Appendix A

Weather fluctuations in the forcing

The water motions in the morphodynamic model described in chapters 2 and 2 are forced by
wind stress and alongshore gradients in the mean free surface elevation. The sea bottom evolution
which is described by the model takes place during a very long time scale as the result of the
cumulative effect of many episodic storms. On such a long time scale, the forcing is essentially time
dependent mainly due to the sequence stormy weather-calm weather. As a first step, the present
thesis has been based on taking an averaged forcing and neglecting the effects of fluctuations. A
detailed description of these latter effects are considered beyond the purpose of the present thesis.
Nevertheless, it is worthwhile to give a sketch of the main ideas of such a ”statistical” model.
This yields insight into the limitations of the present ”fully averaged model”. Also, some of the
implications of the statistical model can already be foreseen. This is the aim of this appendix.

All the variables can be decomposed into a mean plus a fluctuation, where the mean refers to
an average over a time period 7" much larger than the typical time between two consecutive storms,
say T' = O(10yr). For instance, for the velocity, v = © + v’, where ¥ and v’ describe the mean and
fluctuation, respectively. The governing equations can then be averaged as
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where the hypotheses assumed in section 2.1, namely, the quasi-steady approximation and small
Froude number have been already taken into account. Note that depth fluctuations donot show
up in this model which is a consequence of the rigid lid approximation (free surface effects are
neglected) and the fact that fluctuations on the topography due to storm events can be discarded.

Now, the problem is how to parametrize bottom shear stress, 7, sediment transport, q, and the
”Reynolds stress” term, v’ - Vv'. In order to parametrize the first two, it is convenient to consider
the instantaneous velocity near the bottom

v =0 +v +v"

where v" is the velocity which is not explicitly described by the shallow water model (contribution
due to waves, turbulence, etc.). Here we assume that v" is the wave orbital velocity near the
bottom, being oscillatory with a period much smaller than the time scale of weather events and
v"" = 0. Under the assumption that the mean current is weak in comparison to fluctuations and to
wave orbital velocity, || < |v" + v"'|, and that the instantaneous bottom shear stress is given by
Ty = pcg|vip|vip, the mean bottom stress can be evaluated as

Ty = peglv”|v’ + [R] - © (A1)
where the second order tensor [R] has components:

1,11

Rij = Cd|w|5ij + cq |;”]|
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88 APPENDIX A. WEATHER FLUCTUATIONS IN THE FORCING

with d;; the Kronecker delta symbol and indices 7 and j can have the values 1 or 2. In a similar
way, if the instantaneous sediment flux is
Vip

q= V0|’Uib|b(w
2

vYVz)

where b > 1 and vq are specified by using parameterizations which are discussed in e.g. Van Rijn
(1993) the mean sediment transport can be calculated as

q= 1/0|v”|b—1v’ + [Q] CU - Uo’)/|’0”|bvzb (AQ)
where the components of the second order tensor [Q] are given by:

Qij — V0|'U”|b715ij + I/O(b _ 1)|,Ull|b—3UHU;/ (A3)

i

By using (A.1) and (A.2), the basic state equations (2.6) can be rewritten as
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Notice that all derivatives with respect to y vanish as there is alongshore uniformity in the basic
state. If we now define

* *
Th, = Tsz — pca|v"|v} Tay = Tsy — pcalv”|v;
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* Yy * 2
95" =95+ v, 98" =98+ v

equations (A.4)-(A.5) read

des 7 v 7 v
_f =Tz _pLo vl _p Y A.
feV+g dz oD RlzD gs oD RzzD (A.6)

Given the forcing 75, and s* the second of these equations has the same structure than the
second of (2.6) and can be solved for V in the same manner (recall that the influence of the free
surface elevation ¢ on the total depth D is neglected, in accordance with the small Froude number
assumption). Once V(z) is known, the first equation can be solved for £*, from where the free
surface elevation, &, can be obtained. Even though the first equality in (A.6) has two additional
terms, 77, and RV, this only produces an effect on the free surface elevation, but not on the
basic alongshore current. The mass conservation equation is satisfied identically while the sediment

conservation yields
d —_— dzy,
SV Mb—1,1 _ &
dw(Qu + volv” |01, Pydac)

with 4 = vgy|v"|P. This equation would give the equilibrium topographic profile of the inner shelf,
Zp(z). Observations indicate that to a first approximation this profile is characterized by a constant
slope and this is what has been assumed in section 2.1. Therefore, a mean basic state similar to
that considered in the thesis can still be assumed even in the presence of fluctuations.

An interesting issue of this ”statistical” formulation, already at this simple stage, is the predic-
tion of a decrease of the effective wind stress 77, with respect to the mean value, 7s,. This can be
understood as follows. Let us consider a dominance of wind along the positive y-direction, so that
Tsy > 0 and V' > 0. The longshore current fluctuation will be positive during storms and negative
during fair weather, but due to the fact that fair weather occurs more often than stormy weather,
the magnitude of the fluctuation is larger during storms than during calm weather (because of
E = 0). Then, since the wave orbital velocity |v"| is much larger during storms, i.e., when vy > 0,

there is a net contribution in the positive y-direction so that pcd|'u”|vz’l > 0. At the same time,
the effective sea surface slope, s*, is not significantly smaller or larger than its mean value. This
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can be argued as follows. The cross-shore velocity fluctuation, v/, has not any preferred direction
during the entire storm duration but will change sign from the initial stage to the final stage of the
event. According to the balance between surface shear stress and bottom shear stress considered in
section 2.1, the wind driven current tends to be cross-shore uniform. Thus, the term dv; /0x will

be very small. Therefore, the correlation véav;/ax may be expected to be negligible and s* ~ s.

The fact that |75, < |75, while s* ~ s causes an increase of the a parameter in the model.
In other words, even if wind stress may be dominant during storms, the sea surface slope is much
more effective in driving the long term mean alongshore current. Some simple computations have
been done by considering the following forcing sequence: 1 day of constant wind stress (always
in the same direction), 9 days of calm weather. The sea surface slope has been assumed to be
present all the time. According to observations off the central Dutch coast, this distribution is not
unrealistic. Then, the computations predict an increase in parameter a of the order 40%.

Once the statistical formulation and the basic state have been established, the next step would
be to write down the linear stability equations. Now, this requires to evaluate the first order vari-
ation of the fluctuation on the flow, v’, due to the presence of the small topographic perturbation,
h. This will not be further pursued in the present thesis.
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Appendix B

Solution procedure: Steady model

B.1 Equations

The three linear differential equations (2.12) can be reduced to a single equation for the cross—shore
velocity component of the form:

Usttyy + Uity +Ugu = Hihy + Hoh (B].)
where
Us =P
Uy =Pox + B3 — faz
N r .
Up =P32 — fas + El +ikV
Hi=—-5
Ho =~ Pz + fal

with the « and 3 coefficients given below. Solving (B.1) for u as a function of h, under the
boundary conditions v = 0 at x = 0 and for £ — oo, defines the linear operator U. Then, back
substitution into (2.12) yields for the linear operators V and E:

V=a;I1+a,U,4+a3U (B.2a)

E=51+pU,+3U (B.2b)

where I denotes the identity operator.
The coefficients in (B.1) and (B.2) are

_V
(651 —E
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B =T H
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Once the operators U and V are known, operator B can be computed as

V.U + U, +ikmV

B= —|V|m1{ (m‘; D

R m_. d d2 )

Then, the solution of (2.15) with (B.3) yields the eigenvalues and eigenfunctions.

B.2 z—discretization

The diferential equations are solved by means of spectral method based upon truncated expansions
in Chebyshev polynomials, and are solved at collocations points (see Canuto et al. 1988 and Gottlieb
& Orszag 1977). Here a brief outline of the spectral numerical method used is gived. In order to
use Chebyshev polynomials, the [0, 00) interval is transformed into the (—1,1] interval. The both
intervals are related by the maps:

(1,17 2E=2 (1,1 25020 1o, o0)

(1-2")
(1+2)°

Y(2) = a2’ + (1 —a)z o) =1

and N Gaus-Lobatto nodes are chosen as collocations points

zizcos(%z) i=0+N.

At the transformation ¢, the [ parameter is the distance where half of the collocation points are
located. The tranformation ¢ approach the collocation points to 0 in the (—1,1] interval and,
therefore, to I in the [0, 00) interval. Note that 2o = 0 and zx = oco.

The aproximate solution f(z) of a function F'(z) on [0, c0) is expanded as a truncated Chebyshev
series

N ~
f(x) = ijTj(Z) ,

Here N is the order of expansions, T;(z) the Chebyschev polynomials of first kind and order j (ie.
T;(z) = cos(jecos™'z)) and fj the projection of the F'(z) function in Tj(z).

Expansions for first and second order derivaties at the collocation points from the values of the
funtion at these points, f(z;) = f;, are

N
= ZD?jfj
i=0

2
dz|,_ dz?|,_,. ‘

N 2
ﬂ = ZDz‘ljfj )
j=0

The derivaties operators D}, and D3, follow from the derivaties of the Chebyschev polynomials
and the map z — z, and read

1 - 1 _ d?z/dz?
_D1 =— D .D2 = 7T a1 D2 - D

M7 de/dz M M7 (dz/dz)? ( Mo da/dz kl)
de _ dyp dg dzm_d2¢%+<%>2d2¢

dz  dz dz dz2 — d22 d2 dz ) dz?°
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The elements Dy; are defined as

_ 1 _ ~1
Do =6(2N2 +1) Dnn =?(2N2 +1)
_ —Zk
Dy =——% k=1+N-1

T =22)

_ én (=1 k+1

Dy = DT k1=0+N,j#k

C zj— 2
Co =CN =2
¢; =1 j=1+N-1

and the elements D%, as
N
D} = DimDmi k,1=0+N.
m=0

In case that a funtion H(x) verifies boundary conditions
H(z=0)=0 H(z — o) =0,

a linear combination of Chebyschev polynomials, which verifies the same boundary conditions, is
used. That read as:

1

5 = T5(:) = {1+ (IR + (14 (DT |

The aproximation of H at the collocation points, h;, is
N
hi:ZG?th G?jzgj(zi) i=0+N,j=2+N.
=2

Expansions for first and second order derivaties, at the collocation points, are

N : N
dh 5 d’h N
| = Glhh 3| =2 Gih
T=2T; j:2 T=2T; j:2
N N
Gzlj = Z DzlkG%j G?j = Z kang :
k=0 k=0

Note that at the last expansions, values at the collocation points come from the projections of
H(z) in the basis g;(2).
B.3 Discretizated equations

B.3.1 FOT-problem
Application of the collocation method to the equation for u, equation (B.1), yields

N-1

Z <Z/{2(.’I:@)D22] + Uy (ml)Dllj + L{o(mi)dij>uj =

j=1
N ~
> (Hl(mi)ag +H0(xi)agj>hj i=1+N-1
=2

Note that, because of the boundary conditions (ug = uny = 0), the index for the collocation points
is running from 1 to N — 1. Same boundary conditions verifies h and they are included in basis
g;(z) of the appendix B.2. Solving this system of (N —1) x (N — 1) equations a matrix U;; which
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defines the cross-shore velocity component u in the collocation points z; as a linear combination
of hj, ie. the bottom perturbation, is found:

N
Ui:ZUijilj i=0+N—-1.

=2

The boundary condition for u at x = 0 gives Ug; = 0.
Back substitution into equations (B.2), yields

VZ']' = Q1 (iIJl)G?J + (Oéz(iL‘l)DZk + Oég(l‘i)(sik) Ukj 1, =0+ N -1
Eij = B1(2:)GY; + (B2(2i) Dir, + Bs(2i)dix) Ugj ih,j=0+N-1,

and from these operators, the values of v and n at the collocation points are

N

U@‘:ZVZ']'}AL]' i=0+N-1
j=2
N

’I’h‘:ZEi]’iL]’ 1=0+-N-1.
j=2

B.3.2 Bottom evolution equation

Application of the collocation method to the equation for A and using the solutions of the FOT-
problem, the equation (B.3) become

N-—1
Dm Vx m— m—
(52 = =) W18+ 6 = Dm0}, ) 0,

0 i
VY

(3

N - Ve (xrim ot .
+7(|V| Gy +mFIVIm G — K|V G%)}hj.

The result of write this equations in the collocation points (i = 1+ N —1) is a generalized eigenvalue
problem . .
wAh = Bh

The generalized eigenvectors, h;, are the components in g;(z) of the bottom perturbation.



Appendix C

Analytical approximation for m =1

A simple analytical approximation of the eigenvalue problem discussed in section 2.2 can be ob-
tained for the parameter values y = f =r=F =0,m =a =1 and § < 1. In essence this reduces
the model to the system studied by Trowbridge (1995), but he did not persue this method. By

assuming normal mode solutions h = Re {ﬁ(w) exp (iky + wt)} it follows that the bed evolution
equation (2.17) reduces for 0 < z <1 to

B un—
UL =

where hats have been dropped for simplicity, A = w — ik and operator U is defined in appendix B.
The boundary conditions are h = 0 at both z = 0 and z = 1: due to the absence of slope effects
in the sediment transport h = 0 at the outer shelf. Next we assume the expansions

h(z) =ho(z) + Bhi(z) + ...
A=B\ + B Ao+ ...
U=Up+pU0; +...

so that at the lowest order we will have the eigenproblem for Uy :
Uoho = )\1h0 (Cl)

Operator Uy involves solving equation (B.1) for horizontal flat bottom and uniform basic
current, which, owing to r = 0, f = 0, reduces to

where u = Ughg. Therefore, solving (C.1) is equivalent to solving

d%hg dhg 5
with
s = zi (C.3)
S 2n ‘
The solutions of (C.2) are easily found to be
ho(z) = efa1® — gia2® (C4)
where
a; =i(s—Vs2+k?) ) as =i(s+Vs?+k3?) (C.5)

and where the boundary condition at x = 1 requires

as —ay = 2nw , n==1,2,3,... (C.6)
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Figure C.1: Left: Comparison of the instability curves obtained either by the numerical model or
by the analytical approximation, for ¥ = f =r =0,m = a =1 and § = 0.1. Right: Perturbation
in the topography given by the analytical model, modes 1 and 2.

From (C.5) , (C.6) and (C.3) the eigenvalue spectrum is found to be

1k
2R fmene

From this it follows that the growth rates to first order in the slope, 3, are given by

w:ikié i , n=123,... (C.7)

2 Vk? + n2n?
Figure C.1 shows w as a function of k for the dominant mode (n = 1) and for 8 = 0.1, computed
both by the MORFO20 numerical model and by equation (C.7). Note the striking resemblance
between the analytical and the numerical model. This even applies in case § = 1, see figure 4 in
Trowbridge (1995) for a comparison. From (C.4) and taking into account the dependence on the
alongshore coordinate, the sea bed perturbation at any time can be written as proportional to

M=+ n=123,...

h(z,y) = cos(ky + arx) — cos(ky + asx) (C.8)

Each term is wave-like with straight crests parallel to ky + ax = 0. Therefore, recalling that the
basic current is V' < 0, the topographic features are downcurrent oriented if @ > 0 and upcurrent
oriented if @ < 0. In the case of growing bedforms, that is, A; > 0, (C.5) and (C.6) imply

ay = —(VEk? +n2m? + nn) , as = —(VEk? + n?n2 — nm)

which both are negative. So, growing bedforms are upcurrent oriented. In contrast, decaying
bedforms yield positive values for a; and as and thus they are downcurrent oriented. This is in
agreement with the numerical computations in section 2.3 and with the field observations described
in the introduction. Finally, the topographic contours computed by means of (C.8) for § = 0.1,
k = 7 are shown in figure C.1 for the first and second growing modes (n = 1, n = 2). Also, a
remarkable similarity with the bedforms computed with the numerical model is found (see, for
instance, figure 2.2 A and B).



Appendix D

Derivation of the sediment
transport parametrization

Sediment transport is a very complex process so that for practical applications it is necessary to
model it by means of gross parametrizations. The latter are based on a combination of basic
physics, dimension analysis and observations in the field and in the laboratory, see Dyer (1986)
and Fredsoe & Deigaard (1993) for further details.

Now consider noncohesive sediment with a uniform grainsize which is transported as bedload.
Then, in case of a flat bed, a frequently used parametrization for the dimensional volumetric flux
per unit width is

q=v Uga
i.e., the transport is proportional to the cube of the total velocity u near the bed. Here it is assumed
that the critical velocity for erosion is much smaller than the actual velocity. The foundation of this
dates back to Bagnold (1956) and has been confirmed by many experimental data. A characteristic
value for the parameter v is 107° s2m~1!,

In order to apply this parametrization to the depth-averaged model used in this paper it is
important to realize that

u=v+v.

Here v is the depth-averaged velocity which consists of both a steady and tidal components.
Furthermore, v’ is the part of the velocity field that is not explicitly accounted for by the depth-
averaged model; in particular waves and small-scale turbulent motions determine the behaviour of
v’

During storms we assume that the currents induced by waves and turbulence are much larger
than the steady and tidal currents, in other words |v’| > |v|. Moreover it is assumed that |v'| is
independent of the location and that waves donot induce any net sediment transport over a tidal
cycle. On the inner shelf these conditions seem reasonable because water depths are generally too
large to cause significant wave steepening and wave breaking. Then it follows by straightforward
means that the tidally averaged volumetric flux per unit width during storms can be approximated
by

< q >storms= V{[V'|*) < v >,

where the proportionality factor is the so-called wave stirring factor. This result can be easily
generalized to a sloping bed and motivates the use of the dimensionless flux g, in equation (3.7),
where v = (|v'|?)/U? if we choose [q] = vU?. Note that by definition vy > 1.

Likewise the situation during mild weather conditions can be analyzed, during which we assume
that |v'| < |v|. In that case it follows for the dimensional flux

< g >quiet= v(v?).

Its dimensionless analogon is the flux g4 in equation (3.7) with vz = 1.

97



98

APPENDIX D. SEDIMENT TRANSPORT PARAMETRIZATION



Appendix E

Solution procedure: Tidal model

In chaper 3 equations for u, v and h were found, in this appendix the numerical procedure to solve
those equations is gived.

E.1 Equations

The equation for the cross-shore velocity component u(z,t) reads

Ur2Utez + U1 uie + Urous + Upatze + Uprus + Ugow = Hihe + Hoh

where
Uix =1
H
Ui =T
H H?
_ 2 xTx _ x
L{10 =—k°+ —H _H2
r .
L{OQ :E + 1kAV

v Ha
Z/{Ol :Zk)\VF

e oy (2K, Hos  2H
0 ="\"g T H2 T s

+ik)\<—k2V—Vm+V * VHaz & (/X —Vﬂ”>

H e
Ho =\k? (‘WV“” I;(f/”v + ng) + ik (% - V;ﬁ)
(e s ()

The equation for the perturbation in the longshore flow v(x,t) reads

—Kh-i-i +&
U—H 2 Uy Hu

And the equation for the bottom perturbation h(z,t) is

oh

E = _€qB<6 ' (j11>oz:oz1 - (1 - 5)<§ ’ q_‘31>0‘:0‘2
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where (-) denotes the average over a tidal period

= H, z
V- q‘ml = _Vm|V|m_1{ <mF - (m — 1)Vv> u + (m - 1)’U,m

\% V, .

E.2 Discretization

To solve the linear stability problem the Chebyschev collocation method of the appendix B in z
and a Fourier Galerkin method in ¢ has been used. The approximate solution are expanded as

M M

w(xn,t,7) =7 Z uf et v(zn,t,7) =7 Z vP Pt

p=—M p=—M
hxn,7) =€“"hy

The expansions for the derivatives of u and h at the collocation points are

O3u . 0%u .
otz | T e“r Z ZpDnJ uje e’ o2 e’ Z Dn] uje e’
Tn —M<p<M z —M<p<M
1<j<N=1 1<j<N=1
0*u ou
VI I - BT o R
Tn —M<p<M z —M<p<M
1<j<N—1 1<j<N—1
ou
E — ewT Z Zpé'n]upezpt U|zn — ¥t Z (anug’ewt
Tn —M<p<M —M<p<M
1<jIN=1 1<jIN=1
N N N
th 2 3 ah 1 7 0 7
o =€ > Ghih; o =€ > Ghh; hla, = €7y G h;
Tn j=2 Tn j=2 j=2
E.2.1 FOT-problem
Application of the collocation method to the equation for u yields
> (z'puu(xn,t)p;ij + ipls1 (T, t) DY ; + ipUhio (T, 1),
—M<p<M
1<j<N—1
+ Uoz (xn, 1) D3 4 Uoy (20, 1) Dy + Uoo (2, )5nj>U§€wt
N
> (Hl(xn,t)G}u +H0(xn,t)agj> hj n=1+N-1
=2
Galerkin projection of the various terms results in
(X ittt onigere ) = Y ipny vl
—M<p<M —M<p<M
1<jSN=1 1<j<N—1
: 1 P zpt —iqt : Hz 1
Y. iptha(an, DD, ufe ™ e = > H), I, Dy
—M<p<M —M<p<M
1<j<N-—-1 1<j<N-1
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< Z ipulO('T'mt) n]ufe’pt e~ qt> =
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Thus the values of the indices are —M < g < M and 0 <i < N — 1. The 'I, J, K’—coeflicients will
be specified later.

This defines a system of (2M +1) x (N —1) equations which can be solved by standard methods.
The results are summarized in a matrix Uflj, which defines the cross-shore velocity component u
in the collocation points and for the different Fourier modes. It is defined as

_ WwT P ipt] =0 = —
Uy =€ g U, e h; n=0+N-1
—M<p<M
2<j<N

The boundary conditions for u at = 0 gives Ugj =0.
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Substitution in the equation for v(z,t) yields

Il i
Vi = (ﬁ) (Z DY, + ) Uy,

Then the values of v in the collocation points are

v, =e“7 Z V ”’th n=0+N-1

—M<p<M
2<G<N

In particular the tidally averaged velocity components read
N N
(up) =e“7 Z U'(r]zjhj (vp) =e“7 Z V?zjhj
j=2 j=2

E.2.2 Bottom evolution equation

Application of the collocation method to the equation for A results in
wZGO hj = z{—em “Ginda=asj = (1= BNV - Ginda=as i g
=2

at the n =1+ N — 1 collocation points.
Using the solutions of the FOT-problem the terms (V - (j’m1>a:a1/2’j become

M D
< Z <—ml/m|V|m_1Fx> Uﬁjei”t>=

p=—M
M
1 D, molyp
() 3 myo

p=—M
M
Vs ,
< > ((m—l)ym|V|m_17> Ug].ewt>:

p=—M
M

1 m—1
E<(m B 1)Vm> Z Ilnm Ufz]’

p=—M

< Z <_ (m - 1)Vm|V|m_1> DyllkUZjeipt> =
—M<p<M n

1<k<N-1
1
o < —(m — 1)um> > oy, U
T —M<p<M
1<k<N—1

<<ikmum|V|m_1%>nG%j> = % <ka%n> nIrToG}Lj
< < - ﬁVm|V|m> nG3j> = % < - ﬁ”m) TG,

(- P2) ) = ()2l

< ( - ryum|v|mk2> nG2j> = % ( - ﬁvmk2> ToGh;

Having calculated the operator Uﬁj for @« = a1 and for a = ap, determines <ﬁ “gm1)a=a;,; and

the term <§ - Gm1)a=a,,j, respectively.
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E.3 Galerkin integrals

The Galerkin method and the tidal averages give rise the 'I,.J, K'—coefficients. These coefficients
arise from integrals which involve e??* and the basic velocity V (z,t). In this section these coefficients
are written explicily. First, in order to compute the integrals with absolute values of the velocity
are involved, sign functions, ¥(z,t) and o(z,t), are difined. Afterwards the ’I,.J, K’—coefficients
are written by means of some auxiliar coefficients, which are given at the end of this section.

The basic state velocity field reads
Vi(z,t) =aUp(z) + o(1 — |a|)Us (z) sin (t + ¢(z))

where

H

Uy (z) :\/H?j-i-r? p(z) = arctan (%)

Now define the following sign-functions:

It appears than they are related according to
Y=0(1-2(0(t—t1) —0(t — t2)))

where 6 is the Heavyside function and

. < —|a|Uo >
t1 =m — @+ arcsin | —————

(1 -l
. —|a|Uo >

t =27T— — arcsin -_

? 4 ((1—|a|)01

The subsindex n refers to the numerical value of the functions in a collocation point .

E.3.1 ’I,J K’-coefficients

"I, J, K’-coeflicients are computed by means of the following auxiliar coefficients

n,—q n,—q

2m
XH —/0 Y (2, t) sin® (t 4 ) cos! (t + @, )e~ 4t dt = o(Yqu YA
2m )
Yf_q = / sin® (t + @) cos! (t 4+ ¢ )e " dt
0

2T —0n—¢n )
Z,’ilfq = / sin® (t + @) cosl (t + @, )e 1 dt
’ T+0n —¢@n

They will be computed in the next subsection.
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’[’-coefficients

2m )
L, = / et
0

_ 1700
_Y—q
27

I, _,= V (2, t)e” 4t dt
0
:aUOnYBS +o(1—- |a|)U1nYnl_q
27
I, :/ V2(xp,t)e”tdt
0
_QQUOnYOO + 2|C¥|(1 - |a|)U0nU1nY7}07q (1 - |a|)2U1nY73(Lq
27
13 — —/ V3(xn, t)e dt
0

=a’Ug, Y, + 3’0 (1 — |a)U;, UrnY,?

n,—q n,—q
+3a(1 — |a])?UonU7, Y20, + o(1 — |a])’U, V20,
11 _ 2 —iqt
I = Vi(wat)e dt
0
_aUOnYOO + 0(1 - |a|){U1nY730fq + Uln(PnYnOlfq}
2
1% _ = V(@ t)Vi(z,,t)e dt
0
= UonUOnYOO
+ |Oé|(1 - |a|){(U0nU1n + UOnUln)YnlO + UOnUln(pnYr?lfq}
+ (1 - |a|)2{U1nU1nYnQ,0—q + Ulngonyvnl1 q}
27
I”:l 4 —/ Vo (2n, t)e™ 4t dt
0
=alU}, V)

+o (1= a){(Uf, = Uin(9p))Ya 'y + QUi + Uin) Yoy }

’J’-coefficients

27T
0 |V (2n,t)| —iqt
= _— dt
Tnia /0 V(n,t)

=Xn—
2 .
B, = / [V (, t)le 0t

:CYUOn n_q+a(1—|a|)U1n n_q

n,—q

2
72 =/ V (@, OV (2, )]~ dt
0

=a?Ug, X2 +2]a|(1 — |a))UonUin X0, + (1 — |a|)?UE, X2

n,—q n,—q n,—q
2 .
7 q—/ V2 )|V (2, )]~ 9 dt
1]

=a?U3 X% +3a%0(1—|a|)U3,Uin X0

n,—q n,—q

+3a(1 — |a))?Upn U, X2 + o(1 — |a|)?*U X3°

n,—q n,—q
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2T
11 _ |V(.Tn,t)| —iqt
Jn 1 /O V(xnat) Vz(mn’t)e at

=alU§, X% + o(1 — |a){U{, X}, + Uin, X'}

n,—q n,—q
J .= " Vi (@, )|V (2, )€t
=a§U0nU6nXE%
+lal(1 = [aD{(UsnUrn + UonUt,) Xty + UonUrnn X }

n,—q
+ (1 - |a|)2{U1nU1nX7210—q + Ul'rL()On‘Xv11 q}
27
7 —/ V @y OV (2, OV (0, O]~ dt
0
U3 Ul X
+ a20(1 - |a|){(2U0nU6nU1n + UgnU{n)Xlo + UOnUlngonXOl—q}
+ 04(1 - |a|)2{(U(l)nU12n + QUOTZUan{n)X?zqu + 2U0nU1n(PnX'r1Llfq}

+o(1— o) {UF,U1, X0, + Uihon Xa'_ 0}
’K’-coefficients

2T

K, Vi(zp, e dt = o(1 — |a|) U, YO

—-q¢ = n,—q
0

2m
Khg= [ Vialam et = o1 = |a (UL V2L, - UinglV22,)
0

E.3.2 Auxiliary integrals
Now defining

n,—q

2m
vi o = / elitten) g—iat p — Gijen 27160.i—q
0

Then the Y-integrals can be written as

v, —Y,;)_q

Y.L, =—{Y—1 -vt}

oL, —{Y— +Y,¢iq}

VI, =Ve - Vi )

Yoo = { V.2 -V

e %y,g{ g 2 )

Vi, = (L, -V - - V)
Vi —{Y‘ PV - 3 (Y Y

Finally, introducing

2n—bn—pn .
Z% _q _/ eli(t+on) g—iat 3
T+0n—@n

. eld¥n . ) i
— i Om (o L —i(j=)0n _ (_1)i—4,i(i—q)0n
e (m — 26,)00,j—q Zj 4 {e (1) }
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Then the Z-integrals can be written as

200 =2,

Zy_, —{Zn_q—Z“q}

z, —{Zn _q+Z+1q}

70, 522,_q -7, 22

z . —{Zn 2, Zﬁq

2, %Z?z—(ﬁ {2:2,+72,)

Zy, —{Zm_q—Z#_q}——{ ARNE AN

Zztlfq _{Zn 7q+Z+1fq} { nfq+Z7t37q}

Since 6,, = arcsin((lbﬂ%) the phases of the solution are in the interval [0, 7]. In the points

Zy _Zr Y Zy _, are

where (‘1 || y > Uy; it follows that 6, = Z, hence in these points Z2 n—grZn,—q> q

27
Zero.



Appendix F

F.1 Adjoint operator

Defining an inner product (-|-) as:
4

(flg) = Z(fiagi)

=1

and

[e%) Ao

0
from the definition of adjoint operator £*, ie. (¥|LP) = (LFTT|®), it follows that

(wknk — w,:r,nkl )<\I,Z’nk/ |Sqlknk> = 0 ,

where Wy, (resp. Wy, ) are the eigenvectors of £ (resp. L£*) with eigenvalue wpy,, (resp. wy,
or

nkl )7
(Whni, = Wi, ) B, €57 B, @) = 0
Under the hypothesis that the domain of £ is the same than the domain of £*, the relations written
above mean that the set of eigenvectors ¥y,, and \I/Z,nk, are a bi—orthogonal set under the inner
product (S-|-), ie.
+ —
N1 - k!
(W, . |SPn,,) = Ok Onpn
or that
=0 if wgp, # w,jf,nk/
75 0 if Wkng, = w,jf,

+ ik’ ik
(i €, Bty y){

Nyt

In particular, given hy,,, , we always can assume that there exists a h}, , which is non-orthogonal
k
to it.
The adjoint operator of Lj reads

r A d d
ik L g g2 £
! V—f H Vi +fr dz dz
_f —ikV + —  ikH ik
Ly = d a
- —ik 0 0
do 5 V,d &
_ H 2 _r - - _ 12
0 7 ikV 7|V|(Vdm+d2w k?)

The pertinent boundary conditions are that u* and h* should vanish at z = 0 and x — oo for
each solution kny.

F.2 Nonlinear system

In this appendix equations (4.10) are explicitly written.

107
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u—kny equation
Equation (4.10a) gives
0="> " (Laa(ksnp, 0 k) ks, + Laz(ksm, 0 k) D,

n’k

+ Lig(k;ng, ' k) 0kns ) + Ni(ksng)

and these coefficients read

Cll(k;nk’nlk) = / Uanukn’k(ikV + %)dm
0
Lialhim ) = [ vew, (- f)do
0
L13(k;ng,n'x) :/ “an(nkn’k)mdfﬂ
0
)= [ uf __ruh
Nl(k7nk) _/O “knkfk{uaxu+v6yu+ H(H — h) }d[L’

where Fy, is the k—component of the Fourier expansion.

v—kny equation
Equation (4.10b) gives
0="> (Lo (ksng, 0 k)itgnr,, + Lo (ksnp,n'x) bk,

n’k

+ Log (k; 1y 0 1)t + Loa (b g, ') ) + Na(k;m)

and these coefficients read
OO

Loy (k;ng,n'y) = Uknkulmk »+ f)de

8

/,
/0 v nkvknk (ikV + H)

Loo (k;ng,n'y)
OO

Loz (k;ng,n'y) / v,m Nienr . (1K) dz
0

)
Log(k;ng,n’ k)—/ vknkhkn/k( E)dx
0

(rv —0h)h
H(H —h)

o —_
No(k;ng) = / Vo, FrAu0zv + v0yv + tdz .
0
n—kny, equation
Equation (4.10c) gives
0="> " (Lar(ksnp, 0 k) ks, + Lz (k5,0 k) D,

n’k

+ L34(k; nk,n'k)ﬁkn/k) + N3(k;ng) ,

and these coefficients read

L1 (ksng,n'y) =

o

o0

n,jnk Vgnr,, (IKH)dz

L3z(k;ng,n'y) =

o0

£34(k;nk,n'k) = ’I’}]:',mC hkn/k(—lkV)d.’L‘

S — 5— 5—

Ns(ksng) = /0 Mo, Fe{—0x (uh) — 8y (vh) }da .
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h—kn; equation

Equation (4.10d) gives

dhin . A
> Sualk;ng,n'y) (’it £ = (Lan (ks e, 0k )ik, + Lao (ks 1, 1) O

n’k n’k

+ Lag(k;np, 0" k) hinr ) + Na(k;nr)
and these coefficients read

li
Sua(ksng,n'y) = h;nk hin Az

La1(ksng,n'y) hknk —Ugp,, ), dz
h;nk Vkns,, (—ik)dx
Laa(k;ng, n'y) = lmk (7|V|( (hkn k) (h’knlk)xm - kzhkn’k)dm

-/ N

smin') = [
[,42(k;nk,n'k) =/0
( )= [ H N
Ni(king) = / TR F{0u(3lo] — [V)Bah) + 8, (3w — V)3, k) }d.

F.3 Time integration scheme

A stiffly—stable type scheme (see Karniadakis, Israeli & Orszag, 1991, sec 4.2) is then used to carry
out time integration of the system (4.11):

Je—1
0=LyU™" + ME™ 4 B (U™, A7)
q=0
Shntt il gpn—a Je1
Yo XA:(; o Y%q LQUn-i-l +M2hn+1 + Z ﬂqg(Un—q,hn—q)
q=0

The values of the coefficients from Karniadakis et al. (1991) are reproduced in table F.1. Note
that an Euler—forward/backward integration rule corresponds to the frist-order scheme. For higher
orders, the scheme is implicit for the linear terms and explicit for the nonlinear terms. The nonlinear
part is computed as an extrapolation atn + 1 time from the previous .J, steps.

Coefficient 1st Order 2nd Order 3rd Order

Y 1 3/2 11/6
(%)) 1 2 3
o 0 -1/2 -3/2
s 0 0 1/3
Bo 1 2 3
Bi 0 1 -3
Bs 0 0 1

Table F.1: Stiffly—Stable Scheme Coefficients

F.4 k=0 mode

The nonlinear self-interaction of any mode with wavenumber k excite a component with k = 0,
ie. alongshore uniform, in the expansion (4.9). However, this was not taken into account in the
computations where modes with £ = 0 have been neglected. The reason for this is that this self-
interaction was found to be very weak. For this propouse the dynamics of an alongshore uniform
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botom perturvation has been study. This can be shown by using the analytical approximation to
the linear modes in case of m =1, v = 0 and r = 0 developped in appendixC.

As start, let us split the perturbation of the basic state, in a longshore mean and a periodic
function in a longshore length 2L:

=(n) +1'
(h) +n'

u=(u) +u' n
v =(v) +v' h

where (-) = (1/2L) ijL “dy. (u'y = (') =)= () =0and (u), (v), (n), and (h) refer to k =0
modes. Using this notation, the finality of this appendix is to show that (h) = 0.
From mass conservation (4.6) and sediment conservation (4.7) equations in case v = 0,

Oz ((H — h)u) + 9y((H — h)(V = v)) =0

8th+81u+8yv =0

and making averages in the longshore direction, (-), equations for (h) and (u) are found:
0z ((H — (1)) (u) — (h'u")) =0,

hence,

and
Or(h) = —0,(u) .

Now, we consider self-intercations of {k,n} modes h' = h(z) e*¥ and v’ = 4(z) ¢*¥. From the
apporximated modes of appendixC:

h(.’L‘) — el1T _ clonw Qo = Fnm — A /kQ + n2x2

and ) .
d*u 9. ., dh
a2 =k
Therefore,
N ark ia; ak i
— _ laix 1) — la2T 1
" af+k2(e ) a§+k2(e )
Then
W'y = ([h(2) 47 + (@) e~ fae) € + () )
= h*(z)i(z) + c.c. + (2k-modes)
and
H*(.’L‘)ft(l‘) — ark (62ia11 _ eialz _ ei(oz1+0<2)w + eio@m)
a? + k2
azk i(a1+asz)z iz 2iasx iasx
— i (el el gesr o lear)

Sustituting expressions for a; » in h*(z)a(x) all terms cancel: self-interaction of modes {k,n} only
forces 2k-mode whose mean vanishes. Hence (h'u') = 0 and then (u) = 0 and (h) = 0.



