a transverse CR-action induced by % In particular if F denotes the
flow induced by the CR-action then ex(M) = 0.

Remark 2.4.3. If we choose g such that it is not an isometry for any metric on
N, for instance N = CP! and g(z) = Az with X € C such that |\| # 1, the flow

F generated by % is clearly not isometric for any Riemannian metric on M.



Chapter 3

Normal almost contact

structures on Lie groups

By a classical result of Samelson it is known that every compact Lie group of
even dimension admits a complex structure such that left translations are holo-
morphic maps (c.f. [Sam53]). Independently Wang proved that quotient spaces
of even dimension K/P, where K is a compact semisimple Lie group and P a
parabolic Lie subgroup, admit a left-invariant complex structure and that every
homogenous complex compact manifold is of this type (c.f. [Wanb4]). Wang’s
theorem includes Samelson’s result as a particular case. Charbonnel and Khalgui
studied in [CKO04] left-invariant complex and CR structures of maximal dimen-
sion on a compact Lie group by means of the Lie subalgebras associated to them
(for CR-structures see also [GT92]). Finally CR-structures on homogeneous
manifolds have been studied in [AHR85] and [AS03].

We start this chapter by giving a new geometrical construction proving the
existence of left-invariant CR-structures of maximal dimension on a compact
semisimple Lie group of odd dimension, with and without a transverse CR-
action. We then prove that every left-invariant normal almost contact structure
on a compact semisimple Lie group can be recovered by this construction. More

precisely:

Theorem 3.0.4. Let K be a semisimple compact connected Lie group of odd
dimension 2n + 1 and rank 2r + 1 and let G be its universal complezification.
Assume that H is a Cartan subgroup of G and A : C"t! — H a Lie group mor-
phism verifying the transversality condition (I). If B is a Borel subgroup of G

43
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such that H C B and U is its subgroup of unipotent elements then the Lie subal-
gebras [y C Uy of g associated to the complex Lie subgroups L'y = A(C™1).U and
Ly = A({0} x C") - U of G define a left-invariant normal almost-contact struc-
ture Kpx on K. Moreover, the Lie subgroup L is closed and the CR-structure on
K determined by Ly agrees with the one induced by the embedding K — G/Lx
of K as a real hypersurface of the complex manifold G/Ly. Conversely, every
left-invariant normal almost contact structure is induced by such a morphism A

from C™t into a Cartan subgroup H of G.

Condition (I) is stated precisely in lemma 3.1.20. Using Samelson-Wang

result we can conclude the following:

Corollary 3.0.5. Let K be a compact connected real Lie group of odd dimension,
then K admits a left invariant normal almost contact structure (and in particular

a left-invariant CR-structure of maximal dimension,).

We next show how we can use the previous geometrical construction to obtain
by deformation normal almost contact structures on compact semisimple Lie
groups of odd dimension which are not left invariant (we will call them non-

invariant). More precisely we prove:

Theorem 3.0.6. Let K be a semisimple compact connected Lie group of odd
dimension 2n + 1 and rank 2r + 1 and let G be its universal complezification.
Assume that H C B are a Cartan subgroup and a Borel subgroup of G respec-
tively. Then every morphism of Lie groups A : C"*' — H x H inducing a locally
free holomorphic action ¢y : C™T1 x G/U — G/U wverifying (I1) determines
a normal almost contact structure in a natural way by lemma 3.2.4. Moreover,
such a normal almost contact structure is left-invariant if and only if A = (e, A2)
where Ay : C™1 — H is a morphism verifying the transversality hypothesis (I).
In particular there exist small deformations of the previous ones obtained de-
forming A which induce suitable C™ 1 -actions defining normal almost contact

structures on K generically non-invariant.
Condition (II) is stated in lemma 3.2.4. From this result we deduce:

Corollary 3.0.7. Let K be a compact connected real Lie group of odd dimen-
sion, then K admits a non-invariant normal almost contact structure (and in

particular a non-invariant CR-structure of maximal dimension).
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The construction of non-invariant normal almost contact structures is based
on an analogous of the following lemma for normal almost contact structures,

which we will discuss in section §3.2:

Lemma 3.0.8. Let F be a holomorphic foliation on a complex manifold X. A
real submanifold MY of X transverse to F inherits a natural complex struc-

ture.

This view-point has been adopted by Loeb and Nicolau (c.f. [LN96]), Lépez
de Medrano and Verjovsky (c.f. [LdAMV97]) and Meerseeman (c.f. [Mee00]) to
construct families of non-kéhlerian compact complex manifolds which include

Hopf and Calabi-Eckmann manifolds as very particular cases.

3.1 Left-invariant normal almost contact structures

Let K be a compact connected real Lie group such that dimgxK = 2n 4+ 1 and
rank K = 2r + 1 and let £ be its Lie algebra.

Proposition 3.1.1. A left-invariant CR-structure of mazimal dimension over
K is defined by a complex subalgebra | of g = €C such that dimcl = n and
(ne={0}.

Proof. Notice that a left-invariant CR-structure on K is determined by a complex
subspace [ of g defining the vectors of TCK of type (0,1). The hypothesis [N¢ =
{0} is equivalent to [N = {0} and [ is involutive, i.e. [[,[] C [, if and only if [ is
a subalgebra of g. O

Remark 3.1.2. By convention the subalgebra [ will always correspond for us to
the distribution of vector fields of type (0,1) of the CR-structure.

From a result by Charbonnel-Khalgui if follows that every complex subalge-

bra [ of g = ¢C defining a CR-structure is solvable:

Theorem 3.1.3 ([CKO04]). Let K be a compact connected real Lie group and |
be a complex subalgebra of g = €€ of mazimal dimension such that [N € = {0}.

Then the subalgebra [ is solvable.

As a consequence we obtain:
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Corollary 3.1.4. Let K?"t1 be a compact connected real Lie group and let |
define a left-invariant CR-structure of mazimal dimension. Then the subalgebra

[ is solvable.

This last result plays a crucial role in the proof of the main theorem, for it will
allow us to conclude that all normal almost contact structures on a semisimple
compact Lie group can be obtained by our construction. We will give an alter-
native and independent proof of this result. Nevertheless, we include here an
sketch of the proof of the corollary following the ideas of Charbonnel-Khalgui
under more restrictive hypothesis for the sake of clarity. We assume that K is
a compact connected semisimple Lie group, which will be our situation. We
denote by G the universal complexification of K and by L the Lie subgroup of
G with Lie algebra [. Let L be the clausure of L in G. One of the main elements
of the proof is the following result (c.f. [Hel78], Ch. I, Thm. 13.5):

Theorem 3.1.5 (Cartan). Let M be a simply connected complete Riemann man-
ifold with negative curvature. Let K be a compact Lie group of transformations
of M such that its elements are isometries on M. Then the elements of K have

a common fixed point.

Proof. (Corollary 3.1.4). Let [ be the Lie algebra of L. Then one can prove that
the subalgebra [ is an ideal of [. Let X be the left coset manifold G /K. We denote
by 6 the canonical map from G to X and by ggr the real Lie algebra underlying
g. As K is semisimple the Killing form x on gr X gr is non degenerate and
defines on X a G-invariant Riemann structure of negative curvature (cf. [Hel78],
Ch.V, Thm. 3.1). Let Y be the image of L by §. Then Y is a closed connected
submanifold of X. Moreover the restriction to Y of the Riemannian structure
over X is a Riemannian structure of negative curvature. By Levi-Malcev theorem
we can decompose [ as the sum of a solvable ideal v and a semisimple Lie algebra
5. If [ is not solvable then s # 0 and it admits a real compact form T, i.e. there
exists a real compact Lie subgroup T of L with Lie algebra t such that s = C.
In particular T is a compact connected semisimple subgroup of L. Let us see
that if we find an element | € L such that [7'TI C K, or equivalently [ € L
such that the point 6(l) of the submanifold Y of X is fixed by the action of T
on X, then we have a contradiction. Indeed, since [ is an ideal of [ the subgroup
L is normal in L, thus [7'LI = L and [7!TI ¢ LNK, but as [N & = {0} this is
not possible. Since T is a subgroup of L, Y is invariant by the action of T. We
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denote by Y the universal covering of Y and by T the universal covering of T.
There exists a unique action of T over Y which defines on the quotient the action
of T over Y. There exists a unique Riemannian structure on Y which defines on
the quotient the Riemannian structure on Y. By the previous proposition we
know that the Riemannian structure on Y is invariant by T, complete and of
negative curvature. As T is connected, compact and semisimple, T is compact.
Therefore the action of T on Y has a fixed point, by Cartan’s theorem, and it
follows that the action of T over Y has a fixed point. O

Proposition 3.1.6. A left-invariant normal almost contact structure over K is
determined by a pair of complex subalgebras | C U of g = € of complex dimension

n and n + 1 respectively such that:

(a) tNe={0};
(b) dimgl Nt = 1;
(c) Uis an ideal of U, i.e. [,U] C L

Proof. Because of the proposition 3.1.1 the subalgebra [ defines a left-invariant
CR-structure on K. Note that ' N ¢ = (£)r corresponds to the left-invariant
vector field defining the CR-action. Clearly the vector field £ is transverse to
the CR-structure determined by [ and (c) implies that it induces a CR-action.
Conversely, given a normal almost contact structure, if [ defines the CR-structure
and ¢ the CR-action it is enough to set ' = [ (£)¢. Notice that g = [D (& (€)c,
therefore dimpl’' NE = 1. d

Remark 3.1.7. If the complex subalgebras [ C ' = [ @& ()¢ (with the same
notation as in the above proof) of g = £© determine a left-invariant normal
almost contact structure over K then we can define a natural left-invariant com-
plex structure on K x S* by imposing that the subalgebra [ & (¢ + i%) is the
distribution of vector fields of type (0,1) where % is a tangent vector field on
S1 corresponding to the S!'-action (note that the integrability of the complex
structure follows from the fact that the almost contact structure is normal, see

definition 2.1.1).

Definition 3.1.8. Let [ C I’ and m C m’ be left-invariant normal almost contact
structures over the compact Lie groups K and M respectively. We say that

f: K — M is an isomorphism of left-invariant normal almost contact structures
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if f is a Lie group isomorphism between K and M and the complexified linear

C

map f, : €€ — mC verifies f,l = m and f.I' = m'.

Theorem 3.1.9. Let K be a compact connected real semisimple Lie group with
Lie algebra € endowed with a left-invariant normal almost contact structure de-
fined by a pair of subalgebras | C ' of g = €C. Let G be the universal complex-
ification of K and L the connected complex Lie subgroup of G associated to .
Then L is closed and the map K — G/L induced by the inclusion K C G is a
totally real embedding such that the left-invariant CR-structure on K defined by
[ agrees with the induced by the embedding and the natural complex structure on

G/L. Moreover the subalgebras | and ' are solvable.

Since I' = [ & (€)¢ and [ is an ideal of I we have [',I] C [, thus [’ is solvable
if and only if [ is solvable. By the previous theorem by Charbonnel and Khalgui
we know that the subalgebra [ is solvable. Nevertheless we present here an alter-
native proof since its approach will allow us (see the next section) to construct
non-invariant normal almost contact structures. Note also that we prove that
the connected Lie subgroup L of G corresponding to the subalgebra [ is closed,
which could not be concluded from Charbonnel-Khalgui proof. In the following
argument we use strongly the existence of a normal almost contact structure,

not only of a CR-structure.

Proof. We can define on K x S* a left-invariant complex structure such that if [
is the distribution of vector fields of type (0,1) of K x S* then [N TCK = [ (see
remark 3.1.7). First of all we will prove that there is a closed subgroup L of the
universal complexification G of K and a totally real embedding K<G/L such
that the left-invariant CR-structure on K defined by [ agrees with the induced
by the embedding and the natural complex structure on G/L. Next we will
see that L is the connected complex Lie subgroup of G associated to the Lie
subalgebra [. We define G= Aute(K x S1) and L= I, the isotropy group of e,
ie. I.={f € G : f(e) = e}. It is a well-known fact that G is a complex Lie
group (cf. [Kob72], p. 77). Note that L is closed and we have an embedding
K — G /i where the elements of K act as left-translations on K and fix S*.
Note that as K x S! acts transitively by left-translations on K x S! the complex
manifold K x S' is naturally identified to G / L. Therefore the CR-structure on
K agrees with the one induced by the embedding K — (A}/i and the complex
structure on @/E Let g be the Lie algebra of @, next we will see that € is
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completely real in g. Consider the ideal of ¢ defined by m = €N ik, where i
denotes the complex product by v/—1 corresponding to the complex structure
on g. Since K is semisimple we have ¢ = i; @ ... @ i, where iy, ...,1is are simple
ideals of ¥ and we can write m as a sum of some of these ideals. In particular
[m, m] = m. On the other hand m is a complex subalgebra and there exists a Lie
subgroup M of K with a complex Lie group structure such that its Lie algebra
is m. Since m is an ideal of a semisimple compact Lie group K the subgroup M
is normal and therefore closed. It follows that M is compact (for K is compact)
and consequently abelian, which contradicts [m,m] = m. We have thus proved
that m = 0 o equivalently that € is totally real in g. Let now G be the connected
complex subgroup of G associated to the complex Lie algebra g := ¢@i¢, we will
next show that G is the universal complexification of K. Recall that K is totally
real in G and that the Lie algebra of G is a complexification of the Lie algebra
of K, therefore K is a real compact form of the complex semisimple Lie group G.
We denote by p : K < K€ the universal complexification of K. The semisimple
complex Lie group K€ also admits K as a real compact form. In particular K is
maximal compact subgroup both of K€ and of G, therefore K is a deformation
retract of both complex Lie groups. On the other hand G and K differ at most
in a finite quotient but, as they have the same deformation retract, one has
G = KC. We define now the closed subgroup L := LN G of G and check that
there is an embedding K < G/L and that dim¢ G/L = n+ 1. Notice that there
is a totally real embedding K — G / L and that by construction KCG, therefore
K < G/L and dim¢ G/L > n + 1. Moreover dim¢ G/L < dim¢ (A}/ﬂ =n+1,
so the equality follows. Therefore G/L = é/i In addition the CR-structure
on K corresponding to [ agrees with the one induced by the embedding of K as
a real hypersurface of G/L (because then the CR-structure was compatible by
construction with the embedding K «— G / L and the complex structure of G / E),
i.e. the Lie algebra of L coincides with [. Now Levi-Malcev theorem states that
[ can be decomposed as sum of a solvable ideal ¢ and a semisimple subalgebra
s. If [ is not solvable then the subalgebra s # 0 admits a real compact form T,
i.e. there exists a compact real Lie subgroup T of L with Lie algebra t such that
s = tC. As K is a maximal compact subgroup of G there exists an element g € G
such that T € gKg~! = K/, in particular, K" "L O T # {e}. Recall that K x S*
is naturally identified to G / L. It follows that the action of K over G / L~G /L

by left-translations is free and therefore the orbits have real dimension 2n + 1.
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We conclude that the action of K’ by left-translations over G/L is free and the
orbits of this action have real dimension 2n + 1, since if [z -L] € G/L and k € K
then [g7 - k-g-x-L] = [r-L] if and only if [k- (g-z)-L] = [(g- =) - L]. Setting
x = e it follows that K'NL= {e}. Thus we have reached a contradiction so [

must be solvable. O

Remark 3.1.10. Given a complex subalgebra [ with dimcl = n and [N ¢ = {0}
it does not always exist a subalgebra I’ D [ defining a normal almost contact
structure. The Lie groups SO(3) and SU(2) provide examples of this situation,

as we will see in the last section.

Proposition 3.1.11. Let K*"*! be a compact connected semisimple Lie group
with Lie algebra € and assume that the pair [ C I defines a left-invariant normal
almost contact structure on K>"*t1. Then there exists a Borel subalgebra b and
a Cartan subalgebra v = € C b such that t is a mazimal abelian subalgebra of €
and ' C b. Moreover, if u = [b,b] we have ' = ('Nt)du and [ = (INt) Du. In
particular u C [ C [,

Before we start the proof we establish some results that we will need.
Lemma 3.1.12. There is a unique mazximal torus in (C*)* given by (S*)*.
Note that since (C*)* is abelian the conjugation plays no role.

Lemma 3.1.13. Every connected complex subgroup M of (C*)F is isomorphic
to C! x (C*)® forl,s >0 and | + s < k. Moreover:

(a) If dimg(M N (SY)*) =0 then M is isomorphic to C' and 0 <1 < k/2.

(b) If dimg(M N (S1)*) = 1 then M is isomorphic to C' x C* or C*1 and
0<i<(k—-1)/2.

Proof. By a theorem by Morimoto (see theorem 1.7.8) a Lie subgroup M of
(C*)* is isomorphic to M? x C! x (C*)® where M is a (HC)-group. As (C*)¥ is
Stein all its subgroups admit non-constant holomorphic functions (since for every
x,y € M there exists a holomorphic function f on (C*)* such that f(x) # f(y)),
therefore M? = {e}. Moreover since (C*)¥ and M are abelian their maximal
tori are unique and it follows that the maximal torus (S')® of M is included in
the maximal torus (S')¥ of (C*)*. Therefore if dimg(M N (S')*) = 0 then M is
isomorphic to C!. Finally note that if an injective map Q : C! — (C*)* verifies
dimg (Im(22) N (SY)*) = 0 then [ < k/2. The argument of (b) is analogous to

the previous one. O



3.1 Left-invariant normal almost contact structures 51

Lemma 3.1.14. If M is a complex subgroup of (C*)***1 isomorphic to CF*1
and such that dimg (M N (S1)26+1) = 1 then MZY — (C*)2k+1

Proof. Every irreducible (or connected) algebraic subgroup of (C*)" is of the
form (C*)™ for m < n where the C* are some of the factors of (C*)" (c.f.
[Oni90]). Since M7 is an algebraic subgroup of (C*)2**1 it is isomorphic to
(C*)! with [ < 2k+1. It is enough to notice that M = C**+! can not be immersed
into (C*)! for [ < 2k + 1 since it would contradict the inequality

2k +2+1 = dimg C*™ 4 dimp (S*)! < dimg(C*)! + dimg (C* 1 N (1)) = 20+ 1.
O

Lemma 3.1.15. If M is a complex subgroup of (C*)?* isomorphic to C* and

such that dimg M N (S1)2¢ =0 then MO = (C*)2k,

The proof is analogous to the previous one.

Proposition 3.1.16. Let K*"*! be a compact connected semisimple Lie group
with Lie algebra € and assume that the pair | C U defines a left-invariant normal
almost contact structure on K>+, Let b be a Borel subalgebra of g such that
' Cb. Then t:=bnN¢tis a mazimal abelian subalgebra of k and for the Cartan
subalgebra v = t© C b we have ' + v = b and dimg(I' Nt) = 2r + 2.

Proof. Let us begin by proving that t := b N ¢ is a maximal abelian subalgebra
of €. As the identity component of BN K is a closed connected Lie subgroup of a
compact Lie group K, it is compact and it follows that bn¢ = [bNE, bNE|BC(bNE),
where [b N €6 N ¢ is semisimple and C(b N €) is abelian (see section 1.7.5).
On the other hand, b N ¢ is solvable, therefore it cannot admit a semisimple
subalgebra and we conclude that the subalgebra bN¢ is abelian. Recall now that
dimg ¢ = 2n + 1 and dimg b = 2n + 2r + 2 (the last equality is a consequence of

Cartan decomposition, see section 1.7.3). Thus,
dn+2r+3 = dimg b+ dimg € = dimg (b+€) +dimg (bN€) < 4n+2+dimg(bNE).

Therefore dimg (bN¢) > 2r+1 and bN€ must be a maximal abelian subalgebra t
of &. Then v = € is a Cartan subalgebra of g contained in b and dimg t = 47+ 2.
Note that ({)r = I'N€ C bNE = t, therefore ' Nt = ({)r. Under the above
hypothesis I' +t C b. Recall that

dimpt=4r +2; dimpl =2n+2; dimgb=2n+2r+ 2.
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Therefore
2n + 2r + 2 = dimg b > dimg(I' +t) = 2n + 4 + 47 — dimg(' N )

s0 2r +2 < dimg(I'Nt). On the other hand I'Nt is a real subspace of dimension
at least 2r + 2 of t @ it intersecting t with dimension 1 (for ' Nt = (&)g), by
Grassman formula one concludes then that dimg(I' N t) = 2r + 2. Finally from
the previous inequality we see that dimg(I' + t) = 2n + 2r + 2. Consequently
+v=0. O

Before we begin the proof of the proposition 3.1.11 we recall a couple of

results of linear algebra that we use throughout it.

Lemma 3.1.17. Let f,g be diagonalizable endomorphisms of a finite dimen-
sional vector space E such that f og = go f. There exists a basis in which f

and g diagonalize simultaneously.

Lemma 3.1.18. Let f be a diagonalizable endomorphism on a finite dimensionl
vector space ' and F a f-invariant subspace of £, i.e. f(F') C F. Then fip is
diagonalizable and if E = Ey, @ ... ® E\, is a decomposition of E in eigenspaces
of eigenvalue \; with \; # X\j for i # j then F = (Ex, N F)® ... ® (Ex, N F) is

a decomposition of F' in eigenspaces.

Proof. 1t is enough to prove that F' C (Ey\, N F) & ... ® (E\,NF). Anyv € F
admits a decomposition v = vy + ... + vs where v; € F; for every i = 1,...,s.

Consider now

f(v) = Mvi+..+ v, €F
f2v) = MNu+..+XveF
) = Nlod T e F

It is enough to notice that

1 1
Mo e A
=[x =) #0
ple
SRR b

to conclude that v; € F for every i, so v; € E; N F for every 1. ]
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Proof. (Proposition 3.1.11) Since [’ is solvable there exists a Borel subalgebra b
such that [ C b. In proposition 3.1.16 we have seen that t = b N € is a maximal
abelian subalgebra of €. Then v = (* is a Cartan subalgebra such that t C b.
We must then show that [ = (' Nt) @ u and [ = ([Nt) @ u. Recall that using

the root decomposition of g by respect to t (see section 1.7.3) we obtain

g:t@aeq) Jos b :t@ae&; Yo u= @OLE&)‘gO”

where ® is the set of roots of g relative to t,  is a subset of ® and go are proper
spaces. We consider now the action on I’ of its abelian subalgebra I'Nt. As a con-
sequence of lemma 3.1.18 the endomorphisms of ' defined by the elements of I'Nt
diagonalize. Then lemma 3.1.17 assures us that they diagonalize simultaneously.

Thus we obtain a decomposition of I as a direct sum of eigenspaces:
(=1 ®ac(r): o

where I[, = {X € ' : [R,X] = «(R) - X, VR € 'nrt}. Note that [[, C u for
a # 0. Indeed if there exists R € vt N [" such that a(R) # 0 for X € [/, we have

X = a(lR)[R,X] e [l,0]C [6,6] = .
Moreover it is clear that I'Nt C [;. Now we want to prove that I = (I'Nt)Gu with
[ = 'Ntand ©ae(r)-l, = u. This will end the proof because then [ = (INt) Gu.
Indeed since [,I'] C [ we conclude that [[, C [ for a # 0, therefore u C [, in
particular [ = (INt) ® u.

We will start by seeing that [[; C ¢, which yields I' Nt = [[; and we will then
conclude by an argument of dimensions. We must check that given X € ' such
that [R, X] = 0 for every R € tN[' then [R, X] = 0 for every R € v. Let L' and H
be the connected Lie subgroups of G corresponding to the Lie subalgebras [ and
t respectively. Recall that H = (C*)?"*1. Define S’ as the connected component
of the id of L' N H. Applying lemma 3.1.13 we conclude that there are two
possibilities. In the first case S’ = C" x C* and if we denote by M the subgroup
of S’ isomorphic to C" then dimg M N (S1)?+! = 0. Then by lemma 3.1.15 we
obtain ¥ = H. In the second one, S’ = C"+! and dimg (C TN (S1)?r+l) = 1.
Then by lemma 3.1.14 we also obtain g7 _ . By hypothesis adg - X = 0 for
every R € L' N"H and X € L’ and we want to verify that adg X = 0 for every

R € H and X € L. Since the hypothesis adg X = 0 is algebraic and g7 —H
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it follows that 'y C v. We conclude that [ = (I' N t) @uep+ [, and ', C u. Set
W = @ae(r)+l, C u and notice that by proposition 3.1.16

dimcwW =n+1—-7r—1=n—r =dimcu.
O

The above result is not true when one considers a complex subalgebra [ defin-
ing a left-invariant CR-structure of maximal dimension. The Lie groups SO(2)
and SU(3) provide a counterexample. Indeed, as we will see in the last section,
they admit CR-structures that can not be completed to a normal almost contact

structure, then the statement is a consequence of the following proposition:

Proposition 3.1.19. With the above notation, if | is a left-invariant CR-struc-
ture of maximal dimension on a semisimple compact connected Lie group K?n+1
then there exists a Borel subalgebra b of g = €C such that u = [b,b] C [ C b if
and only if there exists a subalgebra ' of g such that the pair | C ' defines a
left-invariant normal almost contact structure on K21, Moreover, in this case,

we can choose I C b.

Proof. By the previous theorem it is enough to prove the direct implication.
Recall that dimct=2r+1, dimcu=n—r,dimcb=n+r+1, dimc [ = n and
dim¢c ' =n+ 1. Moreover b =t @ u and [ = [Nt & u. Therefore dimc(INt) <
dimg t. Therefore it exists at least a vector £ € v\ (INt) and if we define I' = [&(¢)
then dimg(I' N€) = 1. We claim that the pair [ C [’ defines a normal almost
contact structure. Clearly [ is an ideal of I’ since for every X € [ we have X =
Xo+ X7 where Xp € [Nt and X7 € u, thus [, X] = [, Xo] + [, Xq] €euc . O

Let K be a semisimple compact connected real Lie group of odd dimension
2n+1 and rank 2r+1 and let p : K — G = K€ be its universal complexification.
Choose a maximal torus T of K and a Borel subgroup B of G such that H :=
p(T)® C B. The subgroup H is isomorphic to (C*)2*! and denoting by U the
subgroup of unipotent elements of B we have B=H - U.

A Lie groups morphism A : C"*! — H = (C*)?"*! is given by the composition

of the exponential map with a linear map
AO . C'r—i—l N C2’r+1

2= (21,...,241) = M-z
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where M = (m]) is a (2r+1) x (r+1) complex matrix. Note that rank M = r+1.
We denote by A the (2r+1) x (2r+2) real matrix that has the real components

of the vectors A’(e;) as columns, where e, ..., ea,42 is the canonical basis of
R?r+2 = C+1 Namely,

Remi ~TImm} ... Rem|™ —Imm]™
A\ = :
1 1 r+1 r+1
Remy,; —Immsy..y ... Remy [y —Immy

Let By be the (2r 4+ 1) x 2r real matrix obtained by taking the 2r last columns
of Aj.

Lemma 3.1.20. Let A : C"*' — H be a Lie group morphism. With the above

notation the following conditions are equivalent:
(a) The Lie subgroups A({0} x C") and A(C™*1) of H verify

A0} xC)YNT = {0}, dimgA(C™HNT=1.

(b) rank Ay = 2r + landrank By = 2r. (1)
Moreover then A({0} x C") is a closed subgroup of H.

Remark 3.1.21. Under the hypothesis of the previous lemma the morphism A is
injective when restricted to {0} x C" and dim ker A = 0.

Ezample 3.1.22. The following example shows that in order to assure that (a)
is fulfilled it is not enough to impose that the complex matrix M has maximal

rank. Consider the injective map AY : C? — C3 given by
(21, 22) — (Zl + (1 + i)ZQ, —z1 + (1 - i)ZQ, 0)

which induces an injective morphism A : C2 — (C*)3 by the expression

(Zl, 2,’2) — (ezﬁ"(1+i)2’2’eleJr(lfi)zQ7 1)

Then with the previous notation

1 143 1 01 -1 1 -1
M=] -1 1-1% |; Ap=1] -1 0 1 1 ; Ba
0 0 0O 0 0 O 0 0

I
—
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Note that T'= (S1)3 C (C*)3. Let us compute A({0} x C) N (S')3 and A(C?) N
(S1)3. In the first case z; = 0 and A((0, 22)) € (S1)? if and only if

Re((1 +1)z2) = Re((1 —1)z2) =0,

that is, if and only if 2o = 0. Therefore A({0} x C) N (S')? = {0} and note that
this is equivalent to rank By = 2. On the other hand dimg A((z1, 22))N(S1)3 =1

if and only if the linear system

Re(z1 + (1 +1)z2) =0
Re(—z1+ (1 —1)2z2) =0

has rank 3, that is, if rank Ay = 3, which is not the case in this example. Note
that this shows that it is necessary to impose conditions on both Aj and Bj,

not only on M.

Proof. Notice that T = (S1)? ™! C (C*)>*! = H in the usual way. Then
Azt .y 2rq1) = (eZ;+i ™ el m]?”lzj)

and A(0, 29, ..., 2,41) intersects (S1)? 1 C (C*)?"*1 if and only if

r+1 r+1
Re <Zm{zj> =..=Re <ij2r+lzj> =0. (%)
j=2 j=2

Setting z; = x; + iy; the condition (x) can be rewritten as

r+1

Z(Remixj—lmmiyj) =0 Vk=1,..,2r +1.

j=2

Note that the coefficients of this homogeneous system are the entries of the
matrix By. Therefore the system (x) admits a unique solution zo = ... = 2,41 =0
if and only if rank By = 2r. Finally, an analogous computation shows that the
condition dimg A(C™1) N'T = 1 is always verified since rank Ay = 2r + 1. We
end by verifying that A({0} x C") is closed in H = (C*)**!. It is enough to
check that it is closed at a neighborhood of A(0) = e = 1. Note that A({0} xC"),
at a neighborhood of e = 1, is isomorphic to an open set of C". By the previous
calculation A(z) is close to e if and only if

r4+1

Z (Remi@—lmmizg)’ <€ Vk=1,...,2r + 1.
j=2
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We conclude that A(z) is close to e if and only if z is close to 0 in C"*!, thus
A({0} x C") is closed in H. O

Theorem 3.1.23. Let K be a semisimple compact connected Lie group of odd
dimension 2n+1 and rank 2r+1 and let G be its universal complexification. As-
sume that H is a Cartan subgroup of G and A : C™*' — H a Lie group morphism
verifying the transversality condition (1). If B is a Borel subgroup of G such that
H C B and U is its subgroup of unipotent elements then the Lie subalgebras
(A C Iy of g associated to the complex Lie subgroups L'y = A(C™*1) .U and
Ly = A({0} x C") - U of G define a left-invariant normal almost-contact struc-
ture Kp on K. Moreover, the Lie subgroup Ly is closed and the CR-structure on
K determined by Ly agrees with the one induced by the embedding K — G /Ly
of K as a real hypersurface of the complex manifold G/Ly. Conversely, every
left-invariant normal almost contact structure is induced by such a morphism A

from C™*1 into a Cartan subgroup H of G.

In particular this theorem implies that every semisimple compact connected
Lie group admits a left-invariant normal almost contact structure. Considering
only Ly = A({0} x C")- U we obtain a left-invariant CR-structure of maximal di-
mension by the same construction, however it is not true that every left-invariant
CR-structure of maximal dimension is always of this type, the Lie group SU(2)

provides a counterexample as we will see in the last section.

Lemma 3.1.24. Under the hypothesis of the previous theorem, the connected
complex Lie subgroup Ly = A({0} x C") - U is closed in G.

Proof. Recall that the Borel subgroups and the unipotent subgroups of a com-
plex algebraic group are closed. On the other hand by the Iwasawa decompo-
sition we have a diffeomorphism ¢ : H x U — B given by (h,u) — h-u. By
the lemma 3.1.20 we know that A({0} x C") is closed in H. Let us see that this
implies that Ly = A({0} x C")-U is closed in B and thus in G. Choose {hy, }nen,
{un }nen such that h,, € A({0} x C") and u,, € U and assume that h,,-u, — h-u
when n — oo where h € H and v € U. Then h,, — h € H and u,, — u € U when
n — N (because ¢ is a diffeomorphism). As A({0} x C") is closed in H we have
h e A({0} x C") and h - u € Lj. O

Lemma 3.1.25. The only pairs L. C L' of complex Lie subgroups of B=H-U of
dimensions n and n + 1 respectively such that they contain U, TNL = {e} and
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TNL = (£)r are those of the form Ly = A({e} x C")- U C L'y = A/(C"t1) .U
where A : C"t1 — (C*)?™*+1 s a Lie group morphism verifying (I).

Proof. 1t is enough to apply lemma 3.1.13. 0

Recall that if we fix a maximal torus T on K and a Borel subgroup B of G with
Lie algebras t and b respectively and such that T C B the corresponding [wasawa
decomposition states that G =2 K- A -U where A and U are the simply connected
Lie subgroups associated to the Lie algebras it and u = [b, b] respectively. Recall
also that B = H-U where H is the Cartan subgroup of G associated to t = t* and
that KNB =T = (S1)? 1. Then Ly := A(C" x {0}) - U is a closed connected
complex Lie subgroup of G of complex dimension n. From the construction of
La and the Iwasawa decomposition of G it follows that the natural inclusion
K — G/L, is an embedding of K as a real hypersurface of the complex manifold
G/Lj. Note that G/U = K- A where A = R**! and we consider K = K - {e} C
G/U. This inclusion induces a CR-structure on K which is left invariant (since
K acts holomorphically on the complex Lie group G by left translations). Notice
that if [, is the Lie subalgebra of g = £© corresponding to L then [ defines the
CR-structure on K induced by the embedding of K in G/Lj.

Proof. (Theorem 3.1.23) Let [, C [) be the Lie subalgebras of g associated
to the Lie subgroups Lj and L/p respectively. Note that dimc [y = n and
dimg Iy, = n+1. Clearly [A\NE = {e}, dimg [\N€ = 1 and [, [}] C [b,b] =u C [y,
therefore they define a left-invariant normal almost contact structure on K?"+1,

For the converse we apply proposition 3.1.11 and the previous lemma. O

Let K be a semisimple compact connected Lie group of odd dimension 2n+ 1
and rank 2r + 1 and let p : K — G = K® be the universal complexification of
K. We choose two maximal tori T, T” of K and two Borel subgroups B, B’ of G
such that H:=p(T)® cB and H' := p(T")® cB’ respectively. We denote by U, U’
the unipotent elements subgroups of B and B’ respectively. Let A : C"t! — H

be a morphism of Lie groups verifying (I).

Proposition 3.1.26. With the above notation, there exists k € K such that if
we denote by cp : K — K the map defined by cp(x) =k -z -k~ then:

(a) cx(B) =B, c(T) =T, e, (H) = H and ¢, (U) =U'.
(b) The Lie group morphism A’ : C™+' — H’ defined by A’ = ¢ o A verifies (I).
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(c) If we denote by Kp and Kps the left-invariant normal almost contact struc-
tures on K obtained as in theorem 3.1.283 then ci : Ko — Kas is a left-

wariant normal almost contact structure isomorphism.

In other words, up to conjugacy, the only way to obtain different normal
almost contact structures is by making a different choice of the morphism A :
Ccr+! — H.

Proof. (a) Since G is a connected algebraic group we know that there exists
g€ Gsuchthat g-B-g' =B andg-T g~ ! =T (c.f. [Bor91], p. 156).
Moreover, as G is semisimple, from the Iwasawa decomposition and the fact
that N(B) = B (cf. [Hum?75], p.143) we derive that if g =k-a-u € K-A-U
then B’ = k- B - k™! = ¢,(B). Therefore c,(T) is a maximal torus of K
contained in B, but since K N B’ = T" we conclude that ¢;x(T) = T'. Then
c(H) = H and ¢, (U) =U".

(b) It is clear.

(c) It is enough to notice that cx(G) = G, cx(La) = Las and ¢, (L'A) = L/ps.

O

Now we will illustrate the preceding results with some examples of classical
Lie groups. We will skip some standard computations (see [MT86] or [Oni90]
for details).

eSU(2) = {4 € GL(2,C) : A- A =1d, det(A) = 1} is a 3-dimensional compact

connected semisimple Lie group. Its Lie algebra is
su(2) = {A € GL(2,C): A+ A" =0, tr(A) =0} = { (iygffy) ryeRue C}
and choosing the basis

U1:(691)§ UQZ(—O15)% “3:(?6)

we see that [u1,us] = 2us; [ug, ug) = 2uq; [us, u1] = 2us. Indeed,

SU(2) = { ( i —7w ) s z,w €C, |22 + |w]? = 1} >~ 63,
z

w

The universal complexification of SU(2) is the group

SU(2)® = SL(2,C) = {A € GL(2,C) : det A = 1}
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whose Lie algebra is s((2,C) = {A € Msx2(C) : trA = 0}. To define a left-
invariant normal almost contact structure on SU(2) we will exhibit complex
subalgebras [ C I of s1(2, C) of complex dimensions 1 and 2 respectively verifying
the hypothesis of the section 3.1. Since rank SU(2) = 1 we can choose t = (u1)c,
which is unique up to conjugation. There exist two Borel subalgebras containing

T
b= <U1,UQ + iU3>(C, u= <’LL2 + iu;g)(c; b, = <U1, ug — iU3>(C, u' = <u2 — iU3>(C.
Therefore, by the results of the section 3.1 we can conclude the following:

Proposition 3.1.27. With the above notation:

(a) There are only one left-invariant normal almost contact structure on SU(2)

up to conjugation: u C b.
(b) There are left-invariant CR-structures on SU(2) which cannot be completed

to a normal almost contact structure.

Recall that every 1-dimensional complex subalgebra [ of s[(2,C) such that
[Nsu(2) = {0} in s[(2,C) defines a left-invariant CR-structure on SU(2). For
instance, we can choose [ = (u; + a(ug + iuz))c for @ € R, which can not be

completed to a normal almost contact structure.

¢S0(3) = {4 € GL(3,R) : A- A® =1d, det A = 1} is a 3-dimensional compact

connected semisimple Lie group with Lie algebra
50(3,R) = {A € M3y3(R): A+ A' =0, tr(A) = 0}.
It admits a basis
0-10 00 —1 00 0
61:(1 0 0), 62:(00 0), (3;),:(00—1>7
000 100 01 0
such that [e1,ea] = es; [e2,e3] = €1 and [e3,e1] = ea. It is well known that

there exists a covering map ¢ : SU(2) — SO(3). Moreover SO(3) = RP3 and
m1(SO(3)) = Z/2Z. The universal complexification SO(3) is the group

SO(3,C) = {A € GL(3,C): A- A" =1d, det A = 1}

with Lie algebra s0(3,C) = {A € M343(C) : A+ A' =0, tr(A) = 0}. Note also
that SO(3) = SO(3,C) N SU(3).
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As rank SO(3) = 1 we can choose t = (e1)c as maximal abelian subalgebra
and it is unique up to conjugation. There are two Borel subalgebras containing
v as a subalgebra: b = (e;,ea —iez)c D u = [b,b] = (ex — ieg)c and b =
(e1,e2 +ies)c D u' = [b',b'] = (e2 + ies)c. As in the previous case, we conclude
that:

Proposition 3.1.28. With the above notation, there is only one left-invariant

normal almost contact structure on SO(3) up to conjugation: u C b .

~

Since s0(3,R) = su(2) it is clear that the study of left-invariant normal

almost contact structures on SO(3) is the same as in SU(2).

eSU(n) = {A € Myxn(C) : A- A" = 1d; detA = 1} is a compact connected
semisimple real Lie group with Lie algebra

su(n) = {A € Myxn(C): A+ A" =0; trA =0}
i01 —Zz1
z1 i62
= o 01 —Z0 201,01 €ER; 2, €C, j=1,...,n° —n
Z2_, —i3 0!y
A small computation shows that dimg SU(n) = n? — 1 and that SU(n) is
simply connected (this follows from the isomorphism SU(n)/SU(n—1)= §27~1).
Moreover rank SU(n)=n — 1. From now on we assume n is even, so that
dimg SU(n) = n% — 1 is odd.
We can choose a basis of su(n) formed by the vectors {71, ..., 71, u;; } where
u;; are matrices with a 1 in the position (¢, j) for i # j and a zero otherwise and
r; are diagonal matrices with 1 in the (j, j) position for j < n, —1 in the (n,n)
position and zero otherwise. We can easily compute the Lie brackets, we obtain

[15,7;] = 0 and

T — T j=s,1=1
U j=s,1#1
by wt] = —Usgj i=1,j#s
0 otherwise;
U i=k,j#k2n o j=2n,i#k,2n
—Ujj 1=2n,j#k,2n o j=k,i#k,2n
[Tk, uij] = 2w 1=k, j=2n

—2u7;j = 271, j =k

0 otherwise;
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The universal complexification of SU(n) is SL(n,C), whose Lie algebra is
sl(n,C) = {A € M,xn(C) : tr(A) = 0}. Up to conjugation we can assume that
the maximal abelian subalgebra is t = (rq,...,7,—1)c. As a Borel subalgebra b
we choose superior diagonal matrices or diagonal inferior matrices. The corre-
sponding subalgebra u of unipotent elements is the one generated by {u;;} for

1 < j or j > i respectively.

Proposition 3.1.29. With the above notation, fized the previous Cartan subal-
gebra v and Borel subalgebra b, the left invariant normal almost contact struc-

tures on SU(n) described in theorem 3.1.23 are the pairs of complex subalgebras
[ C ' Csl(n,C) of the form

n—1 ]
[=uéd <Z airj>
j=1

n/2—1 n—1
; [/:[®<ijrj>.
k=1 j=1

where ai,bj € C and rank(Re ai,lm ai) = n — 2. Moreover these are the only

left-invariant normal almost contact structures up to conjugation.

We end this section by proving a last corollary of theorem 3.1.23:

Corollary 3.1.30. Let K be a compact connected Lie group of odd dimension.
Then K admits at least one left-invariant normal almost contact structure (and

in particular a left-invariant CR-structure of maximal dimension,).

Remarks 3.1.31. (a) By Samelson-Wang theorem we know that every semisim-
ple compact connected Lie group of even dimension admits a left-invariant

complex structure.

(b) Let K be a semisimple compact connected real Lie group of even dimension
endowed with a left-invariant complex structure. Then the odd-dimensional
compact connected Lie group KxS! admits a natural left-invariant normal
almost contact structure. Indeed, if [ is a complex subalgebra of g = €€
defining the distribution of vector fields of type (0,1) and % is a tangent
vector field of S' inducing the S'-action then the subalgebras [ C I =
[ <%>C of [ @ C define a normal almost contact structure on K x S*.

(c) Let M and N be compact connected Lie groups. If M and N carry respec-
tively a left-invariant normal almost contact structure and left-invariant

complex structure then the product MxN carries a natural left-invariant
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normal almost contact structure (by an argument analogous to the previous

one).

Proof. If K is semisimple we apply theorem 3.1.23. Otherwise we know that
up to a finite covering K is isomorphic to K’ x (S')* where K’ is a semisimple
compact Lie group (see section 1.7.5). If s is even we apply theorem 3.1.23 to
obtain a left-invariant normal almost contact structure on K’ and complexify
(S1)® in a natural way. If s is odd we fix a left-invariant complex structure
on K’, then K’ x S! admits a left-invariant normal almost contact structure,
and we complexify (S1)*~! in a natural way. To conclude recall that the finite
quotient on K’ x (S1)* which yields K is given by left-translations of elements
of Z(K') x {e}. Since the normal almost contact structure that we have defined
on K’ x (S1)* is left-invariant it induces a well defined normal almost contact

structure on the quotient K. ]

Remark 3.1.32. Since we are considering left-invariant structures all the previous
operations could be described in terms of the Lie algebra, however this argument

has the advantage that generalizes easily to the non-invariant case.

3.2 Non-invariant normal almost contact structures

Let K be a semisimple compact connected real Lie group of odd dimension 2n+1
and rank 27 4+ 1 with Lie algebra ¢ and let p : K — G = K be the universal

complexification of K.

Definition 3.2.1. A normal almost contact structure on a compact connected
Lie group K of odd dimension 2n + 1 is determined by a complex subbundle V
of TCK of rank n and a real vector field ¢ on K such that V' := V @ (¢)¢ is a
complex subbundle of TCK of rank n + 1 fulfilling:

(a) VNT,K={e};
(b) V,V]CV;
(c) [&VICV;
for every p € K.

Remark 3.2.2. By convention V corresponds to the distribution of vector fields
of TZ;CK of type (0,1). In the left-invariant case it was enough to fix V. and &
so that we obtained Lie subalgebras of £C.
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We fix a maximal torus T C K and a Borel subgroup B of G such that H :=
p(T)® C B, with Lie algebras t and b respectively. The corresponding Iwasawa
decomposition induces a diffeomorphism G =2 K- A - U where A and U are the
simply connected Lie subgroups associated to the Lie algebras it and u := [b, b]
respectively. Since G/U = K- A there is a projection 7 : G/U — A = R *1 We
will denote by K - a its fibers and by K := K - e. Then the inclusion K — G/U

is an embedding.

Lemma 3.2.3. The action of (C*)**2 = H x H=B/U x B/U on the homoge-
neous space G/U given by

HxHxG/U—- G/U

(h1, ha, [g]) = [h1 - g - ol
is well defined.
Proof. The right action of H on G/U is well defined for N(U) = B (cf. [Hum75],
p.144). The left action is the restriction of the action of G on G/U. Finally since

both actions commute the action of HxH is well-defined. O

Given a locally free holomorphic C"!-action ¢ : C"*! x G/U — G/U and
x € G we define

Fp:= ({0} x C",[a]);  Fp:=o(C™", [a]),

that is, the leaves through [z] € G/U of the foliations defined by the actions
of C" = {0} x C" and C"*! respectively. We denote by 2o, 21, ..., 2 the linear

coordinates of C™t1.

Lemma 3.2.4. A locally free holomorphic C™-action ¢ : C"*1 x G/U — G/U
fulfilling:

(i) dimg(F,NK-a) =0, fora =€ and eachp e K-e =K,

(ii) dimg(F,NK-a) =1, fora=-e and ecachp € K-e =K,

(iii) there exists A € C such that & = dgo(Re (A%)) is tangent to K - a, for

a=c¢e and eachp e K-e=K,

induces a normal almost contact structure on K. We refer to the previous con-

ditions as the transversality hypothesis (II).
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Proof. Let ©: G — G/U be the natural projection. We define
Vp =7 (TF)k C T,G.

One can easily see that V), is well defined and depends analytically on p. By
definition 7,U C V). Clearly all the conditions in the above proposition hold
since the action is locally free by hypothesis and the fundamental vector fields

of the action commute. O

Remark 3.2.5. Unlike the case of complex structures (see lemma 3.0.8) a C"+1-
action on a complex manifold X containing K as a real submanifold and such
that the intersection of the leaves of the associated foliation F with K has real
dimension 1 does not determine a normal almost contact structure for there is
no natural choice of a distribution transverse to the vector field. Therefore the
previous lemma should be considered as analogous of lemma 3.0.8 for normal

almost contact structures.

e Let us consider non-invariant normal almost contact structures on SU(2). We
use the same notation as in the example of the non-invariant case. The Iwasawa

decomposition associated to v = (u1)c and u = (ug — iug)c is
SL(2,C) =SU(2)-A-U

WhereA:{(g‘/\Ql):)\ER+},H:{(O‘ 9):aeC},U={(}¢): acCh

0a !
Therefore

SU(2) < SL(2,C)/U = C?\{0}
where the identification of SL(2,C)/U with C?\{0} is induced by the transitive
action of SL(2,C) over C?\{0} defined by
SL(2,C) x C*\{0} — C*\{0}

(28),(z,w) — (az + bw, cz + dw)

(note that the isotropy group of (1,0) is U). With this identification SU(2)= 3
is embedded in the usual way in C?\{0}. The action of Hx H 22 (C*)? on C?\{0}
defined by the product on the right and on the left corresponds to

(H x H) x C2\{0} — C*\{0}

(o, B), (z,w) — (aﬂz,a_lﬁw).
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A morphism A : C — (C*)? is of the form A(t) = (e®, %) for a,b € C. Therefore
the locally free C-action on C2\{0} induced by the action of H x H is

C x CH\{0} — C*\{0}

(ts (2,w)) = (012, 0= Dap)
where a,b € C are parameters. We will now study for which choices of a and
b the previous action verifies the transversality hypothesis (IT). Notice that the
action @y is the induced by the linear vector field

0 0
n=(a+b)eg+(b—aus

which intersects S% in a 1-dimensional orbit if and only if there does not exist
p € R™ such that a +b = pu(b—a) or b—a = u(a+b). Therefore the condition
dimg A (C,p) N K =1 for all p € SU(2) is verified if and only if there does not
exist p € R™ such that a4+ b = u(b—a) or b —a = p(a+b). On the other hand
o(t, (z,w)) € S? if and only if

62Re((a—&—b)t)|Z|2 + 621:{(9((b—a)t)|w|2 -1 (*)

If the condition (iii) of the transversality hypothesis is verified then

Re((a+b)t) =0
Re((b—a)t) =0

because the ¢ € C that verify (x) must be independent of the point (z,w) € S3.
We decompose t = t1+1ity, a = a1 +ias, b = by +1by where t1,t2,a1,a2,b1,b5 € R

and the previous system can be rewritten as

(a1 +b1)t1 — (ag + b2)ta = 0
(bl — al)tl — (bg — ag)tg =0

and we must impose that the vector subspace of solutions has real dimension 1,
that is,

(a1 + bl)(az — bQ) + (CLQ + bz)(bl — al) = Im((a + b)(b — a)) =0,

or equivalently, that there exists u € R such that a +b = u(b—a) or b —a =
p(a + b). Note that if € R™ then dimg(F) N S?) = 2 at some point p € S°.

To sum up, we have obtained that a morphism A : C — (C*)? verifies the
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transversality hypothesis (II) for SU(2) if and only if there exists p € R™ such
that a +b = p(b—a) or b—a = p(a+b). By the previous lemma we conclude
that each such morphism A induces a normal almost contact structure on SU(2).
Note that the CR-structure is always left-invariant (and corresponds to the Lie
subalgebra u). On the other hand the vector field

¢ =Re <)\- <(a+b)z§z+(b—a)wi>> = Re <i<zaaz+“w8?u>>

where i € RT is left-invariant if and only if 4 = 1. Indeed, one can verify the

last statement explicitly taking into account that the action of
§3 2 SU(2) = {(a ?) L a,BEC, |a]? + |8 = 1}
on the left on C?\{0} = SL(2,C)/U by the previous identification is given by
(o, B), (z,w) — (az — Pw, Bz + aw).

Proposition 3.2.6. There is a family of non-invariant normal almost contact

structures on SU(2).

e Let us consider non-invariant structures on SO(3,R), like before we use the
same notation as in the left-invariant case. Note that the difference with SU(2)
consists only in a finite quotient. As every normal almost contact structure on
SO(3,R) admits a lift to a normal almost contact structure on SU(2) it is enough
to study which of the structures on SU(2) are invariant by the map v : C?\{0} —
C?\{0} defined by v(z,w) = (—z, —w) (with the same notation as before). Since
all the CR-structures are left-invariant and v*n = n there is no restriction in the
choice of the morphism A. Therefore every normal almost contact structure on
SU(2) induces a normal almost contact structure on SO(3,R). This conclusion
is not surprising since we know that finite coverings of Lie groups are obtained

by quotients of discrete subgroups of the center.

Proposition 3.2.7. There is a bijection between normal almost contact struc-
tures on SU(2) and on SO(3,R). In particular there is a family of non-invariant

normal almost contact structures on SO(3,R).

Theorem 3.2.8. Let K be a semisimple compact connected Lie group of odd

dimension 2n + 1 and rank 2r + 1 and let G be its universal complezification.
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Assume that H C B are a Cartan subgroup and a Borel subgroup of G respec-
tively. Then every morphism of Lie groups A : C"t1 — H x H inducing a locally
free holomorphic action oy : C'T! x G/U — G/U verifying (I1) determines
a normal almost contact structure in a natural way by lemma 3.2.4. Moreover,
such a normal almost contact structure is left-invariant if and only if A = (e, A2)
where Ay : C™1 — H is a morphism verifying the transversality hypothesis (I).
In particular, there exist small deformations of the previous ones obtained by
deforming A which induce suitable C"T'-actions defining normal almost contact

structures on K generically non-invariant.

Remark 3.2.9. Note that when rank K > 1, that is, » > 0, it is clear that there
exist suitable deformations of the actions inducing left-invariant normal almost
contact structures. Indeed, it is enough to fix the action on the first variable (so
that the condition (iii) of the transversality hypothesis (II) holds) and deform
slightly the action on the others variables. Then one obtains a left-invariant
vector field and a generically non-invariant CR-structure. On the other hand
the only compact connected Lie groups of rank 1 are S, SO(3) and SU(2) (see
[BtD85], p.185). In the first case a normal almost contact structure is simply
a non-vanishing vector field. For the other two cases we have already proved
directly that there are non-invariant normal almost contact structures. Notice
that for these groups the CR-structure turned out to be always left-invariant

whereas the vector field were not.

e Let us apply the previous theorem to construct non-invariant normal almost
contact structures on SU(n). We recover the notation of the left-invariant case.

Fix the following Iwasawa decomposition associated to vt = (ry,...,m,—1)c:
SL(n,C) =SU(n)-A-U

where U is the subgroup of diagonal inferior matrices with 1’s on the diagonal,
A is the subgroup of diagonal matrices with entries A1, ..., A\, € RT such that
Al A2 ... Ay = 1 and H is the subgroup of diagonal matrices with entries

ai, ..., apn € C such that aq - ... - a,, = 1. Denote n = 2r + 2 and
A:CTH — HxH=(C*)?
(t1y.stry1) — (ezgiic{tj, ...,62;2 Czl—ltj,ez:;ii d{tf, ...,eZ;E dgl—ltj)

for c,i, d{; € C. If condition (IT) holds we obtain a normal almost contact structure
on SU(n). If rank(Re di, —Im di)z;% =n — 1, rank(Re d{;, —Im d{c)z;% =n-2,
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c,1€ =0for k=1,...,n—1 and ci are small enough for kK = 2,...,.n — 1 and
j =1,..,7+ 1 we are under the hypothesis of theorem 3.2.8 and we obtain
normal almost contact structures on SU(n) that are not left-invariant unless
c,i = 0 for every j,k (notice though that the vector field of the normal almost

contact structure is left-invariant).

Proposition 3.2.10. There is a family of non-invariant normal almost contact

structures on SU(n).

The proof of the above theorem is straightforward once we prove the fol-
lowing two propositions. The first one assures us that a small deformation of
a morphism A under the above hypothesis induce a locally free action on G/U
and the second one characterizes when a normal almost contact structure so ob-
tained is left-invariant. We will hereinafter consider that a Lie group morphism
A : C"*! — H x H induces a holomorphic action ¢, : C"*! x G/U — G/U by
means of the action of HxH on G/U. We denote such a morphism
A:C* — HxHby A = (A,Az) where A; : C"*! — H are Lie group

morphisms.

Lemma 3.2.11. Let pp : C"1 x G/U — G/U be a holomorphic action induced
by a Lie group morphism A : C"t1 — H x H. Then for every x € K, ¢ € C"*!

and a € A we have

pale [z -al) = eale,[2]) - a
Proof. Note that A C HC N(U) = B. Then
oale, [z -a]) =[Ai(c) -z - a- As(c)] = [Ai(c) -z - Az(c) - a] = palc, [z]) - a.
]

Proposition 3.2.12. Let @5 : C"*! x G/U — G/U be a holomorphic action
induced by a Lie group morphism A : C'1 — H x H such that the action oy is
locally free and verifies (1) for a = e and for each p in K. Then the action pp
verifies (I1) for each a € A and for each p € K - a.

Proof. Choose [y] € K- a. There exist x € K and v € U such that y =z -a - v
and by lemma 3.2.11 we know that

on(c, [y]) = eale [2]) - a.
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We derive easily that if dimg ), N K -e = 0 and dimg FZ; NK-e =1 hold for
every p € K- e the previous equalities are also true for p € K - a substituting K

by K- a. Analogously one proves (iii). O

Proposition 3.2.13. Let A : C"t! — H x H be a Lie group morphism inducing
a locally free holomorphic action @a : C"t1 x G/U — G/U werifying (II). With

the same notation as in theorem 3.2.8 the following conditions are equivalent:

(a) The normal almost contact structure Ky on K induced by A is left-invariant.
(b) Given z,k € K we have k- F, = Fy.p and k- F), = F]__.
(c) Giveny,g € G we have g- F, = Fy, and g- F, = F,.,.
(d) The morphism A is of the form A = (e, Ag) where Ay : C"™! — H is a Lie

group morphism verifying (I).

Proof. (a)<(b): The normal almost contact structure K, obtained by lemma

3.2.4 is left-invariant if and only if for every z, k € K we have
k-dpa({0}xC7, [a]) = dpa({0}xC", [k-z]), k-dpa(C™, [2]) = dpa(C™, [k-a]),

(by abuse of notation we denote here by k- the differential of this map). These
conditions say that the distributions of C" and C"*!-planes tangent to the leaves
F, and F. of the foliations associated to the actions @A ({0} x C",-) and ¢
respectively are left-invariant by elements of K when restricted to K. From a
differential version of lemma 3.2.11 we conclude that these distributions are
left-invariant by elements of K when restricted to K if and only if they are left-
invariant over every fibre K -a of 7 : G/U — A = C?>*! (and consequently
over G/U). Integrating the distributions we obtain the leaves of the foliations
associated to the actions pj ({0} x C",-) and ). It follows that the normal

almost contact structure is left-invariant if and only if
k-oa({0} xC7, [2]) = pa({0} x €7, [k-2]), k- oa(CTF, [2]) = oa(CTH, [k 2)),

that is, if and only if k - F, = Fy., and k- F, = F] _ for every z,k € K.
(b)<(c): We will see first that it is enough to prove that for every y € G
and k € K we have k - F, = Fj., and k - Fé = F,:/,.y. We will denote these two
conditions by (x). Indeed, if (x) hold we define

G={9eG:g Fy=Fy g F,=F., YyeG}.
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Note that G is a complex Lie subgroup G because e € G and g-Fy1.y =Fy
so Fy-1, = gt Fy; As K is totally real in G = K® and (%) implies K C G we
conclude that G = G. Let us then prove the second equality in (x) (for the first
one we would proceed analogously). Choose k € K, ¢ € C"*! and y € G. We
want to prove that there exists d € C"t! such that

k-oale [y]) = eald;[k-y) (o).

There exist unique z € K, a € A and v € U such that y = x-a-v. The equation
(&) is equivalent to see that

E-Ai(c)-z-a-v-Aa(c)=A1(d) - k-z-a-v-Asd)-u

for some u € U. Assume that such a solution exists. As N(U) = B there exist
v',v"” € U such that

v-As(c) = As(c) - v and v Ay(d) = As(d) -0 ().
Moreover a commutes with Ag(c) and Aa(d), thus we obtain
k-Ay(e)-x-Ay(c) =Ai(d) - k-z-Ao(d)-a- (0" u-v"1)-aL.

Note that a- (v"-u-v'~1)-a~! € U. By hypothesis (see (b)) we know that there
exist d € C"*! and @ € U such that

k- Al(c) X AQ(C) = Al(d) - k-x- Az(d) - U.

Setting u = v~ (a™! - G- a) - v' € U where v/,v” are those that verify (#) for

this d € C"*! we obtain
k-Ai(c)-y-Aa(c) =A(d) - k-y-Aa(d)-u

and have therefore concluded.

(c)=(d): Assume that there exists ¢ € C"*! such that A;(c) #e. Ift = P e ha
and b =t @ 3 da (the Lie subalgebras associated to H and B respectively) set
b =1t ®ecf 9—a- Let B’ and U’ be the connected Lie subgroups associated to
b’ and v’ = [b/, b'] respectively. Note that B'=H-U" and UNU’ = {e}. Choose
g € U’, by hypothesis there exists d € C"t! such that

g~ eale,[g]) = pald, [e]).
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Equivalently there exists v € U such that
g-Ai(d) - Aa(d) = Ai(c) - g- Aa(c) - u Q).

Note that g € U’ and Ai(c), A2(c), A1(d), A2(d) € H, therefore g - A1(d) - Aa(d),
Ai(c) - g-Aa(c) € B'. As UNB’ = {e} the equation () is equivalent to

g-M(d)-Asx(d) = Ai(c) - g- Aa(c)  (O)
which can be rewritten as
Ar(d) ™t g A(d) = Ar(e—d) - Ag(c —d) - Ay (e —d) - g - Aa(c — d)

where A1 (d)~'-g-A1(d), Ay (c —d)-g'Ag(c—d) € U and Ay(c—d)-Az(c—d) € H.

Since HN U’ = {e} this implies A4 d) = Aa(d — ¢) or equivalently

(c—
A1(c) - Az(c) = Ai(d) - Aa(d).
Combining the last equation with () we obtain

9=M()"" g Aifo).
Therefore A1 (c) belongs to the center of B/ which is equal to the center of G = K©
(for G is a connected algebraic group, cf. [Hum?75|, p.140) that is discrete for G
is semisimple. If A;(c) # e by continuity there exists a small neighborhood B, of
c in C"*! such that for every é € B, we have A{(¢) # e. This is a contradiction
unless for every ¢ € B. we have A1(¢) = Ai(c). In this case, since A; is a
holomorphic map it should be constant and since it is a Lie group morphism it

would follow that A; = A;1(0) = e, which contradicts our first assumption.
(d)=(a): Clear. O

Proposition 3.2.14. Let A : C"t' — H x H be a morphism of Lie groups
inducing a locally free holomorphic action g which verifies (11). With the same
notation as in proposition 3.2.8 the normal almost contact structure Ky on K

induced by A is left-invariant by the action of Z(K).

Proof. 1t is enough to apply the same arguments as in proposition 3.2.13 taking
into account that Z(K) = Z(G). O

Corollary 3.2.15. Let K be a compact connected Lie group of odd dimension.
Then K admits a non-invariant normal almost contact structure (and in partic-

ular a non-invariant CR-structure of mazximal dimension).

The proof is analogous to the invariant case (see theorem 3.1.30) thanks to

the previous proposition.



Chapter 4

Three constructions of

complex structures

In this chapter we construct complex structures on some classes of smooth ma-
nifolds obtained by geometrical constructions from manifolds in the class 7. We
begin by considering the problem of describing an integrable almost-complex
structure on a particular class of transversely holomorphic foliations given by
a smooth action of R?. Next, we discuss with detail the three cases that we
announced at the introduction and we verify that we can apply the previous
study on the complexification of foliations to produce complex structures on

these manifolds.

4.1 Complexification of 2-foliations.

Let F be a transversely holomorphic foliation on a compact manifold M induced
by a locally free action of R?, i.e. there are two global linearly independent
vector fields 77 and T on M such that TF = (T1,T») and [T3,T5] = 0. Let D
be a real distribution such that TM =D & TF.

Set 7 € C\R. We define a complex vector field v = T; — 775 and a complex-
valued 1-form x on M imposing that ker(x) = D, x(v) = 1 and x(v) = 0. Under
the above assumptions we can define an almost-complex structure K on TM
imposing that K is compatible with the transverse holomorphic structure for F
and that y is of type (1,0).

73
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Proposition 4.1.1. With the above notation and hypothesis K is integrable if
and only if dx*? = 0. We will denote by (M, ), or simply by M, the compact

complex manifold so obtained.

Remark 4.1.2. The integrability condition dx”? = 0 must be understood in

terms of the almost-complex structure K.

Notice that the complex structure transverse to F induces an almost complex
structure J on D. Let us denote by TV the subbundle of vectors in D @ C of
type (1,0) with respect to J. An equivalent way to define K is to require that
QY0 = 710 (v) is the subbundle of vector fields of type (1,0) of T°M = TM®C.
We could also have imposed that (x) @ ®10 are the forms of type (1,0) where

0 ={acQ'M)RC: a(X) =0, for X € (T1,Tz) & T"'}.

We can define ®P¢ in an analogous way. Finally it is also equivalent to define
K by the conditions Kp = J and

27 — T T —T¢
_ |7” 1 (ReT) 2; K(Tl): (ReT) 1 2‘

K(T3)

Imr Imr

Proof. With the above notation, from the fact that F is an transversely holo-

morphic foliation, we obtain

(a) [v, T c T @ (v, v),

(b) [T, 710 ¢ THO @ (v, ).

Thus the almost complex structure K is integrable if and only if [v,T™%] C

QY and [T'0,T%0] ¢ Q0. These conditions are equivalent to dy(v, X) =
dx(X,Y) =0 for all X,Y € T'9, which can be rewritten as dx"? = 0. O

Proposition 4.1.3. With the above notation, if K is integrable:

(a) The vector field v is holomorphic on (M, x) if and only if the 1-form L,dx
is of type (1,0).
(b) The form x is holomorphic if and only if dx = dx*°.

Proof. For the proof of (a) we will use that a vector field Z of type (1,0) is
holomorphic if and only if [Z, Q%] ¢ Q%! where Q"' = Q10 = T g (7). Since
[v,9] = 0 and [v,T%'] C T%! @ (v,v) by hypothesis, it is enough to verify that
[v, T%1] C T%'@ (v). By the same argument as in lemma 4.1.1 this last condition
can be written as dy(v, T%!) = 0. The assertion in (b) is clear. O
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Corollary 4.1.4. If dx is a basic form the vector field v is holomorphic.

That will be the case when the distribution D is preserved by the action, i.e.
[T;,D] C D for i =1, 2.

Proposition 4.1.5. Given M and F as before, the distribution D is preserved
by the action if and only if dx is basic.

Proof. Tt follows from the equality
2ir,dx(X) = 2dx(T3, X) = Xx(T3) — Tix(X) — x[T3, X].

The direct implication is straightforward. For the reciprocal apply the same
equality to X € D, it shows that x[T;, X] = 0 for i,5 € {1,2}, thus [T;,D] C
D. O

We will hereinafter restrict ourselves to the case of a distribution D pre-
served by the action, in particular the vector field v is holomorphic. Recall that
the existence of a holomorphic vector field without zeros on a compact complex
manifold implies that the Chern classes of M must vanish (c.f. [Kob72], p.121).
When dy is basic dx*? denotes the component of type (0,2) of dx with respect
to the transversely holomorphic structure of the departing foliation F. There-
fore, when dy is basic the integrability condition does not depend on how we
have defined the almost-complex structure on the tangent space of F, so it is
much easier to control. Furthermore, as D is preserved by 77 and 75, we have
[T;, T'°) € D®. The fact that the foliation is transversely holomorphic implies
then [v, T1Y] c TH0. If moreover dimg M = 4 then dy = 0, since dx is a basic
2-form and the transverse complex dimension is 1, therefore the integrability

condition for K is empty.

Definition 4.1.6. With the above notation, assume that the distribution D is
invariant with respect to the vector fields 77 and T5. We define the Euler classes
of F1 and F5 as the cohomology classes in H?(M/F,R) given by

€Fy (M) = [dwl]’ €Fy (M) = [dw2]7

where wq,ws are 1-forms on M such that w;(T}) = 6;; and ir,dw; = 0 for i,j =
1,2.
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Note that the Euler classes er, (M) and ex, (M) do not depend on the distri-
bution D, as long as it is invariant with respect to 77 and T5.

The case of an invariant distribution D presents another interesting property.
We denote by Q*(M/F) the space of basic holomorphic forms for the holomorphic
flow F, ie. a € Q*(M) such that iya = iyda = 0. Let v = TM/TF be the
normal bundle, K(M/F) = A" ' v* the transverse canonical line bundle and
K(M) = \" TM* the canonical line bundle.

Proposition 4.1.7. With the above notation, if dx is a basic form and K(M/F)

is trivial then K (M) is also trivial.

Proof. By hypothesis there exists a holomorphic (n — 1)-form w without zeros
such that i,w = 0. Then x A w is a form of type (n,0) and it clearly has no
zeros. It suffices to show that ¥ A w is holomorphic on (M, x), i.e. d(x Aw) = 0.
As M has complex dimension n it is equivalent to prove that x A w is closed.
Moreover w is a form of type (n — 1,0) such that dw = 0, hence dw is a form of
type (n,0). Recall that d(x Aw) = xAdw—dx Aw. As dy is a basic form with no
component of type (0,2) the form dx Aw is transverse and only has components
of type (n+1,0) and (n,1). Since the complex dimension of the transverse part
is n — 1 we can conclude that dy Aw = 0. Finally x A dw is of type (n + 1,0),

so it must also be 0. O

Proposition 4.1.8. Let M be a compact complex manifold with a holomorphic
vector field v without zeros. The complex structure on M can be constructed by
means of proposition 4.1.1. Moreover if M is Kdhler we can assume dx = 0, in

particular D is a Levi-flat distribution invariant by the action.

Proof. We can construct a 1-form x of type (1,0) on M such that x(v) = 1
and since M is a complex manifold dx"? = 0. We decompose v = T} — iTh
so that T7,T5 are real vector fields. As v is holomorphic we have [T7, T3] = 0.
The distribution D is given by ker(x). We can thus conclude that every complex
structure on a compact manifold that admits a non-vanishing holomorphic vector
field is under the hypothesis of this section and can be obtained by the preceding
method. If M is Kahler we can apply a result by Carrell-Lieberman (see [CL73])
to conclude that there exists a holomorphic 1-form y such that y(v) # 0. As M

is compact we can assume that y(v) = 1 and as M is Kéhler x is closed. O

Although we will only apply this discussion to three particular cases the

previous result gives us an idea of how general the situation we have considered
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is. For instance, all complex structures on the product of spheres $27~1 x §2m—1
described in [LN96], which are not Kéahler, can be recovered by proposition 4.1.1
for a distribution D invariant by the action given by the product of the usual
contact distribution on a odd-dimensional sphere, even though they do not fall
into any of the three cases that we will study in the next sections.

Let us recall the Loeb-Nicolau construction of complex structures on S2"~1 x
S?m=1 (see [LN96]). We consider

n m
SIS = {21, 2w, we) €CTTT Y P =1 wyl? =13
i=1 j=1

and the linear holomorphic vector field on C**™ given by
n m
0 0
§= Z )\zzzaizz + Zﬂjwj ow;
=1 7j=1
where (A1,..., Ap, 41, - - - i) € C"T™ belongs to the Poincare domain, i.e. the
convex hull of the points Ay, ..., A\p, pt1, - .., m € C does not contain 0 € C, and

0=arg(\1) <...<arg(\,) <arg(u) <...<arg(pum) <.

Under this conditions each leaf of F¢ meets transversely the product of spheres
S§2n—1 5 §2m=1 " Therefore ¢ induces a complex structure on this product, we
denote by XY™™ the complex manifold that results. The vector field

m

- 0 0
n= ; Re(/\Z)ZZafZZ + Z Re(,uj)wja—wj

induces a holomorphic vector field v without zeros on ¥™™, which can be written
on §2=1 % §2m=1 a5 v = Re(n) — Re(¢) +ilm(n). Furthermore

0 0 0 0
Zij =Zig— —Zj5 ij = Wip— — Wjo—
J 5 82]‘ % 821 Wj v 6wj Wi Bwi

are vector fields of type (1,0) on C*™™ and &9 = (Z;;, W;;) is a distribution
of vector fields of type (1,0) on ¥™™ transverse to the vector field v. We set
D as the distribution given by D = (Re(Z;;),Im(Z;;), Re(W;;), Im(W;;)) and
v = T) — iTy where T} and T, are real vector fields on S?"~1 x §2m~1  An
explicit calculation allows us to obtain the equalities

[Ty, Zi5) = %(Im(/\z‘) +Im(\y)) Zyg, (T2, Wij] = %(Re(ui) + Re(p;)) Wij.
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Therefore the distribution D is preserved by the vector fields 77 and T5. Thus
we are exactly under the hypothesis of this section for a distribution D preserved
by T1 and T5, the integrability being assured by the fact that we depart from a
complex structure. For the choice of the parameters (1, ..., 1, y, ..., 1) we obtain
Calabi-Eckmann complex structures, which are the total space of an elliptic
principal bundle over P" xIP™. However it must be noted that not all the complex
structures described by Loeb-Nicolau are elliptic principal bundles. Furthermore
generically these complex structures cannot be recovered by any of the particular
constructions that we describe next. Note that no complex structure on $2"~1 x
S§?m=1 can admit a Kihler metric unless n = m = 1, since H?(S?" "1 x §?2m~1) =
0. This example also shows that even if we restrict ourselves to the case of the
distribution D being preserved by the vector fields 77 and 75 the construction of
proposition 4.1.1 still provides interesting examples of complex manifolds which
are not Kéahler.

Next we discuss how to use the manifolds in the class 7 to produce explicit
examples of smooth manifolds which are under the hypothesis of the previous
section. In the three cases the distribution D considered is invariant by the

R2-action.

4.2 Products of two manifolds in the class 7 (case A)

Proposition 4.2.1. Let M1 and My be two manifolds in the class T. There
exists a 1-parametric family of integrable almost complex structures K, on the
product My x My for 7 € C\R so that the complex manifold My x My admits a

non-vanishing holomorphic vector field v.

Proof. Let us denote by (T7,w1) and (T2, w2) the vector fields and the 1-forms
of the CR-structures and the CR-actions on M; and My respectively. The dis-
tribution D is given by D = kerw; ¢ kerws and the 2-foliation F generated
by 71 and T, is transversely holomorphic. Clearly [T1,75] = 0. Moreover
X = ﬁ(?wl + wy). Therefore dy is basic and we are under the hypothe-
sis of proposition 4.1.1. The integrability condition is verified for every 7 € C\R
since dy is of type (1,1). O

Ezxample 4.2.2. Recall that in chapter 2 we have discussed some examples of
compact 3-manifolds in the class 7. If we apply the previous propostion to

a pair of Seifert fibrations M; and My we obtain a complex structure on the
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product M; x Mgy which is a principal Seifert elliptic fibration over an orbifold
of complex dimension 2. If M; and My are linear foliations of T® the above
construction yields a complex torus of dimension 3. When M; and My are 53
or lens spaces one obtains Calabi-Eckmann complex structures on the product
S3 x 83 or finite quotients of those. Analogously, Calabi-Eckmann complex
structures on the product of spheres S?"~! x §?"~1 can be obtained by the
preceding construction. When M; = S% and My = S? x S! with the flow
induced by the suspension of an irrational rotation of S? we obtain a complex
structure on S? x S' x S3 which is a topologically trivial analytic fibre bundle

with fibre P! over a primary Hopf surface.

Remark 4.2.3. Let M; and My be two manifolds in the class 7 with normal
almost contact structures (y;,7},w;) on M; for j = 1,2. Morimoto defines an

almost complex structure on M; x My by
K(X1, X2) = (p1(X1) — wa(X2)T1, 02(X2) + wi(X1)Th),

which corresponds to K_; in the preceding proposition (see [Mor63]).

Ezample 4.2.4. Let K be a compact connected real Lie group of odd dimension.
The previous proposition describes a complex structure on the product K x S*.
Note that as K x S! is also a Lie group this can be seen as a particular case of a
result by Samelson (cf. [Samb3]). Moreover, it is known that X cannot be Kahler.
Indeed, up to a finite covering, we can assume that K = K’ x (S')", where K’ is
a compact connected semisimple real Lie group. Since by (K') = by(K') = 0 (see
section 1.7.5) by Kunneth’s formula we conclude that H?(Kx S1) = H2((S!)"+1)
so there cannot exist a Kihler form [w] € H2(K x S') such that [w]?* # 0 in
H?$(K x S1) for s = dimc(K x S'). We have therefore proved that there exists a
finite analytic covering of K x S' that is not Kihler, which implies that K x S*

cannot be Kéahler.

4.3 S'-principal bundles over a manifold in the class
7 (case B)

Proposition 4.3.1. Let M be a manifold in the class T. Denote by T the
vector field inducing the CR-action and by Fr the transversely holomorphic flow

induced by T. Let m: X — M be a S*-principal bundle over M with Chern class
[dB], where 3 is a 1-form on X such that d3 € T*QYY(M/Fr), that is, dB is the
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pull-back of a closed (1,1)-form on M. Then there exists a 1-parametric family
of integrable almost complex structures K, on X for 7 € C\R so that the complex

manifold X admits a non-vanishing holomorphic vector field v.

Proof. Let w be the 1-form associated to the CR-structure on M and the vector
field T. We denote by T the vector field on X contained in ker 8 such that
m.(T) = T and define the 1-form & = 7*w. Let R denote the fundamental
vector field of the action corresponding to the S!-fibration 7 : X — M such that
B(R) = 1. The compact manifold X is under the hypothesis of proposition 4.1.1
with an invariant distribution for the vector fields 7' and R, the distribution
D = ker f Nkerw, and the transverse holomorphic structure for F = (f, R)
induced by the CR-structure of M. The holomorphic vector field v is T — 7R for
7 € C\R. We define a complex-valued 1-form x by imposing ker y = D, x(v) =1
and x(?) = 0. The hypothesis d3 € 7*QLY(M/Fr) and dw € Q51(M/Fr) imply
that dy is of type (1,1), thus the complex structure defined on section 4.1 is
integrable. O

When M is the total space of a S'-principal bundle over a complex manifold
and the normal almost contact structure on M is obtained as we described in
corollary 2.2.1 then the resulting complex manifold X is an elliptic principal bun-
dle. Conversely, every complex manifold which is the total space of an analytic
elliptic principal bundle can be constructed in this way. The Iwasawa manifold

is an example of this situation.
12z 23

FEzample 4.3.2. Let H = {(0 1 zQ) 125 € (C}. The Iwasawa manifold is the

00 1
1
compact homogeneous space M = I'\H where I' = <<8 T Zi )> for n; € Z +iZ

0 1
is a cocompact discrete group. It admits an structure of elliptic fibre bundle

over a complex torus T? considering the projection:
n: I'/H —— T?=C?/(Z+iZ)?

121 23
(O 1 zz) E— (21,22).
00 1

The fiber is {z3 € C : 23 ~ 23 + n3} where ng € Z + iZ, thus it is an elliptic
curve. The vector field of the action is 8%3 and x = dz3 — z1dz2 is a connection
of type (1,0) with dy = —dz; A dz, which is a non-exact form on T2. It is not
difficult to verify that the complex structure on the Iwasawa manifold can be
recovered by our procedure. Also note that I'/H is parallisable but not abelian,

therefore Wang’s theorem (see corollary 4.4.10) implies that it is not Kéhler.
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4.4 Suspensions of manifolds in the class 7 (case C)

Definition 4.4.1. Let M?"*! be a compact manifold with CR-structure ®0 of

dimension n and a vector field T inducing a CR-action. We define

Auty(M) ={f € AutcgM) : f,.T =T}.

Proposition 4.4.2. Let M?"*! be a manifold in the class T with a CR-structure
O and a vector field T inducing a transverse CR-action. Given f € Autz(M)
the suspension X of M by f admits a 1-parametric family of integrable almost
complex structures K. for 7 € C\R so that the complex manifold X admits a

non-vanishing holomorphic vector field v induced by T — T%.

The proof is straightforward, the distribution D is induced by the CR-
structure ®° on M. There is a fibration 7 : X — S! with fibre M so that
the flow defined on X by the vector field induced by % is transverse to this
fibration. Note also that if the CR-structure on M is Levi-flat the manifold X
admits a holomorphic foliation transverse to v. For f = id we obtain X = M x S*

and the complex structure on X corresponds to the one described in proposition
4.2.1.

Lemma 4.4.3. The inclusion i : {g € Auty(M) : go f = fog} — Aute(X)

induced by g — (g,1d) is an injective homomorphism.

Proof. 1t is enough to observe that if g € Aut,(M) and fog = go f then (g,id)
is well-defined and it preserves the vector fields of type (1,0) on M x R with
respect to K. O

Remark 4.4.4. Recall that in lemma 2.4.2 we remarked that a suspension of
a complex manifold N by an automorphism g € Autc(N) gives an example of
normal almost contact structure. Applying proposition 4.4.2 to such a manifold
in the class 7 is equivalent to consider the quotient X of N x C by F(z,z2) =
(f(z),z+1) and G(z,2) = (9(z),z + 7), where f € Autc(N) so that fog =
g o f, which we will call double suspension of a compact complex manifold.
Furthermore there is a holomorphic fibration 7 : X — E; = C/(1,7) such that

the vector field % is transverse to the fibers.
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Theorem 4.4.5. Fvery compact Kdhler manifold X admitting a non-vanishing

holomorphic vector field v can be obtained by the construction of proposition

4.4.2.

Proof. By a result by Carell-Lieberman (see [CL73]) there exists a holomorphic
1-form x over X such that x(v) = 1. Denote b1(X) = 2k, let vq,...,72x be
closed paths giving a basis of H;(X,Z) modulus torsion and let &1, ..., &ax be the
dual basis of closed 1-forms. Fix a basis wy,...,w;, of HO(X,Q!). By Hodge’s

decomposition theorem we have
& = atwy + ... + afwy + i@y + ...+ BET, + dfy = s + df;

where f; is a differentiable function, for i = 1, ..., 2k, and ag, bg € C. By Stokes
theorem the two sets of 1-forms {{;} and {7;} have the same periods. In partic-
ular {n1,...,mx} is a basis of H*(X,C) dual of {71,...,72x}. Since Q +iQ is a
dense subset in C we can choose a; € C for i = 1, ..., 2k arbitrarily small so that
n=x+>, amn; is a closed 1-form and f%_ n € Q+1iQ for 5 =1, ...,2k. Moreover

by construction the 1-form 7 is of the form:
N =ciwi + ... + cpwi + diw1 + ... + dpwi

with ¢;,d; € C for i = 1, ..., k. It follows that n(v) is constant and close to 1 by
construction, set n(v) = 4. In an analogous way 7n(v) is constant and close to 0,
set n(v) = e. Therefore I' = { f,y n:v € Hi(X,Z)} is finitely generated and it is
contained in Q 4 iQ, thus I' 2 Z + iZ. Fixing a base point py the differentiable
map

m: X —C/T

P
p n mod I’
Po

over the elliptic curve C/T" is well defined. Furthermore 7 is a proper submersion
and thus a fibration. The real vector fields v + v and i(v — ) are transverse to
the fibres of 7; and preserve the fibration (because n(v +v) = ¢ + 4§, n(i(v —
v)) =1i(d — €) are constants close to 1 and i respectively and 7 is closed). Since
n(v+v) = d+€ ~ 1 we can find a linear map h : C — R such that h(n(v+7v)) >0
and h(I') C Z. Let h: C/T — R/Z be the induced fibration. The composition
o =hom : X — R/Z is a fibration over the circle. The fibres of 79, denoted
by M = 7, 1(p), admit a CR-structure induced by the complex structure on X.
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There exists a € C\R such that the real vector field v; = Re(av) is tangent to
M. As the flow associated to v is holomorphic the vector field v; preserves the
CR-structure of M and induces a transverse CR-action. On the other hand there
exists b € R such that the vector field v = Re(bv) projects over the vector
field % on S'. The flow of vy preserves the CR-structure over M and clearly
[v1,v9] = 0. Finally setting 7 = @-b~! we obtain v; — Tve = Re(av) — 7 Re(bv) =
i - v, where y € C. Taking the automorphism f over M induced by the flow of
v for time 1 the complexification of 4.4.2 for the preceding 7 gives rise to the

original complex structure. O

Theorem 4.4.6. FEvery compact Kdhler manifold X admitting a holomorphic
vector field v without zeros admits a complex structure on the underlying smooth
manifold X arbitrarily close to the original one that can be obtained by the con-

struction of remark 4.4.4.

Remark 4.4.7. The statement that the new complex structure on the underlying
smooth manifold X is arbitrarily close to the original one can be stated more
precisely in the following way. Let Q19(X) be the subspace of smooth (1,0)-
forms on X and {@,ar,....,ax} a family of (1,0)-forms which span Q50(X) as a
C*°(X)-module such that a(v) = 1 and oj(v) = 0 for j = 1,...,k. Then there
exists a closed 1-form 3 of type (0,1) arbitrarily small such that 5(v) = 0 and for
the new complex structure on X the set of forms {a + 3, a1, ..., } is a family
of (1,0)-forms which span Q'0(X) as a C°°(X)-module.

Proof. There exists a holomorphic 1-form « on X such that a(v) = 1 and da = 0.
We proceed as in theorem 4.4.5 to obtain a closed 1-form n with group of pe-
riods I' 2 Z + iZ and a smooth fibration m : M — C/T" given by z — f;} 7.
Every fibre N of 7 is transverse to the foliation F, generated by v. Therefore
N admits a complex structure. Note that n = 7} (dz). Consider the universal
covering p : C — C/T'; and the pullback 73 : N x C — C of the fibration m by
the map p. There exists a map ¢ : N x C — X such that m o ¢ = pome. The
holomorphic vector field v is transverse to the leaves of m; and it preserves the
complex structure on N. We recall that n(v) = 6 ~ 1 and that n(v) = € ~ 0. Fix
7 € C\R. We decompose 6 v = v; — Tvg, where v; and vy are real vector fields.
Then vy and vy are transverse to the fibers of 71, they preserve the fibration and
the complex structure on N and [v1,v2] = 0 (for v is holomorphic). Finally,

they project over % and % on C/T respectively where z = 5——(ds + 7dt). We

2ImT
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set f,g € Autc(N) as the flows v; and vg for time 1 and —1 respectively. Thus
X is diffeomorphic to the suspension N x C/(F, G) where F(z, z) = (f(x),z+1),
G(z,z) = (g(x),z+ 7) and fog=go f. The construction of the remark 4.4.4
gives a complex structure on X which is arbitrarily close to the original complex
structure on X. Note that with the new complex structure on X the fibration
71 : X — C/I" is holomorphic and the fibres N are analytic submanifolds. Choos-
ing n close enough to the starting holomorphic 1-form « we obtain a complex

structure as close to the original as we wish. O

There is a natural generalization of the construction of the remark 4.4.4 to a
suspension of a compact complex manifold N by a commutative subgroup I' =
(f1y ooy f5,915 -, gs) of Autc(N). The resulting complex manifold has complex
dimension dim¢ N + s and fibers over the torus T¢. Then one can prove, with
the same arguments as in theorem 4.4.6, the result below. Recall that b is the Lie
algebra of holomorphic vector fields on X and hg the Lie algebra of holomorphic

vector field with zeros.

Theorem 4.4.8. Let X be a compact Kdahler manifold such that b admits an
abelian subalgebma of holomorphic vector fields without zeros such that dimCE =
s > 0. The underlying smooth manifold X admits a complex structure arbitrarily

close to the original one, obtained as a suspension over the complex torus T®.

Remark 4.4.9. Recall that [h, h] C bho. Therefore if dimch = s > 0 and hyp =0
the hypothesis of the above theorem holds. Any complex manifold which is a
product T*® x N where N is a Kéhler compact manifold is also a trivial example

of a manifold under the above hypothesis.

The limit case, i.e. when dimCH = dim¢ X, is a classical result by Wang’s:

Corollary 4.4.10. Let X be a complex parallisable compact Kdhler manifold,

then X is a complex torus.

Proof. Since X is parallisable hy = 0 and dimch = dimcX = s > 0. We
now apply the preceding theorem for n = 0. We obtain X as the suspension
over a compact complex manifold N of dimension 0, that is, a point. Since the
obstruction in the previous theorem to obtain the original complex structure was

due to the fact that N was not a complex submanifold of X, we can conclude. [
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4.5 Complexifications of manifolds in the class 7.

Let M be a manifold in the class 7. We denote by T the vector field defining
the CR~action and by F the transversely holomorphic flow induced by 7.

Definition 4.5.1. With the above notation, we say that a compact complex
manifold X endowed with a non-singular holomorphic vector field v is a com-
plezification of the pair (M, T) if:

(i) M is a real submanifold of X.
(ii) The CR-structure of M is compatible with the complex structure of X.

(iii) There exists A € C such that Re(Av) =T.

Remark 4.5.2. Both the constructions of case A and case C produce complex
manifolds that are complexifications in the previous sense of the departing man-
ifolds in the class 7. Indeed, if v =T} — 775 for 7 € C\R then 77 = Re (IrfT v)
and 75 = Re (#v)

ImT

4.6 A remark on deformations.

Let (M, x) be a compact complex manifold with a holomorphic foliation F ob-
tained by proposition 4.1.1 with two vector fields 77 and T» and x = x1 + TX2.
The flow F is a transversely holomorphic foliation when we forget part the tan-
gent part of the complex structure of M, we will denote this foliation by F*". We
call f-deformations to those deformations of the holomorphic flow F which keep
fixed its transversal type. For specific definitions, details and proofs we refer the
reader to [GN89]. Families of f-deformations can be viewed as families of com-
plex structures on M for which F*" becomes a holomorphic foliation, therefore
it is the natural context to study the effect of changing the parameters of our
construction (the two 1-forms y; and y2 and the complex number 7 € C\R or
equivalently x = x1 + 7x2) on the resulting complex structure.

Let © £ be the sheaf of germs of holomorphic vector fields over M preserving
F and @; the subsheaf of © £ consisting of those elements of © r tangent to the
leaves of F. Note that in our case @é is isomorphic to the sheaf of germs of
holomorphic functions Oy, for there is a non-vanishing holomorphic vector field

v tangent to F.



86 Three constructions of complex structures

Let S be an analytic space with a distinguished point 0. A family of f-
deformations of F parameterized by S is an analytic space X with a proper
projection p : X — & inducing on each fibre My = p~!(s) a complex structure
together with a holomorphic foliation Fs, which depend analytically on s, and a
smooth trivialization X 2 M x S compatible with p such that F, = F" on M
as transversely holomorphic foliations. We suppose also that there is given an
isomorphism i : (M, F) — (M, o). We will only deal with germs of families,
that is, we will only consider the behavior near the fibre Mg. Thus a family will
be parameterized by a germ (S,0) of S at 0.

A family of f-deformations is called wversal if for any other family of f-
deformations of F there is a morphism of germs of analytic spaces ¢ : (§',0) —
(8,0) inducing an isomorphism of families of f-deformations and such that the
tangent map of dyp of ¢ at 0 is unique. If a versal family (S,0) exists then it is

unique up to isomorphism and S is called the versal space.

Theorem 4.6.1 ([GN89]). With the above notation, there is a germ of analytic
space (K1,0) parameterizing a family p - Z¥ — KT of f-deformations of F
which is versal with respect to f-deformations. More precisely, there is an open
neighborhood V' of 0 in H'(M, @f]_-) and an analytic map (g : V. — HY(M, @;_-)
such that (K7,0) is isomorphic to the germ at 0 of Cf_l(O)

The Kodaira-Spencer map
p:ToS — Hl(M?G}'f)

is defined in the following way. Let T%! and T 91 denote the complex subbundles
of vector fields of type (0,1) of TCM and TCM, respectively. There is an analytic
family of 1-forms ¢, on M defined imposing that (ps-+Id)(7%) = T2 and from
the integrability condition on T2 it follows that

— 1
Ops — 5[9087805] =0.

Then we define p(%|s:0) = %b:o € H'(M, @;_-) The Kodaira-Spencer map is
an isomorphism from Ty K/ to H'(M, @f;_) From the previous theorem it follows
that if (S,0) is a germ of an analytic space S at 0 parameterizing a family of
f-deformations such that the Kodaira-Spencer map p : TopS — HY(M, @;) is

not identically zero then the family is not trivial.
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Assume that (M, x’) is a complex structure on M obtained by proposition
4.1.1 with the vector fields Th and T and x’ = x} + 7'x5. The Kodaira-Spencer
map

p:ToS — HY(M,0%L) = HY (M, Oy)

can be easily computed in this situation when S is an analytic space parameter-
izing the 1-forms Y’ close to x. If we denote by 7% and 7% the subbundles of
vectors of type (0,1) in (M, x) and (M, x’) respectively and set

I

()0 = = (X’)O’l ® U?
T—T

then (Id + ¢)(T%!) = 70! (it is an easy computation, just note that x'(v) =
:,/:;,). Note that da = 0. Thus p(x') = %(){)071.

Assume now that 7 = 7/, we can consider a family of complex structures

on M defined by xs = (1 — 8)x + sx’. Then ¢s = s(x )% ®@ v so p(x') =
(x)%!. We conclude that if there exists X’ close enough to x and such that p(x’)
represents a non-zero cohomology class in H'(M, Oy;) we can obtain, changing
the parameters of our construction, complex structures on M for which there does
not exist a diffeomorphism tangent to the leaves of F, close to the identity and
preserving the transversally holomorphic foliations F*" sending one into another.
A similar computation can be done when x} = x1 and x4 = x2 changing the

complex parameter 7 and yields a similar result.



Chapter 5
Criteria of Kahlerianity

In this chapter we discuss some criteria to determine when the complex manifolds
obtained by the constructions of the previous chapter are Kéhlerian. We first
prove that in order to obtain a Kéhler manifold, in the three cases we have
discussed (cases A, B and C), the Euler class of the flows associated to the
departing normal almost contact structures must be zero. When the flows are
isometric we give sufficient and necessary conditions for the resulting complex
manifold to be Kéhlerian. Finally, in the context of suspensions (case C) we
exhibit more necessary conditions for the complexification to be Ké&hlerian which

in some cases, for instance a double suspension, are also sufficient.

5.1 The Euler class

The next result is an obstruction for the complex manifolds obtained as in the

section 4.1 to admit a Kahler metric.

Theorem 5.1.1. Let (X, F) be a compact complex manifold with a holomorphic
flow whose complex structure has been obtained as in proposition 4.1.1 with a
distribution D invariant with respect to the wvector fields T1 and Th. If X is
Kiahlerian then er, (X) = ex,(X) = 0 (where F; is the flow defined by T; for
i=1,2).

Proof. Since X is a compact Ké&hler manifold with a holomorphic vector field
v without zeros by Carrell-Liebermann’s theorem there exists a holomorphic 1-
form « such that a(v) # 0. As X is compact we can assume that a(v) = 1 and as

X is Kéhlerian the form « is closed. We decompose o = ﬁ(ag + Tap) where

89
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aq and ag are real closed 1-forms. Using that a(v) = 1 and a(v) = 0, a direct
computation shows that «;(7}) = &;; for i, = 1,2. Thus e, (X) = ex,(X) =
0. O

Let M be a manifold in the class 7. We denote by T the vector field defining
the CR~action and by F the transversely holomorphic flow induced by T'.

Proposition 5.1.2. With the above notation, assume that the compact com-
plex manifold X is a complexification of (M, T) (cf. definition 4.5.1). If X is
Kahlerian then ex(M) = 0.

Corollary 5.1.3. With the above notation, if ex(M) # 0 no complexification
obtained by proposition 4.2.1 (case A) or proposition 4.4.2 (case C) can admit

a Kahler structure.

Corollary 5.1.4. With the above notation, if M admits a normal contact struc-
ture compatible with the CR-action induced by T then (M, T) admits no Kdhler

complezification.
It follows from corollary 2.2.4.

Corollary 5.1.5. With the above notation, if by(M) = 0, in particular if M is

simply connected, then (M, T) admits no Kdahler complexification.
It is a consequence of corollary 2.1.6.

Corollary 5.1.6. With the above notation, let M be a compact connected semi-
simple real Lie group of odd dimension endowed with a normal almost contact

structure. Then (M,T) admits no Kdahler complezification.
It is enough to recall that for any such group by (M) = 0.

Proof. (Proposition 5.1.2) We denote by v the holomorphic vector field on X and
by A the complex number such that 7= Re(Av) on M. Since X is a compact
Kéhler manifold with a non-singular vector field v by the same argument as
in the previous theorem there exists a holomorphic closed 1-form « such that
a(v) = A71. We can decompose (A-v)y = T —iS where S is a real vector field.
Set oo = %(Oq + iag) where aq, ag are real 1-forms on X. Then «; and ag are
closed and a1 (7T") = 1 on M. The closed real 1-form w := ayy verifies w(T') =1

(because a(v) = 1 and a(v) = 0), therefore ex(M) = 0. O
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Proposition 5.1.7. With the above notation, assume that X is a compact com-
plex manifold constructed as in proposition 4.3.1 (case B) from a manifold M
in the class T. If X is Kdihlerian then ex(M) = 0 and the S'-principal bundle
7 : X — M is flat. In particular, if X is Kéihler and H*(M, Z) has no torsion then
the S'-principal bundle is topologically trivial. Moreover, if a is a connection

1-form on X such that da € QY (M/F) then [da] = 0 in H?*(M/.F).

Proof. With the notation of proposition 4.3.1, by the same argument as before
if v is the holomorphic vector field of the complexification there exists a closed
holomorphic 1-form a on X such that a(v) = 1. The connected group S! acts
holomorphically on X (as the group of the action of the S!-principal bundle),
therefore the forms o and & are invariant by the action of S'. Notice that
v =T — 7R where R is the vector field of the action and, T is the vector field
contained in ker 8 such that m,(T) = T (recall that T is the vector field inducing
the CR-action on M) and 7 € C\R. We decompose a = 57—

aq,a9 are real 1-forms. Then a; and as are closed 1-forms invariant by the

(o2 + Tavp) where

action of S! (for they are a linear combination of a, & with constant coefficients)
such that ay(T) = aa(R) = 1 and a1(R) = az(T) = 0 (because a(v) = 1 and
a(v) = 0). Since a; is a closed real basic S!-invariant 1-form it induces a closed
1-form w on M such that w(T') = 1, thus ex(M) = 0. Finally, ag is a closed
connection 1-form for the S'-principal bundle 7 : X — M, so it is flat. When
H?(M, Z) has no torsion all flat bundles are topologically trivial. Moreover, if a
is a connection 1-form on X such that da € 7*QYH(M/F) then [da] = [daz] = 0

in H2(M/F). O

5.2 Criteria for isometric flows

Theorem 5.2.1. Let (X,F) be a compact complex manifold with a holomor-
phic flow whose complex structure has been obtained as in the previous chapter.
Assume that the real foliation F = (T1,Ts) is Riemannian. The manifold X is
Kahler if and only if the flows F1 and Fa are isometric, er,(X) = ex,(X) =0

and F s transversely Kdahlerian.

Proof. =) : The same argument as in theorem 5.1.1 shows that there are two
closed real 1-forms a; and as on M such that o;(7};) = 6;; for i,j = 1,2. In
particular the flows are isometric (see section 1.5), ay and «ay are characteristic

forms for F; and F; respectively and er, (X) = ez, (X) = 0. We denote by (¢1):
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and (p2); the 1-parametric groups associated to T} and T respectively and by
H the closure in Isom(X) of the abelian group generated by (¢1); and (¢2):. If
® is the Kédhler form on X then the transverse part W(-,-) with respect to F of

/HCI)(O'*',U*'),

where we integrate with respect to the Haar mesure on H, is a transverse Kahler
form.

<) : With the notation of the section 4.1, we denote by w; and wy the 1-forms
defined by w;(T}) = ;5 and w;p = 0 for i,j = 1,2. Since ez, (X) = e, (X) =0
there exist 31,32 € Q'(X/F) such that d3; = dw; for i = 1,2. We denote by
3 the basic form 8 = 57-—(82 + 741). It follows that d3 = dy. We begin
by showing that it is enough to find o € QY(X/F,C) of type (1,0) such that
da = dx. Indeed, if o exists the form ® = (xy —a) A (Y — @) is closed and of type
(1,1). Adding to ® a positive multiple of the transverse Kahler form of F we
obtain a Kahler form on X and the proof is complete. We will now show that
such a form exists. Since d3%? = dx*? = 0 we have dB = d(B*?) + 9(B*1), i.e.
a(p%) =0, and

d(8B%Y) = (8 + 9)(95%) = —995%! = 0

s0 9(p%1) is a (1, 1)-form which is 9-exact as a basic form and d-closed. Applying
the basic 9-lemma (see section 1.6) to 9(3%!) we obtain a basic function f such
that

0(8%") = 90 f = d0(~f).

Then —0f is a basic form of type (1,0) such that d(—3f) = —0df = 9(3%1).
The form a = Y9 — df is basic, of type (1,0) and da = dB = dx so the

conclusion follows. O

Remark 5.2.2. Every Riemannian holomorphic flow F in a compact complex
surface S is transversely Kéahlerian. Therefore with the notation and hypothesis
of the above theorem, when the complex manifold X has dimension 2, it is Kéhler

if and only if the flows F; and F» are isometric and ez, (X) = ez, (X) = 0.

Corollary 5.2.3. Let X be a complex manifold obtained by proposition 4.2.1
(case A) from two manifolds M1 and Mz in the class T such that the flows Fq
and Fo in M1 and My respectively induced by the vector fields of the normal
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almost contact structures are Riemannian. Then X is Kdhlerian if and only if
er,(M1) = er,(Ma) =0 and the flows Fi1 and Fa are isometric and transversely
Kahlerian (on M; and My respectively).

Corollary 5.2.4. Let X be a complex manifold obtained by proposition 4.3.1
(case B) from a manifold M in the class T such that the flow Fr on M is
Riemannian. Then X is Kdhler if and only if the S*-principal bundle m : X — M
is flat, ex, (M) = 0 and the flow Fr is isometric and transversely Kdhlerian on
M.

Remark 5.2.5. Recall that if H2(M,Z) has no torsion then the S'-principal
bundle 7 : X — M is flat if and only if it is topologically trivial.

The previous theorem also allows us to derive some results for elliptic prin-

cipal bundles, C-principal bundles and C*-principal bundles.

Corollary 5.2.6. Let B be a compact complex manifold and w : X — B an
elliptic principal bundle. Then X is Kdhler if and only if B is Kdhler and the
fibre bundle © : X — B is flat. If H*>(B,Z) has no torsion then X is Kdhler if
and only if B is Kdhler and the fibre bundle m : X — B is topologically trivial.
Moreover, if X is Kdhler then m : X — B admits an holomorphic connection

form.

It follows directly from the preceding theorem. Recall that an elliptic prin-
cipal bundle 7 : X — B over a compact manifold B with fibre E = C/(1,7)
for 7 € C\R is topologically trivial if and only if the Chern class [ + 78] €
H?(B,Z®TZ) is zero or equivalently if there exists a C-principal bundle p : X —
B and a group I' acting properly discontinuously on X so that )Ai/ I' 2 X and if
we denote byq:i%f(/F%Xthen idop=mog.

Remark 5.2.7. In particular this criterium shows that the Iwasawa manifold
cannot be Kéhler, since it is an elliptic principal bundle over a torus T? (note
that H?(T?2,Z) = Z @ 7Z) which is not topologically trivial. Note also that the
Iwasawa manifold admits a holomorphic connection, therefore this condition is

not equivalent to the other ones.

Corollary 5.2.8. If 7 : X — B is a C-principal bundle over a Kdhler manifold

B then X is Kdhler and w : X — B admits a holomorphic connection form.

Proof. We cannot directly apply theorem 5.2.1 because the total space of a

C-principal bundle is not compact. Nevertheless every C-principal bundle is
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topologically trivial. Given any lattice I'; = Z + 7Z in C with Im7 # 0, it
induces a topologically trivial E = C/(1, 7)-principal bundle p : M — B, thus
the total space M is Kéahler. We consider the commutative diagram of fibre

bundles:
C C/T

B 4 B.

Since I'; acts properly discontinuously the projection ¢ is a covering map and
we can conclude that X is Kahler. Taking the pull-back by ¢ of the holomorphic

connection form on M we obtain a holomorphic connection form on X. O

A similar argument yields the following:

Corollary 5.2.9. Let B be a compact complex manifold and 1 : X — B a

C*-principal bundle. Then the following statements are equivalent:

(a) B is Kdhler and w: X — B is topologically trivial.

(b) B is Kdhler and w : X — B is obtained as a quotient of a C-principal bundle.
If they hold then X is Kdhler and w : X — B admits a holomorphic connection
form.

5.3 Ciriteria for suspensions

5.3.1 Double suspensions

Let N be a compact Kéhler manifold and f, g € Autc(N) such that fog=go f.

We consider the compact complex manifold X obtained as the suspension
X=NxC/(F,G)

where F(x,z) = (f(z),z24+ 1), G(z,z) = (9(x), 2+ 7) and Im(7) # 0. There is a

holomorphic submersion over the elliptic curve E = C/(1,7) given by

p: X — E; (x,2) — 2
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and the holomorphic vector field without zeros v induced by % projects over
the vector field % on E. We denote by Autg(N) the connected component of
the identity in the group of holomorphic transformations Autc(N) of N.

Lemma 5.3.1. Let M be a compact manifold, f € Aut(M) and X = M x¢ R.
Then the de Rham cohomology groups H"(X) is isomorphic to

H™ (M) )
ocle H'(M) : f*[o] = [o EB( A [ds].
(ol B0« £l = o1} @ 1=t o1 ¢ ) 14
In particular, if f* =id acting on H*(M), then
H"(X) = H" (M) @ H (M) A [ds].
Remark 5.3.2. With the above notation, if M is connected then

H'(X) = {[o] € H'(M) : f*[o] = [o]} @ ([ds]).

Proof. For the proof of the lemma it is enough to use Mayer-Vietoris sequence for
the De Rham cohomology groups (see [BT82] for details). Let X be a compact
manifold and assume X = U UV where U,V are open subsets of X. There is a

short exact sequence given by
0 — *X) — Q" U)aQ(V) — Q*UNV) —— 0
@ (06|U, Oé\v)
(w,7) —— Wunv — Tlunv
which induces an exact sequence for the De Rham cohomology groups:
HI-Y(UNV) AN HYX) —— HYU)® HY(V) _fa, HY(UNU)
The coboundary operator is given by
—d U
d* [W] _ [ (pvw)] on
d(pyw)] on V

where {py, pv} is a partition of unity associated to the covering {U,V}. Now
recall that a suspension admits a fibration p : X — S with fibre M. We choose
as open sets U = p~1(S'\{1}) 2 (0,1) x M and V = p~1(S1\{-1}) = (0,1) x M.
Therefore H*(U) = H*(V) = H*(M) and H*(UNV) =2 H*(M) ® H*(M). The
map F, : H{(U) & HY(V) — H?(U NV) corresponds to

HI(M) ® HI(M) —'—  HI(M) & HI(M)
(o)1) —— (o= B[~ /6]
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so Ker(Fy) = {[o ] € Hq(M) : f*lo] = [o]} and Im(F,) = [ds] A (HI=Y (M) @
{lo = frol: o] €

0 —— HYM)e HY(M)/Im(Fy—;) —— HYX) —— Ker(F;) —— 0

~1(M)}). Finally, considering the short exact sequence

we can conclude. O

Corollary 5.3.3. Let K be a non-abelian compact connected real Lie group of
odd dimension endowed with a normal almost contact structure, f € Autr(K)
and X = K x; R endowed with the complex structure described in proposition
4.4.2. Then X cannot admit a Kdahler metric.

Proof. We know that X = K x; R admits a finite covering X =M X5 R such
that M = K’ x (S1)” where K’ is a compact connected semisimple real Lie group,
0 <r <dimgpK and fthe lift of f to X. Using Kunneth’s formula and taking
into account that b1 (K') = ba(K’') = 0 (see section 1.7.5) we conclude that
H2(M) = H2((SY)") and H'(M) = H'((S')"). Now, the previous lemma says
that H2(X) is isomorphic to

H'(M)
ole H*M) : f*[o] =[o @( )Ads.
(ol € B0 : 1'lo) = o}y @ ooy ey ) 4
If X were Kihler then there would be a class [w] € H2(X) such that [w®] # 0 in
H 23()2), where s = dim¢ >~<, which is impossible. Therefore X is not Kéhler and
it follows that X cannot be Kéhler. O

Corollary 5.3.4. Let N be a compact complex manifold and f,g € Autc(N)
such that fog = go f and let X be the suspension N x C/(F,G) where F(x,z) =
(f(x),z+1), G(z,2) = (9(x),z+7) and Im(7) # 0. If f*,g* act as the identity
on HY(N,R) then by(X) = by(N) + 2.

Theorem 5.3.5. Let N be a compact complex manifold and f, g € Autc(N) such
that fog = go f and let X be the suspension N x C/(F,G) where F(x,z) =
(f(x),2+1), G(x, z) = (g(x), z4+7) and Im(7) # 0. Then the following conditions
are equivalent:

(1) X is Kdhler.

(ii) There is a Kdhler form w on N such that [f*w] = [¢*w] = [w].

(iii) N is Kdhler and there are integers n,m > 0 such that ", g™ € Autg(N).
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Recall that if hy, hy are homotopic endomorphisms of a manifold (or topo-
logical space) X then hf = h3 on H*(X,R). In particular if f € Auto(N) then
f*=1id in H*(N).

Corollary 5.3.6. Let N be a compact Kahler manifold, if bo(N) = 1 any compact

complex manifold X obtained by a double suspension on N is Kdhler.

Ezample 5.3.7. If dimc N = 1 then b;(N) = 1 and we conclude that any compact
complex manifold X obtained by a double suspension on N is Kéhler. We can
see that any surface obtained as in the remark 4.4.4 is Kéhler using the fact
that a compact surface is Kéhler if and only if it has even first Betti number (cf.
[Buc99]). Note that when f,g € Auty(N) we have f* = g* =id on H*(N), then
by the previous corollary b1 (X) = b;1(N) + 2. If dimg N = 1 then b;(N) is even
(for N is Kahler), then it follows that b;(X) is even.

Proof. (Corollary 5.3.6) Applying Hodge decomposition theorem to N one con-
cludes that H?(N,C) = HY}(N,C) = C. Then if w is a Kéhler form on N and
f € Autc(N) we have [f*w] = [M\w], where A € RT. Then f*w = M\w + da where

a is a 1-form. Moreover we know that [\"w"] = f*[w"] = [w"], therefore A = £1.
Assume that A = —1, then the Ké&hler form w + f*w = da is exact, which is
a contradiction. Thus A = 1 and we conclude that the hypothesis (ii) in the
theorem 5.3.5 is trivially fulfilled. O

Ezample 5.3.8. If N is a compact K&hler manifold and Autc(N) is finite then
any complex manifold X thus obtained from N must be Kéhler. Among the ex-
amples of manifolds N under the previous assumptions we have compact Kéhler
manifolds with negative definite Ricci tensor, quotients D/T" of a bounded do-
main of C" by a properly discontinuous group I' of holomorphic transformations
acting freely on D and any non-singular hypersurface of degree d in P" for n > 4
and d > 3 (see [Kob72], p.86-88).

Lemma 5.3.9. Let X be the finite covering of n-m sheets of X obtained as the
suspension

X =N x C/(F",G™)
where F™(z,2) = (f*(x),2z + n) and G™(x,2) = (¢™(x),z + m7). Then X is
Kahler if and only if X is Kdhler.

Remark 5.3.10. With the above notation, X is isomorphic to the suspension
N x C/(F,G), for F(z,2) = (f"(z),2z + 1) and G(z,2) = (g™ (x), 2 + 27).



98 Criteria of Kahlerianity

Proof. Clearly, if X is Kahler the pull-back of a Kéhler form on X is a Kéhler
form on X. Assume now that ® is a Kihler form on )N(, which we can represent
by a Kéhler form on N x C invariant by F" and G™. Then the form ¥ on N x C
defined by:

U =0, n-13j=0,.m—1(F")* o (G7)*(®)

is a Kéhler form on N x C invariant by F' and G, thus it represents a Kéhler
form on X. O

During the proof of the theorem we will make use of the following result by
A Blanchard (cf. [Bla56], p.192):

Theorem 5.3.11 (Blanchard). Let X be a fibred complex compact analytic space
with base B and fibre F. Let us assume that 71 (B) acts trivially on H'(F,R).
Then X is Kdhler if and only if the following conditions hold:

(1) There is a Kdhler form on ¥ which represents a cohomology class invariant
by m1(B).
(ii) B is Kdhler.
(iii) b1(X) = b1 (B) + b1 (F).

The basic tools to prove the preceding result are the following two versions

of the 9d-lemma with parameters. Their proof can also be found in [Bla56].

Lemma 5.3.12. Let M be a compact Kiahler manifold and let w be an exact
form of type (p,q) on M such that w = dy and w and « depend smoothly
on a complex parameter z € C. Then there exist a (p — 1,q)-form p and a

(p,q — 1)-form v that depend smoothly on z € C and such that w = dyip = dyv.

Lemma 5.3.13. Let M be a compact Kdahler manifold and let w be an exact form
on M such that w = dya and w and o depend smoothly on a complex parameter
z € C. Assume that w = wy + we where wy is of type (p + 1,q) and wy of type
(p,q + 1), both depending smoothly on z € C. Then there exists a (p,q)-form v
which depends smoothly on z € C and such that w = dyv.

Remark 5.3.14. Since the total space X of a suspension is locally a product
of N and an elliptic curve E = C/(1,7) the exterior derivative d on X can be
decomposed as the sum d = dy +dg. Moreover dy = On +0n; dg = Op + 0 and
Og, Og and Oy, Oy are the usual well-defined operators on N and E respectively.
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Note also that any of these differential operators of E anti-commute with any of
these operators on N, for instance dg o dy = —dyn o dg. This is also true if one

considers the contractions ¢ » and i o and any of the previous operators on N.
0z 0z

Proof. (Theorem 5.3.5) (i) = (ii): Let ¥ be a Kéahler form on X. Its pull-back
® = 7"V by the covering map 7 : N x C — X is a Kahler form on N x C. Let
us choose zp € C. If we denote by N, = N x {z} and by w.(z) = ®(z, 2)|x,
then w,, is a Kéhler form on N,,. It suffices to show that [f*w,,] = [ws,] (for
g the argument is analogous). By construction of ® we know that F*® = &
where F(x,z) = (f(x),z + 1), therefore f*w,, = w,,—1. Recall that if [®] =
[@'] € H?(N x C,R) then [®(z,20)n] = [®'(z, 20)|n] in H*(N,R). Therefore it
is enough to see that [®(z,2)] = [®(x,z + ag)] in H*(N x C,R) for all ag € C.
Since the map (z,2) — (x,z + ag) is homotopic to the identity on N x C this
condition is verified and we can conclude.

(ii) = (iii): It is an immediate consequence of a result by D.Lieberman (see
[Lie78]) that asserts the following: if M is a compact Ké&hler manifold, w a Kéhler
form and we denote by Aut, (M) the group of automorphisms of M preserving
the Kéhler class |[w] then Aut,(M)/Autyo(M) is a finite group. Indeed, if we
consider {f, f2,...} there must exist n; > ny > 0 such that f* = f"2 . h with
h € Auty(N). Therefore for n = ny — ng we have f" € Autg(N) (and we would
proceed identically for g).

(iii) = (ii): Let @ be a Kéahler form on N whose Kéhler class is preserved
both by f™ and ¢™. Considering the Kahler form

w = > (f) o (g')a,
i=0,..,n—1;j=0,...,m—1
the class [w] is preserved both by f and g.

(iii) = (i): It is enough to show that a double suspension of a compact
Kéahler manifold N by f,g €Autg(N) is Kéhler (see lemma 5.3.9 and remark
5.3.10). This follows from the theorem by A.Blanchard stated above: note that
since f, g €Autg(N) the fundamental group 71 (E) acts trivially on H'(N,R) and
consequently b;(X) = b;(N) + 2.

For the sake of clarity we discuss the argument under our hypothesis. The
Kahler form on X is constructed in several steps. We begin by fixing a Kéhler
form w on N. We can choose an open covering {U;} of E so that the fibration

p : X — E is trivial over U;. Then w induces a well-defined form w; on
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p Y (U;) = U; x N. Let {p;} be a partition of unity associated to {U;}, then
Qo = >, pi(z,Z)w; is a real global (1,1)-form on X so that ®gy is a Kéhler
form on N representing a fixed cohomology class (as f* and g* preserve H*(N)
all the forms w; belong to the same cohomology class in H?(N) ). Moreover
d®y = dp®Py. Now we want to obtain a closed real valued (1,1)-form ® on X
such that @ = ®¢. If {z;} are local coordinates on an open set U of N and {z}

is the usual complex coordinate on E then ® will have the local form:
P = Ejkajkdxj A dxy + Ejhjd.fj ANdzZ + Ejﬁjdi‘j ANdz+ifdz Ndz.

where a, hj, l_1j, f are functions on X depending on z, Z, z, Z and f is real-valued.

Equivalently ® can be written as
& =)+ HANdZ+ HANdz+ifdz Ndz,

where H is a (1,0)-form on X and f a real valued function on X. The hypothesis

d® = 0 is equivalent to the following equations

8E(I)0—|—8Nﬁ/\dz =0 (I)
oNH = 0 (IN)
OpH +ionfAdz = 0 (1)

Obtaining the form ® is equivalent to finding H and f that solve the previous
system. Roughly speaking, we will first solve (I) and (II) so that we determine
H and then define f as the solution of (IIT). The equations (I) and (II) are
equivalent to

dvH = z'%éEq)O (IV).

Note that the form w =i » Og®Po can be seen locally as a (1, 1)-form on N which
depends smoothly on the ?:i)mplex parameter z. To apply lemma 5.3.12 to obtain
a local (1,0)-form H; which solves (IV) we must assure that w is dy-exact. Note
that

dnw = i o Opdx®o = 0.

To prove the exactness it is enough to see that

/w:iaaE Py =0
C oz C

for every cycle C on N. This holds because ® represents the same cohomology

class on every fibre so fC ®y does not depend on z or Z. Therefore there exist



5.3 Criteria for suspensions 101

local solutions {H;} to (IV) which depend smoothly on z. Using a partition of
unity as above we obtain a global solution Hy =), p(z, Z)H;. Now, to proceed
with our plan, we should define f as the solution of (III) for the previous H.
The equation (III) is equivalent to

dnf=i(ioOgH —i00gH) =v (V).
oz Oz

Note that the term on the right v is a real form which is the sum of a form of
type (1,0) and a form of type (0, 1), therefore we can try to apply lemma 5.3.13.

Moreover v is dn-closed, for

dxv = (i
= (i

Nevertheless, here we encounter a difficulty, since we cannot prove that vg, for

OrdnH — i.0 OpdxH)
o i§5E8E<I>0 —ig o ia@aEéEcbo) =0

Vo Slo

the previous solution Hy, is dy-exact. To overcome it we will modify Hgy to
obtain a new solution of (IV) for which the corresponding v in (V) is dn-exact.
Fix a basis {1, ..., o, @1, ...,a;} of HO(N,Q") @ HO(N,QL). Note that since
«; are holomorphic forms on a compact Kéhler manifold N they are fixed by
f,g € Aut(N), therefore we can assume that they are well-defined holomorphic
forms on X. Indeed, as f,g preserve the cohomology classes, f*w; — w; and
g*w; — w; are holomorphic exact 1-forms for ¢ = 1,..., k, thus zero. In other
words f*w; = g*w; = w; for ¢ = 1,...,k and w1, ...,w, are well-defined forms
in H°(X,Q!) defining a basis of H°(N,Q'). By construction they are also dg-
closed. Let {71, ..., Yk, 71, -, 7} be the dual basis of H;(N,C). Note that if «

is a 1-form J(«) := y(@). We define
u; :i/ (OgHo A dz + OgHy A dZ) :/ vo Ndz N\ dz
ol %

for 1 < j < k. It is not difficult to see that they are dg-closed (1,1) forms on E.
Moreover

Uj :dE/ i(ﬁg/\dZ-FHo/\dE)
i

so they are also dg-exact. Applying lemma 5.3.12 to E and u; we obtain a family
{vi,...,vx} of (0,1)-forms on E so that dgv; = u;. We can define now a new
solution H of (IV) by the formula

k
HAdz=HyAdZ+1Y_ aj Avj.
j=1
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We will next verify that the integral of vdz A dz = idg(H A dz + H A dZ) is
zero for any cycle C' on N, for it is equivalent to fC v = 0. Note that since we
saw that v is dy-closed when H is a solution of (IV) it is enough to check that
fﬂfj vdz \dz = f%_ vdz A dz = 0. Indeed,
/ vdz NdzZ = / vodz Ndz — dgvj = uj —u; =0
Vi Vi
/ vdz NdzZ = / vodz N dzZ + dgv; = —u; + u; = 0.
Vi Vi

Therefore, we are left to solve dyf = v with v satisfying all the hypothesis in
lemma 5.3.13 to obtain local real functions f; so that dx f; = v. We define thus f
by means of a partition of unity, f =, p; f;. To finish the proof it is enough to
add to @ the pullback of a Kéhler form on E positive enough so that we obtain

a positive closed (1, 1)-form on X. O

Let now N be a compact Kéhler manifold. We denote by Alb(N) its Albanese
torus, by J the Jacobi map and by f! the automorphism of Alb(N) induced by a
given f €Autc(N) (see section 1.3). We want to determine when the suspension
X of a compact projective manifold N by f, g €Autc(N) such that fog=go f
is projective. Since the condition is expressed in terms of the Albanese torus of

X we will begin by computing it.

Proposition 5.3.15. Let N be a compact projective manifold and f, g € Autg(N)
such that fog=go f. Then Alb(X) is isomorphic to the suspension Alb(N) x
C/(F!,G"y where f!, g! are the translations of Alb(N) induced by f, g respectively,

Fl(y,z) = (fY(y), 2 + 1) and G!(y, 2) = (9!(y), 2 + 7).

Proof. Since H1(X,Z) = H(N,Z) & Hi(E,Z) (because X is homeomorphic to
N x E) we can obtain a basis of H; (X, Z) taking a basis 71, ...yer of H1(N,Z) and
01, o9 which are defined as the composition of p; and a path on the fibre N from
xo to f(zp) and of ps and a path on the fibre N from z( to g(xg) respectively
where p; and psy are respectively the projection on X of the paths

[0,1] —— NxC ; [0,1] —— NxC
t —— (xo,t) t —— (wo, Tt).

Assume wi, ...,wy are a basis of H'(N, Q). As f, g preserve the cohomology

classes, f*w; — w; and g*w; — w; are holomorphic exact 1-forms for i = 1,..., k,
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thus zero. In other words f*w; = ¢g*w; = w; for i = 1,...,k and wy,...,w; are
well-defined forms in H°(X, Q%) defining a basis of H°(N, Q). We complete
to a basis of H(X, Q%) by adding o = p*(dz) where p : X — E is the natural
projection. Therefore if Ax = {(f7 W1,y eees fW wk) cyE Hl(N,Z)}, the Albanese
torus is isomorphic to Alb(N) = C*/Ay and the Albanese map is

TN —— Alb(N)
: — ( = oo wk)

Then a basis of Ax, where Alb(X) = C¥+2/Ax, can be given by the rows of the

matrix

" w1 " Wk 0
0 Qum 0
hor e o 0 = | /U
fxomo w1 ... xomo wr 1 J(g(zo0)) T
fo(zo) Wy ... ;}0(950) W T

The result is the following:

Theorem 5.3.16. Let N be a projective compact manifold and f,g € Autc(N)
such that fog = go f and let X be the suspension N x C/(F,G) where F(x,z) =
(f(z),z+1), G(z,z) = (9(x),z + 7) and Im(7) # 0. Assume that X is Kdihler.

Then the following conditions are equivalent:

(i) X is projective.
(ii) Alb(X) is projective.

Corollary 5.3.17. Let N be a projective compact manifold and f,g € Autc(N)
such that fog = go f and let X be the suspension N x C/(F,G) where F(x,z) =
(f(x),z+1), G(x,z) = (g9(x),z + 7) and Im(7) # 0. Assume that X is Kdhler
and that there exists xo € N such that xo = f(x¢) = g(xo). Then X is projective.

Proof. 1t is enough to use the computation in the previous proposition with base
point zy to deduce that Alb(X) = Alb(N) x E, thus it is projective. O

Example 5.3.18. If M = P! then f,g € Autc(P!) commute if and only if they

have a common fixed point o € P!, therefore every suspension of P! is projective.
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The previous theorem is based on the following result by A.Blanchard, also

in [Bla56], and on the lemma below:

Theorem 5.3.19 (Blanchard). Let X be a fibred complex compact analytic space
with base B, connected fibre F and connected structural group. Assume that X

is Kahler. Then X is projective if and only if the following conditions hold:

(i) F and B are projective.
(ii) Alb(X) is projective.

Note that we cannot apply Blanchard’s theorem directly to our situation
because our structural group is connected if and only if f,g € Autg(N). The

following lemma is well-known but we include the proof for the sake of clarity.

Lemma 5.3.20. Let N be a projective compact manifold and f,g € Autc(N)
so that there exist n,m > 0 such that ™, g™ € Auto(N). Let X be the finite

covering of n - m leaves of X obtained as the suspension
X =N x C/(F",G™)

where F™"(x,z) = (f*(z),z +n) and G"™(x,z) = (¢"(x),z + m7). Then X is

projective if and only if)N( s projective.

Proof. We will use Kodaira embedding theorem for compact Hodge manifolds.
It is also worth recalling that if p : X — X is a finite covering map of n-m sheets

then there is a transfer map p! : H*(X) — H*(X) such that plop* =n-m-id
and p* op! =n-m-id on Im(p*) defined by

pllw] = > [(f) o (¢)"wl,
i=0,...,n—1;5=0,...,m—1
see [Bre97]. The direct implication of the lemma is clear since the pull-back of a
Kahler integer form on X is an integer cohomology class. If ® is a Kahler form
in X such that [®] € H(X) N H2(X,Z) it induces a Kéhler form ¥ on N x C

in the same way as in lemma 5.3.9, namely [¥] = p![®], and by construction
(U] € HYY(N x C) N H?(N x C,Z). Then the class that ¥ induces, up to a
integer positive constant, is in H?(X,Z). O

Proof. (Theorem 5.3.16) (i) = (ii): Since X is projective it is also Kéhler. Then
there exists n,m > 0 such that ™, ¢™ € Autg(N). The suspension X of N by
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f™, g™ is projective if and only if the suspension X of N by f, g is projective, by
the lemma above. Then by Blanchard’s theorem applied to X we conclude that
Alb(}~() is projective. Finally, by the above lemma we can also see that Alb(X)
is projective if and only if Alb(X) is projective.

(ii) = (i): It is enough to show that a double suspension of a compact
projective manifold N by f, g € Auto(N) is projective, by the above lemma. This
follows from the theorem by A.Blanchard stated above. O

5.3.2 Suspensions of manifolds in the class 7

Let M?"*! be a compact manifold in the class 7 and let F be the transversely
holomorphic flow induced by the vector field T. We denote by w the 1-form
such that w(7T) = 1 and ipdw = 0 corresponding to the normal almost contact
structure on M. Fixed 7 € C\R and given f € Auty(M) we denote by X the
suspension M x R endowed with the complex structure described in proposition
4.4.2. Let v be the holomorphic vector field on X induced by T — T% and F,
the holomorphic flow on X defined by v.

Let Q?(M /F) be the vector space of holomorphic closed basic p-forms 5 on
M with respect to the transversal holomorphic structure such that f*g = 3. Let
H?’Q(M /F) be the Dolbeaut cohomology groups of basic forms fixed by f. We
denote by QF(X/F,) the holomorphic p-forms on X basic with respect to F,.

Theorem 5.3.21. With the above notation, if X is Kdhler then:

(i) ex(M) =0. Moreover [dw] =0 in H}’l(M/]:).

(ii) There exists a basic (1,0)-form v on M such that dw = dv and f*v = v.

Moreover

H'(X,C) = Qy(M/F) & Q(M/F) & ([w —v]) ® ([ds]).

(iif) There exists a closed positive form ® on M such that @y, , is of type (1,1)
with respect to the holomorphic transverse structure and [f*®] = [®]. In
particular, if dw =0 then ®|ye,, is a Kdhler form on the leaves V of the
foliation defined by ker w on M.

Proof. (i),(ii) Since v is a holomorphic vector field without zeros there is a

holomorphic 1-form « such that a(v) = 1 and da = 0. In local coordinates the
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form o has an expression of the type

L (h(, 5)ds +73) = —

-~ 2ImrT 2Im T

(h(z,s)ds + T Z a;(z,s)dx;)

where z are real coordinates on M and a;(z, s) and h(z,s) are complex-valued
functions. Since a(v) =1 and a(v) = 0 it follows that h = w(T") = 1. Therefore
w is closed and it does not depend on s (because da = 0), i.e. W is a closed form
on M and f*& = &. Set x = 5-—(ds + 7w), since  is of type (1,0) there exists
a (1,0)-form p in X such that a = x + p, therefore @ = w —
v = QIImTu is a basic (1,0)-form such that dv = dw and f*r = v. By Hodge

decomposition theorem we know that

2ilm T ImT

ST ;. The form

HY(X,C) = HY(X,Q" @ HI(X, Q).

We can assume that there is a basis of H?(X,Q!) of closed holomorphic forms
a,aq, ..., o such that a;(v) = 0 for j = 1..k. One can easily prove that the
forms «q,...,a can be taken as forms on M basic with respect to the flow F
and such that f*a; = a; for j = 1,...,k (the last assertion follows from the fact

that (f,id) induces a holomorphic automorphism on X). It follows that
H'(X,C) = Qp(M/F) ® Q(M/F) @ ([ds]) @ ([w — v]).

(iii) The same argument than in the case of the double suspension yields
the result. Choose a Kéahler form ¥y on X and the pullback ¥ to M x R. The
restriction ® = W(z, s0)\ is the desired form. O

Corollary 5.3.22. If X is Kdhler then

i _
= 2Im7_(d3+7'(w —-v))

is a closed holomorphic 1-form on X such that a(v) = 1.

Recall that the form xy = (ds + 7w) is always of type (1,0) but it might

be neither closed nor holomorphic.

ZImT

Proposition 5.3.23. If X is Kdhler then

(i) HPO(X) = QE(M/F) & Q4 (M/F) A [al.
(i) QP (X/F,) = QF(M/F).
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Proof. Let ¢ be a closed (p,0)-form on X, in particular ¢ is holomorphic. Since
iyC is a holomorphic (p — 1)-form on X we have di,( = 0. It follows that
¢ = a ANip¢ + ¢ where (p is a closed (p,0)-form basic with respect to the real
flows induced by T' and % (since we also have iz = 0). Moreover, since (p, i,
are closed and basic they do not depend on s, thus (p,i,¢ € Q*0(M/F). Since
a holomorphic form on a compact Kéahler manifold is closed and never exact it
follows that
HPO(X) = Q5 (M/F) @ Q571 (M/F) A [al.

There is a natural inclusion of QZ;(M/}") into QP(X/F,). On the other hand,
given ¢ € QP(X/F,) it can be regarded as a holomorphic p-form on X, thus
(f,id)*¢ = f*¢ = ¢. The same argument as before proves that ¢ € Q*°(M/F),

thus we can conclude. O

When the flow F on the compact manifold M is isometric we can give more

specific conditions for the suspension X to be Kéhler:

Proposition 5.3.24. Assume that the flow F induced by the vector field T on
M is isometric. If X is Kahler then the following conditions hold:

(1) The Euler class ex(M) is zero.

(ii) The flow F is transverselly Kdhler and there exists a basic Kdhler form ®
such that [f*®] = [®] € HYY(M/F).

Proof. Applying theorem 5.1.1 we conclude that ex(M) = 0. Choose now a
Kahler form ¥y on X and define ¥ as the pullback to M x R. We define &y =
W(z, s0)m so that [fi®g] = [®g] and Py is a closed form of type (1, 1) with respect
to the holomorphic transverse structure. We denote by ¢; the 1-parameter group
on M associated to T" and by H the closure in Isom(M) of the abelian group
generated by ;. The form ® defined as the basic part of

/ Do (0%, 04),
H

where we integrate with respect to the Haar mesure on H, is a basic Kéahler form
on M. Moreover since f*®y = &y + da where « is a 1-form on M, the form f*®

is the basic part of

| r@ieee) = [ o0 = [ o)+ [ daloon)

= /HQDO(U*~,0*‘)+d/Ha(U*‘) H
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(see [GHV72] and [GHV73] and note that f.7T'=T so foo = oo f). Therefore
(/@] = [@]. [

Let M?"*! be a compact manifold in the class 7 and F the transversely
holomorphic flow induced by the vector field T. We denote by w the 1-form
such that w(7T") = 1 and ipdw = 0 corresponding to the normal almost contact

structure on M.

Definition 5.3.25. We say that a compact connected manifold M with a fixed
normal almost contact structure belongs to the class 7y if and only if its CR-

structure is Levi-flat.

Lemma 5.3.26. A compact connected manifold M with a fized normal almost

contact structure belongs to the class Ty if and only if dw = 0.

Proof. Recall that a CR-structure is Levi-flat if and only if w A dw = 0. Since
dw is basic for the foliation induced by T on M this condition is equivalent to
dw = 0. Therefore the manifolds in class 7y are exactly the manifolds in class 7°
with a Levi-flat CR-structure ®1°. O

If M is a compact connected manifold in the class 7y and X is the suspension
of M by f € Aut7(M) the (1,0)-form x induced by 57— (ds+7w) on X is closed,
in particular y is holomorphic. Moreover if M belongs to the class 7y then
ker w defines a foliation F on X transverse to the vector field T' such that every
leaf is biholomorphic to the same complex (possibly non compact) manifold V.
The biholomorphism between the leaves is given by the l-parameter flow
associated to T', since ¢; € Autcgr(M).

The suspension M of a compact complex manifold N by g € Autc(N) with
the normal almost contact structure described in proposition 2.4.2 belongs to

the class 7y. Conversely, one has the following result:

Theorem 5.3.27. Let M?"*! be a manifold in class Ty with CR-structure ®°
and vector field T. If w has group of periods Ty, = 7 then the CR-structure &9
and the vector field T' can be obtained as in lemma 2.4.2 as a suspension of the

compact manifold V by g € Aut(V).

Proof. Assume that w has periods group I', = Z, then there is a well defined
fibration )
m:M— S'=R/T,, :Cr—>/ w
o
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with compact fibers isomorphic to V which are the leaves of the foliation induced
by kerw. The compact leaf V carries a complex structure induced by the CR-
structure ®1Y on M. The automorphism g € Aut(V) corresponding to the
suspension giving rise to M is induced by ¢y,, where ¢y verifies ¢ (zg) ¢ V for
0 <t <tpand ps(zg) € V for every xg € V. The vector field T is transverse to
the leaves of the fibration and w = 7*(dt), where ¢ denotes the real coordinate
on S. The choice of g and the hypothesis w(T') = 1 imply that T is the vector
field induced by 2. m

Theorem 5.3.28. Let M?" ! be a manifold in the class Ty with CR-structure
®L0 and vector field T. Assume that the flow F induced by the vector field T on
M is isometric and that f* = id acting on H'(M,C). Then X is Kdhler if and
only there exists a basic Kdhler form ® for the flow F such that [f*®] = [®] €
HYY(M/F).

Lemma 5.3.29. Let M a compact manifold with a transversely Kdhlerian flow
F depending smoothly on a real parameter s € R. Let w be an exact basic form
on M of type (p,q) such that w = dyia for a basic form « depending smoothly
on s. Then there ezists a basic (p — 1,q)-form u and a basic (p,q — 1)-form v

that depend smoothly on s and such that w = dyp = dyv.

Lemma 5.3.30. Let M a compact manifold with a transversely Kdhlerian flow
F depending smoothly on a real parameter s € R. Let w be an exact basic form
on M such that w = dyia for a basic form o depending smoothly on s. Assume
that w = w1 + we where w1 is of type (p+ 1,q) and wy is of type (p,q + 1), both
basic and depending smoothly on s. There exists a basic (p,q)-form v such that

w = dyv and it depends smoothly on s.

The proofs of the previous lemmas are analogous to the ones of the lemmas
5.3.12 and 5.3.13 using the fact that on a transversely Kéhler isometric flow there
exists a transversal Hodge theory regarding basic forms and in particular a basic
d0-lemma (see section 1.6). Note that locally every suspension is a product, thus
we can consider the exterior derivative ds with respect to the local coordinate s
and then d = dy + ds.

Proof. =) : It follows from proposition 5.3.24.
<) : We define o as the (1,0)-form induced by 57-—(ds + 7w), which is a

closed holomorphic 1-form on X such that a(v) = 1. Besides, from Gysin’s
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exact sequence it follows that
H'(M) = H' (M/F) @ ([w]).

From the hypothesis f* = id acting on H'(X) and lemma 5.3.1, it follows that
HY(X) =2 HY(M) @ ([ds]). Since the flow F is transversely Kihlerian on M by
Hodge theory

HY(M/F) = H(M/F) & H* (M/F)

and there exists a basis oy, ..., ay of HY?(M/F) of closed (1,0)-forms (and there-
fore holomorphic) on M such that f*a; = a; for j = 1,...,k (for f* = id on
H'(M) and the representatives of cohomology classes of type (1,0) are unique as
a consequence of the transversal Hodge theory). Note also that H0(X/F,) &
H'9(M/F) since a basic 1-form on X can not depend on s and therefore lives
on M. Fix the transverse Kéhler form ® on M. We can choose an open covering
{U;} of S! so that the fibration p : X — S is trivial over U;. Then ® induces
a well-defined form ®; on p~1(U;) = U; x M. Let {p;} be a unit partition asso-
ciated to {U;}. Then ®g = ), pi(s)®; is a real global (1,1)-form on X so that
Popv is a transverse Kahler form on M representing a fixed cohomology class,
since [f*®] = [®]. Moreover d®y = d;Py. Now we want to obtain a closed real
valued (1,1)-form ® on X such that 6|M = ®). We search ® of the type:

d=0y+HAa+HAa+iFaAa,

where H is a basic (1,0)-form on X and F' a real valued function on X. The
hypothesis d® = 0 is then equivalent to the following equations:
ds®o — 51— (—duH Nds +dyH Ands) = 0 (D)
—TdMH/\w—i—fdMF/\w =0 (H)
L_(—7dsH Aw+7dH ANw) —idFaha = 0. (III)

2ilm T

Note that

idFaNa =
dFa Ao = oz

ds \w.
mT

Obtaining the form D is equivalent to finding H and F that solve the previous
system. Roughly speaking, we will first solve (I) and (II) so that we determine
H and then define F as the solution of (IIT). The equation (I) is equivalent to

QiImTiagdSCI)o = dMﬁ— dMH = dM(H— H)
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which is fulfilled if
duH = fiagdsq)o (IV)

The form v := 7i o dsPo can be seen locally as a basic form on M of type (1,1)
that depend smooatshly on the real parameter s. To apply lemma 5.3.29 to obtain
local basic (1, 0)-forms H; on p~1(U;) = U; x M which solve (IV) we must assure
that v is dyr-exact. Note that

dyvy = ?iagdde(I)o =0.

To prove the exactness it is enough to see that

/’}/Zfiads Py =0
c 9 Jo

for every cycle C' on M. This holds because ®¢ represents the same cohomology
class on every fibre so | o ®o does not depend on s. Therefore there exist 1-forms
{Bi} on M depending smoothly on s such that v = dy/3;. We denote by ¢; the
1-parameter group associated to T" and by L the closure of the abelian group
generated by ;. Define Bj as the transverse part of [} §;(0-) (integrating with
respect to the Haar measure on L). Then Bj is a transverse 1-form on X which

depends smoothly on s and such that

dMBjZdM/U*ﬂjZ/U*dMﬂjZ/U*VZ’Y
L L L

(recall that ~ is basic, so fL o*y = 7). Therefore there exist basic local solutions
{H;} to (IV) which depends smoothly on s. Using a unit partition as above we
obtain a global solution Hy = )", p(s)H;. Note that by construction of H it
verifies 7dyH = Tdy H, therefore it is also a solution of (II). Now, to proceed
with our plan we should define F' as the solution of (III) for the previous Hp.

Instead of finding a solution of (IIT) we will solve the following equation:
duF =i(tiodH —TiodH)=v (V).
ds ds

Note that the term on the right v is a basic real form on M depending smoothly
on s which is the sum of a form of type (1,0) and a form of type (0, 1), therefore

we can try to apply lemma 5.3.30. Moreover v is dy-closed, for

dMV:i‘iagds(TdMH—fdMﬁ)IO
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Nevertheless, here we encounter a difficulty, since we cannot prove that v, for
the previous solution Hy, is dy-exact. To overcome it we will modify Hy to
obtain a new solution of (IV) for which the corresponding v in (V) is dy-exact.
Consider the basis {az, ..., ag, @1, ...,ax} of HO(M/F) @ H*'(M/F) of forms
fixed by f so that they are well-defined closed forms on X (note that aq, ..., ax
are holomorphic). Let {71, ..., Vk+1,71,---» Vx4 1} be the basis of H;(M,C) dual

to {ai1, ..., ak, @, @1, ..., ak, @}. We define
uj:i/ (TdSH—?dSH):i~dS/ (TH —7H)
Vi 0

for 1 < j < k. Notice that

ﬂj:i'ds/ (TH—’I_'F)
5

It is not difficult to see that they are ds-closed and exact real 1-forms on S! (the
base of the natural fibration). There exists a family {v1, ..., v} of real functions

on S! (that we extend by pullback to X) such that dsv; = uj, namely
vj = i/ (tH — 7H).
-

We can define now a new solution H of (IV), and therefore a solution of (I) and

(II), by the formula
k

H=Hy+i 77"y aj-v;
j=1

so that
k k
vds = i(TdsHo —fdsHo) —I—ZUj Nag — Zaj N @;.
j=1 J=1
We will next verify that the integral of vds = i(TdSH — 7dsH) is zero for any
cycle C' on M, for it is equivalent to fC v = 0. Note that since we saw that v

is dyi-closed when H is a solution of (IV) it is enough to check that f%‘ vds =
f%_ vds = 0 (note that if v = dG the function G must be basic). Indeed,

/l/ds = /Vods—dsvj:uj—ujzo
%5 ¥j

/VdS = /Vods—dsijUj—uj:O.
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Therefore, we are left to solve dyF = v with v satisfying all the hypothesis in
lemma 5.3.29 to obtain local real functions F; such that dyF; = v. We define
thus F' by means of a unit partition, F' =), p;F;. To finish the proof it is enough
to add a positive constant to F' so that we obtain a positive closed (1, 1)-form
on X. ]

Let 8 be a closed 1-form on M such that 3(T') = 1 and f*3 = . Consider

on M the operator dr g acting on the complex
Q7 ¢((M,C) = {0 € Q*(M) : ir0 =0, ffo =0}
by the following formula:
drg: Q4 ;(M,C) — Q5 (M, C)

a— doa— B A (irda).
Choose « € Q?(M, C), then

d5 (@) = dr g(dor — B A (irda)) = BAdoipoda— B Adoiroda=0.

Consequently we can consider the cohomology groups corresponding to dr g,
that we will denote by H7 5(M,C). If one considers the complex Q’;(M) of
k-forms on M fixed by f the maps

i 9 f(M,C) = QF(M)/(B);  x: QF(M)/(B) — Q7 (M, C),

where 7 is the natural projection and x[o] = 0 — § Airo, induce an isomorphism
between H7 5(M,C) and the cohomology of the complex Q?(M)/(ﬁ) together

with the restriction of the usual differential operator on Q*(M).

Proposition 5.3.31. Let M?" ! be a manifold in the class Ty with CR-structure
®L0 on M. With the usual notation assume f € Isom(M) for some Riemannian
metric on M. Then X = M x; R is Kahler if and only if there exists a closed
form ® on M such that |y, is of type (1,1) with respect to the holomorphic
transverse structure and positive, f*® = ® and the form p = 71 (ip®)10 +
77 (ip®)%! wverifies dyp Aw =0 and 0 = [Lyu] € H}M(M, C).

Remark 5.3.32. Under the above hypothesis the flow induced by % is an iso-
metric flow with zero Euler class. Recall also that if M is a compact Riemannian
manifold then Isom(M) is compact (see [Kob72]).
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Proof. =) : We choose a Kéhler form ¥y on X. We denote by ¢, the 1-parameter
group associated to % and by L the closure in Isom(X) of the abelian group
generated by s which is compact for % generates an isometric flow on X. We

define
\Ijl(.7 ) — / \1’0(0'*',0'*‘)
L

where we integrate with respect to the Haar measure on L. The (1,1)-form
W is closed and positive on X, therefore it is a Kéahler form on X. Moreover,
when expressed in local coordinates its coefficients do not depend on s. Set now
U= 7*¥; where 7 : M X R — X is the natural projection and ¢ := ¥p;. Note
that we need not fix sp € R since W)y does not depend on s. The form @ is
closed and @i, , is of type (1,1) and positive on the leaves V of the foliation
associated to kerw. Moreover if (z,Zz,t) are local coordinates on M such that
T = %, z,z are coordinates on V, that is, F = {z = const,z = const} and
V = {t = const}, and s is the coordinate on R, the form ¥ has an expression of

the type:

v = Z Ajk(z, E,t)dzj ANdzZy + ZHJ‘(Z, Z,t)dzj A (dS + Tdt) +
jk=1 j=1

Hj(z,z,t)dz; A (ds + 7dt) + F(z, z,t)dt A ds.
=1

J
We set A :=371 _1 Aj(2, 2, t)dzj Ndz and H = Y70 Hj(z, 2, t)dzj A(ds+Tw)
so that

U=A+HA(ds+7w)+ HA(ds + Tw) + F(z,2,t)w A ds. (%)

Note that H = 771 (i7®)10 and H = 771 (ip®)%!. Note that dyA = diA and
OmH = O H = 0. Moreover i7A =10 A =0. The form ¥ is closed if and only
ds

if the following two equations hold:

dMA—F(TdMH-i-fdMF)/\w =0 (I)
dvH + dMF +duyFANw = 0 (H)

which imply dyA + (7 — 7)dyH Aw = 0. The form ® has local expression
®=A+(TH+7H) \w.

Since F*W = ¥ where F: M x R — M x R is defined as F(z,s) = (f(x),s + 1)
and the coefficients of ¥ do not depend on s we have f*® = ®. The form
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p=1"ir®) 0 +71(ip®)" = H+ H verifies dyip = dyH +dyH = —dy F Aw
so dypAw = 0 and Lrp = dyF —irduF Aw = d7 ,(F). Finally, from F*U = U,
[*w = w and the uniqueness of the decomposition on (x) it follows that f*F = F.
<) : The form ® is a well defined closed form on X = M x; R. We begin by
modifying it so that we obtain a well-defined real (1,1)-form on X. Set

Bg =0+ 7 (ip®) 'O Ads + 7 (ir®) Ads = & + p A ds.

Recall that v =T — T% is a holomorphic vector field. Moreover we can complete
v to a local basis of vector fields of type (1,0) by adding 8%1, o % where 21, ..., Z

are holomorphic coordinates on V = kerw as before. Then
iiq)oziiq)*T_l(iToiiq))/\ds
sz- BZj 8zj

s0i o 0i o Pg=0 (for @ is of type (1,1) on V) and

EE sz
iy0l o Po=1701 0 ®—i701 9 ®=0.
sz- azj az]»
The same arguments show that ®y has no part of type (0,2) with respect to the
complex structure on X. We would like to complete ®¢ to a closed (1, 1)-form ®
on X of the form
=Py +iFaAa

where F' is a function on M such that f*F = F. The condition d® = 0 is

equivalent to

F
dMM—I-d(m) Aw = 0.
Since dyip A w = 0 by Cartan’s lemma dypu = 6 A w. Therefore Lru = i3 A
w — B =dG — irdG A w for some function G on M such that f*G = G. Since
B+ dG = (ipf + irdG) A w we conclude dyip + dG A w = 0 and it is enough to

choose F':= (2Im7)G + K where K is a positive constant. O

Essentially the same argument proves the following:

Proposition 5.3.33. Let M?"*! be a manifold in the class T with CR-structure
®L9 on M. With the usual notation assume f € Isom(M) for some Riemannian
metric on M. Then X = M x yR is Kahler if and only if there exists a closed pos-
itive form ® on M such that @y, is of type (1,1) with respect to the holomor-
phic transverse structure, f*® = ® and the form p = 71 (ir®)0 + 771 (i7®)%!
verifies dyp = dyGAw+ G Adyw for some function G on M such that f*G = G.



Chapter 6

Examples of compact complex

surfaces

In this chapter we discuss some examples of compact complex surfaces that can
be obtained by means of the constructions in chapter 4. Let M? be a compact
connected manifold in the class 7 and let S be a compact complex surface
obtained as in proposition 4.3.1 on the total space of a S'-principal bundle over
M3 (case (B), note that S = M3 x S!, i.e. case (A), is included in this one) or
as in proposition 4.4.2, i.e. case (C), on a suspension of M3 by f € Auty(M?3).
Since S admits a holomorphic vector field v without zeros, it is well known that

S must be minimal, we will include here the proof for the sake of completeness.

Lemma 6.1. Let S be a compact complex surface and v a holomorphic vector

field on S without zeros. Then S is minimal.

Proof. Assume that there exists a holomorphic curve C 22 S? such that (C,C) =
—1. Since C does not admit any deformation the vector field v must be tangent
to C at every point. Therefore v must have a singularity, which contradicts the

hypothesis. O

We recall now the classification of minimal compact complex surfaces admit-
ting a non-trivial holomorphic vector field (see [DOT00] and [DOTO01]):

Theorem 6.2. A compact minimal surface S admits a non-trivial holomorphic

vector field if and only if it belongs to the following list:
1. kod(S) > 0.

117
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(a) Complex tori.

(b) Principal Seifert fibre bundles over a Riemann surface with fibre an el-

liptic curve.
2. kod(S) = —o0 and S is Kdhlerian.

(a) Holomorphic fibrations with fibre P* and structural group C* over a Rie-
mann surface of genus g > 1, P? and the Hizerbruch surfaces F, with
n=20,2,..

(b) Holomorphic fibrations with fibre P! and solvable connected structural
group over a Riemann surface of genus g > 1 such that the associated

line bundle has a non-trivial holomorphic section.
3. kod(S) = —oo and S non-Kdhlerian.

(a) Almost-homogeneous Hopf-surfaces.

+

(b) Inoue surfaces of type Sy, .+

(c) Some particular surfaces of class VII .

With the exception of the case 3(c) the last result has been known for a
long time, see also [Miz78] and [CHK73|. A classical argument by Blanchard
(see [Ghy96a]) shows that every holomorphic vector field v on a ruled surface
preserves the fibration. Thus, either v is tangent to the fibre P! or projects over
a non trivial vector field of the base. Since P? and Riemann surfaces of genus
g > 2 do not admit vector fields without zeros it follows that the only surfaces in
case 2 which can admit vector fields without zeros are some ruled surfaces over
an elliptic curve. On the other hand it is known that surfaces in cases 3(b) and
3(c) only admit vector fields with zeros. Thus, taking into account that v has
no zeros, we can conclude that a priori we have the following list of possibilities
for S:

(I) Complex tori.

(IT) Principal Seifert fibre bundles over a Riemann surface of genus g > 1 with
fiber an elliptic curve (this includes hyperelliptic, Kodaira and properly

elliptic surfaces).
(III) Ruled surfaces over an elliptic curve.

(IV) Almost-homogeneous Hopf-surfaces.
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Our next goal is to determine which of the previous surfaces are obtained by
our constructions for each possible choice of the manifold M? in the class 7. We
will make use essentially of two criteria: whether the resulting complex surface S
is Kédhlerian or not and a study of the analytic (or differential) universal covering
of S. Recall that surfaces in the classes (I) and (III) are always Kéahlerian
whereas those in the class (IV) are non-Kéhlerian. Note also that an elliptic
fibre bundle over P! is either a product or a Hopf surface (cf. [BPVAV84],
p.146), therefore we can impose genus g > 1 in case (II) without any loss of
generality. For Seifert principal fibrations over a Riemann surface N, with g > 1,
by theorem 5.2.1, we know that the total space is Kéhler if and only if the Euler
classes are zero.

Finally we will make use of the following classical argument:

Lemma 6.3. The analytic universal covering of a Seifert fibre bundle S over
a Riemann surface N of genus g(N) > 1 with fibre F is either D x ForCxF

where F is the analytic universal covering of F.

Proof. Taking a suitable ramified covering N of N we obtain an analytic fibre
bundle S — N with fibre F such that S is a smooth covering space of S. From
the inequality g(N) > g(N) = 1 we deduce that the universal covering of N is
D or C. By pull-back we obtain a fibration 7 : X — D or 7 : X — C that is
analytically trivial since D and C are contractible and Stein (by Oka’s principle,
see [Gra58]), hence X 2 D x F or X 2 C x F. Finally, it is clear that X is the

analytic universal covering of g, and consequently of S. O

Thus we conclude that the analytic universal covers of the previous surfaces
are: C? for complex tori, C? or D x C for case (IT), P! x C or P! x D for case
(III) and C?\{0} for Hopf surfaces. The previous lemma will also allow us to
classify all connected compact 3-manifolds in the class 7. We can sum up the

information we have gathered up to now in the following table :

Surface Kahler Universal covering
Complex tori Yes C?
Principal elliptic Seifert fibre bundles | Iff the Euler C?orDxC
over a Riemann surface Ny, g > 1 classes are zero

Ruled surfaces over an elliptic curve Yes P! xCorP' xD
Hopf surfaces No C?\{0}
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Let M? be a compact connected 3-manifold in the class 7 for a CR-structure
o0 a CR-action induced by a vector field T and a 1-form w. We denote by
F the flow induced by the vector field T. Recall that in order to apply the
construction of proposition 4.3.1, case (B), we must choose a S'-fibre bundle
over M and a connection 1-form « such that do € Q1 (M/F).

Assume that F is an isometric flow induced by a Killing vector field T" and
that w is a characteristic 1-form of F on M defining a normal almost contact
structure. If the flow F is isometric then H2(M/F) = C (see section 1.5) and
in particular the flow F is homologically orientable. Furthermore the transverse
part of F has complex dimension 1 and the flow is transversely Kahlerian, hence
by the Hodge decomposition theorem for transversely holomorphic flows (see
section 1.6) one has H2(M/F) = HY(M/F) = C. Applying Gysin’s exact
sequence for isometric flows (see [RP01]) it follows that if [dw] # 0 in H2(M/F)
then the map H2(M/F) — H?(M) is identically trivial. Indeed, one has

LHOM/F) — s H2M/F) — s H2M) — s HYM/F)..

where * is the map induced by the inclusion, [ * the integral along the leaves
and d[c] = [c¢ A dw]. Since H2(M/F) = C, if [dw] # 0 in H?>(M/F) then Imd =
H?(M/F) = Keri*. Therefore if the Euler class of F is not zero, that is, if
[dw] # 0 in H*(M/F), then the only S'-principal bundles p : X — M which
admit a complex structure by the construction of proposition 4.3.1 are the flat
ones. Recall that to apply proposition 4.3.1 the S'-principal bundle p : X — M
must admit a connection form « such that da € p*Qbt(M/F). Then if [dw] # 0
in H?(M/F) the previous discussion shows that [da] = 0 in H?(M), that is, the
fibre bundle p : X — M is flat. If H?(M,Z) has no torsion then the fibre bundle

is topologically trivial.

Proposition 6.4. With the notation above, if S is a complex surface obtained
from M3 as in proposition 4.3.1, case (B), then:

(a) S is parallisable.

(b) If [da] # 0 or [dw] # 0 in H*(M/F) then S is not Kdihlerian.

Proof. (a) Recall that every compact orientable 3-manifold is parallisable. Using

the connection form a we take a horizontal elevation to S of a basis of global
vector fields of M3. The vector fields that result together with the fundamental
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vector field of the Sl-action are a parallism for S. In particular the tangent
bundle is topologically trivial.
(b) As the flow associated to a S'-fibre bundle is always isometric, this is a

consequence of proposition 5.1.7. ]

On the other hand the classification of transversely holomorphic flows on
a compact connected 3-manifold (see [Bru96] and [Ghy96b]) together with the
condition of the existence of a CR-structure and a transverse CR-action give a

short list of possibilities for M? in the class 7. Indeed we prove the following:

Theorem 6.5. Let M3 be a compact connected manifold of dimension 3 in the
class T. Then, up to diffeomorphism, the manifold M3 and the vector field
inducing the CR-action belong to the following list:

(i) Seifert fibrations over a Riemann surface with a vector field tangent to the
fibres such that the isometric flow of the action admits a characteristic
1-form w such that dw is of type (1,1).

(ii) Linear vector fields in T3.

(iii) Foliations on S? induced by a singularity of a holomorphic vector field in
C? in the Poincaré domain and their finite quotients, i.e. foliations on the

lens spaces Ly 4.

(iv) Suspensions of a holomorphic automorphism of P* with a vector field tan-

gent to the flow associated to the suspension.

Moreover, all the previous manifolds admit a normal almost contact structure

such that the CR-action is the one induced by the corresponding vector field.

In the first case we described a family of CR-structures and transverse CR-
actions in chapter §2. For T® a suitable closed linear form provides a CR-
structure adapted to the vector field. In (iii) we can choose the canonical contact
structure on S3 as the CR-structure. Finally, for suspensions of P! the tangent
space of P! defines a Levi-flat CR-structure which is compatible with the vector
field. In the classification of transversely holomorphic flows there are two more

cases that are not in the class 7:

(v) Strong stable foliations associated to suspensions of hyperbolic diffeomor-

phisms of T?2.
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(vi) CxR\{(0,0)}/ ~ where (z,t) ~ (A\z,2t) for A € C such that |A| > 1 with
the flow induced by the vertical vector field %.

To prove the theorem it is enough to rule out these two cases. The flows in
(v) are examples of non-isometric Riemannian flows (see [Car84]), note that if
they admitted an invariant CR-structure together with a transverse CR-action
they would be isometric (see section 1.5), therefore they cannot be in the class

7. The manifolds in (vi) are excluded by the following proposition:

Proposition 6.6. Let M3 be C x R\{(0,0)}/ ~ where (z,t) ~ (\z,2t) for A € C
such that |\ > 1 with the flow F induced by the vertical vector field %. The
manifold M cannot admit a normal almost contact structure with a CR-structure

transverse to F and a CR-action tangent to F.

Proof. Suppose that M? admits a CR-structure ®'° transverse to F and a vector
field T' tangent to F inducing a CR-action, i.e. M? is in the class 7. Let us
define a complex structures on X = M3 x S! as in proposition 4.2.1. Since X is
homeomorphic to S? x S x S! the complex surface X must be a ruled surface
over an elliptic curve (if it were an elliptic fibre bundle with base P! it would
be trivial, thus a product, which is also a ruled surface). However we will see
that this is a contradiction. Recall that the universal covering of a ruled surface
over an elliptic curve is either D x P! or C x P'. By construction of the complex
structure on X = M x S' we have that ¢ + 7s is a holomorphic coordinate for
some 7 € C\R, therefore the analytic universal covering X = C x R\{(0,0)} x R
of X admits a holomorphic projection p : X — C defined by p(z,t,s) = z with
fiber an open subset of C. As P! is compact by the maximum principle it is

immersed in the fibers of p, which is a contradiction. ]

Recall that when one complexifies M? by means of the construction in propo-
sition 4.3.1, case (B), we are able to decide if the resulting complex surface is
Kéhlerian only when the flow is isometric. This is always the case for the flows
in (i) and (ii), the flows in (iii) are isometric if and only the flow is given by
ot21, 22) = [e™1t21, €2t 25] where 1 /p2 € R and the flows in (iv) are isometric

if and only if the automorphism is a rotation (cf. [Car84]).

Theorem 6.7. Let S be a compact complex surface obtained from a manifold
M3 in the class T by means of the constructions of cases (A), (B) or (C). Then:
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(i) Assume that M3 is a Seifert fibration. In case (B) the surface S is an
elliptic Seifert principal fibre bundle over a Riemann surface Ny with g >
1. Moreover S is Kdhlerian if and only if ex(M) = 0 and the S*-principal
bundle w: S — M is topologically trivial.

(ii) Assume M3 = T3. In case (B), when 7 : S — M is a topologically trivial
fibration the surface S is a complex torus, otherwise S is a non-Kdhlerian
elliptic Seifert principal fibre bundle over a Riemann surface Ny with g >
1. In case (C) we can obtain a complex torus or a Seifert elliptic principal

fibre bundle over a Riemann surface Ny with g > 1.
(iii) If M3 = 83 or M3 2 L, , then S is a Hopf surface.

(iv) Assume that M3 is the suspension of an automorphism of P1. If S — M3
is a S'-bundle which is not topologically trivial then S is a Hopf surface.

Otherwise it is a ruled surface over an elliptic curve.

Remark 6.8. The 3-manifolds in the previous list might admit different CR-
structures for which the above vector fields define transverse CR-actions. Nev-
ertheless the statements in the theorem are true for the corresponding complex-

ifications independently of the normal almost contact structure.

We can always regard case (A) as a particular case of case (B) for the trivial
fibre bundle. In the case (i) we will partially discuss the surfaces that can be
obtained by the construction of case (C) in the next proposition, when M? is
the total space of a S'-principal bundle instead of a Seifert fibration. Finally,
note that for all the previous 3-manifolds M? in cases (ii), (iii) and (iv) the
cohomology group H?(M, Z) has no torsion, therefore a S!-principal bundle over

M is flat if and only if it is topologically trivial.

Proof. (i) The first statement is clear and the second one follows directly from
theorem 5.2.1, for the second cohomology group of a Riemann surface has no
torsion.

(ii) Assume that we have a topologically trivial S!-principal bundle 7 : S — T3.
We obtain a Kihlerian surface S homeomorphic to (S')*. If we assume that
dw = 0, where w denotes the 1-form of the normal almost contact structure, and
S = T3 x S we obtain a complex torus. Since every deformation of a complex
torus is a complex torus (cf. [Cat02]) we conclude that when the S!-principal
bundle 7 : S — T? is topologically trivial S is a complex torus. Otherwise, that

is, if the S'-principal bundle 7 : S — T3 is not topologically trivial, the surface S
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cannot be Kéhler (by theorem 5.2.1) and its universal covering is R*, therefore it
must be a non-Kéahlerian principal elliptic Seifert fibre bundles over a Riemann
surface N, with g > 1. In case (C), since the universal covering is R* we must
be in case (I) or (II).

(iii) It is enough to consider the case M3 = S3. As H%(S3,Z) = 0 every S'-
principal bundle over S is topologically trivial so in case (B) the surface S is
homeomorphic to S x S!. In particular S is not Kihlerian and we obtain a
primary Hopf surface. For L,, we obtain secondary Hopf surfaces. On the
other hand, since Diff*(S3) is connected (by Cerf’s theorem, c.f. [Cer68]) in
case (C) the surface S is also homeomorphic to S% x S! and the same arguments
apply.

(iv) Assume first that p : S — M is a S'-principal bundle which is not topologi-
cally trivial, that is, [da] # 0. Note that in this case S is not Kéhlerian. On the
other hand the universal covering of M3 is p : 2 x R — M3 so by pull-back of
the S'-principal bundle 7 : S — M? we obtain a fibre bundle with total space a
product of a finite quotient of S? times R. It follows that S x R is the universal
covering of S and we can conclude. If S — M?3 is topologically trivial the uni-
versal covering is S? x R2. Note that since Autc(P') = PSL(2,C) is connected
M? =2 §2 x S'. Moreover the universal covering of S is S? x R2. Therefore S is

a ruled surface over an elliptic curve. O

Proposition 6.9. Let M? be a S'-principal bundle over a Riemann surface B
endowed with a normal almost contact structure and let S be a compact complex

surface obtained from M? by means of the construction of case (C). Then:
(a) When B is a Riemann surface Ny of genus g > 2, the surface S is a Seifert
fibration over N, with fibre an elliptic curve.

(b) When B = P! the surface S is a ruled surface over an elliptic curve when
ex(M) =0 and a Hopf surface when ex(M) # 0.

(c) When B is an elliptic curve the surface S is either a complex torus or a

principal elliptic Seifert bundle over an elliptic curve.
Moreover if ex(M) # 0 the surface S is not Kdhlerian

Proof. (a) Assume now that we are in case (C) and let S be the suspension of M
by f € Autr(M). As f preserves the vector field of the CR-action it preserves
the fibration of M and projects over an automorphism fof Ny. Up to a finite
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covering we can assume that f~: id, for Autc(Ny) is a finite group when g > 2.
It is not difficult to see that an automorphism preserving such a normal almost
contact structure and projecting over the identity can only be ¢,, where ¢;
is the 1-parameter group corresponding to the vector field T' of the action and
to € RT (it is enough to impose the conditions f,T' = T and f*w = w). It
follows that, up to a finite covering, S is an elliptic fibration over Ny, which is
Kahler if and only ex(M) = 0. Thus S is a Seifert principal elliptic fibre bundle
over Ny with fibre an elliptic curve. Finally notice that there is a finite analytic
covering of S which is Kéhler if and only if ex(M) = 0 (as the total space of
the finite covering is the product M x S* the criterium of theorem 5.2.1 can be
applied). To conclude it is enough to notice that a finite analytic covering of S
is Kahlerian if and only if S is Kéhlerian.

(b) Note that ex(M) = 0 if and only if the S'-principal bundle is topologically
trivial. The S has universal covering S? x R? if ex(M) = 0 and S3 x R if
ex(M) # 0, which allows us to conclude.

(c) It enough to notice that the universal cover must be C2, therefore we can
obtain a complex torus or a principal elliptic Seifert bundle over an elliptic curve.
Moreover if ex(M) # 0 the surface S is not Kéhlerian, therefore it cannot be a

complex torus. O
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