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Preface

�And it does me good to do what's di�cult. That doesn't stop me
having a tremendous need for, shall I say the word - for religion - so I
go outside at night to paint the stars, and I always dream a painting
like that.�

- Vincent Van Gogh, in a letter to his brother (1888)

In the centenary of the introduction of the cosmological constant by Albert Einstein in his
gravitational �eld equations, we now know that the Universe is expanding at an increasing
rate. The most �simple� explanation of such current positive acceleration is precisely given
by the cosmological term, Λ, but we are still facing the question whether the ultimate cause
of it is a rigid Λ-term or some sort of mildly evolving dynamical dark energy (DE).

We are currently living in a very privileged and exciting epoch, in the beginning of the
precision Cosmology era. The exploration of the Cosmos at large scales is now a reality. We
can look out there with our sophisticated instruments and try to guess how mother Nature
gave rise to the special Universe in which we live in, which is the mechanism that rules
the accelerated expansion. We can scrutinize the most recondite corners of the Cosmos
and try to extract valuable information from observations. But many questions are still
pending to be answered, namely the issues concerning the matter-antimatter asymmetry
in the Universe, the existence of primordial non-gaussianities, the neutrino's masses and
hierarchy, the nature of dark energy and dark matter, etc. Hopefully, with the aid of all
the experimental and technological advances that are to come in the near future we will
be in position to �nd some clues about these (still open) mysteries.

The presence of dark energy in our Universe seems to be a well established empirical
reality in modern Cosmology. The facts supporting its existence are robust, innumerable
and overwhelming. They are compellingly expressed through the observational body of
evidence con�rming the accelerated expansion of the Universe, evidence that has been
piling up in the last two decades from a large variety of cosmological sources. On these
grounds it all looks as if the historical investigation on the DE has been a research path full
of color and successes. It is so, in part, but not exactly so. For one thing, real knowledge
and understanding of the physical quantities being measured seems to lag �a bit� behind
the outstanding record achieved by the modern observations. It is disquieting to recognize
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that our theoretical conceptions, bold as they are in some cases, did not live up to our ex-
pectations. In fact, they did not follow a pace comparable to the astounding developments
undergone by the observational tools and state-of-the-art instruments that have been (and
are being) used to explore our patch of surrounding Cosmos. That this dual pace between
empirical and theoretical knowledge is a factual reality in Cosmology becomes apparent
when we try to answer the next obvious scienti�c question at stake: what is the dark energy
that we �observe�? Is it a substance, is it a �eld, may be an e�ect associated to something
else more fundamental than matter and �elds? Or perhaps it is the quantum vacuum in
action, maybe behaving in a way that we are not su�ciently prepared to fully understand
it yet? Cosmologists have worked hard to decipher the dark energy code, but the bare
facts tell us that despite the staggering technological victories in exploring the Universe
in the last twenty years, we are still facing a longstanding, stubbornly persistent, almost
hopeless ignorance about the physical nature of the DE and hence on the ultimate cause
of the observed acceleration of the Universe. This profound and distressing con�ict is, of
course, at the root of the Cosmological Constant Problem (CCP), most likely the biggest
theoretical conundrum of Fundamental Physics of all times.

In this thesis I describe the CCP in the Introduction 1, and I make a short (but exhaustive)
historical review of the cosmological term from its birth, a hundred years ago, up to the
present. I also introduce the standard cosmological model, the ΛCDM, together with its
associated theoretical and observational problems. This leads to the study of alternative
scenarios that are potentially able to alleviate the aforementioned drawbacks. I review in a
quite general way some of them, just to locate the reader in the right context. The last two
sections of the Introduction are mainly focused to motivate a particular class of models,
the so-called running vacuum models (RVM's), which arise from the renormalization group
formalism of Quantum Field Theory in curved spacetime applied to Cosmology. These mo-
dels are the main object of study of this thesis. In them, the vacuum energy density evolves
with the expansion, having a direct dependence on the Hubble rate. The latter somehow
parametrizes the dynamics of the cosmological vacuum. This time evolution of ρΛ can only
respect the ful�llment of the local energy conservation equation if the Newtonian coupling
acquires some dynamics too, and/or if the laws that describe the matter-radiation energy
densities acquire some anomalous behavior. All these scenarios give rise to a very rich
phenomenological palette of di�erent RVM's, which is amply studied in the subsequent
chapters, in the main body of the thesis.

Let me summarize the main content of this dissertation. In Chapter 2 we analyse some
RVM's in which the variation of Λ is due to an energy exchange between vacuum and
matter sectors. We investigate in detail the background solutions, together with the linear
and nonlinear perturbations. The latter is carried out with an improved version of the
Press & Schechter formalism. In Chapter 3 we explore a DE class (denoted as D-class) of
models in which the DE is self-conserved and its energy density is described by the same
law encountered in the RVM's. In this case, though, the dynamical behavior of the DE is
possible thanks to a deviation of the DE equation of state parameter from the vacuum one.
We also study for this models the linear structure formation and analyze the e�ect of DE
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perturbations at deep subhorizon scales. In Chapter 4 we explore the possibility that both,
Λ and the Newton coupling G vary with the expansion in the so-called G-type models,
being in this case matter and radiation self-conserved. We analyze the phenomenological
behavior of such framework. Some small hints in favor of vacuum dynamics are found.
This is in short the content of the �rst part of this thesis. In the second one, we re�ne the
observational data sets, we improve the statistical analyses carried out in the �rst part,
and enlarge the �tting parameter space. These improvements are �rstly presented in Chap-
ter 5, where again we study the G-type models, together with A-type ones, a subclass of
RVM's which have also been studied in detail in Chapter 2. Here, the statistical signal in
favor of the vacuum dynamics reaches the 4σ c.l., something that has not been previously
found in the literature. In Chapter 6 we focus our attention to a concrete quintessence
model, the original Peebles & Ratra (PR) model. Interestingly enough, we �nd that the
important evidences in favor of dynamical DE are also traced by this model, in which one
starts from a well-de�ned scalar �eld Lagrangian. We also �nd a better agreement with
the data than the one o�ered by the ΛCDM if we use some simple DE parametrizations,
as the XCDM and the CPL ones. This is also quite remarkable, since it seems to indicate
that the aforementioned signal in favor of the DE dynamics can me mimicked not only
through a particular model, but by an ample spectrum of them, although, of course, not
all of them perform equally good. All these results are also unprecedented in the literature.
In Chapter 7 we analyze in detail a RVM in which vacuum interacts with dark matter,
together with two more phenomenological dynamical vacuum models that one can also
�nd in the market. We also reanalyze the DE parametrizations mentioned before and the
PR model in the light of the most updated data sets. We con�rm the presence of a ∼ 4σ
c.l. signal sitting on the top of the data in favor of an evolving-in-time DE component.
We present a dedicated study on the cosmological data used in the analysis and discuss
the existing correlations among them. In addition, we also provide a thorough explanation
about why important collaborations as Planck or BOSS have proved incapable of detecting
such positive signal.

I have also included �ve appendices after Chapter 7. In Appendix A I regularize the
zero-point energy of a free scalar �eld in Minkowski spacetime using the momentum cuto�
and dimensional regularization methods, and renormalize the regularized expression using
two minimal subtraction schemes. It is a very standard calculation, but I deem useful
to provide the explicit derivation here together with the most important formulas, which
are often called from the main body of the thesis. In Appendix B I obtain the e�ective
(vacuum) action in curved spacetime using the canonical quantization procedure. In the
literature one usually �nds an alternative way of computing this object, through the path
integral formalism and making use of e.g. the adiabatic expansion of the Green functions.
The method used in this appendix leads to the same expression of the e�ective vacuum
action in the low-energy Universe that the one obtained using the more involved procedure
of the path integral formalism. It is, though, less general. In Appendix C I derive the dif-
ferential equations that govern the evolution of matter density perturbations in the RVM's
that are studied in the main body of this thesis. In appendix D I describe the procedure
to compute the collapse density threshold, which is a quantity that plays a crucial role in
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the Press & Schechter formalism. This appendix is added in support of the analysis of
nonlinear perturbations carried out in Chapter 2. Finally, in Appendix E I provide some
technical details on the cosmological observables used and statistical analyses carried out
in the second part of this thesis, together with some comments on the �tting procedure
and the Fisher matrix formalism.

I hope that the reader enjoys reading these pages as much as the author has enjoyed
writing them. The path just starts here. But where does it lead? Let us see.
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Chapter 1

Introduction

�If I have seen further, it is by standing on the shoulders of giants.�

- Sir Isaac Newton, in a letter to Robert Hooke (1675)

�Even thus by the great sages 'tis confessed
The phoenix dies, and then is born again.�

- Dante Alighieri, from the �Divine Comedy� (1320)

1.1 Brief history of the Cosmological Constant

I begin the introductory chapter of my thesis with this short historical review of the not
that short history of the Cosmological Constant (CC). I have divided it in two subsections.
In the �rst one, I explain the historical remarks from the introduction of the CC in the
General Relativity (GR) �eld equations by A. Einstein up to the present, without entering
in details about the possible theoretical connection between the CC and the vacuum energy.
Thus, I deal with the CC just as a pure �geometrical� object, and basically explain which
has been its role in Cosmology. In the second one I cover the summarized history of the
vacuum energy from the beginning of the quantum revolution up to the discovery of the
Higgs boson in the LHC, including the modern formulation of the CC problem, carried
out by Y.B. Zeldovich in 1967. This will allow me to introduce the important concept of
zero-point energy, together with other possible vacuum energy contributions to the CC.

Hopefully, this historical review will enlighten the subsequent parts of this dissertation,
clearly showing where we come from and drawing a general picture of the current status
of the problems a�ecting the CC.
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Chapter 1. Introduction

1.1.1 Cosmology and the CC

Albert Einstein completed its General theory of Relativity in 1915, after �nding the �eld
equations [1],

Gµν ≡ Rµν −
1

2
gµνR = 8πGTµν ,

1 (1.1)

where Gµν is the so-called Einstein tensor, gµν and Rµν are the metric and Ricci tensors,
respectively, R ≡ gµνRµν is the Ricci scalar, and Tµν is the energy-momentum tensor. This
compact set of equations establishes the interplay between the matter-energy content of
the Universe and the geometry of the spacetime as a whole. As it is usually said, matter
tells geometry how to curve and geometry tells matter how to move.

Shortly after his fascinating discovery, and fully aware of the potential power of his
theory, Einstein focused his e�orts in studying the implications that the new-born theo-
retical framework could have in the cosmological arena. As starting point, he considered a
hypothetical homogeneous and globally static Universe. The latter assumption was quite
reasonable at that time, due to the existing empirical evidence supporting the low relative
velocities of the observed stars2. The question was whether GR could give rise to this kind
of Universe or not. Einstein knew, of course, that the Newtonian Poisson's equation,

∇2φ = 4πGρm , (1.2)

is immediately recovered from (1.1) in the low-energy limit. Actually, it was a kind of
needed requisite for GR that Einstein demanded himself to its theory. He was also aware
that Newtonian gravity does not allow the kind of Universe he had in mind. It does not
matter whether we consider an Euclidean spatially �nite or an in�nite Universe. In the
former case, it is obvious that gravitational attraction makes the Universe to collapse and,
in the latter, it can be proved that a non-null matter energy density uniformly distributed
in the in�nite space cannot ful�ll Poisson's equation if the Universe under consideration is
supposed to be static. Thus, he needed to change his original �eld equations (1.1) in order
to obtain a modi�ed form of the Poisson's equation in the low-energy regime, since (1.1)
naturally produces a dynamical Universe. The outcome of his research was presented in
his memorable paper, �Cosmological considerations on the general theory of relativity� [2],
submitted to the Royal Prussian Academy of Sciences in Berlin 3 on February 8th of 1917,
almost exactly one century ago. In this paper, after recalling to the reader the inherent
problems associated to (1.2) in the cosmological context, Einstein pointed out that the

1In this thesis I partially adopt the natural units convention. I use c = 1 and ~ = 1, but I keep, e.g.
G 6= 1. Another important issue: Greek letters in superscripts and subscripts will take values between 0
and 4, being 0 the temporal component; and Latin Letters will only run between 1 and 3, i.e. they will
denote spatial components.

2The author is not sure whether Einstein ignored or not the studies carried out by Vesto Slipher between
1912 and 1917, which led him to the experimental discovery of the Doppler shifts in spiral nebulae. But
even if Einstein was aware of this discovery, there was no consensus in that time about whether spiral
nebulae were independent star systems outside the Milky Way or not (the famous Shapley-Curtis Great
Debate was held in 1920 and Hubble's determinant work appeared in 1929). Thus, in 1917 there was no
strong enough reason to think about a dynamical Universe.

3In German: Königlich Preussischen Akademie der Wissenschaften zu Berlin.
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Chapter 1. Introduction

following modi�ed form of the Poisson's equation can eliminate the existing drawback,

∇2φ− λφ = 4πGρm ,
4 (1.3)

where λ is a universal constant5. According to this equation, an in�nite static homogeneous
Universe becomes possible if the gravitational potential takes the constant value φ =
−4πGρm/λ. Analogously to the addition of this new term containing the constant λ in
the original Poisson's equation, Einstein modi�ed his original �eld equations (1.1) by also
adding a constant so as to be able to explain in a consistent way his static Universe,

Rµν −
1

2
gµνR− Λgµν = 8πGTµν . (1.4)

According to Einstein, Λ (the CC) must be a constant of Nature. This new term preserves
the general covariance of the theory and, if it is small enough, it can pass all the Solar Sytem
tests. He showed that if Λ = 4πGρm, it is able to counteract the attractive gravitational
force between the uniformly distributed mass that �ll the Universe, making possible a
homogeneous, static and spherically closed Universe with curvature radius R0 = Λ−1/2 6.
It is a well-known fact that [2] represents the birth of modern Cosmology, and it goes
hand in hand with the birth of the Cosmological Constant. As we are about to see, the
CC has had (an, indeed, still has) a very convulsed life. It has been killed many times,
but like the phoenix, it has always managed to rise from the ashes, becoming again and
again required to match theory with observations. Unfortunately for Einstein, his Universe
had severe stability problems, as was much later e�ectively discovered by Lemaître in [3]
(see also the work of Sir A.S. Eddington, [4]). This means that a small disturbance in
the matter distribution makes his Universe to collapse or expand forever. But in the late
1920's other models had already gained leadership in front of the static one, due to the
found experimental evidence in favor of a dynamical Universe.

In the same year of the publication of Einstein's paper, i.e. in 1917, Willem de Sitter
presented his own model in [5]. Therein he showed that, contrary to Mach's principle and
Einstein's ideas, matter is not needed to produce inertia. He was the �rst theoretician
who paid close attention to Slipher's work. He considered a Universe dominated by Λ and
completely absent of matter, in which the Universe expands and therefore, is dynamical. It
is considered the �rst and more simple expanding Universe model, but despite its simplicity
it is of great importance, since it predicted for the �rst time the recession of extragalactic

4Historical curiosity: The German physicists Hugo von Seeliger and Carl Neumann had proposed this
modi�cation of the original Poisson's equation in the mid-1890's in order to avoid the existing cosmological
conundrums. As a consequence, the gravitational potential generated by a point-like massive particle

departs from the Newtonian expression, it is Yukawa-like and reads φ = −mGr e−r
√
λ, with a very small λ.

Asaph Hall demonstrated in 1894 that this kind of potential could solve the precession of the perihelion
of Mercury problem. Despite this, it could not solve other existing open problems of that epoch a�ecting
various Solar System bodies.

5At this stage, I keep the notation for the CC that was originally used by Einstein in [2]. From (1.5)
on I will change λ by Λ, since the latter is the Greek letter currently mostly used in the literature for
denoting the CC.

6Andrzej Trautman pointed out in 1965 that the non-relativistic limit of (1.5) does not lead to (1.3),
but to ∇2φ = 4πGρm − Λ.
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nebulae from us with a huge velocity, as a simple consequence of the properties of the
gravitational �eld, without having to assume that we are located at a privileged point of
the Universe. This is known as �de Sitter e�ect�. The problem with the de Sitter's metric
as it was originally presented is that there does not exist any preferred rest frame. It was
not written in proper Robertson-Walker form, and in particular does not have a universal
cosmic time. Thus, in order to derive a velocity-distance relation it was needed to make an
extra assumption and di�erent assumptions led to di�erent relations. This feature made
the de Sitter e�ect quite di�cult to interpret in absolute terms7.

Also the two posterior seminal papers of A. Friedmann [6, 7] must be mentioned. In
[6] he analyzed from a very mathematical perspective the various solutions to GR �eld
equations, including the possibility of a zero or negative CC. He obtained the �periodic
world� solution. In the second reference, he also explored the e�ect of alternative spatial
curvatures. Curiously, in 1923 Einstein believed he had found an error in [6] and he
published a brief note claiming this, but Friedmann showed that his calculations were
indeed correct. Consequently, Einstein withdrew his objection to the result by publishing
a retraction of his comment, with a sentence that was �nally deleted before the publication:

I consider that Mr Friedmann's results are correct and shed new light.
They show that the �eld equations admit, for the structure of spherically
symmetric space, in addition to static solutions, dynamical solutions to
which it is hardly possible to give a physical meaning.

But also in 1923, Einstein wrote in a postcard to Weyl:

If there is no quasi-static world, then away with the cosmological term.

In light of these events, I am not able to determine up to what extent was Einstein
obdurate with the idea of a static Universe. In that epoch there was no crucial experimental
evidence against his cosmological model, but neither a crucial evidence in favor of it.
According to the �rst statement, it seems that he had some kind of prejudices against
dynamical cosmologies, but according to the second one, he did not discard the latter
possibility either. Of course, he was not aware of the pathological stability problems
a�ecting his static Universe and this did not allow him to discard his model from a pure
theoretical point of view in that time.

In 1924, A. Eddington pointed out in reference [8] that 36 out of the 41 spectral shifts
of galaxies measured by V. Slipher were redshifted, what he thought was a hint in favor of
the de Sitter e�ect8.

7Some of the physicists contributing to the discussion on the interpretation of the de Sitter e�ect were
Weyl, Eddington, Lanczos, Silberstein and Tolman. I omit the details in the current historical review,
which does not aim to be that exhaustive. A full study of all the historical details would deserve a
separate PhD dissertation.

8In [8] one can also �nd a list of radial velocities of spiral nebulae measured by Vesto Slipher in the
Lowell Observatory, some of them unpublished in that time. It is curious the comment of Eddington about
the blueshifted spectrum of Andromeda (which was measured with very high precision). He noticed that
this data point was di�cult to be explained with the de Sitter model. Of course, the distances of the
spiral nebulae to us were still unknown and this made impossible to ensure the existence of some kind of
correlation between the spectral shifts and the distances to the sources.

4



Chapter 1. Introduction

Some years later, in 1927, the Belgian astronomer and Catholic Jesuit priest Georges
Lemaître published his cosmological model in [3]9. He was surely inspired by Hubble's
work10. In his paper, he considered again the presence of a non-null Λ. Two of his main
conclusions were: 1) The radius of the Universe increases without limits from an asymptotic
value R0 for t = −∞, where R0 is Einstein's radius, i.e. the Universe evolves from an
asymptotically static state which, of course, is unstable; 2) The recession velocities of
extragalactic nebulae are a cosmical e�ect of the expansion of the Universe. He estimated
for the very �rst time the value of the Hubble constant. He determined that its value was
around 625 km/s/Mpc. Sadly for Lemaître, [3] had a very little impact, since the journal
in which it was published was not well-known outside Belgium. A. Eddington11 helped
to translate the paper into English and this allowed it to be published in a high-impact
journal in 1931 [3], but the part containing the estimation of the Hubble constant was not
included. It is known that Lemaître agreed in not including this point in the translated
version. In a letter to the editor of The Monthly Notices of the Royal Astronomical Society,
he wrote:

I did not �nd advisable to reprint the provisional discussion of radial
velocities which is clearly of no actual interest, and also the geometrical
note, which could be replaced by a small bibliography of ancient and new
papers on the subject.

In the same year of his paper republication he presented a modi�ed version of his
original model, the �loitering� or �hesitating� model, which did not start from an unstable
Einstein's Universe, but with an initial singularity (called by Lemaître primeval atom,
a unique atom the atomic weight of which is the total mass of the Universe [9]). With
positive curvature, positive CC and a total mass very near the one found in the Einstein
static Universe, Lemaître's one emerges from a very high energy density state and evolves
through a decelerated phase until the matter density drops to near the Einstein value.
In that stage, the Universe behaves almost as a static Einstein Universe, but then the
instability does his job and the expansion starts speeding up. The CC dominates over the
matter energy density and the Universe evolves towards a pure de Sitter phase. This model
is currently considered as the �rst seed of the celebrated Big Bang theory.

In 1929 Edwin Hubble published in [10] the results of the investigations carried out
during the preceding years. He experimentally con�rmed what from then on became known
as the Hubble's law, the linear relation between the distance of the extragalactic sources
and their recession velocity, i.e. v = H0 · d, with H0 = 525 km/s/Mpc (not that far

9Here, it is worth to mention another example of the apparent ��ght� of Einstein against the non-static
cosmological models. In the Solvay conference of 1927, he told Lemaître: Your calculations are correct,
but your physical insight is �tout a fait abominable�.

10Lemaître had attended a meeting of the American Astronomical Society in 1924-1925 in which E.
Hubble presented some results, probably the �rst steps towards his posterior extraordinary work. It is
important to notice that in 1925 Hubble had already proved the extragalactic nature of the spiral nebula
NGC 6822.

11In 1930 Eddington wrote a long comment in one of his papers on Lemaître's work, in which he described
it as a brilliant solution to the outstanding cosmological problems of that time.
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Figure 1.1: Original plot with the velocity-distance relation measured by Hubble in 1929. For further details see [10].

from Lemaître's predicted value, although certainly quite far from the current accepted
one, which is around 70 km/s/Mpc). Two important astronomers had a deep in�uence on
Hubble's work, Henrietta S. Leavitt and V. Slipher. I have talked about the latter before.
If he could not �nd out Hubble's law before Hubble is because he did not make use of
Leavitt's important discovery12, a relation between the luminosity period of the Cepheid
variable stars and their absolute luminosity. This relation allowed Hubble to determine the
distance of the extragalactic nebulae to us, what �nally allowed to close the Great Debate
[11] too, in favor of H. Shapley, and con�rming the old Kant's concept of �island Universes�.
It was the revolutionary con�rmation of the fact that the Universe is not only composed by
the Milky Way. Two years later, Hubble and Humason published a new paper, estimating
H0 = 558 km/s/Mpc and recon�rming all the previous results [12].

It is curious because Hubble's investigations had as a main aim the con�rmation/rejection
of the de Sitter e�ect, not Lemaître's estimation of H0! This can be clearly seen in the
conclusions of [10], in which he states: The outstanding feature, however, is the possibility
that the velocity-distance relation may represent the de Sitter e�ect. But in January 1930,
Eddington and de Sitter publicly rejected the latter's theory as inadequate to explain the
Hubble's law and, almost immediately, Lemaître reminded Eddington of his 1927 paper,
which was then acclaimed by the latter. This points out that, probably, it would be fairer
to name Hubble's law as Lemaître-Hubble's law (or even Lemaître's law!).

With these observational evidences, the dynamical nature of the Universe became gen-
erally accepted. Even by Einstein, who then thought that there was no special reason to
keep the CC in his �eld equations. Applying the principle of economy of thought (Oc-
cam's razor criterion), he argued that it had to be rejected from the point of view of logical

12Slipher noticed in 1917 that most of the nebulae with positive velocities were close to one direction in
the sky, whilst the few of the nebulae in the opposite direction had negative velocities. This anisotropy,
which turned out to be accidental, did not allow him to even suspect the expansion of the Universe.
Slipher suggested that the redshifts could be due to the Milky Way's motion relative to the system of
spiral nebulae.
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economy, see e.g. [13]. In this reference he also ensured that

If Hubble's expansion had been discovered at the time of the creation of
the general theory of relativity, the cosmological member would never have
been introduced.

In 1931, shortly after coming back from a three-months stay in the United States during
which he had the opportunity of meeting Hubble in Mount Wilson Observatory, Einstein
published his new cosmological model in [14], based on the previous calculations of A.
Friedmann [6]. The result was later known as �Friedmann-Einstein� Universe. This is
the �rst scienti�c publication in which Einstein abandoned the notion of a static Universe
and explicitly stated that his solution of 1917 is not stable. So his new cosmological
view was motivated from both, observational and theoretical reasons. Thus, he set Λ =
0 in Friedmann's equations, and considered positive curvature. The resulting Universe
undergoes an expansion followed by a contraction, and ends with a singularity in which
(according to Einstein) GR breaks down.

In the paper [15] (1932), coauthored by Einstein and de Sitter, they explored the possi-
bility of a �at Universe with no CC, the so-called Einstein-de Sitter model. Experimentally
there was no evidence favoring a curved Universe, so it was also a matter of simplicity to
dispense with the curvature. It is an interesting model, since it analyzes the special case
in which the total matter energy density is equal to the critical one. A lower mass density
would imply a hyperbolic spatial geometry, which would produce an ever increasing expan-
sion rate, while a cosmos of higher mass density would be spherical and would eventually
collapse.

Although Einstein renounced to the use of the CC, it never disappeared completely
from the scene. Some cosmologists retained this term13, since it was not excluded from
observations and made the �eld equations more general. Despite this, the CC remained in
the shadows during many years, waiting for new opportunities to revive the interest of the
scienti�c community. And they indeed arrived in some sporadic occasions. In the early
1960's, A. Sandage reinvoked Λ in [18] in order to cure some problems related with the age
of the Universe, which theoretical prediction turned out to be lower than the age of some
stellar populations if the CC was not taken into account. Then, the estimates of the age of
these stars decreased and Λ became unnecessary again. Later on, in the late 60's, it was
noticed that the number counts of quasars as a function of redshift showed a peak at z ∼ 2
[19, 20, 21]. As a possible explanation, there were some proposals claiming that this could
probably be a positive indication in favor of Lemaître's loitering model14. Nowadays it is
well-known that the peak is centered at z = 2.5, but it is thought to have an explanation
of astrophysical origin rather than cosmological. This excess of quasars at this particular

13Two examples: A. Eddington wrote in [16], in connection with the Universe age problem: We have no
reason to think that Λ is not so small as to be entirely beyond observation. [...] I would as soon think of
reverting to Newtonian theory as of dropping the cosmical constant; And Tolman, in [17]: For regions of
great size, it can be shown that e�ects could result from a very small value of Λ. Hence, for cosmological
considerations we shall retain the possibility that the quantity Λ, customarily known as the cosmological
constant, may not necessarily be exactly equal to zero.

14It is in this time when Y.B. Zeldovich wrote his striking paper [22], trying to estimate Λ by using
elements from Particle Physics Theory. See 1.1.2.
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Figure 1.2: The observed magnitude-redshift points for well-measured SNIa that led to the detection of a non-null
positive Λ, [34, 35]. Also shown the data points (for closer SNIa, at z < 0.1) measured by the Calán/Tololo Project [36] a
few years before the celebrated discovery.

redshift is usually interpreted as the evolution in the rate of violent activity in the nuclei of
galaxies. Also some early applications of the redshift-magnitude relation to giant elliptical
galaxies set the stage for an ephemeral return of the CC.

Between the mid-60's and the mid-80's two outstanding hits should be remarked: the
detection of the Cosmic Microwave Background (CMB) by A.A. Penzias and R.W. Wilson
in 1964 [23], which de�nitively con�rmed the correctness of the Big Bang theory15; and the
theoretical construction of the in�ationary paradigm [27, 28, 29], which constitutes a solid
viable solution to the �atness, horizon and monopole problems, and provides a mechanism
for the origin of the large-scale structure in the Universe. A non-zero CC was invoked
again in [30] and [31] in order to reconcile the �at Universe predicted by In�ation and the
apparent age of globular clusters with the fact that many estimates for the clustered mass
density on large scales suggested that there was an insu�cient amount of non-relativistic
matter 16. Although the status of the cosmological constant was good during the 80's and
90's, there were also some studies that seemed to put it on doubt, e.g. the �rst generation of
distant SNIa observations in the mid-90's [33], in which the authors measured Ω

(0)
Λ < 0.51

at the 95% c.l. 17

The �nal con�rmation of the non-zero (positive) value of the CC and the current (posi-
tive) acceleration of the Universe came precisely by the hand of the accurate measurement
of SNIa luminosity distances as a function of the redshift carried out by two independent
groups in 1998-1999, the High-Z Supernova Search team [34], led by Adam Riess and Brian

15The existence of this background radiation had been theoretically predicted for the �rst time by G.
Gamow in 1946 [24] (see also [25]) and two years later by Alpher and Herman [26].

16See also the corresponding chapter on the Ω problem in [32]
17The superscript (0) will refer from now on to the present value of the quantity under consideration.
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P. Schmidt, and the Supernova Cosmology Project [35], led by Saul Perlmutter (cf. Fig.
1.2)18. The authors of the former reference measured Λ > 0 with a con�dence level of more
than 7σ. In the subsequent years these evidences were reinforced with alternative probes,
as CMB, Baryon Acoustic Oscillations (BAO), etc., and now this fact is known with even
a greater accuracy. For instance, the TT,TE,EE+lowP+lensing analysis carried out by the
Planck Collaboration [37] shows that Λ > 0 with a con�dence level of ∼ 79σ, which is a
quite remarkable level of statistical signi�cance. This allows us to assure with high degree
of con�dence that the CC accounts for roughly the 70% of the critical energy density of
the Universe, which translates to the following value of the CC energy density, ρΛ ∼ 10−29

g/cm3. One could think that this quantity is a misery (compared, of course, with Earth's
standards), but even being a misery, it turns out that this small amount of energy density
associated to Λ dominates the current expansion of our vast Universe!19

So the statement of the visionary G. Lemaître in [38] (1946),

The history of science provides many instances of discoveries which have
been made for reasons which are no longer considered satisfactory. It
may be that the discovery of the cosmological constant is such a case,

is very suitable. After one hundred years from the birth of Λ, we can state that now it
is more alive than ever. Although it was introduced by Einstein to obtain a static Cosmos,
the CC currently constitutes the �easiest� explanation of the positive acceleration of the
Universe (what a paradox!). But many questions concerning the ultimate nature of the
CC are still unanswered. In the standard cosmological model, the Λ - Cold Dark Matter
(ΛCDM) model, Λ is usually associated with some form of vacuum energy. Let me give a
very naive explanation about the possible link between the cosmological constant and the
concept of vacuum energy, since at �rst glance it is not obvious at all that such a connection
exists. As it has been shown in (1.5), Einstein introduced the cosmological term in the
left hand side (l.h.s.) of his �eld equations, interpreting it as a Universellen Konstante,
as a pure geometrical contribution, without pointing out any fundamental origin. We can
easily move this term to the right hand side (r.h.s.) of (1.5), obtaining

Gµν = 8πG(Tµν + TΛ
µν) with TΛ

µν =
Λ

8πG
gµν . (1.5)

Let us consider the energy-momentum tensor of a perfect �uid,

Tµν = (ρ+ p)uµuν − pgµν , (1.6)

18S. Perlmutter, B.P. Schmidt and A. Riess were awarded with the Nobel Prize in 2011 �for the discovery
of the accelerating expansion of the Universe through observations of distant supernovae�.

19As a simple exercise one can compare the measured value of ρΛ with the energy density that one would
naively ascribe to a hydrogen atom by dividing the proton mass with the third power of the Bohr radius
(I do not take into account the negative binding energy between the electron and the proton). The result
gives the following density, ρH ∼ 11.3 g/cm3, which is 30 orders of magnitude larger than the CC energy
density. If Λ dominates the current expansion despite being so tiny is because the Universe is extremely
empty. The mean matter energy density is approximately equal to one proton per cubic meter.
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Chapter 1. Introduction

where uµ is the 4-velocity that the �uid has with respect to the observer, and ρ and p
are the energy density and isotropic pressure, respectively, measured in the rest frame of
the �uid. Now, a quick comparison of the last expression with the CC term of the l.h.s.
of (1.5) allows us to determine that pΛ = −ρΛ (and Λ = 8πGρΛ). That this is also the
equation of state (EoS) that characterizes the vacuum can be proved in a straightforward
way, just by making use of the �rst law of Thermodynamics applied to the whole Universe.
Let us consider a pure de Sitter Universe, only ��lled� with vacuum. As no form of energy
can enter or exit the Universe (by de�nition the Universe is everything, so it makes no
sense to talk about the exterior of it), the variation of internal energy can only be due to
the work exerted by the internal pressure, so we �nd,

dU = −pvacdV . (1.7)

On the other hand, we logically expect that

dU = ρvacdV , (1.8)

simply because the vacuum is inherent to the space. By matching the last two expres-
sions we �nd that the EoS for the vacuum is pvac = −ρvac, as we aimed to. This explicitly
shows us that any form of vacuum contribution will behave as a cosmological term (and
vice versa) because they enter the �eld equations with the same mathematical structure.

Another way of reaching the same conclusion is the following. If we locate ourselves in
a free-falling inertial frame, we will locally describe the spacetime with the Minkowskian
metric ηµν . Now, we can perform a Lorentz transformation. Vacuum is Lorentz invariant
in �at spacetime (actually, it is invariant under the whole Poincaré group, which also
includes translations). Thus, it must not be sensitive to this transformation, that is, we
must measure the same vacuum energy as before. This means that the vacuum energy-
momentum tensor T vac

µν must be invariant too, and the only way to achieve this is by
demanding T vac

µν ∝ ηµν . Finally, using the principle of general covariance one obtains
T vac
µν ∝ gµν . And this is precisely the form that takes the CC term in the l.h.s. of (1.5).

One could argue that this reasoning is not very satisfactory, in the sense that, in principle,
if we did not stick stricto sensu to the usual minimal substitution recipe consisting in
changing ηµν by gµν when going from Minkowski to a curved spacetime, we would have to
consider the possibility of having a vacuum energy momentum-tensor with the general form
T vac
µν = a0gµν + a1Rµν + (...) with the ai's being functions built up from invariants, i.e. a

linear combination of a constant, R, R2, RµνRµν , RµνβαRµνβα, etc. It would be allowed by
the general covariance principle too. Also in this case local Lorentz invariance is recovered,
since locally T vac

µν ∝ ηµν . Curiously, this more complicated form of the vacuum energy-
momentum tensor is approximately the form that is found from the e�ective action of
Quantum Field Theory (QFT) in curved spacetime (cf. Sect. 1.3.2). But the contribution
we are interested in at this stage is basically the �rst of a0, T vac

µν = ρvacgµν . This is
directly considered a vacuum contribution, whilst the other ones are usually considered as
higher derivative corrections to the original Einstein-hilbert action or terms that modify
the e�ective value of G.

These two alternative arguments (the thermodynamic and the invariance one) show
that, apart from a pure geometrical term in the l.h.s. of Einstein's equations, we could also
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receive, in principle, several vacuum contributions in the r.h.s. with the same mathematical
structure of the former. In practice, we cannot disentangle the phenomenological e�ect of
the various terms, simply because we only have experimental access to the sum of them.
The overall sum is the e�ective quantity that enters in the cosmological formulas that we
put under test through the various observational probes,

ρΛ,eff =
Λ

8πG
+ ρvac , (1.9)

where the subdindex �e�� refers to the e�ective (measured) value of the cosmological
term, i.e. the sum of the CC term and the various vacuum contributions. But how many
contributions should we include in ρvac? In the next subsection I will try to answer this
question. This will allow us to talk about some key concepts, as the one of zero-point
energy (ZPE) and the so-called �old cosmological constant problem�, probably the most
notorious conundrum in current theoretical physics. I will explain them together with some
historical remarks related with the quantum vacuum.

1.1.2 Vacuum energy and the CC

Quantum Field Theory tells us that empty space is far from being empty. Vacuum-to-
vacuum �uctuations of the matter �elds are present even in the absence of interactions
and are a pure quantum e�ect. They are represented by Feynman closed loop diagrams
without external legs (vacuum blob diagrams), and account for the contribution of the
in�nite number of oscillators which can vibrate in all possible frequencies ω~k. This is a
direct consequence of the Heisenberg uncertainty principle. These diagrams add an in�nite
quantity to the total energy density of the quantum system under consideration. This
in�nite contribution is equal to the theoretically predicted energy of the system when it is
in the ground state. For instance, the Hamiltonian operator corresponding to a free scalar
�eld takes the following form,

Ĥ =

∫
d3k

(2π)3

ω~k
2

(
a~ka

†
~k

+ a†~ka~k

)
, (1.10)

where a~k and a†~k are the creation and annihilation operators, respectively, which obey

the usual commutation relation [a~p, a
†
~k
] = (2π)3δ(~p − ~k), and ω~k = (|~k|2 + m2)1/2 is the

energy of the mode with wavenumber |~k| if the scalar particle has mass m. The ground
state (with 0 real particles) is then characterized by the following energy,

E =< 0|Ĥ|0 >=

∫
d3k

ω~k
2
δ(0) = V ×

∫
d3k

(2π)3

ω~k
2
. (1.11)

In the second equality I have used the relation δ(0) = V/(2π)3, where V is the (in�nite)
space volum. Thus, the energy density reads

ρ =

∫
d3k

(2π)3

ω~k
2
. (1.12)
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This integral diverges if arbitrarily short modes are taken into account. This is the
so-called zero-point energy density of the corresponding quantum �eld20. This �rst ZPE
contribution (higher order ones are obtained by switching on the interactions) is usually
eliminated from the �eld theoretical calculations by hand using the normal (or Wick)
ordered product Ansatz, since it is often argued that we cannot measure this in�nite
amount of energy, but only energy di�erences with respect to the ground state. This
simple argumentation might not work when trying to analyze the gravitational implications.
According to GR, in principle one has to take into account all the energy contributions
and include them in the r.h.s. of Einstein's equations. A priori, all forms of energy are
expected to back-react and curve the spacetime in which they �live� in, and these e�ects
should be somehow quanti�able21. It is obvious that a big con�ict arises then, since the
ZPE seems to acquire a huge (technically in�nite) value, whilst the measured CC is derisory
in comparison. But we will come back to this point later on. Now, let me brie�y review
some remarkable historical events related with the ZPE. We will see that some aspects of
its problematic nature were already hinted in the early days of Quantum Mechanics.

The concept of ZPE emerged a few years after the birth of Planck's �rst theory for the
black-body radiation, when Planck presented in [39] his second quantum theory, in which
the black-body emitted quanta discretely, but absorbed radiation in a continuous way. He
derived the following average energy of an oscillator of frequency ω in equilibrium with
radiation at temperature T (here I restore ~ 6= 1 so as to explicitly show the quantum
nature of these energy),

Eω =
~ω

e~ω/kT
+

~ω
2
. (1.13)

In the limit T → 0 the above formula yields a residual non-null energy, Eω → ~ω
2
,

and as was later noticed by Einstein and Stern in [40], this term is crucial to retrieve the
classical result (when kT � ~ω), Eω → kT . Thus, this seemed to indicate that the ZPE
could have an important physical role.

In 1916 W. Nernst [41] proposed the idea of an �empty� space �lled with electromagnetic
radiation, what he called �Lichtäther� (light aether). This proposal is probably closer to the
�eld theoretical picture of the vacuum that we have nowadays. He found that this aether
seemed to contain an insurmountable amount of energy. But the �rst one in studying the
possible cosmological consequences of these enormous zero-point electromagnetic energies
was W. Pauli, who estimated in the 20's and in a more formal way in 193322 which would
be the curvature radius in Einstein's static Universe if the CC energy density was given by
the electromagnetic zero-point energy. It consists in a quite straightforward calculation.
By considering that the quantum soup �lling the Universe is formed by photons and using
an ultraviolet momentum cuto� Λc he obtained,

20The concept of ZPE is not exclusively linked to QFT, but also to more basic Quantum Mechanics. It
already appears e.g. in the quantization of the quantum harmonic oscillator.

21There are some works in the literature arguing that only vacuum energy e�ects induced by the curvature
of spacetime are, indeed, measurable. This is equivalent to say that the vacuum energy computed in
Minkowski spacetime does not gravitate. I will deal with this point in Sect. 1.3.2. In connection with it,
see also the historical remark on the Casimir e�ect, in p. 13.

22Pauli did not publish these calculations, but a reference to his work can be found in [42].
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ρem =< 0|
∫

1

2
(Ê2 + B̂2)d3x|0 >=

1

2

∫ Λc

0

d3k

(2π)3
|~k| = Λ4

c

16π2
. (1.14)

For the momentum cuto� he took the inverse of the classical electron radius re, i.e.
Λc = 2π/re = 2πme/α (where α is the �ne-structure constant). The resulting Universe's
radius reads,

R0 = Λ−1/2 =
1√

8πGρem
=

α2

(2π)3/2G1/2m2
e

∼ 32.7 km , (1.15)

which is extremely small as a direct consequence of the large vacuum energy density
computed from (1.14). In order to counteract the huge repulsive force generated by the
CC, all the matter of the Universe must be concentrated in a very tiny volume. It is worth
to point out that (1.14) corresponds to the regularized expression for the energy density
(it has not been renormalized yet!). After renormalization, the result must be independent
of the cuto� regulator Λc. For photons, and after proper renormalization, one obtains
ρem = 0 because of the massless nature of these particles. But notice that one could have
considered vacuum �uctuations of massive particles (of mass m), instead of photons, and
in this case a quartic term ρem ∼ m4 remains after the corresponding renormalization,
i.e. (see Appendix A for details). Pauli's calculation is evidently too short in scope, but
serves us to see in a quantitative way the intrinsic problems associated with the ZPE and
the meaning of the so-called CC problem, i.e. the extraordinary mismatch between the
theoretical expectation of ρvac and the value inferred from observations.

After Pauli's investigations, I would like to remark Lemaître's quote in [43],

Everything happens as though the energy in vacuo would be di�erent from
zero. In order that absolute motion, i.e. motion relative to vacuum, may
not be detected, we must associate a pressure p = −ρc2 to the energy of
vacuum. This is essentially the meaning of the cosmological constant [...]

where he explicitly links the CC with the vacuum energy, although he does not point
out its possible quantum mechanical origin. In that time also Bronstein explored the idea
of Λ as a form of cosmic energy in [44], and he even went a step further, letting the
exchange of energy between the CC and ordinary matter. He was the �rst to suggest a
time-varying Λ = Λ(t), which he did merely for the sake of generality. But, in general,
these considerations did not attract a lot of attention in the following years.

In 1948 H. Casimir predicted in [45] what was later on called the �Casimir e�ect�, the
attraction force between two parallel conducting plates due to changes in the quantum
electromagnetic zero-point energy. The �rst measurement of this phenomenon was per-
formed ten years later by M. Sparnaay [46], but still with very large uncertainties. In fact,
they were of the same order of the measurement itself. The experimental con�rmation of
Casimir's theoretical prediction did not arrive until the late 90's [47, 48], when it became
evident that some ZPE e�ects are indeed real and measurable. The uncertainties of these
measurements where of the order of the 5% and 1%, respectively, and were even reduced
during the �rst years of the 2000's.
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But the �rst published discussion of the impact of quantum e�ects on the CC came
in 1967. In his seminal work [22] (and in more detail, a year later in [49]), Zeldovich
reformulated the CC problem in the way we know it today. In view of the detected excess
of number counts of quasars at z ∼ 2 several authors [19, 20, 21] proposed to recover a
non-null Λ together with Lemaître's loitering model. According to it, this excess could be
caused by the extreme slowing down of the Universe. A plateau in the scale factor a(t) plot
(with t being the cosmic time) at a ∼ 1/3 could be the responsible of this excess, since the
emitted light by all the quasars during this period of time (in which a(t) remains almost
constant) would be equally redshifted, generating the observed number count's peak at
z ∼ 2. Zeldovich attempted to give a fundamental explanation to the needed value of Λ.
He used the mass of the proton as the typical mass of particle physics and noticed that the
leading ZPE contribution ρvac ∼ m4

p ∼ 1 GeV4 is many orders of magnitude larger than
the current critical energy density of the Universe, which reads,

ρ(0)
c =

3H2
0

8πG
=

3

8π
(H0MP )2 ∼ 10−47GeV4 , (1.16)

where H0 ∼ 10−42 GeV and the Planck's mass MP ∼ 1019 GeV. In his own words, it is
clear that such an estimate for ρΛ has nothing in common with reality. He was aware that
these 47 orders of magnitude di�erence between the predicted value of ρΛ and ρ(0)

c posed a
huge problem, of course. In order to alleviate it, he assumed (without many explanations)
that the zero-point energies, as well as higher order electromagnetic corrections to them,
are e�ectively canceled to zero in the theory. And then, inspired by Dirac's Large Numbers
Hypothesis (LNH) [50] 23 he extended it by including Λ, and estimated a more reasonable
order of magnitude for the latter. By using the dimensionless quantity characterizing the
gravitational interaction for a proton Gm2

p/~c ∼ 10−38 and matching it with the ratio
between the Compton length of the proton and Einstein's radius he obtained, in natural
units:

Λ ∼ G2m6
p −→ ρΛ ∼ Gm6

p ∼ 10−38 GeV4 . (1.17)

This result can be interpreted as the energy density that is due to the gravitational
attraction between pairs of virtual protons when the number density of these excitations is
equal to 1/λ3

p, with λp = 1/mp the Compton length of the proton. Despite the problem was
considerably alleviated by proceeding in this way, it still remained, since ρΛ was roughly 9
orders of magnitude larger than the critical one! Of course, one could ask: why do we have

23Dirac pointed out in [50] (following the research line initiated by Weyl and Eddington some years
before) that the ratio of some physical quantities involving characteristic fundamental constants of the
micro and macro-cosmos, as for instance the ratio between the Universe's age Tu and the atomic unit
of time, i.e. τ ≡ e2/4πε0mec

3, and the ratio of the gravitational force and the electric one between the
electron and the proton inside a hydrogen atom, give rise to very similar (and extremely tiny) quantities.
For the former, and taking into account that according to Hubble's measurements Tu ∼ 2 Gyrs, he obtained
τ/Tu ∼ 10−40, the same as for the latter, 4πε0Gmpme/e

2 ∼ 10−40. He thought that these coincidences
were far from accidental and believed that it was a hint in favor of and underlying deep connection between
Quantum Mechanics and the macroscopic world physics. Assuming that atomic parameters cannot change
with time and that τ/Tu ∼ Fe/Fg throughout all the cosmic history, Dirac predicted the variation of
Newton's coupling throughout the cosmic history, i.e. G ∼ 1/Tu.
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to use the mass of the proton as the typical characteristic mass of particle physics? Why
not, for instance, the mass of the pion, i.e. mπ ∼ 0.1 GeV? In this case, ρΛ ∼ 10−44 GeV4,
which is �only� three orders of magnitude larger that the critical energy density of the
Universe. But still, why should we only take into account the quantum excitations of
one type of particle? In principle, this is totally unjusti�ed. All the matter �elds of the
Standard Model (SM) of particle physics (even those coming from a hypothetical extension
of it) contribute with their associated ZPE, which would be di�erent from zero even in the
free �eld theory, as it has been mentioned before. As Zeldovich wrote in [49], the genie has
been let out of the bottle, and it is no longer easy to force it back in! From Zeldovich's work
on, many other authors speculated about the idea of constructing ρΛ by combining di�erent
fundamental constants. But despite it is certainly possible to achieve this (although by
using quite feeble and ad hoc arguments), one must still explain why the ��rst order� ZPE
contributions do not gravitate or, at least, why its e�ects are so weakened with respect
what is predicted from theory.

The realization that the problem becomes further aggravated by the spontaneous sym-
metry breaking mechanism (or Higgs mechanism) [51, 52] in modern gauge theories, a key
ingredient of the successful standard model of electroweak interactions, came only a few
years later [53, 54, 55]. The problem has become even more real after the discovery of the
Higgs boson in the Large Hadron Collider (LHC) in 2012 [56, 57]. In the SM, the spon-
taneous symmetry breaking (SSB) mechanism is used to generate the weak bosons and
fermions masses through the use of a complex doublet of scalar �elds. This mechanism is
the only known way to generate these masses by preserving at the same time the under-
lying gauge invariance of the theory, which is crucial to make the theory renormalizable.
In order to show the role played by the SSB mechanism, let me consider a more simpli�ed
framework, in which I only take one real scalar �eld. The SSB mechanism requires the
introduction of a scalar �eld potential in the SM Lagrangian. If we want to keep the theory
renormalizable, then we must omit the use of operators with mass dimensions greater than
four. In addition, we do not use odd powers of φ so as to obtain a symmetric V (φ). Thus,
the classical scalar �eld potential reads,

V (φ) =
1

2
m2φ2 +

1

4!
λφ4 , (1.18)

The SSB phenomenon consists in the spontaneous breaking of the symmetry of the
vacuum. It is easy to see that if m2 > 0, then the vacuum state is symmetric24, the vacuum
expectation value (VEV) is v ≡< 0|φ|0 >= 0 and the ground state reads < V (φ) >= 0.
This absolutely changes if the SSB mechanism comes into play, i.e. when m2 becomes
negative25. In this case, the VEV is non-null,

24This simpli�ed Higgs potential is symmetric under a re�ection transformation, i.e. φ ↔ −φ. Notice
that if m2 > 0, an excitation of the �eld from the vacuum expectation value can be written as φ = δφ,
and δφn = (−δφ)n because n is an even power (see the form of (1.18)).

25It is believed that this happened during the electroweak phase transition, 10−11 s after In�ation, when
the temperature of the Universe cooled down below the electroweak energy scale, i.e. TEW ∼ v ∼ 246 GeV.
See [58] and references therein.
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v =

√
−6m2

λ
, (1.19)

and the symmetry gets broken. It can be seen in a manifest way by substituting
φ = v + δφ in (1.18), where δφ is a small excitation of the �eld. By doing so we obtain,

V (δφ) =
m2

2

(
m2 + δφ2 + 2vδφ

)
+
λ

4!

(
v4 + δφ4 + 4v3δφ+ 4vδφ3 + 6v2δφ2

)
, (1.20)

which is clearly not invariant under the mirror transformation, i.e. V (δφ) 6= V (−δφ),
because of the odd powers of δφ. Thus, after the SSB the original symmetry disappears,
and the potential acquires a non-zero (negative) value, which represents the classical con-
tribution of the Higgs potential to the overall vacuum energy density,

V clas
Higgs = −3

2

m4

λ
=

1

4
m2v2 < 0 . (1.21)

We can write the last result in terms of the mass of the Higgs boson mH and Fermi's
scale MF , by taking into account

mH =
∂2V

∂φ2

∣∣∣∣
φ=v

= m2 +
1

2
λv2 = −2m2 , (1.22)

and

MF = G
−1/2
F

GF√
2

=
g2

8M2
W

=
1

2v2
, (1.23)

with GF being Fermi's constant, g the weak coupling and MW the mass of the charged
weak bosons W±, with MW = 1

2
gv. Plugging these expressions in (1.21) one obtains:

V clas
Higgs = − 1

8
√

2
m2
HM

2
F ∼ −1.19 · 108 GeV4 , (1.24)

where I have used mH ∼ 125 GeV and MF ∼ 293.132 GeV. This contribution to the
cosmic vacuum energy density is, again, quite impressive. It surmounts the measured value
of the CC energy density, i.e. ρΛ ∼ 10−47 GeV4, in 55 orders of magnitude, a huge quantity.
Thus, it worsens even more the cosmological constant problem, since the Higgs particle
has been detected in the lab and, therefore, its existence is already an observational fact.
The associated Higgs potential must be there, just because it is inherent to the Higgs
particle itself. And not just the classical part of the Higgs potential, but also its associated
quantum corrections, entering at all orders in perturbation theory, i.e.

VHiggs = V clas
Higgs + ~V (1)

Higgs + ~2V
(2)
Higgs + ... , (1.25)

where I explicitly write the ~ dependence in order to show up the quantum nature of
the corrections to the classical term V clas

Higgs computed in (1.24).
On top of the zero-point energies of the matter �elds and the induced contribution

of the Higgs potential to the CC, also some other additional vacuum terms could come
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into play. For instance, those predicted in Quantum Chromodynamics (QCD). Due to the
asymptotic freedom property of its gauge coupling, which makes QCD non-perturbative at
low energies, the vacuum structure of this SM sector is extremely involved, and it is still
an area under intense study. Despite this, it is commonly asserted that low-energy QCD
is responsible for the existence of quark and gluon condensates which make the vacuum
expectation values of the quark and gluon �elds to be di�erent from zero. Taking into
account that the QCD energy scale is around ΛQCD ∼ 0.2 GeV, one expects to receive
contributions of order ρQCD ∼ Λ4

QCD/16π2 ∼ 10−5 GeV4 to the overall vacuum energy,
which is again totally incompatible with the observed value of ρΛ, since their ratio yields
an exorbitant number, i.e. ρQCD/ρΛ ∼ 1042.

Let me summarize the situation. The measured value of the CC should be the result
of the following sum:

ρΛ,eff =
Λ

8πG
+ V clas

Higgs + ~V (1)
Higgs + ~2V

(2)
Higgs + ...+

+ρQCD + ~V (1)
ZPE + ~2V

(2)
ZPE + ... (1.26)

where V (i)
ZPE accounts for the contributions of all the matter �elds to the ZPE at ith

order, and each term V
(i)
Higgs accounts for the quantum corrections to the classical Higgs

potential at ith order too. Λ is the bare cosmological constant, i.e. the pure geometrical
term appearing in Einstein's �eld equations. Substituting some of these terms by their
approximate numerical values we �nd,

10−47 GeV4 ≈ Λ

8πG
− 108 GeV4 + ~V (1)

Higgs + ~2V
(2)
Higgs + ...+

+10−5 GeV4 + ~V (1)
ZPE + ~2V

(2)
ZPE + ... (1.27)

where we have seen before that the individual contributions of the various �elds to the
lowest order of the ZPE, i.e. V (1)

ZPE, depend on the masses of the particles, but generally give
rise to a number which exceeds in many orders of magnitude the measured value ρΛ,eff

26. In
addition, it is well-known that the quantum corrections of the Higgs potential are also huge.
Actually, they are sizable to ρΛ,eff even at 21st order of perturbation theory, in which there
are thousands of loop diagrams involved in the calculation27! In addition, we must bear in
mind that the Universe has undergone di�erent phase transitions, what means that some of
the contributions appearing in (1.27), e.g. the electroweak one, have not remained constant
throughout the entire cosmic history. This complicates even more the situation and shows
in a quite obvious way the intricate status of the �old� cosmological constant problem,
which basically consists in an incredible �ne-tuning puzzle. If one wants to compute ρΛ,eff

by working at a certain order of perturbations one has to split the bare CC Λ in order
to produce a counterterm δΛ capable of absorbing all these huge quantities. This is the

26Only a neutrino mass of order of the meV seems to give an acceptable estimate, since in this case
ρν ∼ (1 meV)4 ∼ 10−48 GeV4.

27See [59] for a very detailed discussion on this point and the vacuum energy in general.

17



Chapter 1. Introduction

usual renormalization procedure amply used in QFT to remove the in�nities coming from
the divergent loop diagrams (after applying, of course, the usual regularization procedure
in a concrete scheme). But this positive counterterm must be very precisely �ne-tuned
in (at least) 55 digits so as to cancel the leading electroweak contribution, and this does
not seem very natural. Moreover, it is worth to notice that when we change the order of
perturbation theory in which we are working, we are forced to readjust this counterterm
several orders of magnitude in order to keep ρΛ,eff equal to the observed one, which is also
a clear sign of the rawness of the problem we are facing.

One of the possible shortcuts to alleviate the CC problem would be the existence of a
symmetry in the theory that allowed the exact cancellation of the vacuum energy. Pauli
pointed out that the total ZPE density could be set to zero by imposing a carefully �ne-
tuned cancellation between boson and fermion contributions [60]. This could be achieved
in the context of non-broken Supersymmetry (SUSY), as was shown in [61] more than
40 years ago. But we know that SUSY cannot be perfectly realized in Nature (it must
be, at least, softly broken), since the theoretically predicted superpartners of the known
particles of the SM in non-broken SUSY have not been detected yet in any accelerator
(not even in the LHC). This points out that these superpartners must have a larger mass,
i.e. > O(1 TeV). Thus, theories incorporating SUSY are not able to su�ciently improve
the status of the problem with respect to the SM case that has been discussed above [62].
Moreover, we must bear in mind that even if this theory was able to produce an exact
cancellation of the vacuum energy, we would still have to explain the small measured value
of ρΛ,eff . Neither string theory manage to solve the problem, with its �string landscape�
with more than 10500 possible vacua, together with the anthropic arguments employed [63].

Without any doubt, revealing the ultimate nature of the cosmological term has become
one of the greatest motivations of the present-day physics community. The CC, what
according to G. Gamow was considered by Einstein himself his �greatest blunder� [64], has
turned out to be one of the cornerstones of the standard cosmological model 28. Since the
end of the last century we can assure that Λ or some other sort of dark energy (DE)29

behaving in a very similar way is there, pervading the entire Universe, and dominating its
expansion. Whether it is possible to solve the fundamental cosmological constant problem
with the current available theoretical tools or not is something debatable, but in view of
the failure of the not small amount of di�erent approaches undertaken in the last years to
explain the observed tiny value of the (e�ective) CC, it is worth to go on with the research,
trying to characterize Λ as best as possible in order to obtain more hints that help to ease
the construction of the appropriate theoretical framework that �nally manage to explain
in a self-consistent way what the hell is triggering the positive acceleration of the Universe.
Moreover, we should welcome those frameworks that, despite not solving completely the
CC problem, are able to shed some light on it and to explain the current experimental

28Right next, after quoting Einstein's words, Gamow wrote in [64] the following prescient words, which
still resonate in our ears with undamped strength: �But this `blunder', rejected by Einstein, is still some-
times used by cosmologists even today, and the cosmological constant denoted by the Greek letter Λ rears
its ugly head again and again and again�.

29The term �dark energy� was coined in [65] to refer in a generic way all the possible forms of unclustered
energy able to cause the current positive acceleration of the Universe, due to their negative pressure.
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data with pro�ciency.
This thesis focuses on one of these interesting frameworks, which rises high as a viable

alternative to the ΛCDM. Motivated from QFT in curved spacetime, the class of Running
Vacuum Models (RVM's) that is studied in the main body of this manuscript consider a
time-evolving cosmological term, together with a possible time evolution of the Newtonian
coupling and/or the anomalous conservation law for the matter and/or radiation compo-
nents that �ll the Universe. The latter could be potentially linked to the decay of the
vacuum through some unknown mechanism and/or to the variation of other fundamental
constants (as the QCD scale or the �ne structure constant) throughout the cosmic history.
Quite remarkably, these models are capable of �tting the available observational data with
astonishing accuracy, even much better than the ΛCDM. Thus, after many years working
towards the improvement of the characterization of Λ, we are now probably starting to
be in a position to answer one of the most �basic� (and relevant!) questions a�ecting its
nature: is Λ (or more generically, the DE) dynamical? One of the main outcomes of this
work is that we now have important evidences in favor of such a dynamical character of
the DE30!

But before introducing the RVM's from a theoretical perspective and, of course, before
talking about their phenomenological behavior, it is highly convenient to explain the most
relevant features of the standard cosmological model, together with its theoretical and
experimental status, and the possible alternatives that have been proposed along the years
to cure or try to alleviate some of the problems related with it. It will turn out to very
practical to have the ΛCDM formulas handy, since it will ease the future comparison with
the expressions of the RVM's, and also because it will serve to set the notation convention.
Hence, I hope this quick review will be extremely useful, especially for those readers that
are not familiar with the ΛCDM.

1.2 The standard cosmological model

The standard cosmological model, also known as ΛCDM, vanilla, or concordance model,
explains the expansion of the Universe from a very small fraction of a second after the
Bang up to the undergoing accelerated phase, going of course by the various fundamental
processes occurred in the meanwhile, as e.g. the nucleosynthesis of light elements [66], the
decoupling of matter and radiation (the origin of the CMB, see p. 8 for references), or the
formation of the large-scale structures in the Universe. The ΛCDM incorporates elements
of a very diverse spectrum of physical branches, ranging from astronomy to nuclear and
particle physics. Even computing has been important to establish its foundations. It
makes use of quantum mechanics and general relativity, and some of its extensions (as e.g.
In�ation) are also a good playground for those theories that try to unify the four forces
of Nature. The success of the model lies in its ability to properly �t a large variety of
observational data. But there are still open questions a�ecting not only theoretical crucial

30Dynamical DE is theoretically very welcomed because: 1) it leaves the door opened to the existence
of a possible link between the late-time acceleration of the Universe and the mechanism that triggered
In�ation, which is characterized by a much larger energy scale; 2) it is something needed to solve the
so-called �coincidence� problem associated to a rigid CC. See 1.2.2 for a detailed discussion on this point.
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points (as we have seen in the previous section), but also experimental ones. A walk
through this section will enable us to pinpoint the strength of the model and also its weak
side.

The layout of this part of the thesis dedicated to the standard cosmological model is the
following. I review the basic formulas of the model in 1.2.1. Next, I comment on its current
theoretical and observational status in 1.2.2 and 1.2.3, respectively. This will motivate the
introduction of some alternative models in Sect. 1.2.4. Their main ideas will be presented
in a very concise way, together with their possible associated drawbacks. I just aim to o�er
the reader a panoramic vision of the possible options one can �nd in the literature, all of
them trying to shed some light in the various problems a�ecting the standard cosmological
model with the rigid Λ term.

1.2.1 Some basics

In the standard big bang cosmological model the cosmic dynamics is described by GR and
its �eld equations (1.5). Two key features determine the form of the metric tensor: the
large-scale isotropy and homogeneity of the Universe. This is the Cosmological Principle,
and evidently, this can only be checked in the region to which we have observational access.
In fact, we cannot directly test homogeneity, since we cannot observe the large-scale struc-
ture on 3D spatial hypersurfaces. We observe on the past lightcone at e�ectively a single
cosmological time, which means that we can only directly test isotropy about our world-
line. Isotropy about all galaxy worldlines implies homogeneity, so if our worldline is not
special, i.e. if we adopt the Copernican Principle, then we can deduce the Cosmological
Principle on the basis of isotropy. Isotropy is exceedingly sustained by radiation back-
grounds as CMB observations [67, 68, 37]31 and counts of sources observed at wavelengths
ranging from radio to gamma rays, and homogeneity in 2D spatial (angular) hypersurfaces
by the measurements and statistical analysis carried out by several galaxy surveys, e.g. the
WiggleZ Dark Energy Survey [69] or the Baryon Oscillation Spectroscopic Survey (BOSS)
[70]. See the recent paper [71], in which it is concluded that the matter distribution in
our Universe becomes homogenous at scales larger than (63.3 ± 0.7)h−1 Mpc. These ob-
servational facts motivate the use of the so-called Friedmann-Lemaître-Robertson-Walker
(FLRW) metric, through which the Cosmological Principle is explicitly implemented32,

ds2 = dt2 − a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2θ dϕ2)

]
, (1.28)

where t is the cosmic time, (r, θ, ϕ) are the comoving coordinates and k is the space
curvature, which can take the values +1, −1 or 0 depending on whether the space geometry
is closed, open or �at, respectively. The scale factor a(t) gives us important information,
since it allows us to translate radial comoving distances into physical ones at a given cosmic

31Of course, the CMB does not have a perfect black-body spectrum. It shows very faint anisotropies of
the order of ∆T/T ∼ 10−5. These tiny �uctuations do not alter the cosmology at the background level, in
which no perturbations are considered. They can be neglected in �rst approximation without giving rise
to sizable errors a�ecting the background expansion.

32Apart from the works of Friedmann and Lemaître discussed in Sect. 1.1.1, see also [72, 73].
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time, just by computing the product dphys = a(t)∆r. In addition, a(t) allows us to perform
the link between observations and the theoretical predictions, in the sense that we cannot
directly measure the cosmic time at which a given cosmological event occurred, but only
how the wavelength λe of the light emitted by this object has been lengthened through its
cosmic walk until reaching our position, where we measure λo. This is possible thanks to
the available spectroscopic techniques. Usually, this information is encoded in the redshift
z. If we normalize the scale factor to be a0 = 1 at present, the following relations apply,

λe = aλo a ≡ 1

1 + z
z =

λo
λe
− 1 . (1.29)

Now, let me set the notation regarding the elements of di�erential geometry entering
in the �eld equations. The sign convention that will be used throughout this thesis is the
timelike one, also denoted as (−,+,+) in the table of sign conventions of Ref. [74]. That
is, apart from the signature (+,−,−,−) for the metric and the + sign in the r.h.s. of
(1.5), I make use of

Rα
βγδ = Γαβδ,γ − Γαβγ,δ + ΓλβδΓ

α
λγ − ΓλβγΓ

α
λδ , (1.30)

Rβδ = Rα
βαδ , (1.31)

for the Riemann and Ricci tensors, respectively. The Chrysto�el symbols and the Ricci
(or curvature) scalar are computed as usual,

Γµνα =
1

2
gµβ(gνβ,α + gαβ,ν − gνα,β) , (1.32)

R = gµνRµν . (1.33)

At the background level, one can treat the di�erent components �lling the Universe
(radiation, non-relativistic matter and Λeff) as perfect �uids uniformly distributed in space,
so they can be described by the energy-momentum tensor (1.6). This is totally consistent
with the Cosmological Principle introduced before. Plugging in (1.5) the FLRW metric
and the geometrical expressions presented above, together with the aforementioned energy-
momentum tensors, and choosing the 00 and ij components, one obtains the Friedmann
and pressure equations, respectively 33. They read,

H2 =
8πG

3
(ρM + ρΛ,eff)− k

a2
, (1.34)

3H2 + 2Ḣ = −8πG(pM + pΛ,eff)− k

a2
, (1.35)

where ρM = ρm + ρr, being ρm and ρr the matter and radiation energy densities,
respectively, and H = ȧ/a the Hubble function, with the dot denoting a derivative with

33See Appendix C for the explicit calculation of these objects and equations with the FLRW metric at
both, background and perturbed levels.
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respect to the cosmic time. These two independent equations govern the expansion of the
Universe. It is important to notice that we �only� deal with two equations and, therefore,
we can only have two unknown functions, since otherwise the system is not determined
and one obtains at most a degenerate solution. This situation is more relaxed than it
seems prima facie because all the perfect �uids can be characterized by their EoS at
the background level, pi = ωiρi, and this reduces the number of unknowns. For non-
relativistic matter ωm = 0, for radiation ωr = 1/3, whereas for the e�ective cosmological
term ωΛ,eff = −1, since we treat it as pure vacuum. The combination of (1.34) and (1.35)
yields the acceleration equation,

ä

a
= −4πG

3

N∑
i=1

(ρi + 3pi) =
4πG

3
(2ρΛ,eff − 2ρr − ρm) , (1.36)

where in the second equality I have already used the EoS parameters for the various
components. From here it becomes clear that ρm and ρr slow down the expansion, whilst
ρΛ,eff speeds it up, since all the energy densities are positive. In general, a �uid contributes
positively to the acceleration if ρi + 3pi < 0, as it is plain from (1.36). It is also convenient
to de�ne the density parameters,

Ωi(a) =
ρi(a)

ρc(a)
Ωk(a) = − k

[aH(a)]2
, (1.37)

where the subscript i labels the various components entering the model, and

ρc(a) =
3H2(a)

8πG
(1.38)

is the critical energy density of the Universe. Let me now comment on a couple of
aspects related with the curvature. The analysis TT+lowP+lensing+BAO carried out by
the Planck Collaboration in [37] shows that Ω

(0)
k = 0.000 ± 0.005 at 2σ c.l. Taking this

into account together with the second expression of (1.37), this means in broadly that we
can ensure with a ∼ 95% of c.l. that the radius of the Universe (in case it is closed) is at
least one order of magnitude larger than the radius of the visible Universe. The measured
low value of Ω

(0)
k tells us that the current total energy density of the Universe ρ(0)

tot is very
near (if not exact to) the critical one, i.e. Ω

(0)
tot ≡ Ω

(0)
m + Ω

(0)
r + Ω

(0)
Λ,eff ≈ 1. This poses a

huge problem of �ne-tuning in the initial conditions of the radiation-dominated expansion,
i.e. at let us say, ai. It is the following. By means of the Friedmann equation (1.34) it is
possible to see that [Ω−1

tot(a)−1]ρtot(a)a2 = −3k/8πG, the l.h.s. being obviously a constant.
Thus, one �nds ρtot(ai)a

2
i /ρ

(0)
tota

2
0 ∼ 1053−55 [28], depending on the energy scale at which

in�ation ends, typically at some point in between of the GUT scale MGUT ∼ 1016−17 GeV
and Planck's one. Here a0 is again the current value of the scale factor. This and the fact
that Ω

(0)
tot ≈ 1 forces Ωtot(ai) to be extremely �ne-tuned to 1, concretely in more than those

53-55 digits! This problem34 is cured by the in�ationary scenario, which strictly speaking is
34Indeed, it is only a problem if we consider that k 6= 0. If the Universe was perfectly �at, i.e. if

k = 0, then no �ne-tuning would be needed because in this case Ωtot(a) = 1, ∀a. But having a perfect �at
Universe seems quite unnatural, despite being in fact compatible with current observations.
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not part of the ΛCDM model. In this framework, a quasi-de Sitter phase with exponential
growth triggered by the presence of a very energetic component (or components, in plural)
of associated negative pressure allows to �atten the space and the needed value of Ωtot(ai)
is obtained in a natural way, i.e. without �ne-tuning35. Summing up, a very �at Universe is
favored by current observations and this can be reconciled with the standard cosmological
model if In�ation is incorporated to the latter. This observational fact allows us to neglect
from now on the curvature term in all the cosmological formulas, by e�ectively taking
k = 0. The reader must keep in mind, though, that current observations do not rule out
neither a closed nor an open Universe in which the curvature radius is much larger than
the Hubble one. This is a very important conceptual point.

Another key relation can be found thanks to the Bianchi identities,

∇µGµν = 0 , (1.39)

which by construction of the Einstein tensor are automatically satis�ed. Upon the
application of the covariant derivative to (1.5), and picking the temporal component we
get:

∇µTµ0 = 0 −→
N∑
i=1

[ρ̇i + 3H(ρi + pi)] = 0 , (1.40)

where N is the total number of perfect �uid components. Using the corresponding EoS
parameter for each of them one can use this equation to obtain the background evolution
of all the energy densities. This equation can be also obtained as a �rst integral of the
system (1.34)-(1.35). It is very useful, since for non-coupled components one �nds some
extra relations that enlarge the two initial independent equations. In terms of the scale
factor they read,

ρ′i + 3
ρi
a

(1 + ωi) = 0 i = 1, ..., N (1.41)

with the prime denoting, of course, a derivative with respect to the scale factor. A
simple integration yields,

ρi(a) = ρ
(0)
i a−3(1+ωi) (1.42)

and therefore,

Radiation : ρr(a) = ρ
(0)
r a−4 ,

Matter : ρm(a) = ρ
(0)
m a−3 ,

Λeff : ρΛ,eff(a) = ρ
(0)
Λ,eff .

(1.43)

35In�ation is also able to cure other important problems, see Sect. 1.2.2 for details.
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This allows us to completely close the system, by computing the Hubble function with
the use of e.g. (1.34),

H2(a) = H2
0

[
1 + Ω(0)

m (a−3 − 1) + Ω(0)
r (a−4 − 1)

]
, (1.44)

where H0 is the Hubble constant, which is �xed by observations. It is usually expressed
as H0 = 100h km s−1Mpc−1, with h being the dimensionless Hubble parameter. The pres-
sureless non-relativistic component results from the sum of baryonic and cold dark matter
(CDM)36, i.e. ρm(a) = ρb(a) + ρdm(a). Baryons accounts for the ∼ 5% energy content of
the Universe, whereas DM for the ∼ 30%. The latter interacts gravitationally with the for-
mer, but not electromagnetically. In principle, a very weak interaction of non-gravitational
nature with standard particles is not excluded by experiments, although despite the big
e�orts made so far there has not been any direct detection neither. There are also some
hints of non-null very weak interactions between DM particles coming from astronomical
observations. The existence of dark matter is needed to properly �t the cosmological data,
in which it plays a crucial role e.g. in the large-scale structure formation process. More-
over, it is also required to explain several phenomena at lower scales, as the �at rotation
curves of spiral galaxies, the orbital peculiar motions of individual galaxies inside clusters,
or the results from the weak lensing mass reconstruction of the interacting Bullet clus-
ter. It is possible that a very small fraction of DM is explained by baryonic objects like
the so-called Massive Astrophysical Compact Halo Objects (MACHO's) or cold molecular
gas clouds, which are both very di�cult to detect, but still, the biggest part of the DM
component must be described by some kind of non-baryonic particle, as for instance the
axion or the Weakly Interacting Massive Particle (WIMP), which is usually motivated from
supersymmetric theories37.

Radiation contributes nowadays with less than the 0.01% of the total energy content of
the Universe. It is only composed by photons and neutrinos, since in the standard ΛCDM
model no HDM is considered. Both components are relativistic and its energy densities
read,

ργ =
π2

15
T 4
γ ρν = Neff

7π2

120
T 4
ν , (1.45)

where Neff = 3.046 [77] is the e�ective number of neutrino species, and Tγ and Tν
are the photon and neutrino temperatures, respectively. They are linked via the relation
Tν/Tγ = (4/11)1/3, which is obtained from the conservation of entropy before and after the
e−/e+ annihilation, which happened before the BBN. Using these expressions we can write
the total radiation energy density as follows,

36We must di�erentiate CDM from hot dark matter (HDM). The former was non-relativistic when it
decoupled from photons, whilst the latter was still relativistic in that time. The ΛCDM relies on CDM
to explain the amount of structure observed in the Universe [75]. Although the existence of HDM is not
ruled out, the CMB puts severe constraints on it. In mixed models of CDM+HDM the amount of HDM
is limited to be at most of a few percent.

37For a short review about DM, see [76].
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ρr = ργ + ρν =
π2

15
T 4
γ

[
1 +

7

8

(
4

11

)4/3

Neff

]
. (1.46)

The present value of Tγ corresponds to the measured temperature of the CMB photons,
Tγ = 2.72548 ± 0.00057 [78]. Using this we can express the current radiation density
parameter only as a function of the dimensionless Hubble parameter,

Ω(0)
r = 4.18343 · 10−5 h−2 . (1.47)

After In�ation radiation dominated the expansion. According as it gets redshifted by
the expansion of the Universe (ν ∝ 1/a, being here ν the frequency of the photon), its
energy density decays faster than matter's one, so there was a moment (usually referred
to as matter-radiation equality time) in which ρm surpassed ρr. In the ΛCDM model this
is predicted to happen at

zeq =
Ω

(0)
m

Ω
(0)
r

− 1 ∼ 3500 . (1.48)

From this moment on non-relativistic matter becomes dominant and DM structures
begin to form by gravitational attraction. This process is enhanced after recombination,
when baryons release from photons and become susceptible to the DM gravitational po-
tential wells. It occurred at z∗ (in the so-called last scattering surface, where the CMB
photons come from). It takes a value close to z∗ ≈ 1090, but its precise value depends
weakly on the parameters, and it can be obtained from the �tted formula [79],

z∗ = 1048

[
1 + 0.00124

(
Ω

(0)
b h2

)−0.738
] [

1 + g1

(
Ω(0)
m h2

)g2
]
, (1.49)

with

g1 =
0.0783

(
Ω

(0)
b h2

)−0.238

1 + 39.5
(

Ω
(0)
b h2

)0.763 g2 =
0.560

1 + 21.1
(

Ω
(0)
b h2

)1.81 . (1.50)

Before concluding this section, let me show the relation between the scale factor and the
cosmic time in those epochs in which the Universe is dominated by a single component. In
this case, one can neglect the other density contributions and introduce the energy density
of the dominant component (1.43) in (1.44). After integrating the resulting expression,
one obtains a(t). For a radiation or matter dominated (RD or MD, respectively) Universe
we �nd,

a(t) ∼ t
2

3(1+ωi) . (1.51)

This is an important analytical result that tells us that in a RD Universe a(t) ∼ t1/2,
whereas in a MD one a(t) ∼ t2/3. In case Λ is the dominant component, a(t) ∼ e

√
Λ
3
t, and

the expansion becomes De Sitter-like. It will probably be the case in the remote future,
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when the matter �uid becomes extremely diluted, and its contribution to the overall energy
density becomes negligible.

1.2.2 Theoretical problems associated to Λ

In Sect. 1.1.2 I have amply discussed the main theoretical problem a�ecting the cosmolo-
gical term, the old CC problem. We have seen that it arises when we try to explain the
tiny measured value of ρΛ,eff by using the standard QFT formalism. Although the renor-
malization of the vacuum energy is in principle feasible, it must be performed in a very
unnatural way so as to cancel the various vacuum contributions in an extremely �ne-tuned
form. In other words, the counterterm coming from the bare Λ must acquire a value which
is orders of magnitude larger than the measured one. In this section I will not explain
further about the CC problem, which I consider has been analyzed in detail in Sect. 1.1.2,
but I will introduce another problem that a rigid CC carries around or, at least, this is
what is usually stated in the literature.

It is the so-called cosmic coincidence problem, and it is somewhat more controversial
than the CC one. In fact, there is no clear consensus on the relevance of this problem
among the experts in the �eld. In the ΛCDM model Λeff remains constant during all the
cosmic history, and so is the associated energy density. Conversely, the matter dilutes with
the expansion and therefore ρm ∼ a−3. It is an observational fact that both energy densities
are of the same order of magnitude at present, i.e. r(z = 0) ≡ ρ

(0)
Λ,eff/ρ

(0)
m ≈ 7/3 = O(1).

The ratio r(z) tends to 0 in the past and to in�nity in the future. But why is this ratio
precisely nowadays of order unity? Is this just a coincidence? And if so, how can it be
explained in physical grounds?

Before going on with the analysis of the problem, we should �rstly understand what is
a coincidence or how can we de�ne it in more concrete terms. The cosmic coincidence can
be considered a real coincidence only if:

1. The evolution of ρm is not linked to the one of ρΛ,eff .

2. The equality of both energy densities could have happened at any stage of the Uni-
verse's expansion with equal probability, but happens precisely today or in a span of
time small enough around the current time.

In the ΛCDM model the �rst requisite is clearly ful�lled, since there is no obvious
linkage between ρm and ρΛ,eff . The latter is constant, independently of the value that the
matter energy density takes. The ful�llment of the second condition is not that obvious
and must be studied with more detail. First of all it is important to notice that probability
arguments can sometimes be a bit fuzzy. If we considered the period of the expansion of
the Universe in which r ∼ O(1) and we compared it with the entire cosmic history, which
is in�nitely large, then we could conclude that the aforementioned period is in�nitely tiny
and, therefore, the fact of living in the epoch in which this happens would be regarded as
a huge coincidence. One could use in this case anthropic arguments in order to explain the
observed coincidence. But one must keep in mind that these anthropic arguments do not
solve the problem at all. Obviously, if we measure the observed value of the CC is because
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we exist and if we exist is because the CC acquires this precise value, but this argument
does not explain why the CC takes the value we measure! It is fairer to compare, though,
the period in which r ∼ O(1) with the current Universe's age. But still, we can do it in
several ways, e.g. by using the cosmic time scale or the redshift scale. We can distinguish
two characteristic events: the coincidence redshift at which ρm(zcoinc) = ρΛ,eff(zcoinc),

zcoinc =

(
Ω

(0)
Λ,eff

Ω
(0)
m

)1/3

− 1 ≈ 0.33 , (1.52)

and the redshift at which the acceleration of the Universe becomes positive, i.e. ä > 0.
We will refer to the latter as transition redshift. It can be computed from (1.36) by
neglecting the contribution of the relativistic component,

ztr =

(
2Ω

(0)
Λ,eff

Ω
(0)
m

)1/3

− 1 ≈ 0.67 . (1.53)

The fact that ztr > zcoinc shows us that the Universe started its positive acceleration
before the domination of Λeff , and this is simply due to the extra factor 2 accompanying
ρΛ,eff in (1.36). Taking into account that ∞ > z > 0 from the far past up to now, it seems
an incredible coincidence to �nd these two redshifts so close to 0. But let us translate ztr
and zcoinc to cosmic time. Considering that the age of the Universe at redshift z is given
by

t(z) =

∫ ∞
z

dz′

(1 + z′)H(z′)
, (1.54)

we �nd that tcoinc ∼ 10 Gyrs and ttr ∼ 7.5 Gyrs. The expression for the present age of
the Universe reads,

t(z = 0) ≡ t0 =
H−1

0

3
√

Ω
(0)
Λ,eff

ln

1 +
√

Ω
(0)
Λ,eff

1−
√

Ω
(0)
Λ,eff

 ∼ 13.7 Gyrs . (1.55)

By computing the ratios ttr/t0 ≈ 0.55 and tcoinc/t0 ≈ 0.73, we see that in terms of
the cosmic time the coincidence of the cosmic coincidence problem seems to be totally
non-existent. It seems that there is no problem at all because r ∼ O(1) almost during
∼ 1/3 − 1/2 of the current Universe's age! This is what is advocated in [80] and what
I personally think about this (in my opinion �ctitious) problem. It is very well-known
that a slight variation of the value of Λeff would have had catastrophic consequences. For
instance, a larger value would have inhibited the formation of galaxies due to the increase
of its repulsive e�ects, and probably life would not have existed either. But one should
not consider the value of Λeff as a mere coincidence, but as something that is potentially
explainable. Thus, understanding such �coincidence� basically consists in solving the old
CC problem.

Another issue that must also be tackled has to do with the generation of the in�ationary
phase in the very early Universe. I have mentioned before that In�ation allows to solve
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some of the problems that a�ect the standard cosmological model. For instance, it is able
to give rise to a low curvature Universe without �ne-tuning the initial conditions at the
beginning of the radiation-dominated era. It also manages to explain why angular patches
of the sky that in the context of the standard ΛCDM model have always been causally
disconnected show the observed high degree of homogeneity. This is the �horizon� problem,
which becomes evident from the CMB map, where only very little deviations from the mean
relic photon's temperature are observed in di�erent directions. The causal connection is
realized in the in�ationary paradigm thanks to the initial exponential expansion of the
Universe, which succeeds in stretching the small density perturbations of the quantum
�elds up to scales larger than the Hubble horizon of that epoch. In addition, these stretched
perturbations put the seeds of the cosmic structures that would be formed later on. Thus,
In�ation has become a key piece of the cosmological puzzle. The well-behaved picture
of the Cosmos provided by the ΛCDM model would not be that successful without this
in�ationary phase. So now it takes part of the natural extension of the concordance model,
giving rise to the Lambda Cold Dark Matter In�ationary Big Bang Theory. But how
can we generate In�ation? Is there a link between it and the current observed positive
accelerated expansion of the Universe? Notice that both phases are characterized by two
very di�erent energy scales,

ρinf

ρ
(0)
c

∼ ρGUT

ρ
(0)
c

∼ 10111−115 , (1.56)

so this connection cannot be made in the context of a rigid cosmological term, precisely
because no evolution of Λeff is allowed. It is just a constant, so its energy density becomes
negligible at z � ztr, when matter, radiation and then the component (or components)
that trigger the In�ation rule the expansion. In order to establish this connection one is
forced to endow Λeff with some dynamics. By doing so one breaks the standard ΛCDM
picture. These dynamics can be implemented through the use of scalar �elds, for example.
And then, these evolving �elds could potentially link both energy scales, explaining the
current positive accelerated phase in the context of quintessence or alternatives the like (cf.
Sect. 1.2.4). These alternative theoretical constructions are not problem-free, of course,
and it is not clear either that this connection does indeed exist. It is, though, a beautiful
idea, which would make the cosmic coincidence problem exposed before even much weaker.
We will see in the subsequent sections that the RVM's integrate all these ideas in the
context of a varying (or running) vacuum energy density, in which no auxiliary scalar �elds
are needed. The idea of the aforementioned link between the two positively accelerated
phases of the Universe in such models become even much beautiful, since in this case they
are explained with an evolving vacuum energy in a kind of uni�ed framework, which is
based on the formalism of QFT in curved spacetime. As it will be seen later on, a growing-
in-the-past vacuum energy is favored by observations, and it is able to eventually surpass
the radiation energy density and trigger In�ation. All these concepts will be developed in
the next sections. Now, I am only limiting myself to present the theoretical problems that
a�ect Λeff and motivate the study of the aforementioned alternatives.
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1.2.3 ΛCDM. Current observational status

The success of the ΛCDM model basically lies in its capability of explaining the large
variety of available observational data. This is not an easy task at all taking into account
that we live in the precision Cosmology era, in which more and more stringent tests are used
to constrain the models. Despite this, the ΛCDM is still there, resisting the new generation
of galaxy surveys and CMB probes. But, according to the current observational data, can
the ΛCDM be considered the �nal concordance model?

Planck's measurements of the CMB temperature and E-mode polarization auto- and
cross-spectra (TT, TE, EE) [37] are in very good agreement with the vanilla 6-parameter
ΛCDM model. The cosmological parameters inferred from these spectra are also highly
consistent, regardless of which combination of spectra is used for the parameter estimation.
Apart from the analysis of CMB anisotropies, which give us information about how was
the Universe in the pre-recombination era, i.e. at z > z∗

38, there are also a bunch of
observables of low and intermediate redshifts that also contribute to break degeneracies and
constrain the parameter space of the model. Some examples are: i) Supernovae of type Ia,
which are used as standardizable candles and provide us a list of luminosity distances as a
function of the redshift (at z < 2) [82]; ii) Measurements of the Hubble function at redshifts
lower than 3 obtained from BAO measurements and di�erential-age techniques applied to
passively evolving galaxies (see Table 5.3 for some references); iii) Other cosmological
distances extracted from the analysis of the BAO peak in the density correlation function
(or, equivalently, from the matter power-spectrum), obtained by several galaxy surveys;
iv) Large-scale structure (LSS) observables, as number counts or redshift-space distortions
(RSD); v) gamma-ray burst data [83, 84, 85], vi) strong and weak lensing data [86]; vii)
HII galaxy data [87]; viii) cluster gas mass fraction data [88, 89].

But there are also evidences of substantial tension between the vanilla ΛCDM model
and some data. For instance, the tension observed in the Ω

(0)
m − σ8 plane between the

constraints obtained from the primary CMB temperature and polarization measurements
of the Planck satellite, those obtained by the CFHTLenS weak lensing survey [90] and
the Kilo Degree Survey (KiDS) [91], and the Planck analysis on Sunyaev-Zeldovich cluster
counts [92]. The latter three favor signi�cantly lower values of the root mean square matter
�uctuation amplitude on R = 8h−1 Mpc spheres, i.e. σ8. There is also an apparent tension
between measurements of the growth rate extracted from RSD and the value predicted by
the Planck best-�t parameters [93]. It seems that cosmic structures prefer a weaker growth
than the one predicted in the ΛCDM model (cf. Fig. 1 of [94], which is quite illustrative).

There also exists some tension between ΛCDM parameters inferred from the Planck
temperature �uctuations spectrum at the multipoles accessible to WMAP (l ≤ 1000) and
at higher multipoles (l ≥ 1000), see the thorough analysis presented in [95].

It is also found a signi�cant 3.4σ tension between the non-local measurements of H0,
e.g. [37], and local ones, e.g. [96], see Ref. [97] for more references and details. Also a 2.5σ

38Of course, CMB anisotropies also contain distinct signatures of the post-recombination Universe as
well, since angles between two points in the CMB map depend on the background cosmology that has
ruled the expansion from z∗ up to now. Also the reionization process comes into play at zre ∼ 6− 9, when
the �rst stars formed. In addition, some DE signatures were imprinted by the process of gravitational
lensing and the integrated Sachs-Wolfe e�ect. See [81] for further details.
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tension between the determination of H(z = 2.34) and the angular distance DA(z = 2.34)
carried out by the BOSS collaboration in [98] and the ΛCDM with the best-�t parameters
obtained from Planck in combination with the Wilkinson Microwave Anisotropy Probe
(WMAP) [68] polarization data. This tension is reduced to a 2.2σ one when the best-�t
values are inferred from WMAP9 in combination with the Atacama Cosmology Telescope
(ACT) [99] and the South Pole Telescope (SPT) [100] data. In relation with this tension, in
2014 V. Sahni, A. Sha�eloo and A.A. Starobinsky proposed in [101] a model-independent
test based on the following diagnostic,

Omh2(zi; zj) =
h2(zi)− h2(zj)

(1 + zi)3 − (1 + zj)3
, (1.57)

where h(z) = H(z)/100 km/s/Mpc. For the ΛCDM, the two-point diagnostic boils
down to Omh2(zi; zj) = Ω

(0)
m h2, which is constant for any pair zi, zj. Using this testing

tool and the known observational information on H(z) at the three redshift values z = 0
[102], 0.57 [103], 2.34 [98], the aforementioned authors observed that the average result is:
Omh2

mean,obs = 0.122 ± 0.010, with very little variation from any pair of points taken and
almost independent of the chosen value of H(z = 0), see [101] for details. The obtained
result is signi�cantly smaller than the corresponding Planck's value of the two-point diag-
nostic, which is constant and given by Omh2

Λ = 0.1415 ± 0.0019 [37]. According to the
authors of [101], this departure might reveal (in the absence of systematics in the CMB
and SDSS data sets) a hint in favor of the dynamical nature of the DE. Results in the
same line have been obtained more recently by using an enlarged list of H(z) data points
in [104, 105]. See also [106].

Some people argue, though, that these discrepancies among data sets could be due
to the existence of some kind of systematics in the data, see e.g. [95] 39, but the real
truth is that the possibility of these tensions to be pointing out the incompleteness of the
concordance model is not excluded. In this case, New Physics would be required to explain
the observations. Thus, the door is opened for those models able to reconcile theory and
experiment.

See [107] for an exhaustive analysis of the concordance level between the ΛCDM and
di�erent data sets, and also [108] for a more complete review of the current observational
status of the standard model.

1.2.4 Alternatives to the ΛCDM

The problems a�ecting the CC have motivated cosmologists to search for alternative ap-
proaches to explain the current positive acceleration of the Universe. They range from
modi�ed gravity models, in which the l.h.s. of Einstein's equations is modi�ed due to the
changes introduced in the original Einstein-Hilbert action with CC, to models in which
some kind of modi�ed form of matter is used as a source of DE. In the latter case, such

39The same authors from [95] state in the Discussion section: Cosmology beyond standard ΛCDM cannot
be ruled out as the dominant cause of tension. Thus, it seems that they do not exclude the possibility of
New Physics either.
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modi�cations are implemented in the r.h.s. of the gravitational �eld equations. In prin-
ciple, one can treat gravity modi�cations like a pure change in the matter sector, just by
moving the modi�ed terms arising in the l.h.s. to the r.h.s. and considering them as part
of the total energy-momentum tensor. The resulting framework cannot be distinguished
from the starting one by only analyzing gravitational e�ects. Of course, from the QFT
perspective, there is a clear di�erence between both scenarios, since in the second one there
is an obvious change in the �eld content of the theory, contrary to what happens in the
modi�ed gravity case. Now, I review some of these alternative models in a rather general
way, but trying to pinpoint the most important aspects of each of them.

Scalar �elds in the late-time Cosmology

Scalar �elds, φ, have been used in Cosmology since long ago, most conspicuously in the
context of Brans-Dicke theories [109], where G ∝ 1/φ(t), and subsequently in general
scalar-tensor theories. The general scalar-tensor action reads,

S =

∫
d4x
√
−g
[

1

2
f(R, φ) +

1

2
h(φ)(∇φ)2

]
+ Sm(gµν ,Ψm) , (1.58)

where f is a function of the scalar �eld φ and the Ricci scalar R, h depends also on
φ, and Sm is the action that governs the behavior of the matter �elds Ψm, which can be
minimally or non-minimally coupled to gravity. The Brans-Dicke theory is just a particular
case, in which f(R, φ) = φR and h(φ) = ωBD/φ, ωBD being the (constant) Brans-Dicke
parameter. These theories are also considered to be inside the large group of modi�ed
gravity theories for obvious reasons.

Soon after, scalar �elds also played a role as a strategy to endow the vacuum and the
cosmological term of some time dependence in a QFT context, Λ = Λ(φ(t)), and in some
cases with the purpose to adjust dynamically its value. Some of the old approaches to
the CC problem from the scalar �eld perspective can be found in [110, 111, 112, 113, 114,
115, 116]. Among the proposed dynamical mechanisms, let me mention the cosmon model
[117], which was subsequently discussed in detail in [62]. In all cases, a more or less obvious
form of �ne tuning underlies the adjusting mechanisms. For this reason scalar �elds were
later used mostly to ascribe a possible evolution to the vacuum energy with the hope to
explain the cosmic coincidence problem, giving rise to the notion of quintessence and the
like, cf. [118, 119, 120, 121, 122, 123, 124, 125], among many other alternatives. See
e.g. the reviews [126, 127, 128, 129] and the book [130]. Quintessence and phantom dark
energy models are constructed by introducing a scalar �eld minimally coupled to gravity.
The action for this scalar �eld takes the following form,

Sφ =

∫
d4x
√
−g
[
ξ

2
gµν∂µφ∂νφ− V (φ)

]
, (1.59)

where ξ = +1 for quintessential models, and ξ = −1 for the phantom DE ones. V (φ) is
the scalar �eld potential. An adequate shape is crucial to ensure a correct phenomenological
behavior of the model. The (light) scalar �eld is taken to be classical and homogeneous so
as to ful�ll the Cosmological Principle discussed in Sect. 1.2.1. Thus, it can only depend
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on the cosmic time, i.e. φ = φ(t). The associated sound speed must be high enough in
order not to produce an excess of structure in the Universe and suppress the DE density
perturbations at small scales. In the non-interacting version of these models, the scalar �eld
does not exchange energy with other sectors. By varying the action (1.59) with respect
to the scalar �eld and using the FLRW metric one obtains the modi�ed Klein-Gordon
equation,

φ̈+ 3Hφ̇+ ξ
∂V

∂φ
= 0 . (1.60)

On the other hand, the variation of (1.59) with respect to the metric yields the energy-
momentum tensor of the scalar �eld,

T (φ)
µν = ξ∂µφ∂νφ− gµν

[
ξ

2
gµν∂µφ∂νφ− V (φ)

]
, (1.61)

from where one can derive the expressions for the energy density and pressure associated
to the scalar �eld,

ρφ = ξ
φ̇2

2
+ V (φ) , (1.62)

pφ = ξ
φ̇2

2
− V (φ) . (1.63)

The EoS parameter varies with the expansion according to the following formula,

ωφ =
pφ
ρφ

=
ξ φ̇

2

2
− V (φ)

ξ φ̇
2

2
+ V (φ)

. (1.64)

Quintessence DE gives ωφ > −1 during all the cosmic history, whereas phantom DE
ωφ < −1 when V (φ) > φ̇2/2. A value ωφ(z = 0) < −1 in the current time is not excluded by
the constraints provided by some observational teams. For instance, Planck Collaboration
[37] gives ωDE = −1.019+0.075

−0.080, whereas the BOSS one [131] ωDE = −0.97 ± 0.05 40. The
key point, though, is that in both kind of DE models ωφ ' −1 and ρφ ' const when
V (φ) � φ̇2. Thus, they are in principle able to mimic the behavior of the CC at present,
but this is something that ultimately depends on the exact form of V (φ).

Notice that in the phantom DE scenario, the energy density is not bounded by below
because of the negative kinetic term. This causes the problematic instability of the vacuum
state [130, 136]. Another characteristic feature of these models is that the energy density
of a phantom �eld increases with the expansion [cf. (1.42)]. Not only that, the scale
factor goes to in�nity in a �nite amount of time thanks to the superaccelerated phase
that the Universe undergoes, which lasts until a future singularity is reached, at trip ∼ 35
Gyrs. It is the so-called Big Rip, since all bounded objects (even atoms) rip apart [137].

40We will see in Sects. 6 and 7 that the use of a data set which includes the state-of-the-art
RSD+BAO+CMB measurements allows us to determine a value of ωDE which is in the quintessence
region with ∼ 4σ c.l. See also the results presented in [132, 133, 134, 135].
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The reason why this happens can be easily understood. For instance, a body orbiting
around a massive object of mass M in an orbit of radius R will become unbounded when
−(4π/3)(ρ + 3p)R3 ∼ M , where ρ and p are the total energy density and pressure of the
system, respectively, so they take into account the contribution of the DE too. If ωφ > −1
then −(ρ + 3p) decreases with time and, therefore, a system which is bounded remains
bounded forever. In other words, the cosmic expansion is not able to tear the system
up. In contradistinction, a phantom (or ghost) scalar �eld makes −(ρ + 3p) to increase
in the phantom-dominated era, so there is a moment in which the bounded system just
breaks. But, of course, this (sort of catastrophic) feature of the phantom DE models is not
a drawback for the model itself, since a priori nothing prevents the Universe to have such
dramatic end.

The weakest points of these scalar �eld models are probably the following:

• They do not even try to solve or alleviate the old CC problem. They just presume
that the CC vanishes due to some unspeci�ed mechanism (maybe some unknown
symmetry) and use these scalar �elds in order to provide some dynamics to the DE.
It is important to remark here that these new scalar �elds �carry� their own ZPE
and, therefore, could keep alive the unwanted CC problem despite the ad hoc removal
of the other vacuum contributions.

• It is sometimes di�cult to establish a clear connection between these scalar �elds and
a fundamental theory, although some quintessence potentials can be well motivated
from a theoretical point of view, e.g. from supergravity, see [130] and references
therein.

• The energy density associated to the scalar �eld ρφ equals the critical one when
mφ ∼ H. This means that mφ ∼ H0 ∼ 10−33 eV. One could consider quite unnatural
that a particle with such a tiny mass could explain the physics of the current Universe,
regarding that the energy scale of the latter is ρ(0)1/4

c ∼ 10−3 eV, i.e. 30 orders of
magnitude larger than mφ. And what probably is the most shocking feature, the
mass of the scalar turns out to be many orders of magnitude smaller than any of the
masses of the scalar �elds usually encountered in particle physics.

Despite being a�ected by these problems, some of these models are able to explain the
data with great e�ciency and much better than the ΛCDM. This is the case, for instance,
of the Peebles-Ratra (PR) quintessence model [118, 119], which takes an inverse power-
law potential, i.e. V (φ) ∼ φ−α. I analyze this model in detail from the theoretical and
phenomenological point of view in Sect. 6, which is basically based on the dedicated study
[133]. In the same section I also make some brief comments on quintessence models with
both, single [138] and double exponential potentials [139]. We will see that the former type
of potential, i.e. V (φ) ∼ e−λφ, is incapable of ful�lling the BBN bounds and driving at the
same time the current positive accelerated phase, whereas the double exponential potential
does not su�er from this problem. Exponential quintessence models, together with the PR
one, are called freezing models. They generate the so-called tracker solutions [124], in
which the DE keeps track of the matter component and �nally dominates the expansion,
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Scalar �eld Potential Expression
Linear [141, 142] V (φ) = λφ

Inverse power-law [118, 119] V (φ) = 1
2
κM2

Pφ
−α

Exponential [138, 139] V (φ) = V0e
−κλφ

Double exponential [139] V (φ) = V0(e−κλ1φ + e−κλ2φ)

Pseudo-Nambu-Goldstone [140, 143] V (φ) = V0

[
C + cos

(
φ
f

)]
Hyperbolic cosine [144] V (φ) = V0 [cosh(κλφ)− 1]

Exponential + power-law [145] V (φ) = V0e
−κλφ [A+ (κφ−B)2]

SUGRA motivated [146, 147] V (φ) = V 4+α
0 φ−αe

κ2n2φ
2

Table 1.1: List of some quintessence potentials that can be found in the literature. Here, κ2 = 8π/M2
P .

when the movement of the scalar �eld is slowed down enough and the potential energy
becomes much greater than the kinetic one. Tracker solutions are interesting because are
able to alleviate the initial �ne-tuning problem. Di�erent initial scalar �eld con�gurations
in the post-in�ationary stage give rise to the same late-time expansion once the parameters
of the potential are �xed.

There are also thawing models, in which the scalar �eld is �frozen� by Hubble friction
and ωφ ' −1 until recently, and then φ begins to evolve and ωφ starts to grow. As an
example, we can mention the model with scalar �eld potential V (φ) = M4 [1 + cos(φ/f)]
[140]. Actually, the list of alternative non-interactying quintessence models is almost end-
less. I refer the reader to Table 1.1 for a more complete list and to the book [130] for more
details and references. But I would also like to mention the existence of interacting (or
coupled) quintessence models. In them, the scalar �eld exchanges energy and momentum
with non-relativistic matter. This interaction is implemented through the source vector
Qµ = QTm∇µφ, where Tm is the trace of the matter energy-momentum tensor and Q is
the coupling strength, which in principle can be di�erent for baryons and DM. In this way,
the covariant energy-momentum conservation equation can be split as follows,

∇µT (m)
µν = −Qν ∇µT (φ)

µν = +Qν . (1.65)

As an example of these kind of models with exponential potential for the scalar �eld
and a linear coupling see [125]. The main aim of the study of coupled quintessence is
to alleviate the cosmic coincidence problem through the explicit linkage between DE and
matter.

To end this brief summary of the existing scalar �eld proposals in connection with the
late-time cosmology, let me also mention the K-essence models. They result from a direct
generalization of the action (1.59),

Sφ =

∫
d4x
√
−g P (φ,X) , (1.66)

where X ≡ (∇φ)2/2. Di�erent kind of K-essence models are obtained from the low-
energy e�ective string theory, ghost condensate models, and others [130]. They can also
lead to tracking solutions and, therefore, they are able to soften the �ne-tuning issue.
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Chaplygin gas

The Chaplygin gas hydrodynamic model was presented in [148]. It uni�es dark energy and
dark matter in one single (exotic) component, which is usually referred to as uni�ed dark
matter or �quartessence�. The EoS of this �uid in the original model takes a very simple
form, p = −A/ρ, where A is a positive constant. It can be extended to a more general one
[149],

p = −Aρ−α . (1.67)

This is the EoS of the generalized Chaplygin gas (GCG), which can be obtained from
the parametrization invariant Nambu-Goto d-brane action in a (d+1, 1) spacetime. Notice
that if α > 1, pressure decreases in the past, and this is precisely what we are looking for,
since the �uid must behave as non-relativistic matter in that limit. At late times, the
negative pressure becomes important and the Chaplygin gas can drive the positive cosmic
acceleration. Introducing (1.67) in (1.41) one obtains,

ρ(a) =

[
A+

B

a3(1+α)

]1/(1+α)

, (1.68)

where B is an integration constant. It is clear that ρ(a) ∼ a−3 for a � 1 and ρ(a) =
const for a� 1. Equivalently, we �nd that the EoS parameter tends to ω → 0 and ω → −1,
respectively. This model seems to be at least potentially able to �t the cosmological
data. Indeed, it is at the background level [150]. Problems can arise, though, at the
linear perturbation regime, since values |α| > 10−5 modify excessively the matter power
spectrum with respect to the ΛCDM one. Fig. 1.3 shows that these values of α cause large
�uctuations or blowup in the matter power spectrum that are not observed. This basically
rules out the original model with α = 1 and put severe constraints to the α parameter of
the GCG (see e.g. Fig. 3 of [152]).

Some phenomenological proposals

Some of the old cosmological kinematic models based on attributing a phenomenological
direct time-dependence to the CC term, Λ = Λ(t), without an obvious relation to scalar
�elds can be found in [153, 154, 155, 156, 157, 158, 159, 160]. Many other works are
available in the literature, the reader can also consult the reviews e.g. [161, 162, 59] and
references therein.

One should not consider these phenomenological approaches as something useless or
with lack of interest. Quite the opposite, it is important to keep our eyes and our minds
opened because we can learn many things from the analysis of these models, which are
usually easier to deal with from a mathematical point of view. They could be able to
mimic some of the key features of the underlying (and more fundamental) theory.

Modi�ed gravity models

In modi�ed gravity models the geometrical part of Einstein's equations themselves is
changed so as to explain the late-time accelerated expansion without the need of any
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Figure 1.3: Predicted power spectrum P (k) in the GCG model. From top to bottom, the curves correspond to
α = −10−4, −10−5, 0 (ΛCDM), 10−5, 10−4, respectively [cf. (1.67)]. The data points are those from the 2dF Galaxy
Redshift Survey [151]. From [152].

DE component. Among these models one �nds f(R) gravity, Gauss-Bonnet gravity, or
braneworld models. Also the scalar-tensor theories mentioned before are inside this large
group.

f(R) theories are described by the following action,

S =
1

16πG

∫
d4x
√
−gf(R) + Sm(gµν ,Ψm) . (1.69)

In order to derive the �eld equations there are two di�erent approaches which are coin-
cident if f(R) is linear in R. They are the metric and Palatini formalisms [130]. In the �rst
case, the connections are computed using (1.32) and the �eld equations are obtained upon
varying the action (1.69) with respect to the metric gµν . In the second case, the Chrysto�el
symbols are treated as independent degrees of freedom together with the metric tensor, so
one must also vary (1.69) with respect to Γµνα under the important assumption that the
matter action does not depend on the connection. In this way one obtains the equation
for the Christo�el symbols. There is actually even a third version of f(R) gravity, the
so-called metric-a�ne f(R) gravity, in which one uses the Palatini variation but abandons
the assumption that the matter action is independent of the connection. This is the most
general f(R) formalism. For a review of these theories see e.g. Refs. [163, 164, 165].

A more general modi�cation of GR can be implemented by adding to the Einstein-
Hilbert Lagrangian a function of geometrical invariants f(R,RµνRµν , RµναδR

µναδ, ...). As
we will see later in Chapter 1.3.2, these kind of Lagrangians with higher order curvature
terms arise in the e�ective low-energy gravitational action when quantum corrections are
taken into account [166, 167]. They have been investigated since the 60's, see e.g. [168].

As an example of theories containing this more general kind of terms in the Lagrangian,
we �nd the Gauss-Bonnet dark energy models, in which one adds to the quintessence action
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the following term

SGB =

∫
d4x
√
−g b(φ)R2

GB , (1.70)

where

R2
GB ≡ R2 − 4RµνR

µν +RµναδR
µναδ . (1.71)

This is the Gauss-Bonnet term. It is a topological invariant, which means that the
variation of (1.70) with respect to the metric is zero and, therefore, this term does not
add any additional contribution to the �eld equations. Despite this, the Gauss-Bonet term
intervenes in a physical way, due to its coupling with the scalar �eld, which modi�es the
equation of motion for φ. For more details on these and braneworld DE models, see [130]
and references therein.

Void models

Here I would just like to mention an alternative to the ΛCDM model that also departs from
those that have been introduced before. It is the void model, in which the current cosmic
positive acceleration is not explained in terms of the presence of a DE component nor a
direct modi�cation of Einstein's GR, but as a local inhomogeneity in the matter content
of the Universe. See e.g. [169, 170].

1.3 More about vacuum energy and QFT

In this section I want to go a step further in the characterization of the vacuum energy
in Minkowski spacetime. This will be done in 1.3.1. In 1.3.2 I will introduce the running
vacuum models, motivating them from the renormalization group formalism in QFT in
curved spacetime.

1.3.1 E�ective potential in Minkowski spacetime

In Sect. 1.1.2 I have discussed which is the contribution of the electroweak (EW) vacuum
to the total vacuum energy, but this calculation has been performed in a rather coarse
way. Notice that I have only worked at the classical level, i.e. with the classical potential
(1.18). I have searched for the minimum of such potential in order to compute the classical
value of the scalar �eld and I have substituted it in V (φ) so as to evaluate the leading EW
contribution. On the other hand, in Appendix A I have computed the renormalized ZPE
of a massive scalar �eld in �at spacetime without taking into account the self-interaction
term λφ2/4!. In this section I want to cure these de�ciencies and draw a broader picture of
the vacuum energy in �at spacetime, working in a more formal framework. I want to show
how to compute the quantum corrections of the classical potential (1.18) in Minkowski
spacetime, together with the ZPE of the scalar �eld.

The starting point is the generating functional of the correlation functions, which is
de�ned as follows,
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Z[J ] = N
∫
Dφ exp

[
i

~

{
Sm[φ] +

∫
d4xJ(x)φ(x)

}]
, (1.72)

where J(x) is an external classical source, Sm[φ] is the classical action of the scalar
�eld, and N is a normalization factor chosen such that Z[0] = 1. Z[J ] gives us the
transition amplitude between vacuum states in the presence of a non-null J(x). This is a
very well-known result, which is obtained from the path-integral formalism of QFT. It is
also convenient to de�ne W [J ] ≡ −i lnZ[J ], from which we obtain,

δW [J ]

δJ(x)
=

1

Z[J ]

∫
Dφφ e

i
~Sm[φ]+ i

~
∫
d4xJ(x)φ(x) =< Ω|φ̂(x, J)|Ω >≡ φcl,J(x) , (1.73)

where φcl,J(x) is the mean �eld, i.e. the expectation value of the �eld in the ground
state when there is a source. Notice that here I use |Ω > to denote the vacuum state
instead of |0 > in order to remark that |Ω >6= |0 > when J 6= 0.

In the computation of the EW classical contribution to the vacuum energy performed
in Sect. 1.1.2 I have implicitly used the fact that in the ground state we expect the
classical �eld φcl to be invariant under translations. Assuming this, we obtain S[φcl] =
−
∫
d4xV (φcl) = −V4 · V (φcl), with V4 being the spacetime volume. This means that in

this case the minimization of the action is equivalent to the minimization of the classical
potential. But as I have mentioned before, this is a pure classical object. One would like
to have an e�ective action Γ which incorporated the quantum corrections up to the desired
order in perturbation theory, such that

Γ[φcl,J ] = −
∫
d4xVeff (φcl,J) = −V4 · Veff (φcl,J) , (1.74)

This is achieved by Legendre-transforming W [J ],

Γ[φcl,J ] = W [J ]−
∫
d4yJ(y)φcl,J(y) . (1.75)

This object is called e�ective action. One can easily show that

δΓ[φcl,J ]

δφcl,J(x)
= −J(x) , (1.76)

and this is telling us that in absence of sources the following equation must be ful�lled,

δΓ[φcl,J ]

δφcl,J(x)

∣∣∣
J=0

= 0 . (1.77)

Therefore, if one is able to build the e�ective action, one can also compute the �classical�
scalar �eld41 in absence of sources by solving (1.77), and the minimum value of the e�ective
potential (the vacuum energy, which is what we are ultimately interested in) by substituting

41Actually, it is not purely classical, since it minimizes not the classical potential, but the e�ective one,
which incorporates the quantum corrections up to the chosen order.
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it in (1.75). Moreover, notice that if the classical action S[φ] is very �peaked� around the
classical solution, then Γ[φcl,J ] ∼ S[φcl,J ]. But (1.75) is, in fact, a very crude expression. In
order to deal with it, one has to express the r.h.s. of this relation in terms of φcl,J instead
of J . This can be done, see e.g. [171, 172]. The result at one-loop order reads,

Γ[φcl] = S1[φcl] +
i~
2

ln det

[
− δ2S1[φ]

δφ(x)δφ(y)

∣∣∣
φ=φcl

]
+ δS[φcl] +O(~2) , (1.78)

where here I have identi�ed φcl ≡ φcl,J=0, and the bare action has been split into a piece
depending on renormalized parameters S1 and one containing the counterterms δS,

Sm[φcl] = S1[φcl] + δS[φcl] . (1.79)

Let me apply (1.78) in the case of a scalar �eld with classical action

Sm[φ] =

∫
d4x

(
1

2
∂µφ∂

µφ− V (φ)

)
. (1.80)

It is easy to �nd,

δ2S1[φ]

δφ(x)δφ(y)

∣∣∣
φ=φcl

= − [�x + V ′′(φcl)] δ(x− y) . (1.81)

where V ′′ ≡ ∂2V
∂φ2 . Moreover,

ln det

[
− δ2S1[φ]

δφ(x)δφ(y)

∣∣∣
φ=φcl

]
=

∫
d4y lim

x→y

∑
i

ln [−λi(x, y)] (1.82)

The subscript i labels the eigenvalues λi of the operator (1.81). One can �nd them by
diagonalizing (1.81). It turns out that i is a continuous label and can be directly identi�ed
with the momentum associated to a given mode, λk = −k2 + V ′′(φcl). Thus, we �nd,

ln det

[
− δ2S1[φ]

δφ(x)δφ(y)

∣∣∣
φ=φcl

]
= V4

∫
d4k

(2π)4
ln[−k2 + V ′′(φcl)] , (1.83)

So the one-loop e�ective potential takes the following form,

Veff (φcl) = V1(φcl) + δV (φcl)−
i~
2

∫
d4k

(2π)4
ln[−k2 + V ′′1 (φcl)] +O(~2) . (1.84)

Note that the integral appearing in the expression above is clearly divergent. We need
to regularize it, and then renormalize the result in order to obtain a physical output under
the appropriate renormalization conditions. But before doing this, I would like to remark
that this integral contains the one-loop ZPE of the scalar �eld and the one-loop quantum
correction of the potential. Following [59], we can split the integral in two parts by doing

ln[−k2 + V ′′1 (φcl)] = ln

[
−k2 + V ′′1 (φcl)

−k2 +m2

]
+ ln[−k2 +m2] , (1.85)
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where m is the renormalized mass (not the bare one). The �rst part in the r.h.s.
contains the aforementioned one-loop correction of the classical potential and in general
depends on the scalar �eld, whilst the second one is the one-loop �eld-independent ZPE.
Notice that in the free-�eld case V ′′1 (φcl) = m2 and, therefore, after renormalizing the
potential with the cosmological constant we obtain ρΛ,eff = 1

2
m2φ2

cl + ZPEren, with ZPEren
denoting the renormalized ZPE. The minimum of the resulting e�ective potential is trivially
found to be at φcl = 0, so ρΛ,eff = ZPEren. In this case we can take the result derived in
Appendix A as the total vacuum energy density associated to the scalar �eld. But let me
use now 1.84 to compute the vacuum energy in a more general case than the free scalar
one, when V ′′1 (φcl) 6= m2. Let us �rstly regularize the integral appearing in the r.h.s. of
(1.84). I use the dimensional regularization technique. The �rst step consists in performing
a Wick rotation, i.e. kµ = (k0, ~k)→ kµE = (ik0

E,
~k), in order to Euclideanize the integral,

µ4−d
∫

ddk

(2π)d
ln[−k2 + V ′′1 (φcl)] = iµ4−d

∫
ddkE
(2π)d

ln[k2
E + V ′′1 (φcl)] = (∗) (1.86)

By doing the following mathematical trick

(∗) = −iµ4−d ∂

∂α

∫
ddkE
(2π)d

1

[k2
E + V ′′1 (φcl)]α

∣∣∣
α=0

, (1.87)

and applying the formalism of Sect. A.2 one �nally obtains,

µ4−d
∫

ddk

(2π)d
ln[−k2 + V ′′1 (φcl)] = −iµ4−dΓ

(
−d

2

)
(4π)d/2

[V ′′1 (φcl)]
d/2 . (1.88)

µ is an arbitrary parameter with dimensions of mass that must be introduced in order
to keep the result with dimensions of energy to the quartic power. Logically, the result is
still divergent in the limit d→ 4, but we will perform this limit only after the corresponding
renormalization. Let me assume now that the only contributions to the e�ective energy
density ρΛ,eff are given by the e�ective potential of the scalar �eld presented in (1.84) and
the cosmological term,

ρΛ,eff = ρΛ,b + Veff (φcl) . (1.89)

I remark that at this stage we are dealing with the bare CC and bare e�ective potential.
Plugging (1.88) in (1.84), and after some algebra (see Appendix A.2) one �nds,

ρΛ,eff = ρΛ,b + V (φcl)−
~

64π2
[V ′′1 (φcl)]

2

[
1

ε
− γ +

3

2
+ ln

(
4πµ2

V ′′1 (φcl)

)
+O(ε2)

]
+O(~2) ,

(1.90)
where I have de�ned d ≡ 4−2ε. We must do the limit ε→ 0 in order to obtain the �nal

result, but before this we have to absorb the problematic pole 1/ε of the last expression by
using the counterterms contained in ρΛ,b and δV (φcl) (recall that V = V1 +δV ). Obviously,
this will only be possible if the power of the scalar �elds contained in the potential are
lower or equal than 4. Only in this case the scalar �eld theory is renormalizable. Let us
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work out the result in the particular case in which we have the Higgs-like potential (1.18),
which do satisfy this condition. In this case,

ρΛ,eff = ρΛ +
m2

2
φ2
cl +

λ

4!
φ4
cl + δρΛ +

δm
2
φ2
cl +

δλ
4!
φ4
cl − (1.91)

− ~
64π2

(
m2 +

λ

2
φ2
cl

)2
[

1

ε
− γ +

3

2
+ ln

(
4πµ2

m2 + λ
2
φ2
cl

)
+O(ε2)

]
+O(~2) ,

where m and λ are the renormalized mass and coupling constant, respectively, and δm
and δλ are the associated counterterms. I have also split the bare CC in a �nite part ρΛ

plus a counterterm δρΛ. The three aforementioned counterterms are su�cient to absorb
the divergences appearing in the last expression. By adopting the MS renormalization
scheme (see Sect. A.3 in the Appendix) we �nd,

δm =
~

32π2
λm2

[
1

ε
+

3

2
− γ
]
,

δλ =
3~

32π2
λ2

[
1

ε
+

3

2
− γ
]
, (1.92)

δρΛ =
~

64π2
m4

[
1

ε
+

3

2
− γ
]
,

(1.93)

so I �nally obtain,

ρΛ,eff = ρΛ +
m2

2
φ2
cl +

λ

4!
φ4
cl −

− ~
64π2

(
m2 +

λ

2
φ2
cl

)2

ln

(
4πµ2

m2 + λ
2
φ2
cl

)
+O(~2) , (1.94)

which is known as Coleman-Weinberg potential [173]. Notice that the counterterm
coming from the CC renormalizes the ZPE (the cosmological term is crucial to renormalize
the theory without making use of the normal ordered product!), whilst the counterterms
coming from the bare potential renormalize the potential itself. The e�ective energy density
must be renormalization scale invariant. This means that it must not change under a shift
of the value of µ, since the latter is by de�nition an arbitrary parameter (we have only
demanded it to have mass dimensions),

dρΛ,eff

dµ
= 0 . (1.95)

In order to ful�ll this relation, the quantities ρΛ, m, λ and φcl must acquire, in principle,
some implicit dependence on µ. This is something totally needed if one wants to cancel
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the explicit dependence on this parameter. Moreover, it is important to note the following
point. According to (1.85), the e�ective potential can be split as

Veff (m(µ), λ(µ), φcl(µ), µ) = VZPE(m(µ), λ(µ), µ) + Vscalar(m(µ), λ(µ), φ(µ), µ) , (1.96)

so we can rewrite (1.95) as follows,

d

dµ
[ρΛ(µ) + VZPE(m,λ, µ) + Vscalar(m,λ, φ, µ)] = 0 . (1.97)

And not only that, taking into account that variations induced in Vscalar due to varia-
tions of µ can only be compensated by changes in Vscalar itself, and that equivalently, that
variations induced in VZPE due to variations of µ can only be compensated by changes in
ρΛ, we �nd that the last relation can be separated into two renormalization group equations
(RGE's),

d

dµ
[ρΛ(µ) + VZPE(m,λ, µ)] = 0 , (1.98)

d

dµ
[Vscalar(m,λ, φ, µ)] = 0 . (1.99)

In the non-interacting theory, i.e. when λ = 0, we retrieve the well-known result (A.19)
and the beta function for the cosmological term (A.20) 42,

β
(1)
Λ ≡ µ

dρΛ(µ)

dµ
=

m4

32π2
, (1.100)

since in this case the mass m coincides with the bare one. In fact, it turns out that
(1.100) is also obtained in the interacting case at one-loop order. But which is the role of
µ? Is it relevant? Can we endow it with some kind of physical meaning? Can we learn
something about the running of the physical constants appearing in the vacuum e�ective
action? Is, indeed, this running a real running?

In order to tackle these questions, let me �rst talk about an example coming from
massless Quantum Electrodynamics (QED), the e�ective theory describing the interactions
of photons and U(1)em-charged particles when the energy of the latter are much larger
than their masses, i.e. |q2| � m2. The electromagnetic part of the one-loop renormalized
e�ective action has the form

Γ(1)
em = − 1

4e2(µ)

∫
d4xFµν

[
1− e2(µ)

12π2
ln

(
−�
µ2

)]
F µν , (1.101)

where e(µ) is the renormalized QED charge in the MS scheme. The e�ective action is,
of course, µ-independent. This allows us obtain the one-loop β-function for e,

βMS(1)
e = µ

de(µ)

dµ
=

e3

12π2
. (1.102)

42From now on I temporaly use, again, ~ = 1 in all the formulas.
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From this RGE or directly from (1.101) it seems that the running QED charge satis�es
(in the high-energy limit)

1

e2(|q2|)
=

1

e2(µ2)
− 1

12π2
ln

(
|q2|
µ2

)
, (1.103)

which shows that the QED charge increases with the energy, something that has been
very well-tested by experiments. Thus, the β-function for e obtained in the MS renor-
malization scheme is able to reproduce correctly the predictions of the theory in the high
energy-limit. It is important to remark that the RG-invariance of the e�ective action is
kept untouched. In this case, though, the energy scale µ can be directly identi�ed with a
physical quantity, the energy of the electron. This is a crucial aspect of the RG-method
in QFT: being the combination |q2|/µ2 the natural variable in the renormalized scatter-
ing amplitudes, the RG helps us to �nd out physical quantum e�ects that �run� with the
energy or some external �eld by just inspecting the µ-dependence of the various parts of
the S-matrix and e�ective action. But the MS scheme is e�cient only in the UV limit.
If one wants to obtain the physical β-function in the IR limit, one has to make use of a
mass-dependent renormalization scheme, as the momentum subtraction one. In this case,

β(1)
e =

e3

2π2

∫ 1

0

dx x(1− x)
M2x(1− x)

m2
e +M2x(1− x)

, (1.104)

whereme is the mass of the electron and the momentum subtraction has been performed
at q2 = M2. From this expression one recovers (1.102) in the UV (when M � me), and
obtains

β
(1)
e,IR =

e3

60π2
· M

2

m2
e

+O
(
M4

m4
e

)
(1.105)

in the IR (whenM � me). This quadratic decoupling ful�lls the Appelquist-Carazzone
theorem [174]. Contrary to what one could naively think, particles with a mass larger than
the typical energy scale of the process under consideration do not decouple completely
from the theory. In other words, the decoupling of massive particles does not have a �sharp
cut-o�� behavior. The quantum e�ects of those particles with masses m�M can have a
non-null impact on the physical running of the parameter under study.

Now, let me go back to the cosmological scenario and consider again the β-function for
the CC (1.100), which has been computed by applying the MS renormalization scheme.
The �rst problem that we encounter when we try to make use of the RG method in
the cosmological context is that in this case the energy scale µ is something di�cult to
interpret. The RGE for the CC can only acquire a physical meaning after setting the link
between µ and a physical (directly or indirectly measurable) energy scale of the problem.
This is not an easy task. In QED this identi�cation (µ2 → |q2|) is immediate, by direct
comparison of the β-function obtained with the (mass-dependent) momentum-subtraction
scheme in the high energy limit with the results obtained with the (mass-independent)MS
scheme. In the QCD case, it is not possible to apply at low energies a mass-dependent
scheme because of the quark-con�nement. Despite this, the high-energy limit of the theory
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is correctly reproduced and, again, one can identify the scale µ with the typical energy of
the scattering process.

I am interested in the possible running of ρΛ in the cosmological context, but I have
computed (1.100) in �at spacetime! Thus, a priori we cannot rely on this result, since
the expansion of the Universe is described by a dynamical metric. But still, could we
endow µ with a physical meaning in Minkowski? The �rst important thing to notice is
that, obviously, Minkowski spacetime is static and, therefore, the CC must be also time-
independent in this case. This means that µ cannot induce a dynamical evolution of the CC.
Moreover, vacuum blobs cannot interact with any external �eld, e.g. with a gravitational
one. The presence of such �elds would render the metric deviate automatically from ηµν .
Thus, in this case µ can only behave as a quantity that parametrizes the sequence of
possible renormalization conditions, without any clear link with a physical running. We
cannot associate µ to an external physical energy scale that describes the state of the
system. It is just a formal parameter. This is the simplest case. The scale µ can only
�induce� a physical running of the CC when the metric describing the spacetime is non-
trivial, so before going on with the interpretation of µ in the cosmological context, we are
forced to see which is the expression for βΛ obtained from QFT in curved spacetime. This
is the main goal of the following section.

1.3.2 Dynamical vacuum from QFT in curved spacetime

In order to study how is the vacuum energy altered in the presence of a non-�at metric I will
make use of some general results obtained from QFT in curved spacetime [166, 167, 175].
This is a semiclassical theory, in which the metric is treated classically (like a background
�eld), whilst matter �elds are quantized. This seems a very natural approach, which can be
considered as a viable road to the study of quantum e�ects in gravity when the curvature
is still weak enough, i.e. when R � E2, with E being the characteristic energy of the
particles �lling the Universe. This is the case of the late-time Cosmology. In fact, this is
ful�lled during all the post-in�ationary eras, so it constitutes a good enough framework.

In QFT in curved spacetime the total classical action reads,

Stotal = SEH + SHD + Smatter , (1.106)

with

SEH [gµν ] = −
∫
d4x
√
−g
(
R− 2Λb

16πGb

)
, (1.107)

SHD[gµν ] =

∫
d4x
√
−g
(
α

(b)
1 C2 + α

(b)
2 R2

GB + α
(b)
3 �R + α

(b)
4 R2

)
. (1.108)

SEH is the Einstein-Hilbert (EH) action with cosmological term, and SHD is the minimal
set of higher derivative terms needed to ensure the renormalizability of the theory at one-
loop level (see below). In the literature the sum SEH +SHD, which only contains geometric
terms, is also called the vacuum action, i.e. Svac, for obvious reasons. Notice that all the
constants appearing in Svac, i.e. Λb, Gb and α

(b)
i 's, must be understood as the bare ones.
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Later on we will see that they are in charge of the absorption of the in�nities arising in
the quantum theory. In (1.108),

C2 ≡ RµνρσR
µνρσ − 2RµνR

µν +
R2

3
(1.109)

is the square of the Weyl tensor, and R2
GB is the Gauss-Bonnet term de�ned before

in (1.71). Smatter is the classical action of the matter sector, which is a functional of
the metric and also of the various matter �elds. At this stage, though, I only consider
the contribution of a scalar �eld without self-interaction in Smatter. This will allow us to
compare in a more direct way the results of Sect. 1.3.1 with the ones that will be derived
now. Moreover, in the one-loop approximation the interaction parameter does not a�ect
the CC and, therefore, the inclusion of this self-interaction term does not add any extra
information to the problem we want to analyze. Thus,

Smatter[gµν , φ] =
1

2

∫
d4x
√
−g
(
∂µφ∂

µφ−m2φ2 − ξRφ2
)
, (1.110)

where the term ξRφ2 is also needed to provide renormalizability. From the total action
one can get the modi�ed Einstein's �eld equations, which obviously will include terms of
second order in the curvature tensor, due to SHD. These higher derivative corrections to
the original equations do not play a signi�cant role in the post-in�ationary Universe. In
the semiclassical approach, one cannot simply plug the total energy-momentum tensor in
the r.h.s. of these equations because now this object has quantum nature, it is an operator
which acts on states. One has to consider the expectation value < Tµν >, i.e. the quantum
average in the path integral formalism,

Rµν −
1

2
Rgµν − Λbgµν + HD terms = 8πGb < Tµν > . (1.111)

The main goal of QFT in curved spacetime is the obtainment of < Tµν > or, more
concretely, the e�ective action W for the quantum matter �elds that leads to this object.
The starting point, as in �at spacetime, is the generating functional of the Green functions,
(1.72), with Sm[gµν , φ] given by (1.110). It is easy to show that if we de�ne Z[0] ≡ eiW ,
then

< Tµν >=
< out, 0|Tµν |0, in >
< out, 0|0, in >

=
2√
−g

δW

δgµν
. (1.112)

The computation of the e�ective action in curved spacetime is a rather technical one. I
will omit here these steps and refer the reader to the books [166, 167, 175] and the review
[176] for the details of this involved calculation. I just show the result for the one-loop
e�ective action in the case under study,

Γ = SEH + SHD +W = SEH + SHD + Sm[φcl] + Γ
(1)
eff , (1.113)

where
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Γ
(1)
eff = − ~

2(4π)2

∫
d4x
√
−g
[

1

ε
+

3

2
− γ + ln

(
4πµ2

m2

)](
1

2
m4a0(x)−m2a1(x) + a2(x)

)
(1.114)

is the one-loop quantum correction to the classical action, and a0,1,2 are the so-called
Schwinger-DeWitt coe�cients (coming from the adiabatic expansion of the matter �eld
propagator in the curved background, [166, 167]). They read,

a0(x) = 1 a1(x) =

(
1

6
− ξ
)
R , (1.115)

a2(x) =
1

2

(
1

6
− ξ
)2

R2 − 1

6

(
1

5
− ξ
)
�R +

1

180

(
RµνσδRµνσδ −RµνRµν

)
. (1.116)

A similar result can be obtained by using the canonical quantization formalism, instead
of the path integral one (cf. Appendix B for the explicit calculations). Actually, it leads
to the same functions a0(x) and a1(x). The di�erence arise in some of the HD terms
of a2(x), which turn out not to be present in the result obtained with the alternative
approach. Expression (1.114) is obtained upon applying dimensional regularization. In
order to renormalize the theory, we have to identify the following relations,

ρΛ,eff = ρΛ,b −
~m4

64π2

[
1

ε
+

3

2
− γ + ln

(
4πµ2

m2

)]
, (1.117)

1

16πGeff

=
1

16πGb

− ~m2

32π2

(
1

6
− ξ
)[

1

ε
+

3

2
− γ + ln

(
4πµ2

m2

)]
. (1.118)

The corresponding expressions are also found for the bare couplings appearing in the
higher-derivative terms of (1.114), but we are not that interested in them because their
impact in the low-energy Universe is negligible. The renormalization of the cosmological
term and G requires us to split the bare quantities as follows,

ρΛ,b = ρΛ + δρΛ
1

Gb

=
1

G
+ δ

(
1

G

)
. (1.119)

The counterterms δρΛ and δ
(

1
G

)
do the job of absorbing the in�nities of (1.117) and

(1.118), respectively. But before renormalizing ρΛ,b and Gb, it is important to detect which
is the source of the divergences of (1.117) and (1.118). The pole of (1.117) comes from the
�bald blob� with no external tails of Fig. 1.4, which is quartically divergent. The other
contribution are the �haired blobs� with one or more external �eld insertions, where an
arbitrary number of hµν-tails of the background �eld are attached to one or more points.
They appear from the expansion of the metric in the form gµν = ηµν + hµν , and the
corresponding determinant in the action:

√
−g = 1 + h

2
+ ..., with h ≡ ηµνh

µν . Notice that
the expression (1.117) coincides with the one that has been obtained in Minkowski, (A.15).
This is because the diagrams from which they are computed are exactly the same! In
both cases, there is no communication between the blob and the background gravitational
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Figure 1.4: The one-loop vacuum-to-vacuum diagrams of the scalar matter �eld in the presence of an external gravita-
tional �eld. From [59].

�eld, so it is totally normal to obtain the same result, since for the bald blob spacetime
is Minkowskian even if it lives embedded in a curved one. Thus, (1.117) cannot give us
any hint about the possible physical running of ρΛ because the gravitational �eld does not
in�uence the calculation of the ZPE. After renormalization of (1.117), we obtain again,

ρΛ,eff = ρΛ(µ)− ~m4

64π2
ln

(
4πµ2

m2

)
. (1.120)

A quite natural renormalization condition can be implemented by demanding ρΛ,eff to
vanish [177]. This is equivalent to force ηµν to be a solution of Einstein's equations in
vacuum. Of course, in the case under study we are only taking into account the ZPE of
the scalar �eld. In case we wanted to include other contributions, the e�ective vacuum
energy in curved spacetime would be obtained by subtracting the e�ective vacuum energy in
Minkowski to the one obtained in the presence of a curved background. In this subtraction,
the CC and the ZPE terms would cancel, and only the di�erences in other sectors would
e�ectively contribute in the vacuum part of the r.h.s. of Einstein's equations. In principle,
nothing prevents the resulting di�erence to run with the expansion (this would give rise
to dynamical vacuum energy), although at this point we do not have any hint in favor of
a particular µ-dependence. It will be deduced later in a more indirect way, by demanding
the ful�llment of the covariant conservation of the total energy of the system. Notice that
the aforementioned renormalization condition also helps to alleviate the CC problem, in
the sense that by using it we can get rid of the �ne-tuning issue that a�ects the ZPE.
If the ZPE's weren't exactly canceled, one would have to somehow explain why the (in
general huge) contributions of (1.120) proportional to m4

i are not observed. In addition,
the fact that the e�ective vacuum energy density results from ρcurved

vac −ρMink
vac (with the ZPE's

exactly canceled) is also very interesting, since this subtraction can suppress drastically
other problematic contributions, as the one coming from the EW symmetry breaking. This
cancellation mechanism resembles the Casimir e�ect [45], in which vacuum contributions
become observable thanks to a change in the boundary or geometrical conditions of the
problem. In this case, though, vacuum e�ects gravitate due to a change in the background
metric with respect to the �at one.
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The study of the other two diagrams of Fig. 1.4 can also give us some insight in the
problem we are facing. The �rst haired vacuum diagram with one insertion is quadratically
divergent, as there is one propagator of the scalar �eld. The bunch of tails organize
themselves in a covariant way to generate an action term of the form

√
−gm2R, and hence

renormalize the inverse gravitational Newton's coupling 1/G in the EH action (1.107). The
third type of diagram is the �doubly haired blob� and contains two insertion points. With
two propagator lines, it is only logarithmically divergent. It renormalizes the coe�cients
of the HD-action (1.108). The diagrams with three or more insertions of the external �eld
are perfectly �nite.

Let me renormalize now (1.118) making use of the MS scheme. The result is,

1

16πGeff

=
1

16πG(µ)
− ~m2

32π2

(
1

6
− ξ
)

ln

(
4πµ2

m2

)
, (1.121)

from which one can easily compute the corresponding β-function for 1/G,

β
(1)

G−1 ≡
d

d lnµ

(
1

16πG(µ)

)
=

~m2

16π2

(
1

6
− ξ
)
. (1.122)

This beta function can allow us to endow Newton's coupling of some physical running
because, as it has been stated before, the renormalized expression (1.121) is obtained
from haired diagrams and, therefore, the gravitational background must leave a mark in
this result. But we must take into account that we live in a low-energy Universe. The
characteristic cosmological scale at present is given by H0 ∼ 10−33 eV, so mi � H0 for all
the known particles of the SM. Thus, we have to address the following question: does this β-
function describe in the IR regime the real running of G? We have seen before, in the QED
example, that theMS renormalization scheme provides the correct running in the UV, but
not in the IR, where the soft-decoupling of massive particles takes place. Despite this, we
cannot ensure that the behavior of the gravitational coupling is the same as the electric
charge. From the theoretical side, there does not exist any mass-dependent renormalization
scheme like momentum-subtraction able to provide the low-energy running of the CC and
G [178, 179], although it does exist for the HD couplings 43. The absence of a theoretical
prediction of the low-energy β-function for the CC and G forces us to face the problem from
a phenomenological perspective at this stage. Let me analyze the casuistry of the problem,
by considering the various possibilities that we have. At this point, we cannot postpone
anymore the discussion about the interpretation of the physical energy scale µphy 44 that
is supposed to govern the running, since the aforementioned casuistry also depends on our

43In [180] the authors obtained a low-energy β-function for these parameters with a soft-decoupling
behavior, following the Appelquist-Carazzone theorem.

44Here I use µphy instead of µ. The former parametrizes the physical running, whereas the latter is just
the parameter coming from the dimensional regularization scheme, with no direct physical meaning. The
dependence of the various physical quantities on µ motivate the form in which they depend on µphy, but
it is important to remark the existing di�erence. In reality, the µ-invariance of the e�ective action is an
automatic property which holds for all kinds of renormalizable theories and, de�nitely, cannot be used to
derive any direct conclusions on the running. Despite this, we have mentioned some examples (in QED
and QCD) in which the physical running can be inferred in the UV by an identi�cation µphy ↔ µ in the
corresponding β-function.
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choice of this energy scale, simply because it controls the decoupling �border�. Obviously,
in the cosmological context, in which one deals with the FLRW metric, µphy must be a
dynamical quantity, which somehow must inform us about the gravitational background
in which particles live in. Regarding to the association of µphy with some energy scale
characteristic of the stage of evolution of the Universe, many di�erent options have been
explored in the literature. Some examples are: the critical energy density of the Universe,
µphy ∼ ρ

1/4
c [181, 182, 183]; the temperature of the Universe, µphy ∼ T ; or the inverse

of the cosmic time, µphy ∼ t−1 [184, 185]. Some of these alternatives are very similar or
even equivalent. For instance, during the radiation-dominated epoch T ∼ ρ

1/4
r ∼ ρ

1/4
c ,

so the �rst two approaches coincide in this case. A natural option would also consist in
associating µ2

phy with the curvature scalar R or, alternatively, with the Hubble function,
i.e. µphy ∼ H. H can be thought as the typical energy scale of the cosmological expansion
described by the FLRW metric. In this thesis, I will make use of this identi�cation and
explore the phenomenological behavior of the corresponding models 45. Upon the RG scale
setting we also set the decoupling border. Basically, all the massive particles are much
heavier than H in the low-energy Universe. Depending on which type of decoupling we
consider we will �nd a di�erent behavior of the running at low energies. Let us see the
di�erent possibilities that we could study in our phenomenological analysis:

• Ansatz 1: Sharp-cuto� for G−1. There is no massive particles contributing to the
β-function, so βG−1 = 0 and, therefore, there is no running for G.

• Ansatz 2: Soft-decoupling for G−1. In this case the β-function reads,

βG−1 =
m2

16π2

(
1

6
− ξ
)[

c1

(
H

m

)2

+ c2

(
H

m

)4

+ ...

]
, (1.123)

Notice that we have only included even powers of H in order to respect the general
covariance of the theory. Thus, the leading term is given by

βG−1 =
c1

16π2

(
1

6
− ξ
)
H2 +O(H4/m2) . (1.124)

The running in this case is negligible and does not leave any trace at the phenomeno-
logical level.

• Ansatz 3: No decoupling of massive particles for G−1. The dominant contribution to
βG−1 is given by (1.122), βG−1 ∼ m2. The integration of this expression yields,

G(H) =
G0

1 + ν ln
(
H2

H2
0

) , (1.125)

45A brief comment on the di�erences of decoupling border induced by alternative options of the scale

setting. Let me compare the case in which µphy = H and the case in which µphy = ρ
1/4
c . Notice that

H0 ∼ 10−42 GeV, whereas (ρ0
c)

1/4 ∼ 1 meV. In the �rst case, one would expect a neutrino with a meV
mass to be softly or completely decoupled, since µphy � m, whereas in the second case this same neutrino
would not be in principle decoupled due to the fact that µphy ≈ m.
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where G0 = G(H0). Here G should be understood as Geff , which is the real �ob-
servable� entity. From now on I will use G instead of Geff , but bear in mind its
real meaning! Obviously, the Universe is not only �lled with one scalar �eld, so ν
must encapsulate the running e�ect induced by all the �elds, also the one induced
by fermionic and other bosonic �elds,

ν = 8πG0

∑
i=f,b

βi =
∑
i=f,b

σi
m2
i

M2
P

, (1.126)

where the mi's denote the masses of the particles and σi are characteristic constants,
e.g. for a scalar particle we have σi = ~

2π

(
1
6
− ξi

)
. Of course, the theoretical value of ν

depends on the particle content of the theory under consideration, but this coe�cient
is predicted to be naturally small since m2

i � M2
P , even for the heavy particles of a

typical Grand Uni�ed Theory (GUT) below the Planck scale. In the latter case, ν
is found to be in the range |ν| = 10−6 − 10−3 [186], and curiously enough, according
to the most updated cosmological observations this is precisely the range in which ν
lives, see the �tting tables presented in Chapters 2-7.

Now, we should think about the possible implications that these Ansatzs have in relation
to the running of the vacuum energy. Let me start analyzing the Ansatzs 1 and 2. Due to
the negligible running βG−1 found in Ansatz 2, it can be considered in equal footing with
Ansatz 1. The various scenarios will depend on the type of decoupling considered for the
vacuum energy.

1. Ansatzs 1 and 2

a) Sharp-cuto� for the vacuum energy. This is the trivial case, since βΛ = 0 and,
therefore, we recover the standard ΛCDM model (there is no running for Λ nor G).

b) Soft-decoupling for the vacuum energy. The running is described in this case by the
following β-function 46,

dρΛ

d lnH2
=

1

16π2

∑
i=f,b

[
aim

2
iH

2 + biH
4 +O

(
H6

m2
i

)]
. (1.127)

where the coe�cients ai, bi, etc. are characteristic of each particle. For instance,

ai = (−1)2J

(
J +

1

2

)
ncnJ . (1.128)

Here J is the spin of the particle; (nc,nJ) its multiplicities (e.g. (nc, nJ) = (3, 2) for
quarks, (1, 2) for leptons, and (1, 1) for scalar and vector �elds). The energy density
ρΛ should be understood as ρΛ,eff , analogously to what I have mentioned before about
Geff and G. Again, no odd powers of H are taken into account so as not to break the

46See the recent reference [187], where the authors deduce a β-function for the vacuum energy with this
soft-decoupling behavior seemingly using a mass-dependent scheme.
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general covariance of the theory. In this particular case G remains constant, so the
variation of the vacuum energy must be accompanied by an anomalous conservation
law for matter and/or radiation. These kind of models will be referred to from
now on as type-A models [188, 189, 132]. They will be studied in detail in the
subsequent chapters, but let me pinpoint one relevant physical aspect that can be
already grasped from (1.127). The leading correction of the cosmological term takes
the form δρΛ ∼ m2

iH
2. Thus, contrary to our intuition, the physics below the GUT

scale is likely irrelevant for the potential scale dependence of the vacuum energy!

c) Non-decoupling for the vacuum energy. It does not lead us to any interesting case.
This would lead to the βΛ ∼ m4 (A.20), but I have explained before that this contri-
bution is removed by using the appropriate renormalization condition, consisting in
subtracting the vacuum energy in Minkowski to the total vacuum energy in curved
space-time. Therefore, in this case we would obtain again the soft-decoupling sce-
nario. Even if we did not use this particular renormalization condition, we would
have to exclude the contribution of these terms scaling like βΛ ∼ m4, simply because
this scenario is phenomenologically non-viable. It gives rise to a too large running.

2. Ansatz 3

a) If matter and radiation are self-conserved. In this case, the running of G described
by the law (1.125) induces the dynamical evolution of the vacuum energy. This is
natural, since the covariant conservation of the total energy must be preserved. Due
to the Bianchi identity (1.39) we �nd,

∇µ[G(H)Tµν ] = 0 . (1.129)

As matter and radiation are covariantly conserved, we �nd the following relation
between the variation of ρΛ and G,

Ġ(ρm + ρr + ρΛ) +Gρ̇Λ = 0 . (1.130)

By using the Friedmann equation, together with (1.125) we �nally �nd,

ρΛ(H) = C0 +
3ν

8πG0

H2 ←→ βΛ =
3ν

4π
H2M2

P . (1.131)

The law for the evolution of ρΛ takes the same form as the leading term of (1.127).
These models will be referred to from now on as type-G models [188, 190, 132].

b) If matter and/or radiation are NOT self-conserved. There are two possible scenarios:

i. Sharp-cuto� for the vacuum energy. In this case the running of G must induce
an anomalous conservation law for matter and/or radiation. Now we do not have
a running vacuum, but this model is also very rich from the phenomenological
point of view. It can explain the potential link between the variation of the
Newton's coupling and the variation of the masses of particles and/or the running
of other fundamental �constants� of Nature, as αem or ΛQCD [191, 192, 193].

51



Chapter 1. Introduction

ii. Soft-decoupling for the vacuum energy. This scenario is quite general. One must
make use of (1.125) in combination of (1.127). The anomalous conservation law
for matter and/or radiation is obtained from the covariant energy conservation
equation.

Notice that the Hubble function gives us information about the rate at which the Uni-
verse expands. Our choice µphy = H seems adequate, since when we do H → 0 in the
various β-functions shown above they cancel, and this is precisely what we want because
the running of G and the vacuum must be triggered by the non-trivial evolution of the back-
ground. Moreover, the vacuum energy density can be obtained upon the direct integration
of the corresponding βΛ. In such operation one generates an integration constant, giving
rise to ρΛ = C0 +C1H

2 +O(H4). But is the presence of a non-zero C0 consistent with the
renormalization condition explained before? We have seen that the e�ective vacuum energy
in curved space-time should result from the subtraction of the total vacuum energy in �at
spacetime to the one obtained in curved spacetime. Thus, we would expect the e�ective
vacuum energy density to cancel in the limit H → 0. Therefore, in order to be consistent
with our initial renormalization condition we would have to set C0 = 0. In principle, this
is something that could be done (recall that this renormalization condition is very healthy,
in the sense that alleviates considerably the �ne-tuning issue, i.e. the old CC problem).
Unfortunately, our phenomenological studies will show that the case in which C0 = 0 is
excluded by observations (cf. Chapter 2 of this dissertation and references therein). So
this promising renormalization condition must be left aside and substituted by another
one that forces the presence of a non-null constant cosmological term in ρΛ. Of course,
this can be done by choosing the renormalization point not in Minkowski, but diretly in a
Universe governed by the FLRW metric. In this case, the consistency of the construction
is kept intact. On the other hand we reintroduce the �ne-tuning problem! But maybe it is
not as strong as it seems. Let me show why. If the vacuum energy increased in the past,
then there was a moment in which the e�ective value of the vacuum energy density was of
the same order of the QFT prediction. For instance, there could have existed a moment
at which ρΛ,eff ∼ m4. This is telling us that the renormalization condition can only be
naturally formulated in the early Universe, not in the current one where the typical energy
scale de�ned by the Hubble parameter is far below the average mass of the SM particles.
Therefore, only for a dynamical vacuum term a natural renormalization condition can be
formulated. In this case the CC problem would be strongly weakened and eventually elim-
inated! The dynamics of the vacuum would allow us to solve the �ne-tuning problem or,
at least, degrade it to a lower level.

In this thesis, though, I will not face the CC problem as such. The main aim is much
more modest. Taking into account the current amount and quality of the cosmological
data, I wish to put to the test the possibility that the Λ-term and its associated vacuum
energy density, ρΛ, could actually be dynamical (�running�) quantities whose rhythms of
variation might be linked to the Universe's expansion rate, H. The idea is to check if this
possibility helps to improve the description of the overall cosmological data as compared
to the rigid assumption ρΛ = const. inherent to the concordance ΛCDM model.

In the subsequent parts of this manuscript I will present the various phenomenological
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analysis carried out during my PhD research period. I have ordered them respecting as
much as possible the chronological order in which they were written. In this way, the reader
will be able to see the evolution of the these studies, not only appreciating the improvement
in the statistical methods employed in the �tting procedure, but also in the data sets used
to constrain the models. This continuous depuration of the analysis has lead us to detect
a ∼ 3.5 − 4σ evidence in favor of the dynamical nature of the dark energy. Remarkably,
the reported level of evidence is, to the best of my knowledge, signi�cantly higher than in
any previous work in the literature.
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Part I

Firsts phenomenological studies.
Dynamical vacuum models

and the
D-class of dark energy models
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�By doubting indeed we come to the inquiry; and by inquiring, we
perceive the truth.�

- Pierre Abailard, in �Sic et Non� (1125)
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Chapter 2

A, B and C-type dynamical vacuum
models. A dedicated study

In this chapter we focus on a large class of dynamical models of the vacuum energy inspired
in QFT in curved spacetime, namely on those based on the structure ρΛ(H, Ḣ), which is
well-motivated for a FLRW-like expanding universe characterized by the Hubble rate H.
We solve not only their background cosmology but perform a detailed analysis of the
corresponding cosmic perturbations and their implications for structure formation. For
example, it is well-known that the so-called linear growth rate (the logarithmic derivative
of the linear growth factor δm = δρm/ρm with respect to ln a, i.e. f = d ln δm/d ln a), can
be in some cases a good indicator of clustering, together with the growth rate index γ
(used as the e�ective parametrization of the growth rate through a power of the density
parameter [194]). In general, γ is a function of the scale factor (or the redshift), and the
relation with the growth rate reads: f(z) ' Ωm(z)γ(z). The asymptotic value of the growth
rate index parameter takes distinctive values for di�erent gravity models [195]. In the case
of the concordance ΛCDM model, γ(0) ' 0.55 − 0.60. In this chapter we examine these
linear indicators of structure formation for the new models of the vacuum energy, but we
�nd also very convenient to study nonlinear e�ects, such as the theoretically predicted
cluster-size halo redshift distributions. These �number count� observables can help to
break degeneracies between the vacuum models and can be especially useful in the context
of realistic and future X-ray and Sunyaev-Zeldovich cluster surveys such as eROSITA [196]
and SPT [197, 198], as shown in [199, 188]. For other implications of dynamical models in
the astrophysical domain, see e.g. [200].

We shall discuss the virtues and troubles associated to some of these vacuum models
according to the Hubble terms involved in the dynamical structure of the vacuum energy.
Let us emphasize that not all of the ρΛ(H, Ḣ) models are equally favored from the theo-
retical point of view. Interestingly, those that are theoretically more favored are in fact
the ones that best �t the structure formation data in combination with the other cosmic
observables such as type Ia supernovae, the Cosmic Microwave Background and the Bary-
onic Acoustic Oscillations. At the same time we �nd models that perform comparatively
not so good, and others that can be simply excluded by the current observations.

The plan of this chapter is as follows. In Sect. 2.1 we discuss the general dynami-
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cal vacuum models (DVM's) that depend on powers of the Hubble function and its time
derivative, and single out the class of the running vacuum models (RVM's), more closely
related to QFT. The corresponding cosmological background solutions of these models is
presented in Sect. 2.2. In the next section, Sect. 2.3, we formulate the linear cosmic per-
turbations for general dynamical vacuum models. In Sect. 2.4 we discuss the inclusion of
radiation. The �tting of these models to the cosmic data is put forward in Sect. 2.5, where
we also brie�y address the implications that our dynamical vacuum models could have on
possible evidence recently found on dynamical dark energy. In Sect. 2.6 we discuss how to
distinguish the DVM's through the cluster-size halo redshift distributions. Finally, in Sect.
2.8 we provide our discussion and conclusions. In Appendix D we summarize the calcu-
lation of the linear density threshold for collapse, δc, for the models under consideration,
a quantity that is crucially needed for the determination of the cluster-size halo redshift
distributions.

2.1 Time-evolving vacuum energy in an expanding Uni-

verse

Let us consider the expanding Universe as a perfect �uid with matter-radiation density
ρM and vacuum energy density ρΛ. The latter is usually associated to the value of the
cosmological term through Λ = 8π GρΛ, where G is Newton's constant. While we assume
in this chapter that G remains strictly constant, we do not make the same assumption for
ρΛ. The full energy-momentum tensor of the cosmic �uid can be written as T̃µν ≡ TMµν +TΛ

µν ,
where TMµν is the ordinary matter+radiation energy-momentum tensor and TΛ

µν describes
the vacuum part. The EoS for the various components have been written in Sect. 1.2.1

In the �at FLRW metric, on which we will hereafter exclusively concentrate, the two
independent gravitational �eld equations derived from Einstein's equations sourced by T̃µν
are given by (1.34) and (1.35). From these equations (and setting k = 0) one can derive
the rate of change of the Hubble function,

Ḣ = −4π G

[
ρm +

4

3
ρr

]
. (2.1)

A useful equation (actually a �rst integral) that follows from the original system (1.34-
1.35) is the following:

ρ̇m + ρ̇r + 3Hρm + 4Hρr = −ρ̇Λ . (2.2)

In the frequent situation where there is a dominant matter component (e.g. cold matter,
ωM = ωm, or relativistic matter, ωM = ωr), it is possible to obtain the evolution law for
the Hubble function in terms of the vacuum term and that matter component:

Ḣ +
3

2
(1 + ωM)H2 = 4π G (1 + ωM) ρΛ =

1

2
(1 + ωM) Λ . (2.3)

Formally the above equations are valid whether the vacuum term ρΛ is a rigid quantity
or is represented by a dynamical variable ρΛ = ρΛ(t). However, here we will assume that
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ρΛ(H, Ḣ) is a true dynamical vacuum term whose time evolution is exclusively associated
to the quantum e�ects on Λ, see Sect. 1.3.2 and the review [59] for details and references.
From this point of view, the corresponding EoS is still ωΛ = −1. This will be henceforth
taken for granted. By integrating the last equation we can obtain H in the relevant epoch
of the cosmic evolution where that matter component dominates. This procedure will be
frequently used in our analysis.

Equation (2.2) constitutes the local conservation of the full energy-momentum tensor
T̃µν in the presence of all contributions of matter and vacuum energy, namely it expresses
explicitly the covariant conservation law∇µT̃µν = 0 in the FLRWmetric. Such law holds for
strictly constant G since the left hand side of Einstein's equations must have zero covariant
derivative by virtue of the Bianchi identity. Being the result of an identity, equation (2.2) is
not independent of the fundamental system of Friedmann-Lemaître equations (1.34-1.35),
but it is useful to provide a more physical interpretation of them.

In the present study the dynamical cosmological term is represented by a power series
of the Hubble function and its time derivative 1:

Λ(H) = c0 +
∑
k=1

αkH
k +

∑
k=1

βkḢ
k + ... (2.4)

where the leading term c0 describes in good approximation the current Universe and the
other terms introduce a mild dynamical evolution. As we will see in the next section, the
expression (2.4) generalizes the formula that can be motivated within the class of running
vacuum models, (1.127). Notice that in this case we are considering odd powers of H in
the above expansion. They have been included in order to explore the phenomenological
implications of this (more general) scenario.

Lately these models have been successfully applied to describe the complete history of
the Universe, as they involve the ingredients capable of yielding a smooth transition from
an early de Sitter stage to a proper radiation and matter epochs [186]. In practice, since
structure formation is a relatively recent phenomenon, we limit ourselves to consider the
lowest powers of H. Indeed, recall that the current vacuum energy density is of order
M2

P H
2
0 , where H0 ∼ 10−42 GeV is the current value of the Hubble parameter and MP =

1/
√
G ∼ 1019 GeV is the Planck mass (in natural units). It follows that the power terms of

(2.4) beyond H2 and Ḣ are completely irrelevant for the present Universe. Thus, terms of
the form H3, ḢH, H4, Ḣ2, H2Ḣ, Ḧ, etc. will be ignored for the present study, although
they can be important for the early Universe [186, 201].

The nonvanishing r.h.s. of Eq. 2.2 signals a transfer of energy between vacuum and
matter. Needless to say, this transfer is absent in the ΛCDM model for which ρΛ =const.
The nonvanishing time derivative of ρΛ in the above conservation law involves the relevant
powers of the Hubble function in the equation (2.4).

In this study we would like to check the e�ect of all terms that can be phenomeno-
logically signi�cant for the recent Universe. Therefore, we will consider the linear term
in H as well as the H2 and Ḣ terms. The linear terms, however, have a di�erent status.
They are not expected to have a fundamental origin within in QFT in curved space-time,

1In Sect. 1.3.2 I have made the correspondence µphy ∼ H, but actually it can be extended to a more

general case by associating µ2
phy not only with H2, but also with Ḣ. This is what we consider now.
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a fact that actually applies to all the odd powers of the Hubble function as they are, in
principle, incompatible with the general covariance of the e�ective action. However, the
linear terms appear in various dark energy models in the presence of phenomenological bulk
viscosity, see e.g. [202, 203, 204]. The linear term in H was also theoretically motivated as
a possible fundamental description of the cosmological vacuum energy in terms of QCD,
see e.g. [205, 206, 207, 208]. Phenomenological analysis claiming its possible interest for
the description of the current Universe were carried out in e.g. [209, 210, 211, 212].

Therefore, following our aim to explore the various existing possibilities from the phe-
nomenological point of view, we will test here the following list of six types or classes of
DVM's e�ectively leading to time-evolving Λ scenarios:

A1 : Λ = a0 + a2H
2

A2 : Λ = a0 + a1Ḣ + a2H
2

B1 : Λ = b0 + b1H

B2 : Λ = b0 + b1H + b2H
2 (2.5)

C1 : Λ = c1H + c2H
2

C2 : Λ = c1Ḣ + c2H
2

All of them can be, in principle, relevant for the study of the current and recent past
cosmic history. Type A and B models, despite their di�erences, share one important
feature, to wit: they all have a well-de�ned ΛCDM limit since they all tend to a constant
value of Λ when the coe�cients of the powers of H or Ḣ tend to zero. In contrast,
models C1 and C2 can never behave as a rigid Λ term. As we will see, this has important
consequences for the phenomenological consistency of these models, when faced against
the expansion and structure formation data.

If we have a look to the list of vacuum models under study, Eq. (2.5), we observe that
the vacuum energy density in model A2 can be written as follows,

ρΛ(H, Ḣ) =
3

8πG

(
C0 + CHH

2 + CḢḢ
)
, (2.6)

It has been previously motivated from the RG formalism. Model A1 is a particular
case of A2. On the other hand, models B1 and B2 involve a linear term in H which,
as previously indicated, is not expected on fundamental grounds but could appear as an
e�ective contribution.

Let us �rst turn our attention to model A1 in the list. It is the simplest model containing
the expected ingredients. It is convenient to normalize the additive term such that it
coincides with the value of the current CC density forH = H0, and in addition we introduce
a (dimensionless) parameter ν, which plays the role of coe�cient of the β-function for the
running of the vacuum energy. In this way the CC density for model A1 can be cast as
follows:

ρΛ(H) = ρ0
Λ +

3ν

8π
M2

P (H2 −H2
0 ) . (2.7)
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As desired, ρΛ(H = H0) = ρ0
Λ. For ν = 0 the vacuum energy remains strictly constant

at all times, ρΛ = ρ0
Λ, whereas for non-vanishing ν there is an obvious evolution of the

vacuum energy that departs as H2 from a strictly constant value. This is a mild evolution
provided ν is small enough. Obviously this model is a particular case of (2.6) with CH = ν
and CḢ = 0. Substituting (2.7) in the general acceleration law for a FLRW-like Universe
in the presence of a vacuum energy density ρΛ, we �nd

ä

a
= −4π G

3
(ρm + 3pm − 2ρΛ) = −4π G

3
(1 + 3ωm)ρm + C0 + ν H2 , (2.8)

where in this case

C0 =
8πG

3
ρ0

Λ − ν H2
0 . (2.9)

Let us next consider model A2. It generalizes the previous one by introducing the Ḣ
contribution. Recall that the homogeneous terms H2 and Ḣ are in general independent
variables. From the two Friedmann's equations (1.34) and (1.35) it is easy to show that

H2

Ḣ
= −2

3

1 + r

1 + ωm
, (2.10)

where r = ρΛ/ρm is the ratio between the vacuum and matter energy densities. Even
for the ΛCDM model (where ρΛ is strictly constant) r is a dynamical variable. At present
r ∼ O(1) (r ∼ 7/3), whereas in the past r → 0. In the radiation epoch H2 was just minus
half the value of Ḣ, whereas at present H2

0 is roughly minus twice the value of Ḣ0.
The acceleration equation for the scale factor of the model class A2 reads,

ä

a
= −4π G

3
(1 + 3ωm)ρm + C0 + νH2 + CḢ Ḣ . (2.11)

We still denote CH ≡ ν since this parameter is closely related to the simplest running
vacuum model (2.7)-(2.8). Equation (2.11) can be rewritten in terms of the deceleration
parameter q and the usual cosmological parameters Ωm = ρm/ρc and ΩΛ = ρΛ/ρc, where
ρc stands for the critical density ρc = 3H2/8πG. We �nd:

q = − ä

aH2
= −1− Ḣ

H2
=

1

2
(1 + 3ωm)Ωm − ΩΛ . (2.12)

In the current epoch (where radiation can be safely neglected) we obtain the following
relation, CḢ Ḣ0 = −CḢ (q0 + 1)H2

0 = −(3/2)CḢ H
2
0 , which is now helpful to determine C0

in (2.11) after we impose the boundary condition ρΛ(H0) = ρ0
Λ in (2.6):

C0 = H2
0

(
Ω0

Λ − ν +
3

2
Ω0
mCḢ

)
. (2.13)

This relation clearly generalizes Eq. (2.9) for nonvanishing CḢ .
While models A (whether version A1 or the extended A2) and C2 are directly related to

the RG approach, models B and C1 are more phenomenological by the reasons explained
before. We will solve the cosmological equations for all these models in the next sections.
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Before solving these models, let us stress that in the case of the running vacuum models
deriving from the general extended RG equation (1.127), which includes also the terms with
Ḣ, the solution compatible with the general covariance of the e�ective action is of the form

ρΛ(t) = c0 +
∑
k=1

αkH
2k(t) +

∑
k=1

βkḢ
k(t) , (2.14)

This is the particular form that Eq. (2.4) takes for the running vacuum case [59]. That is
to say, one obtains in general an �a�ne� function constructed out of powers of H2 = (ȧ/a)2

and Ḣ = ä/a−H2, hence with an even number of time derivatives of the scale factor a. The
higher order powers once more are irrelevant for the current Universe and for this reason
the model types A, B, and C singled out above have been cut o� at the lowest signi�cant
powers. As previously emphasized, the higher powers of H can play a very signi�cant role
in the early Universe. This role has been studied in detail in Refs. [186, 201] where it
is shown in particular that they can lead to an in�ationary scenario with graceful exit of
the vacuum phase (de Sitter regime) into the radiation phase. It means that in this kind
of dynamical vacuum fraweworks one can formulate a uni�ed model of the cosmological
evolution covering both the early, the recent and the present Universe. From now on we
focus on the last two stretches of the cosmic history.

2.2 Background solution of the cosmological equations

Whenever possible we will solve the background equations for the models (2.5) by providing
the matter and vacuum energy densities, as well as the Hubble function, in terms both of
the scale factor a and the cosmic time. In general the most useful form is in terms of the
scale factor since this is the variable which can be more easily related with the cosmological
redshift (1.29). However this will not always be possible and in some cases the analytic
solution can be given only in terms of the cosmic time. In this section we provide the
analytical solution of the background cosmologies corresponding to these models, obtained
by extending the analysis of e.g. Refs. [199, 213]. The perturbations equations will be
analyzed in subsequent sections.

2.2.1 Models A1 and A2

Let us consider the local covariant conservation law (2.2) in the matter dominated epoch
and let us insert Eq. (2.6) on its r.h.s. A straightforward calculation making use of (2.1)
and its time derivative yields:

ρ̇m + 3H
1− CH

1− 3
2
CḢ

ρm = 0 . (2.15)

Trading the cosmic time variable for the scale factor through d/dt = aHd/da we can solve
for the energy densities as a function of the scale factor as follows:

ρm(a) = ρ0
m a−3ξ (2.16)
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and
ρΛ(a) = ρ0

Λ + ρ0
m (ξ−1 − 1)

(
a−3ξ − 1

)
, (2.17)

with
ξ =

1− ν
1− α

, (2.18)

where ν = CH as before, and we have introduced α = 3CḢ/2. Obviously, for α = 0 model
A2 becomes model A1 (for which ξ = 1− ν).

The corresponding Hubble function can now be obtained from the above energy densi-
ties using the Friedmann equation, resulting in the following expression:

H2(a) = H2
0

[
1 +

Ω0
m

ξ

(
a−3ξ − 1

)]
. (2.19)

It satis�es the correct normalization H2(a = 1) = H2
0 .

The solution can also be given in terms of the cosmic time by solving the di�erential
equation (2.3) in terms of hyperbolic functions. The �nal result in the matter dominated
epoch can be brought to the form

H(t) = H0

√
ξ − Ω0

m

ξ
coth

[
3

2
H0

√
ξ (ξ − Ω0

m) t

]
. (2.20)

One more integration renders the scale factor in terms of the cosmic time:

a(t) =

(
Ω0
m

ξ − Ω0
m

) 1
3 ξ

sinh
2

3 ξ

[
3

2
H0

√
ξ (ξ − Ω0

m) t

]
. (2.21)

We can readily check that if we eliminate the cosmic time between these two equations we
recover Eq. (2.19). Furthermore, if ξ = 1 (implying ν = α = 0) the above formulae adopt
the ΛCDM form, as it should be.

Let us also compute the corresponding in�ection point where there is a transition of the
Hubble expansion from the decelerating to the accelerating regime. From the de�nition
(2.12) of deceleration parameter it is easy to show that it can be rewritten as follows:

q = −1− a

2H2(a)

dH2(a)

da
. (2.22)

From this expression we can comfortably compute the point where q = 0 from Eq. (2.19).
Let us deliver the �nal result for model A2 in terms of the redshift value at the transition
point:

zI =

[
2(ξ − Ω0

m)

(3ξ − 2)Ω0
m

]1/3ξ

− 1 . (2.23)

The result for model A1 is just obtained by setting α = 0 (hence ξ = 1− ν). The standard
ΛCDM result zΛCDM

I is, as always, recovered for ξ = 1:

zΛCDM
I =

[
2Ω0

Λ

Ω0
m

]1/3

− 1 . (2.24)
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The numerical value is zΛCDM
I ' 0.726(0.645) for Ω0

M = 0.28(0.31). As we can see the result
is quite sensitive to the precision of Ω0

m from observations 2. Computing the departure of
the new transition point (2.23) from the standard result for small ν and α, we obtain:

zI − zΛCDM
I = (ν − α)

[
2Ω0

Λ

Ω0
m

]1/3 [
1 +

1

3

(
ln

2Ω0
Λ

Ω0
m

− 1

Ω0
Λ

)]
. (2.25)

The numerical di�erence will be small to the extend that ν and α are small. The corre-
sponding �t to these parameters will be made in Sect. 2.5.

2.2.2 Models B1 and B2

The vacuum energy density for model B2 can be parameterized as follows:

ρΛ(H) =
3

8πG
(C0 + C1H + C2H

2) (2.26)

The solution of model B1 obviously ensues by simply setting C2 = 0 in the background
solution of model B2. However, the technical di�culty in solving these models resides
already in the simplest �a�ne� model B1 since the linear term in H is harder to handle
than the quadratic one. On the other hand, phenomenologically the reason to single out
the case B1 is because this model is able to reasonable �t the data provided we maintain
the additive term C0 6= 0. For C0 = 0, in contrast, the pure lineal model ρΛ ∝ H is unable
to accommodate the data on structure formation (cf. Refs. [199, 213], and Sect. 2.5.5).
This feature has an important impact on some theoretical and phenomenological proposals
in the literature [205, 208, 210, 211, 212].

In order to solve model (2.26) analytically we proceed as follows. First of all it is
convenient to re-express ρΛ(H) in terms of dimensionless coe�cients. We set C1 ≡ εH0

(where ε is dimensionless) and we continue identifying C2 with ν, that is C2 ≡ ν as the
basic parameter of the simplest viable model (2.7) compatible with the RG formulation.
With this notation the expression that relates C0 with ν and ε is:

C0 =
8πG

3
ρ0

Λ −H2
0 (ε+ ν) = H2

0 (Ω0
Λ − ε− ν) (2.27)

If we substitute (2.26) in the basic di�erential equation (2.3) for H(t) in the matter domi-
nated epoch, we �nd

2

3
Ḣ + ζ H2 − εH0H = C0 (2.28)

where we have de�ned ζ = 1−ν, not to be confused with Eq. (2.18). Upon direct integration
we determine the Hubble function for this model explicitly in terms of the cosmic time:

H(t) =
H0

2 ζ

[
F coth

(
3

4
H0F t

)
+ ε

]
, (2.29)

2Ω0
mh

2 = 0.1426±0.0025, with h = 0.673±0.012 for the standard ΛCDM model from Planck+WP [214].
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with
F(Ω0

Λ, ε, ν) ≡
√
ε2 + 4 ζ(Ω0

Λ − ε− ν) . (2.30)

It is easy to check that for ν = ε = 0 Eq. (2.29) boils down to the same result as (2.20) for
ν = α = 0 (and both equal to the ΛCDM solution in this limit, as they should).

Notice the presence of an additive constant term in (2.29) (proportional to ε) apart
from the hyperbolic one. This feature is precisely what makes the treatment of the type-
B models for ρΛ(H) (the models with the linear term in H) more complicated from the
technical point of view.

The time evolution of the pressureless matter density can be obtained from (2.1) and
the explicit form of the Hubble function (2.29), with the result:

ρm(t) = −Ḣ(t)

4πG
=

3H2
0

32πG ζ
F2 csch2

(
3

4
H0Ft

)
(2.31)

Similarly, from the previous equation and with the help of (2.29) and (1.34), we infer the
expression of the vacuum energy density:

ρΛ(t) =
3H2

0

32πGζ2

[
F2 + ε2 + 2εF coth

(
3

4
H0Ft

)
+ νF2 csch2

(
3

4
H0Ft

)]
. (2.32)

Let us note that in the far past (t → 0) we have ρΛ(t)/ρm(t) ' ν/(1 − ν) and therefore
since |ν| � 1 the vacuum energy is suppressed in this period, as expected. The same
conclusion applies in the radiation period, if we would include the corresponding radiation
term. As for the behavior in the remote future (t → ∞) we have ρm(t) → 0 from (2.31).
The asymptotic form of the vacuum energy ensues from (5.3):

ρΛ(t→∞)→ 3H2
0

32πG

(
F + ε

ζ

)2

. (2.33)

For this model it is impossible to obtain analytically the matter and vacuum energy den-
sities in terms of the scale factor, except for C0 = 0 (which is, as previously warned,
phenomenologically problematic). To see this let us obtain a(t) by direct integration of the
Hubble function (2.29). After a straightforward calculation we �nd:

a(t) =

(
[(2ζ − ε)2 −F2]1+ ε

F

F2(F + 2ζ − ε) 2ε
F

) 1
3ζ

e
εH0
2 ζ

t sinh
2
3ζ

(
3

4
H0Ft

)
, (2.34)

where the complicated normalization factor is �xed by using H(t0) = H0 and a(t0) = 1.
We can check that for ε = ν = 0 it reduces to the standard ΛCDM one.

In view of the result (2.34) it is impossible to eliminate the cosmic time variable in terms
of the scale factor since the isolated exponential term in the above expression cannot be
combined with the hyperbolic function. Only in the particular case C0 = 0 this combination
is possible, as it will be shown in the next section. Let us note that the troublesome
exponential factor would be there even if ν = 0, i.e. even if no H2 term would be present
in the expression of the vacuum energy density (2.26).
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The di�culty, therefore, stems entirely from the additive ε-term in the Hubble rate
(2.29), i.e. from the linear H dependence in (2.26). We cannot circumvent this situation
by trading the cosmic time by the scale factor in the original Eq. (2.28) either, as the corre-
sponding solution provides H(a) only as an implicit function. These complications, which
did not occur for the type-A models, completely block o� the possibility to analytically
express the Hubble function and the energy densities of the type-B ones in terms of the
scale factor. In practice this means that we have to �nd the functions H(a), ρm(a) and
ρΛ(a) numerically in this case.

We remark that the two basic parameters (ε, ν), or equivalently (ε, ζ), of type-B models
are completely independent and cannot be mimicked by a single e�ective parameter in
a given matter-dominated or radiation-dominated epoch. This is di�erent from type-A
models, which can e�ectively be described by the unique parameter ξ, de�ned in (2.18), in
the matter-dominated epoch. However, as indicated above, the main analytical di�culty
of type-B would remain even if the model would have the single parameter ε 6= 0, with
ν = 0.

Finally, we note that type-B models have also an in�ection point in the recent past
where deceleration changes into acceleration. Using (2.12) and (2.29) we can compute the
deceleration parameter:

q = −1 +
3

2

ζ F2[
F cosh

(
3
4
H0F t

)
+ ε sinh

(
3
4
H0F t

)]2 . (2.35)

In the pure matter epoch (su�ciently small t) it simpli�es to qm ' −1+3ζ/2 ' +0.5 (since
ζ = 1 − ν ' 1), whereas its approximate value at present can be obtained by expanding
Eq. (2.35) linearly on the small ε and ν parameters. By explicit calculation one can check
that the �nal result is the same as in the standard model, i.e. q0 = Ω0

m/2 − Ω0
Λ ' −0.55

(for Ω0
m ' 0.3). Because of the di�culties mentioned above the exact determination of the

transition point in the recent past is harder in this case, but the existence of such point is
as clear as for type-A ones. In both model types the transition point is guaranteed thanks
to the fact that these models have a smooth ΛCDM limit for su�ciently small ε and ν.
In particular, for type-B2 with ε� ν the transition point is essentially given by Eq.(2.23)
with ξ = 1 − ν. As we will see in the next section, the situation with type-C models
concerning the transition point deserves some attention.

2.2.3 Models C1 and C2

Type C1 and C2 models are actually quite di�erent from the previous ones and at the
same time di�erent from each other. They have in common the fact that do not have a
well de�ned ΛCDM limit for any value of the parameters, and therefore can never behave
su�ciently close to a pure ΛCDM model. This raises some doubts about their possible
viability, but they have nevertheless been discussed in the literature for di�erent theoretical
and phenomenological reasons.

For example, recently they have been discussed from the point of view of their possible
relation with the �entropic-force� scenario [215] and its implications for the dark energy [216,
217]. Sometimes type-C models are presented in some drastically simpli�ed forms as e.g.
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when only one of the two terms is present (say, models of the form Λ ∝ H or Λ ∝ H2),
see e.g. [205, 208, 210, 211, 212] and [159]. Here we will summarize the situation for
completeness and also to highlight the important di�erences of type C with respect to type
A and type B models.

Let us brie�y comment on the model subclass C2 �rst. This is the canonical version of
the mentioned class of models that acquired some relevance recently in connection to the
entropic-force scenario and its possible cosmological implications [216, 217]. Many authors
have analyzed recently this scenario for dark energy and generalizations thereof, cf. e.g.
[218, 219, 220, 221, 222, 223] and [224, 213].

The corresponding background cosmological solution for C2 can be obtained as a par-
ticular case of our analysis of the A2 models in the limit C0 → 0 of Eq. (2.6), where C0 is
explicitly given by Eq. (2.13). In this model Ω0

Λ becomes determined in terms of the other
parameters:

Ω0
Λ =

ν − α
1− α

. (2.36)

Since Ω0
m+Ω0

Λ = 1 it follows that Ω0
m = ξ, with ξ as in Eq. (2.18). As a result it is impossible

that the parameters |ν| and |α| can be simultaneously small here. The corresponding
Hubble rate is easily found,

H(a) = H0 a
−3ξ/2 , (2.37)

together with the energy densities:

ρm(a) = ρ0
c Ω0

m a
−3ξ , ρΛ(a) = ρ0

c Ω0
Λ a
−3ξ , (2.38)

where ρ0
c is the current critical density. Worth noticing is the deceleration parameter of

this model. From (2.22) and (2.37) we �nd q = −1 + 3ξ/2, which remains constant,
i.e., it does not change with the expansion. Thus this kind of model cannot have an
in�ection point from deceleration to acceleration: if ξ < 2/3 the Universe will always be
accelerating since the start of the matter-dominated epoch; if, instead, ξ > 2/3 it will
always decelerate; and, �nally, if ξ = 2/3 the Universe expands always at constant rate.
Obviously none of these possibilities is phenomenologically acceptable and hence model C2
must be rejected [224, 213].

In particular, models of the form ρΛ ∝ H2 or ρΛ ∝ Ḣ are de�nitely ruled out. Recently
it has been shown that even if the constant acceleration regime of model C2 would just be
a partial description of a more complete model of expansion where a transition point would
exist, the corresponding linear growth of cosmic perturbations is also strongly disfavored
by the current data [213]. This result in�icts a �nal blow to this speci�c kind of entropic-
force cosmologies. From now on we do not consider model C2 as a viable possibility and
hence we will not further analyze it.

Let us now move to model C1. It is a particular case of B2 in the limit C0 → 0 of
Eq. (2.26), where in this case C0 is de�ned in Eq. (2.27). Thus for this model we have
Ω0

Λ = ε + ν, which implies that ε and ν cannot be both arbitrarily small. Upon imposing
this constraint the quantity F de�ned in (2.30) boils down to F → ε, and this allows to
combine the exponential factor and the hyperbolic function in the expression (2.34), with
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the result:

a(t) =

(
Ω0
m

ζ − Ω0
m

)2/3ζ [
e3 (ζ−Ω0

m)H0 t/2 − 1
]2/3ζ

, (2.39)

where we recall that for type-B models ζ = 1 − ν. Obviously we must have ζ > Ω0
m (and

hence ν < Ω0
Λ) for a realistic description of the expansion. The cosmic time can now be

given explicitly in terms of the scale factor:

t =
2

3(ζ − Ω0
m)H0

ln

[
1 +

ζ − Ω0
m

Ω0
m

a3ζ/2

]
, (2.40)

and from (2.29) the Hubble function can also be expressed in that variable:

E(a) = 1 +
Ω0
m

ζ

(
a−3ζ/2 − 1

)
, (2.41)

where we have de�ned the normalized Hubble rate E(a) ≡ H(a)/H0. For completeness we
provide also the matter and vacuum energy densities in terms of that rate:

ρm(a) = ρ0
c

[
ζ E2(a)− (ζ − Ω0

m)E(a)
]

(2.42)

and
ρΛ(a) = ρ0

c

[
(1− ζ)E2(a) + (ζ − Ω0

m)E(a)
]
. (2.43)

In the remote future (a → ∞) we have ρm(a) → 0 and ρΛ(a) → (1 − Ω0
m/ζ)2ρ0

c . This
is consistent with Eq. (2.33) since F = ε = ζ − Ω0

m for model C1. In the past ρΛ/ρm ∝
(1− ζ)/ζ = ν/(1− ν), and as a result we must require |ν| to be su�ciently small to avoid
domination of vacuum energy. Now, since ν and ε cannot be simultaneously small for C1,
we must have |ν| � ε for this speci�c model class.

We note that, in contraposition to model C2, model C1 has a well-de�ned in�ection
point in the expansion regime, despite C0 = 0. It is found to be

z
(C1)
I =

[
2(ζ − Ω0

m)

(3ζ − 2)Ω0
m

]2/3ζ

− 1 . (2.44)

Two particular cases emerge. For ε = 0 we necessarily have ν = Ω0
Λ and the model becomes

ρΛ = ρ0
Λ H

2/H2
0 , which was already ruled out since it has no in�ection point. Another

particular case is the pure linear model ρΛ ∝ H, obtained by setting ν = 0 (equivalently
ζ = 1), which enforces ε = Ω0

Λ. Its vacuum energy density is given by

ρΛ(H) =
3

8πG
εH0H =

3Ω0
Λ

8πG
H0H = ρ0

Λ

H

H0

. (2.45)

At variance with the purely quadratic model ρΛ ∝ H2, the pure linear model does have a
transition redshift. It is completely determined by the usual cosmological parameters:

zI =

[
2Ω0

Λ

Ω0
m

]2/3

− 1 . (2.46)
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We can evaluate it numerically assuming that the model matches the correct values of
these parameters. We �nd e.g. zI ' 1.979(1.706) for Ω0

M = 0.28(0.31). These predictions
are substantially di�erent from the ΛCDM ones, see Eq. (2.24), and they are shared by
essentially all C1 models owing to the aforementioned |ν| � ε restriction. However this
is not the only problem with the class C1. From (2.42) and (2.41) we see that, in the
past, the behavior of the matter density for this model is abnormal: ρm(a) ∼ ρ0

cζ E
2(a) ∼

ρ0
c (Ω0

m)
2
ζ−1 a−3ζ . Even for ν = 0 (equivalently, ζ = 1, corresponding to the pure linear

model ρΛ ∝ H) there is an extra factor of Ω0
m as compared to the ΛCDM. Such anomaly

causes that when this model is confronted with the high-redshift cosmological data the
preferred value of Ω0

m for this model is signi�cantly larger than in the ΛCDM, see [213]
and [199]. By the same token one is forced to take anomalously large values of Ω0

m in order
to retrieve a transition redshift (2.46) that can be reasonably close to the ΛCDM one.
Typically one has to take Ω0

m ' 0.47 − 0.49, for which zI ' 0.63 − 0.72. Not surprisingly
model C1 (and in particular the ρΛ ∝ H version) will not be for various reasons among
our favorite dynamical vacuum models.

Needless to say, for a full assessment of the possibilities of the various models we have
to consider the analysis of cosmic perturbations. We do this in the next section.

2.3 Linear perturbations for dynamical vacuum models

After discussing the most relevant aspects of the background cosmological solutions, the
next essential step in our study is to analyze the linear perturbations equations. The
structure formation properties obviously play an essential role to discriminate between the
three kinds A, B and C of dynamical vacuum models that we are considering. In this
section we discuss the perturbations in the presence of a variable vacuum energy. While
we are not going to introduce perturbations for the vacuum energy itself, only for matter,
we incorporate the dynamical character of ρΛ in the matter perturbation equations. In
other words, ρΛ = ρΛ(t) is time evolving, but homogeneous in �rst approximation (and at
small scales). This approach will su�ce to clarify the �ngerprint di�erences between the A,
B and C model types as far as structure formation is concerned. The equation governing
the linear density perturbations for the dynamical vacuum models with �xed G and with
interaction between the vacuum and matter sectors is derived in C.1. More concretely, it is
given by (C.33) in terms of the conformal time. We can rewrite the equation for the density
contrast δm = δρm/ρm in terms of the scale factor as independent variable as follows:

δ′′m(a) +

[
3

a
+
H ′(a)

H(a)
+

Ψ(a)

aH(a)

]
δ′m(a)−

[
4πGρm(a)

H2(a)
− 2Ψ(a)

H(a)
− aΨ′(a)

H(a)

]
δm(a)

a2
= 0 ,

(2.47)
where the primes here indicate d/da di�erentiation, and we have traded the cosmic

time variable for the scale factor through d/dt = aH(a)d/da. We have also de�ned

Ψ ≡ − ρ̇Λ

ρm
= 3H +

ρ̇m
ρm

. (2.48)
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In particular, notice that when the parameters pi = ν, α, ε of the various models are
set to 0 we have Ψ = 0 and (2.47) reduces to the standard perturbation equation for the
ΛCDM [32]:

δ′′m(a) +

[
3

a
+
H ′(a)

H(a)

]
δ′m(a)− 3

2
Ω0
m

H2
0

H2(a)

δm(a)

a5
= 0 , (2.49)

where in the last term of the l.h.s. we have used the fact that matter is covariantly
conserved in the ΛCDM and hence ρm = ρ0

ma
−3. The decaying mode solution can be shown

to be δm ∝ H, but this is not the one we want. The growing mode solution of (2.49), which
is the relevant one, is well-known and reads as follows:

δm(a) =
5

2
Ω0
mE(a)

∫ a

0

da′

(a′E(a′))3 , (2.50)

where as before E(a) ≡ H(a)/H0. Early on in the matter dominated epoch, when
E(a) =

√
Ω0
ma
−3/2, Eq.(2.50) yields the standard result for the linear growth factor:

δm(a) ∝ a. The e�ect of a nonvanishing ρΛ > 0 is to suppress this linear growing rate. To
better assess the physical meaning in a very particular situation, suppose that |ΩΛ| � 1
and that it remains approximately constant during some period of the expansion. One can
show from (2.49) � with Ψ = 0 � that the power law solution is then δm(a) ∼ a1−6ΩΛ/5 (cf.
Ref. [225]), which clearly displays the suppression behavior for ΩΛ > 0. For a time vari-
able ρΛ the evolution is, of course, more complicated and is described by the full equation
(2.49), in which Ψ 6= 0 is a function (2.48) evolving with expansion according to the given
dynamical vacuum model.

Let us remark that although the form (2.47) of the e�ective perturbation equation
can be useful to solve models A1, A2 and C1 (recall that model C2 was discarded in the
previous section), it turns out that for models B1 and B2 we will have to use the equation
in terms of the cosmic time,

δ̈m + (2H + Ψ)δ̇m − (4πGρm − 2HΨ− Ψ̇)δm = 0 , (2.51)

as in this case it is not possible to write down the various cosmological functions in
terms of the scale factor, but only through the cosmic time (cf. previous section). This
makes the phenomenological discussion of type-B models a bit more cumbersome since the
natural variable to contact with observation is the scale factor/redshift. We accomplish
the perturbation analysis in the next two sections.

2.3.1 Perturbations for type-A models

In the following we solve the perturbation equation (2.47) for model A2 and then derive the
solution of A1 as a particular case. Recall that for these models the background solution
can be fully expressed in terms of the combined parameter ξ, which depends on ν and α
as indicated in (2.18). It is convenient to introduce the following change of independent
variable, which can be operated on the cosmic time or the scale factor as follows:
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x = coth

[
3

2
H0

√
ξ (ξ − Ω0

m) t

]
(2.52)

and

x2 =
ξ

ξ − Ω0
m

E2(a) = 1 +
Ω0
m

ξ − Ω0
m

a−3ξ . (2.53)

These changes of variable are associated, respectively, to the perturbation equations
(2.51) and (2.47). Starting from any of these equations and applying the corresponding
change of variable (2.52) or (2.53) we arrive, after some lengthy algebra, at the following
�nal result:

3ξ2(x2 − 1)2 d
2δm(x)

dx2
+ 2 ξ (6ξ − 5)x(x2 − 1)

dδm(x)

dx
(2.54)

− 2 [(2− ξ) (3ξ − 2)x2 − ξ(4− 3ξ)] δm(x) = 0 .

Notice that for α = 0 (hence ξ = ζ = 1− ν) the previous equation reduces to the one for
the type-A1 model, �rst analyzed in Ref. [199]. Thus, we have extended the perturbations
analysis of that reference so as to include the more general class of models A2, which
had not been considered before. We �nd that the basic parameter of models A1 and A2
are ζ and ξ respectively, and this holds both at the background and perturbation levels.
Remarkably, the basic perturbation equation turns out to be formally the same in each
model after exchanging the parameters ζ(A1)↔ ξ(A2). Not only so, this means that type
A2 model e�ectively behaves as a single parameter model ξ for all purposes.

The solution of (2.54) can be expressed as follows:

δm(x) = (x2 − 1)
5−3ξ

6ξ Qm
n (x), (2.55)

where Qm
n (x) is the associated Legendre's function of the second kind, and

m =
1

3ξ
− 1 n =

1

3ξ
. (2.56)

Using standard properties of the Legendre functions [226] (see also Appendix B of Ref. [199])
and restoring the scale factor variable through Eq. (2.53), we can �nally express the solution
within the natural parameter domain (2.58) in the following way:

δm(a) = A1a
9ξ−4

2 E(a) F

(
1

3ξ
+

1

2
,

3

2
;

1

3ξ
+

3

2
; −ξ − Ω0

m

Ω0
m

a3ξ

)
, (2.57)

where A1 is a constant to be adjusted by an initial condition, and F is the conventional
hypergeometric series [226].

Although the above equations provide the exact perturbation solution for arbitrary
values of ξ, and hence of the original parameters ν and α, let us recall that from the
theoretical point of view the natural range for these parameters, for type-A models, is

|ν| � 1 , |α| � 1 . (2.58)
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In this range the overall parameter ξ can be expressed, in linear approximation, as

ξ =
1− ν
1− α

' 1− (ν − α) . (2.59)

We conclude that, in the relevant portion of the parameter space, we can replace ξ → ζeff

in the equations (2.54) and (2.57), where

ζeff = 1− (ν − α) ≡ 1− νeff . (2.60)

Let us note that, in the particular case ν = α = 0 (hence ζeff = 1), the formula (2.57)
leads to the ΛCDM solution (2.50) after using a standard integral representation of the
hypergeometric series [226]. In the early epochs of matter domination, i.e. for su�ciently
large values of a when the cosmological term can be neglected and E(a) '

√
Ω0
ma
−3ξ/2,

the solution (2.57) takes on the simple form δm(a) ∼ a3ξ−2. This behavior can be used as
initial condition to determine A1.

Finally, let us mention that in Sect. 2.6, we will extend the structure formation anal-
ysis to the nonlinear regime (speci�cally to the formation of collapsed structures). It will
be shown that the models are quite sensitive to the number of formed clusters at a given
redshift in a suitable range of masses, and thanks to this feature they can be better dis-
criminated. Before addressing the nonlinear regime, in the next section we complete the
linear perturbation analysis of the remaining models.

2.3.2 Perturbations for type-B and C models

In Sect. 2.2.2 we have amply addressed the cosmological solution of type-B models at the
background level, and discussed the shortcomings in connection to the possibility to present
the solution in terms of the scale factor. The corresponding perturbations analysis is no
exception and hence we have to attempt a solution once more in terms of the cosmic time,
i.e. we have to necessarily start from Eq. (2.51), not (2.47). It proves convenient the
following change of independent variable

y(t) = coth

(
3

4
H0Ft

)
, (2.61)

or, equivalently,

y =
2ζE − ε
F

, (2.62)

where we have used (2.29) with E = H/H0. Let us employ that variable to rewrite the
matter density (2.31) in terms of it. The result is:

ρm(y) =
3H2

0

32πGζ
F2(y2 − 1) .

Consider next the function Ψ de�ned in (2.48). With the help of (5.3) and after straightfor-
ward algebra we can write it also in terms of y and express the result in a rather compact
form:

Ψ(y) = − ρ̇Λ(t)

ρm(t)
=

3H0

2ζ

[
ε+ (1− ζ)F coth

(
3

4
H0Ft

)]
=

3H0

2ζ
[y(1− ζ)F + ε] . (2.63)
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With the above formulae and performing the substitution (2.62) in the original Eq. (2.51)
we arrive at the di�erential equation for the growth factor δm(y) in the new variable:

(y2 − 1)
d2δm(y)

dy2
+

[
2y

3ζ
(6ζ − 5)− 10ε

3ζF

]
dδm(y)

dy
+ (2.64)

+
2

3ζ

[
4

ζ(y2 − 1)

(
ε2

F2
+ (1− ζ)y2 +

ε

F
(2− ζ)y

)
+ 3ζ − 4

]
δm(y) = 0 .

This equation cannot be solved analytically, not even in terms of standard special functions.
In the particular case of the type-B1 model, for which ν = 0 - implying no quadratic term
H2 in the expression of the vacuum energy density (2.26) - the above equation simpli�es
slightly:

(y2 − 1)
d2δm(y)

dy2
+

(
2y

3
− 10ε

3F1

)
dδm(y)

dy
+

2

3

[
4ε

F1(y2 − 1)

(
ε

F1

+ y

)
− 1

]
δm(y) = 0(2.65)

where F1 = F(Ω0
Λ, ε, ν = 0), see (2.30). Unfortunately, this equation is still too complicated

for an analytic solution. As always the intrinsic di�culty with type-B models resides
already at the level of the linear term in H. Thus, for both types B1 and B2 we are forced
to use the numerical techniques, for instance the method of �nite di�erences. Namely, take
a di�erential equation of the type

a(y)
d2δm(y)

dy2
+ b(y)

dδm(y)

dy
+ c(y)δm(y) = 0 (2.66)

whose basic coe�cients a(y), b(y) and c(y) can be readily identi�ed from (2.64) and (2.65)
in the case of type-B models. We must �x a su�ciently small step ∆y = yn+1− yn so that
we can take Taylor's expansion up to second order in ∆y as a good approximation of the
linear growth factor in a neighborhood of yn. If we choose the step as indicated before we
can relate the value of the growth factor in yn and yn+1 as follows:

δm(yn+1) = δm(yn) + ∆yδ′m(yn) +
∆y2

2
δ′′m(yn) . (2.67)

Isolating δ′′m(y) in (2.66) and introducing it into this Taylor expansion we �nd:

δm(yn+1) =

(
1− c(yn)

a(yn)

∆y2

2

)
δm(yn) + ∆y

(
1− b(yn)

a(yn)

∆y

2

)
δ′m(yn) . (2.68)

In order to compute the points of the curve δm(y) we also need to obtain a recurrence
formula which gives us δ′m(yn). Di�erentiating (2.67) we get

δ′m(yn+1) = δ′m(yn) + ∆yδ′′m(yn) , (2.69)

and, therefore, we obtain:

δ′m(yn+1) =

(
1− b(yn)

a(yn)∆y

)
δ′m(yn) + ∆y

c(yn)

a(yn)
δm(yn) . (2.70)
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With the use of (2.68), (2.70) and two initial conditions i.e δm(yi) and δ′m(yi), we can �nally
obtain computationally not only the curve of the growth factor δm(y), but also the one of
the growth rate f(y) (cf. Sect. 2.5.5) by just doing

fn+1 =
ln δm(yn+1)− ln δm(yn)

ln a(yn+1)− ln a(yn)
. (2.71)

During the matter-dominated epoch δm(a) ≈ a, so we take as initial conditions the value
of the growth factor and its derivative at very high redshifts yi = y(zi � z∗) (recall that at
redshifts of order z∗ = O(1) the vacuum energy density begins to dominate the Universe's
dynamics for the ΛCDM and the other models considered here, see Sect. 2.2). The scale
factor can be expressed in terms of y with the help of (2.34):

a(y) =

(
[(2ζ − ε)2 −F2]1+ ε

F

F2(F + 2ζ − ε) 2ε
F

) 1
3ζ

(y2 − 1)−
1
3ζ

(
y + 1

y − 1

) ε
3ζF

. (2.72)

We normalize the growth factor with the value δm(z = 0), i.e. δm(a = 1), and we take
δm(a) = a at very high redshifts. The initial conditions at yi = 700, corresponding to
zi ' 100, are the following. For the growth factor we have δm(yi) = a(yi), and for its
derivative with respect to the y-variable, we obtain

δ′m(yi) =
dδm(y)

dy

∣∣∣∣
yi

=
dδm(a)

da

∣∣∣∣
ai

da(y)

dy

∣∣∣∣
yi

=
da(y)

dy

∣∣∣∣
yi

=
−2a(yi)

3ζ(y2
i − 1)

(
yi +

ε

F

)
. (2.73)

For the analysis of perturbations we have to compute δm(z) and f(z) from z = 98.83 up
to z = 0, and for this we need the value of y(z = 0). Notice that it immediately follows
from setting E(t0) = 1 in (2.62), thus y(t0) = (2ζ − ε)/F .

For type-C1 models the perturbation equations can be readily obtained by setting,
once more, C0 → 0 in Eqs. (2.26) and (2.27), which amounts to set F → ε in the above
perturbation equations for the type-B2 model. In this limit, the variable (2.62) reads
y = −1 + 2ζE/ε. Introducing now

y1 =
y + 1

y − 1
, (2.74)

the di�erential equation (2.64) can be brought to the form

3ζ2 y1 (y1 − 1)2 d
2δm
dy2

1

+ 2 ζ (y1 − 1) (5y1 − 3ζ)
dδm
dy1

− 2 (2− ζ) (3ζ − 2y1) δm = 0 . (2.75)

This result is consistent with that of Ref. [213], which appears here as a particular case of the
general equation (2.64) for type-B models. A power-like solution of Eq. (2.75) immediately
ensues: δm,−(y1) ∼ (y1−1)(ζ−2)/ζ . While an explicit relation of the variable y with the scale
factor is impossible for the general type-B models, for C1 models the variable y1 de�ned
in (2.74) permits such relation:

y1 =
ζE

ζE − ε
= 1 +

ζ − Ω0
m

Ω0
m

a3ζ/2 , (2.76)
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with E given by (2.41). Thanks to this the previously found solution can be rewritten as
δm,−(a) ∼ a3(ζ−2)/2. The latter is the decaying mode (since ζ ≤ 1) and, therefore, must
be rejected. However, from it we can obtain the growing mode solution of the C1 model
following the standard procedure:

δm,+(a) = C1 a
3(ζ−2)/2

∫ a

0

da′

a′3ζ/2E2(a′)
, (2.77)

with C1 a constant. The behavior of Eq. (2.77) in the early epoch, namely when E(a) ∼
(Ω0

m/ζ)a−3/2, is δm(a) ∼ a. This is the same limiting behavior as that of the ΛCDM model
� which we inferred before from (2.50) � with the proviso mentioned in Sect. 2.2.3 that this
model has an extra factor of Ω0

m in the matter density. This anomaly has consequences:
when one tries to �t that model to the background data and to the linear growth of
matter perturbations one �nds a poor quality �t, see Sect. 2.5.5 and [213]. The anomaly
disappears if the model is �protected� with an additive term in the structure of the vacuum
energy density, such as for general type-A and type-B models. Finally, concerning model C2
we stress that in Ref. [213] the perturbation analysis was considered and it was shown that
it does not lead to a growing mode solution for any reasonable value of the cosmological
parameters. We do not provide details here (we refer the reader to the aforementioned
reference) and we recall that the model was already excluded at the background level.

2.4 Including the e�ect of radiation

Up to now we have not considered the e�ect of relativistic matter in the solution of the
background cosmological equations since we have focused on the form of the solution near
our time. For the study of cosmological perturbations the e�ect of radiation was not
necessary either. However, in the next section we perform a �t of the current models to
the Baryonic Acoustic Oscillations (BAO) and the Cosmic Microwave Background (CMB).
To this end we do have to include the e�ect of radiation since at the time when the
CMB was released (corresponding to z ' 1100) the amount of radiation was not negligible
(∼ 24%). As we will see below, including the e�ect of radiation in a consistent way is
relatively simple for type-A models, but is more cumbersome for type-B ones. Type C1 is
a particular case of them.

2.4.1 Radiation component for type-A models

Let us write again Eq. (2.2),

ρ̇m + ρ̇r + ρ̇Λ + 3Hρm + 4Hρr = 0 . (2.78)

For type-A vacuum models, where ρΛ is given by (2.6), we obtain the following generalized
form of Eq. (2.15):

ρ̇m + 3H ξ ρm + ρ̇r + 4H ξ′ρr = 0 , (2.79)

74



Chapter 2. A, B and C-type dynamical vacuum models

where we used the familiar parameter ξ, de�ned in (2.18), and we have now introduced a
new one that is related with the radiation component:

ξ′ =
1− ν

1− 4α/3
. (2.80)

Equation (2.79) can be split as

ρ̇m + 3Hξ ρm = Q (2.81)
ρ̇r + 4Hξ′ ρr = −Q , (2.82)

where the source function Q(t) describes the exchange of energy between relativistic and
non-relativistic matter. We do not want to describe in detail this exchange dynamics here
(which was certainly relevant in some epoch of the Universe), but only the situation when
one of the components dominates. Thus we will assume Q ' 0 and solve separately each
equation (2.81). This is, of course, the same kind of assumption as in the standard model
case. In this way we obtain:

ρm = ρ0
m a−3ξ (2.83)

ρr = ρ0
r a
−4ξ′ . (2.84)

The presence of ξ and ξ′ denotes the anomaly in the corresponding conservation laws. Of
course such anomaly must be small (i.e. ξ ' ξ′ ' 1) in the natural physical region (2.58).
The small deviation from 1, however, is exactly what permits the vacuum energy to evolve
with the expansion. It is remarkable that for type-A models the two parameters ν and α
combine in such a way that in practice we have, in each relevant epoch (matter-dominated
and radiation-dominated), only one e�ective parameter, ξ and ξ′ respectively.

By repeating the integration procedure it is not di�cult to show that the vacuum energy
density in the presence of radiation evolves as

ρΛ(a) = ρ0
Λ + ρ0

m (ξ−1 − 1)
(
a−3ξ − 1

)
+ ρ0

r (ξ′−1 − 1)
(
a−4ξ′ − 1

)
. (2.85)

We con�rm that only for ξ = ξ′ = 1 the vacuum energy density remains strictly constant.
Similarly, the corresponding normalized Hubble rate in the presence of radiation reads

E2(a) = 1 +
Ω0
m

ξ

(
a−3ξ − 1

)
+

Ω0
r

ξ′

(
a−4ξ′ − 1

)
, (2.86)

where the various normalized cosmological parameters satisfy now the constraint

Ω0
m + Ω0

r + Ω0
Λ = 1 . (2.87)

Obviously we have generalized the equations of Sect. 2.2.1 for when the radiation component
is taken into account.
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2.4.2 Radiation component for type-B models

Here the situation is a bit more complicated owing to the impossibility to solve this type of
models analytically in terms of the scale factor variable. We start by inserting Eq. (2.26) in
the generalized conservation law (2.78), and as in the previous section we split the result
into the matter and radiation components with the help of an interaction source Q(t).
Using the standard notations that we have introduced for type-B models, we �nd:

ρ̇m + 3ρm

[
ζH − ε

2
H0

]
= Q(t)

ρ̇r + 4ρr

[
ζH − ε

2
H0

]
= −Q(t) , (2.88)

with ζ = 1 − ν. Once more we focus on situations characterized by pure cold (i.e. non-
relativistic) matter or pure radiation-dominated epochs, meaning that we search for a
decoupled solution with Q(t) ≈ 0. In this limit we can solve these equations and express
the energy densities as a function of the scale factor and the cosmic time:

ρm(t, a) = ρ0
m e

3
2
εH0(t−t0) a−3ζ (2.89)

ρr(t, a) = ρ0
r e

2εH0(t−t0) a−4ζ , (2.90)

where t0 is the value of the cosmic time at present. Clearly, only for ε = 0 we can get
a solution fully expressed in terms of the scale factor variable. In addition, the previous
equations also show the feature �rst indicated by the end of Sect. 2.2.2, namely that the
two basic parameters (ε, ν) of type-B models are completely independent and cannot be
mimicked by a single e�ective parameter in a matter-dominated or radiation-dominated
epoch, in stark contrast to type-A models. Therefore, for models of class B there is no
possible election of ε and ν by which e.g. matter or radiation behaves in a completely
standard manner, despite the fact that for ν and ε su�ciently small these models behave,
of course, arbitrarily close to the ΛCDM. From the above results we can also �nd the
time-evolving vacuum energy density by integrating the equation:

ρ̇Λ = −
[
(1− ζ)H +

ε

2
H0

]
(3ρm + 4ρr) . (2.91)

For type-B models the scale factor in terms of the cosmic time can be computed by �rst
solving Eq. (2.3), where ωM is the EoS of a single dominant matter component (relativistic
or non-relativistic). The result is:

H(t) =
H0

2 ζ

[
F coth

(
3

4
H0F (1 + ωM) t

)
+ ε

]
, (2.92)

and from here we obtain:

a(t) = B
− 1

3ζ(1+ωM ) e
εH0t

2ζ sinh
2

3ζ(1+ωM )

(
3

4
H0F(1 + ωM)t

)
, (2.93)

with the normalization constant

B =

[
[(2ζ − ε)2 −F2]1+ ε

F

F2(F + 2ζ − ε) 2ε
F

]−1

. (2.94)

76



Chapter 2. A, B and C-type dynamical vacuum models

These results generalize those of Sect. 2.2.2, but as advertised they apply only for mono-
component situations where the Universe is purely dominated either by radiation (ωM =
ωr = 1/3) or by matter (ωM = ωm = 0). In this model we cannot invert the cosmic time
in the form t = t(a) so as to deliver the energy-densities explicitly in terms of the scale
factor. Even if it was possible it would not help to �nd the needed correction that the
scale factor undergoes when both components (non-relativistic matter and radiation) are
simultaneously present in non negligible amounts.

The problem, however, can be solved if the e�ects of radiation are relatively small and
hence cannot modify dramatically the matter-dominated solution. A relevant period of
the cosmic evolution to which this situation applies is around the time when the CMB was
released. To generate a consistent solution within this period, we start from the expression
of the scale factor (2.93) for ωM = 0, i.e. we initially assume that the scale factor evolves
with time as in the non-relativistic epoch. Introducing the result in (2.89) and (2.90) we
obtain:

ρm(t) = ρ0
mB e−

3
2
εH0t0 csch2

(
3

4
H0Ft

)
, (2.95)

ρr(t) = ρ0
r B

4/3 e−2εH0t0 csch8/3

(
3

4
H0Ft

)
. (2.96)

Notice that we must demand the following normalization condition to be satis�ed so that
the energy densities take the present values at t = t0:

B e−
3
2
εH0t0 csch2

(
3

4
H0Ft0

)
= 1 . (2.97)

One can compute the value of t0 by solving numerically this equation. However, we can get
it more easily by noticing that equations (2.31) and (2.95) must be the same and therefore
the following relation ensues:

B e−
3
2
εH0t0 =

F2

4ζ Ω0
m

, (2.98)

which determines the exponential factor that appears in the energy densities in terms of
the parameters of the model and the current cosmological parameters.

The Hubble function including the e�ects of radiation in the matter-dominated epoch
can now be computed from

H2(t) =
8πG

3
[ρm(t) + ρr(t) + ρΛ(t)] =

8πG

3
[ρm(t) + ρr(t)] + C0 + C1H(t) + C2H

2(t) ,

(2.99)
where we have used (2.26) and we understand that ρm(t) and ρr(t) are given by (2.95)
and (2.96) respectively. It is easy to check that thanks to the condition (2.97) the formula
(2.99) for the Hubble function for mixed matter and radiation satis�es the extended cosmic
sum rule (2.87). This is of course a necessary condition to insure a consistent treatment of
the two components.

Expressing (2.99) in terms of the usual parameters ζ and ε and rearranging terms, we
�nd:

ζH2 − εH0H −H2
0 s(t) = 0, (2.100)
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where

s(t) = ζ − ε− Ω0
m − Ω0

r +
F2

4ζ
csch2

(
3

4
H0Ft

)
+ Ω0

r

(
F2

4ζ Ω0
m

)4/3

csch8/3

(
3

4
H0Ft

)
(2.101)

Finally, the sought-for Hubble function of the matter-dominated epoch in the presence of
a relatively small amount of radiation can be explicitly furnished in terms of the cosmic
time:

H(t) =
H0

2ζ

[
ε+

√
ε2 + 4ζs(t)

]
=
H0

2ζ

[
ε+ F coth

(
3

4
H0Ft

) √
1 + ∆(t)

]
, (2.102)

where

∆(t) =
Ω0
r

Ω0
m

(
F2

4ζΩ0
m

)1/3

csch2/3

(
3

4
H0Ft

)
sch2

(
3

4
H0Ft

)
. (2.103)

The second equality in Eq. (2.102) makes use of the relation

ζ − ε− Ω0
m − Ω0

r = Ω0
Λ − ν − ε =

F2 − ε2

4ζ
. (2.104)

The form of the result (2.102) enables us to better compare with the original form (2.29).
The correction from the radiation is clearly represented by the function ∆(t). Obvi-
ously this e�ect is negligible at the present time since the prefactor in it reads Ω0

r/Ω
0
m =

(1 + 0.227Nν) Ω0
γ/Ω

0
m = 4.15 × 10−5h−2/Ω0

m ' 3 × 10−4 (including photons and Nν = 3
neutrino species, and assuming Ω0

m h
2 ' 0.14). However, at decoupling (i.e. at the time t∗

of last scattering of radiation with matter) the hyperbolic function in (2.103) rockets into
a numerical value of order ∼ 103 and ∆(t∗) can become quite sizeable. In fact, the fraction
of radiation at decoupling can be around ∼ 23% in the ΛCDM case. This is of course also
the case for the generalized type A and B vacuum models deviating mildly with respect to
the ΛCDM (i.e. for small values of the parameters).

The integration of (2.102) provides the corresponding improved version of the scale
factor. Normalized to a(t0 = 1), it reads:

a(t) = e
∫ t
t0
H(t̂)dt̂

. (2.105)

From the above procedure it is clear that we can obtain the points of the curve H(a)
numerically by computing H(t) by means of (2.102) and a(t) through (2.105). Once H(a)
is determined with this method � and similarly with ρm(a), ρr(a) and ρΛ(a) � we can
immediately confront the model with experiment since the data inputs are given in terms
of the redshift, whose relation with the scale factor is simply z = (1− a)/a.

2.4.3 Radiation component for type-C1 models

As we have seen, for type-C1 model (and in particular for type-C1 with C0 = 0) one can
derive the energy densities (2.89) and (2.90) in terms of the scale factor. The answer for
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non-relativistic matter is given in Eq. (2.42). For radiation we can proceed in a similar
way, and the result is:

ρr(a) = ρ0
r f

4/3(a) a−4ζ , (2.106)

where f(a) is de�ned as f(a) = a3ζ/2E(a). The modi�ed Hubble rate for type-C1 models
can be expressed in terms of the scale factor by solving (2.99) after setting C0 = 0 and
using (2.42) and (2.106):

E(a) =

ζ − Ω0
m +

√
(ζ − Ω0

m)2 + 4ζ
[
ρm(a)+ρr(a)

ρ0
c

]
2ζ

. (2.107)

Substituting this expression in (2.6), with C0 = 0, we �nd the corresponding vacuum
energy density ρΛ(a) including the e�ect of radiation, which is a cumbersome expression.

We can also estimate the equality time, teq, between the radiation and the non-relativistic
matter energy densities for models of type-C1. Equating (2.42) and (2.106) and taking into
account that aeq � 1 we obtain:

aeq =

[
Ω0
r

ζ1/3 (Ω0
m)2/3

]1/ζ

. (2.108)

For the typical values that ζ and Ω0
m shown in Tables 2.3 and 2.7, aeq deviates signi�cantly

from the ΛCDM prediction value aeq = Ω0
r/Ω

0
m. In contrast, for models of type-B (which

have C0 6= 0) one can use the concordance value as a very good approximation. In these
cases one can show that aeq = Ω0

r/Ω
0
m[1+x ln(Ω0

r/Ω
0
m)+O(x2)], where x(ε, ν)� 1 and the

deviations from the ΛCDM model value are only at the few percent level. Needless to say,
additional important di�erences of the C0 = 0 models are expected to appear in connection
to the photon decoupling and baryon drag epochs, and in the value of the comoving Hubble
scale, k−1

eq , at the redshift of matter-radiation equality.
The ratio between the vacuum and radiation energy densities at a� 1 can be estimated

from the foregoing analysis, with the result:

ρΛ

ρr
≈
(

1− ζ
ζ

)(
a

aeq

)ζ
, (2.109)

where use has been made of (2.108). Taking into account the �tted values of the parameters
presented in Table 2.3, we �nd ζ = ε+ Ω0

m = 1.189. Therefore, at a = aeq the ratio (2.109)
yields ρΛ ≈ −0.16ρr. We learn from this estimate that type-C1 model predicts a negative
value of ρΛ in the past and, in addition, the proportion of vacuum energy is excessively
large in comparison with the values encountered in the ΛCDM-like models. This fraction
could of course be made smaller by decreasing ν (i.e. approaching ζ → 1) but this would
worsen the quality of the �t. We will show later, that this fact has dramatic consequences
for the predicted amount of structure formation in type-C1 models.
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6dF SDSS WiggleZ
z 0.106 0.2 0.35 0.44 0.6 0.73

dz(±σz) 0.336(±0.015) 0.1905(±0.0061) 0.1097(±0.0036) 0.0916(±0.0071) 0.0726(±0.0034) 0.0592(±0.0032)
A(±σA) 0.526(±0.028) 0.488(±0.016) 0.484(±0.016) 0.472(±0.034) 0.442(±0.020) 0.424(±0.021)

Table 2.1: The BAO data points used in the current analysis, which correspond to those collected in Table 3 of [229].

Apart from the WiggleZ data points at zi = 0.44, 0.6 and 0.73 originally presented in [229], we have also made use of the

data at z = 0.106 from the 6dGF galaxy survey [230] and the ones at zi = 0.2 and 0.35 from the SDSS-DR7 one [231]. The

second and third rows provide, respectively, the BAOdz and BAOA measurements.

2.5 Fitting the models to the observational data

In the following, we describe the statistical method, the observational samples and data
statistical analysis that will be adopted to constrain the parameters of the dynamical
vacuum models presented in the previous sections. We extract our �t from the combined
data on type Ia supernovae (SNIa), the shift parameter of the Cosmic Microwave Back-
ground (CMB), and the data on the Baryon Acoustic Oscillations (BAO's). The basic
�tting results to the dynamical models under consideration are presented in a nutshell in
Figs. 2.1-2.4 and Tables 2.2 and 2.3. We devote the rest of this section to explain these
results and also to analyze the implications for linear structure formation.

2.5.1 The global �t to SNIa, CMB and BAO's

First of all, we use the Union 2.1 set of 580 type Ia supernovae of Suzuki et al. [227].3. The
corresponding χ2

SNIa function, to be minimized, is:

χ2
SNIa(p) =

580∑
i=1

[
µth(zi,p)− µobs(zi)

σi

]2

, (2.110)

where zi is the observed redshift for each data point. The �tted quantity µ is the distance
modulus, de�ned as µ = m−M = 5 log dL+25, in which dL(z,p) is the luminosity distance:

dL(z,p) = c(1 + z)

∫ z

0

dz′

H(z′)
, (2.111)

with c the speed of light (now included explicitly in some of these formula for better clarity)
and p a vector containing the cosmological parameters of the models that we wish to �t
for. In equation (2.110), the theoretically calculated distance modulus µth for each point
follows from using (2.111), in which the Hubble function is the one corresponding to each
model, see Sect. 2.2. Finally, µobs(zi) and σi stand for the measured distance modulus and
the corresponding 1σ uncertainty for each SNIa data point, respectively. The previous
formula (2.111) for the luminosity distance applies only for spatially �at Universes, which
we are assuming throughout.

Furthermore, a very accurate and deep geometrical probe of dark energy is the angular
scale of the sound horizon at the last scattering surface (i.e. at the time of decoupling of

3Note that the data can be found in: http://supernova.lbl.gov/Union/.
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Figure 2.1: Likelihood contours (for −2lnL/Lmax equal to 2.30, 6.16 and 11.81, corresponding to 1σ, 2σ and 3σ
con�dence levels) in the (Ω0

m, ν) plane for the A1 vacuum model (α ≡ 0). The left panel shows the contours based on the
SNIa data (represented by approximate vertical bands), BAOdz (diagonal bands) and CMB shift parameter (antidiagonal
bands). On the right panel we show the corresponding contours based on the joint statistical analysis (SNIa+CMB+BAOdz
data. From the inner to the outer regions (successively in red, green and yellow) we �nd the aforementioned 1σ, 2σ and 3σ
con�dence levels, respectively.

radiation from matter). The probe is described by the CMB �shift parameter� [130] and is
encoded in the location lTT1 of the �rst peak of the Cosmic Microwave Background (CMB)
temperature perturbation spectrum. It provides the reduced distance to the last scattering
surface. For spatially �at cosmologies it is given by

R =
√

Ω0
m

∫ z∗

0

dz

E(z)
. (2.112)

The measured shift parameter according to the Planck data [214] is R = 1.7499 ± 0.0088
at the redshift of decoupling (viz. at the last scattering surface), z∗. Its precise value is
given by the �tting formulas 1.49 and 1.50. In this case, the χ2

CMB function reads:

χ2
CMB(p) =

[R(p)− 1.7499]2

0.00882
. (2.113)

As emphasized in the previous section, when dealing with the CMB shift parameter we
have to include both the matter and radiation terms in the total normalized matter density
entering the E(z) function in (2.112) since the total radiation contribution at the last
scattering amounts to some ∼ 23% of the total energy density associated to matter and is
therefore not entirely negligible. It means that when we compute the CMB shift parameter
we have to use the modi�ed formulas for the Hubble function that we have found in Sections
2.4.1 and 2.4.2 for type A and B models, respectively.

Finally, we also consider the BAO scale produced by the competition between the pres-
sure of the coupled baryon-photon �uid and gravity in the pre-recombination epoch. The
resulting acoustic waves leave (in the course of the evolution) an overdensity signature at
certain length scales of the matter distribution. They appear as regular, periodic �uctu-
ations of visible matter density in large-scale structure (LSS) resulting from sound waves
propagating in the early Universe. Evidence of this excess has been found in the clustering
properties of luminous galaxies 4 and, in recent years, BAO has proven useful as a �standard
ruler� that we can employ to constrain dark energy models.

4See the paper reporting the �rst BAO detection in [228] by the SDSS galaxy survey.
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Figure 2.2: Likelihood contours for the B1 vacuum model, with BAOdz data. The left panel shows the contours based
on the SNIa data, BAOdz and CMB shift parameter. The meaning of the shaded regions is as in Fig. 2.1. The various bands
follow a similar pattern as in the previous �gure, but here the overlapping of the SNIa and BAO regions is larger. The right
panel shows the joint contours of SNIa+CMB+BAOdz .

In this work we use the results collected in Table 3 of [229] which are given in terms of
the parameter dz(zi) = rs(zd)/DV(zi) (the sample contains 6 entries, see Table 2.1), where
DV (zi) is the e�ective distance measure [228] and zi is a reference redshift for observations.
Moreover rs(zd) is the comoving sound horizon size at the baryon drag epoch [232] (i.e. the
epoch at which baryons are released from the Compton drag of photons), and zd ∼ O(103)
is the corresponding redshift of that epoch, closely related to that of last scattering� the
precise expression is given below, see Eq. (2.118). Since rs(zd) is the comoving distance
that light can travel prior to redshift zd, it can be computed as follows:

rs(zd) =

∫ t(zd)

0

cs dt

a
=

∫ ad

0

cs(a) da

a2H(a)
=

∫ ∞
zd

cs(z) dz

H(z)
, (2.114)

where ad = (1 + zd)
−1, and

cs(a) = c

(
δpγ

δργ + δρb

)1/2

=
c√

3 (1 +R(a))
(2.115)

is the sound speed in the baryon-photon plasma. Here we assume adiabatic perturbations
and we have used δpb = 0 and δpγ = (1/3) δργ, and de�ned R(a) = δρb/δργ. If the
scaling laws for non-relativistic matter and radiation were those of the standard model,
we would have R(a) = 3ρb/4 ργ, which can be �nally cast as RΛCDM(a) =

(
3Ω0

b/4Ω0
γ

)
a,

where Ω0
bh

2 ' 0.02205 and Ω0
γ h

2 ' 2.46 × 10−5 are the current values of the normalized
baryon and photon densities5. However, when we consider cosmologies beyond the ΛCDM
a modi�cation of these formula for R(a) has to be implemented. We explain the details in
the next section.

The remaining ingredients of the BAO analysis are presented now. In particular the
e�ective distance is (see [228]):

DV(z) ≡
[
(1 + z)2D2

A(z)
cz

H(z)

]1/3

, (2.116)

5We use Ω0
r = 4.153× 10−5h−2, Ω0

γ =
Ω0
r

1+0.2271Nν
(with Nν ' 3.04 and h = 0.673 [214]).
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Figure 2.3: Likelihood contours for the A1 vacuum model, this time with BAOA data. The left panel shows the
contours based on the SNIa data, BAOA and CMB shift parameter indicated in a similar way as in Fig. 2.1. The SNIa
data and BAOA bands appear as almost vertical and with signi�cant overlap. The right panel shows the joint contours of
SNIa+CMB+BAOA. A well de�ned �nal region is projected with ν > 0 at ∼ 1.5σ level.

where DA(z) = (1 + z)−2dL(z,p) is the angular diameter distance. It follows from the
foregoing that the dz estimator for BAO analysis explicitly reads:

dz(zi) =
rs(zd)[(∫ zi

0

cdz

H(z)

)2 (
czi
H(zi)

)]1/3
. (2.117)

The �tted formula for the baryon drag redshift, zd, is given by [232]:

zd = 1291
(Ω0

m h
2)0.251

1 + 0.659(Ω0
m h

2)0.828
[1 + β1(Ω0

b h
2)β2 ] , (2.118)

with

β1 = 0.313(Ω0
m h

2)−0.419[1 + 0.607(Ω0
m h

2)0.674] , β2 = 0.238(Ω0
m h

2)0.223 . (2.119)

As we see the drag epoch ends at a redshift which is somewhat more strongly dependent
on the parameters than the decoupling redshift z∗. Numerically, zd is not very di�erent
from z∗, both being of order 103 (with z∗ > zd). Typically z∗ ' 1090 and zd ' 1060 for the
Planck results [214].

At this point, we would like to stress that we have also made use of BAO measurements
in terms of the acoustic parameter A(z) 2.1, �rst introduced by Eisenstein et al. [228].
Acoustic oscillations in the photon-baryon plasma prior to recombination give rise to a
peak in the correlation function of galaxies, whose value is given by the mentioned A(z)-
estimator for BAO analysis:

A(zi,p) =

√
Ω0
m

[z2
iE(ai)]1/3

[∫ 1

ai

da

a2E(a)

]2/3

=

√
Ω0
m

E1/3(zi)

[
1

zi

∫ zi

0

dz

E(z)

]2/3

, (2.120)

with ai = (1 + zi)
−1, and zi is the redshift at which the acoustic scale has been measured.

According to [229] the A(z) measurements are approximately uncorrelated with respect to
Ω0
mh

2, while this is not the case for the dz measurements. Therefore, it is natural to use
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Figure 2.4: Likelihood contours for the B1 vacuum model, in this case with BAOA data. The meaning of the shaded
regions in the two panels is as in the previous �gures.

both BAO estimators, dz and A(z), in our statistical analysis in order to check the range of
validity of the free parameters included in the various vacuum models. Speci�cally, here and
henceforth we consider the following two notations: BAOdz for the dz measurements, and
BAOA for those based on the A(z) estimator. Therefore, the corresponding χ2-functions
for BAO analysis are de�ned as:

χ2
BAOdz

(p) =
6∑
i=1

[
dz,th(zi,p)− dz,obs(zi)

σz,i

]2

(2.121)

and

χ2
BAOA

(p) =
6∑
i=1

[
Ath(zi,p)− Aobs(zi)

σA,i

]2

, (2.122)

where zi, dz,obs, σz,i, Aobs and σA,i can be found in Table 2.1.

2.5.2 Adapting the BAO analysis for dynamical vacuum models

In this section we describe the necessary modi�cations to R(a) for the BAOdz analysis
when the cosmological vacuum is dynamical. The modi�cations are necessary since the
scaling laws for non-relativistic matter and radiation are slightly di�erent as compared to
the ΛCDM. For example, for type-A models the generalization is simple [224]. From the
anomalous scaling laws (2.83) and (2.84) we easily �nd the following modi�cation of the
RΛCDM(a) function:

R(typeA)(a) =
3

4

ξ

ξ′
ρb(a)

ργ(a)
=

3

4

1− 4α/3

1− α
Ω0
b

Ω0
γ

a4ξ′−3ξ . (2.123)

Of course for ν = 0 and α = 0 (ξ = ξ′ = 1) we recover RΛCDM(a) as given in the previous
section.

For type-B models the corresponding RΛCDM(a) also di�ers from the standard one, but
is more complicated. Fortunately, from the discussion in Sect. 2.4.2 the ground is prepared
to derive the result straightforwardly. For this model we have to use the cosmic time rather
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than the scale factor, i.e. R(t) = δρb(t)/δργ(t). Thus, we di�erentiate (2.95) and (2.96)
with respect to t:

δρb
δt

= −3

2
ρ0
bB e−

3
2
εH0t0H0F

cosh
(

3
4
H0Ft

)
sinh3

(
3
4
H0Ft

) (2.124)

and
δργ
δt

= −2ρ0
γB

4/3e−2εH0t0H0F
cosh

(
3
4
H0Ft

)
sinh11/3

(
3
4
H0Ft

) . (2.125)

Using now the constraint (2.97), the �nal result simpli�es considerably:

R(typeB)(t) =
3Ω0

b

4Ω0
γ

[
sinh

(
3
4
H0F t

)
sinh

(
3
4
H0F t0

)]2/3

. (2.126)

One can easily check that for ν = ε = 0, we have F → 2
√

Ω0
Λ and we recover the

corresponding ΛCDM result:

R(typeB)(t)
∣∣
ε=ν=0

=
3Ω0

b

4Ω0
γ

[
sinh

(
3
2
H0 Ω0

Λ t
)

sinh
(

3
4
H0 Ω0

Λ t0
)]2/3

=
3Ω0

b

4Ω0
γ

a(t) = RΛCDM(a) . (2.127)

Despite the simpli�cation, the solution is given here in terms of the cosmic time and
therefore we are forced to integrate numerically the cosmological equations to relate the
cosmic time and the scale factor, following the usual procedure for this kind of models.
Let us �nally mention the following speci�cation for �tting the BAOdz observable (2.121)
for type-B models. In this case the computation of the parameter rs(zd) � the comoving
distance traveled by light to the drag epoch, Eq. (2.114) � is performed in two steps: in
the �rst step we integrate from a = 0 up to the decoupling (or last scattering) point a∗
by neglecting the vacuum energy corrections since dark energy e�ects are negligible for
a < a∗; in the second step we integrate from a = a∗ to the drag epoch a = ad using the
correction from the radiation component discussed above. This was unnecessary for the
type-A models as in this case the solution is given directly in terms of the scale factor
and these features are taken automatically into account. But for type B scenarios, where
the cosmic time variable is the starting point before mapping it to the scale factor, the
numerical analysis is more complicated in the region t ' 0 and the previous prescription is
convenient. For type-C1 models we do not make use of BAOdz nor CMB data due to the
fact that the usual �tting formulas for the redshifts at decoupling and baryon drag epochs
presented before are not good approximations for those models with no constant term C0

in the expression of ρΛ. They are tailor-made for the ΛCDM model and, in general, for
ΛCDM-like models. For this reason we have used only the BAOA data for them (based
on the aforementioned acoustic parameter A(z) whose computation does not involve any
integration in the very high redshift range), and of course the SNIa data.
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Model Ω0
m ν ε χ2/dof AIC

ΛCDM 0.293± 0.013 - - 567.8/586 569.8
A1 0.292± 0.014 +0.0013± 0.0018 - 566.3/585 570.3
A2 0.290± 0.014 +0.0024± 0.0024 - 565.6/585 569.6
B1 0.297+0.015

−0.014 - −0.014+0.016
−0.013 587.2/585 591.2

B2 0.300+0.017
−0.003 −0.0039+0.0020

−0.0021 −0.0039+0.0020
−0.0021 583.1/585 587.1

Table 2.2: The �t values for the various models using SNIa+CMB+BAOdz data, together with their statistical signif-

icance according to χ2 and AIC statistical tests. Notice that for type-A2 models the quoted value of ν stands actually for

νeff under the conditions explained in the text, and for B2 we have set ν = ε (see the text as well).

2.5.3 Combined likelihood function

In order to place tighter constraints on the corresponding parameter space of our model,
the probes described above must be combined through a joint likelihood analysis6, given
by the product of the individual likelihoods according to:

Ltot(p) = LSNIa × LCMB × LBAOX
. (2.128)

This translates into an addition of the joint χ2 function:

χ2
tot(p) = χ2

SNIa + χ2
CMB + χ2

BAOX
, (2.129)

where X denotes the kind of BAO measurements used in the statistical analysis, namely
X = dz or X = A(z). In our χ2 gridded minimization procedure, for the vacuum mo-
dels (running and concordance ΛCDM) we use the following range and steps of the �tted
parameters: Ω0

m ∈ [0.1, 1] in steps of 0.001 and ν ∈ [−0.02, 0.02] in steps of 10−4.
Since the current vacuum models contain di�erent number of free parameters, as a

further statistical test we use the (corrected) Akaike Information Criterion (AIC) relevant
to our case (N/np > 40) [233, 234], which is de�ned, for the case of Gaussian errors, as
follows:

AIC = χ2
tot + 2np . (2.130)

It is well known that a smaller value of AIC points to a better model-data �t. In this
context, we have to mention that small di�erences in AIC are not necessarily signi�cant
and therefore, in order to test the e�ectiveness of the models themselves, it is important to
calculate the model pair di�erence ∆AIC= AICy −AICx. The larger the value of |∆AIC|,
the higher the evidence against the model with larger value of AIC, with a di�erence
|∆AIC| ≥ 2 indicating a positive such evidence and |∆AIC| ≥ 6 indicating a strong such
evidence, while a value ≤ 2 indicates consistency among the two comparison models.

Let us next present the basic results of the overall statistical analysis.
6Likelihoods are normalized to their maximum values. In the present analysis we always report 1σ

uncertainties on the �tted parameters. Note also that if the total number of data points is N the associated
degrees of freedom is: dof = N − np, where np is the model-dependent number of �tted parameters.
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1. We �rst consider SNIa+CMB+BAOdz.

• In the case of the concordance ΛCDM cosmology we �nd Ω0
m = 0.293 ± 0.013

with statistic signi�cance χ2
tot(Ω

0
m)/dof ' 567.8/586 (AICΛ' 569.8). For com-

parison, the determination by Planck+WP [214] reads: Ω0
m h

2 = 0.1426±0.0025.
With h = 0.673 ± 0.012 (also from the same source) this yields Ω0

m ' 0.315 ±
0.016, which agrees with our central value within slightly more than 1σ. We
shall comment further on the possible implications of the Ω0

m determination in
the next section. Another important cosmological parameter that will enter
later our analysis is the rms mass �uctuation on R8 = 8h−1 Mpc scales at z = 0.
In this work we use as a prior for such parameter the value σ8,Λ = 0.829 in
the ΛCDM, i.e. the Planck+WP result [214]. Then, with the aid of this value,
we can calculate the corresponding σ8 values for the vacuum models through
Eq.(5.16) below [see discussion in section 2.6.1 and Tables 2.4 and 2.5].

• In Fig. 2.1 we present the results of our analysis for the type-A1 running vacuum
model, which is characterized by the ν-parameter. We have sampled this pa-
rameter in the interval [−0.02, 0.02] in steps of 10−4. The left panel in that
�gure shows the �tted regions at 1σ, 2σ and 3σ con�dence levels in the (Ω0

m, ν)
plane, from the SNIa, BAOdz and CMB shift parameter data. The right panel
in the �gure shows the �t contours when the three types of data are intersected.
Using the SNIa data alone it is evident (from the left panel) that although the
Ω0
m parameter is tightly constrained (∼ 0.29), the ν parameter remains com-

pletely unconstrained (in the shown interval). However, as it is manifest from
the right panel of that �gure, the above degeneracy is broken when we use the
joint likelihood analysis with all the cosmological data. Indeed the overall like-
lihood function peaks at Ω0

m = 0.292 ± 0.014 and ν = +0.0013 ± 0.0018 with
χ2

tot(Ω
0
m, ν) ' 566.3 (AICA1' 570.3) for 585 degrees of freedom7. The ΛCDM

value of AIC (' 569.8) is smaller with respect to that of the A1 model. This
indicates that the �t of the concordance model to the combined data is slightly
better than that of the A1 vacuum model. However, the di�erential AIC value
|∆AIC|=|AICΛ − AICA1| = 1.5 is actually ≤ 2. This tells us that the cosmolo-
gical data are perfectly consistent with the A1 model in a way comparable to
the ΛCDM. Furthermore, we �nd that σ8 = 0.813.

• Let us now address the more general case of the type-A2 model,whose statistical
vector p contains 3 free parameters, namely p = (Ω0

m, ν, α). Our minimization
analysis provides strongly degenerate results between ν and α, rendering impos-
sible to put any signi�cant constraints on their values 8. Note, however that the
value of Ω0

m is well constrained (' 0.29). Therefore we adopt � as in Ref. [224]�

7Note that in [188] the authors used the earlier BAO results of Percival [231] and the Constitution set
of 397 SNIa [235]. We would like to mention here that those results are in agreement with the current
results within 1σ uncertainties.

8This is similar to the situation with the CPL parameterization [236, 237] of the dark energy, where
in the statistical vector p = (Ω0

m, w0, w1) one actually has to �x a parameter to �t the other two in an
e�cient way
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Model Ω0
m ν ε χ2/dof AIC

ΛCDM 0.292± 0.011 - - 567.5/586 569.5
A1 0.282± 0.012 +0.0048+0.0032

−0.0031 - 563.8./585 567.8
A2 0.283± 0.012 +0.0048± 0.0031 - 563.8/585 567.8
B1 0.283+0.012

−0.011 - +0.005+0.018
−0.015 563.7/585 567.7

B2 0.283+0.011
−0.012 +0.0015+0.0025

−0.0030 +0.0015+0.0025
−0.0030 563.8/585 567.8

C1 0.296± 0.017 −0.189± 0.008 - 568.3/585 570.3

Table 2.3: The �t values for the various models using the same data and statistical tests as before except for the BAO

observable, which now is BAOA, i.e., overall we use SNIa+CMB+BAOA data. In this case we include also the C1 model

(see text). Same notation as the previous table.

the additional setting ξ′ ≡ 1, which is tantamount to assume that there is
no modi�cation in the scaling law of radiation and hence radiation behaves in
the strict standard way, in contraposition to dust. This occurs when α = 3

4
ν

(see equation 2.80), implying from Eqs.(2.59) and (2.60) that ξ ' 1 − νeff , in
which νeff ' (ν − α) = ν/4. The statistical vector reduces in this case to
p = (Ω0

m, νeff), and we sample νeff ∈ [−0.02, 0.02] in steps of 10−4. The joint
minimization provides now Ω0

m = 0.29±0.014, νeff = 0.0024±0.0024 (ν ' 0.0096
and α ' 0.0072) with χ2

tot(Ω
0
m, νeff)/dof ' 565.6/585 and AICA2' 569.6. Notice

that in the present case, opposite to the A1 model, the �t to the combined data
from the A2 model is slightly better than in the ΛCDM model (cf. Table 2.2).
However, utilizing the AIC information criterion, and because AICΛ 'AICA2 we
have that the A2 vacuum model is statistically equivalent (|∆AIC| ≤ 2) with
the ΛCDM model. In this case we obtain σ8 = 0.797.

• We next face model B1 with BAOdz data. As in the A1 model, here we have only
one characteristic parameter, in this case ε (apart from the generic one Ω0

m). We
have dealt with the �tting procedure of ε in a similar way as ν for the A1 model.
The �tting regions in the (Ω0

m, ε)-plane are shown in Fig. 2.2, left panel, whereas
the 1σ, 2σ and 3σ contour lines for the combined SNIa+CMB+BAOdz data are
displayed on the right panel of that �gure. As we can see, the determination of
Ω0
m is rather sharp around 0.3, to be precise: Ω0

m = 0.297+0.015
−0.014. However the

parameter ε is not so well bounded by the data as it was the case of ν, speci�cally
we �nd ε = −0.014+0.016

−0.013. The central value and the errors are roughly one order
of magnitude bigger than before, and the �t quality is signi�cantly poorer. This
is clear from the χ2/dof and AIC statistical diagnostics in Table 2.2, which give
substantially larger values than those in the ΛCDM model. If we attend strictly
the AIC statistical criterion we should conclude that the type-B1 model does
not �t at all the combined data in a way comparable to type-A1 or A2 models
and the ΛCDM. Concerning the rms mass �uctuation for this model, we �nd
σ8 = 0.859.

• As for the B2 model, we have once more a situation with three �t parameters
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(Ω0
m, ν, ε). But to avoid similar di�culties as those mentioned with the A2

model, we �x a correlation between the two model parameters ν and ε. Of
course, both are small in absolute value, but let us note that for ν � ε model
B2 must reduce to B1, whereas for ε� ν it essentially behaves as A1. Therefore,
the parameter region which is left unexplored is when ε ' ν, and for de�niteness
we will �x ε = ν and shall perform a two-parameter �t in (ε,Ω0

m). Under these
conditions we �nd ε ' −0.0039 and Ω0

m ' 0.30 (cf. Table 2.2 for more precise
values and errors). As with the B1 case, the quality of the �t is worse than for
the ΛCDM or any of the type-A models. Moreover, for the B2 model, we �nd
σ8 = 0.896.

2. In the following we are based on SNIa+CMB+BAOA data.

We describe now the situation concerning the various models for when we use the
alternative BAO option. The corresponding results are clearly displayed in Table 2.3.

• For the ΛCDM model we obtain Ω0
m = 0.292 ± 0.011 with χ2

tot(Ω
0
m)/dof '

567.5/586 (AICΛ' 569.5). As it could be expected, we obtain almost the same
results with those of the previous �t with SNIa+CMB+BAOdz data.

• A1 vacuum model: Here the overall likelihood function peaks at a lower value
of the mass parameter Ω0

m = 0.282±0.012 (see the concluding comments of this
section) and higher running parameter ν = 0.0048+0.0032

−0.0031, with χ2
tot(Ω

0
m, ν) '

563.8 (AICA1' 567.8) for 585 degrees of freedom. The shape of the BAOA-
contours in Fig. 2.3 are quite di�erent from those of BAOdz (Fig. 2.1). This is
somehow related with the fact that unlike for the case of A(z), the dz BAO
measurements are correlated with the Ω0

mh
2 [229] as well as with the necessary

modi�cations to R(a) introduced in the BAOdz analysis (see Sect. 2.5.2). The
rms mass �uctuation is found to be σ8 = 0.758. Let us note the remarkable
fact that using the BAOA observable, instead of BAOdz, the value of ν is not
compatible with zero at 1σ, showing a slight tendency to favor nonvanishing
(positive) values of ν rather than the ΛCDM result.

• A2 vacuum model: the overall minimization provides Ω0
m = 0.283±0.012, νeff =

+0.0048±0.0031 (ν ' 0.019 and α ' 0.014) with χ2
tot(Ω

0
m, νeff)/dof ' 563.8/585

and AICA2' 567.8. The rms mass �uctuation is σ8 = 0.757.
At this point we would like to make some comments for the A1-A2 models. Gen-
erally, the Ω0

m values are in agreement (with 1σ errors) with those of SNIa+CMB+
BAOdz. However, as far as νeff (or ν) is concerned we �nd di�erences among
the parameters which could reach up to a factor of ∼ 3.7. In this context,
the SNIa+CMB+BAOA data analysis highlights the fact that the values of
AICA1−A2(' 567.8) are actually smaller with respect to those of the concor-
dance ΛCDM cosmology. In other words, it turns out that the type-A1 and A2
vacuum models appear now to �t slightly better than the ΛCDM the observa-
tional data. Still, the |∆AIC|=|AICA1−A2−AICΛ| values (ie., ≤ 2) indicate that
the cosmological data are simultaneously consistent with the A1, A2 and the
ΛCDM models.

89



Chapter 2. A, B and C-type dynamical vacuum models

• B1 model with BAOA data. We �nd Ω0
m = 0.283+0.012

−0.011, so it remains similar to
the type-A models, with ε = +0.005+0.018

−0.015. Interestingly, the �t quality is also
in this case slightly better than in the ΛCDM model, but still with |∆AIC| ≤ 2,
and hence statistically comparable. The rms mass �uctuation is σ8 = 0.820.

• For the B2 model we proceed here with a similar strategy as with the BAOdz

case, and we �nd Ω0
m = 0.283 and ε ' ν ' +0.0015. The quality of the �t

is once more comparable, but better, than for the concordance ΛCDM model.
The rms mass �uctuation is σ8 = 0.791.

• Finally, the observational viability of the C1 model has been tested previously
in Basilakos and Solà [213]. We use their SNIa+CMB+BAOA analysis of the
(Ω0

m, ζ) pair in Table 2.3 and Fig. 2.5. Speci�cally, we remind the reader that
the following results were found [213]: Ω0

m = 0.296 ± 0.017, ζ = 1.189 ± 0.008
with χ2

tot(Ω
0
m, ζ)/dof ' 568.3/585. Because of the absence of the constant

additive term for the C1 model (cf. Sect. 2.2.3), the value of ν is forced to be
much larger than in the other models. Notwithstanding, the corresponding AIC
value is 570.3, which is statistically comparable to that of the ΛCDM model,
and therefore at least from the point of view of the Hubble expansion data and
the shift parameter, the C1 model seems to present a respectable status. But
it is only an ostensible good status. The situation for this model will undergo
a radical change when we test the structure formation data at low redshifts, as
we shall see in Sect. 2.5.5. The trouble is related to the aforementioned absence
of the additive term. A �rst hint of decline of this model appears when we
compute the corresponding rms mass �uctuation, namely σ8 = 1.365, which is
clearly anomalously large.

2.5.4 Discussion of the �tting results and implications for dyna-

mical DE

From the previous analysis one could tentatively say that type-A models are preferred to
type-B ones from the point of view of the quality �ts to the combined data. This is indeed
suggested by the results involving BAOdz. In contrast, BAOA data does not seem to point
so strongly to this conclusion. This is somehow understandable if we take into account
that the BAOA data are exclusively based on the imprints of baryonic acoustic oscillations
left at low redshifts during the early epochs of galaxy clusters formation, which means at
relatively recent times, whereas the BAOdz data is also sensitive to the model behavior
of these oscillations at earlier epochs in between the decoupling and baryon drag epochs.
More observational work will be necessary to decide about the best vacuum models.

We come now to a point mentioned in passing in the previous section concerning the
�tting values of Ω0

m. For the ΛCDM we have found Ω0
m ' 0.293 (virtually independent

of the type of BAO data used). This is smaller than the Planck+WP value Ω0
m ' 0.315.

Similarly, for the vacuum models A and B we have found Ω0
m smaller than the Planck+WP

value. This holds not only for BAOdz data (cf. Table 2.2) but even more pronounced when
the �t is done using BAOA data, where the value of Ω0

m lessens signi�cantly for all vacuum
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Figure 2.5: Comparison of the observed (solid points with vertical error bars) and theoretical evolution of the weighted
growth rate f(z)σ8(z) for the models A1, A2 and C1. The uppermost (red) line corresponds to the ΛCDM model, used as
a reference. The subsequent ones (from top to bottom) correspond to the vacuum models A1 (blue line) and A2 (purple
line). On the right panel, the lines for A1 and A2 are one essentially overlapping. The curve that deviates signi�cantly from
the others in the two panels and loses power quickly near our time corresponds to model C1 (black line). The curves have
been obtained for the best �t values of the cosmological parameters as discussed in Sect. 2.5.3 (for a summary, cf. Tables
2.2 and 2.3). The left panel shows the results based on the SNIa+CMB+BAOdz �tting while the right panel those of the
SNIa+CMB+BAOA analysis. The C1 curve is obtained only for SNIa+CMB+BAOA data (and therefore is the same in
both panels).

models at around Ω0
m ' 0.282−0.283 (cf. Table 2.3). At the same time one obtains, in the

last case, a slightly improved �t quality with respect to the ΛCDM for all the dynamical
vacuum models A and B. The di�erence with respect to the Planck+WP value of Ω0

m is
now larger and, as we will see in Sect. 2.6, it does matter as far as the possible implications
on the predicted cluster number counts for the dynamical models. At this stage of precision
cosmology it is di�cult to make a �nal selection between the two types of BAO data, and
therefore we have decided to present the results separately for each BAO set.

The importance of the BAO's measurements cannot be underemphasized. They are
sensitive to the physics of large scales and hinge primarily on the well-known principles
of the linear regime of gravitational instability. Recall the recent hint of dynamical dark
energy based on BAO's data mentioned in Sect. 1.2.3 of the Introduction � cf. Ref. [101].
These authors utilize the �Om(z)-diagnostic� [238] and its improved version (1.57) [101]
and conclude that there exists a tension between the BAO observations and the CMB
measurements that cannot be solved assuming the concordance ΛCDM model. According
to the authors, their test provides model-independent evidence in favor of dynamical DE.
Although at this stage it is probably too early to draw de�nite conclusions from these results
before we get more statistics on H(z) at high redshifts (cf. e.g. [239]), we can at least
say that this kind of scenario is roughly consistent with the results of the current analysis.
We have indeed found that our vacuum dynamical framework, when confronted with the
presently available SNIa+CMB+BAO data, tends to emphasize signi�cantly smaller values
of Ω0

m. Therefore, in case that the claims of dynamical DE would be con�rmed at some
point, the vacuum models presented here could provide an explanation.

We can understand analytically the possible origin of these results in our theoretical
framework. Let us take e.g. a general type-A model. From the formulae of Sect. 2.2.1 we
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Figure 2.6: Comparison of the observed and theoretical evolution of the weighted growth rate f(z)σ8(z) for the
models B1 and B2. As in Fig. 2.5, the left and right panels show the results based on the SNIa+CMB+BAOdz and
SNIa+CMB+BAOA best �t values, respectively. On the left panel, the lowermost (red) line corresponds to the ΛCDM
model, used as a reference. The closest one on top of it at z = 0 corresponds to model B1 (blue line) and the next to closest
at this point is model B2 (purple line). On the right panel, the B1 and B2 lines essentially overlap below the ΛCDM one,
the B1 being in the middle.

can easily compute the corresponding Om(z)-diagnostic. The result is:

Om(z) =
Ω0
m

ξ

(1 + z)3ξ − 1

(1 + z)3 − 1
, (2.131)

with ξ given in Eq. (2.18). It is pretty obvious that for ξ = 1 we recover the ΛCDM result,
which remains pegged to Om(z) = Ω0

m (∀z). However, as soon we allow a small dynamical
running of vacuum (meaning ν and/or α di�erent from zero) we obtain a small departure of
ξ from 1 and therefore the DE diagnostic Om(z) deviates from Ω0

m. Actually, in this case
(2.131) evolves with time (or redshift). According to the Om(z) diagnostic this implies
that the vacuum energy is dynamical. By the same token, the two-point diagnostic for
type-A models can be computed:

Omh2(z2, z
2
1) =

Ω0
mh

2

ξ

(1 + z2)3ξ − (1 + z1)3ξ

(1 + z2)3 − 1 + z1)3
. (2.132)

Clearly, the result depends on zi for any ξ 6= 1. Only for the ΛCDM case (ξ = 1) it remains
anchored to Ω0

m h
2 for any zi. One can perform similar considerations for type-B models.

The upshot is that the detailed numerical analysis of both model types, in the light of the
available observations, con�rms that such vacuum dynamics leads to smaller Ω0

m � cf. Sect.
2.5.3.

2.5.5 The linear growth rate of clustering and the γ index

In this section we analyze the linear perturbation growth regime for the various models.
Although one could do it by means of the power spectrum, we follow the approach of [199]
and will test herein the implications of the various models on structure formation through
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the study of the linear growth rate of clustering [194]. This important (dimensionless)
indicator is de�ned as the logarithmic derivative of the linear growth factor δm(a) with
respect to the variable ln a. Therefore,

f(a) ≡ 1

δm

dδm
d ln a

=
dlnδm
dlna

= −(1 + z)
dlnδm
dz

, (2.133)

where δm(a) is obtained from solving the di�erential equation (2.47) for each model.
The physical signi�cance of f(a) is that it determines the amplitude of redshift dis-
tortions, and also of the peculiar velocity �ows. The latter can be seen by witting
f(a) = (δ̇m/δm)/(ȧ/a) = δ̇m/(δmH), which is the ratio of the peculiar �ow rate to the
Hubble rate.

In order to investigate the performance of our vacuum models, we compare the theoret-
ical growth prediction with the latest growth data (as collected e.g. by [240] and references
therein), which are based on the combined observable f(z)σ8(z), viz. the ordinary growth
rate weighted by the rms mass �uctuation �eld. It has been found that this estimator
is almost a model-independent way of expressing the observed growth history of the Uni-
verse, in particular it is found to be independent of the galaxy density bias (see [241]). The
theoretical functional form of σ8(z) will be studied in Sect. 2.6.1 � see Eq. (2.143.

In Figs. 2.5 and 2.6 we display the predicted f(z)σ8(z) together with the observed linear
growth data, for the various vacuum models A, B and C1. No information is provided
on C2, which we already discarded. Notice, that the theoretical curves on the left and
the right panels correspond to �tted values of the cosmological parameters derived from
SNIa+CMB+BAOdz and SNIa+CMB+BAOA respectively. Obviously, despite the fact
that the C1 model �ts well the expansion data (cf. Sect. 2.5.3), it is �nally ruled out
by the growth data. The lack of structure formation near our time is exceedingly evident
(confer Fig. 2.5) as compared to the other vacuum models. For these reasons we come to
the conclusion that the entire C1 class of models (in particular the linear sort Λ ∝ H) is
strongly unfavored. Further analysis can be found in Ref. [213] and Sect. 2.7.

Overall, we can see that the A1-A2 vacuum models with the single parameter ν (or
νeff) match quite well the growth data, that is to say in a way which is comparable to the
ΛCDM model (red line). We con�rm this fact via a χ2

growth minimization statistical test.
In particular, for the vacuum models (including the ΛCDM) we �nd that χ2

growth/16 lies in
the interval [0.52− 1.25]9.

On inspecting once more Figs. 2.5 and 2.6, the data clearly shows that the growth of
structure is hindered near our time, which is evidence of a positive cosmological constant
exerting a negative pressure against the process of matter collapse. This is well described
by the ΛCDM. But it is also comparably well described by the running vacuum models
carrying an additive constant term in their functional form [see Eq. (2.5)] and a relatively
small value of ν or ε of order ∼ 10−3. All these features can be seen very clearly in that
�gure.

Finally, let us �nish with a short discussion concerning the growth rate index γ. As
we have already mentioned in the introduction we can express the linear growth rate of
clustering in terms of Ωm(z) as follows: f(z) ' Ωm(z)γ(z), where γ is the linear growth rate

9The growth sample contains 16 entries [240].
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Figure 2.7: The evolution of the growth rate index, Eq. (2.133). The lines correspond to the A1 and A2 vacuum models
for the best �t cosmological values discussed in Sect. 2.5.3. From top to bottom (in both panels): A2 (purple line), A1 (blue
line) and ΛCDM (red line), used as reference. The left panel shows the results based on the SNIa+CMB+BAOdz �tting
while the right panel those of the SNIa+CMB+BAOA analysis.

index. For the usual ΛCDMmodel, such index is approximated by γΛ ' 6/11 ' 0.545. This
result is a particular case (for ωD = −1) of the theoretical formula γ ' 3(ωD−1)/(6ωD−5)
corresponding to DE models with a slowly varying equation of state ωD [242].

To obtain the linear growth index for the dynamical vacuum models studied here we
have to use the corresponding linear growth factor, δm(z), and from Eq. (2.133) we easily
obtain:

γ(z) '
ln
[
−(1 + z)d ln δm

dz

]
ln Ωm(z)

, (2.134)

where δm(z) for the di�erent vacuum models is given in sections 2.3.1 and 2.3.2.
In Figs. 2.7 and 2.8 we present the evolution of the linear growth index for the A and

B type of vacuum models, respectively (on the left with SNIa+CMB+BAOdz data, and
on the right with SNIa+CMB+BAOA data). In the same �gures we can also see our
determination of γΛ(z) as a function of the redshift, and in particular we �nd γΛ(0) ' 0.58.

The comparison shown in the mentioned �gures indicates that the growth index of
the type-A vacuum models with SNIa+CMB+BAOdz data is well approximated by the
ΛCDM constant value for z ≤ 1, while at large redshifts there are deviations. When
SNIa+CMB+BAOA data is used, instead, there is a visible deviation from above in all the
range, which becomes smaller (at the level 5%) for z ≤ 1 (see Fig. 2.7, right panel). Let
us note that other vacuum models, such as e.g. B1 and B2, depart also from the ΛCDM
result (in this case from below) when using SNIa+CMB+BAOdz data (cf. Fig. 2.8, left
panel). We �nd that for z ≤ 1 the departure can be of order 5 − 10%. The deviation,
on the other hand, is not so pronounced (and of opposite sign) when SNIa+CMB+BAOA

data are used (right panel of the same �gure).
It is worth mentioning that the di�erences we have found with respect to the ΛCDM

are near the edge of the present experimental limits. For example, in a recent analysis of
the clustering properties of Luminous Red Galaxies and the growth rate data provided by
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Figure 2.8: The evolution of the growth rate index. The lines correspond to the B1 and B2 vacuum models for the best
�t cosmological values discussed in Sect. 2.5.3. The left panel shows the results based on the SNIa+CMB+BAOdz �tting
while the right panel those of the SNIa+CMB+BAOA analysis. The uppermost curve (in red) on the left panel corresponds
to the ΛCDM, the middle one is for B1 (blue line) and the lowest one (in purple) is for B2. On the right panel the ΛCDM
curve is the lowest one. Near z = 0 the highest one (in blue) is for B1 and the middle curve (in purple) is for B2.

the various galaxy surveys it is found that γ = 0.56±0.05 and Ω0
m = 0.29±0.01 [195]. The

prediction of γ for all our vacuum models lies within 1σ of that range.
Since the experimental error on the γ-index is of order 10% and some of the vacuum

models are bordering these limits, it opens the possibility that the deviations presented by
these models might be resolved in the future when more accurate data will be available.
This is quite evident from the results presented in Figs. 2.7 and 2.8 of our analysis. Com-
bining the analysis of the growth rate with the those obtained from the cluster number
counts method (studied in the next section), it should be possible to further pin down the
nature of these dynamical vacuum models.

2.6 Testing the dynamics of vacuum through the cluster

number counts method

In the foregoing part of our analysis we have shown that the A and B types of vacuum
models can successfully �t the background cosmological data and the growth of linear
perturbations in a way which in some cases is perfectly comparable to the ΛCDM. This
is not so with type-C models, which fail seriously in regard to the expansion data or the
structure formation data or both. We have also shown that the A and B vacuum classes
have di�erent predictions concerning the linear growth rate index γ, which in the future
may be resolved. In that case we could distinguish between these two sort of vacuum
models and also with respect to the ΛCDM.

In the meanwhile and in an attempt to de�ne further observational criteria capable of
distinguishing the realistic model variants A and B from the concordance ΛCDM cosmology,
we analyze now their theoretically predicted cluster-size halo redshift distributions, i.e. the
expected cluster number counts of each model as a function of the redshift. As it turns,
this is an e�cient method to separate vacuum models which perform outstanding at the
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Model Ω0
m ν ε σ8 δc

ΛCDM 0.292 0 0 0.829 1.675
A1 0.292 +0.0013 0 0.813 1.666
A2 0.290 +0.0024 0 0.797 1.659
B1 0.297 0 -0.014 0.859 1.696
B2 0.300 -0.0039 -0.0039 0.896 1.705

Table 2.4: Numerical results from �tting SNIa+CMB+BAOdz data (in correspondence with Table 2.2). The 1st column

indicates the vacuum energy model. The 2nd shows the central �t value of Ω0
m. The 3rd and 4th display the best �t values

of the parameters ν and ε, with the understanding that ν is to be taken νeff for model A2. Finally, the 5th and 6th columns

list the computed values of σ8 and δc ≡ δc(z = 0), respectively. The procedure to compute the collapse density threshold

δc(z) for each model is explained in Appendix D.

Model Ω0
m ν ε σ8 δc

ΛCDM 0.292 0 0 0.829 1.675
A1 0.282 +0.0048 0 0.758 1.644
A2 0.283 +0.0048 0 0.757 1.642
B1 0.283 0 +0.005 0.820 1.667
B2 0.283 +0.0015 +0.0015 0.791 1.662

Table 2.5: As in Table 2.4, but using the �tting results from SNIa+CMB+BAOA data (in correspondence with Table
2.3).

linear perturbation but di�er very little in the values of the parameters.
In previous works some of us have described and tested this methodology for simpler

versions of the dynamical vacuum models, see Refs. [188] and [199]. The method has also
been used to place bounds on cosmological parameters and on di�erent types of dark energy
models, see e.g. [243, 244, 245, 246]. The basic tool is the Press-Schechter formalism and its
generalization. In the following we brie�y summarize the basics of this method and refer
the reader to the aforesaid references for more details. A crucial ingredient of the cluster
number counts method is the linearly extrapolated density threshold above which structures
collapse, δc. The computation of this model-dependent parameter is a rather demanding
task as it requires to solve the perturbations equations beyond the linear approximation.
In the Appendix D we compute δc for the models under consideration.

2.6.1 Generalized Press-Schechter formalism

The Press and Schechter (hereafter PSc) formalism to compute the fraction of matter in
the Universe that has formed bounded structures and its redshift distribution was deve-
loped in a pioneering work of these authors more than 40 years ago [247] and has been
generalized and improved since then. One introduces the so-called halo mass function,
F (M, z), representing the fraction of the Universe that has collapsed by the redshift z in
halos above some mass M , where the primordial density �uctuation for a given mass M
of the dark matter �uid is described by a random Gaussian �eld. With this function and
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Figure 2.9: The theoretically predicted redshift distribution of the total number of cluster counts, N (z), with masses
in the range 1013.4 h−1 . M/M� . 1016 h−1, corresponding to the concordance ΛCDM model and using the generalized
Press-Schechter function (2.147). The curves correspond to the best �t value Ω0

m = 0.293± 0.013 within 1σ (cf. Table 2.3).

assuming a mean (comoving) background mass density ρ̄ one may estimate the (comoving)
number density of virialized halos, n(M, z), with masses within the range (M,M + δM):

n(M, z)dM =
∂F (M, z)

∂M

ρ̄

M
dM . (2.135)

This expression can be rewritten as follows:

n(M, z)dM =
ρ̄

M

dlnσ−1

dM
fPSc(σ)dM, (2.136)

where fPSc(σ) =
√

2/π(δc/σ) exp(−δ2
c/2σ

2). Note that in this approach all the mass is
locked inside halos, according to the normalization constraint:∫ +∞

−∞
fPSc(σ)dlnσ−1 = 1 . (2.137)

The parameter δc is the collapse density threshold, i.e. the linearly extrapolated density
threshold above which structures collapse [248] (see the Appendix D for more details), while
σ2(M, z) is the mass variance of the smoothed linear density �eld, which depends on the
redshift z at which the halos are identi�ed. It is given in Fourier space by:

σ2(M, z) =
δ2
m(z)

2π2

∫ ∞
0

k2P (k)W 2(kR)dk . (2.138)

In this expression, δm(z) is the linear growth factor of perturbations, which we have com-
puted before for our models, P (k) is the power-spectrum of the linear density �eld, and
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�nally we have the smoothing function W (kR) = 3(sinkR − kRcoskR)/(kR)3, which
is the Fourier image of the following geometric top-hat function with spherical symme-
try: fTH(r) = 3/(4πR3) θ(1 − r/R). It contains on average a mass M within a co-
moving radius R = (3M/4πρ̄m)1/3. The current mean mass density at redshift z reads
ρ̄0
m = Ω0

m ρ
0
c = 2.78× 1011Ω0

mh
2M�Mpc−3. We use the CDM power spectrum:

P (k) = P0k
nsT 2(Ω0

m, k) , (2.139)

where P0 is a normalization constant (see below), ns = 0.9603± 0.0073 is the value of the
spectral index measured by Planck+WP [214]; and T (Ω0

m, k) the BBKS transfer function
[249, 250, 251]. Introducing the dimensionless variable x = k/keq, in which keq = aeqH(aeq)
is the value of the wavenumber at the equality scale of matter and radiation, we can write
the transfer function as follows:

T (x) =
ln(1 + 0.171x)

0.171x

[
1 + 0.284x+ (1.18x)2 + (0.399x)3 + (0.490x)4

]−1/4

. (2.140)

It is important to emphasize that keq is a model dependent quantity. For type-A and
type-B models we have used the same formula that is obtained in the ΛCDM, due to the
fact that the deviations are small in these cases,

kΛ
eq = H0 Ω0

m

√
2

Ω0
r

e
−Ω0

b−
√

2h
Ω0
b

Ω0
m . (2.141)

It is traditional to parameterize the mass variance in terms of σ8, the rms mass �uctu-
ation amplitude on scales of R8 = 8 h−1 Mpc at redshift z = 0 [σ8 ≡ σ8(0)]. This allows
us to normalize the power spectrum, i.e. to determine P0. Indeed, using equations (2.138)
and (2.139) we have:

σ2(M, z) = σ2
8(z)

∫∞
0
kns+2T 2(Ω0

m, k)W 2(kR)dk∫∞
0
kns+2T 2(Ω0

m, k)W 2(kR8)dk
, (2.142)

where

σ8(z) = σ8
δm(z)

δm(0)
. (2.143)

Equivalently,

P0 = 2π2 σ2
8

δ2
m(0)

[∫ ∞
0

kns+2T 2(Ω0
m, k)W 2(kR8)dk

]−1

. (2.144)

The Planck+WP value of σ8, which we use for our analysis, is σ8,Λ = 0.829 ± 0.012 [214].
The σ8 value for the di�erent dynamical vacuum models can be estimated by scaling the
present time ΛCDM value10 (σ8,Λ) using once more equations (2.138) and (2.139):

σ8 = σ8,Λ
δm(0)

δm,Λ(0)

[ ∫∞
0
kns+2T 2(Ω0

m, k)W 2(kR8)dk∫∞
0
kns+2T 2(Ω0

m,Λ, k)W 2(kR8)dk

]1/2

. (2.145)

98



Chapter 2. A, B and C-type dynamical vacuum models

Figure 2.10: Left: Fractional di�erence δN/N in the number of counts of clusters between the vacuum model A1
and the concordance ΛCDM model (cf. Fig. 2.9) using SNIa+CMB+BAOdz data from Table 2.2. The continuous solid line
represents δN/N for the best �t value from that table, whereas the innermost (resp. outermost) band comprises the δN/N
prediction for the points within the ±1σ (resp. ±3σ) values around it. Right: As before, but for model A2.

Overall it follows from the foregoing formulae that the mass variance of the linear
density �eld is determined from

σ2(M, z) = σ2
8,Λ

δ2
m(z)

δ2
m,Λ(0)

∫∞
0
kns+2T 2(Ω0

m, k)W 2(kR)dk∫∞
0
kns+2T 2(Ω0

m,Λ, k)W 2(kR8)dk
, (2.146)

Furthermore, the numerical value of σ8 for the ΛCDM and the various vacuum models
under consideration has been collected in the last but one column of Tables 2.4 and 2.5
together with the best �tting values of the parameters according to each BAO type that
we have used (cf. Tables 2.2 and 2.3).

The original Press-Schechter function fPSc was shown to provide a relatively good �rst
approximation to the halo mass function obtained by numerical simulations. In Sect. 2.6.3
we use fPSc to assess in detail why the number count method is an e�cient one to separate
models that may be di�cult to distinguish at the linear perturbation regime. The method,
however, is not tied to the particularly simple form of the original Press-Schechter function
fPSc. More recently a large number of works have provided better �tting functions for f(σ).
In practice, in our analysis for the various dynamical vacuum models under consideration
we will adopt the generalized one proposed by Reed et al. [252]:

fR(σ, neff) = A

√
2b

π

[
1 +

(
σ2

bδ2
c

)p
+ 0.6G1 + 0.4G2

] (
δc
σ

)
× exp

[
−cbδ

2
c

2σ2
− 0.03

(neff + 3)2

(
δc
σ

)0.6
]
, (2.147)

10In the following discussion, the quantities referred to the ΛCDM model are distinguished by the
subscript `Λ' (σ8,Λ; DΛ; Ω0

m,Λ) whereas the corresponding quantities in the dynamical vacuum models
carry no subscript.
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Figure 2.11: Fractional di�erence δN/N in the number of counts of clusters between the vacuum models A1 (left)
and A2 (right) and the concordance ΛCDM model, but using SNIa+CMB+BAOA data from Table 2.3. Same notation as in
Fig. 2.10.

where A = 0.3222, p = 0.3, b = 0.707, c = 1.08, while G1, G2 and neff , the slope of the
non-linear power-spectrum at the halo scale, are given by:

G1 = exp

[
−(lnσ−1 − 0.4)2

2(0.6)2

]
, G2 = exp

[
−(lnσ−1 − 0.75)2

2(0.2)2

]
, neff = 6

d lnσ−1

d lnM
− 3.

(2.148)
The previous generalized PSc function is a re�ned variant of an older function that was

used to improve the original PSc-formalism by Sheth and Tormen [253]:

fST (σ) = A′
√

2b

π

[
1 +

(
σ2

bδ2
c

)p] (
δc
σ

)
exp

[
− bδ

2
c

2σ2

]
, (2.149)

where the parameters b and p are the same as in (2.147). Once more A′ must be �xed
from the normalization (2.137). Let us, however, note that the value of the normalization
constant cancels in the ratio δN /NΛCDM, where δN = N−NΛCDM represents the deviations
of the number counts of the given vacuum model with respect to the ΛCDM. In fact,
the fractional di�erence δN /NΛCDM will be the main observable in our test analysis of
the number counts for dynamical vacuum models. While we have also made use of the
parameterization (2.149) to test the sensibility of our results to the generalized Press-
Schechter functions, we will for de�niteness only present the �nal results in terms of the
more complete function (2.147).

To use that function we need to know the value of the collapse density threshold param-
eter δc. In Appendix D we compute δc by solving the corresponding nonlinear perturbation
equations for each vacuum model. The resulting values are listed in the last column of Ta-
bles 2.4 and 2.5, where we have separated them according to the type of BAO observable
used in the best �tting to the SNIa+CMB+BAO cosmological data.
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Figure 2.12: Fractional di�erence δN/N in the number of counts of clusters between the vacuum models B1 (left)
and B2 (right) and the concordance ΛCDM model, using SNIa+CMB+BAOdz data from Table 2.2. Same notation as in
Fig. 2.10.

2.6.2 Numerical results: number counts of the dynamical vacuum

models

From the halo mass function (2.136) we can derive for each vacuum model the redshift
distribution of clusters, N (z), within some determined mass range, say M1 ≤ M ≤ M2.
This can be estimated by integrating the expected di�erential halo mass function, n(M, z),
with respect to mass, namely

N (z) =
dV

dz

∫ M2

M1

n(M, z)dM, (2.150)

where dV/dz is the comoving volume element, which in a �at Universe takes the form:

dV

dz
= 4πr2(z)

dr(z)

dz
, (2.151)

with r(z) denoting the comoving radial distance out to redshift z:

r(z) =
c

H0

∫ z

0

dz′

E(z′)
. (2.152)

It follows that

N (z) = 4πr2(z)
dr

dz

∫ M2

M1

n(M, z)dM = −4πr2 ρ̄(z)

H0E(z)

∫ M2

M1

1

M

(
1

σ

dσ

dM

)
f(σ)dM . (2.153)

In practice, as we have said, we will use the function (2.147) for f(σ) in the above expres-
sion.

In Fig. 2.9, we show the theoretically predicted redshift distribution of the total num-
ber of cluster counts, N (z), with masses in the range 1013.4 h−1 . M/M� . 1016 h−1,
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Figure 2.13: Fractional di�erence δN/N in the number of counts of clusters between the vacuum models B1 (left) and
B2 (right) and the concordance ΛCDM model, using SNIa+CMB+BAOA data from Table 2.3. Same notation as in Fig. 2.10.

corresponding to the concordance ΛCDM model. Notice that there is no signi�cant dif-
ference in the best �tted ΛCDM value of Ω0

m when we employ SNIa+CMB+BAOdz or
SNIa+CMB+BAOA data, as can be seen in Tables 2.4 and 2.5, and therefore the number
of counts in Fig. 2.9 does not depend on the BAO data used in the �t. We can see that
the total number of counts increases with the redshift up to a maximum point and then
decreases steadily, meaning that from that point onwards the larger is the redshift the
smaller is the number of counts of virialized halos with a mass M in the indicated range.
The decrease of number counts near our time is clearly caused by the repulsive e�ect of the
DE, which becomes very important at redshifts z . O(1). The curves shown in that �gure
(which include the 1σ error in the �tted value of Ω0

m) de�ne the �ducial ΛCDM prediction.
We will use it to compare with the corresponding outcome from the dynamical vacuum
models under study. Recall that we denote the deviations of the number counts of a given
vacuum model with respect to the ΛCDM as δN = N −NΛCDM.

We start our comparison by considering Fig. 2.10, where we display (on the left plot of
it) the fractional di�erence δN /N in the number of counts of clusters between the vacuum
model A1 and the concordance ΛCDM model (cf. Fig. 2.9) using SNIa+CMB+BAOdz �t-
ting data from Table 2.4. The continuous solid line in the �gure represents the predicted
deviation δN /N for the best �t value from that table, whereas the inner and outer bands
comprise the δN /N prediction for the points within ±1σ and ±3σ values around it, respec-
tively. The plot on the right of Fig. 2.10 is similar, but for model A2. The corresponding
results for models A1 and A2 when SNIa+CMB+BAOA �tting data from Table 2.5 are
used can be seen in the two plots of Fig. 2.11.

We can summarize the analysis presented in Figs. 2.10 and 2.11 by saying that δN /N
can have both signs in the case of using BAOdz data, provided we consider the points in
the ±3σ band. The narrower ±1σ band is nevertheless more predominantly bent into the
negative sign. As for the BAOA data, the prediction for δN /N is negative for all points,
even for those in the ±1σ band. It means that, all in all, models A1 and A2 tend to predict
a smaller number of counts as compared to the ΛCDM. The fractional decrease can be as
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Figure 2.14: Left: Comparison of the fractional di�erence δN/N in the redshift distribution of cluster number counts of
all the vacuum models with respect to the concordance ΛCDM model using the central �t values of the SNIa+CMB+BAOdz
data (cf. Table 2.2); Right: As before, but for the SNIa+CMB+BAOA data (cf. Table 2.3).

signi�cant as 30− 60%.
The corresponding deviations in the number of counts for models B1 and B2 are de-

picted in Figs. 2.12 and 2.13. Here we �nd a feature that was not present for type-A models,
namely we observe from these �gures that the deviations with respect to the ΛCDM are
all positive when the BAOdz data are used (cf. Fig. 2.12), whilst they are negative when
the BAOA data are utilized (cf. Fig. 2.13). This may seem surprising, but is related to
the sensitivity of the number counts to the best �t value of Ω0

m employed in the analysis,
which is di�erent for each type of BAO. As we have seen from Table 2.2, the BAOdz �tting
data projects a value of Ω0

m that is closer to the ΛCDM value than in the case of BAOA (cf.
Table 2.3). In the latter, Ω0

m is signi�cantly smaller than in the ΛCDM model. The sign of
δN /N is tied to this fact. As it is shown in Sect. 2.6.3, if a given vacuum model has the
same Ω0

m value (or very similar), the sign of δN /N is opposite to the sign of the vacuum
parameter ν or ε that dominates the model. For models B1 and B2 with BAOdz data, the
best �t value of Ω0

m is indeed very close to the �tted value for the ΛCDM. Thus, since for
these models ε < 0 we �nd δN /N > 0 and moreover this fraction is growing quite fast, up
to 50− 100% and more (Fig. 2.12). At variance with this situation, with BAOA data these
models predict a substantial depletion in the number counts as compared to the ΛCDM,
as shown in Fig. 2.13, the reason being the smaller preferred value of Ω0

m as compared to
the concordance model.

In Fig. 2.14 we have put in a nutshell the essential results of our number counts analysis.
Namely, we have displayed the fractional di�erences δN /N with respect to the ΛCDM
by using only the best �t values of all the vacuum models in the two BAO modalities.
Obviously we need an improvement of the two sorts of BAO measurements to see it they
can eventually provide a more coincident best �t value of Ω0

m, as this is essential to decide
on the sign of δN /N . From our point of view perhaps the least model-dependent BAO
results are those from BAOA, as they are based on low-z data only and therefore are not
so tied to the speci�c behavior of the models around the drag epoch.
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Finally, as a particular case of our general treatment of type-A and type-B models,
we brie�y mention the situation with the class of C1 models (where e.g. the linear model
ρΛ ∝ H is also included). We have emphasized in Sect.2.5.5 that the C1 models perform a
rather bad �t to the linear growth of density perturbations. Recently, however, the number
count analysis of the linear model ρΛ ∝ H has been considered in Ref. [212], in which a
signi�cant excess in the number of counts is reported as compared to the ΛCDM model.
As previously indicated in Sect. 2.2.3, the dynamics of this model just follows from that
of the general type-B model by setting C0 = 0 and C2 = 0 in Eq. (2.26). The linear model
has no free parameters apart from Ω0

m or Ω0
Λ, and its vacuum energy density is completely

determined by Eq. (2.45). Although it is not part of our main purpose, we have computed
in passing the corresponding number of counts for this model. Unfortunately, we do not
concur with the results of [212]. Namely, we do not �nd an excess in the number of counts
as compared to the ΛCDM. On the contrary, we �nd a large de�cit. This shortage in the
number of collapsed structures could actually be expected from the apparent lack of power
of these models with respect to the ΛCDM, as can be seen in Fig. 2.5. We can recon�rm
this situation by computing the growing rate index of this model and verify the discrepancy
with respect to the ΛCDM model or any of the type-A or B models. We have checked that
the deviation is huge and hence unacceptable. On general physical grounds one may argue
that the rapid increase of the (positive) vacuum energy density in the past for the linear
model ρΛ ∝ H should severely prevent the formation of structures. Since the main task
of this section is to report on the number counts for the dynamical models that pass all
the basic tests on background expansion and linear structure formation, we do not extent
further our considerations for models behaving otherwise.

To conclude, in view of the results found in our analysis of the cluster halo redshift
distribution presented in Figures 2.10-2.14, we can assert that it is an e�cient method
to distinguish the various sorts of dynamical vacuum models with respect to the ΛCDM
and also among themselves, especially when the di�erent sources of BAO data will become
more precise. The sensitivity of the method to the parameters (ν, α, ε, ...) of the vacuum
models is large if we take into account that they are relatively small. We have found that
the fractional di�erences δN /N with respect to the ΛCDM can typically be as large as
±50% despite the fact that the (absolute) values of those parameters are typically of order
10−3.

2.6.3 Understanding how the cluster number counts method works

We have shown that type A and B models of the vacuum energy successfully �t all known
cosmological data, including linear structure formation, in a way comparable to the ΛCDM.
However we would like to �nd a way to lift their alike performance and be able to distin-
guish them in a practical way. We have shown that the number counts method is a good
method to accomplish this aim. To understand semianalytically why the method works,
it will su�ce to consider the original Press-Schechter function de�ned in Sect. 2.6.1. For
convenience let us de�ne the ratios

T (M) ≡
∫∞

0
kn+2T 2(Ω

(0)
m , k)W 2(kR)dk∫∞

0
kn+2T 2(Ω

(0)
m , k)W 2(kR8)dk

and DN(z) ≡ D(z)

D(0)
. (2.154)
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In this way from (2.142) we have σ2(z) = σ2
8 D

2
N(z) T (z), and we can rewrite (2.153) as

follows:

N (z) = − 4πr2 ρ̄

H0E(z)

∫ M2

M1

1

M

(
1

σ

dσ

dM

)
fPSc(σ)dM = −4

√
2πρ̄

c

H0

(
δcr

2(z)

E(z)σ8DN(z)

)
I(ν) .

(2.155)
In the last step we have used explicitly the original form of the Press-Schechter function
fPSc(σ), and we have de�ned the integral

I(ν) ≡
∫ M2

M1

dM

M

1

T
d
√
T

dM
e
− δ2c

2σ2
8D

2
N
T . (2.156)

Using the generalized forms (2.147) or (2.149) does not alter the explanation why the
method works, and for this reason we restrict ourselves to the canonical one.

The variations with respect to the ΛCDM model should come from the variations in the
terms in the big parenthesis on the r.h.s. of Eq. (2.155), as well as from the integral (2.156).
The other ingredients of N (z) should not depend on the model details in a signi�cant way.
Let us take model A1 and assume that there is only one parameter in this dynamical
vacuum model, say ν. Expanding around ν = 0, i.e. around the ΛCDM case, we can get
the departure terms:(
r2(z)

E(z)

)(ν)

=

(
r2(z)

E(z)

)(0)

+ δa1 ; (σ8DN(z))(ν) = (σ8DN(z))(0) + δa2 ; δ(ν)
c = δ(0)

c + δa3 .

(2.157)
Notice that all the δai in the previous expression are proportional to ν, and therefore very
small compared to the leading terms. Let us warn the reader that it would be inappropri-
ate to expand the exponential in the integrand of (2.155) in the same way, as the linear
approximation would be insu�cient for the typical values of ν found in our analysis. The
number counts formula (2.155) therefore yields

N (z) = −4
√

2πρ̄
c

H0

(
δcr

2(z)

E(z)σ8DN(z)

)(0)

×

[
1 + δa1

(
E(z)

r2(z)

)(0)

− δa2

(σ8DN(z))(0)
+
δa3

δ
(0)
c

+O(ν2)

]
I(ν) . (2.158)

In this way we can compute the variation in the number of clusters (at a given redshift)
with respect to the ΛCDM, and assuming that the value of Ω0

m is the same in the two
models, i.e. δN = N (ν)−N (ν = 0). The corresponding relative variation can be cast as

δN
N

=
I(ν) − I(0)

I(0)︸ ︷︷ ︸
T0

+ δa1

(
E

r2

)(0)
I(ν)

I(0)︸ ︷︷ ︸
T1

− δa2

(σ8DN)(0)

I(ν)

I(0)︸ ︷︷ ︸
T2

+
δa3

δ
(0)
c

I(ν)

I(0)︸ ︷︷ ︸
T3

§, . (2.159)

The numerical evaluation of the various terms of this expression is displayed in Table 2.6.
It clearly shows that the dominant term is T0 in (2.159). The terms T1 − T3 are all of
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ν σ8 DN(z = 2) δc(z = 2) T0 T1 T2 T3 δN
N

-0.0017 0.829 0.4315 1.695 0.096 -0.0034 -0.015 0.0065 0.084
0.0017 0.794 0.4362 1.675 -0.139 0.0027 0.016 -0.0051 -0.125
-0.004 0.854 0.4282 1.710 0.276 -0.0092 -0.047 0.0189 0.239
0.004 0.770 0.4394 1.660 -0.278 0.0052 0.030 -0.0107 -0.254

Table 2.6: Numerical evaluation of δN/N , i.e. the relative variation in the number of counts as compared to the

ΛCDM, see Eq. (2.159). We consider di�erent values of the ν parameter at �xed z = 2 and provide also the breakdown of

the result in the individual contributions T0− T3. For the numerical computation we have used Ωb(z = 0) = 0.022242h−2,

Ωm(z = 0) = 0.284, δ
(0)
c = 1.675, σ

(0)
8 = 0.811 and D

(0)
N (z = 2) = 0.435088.

them proportional to δai and hence to ν. Since ν = O(10−3) all the terms proportional
to it are of the same order of magnitude. The T0-term is not, and it becomes the leading
one. Here is where the main contribution comes from, which is typically two orders of
magnitude larger than ν and hence it can reach the order 10% rather than 1 per mil.
This feature is at the root of the main di�erence of this method with respect to the linear
perturbations analysis. In the latter the deviations of the dynamical vacuum models with
respect to the linear growth rate of the ΛCDM are proportional to ν and therefore cannot
be distinguished. Here, instead, the relative di�erences become magni�ed thanks to the
nonperturbative e�ects associated to (2.156). In addition, we note from Table 2.6 that
there are signi�cant di�erences for di�erent values of ν within the same order of magnitude,
which are also sensitive to sign changes of the parameter. In the present case the sign of
δN is opposite to the sign of ν, but this is because the value of Ω0

m for the dynamical
vacuum model that we have analyzed is the same as in the ΛCDM, but in general there
is no such sign correlation. What is important is that using the number count method we
expect visible e�ects that would remain almost invisible in the linear approach owing to
the small values of the model parameters. This is corroborated in the numerical analysis
presented in Sect. 2.6.2.

2.7 More about type-B (and C1) models

In this section we analyze in deeper detail type-B and C1 models. We go a step further
in their characterization. The output of this study allows us to reinforce even more the
results obtained in previous sections. We can de�nitely discard type-C1 models, since they
are incapable of explaining the large scale structure formation in the Universe at both, the
linear and non-linear regimes. In particular, we focus our attention on type-C1 models
with ν = 0 (and ε 6= 0). From now on this model will be referred to as C1B, whereas C1A
will denote the model with ν 6= 0 and ε 6= 0,

C1A : ε+ ν = Ω0
Λ C1B : ε = Ω0

Λ (ν = 0) . (2.160)

As mentioned before, the linear type-C1 models have been amply discussed in the
literature by di�erent authors from the theoretical and phenomenological perspective. We
hope that the present analysis will serve to de�nitely rule out not only C1B, but the larger
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Model Ω0
m ν = 1− ζ ε χ2/dof

ΛCDM 0.293± 0.013 - - 567.8/586
C1B 0.302+0.015

−0.014 - 1− Ω0
m 575.5/585

C1A 0.295+0.016
−0.011 1− Ω0

m − ε 0.93+0.01
−0.02 567.7/584

B1 0.297+0.015
−0.014 - −0.014+0.016

−0.013 587.2/585
B2a 0.300+0.017

−0.003 −0.004± 0.002 −0.004± 0.002 583.1/585
B2b 0.297+0.005

−0.015 −0.002± 0.002 −0.001± 0.001 579.5/585

Table 2.7: The �t values for the various models, together with their statistical signi�cance according to a χ2-test. We

have performed a joint statistical analysis of the SNIa+CMB+BAOdz data for the ΛCDM and type-B models. For type-C1

models, instead, we have used SNIa+BAOA data for the reasons explained in the text. To break parameter degeneracies we

present the �tting results for two di�erent cases: the one indicated as B2a (resp. B2b) corresponds to ν = ε (resp. ν = 2ε).

Recall that because of the constraints (2.160) model C1B has Ω0
m as the sole free parameter, whereas for model C1A one can

adopt Ω0
m and ε.

class of type-C1 models with no constant additive term in the formula of ρΛ.
We have seen in section 2.2.3 that type-C1 models su�er from severe problems already

at the background level. Due to the anomalous scaling law for the matter energy density
at high redshifts, i.e. ρm ∝ (Ω0

m)2, these models demand a value of Ω0
m signi�cantly larger

(∼ 70%) than the standard one. This is not only a requirement to be ful�lled so as to �t
properly the CMB data, but also in order to obtain a value of the transition redshift ztr
close to the one encountered in the ΛCDM-like models. In Table 2.7 we show the �tting
results for all the models under study. For type-B models we have used a joint statistical
analysis involving the SNIa data, BAOdz and the CMB shift parameter (see Sect. 2.5 for
details). We have proceeded in a di�erent manner with type-C1 models due to the fact that
the usual �tting formulas for computing the redshifts at decoupling and the baryon drag
epochs provided in [79] and [232], respectively, work only as good approximations for those
models with small departures from the ΛCDM. While this is the case for type-B models,
this is not so for type-C1, for which the additive term is C0 = 0. For this reason, for the
type-C1 models we have implemented the �tting procedure by just concentrating on the
low and intermediate redshifts, that is to say, we have used the type Ia supernovae data
but avoided using CMB data. At the same time for these models we have used Eisenstein's
BAO parameter A(z) (cf. again Sect. 2.5 for details). So notice that for type-C1 models
we do not need to include radiation in the sophisticated way we have made use for the
type-B models. We just have to include radiation in a matter-dominated Universe and do
not worry about the dominance of relativistic matter over the non-relativistic one in the
RD epoch.

Proceeding in this way we can see from Table 2.7 that the �tting values of Ω0
m associated

to type-C1 models are not very di�erent from those of type-B models, and all of them are
reasonably close to the ΛCDM model (which is also included in that table and �tted
from the same data). This is because ρm ∝ Ω0

m at low redshifts in type-C1 models, and
therefore, the aforementioned anomaly is invisible if only low and intermediate redshift
observables are used in the �tting analysis. From this point of view (and attending also to
the χ2 values per d.o.f.) we can say that all the models perform an acceptable �t to the
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Figure 2.15: Left: The density contrast δm(z) predicted by the various models under study using the �t values collected
in Table 2.7; Right: Comparison of the observational data (see text) � with error bars depicted in green � and the theoretical
evolution of the linear growth rate of clustering f(z), confer Eq. (2.133), for each vacuum model. Type-B models are almost
indistinguishable from the ΛCDM one.

cosmological data. For type-C1 models, however, we can attest this fact only for the low
and intermediate redshift data. If we include the CMB shift parameter and the BAOdz

data, type-C1 models then peak at around Ω0
m ∼ 0.5 (and with a bad �t quality). Such

poor performance is caused by the ρm ∝ (Ω0
m)

2 anomalous behavior of these models at
large redshift.

Even if we restrain to the low and intermediate redshift data for type-C1 models, which
as we have seen lead to an acceptable value of Ω0

m ' 0.3 (cf. Table 2.7), they nevertheless
clash violently with a serious di�culty, namely they are bluntly unable to account for the
linear structure formation data, as it is plain at a glance on Fig. 2.15, where both δm(z)
and f(z) have been plotted for the models under study together with the ΛCDM. The
observational data in the right plot have been taken from Table 1 of [254], see references
therein.

The obvious departure of type-C1 models from the linear growth data is an important
drawback for these models. It implies that the initial success in �tting the Hubble expansion
data cannot be generalized to all low redshift data. Such situation is in contrast to type-B
models, which are able to successfully �t the linear growth data at a similar quality level as
the ΛCDM, as can also be appreciated in Fig. 2.15. In fact, the three curves corresponding
to type-B and ΛCDM models (for the best-�t values of the parameters in Table 2.7) lie
almost on top of each other in that �gure, whereas the curves for type-C1 models depart
very openly from the group of ΛCDM-like models. For the type-C1B model there is an
evident defect of structure formation with respect to the ΛCDM, whilst for the C1A one
there is a notable excess.

The large di�erences can be explained as follows. As we have seen before the ratio ρΛ/ρr
for the type-C1A model is far from 0, and negative, in the far past. Now, let us take the
acceleration equation during the matter-dominated epoch the acceleration of the expansion
is given by ä/a = (4πG/3)(2ρΛ−ρm). Thus, a negative value of the vacuum energy density,
ρΛ < 0, helps to slow down the expansion (it actually cooperates with gravitation and
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Figure 2.16: Computation of the collapse density threshold δc(z) using the best �t values shown in Table 2.7, see
Appendix D for details. In both plots we include the �ducial constant CDM value δc = 3

20
(12π)2/3 ≈ 1.686 (horizontal

dotted line) and the ΛCDM curve (solid points, in black). The models with C0 6= 0 (i.e. type-B models) provide δc(z) very
close to the ΛCDM model and the corresponding curves are cluttered in the plot on the left. In the right plot we zoom in
the relevant region δCDMc

+0.024
−0.016 in order to clearly appreciate the di�erences between them. In the plot on the left these

di�erences cannot be seen owing to the large deviations shown by type-C1 models (C0 = 0) which required to use a large
span for the vertical axis.

enhances the aggregation of matter into clusters). In point of fact, the vacuum energy of
model C1A did not become positive until H(z̃) = −εH0/ν ≈ 4.13H0, what corresponds
to a redshift z̃ = 3.204. This is why it yields larger values of the density contrast in
comparison with the models that take C0 6= 0 (cf. Fig. 2.15). Later on the universe started
to speed up, and the transition value from deceleration to acceleration is given by 2.46.
From the values of the �tted parameters in Table 2.7, we �nd ztr = 1.057. Numerically, it
is signi�cantly larger than in the ΛCDM (ztr ' 0.69, for the central �t value of Ω0

m quoted
in Table 2.7). From this point onwards the type-C1A vacuum has been accelerating the
universe and restraining the gravitational collapse, but it has left behind a busy history of
structure formation triggered by the large growth rate δm(a) ∼ a3ζ−2 = a1.675 (cf. the �t
value ζ = 1.225 from Table 2.7). Such history is di�cult to reconcile with the (much more
moderate) one indicated by observations.

In the other extreme we have type-C1B model, showing a serious lack of structure
formation as compared to the ΛCDM (cf. Fig. 2.15), despite for both models δm(a) ∼ a.
We can also understand the reason as follows. Let us assume a common value of the density
parameter Ω0

m (which is a good approximation under the �tting strategy we have followed
in Table 2.7). In that case the ratio of their vacuum energy densities is: ρIΛ/ρ

ΛCDM
Λ =

1 + Ω0
m(a−3/2−1). Thus, during the past cosmic history the vacuum energy density for the

type-C1B model is positive and always larger than in the concordance model, so we should
expect a reduced growth rate as compared to the ΛCDM. This is con�rmed in Fig. 2.15.

Now, we analyze the nonlinear perturbation e�ects at small scales and consider the dif-
ferent capability of the vacuum models under study to produce cluster-size halo structures
in the Universe. This study will give strength to the results obtained at the linear level.
It is important to emphasize that keq appearing in 2.140 is a model dependent quantity.
For type-B models one can use the same formula that is obtained in the ΛCDM (2.141),
due to the fact that the deviations are small in these cases. On the contrary, with type-C1
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Figure 2.17: Upper plots: The di�erential comoving number density as a function of the halo mass for the type-B,

C1 and ΛCDM models at redshifts z = 0, z = 1 and z = 3, respectively. Lower plots: Corresponding di�erences in the

comoving number density with respect to the ΛCDM model.

models we are not allowed to do that. We must derive the corresponding expression for
keq (recall that keq = aeqH(aeq)). The �nal results read as follows:

(C1B) keq = H0

√
2

Ω0
r

(
Ω0
m

)4/3
, (2.161)

(C1A) keq =
H0

√
2

ζ
1
3ζ

+ 1
2

(
Ω0
m

)2− 2
3ζ
(
Ω0
r

) 1
ζ
− 3

2 . (2.162)

Using the artillery of Sect. 2.6, along with the best-�t values of Table 2.7 and the nu-
merically determined collapse density δc(z) (cf. Fig. 2.16), we have computed the fractional
di�erence δN /N for the number counts of clusters between the dynamical vacuum models
and the concordance ΛCDM one. The di�erential comoving number density of predicted
cluster-size structures at particular values of the redshift (z = 0, z = 1 and z = 3), as well
as the normalized results with respect to the corresponding ΛCDM prediction, are pre-
sented in Fig. 2.17, whereas in Fig. 2.18 we show the di�erences in the halo mass function
through the comoving number density for the various models at two �xed redshifts (z = 1
and z = 3). Finally, in Fig. 2.19 we plot the redshift distribution of the total number of
counts.

These �gures encapsulate all the main information on the number counts analysis. They
display the number of counts for each model per mass range at �xed redshift, and the total
number of structures at each redshift within the selected mass range. The upshot from our
analysis is that the models with C0 6= 0 predict either a very small (type-C1B) or a very
large (type-C1A) number of clusters as compared to the ΛCDM. This is not surprising if
we inspect the power for structure formation of these models in the linear perturbation
regime (see Fig. 2.15. As a result we deem (again) unrealistic the situation for both the
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Figure 2.18: The comoving number density at two di�erent redshifts for the di�erent models.

Figure 2.19: The fractional di�erence δN/NΛCDM with respect to the ΛCDM model (where we have de�ned δN ≡
N −NΛCDM). The curve for the type-C1A model is not plotted because it is out of range, i.e. δN/N > 1 .

type-C1 models. When we translate this situation to the corresponding prediction for the
number counts we �nd that, for model C1B, NC1B/NΛCDM � 1, whereas for model C1A
NC1A/NΛCDM � 1 in the whole range. As a result, the former yields δN /NΛCDM → −1
at increasing redshifts (as can be appreciated in Fig. 2.19), whereas the latter is out of the
window under study.

In contrast, the situation with the ΛCDM-like models B is quite encouraging. These
models represent viable alternatives, at least from the phenomenological point of view,
to the strictly rigid situation of the ΛCDM (in which ρΛ =const. for the entire cosmic
history). While these models depart only mildly from the ΛCDM predictions near our
time, the di�erences become sizeable deep in the past, but still within bound. Concerning
the number counts di�erences with respect to the concordance model we recognize from
Fig. 2.19 signi�cant (∼ 20 − 30%) positive departures at moderate redshift ranges, where
the total number of counts is still sizeable. Therefore the predicted deviations can be
measured, in principle, and could be used as an e�cient method to separate type-B1 and
B2 models.
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2.8 Discussion and conclusions

In this chapter, we have analyzed in great detail several classes of dynamical vacuum
models in which the vacuum energy density can be expressed as a power series of the
Hubble function and its cosmic time derivative. We have singled out model types which are
particularly attractive from the theoretical point of view, namely vacuum models for which
the number of time derivatives of the scale factor is even: ρΛ(t) = c0 +

∑
k=1 αkH

2k(t) +∑
k=1 βkḢ

k(t). These can be well motivated within the context of quantum �eld theory
(QFT) in curved spacetime since their structure is manifestly compatible with the general
covariance of the e�ective action and can be linked to the notion of renormalization group.
For the study of the current Universe the series naturally terminates at the level of the H2

and Ḣ terms, but the higher order ones can be very important for a proper description of
the early Universe and the in�ationary phase.

We have stressed the need for the nonvanishing additive (constant) term, c0 6= 0, in the
above class of models. It guarantees a smooth limit converging to the standard ΛCDM
model when the coe�cients of the dynamical terms go to zero. For instance, we have
considered vacuum models of the form Λ = a0 + a1Ḣ + a2H

2, with c0 6= 0 (the class
of models that we have called type-A). They are well-behaved and if the (dimensionless)
coe�cients a1 and a2 are su�ciently small, the cosmological term develops just a mild
dynamical behavior around the ΛCDM model. Such framework could compete as a good
candidate for a consistent description of the Universe in terms of dynamical vacuum energy,
an option that should be considered natural in QFT in curved space-time.

In contrasdistinction, we have veri�ed that models with c0 = 0 are generally in con�ict
with observations, whether with the background data, or with the structure formation data,
or both. In the context of QFT in curved spacetime, the bad phenomenological behavior
of models with c0 = 0 has important implications, since it automatically forbids the use of
the encouraging renormalization condition ρMink

Λ,eff = 0. We have seen in Sect. 1.3.2 that this
renormalization condition would strongly alleviate the old CC problem. Unfortunately, the
possibility of having a zero c0 is strongly excluded by observations. This fact implies that
Minkowski spacetime cannot be an exact (global) solution of Einstein's equations, even in
the ideal vacuum case. This means that vacuum automatically forces the spacetime to be
dynamical. Put in other words, the non-zero value of c0 endows the spacetime itseld of an
irremovable curvature not connected with matter.

In our analysis we have also admitted the possibility that some terms in the e�ective
structure of Λ(H, Ḣ) could mildly violate the covariance requirement on phenomenological
grounds. Notwithstanding, we considered this possibility viable only when the expected
terms are also present. We do not deem theoretically sound those vacuum models ex-
clusively constructed from noncanonical terms (i.e. unexpected terms not satisfying the
above mentioned conditions), such as e.g. the model Λ ∝ H. A model of this sort has
the double inconvenience that c0 = 0 and that the number of time derivatives of the scale
factor is odd (one derivative in this case). Not surprisingly when such model is confronted
with observations fails on several accounts. When we add up to it the power H2, we reach
the model Λ = c1H + c2H

2 (referred to in this work as the type-C1 model). In this ex-
tended form the situation of the new model improves at the background level, but is still
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troublesome at the perturbations level since the model fails to describe the linear growth
of structure formation. Similarly, the pure quadratic model Λ ∝ H2 is problematic, but
for a di�erent reason. While this model contains an even power of the Hubble rate, it is
actually not su�cient to comply with the phenomenological requirement in the absence of
a constant additive term. The reason is that it does not admit an in�ection point from
deceleration to acceleration, and moreover it does not have a growing mode for structure
formation (for reasonable values of the cosmological parameters). The pure linear and
quadratic models, Λ ∝ H and Λ ∝ H2, are therefore strongly excluded; and their com-
bination, Λ = c1H + c2H

2, provides a model still crippled to account for the structure
formation data. Similar (though not identical) criticisms can be applied to vacuum models
of the sort Λ = c1Ḣ + c2H

2 (type-C2). Hence, all type-C models are unfavored, strongly
disfavored or simply ruled out.

We have already mentioned that type-A dynamical vacuum models are in very good
shape inasmuch as they are perfectly comparable to the concordance ΛCDM model when
the dynamical components are subdominant in the current Universe. Interestingly, another
viable variant that we have considered are the type-B models. These are obtained by
including an additive term to the type-C1 models, i.e. they have the structure Λ = b0 +
b1H+b2H

2 with b0 6= 0. This class is the most di�cult one to deal with, as the simultaneous
presence of b0 6= 0 and the linear term∼ H complicates considerably the analytic treatment.
We have nevertheless presented a full-�edged analysis of these models as well, and we
have found that they are also, in principle, phenomenologically admissible. For them the
presence of the linear component is not so determinant as in the case of the type-C1,
because it can be interpreted as a correction (e.g. a bulk viscosity e�ect) to the main
structure. Most important, the type-B models have a smooth ΛCDM limit as in the type-
A case, and this fact is again crucial to protect them from departing exceedingly from the
concordance ΛCDM model near our time.

In the present chapter we have solved the background and perturbations cosmology
for all these vacuum models and confronted them with observations. In the light of the
recent observational data on type Ia supernovae, the cosmic microwave background and the
baryon acoustic oscillations, we have obtained a �t to their basic parameters (ν, α, ε). From
the �tted values we have computed the linear growth factor of structure formation for each
model and compared with the observed linear growth rate of clustering measured by several
galaxy surveys. Subsequently we have moved to the nonlinear regime and considered the
predicted redshift distribution of cluster-size collapsed structures as a powerful method to
distinguish the models. We have computed the corresponding fractional deviation δN /N
in the number of counts of clusters with respect to the ΛCDM prediction.

The general conclusion we have reached is that the studied dynamical vacuum models
(type-A and type-B with nonvanishing additive constant term) are able to pass (with some
di�erences) the combined observational tests, including the structure formation data, with
a statistical signi�cance that in some cases is comparable or even better than that of the
concordance ΛCDM model. The current Universe appears in all these models as FLRW-
like, except that the vacuum energy is not a rigid quantity but a mildly evolving one. In
fact, the typical values we have obtained for the coe�cients ν, α and ε responsible for the
time evolution of ρΛ in these models lie in the ballpark of ∼ 10−3. This order of magnitude
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value is roughly consistent with the theoretical expectations, some of them interpreted in
QFT as one-loop β-functions of the running cosmological constant.

Despite the two types of viable dynamical vacuum models remain close to the ΛCDM
model, the overall �t from type-B models is not so good as the type-A ones. We have
pointed out that this may be due to the fact that the presence of the linear term ∼ εH
(characteristic of type-B models, especially the type-B1 ones) is unexpected in the general
structure of the e�ective action in QFT in curved spacetime. This is in contradistinction
to the vacuum structure of type-A models, where all included terms are expected. Overall,
this feature might be indicative that the A-class of models are both theoretically and
phenomenologically preferred to the B-ones. However, it is too early for a �nal verdict,
and more observational work may be necessary to decide. In the meanwhile we have
shown that the two types of models could be distinguished from the point of view of the
measured redshift distribution of cluster-sized collapsed structures in the Universe. We
have found that they can show signi�cant deviations (of order ±50%) from the predicted
redshift distribution in the concordance ΛCDM model. Our expectation is that when the
upcoming and present X-ray and Sunyaev-Zeldovich surveys (such as eROSITA and SPT)
will have collected enough statistics, it should be possible to decide about the best type of
dynamical vacuum model from the phenomenological point of view.

In the course of our analysis we have also brie�y pointed out the fact that generally the
dynamical models under consideration in this chapter, and especially when �tted using the
BAOA observable (which depends on low-redshift data on the acoustic A(z)-parameter),
tend to provide a value of Ω0

m signi�cantly smaller than in the ΛCDM model. This would
seem to be consistent with the possible dynamical character of the dark energy recently
claimed in the literature on the basis of model-independent DE diagnostics [101].

To summarize, the dynamical vacuum models of the cosmic evolution may o�er an
appealing and phenomenologically consistent perspective for describing dynamical dark
energy without introducing extraneous dark energy �elds. In that framework, dark energy
is reinforced as being nothing more, but nothing less, than dynamical Λ. This could
help to better understand the origin of the Λ-term and the vacuum energy density in the
fundamental context of QFT in curved spacetime. Ultimately, it should shed light on the
existing problems around the cosmological constant discussed in Chapter 1 .

2.9 Main bibliography of the chapter

This chapter, together with Appendix D, are based on the contents of the papers [189, 255]:

Dynamical vacuum energy in the expanding Universe confronted with observations: a de-
dicated study.
A. Gómez-Valent, J. Solà, and S. Basilakos
JCAP 1501, 004 (2015) ; arXiv:1409.7048
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Vacuum models with a linear and a quadratic term in H: structure formation and number
counts analysis.
A. Gómez-Valent and J. Solà
Mon. Not. R. Astron. Soc. 448, 2810 (2015) ; arXiv:1412.3785
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Chapter 3

Background history and cosmic
perturbations for a general system of
self-conserved dynamical dark energy
and matter

In this chapter we determine the Hubble expansion and the general cosmic perturbation
equations for a general system consisting of self-conserved matter, ρm, and self-conserved
dark energy (DE), ρD. While at the background level the two components are non-
interacting, they do interact at the perturbations level. We show that the coupled system
of matter and DE perturbations can be transformed into a single, third order, matter per-
turbation equation, which reduces to the (derivative of the) standard one in the case that
the DE is just a cosmological constant. As a nontrivial application we analyze a class of
dynamical models whose DE density ρD(H) consists of a constant term, C0, and a series of
powers of the Hubble rate. These models were analyzed in the previous chapter from the
point of view of dynamical vacuum models, but here we treat them as self-conserved DE
models with a dynamical equation of state parameter. We �t them to the wealth of expan-
sion history and linear structure formation data and compare their �t quality with that of
the concordance ΛCDM model. Those with C0 = 0 include the so-called �entropic-force�
and �QCD-ghost� DE models, as well as the pure linear model ρD ∼ H, all of which appear
strongly disfavored. The models with C0 6= 0, in contrast, emerge as promising dynamical
DE candidates whose phenomenological performance is highly competitive with the rigid
Λ-term inherent to the ΛCDM.

The DE models under consideration in this chapter are closely related to those analyzed
in detail in the previous one. although with an important di�erence: now we consider that
they describe a self-conserved dark energy, ρD(H), with a dynamical equation of state
evolving itself with the expansion history: ωD = ωD(H). It means that ρD(H) does not
exchange energy with matter (which therefore remains also covariantly conserved). These
assumptions imply a completely di�erent new class of DE scenarios which requires an
independent cosmological analysis. We call them the �D-class� of dynamical DE models,
to distinguish them from the vacuum class (for which ωD = −1 at any time of the cosmic
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expansion). We undertake the task of examining in detail the D-class here. Of particular
interest is the analysis of the e�ective EoS parameter of the models in this class near our
time.

In this chapter we provide detailed considerations not only on the background cosmol-
ogy of the new DE models but also on the perturbation equations and their implications
on the structure formation. The new perturbation equations are indeed formally di�erent
from the equations when the models are treated as dynamical vacuum models in interac-
tion with matter. Of special signi�cance is the formal proof that we provide according
to which the coupled system of matter and DE perturbation equations for general models
with self-conserved DE and matter components can be described by a single, third order,
perturbation equation for the matter component. As a nontrivial application we subse-
quently solve (numerically) that equation for the D-class models and compare the results
with the situation when the background DE density is present but the corresponding DE
perturbations are neglected. The main, and very practical, outcome of our work is that
some of these dynamical DE models can provide a highly competitive �t to the overall
cosmological data as compared to the performance of the concordance ΛCDM model �
based on a rigid Λ-term.

The layout of the chapter is as follows. We present our dynamical DE models in Sect.
3.1 and address their background solution and equation of state analysis in Section 3.2.
The matter and dark energy perturbations are considered in Section 3.3. The confrontation
with the background history and linear growth rate data is performed in Sect. 3.4. Finally,
in Sect. 3.5 we present our conclusions.

3.1 Dynamical DE models: the D-class versus the vacuum
class

Let us consider a (spatially) �at FLRW universe. Einstein's �eld equations read Gµν =
8πGT̃µν , with Gµν the Einstein tensor and T̃µµ = Tmµν + TDµν the total energy-momentum
tensor involving matter and dark energy densities. We take both the matter and DE parts
of the energy-momentum tensor in the form of a perfect �uid characterized by isotropic
pressures and proper energy densities (pi, ρi). One can then derive Friedmann's equation
and the pressure equation by taking the 00 and the ii components of Einstein's equations,
respectively:

3H2 = 8π G (ρD + ρm + ρr) , (3.1)

3H2 + 2Ḣ = −8π G (pD + pm + pr) . (3.2)

As �uid components we consider cold matter, pm = 0, radiation, pr = ρr/3, and a general
dark energy (DE) �uid with dynamical equation of state (EoS): pD = ωDρD (ω̇D 6= 0). If
the matter and DE densities are separately conserved (in the local covariant form which we
will indicate explicitly) we shall speak of self-conserved densities. Assuming also that there
is no transfer of energy between non-relativistic matter and radiation (which is certainly
the case in the epoch under study), the equation of local covariant conservation of the total
energy density following from (3.1) and (3.2) can be split into three equations � re�ecting
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the Bianchi identities of the Einstein tensor � as follows:

ρ̇m + 3Hρm = 0 , (3.3)

ρ̇r + 4Hρr = 0 , (3.4)

and
ρ̇D + 3HρD(1 + ωD) = 0 . (3.5)

Similarly, we can e.g. check that from these local conservation laws and the pressure equa-
tion (3.2) we can reconstruct Friedmann's equation (3.1). It follows that as independent
set of equations we can take either the pair (3.1) and (3.2), or Friedman's equation to-
gether with the local conservation laws. In the last case the pressure equation (3.2) is not
independent. This will be our strategy in practice.

Trading now the cosmic time derivative for the derivative with respect to the scale
factor, through the simple relation d/dt = aH d/da, the above conservation laws can be
easily solved:

ρm(a) = ρ(0)
m a−3 , (3.6)

ρr(a) = ρ(0)
r a−4 , (3.7)

ρD(a) = ρ
(0)
D exp

{
−3

∫ a

1

da′

a′
[1 + ωD(a′)]

}
, (3.8)

where the densities ρ(0)
i denote, again, the respective current values. In the last case it

is assumed that ωD(a) has been computed. However, our method will be actually the
opposite, we will compute the DE density ρD(a) �rst and then use (3.8) to compute the
function ωD(a) � see Eq. (3.12) below.

As it is transparent from (3.6) and (3.7), the pressureless (non-relativistic) and the
relativistic matter energy densities are described by the standard ΛCDM laws, but the
Universe's evolution depends on the speci�c dynamical nature of the dark energy density
ρD. The following basic DE models will be considered :

DA1 : ρD(H) =
3

8πG

(
C0 + νH2

)
DA2 : ρD(H) =

3

8πG

(
C0 + νH2 +

2

3
αḢ

)
(3.9)

DA3 : ρD(H) =
3

8πG

(
C0 +

2

3
αḢ

)
DC1 : ρD(H) =

3

8πG
(εH0H + νH2)

DC2 : ρD(H) =
3

8πG
(νH2 +

2

3
αḢ) . (3.10)

Notice that the constant, additive, parameter C0 has dimension 2 (i.e. mass squared) in
natural units. As in the previous chapter, we have introduced the dimensionful constant
H0 as a part of the linear term in H (for DC1) as in this way the free parameter ε in front
of it can be dimensionless. Similarly ν and α are dimensionless parameters since they are
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the coe�cients of H2 and Ḣ, both of dimension 2. In the case of α we have extracted
again an explicit factor of 2/3 for convenience. These free parameters will be �tted to the
observational data. For all models we consider two free parameters at most.

Models DA1 and DA3 in the list above are, of course, particular cases of DA2 corre-
sponding to α = 0 and ν = 0, respectively, but we have given them di�erent labels for
convenience and for further reference in the subsequent parts of this chapter. Similarly,
model DC2 is, too, a particular case of DA2 (for C0 = 0), but as we shall see it has some
particular features that advice a separate study. Model DC1 , in contrast, is not a partic-
ular case of any of the others. A particular realization of the DC1-model is the case ν = 0
(i.e. the purely linear DE model in H), which will be denoted

DH : ρD(H) =
3εH0

8πG
H . (3.11)

This ostensibly simple model of the DE has been proposed in the literature on di�erent
accounts. It will be analyzed here in detail, along with the rest of the models, to ascertain
its phenomenological viability (cf. Sect. 3.4).

We remark that some of the above models are very similar to the ones we formerly called
A1, A2 and C1, C2 in the comprehensive study of Chapter 2. Formally the expressions for
the DE densities are the same, the �only� di�erence being that in the previous reference
they were treated as vacuum models (therefore with constant EoS parameter, ωD = −1)
in interaction with matter, whereas here the e�ective EoS parameter is a function of the
cosmological redshift, ωD = ωD(z), with the additional feature that matter and DE are
both conserved. The �D� in front of their names reminds us of the fact that these DE
densities will be treated here in the fashion of dynamical DE models with a nontrivial
EoS, the latter being determined by the equation of local covariant conservation of the
DE density, namely Eq. (3.5). We will refer the cosmological DE models (3.9-3.11) solved
under these speci�c conditions as the �D-models�, or the models in the �D-class�, whereas
we reserve the denomination of �dynamical vacuum models� when the same DE expressions
are solved under the assumption that the EoS is ωD = −1 at all times 1. Let us also mention
that the case of the pure linear DE model (3.11) was analyzed in detail in the previous
chapter from the point of view of a dynamical vacuum model, but here we will reassess its
situation as a D-model 2.

The cosmological solution of the above D-models both at the background and pertur-
bations levels turns out to be very di�erent from their vacuum counterparts, as we shall
show in this study. We refer the reader to Chapter 2 for the details on the vacuum part.

A few additional comments are in order before presenting the calculational details. On
inspecting the various forms for the D-models indicated in (3.9-3.11), it may be questioned

1In this case, in order to ful�ll the Bianchi identity, one has to assume that there is an interaction with
matter [189] and/or that there is an additional dynamical component (as e.g. in the ΛXCDM model [256]),
and/or that the gravitational coupling G is running [188, 190].

2In analogy with Chapter 2 we could additionally have introduced the DBi models, namely the D-class
analogous of the vacuum counterparts Bi de�ned there. The former are the model types obtained by
replacing the Ḣ term of (3.9) with the linear term in H when C0 6= 0. We will not address here the
solution of the general models containing the linear term in H since it is not necessary at this point (see
Chapter 2 for details in the vacuum case). It will su�ce for our purposes to study DC1 and the pure linear
model DH.
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if all these possibilities are theoretically admissible. For example, the presence of a linear
term ∝ H in some particular form of ρD(H) � models DC1 and, of course, DH� deserves
some attention. As commented in Chap. 2, such term does not respect the general covari-
ance of the e�ective action of QFT in curved spacetime [59]. The reason is that it involves
only one time derivative with respect to the scale factor. In contrast, the terms H2 and Ḣ
involve two derivatives (ȧ2 or ä) and hence they can be consistent with covariance. From
this point of view one expects that the terms ∝ H2 and ∝ Ḣ are primary structures in a
dynamical ρD model, whereas ∝ H is not. Still, we cannot exclude a priori the presence
of the linear term since it can be of phenomenological interest. Let us also mention again
the connection of the DH and DC-type models with the attempts to understand the DE
from the point of view of QCD and the so-called �QCD ghost dark energy� models and
related ones, see references in Chapter 2. In the previous chapter the type-C models (with
C0 = 0) were shown to be phenomenologically problematic. In fact, models DC1, DC2 and
DH present some phenomenological di�culties which we will elucidate here in the speci�c
context of the D-class. In this respect let us emphasize that in order to identify the nature
of these di�culties it is not enough to judge from the structure of the DE density, e.g.
equations (3.10-3.11), as the potential problems may reside also in the assumed behavior
of matter (e.g. whether matter is conserved or in interaction with the DE). That is why
the list of pros and cons of the troublesome models examined in the previous references
have to be carefully reassessed in the light of the new assumptions. We will accomplish
this task here. As we will see, some of the old problems persist, while others become cured
or softened, but new problems also appear. At the same time we will show that the only
trouble-free models are indeed those in the large DA-subclass, i.e. the models possessing
a well-de�ned ΛCDM limit. This was shown to be the case as dynamical vacuum models
and it will be shown to be so, too, here as D-models.

3.2 Cosmological background solutions

The �rst task for us to undertake in order to analyze the above cosmological scenarios is to
determine the background cosmological history. From the above equations it is possible,
for all the models (3.9-3.11), to obtain a closed analytical form for the Hubble function, the
energy densities in terms of the scale factor a or, equivalently, in terms of the redshift z =
(1/a− 1), i.e. H(z). We use them to derive also the EoS and the deceleration parameters,
which are very useful to investigate consistency with observational data. Thanks to the
self-conservation of dark energy, the EoS parameter can be extracted from the derivative
of the DE density with respect to the cosmic redshift,

ωD(z) = −1 +
1 + z

3ρD(z)

dρD(z)

dz
. (3.12)

Similarly, the deceleration parameter emerges from the corresponding derivative of the
Hubble rate, H:

q(z) = −1 +
1 + z

2H2(z)

dH2(z)

dz
= −1 +

1 + z

2E2(z)

dE2(z)

dz
. (3.13)

120



Chapter 3. D-class of dynamical DE models

In the last expression we have used the normalized Hubble rate with respect to the cur-
rent value, E(z) = H(z)/H0, a dimensionless quantity that will be useful throughout our
analysis. The transition redshift point z = ztr from cosmic deceleration to acceleration can
then be computed by solving the algebraic equation

q(ztr) = 0 . (3.14)

It is important to compute this transition point for the various models, as in some cases
there may be signi�cant deviations from the ΛCDM prediction.

In the subsequent sections we systematically solve the background cosmologies for the
DA- and DC-type models. The more complicated details concerning the solution at the
perturbations level is presented right next.

3.2.1 DA-models: background cosmology and equation of state

analysis

For the general DA2-model we have to solve the following di�erential equation:

3(1− ν)H2 = 3H2
0 (Ω(0)

r a−4 + Ω(0)
m a−3) + 3C0 + αa

dH2

da
, (3.15)

which follows from inserting the corresponding expression (3.9) of the DE density into
Friedmann's equation and trading the cosmic time variable for the scale factor. We use
also the fact that for the models under consideration the matter is locally self-conserved.
The di�erential equation (3.15) is very di�erent from the one obtained when the model is
treated as a vacuum model in interaction with matter (cf. Chapter 2) and therefore we
expect that the DA-models should have a cosmic history di�erent from the A-type ones.
The constant C0 in (3.15) is �xed by imposing once more the current value of the DE
density to be ρ(0)

D . This yields

C0 = H2
0

[
Ω

(0)
D − ν + α

(
1 + ω

(0)
D Ω

(0)
D +

Ω
(0)
r

3

)]
, (3.16)

where we have used the relations Ḣ0 = −(q0 + 1)H2
0 and

q0 =
Ω

(0)
m

2
+ Ω(0)

r + (1 + 3ω
(0)
D )

Ω
(0)
D

2
, (3.17)

with ω(0)
D the EoS value of the DE today. Upon integration of (3.15) we obtain the nor-

malized Hubble rate E(a) = H(a)/H0, whose square in this case reads:

E2(a) = a3β+
C0

H2
0 (1− ν)

(1−a3β)+
Ω

(0)
m

1− ν + α
(a−3−a3β)+

Ω
(0)
r

1− ν + 4α/3
(a−4−a3β) , (3.18)

where β ≡ (1 − ν)/α. We note the correct normalization E(1) = 1. It is important
to emphasize that we must have α ≥ 0 for these models (in contrast to the situation with
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Figure 3.1: DE densities normalized to their current value for the various dynamical DE models DA
and DC under consideration. The behavior of DC1 is di�erent and has been plotted apart, together with
the pure linear model DH. We note that in all plots (unless stated otherwise) we use the best �t values of
Table 3.1 corresponding to the barred quantities, i.e. those obtained when the structure formation data
have also been taken into account in the �t.

the A2-vacuum type considered in Chapter 2 since otherwise the term proportional to the
derivative dH2/da on the r.h.s. of Eq. (3.15) could become arbitrarily large and negative
in the past, which would violate the non-negativity of H2 in the corresponding l.h.s. of
that expression. As a matter of fact, for the models with C0 6= 0 (for which |ν, α| � 1)
we have β � 1 since α cannot be negative. Thus, for the term a3β appearing in (3.18) we
obtain the null e�ective behavior a3β = (1 + z)−(1−ν)/α ' 0 for most of the cosmic history,
namely unless z is extremely close to zero. This observation does not apply for the models
DC and DH , Eq. (3.10-3.11), since C0 = 0 for them and hence the parameters ν, α can no
longer be simultaneously small in absolute value.

For DA1-type models we take the lateral limit α → 0+ (i.e. we approach 0 from the
right) in Eq. (3.18) (implying β → +∞), from which we can verify that all of the a3β terms
vanish since in this limit a3β → 0 for a < 1. For a = 1 (the current time) these terms
also cancel because the overall coe�cient of a3β is 0 in that limit. The Hubble function
becomes, in this case, pretty much simpler:

E2(a) = 1 +
Ω

(0)
m

1− ν
(a−3 − 1) +

Ω
(0)
r

1− ν
(a−4 − 1) . (3.19)

This result for DA1 can, of course, be obtained also from Eq. (3.15), which for α = 0 just
becomes a simple algebraic equation. This shows the internal consistency of the obtained
results. For ν = 0 we recover of course the ΛCDM result.

For illustrative purposes let us write down explicitly the evolution of the DE density in
the last case (i.e. for the DA1-model). Using the redshift variable we �nd:

ρD(z) =
ρ

(0)
D − νρ

(0)
c

1− ν
+

ν

1− ν
[
ρ(0)
m (1 + z)3 + ρ(0)

r (1 + z)4
]

(3.20)

It is easily checked that it satis�es ρD(0) = ρ
(0)
D , as it should, thanks to the cosmic sum

rule involving radiation: Ω
(0)
m + Ω

(0)
r + Ω

(0)
D = 1. And of course it also boils down identically

to ρ(0)
D for ν = 0.
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Model Ω
(0)
m Ω

(0)

m νeff = ν − α ν̄eff σ8 σ8 χ2
r/dof χ2/dof χ2/dof AIC AIC

ΛCDM 0.291+0.008
−0.007 0.286± 0.007 - - 0.815 0.815 569.21/592 584.91/608 584.38/608 586.91 586.38

DA1 0.286+0.012
−0.011 0.281± 0.005 −0.024± 0.018 −0.028± 0.016 0.773 0.770 565.50/591 573.02/607 573.31/607 577.02 577.31

DA2 0.286±0.011 0.281± 0.005 −0.024± 0.018 −0.028± 0.016 0.772 0.769 565.57/591 573.03/607 573.40/607 577.03 577.40

DA3 0.287±0.011 0.282± 0.005 −0.023+0.017
−0.018 −0.027± 0.015 0.777 0.773 565.63/591 573.44/607 573.47/607 577.44 577.47

DC1 0.286± 0.014 0.335± 0.007 −0.64± 0.13 −0.35± 0.05 0.440 0.735 563.86/584 880.74/600 635.23/600 884.74 639.23

DH 0.242± 0.008 0.286± 0.005 - - 0.513 0.729 639.85/585 809.61/601 677.11/601 811.61 679.11

DC2 0.285± 0.013 0.295± 0.006 1.03+0.09
−0.06 1.02± 0.01 0.666 0.752 563.53/584 594.13/600 572.17/600 598.13 576.17

Table 3.1: The best-�tting values for the various models and their statistical signi�cance (χ2-test and Akaike information
criterion AIC [233], see Sect. 2.5.3). All quantities with a bar involve a �t to the total input data, i.e. the expansion history
(BAOA+BAOdz+SNIa) and CMB shift parameter data, as well as the linear growth data. Those without bar correspond to
a �t in which we use all data but exclude the growth data points from the �tting procedure. The value χ2

r is the reduced χ
2,

which does not include the linear growth χ2
fσ8

contribution. For models DA1 (resp. DA3) νeff = ν (resp. −α); for DA2 we

have �xed α = −ν to break degeneracies (see text). For DC and DH models we have not used the BAOdz and CMB data for
the reasons explained in the text. In addition, for the DC models the given value of νeff must be understood as the value of ν
since α is not de�ned for DC1 and becomes determined for DC2 (see text). The quoted number of degrees of freedom (dof)
is equal to the number of data points minus the number of independent �tting parameters. Details of the �tting observables
are given in Sect. 3.4.

Let us come back to the more general model DA2. We neglect radiation at this point,
as we want to focus now on features of the current Universe, such as the equation of state
of the DE near our time. The normalized Hubble function (3.18) can then be cast in terms
of the redshift as follows:

E2(z) =
C0

H2
0 (1− ν)

+
Ω

(0)
m

1− ν + α
(1 + z)3 − η (1 + z)−3β . (3.21)

where

η =
C0

H2
0 (1− ν)

+
Ω

(0)
m

1− ν + α
− 1. (3.22)

The evolution of the DE density for the DA2-models in the matter-dominated and current
epoch can be computed with the help of the previous result, yielding

ρD(z) =
ρ

(0)
c C0

H2
0 (1− ν)

+ ρ(0)
c Ω(0)

m

ν − α
1− ν + α

(1 + z)3 − ρ(0)
c η (1 + z)−3β . (3.23)

As can be checked, it satis�es ρD(0) = ρ
(0)
c (1−Ω

(0)
m ) = ρ

(0)
D and it identically reduces to ρ(0)

D

for ν = α = 0, i.e. we recover in this limit the ΛCDM result. In the last part we use the fact
that (1 + z)−3β → 0 in the limit α→ 0+ for any z > 0. One can verify that the DA1-type
solutions (3.19) and (3.20) are particular cases of the last results in the matter-dominated
and current epochs, as they should. Similarly, the DA3 -type solution is the particular case
obtained from the above formulas for ν → 0. The numerical evolution of the DE energy
densities for these models (normalized to the current value ρ0

D) is shown in Fig. 3.1 for the
best-�t values of Table 3.1 (see Sect. 3.4 for the details of the �tting procedure leading to
the results of that table). In Figures 3.2-3.3 we provide the corresponding behavior of the
dark energy EoS and deceleration parameters for these models, which will be commented
below in turn.
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From (3.23) and (3.12) we may derive the EoS parameter for the general subclass of
DA2 models. It can be expressed in the following compact form:

ωD(z) = − ρ
(0)
c C0

H2
0 (1− ν)ρD(z)

+ ρ(0)
c

η(1 + β)

ρD(z)
(1 + z)−3β , (3.24)

with ρD(z) given by (3.23). For C0 6= 0 the parameters ν and α are small (this is con�rmed
by the �tting values in Table 3.1) and therefore we can apply a similar argument to the
limiting situation just explained above to prove that the second term on the r.h.s. of (3.24)
does not contribute signi�cantly except in the origin. In practice, for any z > 0 (even for
points very close to the origin) the e�ective EoS parameter is actually given by the �rst
term on the r.h.s. of (3.24). This is indeed the result that is connected by continuity with
the EoS of the DA1-models in the limit α → 0+, as we shall show in a moment below.
Therefore, for all practical situations related to redshift points around our current epoch
we establish as e�ective EoS for the DA2-models the following expression:

ωD(z) = − 1

1 +
H2

0 (1−ν)

C0
Ω

(0)
m

ν−α
1−ν+α

(1 + z)3
, (3.25)

where by the same token we have disregarded the last term of Eq. (3.23). There is however
one proviso related to the fact that ρD(z) in the denominator of the two terms in (3.24)
could vanish, and in fact does vanish in our case for some particular redshift value (see
below). This causes the presence of a vertical asymptote at a �nite z point. In these cases,
one would think of using Eq. (3.24) to better describe the behavior around the asymptote.
In actual fact, not even this possibility a�ects in any signi�cant way the practical use of
Eq. (3.25), as we have checked. Being the parameters ν and α small in absolute value we
can expand the expression (3.25) linearly in them. The result can be cast in the following
suggestive form for redshift points near our time (typically valid in the more accessible
region 0 < z . 2):

ωD(z) ' −1 +
H2

0 (1− ν)

C0

Ω0
m νeff (1 + z)3 ' −1 +

Ω0
m

1− Ω0
m

νeff (1 + z)3 . (3.26)

In this expression, the dimensionless quantity

νeff = ν − α (3.27)

is the basic �tting parameter. Using its value and that of Ω̄
(0)
m from Table 3.1 we can

evaluate the current EoS parameter of the DA2 model, Eq. (3.26):

ω
(0)
D ≡ ωD(0) ' −1.011 , (3.28)

which turns out to be remarkably close to the ΛCDM behavior. Let us also stress at this
point that νeff is indeed the e�ective �tting parameter for the entire set of DA-models at
the background level in the matter-dominated and current epochs. It is a small parameter
since |ν, α| � 1 (owing to C0 6= 0). In particular, let us note that because ω(0)

D is very
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Figure 3.2: EoS function ωD(z) for the DE models DA (left) and for DC1 and DC2 (right). The
vertical asymptotes are located at the points where the DE density vanishes (compare with Fig. 3.1). The
linear DH model is seen not to present any asymptote (cf. right plot).

close to −1, the coe�cient carrying C0 in the Hubble function (3.18) can be written in
�rst order as Ω0

D −Ω0
mνeff in the limit ω(0)

D → −1. On the other hand the remaining ν and
α-dependence in β virtually disappears for the reasons discussed above.

In the radiation epoch, however, the dependence on ν and α is di�erent than (3.27),
as it is clear from the radiation term in (3.18). Also, in Sect. 3.4 we will see that this
produces corrections to the transfer function which depend separately on ν and α, and in
these cases we must unavoidably �x some relation between these parameters. It has been
indicated in the caption of Table 3.1, and more details are given in Sect. 3.4.

There is one more, worth noticing, feature to stand out in connection to the numerical
value (3.28) and the e�ective EoS function (3.26). They suggest that the dynamical DE
models under study can provide, in principle, a reason for the quintessence and phantom-
like character of the DE without necessarily using fundamental scalar �elds. Indeed, we
�nd that for ν > α (i.e. νeff > 0) the DA-models behave e�ectively as quintessence whereas
for ν < α (i.e. νeff < 0) they behave phantom-like near our time. In practice, after �tting
the overall cosmological data, we have seen that the latter is the observed situation and
also the predicted theoretical result. Recall that the current observational evidence on the
dark energy EoS, for example from Planck results, leads to ω(0)

D = −1.006±0.045 [37]. This
is perfectly compatible with the estimate (3.28) both quantitatively and qualitatively. This
said, we are not suggesting that the current data on the EoS of the dark energy implies
that the DE is phantom-like3, as the accuracy around the central value is still insu�cient.
However, for years the central value of the ω(0)

D measurement has shown some tilt into
the region below −1, even during the long period of WMAP observations [68]. Here we
are merely saying that if such kind of measurement would be reinforced in the future, the
general class of D-models encodes the ability for providing an explanation of the phantom

3Actually, in Chapters 5-7 we will see that the use of a more complete data set (than the one used
by Planck 2015 or WMAP9) in the �tting analysis of, e.g. the XCDM parametrization [257], leads to
quintessence values of the corresponding EoS parameter. But we realized it almost a year later of the
publication of the work presented in this chapter.
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character of the observed DE without need of invoking real phantom �elds at all. Being
νeff = O(10−2) rather small (and negative) the departure of −1 from below is very small,
which is precisely the kind of result compatible with observations. To produce the plots
of Fig. 3.2 (left) we have used both the exact expression (3.24) for the e�ective EoS of
the DA2-model and the e�ective one (3.25), and have found no appreciable numerical
di�erences.

Let us now say some words on the presence of vertical asymptotes in Fig. 3.2. All
models under study display these asymptotes, except DH (cf. next section). Such pole-like
singularity is observed also in other contexts, for example in non-parametric reconstructions
of the EoS function ωD(z) [258], in certain brane-model cosmologies [259] and in other
situations, such as e.g. in mimicking quintessence and phantom DE through a variable Λ
[260, 261, 262]. In our case the pole-like feature is related to the fact that the denominator
of (3.25) vanishes for some �nite value of z, which is to be expected since νeff < 0 (cf.
Table 3.1). Physically this means that the DE density ρD(z) vanishes at these values of
z (around 3.5 for models DA , and near 1.5 or 2 for DC1 depending on the �t options
indicated in Table 3.1), as it is con�rmed from the behavior of ρD(z) in Fig 3.1. As
a consequence of this fact the EoS function (3.25) develops a singularity at this point.
Notice, however, that the late-time expansion of the Universe in the wide span 0 < z < 2
(possibly comprising all relevant supernovae data) is free from these exotic behaviors, if
using the most optimized �t values that include the structure formation data. Obviously
the latter are not associated with inherent pathologies of the model since the values of
the fundamental physical quantities, such as the energy densities, stay �nite (e.g. ρD(z)
simply vanishes at these �singular� points). Interestingly, the very existence of these points
might carry valuable information, for if the DE would be described by the D-models and
we could eventually explore the EoS behavior at high redshifts (z > 2) we should be able to
pin down these features, which would manifest through an apparent �ip from phantom-like
behavior into quintessence-like one when observing points before and after, respectively,
the one where the DE density vanishes (cf. Fig. 3.1). Observing such phenomenon could
be a spectacular signature of these models 4.

The EoS for the simpler subclass of DA1-models can now be obtained from the limit
α → 0+ of Eq. (3.24). In this limit the second term on the r.h.s exactly cancels for any
z > 0 and we are left only with the �rst term. The result is simply Eq. (3.25) for α = 0.
In particular, we can see that for z → 0 we obtain a prediction for the current EoS value
for this model:

ω
(0)
D = −

[
1− Ω

(0)
m − ν

(1− ν)(1− Ω
(0)
m )

]
' −1 + ν

Ω0
m

1− Ω0
m

, (3.29)

where the �rst expression is exact and the second is valid for |ν| � 1. The latter is seen

4It should be stressed that the present situation is di�erent from the EoS studies previously entertained
in Refs. [260, 261, 262], in the sense that in the latter the e�ective EoS was only a representation (the so-
called �DE picture�) of the original vacuum model (which in turn was called the �CC-picture� [261, 262]),
whereas here the EoS under study stands for the �physical� one associated with the original D-model.
Therefore, if these models are to provide a correct description of the DE we should be able to observe the
exotic EoS patterns shown in Fig. 3.2, much in the same way as in the alternative frameworks proposed in
Refs. [258, 259].
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Figure 3.3: Deceleration parameter, q(z), and transition point from deceleration to acceleration for the
various DA and DC models. Notice that the transition point q(ztr) = 0 from deceleration to acceleration
changes signi�cantly for DC1-models depending on whether we use barred or unbarred �tting parameters
in Table 1. In contrast, DA and DC2-models have a more similar transition redshift ztr which is not far
away from that of the ΛCDM.

to be consistent with the limit z → 0 of Eq. (3.26). Since in this case the �tting values of
ν and νeff in Table 3.1 are the same, we retrieve the numerical result (3.28) also for DA1 .
Interestingly, we can explicitly verify that the result (3.29), which we have �rst obtained
by taking the limit α → 0+ in Eq. (3.24), can also be worked out from (3.12) using the
speci�c Eq. (3.20) of the DA1-model.

The deceleration parameter for DA-type models reads:

q(z) = −1 +
1

2E2(z)

(
3Ω

(0)
m

1− ν + α
(1 + z)3 + 3βη (1 + z)−3β

)
. (3.30)

Solving Eq. (3.14) in this case we may �nd the transition redshift for a general DA2-
type model. Once more we neglect the last term of Eq. (3.30) since it gives a negligible
correction, and we arrive at

ztr =

[
2(1 + α− ν)[1− Ω

(0)
m − ν + α(1 + ω

(0)
D Ω

(0)
D )]

Ω
(0)
m (1− ν)

]1/3

− 1 . (3.31)

The corresponding result for DA1 is obtained by setting α = 0 in the above expression.
Numerically, the deceleration and EoS parameters at the current time for DA1 read re-
spectively as follows: q(0) = −0.590 and ztr = 0.745. For DA3 models, the results are
q(0) = −0.589 and ztr = 0.742. For ν = α = 0 the formula (3.31) naturally returns the
ΛCDM result:

ztr =

(
2Ω0

D

Ω0
m

)1/3

− 1 , (3.32)

whose numerical value for the �tting parameters in Table 3.1 is ztr ' 0.709. The plot of
q(z) for the DA models is depicted in Fig. 3.3 (left), where we can also read the transition
point ztr.
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3.2.2 Models DC1, DH and DC2
Let us start with DC1. The normalized Hubble rate E(z) = H(z)/H0 can easily be found
starting from Friedman's equation upon inserting in it the corresponding DE density from
Eq. (3.10):

E(z) =
ε+ Σ(z)

2(1− ν)
, (3.33)

with

Σ(z) =

√
ε2 + 4(1− ν)[Ω

(0)
r (1 + z)4 + Ω

(0)
m (1 + z)3] (3.34)

The parameters in the above relation are constrained to satisfy 1−ν = ε+Ω
(0)
m +Ω

(0)
r so as

to insure that E(0) = 1. Equivalently, ε = Ω0
D − ν. Thus we can take e.g. ν as the single

free model-parameter, given the values of the ordinary parameters Ω
(0)
m and Ω

(0)
r . For this

model indeed, νeff in Table 3.1 is meant to be ν. Furthermore, the same constraint shows
that ε and ν cannot be both small parameters (in absolute value) in the case of the DC1
models, i.e. they do not satisfy |ε, ν| � 1, in contrast to DA models, the reason being that
the DC1 models do not have a well-de�ned ΛCDM limit for any value of ε and ν. As a
result one of the two parameters can be of order O(1). For example, the �t in Table 3.1
for the barred quantities indicates that ν̄ ' −0.35 and Ω̄

(0)
m ' 0.335, and therefore since

the radiation component is negligible at present we obtain ε ' 1.02. For the case when the
structure formation data are not used in the �t (unbarred parameters) we have ν ' −0.64,
which is much larger in absolute value, and then ε is also larger: ε ' 1.35.

The corresponding expression for the DE density of this model reads

ρD(z) = ρ(0)
c

[
εE(z) + ν E2(z)

]
, (3.35)

where E(z) is given by (3.33). At z = 0 the above function correctly renders the DE
density now: ρD(0) = ρ

(0)
c (ε + ν) = ρ

(0)
c (1 − Ω

(0)
m − Ω

(0)
r ) = ρ

(0)
c Ω

(0)
D = ρ

(0)
D upon using

the mentioned constraint between the parameters of the model. For considerations in the
matter-dominated and current epochs we can ignore of course the radiation component. A
plot of the function (3.35), normalized to its current value ρ(0)

D , is shown in Fig. 3.1 (right).
In the same �gure we plot the case of DC1 when ν = 0, i.e. the linear model DH, Eq. (3.11).
This model has no free parameter, apart from Ω

(0)
m , since the above mentioned constraint

enforces the relation ε = 1− Ω
(0)
m = Ω

(0)
D in the matter-dominated epoch. Therefore,

E(z) =
1

2

(
Ω

(0)
D + Σ(z)|ν=0

)
=

1

2

(
Ω

(0)
D +

√
Ω

(0)2
D + 4Ω

(0)
m (1 + z)3

)
. (3.36)

The corresponding DE density is:

ρD(z) = ρ(0)
c Ω

(0)
D E(z) =

1

2
ρ

(0)
D

(
Ω

(0)
D +

√
Ω

(0)2
D + 4Ω

(0)
m (1 + z)3

)
. (3.37)

Notice the correct normalization ρD(0) = ρ
(0)
D since at z = 0 the argument in the square

root becomes (2−Ω0
D)2 after using the sum rule Ω

(0)
m + Ω

(0)
D = 1. It is interesting to remark
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at this point that the behavior of the DC1 and DH models is rather di�erent from their
vacuum counterparts in interaction with matter. Let us e.g. focus on the linear vacuum
model, i.e. the model (3.11) when the EoS is ωD = −1 and interacting with matter. As it
has been shown in Chapter 2, the corresponding DE and matter densities are

ρΛ(z) = ρ
(0)
Λ

{
1 + Ω(0)

m

[
(1 + z)3/2 − 1

]}
(3.38)

ρm(z) = ρ0
m

[
Ω(0)
m + (1− Ω(0)

m )(1 + z)−3/2
]

(1 + z)3 . (3.39)

In the matter density formula we note an extra factor of Ω
(0)
m in front of the term (1 + z)3

for large enough z. Thus, the deviation with respect to the ΛCDM behavior becomes
increasingly large when we explore deeper our past. This is in contrast to its DH coun-
terpart since matter is conserved for this model and hence it stays with the standard law
ρm(z) = ρ

(0)
m (1 + z)3. On the other hand, if we compare the dynamical DE densities (3.37)

and (3.38), both deviate with respect to the ΛCDM linearly with z near our time (as can
be seen by expanding these expressions for low z), but in in the DH case the relative
deviation is a factor 1 − 2/(1 + Ω0

m) > 50% larger. This fact is actually determinant to
explain the inability of the DH-model to correctly describe the low z data, and it re�ects
in a bad quality �t in Table 3.1. We conclude that the linear model (3.11) is essentially
ine�cient for a correct description of the cosmological data, both as a vacuum model and
as a D-model. A similar situation occurs for the DC1 and C1 models (cf. Table 3.1 and
Chapter 2). This is a clear sign that the D-models generally depart signi�cantly from their
vacuum analogs and both of them also with respect to the ΛCDM. In Sect. 3.4 we will
retake this important issue in more detail, as these models have been repeatedly called for
in the literature from di�erent points of view and it may be appropriate to further discuss
the reason for their delicate phenomenological status, which is made quite evident from
the statistical analysis presented in the last four columns of Table 3.1. As we will see, it is
not only caused by their background cosmological behavior but also by their troublesome
prediction concerning structure formation.

Let us now address the EoS analysis of these models. Using (3.12) and (3.35) we are
lead to the following expression for the dynamical EoS of the DC1 and DH-models:

ωD(z) = −1 +
Ω

(0)
m (1 + z)3[ε+ 2νE(z)]

E(z) [ε+ νE(z)] [2(1− ν)E(z)− ε]
. (3.40)

As we are interested in the behavior of ωD(z) and q(z) in the low-redshift period (i.e.
near our time), we have neglected the radiation contribution when we compute them. The
corresponding EoS plot for DC1 and DH are shown in Fig. 3.2 (right). In the case of
DC1 (ν 6= 0), it displays an asymptote at large z near 2. The asymptote appears because
the �tted value of ν is negative in Table 3.1, so the last term of the expression (3.35)
takes over at su�ciently large z and ρD vanishes near z = 2 (cf. Fig. 3.1, right). There
is no asymptote for DH because the function (3.37) is monotonically increasing with z.
Moreover, one can show analytically that for large z the EoS for this model tends to −1/2,
as can be con�rmed graphically by looking at Fig. 3.2.

Of particular importance is the present-day value of the EoS parameter for DC1 , i.e.
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ω
(0)
D . Working out the result from the previous equations one �nds:

ω
(0)
D = − ε

(1− Ω
(0)
m )(ε+ 2Ω

(0)
m )

. (3.41)

Notice that this is an exact result and we recall that ε and ν are not small parameters
for DC1 models. Substituting the best-�t values of the parameters in the above formula,
according to the results shown in Table 3.1, the current value of the EoS parameter achieved
for DC1 reads ω(0)

D = −0.906 5. This value can be spotted in Fig. 3.2 (right) and deviates
signi�cantly from the expected, narrow, range around −1 [37]. As for the pure linear
model DH (corresponding to ν = 0), the constraint given above enforces ε = Ω

(0)
D (when

we neglect the radiation component) and therefore Eq. (3.41) yields

ω
(0)
D = − 1

1 + Ω
(0)
m

' −0.778 (3.42)

for the best-�t value of Ω
(0)
m collected in Table 3.1. Such EoS result is out of the typical

range of current observations (even more than for DC1) and puts the DH model once more
against the wall. Let us also note that another particular case of DC1 models, namely the
pure quadratic ρD ∼ H2 model (which is obtained for ε = 0), would have ω(0)

D = 0 according
to Eq. (3.41), and therefore it is completely excluded. The pure quadratic model was used
in the past motivated by holographic ideas. But unfortunately the simplest ideas of this
sort are actually ruled out [263] and some other generalizations (which include DC1-type
models) too [204, 218, 219, 220, 224, 260].

The deceleration parameter for the DC1-model can be computed from (3.13) and (3.33),
and we �nd

q = −1 +
3Ω

(0)
m H2

0 (1 + z)3

[2 (1− ν)H2 − εH0H]
. (3.43)

The best-�t values indicated in Table 3.1 lead to the following estimates for the current
acceleration parameters for the general DC1 and DH, respectively: q(0) = −0.404, q(0) =
−0.333. These models are signi�cantly less accelerated now than the ΛCDM (for which
q(0) = −0.571). The behavior of q(z) is plotted in Fig. 3.3 (right). As it is seen in this
�gure, for the DC1-model the Universe has a transit from a decelerated phase (q > 0) to
an accelerated one (q < 0), which occurs precisely at the following transition redshift:

ztr =

[
2ε2

Ω
(0)
m (ε+ Ω

(0)
m )

]1/3

− 1 . (3.44)

Once more we borrow the �tting results from Table 3.1 and for DC1 models we obtain
ztr = 0.658, whilst for DH we have ztr = 0.528. These values are clearly smaller than for

5Here and hereafter the numerical estimates use always the barred quantities in Table 3.1, which are
the most optimized ones since they are obtained from �tting all the expansion and structure formation
data.
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the ΛCDM (ztr ' 0.691), meaning that the transition is accomplished much more recently
than in the standard case.

Let us now �nally deal with DC2-models. This model is sometimes also related with
the entropic-force formulations, see [216]. However it is not enough to give the structure
of the DE to know if the model is phenomenologically allowed or excluded. Treated as a
vacuum C2-model (ωD = −1) it was shown in Ref. [213] and Chap. 2 to be excluded, but
as a D-model it has some more chances to survive. Let us describe here the main traits of
its background evolution and leave the issues of structure formation for the next section.
The Hubble function for DC2 follows from (3.18) for C0 = 0. In the matter-dominated
and current epochs reads

E2(a) = a3β +
Ω

(0)
m

1− ν + α
(a−3 − a3β) . (3.45)

As before β ≡ (1 − ν)/α, but we should recall that in this case α and ν cannot be both
small in absolute value. This is con�rmed by explicitly displaying the constraint C0 = 0
that they satisfy in the matter-dominated epoch, namely 1 − Ω

(0)
m − ν + α = −αω(0)

D Ω
(0)
D ,

in which ω(0)
D ' −1. The evolution of the DE density for these models simply follows from

(3.23) by setting C0 = 0, and we �nd:

ρD(z) = ρ(0)
c

1− ν + α− Ω
(0)
m

1− ν + α
(1 + z)−3β + ρ(0)

c Ω(0)
m

ν − α
1− ν + α

(1 + z)3 . (3.46)

As can be checked it satis�es ρD(0) = ρ
(0)
c (1 − Ω0

m) = ρ
(0)
D and it identically reduces to

ρ
(0)
D for ν = α = 1, which is the ΛCDM result. Another way to see it is that, in this
same limit, we have β → 0 and the normalized Hubble function (3.45) becomes exactly
the ΛCDM one. Ultimately the reason for this is the following: for a DE density of the
form DC2 in (3.10), the second Friedmann Eq. (3.2) can be satis�ed identically if we set
ωD = −1 and α = β = 1, and at the same time neglect the radiation component. Needless
to say, the self-conserved DE equation (3.5) is also automatically satis�ed, because it is
not independent of the two Friedmann's equations. None of the other models could ful�ll
these conditions and consequently a nontrivial EoS di�erent from ωD = −1 is required for
them. It is thus not surprising that the �tting procedure singles out a parameter region
for DC2 very close to the ΛCDM (cf. Table 3.1). In actual fact the �tting values of the
parameters do carry some small deviations from unity, as this helps to slightly improve
the quality of the �t as compared to the strict ΛCDM. This in turn induces a nontrivial
evolution of the EoS, which eventually departs from ωD = −1 when we move to higher
redshifts, so in practice DC2 mimics the ΛCDM only near our time and quickly deviates
from it for z & 1 (cf. Fig. 3.2, right).

In contrast to its vacuum counterpart � viz. the C2 model studied in [260] and Chapter
2 � the DC2-model does have a transition point from deceleration to acceleration. A
straightforward calculation yields

ztr =

[
−ω(0)

D

Ω
(0)
D

Ω
(0)
m

(3− 3ν + 2α)

] 1
3(1+β)

− 1 =

[
(1− ν + α− Ω0

m)(3− 3ν + 2α)

αΩ
(0)
m

] α
3(1−ν+α)

− 1 .

(3.47)
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As expected, for ν = α = 1 (which implies ω(0)
D = −1 from the aforementioned constraint)

we recover exactly the ΛCDM result (3.32). As for the e�ective EoS of this model, ωD(z),
it can be directly computed with the help of (3.12) and (3.46). In particular one can check
that for z = 0 we obtain ωD(0) = −(1− Ω

(0)
m − ν + α)/(αΩ

(0)
D ) = ω

(0)
D , which is consistent

with the constraint obeyed by the parameters of this model. For the numerical analysis
presented in Table 3.1 we have �xed ω(0)

D = −1 for this model and we have �tted Ω
(0)
m and

ν, and in this way α becomes determined: α = (ν + Ω
(0)
m − 1)/Ω

(0)
m . For this reason we

can use ν as the only vacuum free parameter for DC2 , and indeed this is the value that is
meant for νeff in Table 3.1. The plots for the densities, the EoS behavior, as well as for the
deceleration parameter and the transition point from deceleration to acceleration for DC2
are included in Figures 3.1-3.3. The model works well at low z but we should warn the
reader that it may present serious di�culties in describing the radiation epoch, and in fact
this is the reason why we have used only the low z observables in its �t. This fact puts us
on guard concerning the eventual viability of DC2 . We will come back to this important
point in Sect. 3.4.5.

3.3 Linear structure formation with self-conserved DE

and matter

In this section we deal with the cosmic perturbations for linear structure formation, and
we commence with a study of the set of perturbations equations for a general system of
self-conserved dynamical dark energy and matter. Subsequently we specialize our results
for the concrete D-models whose background behavior has been elucidated in the previous
sections, all of them falling in that category.

3.3.1 Linear perturbations for matter and dark energy

Let us consider a general system in which the various components (matter and DE) are
covariantly self-conserved and the gravitational coupling G remains constant throughout
the cosmic history. In the study of linear structure for this system we take into account both
the matter perturbations, δρm, and the perturbations in the DE component, ρD. Although
the DE is not coupled to the matter sector at the background level owing to the assumption
of separate covariant conservation, the two sectors develop some kind of interaction in the
linear perturbations regime, which we are going to compute. We start by perturbing
the (0, 0) component of Einstein's equations, together with the (0, i) components of the
covariant energy conservation equation, i.e. ∇µG

µν = 0, using the synchronous gauge, i.e.
ds2 = dt2+(−a2δij+hij)d~x

2, and taking into account that all the components of the cosmic
�uid are covariantly self-conserved. We obtain the following coupled system of diferential
equations 6:

6See e.g. Refs. [264, 265] for a formulation of the perturbation equations in a system of several com-
ponents, including the DE. Here we have introduced explicitly the perturbations in the dynamical EoS
variable of the DE.
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˙̂
h+ 2Hĥ = 8πG [δρm + δρD(1 + 3ωD) + 3ρDδωD] (3.48)

ρm

(
θm −

ĥ

2

)
+ 3Hδρm + ˙δρm = 0 (3.49)

ρD(1 + ωD)

(
θD −

ĥ

2

)
+ 3H[(1 + ωD)δρD + ρDδωD] + ˙δρD = 0 (3.50)

ρm( ˙θm + 5Hθm) + θmρ̇m = 0 (3.51){
ρD(1 + ωD)(θ̇D + 5HθD) + θD [ρ̇D(1 + ωD) + ρDω̇D]

} a2

k2
− (ωDδρD + ρDδωD) = 0 ,

(3.52)
where θN ≡ ∇µδU

µ
N is the divergence of the perturbed velocity for each component (matter

and DE), ĥ ≡ d
dt

(
hii
a2

)
and k stands for the wavenumber (recall that these equations are

written in Fourier space).

3.3.2 Reduction to a single third-order di�erential equation for

matter perturbations

Notice that we have six unknowns and �ve equations, so at this stage is not possible to
solve the system in order to �nd each of the perturbed functions θm, θD, ĥ, δωD, δρD
and δρm. However, we will now show that under reasonable assumptions and working at
sub-horizon scales we can eliminate the perturbations in the DE, i.e. δρD, in favor of a
single higher order equation for the matter part, δρm. This is characteristic of the coupled
systems of matter and DE perturbations for cosmologies with self-conserved dynamical
DE and matter. For the particular case Λ =const. the obtained third-order equation boils
down to the (derivative of the) second order one of the ΛCDM, as we will show. Let us
proceed step by step. Firstly, we make use of (3.3) and (3.51) so as to obtain θm(a):

θ̇m(a) + 2H(a)θm(a) = 0→ θm(a) = θ(0)
m a−2 . (3.53)

It follows that the matter velocity gradient decreases fast with the expansion. We shall
adopt the conventional initial condition that θ(0)

m is negligible or zero at present and hence
θm ' 0 throughout the evolution. Since the scales relevant to the matter power spectrum
remain always well below the horizon, i.e. k � H, we expect small DE perturbations at
any time, i.e. the DE should naturally be smoother than matter, wherefore the velocity
gradient of the DE perturbations is also naturally set to θD = 0. In this way we can
con�ne our study to the perturbation δD in the DE sector and δm in the matter sector.
This simpli�cation looks reasonable and it will allow us to solve the coupled system of
matter and DE perturbations without introducing further assumptions and/or additional
parameters. Under this setup it is clear that the terms that are not proportional to k2 in
(3.52) can be neglected and we �nd ωDδρD + ρDδωD = 0, which is tantamount to say that
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we are keeping the perturbations in the DE density but neglecting the perturbations in its
pressure, similar as for matter. From (3.49) we can isolate ĥ,

ĥ =
2

ρm

(
3Hδρm + ˙δρm

)
, (3.54)

and di�erentiating this expression we arrive at:

˙̂
h =

2

ρm

(
3Ḣδρm + 3H ˙δρm + ¨δρm

)
− 2ρ̇m

ρ2
m

(
3Hδρm + ˙δρm

)
. (3.55)

Now we insert the last two equations in (3.48) and �nd:

B(δρm, ˙δρm, ¨δρm, H, Ḣ) = 8πG [δρm + δρD(1 + 3ωD) + 3ρDδωD] , (3.56)

where we have de�ned

B(δρm, ˙δρm, ¨δρm, H, Ḣ) ≡ 6Ḣδρm + 6H ˙δρm + 2 ¨δρm
ρm

−

− ρ̇m(6Hδρm + 2 ˙δρm)

ρ2
m

+
4H(3Hδρm + ˙δρm)

ρm
. (3.57)

On the other hand from (3.54) and (3.50) we gather

− ρD
ρm

(1 + ωD)(3Hδρm + ˙δρm) + 3H[(1 + ωD)δρD + ρDδωD] + ˙δρD = 0 . (3.58)

We have three independent equations for the three unknowns: δωD, δρD and δρm. We �rst
take δωD = −ωDδρD/ρD from the above mentioned equation and substitute it in (3.56)
and (3.58). We �nd:

B(δρm, ˙δρm, ¨δρm, H, Ḣ) = 8πG (δρD + δρm) (3.59)

and
− ρD
ρm

(1 + ωD)(3Hδρm + ˙δρm) + 3H δρD + ˙δρD = 0 . (3.60)

At this point we can use the last two equations to get rid of the explicit δρD dependence
on the DE perturbations, and we obtain:

− ρD
ρm

(1 + ωD)(3Hδρm + ˙δρm) + 3H

(
B

8πG
− δρm

)
+

Ḃ

8πG
− ˙δρm = 0 . (3.61)

This is the preliminary expression of the �nal di�erential equation for the linear density
perturbations of the matter �eld, but in order to make it operative we must still do some
algebra. Let us �rst rewrite the expression B, Eq. (3.57), as follows:

B =
δρm
ρm

(6Ḣ + 30H2) +
16H

ρm
˙δρm + 2

¨δρm
ρm

, (3.62)
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and compute its time derivative,

Ḃ =
δρm
ρm

(6Ḧ + 78HḢ + 90H3) +
˙δρm
ρm

(78H2 + 22Ḣ) + 22H
¨δρm
ρm

+
2

ρm

...
δρm , (3.63)

where in the previous formulas we have made repeated use of the matter conservation
(3.3). Introducing the last two expressions in (3.61), we obtain the �rst explicit form of
the sought-for third order equation for δρm:

δρm
ρm

[
6Ḧ + 96ḢH + 180H3

8πG
− 3H [ρm + ρD(1 + ωD)])

]
+

2
...
δρm

8πGρm
+

28H ¨δρm
8πGρm

+

+
˙δρm
ρm

[
126H2 + 22Ḣ

8πG
− [(ρm + ρD(1 + ωD)]

]
= 0 . (3.64)

A �nal simpli�cation of Eq. (3.64) can still be performed. From the pair of Friedmann's
equations (3.1) and (3.2) we �nd the relation

Ḣ = −4πG[ρm + ρD(1 + ωD)] . (3.65)

Using it in (3.64) we �nally arrive at the desired form of the third order di�erential equation
for the perturbations of the matter �eld:

...
δρm + 14H ¨δρm + 3 ˙δρm(4Ḣ + 21H2) + 3δρm(Ḧ + 30H3 + 17ḢH) = 0 . (3.66)

It is convenient to reexpress it in terms the density contrast δm ≡ δρm/ρm. After some
algebra we �nd the following rather compact form:

...
δ m + 5Hδ̈m + 3δ̇m(Ḣ + 2H2) = 0 . (3.67)

This is actually the �nal form in terms of the cosmic time. However, to make contact with
the observations it is highly advisable to rewrite the previous equation in terms of the scale
factor, as it has a simple relation with the cosmic redshift. To this end we have to trade the
time derivatives for the scale factor derivatives (indicating the latter by a prime), starting
from δ̇m = aHδ′m and its subsequent second and third order derivatives. After a simple
calculation we obtain:

δ′′′m + δ′′m

(
8

a
+

3H ′

H

)
+ δ′m

(
12

a2
+

12H ′

aH
+
H ′2

H2
+
H ′′

H

)
= 0 . (3.68)

In general, this di�erential equation cannot be solved analytically, but we can proceed
numerically. In any case we need to set up the initial conditions at a high redshift, when
dust dominates over the dark energy i.e. typically at z = O(100). The initial conditions
are, of course, model-dependent, but it can be shown that for DA-models they reduce to
the situation that comprises the well-known standard ΛCDM ones for the function and the
�rst derivative, viz. δm(ai) = ai and δ′m(ai) = 1, to which we have to add δ′′m(ai) = 0.

Let us recall that the obtained third order di�erential equation for the matter perturba-
tions does automatically incorporate the leading e�ect of the DE perturbations and is valid
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under the assumption that the values of the perturbed matter and DE velocity gradients
are negligibly small. This is the simplest assumption we can make in order to solve the
initial system of di�erential equations without introducing additional parameters; and it is
certainly well justi�ed if we are interested in the physics at scales deep inside the Hubble
radius (sub-horizon scales), i.e k � H. From Eq. (3.52) we can see that deviations from
this framework should scale roughly as ∼ H2/k2. We will estimate them in the next section
3.4.2.

3.3.3 Recovering the ΛCDM perturbations as a particular case

Let us consider the situation of the ΛCDM model deep in the matter-dominated epoch
when we can neglect the Λ-term. In this case H2 ∝ a−3 and hence H ′(a)/H(a) = −3/(2a)
and H ′′(a)/H(a) = 15/(4a2). It follows that Eq. (3.68) boils down in this case to the very
simple form

δ′′′m +
7

2

δ′′m
a

= 0 , (3.69)

whose elementary solution is δm = c1 a + c2 + c3 a
−3/2. Neglecting the decaying mode

and setting c2 = 0 we are led to the standard growing mode solution of the ΛCDM, i.e.
δ ∝ a. This is a clear indication that the ΛCDM result is contained in the generalized
perturbations equation (3.68).

Alternatively we can prove in a more formal way, in this case using the cosmic time
variable, that the well-known ΛCDM linear perturbations equation [194, 250],

δ̈m + 2Hδ̇m − 4πGρmδm = 0 , (3.70)

or, written only in terms of the Hubble function,

δ̈m + 2Hδ̇m + Ḣδm = 0 , (3.71)

is a particular case of (3.67) if we treat the dark energy component as a rigid cosmological
term with the vacuum constant EoS (ωD = −1). First, we perform the time derivative of
the last equation in order to have a third order one:

...
δ m + 2Hδ̈m + 3Ḣδ̇m + Ḧδm = 0 . (3.72)

To prove that (3.67) and (3.72) are the same when the DE is the traditional Λ-term, let
us compute its di�erence. We �nd:

3Hδ̈m + 6H2δ̇m − Ḧδm = 3H

(
δ̈m + 2Hδ̇m −

Ḧ

3H
δm

)
. (3.73)

Upon di�erentiating the pressure equation (3.2) with respect to the cosmic time under the
ΛCDM conditions (viz. ρ̇D = 0) we �nd Ḧ + 3HḢ = 0, so the di�erence (3.73) actually
reads

3H
(
δ̈m + 2Hδ̇m + Ḣδm

)
= 0 , (3.74)
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where in the last step (3.71) has been used. This obviously proves our contention. At the
same time it becomes clear from the proof that if the DE was dynamical (with ω̇D 6= 0) we
could not have obtained the previous result, which means that the third-order di�erential
equation (3.67) is indeed more general than the standard one (3.70) and covers the entire
class of dynamical DE models with separate (local and covariant) conservation of matter
and dark energy densities, at �xed gravitational coupling G.

3.3.4 Running Λ and running G with matter conservation

There is another interesting situation that we would like to mention in passing here in which
a third order perturbations equation of the same sort is also needed, but under di�erent
conditions. It was �rst encountered in Ref. [265] and is characterized by dynamical vacuum
energy (hence ωD = −1) and conserved matter. This case is, in principle, di�erent from
the class of models covered in the previous section because the EoS is of the vacuum
type. However, it di�ers also in a second aspect, namely in the fact that the gravitational
coupling G is running or time-evolving along with the vacuum energy density. In this
way the Bianchi identity can be satis�ed since there is a dynamical interplay between the
vacuum and G that permits the conservation of matter � see [188, 265] for details. We
will show now that the cosmic perturbations of the matter �eld for this system are also
governed by Eq. (3.67), or equivalently by (3.68). In Ref. [265] (see also Appendix C.2) it
was shown that the matter perturbations follow the third order equation:

δ′′′m +
δ′′m
2a

(16− 9Ωm) +
3δ′m
2a2

(8− aΩ′m + 3Ω2
m − 11Ωm) = 0 , (3.75)

in which Ωm(a) = 8π G(a)ρm(a)/3H2(a). Equation (3.75) also includes the e�ects of
the perturbations in ρΛ, which have been eliminated in favor of the matter perturbations
following a similar procedure as described in the previous section, except that in this case
the dynamics of G enters explicitly too. Taking into account that Ḣ = aH(a)H ′(a) =
−4πG(a)ρm(a) it follows that Ωm(a) = (−2/3)aH ′(a)/H(a); and using now this relation
in (3.75) we immediately recover (3.68). This con�rms that (3.68) is, in fact, also valid for
models with self-conserved matter and a dynamical vacuum triggered by the time variation
of G. We conjecture that (3.68) may also be appropriate for more general models with self-
conserved matter and di�erent possibilities for the evolutions of G and the DE, but we
will not further pursue the framework of G-variable models here. See Chapters 4 and 5 for
recent analyses of the G-type models.

3.4 Fitting the DA, DC and DH models to the observa-

tional data

Up to this point we have carried out a thorough study of both the background equations as
well as of the linear perturbations equations that are obeyed by the class of models under
consideration. Therefore we are in position to understand the �tting results collected
from the beginning in Table 3.1 and that were used throughout to evaluate a number
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of observables associated with the background cosmology in Figs. 3.1-3.3. At the same
time we need to further elaborate on the implications of these dynamical DE models on
the structure formation. But let us �rst summarize the methodology employed in our
statistical analysis of the cosmological data.

3.4.1 Global �t observables

To carry out the �t we have used the expansion history (SNIa+BAOA+BAOdz) and the
CMB shift-parameter, as well as the linear growth data, through the following joint likeli-
hood analysis:

Ltot(~p) = LSNIa × LBAO × LCMB × Lfσ8 , (3.76)

where ~p = (Ω
(0)
m , ν). By maximizing the total likelihood or, equivalently, by minimizing

the joint χ2
tot function with respect to the elements of ~p:

χ2
tot(~p) = χ2

SNIa × χ2
BAO × χ2

CMB × χ2
fσ8
, (3.77)

we have obtained the best-�t values for the various parameters. In the current analysis
we have made use the same data points of Sect. 2.5 for the SNIa, BAOA, BAOdz and
CMB observables. In the expression of the luminosity distance (2.111) entering in the
SNIa sector we have plugged the value H0 = 70 km/s/Mpc, as it is used in the Union 2.1
sample. In all the theoretical expressions that are not the SNIa distance modulus ones,
we have used the current value of the Hubble function that has been found by the Planck
Collaboration [37], i.e. H0 = 67.8 km/s/Mpc.

Finally, we have also taken into account the data on the linear growth rate of clustering
provided from di�erent sources, see speci�cally [266, 267, 268, 241, 269, 270, 271, 272, 273,
274]. More concretely, we have used f(z)σ8(z) and the corresponding χ2-function:

χ2
fσ8

(~p) =
16∑
i=1

(
fσ8(~p, zi)− fσ8obs(zi)

σfσ8,i

)2

. (3.78)

In the rest of Sect. 3.4 we focus on the observables used to �t the structure formation
data, as we feel that they play a very important role in our analysis after we have derived
in the previous section the general perturbations equation for the class of self-conserved
matter and DE models; and of course we report also on the impact on our models. In
particular, we wish to compare the results of our �tting analysis in the situation when
the DE perturbations are included (as analyzed in the previous section) and when the
DE perturbations are not included and the e�ects of the DE act only on the background
history.

3.4.2 Structure formation with and without DE perturbations

As we have explained in Sect. 3.3.2, we compute the linear matter perturbations δm of the
models under consideration through the third-order equation (3.68), which already encodes
the e�ect of the DE perturbations. When the DE perturbations are not included we use
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Figure 3.4: Relative di�erences ∆(z), Eq. (3.80), between the matter density contrasts δDE
m (z) com-

puted with the third order di�erential equation (3.68), which includes DE perturbations, and the result
δm(z) from the second order one (3.79), where the DE density enters only at the background level. The
curve shows the essentially degenerate result valid for all the DA models.

the ΛCDM form (3.70), which in terms of the scale factor variable can equivalently be
written as

δ′′m +

(
3

a
+
H ′

H

)
δ′m +

H ′

aH
δm = 0 , (3.79)

with the understanding that the Hubble function in this expression involves the DE density
of the corresponding D-model in Sect 3.1. Thus, when using this approximation, the DE
e�ects enter only at the background level. It is surely interesting to compare the results
obtained in this approximate way with those generated from the more accurate treatment
when the DE perturbations are compute from Eq. (3.68). We do not foresee, however, large
di�erences between the two treatments since the DE is expected to be much smoother
than matter, at least at the scales where linear structure formation takes place. Still,
the fact that we have been able to provide a combined treatment of the DE and matter
perturbations in these models gives us a good opportunity to test these expectations.

In Fig. 3.4 we provide a quantitative test. We have plotted the relative di�erence

∆(z) =
δDE
m (z)− δm(z)

δm(z)
(3.80)

as a function of the redshift. The density contrast δDE
m (z) corresponds to the solution of the

third order equation (3.68) and therefore involves the e�ect of the DE perturbation, whereas
δm(z) is the solution to the more conventional second order equation (3.79), expressed both
in terms of the cosmic redshift z = (1 − a)/a. As we can see the di�erences well inside
the horizon are very small, of order ∆ ∼ 10−6. Let us recall that the observational data
concerning the linear regime of the matter power spectrum lie in the approximate wave
number range 0.01hMpc−1 . k . 0.2hMpc−1, whereas the current horizon is given by
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H−1
0 ' 3000h−1Mpc and hence H0 ' 3.33 × 10−4hMpc−1. From our discussion in Sect.

3.3.2 we expect that when we take larger and larger scales (i.e. smaller values of k as
compared to H) potentially important contributions scaling as ∼ H2/k2 can develop.
Clearly the ratio squared of H0 to the minimum and maximum values of the wave number
in the linear regime satis�es H2

0/k
2 ' 10−6 − 10−3 � 1 and hence it is natural to expect

that the DE perturbations are highly suppressed. Our calculation con�rms explicitly this
fact. Only if we would approach scales of the order of the horizon such suppression would
no longer hold and we could expect sizeable e�ects from them.

With this nontrivial test we can say that the DE perturbations for the dynamical
D-models under consideration became fully under control; and in fact we �nd that at
subhorizon scales they do not trigger large deviations from the zeroth order (smooth) DE
e�ects that each model already imprints on the background cosmology. Only at scales
comparable to the horizon and for non-negligible velocity gradients the DE perturbations
can play a role.

3.4.3 Linear growth and growth index

In practice it is convenient to investigate the linear structure formation of our models
through the so-called linear growth rate (2.133). A related quantity is the γ-index of
matter perturbations, f(z) ' Ωm(z)γ(z). For the ΛCDM we have γ ' 6/11 ' 0.545, and
one typically expects γ(0) = 0.56 ± 0.05 for ΛCDM-like models [195]. The growth index
can obviously be reexpressed as in (2.134),

γ(z) ∼=
ln f(z)

ln Ωm(z)
. (3.81)

By de�nition Ωm(z) = ρm(z)/ρc(z), and hence for the class of self-conserved models under
study it reads

Ωm(z) =
ρ

(0)
m (1 + z)3

ρ
(0)
m (1 + z)3 + ρD(z)

(3.82)

in which ρD(z) is the DE density of the corresponding D-model. Obviously Ωm(0) =

ρ
(0)
m /ρ

(0)
c = Ω

(0)
m , with ρ

(0)
c = ρ

(0)
m + ρ

(0)
D = 3H2

0/(8πG) the current critical density. The
explicit form for ρD(z) for the models under consideration has been determined in Sect.
3.2.

In recent times, however, a more useful quantity is found to be the weighted growth
rate of clustering, i.e. f(z)σ8(z). This quantity has the advantage of being independent
of the galaxy density bias [241], see Sect. 2.5.5 for details. Now, we use the Planck 2015
value σ8,Λ = 0.815 ± 0.009 (cf. [37]) in the normalization of the power spectrum, instead
of the Planck 2013 one used in Chapter 2.

Notice, again, that keq is a model-dependent quantity that must be derived for each of
the models we are studying in this chapter. For the ΛCDM we have the standard result
(2.141). However, for the DA and DC1 we have to introduce a correction factor, which is
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Figure 3.5: Left: Comparison of the observed and theoretical evolution of the weighted growth rate
f(z)σ8(z) for the ΛCDM versus the DA and DC2 models; Right: The evolution of the growth index (3.81)
for the same models in a wide span of z so as to display the vertical asymptotes at the points where the
DE density ρD(z) vanishes in each case and the γ-index (3.81) becomes singular. The bar above the label
for the various models corresponds to using the barred �tting parameters of Table 3.1, whose meaning is
explained there.

analytically calculable. We �nd:

(DA) : keq = kΛ
eq

[
3/2

4α + 3(1− ν)
+

1/2

1 + α− ν

]1/2

(3.83)

(DC1) : keq =
kΛ
eq√

1− ν
. (3.84)

As we can see, the correction factor in (3.83) depends separately from ν and α, not just on
the di�erence. The corresponding formulas for DA1 and DA3 models is found by setting
α = 0 and ν = 0, respectively, in the �rst expression. Notice that the �rst formula above
reduces to the second for α = 0, as expected from the fact that at high z the model DC1
behaves as DA1. This also explains why the e�ect of the ε-term for DC1 is negligible in
this regime and does not appear in (3.84). As for the correction factor for model DC2 it
is derived also from (3.83). Recall that once ν is �xed from the �t value, the parameter
α becomes determined for this model under the conditions discussed at the end of Sect.
3.2.2.

The model-dependent corrections to keq do modify the shape of the transfer function
and can be of importance in some cases. It can be instructive for the reader to compare
the above correction formulas with the ones determined for the corresponding dynamical
vacuum models in Sect. 2.7 � see Eqs. (2.161) and (2.162). One may be a bit surprised at
�rst that the formula for the correction factor found there for C1A is considerably more
complicated than the one found here for DC1. The reason is that the matter density for
the former model has, at variance with the latter, an anomalous behavior at high redshift
� cf. our discussion in Sect. 3.2.2, particularly Eq. (3.39). Even so the correction indicated
in (3.84) for DC1 can be signi�cant because for this model ν is not a priori a negligible
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parameter (cf. Table 3.1). As a matter of fact, even for models of the DA-subclass the
correction to keq is of some signi�cance for the overall �t, e.g. it diminishes slightly the χ2

value with respect to the situation without correction.

3.4.4 Results

Let us now further discuss the speci�c results obtained for the D-models under study. Table
3.1, repeatedly referred to in the previous sections, collects in a nutshell the main numerical
output describing the outcome of our analysis. The basic traits of the background history
of these models have been presented in Sect. 3.2. Here we mainly focus on the structure
formation results. They are represented in Figs. 3.5-3.7. Furthermore, the contour plots
combining all the observational data (including of course the structure formation data
extracted from the linear growth rate and associated quantities) is indicated in Fig. 3.8.
Next we discuss these �gures in turn.

In Fig. 3.5 (left) we consider modelsDA andDC2, together with the concordance model
ΛCDM. We plot their theoretical prediction of f(z)σ8(z) versus the data points (provided
in the above mentioned references [266, 267, 268, 241, 269, 270, 271, 272, 273, 274]) as a
function of the redshift and for the best-�t values of the parameters in Table 3.1. We
use the barred parameters of the table, as in this case we take into account the structure
formation data in the �t. Notice that since model DA2 interpolates between DA1 and
DA3 we have plotted the last two only in order to show the range that is covered. The
�tting results for DA2 recorded in Table 3.1 correspond to �xing α = −ν > 0. In fact,
since α must be positive (cf. Sect. 3.2.1) the previous setting is illustrative of how to break
degeneracies among the parameters in a way that is consistent with the sign of α. Notice
that, at this point, this is necessary since the ν and α dependence in e.g. equations (3.83)
and (3.84) is no longer of the form ν − α. Other choices compatible with α > 0 give very
similar results.

The reason why we have included DC2 also in Fig. 3.5 stems from our discussion in
Sect. 3.2.2, where we showed that this model can mimic the ΛCDM near our time, so it
is natural to joint it in the same group of models approaching the concordance cosmology
now. We can see that the three curves thrive quite well and stay together slightly below
the ΛCDM line. They actually provide a better �t than the ΛCDM (cf. Table 3.1). We
will further qualify the magnitude of this improvement in the next section. On the other
hand, in Fig. 3.5 (right) we depict the growth index, γ(z), de�ned above. Here the three
models are seen to approach together only when z → 0, i.e. around the current time. While
DA1 and DA3 still remain quasi-glued at all points, DC2 departs signi�cantly from them
at larger redshifts. So the mimicking of the ΛCDM by DC2 is actually not better than
that of the DA-models. Let us also note the presence of vertical asymptotes, which are
connected with the vanishing of the denominator in Eq. (3.81). These are the points where
the DE density ρD(z) becomes zero (confer Fig. 3.1), and hence Ωm → 1 from Eq. (3.82).
Recall also from Fig. 3.2 that at these same points the EoS parameter of the DE becomes
singular and develops a corresponding asymptote.

In Fig. 3.6 we compare the situation of the DC1 and DH models (together with the
ΛCDM as a reference). We have separated these D-models from the rest because we know
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Figure 3.6: Left: The evolution of the linear growth rate of clustering, Eq. (2.133), speci�cally for
the general DC1-model and the DH one (i.e. the linear model ρD ∼ H) both for the barred and unbarred
�tting parameters indicated in Table 3.1. For reference, the ΛCDM model is also included; Right: The
corresponding curves for the weighted growth rate f(z)σ8(z). The dash-dotted line (in blue) in both plots
corresponds to the best-�t values of the parameters for the situation when the structure formation data
are not used. This plot makes apparent the delicate situation of the DC1-model when the unbarred �t
parameters are used, particularly in terms of f(z)σ8(z) rather than just in terms of f(z) � see also the
text.

that they behave di�erently. Let us �rst focus on the plot on the left, where we display the
linear growth function f(z) for them. In the case of DC1 we include both the curve using
the barred parameters and the unbarred ones (cf. Table 3.1). We can see that in the latter
case the DC1 curve is displaced only slightly below the others. However, when we inspect
the �gure on the right, corresponding to the weighted function f(z)σ8(z), i.e. the growth
function appropriately rescaled with the rms mass �uctuation amplitude at each redshift,
the same DC1 curve now strays downwards quite signi�cantly from the rest. As it turns,
the weighted linear growth f(z)σ8(z) appears specially sensitive to that. It demonstrates
that when we attempt to �t DC1 without using the structure formation data the model
immediately gets in tension with them, quite in contrast with the situation with the DA
models.

The anomalous behavior of DC1 (and, a fortiori, of DH) is particularly clear from the
numbers in Table 3.1, where the di�erence between the unbarred and barred values of
the �tting parameter (viz. ν ' −0.64 and ν̄ ' −0.35) is abnormally large, in contrast
to the other models. Such behavior is also re�ected in the large increase of χ2, recorded
in Table 3.1, for this model when we compare χ2

r, that is to say, the �reduced χ2 value�
(the value which is computed without including the linear growth χ2

fσ8
contribution) with

the unreduced one � when the growth data are counted in the χ2 computation. The
latter can be computed either without optimizing the �t to the growth data (yielding
χ2/dof = 880.74/600) or after optimizing it (rendering χ̄2/dof = 635.23/600). In both
cases the result is much larger than χ2

r/dof = 563.86/584. Obviously the second result is
better than the �rst, but both are extremely poor since they have to be compared with
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Figure 3.7: Magni�ed view of the growth index plot (cf. Fig. 3.5, right) for the local range 0 < z < 2.
We have superimposed also the growth index for the general DC1-model (dash-dotted blue line) and the
linear model DH, dash-dotted grey line). The curves have been obtained under the same conditions of the
two previous �gures.

the respective ΛCDM values, χ2/dof = 584.91/608 and χ̄2/dof = 584.38/608. This is
in contrast to the situation with the DA models, where we can check that the di�erence
between the reduced χ2

r value and the corresponding χ2 values computed with or without
optimizing the �t to the growth data is by no means as pronounced as in the DC1 and DH
cases.

We can actually retrace the same features described above if we look at Fig. 3.7.
This is a magni�ed view of the growth index plot in Fig. 3.5 (right) for the local range
0 < z < 2, where we have superimposed also the growth index for the general DC1-
model and the linear model DH . These lines are in correspondence with the ones in Fig.
3.6 and highlight once more the anomalous behavior of the DC1-model and its exceeding
sensitivity to the structure formation data. The current growth index value γ̄(0) & 0.66
(resp. γ(0) & 0.72) that one can read o� Fig. 3.7 for DC1 when the structure formation
data are used (resp. not used) in the �t, is clearly too large to be acceptable. The vertical
asymptote at z ' 1.5 (where ρD(z) vanishes) is much closer here because the best-�t value
for the unbarred ν is much bigger in absolute value than ν̄. As for DH it has no asymptote
because the corresponding ρD(z) never vanishes (cf. Fig. 3.1). This model also separates
from below the ΛCDM line. Models DA , instead, perform quite well and meet su�ciently
close the ΛCDM horizontal line at γ ' 6/11 ' 0.545 for z → 0.

In short, the unfavorable verdict for DC1 seems to have no cure: when we enforce
the adjustment of the growth points, then it is the expansion history data that becomes
maladjusted; and conversely, if we strive to adjust the expansion history data, then it is the
structure formation data that get strayed. In both cases the χ2 value of DC1 becomes too
large in comparison to the other models. The exceeding sensitivity to the growth rate and
associated quantities is symptomatic of its delicate status as a candidate model to describe
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Figure 3.8: Likelihood contours in the (Ω
(0)
m , νeff) plane (for the values −2 lnL/Lmax = 2.30, 6.16, 11.81,

corresponding to 1σ, 2σ and 3σ con�dence levels) for the DA1-model using the full expansion history and
CMB shift parameter data (BAO+SNIa+CMB). Models DA2 and DA3 present very similar plots, as can
be expected from the statistical analysis of Table 3.1, and for this reason we have denoted νeff the vertical
axis of the plot. In all cases the νeff = 0 region (ΛCDM) is disfavored at ∼ 2σ level.

the overall observations. And, of course, everything we have said for DC1 applies to DH ,
which is the particular case ν = 0 of the latter. The model DH has no free parameter in the
vacuum sector and therefore there is nothing we can do to improve its delicate situation,
which in the light of Table 3.1 appears to be the less favorable one among the models under
study.

From the plots in Figs. 3.5-3.7 and the statistical results of Table 3.1 we can say that
the DA models are capable of describing the overall set of data in a way which is perfectly
competitive with the ΛCDM. Model DA1 , in particular, represents the simplest realization
with one parameter, ν. The same can be said of model DA3 with the parameter α. These
models are similar because the time evolutions induced by H2 and Ḣ are comparable. As
for model DA2 it is the most general of the DA-subclass and interpolates between the two
previous cases. All of them o�er a better �t quality than the ΛCDM. In the next section
we further qualify this assertion.

3.4.5 Discussion

Let us now focus on Fig. 3.8, where we display a detailed representation of the �tting
procedure we have followed in order to pin down the most favorable region of the various
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DE models under study. In that �gure we speci�cally consider the case of model DA1 ,
where we can carefully appraise the way we have combined all the data on expansion
history and structure formation mentioned in Table 3.1. Thanks to the juxtaposition of
the permitted regions de�ned by each observable we �nd that a well delimited domain
emerges. This bounded, elliptically shaped, area is what we may call the physical region
for each model. The upper plot on the left of that �gure displays all the lines involved in
the projection of the �nal physical region; right next we show a plot with the boundary
lines corresponding to the CMB shift parameter and the weighted growth rate f(z)σ8(z);
then the lower plot on the left highlights the edges associated with the two types of BAO
data involved, together with the borders of the area allowed by the supernovae (SNIa)
observations; �nally, the net intersection of all of them is represented by the lower plot on
the right, in which we depict the 1σ, 2σ and 3σ domains within the physical region. The
corresponding plots for models DA2 and DA3 are very similar and are not shown.

A most remarkable feat emerging from our analysis is the fact that the DA-subclass of
dynamical DE models is capable of improving the �t quality of the ΛCDM. This observation
is specially signi�cant if we bare in mind that the physical region in Fig. 3.8 is mostly
located outside the domain of the concordance model, namely it lies roughly ∼ 2σ away
from the νeff = 0 line representing the ΛCDM; speci�cally, we can estimate with accuracy
that 84.27% of the area of the 3σ domain is below the νeff = 0 line. Models DA , therefore,
represent a challenge to the ΛCDM since they are phenomenologically quite competitive.
Somehow they �break the ice� inherent to the rigid character of the cosmological Λ-term,
showing that the possibility of a DE is not only more natural from the theoretical point of
view but also more instrumental for adjusting the cosmological observations.

In order to assess the statistical quality of our �ts, and the competition score between
the models, we have displayed their global χ2 value per degree of freedom in Table 3.1.
However, in the same table we provide also (in the last columns) the Akaike Information
Criterion (AIC) [233], which is particularly useful for comparing competing models describ-
ing the same data and is amply used in many areas of science � see e.g. the book [275].
We wish to use the AIC here to compare the D-models with the ΛCDM. Such criterion is
formulated directly in terms of the maximum of the likelihood function, L, and is de�ned
as follows. Let np be the number of independent estimable parameters in a given model
and N the sample size of data points entering the �t. If Lmax is the maximum value of the
likelihood function, the corresponding AIC value is de�ned as follows:

AIC = −2 lnLmax + 2np +
2np(np + 1)

N − np − 1
. (3.85)

This is the generalization of formula (2.130), which is also valid for N/np < 40. As
mentioned in Sect. 2.5.3, the comparison criterion based on this statistics is the following:
given two competing models describing the same data, the model that does better is the
one with smaller AIC value. Notice that there is a kind of tradeo� between the �rst term
on the r.h.s. of (3.85) and the other two. The �rst term (the one carrying the maximum
likelihood value) tends to decrease as more parameters are added to the approximating
model (since Lmax becomes larger), while the second and third terms increase with the
number of parameters and therefore represent the penalties applied to our modeling when
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we add more and more parameters. In particular, the second term (2np) represents an uni-
versal penalty related only to the increase in the total number of independent parameters,
whereas the third term is an extra penalty applied when the sample is not su�ciently large
as compared to the number of independent parameters. For large samples N � np (typi-
cally for N/np > 40) the third term becomes negligible and the above formula simpli�es.
This is actually the situation that holds good in our case. Indeed, for the ΛCDM we have
one independent parameter (np = 1) represented by Ω

(0)
m , whereas for DA1 , for instance,

we have np = 2, namely (Ω
(0)
m , ν). In the case of DA2 we have (Ω

(0)
m , ν, α) and hence np = 3,

but since we �x a relation between ν and α we have again np = 2. On the other hand we
can see from Table 3.1 that N ' 590 in all cases, and therefore the condition N/np > 40
is amply satis�ed and the use of the more simpli�ed formula is fully justi�ed in this case.
For Gaussian errors, the maximum of the likelihood function can be expressed in terms of
the minimum of χ2 and therefore Eq. (3.85) can be reexpressed as in (2.130).

As in Chapter 2, to test the e�ectiveness of models Mi and Mj, one considers the
pairwise di�erence (AIC increment) (∆AIC)ij = (AIC)i − (AIC)j. The larger the value of
∆ij ≡ |∆(AIC)ij|, the higher the evidence against the model with larger value of AIC, with
∆ij ≥ 2 indicating a positive such evidence and ∆ij ≥ 6 denoting signi�cant such evidence.
Finally the evidence ratio (ER) against one model whose AIC value is larger than another
is judged by the relative likelihood of model pairs, Li/Lj, or equivalently by the ratio of
Akaike weights wi = e(AIC)i/2. Thus, given two models Mi and Mj whose AIC increment
is ∆ij, the evidence ratio (ER) against the model whose AIC value is larger is computed
from ER = wi/wj = e∆ij/2.

From Table 3.1 we can derive the AIC increments (∆AIC)ij and evidence ratios when
we compare the �t quality of models i =DA ,DC ,DH with that of j = Λ (ΛCDM). We �nd
that for all DA models (∆AIC)iΛ & 9 against the ΛCDM. It follows that when we compare
any DA model with the ΛCDM the typical evidence ratio against the latter is typically of
order ER' 90. Worth noticing is also the result of the �t when we exclude the growth data
from the �tting procedure but still add their contribution to the total χ2 � it corresponds
to the unbarred parameters in Table 3.1. This �t is of course less optimized, but allows us
to risk a prediction for the linear growth and hence to test the level of agreement with these
data points. It is noteworthy that in the case of the DA models the corresponding AIC
pairwise di�erences with the ΛCDM remain similar to the outcome when the growth data
enters the �t. Therefore, the ΛCDM appears signi�cantly disfavored versus the DA-models
in both cases (i.e. with barred and unbarred parameters in Table 3.1).

Quite another story is the situation with the DC1-model, which does not seem capable
to adjust simultaneously the expansion history observables and the structure formation
data. A glance at Table 3.1 shows that when we compare it with the ΛCDM, with barred
parameters, we �nd (∆AIC)1Λ & 53 against DC1 , whereas with unbarred ones we get the
even worse result (∆AIC)1Λ & 296 . The respective evidence ratios against DC1 versus
the ΛCDM under these two circumstances are of course extremely large, the smallest one
being ER∼ 1011. Thus, quite obviously, from the point of view of the Akaike Information
Criterion the situation of the DC1 model is desperate, and that of DH is even more
dramatic. Not so for the DC2 model, but we will assess its viability more carefully at the
end.
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The upshot after making use of the AIC is that the competitive position of the DA
models became even more prominent from the point of view of phenomenology, whilst the
status of DC1 and DH against observations appear essentially as terminal. This fact may
have nontrivial implications for cosmological model building. For instance, the DC1 model
has been studied in some formulations relating QCD with cosmology and it goes sometimes
under the name of �QCD ghost dark energy model�, see references in Chapter 2. Although
some formulations of these models are certainly of theoretical interest and could possibly
be modi�ed to become in better harmony with observations, the strict phenomenological
analysis of models of DE containing a linear power of the Hubble function and a quadratic
power of it, with no additive constant term (C0 = 0) � i.e. the strict DC1-form indicated in
our model list (3.10) � leads to the inescapable conclusion that they are unable to account
for the observations. The particular case in which the DE contains only the linear term in
H, i.e. ρD ∼ H, su�ers of an even more hapless fate. Such linear form was �rst proposed
in Ref. [205] and subsequently was adopted and adapted to di�erent purposes by di�erent
authors, until it eventually gave rise to the extended DC1 form. Incidentally, the two
DC models (3.10) and the linear (3.11) were previously shown to be phenomenologically
problematic as well when treated as vacuum models, see the previous chapter. Here we
have shown that the phenomenological con�ict also persists when they are treated as D-
models with self-conserved dynamical DE. If we compare Fig. 2.5 with the Fig. 3.6 we can
see that the DC1-model actually does better than their vacuum counterpart, the C1-model
(whose lack of power for structure formation near our time is quite dramatic, as shown in
that reference). Still, the overall performance of the DC1-model remains helpless in front
of the ΛCDM and its DA companions.

We would like to point out here that our assessment about the DC1 and DH models is
de�nitely much more pessimistic as compared to the analysis presented e.g. in [276, 277].
Take e.g. DC1 ; the basic di�erence that we have been able to trace with respect to these
authors is that we do not �nd that such model can pass the structure formation test
when DC1 is adjusted to the background data, and vice versa. We suspect that in the
aforementioned references the linear growth data points have directly been �tted with the
DC1 model without perhaps verifying if the density perturbations of the model were able
to meet the ΛCDM behavior at large redshift, namely δ ∝ a. In our case we �tted the
data after imposing such boundary condition, and we found that the model failed (by far)
to reproduce the observations, as we have reported in detail throughout our work. The
results exhibited in Figs. 3.6-3.7, combined with the comparatively poor statistical output
of the DC1-model recorded in Table 3.1, altogether make a quite eloquent case against the
delicate health of that model in front of observations. The situation with DH , which is a
particular case of DC1 , is even worse since it has one less degree of freedom to maneuver.
In short, from the comprehensive study carried out in this chapter we conclude that the
DC1 and DH models are ruled out. This was already the �rmly inferred conclusion when
these models were treated within the vacuum class in Chapter 2, and here we can con�rm
that it is also the same unfavorable situation in the context of the D-class.

Let us �nally comment on the viability of the DC2-subclass, which was shown to �t
the data reasonably well (cf. Table 3.1). It is sometimes associated with the so-called
entropic-force models [216]. We have seen in Sect. 3.2.2 that it can provide a reasonable �t
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to the low redshift data (including linear growth) and therefore performs better than the
DC1 and DH models. However, this conclusion cannot be placed out of context, meaning
that the structure of the DC2 model � as in fact of any other one in the list of DE models
given in (3.9-3.11) � is not su�cient to conclude whether the model is viable or excluded;
for it also depends on whether there is exchange of energy with matter or not. Thus,
despite the DC2 model (as a self-conserved DE model) provides a reasonable �t to the
low-z data in Table 3.1, its vacuum counterpart � i.e. the model C2 with ωD = −1 and
matter non-conservation studied in detail in the previous chapter � was shown to be ruled
out, already at the background level, even though it has exactly the same structure as a
function of H.

Unfortunately DC2 has ultimately, too, a very serious drawback as self-conserved DE
model, which we have preliminary announced at the end of Sect. 3.2.2. While DC2 tends to
mimic the ΛCDM for a while, which is of course a positive attribute, such feature is limited
to a period around the current epoch and cannot be extended to the radiation-dominated
era. The reason can be seen on inspecting the radiation term in Eq. (3.18), namely the one
proportional to Ω0

r/(1 − ν + 4α/3). This term does apply to DC2 as well (with C0 = 0),
and the problem appears because the low-z data naturally choose ν ' α ' 1 (cf. Table 1)
so as to mimic as much as possible the ΛCDM. However, this is only possible at the price
of �renormalizing� the size of the radiation coe�cient from Ω0

r to ∼ 3Ω0
r/4. Obviously this

is a rather signi�cant modi�cation, in which 25% of the normal content of the radiation
is missing. Thus, deep in the radiation-dominated epoch, the model becomes anomalous
and one can foresee a signi�cant departure from the ΛCDM. For this reason and despite
its ostensible success at low energies we do not place this model in the list of our favorite
D-models. A more detailed analysis (which we do not deem necessary here) would require
to appropriately modify the standard formulas existing in the literature e.g. for computing
the decoupling and baryon drag redshifts, as well as the corresponding modi�cation of
the BAOdz observable (cf. the discussion of these formulas in Chapter 2 and references
therein).

We close this section by mentioning the analysis of Ref. [278] on a similar model as
our DC2 . The authors do not seem to have detected the above mentioned important
problem, as in fact they did not compute the radiation contribution. In addition, these
authors incorrectly compare their results with those of [260] without realizing, or at least
clarifying, that the two models are very di�erent; namely, in one case it is a C1-type vacuum
model in interaction with matter, whilst in the other it is a DC1-model with self-conserved
matter and DE. Be as it may, in the light of the results presented here it becomes clear
that all the models with C0 = 0, whether in the vacuum class or in the D-class, are actually
excluded and cannot be used to support an alternative formulation of holographic DE .

3.5 Conclusions

In this work we have thoroughly analyzed the D-class of self-conserved dynamical dark
energy models. These models are based on a dynamical DE density ρD which takes the
form of a series of powers of the Hubble rate, H, and its derivatives. To be consistent with
the general covariance of the e�ective action of quantum �eld theory in curved spacetime,
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we can expect that the series of powers must involve an even number of cosmic time
derivatives of the scale factor only. Thus, if we should apply strictly this recipe for the
current Universe, only the �rst powers up to Ḣ andH2 would be involved in the structure of
ρD, including or not a constant additive term C0. However, in order to cover a wider variety
of possibilities that have also been addressed in the literature from di�erent theoretical
perspectives, we have admitted also a subclass of models in which the linear term in H
is included for C0 = 0. This greater �exibility in the general form of ρD has allowed us
to compare the performance of this restricted set of models with respect to those that are
theoretically most preferred, namely the C0 6= 0 ones.

An additional characteristic of the D-class is that ρD is locally and covariantly self-
conserved. At �xed value of the gravitational constant, this entails the simultaneous local
covariant conservation of matter as a necessary condition to satisfy the Bianchi identity.
The D-class models are thus enforced to have a dynamical equation of state with a non-
trivial evolution with the cosmic expansion, ωD = ωD(H), and therefore it is di�erent
from the previously studied dynamical vacuum class of Chapter 2, in which ωD = −1 and
the vacuum exchanges energy with matter. The two dynamical DE types share the same
formal functional dependence of ρD on H, but the behaviors are substantially di�erent,
already at the background level, as attested by the analytical and numerical solutions in
each case.

We have also studied for the �rst time (to the best of our knowledge) the generic set of
linear matter and DE perturbations for a system of self-conserved cosmic components, and
studied the conditions by which the system can be transformed into an equivalent third
order di�erential equation for the matter perturbations. We have demonstrated that the
situation of a rigid Λ-term, i.e. the ΛCDM concordance model, appears as a particular case
of that general framework. We have subsequently applied it to the entire D-class of DE
models and upon solving the general perturbation equations we have compared the solution
with the corresponding results obtained when the DE enters only at the background level.
In this way we have been able to have good control on the reach of the DE perturbations
and explicitly con�rmed that they play a small role when the considered scales are well
under the horizon.

After a detailed study of the background history and the cosmic perturbations of the
various models in the D-class, we have been able to identify the subclass of the DA-
models as a most promising one insofar as it provides an excellent �t to the overall data on
Hubble expansion and structure formation. These are the theoretically favored D-models
for which C0 6= 0 � cf. Eq. (3.9). The �t quality rendered by them has been shown
to be signi�cantly better than that of the ΛCDM. Most conspicuously, using the Akaike
Information Criterion [233] as a method to compare competing models describing the same
data, we �nd that the evidence ratio in favor of the DA-subclass (namely the relative
likelihood of these models as compared to the concordance model) is of order of a hundred.
We also �nd that the physical region of the parameter space for the DA-models lies ∼ 2σ
away from the ΛCDM region, and therefore the two models can be clearly distinguished.

Using the same testing tools we have reached the �rm conclusion that all of the D-
models with C0 = 0 are strongly disfavored, in particular the linear model ρD ∼ H.
Furthermore, among the theoretical models existing in the literature that become auto-
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matically excluded by our analysis we have the so-called entropic-force models and the
QCD-ghost formulations of the DE (cf. Sect. 3.4.5 for details and references).

At the end of the day the most distinguished dynamical D-models, both theoretically
and phenomenologically, are those in the DA-subclass � viz. the set of models which
endow the DE of a mild dynamical character and at the same time have a well-de�ned
ΛCDM limit. These models improve signi�cantly the �t quality of the ΛCDM, showing
that a moderate dynamical DE behavior is better than having a rigid Λ-term for the entire
cosmic history.

We have found that the favoredDA-subclass has also the ability to mimic the quintessence
behavior and it could even provide a possible explanation for the phantom character of the
DE at present, as suggested by the persistent region projected below the ωD = −1 line (the
so-called phantom divide) from the �ts to the recent and past cosmological data. There is
of course no signi�cant evidence of this phantom character, as the physical region includes
the ωD = −1 line. However, if in the future more accurate observations would insist on
singling out the domain below the phantom divide, then the dynamical DE models in our
DA-subclass could provide a simple explanation without need of invoking true phantom
�elds, which are of course abhorred in QFT.

Let us conclude by emphasizing our main message. The dynamical DE models treat
the DE density as a cosmic variable on equal footing to the matter density. In a context of
an expanding universe this option may be seen as more reasonable than just postulating
an everlasting and rigid cosmological term for the full cosmic history. Furthermore, the
subclass of DA-models favored by our analysis furnishes a theoretically consistent and
phenomenologically competitive perspective for describing the dark energy of our Universe
as a dynamical quantity evolving with the cosmic expansion. The structure of the DE
density in these models as a series of powers of the Hubble rate and its time derivatives is
suggestive of a close connection with the QFT formulation in curved spacetime. We hope
that they will help to better understand the origin of the cosmological term from a more
fundamental perspective, and hopefully they might eventually shed some light as to the
nature of the cosmological vacuum energy and its relation with the quantum vacuum of
modern gauge �eld theories.

3.6 Main bibliography of the chapter

This chapter is mainly based on the contents of the paper [279]:

Background history and cosmic perturbations for a general system of self-conserved dyna-
mical dark energy and matter.
A. Gómez-Valent, E. Karimkhani, and J. Solà
JCAP 1512, 048 (2015) ; arXiv:1509.03298
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Chapter 4

G-type dynamical vacuum models

In this chapter we consider another interesting phenomenological scenario, which has also
been motivated in Sect. 1.3.2 in the context of QFT in curved spacetime. In the G-
type models, the (dynamical) cosmological term also takes the general structure Λ(H) =
C0 +CHH

2 +CḢḢ, but now matter and radiation are conserved, and the variation of Λ is
now possible thanks to the dynamical evolution of the Newtonian coupling G, a possibility
which is perfectly consistent with the Bianchi identity. Again, we will di�erentiate between
subtype-1 and subtype-2 models,

G1 : Λ(H) = 3(c0 + νH2) (4.1)

G2 : Λ(H, Ḣ) = 3

(
c0 + νH2 +

2

3
α Ḣ

)
. (4.2)

Notice that here we have rede�ned C0 = 3c0, CH = 3ν and CḢ = 2α for convenience,
in analogy with what has been done in previous chapters for other models. Model G1 is
of course a particular case of model G2, but it will be useful to distinguish between them.

4.1 Background cosmological solutions

The �eld equations for the dynamical vacuum energy density in the FLRW metric in �at
space are derived in the standard way and are formally similar to the ones with strictly
constant G and Λ terms:

3H2 = 8π G(H) (ρm + ρr + ρΛ(H)) (4.3)
3H2 + 2Ḣ = −8π G(H) (pΛ + pr) , (4.4)

where ρΛ(H) = Λ(H)/(8πG(H)) is the dynamical vacuum energy density, pΛ(H) = −ρΛ(H),
and G(H) is the dynamical gravitational coupling. We can combine (4.3) and (4.4) to ob-
tain the equation of local covariant conservation of the energy, i.e. ∇µ(GTµ0) = 0. Explic-
itly, since we assume matter conservation (meaning ρ̇m + 3Hρm = 0 and ρ̇r + 4Hρr = 0),
it leads to a dynamical interplay between the vacuum and the Newtonian coupling:

Ġ(ρm + ρr + ρΛ) +Gρ̇Λ = 0. (4.5)

152



Chapter 4. G-type dynamical vacuum models

Model |∆G
G0
| (BBN,CMB), Omh2 Ωm Ωm (all data) ν ν̄ σ8 σ8 χ2/dof χ2/dof AIC AIC

ΛCDM -, Yes 0.278+0.005
−0.004 0.276± 0.004 - - 0.815 0.815 828.84/1010 828.69/1010 830.84 830.69

G1 (10%,5%), Yes 0.278± 0.006 0.275± 0.004 0.0015+0.0017
−0.0015 0.0021+0.0014

−0.0016 0.797 0.784 822.82/1009 821.97/1009 826.82 825.97

ΛCDM -, No 0.292± 0.008 0.286± 0.007 - - 0.815 0.815 583.38/604 582.74/604 585.38 584.74

G1 (10%,5%), No 0.290± 0.011 0.281± 0.005 0.0008+0.0016
−0.0015 0.0015± 0.0014 0.795 0.771 577.62/603 575.70/603 581.62 579.70

ΛCDM* -, Yes∗ 0.297± 0.006 0.293± 0.006 - - 0.815 0.815 806.68/982 806.17/982 808.68 808.17

G1* (10%,5%), Yes∗ 0.296± 0.009 0.287± 0.004 0.0006± 0.0015 0.0012+0.0014
−0.0013 0.803 0.770 802.66/981 799.15/981 806.66 803.15

Table 4.1: The best-�tting values for the G1-type models and their statistical signi�cance (χ2-test and Akaike information

criterion AIC, see the text). All quantities with a bar involve a �t to the total input data, i.e. the expansion history

(Omh2+BAO+SNIa), CMB shift parameter, the indicated constraints on the value of ∆G/G0 at BBN and at recombination,

as well as the linear growth data. Those without bar correspond to a �t in which we use all data but exclude the growth data

points from the �tting procedure. �Yes� or �No� indicates if Omh2 enters or not the �t. The starred scenarios correspond to

removing the high redshift point z = 2.34 from Omh2 (see text). The quoted number of degrees of freedom (dof) is equal to

the number of data points minus the number of independent �tting parameters. The �tting parameter ν includes all data.

Trading the cosmic time for the scale factor a, the previous equations amount to determine
G as a function of a. Using the matter conservation equations, we arrive at

G(a) = −G0

[
a (E2(a))

′

3Ω
(0)
m a−3 + 4Ω

(0)
r a−4

]
, (4.6)

where G0 ≡ G(a = 1) is the present value of G, and the prime stands for d/da. Inserting
(4.2) and the above result for G(a) in Eq. (4.3) and integrating, we obtain:

E2(a) = 1 +
Ω

(0)
m

ξ

−1 + a−4ξ′

(
a+

ξ Ω
(0)
r

ξ′Ω
(0)
m

) ξ′
1−α

 , (4.7)

where have introduced

ξ =
1− ν
1− α

≡ 1− νeff , ξ′ =
1− ν

1− 4
3
α
≡ 1− ν ′eff . (4.8)

For small |ν, α| � 1 (the expected situation), we can use the approximations νeff ' ν − α
and ν ′eff ' ν − (4/3)α. Note that, in order to simplify the presentation, we have removed
from Eq. (4.7) terms proportional to Ω

(0)
r � Ω

(0)
m that are not relevant here 1. We can check

e.g. that in the radiation-dominated epoch the leading term in the expression (4.7) is ∼
Ω

(0)
r a−4ξ′ , whilst in the matter-dominated epoch is ∼ Ω

(0)
m a−3ξ. Furthermore, we �nd that

the (full) expression for E2(a) reduces to the ΛCDM form, 1+Ω
(0)
m (a−3−1)+Ω

(0)
r (a−4−1),

in the limit ν, α→ 0 (i.e. ξ, ξ′ → 1). Notice also the constraint among the parameters,

c0 = H2
0

[
Ω

(0)
Λ − ν + α

(
Ω(0)
m +

4

3
Ω(0)
r

)]
, (4.9)

which follows from matching the vacuum energy density ρΛ(H, Ḣ) to its present value ρ(0)
Λ

for H = H0 and using Ω
(0)
m + Ω

(0)
r + Ω

(0)
Λ = 1. The explicit scale factor dependence of the

Newtonian coupling ensues upon inserting (4.7) in (4.6) and computing the derivative,
1The full expression is presented in Eq. (5.5), in Chapter 5.
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Model |∆G
G0
| (CMB), Omh2 Ωm Ωm (all data) νeff ν̄eff σ8 σ8 χ2/dof χ2/dof AIC AIC

ΛCDM -, Yes 0.278+0.005
−0.004 0.276± 0.004 - - 0.815 0.815 828.84/1009 828.69/1009 830.84 830.69

G2 5%, Yes 0.278± 0.006 0.277± 0.004 0.0038+0.0025
−0.0023 0.0043+0.0018

−0.0020 0.774 0.773 817.17/1008 817.26/1008 821.17 821.26

ΛCDM -, No 0.292± 0.008 0.286± 0.007 - - 0.815 0.815 583.38/603 582.74/603 585.38 584.74

G2 5%, No 0.287± 0.011 0.283± 0.005 0.0025+0.0026
−0.0025 0.0030+0.0021

−0.0018 0.763 0.767 572.68/602 572.99/602 576.68 576.99

ΛCDM* -, Yes∗ 0.297± 0.006 0.293± 0.006 - - 0.815 0.815 806.68/981 806.17/981 808.68 808.17

G2* 5%, Yes∗ 0.295± 0.009 0.289± 0.005 0.0015+0.0026
−0.0025 0.0028+0.0018

−0.0021 0.789 0.765 798.85/980 797.05/980 802.85 801.05

Table 4.2: As in Table 4.1, but for G2 models with ξ′ = 1 so as to maximally preserve the BBN bound (see text).
The e�ective G2-model �tting parameter in this case is νeff = ν/4. The constraint on |∆G/G0| from CMB anisotropies at
recombination is explicitly indicated.

G(a) = G0a
−4ξ′

(
Ω(0)
r +

ξ′

ξ
Ω(0)
m

)4− ξ′

1− α
a

aξ′ + ξΩ
(0)
r

Ω
(0)
m

×
×

aξ′ + ξΩ
(0)
r

Ω
(0)
m

ξ′ + ξΩ
(0)
r

Ω
(0)
m

ξ′/(1−α)

1

4Ω
(0)
r a−4 + 3Ω

(0)
m a−3

. (4.10)

One can check that in the limit a → 0 (relevant for the Big Bang Nucleosynthesis
epoch) it behaves as

G(a) = G0 a
4(1−ξ′) ' G0(1 + 4ν ′eff ln a) . (4.11)

Thus, the gravitational coupling evolves logarithmically with the scale factor and hence
changes very slowly. This logarithmic law was motivated previously in [280, 59] within the
context of the renormalization group of QFT in curved spacetime.

For ν = α = 0 we obtain G = G0 identically, i.e. the current value of the gravitational
coupling. However the situation G = G0 is also attained in the radiation-dominated epoch
for ν = (4/3)α (i.e. ξ′ = 1); and indeed we shall adopt this setting hereafter in order to
maximally preserve the BBN constraint for the G2 model. The e�ective �tting parameter
will be νeff = ν/4. Obviously this setting is impossible for G1, so in this case we will adopt
the average BBN restriction |∆G/G| < 10% in the literature [281, 282, 283]. At the same
time we require |∆G/G| < 5% at recombination (z ' 1100) for both G1 and G2 from the
CMB anisotropy spectrum [281].

The expression for the dynamical vacuum energy density can be obtained from Fried-
mann's equation (4.3), in combination with the explicit form of G(a). We quote here only
the simpli�ed expression valid for the matter-dominated epoch:

ρΛ(a) = ρ(0)
c a−3

[
a3ξ +

Ω
(0)
m

ξ
(1− ξ − a3ξ)

]
. (4.12)

For ξ → 1 we have ρΛ → ρ
(0)
c (1 − Ω

(0)
m ) = ρ

(0)
c Ω

(0)
Λ and we retrieve the ΛCDM case

with strictly constant ρΛ. The form (4.12) is su�cient to obtain an e�ective DE density
ρD(z) and e�ective equation of state (EoS) for the (non-interacting) DE at �xed G = G0,
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Figure 4.1: Left: Evolution of the e�ective DE EoS parameter ωD(z), Eq. (4.13), for the models under consideration.
Right: The corresponding evolution of the e�ective DE density ΩD(z) normalized to the critical density (see text).

as conventionally used in di�erent places of the literature � see e.g. [258, 260, 261, 262].
We �nd:

ωD(a) = − 1

1 + ρm(a)
ρΛ(a)

G(a)−G0

G(a)

. (4.13)

In Fig. 4.1 (left) we plot ωD as a function of the cosmic redshift z = −1 + 1/a for models
G1 and G2. Near our time, ωD stays very close to −1 (compatible with the ΛCDM), but
at high z it departs. In the same Fig. 4.1 (right) we plot ΩD(z) = ρD(z)/ρc(z), i.e. the
normalized DE density with respect to the critical density at constant G0. The asymptotes
of ωD for each model at z > 4 are due to the vanishing of ΩD(z) at the corresponding
point (as clearly seen in the �gure)� confer the aforementioned references and the previous
chapter for similar features.

4.2 Fitting the models to the observational data

Let us now test these models versus observation. First of all, we use the available measure-
ments of the Hubble function as collected in [104]. These are essentially the data points
of [284] in the redshift range 0 6 z 6 1.75 and the BAO measurement at the largest red-
shift H(z = 2.34) taken after [98] on the basis of BAO's in the Lyα forest of BOSS DR11
quasars. We de�ne the following χ2 function, to be minimized:

χ2
Omh2 =

N−1∑
i=1

N∑
j=i+1

[
Omh2

th(Hi, Hj)−Omh2
obs(Hi, Hj)

σOmh2 i,j

]2

, (4.14)

where N is the number of points H(z) contained in the data set, Hi ≡ H(zi), and the
two-point diagnostic Omh2(z2, z1) given in (1.57) was de�ned in [101], and σOmh2 i,j is the
uncertainty associated to the observed value Omh2

obs(Hi, Hj) for a given pair of points ij,
viz.
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Figure 4.2: Likelihood contours in the (Ωm, νeff) plane (for the values −2 lnL/Lmax = 2.30, 6.16, 11.81, corresponding
to 1σ, 2σ and 3σ con�dence levels for the G2 model using the full data analysis indicated in Table 4.2. The νeff = 0 region
(ΛCDM) is disfavored at ∼ 2.5σ.

σ2
Omh2 i,j =

4
[
h2(zi)σ

2
h(zi)

+ h2(zj)σ
2
h(zj)

]
[(1 + zi)3 − (1 + zj)3]2

. (4.15)

For the ΛCDM the two-point diagnostic boils down to Omh2(z2, z1) = Ωm h
2, which is

constant for any pair z1, z2. Using this testing tool and the known observational information
on H(z) at the three redshift values z = 0, 0.57, 2.34 the aforementioned authors observed
that the average result is: Omh2 = 0.122 ± 0.010, with very little variation from any
pair of points taken. The obtained result is signi�cantly smaller than the corresponding
Planck value of the two-point diagnostic, which is constant and given by Omh2 = Ω0

m h
2 =

0.1415± 0.0019 [37].
A departure of Omh2 from the Planck result should, according to [101], signal that

the DE cannot be described by a rigid cosmological constant. For the ΛCDM we obtain
Omh2 = 0.1250 ± 0.0039, and Omh2 = 0.1402 ± 0.0059, by taking all data points, and
excluding the high redshift one, respectively. Since there is a priori no reason to exclude
the high-redshift point [98], whose uncertainty is one of the lowest in the full data sample,
relaxing the tension with data may require the dynamical nature of the DE. The vacuum
models G1 and G2 considered here, Eqs. (4.1,4.2), aim at cooperating in this task.

For these models the theoretical value Omh2
th of the two-point diagnostic entering (4.14)

can be computed, in the matter-dominated epoch (relevant for such observable), as follows:

Omh2
G(zi, zj) =

Ω0
m h

2

ξ

(1 + zi)
3ξ − (1 + zj)

3ξ

(1 + zi)3 − (1 + zj)3
. (4.16)

It is evident that for ξ = 1 we recover the ΛCDM result, which remains anchored at
Omh2(zi, zj) = Ω0

mh
2 (∀zi,∀zj). However, when we allow some small vacuum dynamics

(meaning ν and/or α di�erent from zero) we obtain a small departure of ξ from 1 and
therefore the DE diagnostic Omh2 deviates from Ω0

mh
2. In this case Omh2 evolves with

cosmic time (or redshift).
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Figure 4.3: Left: Comparison of the observed data with error bars (in green) and the theoretical evolution of the
weighted growth rate of clustering f(z)σ8(z) for each dynamical vacuum model and the ΛCDM. Right: The corresponding
evolution of the linear growth index γ(z).

To the above Hubble parameter data we add the recent supernovae type Ia data, the
CMB shift parameter, the baryon acoustic oscillations, the growth rate for structure for-
mation (see next section) and the BBN and CMB anisotropy bounds. Contour lines for
νeff = 1−ξ are shown in Fig. 4.2 for model G2 at �xed ξ′ = 1. The χ2 functions associated
to SNIa distance modulus µ(z), the BAO A-parameter and the CMB shift parameter can
be found in Sect. 2.5. Therein, one can also �nd the corresponding references of the data
sets that we have used in the present analysis.

4.3 Linear structure formation

Finally, we take into consideration the data on the linear structure formation. For the G1
and G2 models the calculation of δm = δρm/ρm is signi�cantly more complicated than in
the ΛCDM case and follows from applying linear perturbation theory to Einstein's �eld
equations and Bianchi identity (4.5), see [265] and Appendix C.2. The �nal result reads2:

δ′′′m +
δ′′m
2a

(16− 9Ωm) +
3δ′m
2a2

(8− 11Ωm + 3Ω2
m − aΩ′m) = 0 , (4.17)

with Ωm(a) = 8π G(a)ρm(a)/3H2(a). Notice that the (ν, α) model-dependence is encoded
in H(a) � cf. Eqs. (4.7,5.6). To solve the above equation (numerically) we have to �x the
initial conditions for δm, δ′m and δ′′m. We take due account of the fact that for these models
at small a (when non-relativistic matter dominates over the vacuum) we have δm(a) = as,
where s = 3ξ− 2 = 1− 3νeff . If ξ = 1 (νeff = 0), then δm(a) ∼ a and we recover the ΛCDM
behavior. Thus, the initial conditions set at a high redshift zi = (1 − ai)/ai, say zi = 100
(or at any higher value), are the following. For the growth factor we have δm(ai) = asi ,

2The third-order feature of this equation is characteristic of the coupled systems of matter and DE
perturbations for cosmologies with matter conservation, after eliminating the perturbations in the DE in
favor of a single higher order equation for the matter part � cf. Sect. 3.3.4 for details. For Λ =const.
Eq. (4.17) boils down to the (derivative of the) second order one of the ΛCDM, see Sect. 3.3.3.
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and for its derivatives: δ′m(ai) = sas−1
i , δ′′m(ai) = s(s − 1)as−2

i . In practice we investigate
the agreement with the structure formation data by comparing the theoretical weighted
growth rate f(z)σ8(z), as in Sect. 3.4. The values of σ8 ≡ σ8(z = 0) for the various models
are collected in Tables 4.1 and 4.2, and in Fig. 4.3 we plot f(z)σ8(z) and γ(z) for them.

The joint likelihood analysis is performed on the set of Omh2+BAO+SNIa+CMB,
BBN and linear growth data, involving one (Ωm) or two (Ωm, νeff) independently adjusted
parameters depending on the model. For the ΛCDM we have one parameter (np = 1) and
for G1 and G2 we have np = 2. Recall that for G2 we have �xed ξ′ = 1.

4.4 Discussion

The main results of this chapter are synthesized in Tables 4.1-4.2 and Figures 4.1-4.3. In
particular, from Fig. 4.2 we see that the model parameter νeff for G2 is clearly projected
onto the positive region, which encompasses most of the 3σ range. Remarkably, the χ2-
value of the overall �t is smaller than that of ΛCDM for both G1 and G2, cf. Tables
4.1-4.2. To better assess the distinctive quality of the �ts we apply again the well-known
Akaike Information Criterion (AIC)[233], (2.130). To test the e�ectiveness of models Mi

and Mj, one considers the pairwise di�erence (∆AIC)ij = (AIC)i− (AIC)j. The larger the
value of ∆ij ≡ |∆(AIC)ij|, the higher the evidence against the model with larger value of
AIC, with ∆ij ≥ 2 indicating a positive such evidence and ∆ij ≥ 6 denoting signi�cant
such evidence.

From Tables 4.1-4.2 we see that when we compare the �t quality of models i =G1, G2
with that of j = ΛCDM, in a situation when we take all the data for the �t optimization,
we �nd ∆ij ≡ ∆AIC & 9.43 for G2 and 4.72 for G1, suggesting signi�cant evidence in
favor of these models (especially G2) against the ΛCDM � the evidence ratio [233] being
ER = e∆ij/2 & 111.6 for G2 and 10.6 for G1. Worth noticing is also the result of the �t
when we exclude the growth data from the �tting procedure but still add their contribution
to the total χ2. This �t is of course less optimized, but allows us to risk a prediction for
the linear growth and hence to test the level of agreement with these data points (cf.
Fig. 4.3). It turns out that the corresponding AIC pairwise di�erence with the ΛCDM
are similar as before. Therefore, the ΛCDM appears signi�cantly disfavored versus the
dynamical vacuum models, especially in front of G2, according to the Akaike Information
Criterion. Let us mention that if we remove all of the H(z) data points from our analysis
the �t quality weakens, but it still gives a better �t than the ΛCDM (cf. the third and
fourth row of Tables 4.1 and 4.2). If, however, we keep these data points but remove only
the high redshift point z = 2.34 [98], the outcome is not dramatically di�erent from the
previous situation (confer the starred scenarios in Tables 4.1 and 4.2), as in both cases
the signi�cance of νeff 6= 0 is still close to ∼ 2σ with ∆ij > 7 for G2 (hence still strongly
favored, with ER > 33). In this sense the high z point may not be so crucial for claiming
hints in favor of dynamical vacuum, as the hints themselves seem to emerge more as an
overall e�ect of the data. While we are awaiting for new measurements of the Hubble
parameter at high redshift to better assess their real impact, we have checked that if we
add to our analysis the points z = 2.30 [285] and z = 2.36 [286], not included in either [101]
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or [104], our conclusions remain unchanged. Ditto if using the three high z points only.

4.5 Main bibliography of the chapter

This chapter is based on the contents of the letter [190]:

Hints of dynamical vacuum energy in the expanding Universe.
J. Solà, A. Gómez-Valent, and J. de Cruz Pérez
Astrophys. J. Lett. 811, L14 (2015) ; arXiv:1506.05793
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Brief note on the obtained results and
the data used in Part I (Summary)

At this point, I consider it is worth doing a short summary with the most relevant results
obtained in the �rst part of this dissertation. We have analyzed in quite detail several
dynamical vacuum models, and some DE models inside the D-class. They have been
motivated from QFT in curved spacetime. These studies have been carried out not only
at the background level, but also at the linear perturbations one. In some cases, even
at the nonlinear regime, making use of the time-honored Press-Schechter formalism with
an improved version for the halo mass function. More concretely, we have focused our
attention on the following models:

• DVM's in which the variation of the vacuum energy density is directly linked to an
anomalous matter and radiation conservation laws. This is the case of type-A and B
models. The �rsts receive corrections δρΛ(H, Ḣ) = a1H

2 +a2Ḣ to the rigid CC term
of the standard ΛCDM model. These corrections respect the general covariant form
that is expected if they arise from the e�ective action of QFT in curved spacetime.
The second ones, type-B models, δρΛ(H) = b1H + b2H

2, also incorporate a linear
term in H which is not as theoretically favorable as those encountered in the A-type
ones. The linear term in H can be thought as one of pure phenomenological nature,
which can account for e.g. bulk-viscosity e�ects. As particular cases of this kind
of models we �nd the type-C models, with no constant term in the expression of
ρΛ. We have seen in Chapter 2 that type-A and B models are phenomenologically
viable, whilst type-C ones can be ruled out for several reasons. In the case of type-C2
models, which are obtained from type-A ones by doing c0 = 0, they can be discarded
simply because they are unable to generate the needed transition from a decelerated
to a positively accelerated Universe. On the other hand, type-C1 models, obtained
in the same limit from the type-B ones, are excluded for di�erent reasons. They
cannot explain the observed LSS of the Universe, either giving rise to an excess (in
C1A model) or a defect (in the pure linear C1B case) of structure formation when the
best-�t values for the various parameters entering in the models are inferred from the
�tting analysis of the low and intermediate redshift observables, as SNIa and BAOA.

• DVM's in which the variation of the vacuum energy density is due to an accompanying
variation of the Newtonian coupling G, the so-called type-G models. In this case we
have found some hints sitting on top of the data in favor of the dynamical nature of
the vacuum energy density. We have seen that in the case of the type-G2 model, we

160



Summary of Part I

�nd a ∼ 2.5σ c.l. evidence in favor of a varying cosmological term. It is important to
remark, though, that contrary to the analysis performed for type-A and B models,
now we have incorporated to our data base the LSS f(z)σ8(z) data points. Thus, the
�tting conditions have been quite di�erent, since now we have included information
which does not only requires the use of the background formulas, but also demands
the use of the linear perturbations ones. Moreover, we have also taken into account
the Hubble function data through the Omh2(zi, zj) diagnostic. We have also tested
the impact of some of the high redshift Hubble data points (of z > 2.3) on our results.
These di�erences on the data sets used in the �tting analyses might be the reason
that explains why we have not detected such hint in favor of the vacuum dynamics
in type-A and B models.

• Dark energy models inside the D-class. In this case, we have considered a self-
conserved DE component, ruled by an energy density of the form ρD(H, Ḣ) =
c0 + cHH

2 + cḢḢ in the general DA case. These models are also viable from the
phenomenological perspective, as it has been shown in Chapter 3. When LSS data
are considered in the �tting analysis, we �nd that the ΛCDM model is disfavored at a
∼ 2σ c.l. in front of the DA models. Moreover, we are in position to discard DC-type
models, in which c0 = 0. The DC1-type models are absolutely unable to �t the LSS
data, whereas the DC2, although is able to �t the low and intermediate redshift data,
su�ers from a large de�cit of radiation that completely spoils the desired behavior
of the Hubble rate during e.g. the BBN epoch. In Chapter 3 we have also derived
the di�erential equation that governs the evolution of matter density perturbations
at subhorizon scales, by taking also into account the DE perturbations when DE is
a self-conserved �uid. This has allowed us to quantify the e�ect of DE perturbations
and conclude that their e�ect is almost insigni�cant at subhorizon scales.

Now, let me list the main outcomes of the �rst part of this thesis:

• The rigid cosmological term is something one cannot avoid in the context of the
DVM's and the DE D-class of models under study. It seems to be a crucial ingredient
that forces the spacetime to be intrinsically dynamical, even in absence of matter and
radiation.

• All the analyzed models with a well-de�ned ΛCDM-like limit have a good phenomeno-
logical behavior. This is the case of type-A, B, G and DA models.

• From the point of view of QFT in curved spacetime, having a c0 6= 0 poses a problem,
since in this case one cannot consider the simple renormalization condition ρMink

Λ = 0,
which is able to alleviate in a rather strong way the existing old CC problem. This
fact does not allow us to get rid of this huge theoretical problem, not even in a �rst
approximation. This is probably pointing out that, maybe, considering the overall
vacuum in curved spacetime arising from a sort of Casimir gravitational e�ect is the
result of a too simplistic picture. If it was the case, we would only be able to measure
the dynamical terms appearing in the expression of the vacuum energy density, and
we have seen that this is not the case. We also �observe� a non-null additive (and
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rigid) constant term. The latter cannot arise from the aforesaid gravitational Casimir
e�ect.

• Another question should be addressed now. Is the vacuum energy or the DE ersatz
an evolving-in-time entity? This is a more modest issue than the one concerning the
solution of the old CC problem, but it is probably within easier reach in view of the
big advances that observational Cosmology is undergoing. This is also an important
thing that has not been resolved in the literature. We have detected some small hints
of evolving DE when LSS data is used in combination with BAO, CMB, SNIa, and
H(z) data. And also without the H(z) data set. But is this signal real? Or is it just
a statistical �uctuation? At this point, we are not in position of determining it yet.
In fact, a 2−2.5σ evidence is not signi�cant form the statistical point of view. Thus,
more e�orts must be made in order to settle this issue down.

Some crucial points that should me improved with respect to the previous studies:

• First of all, it is convenient to understand in a deeper way the data set used in
the �tting of the various models under study. This means, for instance, to pinpoint
possible correlations among the data. This has not been done in the analysis carried
out in the previous chapters of the thesis. In practice, this implies to avoid the use
of correlated data when the corresponding correlations are strong and we do not
know the numerical values of the correlation coe�cients, and to include their e�ects
through non-diagonal covariance matrices when they are known.

• Up to now, we have applied a gridded minimization procedure of the total χ2 functions
so as to search for the best-�t values of the parameters. This is a very slow method,
very expensive in terms of computational time. This has forced us to restrict the
dimensionality of the �tting vectors to be of dimension lower or equal than 2. We have
typically given freedom to Ω

(0)
m and the ν parameter in the dynamical vacuum and

D-class models. We have �xed the other parameters to the best-�t values provided
e.g. by the Planck collaboration. This procedure might be considered good enough
to grasp the general features of the models we are considering, such as whether they
are able or not to explain roughly the available data. This procedure, though, is
clearly insu�cient if one wants to go a step farther and see whether the 2− 2.5σ c.l.
signal observed in favor of such dynamical models is something really trustworthy.
Thus, we are forced to improve the minimization procedure by using a more e�cient
one. This will allow us to enlarge the dimensionality of our �tting vector and, by
doing this, we will be in disposition of determining whether the statistical signal is
kept untouched under these changes. This improvement in our methodology is a sort
of minimal requirement that we need to ful�ll in order to make the �tting procedure
more robust.

• Another point that should be addressed now is trying to improve the characterization
of the impact of each data set in our �tting results. We must not only build a richer
data base, but also understand the induced e�ects in a deeper way.
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The second part of this thesis is focused on all these issues. We will re�ne the computa-
tional programs used to �t the data together with the statistical methods used to analyze
the results. Let us now see in Part II where do all these improvements lead us.
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Part II

Re�nement of the �tting analysis.
Firsts signi�cant evidences in favor of

dynamical DE
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�If you would be a real seeker after truth, it is necessary that at least
once in your life you doubt, as far as possible, all things.�

- René Descartes, in his Principia philosophiae (1644)



Chapter 5

First Evidence of Running Cosmic
Vacuum: Challenging the Concordance
Model

In this chapter we will not face the CC problem as such, not even the cosmic coincidence
problem. Our main aim is much more modest. Taking into account the current amount and
quality of the cosmological data on SNIa+BAO+H(z)+LSS+BBN+CMB, we wish to put
to the test the possibility that the Λ-term and its associated vacuum energy density, ρΛ =
Λ/(8πG), could actually be dynamical (�running�) quantities whose rhythms of variation
might be linked to the Universe's expansion rate, H. The idea is to check if this possibility
helps to improve the description of the overall cosmological data as compared to the rigid
assumption Λ =const. inherent to the concordance ΛCDM model. For the class of models
being considered we do not make any direct association of the Λ and G running with the
dynamical evolution of scalar �elds. We re-analyze the type-A and G models studied in
Chapters 2 and 4, respectively, but this time focusing especially on the �tting procedure
and trying to improve each of the points mentioned before in the summary of Part I.
Although a simple Lagrangian description of these models at the level of standard scalar
�elds is not available, attempts have been made in the literature [280, 59] and in any case
this is of course something that one would eventually hope to �nd. There is, however, no
guarantee that such description is possible in terms of a simple local action [280].

Our main aim here is phenomenological. We will argue upon carefully confronting
theory and observations that the idea of running vacuum models (RVM's) can be highly
competitive, if not superior, to the traditional ΛCDM framework. The �rst indications
of dynamical vacuum energy (at the ∼ 2.5σ c.l.) were reported in [190], see Chapter 4.
Earlier comprehensive studies hinted also at this possibility but remained at a lower level
of signi�cance, see e.g. [199, 188, 189]1. Remarkably, in the present work the reported
level of evidence is signi�cantly higher than in any previous work in the literature (to the
best of our knowledge). While Occam's razor says that �Among equally competing models
describing the same observations, choose the simplest one�, the point we wish to stress here

1Recent claims that the ΛCDM may not be the best description of our Universe can also be found in
e.g. [101], [104], [105] and [106]; see, however, Section 5.2, point S4).
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Model h ωb = Ωbh
2 ns Ωm νeff ω χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.693± 0.003 0.02255± 0.00013 0.976± 0.003 0.294± 0.004 - −1 90.44/85 - -
XCDM 0.670± 0.007 0.02264± 0.00014 0.977± 0.004 0.312± 0.007 - −0.916± 0.021 74.91/84 13.23 11.03
A1 0.670± 0.006 0.02237± 0.00014 0.967± 0.004 0.302± 0.005 0.00110± 0.00026 −1 71.22/84 16.92 14.72
A2 0.674± 0.005 0.02232± 0.00014 0.965± 0.004 0.303± 0.005 0.00150± 0.00035 −1 70.27/84 17.87 15.67
G1 0.670± 0.006 0.02236± 0.00014 0.967± 0.004 0.302± 0.005 0.00114± 0.00027 −1 71.19/84 16.95 14.75
G2 0.670± 0.006 0.02234± 0.00014 0.966± 0.004 0.303± 0.005 0.00136± 0.00032 −1 70.68/84 17.46 15.26

Table 5.1: The best-�t values for the ΛCDM, XCDM and the RVM's, including their statistical signi�cance (χ2-test
and Akaike and Bayesian information criteria, AIC and BIC, see the text). The large and positive values of ∆AIC and ∆BIC
strongly favor the dynamical DE options (RVM's and XCDM) against the ΛCDM (see text). We use 90 data points in our
�t, to wit: 31 points from the JLA sample of SNIa, 11 from BAO, 30 from H(z), 13 from linear growth, 1 from BBN, and
4 from CMB (see S1-S7 in the text for references). In the XCDM model the EoS parameter ω is left free, whereas for the
RVM's and ΛCDM is �xed at −1. The speci�c RVM �tting parameter is νeff , see Eq. (5.6) and the text. For G1 and A1
models, νeff = ν. The remaining parameters are the standard ones (h, ωb, ns,Ωm). The quoted number of degrees of freedom
(dof) is equal to the number of data points minus the number of independent �tting parameters (5 for the ΛCDM, 6 for the
RVM's and the XCDM. The normalization parameter M introduced in the SNIa sector of the analysis is also left free in the
�t, cf. [82], but it is not listed in the table). For the CMB data we have used the marginalized mean values and standard
deviation for the parameters of the compressed likelihood for Planck 2015 TT,TE,EE + lowP data from [310], which provide
tighter constraints to the CMB distance priors than those presented in [311].

is that the RVM's are able to describe the current observations better than the ΛCDM,
not just alike. For this reason we wish to make a case for the RVM's, in the hope that they
could shed also some new light on the CC problem, e.g. by motivating further theoretical
studies on these models or related ones.

The plan of this chapter is as follows. In section 5.1 we make a brief description (at the
background level) of the di�erent types of running vacuum models (RVM's) that will be
considered in this study. In section 5.2 we �t these models to a large set of cosmological
data on distant type Ia supernovae (SNIa), baryonic acoustic oscillations (BAO's), the
known values of the Hubble parameter at di�erent redshift points, the large scale structure
(LSS) formation data, the BBN bound on the Hubble rate, and, �nally, the CMB distance
priors from WMAP and Planck. We include also a �t of the data with the standard XCDM
parametrization, which serves as a baseline for comparison. In section 5.3 we present a
detailed discussion of our results. Finally, in section 5.4, we deliver our conclusions.

5.1 Two basic types of RVM's

Let us make a quick review of type-A and G models. If the reader has dived carefully
through chapters 2 and 4, then he/she can skip this section without no information loss.
For those readers that have previously skipped chapters 2 and 4, this quick review will
allow them to follow all the subsequent sections of this chapter without any problem, since
it is self-contained.

In an expanding Universe we may expect that the vacuum energy density and the grav-
itational coupling are functions of the cosmic time through the Hubble rate, thence ρΛ =
ρΛ(H(t)) and G = G(H(t)). Adopting the canonical equation of state pΛ = −ρΛ(H) also
for the dynamical vacuum, the corresponding �eld equations in the Friedmann-Lemaître-
Robertson-Walker (FLRW) metric in �at space become formally identical to those with
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Model h ωb = Ωbh
2 ns Ωm νeff ω χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.692± 0.004 0.02254± 0.00013 0.975± 0.004 0.295± 0.004 - −1 86.11/78 - -
XCDM 0.671± 0.007 0.02263± 0.00014 0.976± 0.004 0.312± 0.007 - −0.920± 0.022 73.01/77 10.78 8.67
A1 0.670± 0.007 0.02238± 0.00014 0.967± 0.004 0.302± 0.005 0.00110± 0.00028 −1 69.40/77 14.39 12.27
A2 0.674± 0.005 0.02233± 0.00014 0.966± 0.004 0.302± 0.005 0.00152± 0.00037 −1 68.38/77 15.41 13.29
G1 0.671± 0.006 0.02237± 0.00014 0.967± 0.004 0.302± 0.005 0.00115± 0.00029 −1 69.37/77 14.42 12.30
G2 0.670± 0.006 0.02235± 0.00014 0.966± 0.004 0.302± 0.005 0.00138± 0.00034 −1 68.82/77 14.97 12.85

Table 5.2: Same as in Table 5.1, but excluding from our analysis the BAO and LSS data from WiggleZ, see point S5)
in the text.

strictly constant G and Λ:

3H2 = 8π G(H) (ρm + ρr + ρΛ(H)) (5.1)
3H2 + 2Ḣ = −8π G(H) (pr − ρΛ(H)) . (5.2)

The equations of state for the densities of relativistic (ρr) and dust matter (ρm) read, as
usually, pr = (1/3)ρr and pm = 0, respectively. We consider now the characteristic RVM
structure of the dynamical vacuum energy:

ρΛ(H; ν, α) =
3

8πG

(
c0 + νH2 +

2

3
α Ḣ

)
+O(H4) , (5.3)

where G can be constant or a function G = G(H; ν, α) depending on the particular
model. The above expression is the form that has been suggested in the literature from
the quantum corrections of QFT in curved spacetime (cf. [59, 287] and references therein).
The terms with higher powers of the Hubble rate have recently been used to describe
in�ation, see e.g. [186, 201] and [177], but these terms play no role at present and will
be hereafter omitted. The coe�cients ν and α have been de�ned dimensionless. They
are responsible for the running of ρΛ(H) and G(H), and so for ν = α = 0 we recover the
ΛCDM, with ρΛ and G constants. The values of ν and α are naturally small in this context
since they can be related to the β-functions of the running. An estimate in QFT indicates
that they are of order 10−3 at most [280], but here we will treat them as free parameters
of the RVM and hence we shall determine them phenomenologically by �tting the model
to observations. As previously indicated, a simple Lagrangian language for these models
that is comparable to the scalar �eld DE description may not be possible, as suggested by
attempts involving the anomaly-induced action [280, 59].

Two types of RVM will be considered here: i) type-G models, when matter is conserved
and the running of ρΛ(H) is compatible with the Bianchi identity at the expense of a
(calculable) running of G; ii) type-A models, in contrast, denote those with G =const. in
which the running of ρΛ must be accompanied with a (calculable) anomalous conservation
law of matter. Both situations are described by the generalized local conservation equation
∇µ
(
G T̃µν

)
= 0, where T̃µν = Tµν + ρΛ gµν is the total energy-momentum tensor involving

both matter and vacuum energy. In the FLRW metric, and summing over all energy
components, we �nd

d

dt
[G(ρm + ρr + ρΛ)] + 3GH

∑
i=m,r

(ρi + pi) = 0 . (5.4)
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Figure 5.1: Likelihood contours in the (Ωm, νeff) plane for the values −2 lnL/Lmax = 2.30, 6.18, 11.81, 19.33,

27.65 (corresponding to 1σ, 2σ, 3σ, 4σ and 5σ c.l.) after marginalizing over the rest of the �tting parameters indi-

cated in Table 5.1. We display the progression of the contour plots obtained for model G2 using the 90 data points on

SNIa+BAO+H(z)+LSS+BBN+CMB, as we evolve from the high precision CMB data from WMAP9, Planck 2013 and

Planck 2015 � see text, point S7). In the sequence, the prediction of the concordance model (νeff = 0) appears increasingly

more disfavored, at an exclusion c.l. that ranges from ∼ 2σ (for WMAP9), ∼ 3.5σ (for Planck 2013) and up to 4σ (for Planck

2015). Subsequent marginalization over Ωm increases slightly the c.l. and renders the �tting values indicated in Table 5.1,

which reach a statistical signi�cance of 4.2σ for all the RVM's. Using numerical integration we can estimate that ∼ 99.81%

of the area of the 4σ contour for Planck 2015 satis�es νeff > 0. We also estimate that ∼ 95.47% of the 5σ region also satis�es

νeff > 0. The corresponding AIC and BIC criteria (cf. Table 5.1) consistently imply a very strong support to the RVM's

against the ΛCDM.

If G and ρΛ are both constants, we recover the canonical conservation law ρ̇m+ρ̇r+3Hρm+
4Hρr = 0 for the combined system of matter and radiation. For type-G models Eq. (5.4)
boils down to Ġ(ρm + ρr + ρΛ) + Gρ̇Λ = 0 since ρ̇m + 3Hρm = 0 and ρ̇r + 4Hρr = 0 for
separated conservation of matter and radiation, as usually assumed. Mixed type of RVM
scenarios are possible, but will not be considered in this thesis.

We can solve analytically the type-G and type-A models by inserting equation (5.3)
into (5.1) and (5.2), or using one of the latter two and the corresponding conservation law
(5.4). It is convenient to perform the integration using the scale factor a(t) rather than the
cosmic time. For type-G models the full expression for the Hubble function normalized to
its current value, E(a) = H(a)/H0, can be found to be

E2(a)type−G = 1 +

(
Ωm

ξ
+

Ωr

ξ′

)−1 + a−4ξ′
(
aξ′ + ξΩr/Ωm

ξ′ + ξΩr/Ωm

) ξ′
1−α

 , (5.5)

where Ωi = ρi0/ρc0 are the current cosmological parameters for matter and radiation, and
we have de�ned, as in previous chapters,

ξ =
1− ν
1− α

≡ 1− νeff , ξ′ =
1− ν

1− 4
3
α
≡ 1− ν ′eff . (5.6)
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Note that E(1) = 1, as it should. Moreover, for ξ, ξ′ → 1 (i.e. |ν, α| � 1) νeff '
ν − α and ν ′eff ' ν − (4/3)α. In the radiation-dominated epoch, the leading behavior of
Eq. (5.5) is ∼ a−4ξ′ , while in the matter-dominated epoch is ∼ Ω0

m a
−3ξ. Furthermore,

for ν, α → 0, E2(a) → 1 + Ω0
m (a−3 − 1) + (a−4 − 1). This is the ΛCDM form, as ex-

pected in that limit. Note that the following constraint applies among the parameters:
c0 = H2

0

[
Ω0

Λ − ν + α
(
Ω0
m + 4

3

)]
, as the vacuum energy density ρΛ(H) must reproduce the

current value ρ0
Λ for H = H0, using Ω0

m++Ω0
Λ = 1. The explicit scale factor dependence of

the vacuum energy density, i.e. ρΛ = ρΛ(a), ensues upon inserting (5.5) into (5.3). In addi-
tion, since the matter is conserved for type-G models, we can use the obtained expression
for ρΛ(a) to also infer the explicit form for G = G(a) from (5.1). We refrain from writing
here these cumbersome expressions and we limit ourselves to quote some simpli�ed forms
2. For instance, the expression for ρΛ(a) when we can neglect the radiation contribution is
simple enough:

ρΛ(a) = ρc0 a
−3

[
a3ξ +

Ω0
m

ξ
(1− ξ − a3ξ)

]
, (5.7)

where ρc0 = 3H2
0/8π G0 is the current critical density and G0 ≡ G(a = 1) is the current

value of the gravitational coupling. Quite obviously for ξ = 1 we recover the ΛCDM
form: ρΛ = ρc0(1 − Ω0

m) = ρc0Ω0
Λ =const. As for the gravitational coupling, it evolves

logarithmically with the scale factor and hence changes very slowly3. It su�ces to say that
it behaves as

G(a) = G0 a
4(1−ξ′) f(a) ' G0(1 + 4ν ′eff ln a) f(a) , (5.8)

where f(a) = f(a; Ω0
m, ; ν, α) is a smooth function of the scale factor. We can dispense with

the full expression here, but let us mention that f(a) tends to one at present irrespective of
the values of the various parameters Ω0

m, , ν, α involved in it; and f(a) → 1 in the remote
past (a → 0) for ν, α → 0 (i.e. ξ, ξ′ → 1). As expected, G(a) → G0 for a → 1, and G(a)
has a logarithmic evolution for ν ′eff 6= 0. Notice that the limit a→ 0 is relevant for the BBN
(Big Bang Nucleosynthesis) epoch and therefore G(a) should not depart too much from
G0 according to the usual bounds on BBN. We shall carefully incorporate this restriction
in our analysis of the RVM models, see later on.

Next we quote the solution for type-A models. As indicated, in this case we have an
anomalous matter conservation law. Integrating (5.4) for G =const. and using (5.3) in it
one �nds ρt(a) ≡ ρm(a) + ρr(a) = ρm0a

−3ξ + ρr0a
−4ξ′ . We have assumed, as usual, that

there is no exchange of energy between the relativistic and non-relativistic components. The
standard expressions for matter and radiation energy densities are recovered for ξ, ξ′ → 1.
The normalized Hubble function for type-A models is simpler than for type-G ones. The
full expression including both matter and radiation reads:

E2(a)
∣∣
type−A

= 1 +
Ωm

ξ

(
a−3ξ − 1

)
+

Ωr

ξ′

(
a−4ξ′ − 1

)
. (5.9)

From it and the found expression for ρt(a) we can immediately derive the corresponding

2See Eq. (4.10) for the complete formula of G(a).
3This is a welcome feature already expected in particular realizations of type-G models in QFT in

curved spacetime [280, 59]. See also [188].
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Figure 5.2: As in Fig. 5.1, but for model A2. Again we see that the contours tend to migrate to the νeff > 0 half

plane as we evolve from WMAP9 to Planck 2013 and Planck 2015 data. Using the same method as in Fig. 5.1, we �nd that

∼ 99.82% of the area of the 4σ contour for Planck 2015 (and ∼ 95.49% of the corresponding 5σ region) satis�es νeff > 0.

The ΛCDM becomes once more excluded at ∼ 4σ c.l. (cf. Table 5.1 for Planck 2015).

ρΛ(a):
ρΛ(a) = ρ0

Λ + ρ0
m(ξ−1 − 1)(a−3ξ − 1) + ρ0

r(ξ
′−1 − 1)(a−4ξ′ − 1) . (5.10)

Once more for ν, α → 0 (i.e. ξ, ξ′ → 1) we recover the ΛCDM case, as easily checked. In
particular one �nds ρΛ → ρ0

Λ =const. in this limit.

5.2 Fitting the vacuum models to the data

In order to better handle the possibilities o�ered by the type-G and type-A models as to
their dependence on the two speci�c vacuum parameters ν, α, we shall refer to model G1
(resp. A1) when we address type-G (resp. type-A) models with α = 0 in Eq. (5.3), as in
previous chapters. In these cases νeff = ν. When, instead, α 6= 0 we shall indicate them by
G2 and A2, respectively. This classi�cation scheme is used in Tables 5.1-5.2 and 5.5-5.7,
and in Figs. 5.1-5.6. In the tables we are including also the XCDM (cf. Sect. 5.3) and the
ΛCDM.

To this end, we �t the various models to the wealth of cosmological data compiled from
distant type Ia supernovae (SNIa), baryonic acoustic oscillations (BAO's), the known values
of the Hubble parameter at di�erent redshift points, H(zi), the large scale structure (LSS)
formation data encoded in f(zi)σ8(zi), the BBN bound on the Hubble rate, and, �nally,
the CMB distance priors from WMAP and Planck, with the corresponding correlation
matrices in all the indicated cases. Speci�cally, we have used 90 data points (in some cases
involving compressed data) from 7 di�erent sources S1-S7, to wit:

S1) The SNIa data points from the SDSS-II/SNLS3 Joint Light-curve Analysis (JLA)
[82]. We have used the 31 binned distance modulus �tted to the JLA sample and the
compressed form of the likelihood with the corresponding covariance matrix.
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z H(z) References
0.07 69.0± 19.6 [291]
0.09 69.0± 12.0 [292]
0.12 68.6± 26.2 [291]
0.17 83.0± 8.0 [293]

0.1791 75.0± 4.0 [294]
0.1993 75.0± 5.0 [294]

0.2 72.9± 29.6 [291]
0.27 77.0± 14.0 [293]
0.28 88.8± 36.6 [291]

0.3519 83.0± 14.0 [294]
0.3802 83.0± 13.5 [295]

0.4 95.0± 17.0 [293]
0.4004 77.0± 10.2 [295]
0.4247 87.1± 11.2 [295]
0.4497 92.8± 12.9 [295]
0.4783 80.9± 9.0 [295]
0.48 97.0± 62.0 [296]

0.5929 104.0± 13.0 [294]
0.6797 92.0± 8.0 [294]
0.7812 105.0± 12.0 [294]
0.8754 125.0± 17.0 [294]
0.88 90.0± 40.0 [296]
0.9 117.0± 23.0 [293]

1.037 154.0± 20.0 [294]
1.3 168.0± 17.0 [293]

1.363 160.0± 33.6 [297]
1.43 177.0± 18.0 [293]
1.53 140.0± 14.0 [293]
1.75 202.0± 40.0 [293]
1.965 186.5± 50.4 [297]

Table 5.3: Current published values of H(z) in units [km/s/Mpc] obtained using the di�erential-age technique (see the

quoted references and point S4 in the text).
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Survey z f(z)σ8(z) References
6dFGS 0.067 0.423± 0.055 [272]

SDSS-DR7 0.10 0.37± 0.13 [299]
GAMA 0.18 0.29± 0.10 [300]

0.38 0.44± 0.06 [301]
DR12 BOSS 0.32 0.427± 0.052 [290] 4

0.57 0.426± 0.023
WiggleZ 0.22 0.42± 0.07 [269]

0.41 0.45± 0.04
0.60 0.43± 0.04
0.78 0.38± 0.04

2MTF 0.02 0.34± 0.04 [303]
VIPERS 0.7 0.380± 0.065 [304]
VVDS 0.77 0.49± 0.18 [268]

[241]

Table 5.4: Current published values of f(z)σ8(z). See the text, S5).

S2) 5 points on the isotropic BAO estimator rs(zd)/DV (zi): z = 0.106 [230], z = 0.15
[288], zi = 0.44, 0.6, 0.73 [289], with the correlations between the last 3 points.

S3) 6 data points on anisotropic BAO estimators: 4 of them on DA(zi)/rs(zd) and
H(zi)rs(zd) at zi = 0.32, 0.57, for the LOWZ and CMASS samples, respectively.
These data are taken from [290], based on the Redshift-Space Distortions (RSD)
measurements of the power spectrum combined with the bispectrum, and the BAO
post-reconstruction analysis of the power spectrum (cf. Table 5 of that reference),
including the correlations among these data encoded in the provided covariance matri-
ces. We also use 2 data points based on DA(zi)/rs(zd) and DH(zi)/rs(zd) at z = 2.34,
from the combined LyaF analysis [98]. The correlation coe�cient among these 2
points are taken from [131] (cf. Table II of that reference). We also take into account
the correlations among the BAO data and the corresponding fσ8 data of [290] � see
S5) below and Table 5.4.

S4) 30 data points on H(zi) at di�erent redshifts, listed in Table 5.3. We use only
H(zi) values obtained by the so-called di�erential-age techniques applied to passively
evolving galaxies. These values are uncorrelated with the BAO data points. See also
[284], [101], [104], [105] and [298], where the authors make only use of Hubble pa-
rameter data in their analyses. We �nd, however, indispensable to take into account

4The analysis of this chapter was carried out before the publication of [290]. In the published version
of this paper, [302], there is an increase of the ∼ 8% (∼ 26%) in the f(z = 0.32)σ8(z = 0.32) uncertainty
(resp. in the f(z = 0.57)σ8(z = 0.57) one). In Chapter 7 we analyze the changes induced by this fact in
the �tting results. Basically, there is a loss in the statistical con�dence level at which the RVM is preferred
over the ΛCDM, 4.1σ → 3.8σ, but it is kept close to the ∼ 4σ c.l. See the aforementioned chapter for
more details.
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Figure 5.3: As in Fig. 5.1 and 5.2, but for model XCDM and using Planck 2015 data. The ΛCDM is excluded at ∼ 4σ

c.l. (cf. Table 5.1).

the remaining data sets to derive our conclusions on dynamical vacuum, specially the
BAO, LSS and CMB observations. This fact can also be veri�ed quite evidently in
Figures 5.5-5.6, to which we shall turn our attention in Section 5.3.

S5) f(z)σ8(z): 13 points. These are referred to in the text as LSS (large scale
structure formation). The actual �tting results shown in Table 5.1 make use of the
LSS data listed in Table 5.4, in which we have carefully avoided possible correlations
among them (see below). Let us mention that although we are aware of the existence
of other LSS data points in the literature concerning some of the used redshift values
in our Table 5.4 � cf. e.g. [266]; [305, 270]; [306] � we have explicitly checked that
their inclusion or not in our numerical �ts has no signi�cant impact on the main
result of this chapter, that is to say, it does not a�ect the attained & 4σ level of
evidence in favor of the RVM's. This result is de�nitely secured in both cases, but
we have naturally presented our �nal results sticking to the most updated data.

The following observation is also in order. We have included both the WiggleZ and
the CMASS data sets in our analysis. We are aware that there exists some overlap
region between the CMASS and WiggleZ galaxy samples. But the two surveys have
been produced independently and the studies on the existing correlations among these
observational results [307, 308] show that the correlation is small. The overlap region
of the CMASS and WiggleZ galaxy samples is actually not among the galaxies that
the two surveys pick up, but between the region of the sky they explore. Moreover,
despite almost all the WiggleZ region (5/6 parts of it) is inside the CMASS one, it
only takes a very small fraction of the whole sky region covered by CMASS, since the
latter is much larger than the WiggleZ one (see, e.g. Figure 1 in [307]). In this paper,
the authors are able to quantify the correlation degree among the BAO constraints in
CMASS and WiggleZ, and they conclude that it is less than 4%. Therefore, we �nd
it justi�ed to include the WiggleZ data in the main table of results of our analysis
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(Table 5.1), but we provide also the �tting results that are obtained when we remove
the WiggleZ data points from the BAO and f(z)σ8(z) data sets (see Table 5.2).
The di�erence is small and the central values of the �tting parameters and their
uncertainties remain intact. Thus the statistical signi�cance of Tables 5.1 and 5.2 is
the same.

S6) BBN: we have imposed the average bound on the possible variation of the BBN
speed-up factor, de�ned as the ratio of the expansion rate predicted in a given model
versus that of the ΛCDM model at the BBN epoch (z ∼ 109). This amounts to the
limit |∆H2/H2

Λ| < 10% [283].

S7) CMB distance priors: R (shift parameter) and `a (acoustic length) and their
correlations with (ωb, ns). For WMAP9 and Planck 2013 data we used the covariance
matrix from the analysis of [309], while for Planck 2015 data those of [310]. Our �tting
results for the last case are recorded in all our tables (except in Table 5.5 where we
test our �t in the absence of CMB distance priors R and `a). We display the �nal
contour plots for all the cases, see Figs. 5.1-5.2. Let us point out that in the case of
the Planck 2015 data we have checked that very similar results ensue for all models
if we use the alternative CMB covariance matrix from [311]. We have, however,
chosen to explicitly present the case based on [310] since it uses the more complete
compressed likelihood analysis for Planck 2015 TT,TE,EE + lowP data whereas [311]
uses Planck 2015 TT+lowP data only.

Notice that G1 and A1 have one single vacuum parameter (ν) whereas G2 and A2
have two (ν, α). There is nonetheless a natural alignment between ν and α for general
type-G and A models, namely α = 3ν/4, as this entails ξ′ = 1 (i.e. ν ′eff = 0) in Eq. (5.6).
Recall that for G2 models we have G(a) ∼ G0 a

4(1−ξ′) deep in the radiation epoch, cf.
Eq. (5.8), and therefore the condition ξ′ = 1 warrants G to take the same value as the
current one, G = G0, at BBN. For model G1 this is not possible (for ν 6= 0) and we adopt
the aforementioned |∆H2/H2

Λ| < 10% bound. We apply the same BBN restrictions to
the A1 and A2 models, which have constant G. With this setting all the vacuum models
contribute only with one single additional parameter as compared to the ΛCDM: ν, for G1
and A1; and νeff = ν − α = ν/4, for G2 and A2.

For the statistical analysis, we de�ne the joint likelihood function as the product of the
likelihoods for all the data sets. Correspondingly, for Gaussian errors the total χ2 to be
minimized reads:

χ2
tot = χ2

SNIa + χ2
BAO + χ2

H + χ2
fσ8

+ χ2
BBN + χ2

CMB . (5.11)

Each one of these terms is de�ned in the standard way, for some more details see e.g. Sect.
2.5, although we should emphasize that here the correlation matrices have been included.
The BAO part was split as indicated in S2) and S3) above. Also, in contrast to the previous
analysis of Chapter 4, we did not use here the correlated Omh2(zi, zj) diagnostic for H(zi)
data. Instead, we use

χ2
H(p) =

30∑
i=1

[
H(zi,p)−Hobs(zi)

σH,i

]2

. (5.12)
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Figure 5.4: The f(z)σ8(z) data (Table 5.4) and the predicted curves by the RVM's, XCDM and the ΛCDM, using the

best-�t values in Table 5.1. Shown are also the values of σ8(0) that we obtain for all the models. The theoretical prediction

of all the RVM's are visually indistinguishable and they have been plotted using the same (blue) dashed curve.

As for the linear structure formation data we have computed the density contrast
δm = δρm/ρm for each vacuum model by adapting the cosmic perturbations formalism for
type-G and type-A vacuum models. The matter perturbation, δm, obeys a generalized
equation which depends on the RVM type. For type-A models it reads (as a di�erential
equation with respect to the cosmic time)

δ̈m + (2H + Ψ) δ̇m −
(

4πGρm − 2HΨ− Ψ̇
)
δm = 0 , (5.13)

where Ψ ≡ − ρ̇Λ

ρm
. For ρΛ =const. we have Ψ = 0 and Eq. (5.13) reduces to the ΛCDM

form. For type-G models the matter perturbation equation is explicitly given in 4.3 5.
From here we can derive the weighted linear growth f(z)σ8(z), where f(z) = d ln δm/d ln a
is the growth factor and σ8(z) is the rms mass �uctuation amplitude on scales of R8 = 8h−1

Mpc at redshift z. It is computed from

σ2
8(z) =

δ2
m(z)

2π2

∫ ∞
0

k2 P (k, ~p)W 2(kR8) dk , (5.14)

with W a top-hat smoothing function (see Sect. 2.6.1 for details) 6. The linear matter
power spectrum reads P (k, ~p) = P0k

nsT 2(k, ~p), where ~p = (h, ωb, ns,Ωm, νeff) is the �tting
vector for the vacuum models we are analyzing (including the ΛCDM, for which νeff = 0
of course), and T (~p, k) is the transfer function, which we take from [249], upon introducing

5For details on these equations, confer the corresponding sections in the �rst part of this dissertation,
an also Appendix C.

6We revisit here the calculation of the rms mass �uctuation amplitude and the normalization of the
power spectrum, since we have improved now the calculational procedure with respect to the one used in
previous chapters.
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the baryon density e�ects through the modi�ed shape parameter Γ [312, 313]. We have
also explicitly checked that the use of the e�ective shape of the transfer function provided
in [232] does not produce any change in our results.

The expression (5.14) at z = 0 allows us to write σ8(0) in terms of the power spectrum
normalization factor P0 and the primary parameters that enter our �t for each model (cf.
Table 5.1). We �x P0 from

P0 = 2π2
σ2

8,Λ

δ2
m,Λ(0)

[∫ ∞
0

k2+ns,ΛT 2(k, ~pΛ)W 2(kR8,Λ)dk

]−1

, (5.15)

in which we have introduced the vector of �ducial parameters ~pΛ = (hΛ, ωb,Λ, ns,Λ,Ωm,Λ, 0).
This vector is de�ned in analogy with the �tting vector introduced before, but all its pa-
rameters are �xed and taken to be equal to those from the Planck 2015 TT,TE,EE+lowP+
lensing analysis [37] with νeff = 0. The �ducial parameter σ8,Λ is also taken from the afore-
mentioned Planck 2015 data. However, δm,Λ(0) in (5.15) is computable: it is the value
of δm(z = 0) obtained from solving the perturbation equation of the ΛCDM using the
mentioned �ducial values of the other parameters. Finally, from σ8(z) = σ8(0)δm(z)/δm(0)
and plugging (5.15) in (5.14) one �nds:

σ8(z) = σ8,Λ
δm(z)

δm,Λ(0)

[ ∫∞
0
k2+nsT 2(k, ~p)W 2(kR8)dk∫∞

0
k2+ns,ΛT 2(k, ~pΛ)W 2(kR8,Λ)dk

]1/2

. (5.16)

Computing next the weighted linear growth rate f(z)σ8(z) for each model under consid-
eration, including the ΛCDM, all models become normalized to the same �ducial model
de�ned above. The results for f(z)σ8(z) in the various cases are displayed in Fig. 5.4
together with the LSS data measurements (cf. Table 5.4). We will further comment on
these results in the next section.

5.3 Discussion

Table 5.1 and Figures 5.1-5.2 present in a nutshell our main results. We observe that
the e�ective vacuum parameter, νeff , is neatly projected non null and positive for all the
RVM's. The presence of this e�ect can be traced already in the old WMAP9 data (at
∼ 2σ), but as we can see it becomes strengthened at ∼ 3.5σ c.l. with the Planck 2013
data and at ∼ 4σ c.l. with the Planck 2015 data � see Figs. 5.1 and 5.2. For Planck 2015
data it attains up to & 4.2σ c.l. for all the RVM's after marginalizing over the other �tting
parameters.

It is also interesting to gauge the dynamical character of the DE by performing a �t
to the overall data in terms of the well-known XCDM parametrization, in which the DE
is mimicked through the density ρX(a) = ρX0 a

−3(1+ω) associated to some generic entity X,
which acts as an ersatz for the Λ term; ρX0 being the current energy density value of X
and therefore equivalent to ρΛ0, and ω is the (constant) equation of state (EoS) parameter
for X. The XCDM trivially boils down to the rigid Λ-term for ω = −1, but by leaving ω
free it proves a useful approach to roughly mimic a (non-interactive) DE scalar �eld with
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Model h ωb = Ωbh
2 ns Ωm νeff ω χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.679± 0.005 0.02241± 0.00017 0.968± 0.005 0.291± 0.005 - −1 68.42/83 - -
XCDM 0.673± 0.007 0.02241± 0.00017 0.968± 0.005 0.299± 0.009 - −0.958± 0.038 67.21/82 -1.10 -3.26
A1 0.679± 0.010 0.02241± 0.00017 0.968± 0.005 0.291± 0.010 −0.00001± 0.00079 −1 68.42/82 -2.31 -4.47
A2 0.676± 0.009 0.02241± 0.00017 0.968± 0.005 0.295± 0.014 0.00047± 0.00139 −1 68.31/82 -2.20 -4.36
G1 0.679± 0.009 0.02241± 0.00017 0.968± 0.005 0.291± 0.010 0.00002± 0.00080 −1 68.42/82 -2.31 -4.47
G2 0.678± 0.012 0.02241± 0.00017 0.968± 0.005 0.291± 0.013 0.00006± 0.00123 −1 68.42/82 -2.31 -4.47

Table 5.5: Same as in Table 5.1, but removing both the R-shift parameter and the acoustic length la from our �tting

analysis.

Model h ωb = Ωbh
2 ns Ωm νeff ω χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.685± 0.004 0.02243± 0.00014 0.969± 0.004 0.304± 0.005 - −1 61.70/72 - -
XCDM 0.683± 0.009 0.02245± 0.00015 0.969± 0.004 0.306± 0.008 - −0.991± 0.040 61.65/71 -2.30 -4.29
A1 0.685± 0.010 0.02243± 0.00014 0.969± 0.004 0.304± 0.005 0.00003± 0.00062 −1 61.70/71 -2.36 -4.34
A2 0.684± 0.009 0.02242± 0.00016 0.969± 0.005 0.304± 0.005 0.00010± 0.00095 −1 61.69/71 -2.35 -4.33
G1 0.685± 0.010 0.02243± 0.00014 0.969± 0.004 0.304± 0.005 0.00003± 0.00065 −1 61.70/71 -2.36 -4.34
G2 0.685± 0.010 0.02242± 0.00015 0.969± 0.004 0.304± 0.005 0.00006± 0.00082 −1 61.70/71 -2.36 -4.34

Table 5.6: Same as in Table 5.1, but removing the points from the LSS data set from our analysis, i.e. all the 13 points

on fσ8.

constant EoS. The corresponding �tting results are included in all our tables along with
those for the RVM's and the ΛCDM. In Table 5.1 (our main table) and in Fig. 5.3, we
can see that the best �t value for ω in the XCDM is ω = −0.916± 0.021. Remarkably, it
departs from −1 by precisely 4σ.

Obviously, given the signi�cance of the above result it is highly convenient to compare
it with previous analyses of the XCDM reported by the Planck and BOSS collaborations.
The Planck 2015 value for the EoS parameter of the XCDM reads ω = −1.019+0.075

−0.080 [37]
and the BOSS one is ω = −0.97 ± 0.05 [131]. These results are perfectly compatible with
our own result for ω shown in Table 5.1 for the XCDM, but in stark contrast to our result
their errors are big enough as to be also fully compatible with the ΛCDM value ω = −1.
This is, however, not too surprising if we take into account that none of these analyses
included LSS data in their �ts, as explicitly indicated in their papers 7. In the absence of
LSS data we would �nd a similar situation. In fact, as our Table 5.6 clearly shows, the
removal of the LSS data set in our �t induces a signi�cant increase in the magnitude of
the central value of the EoS parameter, as well as the corresponding error. This happens
because the higher is |ω| the higher is the structure formation power predicted by the
XCDM, and therefore the closer is such prediction with that of the ΛCDM (which is seen
to predict too much power as compared to the data, see Fig. 5.4). In these conditions
our analysis renders ω = −0.991± 0.040, which is de�nitely closer to (and therefore more
compatible with) the central values obtained by Planck and BOSS teams. In addition, this
result is now fully compatible with the ΛCDM, as in the Planck 2015 and BOSS cases, and
all of them are unfavored by the LSS observations. This is consistent with the fact that

7Furthermore, at the time these analyses appeared they could not have used the important LSS and
BAO results from [290], i.e. those that we have incorporated as part of our current data set, not even the
previous ones from [314]. The latter also carry a signi�cant part of the dynamical DE signature we have
found here, as we have checked.
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both information criteria, ∆AIC and ∆BIC, become now slightly negative in Table 5.6,
which recon�rms that if the LSS data are not used the ΛCDM performance is comparable
or even better than the other models. So in order to �t the observed values of fσ8, which
are generally lower than the predicted ones by the ΛCDM, |ω| should decrease. This is
exactly what happens for the XCDM, as well as for the RVM's, when the LSS data are
included in our analysis (in combination with the other data, particularly with BAO and
CMB data). It is apparent from Fig. 5.4 that the curves for these models are then shifted
below and hence adapt signi�cantly better to the data points. Correspondingly, the quality
of the �ts increases dramatically, and this is also borne out by the large and positive values
of ∆AIC and ∆BIC, both above 10 (cf. Table 5.1).

The above discussion explains why our analysis of the observations through the XCDM
is sensitive to the dynamical feature of the DE, whereas the previous results in the literature
are not. It also shows that the size of the e�ect found with such a parametrization of the
DE essentially concurs with the strength of the dynamical vacuum signature found for the
RVM's using exactly the same data. This is remarkable, and it was not obvious a priori
since for some of our RVM's (speci�cally for A1 and A2) there is an interaction between
vacuum and matter that triggers an anomalous conservation law, whereas for others (G1
and G2) we do not have such interaction (meaning that matter is conserved in them, thereby
following the standard decay laws for relativistic and non-relativistic components). The
interaction, when occurs, is however proportional to νeff and thus is small because the
�tted value of νeff is small. This probably explains why the XCDM can succeed in nailing
down the dynamical nature of the DE with a comparable performance. However not all
dynamical vacuum models describe the data with the same e�ciency, see e.g [315], [316],
[317]. A detailed comparison is made among models similar (but di�erent) from those
addressed here in [134, 135] and in Chapter 7. In the XCDM case the departure from the
ΛCDM takes the fashion of �e�ective quintessence�, whereas for the RVM's it appears as
genuine vacuum dynamics. In all cases, however, we �nd unmistakable signs of DE physics
beyond the ΛCDM (cf. Table 5.1), and this is a most important result of this chapter (and
also of this thesis!).

As we have discussed in Section 5.1, for models A1 and A2 there is an interaction
between vacuum and matter. Such interaction is, of course, small because the �tted values
of νeff are small, see Table 5.1. The obtained values are in the ballpark of νeff ∼ O(10−3)
and therefore this is also the order of magnitude associated to the anomalous conservation
law of matter. For example, for the non-relativistic component we have

ρm(a) = ρm0a
−3ξ = ρm0a

−3(1−νeff) . (5.17)

This behavior has been used in the works by [191, 192] as a possible explanation for the
hints on the time variation of the fundamental constants, such as coupling constants and
particle masses, frequently considered in the literature. The current observational values
for such time variation are actually compatible with the �tted values we have found here.
This is an intriguing subject that is currently of high interest in the �eld, see e.g. [283]
and [318]. For models G1 and G2, instead, the role played by νeff and ν ′eff is di�erent. It
does not produce any anomaly in the traditional matter conservation law (since matter
and radiation are conserved for type-G models), but now it impinges a small (logarithmic)
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Model h ωb = Ωbh
2 ns Ωm νeff ω χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.693± 0.006 0.02265± 0.00022 0.976± 0.004 0.293± 0.007 - −1 39.35/38 - -
XCDM 0.684± 0.010 0.02272± 0.00023 0.977± 0.005 0.300± 0.009 - −0.960± 0.033 37.89/37 -1.25 -2.30
A1 0.681± 0.011 0.02254± 0.00023 0.972± 0.005 0.297± 0.008 0.00057± 0.00043 −1 37.54/37 -0.90 -1.95
A2 0.684± 0.009 0.02252± 0.00024 0.971± 0.005 0.297± 0.008 0.00074± 0.00057 −1 37.59/37 -0.95 -2.00
G1 0.681± 0.011 0.02254± 0.00023 0.972± 0.005 0.297± 0.008 0.00059± 0.00045 −1 37.54/37 -0.90 -1.95
G2 0.682± 0.010 0.02253± 0.00024 0.971± 0.005 0.297± 0.008 0.00067± 0.00052 −1 37.61/37 -0.97 -2.02

Table 5.7: Fitting results using the same data as in [311].

time evolution on G in the fashion sketched in Eq. (5.8). Thus we �nd, once more, a
possible description for the potential variation of the fundamental constants, in this case
G, along the lines of the above cited works, see also [193]. There are, therefore, di�erent
phenomenological possibilities to test the RVM's considered here from various points of
view.

We may reassess the quality �ts obtained in this chapter from a di�erent point of
view. While the χ2

min value of the overall �t for any RVM and the XCDM is seen to be
de�nitely smaller than the ΛCDM one, it proves very useful to recon�rm our conclusions
with the help of the time-honored Akaike and Bayesian information criteria, AIC and BIC,
see [233, 234, 319, 275]. They read as follows:

AIC = χ2
min +

2nN

N − n− 1
, BIC = χ2

min + n lnN . (5.18)

In both cases, n is the number of independent �tting parameters and N the number of data
points used in the analysis. To test the e�ectiveness of a dynamical DE model (versus the
ΛCDM) for describing the overall data, we evaluate the pairwise di�erences ∆AIC (∆BIC)
with respect to the model that carries smaller value of AIC (BIC) � in this case, the RVM's
or the XCDM. The larger these di�erences the higher is the evidence against the model
with larger value of AIC (BIC) � the ΛCDM, in this case. For ∆AIC and/or ∆BIC in
the range 6− 10 one may claim �strong evidence� against such model; and, above 10, one
speaks of �very strong evidence� [233, 275]. The evidence ratio associated to rejection of
the unfavored model is given by the ratio of Akaike weights, e∆AIC/2. Similarly, e∆BIC/2

estimates the so-called Bayes factor, which gives the ratio of marginal likelihoods between
the two models [130].

Table 5.1 reveals conspicuously that the ΛCDM appears very strongly disfavored (ac-
cording to the above statistical standards) as compared to the running vacuum models.
Speci�cally, ∆AIC is in the range 17− 18 and ∆BIC around 15 for all the RVM's. These
results are fully consistent and since both ∆AIC and ∆BIC are well above 10 the verdict of
the information criteria is conclusive. But there is another remarkable feature to single out
at this point, namely the fact that the simple XCDM parametrization is now left behind
as compared to the RVM's. While the corresponding XCDM values of ∆AIC and ∆BIC
are also above 10 (recon�rming the ability of the XCDM to improve the ΛCDM �t) they
stay roughly 4 points below the corresponding values for the RVM's. This is considered
a signi�cant di�erence from the point of view of the information criteria. Therefore, we
conclude that the RVM's are signi�cantly better than the XCDM in their ability to �t
the data. In other words, the vacuum dynamics inherent to the RVM's seems to describe
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better the overall cosmological data than the e�ective quintessence behavior suggested by
the XCDM parametrization.

Being the ratio of Akaike weights and Bayes factor much bigger for the RVM's than
for the ΛCDM, the former appear de�nitely much more successful than the latter. The
current analysis undoubtedly reinforces the conclusions of the study of Chapter 4, with
the advantage that the determination of the vacuum parameters is here much more precise
and therefore at a higher signi�cance level. Let us stand out some of the most important
di�erences with respect to the study carried out in the previous chapter:

1. To start with, we have used now a larger and fully updated set of cosmological data.

2. The selected data set is uncorrelated and has been obtained from independent analysis
in the literature, see points S1-S7) above and references therein.

3. We have taken into account all the known covariance matrices among the data.

4. In this (and the subsequent) chapter(s), h, ωb and ns are not �xed a priori (as we did
in Chapter 4), we have now allowed them to vary in the �tting process. This is, of
course, not only a more standard procedure, but also a most advisable one in order to
obtain unbiased results. The lack of consensus on the experimental value of h is the
main reason why we have preferred to use an uninformative �at prior � in the technical
sense � for this parameter. This should be more objective in these circumstances,
rather than being subjectively elicited � once more in the technical sense � by any
of these more or less fashionable camps for h that one �nds in the literature, [320];
[321]; [322]; [68], [99]; [131]; [37]; [96], whose ultimate fate is unknown at present
(compare, e.g. the value from [37] with the one from [96], which is more than 3σ
larger than the former).

5. But the most salient feature perhaps, as compared to our previous study, is that
we have introduced here a much more precise treatment of the CMB, in which we
used not only the shift parameter, R, (which was the only CMB ingredient in our
previous studies) but the full data set indicated in S7) above, namely R together
with `a (acoustic length) and their correlations with (ωb, ns).

Altogether, this explains the substantially improved accuracy obtained in the current
�tted values of the νeff parameter as compared to Chapter 4. In particular, in what concerns
points 1-3) above we should stress that for the present analysis we are using a much more
complete and restrictive BAO data set. Thus, while in our previous work we only used 6
BAO data points based on the A(z) estimator (cf. Table 3 of [229]), here we are using a
total of 11 BAO points (none of them based on A(z), see S2-S3). These include the recent
results from [290], which narrow down the allowed parameter space in a more e�cient way,
not only because the BAO data set is larger but also owing to the fact that each of the
data points is individually more precise and the known correlation matrices have been
taken into account. Altogether, we are able to signi�cantly reduce the error bars with
respect to the ones we had obtained in our previous work. We have actually performed a
practical test to verify what would be the impact on the �tting quality of our analysis if
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Figure 5.5: Reconstruction of the contour lines for model A2, under Planck 2015 CMB data (rightmost plot in Fig. 5.2)

from the partial contour plots of the di�erent SNIa+BAO+H(z)+LSS+BBN+CMB data sources. The 1σ and 2σ contours

are shown in all cases. For the reconstructed �nal contour lines we also plot the 3σ, 4σ and 5σ regions.

we would remove the acoustic length la from the CMB part of our data and replace the
current BAO data points by those used in the previous chapter. Notice that the CMB part
is now left essentially with the R-shift parameter only, which was indeed the old situation.
The result is that we recover the error bars' size shown in the previous chapter, which
are ∼ 4 − 5 times larger than the current ones, i.e. of order O(10−3) (cf. Tables 4.1 and
4.2). We have also checked what would be the e�ect on our �t if we would remove both
the data on the shift parameter and on the acoustic length; or if we would remove only
the data points on LSS. The results are presented in Tables 5.5 and 5.6, respectively. We
observe that the ∆AIC and ∆BIC values become 2− 4 points negative. This means that
the full CMB and LSS data are individually very important for the quality of the �t and
that without any of them the evidence of dynamical DE would be lost. If we would restore
part of the CMB e�ect on the �t in Table 5.5 by including the R-shift parameter in the
�tting procedure we can recover, approximately, the situation of our previous analysis, but
not quite since the remaining data sources used now are more powerful.

It is also interesting to explore what would have been the result of our �ts if we would
not have used our rather complete SNIa+BAO+H(z)+LSS+BBN+CMB data set and had
restricted ourselves to the much more limited one used by the Planck 2015 collaboration in
the paper [311]. The outcome is presented in Table 5.7. In contrast to [37], where no LSS
(RSD) data were used, the former reference uses some BAO and LSS data, but their �t is
rather limited in scope since they use only 4 BAO data points, 1 AP (Alcock-Paczynski
parameter) data point, and one single LSS point, namely fσ8 at z = 0.57, see details in
that paper. In contradistinction to them, in our case we used 11 BAO and 13 LSS data
points, some of them very recent and of high precision [290]. From Table 5.7 it is seen
that with only the data used in [311] the �tting results for the RVM's are poor enough and
cannot still detect clear traces of the vacuum dynamics. In particular, the ∆AIC and ∆BIC
values in that table are moderately negative, showing that the ΛCDM does better with
only these data. As stated before, not even the XCDM parametrization is able to detect
any trace of dynamical DE with that limited data set, as the e�ective EoS is compatible
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Figure 5.6: Upper-left plot: two-dimensional Ωm − ω contours at 1σ and 2σ c.l. obtained with only the LSS data set.

The dotted contours in blue and purple are the exact ones, whilst the red and green ellipses have been obtained using the

Fisher's approximation. Upper-right plot: Same, but for the combination BAO+LSS. Lower-left plot: As in the upper plots,

but for the CMB data. Lower-right plot: The Fisher's generated contours at 1σ and 2σ c.l. for all the data sets: SNIa (dotted

lines), H(z) (solid lines), BAO (dot-dashed lines), LSS (dotted, very thin lines) and CMB (solid lines, tightly packed in a

very small, segment-shaped, region at such scale of the plot). The exact, �nal, combined contours (from 1σ up to 5σ) can be

glimpsed in the small colored area around the center. See the text for further explanations and Fig. 5.3 for a detailed view.

with ω = −1 at roughly 1σ (ω = −0.960 ± 0.033). This should explain why the features
that we are reporting here have been missed till now.

We complete our analysis by displaying in a graphical way the contributions from the
di�erent data sets to our �nal contour plots in Figs. 5.1-5.3. We start analyzing the
RVM's case. For de�niteness we concentrate on the rightmost plot for model A2 in Fig.
5.2, but we could do similarly for any other one in Figs. 5.1-5.2. The result for model A2 is
depicted in Fig. 5.5, where we can assess the detailed reconstruction of the �nal contours
in terms of the partial contours from the di�erent SNIa+BAO+H(z)+LSS+BBN+CMB
data sources. This reconstruction is presented through a series of three plots made at
di�erent magni�cations. In the third plot of the sequence we can easily appraise that
the BAO+LSS+CMB data subset plays a fundamental role in narrowing down the �nal
physical region of the (Ωm, νeff) parameter space, in which all the remaining parameters
have been marginalized over. This reconstruction also explains in very obvious visual terms
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why the conclusions that we are presenting here hinge to a large extent on considering
the most sensitive components of the data. While CMB obviously is a high precision
component in the �t, we demonstrate in our study (both numerically and graphically) that
the maximum power of the �t is achieved when it is combined with the wealth of BAO
and LSS data points currently available.

In Fig. 5.6 we show the corresponding decomposition of the data contours for the
XCDM model as well. In the upper-left plot we display the two-dimensional contours at
1σ and 2σ c.l. in the (Ωm, ω) plane, found using only the LSS data set. The elliptical
shapes are obtained upon applying the Fisher matrix formalismAmendolaStatistics, i.e.
assuming that the two-dimensional distribution is normal (Gaussian) not only in the closer
neighborhood of the best-�t values, but in all the parameter space. In order to obtain
the dotted contours we have sampled the exact distribution making use of the Metropolis-
Hastings Markov chain Monte Carlo algorithm [323, 324]. We �nd a signi�cant deviation
from the ideal perfectly Gaussian case. In the upper-right plot we do the same for the
combination BAO+LSS. The continuous and dotted contours are both elliptical, which
remarkably demonstrates the Gaussian behavior of the combined BAO+LSS distribution.
Needless to say the correlations among BAO and LSS data (whose covariance matrices
are known) are responsible for that, i.e. they explain why the product of the non-normal
distribution obtained from the LSS data and the Gaussian BAO one produces perfectly
elliptical dotted contours for the exact BAO+LSS combination. Similarly, in the lower-
left plot we compare the exact (dotted) and Fisher's generated (continuous) lines for the
CMB data. Again, it is apparent that the distribution inferred from the CMB data in
the (Ωm, ω) plane is a multivariate normal. Finally, in the lower-right plot we produce
the contours at 1σ and 2σ c.l. for all the data sets in order to study the impact of each
one of them. They have all been found using the Fisher approximation, just to sketch the
basic properties of the various data sets, despite we know that the exact result deviates
from this approximation and therefore their intersection is not the �nal answer. The �nal
contours (up to 5σ) obtained from the exact distributions can be seen in the small colored
area around the center of the lower-right plot. The reason to plot it small at that scale is
to give su�cient perspective to appreciate the contour lines of all the participating data.
The �nal plot coincides, of course, with the one in Fig. 5.3, where it can be appraised in
full detail.

As it is clear from Fig. 5.6, the data on the H(z) and SNIa observables are not crucial
for distilling the �nal dynamical DE e�ect, as they have a very low constraining power.
This was also so for the RVM case. Once more the �nal contours are basically the result
of the combination of the crucial triplet of BAO+LSS+CMB data. The main conclusion
is essentially the same as for the corresponding RVM analysis of combined contours in
Fig. 5.5, except that in the latter there are no signi�cant deviations from the normal
distribution behavior, as we have checked, and therefore all the contours in Fig. 5.5 can
be accurately computed using the Fisher's matrix method.

The net outcome is that using either the XCDM or the RVM's the signal in favor of the
DE dynamics is clearly pinned down and in both cases it is the result of the combination
of all the data sets used in our detailed analysis, although to a large extent it is generated
from the crucial BAO+LSS+CMB combination of data sets. In the absence of any of them
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the signal would get weakened, but when the three data sets are taken together they have
enough power to capture the signal of dynamical DE at the remarkable level of ∼ 4σ.

5.4 Conclusions

To conclude, the running vacuum models emerge as serious alternative candidates for the
description of the current state of the Universe in accelerated expansion. These models have
a close connection with the possible quantum e�ects on the e�ective action of QFT in curved
spacetime, cf. [59] and references therein. There were previous phenomenological studies
that hinted in di�erent degrees at the possibility that the RVM's could �t the data similarly
as the ΛCDM, see e.g. the earlier works by [199], [188], [224], [213], as well as the more
recent ones presented in Chapter 2, including of course the study of Chapter 4. However,
to our knowledge there is no devoted work comparable in scope to the one presented here
for the running vacuum models under consideration. The signi�cantly enhanced level of
dynamical DE evidence attained with them is unprecedented, to the best of our knowledge,
all the more if we take into account the diversi�ed amount of data used. Our study
employed for the �rst time the largest updated SNIa+BAO+H(z)+LSS+BBN+CMB data
set of cosmological observations available in the literature. Some of these data (specially the
BAO+LSS+CMB part) play a crucial role in the overall �t and are substantially responsible
for the main e�ects reported here. Furthermore, recently the BAO+LSS components have
been enriched by more accurate contributions, which have helped to further enhance the
signs of the vacuum dynamics. At the end of the day it has been possible to improve the
signi�cance of the dynamical hints from a con�dence level of roughly 2.5σ, as reported in
Chapter 4, up to the 4.2σ achieved here. Overall, the signature of dynamical vacuum energy
density seems to be rather �rmly supported by the current cosmological observations.
Already in terms of the generic XCDM parametrization we are able to exclude, for the �rst
time, the absence of vacuum dynamics (ΛCDM) at 4σ c.l.

It may be quite appropriate to mention at this point of our analysis of Chapter 6,
in which we have considered the well-known Peebles & Ratra scalar �eld model with an
inverse power law potential V (φ) ∝ φ−α [119, 118], where the power α here should, of
course, not be confused with a previous use of α for model A2 in Sect. 5.1. In that study
we consider the response of the Peebles & Ratra model when �tted with the same data sets
as those used in the current work. Even though there are other recent tests of that model,
see e.g. the works [325, 284, 326, 327, 328, 329], none of them used a comparably rich data
set as the one we used here. This explains why the analysis of Chapter 6 is able to show
that a non-trivial scalar �eld model, such as the Peebles & Ratra model, is able to �t the
observations at a level comparable to the models studied here. In fact, the central value of
the α parameter of the potential is found to be nonzero at ∼ 4σ c.l., and the corresponding
equation of state parameter ω deviates consistently from −1 also at the 4σ level. These
remarkable features are only at reach when the crucial triplet of BAO+LSS+CMB data
are at work in the �tting analysis of the various cosmological models. The net outcome
of these investigations is that several models and parametrizations of the DE do resonate
with the conclusion that there is a signi�cant (∼ 4σ) e�ect sitting in the current wealth of
cosmological data. The e�ect looks robust enough and can be unveiled using a variety of
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independent frameworks. Needless to say, compelling statistical evidence conventionally
starts at 5σ c.l. and so we will have to wait for updated observations to see if such level of
signi�cance can eventually be attained. In the meanwhile the possible dynamical character
of the cosmic vacuum, as suggested by the present study, is pretty high and gives hope
for an eventual solution of the old cosmological constant problem, perhaps the toughest
problem of fundamental physics.

5.5 Main bibliography of the chapter

This chapter is based on the contents of the paper [132]:

First evidence of running cosmic vacuum: challenging the concordance model.
J. Solà, A. Gómez-Valent, and J. de Cruz Pérez
Astrophys. J. 836, 43 (2017) ; arXiv:1602.02103
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Chapter 6

Dynamical dark energy: scalar �elds
and running vacuum

The RVM's have been carefully confronted against observations with signi�cant success.
For example, the analysis of Chapter 4 reveals that they �t better the cosmological data
than the ΛCDM at a con�dence level of around 2.5σ. This signi�cance has been promoted
in the last chapter to 4σ. The next natural question that can be formulated is whether
the traditional class of φCDM models, which do have a local Lagrangian description, and
in which the DE is described in terms of a scalar �eld φ with some standard form for its
potential V (φ), are also capable of capturing clear signs of dynamical DE using the same
set of cosmological observations used for �tting the RVM.

We devote this chapter to show that, indeed, it is so. We compare these two kind of
di�erent models and also with the results obtained using the well-known XCDM [257] and
CPL [236, 237] parametrizations of the DE. The upshot is that we are able to collect further
evidence on the time evolution of the DE from di�erent types of models at a con�dence
level of ∼ 4σ. This result is very encouraging and suggests that the imprint of dynamical
DE in the modern data is fairly robust and can be clearly decoded using independent
formulations.

6.1 φCDM with Peebles & Ratra potential

Suppose that the dark energy is described in terms of some scalar �eld φ with a standard
form for its potential V (φ), see below. We wish to compare its ability to describe the
data with that of the ΛCDM, and also with other models of DE existing in the litera-
ture. The data used in our analysis will be the same one used in the previous chapter,
SNIa+BAO+H(z)+LSS+CMB. Precise information on these data and corresponding ob-
servational references are given therein and are also summarized in Table 6.1. The main
results of our analysis are displayed in Tables 6.1-6.3 and Figures 6.1-6.5, which we will
account in detail throughout our exposition.

We start by explaining our theoretical treatment of the φCDM model in order to opti-
mally confront it with observations. The scalar �eld φ is taken to be dimensionless, being
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Model Ωm ωb = Ωbh
2 ns h χ2

min/dof
ΛCDM 0.294± 0.004 0.02255± 0.00013 0.976± 0.003 0.693± 0.004 90.44/85

Table 6.1: The best-�t values for the ΛCDM parameters (Ωm, ωb, ns, h). These values coincide with those presented

in Table 5.1. We use a total of 89 data points from SNIa+BAO+H(z)+LSS+CMB observables in our �t: namely 31 points

from the JLA sample of SNIa [82], 11 from BAO [230, 288, 289, 290, 98, 131], 30 from H(z) [291, 292, 293, 294, 295, 296, 297],

13 from linear growth [290, 272, 299, 300, 301, 269, 303, 304, 268, 241], and 4 from CMB [310]. For a summarized description

of these data, see Chapter 5. The quoted number of degrees of freedom (dof) is equal to the number of data points minus

the number of independent �tting parameters (4 for the ΛCDM). For the CMB data we have used the marginalized mean

values and standard deviation for the parameters of the compressed likelihood for Planck 2015 TT,TE,EE + lowP data

from [310]. The parameter M in the SNIa sector [82] was dealt with as a nuisance parameter and has been marginalized

over analytically. The best-�t values and the associated uncertainties for each parameter in the table have been obtained by

numerically marginalizing over the remaining parameters [130].

its energy density and pressure given by

ρφ =
M2

P

16π

[
φ̇2

2
+ V (φ)

]
, pφ =

M2
P

16π

[
φ̇2

2
− V (φ)

]
. (6.1)

Here MP = 1/
√
G = 1.22× 1019 GeV is the Planck mass, in natural units. As a represen-

tative potential we adopt the original Peebles & Ratra (PR) form [118, 119]:

V (φ) =
1

2
κM2

Pφ
−α , (6.2)

in which κ and α are dimensionless parameters. These are to be determined in our �t
to the overall cosmological data. The motivation for such potential is well described in
the original paper [118]. In a nutshell: such potential stands for the power-law tail of a
more complete e�ective potential in which in�ation is also comprised. We expect α to
be positive and su�ciently small such that V (φ) can mimic an approximate CC that is
decreasing slowly with time, in fact more slowly than the matter density. Furthermore, we
must have 0 < κ � 1 such that V (φ) can be positive and of the order of the measured
value ρ0

Λ ∼ 10−47 GeV4. In the late Universe the tail of the mildly declining potential �nally
surfaces over the matter density (not far away in our past, at z ∼ O(1)) and appears as
an approximate CC which dominates since then. Recent studies have considered the PR-
potential in the light of the cosmological data, see e.g. [325, 284, 326, 327, 328, 329]. Here
we show that the asset of current observations indicates strong signs of dynamical DE which
can be parametrized with such potential. In this way, we corroborate the unambiguous
signs obtained with independent DE models shown in Chapter 4 and more conspicuously
in Chapter 5, and with a similar level of con�dence.

The scalar �eld of the φCDM models satis�es the Klein-Gordon equation in the con-
text of the Friedmann-Lemaître-Robertson-Walker (FLRW) metric: φ̈+3Hφ̇+dV /dφ = 0,
where H = ȧ/a is the Hubble function. In some cases the corresponding solutions possess
the property of having an attractor-like behavior, in which a large family of solutions are
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drawn towards a common trajectory [118, 123, 124]. If there is a long period of conver-
gence of all the family members to that common trajectory, the latter is called a �tracker
solution� [123, 124]. When the tracking mechanism is at work, it funnels a large range of
initial conditions into a common �nal state for a long time (or forever, if the convergence
is strict). Not all potentials V admit tracking solutions, only those ful�lling the �tracker
condition� Γ ≡ V V ′′/(V ′)2 > 1 [123, 124], where V ′ = ∂V/∂φ. For the Peebles & Ratra
potential (6.2), one easily �nds Γ = 1 + 1/α, so it satis�es such condition precisely for
α > 0.

It is frequently possible to seek power-law solutions, i.e. φ(t) = A tp, for the periods
when the energy density of the Universe is dominated by some conserved matter com-
ponent ρ(a) = ρ1 (a1/a)n (we may call these periods �nth-epochs�). For instance, n = 3
for the matter-dominated epoch (MDE) and n = 4 for the radiation-dominated epoch
(RDE), with a1 the scale factor at some cosmic time t1 when the corresponding component
dominates. We de�ne a = 1 as the current value. Solving Friedmann's equation in �at
space, 3H2(a) = 8πGρ(a), we �nd H(t) = 2/(nt) as a function of the cosmic time in the
nth-epoch. Substituting these relations in the Klein-Gordon equation with the Peebles &
Ratra potential (6.2) leads to

p =
2

α + 2
, Aα+2 =

α(α + 2)2M2
plκn

4(6α + 12− nα)
. (6.3)

From the power-law form we �nd the evolution of the scalar �eld with the cosmic time:

φ(t) =

[
α(α + 2)2M2

plκn

4(6α + 12− nα)

]1/(α+2)

t2/(α+2) . (6.4)

In any of the nth-epochs the equation of state (EoS) of the scalar �eld remains stationary.
A straightforward calculation from (6.1), (6.2) and (6.4) leads to a very compact form for
the EoS:

wφ =
pφ
ρφ

= −1 +
αn

3(2 + α)
. (6.5)

Since the matter EoS in the nth-epoch is given by ωn = −1 + n/3, it is clear that (6.5)
can be rewritten also as wφ = (αωn − 2)/(α + 2). This is precisely the form predicted
by the tracker solutions [123, 124], in which the condition wφ < ωn is also secured since
|α| is expected small. In addition, wφ remains constant in the RDE and MDE, but its
value does not depend on κ, only on n (or ωn) and α. The �tting analysis presented in
Table 6.2 shows that α = O(0.1) > 0 and therefore wφ & −1. It means that the scalar
�eld behaves as quintessence in the pure RD and MD epochs (cf. the plateaus at constant
values wφ & −1 in Fig. 6.1). Notice that the behavior of wφ in the interpolating epochs,
including the period near our time, is not constant (in contrast to the XCDM, see next
section) and requires numerical solution of the �eld equations. See also [330] for related
studies.

We can trade the cosmic time in (6.4) for the scale factor. This is possible using
t2 = 3/(2πGn2ρ) (which follows from Friedmann's equation in the nth-epoch) and ρ(a) =
ρ0a
−n = ρc0 Ω a−n, where Ω = Ωm,Ωr are the present values of the cosmological density
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Model ωm = Ωmh
2 ωb = Ωbh

2 ns α κ̄ χ2
min/dof ∆AIC ∆BIC

φCDM 0.1403± 0.0008 0.02264± 0.00014 0.977± 0.004 0.219± 0.057 (32.5± 1.1)× 103 74.85/84 13.34 11.10

Table 6.2: The best-�t values for the parameter �tting vector (6.7) of the φCDM model with Peebles & Ratra potential

(6.2), including their statistical signi�cance (χ2-test and Akaike and Bayesian information criteria, AIC and BIC, see the

text). We use the same cosmological data set as in Table 6.1. The large and positive values of ∆AIC and ∆BIC strongly

favor the φCDM model against the ΛCDM. The speci�c φCDM �tting parameters are κ̄ and α. The remaining parameters

(ωm, ωb, ns) are standard (see text). The number of independent �tting parameters is 5, see Eq. (6.7)� one more than in the

ΛCDM. Using the best-�t values and the overall covariance matrix derived from our �t, we obtain: h = 0.671 ± 0.006 and

Ωm = 0.311±0.006, which allows direct comparison with Table 6.1. We �nd ∼ 4σ evidence in favor of α > 0. Correspondingly

the EoS of φ at present appears quintessence-like at 4σ con�dence level: wφ = −0.931± 0.017.

parameters for matter (n = 3) or radiation (n = 4) respectively, with ρc0 = 3H2
0/(8π G) the

current critical energy density. Notice that Ωm = Ωdm + Ωb involves both dark matter and
baryons. In this way we can determine φ as a function of the scale factor in the nth-epoch.
For example, in the MDE we obtain

φ(a) =

[
α(α + 2)2κ̄

9× 104ωm(α + 4)

]1/(α+2)

a3/(α+2) . (6.6)

Here we have conventionally de�ned the reduced matter density parameter ωm ≡ Ωm h
2,

in which the reduced Hubble constant h is de�ned as usual from H0 ≡ 100h ς, with ς ≡
1Km/s/Mpc = 2.133 × 10−44GeV (in natural units). Finally, for convenience we have
introduced in (6.6) the dimensionless parameter κ̄ through κM2

P ≡ κ̄ ς2.
Equation (6.6) is convenient since it is expressed in terms of the independent parameters

that enter our �t, see below. Let us note that φ(a), together with its derivative φ′(a) =
dφ(a)/da, allow us to �x the initial conditions in the MDE (a similar expression can be
obtained for the RDE). Once these conditions are settled analytically we have to solve
numerically the Klein-Gordon equation, coupled to the cosmological equations, to obtain
the exact solution. Such solution must, of course, be in accordance with (6.6) in the pure
MDE. The exact EoS is also a function wφ = wφ(a), which coincides with the constant
value (6.5) in the corresponding nth-epoch, but interpolates nontrivially between them.
At the same time it also interpolates between the MDE and the DE-dominated epoch in
our recent past, in which the scalar �eld energy density surfaces above the nonrelativistic
matter density, i.e. ρφ(a) & ρm(a), at a value of a near the current one a = 1. The plots
for the deceleration parameter, q = −ä/aH2, and the scalar �eld EoS, wφ(a), for the best
�t parameters of Table 6.2 are shown in Fig. 6.1. The transition point from deceleration to
acceleration (q = 0) is at zt = 0.628, which is in good agreement with the values obtained
in other works [284, 331], and is also reasonably near the ΛCDM one (zΛCDM

t = 0.687)
for the best �t values in Tables 6.1 and 6.2. The plots for φ(a) and the energy densities
are displayed in Fig. 6.2. From equations (6.2) and (6.6) we can see that in the early
MDE the potential of the scalar �eld decays as V ∼ a−3α/(2+α) ∼ a−3α/2, where in the
last step we used the fact that α is small. Clearly the decaying behavior of V with the
expansion is much softer than that of the matter density, ρm ∼ a−3, and for this reason
the DE density associated to the scalar �eld does not play any role until we approach
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Model Ωm ωb = Ωbh
2 ns h ν w0 w1 χ2

min/dof ∆AIC ∆BIC

XCDM 0.312± 0.007 0.02264± 0.00014 0.977± 0.004 0.670± 0.007 - −0.916± 0.021 - 74.91/84 13.28 11.04
CPL 0.311± 0.009 0.02265± 0.00014 0.977± 0.004 0.672± 0.009 - −0.937± 0.085 0.064± 0.247 74.85/83 11.04 6.61
RVM 0.303± 0.005 0.02231± 0.00015 0.965± 0.004 0.676± 0.005 0.00165± 0.00038 -1 - 70.32/84 17.87 15.63

Table 6.3: The best-�t values for the running vacuum model (RVM), together with the XCDM and CPL parametrizations,

including also their statistical signi�cance (χ2-test and Akaike and Bayesian information criteria, AIC and BIC) as compared

to the ΛCDM (cf. Table 6.1). The values for the XCDM coincide with those presented in Table 5.1 of the previous chapter.

We use the same string of cosmological SNIa+BAO+H(z)+LSS+CMB data as in Tables 6.1 and 6.2. The speci�c �tting

parameters for these models are ν, w0, and (w0, w1) for RVM, XCDM and CPL, respectively. The remaining parameters are

standard. For the models RVM and XCDM the number of independent �tting parameters is 5, exactly as in the φCDM. For

the CPL parametrization there is one additional parameter (w1). The large and positive values of ∆AIC and ∆BIC strongly

favor the RVM and XCDM against the ΛCDM. The CPL is only moderately favored as compared to the ΛCDM and much

less favored than the φCDM, RVM and XCDM.

the current time. This fact is apparent in Fig. 6.2 (right), where we numerically plot
the dimensionless density parameters Ωi(a) = ρi(a)/ρc(a) as a function of the scale factor,
where ρc(a) = 3H2(a)/(8πG) is the evolving critical density.

As indicated above, the current value of the EoS can only be known after numerically
solving the equations for the best �t parameters in Table 6.2, with the result wφ(z = 0) =
−0.931± 0.017 (cf. Fig. 6.1). Such result lies clearly in the quintessence regime and with
a signi�cance of 4σ. It is essentially consistent with the dynamical character of the DE
derived from the non-vanishing value of α in Table 6.2.

In regard to the value of h, there is a signi�cant tension between non-local measurements
of h, e.g. [37, 131, 321, 99, 333, 97, 332], and local ones, e.g. [96]. Some of these values
can di�er by 3σ or more. For the ΛCDM model we �nd h = 0.693± 0.004 (cf. Table 6.1),
which is in between the ones of [37] and [96] and is compatible with the value presented in
[68]. For the φCDM, our best-�t value is h = 0.671±0.006 (cf. caption of Table 6.2), which
di�ers by more than 3σ with respect to the ΛCDM one in our Table 6.1. Still, both remain
perfectly consistent with the recent estimates of h from Hubble parameter measurements
at intermediate redshifts [298]. At the moment it is not possible to distinguish models on
the sole basis of H(z) measurements. Fortunately, the combined use of the di�erent sorts of
SNIa+BAO+H(z)+LSS+CMB data o�ers nowadays a real possibility to elucidate which
models are phenomenologically preferred.

Let us now describe the computational procedure that we have followed for the φCDM
model. The initial conditions must be expressed in terms of the parameters that enter our
�t. These are de�ned by means of the following 5-dimensional �tting vector:

~pφCDM = (ωm, ωb, ns, α, κ̄) (6.7)

where ωb ≡ Ωb h
2 is the baryonic component and ns is the spectral index. These two

parameters are speci�cally involved in the �tting of the CMB and LSS data (ωb enters the
�tting of the BAO data too), whereas the other three also enter the background analysis,
see the previous chapter for more details in the methodology. For the φCDM we have
just one more �tting parameter than in the ΛCDM, i.e. 5 instead of 4 parameters (cf.
Tables 6.1 and 6.2). However, in contrast to the ΛCDM, for the φCDM we are �tting
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the combined parameter ωm = Ωmh
2 rather than Ωm and h separately. The reason is

that h (and hence H0) is not a direct �tting parameter in this case since the Hubble
function values are determined from Friedmann's equation 3H2 = 8π G(ρφ + ρm), where
ρφ is given in Eq. (6.1) and ρm = ρc0Ωma

−3 = (3 × 104/8πG)ς2 ωm a
−3 is the conserved

matter component. This is tantamount to saying that h is eventually determined from the
parameters of the potential and the reduced matter density ωm. For instance, in the MDE
it is not di�cult to show that

H̄2(a) =
κ̄ φ−α(a) + 1.2× 105 ωm a

−3

12− a2φ′2(a)
, (6.8)

where we have de�ned the dimensionless H̄ = H/ς, and used φ̇ = aH φ′(a). As we can
see from (6.8), the value of h ≡ H̄(a = 1)/100 is determined once the three parameters
(ωm, α, κ̄) of the �tting vector (6.7) are given, and then Ωm = ωm/h

2 becomes also de-
termined. Recall that φ(a) is obtained by solving numerically the Klein-Gordon equation
under appropriate initial conditions (see below) which also depend on the above �tting
parameters. As a di�erential equation in the scale factor, the Klein-Gordon equation reads

φ′′ + φ′
(
H̄ ′

H̄
+

4

a

)
− α

2

κ̄φ−(α+1)

(aH̄)2
= 0 . (6.9)

It can be solved after inserting (6.8) in it, together with

H̄ ′ = − 3

2aH̄

(
a2H̄2φ′2

6
+ 104 ωma

−3

)
. (6.10)

The last formula is just a convenient rephrasing of the expression Ḣ = −4π G(ρm + pm
+pφ) upon writing it in the above set of variables. According to (6.1), the sum of density
and pressure for φ reads ρφ + pφ = φ̇2/(16πG) = a2H̄2φ′2ς2/(16πG), and of course pm = 0
for the matter pressure after the RDE.

The initial conditions for solving (6.9) are �xed in the mentioned nth-epochs of the
cosmic evolution. They are determined from the values of the �tting parameters in (6.7).
For example if we set these conditions in the MDE they are de�ned from the expression
of φ(a) in Eq. (6.6), and its derivative φ′(a), both taken at some point deep in the MDE,
say at a redshift z > 100, i.e. a < 1/100. The result does not depend on the particular
choice in this redshift range provided we do not approach too much the decoupling epoch
(z ' 1100), where the radiation component starts to be appreciable. We have also iterated
our calculation when we take the initial conditions deep in the RDE (n = 4), in which
the radiation component ρr dominates. In this case ωm = Ωmh

2 is replaced by ωr = Ωrh
2,

which is a function of the radiation temperature and the e�ective number of neutrino
species, Neff . We �nd the same results as with the initial conditions settled in the MDE.
In both cases the �tting values do agree and are those indicated in Table 6.2. Let us also
mention that when we start from the RDE we �nd that ρφ(a) � ρr(a) at (and around)
the time of BBN (Big Bang Nucleosynthesis), where a ∼ 10−9, thus insuring that the
primordial synthesis of the light elements remains unscathed.
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Figure 6.1: Left: The deceleration parameter q(z) for the recent Universe. The transition point where q(zt) = 0
is at zt = 0.628, for the best �t values of Table 6.2. Right: The scalar �eld EoS parameter, wφ(a), for the entire cosmic
history after numerically solving the cosmological equations for the φCDM model with Peebles & Ratra potential using the
best-�t values of Table 6.2. The two plateaus from left to right correspond to the epochs of radiation and matter domination,
respectively. The sloped stretch at the end, which is magni�ed in the inner plot in terms of the redshift variable, corresponds
to the recent epoch, in which the scalar �eld density (playing the role of DE) dominates. We �nd wφ(z = 0) = −0.931±0.017.

Consistency with BBN is indeed a very important point that motivates the Peebles
& Ratra's inverse power potential φCDM, Eq. (6.2), together with the existence of the
attractor solution. Compared, say to the exponential potential, V (φ) = V0 e

−λφ/MP , the
latter is inconsistent with BBN (if λ is too small) or cannot be important enough to
cause accelerated expansion at the current time (if λ is too large) [118, 138]. This can be
cured with a sum of two exponentials with di�erent values of λ [139], but of course it is
less motivated since involves more parameters. Thus, the PR-potential seems to have the
minimal number of ingredients to successfully accomplish the job. In point of fact, it is
what we have now veri�ed at a rather signi�cant con�dence level in the light of the modern
cosmological data.

Finally, let us mention that we have tested the robustness of our computational program
by setting the initial conditions out of the tracker path and recovering the asymptotic
attractor trajectory. This is of course a numerical check, which is nicely consistent with
the fact that the Peebles & Ratra potential satis�es the aforementioned tracker condition
Γ > 1. More details will be reported elsewhere.

6.2 XCDM and CPL parametrizations

The XCDM parametrization was �rst introduced in [257] as the simplest way to track a
possible dynamics for the DE. Here one replaces the Λ-term with an unspeci�ed dynamical
entity X, whose energy density at present coincides with the current value of the vacuum
energy density, i.e. ρ0

X = ρ0
Λ. Its EoS reads pX = w0 ρX , with w0 =const. The XCDM

mimics the behavior of a scalar �eld, whether quintessence (w0 & −1) or phantom (w0 .
−1), under the assumption that such �eld has an essentially constant EoS parameter
around −1. Since both matter and DE are self-conserved in the XCDM (i.e. they are not
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Figure 6.2: Same as Fig. 6.1, but for φ(a) and the density parameters Ωi(a). The crossing point between the scalar

�eld density and the non-relativistic matter density lies very close to our time (viz. ac = 0.751, equivalently zc = 0.332), as

it should. This is the point where the tail of the PR potential becomes visible and appears in the form of DE. The point zc

lies nearer our time than the transition redshift from deceleration to acceleration, zt = 0.628 (cf. q(z) in Fig. 6.1), similar to

the ΛCDM.

interacting), the energy densities as a function of the scale factor are given by ρm(a) =
ρ0
m a
−3 = ρc0Ωm a

−3 and ρX(a) = ρ0
X a
−3(1+w0) = ρc0(1 − Ωm) a−3(1+w0). Thus, the Hubble

function in terms of the scale factor is given by

H2(a) = H2
0

[
Ωm a

−3 + (1− Ωm) a−3(1+w0)
]
. (6.11)

A step further in the parametrization of the DE is the CPL prametrization [236, 237], whose
EoS for the DE is de�ned as follows:

w = w0 + w1 (1− a) = w0 + w1
z

1 + z
, (6.12)

where z is the cosmological redshift. In contrast to the XCDM, the EoS of the CPL is not
constant and is designed to have a well-de�ned asymptotic limit in the early Universe. The
XCDM serves as a simple baseline to compare other models for the dynamical DE. The
CPL further shapes the XCDM parametrization at the cost of an additional parameter
(w1) that enables some cosmic evolution of the EoS. The Hubble function for the CPL in
the MDE is readily found:

H2(z) = H2
0

[
Ωm (1 + z)3 + (1− Ωm)(1 + z)3(1+w0+w1) e−3w1

z
1+z

]
. (6.13)

It boils down to (6.11) for w1 = 0, as expected. It is understood that for the RDE
the term Ωr(1 + z)4 has to be added in the Hubble function. Such radiation term is al-
ready relevant for the analysis of the CMB data, and it is included in our analysis. The
�tting results for the XCDM and CPL parametrizations have been collected in the �rst
two rows of Table 6.3. Comparing with the φCDM model (cf. Table 6.2), we see that the
XCDM parametrization also projects the e�ective quintessence option at 4σ level, specif-
ically w0 = −0.916 ± 0.021. The CPL parametrization, having one more parameter, does
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not re�ect the same level of signi�cance, but the corresponding AIC and BIC parameters
(see below) remain relatively high as compared to the ΛCDM, therefore pointing also at
clear signs of dynamical DE as the other models. Although the results obtained by the
XCDM parametrization and the PR-model are fairly close (see Tables 6.2 and 6.3) and
both EoS values lie in the quintessence region, the fact that the EoS of the XCDM model
is constant throughout the cosmic history makes it di�cult to foresee if the XCDM can be
used as a faithful representation of a given nontrivial φCDM model, such as the one we are
considering here. The same happens for the extended CPL parametrization, even if in this
case the EoS has some prescribed mild cosmic evolution. In actual fact, both the XCDM
and CPL parametrizations are to a large extent arbitrary and incomplete representations
of the dynamical DE.

6.3 RVM: running vacuum

The last model whose �tting results are reported in Table 6.3 is the running vacuum model
(RVM). The RVM is a dynamical vacuum model, meaning that the corresponding EoS
parameter is still w = −1 but the corresponding vacuum energy density is a �running� one,
i.e. it departs (mildly) from the rigid assumption ρΛ =const. of the ΛCDM. Speci�cally,
the form of ρΛ reads as follows:

ρΛ(H) =
3

8πG

(
c0 + νH2

)
. (6.14)

Here c0 = H2
0 (1− Ωm − ν) is �xed by the boundary condition ρΛ(H0) = ρ0

Λ = ρc0 (1−Ωm).
The dimensionless coe�cient ν is expected to be very small, |ν| � 1, since the model must
remain su�ciently close to the ΛCDM. The moderate dynamical evolution of ρΛ(H) is
possible at the expense of the slow decay rate of vacuum into dark matter. Here we
assume that baryons and radiation are conserved, and this is something which has not
been studied in the previous chapters. This Vacuum-DM interaction in the context of the
RVM's will be also studied in Chapter 7.

In practice, the confrontation of the RVM with the data is performed by means of the
following 5-dimensional �tting vector:

~pRVM = (Ωm, ωb, ns, h, ν) . (6.15)

The �rst four parameters are the standard ones as in the ΛCDM, while ν is the mentioned
vacuum parameter for the RVM. Although it can be treated in a mere phenomenological
fashion, formally ν can be given a QFT meaning by linking it to the β-function of the
running ρΛ [59]. We have mentioned in previous chapters that the theoretical estimates
place its value in the ballpark of ν ∼ 10−3 at most [280], and this is precisely the order
of magnitude pinned down for it in Table 6.3 from our overall �t to the data. The order
of magnitude coincidence is reassuring. The corresponding Hubble function in the MDE
reads:

H2(z) = H2
0

[
1 +

Ωm

1− ν
(
(1 + z)3(1−ν) − 1

)]
. (6.16)
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Figure 6.3: The LSS data on the weighted linear growth rate, f(z)σ8(z), and the predicted curves by the various models,

using the best-�t values in Tables 6.1-6.3. The XCDM and CPL lines are not shown since they are almost on top of the

φCDM one. The values of σ8(0) that we obtain for the di�erent models are also indicated.

It depends on the basic �tting parameters (Ωm, h, ν), which are the counterpart of (ωm, α, κ̄)
for the φCDM. The remaining two parameters are common and hence both for the RVM
and the φCDM the total number of �tting parameter is �ve, see (6.7) and (6.15). Note
that for ν = 0 we recover the ΛCDM case, as it should be expected.

6.4 Structure formation

A few observations on the analysis of structure formation are in order, as it plays a sig-
ni�cantly role in the �tting results. On scales well below the horizon the scalar �eld per-
turbations are relativistic and hence can be ignored [118, 119]. As a result in the presence
of non-interacting scalar �elds the usual matter perturbation equation remains valid [130].
Thus, for the φCDM, XCDM and CPL models we compute the perturbations through the
standard equation [194]

δ̈m + 2H δ̇m − 4πGρm δm = 0 , (6.17)

with, however, the Hubble function corresponding to each one of these models � see the
formulae in the previous sections.

For the RVM the situation is nevertheless di�erent. In the presence of dynamical
vacuum, the perturbation equation not only involves the modi�ed Hubble function (6.16)
but the equation itself becomes modi�ed. One can make use of equation (2.51), together
with the appropriate initial conditions for the density contrast and its �rst derivative.

Let us also note that, in all cases, we can neglect the DE perturbations at subhorizon
scales. We have already mentioned above that this is justi�ed for the φCDM. For the
RVM it can be shown to be also the case, see the, e.g. Sect. 3.4.2 and Appendix C. The
situation with the XCDM and CPL is not di�erent, and once more the DE perturbations
are negligible at scales below the horizon. A detailed study of this issue can be found
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Figure 6.4: Left: Likelihood contours for the φCDM model in the (ωm,α)-plane after marginalizing over the remaining

parameters (cf. Table 6.2). The various contours correspond to 1σ, 2σ, 3σ, 4σ and 5σ c.l. The line α = 0 corresponds to

the concordance ΛCDM model. The tracker consistency region α > 0 (see the text) is clearly preferred, and we see that it

de�nitely points to dynamical DE at ∼ 4σ con�dence level. Right: Reconstruction of the aforementioned contour lines from

the partial contour plots of the di�erent SNIa+BAO+H(z)+LSS+CMB data sources using Fisher's approach [130]. The 1σ

and 2σ contours are shown in all cases, but for the reconstructed �nal contour lines we include the 3σ, 4σ and 5σ regions as

well. For the reconstruction plot we display a larger ωm-range to better appraise the impact of the various data sources.

e.g. in Ref. [256, 264], in which the so-called ΛXCDM model is considered in detail at the
perturbations level. In the absence of the (running) component Λ of the DE, the ΛXCDM
model reduces exactly to the XCDM as a particular case. One can see in that quantitative
study that at subhorizon scales the DE perturbations become negligible no matter what
is the assumed value for the sound velocity of the DE perturbations (whether adiabatic or
non-adiabatic).

The analysis of the linear LSS regime is conveniently implemented with the help of the
weighted linear growth f(z)σ8(z). In Fig. 6.3 we display f(z)σ8(z) for the various models
using the �tted values of Tables 6.1-6.3. We have applied the procedure discussed in Sect.
5.2.

6.5 Discussion and conclusions

The statistical analysis of the various models considered in this study is performed in terms
of a joint likelihood function, which is the product of the likelihoods for each data source and
including the corresponding covariance matrices, following the standard procedure [130].
The contour plots for the φCDM and XCDM models are shown in Figures 6.4 and 6.5,
where the the dynamical character of the DE is clearly demonstrated at ∼ 4σ c.l. More
speci�cally, in the left plot of Fig. 6.4 we display the �nal contour plots for φCDM in the
plane (ωm, α) � de�ned by two of the original parameters of our calculation, cf. Eq. (6.7)
� together with the isolated contours of the di�erent data sources (plot on the right). It
can be seen that the joint triad of observables BAO+LSS+CMB conspire to signi�cantly
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Figure 6.5: Likelihood contours for the φCDM model (left) and the XCDM parametrization (right) in the relevant planes

after marginalizing over the remaining parameters in each case (cf. Tables 6.2 and 6.3). The various contours correspond

to 1σ, 2σ, 3σ, 4σ and 5σ c.l. The central values in both cases are ∼ 4σ away from the ΛCDM, i.e. α = 0 and w0 = −1,

respectively.

reduce the �nal allowed region of the (ωm, α)-plane, while the constraints imposed by SNIa
and H(z) are much weaker. This is something that has also been pinpointed in Chapter
5 (cf. Sect. 5.3 therein). Finally, for the sake of convenience, in Fig. 6.5 we put forward
the �nal φCDM and the XCDM contours in the more conventional (Ωm, α)-plane. As for
the RVM, see the contours in the following chapter, where a dynamical DE e�ect ∼ 4σ is
recorded.

As noted previously, the three models φCDM, XCDM and RVM have the same number
of parameters, namely 5, one more than the ΛCDM. The CPL, however, has 6 parame-
ters. Cosmological models having a larger number of parameters have more freedom to
accommodate observations. Thus, for a fairer comparison of the various nonstandard mo-
dels with the concordance ΛCDM we have to invoke a suitable statistical procedure that
penalizes the presence of extra parameters. As in previous chapters, we make use of the
Akaike information criterion (AIC) and the Bayesian information criterion (BIC), which
are extremely valuable tools for a fair statistical analysis of this kind. These criteria are
de�ned in (5.18) [233, 319, 275]. The larger are the di�erences ∆AIC (∆BIC) with respect
to the model that carries smaller value of AIC (BIC) the higher is the evidence against the
model with larger value of AIC (BIC) � the ΛCDM in all the cases considered in Tables
6.1-6.3. The rule applied to our case is the following [233, 319, 275]: for ∆AIC and ∆BIC
in the range 6 − 10 we can speak of �strong evidence� against the ΛCDM, and hence in
favor of the given nonstandard model. Above 10, one speaks of �very strong evidence�.
Notice that the Bayes factor is e∆BIC/2, and hence near 150 in such case.

A glance at Tables 6.2 and 6.3 tells us that for the models φCDM, XCDM and RVM,
the values of ∆AIC and ∆BIC are both above 10. The CPL parametrization has only one
of the two increments above 10, but the lowest one is above 6, therefore it is still fairly
(but not so strongly) favored as the others. We conclude from the AIC and BIC criteria
that the models φCDM, XCDM and RVM are de�nitely selected over the ΛCDM as to

199



Chapter 6. Dynamical dark energy: scalar �elds and running vacuum

their ability to optimally �t the large set of cosmological SNIa+BAO+H(z)+LSS+CMB
data used in our analysis. Although the most conspicuous model of those analyzed here
appears to be the RVM (cf. Tables 6.2 and 6.3), the scalar �eld model φCDM with Peebles
& Ratra potential also receives a strong favorable verdict from the AIC and BIC criteria.
Furthermore, the fact that the generic XCDM and CPL parametrizations are also capable of
detecting signi�cant signs of evolving DE suggests that such dynamical signature is sitting
in the data and is not privative of a particular model, although the level of sensitivity does
indeed vary from one model to the other.

To summarize, the current cosmological data disfavors the hypothesis Λ =const. in a
rather signi�cant way. The presence of DE dynamics is con�rmed by all four parametriza-
tions considered here and with a strength that ranges between strong and very strong
evidence, according to the Akaike and Bayesian information criteria. Furthermore, three
of these parametrizations are able to attest such evidence at ∼ 4σ c.l., and two of them
(φCDM and RVM) are actually more than parametrizations since they are associated to
speci�c theoretical frameworks. The four approaches resonate in harmony with the conclu-
sion that the DE is decreasing with the expansion, and therefore that it behaves e�ectively
as quintessence.

6.6 Main bibliography of the chapter

This chapter is based on the contents of the paper [133]:

Dynamical dark energy: scalar �elds and running vacuum.
J. Solà, A. Gómez-Valent, and J. de Cruz Pérez
Phys. Lett. A32, 1750054 (2017) ; arXiv:1610.08965
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Chapter 7

More compelling signs of vacuum (and
DE) dynamics

This chapter is the last one of this dissertation. Here we continue our study on the dynami-
cal vacuum models, this time also including two of pure phenomenological nature. Apart
from the latter, we analyze the same RVM studied in the previous chapter. It is similar
(but not equal to) the A1-type model, since the vacuum energy density varies due to an
interaction with dark matter. Here baryons and radiation are conserved and, therefore,
their energy densities are ruled by the standard ΛCDM laws. Again, we deem convenient
to compare the capability of �tting the data of these DVM's with the one o�ered by the
XCDM and CPL dark energy parametrizations, and the more elaborated φCDM Peebles
& Ratra model.

The guidelines of the chapter are as follows. In Sect. 7.1 we describe the di�erent
dynamical vacuum models (DVM's) under consideration. In Sect. 7.2 we report on the
main �tting results and the set of cosmological data used, on distant type Ia supernovae
(SNIa), baryonic acoustic oscillations (BAO's), the Hubble parameter values at di�erent
redshifts, the LSS data, and the cosmic microwave background (CMB) distance priors from
Planck. In Sect. 7.3 we discuss aspects of structure formation with dynamical vacuum. The
numerical analysis of the DVM's and a comparison with the standard XCDM and CPL
parametrizations is the object of Sect. 7.4. An ample discussion of the results along with a
reanalysis under di�erent conditions, including a comparison with the traditional φCDM
models, is developed in Sect. 7.5. Finally, in Sect. 7.6 we present our conclusions. Appendix
E, on the cosmological observables and statistical analysis, complete the study carried out
in this extensive chapter.

7.1 Dynamical vacuum models

The gravitational �eld equations with cosmological term Λ are

Gµν − Λ gµν = 8πG Tµν , (7.1)

where Gµν = Rµν − 1
2
gµνR is the Einstein tensor. De�ning the vacuum energy density

(in natural units) as ρΛ = Λ/(8πG), the full energy-momentum tensor involving the e�ect
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of both matter and the vacuum energy density, reads T̃µν ≡ Tµν + gµν ρΛ. The original
�eld equations can then be brought to the same form as in the case without Λ-term:
Gµν = 8πG T̃µν . Notice from the structure of T̃µν that the vacuum is dealt with as a
perfect �uid, with EoS pΛ = −ρΛ. When the matter can also be treated as an ideal �uid
and is distributed homogeneously and isotropically, as postulated by the Cosmological
Principle, we can write

T̃µν = (ρΛ − pm) gµν + (ρm + pm)UµUν , (7.2)

where Uµ is the 4-velocity of the cosmic �uid, ρm is the proper energy density of matter
and pm its isotropic pressure. We assume the standard cosmological framework grounded
on the FLRW metric with �at three-dimensional slices: ds2 = dt2−a2(t) dx2, where t is the
cosmic time and a(t) the scale factor. However, we admit that matter can be in interaction
with vacuum, which is tantamount to saying that ρΛ = ρΛ(ζ) is a function of some cosmic
variable evolving with time, ζ = ζ(t). While this, of course, implies that ρ̇Λ ≡ dρΛ/dt 6= 0
we assume that Ġ = 0 in our study. Such dynamics of vacuum is compatible with the
Bianchi identity (see below) provided there is some energy exchange between vacuum and
matter. In other words, matter cannot be strictly conserved in these circumstances. The
Friedmann and acceleration equations for the present Universe are nonetheless formally
identical to the standard ΛCDM case:

3H2 = 8π G (ρm + ρr + ρΛ(ζ)) (7.3)
3H2 + 2Ḣ = −8π G (pr − ρΛ(ζ)) . (7.4)

HereH = ȧ/a is the usual Hubble rate, ρm = ρb+ρdm involves the pressureless contributions
from baryons and cold dark matter (DM) in the current epoch, and ρr is the radiation
density (with the usual EoS pr = ρr/3). We emphasize once more that in the above
equations we stick to the EoS, pΛ = −ρΛ, although the vacuum is dynamical, ρΛ(t) =
ρΛ(ζ(t)), and its evolution is tied to the cosmic expansion. In all of the dynamical vacuum
models (DVM's) being considered here, the cosmic variable ζ is either the scale factor
or can be expressed analytically in terms of it, ζ = ζ(a), or equivalently in terms of the
cosmological redshift, z = a−1 − 1, where we adopt the normalization a = 1 at present.

From the basic pair of Friedmann and acceleration equations (7.3)-(7.4), a �rst integral
of the system can be derived, namely∑

N=dm,b,r,Λ

[ρ̇N + 3H(ρN + pN)] = 0 . (7.5)

Of course, the last term being summed over (for the Λ component) is zero owing to the
vacuum EoS. Such �rst integral ensues also from the divergenceless property of the full
energy-momentum tensor T̃µν , see Eq.(7.2), in the FLRW metric, i.e. ∇µT̃µν = 0. The
last property is a consequence of the Bianchi identity satis�ed by the Einstein tensor,
∇µGµν = 0, and the assumed constancy of the Newtonian coupling G. It re�ects the
local conservation law of the compound system formed by matter and vacuum, and the
consequent nonconservation of each of these components when taken separately. For our
purposes it will be more convenient to reexpress the combined conservation law in a way
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that re�ects more explicitly the interaction between the particular components of the cos-
mic �uid. Thus, by introducing the vacuum-matter interaction source, Q, and using the
vacuum EoS we can conveniently split (7.5) into two coupled equations:

ρ̇dm + 3Hρdm + ρ̇b + 3Hρb + ρ̇r + 4Hρr = Q , (7.6)
ρ̇Λ = −Q . (7.7)

Rephrased in this form, it will be easier to sort out the types of DVM's we will be dealing
with in terms of the di�erent proposed forms for Q. For example, in the ΛCDM case the
vacuum energy density is ρΛ =const. and thereforeQ = 0. The concordance model assumes
also that matter and radiation are self-conserved after equality. It also assumes that
baryons and CDM are separately conserved. Therefore their respective energy densities
satisfy ρ̇b+3Hρb = 0, ρ̇r+4Hρr = 0 and ρ̇dm+3Hρdm = 0. Nevertheless, it is obvious that
in the presence of vacuum dynamics at least one of these equations cannot hold. Following
our de�nite purpose to remain as close as possible to the ΛCDM, we would like to leave
the most sensitive and accessible components of the cosmic �uid completely unaltered by
the vacuum dynamics. Thus, in the considered DVM's, we will assume that the �rst two of
the above conservation equations still hold good but that the last does not, and hence that
the vacuum exchanges energy only with DM. The dilution laws for baryons and radiation
as a function of the scale factor therefore take on the conventional ΛCDM forms:

ρb(a) = ρb0 a
−3, ρr(a) = ρr0 a

−4 , (7.8)

where ρb0 and ρr0 are the corresponding current values. In contrast, the density of DM is
tied to the dynamics of the vacuum through Eqs. (7.6)-(7.7), which now become simpli�ed:

ρ̇dm + 3Hρdm = Q , ρ̇Λ = −Q , (7.9)

after the conservation laws (7.8) have been taken into account. The solution of these
equations will depend on the particular form assumed for Q, which determines the leakage
rate of vacuum energy into dark matter or vice versa. Such leakage must certainly be much
smaller than the standard dilution rate of nonrelativistic matter associated to the cosmic
expansion (i.e. much smaller than ∼ a−3), as otherwise these anomalous e�ects would be
too sharp at the present time. Therefore, we must have 0 < |Q| � ρ̇m. The di�erent
DVM's will be characterized by di�erent functions Qi (i = 1, 2, ..) that are proportional to
a small dimensionless coupling, |νi| � 1. In some cases the interaction source Qi will be
merely phenomenological, but in one of the cases (the running vacuum model) we have a
more theoretical motivation.

7.1.1 The running vacuum model

One of the DVM's under study is the so-called running vacuum model, which can be
motivated in the context of QFT in curved space-time (cf. [59, 287] and references therein).
Details on these model have been provided in the previous chapter, in Sect. 6.3. In the
RVM case, the source function Q in (7.9) is not just put by hand (as in the case of the
ad hoc DVM's we will introduce in a moment). It is a calculable expression from (6.14),
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together with Friedmann's equation (7.3) and the generalized local conservation law (7.5),
realized in the form (7.6)-(7.9). We �nd:

RVM : Q = −ρ̇Λ = ν H(3ρm + 4ρr) , (7.10)

where we recall that ρm = ρdm + ρb, and that ρb and ρr are known functions of the scale
factor � see Eq. (7.8). The remaining densities, ρdm and ρΛ, must be determined upon
further solving the model explicitly, see the next subsection. If baryons and radiation
would also possess a small interaction with vacuum, their densities in Eq. (7.10) would
not follow the standard conservation laws and the cosmological solutions would be those
encountered in type-A1 model (see e.g. Chapter 2).

7.1.2 Other dynamical vacuum models

Next we include in our study two ad hoc DVM's in which the source functionQ is introduced
by hand, i.e. without any special theoretical motivation. Two possible phenomenological
ansatzs are the following:

Model Qdm : Qdm = 3νdmHρdm (7.11)
Model QΛ : QΛ = 3νΛHρΛ . (7.12)

Model QΛ was previously addressed in [315], but as we shall see we do not agree with their
analysis, in accordance also with [316]. Model Qdm was recently studied in [317]; it is closer
to the RVM than QΛ, but certainly not identical, confer equations (7.10) and (7.11). There
are many more choices for Q, see e.g. [334] and [335], but it will su�ce to focus on the
RVM and on the two additional variants (7.11)-(7.12) to assess the possible impact of the
DVM's in the light of the modern observational data.

The dimensionless parameters νi = (ν, νdm, νΛ) for each model (RVM, Qdm, QΛ) deter-
mine the strength of the dark-sector interaction in the sources Qi and enable the evolution
of the vacuum energy density. In all cases we have a similar structure Qi ∝ νiHQi, but
the density function Qi varies from one model to the other, as it is plain from the above
formulae. For νi > 0 the vacuum decays into DM (which is thermodynamically favorable)
whereas for νi < 0 is the other way around. This will be an important argument (see
Sect. 7.3.5) to judge the viability of these models, as only the �rst situation is compatible
with the second law of thermodynamics (SLT).

7.1.3 Solving explicitly the dynamical vacuum models

The matter and vacuum energy densities of the DVM's can be computed straightforwardly
upon solving the coupled system of di�erential equations (7.9), given the explicit forms
(7.10)-(7.12) for the interacting source in each case and keeping in mind that, in the current
framework, the baryon (ρb) and radiation (ρr) parts are separately conserved. After some
calculations the equations for the DM energy densities ρdm for each model (RVM, Qdm,QΛ)
can be explicitly solved in terms of the scale factor. Below we quote the �nal results for

204



Chapter 7. More compelling signs of vacuum (and DE) dynamics

each case:

RVM : (7.13)

ρdm(a) = ρdm0 a
−3(1−ν) + ρb0

(
a−3(1−ν) − a−3

)
+

4ν

1 + 3ν
ρr0
(
a−3(1−ν) − a−4

)
Qdm :

ρdm(a) = ρdm0 a
−3(1−νdm) (7.14)

QΛ :

ρdm(a) = ρdm0 a
−3 +

νΛ

1− νΛ

ρ0
Λ

(
a−3νΛ − a−3

)
.

(7.15)

In solving the di�erential equations (7.9) we have traded the cosmic time variable for the
scale factor using the chain rule d/dt = aHd/da.

The corresponding vacuum energy densities can also be solved in the same variable,
and yield:

RVM : (7.16)

ρΛ(a) = ρ0
Λ +

ν ρm0

1− ν
(
a−3(1−ν) − 1

)
+

νρr0
1− ν

(
1− ν
1 + 3ν

a−4 +
4ν

1 + 3ν
a−3(1−ν) − 1

)
Qdm :

ρΛ(a) = ρ0
Λ +

νdm ρdm0

1− νdm
(
a−3(1−νdm) − 1

)
(7.17)

QΛ :

ρΛ(a) = ρ0
Λ a
−3νΛ . (7.18)

One can easily check that for a = 1 (i.e. at the present epoch) all of the energy densities
(7.13)-(7.18) recover their respective current values ρN0 (N = dm, b, r,Λ). In addition,
for νi → 0 we retrieve for the three DM densities the usual ΛCDM expression ρdm(a) =
ρdm0a

−3, and the corresponding vacuum energy densities ρΛ(a) boil down to the constant
value ρ0

Λ in that limit. The normalized Hubble rate E ≡ H/H0 (H0 being the current
value) for each model can be easily obtained by plugging the above formulas, along with
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Model h ωb = Ωbh
2 ns Ωm νi w0 w1 χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.692± 0.004 0.02253± 0.00013 0.976± 0.004 0.296± 0.004 - -1 - 84.88/85 - -
XCDM 0.672± 0.007 0.02262± 0.00014 0.976± 0.004 0.311± 0.007 - −0.923± 0.023 - 74.08/84 8.55 6.31
CPL 0.673± 0.009 0.02263± 0.00014 0.976± 0.004 0.310± 0.009 - −0.944± 0.089 0.063± 0.259 74.03/83 6.30 1.87
RVM 0.677± 0.005 0.02231± 0.00014 0.965± 0.004 0.303± 0.005 0.00158± 0.00042 -1 - 69.72/84 12.91 10.67
Qdm 0.678± 0.005 0.02230± 0.00015 0.965± 0.004 0.302± 0.005 0.00216± 0.00060 -1 - 70.50/84 12.13 9.89
QΛ 0.691± 0.004 0.02230± 0.00016 0.966± 0.005 0.298± 0.005 0.00601± 0.00253 -1 - 79.22/84 3.41 1.17

Table 7.1: Best-�t values for the ΛCDM, XCDM, CPL and the three dynamical vacuum models (DVM's), including
their statistical signi�cance (χ2-test and Akaike and Bayesian information criteria, AIC and BIC). The ∆AIC and ∆BIC
increments clearly favor the dynamical DE options. In particular, the RVM and Qdm are strongly favored (∼ 4σ c.l.). Our
�t is grounded on a rich and fully updated SNIa+BAO+H(z)+LSS+CMB data set, see data sources DS1)-DS6) in the text
for details and references. The speci�c �tting parameters for each DVM are νi = ν (RVM), νdm(Qdm) and νΛ(QΛ), whilst
for the XCDM and CPL are the EoS parameters w0 and the pair (w0,w1), respectively. For the vacuum models, including
the ΛCDM, we have w0 = −1 and w1 = 0. The remaining parameters are standard (h, ωb, ns,Ωm). The number of degrees
of freedom (dof) is equal to the number of data points minus the number of �tting parameters (4 for the ΛCDM, 5 for the
DVM's and the XCDM, and 6 for the CPL parametrization). The parameter M in the SNIa sector [82] was dealt with as a
nuisance parameter and has been marginalized over analytically (see Appendix E).

Model h ωb = Ωbh
2 ns Ωm νi w0 w1 χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.691± 0.004 0.02251± 0.00013 0.973± 0.004 0.297± 0.005 - -1 - 80.19/78 - -
XCDM 0.673± 0.007 0.02261± 0.00014 0.976± 0.004 0.311± 0.007 - −0.929± 0.023 - 72.00/77 5.92 3.78
CPL 0.674± 0.009 0.02261± 0.00015 0.976± 0.004 0.310± 0.009 - −0.938± 0.087 0.026± 0.258 71.99/76 3.60 -0.61
RVM 0.677± 0.005 0.02232± 0.00015 0.965± 0.004 0.302± 0.005 0.00159± 0.00048 -1 - 67.85/77 10.07 7.93
Qdm 0.678± 0.005 0.02230± 0.00015 0.965± 0.004 0.302± 0.005 0.00215± 0.00066 -1 - 68.59/77 9.33 7.19
QΛ 0.690± 0.004 0.02230± 0.00017 0.966± 0.005 0.299± 0.005 0.00568± 0.00259 -1 - 75.40/77 2.52 0.38

Table 7.2: Same as in Table 7.1, but excluding from our analysis the BAO and LSS data from WiggleZ, see point DS5)
in the text.

the radiation and baryon energy densities, into the Friedmann's equation (7.3). We �nd:

RVM : (7.19)

E2(a) = 1 +
Ωm

1− ν
(
a−3(1−ν) − 1

)
+

Ωr

1− ν

(
1− ν
1 + 3ν

a−4 +
4ν

1 + 3ν
a−3(1−ν) − 1

)
Qdm : (7.20)

E2(a) = 1 + Ωb

(
a−3 − 1

)
+

Ωdm

1− νdm
(
a−3(1−νdm) − 1

)
+ Ωr

(
a−4 − 1

)
QΛ : (7.21)

E2(a) =
a−3νΛ − νΛa

−3

1− νΛ

+
Ωm

1− νΛ

(
a−3 − a−3νΛ

)
+ Ωr

(
a−4 +

νΛ

1− νΛ

a−3 − a−3νΛ

1− νΛ

)
.

In the above expressions, we have used the cosmological parameters ΩN = ρN0/ρ
0
c for each

�uid component (N = dm, b, r,Λ), and de�ned Ωm = Ωdm + Ωb. Altogether, they satisfy
the sum rule

∑
N ΩN = 1. The normalization condition E(1) = 1 in these formulas is

apparent, meaning that the Hubble function for each model reduces to H0 at present, as
they should; and, of course, for νi → 0 we recover the ΛCDM form for H, as should be
expected.

From the structure of equations (7.16) and (7.19) we can readily see that the vacuum
energy-density for the RVM can be fully written as a function of a cosmic variable ζ, which
can be chosen to be not only the scale factor but the full Hubble function ζ = H. The
result is, of course, Eq. (6.14). In contrast, for the Qdm and QΛ models this is not possible,
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as it is clear on comparing equations (7.17)-(7.18) and the corresponding ones (7.20)-(7.21).
For these models ρΛ can only be written as a function of the scale factor. In fact, the RVM
happens to have the greatest level of symmetry since its origin is an RG equation in H
whose solution is precisely (6.14).

7.1.4 XCDM and CPL parametrizations

It will be convenient to �t also the data through the simple XCDM parametrization of the
dynamical DE, �rst introduced by Turner and White [257] shortly after the discovery of
the cosmic acceleration with type Ia distant supernovae. The basic background formulas
are shown in Sect. 6.2, together with those of the CPL parametrization [236, 237]. Both
parametrizations can be conceived as a kind of baseline frameworks to be referred to in
the study of dynamical DE. They can be used as �ducial models to which we can compare
other, more sophisticated, models for the dynamical DE, such as the DVM's under study.
The mimicking of the vacuum dynamics through these parametrizations need not be perfect
through these parametrizations, though, since the DVM's interact with matter whereas the
XCDM and CPL do not involve any interaction. Still, since the vacuum dynamics inherent
in the DVM's is mild enough, we expect that a signi�cant part of the e�ects departing from
the ΛCDM should be captured by these parametrizations, either in the form of e�ective
quintessence behavior (w & −1) or e�ective phantom behavior (w . −1). The fact that the
CPL comprises two parameters (w0, w1) rather than just w0 will, however, be in detriment
of the accuracy of the �t versus that of the XCDM. The XCDM is in fact more appropriate
for a fairer comparison with the DVM's, which also have one single vacuum parameter
νi. We present the main �tting results with these parametrizations, along with the other
models, in Table 7.1. A more detailed discussion will be given later on in Sections 7.4 and
7.5.

7.2 Fitting the vacuum models to the data

In this chapter, we �t the ΛCDM, XCDM, CPL and the three DVM's to the cosmological
data from type Ia supernovae, BAO's, the values of the Hubble parameter at various
redshifts, H(zi), the LSS formation data embodied in the quantity f(zi)σ8(zi) and, �nally,
the CMB distance priors from Planck 2015. We denote this cosmological data set by
SNIa+BAO+H(z)+LSS+CMB. A guide to the presentation of our results is the following.
The various �tting analyses and contour plots under di�erent conditions (to be discussed
in detail in the next sections) are displayed in twelve �tting tables, Tables 7.1-7.2, 7.4-7.11
and E.2 and in ten �gures, Figs. 7.1-7.10. Table 7.3 contains the LSS data points used in
the current study. The main results of our analysis are those recorded in Table 7.1 and
Figs. 7.1-7.4. The elliptical shapes in the contour plots have been obtained according to
the standard statistical technique relying on the Fisher matrix formalism [130]. This is
perfectly legitimate in this case, since the deviation of the posterior distribution from an
ideal Gaussian one is found to be negligible, as we have checked � similarly as we did in
Chapter 5 for other models. Details of the χ2 function to be minimized, as well as of the
covariance matrices for the most signi�cant data sets are speci�ed in the Appendix E. For
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Survey z f(z)σ8(z) References
6dFGS 0.067 0.423± 0.055 [272]

SDSS-DR7 0.10 0.37± 0.13 [299]
GAMA 0.18 0.29± 0.10 [300]

0.38 0.44± 0.06 [301]
DR12 BOSS 0.32 0.427± 0.056 [302]

0.57 0.426± 0.029
WiggleZ 0.22 0.42± 0.07 [269]

0.41 0.45± 0.04
0.60 0.43± 0.04
0.78 0.38± 0.04

2MTF 0.02 0.34± 0.04 [303]
VIPERS 0.7 0.38+0.06

−0.07 [304]
VVDS 0.77 0.49± 0.18 [268],[241]

Table 7.3: Published values of f(z)σ8(z), referred to in the text as the LSS data, see the quoted references and text in

point DS5). The only di�erence with respect to Table 5.4 is in the uncertainties of the the DR12 BOSS data points. Now

we use the updated (and �nally published) values of Gil-Marín et al. [302], instead of the ones found in the previous version

[290].

additional details the reader is referred to speci�c references of our bibliography, which we
deem is quite generous.

The remaining tables and �gures contain complementary information, which can be very
helpful to gather a more detailed picture of our rather comprehensive study. In particular,
Figs. 7.5-7.10 are quite revealing of di�erent aspects of the dynamical dark energy signal,
together with the complementary tables, which are in support of the �gures. A summarized
road map to the content of the �tting tables is the following: Table 7.2 explores a possible
e�ect of correlations in data sets; Tables 7.4-7.6 examine the in�uence of re�tting the data
by excluding a single one of the three basic observables CMB, LSS or BAO, respectively;
Table 7.7 shows the results when we use only the �tting data employed by the Planck 2015
collaboration, where no dynamical DE signal was detected; Table 7.8 explores the di�erence
between including or not including the data on the three-point correlation function, i.e.
the bispectrum, in addition to the usual spectrum; Table 7.9 tests the e�ect on our results
when we replace some of the BAO data in Table 7.1 with di�erent BAO data existing in
the recent literature; Table 7.10 allows to compare the e�ect of using a recent (but earlier)
release of the BOSS data on BAO and LSS (including the bispectrum) carrying di�erent
errors as compared to the most recent BOSS data that we used in Table 7.1; Table 7.11
reports on the �tting results to the same cosmological data when we use the original Peebles
& Ratra model as a prototype φCDM model to explore the dynamical DE; and, �nally,
Tables E.1 and E.2 check the impact on our results upon using alternative �tting formulas
existing in the literature for the sound horizon at the redshift of the drag epoch. We will
discuss all these results in detail in the corresponding sections and in Appendix E. Below
we start with a detailed description of the data used.
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7.2.1 Data sets

The 89 data points used in our �t stem from six data sources DS1-DS6 that are asso-
ciated to the chain SNIa+BAO+H(z)+LSS+CMB of cosmological observations, keeping
nonetheless in mind that two of the data sources described below stem from BAO's of
di�erent kinds (isotropic and anisotropic). Notice that the selected BAO+LSS points ac-
tually encode the information of hundreds of thousands of galaxies corresponding to certain
e�ective redshifts. Speci�cally, the data sets used in our analysis are almost the same as
the ones used in Chapter 5, but we consider useful for the reader to make a quick review
in the following lines:

DS1) Data on distant type Ia supernovae. We take the SNIa data points from the
SDSS-II/SNLS3 Joint Light-curve Analysis (JLA) [82]. We have used the 31 binned dis-
tance modulus �tted to the JLA sample and the compressed form of the likelihood with
the corresponding 31× 31 covariance matrix.

DS2) Data on isotropic baryon acoustic oscillations. We use 5 data points on the
isotropic BAO at the following redshifts: z = 0.106 [230], obtained from the DV (z) es-
timator; and z = 0.15 [288] and zi = 0.44, 0.6, 0.73 [289] from the alternative estimator
DV (z)/rs(zd) (with the correlations between the last 3 points). See Appendix E for more
details on these estimators.

DS3) Data on anisotropic baryon acoustic oscillations. We use 6 data points on
anisotropic BAO estimators: 4 of them on DA(zi)/rs(zd) and H(zi)rs(zd) at zi = 0.32, 0.57,
for the LOWZ and CMASS samples, respectively. These data are taken from [302], based
on the Redshift-Space Distortions (RSD) measurements of the power spectrum combined
with the bispectrum, and the BAO post-reconstruction analysis of the power spectrum
(cf. Table 5 of that reference), including the correlations among these data encoded in
the provided covariance matrices. We also use 2 data points involving the observables
DA(zi)/rs(zd) and DH(zi)/rs(zd) at z = 2.34, from the combined LyaF analysis [98]. The
correlation coe�cient among these 2 points is taken from [131] (cf. Table II of that ref-
erence). We have also taken due account of the correlations among the BAO data and
the corresponding fσ8 data of [302] � see DS5) below and Table 7.3 with the associated
references. We refer the reader to Appendix E and references therein for further technical
details on the (isotropic and anisotropic) BAO observables.

DS4) Data on the Hubble parameter at di�erent redshift points. We use 30 data points
on H(zi) at di�erent redshifts, listed in Table 5.3. We use onlyH(zi) values obtained by the
so-called di�erential-age (or cosmic chronometer) techniques applied to passively evolving
galaxies. That is to say, we use data where one estimates H(z) from (1+z)H(z) = −dz/dt.
Here dz/dt ' ∆z/∆t is extracted from a sample of passive galaxies (i.e. with essentially
no active star formation) whose age and redshift di�erences, ∆t and ∆z, are known. See
the references also in Table 5.3. The important point to remark here is that these H(z)
values, although relying on the theory of spectral evolution of galaxies, are uncorrelated
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with the BAO data points. See also [284, 101, 104, 105, 298], where the authors make only
use of Hubble parameter data in their analyses. We �nd, however, indispensable in our
analysis to take into account the remaining data sets to derive our conclusions on dynami-
cal vacuum, specially the BAO, LSS and CMB observations. This fact can also be veri�ed
quite evidently in Figs. 7.7-7.9, to which we shall turn our attention in Sect. 7.5.4. See,
however, [336] for other tests of dynamical DE using H(z) data.

DS5) Data on large scale structure formation (LSS). In this paper, the LSS data speci�-
cally refers to data points on the product of the ordinary growth rate f(zi) with σ8(zi) (the
root mean square matter �uctuation on R8 = 8h−1 Mpc spheres) at di�erent (e�ective)
redshifts zi, see Sect. 7.3.3 for more details. We use 13 data points on f(zi)σ8(zi). Not
all are from RSD. The actual �tting results shown in Table 7.1 make use of the LSS data
listed in Table 7.3, in which we have carefully avoided possible correlations among them
(see below). As an example, we do not include the 2dFGRS point at z = 0.17 [241, 266]
in our analysis because, as it is stated in [337], it is strongly correlated with the 6dFGS
one (cf. Table 7.3). Let us mention that although we are aware of the existence of other
LSS data points in the literature concerning some of the used redshift values in our Table
7.3 � cf. [268, 266]; [305, 270]; [306] � we have explicitly checked that their inclusion in
our numerical �ts has no signi�cant impact on the main results of our paper, that is to
say, it does not alter in any signi�cant way the attained level of evidence in favor of the
main DVM's under study. Our results are de�nitely secured in both cases, but we have
naturally presented our �nal results sticking to the most updated data. See also Sect. 7.5.2
for more details on the data selection procedure.

Let us now reiterate the following observation concerning the possible correlations be-
tween data sets. In our analysis we have included both the WiggleZ and the CMASS
data sets. We are aware that there exists some overlap region between these two galaxy
samples. But the two surveys have been produced independently and the studies on the
existing correlations among these observational results, see [307, 308], show that the corre-
lation is small. The overlap region of the CMASS and WiggleZ galaxy samples is actually
not among the galaxies that the two surveys pick up, but between the region of the sky they
explore. Furthermore, in spite of the fact that almost all of the WiggleZ region (speci�cally,
5/6 parts of it) lies inside the CMASS one, it only takes a very small fraction of the whole
sky region covered by CMASS, since the latter is much larger than the WiggleZ one (see,
e.g. Fig. 1 in [307]). In this paper, the authors are able to estimate the correlation degree
among the BAO constraints in CMASS and WiggleZ, and they conclude that it is less than
4%. For this reason we �nd it perfectly justi�ed to keep the WiggleZ data as part of our
BAO and LSS data sets. As an additional check, we have computed the �tting results that
are obtained when we remove the WiggleZ data points from the BAO and f(z)σ8(z) data
sets (see Table 7.2). We can see that the di�erences in the uncertainties and in the central
values of the parameters with respect to Table 7.1 are small. Therefore, no signi�cant
change in the statistical signi�cance of the results is found.

DS6) Data on the CMB distance priors. These comprise: R (shift parameter), `a
(acoustic length) and their correlations with the reduced baryon mass parameter and the

210



Chapter 7. More compelling signs of vacuum (and DE) dynamics

Figure 7.1: Likelihood contours for the DVM's in the (Ωm, νi) plane for the values −2 lnL/Lmax = 2.30, 6.18, 11.81,

19.33, 27.65 (corresponding to 1σ, 2σ, 3σ, 4σ and 5σ c.l.) after marginalizing over the rest of the �tting parameters indicated

in Table I. The elliptical shapes have been obtained applying the standard Fisher matrix approach. We estimate that for

the RVM, 94.80% (resp. 89.16%) of the 4σ (resp. 5σ) area is in the ν > 0 region. For the Qdm we �nd that 95.24% (resp.

89.62%) of the 4σ (resp. 5σ) area is in the νdm > 0 region. Finally, for the QΛ we estimate that 99.45% (resp. 90.22%) of

the 2σ (resp. 3σ) area is in the νΛ > 0 region. Subsequent marginalization over Ωm increases slightly the c.l. and renders

the �tting values collected in Table 7.1. The ΛCDM (νi = 0) appears disfavored at ∼ 4σ c.l. in the RVM and Qdm, and at

∼ 2.5σ c.l. for QΛ.

spectral index (ωb, ns). It has been shown in [338] that although this compression loses
information compared to the full CMB likelihood, such information loss becomes negligible
when more data is added, as in the current analysis. We have used the CMB covariance
matrix from the analysis of the Planck 2015 data of [310]. Our �tting results with such
covariance matrix are compiled in all our tables (except in Table 7.4 where we test the
behavior of our �t in the absence of the CMB distance priors R and `a). We display the
�nal contour plots for the DVM's and the XCDM in Figs. 7.1-7.3. Let us point out that we
have checked that very similar results ensue for all models if we use the alternative CMB
covariance matrix from [311]. We have de�nitely chosen that of [310] since it uses the more
complete compressed likelihood analysis for Planck 2015 TT,TE,EE + lowP data whereas
[311] uses Planck 2015 TT+lowP data only.

Finally, let us examine the Big Bang Nucleosynthesis (BBN) bound (see e.g. [281, 283]),
namely the limitation in the value of the BBN speed-up factor, de�ned as the ratio of
the expansion rate predicted in a given model versus that of the ΛCDM model at the
BBN epoch. For models of constant G, it is tantamount to enforcing the condition that
the vacuum energy density at the BBN epoch is su�ciently small in comparison to the
radiation density, typically less than 5− 10%. In the current study, the BBN bound need
not be enforced since it is automatically ful�lled. The reason stems from our assumption
that the radiation is conserved for the DVM's analyzed in this paper. As a result, the
behavior of the ratio of the vacuum energy density to the radiation density in these models
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at BBN time (a→ 0) is, in each case, as follows:

ρΛ(a)

ρr(a)

∣∣∣∣
RVM

−→ ν

1 + 3ν
' ν = O

(
10−3

)
� 1 (7.22)

ρΛ(a)

ρr(a)

∣∣∣∣
Qdm

−→ νdm
1− νdm

ρdm0

ρr0
a(1+3νdm) → 0 (7.23)

ρΛ(a)

ρr(a)

∣∣∣∣
QΛ

−→ ρΛ0

ρr0
a(4−3νΛ) → 0 , (7.24)

as it can be easily checked from the energy densities explicitly computed in Sect. 7.1.3. We
use, of course, the fact that 0 < νi � 1. In all cases the ratio is very small and therefore
the BBN proceeds standard, with no signi�cant di�erence versus the ΛCDM. Note that
this situation is in contradistinction to the A and G-type models, addressed in previous
chapters, where strict BBN bounds had to be applied in the analysis. In particular, when
G can be variable it generally produces an e�ective change in the BBN speed-up factor,
which was duly restrained in these works. For more details, see these references. Recently
other models with variable G have been considered aiming to cure a certain level of tension
between the Planck 2015 measurements and some independent observations in intermediate
cosmological scales [339].

7.2.2 Background observables

With the above data sets the �tting results for the main background cosmological observ-
ables (h,Ωm) are a�orded in Table 7.1, together with the reduced baryon mass param-
eter ωb = Ωb h

2, the spectral index ns and the vacuum parameter νi, or alternatively
the XCDM or CPL parameters. We will discuss in detail these parameters through-
out the paper. Here we want to comment only on the basic two (h,Ωm) we have just
mentioned. The reduced Hubble constant h is de�ned as usual from H0 ≡ 100h ς, with
ς ≡ 1 Km/s/Mpc = 2.1332× 10−44GeV (in natural units). In particular, the �tting values
for h in our tables correspond to using an uninformative �at prior (in the technical sense).
Owing to some tension in the values of h in the current literature (see Sect. 7.4.2), this
procedure should be the fairest option rather than adopting some particular prior.

Concerning the radiation density parameter Ωr, it is taken to be a function of the �tted
value of h in our analysis through Ωr = ωrh

−2. The value of ωr can be computed from the
current temperature of the CMB photons, Tγ0 = 2.7255 K [78], and the e�ective number
of neutrino species, Ne� = 3.046 [77]. Recall that the total radiation density at present is
given by

ρr0 = ργ0

[
1 +Ne�

7

8

(
4

11

)4/3
]
, (7.25)

where Tν0/Tγ0 = (4/11)1/3 is the ratio of the current neutrino and photon temperatures [?].
Finally, the density of photons now is ργ0 = (π2/15)T 4

γ0. Using the aforementioned numer-
ical values, we obtain

ωr =
ρr0
ρc0

h2 =
8π G

3× 104 ς2
ρr0 = 4.18343× 10−5 . (7.26)
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Figure 7.2: As in Fig. 7.1, but projecting the �tting results of the RVM onto the di�erent planes of the involved

parameters (H0 is expressed in Km/s/Mpc). The horizontal line ν = 0 in the plots of the last row corresponds to the ΛCDM.

It is apparent that it is signi�cantly excluded at ∼ 4σ c.l. in all cases. The peak in the rightmost plot corresponds to the

central value ν = 0.00158 indicated in Table 7.1.

This value will enter explicitly the computation of the equality point between radiation
and nonrelativistic matter and will be used in the evaluation of the transfer function in
Sect. 7.3.3.

Finally, let us stress that the DVM's have a background cosmology similar to that of
the ΛCDM. The main di�erences appear at the cosmic perturbations level, which will be
discussed in the next section. But at the moment let us mention that all of them have
a transition point from braking (deceleration) to acceleration. This is clear since they all
describe some dynamical behavior around a dominant (nonvanishing) constant term. The
deceleration parameter q = −äa/ȧ2 can be comfortably computed from

q(a) = −1− a

2E2(a)

dE2(a)

da
, (7.27)
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Figure 7.3: As in Fig. 7.1, but for model XCDM. The ΛCDM is excluded in this case at ∼ 3σ c.l. Marginalization over

Ωm increases the c.l. up to 3.35σ (cf. Table 7.1).

where E = H/H0 is the normalized Hubble function. This function is available for the
three DVM's under study, see Eqs. (7.19)-(7.21). Obviously we can neglect the radiation
terms in these expressions for this kind of calculation. The transition point is the scale
factor value at (or redshift value zt = 1/at−1) where q(at) = 0. For instance, for the RVM
one �nds

RVM : at =

[
(1− 3ν) Ωm

2(ΩΛ − ν)

]1/(3(1−ν))

. (7.28)

From this expression we see that if the constant term in Eq. (6.14) would be c0 = 0, then
ΩΛ = ν and at =∞, i.e. in the absence of c0 there would be no transition. One can reason
similarly in the case of models Qdm and QΛ. However, for model Qdm it turns out that an
explicit formula for at is not possible since di�erent powers of the scale factor appear mixed
up with an additive term. As a result the equation q(at) = 0 cannot be solved analytically.
For model QΛ, however, an explicit result can be obtained:

QΛ : at =

[
Ωm − νΛ

ΩΛ(2− 3νΛ)

]1/(3(1−νΛ))

. (7.29)

For νi = 0 the above formulas boil down to the ΛCDM expression, as they should. Let us
quote the values that we obtain for the transition redshift using the �tted values in Table
I. For the ΛCDM we obtain zΛCDM

t = 0.681 ± 0.012, whereas from (7.28) and (7.29) we
�nd:

zRVMt = 0.667± 0.013 , zQΛ
t = 0.687± 0.012 . (7.30)

The value, obtained numerically, for Qdm is:

zQdmt = 0.668± 0.013 . (7.31)
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Clearly, for both the RVM and Qdm the transition occurs essentially at the same point,
and such point is closer to our time than in the ΛCDM case. In contrast, for model QΛ

the transition occurs slightly earlier. Unfortunately, owing to the errors these di�erences
are too small and cannot be disentangled; in fact they are compatible with the ΛCDM at
1σ. We conclude that the transition redshift is not, at the moment, su�ciently accurate to
be used as a tool for distinguishing among these models. The measurable di�erences will
appear, instead, when we move from the background cosmology to the perturbed one. We
prepare the ground for it in the next section.

7.3 Structure formation with dynamical vacuum

The analysis of the linear structure formation data deserves some remarks. It hinges on
the theory of cosmological perturbations, which has been discussed at length in several
specialized textbooks, see e.g. [194] and [250, 340, 341]. Notwithstanding, the analysis
of new types of models may introduce novel features that must be carefully taken into
account, as it has been explained in previous chapters. At deep subhorizon scales and in
the presence of dynamical vacuum energy one can show that the matter density contrast
δm = δρm/ρm obeys the following di�erential equation:

δ̈m + (2H + Ψ) δ̇m −
(

4πGρm − 2HΨ− Ψ̇
)
δm = 0 , (7.32)

where Ψ ≡ −ρ̇Λ/ρm = Q/ρm, and the (vacuum-matter) interaction source Q for each DVM
is given by Eqs. (7.10)-(7.12). For ρΛ =const. and for the XCDM and CPL there is no
such interaction, therefore Q = 0, and Eq. (7.32) reduces to the ΛCDM form [194]:

δ̈m + 2H δ̇m − 4πGρm δm = 0 . (7.33)

We note that at the scales under consideration we are neglecting the perturbations of the
vacuum energy density in front of the perturbations of the matter �eld (see Appendix C
for further details).

Let us brie�y justify by alternative methods the modi�ed form (7.32), in which the
variation of ρΛ enters only through the background quantity Ψ and not through any per-
turbed quantity. We shall conveniently argue in the context of two well-known gauges,
the synchronous gauge and the Newtonian conformal gauge, thus providing a twofold jus-
ti�cation. In the synchronous gauge, vacuum perturbations δρΛ modify the momentum
conservation equation for the matter particles in a way that we can easily get e.g. from
the general formulae of [264], with the result

v̇m + Hvm =
1

a

δρΛ

ρm
−Ψvm , (7.34)

where ~v = ~∇vm is the associated peculiar velocity, with potential vm (notice that this
quantity has dimension of inverse energy in natural units). By setting δρΛ = aQvm =
a ρm Ψ vm the two terms on the r.h.s. of (7.34) cancel each other and we recover the
corresponding equation of the ΛCDM. On the other hand, in the Newtonian or conformal
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gauge [342, 371] we �nd a similar situation. The analog of the previous equation is the
modi�ed Euler's equation in the presence of dynamical vacuum energy. It reads as follows:

d

dη
(ρmvm) + 4Hρmvm + ρmφ− δρΛ = 0 , (7.35)

where φ is the gravitational potential that appears explicitly in the Newtonian conformal
gauge, and η is the conformal time. Let an overhead circle denote a derivative with respect
to the conformal time, i.e. f̊ = df/dη for any f . We de�ne the quantities H = å/a = aH
and Ψ̄ = −ρ̊Λ/ρm = aΨ, which are the analogues of H and Ψ in conformal time. Using the
background local conservation equation (7.5) for the current epoch (neglecting therefore
radiation) and rephrasing it in conformal time, i.e. ρ̊Λ + ρ̊m + 3Hρm = 0, we can bring
(7.35) to the simpler form

v̊m + Hvm + φ =
δρΛ

ρm
− Ψ̄vm . (7.36)

Once more the usual �uid equation (in this case Euler's equation) is retrieved if we arrange
that δρΛ = ρm Ψ̄ vm = a ρm Ψ vm, as then the two terms on the r.h.s. of (7.36) cancel each
other. Alternatively, one can use the covariant form ∇µTµν = Qν for the local conservation
law, with the source 4-vector Qν = QUν , where Uν = (a,~0) is the background matter
4-velocity in conformal time [130]. By perturbing the covariant conservation equation one
�nds

δ (∇µTµν) = δQν = δQUν +QδUν , (7.37)

where δQ and δUν = a(φ,−~v) are the perturbations of the source function and the 4-
velocity, respectively. Thus, we obtain

δ (∇µTµν) = a(δQ+Qφ,−Q~v) . (7.38)

From the ν = j component of the above equation, we derive anew the usual Euler equation
v̊m+Hvm+φ = 0, which means that the relation δρΛ = aQvm = a ρm Ψ vm is automatically
ful�lled. So the analyses in the two gauges converge to the same �nal result for δρΛ.

After we have found the condition that δρΛ must satisfy in each gauge so as to prevent
that the vacuum modi�es basic conservation laws of the matter �uid, one can readily show
that any of the above equations (7.34) or (7.36) for each gauge (now with their r.h.s. set
to zero), in combination with the corresponding perturbed continuity equation and the
perturbed 00-component of Einstein's equations (giving Poisson's equation in the Newto-
nian approximation), leads to the desired matter perturbations equation (7.32). While our
discussion holds good in a rigorous relativistic context, a derivation was �rst possible in the
Newtonian formalism [159]. Altogether, the above considerations formulated in the context
of di�erent gauges allow us to consistently neglect the DE perturbations at scales down the
horizon. This justi�es the use of Eq. (7.32) for the e�ective matter perturbation equation
in our study of linear structure formation in the framework of the DVM's. We refer the
reader to chapter 3.4.2 and Ref. [264] for additional discussions on the suppression of the
DE perturbations at subhorizon scales.
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It will be convenient for further use to rewrite Eq. (7.32) in terms of the scale factor
variable rather than the cosmic time. A straightforward calculation leads to the following
expression

δ′′m +
A(a)

a
δ′m +

B(a)

a2
δm = 0 , (7.39)

where primes denote di�erentiation d/da, and the functions A and B of the scale factor
are given by

A(a) = 3 + a
H ′(a)

H(a)
+

Ψ(a)

H(a)
, (7.40)

B(a) = −4πGρm(a)

H2(a)
+

2Ψ(a)

H(a)
+ a

Ψ′(a)

H(a)
. (7.41)

7.3.1 Initial conditions

To solve (7.39) we have to �x the initial conditions for δm(a) and δ′m(a) for each model
at high redshift, say at zi ∼ 100 (ai ∼ 10−2), when nonrelativistic matter dominates both
over the vacuum and the radiation contributions. We have to calculate the limit of the
functions (7.40)-(7.41) for small values of the scale factor. In this limit, the leading form
of the normalized Hubble rate (squared) for each model, see equations (7.19)-(7.21), can
be written to within very good approximation as follows:

RVM : E2(a) =
Ωm

1− ν
a−3(1−ν) (7.42)

Qdm : E2(a) =
Ωm

1− νdm
a−3(1−νdm) (7.43)

QΛ : E2(a) =
Ωm − νΛ

1− νΛ

a−3 . (7.44)

These equalities are to be understood in an approximate sense, that is to say, as the leading
expressions at the point where we take the initial conditions. As it is clear from them, each
model remains close to the ΛCDM behavior, given by E2(a) ' Ωma

−3 in the same limit,
and perfectly reduces to it for νi → 0, as expected. The small departure, however, must
be duly taken into account when �xing the initial conditions. Below we explain how this
is done.

A key ingredient in the structure formation equation for the DVM's is Ψ(a), since it
encodes the dynamical character of the vacuum energy at the background level. It can be
easily computed for each model and yields:

RVM : Ψ(a) = 3νH(a) (7.45)

Qdm : Ψ(a) = 3νdm
Ωdm

Ωm

H(a) +O(ν2
dm) (7.46)

QΛ : Ψ(a) = 3νΛ
ρΛ(a)

ρm(a)
H(a) , (7.47)

where the �rst and third expressions are exact in νi since we disregard the radiation terms
proportional to Ωr, whereas the second expression involves subleading contributions of
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O(ν2
dm), which will be neglected. With the above estimates we can assess the value of the

correction terms Ψ/H and aΨ′/H in (7.40)-(7.41). They represent the extra terms in the
matter perturbations equation with respect to the ΛCDM. We immediately see that both
for the RVM and Qdm we have Ψ/H= const. and such a constant is proportional to νi,
whereby Ψ/H is small but not necessary negligible. In contrast, for model QΛ the ratio
Ψ/H ∼ νΛ a

3(1−νΛ) becomes smaller and smaller in the past, and therefore its value at
a ∼ 10−2 is strongly suppressed as compared to the other DVM's. Thus, in leading order,
there are no corrections to the matter perturbations equation for model QΛ other than
the background e�ect associated to the modi�ed Hubble function. Similar considerations
apply to the term aΨ′/H for each model.

From the above formulas we can straightforwardly obtain the leading form of the func-
tions (7.40)-(7.41) for the di�erent DVM's:

RVM : A =
3

2
(1 + 3ν) (7.48)

Qdm : A =
3

2
(1 + νdm) + 3

Ωdm

Ωm

νdm +O(ν2
dm)

(7.49)

QΛ : A =
3

2
, (7.50)

and

RVM : B = −3

2
+ 3ν +

9

2
ν2 (7.51)

Qdm : B = −3

2

(
1− νdm −

Ωdm

Ωm

νdm

)
+O(ν2

dm)

(7.52)

QΛ : B = −3

2
, (7.53)

For νi → 0, we recover the ΛCDM behavior A → 3
2
and B → −3

2
, as it should. This

is already true for the QΛ without imposing νΛ → 0, therefore its initial conditions are
precisely the same as for the concordance model. Once the functions (7.40)-(7.41) take
constant values (as it is the case here at the high redshifts where we �x the initial condi-
tions), the di�erential equation (7.39) admits power-like solutions of the form δm(ai) = asi .
Of the two solutions, we are interested only in the growing mode solution, as this is the
only one relevant for structure formation. For example, using (7.48) and (7.51) for the case
of the RVM, the perturbations equation (7.39) becomes

δ′′m +
3

2a
(1 + 3ν)δ′m −

(
3

2
− 3ν − 9

2
ν2

)
δm
a2

= 0 . (7.54)

The power-law solution for the growing mode gives the result δm = a1−3ν , which is exact
even keeping theO(ν2) term. Nevertheless, as warned previously, in practice we can neglect
all O(ν2

i ) contributions despite we indicate their presence. Repeating the same procedure
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for the other models, the �nal outcome for the growing mode solution δm ∼ as is the
following:

RVM : s = 1− 3ν (7.55)

Qdm : s = 1− νdm
(

6Ωm + 9Ωdm

5Ωm

)
+O(ν2

dm)

(7.56)
QΛ : s = 1 . (7.57)

As expected the deviations with respect to ΛCDM are small (and for QΛ there is no
deviation at all). For the RVM and Qdm the departures from the ΛCDM are proportional
to νi, and therefore the dynamical vacuum energy induces small changes in the initial
conditions. Imposing the above analytical results to �x the initial conditions, we are then
able to solve numerically the full di�erential equation (7.39) from a high redshift zi ∼ 100
(ai ∼ 10−2) up to our days. The result does not signi�cantly depend on the precise value
of zi, provided it is large enough but still well below the decoupling time (z ∼ 103), where
the radiation component starts to be nonnegligible.

7.3.2 Linear growth and growth index

The linear growth rate of clustering is an important (dimensionless) indicator of structure
formation [194], as it has been shown in previous chapters. It is de�ned as the logarithmic
derivative of the linear growth factor δm(a) with respect to the log of the scale factor, ln a.
Therefore,

f(a) ≡ a

δm

dδm
da

=
dlnδm
dlna

, (7.58)

where δm(a) is obtained from solving the di�erential equation (7.39) for each model. Since
f(a) is equal to (δ̇m/δm)/(ȧ/a) (the ratio of the peculiar �ow rate to the Hubble rate), the
physical signi�cance of f(a) is that it determines the peculiar velocity �ows [194]. In terms
of the redshift variable, we have f(z) = −(1 + z) dln δm/dz, and thus the linear growth
can also be used to determine the amplitude of the redshift distortions. This quantity has
been analytically computed for the RVM in [343]. Here we shall take it into account for
the study of the LSS data in our overall �t to the cosmological observations.

One usually expresses the linear growth rate of clustering in terms of Ωm(z) = ρm(z)/ρc(z),
where ρc(z) = 3H2(z)/(8πG) is the evolving critical density, as follows [194]:

f(z) ' [Ωm(z)]γ(z) , (7.59)

where γ is the so-called linear growth rate index. For the usual ΛCDM model, such index
is approximately given by γΛ ' 6/11 ' 0.545. For models with a slowly varying equation
of state wD (i.e. approximately behaving as the XCDM, with wD ' w0) one �nds the
approximate formula γD ' 3(wD − 1)/(6wD − 5) [242] for the asymptotic value when
Ωm → 1. Setting wD = −1 + ε, it can be rewritten

γD '
6− 3ε

11− 6ε
' 6

11

(
1 +

1

22
ε

)
. (7.60)
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Obviously, for ε → 0 (i.e. ωD → −1) one retrieves the ΛCDM case. Since the current
experimental error on the γ-index is of order 10%, it opens the possibility to discrimi-
nate cosmological models using such index, see e.g. [344, 195]. In the case of the RVM
and related models, the function γ(z) has been computed numerically in Chapter 2. Un-
der certain approximations, an analytical result can also be obtained for the asymptotic
value [343]:

γRVM '
6 + 3ν

11− 12ν
' 6

11

(
1 +

35

22
ν

)
. (7.61)

This expression for the RVM is similar to (7.60) for an approximate XCDM parametriza-
tion, and it reduces to the ΛCDM value for ν = 0, as it should. It is interesting to note
that for ε > 0 and ν > 0 (which correspond to quintessence-like behavior in both pictures,
XCDM and RVM) one consistently �nds γ slightly bigger than the ΛCDM value.

One hopes that models might be resolvable by this method in the future when more
accurate data will be available [344]. However, in the present analysis we will not concen-
trate on f(z) nor on γ(z), but on a related quantity on which we focus in the next section,
f(z)σ8(z). This important quantity de�nes the LSS data used in our analysis.

7.3.3 Weighted linear growth and power spectrum

A most suitable observable to assess the performance of our vacuum models in regard to
structure formation is the combined quantity f(z)σ8(z), viz. the ordinary growth rate
weighted with σ8, the rms total matter �uctuation (baryons + CDM) on R8 = 8h−1 Mpc
spheres at the given redshift z, computed in linear theory. It has long been recognized
that this estimator is almost a model-independent way of expressing the observed growth
history of the Universe, in particular it is found to be independent of the galaxy density
bias [268].

Equipped with the above generalized matter perturbations equation (7.39) and the
appropriate initial conditions, the analysis of the linear LSS regime is implemented with
the help of the weighted linear growth f(z)σ8(z), in which the variance of the smoothed
linear density �eld on R8 = 8h−1 Mpc spheres at redshift z is computed from

σ2
8(z) = δ2

m(z)

∫
d3k

(2π)3
P (k, ~p) W 2(kR8) . (7.62)

Here P (k, ~p) = P0 k
nsT 2(k) is the ordinary linear matter power spectrum (viz. the co-

e�cient of the two-point correlator of the linear perturbations), with P0 a normalization
factor, ns the spectral index and T (k) the transfer function. Furthermore, W (kR8) in the
above formula is a top-hat smoothing function, which can be expressed in terms of the
spherical Bessel function of order 1, as follows:

W (kR8) = 3
j1(kR8)

kR8

=
3

k2R2
8

(
sin (kR8)

kR8

− cos (kR8)

)
. (7.63)

Moreover,
~p = (h, ωb, ns,Ωm, νi) (7.64)
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Figure 7.4: The f(z)σ8(z) data (Table 7.3) and the predicted curves by the DVM's, XCDM and the ΛCDM, for the

best-�t values in Table 7.1. The highest curve (in brown) corresponds to model QΛ for the same best-�t values as [315] and

assuming (as they do) that the dark sector interaction begins at z = 0.9. Such strayed curve is unable to explain the LSS

data (see the text for discussion) and corresponds to QΛ < 0. As explained in the text, this sign of the interaction source

violates the SLT. This is in stark contrast to the well-behaved results of all the DVM's and XCDM when we use the �tting

results of our own analysis, all of them plotted in the �gure. Shown are also the central values and uncertainties of σ8(0)

that we have obtained for all the models.

is the 5-dimensional �tting vector of free parameters for the vacuum models we are ana-
lyzing. The concordance ΛCDM model can be viewed as the particular case νi = 0. It
is understood that for the XCDM and CPL parametrizations the �tting parameter νi is
replaced by w0 and (w0, w1), respectively.

The power spectrum depends on all the components of the �tting vector (7.64). The
dependence on the spectral index ns is quite obviously power-like, whereas the transfer
function T (k, ~q) depends in a a more complicated way on the rest of the �tting parameters
(see below), and thus for convenience we collect them in the reduced 4-dimensional vector

~q = (h, ωb,Ωm, νi) . (7.65)

In the expression (7.62) both P (k) and W (k) are functions of k ≡ |~k|. Therefore, it is
possible to integrate d3k P (k)/(2π)3 (i.e. the elementary bin power centered at k) over all
orientations of ~k. Writing ∫

d3k

(2π)3
P (k, ~p) =

∫ ∞
0

dk

k
P(k, ~p) , (7.66)

where we have introduced the dimensionless linear matter power spectrum, P(k, ~p) =
(k3/2π2) P (k, ~p), the variance (7.62) can �nally be written as

σ2
8(z) = δ2

m(z)

∫ ∞
0

dk

k
P(k, ~p) W 2(kR8) , (7.67)
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with
P(k, ~p) = P0k

ns+3T 2(k, ~q) . (7.68)

The normalization factor P0 = P0/2π
2 will be determined in the next section in view of

de�ning a �ducial model.
For the transfer function, we have adopted the usual BBKS form [249] (see, however,

below):

T (x) =
ln(1 + 0.171x)

0.171x

[
1 + 0.284x+ (1.18x)2 + (0.399x)3 + (0.490x)4

]−1/4

. (7.69)

Originally, x = k/keq, with
keq = aeqH(aeq) , (7.70)

being the value of the comoving wavenumber at the equality scale aeq between matter and
radiation densities: ρr(aeq) = ρm(aeq). It is well-known that (7.69) does not incorporate
the e�ects produced by the tightly coupled photo-baryon plasma before the decoupling
time. The �ght between pressure and gravity in this coupled system generates the baryon
acoustic oscillations in the matter power spectrum at �small� scales, i.e. for k > keq. The
baryon density e�ects can be introduced in (7.69) through the modi�ed shape parameter
Γ̃ [312, 313] in x = k/(keqΓ̃), with

Γ̃ = e−Ωb−
√

2h
Ωb
Ωm . (7.71)

Here it is understood that Ωb = ωb/h
2 since we have to express the remaining parameters

in terms of the components of the basic free set in (7.64).
We remark that keq is a model-dependent quantity, which departs from the ΛCDM

expression in those models in which matter and/or radiation are governed by an anomalous
continuity equation, as e.g. in the DVM's. In point of fact keq depends on all the parameters
of the reduced �tting vector (7.65) since for a given model beyond the ΛCDM aeq and/or
H(aeq) depend on ~q, as it will be clear below.

For the concordance model, keq has the simplest expression, which depends on h and
Ωm only:

kΛ
eq = H0 Ωm

√
2

Ωr

, (7.72)

where we recall that Ωr = ωr/h
2, with ωr �xed from Eq. (7.26). The above expression for

the wavenumber at equality can also be written as follows:

kΛ
eq =

Ωmh
2

3000

√
2

ωr
Mpc−1 , (7.73)

where we have used the accurate relation H−1
0 = 3000h−1 Mpc. For the DVM's is not

possible to �nd a formula as compact as (7.73), since either the corresponding expression
for aeq is quite involved, as in the RVM case:

RVM : aeq =

[
Ωr(1 + 7ν)

Ωm(1 + 3ν) + 4νΩr

] 1
1+3ν

, (7.74)
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or because aeq must be computed numerically, as for the models Qdm and QΛ. In all cases,
for νi = 0 we retrieve the value of aeq in the ΛCDM. This is pretty obvious for the RVM
from (7.74), where aeq → Ωr/Ωm for ν → 0. After obtaining aeq for the various models, it
is straightforward to calculate the corresponding value of keq from (7.70). Needless to say,
for νi = 0 the ΛCDM value of keq is recovered too, since H(a) in Eq. (7.70) also adopts
the ΛCDM form for νi = 0, as we know from Sect. 7.1.3. Similar comments apply for
the XCDM and CPL parametrizations. For these two parametrizations, aeq is exactly the
same as in the ΛCDM, and keq presents only a negligible di�erence with respect to the
ΛCDM. This is because the e�ect of the DE on the value of H(aeq) is very small. The
main correction on keq indeed comes from the situations in which the modi�cation impinges
on the value of aeq itself � see (7.70) � such as in the case of the DVM's.

Let us stress the importance of correctly computing the characteristic comoving wavenum-
ber keq for all models, as we have done above, since it determines the borderline between
small and large modes that entered the horizon in the radiation-matter equality time. Fi-
nally, let us mention that for the sake of completeness we have checked that the use of the
alternative matter transfer function furnished by Eisenstein and Hu [232] does not produce
any signi�cant change in our results.

7.3.4 Fiducial model

Inserting the dimensionless power spectrum (7.68) into the variance (7.67) at z = 0 allows
us to write σ8(0) in terms of the power spectrum normalization factor P0 and the primary
parameters that enter our �t for each model. This is tantamount to saying that P0 can be
�xed as follows:

P0 =
σ2

8,Λ

δ2
m,Λ

[∫ ∞
0

kns,Λ+3T 2(k, ~qΛ)W 2(kR8,Λ)(dk/k)

]−1

, (7.75)

where the chosen values of the parameters in this expression de�ne our �ducial model.
Speci�cally, we have set σ8,Λ ≡ σ8,Λ(0) and δm,Λ ≡ δm,Λ(0), and at the same time we have
introduced the vector of �ducial parameters

~pΛ = (hΛ, ωb,Λ, ns,Λ,Ωm,Λ, 0) (7.76)

and the reduced one
~qΛ = (hΛ, ωb,Λ,Ωm,Λ, 0) . (7.77)

These vectors are de�ned in analogy with the �tting vectors introduced before, see equa-
tions (7.64)-(7.65), but all their parameters are taken to be equal to those from the Planck
2015 TT,TE,EE+lowP+lensing analysis [37] with νi = 0. The subindex Λ in all these
parameters denotes such setting. In particular, σ8,Λ in (7.75) is also taken from the afore-
mentioned Planck 2015 data. However, δm,Λ in the same formula is computable: it is
the value of δm(z = 0) obtained from solving the perturbation equation of the ΛCDM,
Eq. (7.33), using the mentioned �ducial values of the other parameters. Finally, plugging
the normalization factor (7.75) in (7.67) one �nds:

σ8(z) = σ8,Λ
δm(z)

δm,Λ

√ ∫∞
0
kns+2T 2(k, ~q)W 2(kR8) dk∫∞

0
kns,Λ+2T 2(k, ~qΛ)W 2(kR8,Λ) dk

. (7.78)
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For the �ducial ΛCDM, this expression just gives the scaling of σ8,Λ(z) with the redshift
in the linear theory, that is to say, σ8,Λ(z)/σ8,Λ = δm,Λ(z)/δm,Λ. But for an arbitrary
model, Eq. (7.78) normalizes the corresponding σ8(z) with respect to the �ducial value,
σ8,Λ. This includes, of course, our �tted ΛCDM, which is not the same as the �ducial
ΛCDM. So all �tted models are compared to the same �ducial model, and this should be
the fairest procedure. If, in contrast, we would let the normalization (7.75) free for each
model, we could not secure the Planck 2015 results and the corresponding normalization
of the power spectrum. Notice that one cannot adjust the power spectrum and the fσ8

values independently. Therefore, we �rst normalize with Planck 2015 results, as above
described, and from here we �t the models to the data, in which the LSS component takes
an essential part. Similarly, upon computing with this method the weighted linear growth
rate f(z)σ8(z) for each model under consideration, (including the ΛCDM) the functions
f(z)σ8(z) for all models become normalized to the same �ducial model.

In Fig. 7.4 we exhibit the results for f(z)σ8(z) for the various models, together with the
LSS data measurements (cf. Table 7.3), using the �tted values of Table 7.1. We indicate
also in the �gure the values that we �nd for σ8(0) for each model, with the corresponding
uncertainties. In addition, we include the curve for model QΛ under the conditions of
Ref. [315]. We disagree both in magnitude and sign concerning their �tted parameter qV
(≡ 3νΛ in our notation). We �nd qV > 0 whereas they �nd qV < 0, and our qV is roughly
one order of magnitude smaller in absolute value. The curve with qV < 0 clearly has a
wrong behavior in the face of the data points, and therefore we exclude such possibility.

7.3.5 DVM's and the second law of thermodynamics

For �xed values of the present-day energy densities, if qV > 0 (equivalently νΛ > 0) implies
that the vacuum transfers energy to the matter sector and hence there will be more vacuum
energy (and less dark matter) in the past than what is predicted by the ΛCDM. If, on the
contrary, qV < 0 (equivalently νΛ < 0), there will be less vacuum energy (and more dark
matter) in the past than predicted by the ΛCDM. This last situation generally entails a
violation of the second law of thermodynamics (SLT) since it implies the decay of matter
into vacuum energy, and hence the disappearance of particles. The SLT can only be
preserved when it is the vacuum that decays into matter rather than the other way around,
as particle creation from vacuum introduces the only genuine source of irreversibility here.
DM particles are created out of the vacuum at a rate given by Γdm ∼ Ψi ∝ νiH, see
(7.45)-(7.47), the rate being positive only if νi > 0. Thus, in ordinary conditions, namely
in the absence of a signi�cant asymmetry between the number of particles and antiparticles
in the Universe (and hence with the chemical potential of the particles being vanishing
or very small), the decaying of vacuum into matter is the only thermodynamically safe
option [345, 346, 347]. In the speci�c case of model QΛ the situation is particularly odd
when νΛ < 0, as the corresponding DM mass density eventually becomes more and more
negative:

ρdm(a) −→ νΛ

1− νΛ

ρΛ0 a
3|νΛ| < 0 , (7.79)
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as can be easily checked from Eq. (7.15). This is, of course, rather ugly as it leads to a highly
unstable model of the Universe, whose matter content would cascade down into increasingly
negative energy states. Both matter and vacuum energy densities would increase without
end as ρm,Λ ∼ a3|νΛ| (in absolute value), but in the asymptotic limit (i.e. for a → ∞) the
ratio between the two stays constant and can be computed exactly: ρΛ/ρm = (1− νΛ)/νΛ.
This is a large, but bounded, ratio since νΛ has to be small in absolute value. The ratio is
positive for νΛ > 0 and negative for νΛ < 0. In the last case the Universe would accumulate
an arbitrarily large amount of vacuum energy at the expense of acquiring an arbitrarily
large negative mass density!

The asymptotic state of such Universe can be compared to that of the �big rip� in
the phantom scalar �eld case [137]. In the latter case, ρm → 0, whereas the DE density
ρD →∞, so that ρD/ρm →∞. It is this unbounded ratio that is responsible for the �nal
big rip. In the QΛ case with νΛ < 0, the ratio ρΛ/ρm stays bounded, but the Universe
is left with an evermore increasing amount of vacuum energy and negative mass density.
A planet bounded in an orbit of radius R (or, for that matter, any bounded state of any
sort) has a net negative energy density associated to the binding energy. However, in the
QΛ model with negative νΛ, the Universe is found to acquire an unlimited amount of extra
energy density of cosmological origin, given by

−4π

3

∑
i=m,Λ

(ρi + 3pi) R
3 = −4π

3
(ρm − 2ρΛ) R3 →

+
4π

3

2− 3νΛ

1− νΛ

ρΛ0 a
−3νΛ R3 → +∞ (νΛ < 0) , (7.80)

and therefore any bounded system eventually becomes dissociated. Such a Universe is in
fact driven into a crazy new form of big rip �nal state, akin to that of usual phantom
�elds, but with negative mass. A rather weird Universe too! For νΛ > 0 the problem
disappears altogether since the extra energy that such Universe acquires tends to zero with
the expansion, as it is clear from (7.80).

The νΛ < 0 version of the QΛ Universe is not only at odds with the SLT and leads
to a catastrophic end point in its evolution (which, in itself, is of course not forbidden a
priori); its truly inadmissible behavior lies, however, on the fact that it does not �t the
structure formation data at all. The highest curve in our Fig. 7.4 neatly shows that the
instance νΛ < 0 is an outlier and is de�nitely ruled out. That curve is computed from the
�t value of qV ≡ 3νΛ < 0 given in Ref. [315], and in contrast to these authors we �nd that
such value is unacceptable. Moreover, using our own �t value νΛ (quoted in Table 7.1),
which is positive, the QΛ model does no longer exhibit such an anomalous departure from
the LSS data, see Fig. 7.4. For the other dynamical vacuum models under consideration
(RVM and Qdm) we de�nitely favor again the option νi > 0, which perfectly �ts in with the
expectations of the SLT. For these two models, the asymptotic values of the DM densities
never become negative, irrespective of the sign of νi, see Eqs. (7.13)-(7.14). Thus, while
the SLT would still be violated if the sign of the corresponding vacuum parameters were
negative, there is no analogous doomsday for these models.

Even if one would put in doubt the SLT on the grounds that it is applied here to an
unusual global system (the Universe as a whole) the bare fact is that the sign occurrence in
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νi that violates the SLT does bluntly contradict the observational data, as we have shown.
For models QΛ and Qdm, our �tting results on νi > 0 in Table 7.1 are compatible with those
of [316, 317, 335], but in our case we were able to attain much higher accuracy, allowing
us to claim signi�cant hints of physics beyond the ΛCDM (see below).

It is worth mentioning that one can extend these considerations in terms of the so-called
generalized second law of thermodynamics (GSLT), in which the e�ect of the area entropy
associated to the horizon is also included together with the matter entropy contained inside
the horizon [348, 349]. For a detailed discussion of the GSLT in the context of this kind of
models and related ones, see [350].

Let us �nally mention that there are other model variants in which matter decays
into vacuum [351, 352] under special conditions. We have not analyzed these variants
here since they involve ad hoc massive neutrinos. In these cases, in order to preserve the
thermodynamic standards, the chemical potential of the massive neutrino species should
be signi�cant, thereby implying a large neutrino-antineutrino asymmetry associated to a
net lepton number of the Universe. As shown in our analysis, we can perfectly dispense
with this kind of exotic frameworks since we can substantially improve the ΛCDM �t under
perfectly reasonable conditions for the DVM's which are in full accordance with the GSLT.

7.4 Main numerical results

For the statistical analysis, we de�ne the joint likelihood function as the product of the
likelihoods for all the data sets. Correspondingly, for Gaussian errors the total χ2 to be
minimized reads:

χ2
tot = χ2

SNIa + χ2
BAO + χ2

H + χ2
LSS + χ2

CMB . (7.81)

Each one of these terms is de�ned in the standard way and they include the corresponding
covariance matrices (see Appendix E for a detailed explanation).

Table 7.1 and Figs. 7.1-7.4 contain the essentials of our analysis. In particular, Fig. 7.2
displays in a nutshell our main results in all possible planes of the �tting parameter space.
Among the other �gures, let us stand out here Figs. 7.7-7.9, which reveal the very clue to
the �nal results. We will further comment on them in the next sections. We observe from
Figs. 7.1-7.2 that the vacuum parameters, ν and νdm, are neatly projected non null and
positive for the RVM and the Qdm. Remarkably enough, the signi�cance of this dynamical
vacuum e�ect attains, in our analysis, up to about ∼ 4σ c.l. after marginalizing over the
remaining parameters.

7.4.1 Fitting the data with the XCDM and CPL parametrizations

Here we further elaborate on the results we have found on exploring the possible time evo-
lution of the DE in terms of the well-known XCDM and CPL parametrizations (introduced
in Sect. 7.1.4), in which the DE is mimicked through the density ρX(a) = ρX0a

−3(1+w) asso-
ciated to some generic (unspeci�ed) entity X, which acts as an ersatz for the Λ term. Being
ρX0 the current energy density value of X, its value must be identi�ed with the measured
ρΛ0. For the XCDM, w = w0 is the (constant) equation of state (EoS) parameter for X,
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Figure 7.5: The EoS w = w(z) for the XCDM and CPL parametrizations, as compared to that of a typical φCDM

model. The �rst two are obtained using the central values of the �tting parameters in Table 7.1. For the XCDM the EoS is

of course constant, whereas for the CPL presents some evolution with the redshift, and in both cases the quintessence region

w & −1 is singled out. The value w0 = −0.923 ± 0.023 for the XCDM in Table 7.1 points indeed to e�ective quintessence

at 3.35σ c.l. As for the EoS of the φCDM model, we have used the original Peebles & Ratra potential (see Sect. 7.5.6 for

details) and �tted it to the same cosmological data (cf. Table 7.11 in that section). The current value of the EoS can be

determined and reads ωφ(z = 0) = −0.936±0.019, which favors once more the quintessence region at 3.37σ c.l. These results

are compatible with the �tted values for the DVM's in Table 7.1, which signal an e�ective quintessence behavior (νi > 0) of

vacuum dynamics. For the RVM, ν = 0.00158 ± 0.00042, and thus the signi�cance is at 3.76σ c.l. In all cases the signal of

dynamical DE is favored at a remarkable con�dence level.

whereas for the CPL there is also a dynamical component introduced by w1, see Eq. (6.12).
The XCDM trivially boils down to the rigid Λ-term for w0 = −1, but by leaving w0 free it
proves a useful approach to roughly mimic a (non-interactive) DE scalar �eld with constant
EoS. Similarly for the CPL, in which some EoS evolution is allowed; we have, however, in
this case two free parameters, w0 and w1, to be determined by the data. The corresponding
�tting results for the XCDM parametrization is included in all our tables, along with those
for the DVM's and the ΛCDM. For the main Table 7.1, and also for Table 7.2, we also
include the CPL �tting results. For example, reading o� Table 7.1 we can see that the
best-�t value for w0 in the XCDM is

w0 = −0.923± 0.023. (7.82)

Noteworthy, the obtained EoS value is not compatible with a rigid Λ-term. It actually
departs from −1 by precisely 3.35σ. In Fig. 7.3 we depict the contour plot for the XCDM
in the (Ωm, w0) plane. Practically all of the 3σ region lies above the horizontal line at
w0 = −1. Subsequent marginalization over Ωm renders the result (7.82). Concerning
the CPL, we can see from Table 7.1 that the errors on the �tting parameters are larger,
specially on w1. This is not surprising, and was expected given the fact that the CPL has
one more parameter than the XCDM. The plot of the CPL EoS function (6.12), w = w(z),
using the central values of the �tting parameters w0 and w1 in Table 7.1, is shown in Fig.
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7.5, together with the horizontal line (7.82) for the XCDM. Both the XCDM and the CPL
point to the quintessence region (w & −1) as the preferred one. To ease future comparison
with a more realistic quintessence model, in Fig. 7.5 we have also included the evolving
EoS, w = wφ(z), of a particular scalar �eld model (φCDM) with the Peebles & Ratra
potential for φ. This model will be studied in more detail in Sect. 7.5.6.

The following observation is in order. For the �rst time, even the simplest XCDM
parametrization has been able to capture nontrivial signs of dynamical DE and in the
form of e�ective quintessence (w0 & −1) at more than 3σ c.l. This is unprecedented,
namely in all the analyses in the literature that we are aware of previous to the current
one. Obviously, given the signi�cance of this fact, it is highly convenient to compare it
with well-known previous �tting studies of the XCDM parametrization, such as the ones
performed by the Planck and BOSS collaborations a couple of years ago. The Planck 2015
value for the EoS parameter of the XCDM reads w0 = −1.019+0.075

−0.080 [37] and the BOSS one
is w0 = −0.97±0.05 [131]. These results are perfectly compatible with our own �tting value
for w0 given in (7.82), but in stark contrast to it their errors are big enough as to be also
fully compatible with the ΛCDM value w0 = −1. This is not too surprising if we take into
account that none of these analyses included LSS data in their �ts, as explicitly recognized
in the text of their papers. Furthermore, at the time when these analyses appeared they
could not have used the important LSS and BAO results from [302] � which we have, of
course, incorporated as part of our current data set � not even the previous ones from [314].
In Sect. 7.5.2, speci�cally in Table 7.7 there, we discuss the result of our �t if we would use
precisely the data by Planck 2015 [37, 311].

In the absence of the modern LSS data we would �nd a similar situation. In fact, as
our Table 7.5 clearly shows, the removal of the LSS data set in our �t induces a signi�-
cant increase in the magnitude of the central value of the EoS parameter, as well as the
corresponding error. This happens because the higher is |w| the higher is the structure
formation power predicted by the XCDM, and therefore the closer is such prediction with
that of the ΛCDM (which is seen to predict too much power as compared to the data,
see Fig. 7.4). Under these conditions our analysis renders w = −0.992 ± 0.040, which is
de�nitely closer to (and therefore more compatible with) the central values obtained by
Planck and BOSS teams. In addition, this result is now fully compatible with the ΛCDM,
as in the Planck 2015 and BOSS cases, and all of them are unfavored by the LSS obser-
vations. This is consistent with the fact that both information criteria, ∆AIC and ∆BIC,
become now slightly negative in Table 7.5, which recon�rms that if the LSS data are not
used the ΛCDM performance is comparable or even better than the dynamical DE models.
So in order to �t the observed values of fσ8, which are generally lower than the predicted
ones by the ΛCDM, |w| should decrease. This is just what happens for the XCDM; and at
the same time it also amounts to an increase of νi for the DVM's when the LSS data are
restored in our analysis (in combination with the other data, particularly with BAO and
CMB data). It is apparent from Fig. 7.4 that the f(z)σ8(z) curves for these models are then
shifted below and hence adapt signi�cantly better to the data points. Correspondingly,
the quality of the �ts increases dramatically for the XCDM, RVM and Qdm, and this is
also borne out by the large and positive values of ∆AIC and ∆BIC (as can be checked in
Table 7.1).
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The above discussion explains why our analysis of the observations through the XCDM
is sensitive to the dynamics of the DE, whereas the previous results in the literature are
not. It also shows that the size of the e�ect found with such a parametrization of the
DE essentially concurs with the strength of the dynamical vacuum signature found for the
RVM and Qdm using exactly the same data. This was not obvious a priori, since for the
DVM's there is an interaction between vacuum and matter that triggers an anomalous
conservation law, whereas for the XCDM we do not have such interaction (meaning that
matter is conserved in them, thereby following the standard decay laws for relativistic
and nonrelativistic components). The interaction, when occurs, is proportional to νi and
thus is small. This probably explains why the XCDM can succeed in nailing down the
dynamical nature of the DE. It goes without saying that not all dynamical vacuum models
describe the data with the same e�ciency. The QΛ turns out to improve the behavior of
the ΛCDM, but only in a very soft way and, as it is explained below, and applying Occam's
razor arguments, we can say that the achieved improvement is not statistically signi�cant.

A detailed comparison is made among models similar (but di�erent) from those ad-
dressed here in Chapters 2, 4 and 5. In the XCDM case the departure from the ΛCDM
takes the fashion of �e�ective quintessence�, whereas for the DVM's it appears as genuine
vacuum dynamics. In all cases except in the QΛ, we �nd compelling signs of DE physics
beyond the ΛCDM (cf. Table 7.1), and this is a most important result of our work.

7.4.2 On the purported tension between the measured values of

the Hubble parameter

Recently, a signi�cant tension between the local and nonlocal measurements of the Hubble
parameter H0 obtained from di�erent types of observations has generated some perplexity
in the literature. There is a kind of bipolarization in two groups of values. Most conspic-
uously, Riess et al. reported H0 = 73.24 ± 1.74 Km/s/Mpc [96], based on Hubble Space
Telescope data. This value is ∼ 3.3σ higher than the Planck result H0 = 67.51 ± 0.64
Km/s/Mpc [37] inferred from the CMB. For other measurements and discussions, see e.g.
[68], [131], [320], [321], [322], and [99]. This situation has stimulated a number of dis-
cussions and possible solutions in the literature, see e.g. [353, 97, 354] and references
therein.

As indicated before, owing to this lack of consensus on the experimental value of H0 =
100h Km/s/Mpc, in this work we have �tted h using an uninformative �at prior. This
should be fairer in these circumstances, rather than making a subjective choice among
the di�erent measurements of h put forward in the aforementioned papers. One can see
from Table 7.1 that our �tted value of the local Hubble parameter within the ΛCDM is
H0 = 69.2± 0.4 Km/s/Mpc. Compared to H0 = 73.24± 1.74 Km/s/Mpc from Riess et al.
it is only 2.3σ, i.e one standard deviation less than the discrepancy with the Planck 2015
measurement. Obviously this result helps to alleviate the discrepancy, which is now not so
severe. Let us recall that in our �t we use not only the CMB data from Planck 2015 but
a rich variety of observational sources, which were not considered (and some of them not
even available) in the �t analysis performed by Planck in 2015. We are mainly referring
to the wealth of BAO+LSS data that we have used in our own analysis, see items DS2,
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Model h ωb = Ωbh
2 ns Ωm νi w χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.679± 0.005 0.02241± 0.00017 0.968± 0.005 0.291± 0.005 - -1 67.86/83 - -
XCDM 0.674± 0.007 0.02241± 0.00017 0.968± 0.005 0.298± 0.009 - −0.960± 0.038 66.79/82 -1.18 -3.40
RVM 0.679± 0.008 0.02241± 0.00017 0.968± 0.005 0.296± 0.015 0.00061± 0.00158 -1 67.71/82 -2.10 -4.32
Qdm 0.677± 0.008 0.02241± 0.00017 0.968± 0.005 0.296± 0.015 0.00086± 0.00228 -1 67.71/82 -2.10 -4.32
QΛ 0.679± 0.005 0.02241± 0.00017 0.968± 0.005 0.297± 0.013 0.00463± 0.00922 -1 67.59/82 -1.98 -4.20

Table 7.4: Same as in Table 7.1, but removing both the R-shift parameter and the acoustic length la from our �tting

analysis.

Model h ωb = Ωbh
2 ns Ωm νi w χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.685± 0.004 0.02243± 0.00014 0.969± 0.004 0.304± 0.005 - -1 61.45/72 - -
XCDM 0.684± 0.009 0.02244± 0.00015 0.969± 0.004 0.305± 0.007 - −0.992± 0.040 61.41/71 -2.25 -4.29
RVM 0.684± 0.008 0.02242± 0.00016 0.969± 0.005 0.304± 0.005 0.00014± 0.00103 -1 61.43/71 -2.27 -4.31
Qdm 0.685± 0.007 0.02242± 0.00016 0.969± 0.005 0.304± 0.005 0.00019± 0.00126 -1 61.43/71 -2.27 -4.31
QΛ 0.686± 0.004 0.02240± 0.00017 0.968± 0.005 0.304± 0.005 0.00090± 0.00330 -1 61.37/71 -2.21 -4.25

Table 7.5: Same as in Table 7.1, but removing the LSS data set from our �tting analysis.

DS3 and DS5 of Sect. 7.2.1. Our �tting result for the ΛCDM is by the way perfectly in
agreement with the WMAP+ACT+SPT+BAO result H0 = 69.3±0.7 Km/s/Mpc [96] and
is in between the bipolarized local and nonlocal values mentioned above.

It is not obvious to us that the purported tension is suggesting some systematic un-
certainties in CMB measurements, as has been claimed. Our ΛCDM �t involving the full
set of SNIa+BAO+H(z)+LSS+CMB data described in Sect. 7.2.1 is actually in good
agreement with Planck and WMAP, and it suggests that once a richer set of observations
(specially on LSS) are included the tension loses substantially. As far as our favorite dy-
namical vacuum model RVM is concerned, which gives a signi�cantly better �t than the
ΛCDM, we can see from Table 7.1 that we tend to favor lower values of the local Hubble
parameter: H0 = 67.7± 0.5 Km/s/Mpc. This has been the main trend of the cosmological
observations for years, see the summary of [321] and the more recent analysis [298].

7.4.3 Comparing the competing vacuum models through Akaike

and Bayesian information criteria

We may judge the �t quality obtained for the di�erent vacuum models in this work from
a di�erent perspective. Although the χ2

min value of the overall �ts for the main DVM's
(RVM and Qdm) and XCDM appear to be de�nitely smaller than the ΛCDM one, it proves
extremely useful to reassess the degree of success of each competing model by invoking the
time-honored Akaike and Bayesian information criteria, as in previous chapters.

Table 7.1 reveals conspicuously that the ΛCDM appears very strongly disfavored (ac-
cording to the above statistical standards) when confronted to some of the dynamical DE
models. More precisely, for the RVM and the Qdm the ∆AIC and ∆BIC are in the range
12 − 13 and 9 − 11, respectively. These results are fully consistent and outstanding; and
since both ∆AIC and ∆BIC are above 9 − 10 the verdict of the information criteria is
conclusive. For instance, the Bayes factor, i.e. B ≡ e∆BIC/2, in favor of the RVM relative
to the ΛCDM is larger than B = e5.3 ∼ 200. The situation with model Qdm is comparable.
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Model h ωb = Ωbh
2 ns Ωm νi ω χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.698± 0.005 0.02263± 0.00015 0.977± 0.004 0.288± 0.006 - -1 61.25/74 - -
XCDM 0.681± 0.015 0.02262± 0.00015 0.976± 0.004 0.303± 0.014 - −0.949± 0.042 59.72/73 -0.75 -2.83
RVM 0.683± 0.007 0.02242± 0.00016 0.969± 0.005 0.296± 0.007 0.00138± 0.00049 -1 52.95/73 6.02 3.94
Qdm 0.685± 0.007 0.02241± 0.00016 0.968± 0.005 0.295± 0.007 0.00192± 0.00069 -1 52.91/73 6.06 3.98
QΛ 0.701± 0.005 0.02240± 0.00017 0.968± 0.005 0.287± 0.006 0.00733± 0.00257 -1 53.36/73 5.61 3.53

Table 7.6: Same as in Table 7.1, but removing the BAO data set from our �tting analysis.

It goes without saying that not all dynamical vacuum models describe the data with
the same e�ciency. In the case of the QΛ model the improvement is so mild that Occam's
razor criterion (�among equally competing models describing the same observations, choose
the simplest one�) would probably not recommend its choice. However, since the other
dynamical DE models are able to describe the current observations signi�cantly better
than the ΛCDM, and not just alike, Occam's razor should de�nitely bet in their favor.
The AIC and BIC criteria can be thought of as a modern quantitative formulation of
Occam's razor, in which the presence of extra parameters in a given model is conveniently
penalized so as to achieve a fairer comparison with the model having less parameters.

Thus, e.g. model QΛ despite being also better than the traditional Λ-picture, the
values of ∆AIC and ∆BIC are sitting in the much more moderate range 1 − 3 (cf. Table
I), and hence that model is certainly not comparable in e�ciency to the main DVMs.
Model QΛ is also left behind in comparison to the output of the simple XCDM and CPL
parametrizations. The corresponding XCDM values of ∆AIC and ∆BIC are in the range
6 − 9 (recon�rming the ability of the XCDM to substantially improve the ΛCDM �t).
Similarly for the CPL parametrization, where ∆AIC and ∆BIC stay in the approximate
range 2− 6. This also con�rms a superior performance of the CPL versus the ΛCDM and
the QΛ model in their di�erent abilities for describing the data. The lesser quality �t of
the CPL with respect to the XCDM, though, is obviously caused by the presence of an
extra �tting parameter in the �rst, as previously pointed out.

It is remarkable the amount of evidence on dynamical DE that can be presently gathered
with the simple XCDM parametrization. As formerly noted, to the best of our knowledge
it is unprecedented in the literature. It is even more remarkable, if we realize that it equals
the level of evidence that we will be able to pick up from the analysis of a full-�edged
quintessence model with a given potential, see Sect. 7.5.6. Nonetheless the di�erence of
roughly 4 (positive) points in the value of ∆AIC and ∆BIC in favor of the main DVMs
with respect to the XCDM is considered signi�cant from the point of view of the information
criteria. Therefore, the simple XCDM approach lags behind the main dynamical vacuum
models under consideration. The RVM and Qdm stand out here as superior competing
candidates as compared to the XCDM (and in fact compared to all the other models under
scrutiny in this work) in their capacity to �t the overall cosmological data.
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Model h ωb = Ωbh
2 ns Ωm νi w χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.694± 0.005 0.02265± 0.00022 0.976± 0.004 0.293± 0.007 - -1 38.98/39 - -
XCDM 0.684± 0.010 0.02272± 0.00023 0.977± 0.005 0.299± 0.009 - −0.961± 0.033 37.61/38 -1.20 -2.39
RVM 0.685± 0.009 0.02252± 0.00024 0.971± 0.006 0.297± 0.008 0.00080± 0.00062 -1 37.29/38 -0.88 -2.07
Qdm 0.686± 0.008 0.02251± 0.00025 0.971± 0.006 0.297± 0.008 0.00108± 0.00088 -1 37.43/38 -1.02 -2.21
QΛ 0.694± 0.006 0.02258± 0.00029 0.974± 0.007 0.293± 0.007 0.00167± 0.00471 -1 38.86/38 -2.45 -3.64

Table 7.7: As in Table 7.1, but using the same data set as the Planck Collaboration [311]. See the text for further

details.

7.5 Discussion

7.5.1 Anomalous matter conservation law

As we have discussed in Section 7.1, for the DVM's there is an interaction between vacuum
and matter. Such interaction is, of course, small because the �tted values of νi are small,
see Table 7.1. The obtained values are in the ballpark of νi ∼ O(10−3) and therefore this is
also the order of magnitude associated to the anomalous conservation law of matter. For
example, for the nonrelativistic component in the RVM we have

ρm(a) = ρdm(a) + ρb(a) = ρm0a
−3(1−ν) . (7.83)

Here ρm0 = ρdm0 +ρb0, and use has been made of the conservation law of baryons, Eq. (7.8),
as well as of the DM density in the RVM, Eq. (7.13). As previously mentioned, the possible
anomalous behavior of matter conservation has been exploited in devoted works such as
[191, 192, 193]. These are essentially based on the RVM as a possible explanation for
the various hints on the time variation of the fundamental constants, such as coupling
constants and particle masses, frequently considered in the literature. See e.g. [283, 281]
and [318] for reviews.

Let us note that the time variation of the mass density can be interpreted either as
an anomalous change in the number density of particles during the expansion or as a
change in their mass values [191]. It is interesting that the current observational limits for
such time variation are compatible with the �tted values we have found here [193]. The
possibility that the baryon masses can also change slowly with the cosmic evolution has also
been tested, and could be connected with the possible time variation of the �ne structure
constant [193], but the limits are rather strict, much more than the possible time variation
of the DM masses. This is the reason why we have assumed from the beginning that the
exchange between matter and vacuum energy is strictly con�ned to the DM sector. If there
is some exchange with baryons, it must be so small that it cannot in�uence signi�cantly
the main cosmological considerations that are under study here.

The potential time variation of the fundamental constants is a very active �eld of
research and is therefore nowadays of high interest, see e.g. [318]. As we can see, there
are di�erent phenomenological possibilities that can be used to test the RVM and other
DVM's from various points of view. A positive measurement of that kind of e�ects could
be interpreted as strong support to the `micro and macro connection' hypothesis, viz. the
dynamical feedback between the evolution of the cosmological parameters and the time
variation of the fundamental constants of the microscopic world [191].
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7.5.2 Testing the impact of the di�erent data sets in our main

analysis and comparing with Planck 2015

The current analysis follows the track of the one carried out in Chapter 4 and is also
�rmly aligned with the one performed in Chapter 5. Although the models analyzed in
the aforementioned chapters have some di�erences with the one treated here, the outcome
of the analysis points to the very same direction. Some DVM's and the XCDM do �t
considerably better the available data than the ΛCDM. But we want to emphasize some
important aspects of the analysis carried out in this chapter as compared to the other
analyses:

• We have used a large and fully updated set of cosmological SNIa+BAO+H(z)+LSS+
CMB observations. To our knowledge, this is one of the most complete and consistent
data sets used in the literature. The current data set has been well tested in the
previous two chapters, but di�ers from the one used in these analyses in that we
have now used the updated BAO and LSS analysis from Ref. [302], see more details
in Sect. 7.5.5.

• The selected string SNIa+BAO+H(z)+LSS+CMB of data has been obtained from
independent analyses in the literature, see the detailed description of the data sets
DS1-DS6) in Sect. 7.2.1 and references therein.

• We have taken into account all the known covariance matrices in the total χ2 function
(7.81), which means that we have taken into account all the known correlations among
the data. See Appendix E for a detailed explanation. Not all data sets existing
in the literature are fully consistent, sometimes they are a�ected from important
correlations that have not been taken into account. Recall in particular our discussion
on correlated data sets in items DS3, DS4 and DS5 of Sect. 7.2.1, including the
comparison of our �tting results in Tables 7.1 and 7.2.

• We have removed from our analysis all data that are obviously correlated. As an
example, we have avoided to use Hubble parameter data extracted from BAO mea-
surements, see DS4. Similarly, we have avoided to perform double counting using
�di�erent� data releases that are fully or partially overlapping; in particular, we have
carefully averted using subsets of data that are part of a bigger set and then treat
them all as independent data sets. From our data set list in Sect. 7.2.1 and the at-
tached explanations there the reader can check that we have thoroughly complied
with these important requirements.

Altogether, this explains the accuracy obtained in the current �tted values of the
vacuum parameters νi (and the EoS parameter w0 of the XCDM), and the signi�cant
reduction in the error bars with respect to the ones we had previously obtained in the �rst
part of this thesis.

We have actually performed a practical test in order to check what would be the impact
on the �tting quality of our main analysis (i.e. the one presented in Table 7.1) if we would
remove some of the data points included in the current work. For instance, if we remove
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Model h ωb = Ωbh
2 ns Ωm νi w χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.691± 0.004 0.02251± 0.00014 0.973± 0.004 0.297± 0.005 - -1 79.67/88 - -
XCDM 0.676± 0.008 0.02257± 0.00014 0.974± 0.004 0.309± 0.008 - −0.945± 0.029 76.14/87 1.29 -0.99
RVM 0.680± 0.006 0.02235± 0.00015 0.966± 0.005 0.302± 0.006 0.00120± 0.00047 -1 72.74/87 4.69 2.41
Qdm 0.680± 0.006 0.02235± 0.00015 0.966± 0.005 0.302± 0.006 0.00162± 0.00065 -1 73.11/87 4.32 2.04
QΛ 0.691± 0.004 0.02234± 0.00017 0.967± 0.005 0.298± 0.005 0.00502± 0.00261 -1 76.01/87 1.42 -0.86

Table 7.8: Same as Table 7.1, but using the BOSS data from [357] instead of [302]. In contradistinction to the latter,

the former does not include the bispectrum e�ects in their results. See the discussion.

from our analyses crucial ingredients of the CMB data, such as the acoustic length la and
at the same time replace the current BAO data points by those of [229], relying on the
BAO A(z)-estimator. Notice that the CMB part is now left essentially with the R-shift
parameter only. This is precisely the old situation that we considered in Chapter 4 with
other models, and we obtain indeed results consistent with those presented there: namely,
the error bars' size become ∼ 4−5 times larger than the current ones, i.e. of order O(10−3).
We have also checked what would be the e�ect on our �t if we would remove both the data
on the shift parameter and on the acoustic length; or if we would remove only the data
points on LSS. In the �rst case it means to essentially dispense with the CMB data, and in
the second case to ignore the information on structure formation. The results are presented
in Tables 7.4 and 7.5, respectively. We observe that in both cases the vacuum parameters
are compatible with zero at one σ, and the ∆AIC and ∆BIC values become ∼ 2− 4 points
negative. This means that under these conditions the ΛCDM does better than the DVM's.
The obvious conclusion is that the full CMB and LSS data are individually very important
for the quality of the �t and that without a single one of these data sources the dynamical
DE signal gets completely lost.

We would also like to make some comments on the recent study [355], in which the
authors �nd no evidence for extensions to the standard cosmological model, in particular
no evidence of dynamical DE. They �nd that in the case of evolving DE the Bayes factor B
with respect to the ΛCDM (cf. Sect. 7.4.3) satis�es lnB ' −3.2. The negative sign implies
negative evidence. We should say that this result is actually compatible with ours. The
reason is that these authors did not use LSS data at all. As explained above, no evidence
can be found of dynamical DE if the LSS data are missing. For example, if we look at
our Table 7.5 (corresponding to the situation when the LSS data are not included), we
�nd that the simple XCDM parametrization of the dynamical DE renders ∆BIC= −4.29 ,
what implies lnB ' −2.15. This negative result agrees with the mentioned one from [355]
since di�erences of one unit are not signi�cant for the AIC and BIC information criteria.
Therefore, in our understanding, the reason why the authors of [355] did not �nd evidence
for dynamical DE is that they did not use any LSS data at all. As indicated in the main
text, and as our Figures 7-9 clearly show, with only CMB, BAO, or crossed CMB+BAO,
there is no evidence at present. It is only when the triplet CMB+BAO+LSS is used that
the dynamical DE signal appears with crisp clarity of 3 − 4σ depending on the model.
In the case of the XCDM (which should be the most comparable one with the generic
evolving DE case studied in [355]) it appears with 3.35σ c.l., and this translates into a
positive Bayes factor of lnB = ∆BIC/2= +3.15 (cf. Table 7.1). This result is 6.3 units
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Figure 7.6: As in Fig. 7.1, but using the BOSS data of [357], which does not include the bispectrum, in contrast to the

BOSS data of [302], which does include it. The �tting results associated to this �gure are provided in Table 7.8.

higher than indicated by these authors, and hence it is highly signi�cant from the point of
view of the information criteria.

With the same testing spirit we have re�tted the models excluding the BAO data only,
and the result is shown in Table 7.6. It is noticeable in this case that the dynamical DE
signal, despite it gets weakened, it still survives at ∼ 2.8σ for the main DVM's (RVM and
Qdm), with both information criteria ∆AIC and ∆BIC being 4− 6 and positive. This tells
us that the bulk of the signal is probably encoded in the CMB and LSS data, and that the
BAO data helps to make it crisper. However, this requires further con�rmation since we
have to separate the rest of the data sources. We will do it in Sect. 7.5.4.

We conclude this section by answering a most natural question. Why the dynamical DE
signal that we are glimpsing here escaped undetected from the �tting analyses of Planck
2015? The answer can be obtained by repeating our �tting procedure and restricting our-
selves to the much more limited data sets used by the Planck 2015 collaboration, speci�cally
in the papers [37] and [311]. In contrast to [37], where no LSS data were used at all, in
the case of [311] they used only some BAO and LSS data, but their �t is rather limited in
scope. Speci�cally, they use only 4 BAO data points, 1 AP (Alcock-Paczynski parameter)
data point, and one single LSS point, namely the value of f(z)σ8(z) at z = 0.57� see
details in that paper. Using this same data we obtain the �tting results presented in our
Table 7.7. They are perfectly compatible with the �tting results mentioned in Sect. 7.4.1
obtained by Planck 2015 and BOSS [131], i.e. none of them carries evidence of dynamical
DE, with only the data used by these collaborations two-three years ago.

In contradistinction to them, in our full analysis presented in Table 7.1 we used 11
BAO and 13 LSS data points, some of them available only from the recent literature and
of high precision [302]. From Table 7.7 it is apparent that with only the data used in [311]
the �tting results for the RVM are poor enough and cannot still detect clear traces of the
vacuum dynamics. In particular, the vacuum parameters are compatible with zero at one
σ and the values of ∆AIC and ∆BIC values in that table are moderately negative, showing
that the DVM's do not �t better the data than the ΛCDM model with only such limited

235



Chapter 7. More compelling signs of vacuum (and DE) dynamics

Figure 7.7: Reconstruction of the contour lines for the RVM, from the partial contour plots of the di�erent

SNIa+BAO+H(z)+LSS+CMB data sources. The 1σ and 2σ contours are shown in all cases. For the reconstructed �-

nal contour lines we also plot the 3σ, 4σ and 5σ regions.

data set. The result is reasonably compatible with what we saw in Tables 7.4-7.6 since the
CMB data and a limited part of the BAO and LSS data are still there, but the Planck 2015
results cannot yet reach the threshold of visibility of the signal. In fact, not even the XCDM
parametrization is capable of detecting any trace of dynamical DE with that limited data
set, as the e�ective EoS is compatible with w0 = −1 at roughly 1σ (w0 = −0.961± 0.033).
Compare with the situation obtained with our full data set, see Eq. (7.82), where w0 was
pinned down to lie above −1 at & 3.3σ c.l.

This should explain why the features that we are reporting here have remained hitherto
unnoticed in the literature, except in our recent papers [132, 190, 133] in which chapters
4-6 are based, and also by the very recent analysis [356]. These authors have been able to
gather a signi�cant 3.5σ e�ect on dynamical DE, presumably in a model-independent way.
The result is well along the lines of the present work and the aforementioned predecessors,
where we have been able to collect evidence, in some case at a slightly stronger level, using
di�erent models and parametrizations.

7.5.3 Results with and without including the bispectrum

The following question is now in order: why is it important to include the BOSS data from
[302]? Recently, the cosmological results from the �nal galaxy clustering data set of BOSS
(SDSS-III) were made public [357]. This analysis is even fresher than the one presented
in [302], so again, which is the reason to stick to the particular data analysis from [302]
rather than using the more recent one presented in [357]? Both actually emerge from the
same DR12 galaxy sample of BOSS, but the treatment of the data in each case is di�erent.
What is the di�erence? The important answer to this question is provided explicitly by
the authors of [357] themselves, and we just quote it: one can attribute the improvement
in [302] when compared to our measurements to the use of the bispectrum, which has not
been used in our analysis [357]. It is somehow natural that this is so, since the bispectrum

236



Chapter 7. More compelling signs of vacuum (and DE) dynamics

is a higher-order statistics, which involves the three-point correlation function instead of
the two-point correlation function (the inverse Fourier transform of the power spectrum).
It represents the next-to-leading contribution in the analysis of cosmic �uctuations in
perturbation theory.

In what follows we check explicitly the implications of using or not using the bispectrum
in our analysis. The results presented in [302] are grounded on the RSD measurements
of the power spectrum combined with the bispectrum, and the BAO post-reconstruction
analysis of the power spectrum. In contrast, the authors of [357] do not make use of
the bispectrum. Nonetheless, its use is of great importance since it leads to a signi�cant
decrease of the error bars of the data inferred from the corresponding study; and this, of
course, has a direct bearing on our own results, for the smaller the error bars of the data,
the smaller are the error bars of the cosmological parameters (in particular those sensitive
to the dynamical DE) obtained from our �tting analysis.

While the spectrum P (k) is connected with the two-point correlator of the density �eld
D(k) in Fourier space, namely 〈D(k)D(k′)〉 = δ(k− k′)P (k), in which δ is a Dirac delta,
the bispectrum B(k1,k2,k3) is formally connected with the three-point correlator

〈D(k1)D(k2)D(k3)〉 = δ(k1 + k2 + k3)B(k1,k2,k3) , (7.84)

where the Dirac δ selects the triangular con�gurations. The bispectrum has been described
in many places in the literature, see e.g.[194, 130, 340] and references therein. Now, while
the above de�nition is the formal one, operationally (namely at the practical level of galaxy
counting) a bispectrum estimator 〈F3(k1)F3(k2)F3(k3)〉 can be de�ned from the angle-
average of closed triangles de�ned by the k-modes, k1, k2, k3, where F3(q) is the Fourier
transform of an appropriately de�ned weighted �eld of density �uctuations, namely one
formulated in terms of the number density of galaxies [302]. It can be conveniently written
as

〈F3(k1)F3(k2)F3(k3)〉 =
k3
f

V123

∫
d3rDS1(r)DS2(r)DS3(r) , (7.85)

i.e. through an expression involving a separate product of Fourier integrals

DSj(r) ≡
∫
Sj
dqj F3(qj)e

iqj ·r . (7.86)

Here kf is the fundamental frequency, kf = 2π/Lbox, Lbox the size of the box in which the
galaxies are embedded and

V123 ≡
∫
S1

dq1

∫
S2

dq2

∫
S3

dq3 δ(q1 + q2 + q3), (7.87)

is the number of fundamental triangles inside the shell de�ned by S1, S2 and S3, with Si
the region of the k-modes contained in a k-bin, ∆k, around ki. The Dirac δ insures that
only closed triangles are included � see [302] for more details.

The physical importance of including the bispectrum cannot be overemphasized. The
bispectrum furnishes important complementary information that goes beyond the spec-
trum. If �uctuations in the structure formation were strictly Gaussian, their full statistical
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Figure 7.8: As in the previous �gure, reconstruction of the contour lines for the XCDM from the partial contour plots

of the di�erent SNIa+BAO+H(z)+LSS+CMB data sources.

description would be contained in the two-point correlation function, or equivalently the
power spectrum estimator 〈F2(k1)F2(k2)〉. In such case the formal bispectrum de�ned
above would identically vanish. Therefore, its inclusion is essential to be sensitive to pos-
sible higher order e�ects associated to non-Gaussianities in the distribution of galaxies.
Even if one starts from Gaussian initial conditions, gravity makes �uctuations evolve non-
Gaussian. Therefore, such deviations with respect to a normal distribution may be due
both to the evolution of gravitational instabilities that are ampli�ed from the initial per-
turbations, or even from some intrinsic non-Gaussianity of the primordial spectrum.

In order to study the e�ect of the bispectrum on our analysis of dynamical DE in a
quantitative way we have completely re�tted our models using now the data from [357]
concerning BAO and LSS, leaving of course the remaining data exactly as before. The
numerical results corresponding to this new setup are collected in Table IX. We may now
compare the results of Table I (in which the bispectrum was included) with those produced
in Table 7.8 (where the bispectrum is missing). In addition, we may compare the contour
plots of Fig. 7.1 with those of Fig. 7.6, associated to Table 7.8.

The upshot of such comparison is quite enlightening, to wit: the inclusion of the bis-
pectrum is very relevant, as it enhances quite signi�cantly the signal of dynamical DE.
The bispectrum turns out to be a key element to produce the 3.76σ signal (resp. 3.60σ)
in favor of the RVM (resp. Qdm). Without the inclusion of the bispectrum, the signal gets
reduced down to 2.55σ (resp. 2.49σ). A similar decrease is found for the XCDM (viz. from
3.35σ → 1.90σ) and the QΛ (2.38σ → 1.92σ).

We could of course invert the argument in a positive way, and say that even without
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including the bispectrum the dynamical DE signal remains fair enough � it reaches near
or above 2.5σ for the favorite models � specially for the RVM model, i.e. the one best
motivated from the QFT point of view. It is reassuring to learn, after this very practical
and enlightening exercise of numerical Cosmology, that the quantitative signs of dynamical
vacuum energy are su�ciently robust in our data as to be fairly detectable with the power
spectrum alone, only to be reinforced with the help of the bispectrum.

The main practical conclusion that we can draw from this section is quite remarkable:
the potential of the bispectrum for being sensitive to DE e�ects is perhaps more important
than it was suspected until now. As it turns out, its more conventional application as a
tool to estimate the bias between the observed galaxy spectrum and the underlying matter
power spectrum may now be signi�cantly enlarged, for the bispectrum (as the leading
higher-order correction to the power spectrum) could �nally reveal itself as an excellent
tracer of dynamical DE e�ects, and ultimately of the �ne structure of the DE.

7.5.4 Deconstruction and reconstruction of the �nal contour plots

We complete our analysis by displaying in a graphical way the deconstructed contributions
from the di�erent data sets to our �nal contour plots in Fig. 7.1 for the RVM, although we
could have done the same for any of the models under consideration. The result is depicted
in Fig. 7.7, where we can assess the detailed deconstruction of the �nal contours in terms
of the partial contours from the di�erent SNIa+BAO+H(z)+LSS+CMB data sources. A
similar deconstruction plot for the XCDM is shown in Fig. 7.8.

The deconstruction plot for the RVM case is dealt with in Fig. 7.7, through a series of
three plots made at di�erent magni�cations. In the third plot of the sequence we can easily
appraise that the BAO+LSS+CMB data subset plays a fundamental role in narrowing
down the �nal physical region of the (Ωm, ν) parameter space, in which all the remaining
parameters have been marginalized over. This deconstruction process also explains in very
obvious visual terms why the conclusions that we are presenting here hinge to a large
extent on some particularly sensitive components of the data. While CMB obviously is a
high precision component in the �t, we demonstrate in our study (both numerically and
graphically) that the maximum power of the �t is achieved when it is combined with the
wealth of BAO and LSS data points currently available.

To gauge the importance of the particular BAO+LSS+CMB combination more deeply,
in Fig. 7.9 we try to reconstruct the �nal RVM plot in Fig. 7.1 (left) from only these three
data sources. First we consider the overlapping regions obtained when we cross the data
pairs BAO+LSS, BAO+CMB, LSS+CMB and �nally the trio BAO+LSS+CMB (in all
cases excluding the SNIa and H(z) data). One can see that neither the BAO+LSS nor
the BAO+CMB crossings yield a de�nite sign for ν, despite the obtained regions are very
narrow and small as compared to the scale used in Fig. 7.7 (in which all the data are used).
This can also be con�rmed numerically from Tables 7.4 and 7.5, where the removal of either
the CMB data or the LSS data renders rather poor �ts with negative values of ∆AIC and
∆BIC. Remarkably, it is the LSS+CMB combination the one that carries a well-de�ned,
positive, sign for ν, as it is seen from the lower-left plot in Fig. 7.9 and also recon�rmed
numerically in Table 7.6, where ∆AIC and ∆BIC are now both positive and above 6 for the
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Figure 7.9: As in Fig. 7.7, but considering the e�ect of only the BAO, LSS and CMB in all the possible combina-

tions: BAO+LSS, BAO+CMB, LSS+CMB and BAO+LSS+CMB. As discussed in the text, it is only when such triad

of observables is combined that we can see a clear ∼ 4σ e�ect, which is comparable to intersecting the whole set of

SNIa+BAO+H(z)+LSS+CMB data.

main DVM's (RVM and Qdm). Curiously, the XCDM still gives a bad �t when BAO is not
included. Also noticeable is the fact that, in the lower-left plot in Fig. 7.9, the signi�cance
of ν > 0 (and hence that of the dynamical vacuum signature) is �only� at 2.8σ c.l. It is
only when we next intersect the pair LSS+CMB with the BAO data that the signal rockets
from 2.8σ c.l to 3.8σ c.l., the �nal contours being now those shown in the lower-right plot
of Fig. 7.9. Thus, the crossing with BAO further drags the intersection region upwards in
that plane and intensi�es the signal of dynamical vacuum by one full additional σ. At the
same time the XCDM also improves dramatically since the combined BAO+LSS+CMB
data produces essentially the same output as in Table 7.1 with all the data.

For the RVM case, therefore, we have checked that the �nal BAO+LSS+CMB plot in
Fig. 7.9 is essentially the same as the original RVM plot in Fig. 7.1 (the leftmost one). In
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Model h ωb = Ωbh
2 ns Ωm νi w χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.692± 0.004 0.02252± 0.00013 0.974± 0.004 0.296± 0.004 - -1 83.14/85 - -
XCDM 0.671± 0.007 0.02262± 0.00014 0.976± 0.004 0.312± 0.007 - −0.922± 0.023 71.98/84 8.92 6.66
RVM 0.677± 0.005 0.02231± 0.00014 0.965± 0.004 0.303± 0.005 0.00159± 0.00042 -1 67.72/84 13.18 10.92
Qdm 0.678± 0.005 0.02229± 0.00015 0.965± 0.004 0.303± 0.005 0.00218± 0.00059 -1 68.47/84 12.43 10.17
QΛ 0.691± 0.004 0.02230± 0.00016 0.966± 0.005 0.298± 0.005 0.00602± 0.00253 -1 77.46/84 3.45 1.18

Table 7.9: As in Table 7.1, but replacing the BAO data of [98] with the BAO data from [286] and [358].

Model h ωb = Ωbh
2 ns Ωm νi w χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.693± 0.003 0.02255± 0.00013 0.976± 0.003 0.294± 0.004 - -1 90.44/84 - -
XCDM 0.670± 0.007 0.02264± 0.00014 0.977± 0.004 0.312± 0.007 - −0.916± 0.021 74.91/83 13.23 11.04
RVM 0.676± 0.005 0.02231± 0.00014 0.965± 0.004 0.303± 0.005 0.00165± 0.00038 -1 70.32/83 17.82 15.63
Qdm 0.677± 0.005 0.02229± 0.00015 0.964± 0.004 0.303± 0.005 0.00228± 0.00054 -1 71.19/83 16.95 14.76
QΛ 0.692± 0.004 0.02229± 0.00016 0.966± 0.005 0.297± 0.004 0.00671± 0.00246 -1 83.08/83 5.06 2.87

Table 7.10: As in Table 7.1, but making use of the original LSS data of [290], instead of that from the revised

version [302] (cf. Tables 5 of these two references). In the latter, the uncertainty of the f(z = 0.32)σ8(z = 0.32) (resp.

f(z = 0.57)σ8(z = 0.57)) increases ∼ 8% (resp. ∼ 26%) with respect to the former. See the discussion in the text.

other words, the �nal RVM plot can essentially be reconstructed with only the three data
sources BAO+LSS+CMB.

7.5.5 Testing the in�uence of alternative data sets

We deem interesting to study the impact of the new BAO measurement extracted from
the analysis of the auto-correlation function of the Lyα �ux-transmission �eld using the
SDSS-DR12 [358]. It is the released version of the BAO auto-correlation data provided in
[98], in which the authors made use of the SDSS-DR11 sample. Apart from an increase
of the 15% in the volume sample, in [358] they apply some technical improvements in the
methodology over the study of [98]. After all, the di�erences in the BAO measurements
are fully consistent with those found in [98], so we do not expect that the change in the
BAO data set should induce signi�cant di�erences in our �tting results. But of course
putting it to the test is the best way to verify it. The output for this test can be read
o� Table 7.9, where we can see how the results shown in Table 7.1 are modi�ed when we
replace the BAO data from [98] with those from the very recent analysis of [358]. But
before continuing our comparison of the �tting results in the main analysis shown in Table
7.1 with the ones in the new Table 7.9, let us make some technical comments concerning
the implementation of this change in our data set. In Table 7.1 we used the BAO auto-
correlation data [98] and the cross-correlation data [286] obtained from the SDSS-DR11. In
fact, we used the �combined� (auto+cross-correlation) LyaF data at the e�ective redshift
z = 2.34 (see data set DS3 for details). In Table 7.9, however, we use 2 data points for
the anisotropic BAO estimators, DA/rs(zd) and DH/rs(zd) at z = 2.36 from [286] together
with the best-determined combination D0.3

H D0.7
M /rs(rd) from [358] at z = 2.33, assuming

no correlation between the two analyses. Notice that although the data from [286] and
[358] are obtained from overlapping SDSS samples, and they correspond to very close
redshifts (z = 2.36 and z = 2.33, respectively), the cross covariance between the auto and
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cross-correlation measurements proves to be small for the SDSS-DR11 sample, as explicitly
stated in [98, 131]. Thus one may judiciously assume that it is also the case for the SDSS-
DR12 sample. Furthermore, we �nd reasonable to proceed in this way for the following
two reasons: i) the analogous of the cross-correlation analysis of the DR12 sample is not
available, and therefore the analysis of the �combined� data for the SDSS-DR12 sample
is not possible; ii) we do not have the correlation coe�cient between the DA/rs(zd) and
DH/rs(zd) data points of [358], so we have considered more appropriate to follow these
authors in using the aforementioned combination D0.3

H D0.7
M /rs(rd), in which the powers 0.3

and 0.7 have been optimized in order to minimize the variance of the product (see [358] for
details). We have also checked that if in the above implemented change we would only use
the data from [358], but not that from [286], the results stand essentially the same. For
example, for the RVM we �nd ν = 0.00160± 0.00042 and (∆AIC,∆BIC)= (13.33, 11.10),
which favour slightly more the RVM against the ΛCDM in comparison to the result in
Table 7.9.

Notwithstanding such an alternative and still consistent use of some of the BAO data
points, we have opted from the very beginning for presenting our main results as they
appear in our Table 7.1, which is based on the aforementioned �combined� LyaF DR11
data. In this way we fully incorporate the small correlations between the auto and cross-
correlation data, which is the most advisable option. Moreover, as we have mentioned
before, the changes in the auto-correlation measurements extracted from the DR12 with
respect to the DR11 ones are not signi�cant, so no big di�erence should be expected
between Tables 7.1 and 7.9. What we have done here is to check it explicitly. The �tting
results from Table 7.9 appear to favor all the dynamical vacuum models slightly more than
those in Table 7.1, so the latter (our main table) is actually a bit more conservative. This
feature also applies to the XCDM and CPL parametrizations. The di�erences, however,
are not very signi�cant in any of the cases. If we quote them here for, say, the RVM (resp.
Qdm), we �nd that the con�dence level of the dynamical DE signature has increased now
from 3.76σ (resp. 3.60σ) to 3.78σ (resp. 3.69σ); and the respective di�erences in the values
of the Akaike and Bayesian information criteria with respect to the ΛCDM, (∆AIC,∆BIC),
have also correspondingly increased, to wit: from (12.91, 10.67) to (13.18, 10.92) in the RVM
case, and from (12.13, 9.89) to (12.43, 10.17) in the Qdm case. The fact that the di�erences
with respect to our main table are small, and the con�rmation that the new results remain
well anchored to the high signi�cance levels already attained in Table 7.1, already speaks
up both of the robustness of the current analysis and of the signi�cance of the reported
results.

We �nd also pertinent to comment next on the di�erences between the current results
and the ones advanced in an earlier version of the Letter-type presentation of them in [134],
speci�cally in version v2 of it. In Table 7.10 we exhibit the �tting outputs obtained in that
previous version. The di�erences with respect to the updated ones, i.e. those recorded in
the current Table 7.1, are basically caused by the change in the uncertainties of the LSS
data presented in [290] as compared to the more recent ones in [302]. While the central
values of the LSS observations quoted in [302] are the same as those in the previous version
of their work, the errors in the new version are slightly larger than those in the older. It
is not clear to us the reason for it, we were unable to trace a justi�cation for that change
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in [302]. We nevertheless �nd a valuable exercise to check the impact of such di�erence on
our results, as this can be used to test the reaction of our analysis to a change in the errors
on such signi�cant data sources.

In Ref. [302], the uncertainties a�ecting the two LSS data points f(zi)σ8(zi) at zi = 0.32
and zi = 0.57 increased about ∼ 8% and ∼ 26%, respectively, with respect to the old
version [290]. The change is not such a tri�e, at least a priori, as it induces a non-negligible
increase of the uncertainties for the various cosmological parameters. For example, the
comparison of the results for the RVM in Tables 7.1 and 7.10 tells us that by using the
LSS data from [302] instead of that from [290] the ν parameter departs from 0 at 3.76σ c.l.
whereas in the former case the departure is at 4.34σ c.l. In both cases, a ∼ 4σ c.l. signal
seems to be secured, but of course there is some di�erence, which we have been able to
quantify. A similar conclusion applies to the other models under study, as we have checked.

At the end of the day the main conclusion is rewarding: in spite of some changes in
the uncertainties of the BOSS LSS+BAO data in the above mentioned two versions of
the same work, the signature on dynamical DE stands upright. We devote the following
subsection to check if such a signature can also be grasped to some extent by using one of
the most well-known quintessence models in the market: the Peebles & Ratra model [118].

7.5.6 Dynamical dark energy and the φCDM

A natural question that can be formulated is whether the traditional class of φCDMmodels,
which have a well-de�ned local Lagrangian description and in which the DE is described in
terms of a scalar �eld φ with some standard form for its potential V (φ), are also capable
of capturing clear signs of dynamical DE using the same set of cosmological observations
used for �tting the DVM's. In particular we study the Peebles & Ratra model, amply
discussed in the previous chapter. Now we want to redo the �t of this model in order
to compare the new results with those obtained for the ΛCDM, the various DVM's and
DE parametrizations, by using the main data set presented in Sect. 7.2.1. The new �tting
results for the PR model are presented in Table 7.11. These are most conveniently expressed
by means of the following 5-dimensional �tting vector (see Chapter 6 for details):

~pφCDM = (ωm, ωb, ns, α, κ̄) , (7.88)

in which we have traded the original parameter κ in the PR potential for κ̄ ≡ κM2
P/ς

2.
Recall the previously de�ned parameter ς ≡ 1 Km/s/Mpc = 2.1332×10−44GeV (in natural
units). Note that the �tting vector (7.88) has also 5 parameters (one more than the
ΛCDM) as for any of the DVM's, see Eq. (7.64), and the XCDM. Therefore the number
of parameters is equalized for all these models, except for the CPL parametrization, which
has one more parameter and as a result the �tting errors are larger.

The motivation for the PR potential is well described in the original paper [118]. First
of all let us recall that it admits tracker solutions of the �eld equations for α > 0, which is
of course very convenient. We can see from Table 7.11 that we have determined α as being
indeed positive at more than 3σ c.l.

Let us recall that both in the radiation-dominated (RD) and matter-dominated (MD)
epochs the equation of state (EoS) of the scalar �eld remains stationary since the Hubble
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Model ωm = Ωmh
2 ωb = Ωbh

2 ns α κ̄ χ2
min/dof ∆AIC ∆BIC

φCDM 0.1405± 0.0008 0.02263± 0.00014 0.976± 0.004 0.202± 0.065 (32.7± 1.2)× 103 74.08/84 8.55 6.31

Table 7.11: The best-�t values for the parameter �tting vector (7.88) of the φCDM model with Peebles & Ratra

potential (6.2). We use the same cosmological data set as in Table 7.1. The speci�c φCDM �tting parameters are κ̄ and

α. The number of independent parameters is 5, see Eq. (7.88)� one more than in the ΛCDM, as in the DVM's and XCDM.

Using the best-�t values of this table and the overall covariance matrix derived from our �t, we obtain: h = 0.671 ± 0.006

and Ωm = 0.312± 0.006, which allows direct comparison with Table 7.1. We �nd & 3σ evidence in favor of α > 0. In terms

of the EoS of φ at present, the DE behavior appears quintessence-like at ∼ 3.3σ: wφ(z = 0) = −0.936± 0.019, see Eq. (7.90).

function in these epochs is dominated by the usual behavior ρ ∝ a−n of the matter com-
ponent, with n = 4 and n = 3 in the respective periods. As a result it is possible to �nd
power-law solutions φ ∝ tp (t being the cosmic time) of the Klein-Gordon equation with
PR potential (6.2) in the FLRW metric, φ̈ + 3Hφ̇ + dV/dφ = 0. This allows to establish
the initial conditions for the integration of such equation [?]. Finally, with the help of (6.1)
we can derive after some calculations a very compact form for the EoS (see Chapter 6):

wφ =
pφ
ρφ

= −1 +
αn

3(2 + α)
. (7.89)

This stationary form, valid only in the pure RD and MD regimes, was expected and it
perfectly adapts to the well-known result that holds for general tracking solutions [123,
124]. The more complicated behavior of the EoS, namely the time-evolving wφ(a) that
interpolates between the RD and MD epochs and accounts for the transition from the
MD to the DE epoch, obviously requires a numerical integration of the Klein-Gordon
equation with the PR potential. We have performed such integration following the method
of Chapter 6 and using the �tting values of Table 7.11. The plot of wφ(z) in terms of the
redshift near our time is shown in Fig. 7.5, together with the (constant) EoS value of the
XCDM parametrization and the evolving one of the CPL parametrization, see Sect. 7.1.4.
The curves in Fig. 7.5 show that the quintessence-like behavior is sustained until the
present epoch. The numerically computed EoS value reads:

wφ(z = 0) = −0.936± 0.019 . (7.90)

This result deviates from −1 by 3.37σ and therefore points to quintessence behavior at
such con�dence level. Comparing with the EoS of the XCDM parametrization in Table
7.1, whose departure from −1 is at 3.35σ c.l. we can see that the agreement with the
φCDM prediction is fairly good: the current EoS values in each case are very close and
both predict quintessence-like behavior at ∼ 3.3σ c.l.

In the present case the Hubble function has to be computed after �rst numerically
solving the Klein-Gordon equation in the FLRW metric. Thus, in contrast to the ΛCDM
and the other models, for the φCDM it proves more convenient to �t the parameter ωm =
Ωmh

2 rather than Ωm and h separately. Recall that 3H2 = 8π G(ρφ + ρm), where ρφ is
given in Eq. (6.1) and ρm = ρc0Ωma

−3 = (3 × 104/8πG)ς2 ωm a
−3 is the conserved matter

component. In the matter-dominated epoch, one can show that

H̄2(a) =
κ̄ φ−α(a) + 1.2× 105 ωm a

−3

12− a2φ′2(a)
, (7.91)
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where we have de�ned H̄ = H/ς, and used φ̇ = aH φ′(a). It is clear that Eq. (7.91) is
a numerical expression since φ(a) and φ′(a) are known only after solving by numerical
methods the Klein-Gordon equation in the FLRW metric with Peebles & Ratra potential.
In terms of the scale factor variable, the Klein-Gordon equation takes on the form

φ′′ + φ′
(
H̄ ′

H̄
+

4

a

)
− α

2

κ̄φ−(α+1)

(aH̄)2
= 0 . (7.92)

The initial conditions for φ(a) and φ′(a) are �xed as explained in Chapter 6. Finally, we
can determine h ≡ H̄(a = 1)/100 and Ωm = ωm/h

2. Using the posterior distribution of
the analysis in Table 7.11 we �nd (as quoted in the table caption):

h = 0.671± 0.006 , Ωm =
ωm
h2

= 0.312± 0.006 . (7.93)

They are very close to those for the XCDM in Table 7.1.
The likelihood contours for the PR model in the (Ωm, α)-plane are depicted in Fig. 7.10.

They clearly point to a nonvanishing and positive value of α at ∼ 3σ c.l. Together with the
EoS value (7.90), they consistently signal quintessence behavior at more than 3σ c.l. The
numerical details are furnished in Table 7.11. These results, together with the previous
chapter (based on a slightly di�erent data set), are unprecedented in the literature. Other
studies had previously considered the PR-potential in the light of older or more limited
cosmological data sets, see e.g. [328, 329, 284], but they did not �nd comparable signs of
dynamical DE as the ones presented here.

If we compare the above results with the DVM's we see that they are compatible and
all of them pointing towards the same direction. For the DVM's, being vacuum models,
the EoS is of course −1 (as emphasized from the very beginning), but since the vacuum is
dynamical the quintessence or phantom-like e�ective behavior manifest here through the
sign of the νi parameters. Take e.g. the RVM, for which ν = 0.00158±0.00042. This value
is positive at 3.76σ c.l. and therefore the vacuum energy is larger in the past (a→ 0) and
decreases towards the future (increasing a), see Eq. (7.16). It means that the RVM behaves
e�ectively as quintessence. The same occurs with models Qdm and QΛ with di�erent levels
of signi�cance. We point out, however, that in contrast to true quintessence the vacuum
density of the RVM evolves from a large value in the past (always well below that of the
matter density), but it does not asymptote to zero in the remote future. The limiting value
for a→∞ is

ρΛ → ρ0
Λ −

ν ρm0

1− ν
. (7.94)

A similar result holds for model Qdm. In contrast, for model QΛ we have ρΛ → 0 in the
future (for νΛ > 0). All these results are evident from Eqs. (7.16)-(7.18).

All in all the signs of dynamical DE perceived with the use of di�erent models and
parametrizations are quite evident. But we should make clear once more that they are
only at reach when the crucial triplet of BAO+LSS+CMB data are included in the �tting
analysis of these models. Let us stay alert to the evolution of the future cosmological obser-
vations. Other possibilities qualitatively very di�erent (e.g. scale invariant theories [359])
are, in principle, also compatible with observations, but need more phenomenological test.

245



Chapter 7. More compelling signs of vacuum (and DE) dynamics

Figure 7.10: Likelihood contours for the φCDM model in the (Ωm, α)-plane after marginalizing over the remaining

parameters (cf. Table 7.11). The various contours correspond to 1σ, 2σ, 3σ, 4σ and 5σ c.l. The central value (0.312, 0.202)

is ∼ 3σ away from the ΛCDM result (α = 0). Compare with the XCDM contour plots in Fig. 7.3. Upon marginalizing also

with respect to Ωm, both for the φCDM and XCDM we �nd evidence of dynamical DE at > 3σ c.l. Confronting also with the

DVM's contours, specially with the RVM one in Fig. 7.1, we �nd that all of them signal dynamical DE with quintessence-like

behavior. For the RVM, however, the level of evidence is closer to ∼ 4σ.

In such context the traditional CC appears as related to the properties of scale invariance
of the empty space and as a result a new dynamical contribution appears that mimics the
DE and replaces the role of the rigid Λ in Einstein's equations. Or, in a very di�erent vein,
dynamical vacuum energy could be the result of a nonperturbative approach to strong
�eld interactions relying on quasiparticles, which results in a variable vacuum energy that
depends on the state of the system [360].

Thus, in a rather multifarious way, the dynamical DE germ that seems to be imprinted
in the data appears at play and can be unveiled using a variety of independent frameworks.
We are, of course, not yet claiming incontestable evidence of dynamical vacuum energy or,
in general, of dynamical DE, but the improvement of the overall �t to the cosmological
data under this hypothesis starts to be rampant. We are eager to hear of new observational
data, see for instance [356]. At the moment, the best �t of the data implying dynamical
DE signature is ful�lled by the RVM, and it reaches ∼ 4σ c.l. Ongoing work will also
soon clarify if the most successful DVM's being considered here can further improve the
description of the cosmological data by allowing a small departure of its equation of state
parameter from the strict vacuum setting [361].
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7.6 Conclusions

To conclude, in this chapter we have presented a comprehensive study on the possibility
that the global cosmological observations can be better described in terms of vacuum
models equipped with a dynamical component that evolves with the cosmic expansion. This
should be considered a natural possibility in the context of quantum �eld theory (QFT) in
a curved background. It means that we aimed at testing cosmological physics beyond the
standard or concordance ΛCDM, built upon a rigid cosmological constant. We have focused
on three dynamical vacuummodels (DVM's): the running vacuummodel (RVM) along with
two more phenomenological models, denoted Qdm and QΛ� see equations (6.14)-(7.12). At
the same time, we have compared the performance of these models with the general XCDM
and CPL parametrizations as well as with speci�c scalar �eld models (φCDM), such as the
original Peebles & Ratra model. We have �tted all these models and parametrizations to
the same set of cosmological data based on the observables SNIa+BAO+H(z)+LSS+CMB.
Needless to say, we have �tted the ΛCDM to the same data too. The remarkable outcome
of this investigation is that in all the considered cases we �nd an improvement of the
description of the cosmological data in comparison to the ΛCDM. Our conclusion is that
there are signi�cant signs of dynamical DE in the current data, which we have been able
to capture at di�erent intensities with the various analyzed models and parametrizations.

The model that renders the best �t to the overall SNIa+BAO+H(z)+LSS+CMB data
is the running vacuum model (RVM), which emerges as a serious alternative candidate for
the description of the current state of the Universe in accelerated expansion. The RVM
is the only DVM among those that we have analyzed here that has a close connection
with the possible quantum e�ects on the e�ective action of QFT in curved spacetime,
see [59, 287] and references therein. There were previous phenomenological studies that
hinted in di�erent degrees at the possibility that the RVM could �t the data similarly as
the ΛCDM, see e.g. the earlier papers [199], [188], [224], [213], as well as the more recent
ones by [189, 255, 279] (see, alternatively, Chapters 2 and 3), including the closely related
series [190, 132, 133] (or Chapters 4-6).

Previous analyses by other authors on the more phenomenological DVM's, i.e. models
Qdm and QΛ, are available in the literature, see e.g. [315, 316, 317]. We have discussed
the comparison of our results with theirs and have pointed out some di�erences with [315]
concerning model QΛ. We �nd that this model is far less competitive as compared to the
RVM and Qdm.

To our knowledge there is no devoted work comparable in scope to the one presented
here. The signi�cantly enhanced level of evidence on dynamical DE achieved with the
DVM's, the XCDM and CPL parametrizations, as well with speci�c scalar �eld models
(φCDM), is unprecedented in the literature, all the more if we take into account the di-
versi�ed amount of data used. Our study employed for the �rst time the largest updated
SNIa+BAO+H(z)+LSS+CMB data set of cosmological observations currently available,
which has been submitted to innumerable consistency checks. The �deconstruction analy-
sis� of the contour plots in Sect. 7.5.4 has revealed with pristine clarity which are the most
decisive data ingredients responsible for the dynamical vacuum signal. We have identi�ed
that the BAO+LSS+CMB components play a momentuous role in the overall �t, as they
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are responsible for the main e�ects uncovered here. The impact of the SNIa and H(z)
observables appears to be more moderate. While the SNIa data were of course essential for
the detection of a nonvanishing value of the cosmological term Λ, these data do not seem
to have su�cient sensitivity (at present) for the next-to-leading step, which is to unveil the
possible dynamics of Λ. The sensitivity for that seems to be reserved for the LSS, BAO
and CMB data.

The intersection of the LSS and CMB data is most sensitive to the dynamical vacuum
signature, and the simultaneous concurrence of the BAO part enhances even more the e�ect.
Recently the BAO+LSS components have been enriched by more accurate contributions,
which have helped to augment the signs of vacuum dynamics. As we have proven here,
in their absence the signal would be blurred or invisible, as it was until very recently. In
addition, we have demonstrated that the inclusion of the leading higher-order correlator
data in the spectral analysis, namely the bispectrum data, is instrumental for distilling the
maximum strength of the dynamical DE signal.

At the end of the day it has been possible to improve the signi�cance of the hints of
dynamical vacuum energy, which were �rst harvested at a con�dence level of �only� & 2σ
in Chapter 4, reaching now up to about ∼ 4σ here. Our results are consistent with those
found in Chapter 5 for other type of dynamical models. Overall, the signature of vacuum
dynamics seems to be considerably supported by the current cosmological observations.
Interestingly enough, we have shown that it is also attainable through a well-known example
of φCDM model endowed of realistic ingredients, the Peebles & Ratra (PR) model, which
we have revisited in Chapter 6. With the updated data we �nd now that it still renders
a dynamical signature comparable to the XCDM parametrization. The upshot is that
either with the XCDM or the PR model we are able to exclude the absence of vacuum
dynamics (ΛCDM) at > 3.3σ c.l. Remarkably, this result can be surpassed with the main
DVM's (RVM and Qdm), with which we are able to �nd a signi�cance of up to 3.6σ and
3.8σ, respectively. Taking, however, into account that the details of the �t depend on
small variations caused by the use of di�erent data sources and computational codes, we
can assert that the DE dynamics for the main DVM's is secured at a con�dence level in
between 3.6 − 4.3σ throughout our analysis. These results are, in addition, backed up
with compelling ∆AIC and ∆BIC values of the Akaike and Bayesian information criteria,
both being �rmly anchored in the high ranges 12 − 18 and 10 − 15 respectively, thereby
ensuring very strong evidence (according to the conventional usage of these criteria [275])
of the claimed dynamical e�ects.

We have also found that the signs of dynamical DE correspond to an e�ective quintessence
behavior, in which the vacuum energy decreases with the expansion. Whether or not the
ultimate reason for such signal stems from the properties of the quantum vacuum or from
some particular quintessence model, it is di�cult to say at this point. Once more we can
only say that, quantitatively, the best description is granted in terms of the RVM and the
Qdm, and that the results are consistent with the traces of dynamical DE that can be found
with the help of the XCDM and CPL parametrizations, as well as with a true quintessence
model [118]. In all �ve cases we �nd unmistakable signs of DE physics beyond the ΛCDM.

In our work we have also clari�ed why previous �tting analyses based e.g. on the simple
XCDM parametrization, such as the ones by the Planck 2015 [37] and BOSS collabora-
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tions [131], did entirely miss any hint of a dynamical vacuum signature. Basically, the
reason stems from not using a su�ciently rich sample of the most crucial data, namely
BAO and LSS, some of which were unavailable a few years ago, and could not be subse-
quently combined with the CMB data. The situation has now changed, as we have shown,
because a wide span of sensitive data is presently at disposal. It is timely to mention at
this point that a signi�cant level of evidence on dynamical DE at ∼ 3.5σ c.l. has recently
been reported from non-parametric studies of the observational data on the DE, which aim
at a model-independent result [356]. The �ndings of their analysis are compatible with the
ones we have disclosed here and in our recent papers. Finally, it may also be opportune
to note that according to a forecast of the Dark Energy Spectropic Instrument (DESI)
survey [362] the dynamics of the dark energy could eventually be detected at 7σ c.l. [?]. It
is encouraging to see that we are on the way to have at disposal the necessary technological
instruments that will enable to test the dynamics of the DE with a high level of precision,
certainly su�cient for unraveling the kind of e�ects that we are reporting here, if they are
�nally recon�rmed.

Needless to say, statistical evidence conventionally starts at 5σ c.l. and we will have
to wait for updated observations to see if such level of signi�cance can be achieved in
the future. In the meantime, the possible dynamical character of the cosmic vacuum, as
suggested by the present study, is pretty high. It should be welcome since a dynamical
vacuum gives more hope for an eventual solution of the old cosmological constant problem,
perhaps the toughest problem of fundamental physics.

Let us close this work by noting that if the results presented here would be consolidated
in future investigations, the longstanding rigid status � in fact hundred years hitherto! �
of the �cosmological constant� in Einstein's equations, in its traditionally accepted role for
the optimal description of the cosmological data, would be seriously disputable.

7.7 Main bibliography of the chapter

This chapter is based on the contents of the letter [134] and the dedicated study [135],

Dynamical Vacuum against a rigid Cosmological Constant
J. Solà, J. de Cruz Pérez, and A. Gómez-Valent
Submitted for publication in Phys. Rev. Lett. ; [arXiv:1606.00450]

Towards the �rsts compelling signs of vacuum dynamics in modern cosmological observa-
tions
J. Solà, J. de Cruz Pérez, and A. Gómez-Valent
Submitted for publication in Phys. Rev. D. ; [arXiv:1703.08218]
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Summary, conclusions and future
prospects

In this thesis I have analyzed in detail various dynamical vacuum and dark energy models
and parametrizations. I have especially focused my attention in the so-called running
vacuum class, which is strongly motivated in QFT in curved spacetime. In these models
the variation of the cosmological term takes the following form, δρΛ(H, Ḣ) = CHH

2+CḢḢ,
which respects the general covariance of the e�ective action. This variation can be linked
to the dynamical evolution of the Newtonian coupling and/or to an anomalous law for the
matter-radiation energy densities. The linkage is carried out through the Bianchi identity,
which automatically leads to the corresponding conservation laws.

I have also studied modi�cations of these models, as those that include a pure linear
term in H. They are lesser motivated from a theoretical point of view, since this linear term
does not respect the aforementioned general covariance, as it has been amply discussed in
the main body of the thesis. It could account, though, for several phenomenological e�ects,
as those induced by bulk viscosity.

Moreover, I have explored other dynamical vacuum models which are mainly of phe-
nomenological nature, and DE variants of the RVM's with an EoS parameter di�erent
from -1. I have studied the viability of the various models according to the most updated
observational data sets at the background and linear perturbations regime. The latter is
of utmost importance, since the structure formation data play a crucial role in the analysis
and encrypt part of the observed tension between the standard ΛCDM model and the
experimental data.

The main outcomes of this dissertation are now highlighted:

• The cosmological constant appearing in the expression of the vacuum energy density
in the RVM's is crucial to ensure a good phenomenological behavior of these models.
Without this term, they are unable to �t properly the data, since either fail at the
background level, e.g showing their incapability of generating a transition from a
decelerated to an accelerated Universe, or are unable to �t the structure formation
data. Thus, the phenomenological studies carried out in this thesis have served to
demonstrate the incapability of those models without the aforesaid constant term in
the expression of ρΛ. These pathologies cannot be cured neither by those DE models
without constant term in ρDE which are inside the D-class.

• In the �rst part of this thesis we have seen that the RVM's with a well-de�ned
ΛCDM limit are perfectly viable. In the second part, thanks to a re�nement of the
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observational data base and to an improvement of the statistical analysis employed
in the study of the various models, we have been able to detect a strong signal in
favor of the vacuum dynamics which reaches the 4σ c.l. This result is unprecedented
in the literature.

• We have also analyzed di�erent parametrizations of the DE, as the XCDM and CPL.
We have found that the DE dynamics can be also traced using these parametrizations.
The same happens with more sophisticated scalar �eld models, with a local action,
as for instance the original Peebles & Ratra (PR) model. The statistical con�dence
level in these cases is not as high as in the RVM's, but it is also quite remarkable,
exceeding the 3.1σ c.l. in the PR φCDM model, and the 3.3σ c.l. with the simple
XCDM parametrization.

• In all cases, we �nd that the current observational data favor the decrease of the
vacuum/DE density throughout the cosmic history. This means that according with
the data, the amount of DE density grows in the past, and this hinders the large
scale structure formation in the Universe with respect to the ΛCDM case. Of course,
this is caused by the repulsive gravitational properties of these cosmic components,
which are clearly enhanced in these models. These e�ects allow to solve the existing
tension that is found between the concordance model and the LSS data.

• We have seen that these positive signals in favor of non-null DE dynamics can only
be detected by using a sophisticated enough set of observational data. We have
understood that the role played by the Hubble function and SNIa data is completely
secondary. The SNIa data were crucial to detect almost twenty years ago with a
high statistical con�dence level the positive acceleration of the Universe, but they
show to be too weak to take the lead in the study of the DE dynamics. The triad
of observables that turns out to be really important is given by the combination
BAO+CMB+LSS. If we do not consider LSS or CMB, the signal is totally lost,
whilst if we do not include the BAO data set, then the signal diminishes, but it
is still quite high, being around the 3σ c.l. for the RVM's. In practice, working
with the trio BAO+CMB+LSS is almost indistinguishable from working with the
enlarged one, BAO+CMB+LSS+H(z)+SNIa. The �tting results in both cases yield
inappreciable di�erences.

• The latter item explains why, for instance, the Planck and BOSS collaborations have
been unable to detect such signals in favor of DE dynamics. This is mainly due to
the fact that they do not make use of a rich enough data set. They use few data on
BAO and LSS.

• Another important point it is worth mentioning is that we have checked the poten-
tial power of the Press & Schechter formalism to test di�erent models, and also to
distinguish those that are very similar at the background and linear perturbations
level. Very little variations of the vacuum parameter ν give rise to big di�erences in
the predicted number of collapsed structures in a given range of masses. It would
be convenient to apply this formalism in a future so as to see which of the models
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that are able to explain the background and linear structure formation better than
the ΛCDM, are also able to explain well the nonlinear structure formation. It would
be also interesting to see if we can rule out some of the studied models in this thesis
using this powerful tool.

These results are very encouraging and reveal the possible variability of the DE density.
Despite this, it is obvious that the ultimate con�rmation of this feature must come hand
in hand with more data. Exciting times for Cosmology are augured. The Dark Energy
Survey (DES), the Extended Baryon Oscillation Spectroscopic Survey (BOSS), the Dark
Energy Spectroscopic Instrument (DESI), the Large Synoptic Survey Telescope (LSST),
the Euclid space telescope, the Wide-Field Infrared Survey Telescope (WFIRST), or the
Laser Interferometer Space Antenna (LISA), are some examples of projects that will be
undergone during the next years1. They will explore a volume greater than 103 millions of
cubic light-years. Some of them will be able to collect e.g. LSS data with with uncertainties
lower than the 1%, in redshift ranges between 0 and 3, roughly covering three fourths of
the Universe's age.

In this thesis are presented the �rsts compelling signs of DE dynamics. The chapters of
the second part report on the �rsts important (statistically signi�cant) evidences in favor
of such DE feature, which are especially conspicuous in the RVM's. Whether these strong
indications in favor of the variability of the DE density are or not something real, it will
depend on the future observational data. In the meanwhile, the evidences provided up to
now by the di�erent surveys and large collaborations is overwhelming and they seem to
be detected only if a complete enough data set including CMB+BAO+LSS is taken into
account.

In the future, it will be important not to lose track of the upcoming observations. It
will be interesting to see e.g. how the inclusion of the bispectrum information a�ects the
new BAO data. From the theoretical side, and in view of the high evidence found in favor
of a dynamical DE component, it would be convenient to study in deeper detail the CMB
temperature and E-polarization anisotropies in the various models studied in this thesis,
together with the TE cross-correlation spectrum, and see in detail the impact of di�erent
DE signatures such as the integrated Sachs-Wolfe e�ect. In order to perform this study
the complete set of Boltzmann equations must be carried out numerically with the use of
publicly available codes as CMBFAST [385], CAMB [386], CMBEASY [387], or CLASS
[388]. This is work to do in a near future.

We will also analyze the same DVM's studied in Chapter 7, but allowing deviations
of the EoS parameter from −1. This will give us complementary information about the
preference of the data on dynamical DE and vacuum. This is already work in progress.

Many issues concerning the nature of the DE must be still understood. There is still
a lot of work to do from both, the theoretical and observational sides. Let us see what
the future holds for Cosmology. Whatever the surprises it brings to us, they will probably
open new windows, and hopefully new landscapes will appear in front of us. I guess we
will be entertained during the next years. Let us be patient and work hard. The answers

1For a list of references, and a concise and nice review of these observational facilities, see [382]. For
the possible constraints on DE coming from LISA, see [383, 384].
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of many unsolved questions, wherever they are, are surely waiting for us!

Barcelona, April 2017
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Appendix A

ZPE in �at space-time. Two alternative
regularization schemes, and
renormalization

In this appendix I explicitly compute the regularized and renormalized ZPE of a free
real scalar �eld of mass m in �at spacetime by making use of two di�erent regularization
techniques: cuto� regularization and dimensional regularization. The exclusive dedication
of one appendix to this subject turns out to be really useful for two di�erent reasons: i)
because I will refer to the results derived in this appendix at several points of the main
body of the thesis; ii) because despite being a very basic calculation, it is a good example
of how to regularize the �typical� integrals involved in the computation of ZPE's. This step
is preliminary to the subsequent renormalization of the resulting expressions. In addition,
these results, which are obtained in �at spacetime, are compared with those obtained in a
curved background in Sect. 1.3.2.

The formal �bare� expressions for the ZPE density and pressure in the case under study
read, respectively 1,

ρbare = ~
∫

d3k

(2π)3

√
k2 +m2

2
=

~
4π2

∫
dk k2

√
k2 +m2 , (A.1)

pbare =
~
6

∫
d3k

(2π)3

k2

√
k2 +m2

=
~

12π2

∫
dk

k4

√
k2 +m2

, (A.2)

where k ≡ |~k|. Obviously, these integrals are ultraviolet (UV) divergent, since the
leading contribution at large momenta scales in both cases like ∼ k4. Let us discuss now
the two chosen alternative ways to regularize them.

1I explicitly keep the ~ in these expressions in order to show in a manifest way that they are of pure
quantum nature.
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A.1 Momentum cuto� regularization

In this regularization scheme one simply uses a momentum cuto� Λc in order to keep the
integrals �nite:

ρreg =
~

4π2

∫ Λc

0

dk k2
√
k2 +m2 , (A.3)

preg =
~

12π2

∫ Λc

0

dk
k4

√
k2 +m2

, (A.4)

Of course, these expressions still diverge in the limit Λc → ∞, but now it is possible
to solve the integral and clearly identify which are the problematic divergent terms that
should be absorbed by the counterterms in the subsequent renormalization step. Using the
following change of variables in (A.3),

k2 +
m2

2
= − 1

2t

(
m4

4
+ t2

)
(A.5)

one gets

ρreg =
~

8π2

[
t2

8
− m8

128t2
− m4

8
ln t

]−Λc
√

Λ2
c+m

2−Λ2
c−m2/2

−m2/2

(A.6)

If we consider a momentum cuto� much larger than the mass of the scalar particle,
i.e. Λc � m, and Taylor-expand the above expression, the following regularized result is
obtained,

ρreg =
~Λ4

c

16π2

[
1 +

m2

Λ2
c

+
m4

8Λ4
c

+
m4

4Λ4
c

ln

(
m2

4Λ2
c

)
+ ...

]
, (A.7)

where [...] contains the in�nite number of terms that vanish in the limit Λc → ∞
and, therefore, are not important at all. The momentum cuto� regularization of the bare
pressure is straightforward. I just integrate (A.4) by parts. The result yields,

preg =
~Λ3

c

12π2

√
Λ2
c +m2 − ρreg . (A.8)

Notice that this result does not respect the EoS of the vacuum, i.e. p = −ρ. As it is
argued in [363], this is due to the fact that momentum regularization violates the relativis-
tic Lorentz invariance of the vacuum in a manifest way. The regularized result depends
explicitly on the momentum cuto� Λc, and this quantity is not invariant under boost trans-
formations. But this argument is not su�cient to conclude that this regularization scheme
is not valid [364], since (A.8) is only the (intermediate) regularized expression, not the
(�nal) renormalized one! Renormalization could ultimately cure this (maybe apparent)
problem by choosing the appropriate counterterms.
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A.2 Dimensional regularization

In this case, we regularize the integrals by changing the original dimensionality of the
momentum space [365, 366], i.e. by assuming that the new number of dimensions is d 6= 3,

ρreg = ~µ3−d
∫

ddk

(2π)d

√
k2 +m2

2
. (A.9)

The energy scale µ is the characteristic 't Hooft mass unit of dimensional regularization,
which has been introduced in order to keep ρreg with dimensions ofM4. Taking into account
that ddk = kd−1dΩddk, where Ωd is the solid angle in d dimensions, we �nd

ρreg = ~
Ωdµ

3−d

2(2π)d

∫ ∞
0

dk kd−1
√
k2 +m2 . (A.10)

Now, it is convenient to perform the change of variables y = m2

k2+m2 ,

ρreg = ~
µ3−dmd+1Ωd

4(2π)d

∫ 1

0

dy y−
d+3

2 (1− y)
d
2
−1︸ ︷︷ ︸

B(− d+1
2
, d
2)

= ~
µ3−dmd+1

4(2π)d
2πd/2

Γ
(
d
2

) Γ
(
d
2

)
Γ
(
−d+1

2

)
Γ
(
−1

2

) , (A.11)

where B(α, β) = Γ(α)Γ(β)
Γ(α+β)

is the beta function, and I have made use of the relation

Ωd = 2πd/2

Γ(d/2)
in the second equality,

ρreg = ~
µ3−dmd+1

4

2πd/2

(2π)d
Γ
(
−d+1

2
)

−2
√
π

. (A.12)

Here, I have used Γ
(
−1

2

)
= −2

√
π. In general, though, one has to keep in mind the

general relation between Gamma functions, Γ(n + 1) = nΓ(n). The latter, together with
the rede�nition d ≡ 3 − 2ε allows us to write the Gamma function in the numerator as
follows,

Γ

(
−d+ 1

2

)
=

Γ(ε)

2− 3ε+ ε2
. (A.13)

Notice that we will be interested in performing the limit ε→ 0 after renormalization in
order to retrieve the original situation with d = 3 dimensions. This allows us to treat ε as a
little perturbation around d = 3. Let us compute Γ(ε) using this fact, by Taylor-expanding
the Weierstrass' de�nition of the Gamma function around ε = 0,

1

Γ(ε)
= εeγε

∞∏
n=1

(
1 +

ε

n

)
e−ε/n = ε+ γε2 +O(ε3) , (A.14)

where γ ' 0.5772 is the Euler-Mascheroni constant. Plugging (A.13) and (A.14) in
(A.12), and Taylor-expanding also the remaining terms we �nally obtain,
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ρreg = − ~m4

64π2

[
1

ε
+

3

2
− γ + ln

(
4πµ2

m2

)]
+ ... , (A.15)

with [...] including all the terms that vanish when ε → 0. To obtain the regularized
expression of the pressure one has to proceed exactly in the same way, performing the
same change of variables as before, using again the de�nition of the beta function, etc.
The results yields,

preg =
~µ3−dmd+1

22+dπ
d+1

2

Γ

(
−d+ 1

2

)
= −ρreg . (A.16)

In this case, the vacuum EoS is preserved because dimensional regularization respects
the relativistic symmetries.

A.3 Minimal subtraction (MS) and modi�ed minimal

subtraction (MS) schemes

Upon the regularization of the ZPE density, we have been able to split the starting highly
divergent integral in a �nite plus an explicit divergent part. Renormalization is the proce-
dure that is used to get rid of the latter in order to match the theoretical prediction to the
physical (maybe directly measured) value of the quantity under study. It basically consists
in splitting the bare quantities appearing in the Lagrangian in order to write them as the
sum of a �nite (renormalized) quantity plus an (in�nite) counterterm, which is in charge
of absorbing the divergent contributions appearing in the regularized expression.

In this case, the bare CC does the job of renormalizing the ZPE. It can be split as
follows,

ρΛ,b =
Λb

8πGb

≡ ρΛ + δρΛ , (A.17)

Note that there is some ambiguity in the absorption of the aforementioned in�nities,
since the counterterm is arbitrary up to a constant. This arbitrariness is �xed by the
appropriate choice of the renormalization condition. Let us focus our attention in the
regularized formula (A.15). In the MS scheme one just subtracts the pole,

ρΛ,eff = ρΛ(µ) + δρΛ + ρreg(µ) = ρΛ(µ)− ~m4

64π2

[
3

2
− γ + ln

(
4πµ2

m2

)]
, (A.18)

whereas in the MS (�MS-bar�) scheme the counterterm also absorbs some constant
terms,

ρΛ,eff = ρΛ(µ)− ~m4

64π2
ln

(
4πµ2

m2

)
. (A.19)

In both cases we have performed the physical limit ε→ 0 after the removal of the pole.
Notice that the energy density ρΛ automatically acquires a dependence on the arbitrary

257



Appendix A. ZPE in �at space-time

energy scale µ. This is due the fact that the physical (measured) value of ρΛ,eff cannot
depend on our choice of µ. This leads us to determine the following β-function for ρΛ

2,

β
(1)
Λ ≡ µ

dρΛ(µ)

dµ
=

~m4

32π2
. (A.20)

Now, the resulting expressions are perfectly �nite. But still, after renormalization
ρΛ,eff ∝ m4 and this is very problematic. In fact, it is the central core of the CC problem,
since it produces a value which is many orders of magnitude larger than the measured
one. The only way to ful�ll Einstein's equations in Minkowski spacetime is to demand
that ρMink

Λ,eff = 0, which is tantamount to imposing the non-gravitating feature of vacuum in
�at spacetime. This appealing renormalization condition is, at least a priori, reasonable,
and �xes uniquely the counterterm in the MS scheme. In curved spacetime, though,
vacuum energy can produce sizable e�ects. They could be due to a sort of gravitational
Casimir e�ect, in which the e�ective vacuum energy in curved background would just be
the di�erence between the vacuum energy in �at and curved spacetimes. For further details
and a extense discussion of this idea I refer the reader to Sect. 1.3.

Before concluding this appendix, I would like to remark that although momentum
cuto� regularization explicitly violates Lorentz invariance, it is also possible to retrieve the
generalization of (A.19) using this regularization scheme (or even the Paulli-Villars one,
see [368]),

ρΛ,eff(µ) = ρΛ(µ)− ~
64π2

∑
n

(−1)Sngnm
4
n ln

(
4πµ2

m2
n

)
, (A.21)

where the degeneracy factor gn includes a spin factor gn = 2Sn+1 for massive particles,
whereas gn = 2 for massless particles. It also includes an extra factor of 2 when particle
and antiparticle are distinct, and an additional factor of 3 due to color. The index n labels
all the particle species. (A.21) is obtained by demanding the ful�llment of the Pauli's
three polynomial-in-mass constraints [60]. The latter is totally equivalent to force the total
zero-point energy-momentum tensor to be Lorentz invariant. See [369] for a detailed and
modern presentation of this idea.

2This is a very well-known result, see e.g. [367].
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ZPE in curved space-time. A canonical
quantization approach

In this appendix I compute the renormalized ZPE of a non-minimally coupled and real
scalar �eld in an expanding FLRW Universe by using the canonical quantization approach
and the MS renormalization scheme. The classical action of such scalar �eld has been
provided in (1.110), but I write it here again just for convenience,

S[gµν , φ] =
1

2

∫
d4x
√
−g
(
∂µφ∂

µφ−m2φ2 − ξRφ2
)
. (B.1)

The equation of motion for φ is obtained as usually, by demanding the solution to
extremize the action, i.e. δS = 0,

1√
−g

∂µ
(√
−ggµν∂νφ

)
+ φ(m2 + ξR) = 0 . (B.2)

Let us particularize now this equation for a FLRW metric, using conformal coordinates,
i.e. gµν = a2ηµν ,

φ′′ −∇2φ+ 2Hφ′ + a2φ(m2 + ξR) = 0 , (B.3)

where the prime denotes a derivative w.r.t. the conformal time and H = a′/a. By
applying the change of variable χ = aφ this equation can be written in a more convenient
way. Using

φ′ =
χ′

a
− a′χ

a2
,

φ′′ =
χ′′

a
− 2χ′a′

a2
− a′′χ

a2
+

2(a′)2χ

a3
,

we �nally obtain,

χ′′ −∇2χ+ χ

(
a2m2 − a′′

a
+ a2ξR

)
= 0 . (B.4)
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This equation is the same that we encounter for a real scalar �eld in �at spacetime.
The only di�erence is that in the case under study we have an e�ective mass that evolves
with the expansion according to

m2
eff (η) ≡ a2m2 − a′′

a
+ a2ξR . (B.5)

Taking into account that a′′/a = a2R/6 (see Eq. (C.11)), the e�ective mass can be
expressed in a more compact way,

m2
eff (η) = a2

[
m2 +R

(
ξ − 1

6

)]
. (B.6)

Let us now derive the classical solution of Eq. (B.4). It is highly convenient to Fourier
expand it. Thus, by inserting

χ(η, ~x) =

∫
d3k

(2π)3/2
χ~k(η)ei

~k·~x (B.7)

in Eq. (B.4) we �nd the equation that must be ful�lled by the Fourier modes χ~k(η),

χ′′~k(η) + ω2
k(η)χ~k(η) = 0 , (B.8)

where ωk(η) =
√
k2 +m2

eff (η). The general solution of this equation can be written as
follows,

χ~k(η) =
1√
2

[
A~kv

∗
~k
(η) +B~kv~k(η)

]
, (B.9)

where the factor 1/
√

2 has been introduced for convenience, and A~k and B~k are inte-
gration constants. Notice that v~k = v−~k = vk because the frequency ωk is isotropic. In
addition, due to the fact that χ(η, ~x) is a real scalar �eld, the complex Fourier modes must
satisfy the condition

χ∗~k(η) = χ−~k(η) . (B.10)

Using this relation (which directly leads to A~k = B∗−~k) it is easy to �nd the classical
solution,

χ(η, ~x) =
1√
2

∫
d3k

(2π)3/2
[A~kv

∗
k(η)ei

~k·~x + A∗~kvk(η)e−i
~k·~x] . (B.11)

Now we can proceed to quantize the theory with the canonical quantization procedure,
by promoting the integration constants to operators and imposing the standard equal-time
commutation relations on the �eld operator χ̂ and its canonically conjugate momentum
π̂ = χ̂′,

[χ̂(η, ~x), π̂(η, ~y)] = iδ(x− ~y) , (B.12)
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[χ̂(η, ~x), χ̂(η, ~y)] = [π̂(η, ~x), π̂(η, ~y)] = 0 . (B.13)

We also need a time-independent normalization condition for the Fourier modes. It
proves useful to normalize the them by imposing the Wronskian W (v∗k, vk) = 2 (one can
check that W ′(v∗k, vk) = 0). This is equivalent to impose

Im(v′kv
∗
k) =

v′kv
∗
k − vkv∗′k

2i
= 1 . (B.14)

Inserting (B.11) in the �eld commutation relations (B.12)-(B.13), and using the normal-
ization condition (B.14), we obtain the usual commutation relations for the annihilation
and creation operators Â~k and Â∗~k. If we make use of the more conventional notation,
â−~k ≡ Â~k and â

+
~k
≡ Â∗~k, they read,

[â−~k , â
+
~k′

] = δ(~k − ~k′) [â−~k , â
−
~k′

] = [â+
~k
, â+
~k′

] = 0 . (B.15)

The operators a±~k can be used to construct the basis of quantum states in the Hilbert
space. Notice, though, that these operators only acquire their meaning once we choose the
Fourier modes vk(η). It turns out that the general functions

uk(η) = αkvk(η) + βkv
∗
k(η) (B.16)

also satisfy Eq. (B.8), with αk and βk being time-independent complex coe�cients
satisfying

|αk|2 − |βk|2 = 1 . (B.17)

Obviously, our de�nition of the vacuum state will depend on our choice of the coe�cients
αk (or, equivalently, βk). If we use the modes uk(η) instead of vk(η), then we can write the
�eld operator as

χ(η, ~x) =
1√
2

∫
d3k

(2π)3/2
[b̂−~k u

∗
k(η)ei

~k·~x + b̂+
~k
uk(η)e−i

~k·~x] . (B.18)

The matching between (B.11) and (B.18) can only be done if

b̂−~k = αkâ
−
~k
− βkâ+

−~k
b̂+
~k

= α∗kâ
+
~k
− β∗k â−−~k . (B.19)

These are the so-called Bogolyubov transformations. Recall that the annihilation op-
erators are de�ned such that

â−~k |(a)0 >= 0 b̂−~k |(b)0 >= 0 (B.20)

where the vacuum states |(a)0 > and |(b)0 > are, in principle, di�erent. On the other
hand, the creation operators ful�ll,

|(a)m~k1
n~k2

... >=
1√

m!n!...

[
(â+
~k1

)m(â+
~k2

)n...
]
|(a)0 > , (B.21)
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|(b)m~k1
n~k2

... >=
1√

m!n!...

[
(b̂+
~k1

)m(b̂+
~k2

)n...
]
|(b)0 > . (B.22)

It is easy to check that if βk 6= 0 the �b-vacuum� contains �a-particles�. More concretely,
in the �b-vacuum� one �nds the following total mean density of particles,

n =

∫
d3k |βk|2 . (B.23)

In the curved spacetime case we are dealing with, the Hamiltonian operator

Ĥ(η) =
1

2

∫
d3x[π̂2 + (~∇χ̂)2 +m2

eff (η)χ̂2] (B.24)

depends explicitly on time and, therefore, their eigenstates do not remain constant.
In particular, we can only de�ne an instantaneous vacuum (lowest-energy) state. Let us
search for the associated energy density of this state at a η0. We �nd,

ρ(η0) =
1

4

∫
d3k

(2π)3
(|v′k(η0)|2 + ω2

k(η0)|vk(η0)|2) . (B.25)

Using this result we can look for the mode function vk that minimizes the energy density.
It must also ful�ll the normalization condition (B.14). It is useful to de�ne vk ≡ rke

ifk .
Then, a direct calculation yields,

vk(η0) =
eifk(η0)√
ωk(η0)

v′k(η0) = iωk(η0)vk(η0) . (B.26)

The phase factors fk(η0) are not determined, but they do not play any role in the
computation of the lowest-energy density. By plugging the last relations in (B.25) we
�nally �nd,

ρ(η0) =
1

2

∫
d3k

(2π)3
ωk(η0) . (B.27)

This is the same expression that is found in �at spacetime. The only change that
must be implemented to recover the last formula starting form the Minkowskian one is
m↔ meff , where meff is given by (B.6). Of course, (B.27) is the energy density associated
to the instantaneous lowest-energy state. It is interesting to study how this energy density
evolves with time. The expectation value of the Hamiltonian at η1 in the vacuum state
|η00 > reads,

<η0 0|Ĥ(η1)|η00 >= δ3(0)

∫
d3k

(2π)3
ωk(η1)

[
1

2
+ |βk|2

]
(B.28)

Thus, the energy density is given simply by

ρ(η1) =

∫
d3k

(2π)3
ωk(η1)

[
1

2
+ |βk|2

]
. (B.29)

262



Appendix B. ZPE in curved space-time

Here it has been made use of the fact that the operators a±~k (η0) and a±~k (η1) de�ning the
instantaneous vacuum states |η00 > and |η10 > are related by the Bogoliubov transforma-
tion presented before. Notice that the results (B.27) and (B.29) have basically the same
structure, but (B.29) contains an extra factor that accounts for the creation of particles
in the expanding Universe. But we could also interpret that the vacuum energy density is
just given by

ρ(η) =
1

2

∫
d3k

(2π)3
ωk(η) , (B.30)

and that the term accounting for the creation of particles must not be strictly attached
to the vacuum energy density, but to an anomalous matter conservation law. This is what
one could naively think, which is more aligned with the formalism used throughout this
thesis (see e.g. Chapter 2). Thus, we must regularize and renormalize (B.30). But this is
very easy to do, since we can take advantage of the results of Appendix A. We can take
the result (A.19) and simply apply the change m2 ↔ m2

eff ,

−
√
−g
(
R− 2Λeff

16πGeff

)
+
√
−gα4,effR

2 = −
√
−g
(
R− 2Λb

16πGb

)
+
√
−gα(b)

4 R2−
~(m2

eff )
2

64π2
ln

(
4πµ2

m2
eff

)
.

(B.31)
Taking into account that

√
−g = a4 we can rewrite this equation as follows,

R− 2Λeff

16πGeff

−α4,effR
2 =

R− 2Λb

16πGb

−α(b)
4 R2 +

~
64π2

[
m2 +R

(
ξ − 1

6

)]2

ln

(
4πµ2

m2
eff

)
. (B.32)

From this expression we can easily extract the β-functions of interest in the low-energy
Universe.

βΛ ≡
dρΛ

d lnµ
=

~m4

32π2
, (B.33)

βG−1 ≡ d

d lnµ

(
1

16πG

)
=

~m2

16π2

(
1

6
− ξ
)
. (B.34)

These are the same β-functions that are obtained using the path-integral formalism and
the adiabatic expansion of the matter �eld propagator (see Sect. 1.3.2 and Ref. [166, 167]).
The method employed in this appendix also provides the correct β-function associated to
the parameter α4, which parametrizes the higher derivative e�ects of the R2-term,

βα4 =
dα4

d lnµ
=

~
32π2

(
1

6
− ξ
)2

. (B.35)
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Cosmological perturbations in the
Dynamical Vacuum Models

Before the decoupling of photons and baryons, at zdec ≈ 1090, these two components
(and also electrons) were tightly coupled. In that time, the radiation pressure inhibited
the growth of gravitational instabilities in the baryonic sector. The waves generated in
the photo-baryon plasma during that epoch gave rise to the well-known baryon acoustic
oscillations (BAO's). After the decoupling time, baryons released from the radiation (and
its pressure), and gravitational collapse became e�ective. Dark matter, which had not been
susceptible to the aforementioned interactions with photons, had formed some gravitational
potential wells before the decoupling, and now baryons could fall in them. In that period
of matter-dominated expansion, the �rst large-scale structures in the Universe formed and
growed up to our time.

In this appendix I derive the equations that govern the evolution of small matter per-
turbations in the Dynamical Vacuum Models (DVM's). The formalism that will be used is
not new at all. It was introduced by E. Lifshitz in [370], more than seventy years ago, when
he applied GR to study the cosmological perturbations for closed and open Universes in
presence of matter. A special e�ort to present and explain these calculations with a certain
degree of detail is not useless at all, since as it is exhaustively remarked in the main body
of this dissertation, measurements of large-scale structure are nowadays providing crucial
information that allows us to constrain in an outstanding way the various models under
study. Thus, this point deserves its own space in this thesis.

C.1 DVM's with interaction between matter and vacuum,

and G = const

In this �rst section I derive the same result in two di�erent gauges: the Newtonian gauge
and the synchronous one. This will be useful so as to take a �rst contact with these two
alternative approaches, and this will also show the robustness of the equation that governs
the growth of matter perturbations in the linear regime.
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C.1.1 Conformal Newtonian gauge

The perturbed (�at) FLRW metric expressed in comoving coordinates reads,

ḡµν = a2ηµν δgµν = a2hµν

ds2 = gµνdx
µdxν = (ḡµν + δgµν)dx

µdxν = a2(ηµν + hµν)dx
µdxν , (C.1)

where ḡµν coincides, of course, with the background FLRW metric (1.28) if one takes
k = 0 1. The perturbation of the metric tensor, δgµν , must be symmetric in order to
preserve the symmetry of gµν . Therefore, hµν has 10 degrees of freedom (dof), but only 6
are really physical, meaning that we can freely �x 4 of the original 10. But before going
on with the calculations, let me open a brief parenthesis to explain how we can decompose
hµν in a very special way so as to be able to classify the various perturbations in three
di�erent types that do not a�ect each other. This decomposition must encapsulate the
original number of dof, 10.

• h00 ≡ 2Φ ; The original dof of h00 is transferred to the scalar function Φ.

• h0i ≡ ω
‖
i + ω⊥i ; This is the Helmholtz's decomposition of a vector in a longitudinal

part ~ω‖ and a transverse part ~ω⊥, which satisfy

~∇× ~ω‖ = ~0 ~∇ · ~ω⊥ = 0 . (C.2)

The vector ~ω⊥ encapsulates 2 of the 3 original dof carried by the vector h0i. In
contrast, ~ω‖ is irrotational, so we can express it as ~ω‖ = ~∇w, where w is a potential
function. Therefore, ~ω‖ carries (through ω) the remaining dof of h0i.

• hij ≡ h
‖
ij + h⊥ij + h̃ij, where the vector ∂ih

‖
ij is longitudinal, i.e. εijk∂j∂lh

‖
lk = 0, and

∂ih
⊥
ij is transverse, i.e. ∂i∂jh

⊥
ij = 0. The longitudinal part can be written in terms of

a potential function B,

h
‖
ij =

(
∂i∂j −

1

3
δij∇2

)
B . (C.3)

Notice that h‖ij is traceless and only carries 1 dof. The transverse part can be ex-
pressed as

h⊥ij = ∂iW
T
j + ∂jW

T
i , (C.4)

with ~W T being a transverse vector. The tensor h⊥ij is also traceless by construction,
i.e. h⊥ii = 2~∇ · ~W T = 0. Thus, h⊥ij (or, equivalently, in ~W T ) carries two dof. So the
remaining piece of hij, i.e. h̃ij, must contain 3 dof. It is splitted in two pieces,

h̃ij = hTTij − 2Ψδij . (C.5)

Obviously, Ψ carries 1 dof and hTTij is chosen to be traceless. Moreover, the latter is
symmetric and transverse, which means that it carries the remaining 2 dof.

1Recall that ηµν is Minkowski's metric and that we use the sign convention (+,−,−,−) for it.
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This is called the scalar-vector-tensor (SVT) decomposition2, since the di�erent per-
turbations are classi�ed in one of these three categories depending on how they transform
under rotations in momentum space (around the wave vector ~k). Scalar perturbations are
those that remain unmodi�ed under such transformations, Φ, Ψ, ω, and B; vector pertur-
bations are encoded in ~w⊥ and ~W T ; and, �nally, tensor perturbations in hTTij . But why is
it useful to decompose the metric perturbations in this way? Well, because by doing this
one can split the various perturbations in three di�erent types that do not talk to each
other, meaning that the equations that govern their evolution are not coupled. This allows
us to study the three types of perturbations independently.

We are interested in studying the growth of scalar matter perturbations in the linear
regime, so we must worry about Φ, Ψ, ω, and B. Let us now �x the gauge by choosing a
concrete system of spacetime coordinates. In the Newtonian gauge,

h0i = 0 B = 0 . (C.6)

Thus, after the decomposition and the gauge �xing we e�ectively deal with the following
metric in the analysis of scalar perturbations,

ds2 = a2
[
(1 + 2Φ)dη2 − (1 + 2Ψ)d~x2

]
. (C.7)

It is quite practical to write the metric elements in both, the covariant and contravariant
forms,

g00 = a2(1 + 2Φ) gij = −a2(1 + 2Ψ)δij ,

g00 =
1

a2
(1− 2Φ) gij = −δ

ij

a2
(1− 2Ψ) . (C.8)

Using these expressions together with (1.32), (1.30), (1.31), (1.33) and (1.1), respec-
tively, one �nds the following geometrical quantities up to corrections of second order in
perturbations:

Christo�el symbols

Γ0
00 = H + Φ′ Γ0

i0 = Γi00 = ∂iΦ Γ0
ij = δij [H(1 + 2Ψ− 2Φ) + Ψ′]

Γijk = δij∂kΨ + δik∂jΨ− δjk∂iΨ Γi0j = δij(H + Ψ′) . (C.9)

Ricci tensor

R00 = 3H′ + 3Ψ′′ + 3H(Ψ′ − Φ′)−∇2Φ ,

Ri0 = −2H∂iΦ + 2∂iΨ
′ , (C.10)

Rij = ∂i∂j(Φ + Ψ) + δij∇2Ψ− δij[(2H2 +H′)(1 + 2Ψ− 2Φ) + Ψ′′ + 5HΨ′ − Φ′H] .

2See the seminal work [370], and a more modern exposition in the books [130, 251] and the comprehen-
sive paper [371].
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Ricci scalar

a2R = 6(1− 2Φ)(H′ +H2)− 2∇2(Φ + 2Ψ) + 6ψ′′ + 6H(3Ψ′ − Φ′) . (C.11)

Einstein's tensor

G00 = −3H2 + 2∇2Ψ− 6HΨ′ ,

Gi0 = 2∂iΨ
′ − 2H∂iΦ , (C.12)

Gij = ∂i∂j(Φ + Ψ) + 2δij(H2 + 2H′)(1 + 2Ψ− 2Φ) +

+δij[2Ψ′′ −∇2(Φ + Ψ) + 2H(2Ψ′ − Φ′)] ,

where H ≡ 1
a
da
dη

= aH and ∇2 is the spatial Laplace operator in comoving coordinates
and now the prime denotes a derivative with respect to the conformal time. Let us now
compute the perturbed 4-velocity uµ = ūµ + δuµ entering in the formula of the perturbed
energy-momentum tensor. Obviously, the unperturbed velocity is simply ūµ = ( 1

a
,~0), since

in the background cosmology a test particle remains comoving to the expansion of the
Universe. Of course, every �uid has its own 4-velocity. The time component (up to second
order perturbations) is obtained in a simple way,

uµuµ = 1 −→ δu0 = −Φ

a
, (C.13)

and the physical 3-velocity is de�ned as vi ≡ aui = aδui. Thus, we have,

uµ =
1

a
(1− Φ, vj) uµ = a(1 + Φ,−vj) . (C.14)

We can also decompose ~v a la Hemholtz, i.e. as a sum of a longitudinal plus a transverse
part. The former can be expressed as ~v‖ = ~∇v, and the latter does not play any role in
the analysis of the scalar perturbations, simply because it is of vector type. The velocity
only enters these calculations through the velocity potential v.

Now we have all the ingredients that we need in order to obtain the equations that
govern the matter scalar perturbations. We just have to substitute all the computed
expressions in the Einstein �eld equations (1.5) and ∇µTµν = 0, making also use of (1.6).
I only show the perturbed equations, since the non-perturbed ones are presented in 1.2.1
3. I express the densities and pressures of the various �uids under consideration as a sum
of a background part plus a perturbed one, i.e. ρ = ρ̄+ δρ and p = p̄+ δp.

• G00 = 8πGT00

3H2Φ + 3HΦ′ −∇2Φ = −4πGa2

N∑
n=1

δρn . (C.15)

3(1.34), (1.35), (1.36) and (1.40) are not only valid for the ΛCDM model, but also for a general type of
DVM.
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• G0i = 8πGT0i

HΦ + Φ′ = −4πGa2

N∑
n=1

(p̄n + ρ̄n)vn . (C.16)

• Gij = 8πGTij

Φ′′ + 3HΦ′ + Φ(H2 + 2H′) = 4πGa2

N∑
n=1

δpn . (C.17)

• ∇µTµ0 = 0

N∑
n=1

[
δρ′n + (p̄n + ρ̄n)(∇2vn − 3Φ′) + 3H(δρn + δpn)

]
= 0 . (C.18)

• ∇µTµi = 0

N∑
n=1

[(p̄n + ρ̄n)′vn + (p̄n + ρ̄n)(4Hvn + v′n + Φ) + δpn] = 0 . (C.19)

In all these equations I have already used Ψ = −Φ, which is also obtained from the
ij component of Einstein's �eld equations. It is important to remark that only 3 out of
these 5 equations are independent. It turns out to be very useful to express the various
perturbed quantities in momentum space, e.g.

Φ(η, ~x) =

∫
Φ~k(η)ei

~k·~x d3k , (C.20)

since as we are working at leading order in perturbation theory, the di�erent modes do
not mix, and they are automatically decoupled. Here ~k is a comoving wave vector. From
now on I will only consider physical modes much shorter than the horizon, i.e. those modes
that at present satisfy λ � 3000h−1 Mpc. Moreover, I will study matter perturbations
growing in a matter and DE dominated Universe. In this context, we can neglect the e�ect
of radiation at the background and perturbed levels. In this thesis I analyze DVM's in
which the vacuum interacts with baryons+DM or only with DM. Both cases are di�erent,
in principle, in the sense that we cannot expect a priori that the aforementioned interaction
a�ects in the same way the growth of the density perturbations of DM and baryons. The
point here is that we are not interested in the growth of baryons and DM separately, but
in the total matter density perturbations. This is what the LSS observables used in this
dissertation are sensitive to. For example, the Redshift Space Distortions (RSD's) are
caused by the total amount of matter, not only by a particular one. Bearing this in mind,
we can obtain an equation for the total nonrelativistic matter energy density perturbations
that is valid for both scenarios. From (C.15), (C.18) and (C.19), we obtain the Poisson,
continuity and Euler equations, respectively:
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k2Φ = −4πGa2(δρm + δρΛ) , (C.21)
0 = δρ′m + 3Hδρm − k2vmρ̄m + δρ′Λ , (C.22)

0 =
d

dη
(ρ̄mvm) + 4Hρ̄mvm + ρ̄mΦ− δρΛ , (C.23)

where δρm = δρb+δρdm and vm = (vdmρ̄dm+vbρ̄b)/ρ̄m is the total matter velocity potential,
obtained upon weighting the contribution of the two matter components. Let us assume
that δρm � δρΛ and δρ′m � δρ′Λ. This is a very natural assumption, since in the ΛCDM
model δρΛ = 0 at these scales, so we expect that if we have a little deviation from the
concordance model the perturbation of the vacuum energy density, despite being di�erent
from zero, it will still be much less important than the matter energy density perturbations.
Thus, (C.21) and (C.22) can be rewritten in a simpler way, as follows:

k2φ = −4πGa2ρ̄mδm , (C.24)
δ′m + ψδm = k2vm , (C.25)

where δm = δρm/ρ̄m is the matter density contrast and ψ = −ρ̄′Λ/ρ̄m. The continuity
equation (C.25) is modi�ed with an extra term, i.e. ψδm, with respect to the ΛCDM case
because now there is an injection/extraction of energy in the matter sector caused by the
decay/increase of the vacuum energy density. On the other hand, by using the background
continuity equation,

ρ̄′Λ + ρ̄′m + 3Hρ̄m = 0 , (C.26)

one can write (C.23) in a more standard way:

v′m +Hvm + Φ + ψvm −
δρΛ

ρ̄m
= 0 . (C.27)

Notice that, in principle, we cannot remove the δρΛ term because it could be, for instance,
of the same order of ψvm. We can only throw away the δρΛ terms when they are directly
compared with a δρm term. Otherwise, we could be removing relevant contributions or, at
least, contributions as important as the remaining ones. The �rst three terms of the last
expression correspond to those appearing in the ΛCDM Euler equation. In fact, they can
be obtained in a simple nonrelativistic way, just by perturbing the Newtonian gravitational
law, i.e. d~v

dt
= −~∇φ. The two extra terms of (C.27) could be interpreted as the change

of the matter velocity that is induced by the matter-vacuum interaction. We should ask
ourselves if it is possible that this interaction modi�es the velocity of the matter particles.
The loss of energy of the vacuum sector can only happen in two di�erent ways: by vacuum
decay through the generation of particle pairs or because of an increase of the particles'
masses. Let us analyze the �rst case. In order to do that let us �rstly de�ne the velocity of
the matter component as the discrete sum of the particles' peculiar velocities. We associate
the velocity of the matter �uid in a given location of space ~x to the averaged value of the
individual velocities in a small volume of the �uid centered in ~x:

~vm(~x) ≡ 1

N

N∑
j=1

[~vj,φ + ~vj,int] , (C.28)
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where N is the number of particles contained in such volume, ~vj,φ is the peculiar velocity
of the jth particle induced by the gravitational potential and ~vj,int is the peculiar velocity
of the jth particle due to the vacuum decay. Notice that the latter is just ~0 if the particle
has not been produced by vacuum decay. Moreover, it is obvious that in each decay two
particles (let us call them A and B) will be produced, one with velocity ~vA,int and another
one with velocity ~vB,int = −~vA,int. Each decay product has a companion particle with the
same velocity in modulus and direction, but opposite way. This is a direct consequence
of the momentum conservation if we assume that vacuum has no intrinsic velocity, i.e.
~vΛ = ~0. Thus, if no decay product leaves the di�erential volume where we are performing
the average, the sum of ~vj,int is exactly ~0. We do not expect it to be the case, though.
Some companion particles leave the volume where they had been created in order to enter
in another one. But assuming that the decay process is homogeneous inside a region larger
than the di�erential volume (at least, in the immediate surrounding volumes), one can see
that the excess of particles created by the decay in the neighborhood of the wall of one
side of the volume is compensated by the particles created in the other side. As these two
sets of particles have, on average, contrary velocities, they cancel out. At each instant of
time the same reasoning can be applied, so we �nd,

~vm(~x) =
1

N

N∑
j=1

~vj,φ . (C.29)

This is telling us that vacuum decay cannot modify the peculiar velocity of the matter �uid.
The latter only seems to be sensible to the gravitational potential generated by the matter
inhomogeneities. But can an increase of the particles' masses give rise to a modi�cation
of ~vm? The answer is no, since this is totally forbidden by the equivalence principle.
Thus, if we assume that the equivalence principle is also ful�lled by the dark matter
particles we must also accept that the variation of the particles' masses does not a�ect
their acceleration if the only external force generating this acceleration is the gravitational
one. This reasoning leads us to impose an extra relation in order to ensure the correct
physical behavior of the RVM's at the linear perturbation level,

δρΛ = ψvmρ̄m , (C.30)

so as to the usual (ΛCDM) Euler equation to be ful�lled:

v′m +Hvm + φ = 0 . (C.31)

By using (C.25) in (C.30) one can check that δρΛ

ρ̄m
∝ νi

(
H
k

)2, where νi is the DVM pa-
rameter (see e.g. Chapter 7). Therefore, the vacuum energy density perturbations are
very suppressed at scales deeply inside the horizon (k � H). In fact, the most recent
phenomenological studies on the RVM's show that ν is expected to be of order O(10−3)
(cf. Table 7.1) and this, of course, also helps to suppress even more the value of δρΛ. Thus,
(C.30) is totally consistent with our initial assumption, i.e. δρm � δρΛ. Moreover, it is
quite reassuring to recover the ΛCDM result, i.e. δρΛ = 0, when we set ν = 0. Equation
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(C.30) can also be written in terms of the physical velocity of matter and the gradient of
the vacuum perturbations,

~∇δρΛ = −ρ̄′Λ~vm . (C.32)

Combining (C.24), (C.25) and (C.31), the following equation for the matter density contrast
is obtained,

δ′′m + δ′m (ψ +H) + δm
(
−4πGa2ρ̄m + ψ′ + ψH

)
= 0 . (C.33)

As expected, if there is no matter-vacuum interaction, i.e. ψ = 0, we retrieve the equation
of the standard ΛCDM model. To solve this second-order di�erential equation we need to
set two initial conditions, at a time at which the expansion is strongly matter-dominated,
i.e. δm(zi) and δ′m(zi) at, let us say, zi ∼ 100. These initial conditions are model-dependent
and are provided in the main body of the thesis for each one of the models under study.

The same equation (C.33) can be obtained by using a source 4-vector Qµ = Qpuµ, with
Qp being the perturbed source function Qp = Q+δQ and Q = −ρ̄′Λ/a the background one.
The use of this interaction vector ensures the automatic ful�llment of (C.30) and the usual
Euler equation (C.31). Let us see this more in detail. Due to the Bianchi identity we �nd,

∇µ(Tm
µν + TΛ

µν) = 0 , (C.34)

with Tm
µν and T

Λ
µν being the matter and vacuum energy-momentum tensors, respectively.

We can split this equation in two parts by means of Qµ,

∇µTm
µν ≡ Qν ∇µTΛ

µν ≡ −Qν . (C.35)

The perturbed source vector yields,

δQµ = δQūµ +Qδuµ = (aδQ+ aΦQ,−aQ~vm) . (C.36)

Let us introduce these relations in (C.35) and take the perturbed part of the resulting
expression. By choosing the spatial component and de�ning δQi ≡ ∂iδV , where δV =
−aQvm = ρ̄′Λvm, we �nd,

v′m +Hvm + Φ =
−δV + ρ̄′Λvm

ρ̄m
= 0 , (C.37)

so the usual Euler equation is retrieved, as promised. If we choose the 0 component of
the Bianchi identity, instead of the spatial one, then we �nd

δ′m − k2vm + ψδm =
δQ0

ρ̄m
=

a

ρ̄m
(δQ+ φQ) , (C.38)

or, equivalently,

δ′m − k2vm + ψδm = −
(
δρ′Λ + φρ̄′Λ

ρ̄m

)
. (C.39)

The �rst term on the r.h.s. can be clearly neglected when compared with the �rst
term of the l.h.s. in order to be consistent with our initial assumption, δρm � δρΛ and
δρ′m � δρ′Λ. The latter too, but for a di�erent reason. Notice that because of the Poisson
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equation (C.24) φ ∝ Gδρm/k
2. Thus, at low scales |ψδm| � |φρ̄′Λ/ρ̄m| and this directly

allows us to neglect the second term of the r.h.s. too. The continuity equation (C.25) is
then recovered. Therefore, the source 4-vector Qµ de�ned above is capable of describing the
vacuum-matter interaction in a consistent and physical way, since it does not modify the
standard Euler equation. As it has been explained before, the modi�cation of the latter
would imply a breach of the equivalence principle or/and a violation of the momentum
conservation, which is completely intolerable. In addition, we see that the source 4-vector
Qµ generates the correct system of linear perturbations equations which directly lead to
(C.33).

C.1.2 Synchronous gauge

In the synchronous gauge, we choose

ω = 0 Φ = 0 . (C.40)

In this case we work with cosmic time, instead of conformal time. The perturbed metric
can be written as follows,

ds2 = dt2 − (a2δij + χij)dx
idxj . (C.41)

where χij ≡ δgij. Thus, the covariant and contravariant elements of the metric tensor
read, respectively,

g0i = 0 g00 = 1 gij = −a2δij + χij ,

g0i = 0 g00 = 1 gij = −δ
ij

a2
+ χij . (C.42)

It is convenient to obtain some relations involving χij, χij, and their trace. They
are used in the calculation of the geometrical quantities that enter in the �eld equations.
Neglecting the second-order perturbations we �nd,

giµg
µj = δj i −→ χij = −χij

a4
, (C.43)

χ ≡ χµνg
µν = −χii

a2
, (C.44)

or, equivalently,

χii = −a2χ χii =
χ

a2
. (C.45)

The Christo�el symbols read,

Γ0
00 = Γi00 = Γ0

i0 = 0 Γ0
ij = a2Hδij −

χij,0
2

Γijk = − 1

2a2
(χij,k + χik,j − χjk,i) Γi0j = Hδij −

χij,0
2a2
− a2Hχij . (C.46)
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The Einstein �eld equations can be written as

Rµν = 8πG
[
Tµν −

gµν
2

(T00 + Tijg
ij)
]
, (C.47)

just by using the relation R = −8πGTµνg
µν , which has been obtained from the trace of

the starting equation. The 00 component of this expression is simply given by

R00 = 4πG(T00 − Tijgij) . (C.48)

Let us compute the perturbed equations in a more general case than the one analyzed
with the conformal Newtonian gauge in the last subsection, by also considering perturba-
tions on the gravitational coupling G. In this way, we will be able to obtain the equations
for G-type models just as a particular case of our results. Upon plugging

R00 = −3(Ḣ +H2)− χ̈

2
−Hχ̇ (C.49)

in (C.48) and doing G = Ḡ + δG one obtains at zeroth order in perturbations the
acceleration equation (1.36), and at �rst order,

ḧ

2
+Hḣ = 4π

N∑
n=1

[
Ḡ(δρn + 3δpn) + δG(ρ̄n + 3p̄n)

]
. (C.50)

The Bianchi identity in this case translates to

∇µ(GTµν) = 0 , (C.51)

since now G is not a rigid constant and, therefore, ∇µG 6= 0. By perturbing the time
component of this equation we �nd at leading order the conservation equation

N∑
n=1

[
˙̄Gρ̄n + Ḡ{ ˙̄ρn + 3Hρ̄n(1 + ωn)}

]
= 0 , (C.52)

which is the direct generalization of (1.40). The resulting linear perturbation equation
reads,

0 =
N∑
n=1

Ḡ

[
δρ̇n + 3Hδρn(1 + ωn) + ρ̄n(1 + ωn)

(
θn +

ḣ

2

)]
+ (C.53)

+ ˙̄Gδρn + δĠρ̄n + δG[ ˙̄ρn + 3Hρ̄n(1 + ωn)] ,

where θn = ∇µδu
µ
n, with δu

µ
n = (0, ~∇vn)/a. The spatial component of (C.51) gives us

the following equation in momentum space,

0 =
N∑
n=1

(1 + ωn)
[

˙̄Gρ̄nθn + Ḡ( ˙̄ρnθn + ρ̄nθ̇n + 5Hρ̄nθn)
]
− k2

a2

[
pnδG+ Ḡδpn

]
. (C.54)
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Equations (C.50), (C.53) and (C.54) shape our coupled system. Let us now particularize
these expressions for those models with a constant Newtonian coupling. At the end of the
day, we would have to recover equation (C.33). In this case the system is given by

˙̂
h+ 2Hĥ = 8πG

N∑
n=1

(δρn + 3δpn) , (C.55)

N∑
n=1

δρn + (ρ̄n + p̄n)

(
θn −

ĥ

2

)
+ 3H(δρn + δpn) = 0 , (C.56)

N∑
n=1

θ̇n( ˙̄ρn + ˙̄pn) + θn [ ˙̄ρn + ˙̄pn + 5H(ρ̄n + p̄n)]− k2

a2
δpn = 0 , (C.57)

where ĥ ≡ −ḣ. As in the Newtonian gauge, we assume that the vacuum has no peculiar
velocity and that δρm � δρΛ and δρ̇m � δρ̇Λ. Therefore, we �nd,

˙̂
h+ 2Hĥ = 8πGδρm (C.58)

δρ̇m + ρ̄m

(
θm −

ĥ

2

)
+ 3Hδρm = 0 (C.59)

ρ̄mθ̇m + ( ˙̄ρm + 5Hρ̄m)θm +
k2

a2
δρΛ = 0 . (C.60)

The last equation can be rewritten as follows,

θ̇m + θm
(
ψ̄ + 2H

)
= −k

2

a2

δρΛ

ρ̄m
. (C.61)

In coordinate space,
θm = ∇µδu

µ = ∇µ(gµνδuν) = gij∂jδui ,

θm =
−~∇ · (−a~vLm)

a2
=
∇2vm
a

, (C.62)

up to corrections of second order, and in momentum space,

θm = −k
2

a
vm . (C.63)

Substituting the latter expression in (C.61) we �nd,

v̇m +Hvm + vmψ̄ =
1

a

δρΛ

ρ̄m
. (C.64)

This is the momentum conservation equation for the matter particles in the synchronous
gauge. As in the Newtonian gauge, we do not want this equation to be modi�ed with respect
to the ΛCDM one (v̇m + Hvm = 0, δρΛ = 0), since we do not expect that the vacuum-
matter interaction has any e�ect on the velocity of the matter �uid. Thus, we impose
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δρΛ = ψvmρ̄m, which is exactly the same relation that we have obtained in the Newtonian
gauge. But we must still �x the residual gauge freedom, since it is not ocmpletely �xed by
the choice ω = Φ = 0. In order to do that we take θm = 0 [371] and, therefore, δρΛ = 0.
Thus, combining equations (C.58) and (C.59) we are automatically led again to (C.33),
so we �nd that at scales deeply inside the horizon, the di�erential equation that controls
the evolution of the matter density perturbations is the same as the one derived with the
Newtonian gauge.

C.2 DVM's with Λ̇ 6= 0 and Ġ 6= 0, and self-conserved

matter

In the context of the G-type models, matter is a self-conserved �uid and ρΛ varies at the
expense of a variation of G. We can make use of (C.50), (C.53) and (C.54) in order to
derive the equations that control the growth of matter perturbations. The resulting system
reads,

˙̂
h+ 2Hĥ = 8π

[
Ḡ(δρm − 2δρΛ) + δG(ρ̄m − 2ρ̄Λ)

]
, (C.65)

ρ̄m

(
θm −

ĥ

2

)
+ 3Hδρm + δρ̇m = 0 , (C.66)

˙̄ρΛδG+ δĠ(ρm + ρΛ) + ˙̄G(δρm + δρΛ) + Ḡδρ̇Λ = 0 , (C.67)

˙̄ρmθm + ρ̄mθ̇m + 5Hρ̄mθ = 0 , (C.68)

˙̄Gρ̄mθm +
k2

a2

(
ρ̄ΛδG+ ḠδρΛ

)
= 0 . (C.69)

This is a system with 5 equations and 5 unknown functions: δρm, δρΛ, θm, ĥ, and δG.
Using (C.68) and ˙̄ρm + 3Hρ̄m = 0 one obtains:

θm(a) = θ0a
−2 . (C.70)

It is a decaying mode that plays no role in the current time, specially at scales deeply
inside the horizon. By means of (C.69) we �nd,

δρΛ

ρ̄Λ

= −δG
Ḡ

. (C.71)

Introducing this result in (C.67) we obtain,

δm =
δρm
ρ̄m

= −δĠ
˙̄G
. (C.72)

Now, from (C.66) one gets another important relation,

ĥ = 2δ̇m . (C.73)
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Introducing these results in (C.65) and after some algebraic work, one �nally gets the
equation for the matter density contrast,

δ′′′m +
δ′′m
2a

(16− 9Ωm) +
3δm
2a2

(8− aΩ′m + 3Ω2
m − 11Ωm) = 0 , (C.74)

where here the prime does not denote a derivative with respect to the conformal time,
but with respect to the scale factor.
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Collapse density threshold δc for type-A
and B RVM's

In this appendix we present the necessary formulas to compute the linearly extrapolated
density threshold above which structures collapse, i.e, δc, for the type-A and type-B dyna-
mical vacuum models. We follow the standard methods available in the literature (see e.g.
[372], [373] and [374], and references therein). Details of the procedure were also amply
provided in Ref. [188] where it was applied to G-type dynamical vacuum models (see the
aforementioned reference and e.g. Chapter 4 for more details). We will therefore not repeat
these details, but just the initial setup and the �nal results for the nonlinear perturbation
equations corresponding to the models under consideration. The linearized part of these
equations reduces, of course, to the linear perturbations equation (2.47). Recall that in
order to derive the nonlinear equations it is convenient to start from the Newtonian for-
malism for the cosmological �uid, and use the continuity, Euler and Poisson equations in
the matter dominated epoch, see Appendix C for details:

∂ρm
∂t

+∇~r · (ρm~v) = 0 , (D.1)

∂~v

∂t
+ (~v · ∇~r)~v +∇~r Φ = 0 , (D.2)

∇2Φ = 4πG
∑
i

ρi(1 + 3ωi) , (D.3)

where ~v is the total velocity of the co-moving observer in three-space, Φ is the Newtonian
gravitational potential, ~r is the physical coordinate, and ωi = pi/ρi is the EoS parameter
for each component. Introducing comoving coordinates ~x = ~r/a the perturbations are
de�ned in the following way:

ρi(~x, t) = ρ̄i(t) + δρi(~x, t) = ρ̄i(t)(1 + δi(~x, t)) , (D.4)
Φ(~x, t) = Φ0(~x, t) + φ(~x, t) , (D.5)
~v(~x, t) = a(t)[H(t)~x+ ~u(~x, t)] . (D.6)

Here ~u(~x, t) is the comoving peculiar velocity. Next we have to insert inserts Eqs. (D.4)�
(D.6) into Eqs. (D.1)�(D.3) and use the de�nition of the gradient with respect to co-moving
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Figure D.1: Computation of the collapse density threshold function δc(z) using the best �t values to
SNIa+CMB+BAOdz data (left plot) and to SNIa+CMB+BAOA data (right plot) of Tables 2.2 and 2.3. In both plots
we include the constant CDM value δc = 3

20
(12π)2/3 ' 1.686 (horizontal dotted line) as well as the ΛCDM curve (solid

points, in green). The δc(z) curves for the vacuum models A1 and A2 are represented with squares (in red) and with di-
amonds (in blue), respectively. The corresponding values at z = 0 de�ne δc for each model, and are indicated in the last
column of Tables 2.4 and 2.5.

coordinates. Notice that ~∇δm = 0, which holds for the spherical collapse of a top-hat
distribution. Following the same systematics as described in [188] we arrive at the nonlinear
perturbations equations for the models under consideration.

D.1 Type-A models

In this case the corresponding fully nonlinear evolution equation reads as follows:

a2H2δ′′m + aHδ′m

[
3H +Q− ρm

2H

]
+ δm

[
2HQ+ aHQ′ − ρm

2
(1 + δm)

]
−

−
[

4a2H2δ′2m + 5aHQδmδ
′
m +Q2δ2

m

3(1 + δm)

]
= 0 (D.7)

where the primes denote derivatives with respect to the scale factor and

Q(a) = − ρ̇Λ

ρm
= 3H(a)(1− ξ). (D.8)

The formulas for the non-relativistic matter energy density ρm and the Hubble function
H can be found in Sect. 2.2.1. The numerical solution of the above nonlinear equation is
used to compute δc(z) for models A1 and A2 in Fig.D.1, see Sec.D.3 for details.

D.2 Type-B models

For this type of models the nonlinear equation for the perturbations can be obtained with
some extra e�ort since on this occasion the calculations cannot be performed analytically
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Figure D.2: Computation of the collapse density threshold function δc(z) for the B1 and B2 vacuum models obtained
from the �tting values of Tables 2.2 and 2.3. The rest of the notation is as in Fig.D.1. The values of δc(z) at z = 0 are
indicated in the last column of Tables 2.4 and 2.5.

in terms of the scale factor. We write the �nal result using the variable y, which has been
de�ned in (2.62). We �nd:

9

16
H2

0F2(1− y)2δ′′m +
3

4
H0Fδ′m(1− y2)

[
2H +Q− 3

2
yH0F

]
+

+

[
2HQ+

3

4
H0F(1− y2)Q′ − ρm

2
(1 + δm)

]
δm −

Q2δ2
m

3(1 + δm)
−

−

[
4
(

3
4
H0F(1− y2)δ′m

)2
+ 15

4
QH0F(1− y2)δmδ

′
m

3(1 + δm)

]
= 0 , (D.9)

where the primes indicate on this occasion derivatives with respect to y � the notation
should not be confusing with the previous use of primes since we make explicit the argu-
ment. The expressions for Q(y), ρm(y) and H(y) for the type-B models can be found in
Sect. 2.3.2. The numerical solution of the above nonlinear equation is used to compute
δc(z) for models B1 and B2 in Fig.D.2, cf. Sect. D.3.

The corresponding nonlinear equation for type-C1 models is a particular case of Eq. (D.9)
and is obtained as indicated in Sect. 2.2.3. In particular, for ε = Ω0

Λ and ν = 0 (hence
F = Ω0

Λ) we obtain the corresponding equation for the pure linear model ρΛ ∝ H, which
we have ruled out. We shall not consider the computation of the number counts for these
models here.

D.3 Numerical procedure to determine δc

Next we follow the prescriptions of [372], which was also described in detail in [188]. We
compute δc(zf ) by numerically integrating the above nonlinear equations between zi and
zf (where the initial redshift zi is su�ciently large, for instance 106). The aim is to �nd
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the initial value δm(zi) for which the collapse takes place at z = zf , i.e. such that δm(zf )
is very large, say 105 or 109 (the result does not change signi�cantly). Second, we use the
previously determined value of δm(zi) together with a small value of δ′m(zi). In fact, we
know it is zero for a sphere, so we may take δ′m(zi) ∼ 10−6 − 10−4 [372]. These are then
used as the initial conditions for solving the corresponding linear perturbations equations.
The value of δm(zf ) obtained in the second step of this procedure de�nes δc(zf ), and the
value of this quantity at zf = 0 de�nes δc ≡ δc(zf = 0). Notice that the linear equations
are simply obtained from (D.7) and (D.9) upon neglecting all terms of O(δ2

m) and O(δ′2m).
The equations obtained in this way are, of course, the ones already presented in Sect. 2.3
for both types of models A and B. The values of δc obtained by this method for each model
are displayed in the last column of Tables 2.4 and 2.5 (cf. Sect. 2.6.2). The numerical
solutions δc(z) for each model are displayed in Figs.D.1 and D.2.
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Appendix E

Cosmological observables and statistical
analysis

In this Appendix we explicitly de�ne and discuss the various observables used in the phe-
nomenological analysis of Chapter 7. In fact, the information presented in this appendix
is also valid for the analyses of Chapters 5 and 6, with two slight di�erences: i) in these
two chapters we used the data of Ref. [290] instead of Ref. [302]; and ii) In Chapter 5 we
did not marginalize the SNIa M parameter [82] (see below for details). In addition, we also
collect some basic (essentially technical) information about the �tting procedure that has
been followed, as e.g. the correlation matrices entering the complete χ2 function (7.81) or
the precise values (with the corresponding uncertainties) of the BAO and CMB data sets.
These aspects of the analysis were omitted in the main body of the thesis.

Each of the χ2
s functions in the total χ2 to be minimized can be written as follows,

χ2
s(~p) = [~xs(~p)− ~ds]

TC−1
s [~xs(~p)− ~ds] , (E.1)

where the data set vector ~ds runs over all the data sets DS1-DS6 described in detail in
Sect. 7.2.1. They are labeled here in a compact way as s=(SNIa, BAO, LSS, BAO&LSS,
H, CMB). In the particular case of DS3, part of the data are from [302] and in this case
BAO and LSS are correlated. We have denoted this situation with BAO&LSS: it re�ects
the contribution from the combined BAO+LSS covariance matrices for the LOWZ and
CMASS data samples from that reference, see (E.30) and (E.31) below. Similarly ~xs are
the vectors containing the theoretically computed values from the di�erent models; and Cs
is the covariance matrix for each data set s, which can be constructed from the correlation
matrix ρs and the 1σ uncertainties according to Cs,ij = ρs,ijσs,iσs,j.

E.1 SNIa

For the SNIa sector, we have used the binned distance modulus �tted to the JLA sample
shown in Table F.1 of [82], together with the 31× 31 covariance matrix presented in Table
F.2 of the same paper. The �tted quantity is the distance modulus, de�ned as

µ(z, ~p) = 5 logDL(z, ~p) +M , (E.2)
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where M is a free normalization parameter (see [82] for details) and DL(z, ~p) is the lumi-
nosity distance:

DL(z, ~p) = c(1 + z)

∫ z

0

dz′

H(z′)
, (E.3)

with c the speed of light (now included explicitly in this formula for better clarity). The
previous formula (E.3) for the luminosity distance applies only for spatially �at universes,
which we are assuming throughout.

Parameter M is treated as a nuisance parameter and, therefore, it can be integrated
out through the corresponding marginalization of the SNIa likelihood. It can be done
analytically, so this also helps to improve the computational e�ciency by reducing in one
dimension the �tting parameter space. After this marginalization, the resulting e�ective
χ2-function for this data set reads,

χ2
SNIa(~p) = ~y(~p)TJ~y(~p)−

[
∑31

i,j=1 Jijyi(~p)]
2∑31

i,j=1 Jij
, (E.4)

where J ≡ C−1
SNIa and yi(~p) ≡ 5 logDL(zi, ~p) − µobs,i. (E.4) is the direct generalization of

formula (13.16) of [130], since we are now considering a non-diagonal covariance matrix,
instead of a diagonal one. Let us prove (E.4). The original SNIa likelihood can be written
as follows,

LSNIa(~p,M) = L0 e
− 1

2
[yi(~p)+M ]Jij [yj(~p)+M ] , (E.5)

where we have assumed the Einstein summation convention in order to write the result more
concisely, and L0 is the normalization constant. Let us now marginalize this distribution
over the parameter M,

L̃(~p) ≡
∫ +∞

−∞
LSNIa(~p,M) dM . (E.6)

This can be expressed as
L̃(~p) = L0e

− 1
2
B0(~p)F (~p) , (E.7)

with

F (~p) ≡
∫ +∞

−∞
e−

B1
2
M2−MB2(~p) dM , (E.8)

and
B0(~p) ≡

∑31
i,j=1 yi(~p)Jijyj(~p) ,

B1 ≡
∑31

i,j=1 Jij ,

B2(~p) ≡
∑31

i,j=1 Jijyi(~p) .

(E.9)

The problem is basically reduced to compute the function F (~p) appearing in (E.7). Let us
perform the derivative of the latter with respect to M and the ith-component of the �tting
vector ~p,

∂F

∂M
= 0 = −

∫ +∞

−∞
[MB1 +B2(~p)] e−

B1
2
M2−MB2(~p) dM , (E.10)

∂F

∂pi
= −∂B2(~p)

∂pi

∫ +∞

−∞
M e−

B1
2
M2−MB2(~p) dM . (E.11)
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Combining these two expressions, we obtain a di�erential equation for F (~p),

1

F (~p)

∂F

∂pi
=
∂B2

∂pi

B2(~p)

B1

,

whose solution is very simple:

F (~p) ∝ e
B2

2(~p)

2B1 . (E.12)

The integration constant is irrelevant since it can be absorbed by the normalization factor
L0 in (E.7), giving rise to a new one, L̃0. Thus, the marginalized likelihood reads,

L̃(~p) = L̃0 e
−χ

2
SNIa(~p)

2 , (E.13)

with χ2
SNIa(~p) given by (E.4).

E.2 BAO and LSS

Galaxy surveys measure angular and redshift distributions of galaxies. Using these data,
they are able to obtain the matter power spectrum P (~k, z) in redshift space upon modeling
the bias factor and transforming these angles and redshifts into distances. However, the
distance of two sources along the line of sight, being given by the di�erence of redshift ∆z,
depends on the cosmological model. Similarly, the distance of two sources in the direction
perpendicular to the line of sight is given by the angular separation, ∆θ, and also depends
on the cosmological model. Therefore, it is convenient to �rst de�ne a �ducial model to
which one refers the predictions of the new models being studied. Usually such model
is the ΛCDM with appropriately chosen values of the free parameters. We have already
used a �ducial model in our analysis, cf. sect. 7.3.4, but di�erent papers may use slightly
di�erent �ducial parameters and one has to take this feature carefully into account. If that
is not enough, one has to disentangle the e�ect of the redshift space distortions that are
due to the peculiar velocities of galaxies falling into the gravitational potential wells. The
comoving wavevector ~k is usually decomposed in a parallel to the line of sight component,
k‖, and another one which is perpendicular to it, k⊥. These two directions determine the
two-dimensional (2D) space in which the distribution of galaxies is studied. The analysis of
the BAO signal in the 2D power spectrum carries precious information about the angular
and longitudinal size of the BAO standard ruler at the measured redshift z, namely

∆θs(z) =
ars(ad)

DA(a)
=

rs(zd)

(1 + z)DA(z)
, (E.14)

where a = 1/(1 + z) is the scale factor, and

∆zs(z) =
rs(zd)H(z)

c
, (E.15)

rs(zd) being the sound horizon at the redshift of the drag epoch (see below), with DA the
proper diameter angular distance,

DA(z, ~p) ≡ c

(1 + z)

∫ z

0

dz′

H(z′)
. (E.16)
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In principle, galaxy surveys are able to extract anisotropic BAO information from their
analyses. That is to say, they can a�ord constraints on the quantities rs(zd)/DA(z) and
H(z)rs(zd) through the perpendicular and parallel dilation scale factors [302, 98, 131],

α⊥ ≡
rfids (zd)/D

fid
A (z)

rs(zd)/DA(z)
=
DA(z)rfids (zd)

Dfid
A (z)rs(zd)

α‖ ≡
Hfid(z)rfids (zd)

H(z)rs(zd)
, (E.17)

where rfids (zd), D
fid
A (z) and Hfid(z) are obtained in the �ducial cosmology that the survey

has used to convert redshift and angles into distances. The quantity rs(zd)/DA(z) is the
sound horizon at the drag epoch measured in units of the angular diameter distance at
redshift z, and similarly rfids (zd)/D

fid
A (z) is the corresponding value in the �ducial model.

These ratios are just the comoving angular sizes (E.14), i.e. the angular sizes divided by the
scale factor. Similarly, H(z)rs(zd) and Hfid(z)rfids (zd) are, respectively, the sound horizon
in units of the Hubble horizon in the given model and in the �ducial model.

Sometimes the surveys are not equipped with enough BAO data to obtain (E.14) and
(E.15) separately. In this case they limit themselves to compute the volume-averaged
spectrum in a conveniently de�ned volume V and obtain a constraint which is usually
encapsulated in the isotropic BAO estimator rs(zd)/DV (z) (sometimes denoted dz [229]).
Here DV (z) is an e�ective distance or dilation scale [228] obtained from the cubic root of
the volume V (whose value is de�ned from the square of the transverse dilation scale times
the radial dilation scale):

DV (z, ~p) =
[
zDH(z, ~p)D2

M(z, ~p)
]1/3

. (E.18)

In this expression, DM = (1 + z)DA is the comoving angular diameter distance (playing
the role of the transverse dilation scale at redshift z) and DH is the Hubble radius

DH(z, ~p) ≡ c

H(z)
, (E.19)

with zDH acting as the radial dilation scale at redshift z. Therefore, the distilled BAO
estimator dz measures the sound horizon distance at the drag epoch in units of the e�ective
dilation scale (E.18).

Again a comparison with a �ducial value is necessary. The isotropic BAO parameter
relating the �ducial model value of DV with the actual value of a given model is de�ned
in [230] as

α ≡ DV (z)

Dfid
V (z)

. (E.20)

In other cases α is de�ned in terms of dz,

α ≡ rfids (zd)/D
fid
V (z)

rs(zd)/DV (z)
=
DV (z)rfids (zd)

Dfid
V (z)rs(zd)

, (E.21)

284



Appendix E. Cosmological observables and statistical analysis

Model rs(zd)ff rs(zd)Boltz

ΛCDM 150.85± 0.24 147.32± 0.22
XCDM 151.02± 0.23 147.48± 0.22
RVM 153.34± 0.74 148.25± 0.33
Qdm 153.34± 0.72 148.25± 0.34
QΛ 151.39± 0.32 147.32± 0.21

Table E.1: The obtained values of the sound horizon distance at the drag epoch for the di�erent models under study in

Chapter 7, rs(zd) (in Mpc), using (E.22)-(E.24) in the �rst column and (E.25) in the second. We show the central values and

associated uncertainties of rs(zd) for each model, which have been obtained using the posterior distribution of the analysis

in Table 7.1.

Model h ωb = Ωbh
2 ns Ωm νi ω0 ω1 χ2

min/dof ∆AIC ∆BIC

ΛCDM 0.692± 0.004 0.02253± 0.00013 0.974± 0.004 0.296± 0.004 - -1 - 84.83/85 - -
XCDM 0.672± 0.007 0.02262± 0.00014 0.976± 0.004 0.311± 0.007 - −0.923± 0.023 - 74.15/84 8.54 6.19
CPL 0.674± 0.009 0.02263± 0.00014 0.976± 0.004 0.310± 0.009 - −0.946± 0.085 0.070± 0.250 74.08/83 6.31 1.77
RVM 0.682± 0.004 0.02240± 0.00014 0.968± 0.004 0.296± 0.004 0.00152± 0.00038 -1 - 66.95/84 15.74 13.39
Qdm 0.683± 0.004 0.02238± 0.00014 0.967± 0.004 0.296± 0.004 0.00217± 0.00055 -1 - 66.99/84 15.70 13.35
QΛ 0.693± 0.004 0.02226± 0.00016 0.964± 0.005 0.296± 0.004 0.00785± 0.00256 -1 - 75.56/84 7.13 4.78

Table E.2: Fitting results for the various models under study in Chapter 7 using (E.25), instead of (E.22)-(E.24), in

the computation of the comoving sound horizon at the drag epoch. It is noteworthy that in the RVM case we �nd ν > 0 at

exactly 4σ c.l.

as in [288, 289]. These isotropic BAO estimators (E.20 and E.21) are akin to the Alcock-
Paczynski (AP) test [375], in which the ratio of the observed radial/redshift to the angular
size at di�erent redshifts, ∆zs/∆θs, is used to obtain cosmological constraints on the prod-
uct H(z)DM(z) and hence of H(z)DA(z). Both for the AP test and the isotropic BAO
measurement, the value of the Hubble parameter H(z) cannot be disentangled from DA(z),
there is a degeneracy. This is in contradistinction to the situation with the anisotropic
BAO parameters (E.17), in which a measurement of both α⊥ and α‖ permits to extract
the individual values of H(z) and DA(z).

In our �tting analysis, we use data of both types of BAO estimators: isotropic and
anisotropic ones, see the data set items DS2 and DS3 in Sect. 7.2.1. The anisotropic
BAO data contains more information than the isotropic one because the aforementioned
degeneracy between H(z) and DA(z) has been broken. Thus, anisotropic BAO is richer
and yields stronger cosmological constraints [376, 377].

To compute the theoretical predictions for the above BAO estimators, we need some
extra formulas. For instance, the sound horizon at redshift z, i.e. rs(z), is given by the
expression

rs(z) =

∫ ∞
z

cs(z
′)dz′

H(z′)
, (E.22)

where
cs(z) =

c√
3(1 +R(z))

(E.23)

is the sound speed in the photo-baryon plasma and R(z) = δρb(z)
δργ(z)

. For all the models
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studied in Chapter 7 the energy densities for radiation and baryons evolve in the standard
way. Thus, this function takes the usual form R(z) = (3Ωb/4Ωγ)/(1 + z), being Ωγ the
photon density parameter. The redshift at the drag epoch is zd ∼ O(103). Below such
redshift value the baryon perturbations e�ectively decouple from the photon ones and start
to grow with dark matter perturbations. The precise value of zd depends in a complicated
way on the di�erent cosmological parameters. The �tted formula for determining it is given
in [232]:

zd =
1291ω0.251

m

1 + 0.659ωm0.828

[
1 + β1ωb

β2
]

β1 = 0.313ωm
−0.419

[
1 + 0.607ωm

0.674
]

(E.24)
β2 = 0.238ωm

0.223 .

Let us point out that many experimental groups do not make use of these �tted formulas
(denoted with a subindex � below), but of the complete set of Boltzmann (Boltz) equa-
tions, which must be solved numerically. Both approaches can give rise to di�erences
that are around 2 − 3%. Consequently, if the observational values are computed with a
Boltzmann code, then we need to correct them in order to perform the comparison with
our theoretical predictions, which make use of the above expressions. In these cases we
follow the same procedure applied in [289] based on re-scaling the observational data by
fr ≡ rs(zd)

fid
ff /rs(zd)

fid
Boltz. The two quantities involved in this ratio are computed using

the same �ducial ΛCDM cosmology chosen by the observational teams, but while the �rst
is obtained with the �tted formula (E.24) together with (E.22) and (E.23), the second
is obtained with a Boltzmann code. One can also compute the latter using the existing
approximated formulas for the sound horizon at zd that are obtained by �tting the data
extracted from e.g. the CAMB code, since they are very accurate, with errors less than
the 0.1% [377]:

rs(zd)Boltz =
55.234(1 + Ωνh

2)−0.3794 Mpc

(Ωdmh2 + Ωbh2)0.2538(Ωbh2)0.1278
, (E.25)

where Ωνh
2 is the neutrino reduced density parameter and depends, of course, on the

e�ective number of neutrino species and the photon CMB temperature, which is taken
from [78], see also Sect. 7.2.2.

We point out that the aforementioned re-scaling does not change the values of the
dilation scale factors (E.17), (E.20) and (E.21) furnished by the experimental teams. If
they, for instance, deliver their results through the product α⊥(Dfid

A /rs(zd)
fid
Boltz), then we

just multiply it by f−1
r in order to keep our �tting procedure consistent. Note that we

are also using the �tting formulas (E.37) and (E.38) in the computation of the decoupling
redshift z∗ (see below, Sect. B4). For the same reason, we re-scale (Hfidrs(zd)

fid
Boltz)/α‖ on

multiplying it by fr. But we stress once more that the dilation scale factors, which are the
fundamental outputs extracted from the analysis of the BAO signal, are not modi�ed by
this re-scaling.

We have studied the changes induced in our �tting results when we use (E.25) instead of
(E.22)-(E.24). We show the corresponding values of the sound horizon at the drag epoch,

286



Appendix E. Cosmological observables and statistical analysis

rs(zd), in Table E.1, and the corresponding new �tting results for the various models in
Table E.2. As it can be seen, they are close to the original ones shown in Table 7.1. The
statistical signi�cance of the new results is exactly 4σ for the RVM and very near to it
(3.94σ) also for the Qdm. The ∆AIC and ∆ BIC values of these models are above 15,
which denote very strong evidence in favor of these models as compared to the ΛCDM.
The central �t values did not undergo signi�cant changes with respect to Table 7.1, which
again re�ects the robustness of our results and conclusions.

We use data from the 6dFGS survey [230], DV (z = 0.106) = (456± 27)Mpc. Also from
the SDSS DR7 MGS one [288], DV (z = 0.15)

(
rs(zd)fid

rs(zd)

)
= (664± 25)Mpc. For the data of

the WiggleZ Dark Energy survey [289],

DV (0.44)
(
rs(zd)fid

rs(zd)

)
= (1716.4± 83.1) Mpc

DV (0.60)
(
rs(zd)fid

rs(zd)

)
= (2220.8± 100.6) Mpc

DV (0.73)
(
rs(zd)fid

rs(zd)

)
= (2516.1± 86.1) Mpc .

(E.26)

We have taken also into account the correlations between the di�erent measurements
through the corresponding inverse covariance matrix,

C−1
BAO/WZ = b

 2.17898878 −1.11633321 0.46982851
−1.11633321 1.70712004 −0.71847155
0.46982851 −0.71847155 1.65283175

 , (E.27)

with b = 10−4 Mpc−2.

As explained in the data set item DS3) of Chapter 7, we also use BOSS LSS and anisotropic
BAO data, more concretely from the LOWZ (z = 0.32) and CMASS (z = 0.57) sam-
ples [302]. For each of these redshifts the authors provide three data points, f(z)σ8(z),
DA(z)/rs(zd) and H(z)rs(zd), which are extracted by a thorough study of RSD mea-
surements of the power spectrum combined with the bispectrum, and the BAO post-
reconstruction analysis of the power spectrum. For the LOWZ sample, we have

fσ8 = 0.42660 ± 0.05627
Hrs(zd) · 10−3 = fr (11.549 ± 0.385)
DA/rs(zd) = f−1

r (6.5986 ± 0.1337) ,
(E.28)

and for the CMASS sample,

fσ8 = 0.42613 ± 0.02907
Hrs(zd) · 10−3 = fr (14.021 ± 0.225)
DA/rs(zd) = f−1

r (9.3869 ± 0.1030) ,
(E.29)

where fr = (151.79Mpc/148.11Mpc) is the sound horizon re-scaling introduced above.
We need to apply such rescaling because the authors of [302] compute rs(zd)fid with the
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Boltzmann code, whereas we make use of the �tting formula (E.24). The corresponding
covariance matrices read, respectively,

CLOWZ = 10−3

 3.1667 14.726fr 5.0871f−1
r

14.726fr 148.099f 2
r 28.929

5.0871f−1
r 28.929 17.883f−2

r

 , (E.30)

and

CCMASS = 10−3

 0.84506 4.3722fr 2.0151f−1
r

4.3722fr 50.717f 2
r 13.827

2.0151f−1
r 13.827 10.613f−2

r

 . (E.31)

We also use the data from the combined LyaF analysis at z = 2.34 presented in [98],

DA/rs(zd) = 10.93+0.35
−0.34 · f−1

r

DH/rs(zd) = 9.15+0.20
−0.21 · f−1

r ,
(E.32)

with fr = (153.4Mpc/149.7Mpc) and their correlation coe�cient, ρ12 = −0.48 [131].

E.3 H(z)

The covariance matrix for the H(z) data is diagonal and therefore, CH,ij = σ2
H,iδij, (see DS4

in Chapter 7 and Table 5.3). The possibility of having non zero o�-diagonal terms in the
correlation matrix is not excluded. But these coe�cients are not found in the literature,
and as we have explained in the Discussion section, the H(z) data set plays a completely
secondary role in comparison to the BAO, CMB and LSS sets. The impact of introducing
these (unknown) correlations would be negligible. Thus, the corresponding χ2-function
adopts the following simple form,

χ2
H(~p) =

30∑
i=1

[
H(zi, ~p)−Hobs(zi)

σH,i

]2

. (E.33)

The theoretical values for the DVM's are computed with equations (7.19)-(7.21), and the
ones for the XCDM and CPL parametrizations with (6.11) and (6.13), respectively. The
observed points and their uncertainties are presented in Table 5.3.

E.4 CMB

As explained in DS6) of Chapter 7, we have made use of the CMB data and correlation
matrix of the Planck 2015 TT,TE,EE+lowP analysis presented in [310]. The data points
are the following:

R = 1.7448 ± 0.0054
la = 301.460 ± 0.094
ωb = 0.02240 ± 0.00017
ns = 0.9680 ± 0.0051 ,

(E.34)
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and the corresponding correlation matrix:

ρcmb =


1 0.53 −0.73 −0.80

0.53 1 −0.42 −0.43
−0.73 −0.42 1 0.59
−0.80 −0.43 0.59 1

 . (E.35)

The theoretical expression for the R �shift parameter� is given by

R(~p) =
√

Ωm

∫ z∗

0

dz

E(z)
, (E.36)

where z∗ is the redshift at decoupling. Its precise value depends weakly on the parameters,
and it is obtained from the �tting formula [79]:

z∗ = 1048
(
1 + 0.00124ω−0.738

b

)
(1 + g1ω

g2
m ) , (E.37)

with

g1 =
0.0783ω−0.238

b

1 + 39.5ω0.763
b

g2 =
0.560

1 + 21.1ω1.81
b

. (E.38)

The formula for the acoustic length `a is:

`a(~p) = π(1 + z∗)
DA(z∗)

rs(z∗)
, (E.39)

in which the angular diameter distance DA is given in (E.16) and the expression for the
sound horizon in (E.22).

E.5 Some comments on the computational �tting pro-

cedure and Fisher matrix formalism

In a �tting parameter space of dimension greater than or equal to 4 it is quite unpractical
to use the simple gridded minimization procedure that was applied in the �rst part of this
thesis dissertation to search for the minimum of the χ2 functions. The gridded minimization
method has two important drawbacks. First of all, the grid must be built in such a way that
the minimum of the function to be minimized is contained in it. So, in principle, in order
to use this method one has to know something about the location of the minimum one is
looking for. At least, one must have a rough estimate of the range in which the minimum
lies. Obviously, the better is the hint about such location, the faster is the method. The
second disadvantage is that one has to select a step for each one of the �tting parameters.
One has to make sure that this step is small enough to ensure a good determination of the
minimum, but on the other hand one has to take care, since the smaller the step the slower
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is the gridded minimization procedure. These facts make the method usually non-viable.
And the problems worsen even more when we work with higher dimensional �tting vectors,
because then the expense in computational time is completely una�ordable. Thus, if we
want to explore larger parameter spaces, we are forced to look for a more e�cient method.

In the second part of this thesis, in which we have used 4, 5 and even 6 dimensional
parameter spaces, we have opted to use a quite simple alternative, but much more e�cient
in terms of computational time. It is the so-called Newton-Raphson method. The idea is
the following. Let us consider an N-dimensional �tting vector ~p. We want to minimize
the χ2 function with respect to each of the elements of the aforementioned vector. We can
approximate the χ2 function around a given point ~p0 as follows,

χ2(~p) = χ2(~p0) +
∂χ2

∂pi

∣∣∣
~p0

(~p− ~p0)i +
1

2

∂2χ2

∂pi∂pj

∣∣∣
~p0

(~p− ~p0)i(~p− ~p0)j . (E.40)

This is simply the Taylor expansion of the χ2 function, which is only a good approx-
imation in the vicinity of ~p0. The Newton-Raphson method is an iterative one. One
estimates the location of the minimum of the χ2 by directly using (E.40). If we denote ~p1

the estimation of the location of the minimum we �nd,

~p1 = ~p0 −
(
∂2χ2

∂p2

∣∣∣
~p0

)−1

~∇χ2 , (E.41)

where
(
∂2χ2

∂p2

∣∣∣
~p0

)−1

is the inverse of the Hessian matrix of the χ2 function at ~p0. We

can now repeat the procedure exchanging ~p0 → ~p1, and later on ~p1 → ~p2 → ... → ~pk
until the convergence to the real minimum becomes clear. This is a quite fast method.
Certainly, much more than the gridded minimization procedure used in Part I. Here we
also have to select the correct step for each of the involved �tting variables in order to
compute the numerical derivatives, so a previous study of the �tting program is needed to
�x these steps. Despite this, once we determine the optimum size of the steps, the method
is quite agile and the convergence fast. When the Hessian is unavailable or too expensive
to compute at every iteration, a quasi-Newton method can be used, but in our case this
has not been necessary.

Another very interesting point is that for the same price, this method, which allows us
to determine the minimum of the χ2 function, can be combined with the Fisher matrix
formalism in order to obtain a practical (but approximated) form of the posterior distri-
bution of the �tting parameters. The idea of the Fisher formalism is to approximate the
full likelihood with a multivariate Gaussian distribution,

L(~p) ≈ 1

(2π)N/2
√
|F |

e−
1
2

(pi−p̂i)Fij(pj−p̂j) , (E.42)

where p̂i are the best-�t values of the �tting variables (those that minimize the χ2

function or, equivalently, maximize the likelihood), and F is the so-called Fisher matrix.
Assuming Gaussian errors in the experimental data, the exact likelihood that governs the
distribution of the �tting vector elements reads,
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L(~p) = L0 e
−χ

2(~p)
2 . (E.43)

Notice that the exponent can be in this case a quite involved object (in comparison
with the exponent of (E.42)). If we Taylor expand the χ2 function around ~p = ~̂p (where
~∇χ2

∣∣∣
~̂p

= ~0) using (E.40) we �nd,

Fij =
1

2

∂2χ2

∂pi∂pj

∣∣∣
~̂p
. (E.44)

The r.h.s. of this expression is an ingredient that we already have from the Newton-
Raphson minimization procedure. Thus, with this method we automatically obtain the
Fisher matrix. And the inverse of the Fisher matrix is the approximated covariance matrix,
which do not only contain the information of the approximate uncertainties of each �tting
parameter, but also the approximate existing correlations among them.

In the studies of Chapters 5-7 we have explicitly checked that the posterior distributions
are purely Gaussian 1. This is not obvious at all because experimental data distributed
in a pure Gaussian way do not lead (in general) to Gaussian distributions in the �tting
parameters. Thus, in the analyses carried out in the second part of the thesis the Fisher
matrices contain all the (exact) statistical information concerning the �tting parameters,
since now they are not just working as �rst approximations, but as exact objects. Therefore,
from these Fisher matrices we can obtain uncertainties, correlation coe�cients, derive
the corresponding con�dence intervals in a reduced parameter space, etc. But in order
to extract all this information we have to marginalize (E.42). The marginalization of a
multivariate normal distribution turns out to be immediate. One only has to eliminate
from the inverse Fisher matrix the columns and rows associated to those variables one
wants to get rid of. This is something very easy to prove. I start de�ning the marginalized
likelihood over the variables (pr+1,...pN), with N being the dimension of the original �tting
vector,

Lm(p1, ..., pr) =

∫
...

∫
dpr+1...dpN L(~p) . (E.45)

Now let us use Greek subscripts to denote those �tting variables which are notmarginal-
ized out, and derive the above expression with respect to one of these variables,

∂Lm
∂pα

= −
∫
...

∫
dpr+1...dpN L(~p)Fαj(pj − p̂j) , (E.46)

where the Latin subscript refers to any variable, i.e. j ∈ [1, ..., N ]. Now we can multiply
both sides of the last expression by the matrix (F−1)iα,

(F−1)iα
∂Lm
∂pα

= −
∫
...

∫
dpr+1...dpN L(~p)(pi − p̂i) . (E.47)

1This check has been carried out making use of the Metropolis-Hastings Monte Carlo algorithm [323,
324], in order to sample the exact distribution and compare it with the normally distributed one obtained
with the Fisher matrix formalism. For further details see Sect. 5.3, together with the useful references
[378, 379]
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If we select i = β, we obtain

(F−1)βα
∂Lm
∂pα

= −(pβ − p̂β)Lm . (E.48)

Notice that (F−1)βα is obtained by inverting the original Fisher matrix F and deleting
the columns and rows of the variables that have been integrated out. It is convenient to
de�ne such matrix as (F−1)βα ≡ (M−1)βα in order not to confuse the reader (notice that if
we invert (M−1)βα we do not obtain the original N-dimensional matrix F , but a di�erent
r-dimensional matrix M !).

If we derive the last expression with respect to pγ and rearrange terms we obtain,

(M−1)βα
∂2 lnLm
∂pα∂pγ

= −δγβ . (E.49)

By multiplying both sides by Mβδ we �nally get

∂2 lnLm
∂pδ∂pγ

= −Mγδ . (E.50)

This expression is telling us that M is the Fisher matrix of the marginalized likeli-
hood Lm. Thus, the prove is completed. The marginalization of a multivariate Gaussian
distribution is quite simple and can be performed without need of numerical brute force,
which allows us to save an important amount of computational time and power when the
Fisher formalism is used. This is quite remarkable. If the Fisher matrix formalism was
not good enough to describe the real shape of the likelihood not very far away from the
maximum, i.e. if the posterior distribution was highly non-Gaussian in the problem under
study, one would have to make use of Markov-Chain Monte Carlo methods to obtain the
correct uncertainties, contour lines, etc. associated to the various �tting parameters. In
addition, one would have to carry out the numerical marginalization before getting the
desired results, which is also quite time-consuming.

In those cases in which non-gaussianities are important, one can also apply intermediate
procedures which allow to obtain an approximate analytical expression for the likelihood
which can be considerably lighter (easier to evaluate) than the starting one, by taking
into account higher order corrections to the χ2 function, i.e. extra terms in the Taylor
expansion (E.40) used in the Fisher matrix formalism. This helps to improve the e�ciency
of the Monte Carlo algorithm, with the cost of deviating from the exact distribution in
the �nal result. The aforementioned generalizations could seem straightforward from a
mathematical point of view, since in principle one only has to introduce more derivatives
in the expansion of the χ2 function, but in practice it is not so easy. One has to take due
account of certain technical aspects. For instance, the construction of a positive de�nite
and normalizable distribution is not guaranteed by just adding third (or higher) order
derivatives in the χ2 expansion. The implementation of these corrections must be carried
out in a very speci�c way as in the DALI (Derivative Approximation for Likelihoods)
method [380, 381]. These methods allow a fast evaluation of the posterior distribution,
which consequently makes possible a faster running of the Monte Carlo method. But
still, in order to obtain e.g. uncertainties or con�dence contours, one has to marginalize
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∆χ2
l

P (∆χ2 ≤ ∆χ2
l , ν) 1D 2D

1σ 68.3% 1 2.30
2σ 95.45% 4 6.18
3σ 99.73% 9 11.81
4σ 99.9937% 16 19.33
5σ 99.9999% 25 27.63

Table E.3: Values of ∆χ2
l that set the border between 1σ, 2σ, 3σ, 4σ, and 5σ con�dence regions for both, the one and

two-dimensional multivariate Gaussian distributions.

the distribution, and this marginalization cannot be performed as fast as in the Fisher
formalism. Of course, the Fisher matrix formalism is faster, but in general it is only a �rst
approximation! In our case, though, we have checked that the posterior distribution is
perfectly described by a multivariate Gaussian, which of course helps us to reduce a lot the
computational time without sacri�cing at all the precision at which the various statistical
quantities (and plots) of interest are obtained.

The Fisher matrix formalism is also used in many other applications in observational
Cosmology, e.g. in Fisher forecasts. We do not discuss them here. For more details see
Chapter 13 of [130].

As we have seen before, if we have the Fisher matrix we can automatically marginalize
out as many �tting parameters as we want. In particular, we can obtain the one and two-
dimensional marginalized distributions, which of course are also Gaussian. This allows us
to compute con�dence intervals for individual variables, and also likelihood contour lines in
two-dimensional planes. This is very easy to do. Taking into account that the distribution
of

∆χ2(~p) ≡ χ2(~p)− χ2
min (E.51)

is governed by the following probability density,

dP (∆χ2, ν) =
2−ν/2e−∆χ2/2(∆χ2)−1+ ν

2

Γ(ν/2)
d∆χ2 , (E.52)

where ν is the number of parameters entering in the �t, we can compute the 1σ, 2σ,
etc. con�dence intervals in the reduced parameter space that we want. The probability to
�nd a value of ∆χ2 between 0 and ∆χ2

l is given by

P (∆χ2 ≤ ∆χ2
l , ν) =

∫ ∆χ2
l

0

2−ν/2e−∆χ2/2(∆χ2)−1+ ν
2

Γ(ν/2)
d∆χ2 . (E.53)

We are basically interested in determining the uncertainties of individual variables
and con�dence regions in 2D spaces. In Table E.3 we show some practical information.
Concretely, the values of ∆χ2

l that set the border between the 1 − 5σ con�dence regions
for both, the one and two-dimensional Gaussian cases. The corresponding values of the
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parameters delimiting the aforementioned regions can be directly inferred by solving the
following equation,

Mαβ(pα − p̂α)(pβ − p̂β) = ∆χ2
l , (E.54)

where M is the Fisher matrix associated to the marginalized likelihood. The values of
∆χ2

l can be found in Table E.3 for the one and two-dimensional spaces. In the 1D case,
the result is obvious,

pnσ = p̂± nM−1/2 , (E.55)

where, of course,M−1/2 is the 1σ uncertainty of the �tting parameter p. The expression
for (E.55) could not be di�erent, since the nσ regions are de�ned precisely from the 1D
Gaussian distribution. Thus, the last relation is ful�lled just by de�nition. In the 2D case,
the con�dence regions are delimited by elliptical contours, as it is clear from (E.54).
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Energia de buit en Teoria Quàntica de
Camps i Cosmologia (Resum de la tesi)

Sabem que el nostre Univers es troba en expansió des de fa aproximadament 90 anys, quan
el treball observacional d'Edwin Hubble sobre la relació distància-velocitat de les nebuloses
espirals va veure sortosament la llum, con�rmant així la predicció teòrica de G. Lemaître.
Aquest fet s'ha recon�rmat de manera continuada des d'aleshores. Per exemple, gràcies
a la detecció de la radiació còsmica de microones a mitjans dels anys 60, que va suposar
la con�rmació de l'existència de la teoria del Big Bang. En el 1998, La Humanitat va
donar un pas més vers la comprensió de l'Univers. Les mesures de la relació distància-
lluminositat en funció del desplaçament al roig de la llum provinent de supernoves de tipus
Ia portades a terme pels grups observacionals liderats per S. Perlmutter, A. Riess i B.P.
Schmidt van permetre entendre que l'Univers no només es troba en expansió, sinó que
aquesta és accelerada i positiva. En altres paraules, vam comprendre que el teixit còsmic
actualment es dilata cada cop més ràpidament. Així doncs, sabem prou acuradament quina
és la dinàmica de l'Univers passat i present, però paradoxalment, desconeixem molt sobre
quina és la composició exacta del Cosmos que dóna lloc a la dinàmica observada. Podem dir
que coneixem amb alta precisió només un 5% del contingut d'energia-moment de l'Univers.
Aquest 5% és que el queda enmarcat en el model estàndard de partícules elementals,
àmpliament testejat als acceleradors de partícules d'arreu del món, com ara en l'LHC.
Sabem, també, que sigui el que sigui el 95% restant, també conegut com el sector fosc, ha
de tenir unes certes característiques molt concretes. Aproximadament un 25% ha de ser
descrit per matèria no relativista i, per tant, ha d'estar caracteritzat per tenir una pressió
molt baixa (a efectes pràctics, nul·la). Aquesta component, que rep el nom de matèria
fosca, interactúa gravitacionalment amb la resta de components que omplen l'Univers,
però de manera molt dèbil (si és que ho fa) a partir d'altres tipus d'interacció. El 70%
restant és el que es coneix com energia fosca, que té propietats de repulsió gravitatòria i és la
responsable de l'acceleració positiva amb la que s'expandeix l'Univers en el moment present.
L'explicació més senzilla d'aquesta energia ve de la mà de la coneguda constant cosmològica,
o Λ, la qual juga en les equacions de camp d'Einstein un paper anàleg al de l'energia
�pura� de buit. El model ΛCDM, que incorpora matèria fosca i Λ, constitueix el model
estàndard cosmològic, on també prenen un paper fonamental l'isotropia i l'homogeneïtat
de l'Univers que s'estableixen en el Principi Cosmològic, així com també l'existència del
període in�acionari primigeni en la seva versió estesa.

Tot i que a nivell fenomenològic la constant cosmològica és capaç de descriure prou bé
una gran varietat de dades, aquesta no està lliure de tensions observacionals ni tampoc
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de problemes teòrics importants. Existeix una discrepància brutal (de més de 55 ordres
de magnitud) entre el valor mesurat de la densitat d'energia associada a Λ i la predicció
teòrica que s'obté a partir de la Teoria Quàntica de Camps. Aquest és el problema més
sever del terme cosmològic, i podem dir que és un dels problemes oberts més importants
de la Física Teòrica actual.

La solució última d'aquest problema potser no sigui possible amb les eines de les que
disposem ara per ara. En aquest sentit, estudis fenomenològics que ajudin a entendre de
manera més precisa quina és la natura de Λ són molt benvinguts. I una de les preguntes
més inmediates que ens podríem plantejar té a veure amb la possible dinàmica d'aquest
terme que es suposa constant en el model estàndard. Roman la densitat d'energia fosca
constant en el temps?

En aquesta tesi he analitzat diferents models de buit i d'energia fosca variable. He
centrat la meva atenció principalment en els models de �running�, que estan fortament
motivats en el context del grup de renormalització en Teoria Quàntica de Camps en espais
corbats, i en els quals la variació de Λ està vinculada a una llei de conservació anòmala
de la radiació i/o matèria no relativista, o bé a la variació de l'acoblament Newtonià
amb el temps. El vincle es duu a terme a través de la identitat de Bianchi, que ens porta
directament a la llei de conservació corresponent. També he analitzat altres models de buit
dinàmic amb una motivació teòrica més feble, bàsicament fenomenològica, així com variants
dels RVM's amb un paràmetre de l'equació d'estat diferent de −1. He estudiat la viabilitat
dels diferents models segons les dades observacionals més actualitzades, no solament les
que involucren les diferents funcions cosmològiques particulars de cada model a nivell de
background, sinó també el comportament dels models a nivell de pertorbacions. Això últim
és important, ja que les dades de formació d'estructura juguen un paper molt rellevant i
encripten part de la tensió observada entre el model ΛCDM i les dades experimentals.

Els principals resultats obtinguts en els treballs duts a terme durant el període de
recerca d'aquesta tesi són:

• La constant cosmològica en el models de buit dinàmic juga un paper fonamental.
Sense aquest terme, els models són incapaços d'ajustar correctament les dades ob-
servacionals, ja sigui perquè fallen a l'hora de generar una transició entre un Univers
desaccelerat i un Univers amb acceleració positiva, o ja sigui perquè no són capaços
d'ajustar alhora les dades de background i les de formació d'estructura. Així doncs,
l'anàlisi fenomenològic dels models sense aquesta constant additiva ha demostrat la
inviabilitat dels mateixos. Aquestes patologies tampoc es curen en els models sense
terme constant que es troben dins del que hem anomenat la D-class, aquells models
amb una estructura de l'energia fosca en funció d'H com la de l'energia de buit en
els RVM's, però amb ωDE 6= −1.

• En la primera part de la tesi també hem vist que els models de �running� amb terme
additiu són perfectament viables. En la segona part, gràcies al re�nament de la base
de dades observacionals emprada i a l'anàlisi més minuciós portat a terme dels models
des del punt de vista estadístic, hem estat capaços de detectar una senyal a favor de
la variabilitat del buit còsmic de ∼ 4σ, un resultat sense precedents a la literatura.
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• També hem analitzat diferents parametritzacions de l'energia fosca, com la XCDM i la
CPL. Hem vist que l'esmentada dinàmica de l'energia fosca també es pot traçar amb
aquestes parametritzacions, així com amb models més so�sticats de camps escalars,
amb un Lagrangià ben de�nit, com en el cas del model de Pebbles & Ratra. El nivell
de signi�cància estadística d'aquests models i parametritzacions no arriba a ser tan
alt com en els models de buit variable, però també és considerable, arribant a ser
superior a 3.1σ en el model φCDM de PR, i més de 3.3σ amb la parametrització naïf
de l'XCDM.

• En tots els casos s'obtenen resultats coherents, predint una augment de la densitat
d'energia fosca (o de buit) en el passat, que fa que la formació d'estructura d'alguna
manera quedi frenada respecte la que es troba en el model cosmològic estàndard,
degut, és clar, a les propietats de repulsió gravitatòria d'aquesta component còsmica.

• També hem vist que aquesta senyal positiva a favor de la dinàmica no nul·la de
l'energia fosca solament pot ser detectada si s'empra un conjunt su�cientment com-
plet i re�nat de dades observacionals. Hem entés que el rol de la dades de SNIa iH(zi)
és molt secundari. Les dades de SNIa van ser crucials per detectar fa aproximada-
ment vint anys amb un nivell alt de signi�cància estadística l'acceleració positiva de
l'Univers, però no són su�cientment riques com per prendre el mateix protagonisme
en l'estudi de la dinàmica de l'energia fosca. La tríada de conjunts de dades que juga
un paper vital és la combinació BAO+CMB+LSS. Eliminant LSS o CMB es perd
totalment la senyal, mentre que eliminant de l'anàlisi les dades de BAO es dismin-
ueix bastant la seva força, sent però encara prou elevada (de gairebé 3σ en el cas dels
RVM's). A efectes pràctics treballar amb BAO+CMB+LSS és gairebé indistingible
de fer-ho amb la base de dades ampliada BAO+CMB+LSS+H(z)+SNIa, ja que els
resultats de l'ajust queden pràcticament inalterats.

• El punt anterior explica per què, per exemple, les col·laboracions Planck o BOSS no
han estat capaces de detectar senyals a favor de la dinàmica de l'energia fosca. Això
es deu a que no han fet servir una base de dades su�cientment rica, tenint en compte,
per exemple, poques dades de BAO i de formació d'estructura.

• Un altre punt important que hem comprovat és el potencial que té el formalisme
de Press & Schechter per testejar models, i també per distingir aquells que a nivell
de background o de pertorbacions lineals són molt similars. Petites variacions del
paràmetre de buit ν donen a lloc a grans diferències en el nombre d'estructures pre-
dites en un cert rang de masses. En un futur seria interessant poder aplicar aquest
formalisme per detectar quins dels models d'energia fosca o de buit que són capaços
d'explicar les dades millor que el ΛCDM a nivell de background o de pertorbacions
lineals segueixen mostrant un bon comportament a nivell de pertorbacions no line-
als. També per veure si en el procés de formació no lineal d'estructura apareixen
diferències que permetin una caracterització més clara dels diferents models de buit
dinàmic estudiats.

Aquests resultats són molt encoratjadors i posen de manifest la possible variabilitat de
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la densitat de l'energia fosca (o del buit). És evident, però, que la con�rmació de�nitiva ha
de venir de la mà de més dades, que en un futur podrien ser proporcionades pels projectes
DES, eBOSS, DESI, PFS, LSST, Euclid, i WFIRST, els quals exploraran un volum superior
a 1000 milions cúbics d'anys-llum. Alguns d'ells seran capaços d'obtenir dades relatives a
la formació d'estructura amb incerteses inferiors a l'1% en redshifts que estaran en el rang
0 < z < 3, aproximadament cobrint 3/4 parts de l'edat de l'Univers present.

En aquesta tesi es presenten les primeres senyals positives a favor de la dinàmica tem-
poral de la densitat d'energia fosca. Els treballs de la segona part de la tesi mostren les
primeres evidències importants (estadísticament signi�catives) a favor d'aquest fet, sent
especialment rellevants en el cas de l'energia de buit dinàmica. L'autor con�a que aquesta
tesi aporti una miqueta de llum a un dels sectors més foscos de l'Univers. Si aquests
primers indicis de pes a favor de la variabilitat de l'energia fosca són o no una manifestació
del comportament real d'aquesta component còsmica, dependrà de les dades observacionals
futures. Mentrestant, les evidències proporcionades per les dades actuals són aclaparadores
i semblen fer-se només visibles amb força quan un conjunt su�cientment depurat i complet
de dades de CMB+BAO+LSS és tingut en compte.

Anem a veure què depara el futur. De moment, gaudim del camí.
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