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Introduction

The problems that we study in this thesis lie in the area of Harmonic Analysis and Geo-
metric Measure Theory. More precisely, we consider the connection between the analytic
properties of singular integral operators defined in L?(u) and the geometric properties of
the measure p. In the forthcoming several pages we will make a historical review of the
topic, give necessary definitions and briefly discuss the results that we obtained. Let us
mention that the exposition in this thesis is based on the papers |[Chu, CMT1,CMT?2].

We start with necessary notation and background facts. Note that we work mostly in
the plane and therefore usually skip dimension markers in definitions.

Let E C Cbe a Borel set and B(z,7) be an open disc with center z € C and radius r > 0.
We denote by H!(E) the (1-dimensional) Hausdorff measure of E, i.e. length, and call E a
1-set if 0 < HY(E) < co. A set E is called rectifiable if it is contained in a countable union
of Lipschitz graphs, up to a set of H!-measure zero. A set E is called purely unrectifiable
if it intersects any Lipschitz graph in a set of H!-measure zero.

By a measure often denoted by u we mean a positive locally finite Borel measure on C.

We consider Calderdn-Zygmund (CZ) kernels K : C\ {0} — C with the following
properties: there exist constants C' > 0 and n € (0,1] such that |K(z)| < Clz|~! for all
z € C\ {0}, and moreover

9K

|K(Z) _K(Z+<)’ < C’z‘l‘i"’]

if [¢[<3l2l,  z¢eC (0.1)

We will mostly deal with —1-homogeneous CZ kernels K.
Given a measure p, a CZ kernel K and an f € L(u), we define a truncated singular
integral operator (SIO) as

Tkef(z) = / FOK(z—¢)du(¢), where E = spt p and € > 0. (0.2)
E\B(z€)

We do not define the SIO Tk explicitly because several delicate problems such as the

existence of the principal value (p.v.), i.e. lim.,0 Tk f(2), might arise. On the contrary,

the integral in (0.2) always converges absolutely. Nevertheless, we say that Tk is L?(y)-

bounded if the operators Tk . are L?(u)-bounded uniformly on e.

How to relate the L?(u)-boundedness of a certain SIO to the geometric properties of
the support of p is an old problem in Harmonic Analysis. It stems from Calderén’s pa-
per [Cal|] where it is proved that the Cauchy transform, i.e. the SIO Tk with K(z) = 1/z,
is L?(H!| E)-bounded if E is a Lipschitz graph with small slope. Later on, Coifman, McIn-
tosh and Meyer [CMM] removed the small Lipschitz constant assumption and thus ex-
tended the result to all Lipschitz graphs. Furthermore, in [Dav1| David fully characterized
rectifiable curves I' for which the Cauchy transform is L?(#H!|T')-bounded. Namely, they
have to satisfy the linear growth condition:

HY T N B(z,7)) <Cr forallr>0and z € C and some C > 0. (0.3)



These results led to further development of tools for understanding the above-mentioned
problem (see also the corresponding parts of [Chr,DS2, Mat1, Mat2, Mat3, Tol5]).

A new quantitative characterization of rectifiability in terms of the so-called B-numbers
introduced by Jones [Jonl| and the concept of uniform rectifiability proposed by David and
Semmes [DS1,DS2| are among these tools. Several related definitions for the plane are in
order. (We refer the reader to [DS1,DS2] for definitions and results in the multidimensional
case). A measure u is called Ahlfors-David regular (or AD-regular, for short) if

C™lr < p(B(z,7)) < Cr for all z € spt u and r € (0, diam (spt u)), (0.4)

where C' > 0 is a fixed constant. Moreover, u is called uniformly rectifiable if it is AD-
regular and spt p is contained in a curve satisfying (0.3).

The well-known David-Semmes problem is stated in the plane as follows: does the
L?(p)-boundedness of the Cauchy transform is sufficient for the uniform rectifiability of
the AD-reqular measure pu? This problem was settled by Mattila, Melnikov and Verdera:

Theorem A [MMV]|. Let u be an AD-regular measure. The measure p is uniformly recti-
fiable if and only if the Cauchy transform is L*(u)-bounded.

Note that an analogous problem in higher dimensions is still unsolved except for the
case of codimension 1 settled by Nazarov, Tolsa and Volberg in [NTV] not long ago.

The proof of Theorem A relied on the so-called curvature (or symmetrisation) method
that was new at that time but soon became very influential in solving many long-standing
problems related to the Cauchy transform and analytic capacity, for example, Painlevé’s
problem on metric/geometric description of removable singularities for bounded analytic
functions, Vitushkin’s conjecture and the semiadditivity of analytic capacity (see [Dav2,
MMV, Mel, Toll| and especially historical remarks in [Tol5]). For our purposes it is more
convenient to describe a generalised version of the curvature method and so do we.

Let (21,22, 23) € C3. For a kernel K, consider the following permutations:

PK<z1> 22, 23) = Z K(ZS2 - 281)K(283 - ’231)7 (0'5)
s€EG3

where &3 is the group of permutations of the three elements {1, 2,3}. Supposing that pi,
w2 and p3 are measures, set

Prc (i1 iz ) = / / Prc(z1, 22, 28) dpn (1) dpa(22) dps (23). (0.6)

We write Pg(p) := Px(p, i, pr) for short and call it permutation of the measure p. More-
over, in what follows Pg o (p1, pt2, pt3) stands for the integral in the right hand side of (0.6)
defined over the set

{(21,22,23) €C*: |zp — 25| 2 >0, 1<k, j<3, j#k}, (0.7)

and Prce(p) = Pr e (1 ps ).
The identities (0.5) and (0.6) were first considered by Melnikov [Mel] in the case of the
Cauchy kernel. He showed that

Prc (21, 22, 23) = (21, 22, 23)%, (0.8)
where K(z) = 1/z,
(21, 22, 28) :
C\z21,29, % e A—
1,22, <3 R(Zl,ZQ,Z:})



is the so called Menger curvature and R(z1, 22, z3) stands for the radius of the circle pass-
ing through zi, zo and z3. Moreover, points z1, zo and z3 are collinear if and only if
c(z1,22,23) = 0 (and R(z1, 22, 23) = 00). From what is said it is clear that

c(z1,22,23) 20 for any (z1, 22, 23) € C?, (0.9)

which is very important in applications. Additionally, it is easily seen that Menger curvature
can be calculated in geometrical terms in different ways, e.g.

48 2sin 212523
(21,22, 23) = G, 22, 23) Sy (0.10)
|21 — 22l|21 — z3l|22 — 23] |21 — 23]

where S(z1, 22, 23) stands for the area of the triangle (21, 22, 23) and 212223 is the angle of
this triangle opposite to the side z123. One can find the proof of these and other formulas,
e.g. in [Tol5, Section 3.2].

Melnikov also introduced in [Mel| the notion of curvature of measure pu:

A(p) == Pg(p), where K(z)=1/z. (0.11)

One can also define ¢2(u1) in an obvious way over the set (0.7).

Permutations (0.5) and (0.6) for more general kernels K were considered later by Chou-
sionis, Mateu, Prat and Tolsa in [CMPT1] (see also [CMPT2]).

Now let K be a —1-homogeneous CZ kernel, see before (0.1). Suppose that the permu-
tations (0.5) for K are non-negative for any (z1, 22, 23) € C3. If 1 is a finite measure with
Cy-linear growth, i.e. there exists a constant C, > 0 such that

u(B(z, 1)) < Cyr for all » > 0 and 2z € spt p, (0.12)

then the following relation between truncated versions of Pk () and Tk 1 holds:

Tk 720 = §Prc() + Rice(i),  [Rie(p)] < cCIu(C), (0.13)

with some ¢ > 0 independent of . We call (0.13) generalised Melnikov-Verdera’s identity.
Actually, it was first proved for the Cauchy kernel in the seminal paper [MV| by Melnikov
and Verdera where they gave a new geometric proof of the above-mentioned result about
the L2-boundedness of the Cauchy transform on Lipschitz graphs. It turns out that one can
follow Melnikov-Verdera’s proof for the Cauchy kernel in order to obtain (0.13) as stated,
see e.g. [CMPT2, Section 2].

The formulas (0.8) and (0.13), generating the curvature method, are remarkable in the
sense that they relate an analytic notion (the SIO Tk, in particular, the Cauchy transform)
with a metric-geometric one (permutations, in particular, curvature).

Later on, Theorem A was pushed even further by David and Léger |Leg|. They used
the curvature method and, in particular, the property (0.9) to prove the following deep
result (see a brief exposition of the proof in Section 1.5).

Theorem B [Leg|. Let E be a 1-set. If ¢*(H!|E) < oo, then E is rectifiable. Moreover, if
the Cauchy transform is L?>(H!| E)-bounded, then E is rectifiable.

Note that the L?(#H!| E)-boundedness of the Cauchy transform and the identity (0.13)
imply that ¢?(H!|E) < oo. Consequently, to prove Theorem B it is enough to prove just
the first statement and this was actually done in [Leg|. Let us mention that Theorem B is
originally stated in [Leg| in a more general form.

For a long time very few results analogous to Theorem B were known for kernels
different from 1/z. For instance, it was clear [MMV, CMPT1] that the same result is true



for the coordinate parts of the Cauchy kernel, in particular, for the real part that we
denote by

—5 =Re-. (0.14)
Indeed, considering the permutations (0.5), it is not difficult to show that
Preo (21,22, 23) = 5¢(21, 22, 23)°. (0.15)

This fact was a motivation point of the paper [CMPT1| by Chousionis, Mateu, Prat
and Tolsa, where analogues of Theorems A and B were proved for the kernels

R 2n—1
kn(2) == (722])2"’ n € N. (0.16)

(We also refer the reader to the paper [CP| where the kernels (0.16) and other related ones
were studied.) Namely, it is shown in [CMPT1] that

P,.Qn (Zl, 29, Zg) >0 for any (Zl, 29, 23) S (C3 (0.17)

and P, (z1,22,23) = 0 if and only if points z1, 2o and z3 are collinear. This is an analogue
of (0.9). Moreover, it is proved that the permutations P, (21, 22, 23) behave similarly to
c(z1, 29, 23)? for triangles (21, 22, 23) with comparable sides such that one side makes a big
angle with the vertical line. This fact enables the authors of [CMPT1]| to adapt the curva-
ture method from |Leg| to the kernels k,,. This adaptation however requires several essential
modifications in crucial points, where the curvature must be exchanged for the permuta-
tions P, . In particular, new arguments are provided in [CMPT1| when Léger’s scheme
does not work (see Section 1.5 for more details). As a result, the following statements were
proved.

Theorem C [CMPTI1|. Let n > 1 and p be an AD-reqular measure. The measure p is
uniformly rectifiable if and only if Ty, is L*(u)-bounded.

Theorem D [CMPTI1]. Let n > 1 and E be a 1-set. If Py, (H'|E) < oo, then E is
rectifiable. Moreover, if the SIO Ty, is L?>(H'| E)-bounded, then E is rectifiable.

Obviously, for n = 1 one gets the case of (0.14) (or equivalently the case of the Cauchy
kernel due to (0.15)) and thus Theorems A and B. However, for n > 2 these are the first
examples of SIOs that are not directly related to the Cauchy transform and whose L?(p)-
boundedness implies certain rectifiability properties of p. In what follows, we will typically
deal with the case n =2 in (0.16) and therefore we set

(Rez)3
Kempr(z) == ‘Z|4)- (0.18)
There are two more results which are actually counterexamples to the property that
L?-boundedness implies rectifiability. The first one is due to Huovinen.

Theorem E [Huo|. Let K belong to the class S of odd kernels satisfying

Cly — 2| C

|[K(x —y) — K(x — 2z)| < |K(z)]<m, x,y,z € C,

Syl
K(r) =0, K(z) = -K(-2), r € R, C = const.

Then there exists a purely unrectifiable 1-set E such that the operator Tk, associated with
the kernel K , is bounded on L*(H'|E) and, moreover, p.v. Tk exists H'-a.e. and is finite.



As a typical example from Z one can take the kernel
(Rez)> Rez
21t [2*
Another counterexample is due to Jaye and Nazarov. We formulate it here in a slightly
different form than it was done originally.

Ku(z) = (0.19)

Theorem F [IN|. There exists a purely unrectifiable 1-set E such that the operator Tk,
associated with the kernel K(z) = Z/22, is bounded on L?*(H'|E) and, moreover, p.v. T},
fails to exist H'-a.e.

For further exposition it is important to notice that the same statement holds for the

(renormalised) real part of K(z) = Z/z?, namely, for the kernel
1z Rez)> 3Rez
Kin(z) := 17 ( |Z|4) IR (0.20)

Take into account that the examples of purely unrectifiable sets from Theorems E and F
are quite intricate, essentially use analytic properties of the kernels and avoid the curvature
method (as it is actually unavailable as we will see below).

Note that up to now we meant only —1-homogeneous CZ kernels in the plane which we
are mostly interested in. However, there are other interesting examples of kernels in different
settings with a certain connection between the L?(y)-boundedness of the corresponding
operator and the geometry of p. For example, David [Dav3| constructed odd and even CZ
kernels in the plane that define L?(H!| E)-bounded SIOs, where F is a purely unrectifiable
set (namely, the corner quarters Cantor set). Unfortunately, David’s kernels are not —1-
homogeneous. Chousionis [Cho| had similar results for a larger class of kernels for some
s-dimensional fractals with s < 1. Recently Chousionis and Li [CL| gave examples of
—1-homogeneous kernels in the Heisenberg group with a direct connection between the
L?(11)-boundedness of the corresponding singular integral operators and the rectifiability
of p. Unlike the Euclidean case, where most of kernels related to rectifiability are odd,
Chousionis-Li’s kernels defined in the Heisenberg group are even and non-negative.

Now we are going to summarise the above-mentioned results for —1-homogeneous ker-
nels in the plane (defined in (0.14) and (0.18)—(0.20)) and formulate more precisely the
questions that we consider in this thesis. From what is said we conclude that an affirma-
tive answer to the question does the L?(H'| E)-boundedness of Tx implies that the 1-set
E is rectifiable is given by curvature-like methods essentially only for the SIOs associated
with the kernels Kp_ and Kcpmpt. On the other hand, only two kernels, K = Ky and
K = K\, are known to be such that Tk is still L?(#!| E)-bounded for some purely un-
rectifiable 1-sets E' (the curvature method is not available in both cases). Thus there is
a natural problem consisting in finding other —1-homogeneous CZ kernels in the plane
and corresponding SIOs whose L?(u)-boundedness does or does not imply that j is rec-
tifiable (uniformly rectifiable in the AD-regular case). Of course, we also want to partly
move forward in characterizing the class of such kernels but this seems to be a much more
ambitious and difficult objective so we will make just a few remarks on it. Another re-
lated problem that we will briefly discuss is whether L?(u)-boundedness of a certain SIO
(besides the Cauchy transform) implies that all other “reasonable” SIOs in the plane are
L?(u)-bounded.

To move in achieving the above-mentioned objectives, in Chapter 1 we introduce the
following t-parametric family of kernels:

(Re 2)3 ; Rez

R
T EER where t € R, and koo(2) := °z
z z

ki(z) := = TE

(0.21)

10



Sign of permutations

+ +
. o
Does L?-boundedness imply rectifiability?
No No Yes Yes
— = >
-1-3 0 00

o
Jaye and Nazarov David and Léger

(2013) (1999)
Chousionis, Mateu,

Huovinen (2001) Prat and Tolsa (2012)

Figure 0.1: The overall picture of previously known results for the kernels k;.

One can immediately notice that this is a reasonable generalisation of the kernels (0.14)
and (0.18)—(0.20), see Figure 0.1. Indeed,

KpL = koo, Kcempt = ko, Ky=k1 and Kjn=k_3;.

Thus studying SIOs associated with the kernels (0.21) for different ¢ may provide useful
settings to further understanding the connection between the L?-boundedness and rectifi-
ability. Now we give an overall picture of the results that we obtained in this direction. To
avoid repetitions, we do not number the statements here but indicate the corresponding
results in further chapters.

In Chapter 1 we study the permutations associated with the kernels (0.21) and prove
the following result that complements the ones for ¢ = 0 and ¢ = oo (see Theorem 1.1 and
Remark 1.1).

Theorem. Let k; be a kernel of the form (0.21), where t € (—oo0, —2] U (0, +00). Then
Pp,(21,22,23) >0 for all (z1,2,23) € C3,

Furthermore, the range of the parameter t is sharp in the sense that there are triples
(21, 22, 23) such that Py, (z1, 22, 23) change sign if t € (=2,0).

This theorem implies that the curvature method is not available directly if ¢ € (—2,0),
and surprisingly exactly this interval contains the known counterexamples from Theorems E
and F. However, by adapting a curvature-type method from [Leg, CMPT1| we will prove
the following result for the rest values of t that provides a big family of SIOs whose L?-
boundedness implies rectifiability (see Theorem 1.2).

Theorem. Let ki be a kernel of the form (0.21), where t € (—oo, —2] U (0,400), and E
a 1-set. If Py, (H'|E) < oo, then E is rectifiable. Moreover, if the SIO Ty, is L?(H'|E)-
bounded, then E is rectifiable.

What is more, the situation in the plane where ¢t € (—2,0) is somehow similar to the one
in higher dimensions where curvature-type methods are likely unavailable (see [NTV,Far])

11



and one has to come up with other tools instead. As for our case, in Chapter 2 we propose
a perturbation method that enables us to prove the following result, being the first example
in the plane when the curvature method fails but it is still possible to prove that L*-
boundedness implies rectifiability (see Theorem 2.2).

Theorem. Let k; be a kernel of the form (0.21), where t € (=2, —+/2), and E a 1-set. If
the SIO Ty, is L?*(H'| E)-bounded, then E is rectifiable.

The proof of this result is based on the following (see Lemma 2.2 and Remark 2.2).
Lemma. It holds that

Py (21,22, 23) < 2Py (21, 22, 23) for all (21,22, 23) € C3.

Additionally, the constant 2 is sharp in the sense that for any small € > 0 there are triples
(21, 22, 23) such that Py, (21, 22, 23)/ P (21,22, 23) = 2 — €.

Note that this lemma with an implicit constant is contained in [CMPT2, Lemma 7].
Nevertheless, the explicitness of our constant is essential here and actually enables us to
obtain the required result by the perturbation method in Chapter 2.

The latter lemma yields that Py, (1) < 2Py, (1) for any measure p. This and (0.13)
immediately imply that the L2-norm of T}, 1 is controlled by the L?-norm of T} 1 (with
an explicit constant). The triangle inequality and a proper version of T'1-theorem which
form the perturbation method then give the required theorem.

Unfortunately, an inequality of the form Py (21,22, 23) < C - Py, (21, 22, 23) with an
absolute constant C' > 0 hardly exists and this makes the study of kernels (0.21) for small
negative ¢t more difficult. Nevertheless, the following lemma holds as shown in Chapter 3
(see Inequality (3.4)).

Lemma. There exist absolute constants tg > 0 and ¢ > 0 such that for any finite measure
w with Cy-linear growth it holds that

Pio (1) <ty * Pry (1) + cC2p(C).

In a similar manner as in Chapter 2, from the latter lemma we get that the L?-norm of
Ty...1 (and thus of the Cauchy transform of measure) is controlled by the L?-norm of Ty, 1
(see Theorem 3.1). Applying the perturbation method yields the following theorem using
the same absolute constant ¢y as above (see Theorem 3.2).

Theorem. Let ki be a kernel of the form (0.21), where t € (—to,0), and E a 1-set. If the
SIO Ty, is L*(H'| E)-bounded, then E is rectifiable.

To prove the latter Lemma and Theorem, we use the David-Mattila dyadic lattice
from [DM] and a corona decomposition that is similar to the one in [AT]. More precisely,
we split the lattice into some collections of cubes, which are called trees, where the density
of p does not oscillate too much and most of the measure is concentrated close to the
graph of a Lipschitz function. To construct this function, we use a variant of the Whitney
extension theorem adapted to the David-Mattila dyadic lattice. Further, we show that
the family of trees of the corona decomposition satisfies a packing condition by arguments
inspired by some of the techniques used in [AT] and earlier in |Tol3| to prove the bilipschitz
“invariance” of analytic capacity.

It is worth mentioning that the structure of our trees is more complicated than in [AT].
This is because we deal with permutations which are not pointwise comparable to curvature
in general and this leads to additional technical difficulties.

12



Sign of permutations
- + -

Does L?*-boundedness imply rectifiability?

"R U

Yes : Yes No No Yes: Yes
Ch. (2016) —2 —v2 —-1- % —t /0 Ch. (2016)
Ch., Mateu . .
and Tolsa (2016) David and Léger (1999)
> i 2 Ch., Mateu Chousionis, Mateu,
Huovinen (2001) Jaye and Nazarov (2013) and Tolsa (2018) Prat and Tolsa (2012)

Figure 0.2: The overall picture of known results for the kernels k;.

Finally, we summarise all the results known for the kernels k; in Figure 0.2, cf. Fig-
ure 0.1.

Let us also mention that our results in Chapters 1-3 (more precisely, Lemmas 1.5,
1.6 and 2.3 and Theorem 3.1) together with the obvious case t = oo imply the following
necessary and sufficient condition.

Theorem. Let u be a measure with linear growth and
t € (—o0, —V2) U (—tg,0]. (0.22)

The Cauchy transform is L?(u)-bounded if and only if so is the SIO Ty,.
This has further consequences. For example, one can characterise uniformly rectifiable
measures via L?>~bounded SIOs T}, (see Theorems 2.1, 2.3 and Corollary 3.1).

Corollary. Let i be an AD-regqular measure and ki a kernel of the form (0.21) with t as in
(0.22). The measure p is uniformly rectifiable if and only if the SIO Ty, is L?(u)-bounded.

The part of this Corollary for ¢ = oo, i.e. in fact for the Cauchy transform, was proved
in [MMV] (see Theorem A) and for ¢ = 0 in [CMPT1] (see Theorem C).
The following result is from Section 2.5 and Corollary 3.2.

Corollary. Let i be a measure with linear growth and ky a kernel of the form (0.21) with t
as in (0.22). If the SIO Ty, is L?(u)-bounded, then so are all 1-dimensional SIOs associated
with a wide class of kernels.

By “a wide class of kernels” we mean the class of kernels K = K(z), where z € C\ {0},
which are odd C?functions satisfying

j @)
[VIK(2)] < EGE

for all z € C\ {0} and j € {0,1,2}. (0.23)

It is easily seen that (0.23) implies that K is a CZ kernel with the properties indicated
before (0.1), where n = 1.

The latter Corollary for t = oo, i.e. actually for the Cauchy transform, was earlier
proved in [Tol2, Tol4], see also |Gir].
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It is worth mentioning that some of our results stated above are actually proved in
Chapters 1-3 not just for k; but for more general t-parametric kernels:

Ki(2):=kn(2) +t - kp(2), tER, Ky(2):=4kn(z), n<N, n,NeN, (0.24)

i.e. linear combinations of the kernels (0.16) of different order. Clearly, K;(z) = k¢(2)
for (n,N) = (1,2). For the sake of simplicity, we do not state the corresponding re-
sults in Introduction but thoroughly discuss them in the subsequent chapters (see The-
orems 1.1, 1.2, 2.3, 3.3, 3.4 and 3.5).

A few words about notation. We use the letters ¢ and C' to denote constants which may
change their values at different occurrences. On the other hand, constants with subscripts
such as Ag or ¢y do not change their values throughout each chapter. In a majority of cases
constants depend on some parameters which are usually indicated explicitly, for instance,
we write C(g) or C: if C' depends on e. If there is a constant C such that A < C' B, we
write A < B. Furthermore, A &~ B is equivalent to saying that A < B < A, possible with
different implicit constants. If the implicit constant in expressions with “<” or “a~” depends
on some positive parameter, say a, we write A <, B or A ~,, B.

Equations, theorems, lemmas and other statements are numbered within a chapter.
Introduction is considered as Chapter 0 for numbering.

14



Chapter 1

A new parametric family of singular
integral operators whose
L*-boundedness implies rectifiability
by a curvature-like method

1.1 Introduction

The exposition in this chapter is based on [Chu|. Below, we consider the SIOs associated
with the kernels (0.24), i.e. with

(Re 2)2N_1 . (Re Z)2n—1 _ (Re 2)2”_1
‘Z‘QN |Z’2”

Ky(z) = (1.1)

’Z’2n ’
where n and N are positive integer numbers such that N > n, and ¢ € R. We prove that the
L?*(H!'| B)-boundedness of these operators implies that E is rectifiable for t € R\ (t1,t2)
with certain t1, t5 depending only on n and N. We use the curvature method for this so all
the definitions related to curvature and permutations given in Introduction will be used in
this chapter. We nevertheless remind some of them and introduce new ones now.

For a CZ kernel K, we introduced the following permutations in (0.5):

PK(zla 22, 23) = Z K(ZSQ - Zsl)K(ZS;; - Z81)7
SEG3

where &3 is the group of permutations of three elements {1,2,3}. Note that the kernels
(1.1) that we deal with in this chapter are real-valued so the bar in the latter sum may be
skipped. For this reason it is more convenient for us to consider the permutations

pK (21, 22, 23)
= K(z1 — 20)K(21 — 23) + K(22 — 21) K (22 — 23) + K (23 — 21) K (23 — 22) (1.2)

= 1Pg(21,22,23),

where K is an odd and real-valued kernel.
Taking into account the definitions (0.6) and (0.7) and supposing that p, pi, pe and
3 are measures, we also set

pr (p1s po, p3) == 5 Prc(pa, 2, p13), PK, (1, p2, 13) = 5P (11, po, p3) (1.3)
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and
prc(p) = 3prc (s pts 1), Pre(1) == 5 Prcc(p, 11, ). (1.4)

We will use (1.3) and (1.4) many times below without additional mentioning.
Recall that by a measure we mean a positive locally finite Borel measure on C.
Bear in mind that (1.1) can be written in the form (0.24), i.e.

Ki(z) = kn(2) +t-kn(2), teR, Ko(z) = kn(2), n<N, n,NeN,
where, according to (0.16),
(Re Z)2m—1

W, mEN

KEm(z) =

Note also that in our new terms it follows from (0.17) and (1.3) that
Dry (21,22, 23) 2 0 for any (21,22,23) € C* and m € N,
and py,, (21, 22, 23) = 0 if and only if 21, 22 and z3 are collinear.

In the forthcoming sections, in order to find values of ¢ such that a result analogous to
Theorems B and D is valid for the kernels (1.1), we first study the sign of the permutations
(1.2) and then, for the case when these permutations are non-negative, adapt the scheme
from [CMPT1] to our situation.

1.2 Main results

First of all let us mention that the case ¢ = 0 in the theorems below agrees with the
inequality (0.17) and Theorem D, proved in [CMPT1|. We now indicate the values of ¢
such that the permutations pg,(z1, 22, 23) are non-negative for all triples (z1, 22, 23).

Theorem 1.1. Let K; be a kernel of the form (1.1) with t =0 or

teR\<_;<3+\/@>,2—i¥>, n<N<2n, (L5)

teR\ (-é (3 + pn,N + \/(3 + pn,N)? = 45) ,pn,N) ;N >2n, (1.6)

where pp N = (X — 2)y/N = 2n. In particular, t € R\ (=2;0) for N = 2n. Then

N_
prc, (21, 22,23) =0 for all (z1,2,23) € C3.
Furthermore, the range of the parameter t in the case N = 2n is sharp.

Remark 1.1. The conditions (1.5) and (1.6), guaranteeing that pg, (21, 22, 2z3) = 0, cannot
be weakened much in the following sense. As we will show in Section 1.4, there are triples
(21, 22, z3) such that pg,(z1, 22, 23) can change sign if

te (% 0) for all n and N,
te (O 2 N) for N> n (i.e. N is large enough with respect to n).

1 e3/2

(1.7)

Surprisingly, in this context the case ¢ = 0 is an isolated point with non-negative permuta-
tions. Thus the curvature method, requiring the permutations to be non-negative, cannot
be applied directly for ¢ indicated in (1.7).
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From the aforesaid it follows that (1.5) and (1.6) are indeed sharp for N = 2n.

Figure 1.1 illustrates Theorem 1.1 and this remark for n = 3 and different N > 3
(consider the horizontal line passing through a fixed positive integer N in order to determine
the corresponding ). The green area represents the values of ¢, indicated in (1.5) and (1.6),
i.e. those where pg, are guaranteed to be non-negative (the boundaries are included). In
the blue area (the boundaries are not included), obtained by computer-based exhaustive
search, the permutations can change sign. Note that the part of the blue area for ¢t < 0
is exactly the former in (1.7). Moreover, the part for ¢ > 0 quite agrees with the latter
in (1.7). The white area is not covered by our results and, generally speaking, we can say
nothing about the sign of pg, therein. However, computer experiments suggest that the
permutations pg, are non-negative everywhere except the blue area and thus (1.7) seems
to give likely boundaries for ¢, whose corresponding permutations can change sign.

Relying deeply on Theorem 1.1, we will prove the following result.

Theorem 1.2. Let K; be a kernel of the form (1.1) with t as in Theorem 1.1 and E a
1-set. If pr,(H'|E) < oo, then E is rectifiable. Moreover, if the operator Tk, is L*(H!'| E)-
bounded, then E is rectifiable.

Remark 1.2. It is known that for ¢ = —1 (see the red line in Figure 1.1), which belongs
to the area, where the permutations can change sign, the statement of Theorem 1.2 is not
valid anymore, i.e. L?-boundedness does not imply rectifiability. Indeed, it is a corollary
of Theorem E since all the kernels K; of the form (1.1) with ¢ = —1 belong to Huovinen’s
class 47 as can be easily checked.

For the subfamily (0.21) of the kernels (1.1) with (n, N) = (1,2), i.e. for

(Re 2)3 N Rez
|2[* |21*

]{Zt(Z) =

even more is known as we have already mentioned in Introduction. Namely, for t = —3/4,
whose corresponding pg, change sign, there also exists a purely unrectifiable set E such
that Ty, is L2(H!'| E)-bounded as follows from Theorem F.

Recall Figure 0.2 that illustrates the known results for the kernels k;. By Theorems 1.1
and 1.2, if £ € R\ (—2,0), then the permutations pj, are always non-negative and the
L?*(H!'| B)-boundedness of Ty, implies the rectifiability of E. By the arguments from Re-
marks 1.1 and 1.2, the permutations py, for ¢ € (—2,0) change sign and there are two
values of ¢ such that the operator Ty, is L?(H!| E)-bounded but E is not rectifiable.

1.3 Auxiliary results

This section is devoted to several auxiliary lemmas, which will be used to prove Theo-
rems 1.1 and 1.2 in Section 1.5.

If a kernel K is real and odd, then one can show that the permutations (1.2) are
invariant under translations. This can be done, e.g. by the substitutions u = z; — 25 and
v = z1 — 2z3. Consequently, one point can be always fixed and it is enough to consider only
permutations of the form

pr(0,u,v) = K(u)K(v) + K(u)K(u —v) + K(v)K (v — u), (1.8)

17



Figure 1.1: Theorem 1.1 and Remark 1.1 for n = 3 and different N > 3.
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where u,v € C\ {0} are distinct points. The kernels (0.16) and (1.1) that we study are
real and odd and hence we can use (1.8) instead of (1.2). Furthermore, the case of collinear
points u and v is trivial as then pg (0, u,v) = 0 and thus we can skip it.

We will use the following lemma many times below. Note that it can be easily gener-
alised for another couple of kernels instead of x,, and k.

Lemma 1.1. Given K; of the form (1.1),
Pr;(0,%,0) = Py (0,u,v) + @p N(0,u,v) t + D, (0, u,v) 2, (1.9)
where

onn(0,1,0) 1= kx () (Rn(0) + Ko (u = v))
6N (V) (Fn (1) + fn(v = 1)) + KN (U = V) (kn(u) = K (V). (1.10)

Proof. We substitute (1.1) into (1.8) and get

pKz(Oa 7U)
= (kn(u) +thp(u)) (kN (v) + T En(v))
—I—(/@N(u)) —i—t/in(u)))((m\/( V) +thn(u —

)
+(kN (V) + trp(v)(Eny (v —u) + tkp(v — )
k()N (0) + (55 (W) n (V) + fin (W)EN (V) E+ K (u)in (0) £
—l-/iN(u)mV(u— V) + (kn (W) kn(u — v) + kp(w) k(U —v)) t+ Ky (u)kn (v —v) 2
+en()EN (v — 1) + (kN (V) En(V — 1) + K (V)EN(V — w)) t + Ky (V)Fn (v — ) 2.

To finish the proof it is enough to group the terms and take into account (1.8). |

It is important that the leading coefficient of the quadratic polynomial (1.9) (with
respect to t) is always non-negative by (0.17) and (1.2).

From now on, in order to simplify formulas we skip (0,u, v) in permutations and other
expressions if there is no confusion. For example, we write px instead of pg (0, u,v). In
addition, we use the following notations:

AL = M Ao 1= M, Ag 1= 7Re (u—v)

Jul |v]

5 A= )\1)\2A3, (111)
[u—v]

where the denominators do not vanish as the points u and v are assumed to be distinct
and non-collinear. Note that in these terms,

()\1/\2)271—1 N ()\1>\3)2n—1 B ()\2)\3)271,—1

L= (1.12)
" |ullv| lullu —o|  Jol[v —ul
and
A2N-1 /y2n-1  y2n—1
On.N =—L < 2 3 > (1.13)
|u [ Ju—v]
)\%N—l (A%n_l >\§n_1 ) + )\%N—l ()\%n—l )\%R—l)
[v] lul  Jo—ul)  Ju—v] \ |ul |v]
What is more, another representation of ¢, n is valid.
Lemma 1.2. In terms of (1.11) it holds that
Pn,N = T1Pr, — T2, (1.14)
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where

T = /\?(N_n) + )\g(N—n) + Ag(N_"), 0< 7 <3, (1.15)

and

S AQ(N_n) ()\1)\2)2(2n—N)—1 ()\1)\3)2(2n—N)—1 B ()\2)\3)2(2n—N)—1 (1 16)
a ullo fulla o] e ) @

In particular, 7o =0 if N = 2n.

Proof. Direct multiplication of 7 by ps, gives

<)\2(N—n) 42N /\Q(N—n)) _ (()\1)\2)2n—1 N (A Az)2n—t B ()\2)\3)211—1)
! ? ’ |uf[v] Jullu = Jof|v—ul

_ )\%(N_n)(Al)\z)%lfl N Ag(N_”)()\l)\:i)anl B )\?(N_n)()\z)\g)anl
ullv| Jullu — v v[|v —ul

+A%N_1 <)\gn—1 A%n_l ) + )\%N—l ()\%n—l )\gn—l > AgN_l <)\%7‘L—1 B )\gn—l)

Jul ol Ju—v| [l I A U AN (1 [l

which is exactly 7 + ¢ v by (1.13) and (1.16). [

Lemma 1.3. Given k,, and kx of the form (0.16),

N
n

Note that this inequality for n = 1 was obtained in [CMPT1, Proof of Lemma 2.3]. We
will use the following lemma from there in order to prove the general form.

Lemma 1.4 (Proof of Proposition 2.1 in [CMPT1]). One has the representation

Dr,, = Z (?) A=k (4, 0),
k=1
where hi(u,v) = 0 and are defined as follows:
hkﬁuv)=%h4hﬂu‘*vD_2k(GﬂHLREUVk_th(U‘*UDQk
+(Reu Re (u—0))** H(Imv)? 4+ (Rev Re (v — u)) 1 (Im u)zk) .

Proof. Within the settings of Lemma 1.4,

n -1
AZ(N—n) Pe, _ Zz:l (k) (JIX) Hy, (U, U)
Pry Zlivzl Hk(u, 1})

where Hy(u,v) := (]Z)AQ(N_k)hk(u,v) > 0. Furthermore,

-1 ! I AY —
n\ (N _ o n (N k‘).: n—k+1)---n <£7 | <k<n,
(n—&)! NI (N—k+1)- NN

Y

and finally
A2(N—n) Prn_ < n- > k=1 Hi(u,v) < n
Pey N SN Hp(uw) N
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which is the desired result. ]

Lemmas 1.1, 1.2 and 1.3 enable us to obtain lower pointwise estimates for the permu-
tations pg, via the permutations py, for some ¢t. To do so, we will use (1.14) and (1.17)
to estimate the coefficients of the quadratic polynomial (1.9). Let us start with the case
n <N < 2n.

Lemma 1.5. Given Ky of the form (1.1) with n < N < 2n, if

teR\[—;(i’)—i—M),?—]ﬂ,

then pk, = C(t) - px, with some C(t) > 0.

Proof. To get the required estimate, we first look at the expression for 75 in (1.16) for our
case. Since n < N < 2n, from (1.12) and (1.16) we immediately get

= A2 0<2n—-N<n—-1,
with 79 = 0 if N = 2n. Consequently, by (1.9) and (1.14),
P, = Pay + (1Pe, = N2y )t pie, £, (1.18)

Now we show that the right hand side of (1.18) for ¢ mentioned in the lemma is bounded
from below by py, , multiplied by a positive constant, depending only on .
Applying the inequality (1.17) to p., and pg,, , in (1.18) for ¢ > 0 gives

pr > (N AN (r =24 B4 £) - pe, = F6.62.6) P (1.19)
where & := A2V € [0,1], j = 1,2,3, and

f(6,6,8) =Y 668G+ G+ 6+ & -2+ D)t 412 (1.20)

Analysis of 0f /0¢; shows that f is non-decreasing for ¢t > 0 with respect to each &; € [0, 1].
Consequently,

f(&,&,&) = £(0,0,0) = t(t — 2+ ),

which is strictly positive for ¢t > 2 — % > 0.
For ¢ < 0 we apply (1.17) to p., and use that p., , =0 (see (0.17)). This yields

PK, = <% AZ(N*H) +7t+ tZ) ‘P, = F(£17€2753) " Prps (121)
where the function

F(61,6,8) =X 48+ (G + o+ &) t+ ¢ (1.22)

is non-increasing for t < —% with respect to each &; € [0,1]. Consequently,

F(£17£2ag3) = F(l,l,l) = %+3t+t2,

where the latter expression is positive for ¢t < —% (3 +14/9 — 4]7\{) < —%. [ ]

Now let N > 2n. Note that the following lemma coincides with the previous one if we
put N = 2n.
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Lemma 1.6. Given Ky of the form (1.1) with N > 2n, if
te R\ |:_% <3 + Pn,N + \/(3 + pn,N)2 - 4JT\Z> apn,N:| 5 Pn,N = (% - 2) \% N — 2”7

then pr, = C(t) - pu, with some C(t) > 0.

Proof. We will again estimate the coefficients of the polynomial (1.9) in terms of p, . At
first, we will estimate |¢,, n|. By (1.14), this will only need to estimate ||

As we have already mentioned before Lemma 1.1, the permutations pg, and p,, are
invariant under translations. Therefore we can assume without loss of generality that all
triangles (0, u,v) that we consider belong to the half plane Re z > 0. This will be necessary
in the further analysis of angles of these triangles.

From now on, we use the following notation additionally to (1.11):

sino = A;, A e[-1;1], j=1,23. (1.23)

We also suppose that )\? are pairwise distinct. One can get the other case by passage to a
limit below. For the geometrical interpretation of «; see Figures 1.2 and 1.3.

Now we aim to represent 75 from (1.16) in terms of the curvature written in the form
(0.10). For this purpose we will segregate the area squared S(0,u,v)? in the numerator and
|u|?|v|?|u — v|? in the denominator of 7. First, from (1.16), taking into account (1.11), we
obtain

A2n—1 ()\1)\2)2(2n—]\1)—1|u _ U| + ()\1)\3)2(2n—N)—1|U‘ _ ()\2)\3)2(2n_N)_1’U|
T2

~ ulloffu =l A2
2n—1
- \HAH—\ (A" Re (u = v) + X372V Rew - AN P Rew)
A 2N-2n)  \2(N-2n 2(N-2n)  \2(N-2n
= falfa (R (8777 = X7) —Rew (3307720 - 238720))
A2n—l ) ) ) )
— Tallolla ol (AMfu] (A5 = AT) A1 (u,v) = Xo|v] (A5 — A3) Az(u,v)),
where
)\2(N—2n) . )\2(N—2n) )\2(N—2n) _ )\Q(N—2n)
A == ; d A — 13 2 . (124
) AN and Azl v) N3 02

Finally, we can rewrite 19 as
A2n71
~ JuPfoPu —of?

where A(u,v) := |ul|v]Ju — v (A (A3 =A%) [ul Ay (u,v) — A2 (A3 — A3) [v]Aa(u,v)) .
By (1.23) and the formulas for the sum of sines and the sine of a double angle,

Ty - A(u,v), (1.25)

A2 — \? = (sinag +sinay)(sinag — sinay)
. a3+ a3 — Qg . a3 — a1 Qs+ o
= 2sin cos - 2sin cos
2 2 2 2

= sin(a3 + aq) sin(az — aq).

Analogously, A3 — A2 = sin(as3 + az) sin(az — az). Thus

Au,v) = |ul?|v||u — v|sin(asz + a1) sin(az — o) A1 A1 (u, v)

. . 1.26
—|ul|v|?|u — v| sin(az + az) sin(ag — az) A2 Aa(u, v). (1.26)

22



u u
a3 —Q
v aq 3
O a1
(85)
ul v
Qa2
m ] 0 ]
0 Rewv Reu 0 Re u Rewv
l.a 1.b
v
v
as <93
(65) U Q9 -
al/
1 U
a
[ N []
0 Re v Reu 0 Reu Rew
l.c 1.d

Figure 1.2: Triangles in the case 1 (the proof of Lemma 1.6).

Now let us see how one can calculate the angles /(u,0,v), Z(0,u,v) and Z(0,v,u)
of the triangle (0, u,v), using the angles a;, j = 1,2,3. Recall that the triangles (0,u,v)
belong to the half plane Re z > 0. Thus only two cases are possible:

1. The vertexes u and v both lie in the same (first or forth) quarter of the plane.

2. The vertexes v and v lie in different quarters of the plane.

One can check that four options are realizable in the case 1 (see the examples in Figure
1.2; several other situations are possible but they produce the same cases):

la. Z(u,0,v) = o1 —a2, Z(0,u,v) = —(a1 — a3), £(0,v,u) = 7+ (a2 — a3);

1b. Z(u,0,v) = —(c1 — ), Z(0,u,v) = a3 —az , Z(0,v,u) =7 — (ag — a3);

le. Z(u,0,v) = a1 —ag, Z(0,u,v) =7 — (a1 + a3), £(0,v,u) = @2+ a3 ;

1d. Z(u,0,v) = —(a1 — ag), £(0,u,v) = 7+ (a1 + a3), £(0,v,u) = — (a2 + a3).

In the case 2 (see Figure 1.3) one always has

Z(u,0,v) =1 — (a1 + a2), Z(0,u,v) =a; —asz, Z(0,v,u) =a+ as.
Consequently, taking into account the formulas
S(0,u,v) = Lul|v] sin £(u,0,v) = F|ullu — v]sin £(0,u,v) = F|v||u — v|sin £(0,v,u),

we conclude from (1.26) that,
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Figure 1.3: Triangles in the case 2 (the proof of Lemma 1.6).
e in the cases 1.a and 1.b:
A(u,v) = fullo]sin((as — a)fulu — v]sin(H(an — a0)) TSNy 4, (4 0)
= — o)) |ullu —v]sin(+(; — a3)) ————=
u,v ul|v|sin(x(o 1 1 3 sin(ar — o) 1A41(u,
. . sin(as + «
— |ul|v] sin(£ (a2 — a1))|v||u — v|sin(r £+ (a3 — ag))M)\gAz(ujv)
— 45(0, u, v)? sin(asg + oq)/\lAl(i{, v) — sin(ag + a2) A\ Az (u, v);
sin(ag — ag)
e in the cases 1.c and 1.d:
A(u,v) = [uljo] sin((cn — az))|ullu —v] sin(r F (a1 + ag))M)qu(u, v)
. . sin(ag — «
— Jul|v] sin(£(c1 — a2))|v||u — v] sin(F(az + ag))MAQAQ(u, v)

sin(a; — az)
g sin(ag — a1) A1 A1 (u,v) — sin(az — az) A2 Az (u, v)

9

= 45(0,u,v) sin(a1 — ag)
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e in the case 2:

sin(asg + o )\1A1(u v)

Alu,v) = —ullo] sin(a + az)|ullu — v sin(as - a3>w
)

)\QAQ(’LL U)

(

(
. . sin(asg — «
— |ullv] sin(aq 4+ ag2)|v||u — v|sin(ag + ag) E 3 2

sin(ay + a2)
o sin(as + a1) A\ A1 (u,v) + sin(as — az) A2 Az (u, v)

= —45(0,u,v) sin(a + a2)

Note that the substitutions a; — —ai, ag — —ag (A1 = —A1, A2 — —A2) in the
expression for A(u,v) for the case 1.a and 1.b give A(u, v) in the cases 1.c and 1.d. Moreover,
the substitution ag — —ag (Aa — —A2) in A(u,v) for the case 1.a and 1.b gives —A(u,v)
in the case 2. In what follows, this allows us to consider only one expression for A(u,v),
say, the one corresponding to 1.a and 1.b, instead of the three. This reduction will not
affect the final result. By this reason, let

V(u,v)
sin(a; — ag)’

A(u,v) = 45(0,u,v)? -

where
V(u,v) := sin(ag + a1) A1 A1 (u,v) — sin(as + a2) A Az (u, v). (1.27)

From this and (1.25) by the formula (0.10), connecting the curvature ¢(0, u, v) and the area
S(0,u,v), we get

45(0,u,v)? A2n-1 V(u,v)
2200 — 12 e _
|ul?|v)?|u — v sin(a; — ag)

V(u,v)

2= sin(a; — ag)’

ic(O,u,v)2 CAPL
Note that ic((), u,v)% = pi, (0,u,v) by (0.15). Consequently, the inequality (1.17) and the
fact that |A] < 1 yield

Al V@)l e V()]

72| = nA2(n_1)pn : : < — -
n |[sin(ag — as)] n |sin(a; — a9)|

1

(1.28)

Now we want to show that |V (u,v)| < const - |sin(a; — ag)|. If we rewrite A;(u,v) and
Az (u,v), defined in (1.24), using the formula

m—1

m _ pm
a—b Zamlvb” m e NT,

for m := N —2n > 1, then (1.27) takes the form

m—1
V(u,v) = Z /\g(m—l—v) (sin(os + a1) - A2 — sin(ag + ag) - A
v=0

Now we substitute A\; = sinca;, j = 1,2, by (1.23) and apply the well-known formula

1 < 20+ 1

(sin 0)%*+! = o Z(—nv—’f( ”]j ) sin(2v + 1 — 2k)4.
k=0

This leads to the following representation:

v

m—1-—v) v— 20+1
Z )\2( 1- 22’0 Z(_l) k( i >Bv,k(a17062,0(3), (129)

k=0
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where

By (o, a2, a3)
:=sin(ag 4+ a1)sin(2v + 1 — 2k)ay — sin(ag + ag) sin(2v + 1 — 2k)ag

By the formulas for the product of sines and the difference of cosines we obtain

By k(a1, a2, a3)
(v—k+1)aq)

—cos(as —2(v — k)ag) + cos(as + 2(v — k + 1)ag))

=sin(ag — (v — k) (a1 + a2)) sin((v — k)(aq — a2
+sin(ag + (v —k+ 1)(aq + ag2)) sin((v — k +

=2 (cos(az — 2(v — k)a) — cos(az + 2

)
1)(0&1 — OQ)).
Since |sinrz| < r|sinz|, r > 0, it follows that

]Buk(al, a9, 043)’ < (21) — 2k + 1)‘ sin(a1 — 042)’.

This and the obvious estimate of |V (u,v)| from (1.29) yield

1 w— (2041
. <“+ >(2v—2k+1).
k=0

One can check by successive use of the formulas (4.2.1.6), (4.2.2.13) and (4.2.3.19) from

[PBM, §4.2| that
4m? — 1 <2m — 2>
o(m) = ———— :
m

m—1
[V (u, )]

| sin(ag — al) s 22v

3.4m-1\m—1

Moreover, it can by easily proved by induction that

o(m) < m®?, m € N.
Since m = N —2n > 1, (1.28) yields
N —2n)3/2
|7—2| Pn,N * Prp> Pn,N = Q = (% - 2) VN —2n, N > 2n. (130)

n

Now we come back to the representation (1.9) from Lemma 1.1 and estimation of its
terms. By (1.14), (1.17) and (1.30), we deduce for ¢ > 0 that

PK, > (% A2(N_n) + (7—1 - Pn,N) t+ t2> *Prn, = 9(517527£3) *Prns (131)

where §; = )\i(N_n) € [0,1] as in the proof of the previous lemma, and

9(61,62.6) =N H&&G + (G + &+ & — pan) t+H 12 (1.32)

The function g is non-decreasing for ¢ > 0 with respect to each & € [0,1] , hence for
t > pn.n > 0 we obtain the inequality

9(517§Z7§3> P g(0,0,0) = t(t - pn,N) > 0.

For t < 0 we have
PK, > (% A2(N_n) + (’7'1 + pmN) t+ t2) *Prp = G(élag%g?)) * Pkns (133)
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where the function

G(61,62,8) =N &+ (G + &+ &+ pan) t+17 (1.34)

is non-increasing for ¢ < —% with respect to each §; € [0, 1] and therefore
G(€1,60,63) > G(1,1,1) = X+ (34 p ) t + 2.

The roots of the latter quadratic polynomial are

_% <3+pn,N + \/(3+pn,N)2 - 41:{) )

so it has only positive values if ¢t < —1 <3 + pn,N + \/(3 + pnN)? — 417\1[) < —%. [

Note that Lemmas 1.5 and 1.6 give Theorem 1.1 by continuity. For the proof of Theo-
rem 1.2, additionally to Theorem 1.1, we will also need lower estimates of pg, for ¢, which
are the end points of the intervals excluded in (1.5) and (1.6) from the real line. In order
to obtain these estimates, we first introduce additional notation.

Given two distinct points z, w € C, we denote by L, ,, the line passing through 2z and w.
Given three pairwise distinct points z1, 22, z3 € C, we denote by Z(z1, 22, z3) the smallest
angle formed by the lines L, ., and L, .,. This angle belongs to [0;7/2]. If L and L'
are lines, then Z(L, L’) is the smallest angle between them. This angle belongs to [0;7/2],
too. Also, Oy (L) := Z(L,V) and 0y (L) := Z(L,H), where V and H are the vertical and
horizontal lines, correspondingly. Furthermore, for a fixed constant 7 > 1, we set

|2i — 2]

|zi — 2]

0, = {(zl, 29,23) : < 7 for pairwise distinct 4, 7,k € {1, 2, 3}} , (1.35)

so that all the triangles with vertexes z1, zo and z3 in O, have comparable sides.
Given ag € (0,7/2) and (21, 22, 23), in what follows we will use the conditions

QV(LZhZz) + GV(L227Z3) + GV(Lzl,Zs) Z Qg (1'36)
and

GH(LZhZQ) + QH(L227Z3) + HH(LZLZB) Z Q. (1'37)
Note that (1.36) and (1.37) can be correspondingly replaced by the conditions

GH(LZLZQ) + QH(LZLZZ&) + HH(LZLZS) < %ﬂ- — Qo

and
QV(LZLZQ) + QV(LZ2723) + QV(LZLZ:s) < %ﬂ- - Q.

To obtain the desired result, we first prove several geometrical lemmas.

Lemma 1.7. Fiz ag € (0,7/2). Given (0,u,v) € O, if the condition (1.36) is satisfied,
then

2(N—n)

71(0,u,v) = A 2(N—n) 2(N—n)

Proof. Clearly,
A =sin?0y(Loy), N =sin?0y(Loy), N2 =sin®0y(Lyy).

Moreover, from (1.36) it follows that at least one of the angles 6y (Lo,), Ov(Lo.v), v (Lu,v)

is not less than ag/3. Thus 71 > (sin %)Z(N—n)_ .
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Figure 1.4: Triangles in the case 2 (the proof of Lemma 1.8).

Lemma 1.8. Fiz oy € (0,7/2). Given (0,u,v) € O, if the condition (1.37) is satisfied,
then

Y(0,u,v) = 2+ (M Aghg) 2V =) — (AZN=m) L \ZI=m) ANy S G (ag, ) > 0.
Proof. First we note that
T(0,u,v) =2+ XNNA2 - (A + 02+ 22)

as the function 2+ £1£283 — (§1 + & + &3) is non-increasing with respect to each &; € [0,1],
j=1,2,3, and )\JZ > /\?(N_n) for N >n > 1.
In addition, we have

)\% =1 — sin? Or(Low), )\% =1 — sin? O (Low)s )\g =1 — sin? O (Luw),
and hence

Y(0,u,v) > sin? Or(Low) sin? Or(Low) + sin? O (Lou) sin? O (L)
+sin? 07 (Lo ) sin® 0 (Lo ) — sin® 0 (Lo ) sin? 07 (Lo o) sin? 07 (Lo, o)

P % (sin2 O (Low) sin® O (Low) + sin® O (Low) sin® Or(Lyw)

+ Sin2 OH(LO,'U) Sin2 QH(Lu,v)) .

Consider a triangle (0,u,v) € O, such that (1.37) is satisfied. Fix some ¢ € (0; o /3). Two
cases are possible:

1. amongst 8¢ (Lo.u), Or(Low), 0 (Ly,w), there exists a pair of angles, each being greater

than € and then it is easily seen that T(0,u,v) > 2 sine;

2. amongst those, there exists no pair of angles, each being greater than e.

Let us consider the second case in detail (see Figure 1.4). It is clear that at least two
angles amongst 05 (Lo ), Om(Lov), O (Lyv) are less than e then. In other words, two sides
of the triangle cut the horizontal line at angles less than . We call these sides A and B.

Furthermore, let the angle v between A and B be acute; then obviously it is smaller
than 2e¢. Then the acute angle between the third side C' and the horizontal line is greater
than ag — 2¢ and the acute angle between A and C' is greater than ag — 3e. Consequently,
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the obtuse angle between A and C' is smaller than m — (ap — 3¢). Thus we have for the
angle (3 of the triangle:
ap—3e < B <7m— (v — 3e).

Therefore by the law of sines, the inequalities (2/7) 2 < sinz < x for € [0,7/2], and
(1.35), we get

length(C')  sinvy sin 2e e Qg
= &> = :
e > ego(ao, 7) P

1
o X - <
72 7 length(B) sinf < sin(ap —3e) ~ ap— 3¢

Now let the angle v between A and B be not acute (it is greater than 7w — 2¢). Then
for one of acute angles of the triangle, say 5, we have

B<e—(ag—2e) =3 —ap <0, e € (0;a0/3),

which is impossible.
It follows from the aforesaid that there is a contradiction for € = eg (v, 7) in the second
case and thus Y(0,u,v) > %sin4 eo(ag, 7). m

We will also need the following result.

Lemma 1.9 (Lemma 2.3 in [CMPT1]). Fiz o € (0,7/2). Given ky, of the form (0.16)
and (z1, 22, z3) € O, if the condition (1.36) is satisfied, then

DPron (21, 22, 23) = Cs(ag, 7) - c(21, 22, 23)°
for some Cs(ap, T) > 0.

Now we are able to obtain necessary lower pointwise estimates for pg, if ¢t are the
end points of the intervals excluded in (1.5) and (1.6) from the real line. Recall that

PN = (% —2)y/N —2n.
Lemma 1.10. Fiz ag € (0,7/2). Given Ky of the form (1.1) and (z1, 22, 23) € O,
() if (1.36) is satisfied and t = 2 — % forn <N <2n ort=py,nN for N=2n, or
(i) if (1.36) and (1.37) are satisfied and t = —3 (3+ /9 —4]:) form < N < 2n or

t=-1 <3+pn,N + \/(3 + pn,N)? — 45) Jor N = 2n,

then
pK, (21,22, 23) = O, 7) - ¢(21, 22, 23)*

for some C(ag,7) > 0.

Proof. It is enough to prove it for triples (0,u,v). What is more, the statement for ¢ = 0
in (i), i.e. when N = 2n, is just Lemma 1.9 and therefore we may exclude it. We also recall

the notation §; := AJQ.(N_") €1[0,1], 5 =1,2,3.
Now let t =2 — & and n < N < 2n. Then for the function given in (1.20) we have

f(6,6,86) = 466+ 2- NG+ &+8) > 2-D)n,

where 7 is as in (1.15). If t = p,, y and N > 2n, then from (1.32) it follows that

9(61,62,8) = & G168+ pun (G + &+ &) = T
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Thus from the inequalities (1.19) for n < N < 2n and (1.31) for N > 2n, both being
valid for ¢ > 0, and Lemmas 1.7 and 1.9 (with the assumption (1.36)) we get

PK, (07 u, U) = %71(07 u, U) " Pry, (07 u, U) > % Cl (CMO) 03(0607 T) ' C(O7 u, 'U)Q,

which is the required result in the case (i).

Now consider (ii). Set t = —1 <3 +4/9— 4]7\L[> and n < N < 2n. Then, by (1.22),

F(61,62.6) = V(61626 — 1) + 43— (& + &+ &) (39— 45).

Since —% (3—|— 79— 4]7\[) < —%,

F(&,6,6) > Y2 +468 - (G +L+ &) = Y.

The function (1.34) for

t=ty:=—3 <3 + pn,N + \/(3 + pn,N)? — 45)
and N > 2n after some simplifications takes the form

G(61,8,8) = N(&&& — 1) + (G + & + & — 3)to,

and hence G(&1,82,83) > %T since tg < —% for N > 2n.

Thus for the last two values of ¢, by the inequalities (1.21) for n < N < 2n and (1.33)
for N > 2n, both being valid for ¢ < —£, and Lemma 1.9 (with the assumption (1.36)),
we get

pi, (0,u,v) > % Y(0,u,v) - pg, (0,u,v) > % (0, u,v) C3(ag,7) - c(0,u,v)?.
If (1.37) is also satisfied, then by Lemma 1.8 we obtain the desired inequality
P, (0,u,0) = & Co(a, 7) C3(a0, 7) - (0, u, v)?,

and we are done. [

1.4 Examples

In this section we present triples (0, u,v) such that the permutations pg, (0, u,v) change
sign for ¢ mentioned in (1.7), namely, t € (—N/n,0) for all n and N and ¢ € (O 2 N) for

' e3/2 n
N > n. We use the notations of Lemma 1.1 below. Note that by this lemma, pg, can be
calculated via py,, for m, equal to n and N, and ¢, y. To obtain p,,, we substitute (0.16)
into (1.8); ¢n, N is calculated by (1.10).
We first show that pg, (0, u,v) is positive for any ¢ if u = a + ¢ and v = a — i, where
a € R\ {0} is suitably chosen. By (1.8) and taking into account that K;(u) = K;(v) and
Ki(u—v) =0,

2N-1 L a2n—1 \? B qin—2 q2(N—n) L 2
Pry = (1+ a2V ’ 1+ad)")  (1+a2)2 \ (1+a2)N-n )
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which is positive for any real t if a is chosen so that the expression in the latter brackets
does not vanish.

Now the aim is to show that for any fixed ¢ from (1.7) there exist triples (0, u,v) such
that pg,(0,u,v) is negative. To do so, we find families of (0, u,v) such that the quadratic

polynomial

PK, _ Pryn + Mt + t2, P, >0,

Pk, Pky, Pry,
(with respect to t) has two different roots t; and t3, depending on w and v, and thus pg,
(of the form (1.9)) is negative for ¢ € (¢1;t2). In addition, we prove that the union of the

intervals (t1;?2) when (0, u, v) runs the whole above-mentioned family is either the interval
(=N/n;0) or <0; 63%%), indicated in (1.7).

Let us consider the case ¢t < 0.

Example 1.1. Set u = —a + i, v = a + ¢, where a € R\ {0}. Then

a2(2m—1) q2m—2 q2m—2 q2m—2 ((a2 + 1)m _ a2m)

Prm = (1 12m 2@y )m | 2(a@ 4 1) (@ 1 1)2m !

where m equals n or NV, and

a2N_1 a2n—1 1
N T T @y <<a2 +1m 2)

a2N—1 a2n—1 1 1 a2n—1 a2n—1
T@r oy <_(a2 T 2a) 2 (_(a2+ nn o (a2 + 1)n)
a?2 ((a® + 1)V + (a® + 1)"a®N =) — 242N)
- (a? + 1)N+n '

From this by (1.9) we deduce that

Pk, d1(a)d2(a) dl(a) + dQ(a) 9 .
Pk, B d3(a)2 + dg(a) t+t, # 0, (138)

where

a2N q2(N—n) a2N )

(a?+1)N> , da(a) == (a® +1)" <(a2 TN @+

dy(a) := (a® +1)" <1 -

and dz(a) := (a® + 1)" — a®. The polynomial (1.38) has two different negative roots
ti(a) = —di(a)/ds(a) and ta(a) = —dz(a)/ds(a), where dy(a) > da2(a) > 0 and dz(a) > 0.
It is easy to check that the roots t1(a) and t2(a) run the intervals (—N/n; —1) and (—1;0),
correspondingly, when a runs (0; co). Furthermore, we see by continuity that

U (@) tz(a)) = (=N/n30).

a€(0; 00)
This means that pg, is negative for any ¢ in (—N/n;0) for a suitably chosen.

As we have already mentioned above, this example shows that (1.6) is sharp for N =
2n in the sense of Remark 1.1. In addition, the left hand side of (1.6) is also sharp for
N =2n+1.

Now we give the example for ¢ > 0.
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Example 1.2. Let n be fixed. Consider the triples (0, u,v) such that

Ing

u=—r(l+on(@)i), v=r=7+n@i),  In(g) =17 (1.39)

where r > 0 and ¢ > e. We can also calculate py,, and ¢, y for these (0, u,v) using (0.16),
(1.8) and (1.10). However, the expression of pg, /psx,, obtained is too big and therefore we do
not place it here. Instead, we give the following identity (the permutations are calculated
for (0,u,v) as in (1.39)):

P(t) := lim ];i = en(q) + b (9}t + 12,
where
enld) = N (2N - 1)&3 () +1
M= 1+ 0% ()2 (20— 162, (g) + 1
and
baq) = _(2(N =n)* + N —4nN +n) 63 (q) — (n + N)
N n(1+ 0% @) "(@2n—)Z(@+1)
Note that
2lng+ 1)N 21 —1)N
enl(g) ~ % b (q) ~ _@ng=DN
qan qn

The quadratic polynomial P (with respect to t) has two different positive roots t1(IV, q)
and to(N,q) if N is large enough (as the discriminant is positive). Additionally, one can
check that

2Ing+1 (2lng—1)N

t1(N,q) ~t = ———— t(N,q) ~t(N,q) i ="——""" N .
1(NV, q) ~ t1(q) J2img—1) 2(NV, q) ~ t2(N, q) - : — 00

Taking into account the properties

- 2lng—1 2
t -0 — d = )
1(q) as ¢ — 00 an qén[e?%(o) . 32

we deduce by continuity that

U (a0 o)) = <03/]§> |

q€|e; 00)

Thus, pk,(0,u,v) with v and v as in (1.39) are negative for any t in (0; 32/2 %), if N

€
(with respect to n) and r are large enough and ¢ is suitably chosen.

1.5 Proof of Theorems 1.1 and 1.2

Recall that Lemmas 1.5 and 1.6 state that if K, is of the form (1.1) and

teR\[—;<3+\/9—4Z>,2—’X], n<N<2n,

teR\ [% <3+ﬂn,N+\/(3+pn,N)24]r\Z> ,Pn,N] ; N 2 2n,
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where p, v = (% — 2) VN — 2n, then
K, = C(t) - Dy, C(t) > 0.

These lemmas immediately give Theorem 1.1 by continuity if we take into account the
fact that p., (21, 22, 22) = 0 for all (21, 22, 23) € C? (see (0.17)).

What is said from now on is related to Theorem 1.2.

First of all we note that the latter statement of Theorem 1.2, i.e. the one asserting that
if the operator Tk, is L?(H!| E)-bounded, then E is rectifiable, is a corollary of the fact
that the L?(H!|E)-boundedness of Tk, implies that pg,(H'|E) < oo. This follows from
the generalised Melnikov-Verdera identity (0.13) for the kernels K; and permutations pg,.

Now we come to the proof of the former statement in Theorem 1.2.

The proof for ¢, mentioned in Lemmas 1.5 and 1.6 (see also the beginning of the
current section), is direct via Theorem D, which states that if p,, (H'|E) < oo, then E is
rectifiable. Indeed, if pg,(H!|F) < oo for such ¢, then p,, (H'|E) < oo by the inequality
pr, = C(t) - pw,, C(t) > 0, and thus the set E is rectifiable.

What is left is to prove the former statement in Theorem 1.2 for

t:—§<3+1/9—4f{>, t=2-24, n <N < 2n,
t=—3 <3+Pn,N+\/(3+Pn,N)2_4JX>’ t = pn.N, N = 2n.

It requires some additional work and therefore for the reader’s convenience we first make
several observations, which could help to clarify the forthcoming proof.

We start with a very brief exposition of the proof of Theorem B given in [Leg| (note
that one can find a modified version of the proof from [Leg| in [Tol5, Chapter 7| and follow
that instead). Recall that Theorem B states that for a 1-set E, if ¢*(H!|E) < oo, then
FE is rectifiable. We emphasize again that it is essential in the proof that the curvature is
non-negative.

The first step is to show that there exists a compact subset F' of the given set E such
that, among other things, c2(H!|F) is well-controlled and can be made very small (this is
done in [Leg| by a quite standard uniformization procedure). Then the second and most
important step follows: to prove that if p is a measure satisfying a few special conditions
(see Proposition 1.2), then there exists a Lipschitz graph I" such that u(I') > C - u(C),
where C is an absolute constant.

The problem is to choose an adequate coordinate system of C and construct a Lipschitz
function A whose graph will be the one needed. For this purpose, the author of [Leg]| first
defines some functions used to measure how well the spt i is approximated by straight lines
at a given location and a given scale. It is shown that these functions are related to the c(u)
in the case when the measure u does not degenerate too much. These preliminary results
are then used to construct the function A by stopping time arguments, which demand fine
adjustments to many parameters and thresholds. Starting with choosing a point ¢ € spt u
and fixing an approximating line Dy (which will be the domain of the function A) such
that the mean distance from spt u to the line Dy is suitably small, the author of |[Leg]
comes to cutting spt v in four disjoint pieces Z, Fi, F5 and F3 such that

sptpu=2UF UFyU F3.

It is shown that Z is very nice for constructing the graph but the three others admit “bad
events”. Then the goal is to prove that these bad pieces carry only a small part of the
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measure 4, namely, p(F;) < 10754(C) for each j and thus pu(Z) > {5 4(C). This allows to
construct the required Lipschitz function A : Dy — DS‘ such that the set Z is contained
in the graph of A.

Coming back to the initial settings, if u = H!|F, where F is the above-mentioned
subset of E, then there exists a Lipschitz graph I' such that H(T'N F) > C - H'(F). This
fact is used in the last step of the proof from [Leg], which is as follows. Since H!(E) < oo
by the assumptions, the set F can be decomposed into a rectifiable and purely unrectifiable
part, i.e. E = Eiect + Funrect- Suppose that

HY (Bunrect) > 0. (1.40)

Then there exists a compact set F' C Eynrect and Lipschitz graph I' such that HI(I‘ NF)>
C - H'(F) that contradicts the fact that F is purely unrectifiable.

Let us now say a few words about the proof of Theorem D given in [CMPT1|. Recall
that this theorem is an analogue of Theorem B, where the kernel 1/z and curvature squared
2(H'|E) are replaced by the kernels k,(2) = (Re 2)?"71/|2|?", n € N, and corresponding
permutations p,,. We will use the definitions given near the formula (1.35) and in the
discussion of Theorem B above. First we mention that it is proved in [CMPT1| that the
permutations p,, (21, 22, 23) behave similarly to ¢?(z1, 20, 23) for all triangles with compa-
rable sides, whose one side makes a big angle with the vertical line. More precisely (see
Lemma 1.9), it is shown there that for a fixed ap € (0,7/2) and given (z1, 22, 23) € O, if
the condition (1.36), i.e.

GV(LZLZz) + GV(L22,23) + OV(LZth) = o,

or
GH(LZLZQ) + HH(LZQ,ZB) + 01 (L2 25) < %W — Qo,

is satisfied, then
Dr, (21, 22, 23) = C(ag, T) - c(z1,22,23)2, C(ag,7) > 0.

This enables the authors of [CMPT1]| to use the above-described scheme from |Leg| in
order to construct the required Lipschitz graph I' in the case when the first approximating
line Dg for spt u is far from the vertical line. Note that exchanging the curvature for the
permutations py,, still requires new arguments in several key points of the proof. Otherwise,
when Dy is close to the vertical line and the scheme from [Leg| does not work (as u(F3)
may be too big), they tune thresholds and apply some coverings so that they can use
the result for Dy, being far from the vertical line, to construct countably many Lipschitz
graphs, which give I' after appropriate joining.

We are now at the position to finish the proof of our Theorem 1.2. This will be an
adaptation of the arguments from [CMPT1].

On the one hand, by the clause (i) of Lemma 1.10, for a fixed oy € (0,7/2) and
given (z1,29,23) € O, if the condition (1.36), i.e. the same as in the result for t = 0
from [CMPT1| mentioned above, is satisfied and ¢ = 2 — % forn < N <2nort=p,n
for N > 2n, then we also have

prc, (21, 20, 23) = Clag, T) - c(21, 29, 23)?, C(a, ) > 0. (1.41)

It means that we can undeviatingly follow the scheme from [CMPT1]| (exchanging p,, for
Pk, ) in order to get our result for ¢t =2 — %, n<N <2n,and t = p,nN, N = 2n.
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On the other hand, by the clause (i) of Lemma 1.10, the inequality (1.41) is true for

t=—2(3+ 9—4N>, n< N <2n,

(1.42)
tz—% 3+pn,N+\/(3+pn7N)2—4]T\[>, N > 2n,

only if both the conditions (1.36) and (1.37) are satisfied, i.e.
(&%) < QV(Lzl,Zz) + HV(LZQ,Z;:,) + GV(Lzl,zg) < %ﬂ_ — Qp,

or
ap < QH(LZLZQ) + GH(L22723) + GH(L21723) < %7‘- — o,

and thus the triangles (21, 22, z3) are far from both the vertical and horizontal line.

Consequently, the scheme from [CMPT1| cannot be applied directly for ¢ from (1.42).
However, as we will see, it works after a few modifications (besides the exchange of p,,
for pk,) connected basically with adapting geometrical arguments to both the conditions
(1.36) and (1.37). Since the cases where we are close to either the vertical or horizontal
line are well-separated and similar geometrically, the arguments for the first approximating
line Dy, being close (far) to (from) the vertical line, can be easily transferred into the ones
for Dy, being close (far) to (from) the horizontal line.

We now reproduce the main steps of the proof, stemming from [CMPT1], with necessary
changes when our permutations and the conditions (1.36) and (1.37) are involved. Several
statements are formulated without proofs because they are the same as in [CMPT1]| (or
[Leg]) modulus the permutations involved.

Below we consider only ¢ from (1.42). The following two propositions will then imply
Theorem 1.2 by the same contradiction arguments as in the proof from |[Leg| (see the
arguments around (1.40) above). Note that one has to take u = 40! | F in Proposition 1.2,
where the set F is from Proposition 1.1 (it may be suitably rescaled if necessary).

Proposition 1.1 (An analogue of Lemma 3.4 in [CMPT1| and Proposition 1.1 in [Leg]).
Let E be a 1-set and px,(H'|E) < co. Then for all n > 0 there is a set F C E such that

e F' is compact,
e pi,(H'F) < ndiam F,
e H(F) > ;5 diam F,
e forallz € F, for allr >0, HY(F N B(z,7)) < 3r.
Proposition 1.2. For any Cy > 10, there is n > 0 such that if a measure pu satisfies
e 1(B(0,1)) > 1, u(C\ B(0,2)) =0,
e for any ball B, u(B) < Cydiam B,
* pr, (1) <7,
then there exists a Lipschitz graph T such that u(T) > 1072u(C).
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The rest of the section is devoted to the proof of Proposition 1.2 which is an analogue
of [CMPT1, Proposition 3.1|. First, we give several definitions that will be needed below,
see [CMPT1, Leg| for further ones. Given a measure i, set

)= [ [ pra o za)dn(en)duea (),

see (0.6), (1.2) and (1.35). For a ball B = B(x,r) set

p(B(z, 1)

dulz,r) = .

We will use a small density threshold § > 0 for this quantity.
Given a fixed k > 1, for any ball B = B(z,r) C C and D a line in C, set

1 dist (y, D
/BlD,u(xar) = / (y ) du(y)a
B(z,kr)

r T

i (2, (262 )

Geometrical notation connected with lines and angles is given near the formula (1.35)
at the end of Section 1.3.

1/2

Lemma 1.11. Let p be a measure with Cy-linear growth and B(x,r) C C a ball with
du(x,7) > 0. Suppose that T is big enough, then for any € > 0, there exists some 6 =
01(d,€) > 0 such that

P, (1| kB)
pu(B)
Proof. The proof is the same as for Lemma 4.4 in [CMPT1]. We just have to use our

Lemma 1.10 instead of Lemma 2.3 there for the case when both the conditions (1.37) and
(1.36) are satisfied, and say that in the case

<o = ifpy(ar) <e.

GH(Lzl,zz) + aH(Lzhw) + GH(LZQ,M) < g

we obtain the same estimate for dist(w, L., ,,) as in the case

HV(LZ:[,ZQ) + HV(Lzl,w) + GV(Lzz,w) < .

By Lemma 1.11, chosen a point zg € spt u, there exists an approximating line Dg such
that ,6’5 ﬁ(mo, 1) < e. The next step is to construct a first Lipschitz graph in the case when
Dy is far from both the horizontal and vertical lines.

To do so, one first has to introduce a family of stopping time regions and obtain the
partition spt u = Z U F} U F5 U F3 (see the exposition of the proof from |Leg| above). As
this entirely repeats the corresponding part of [CMPT1, Section 5| (cf. [Leg, Subsection
3.1]), we omit it. We just have to mention that the thresholds 6y and «, arising there, have
to be adapted to that Dy is far from both the horizontal and vertical line. Namely, 6 is
now a threshold for both 8y (Dg) and 0 (Dy). It means that one has to distinguish not
only the cases Hv(Do) > 6y and ev(Do) < By but also QH(D[)) > 0y and QH(D()) < b.
Moreover, « is tuned as follows: if 6y (Dy) or O (Dy) are greater than 6y, then o < 6/10;
if 0y (Dy) or O (Do) are not greater than 6y, then a = 106y.
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Furthermore, see [Leg, CMPT1] for the way how one can define the Lipschitz function
A on the line Dy, using Z, Fy, Fy, F3, and appropriate thresholds.

Now we come to the main step of the proof of Proposition 1.2. The following lemma is
an analogue of Lemma 6.1 from [CMPT1].

Lemma 1.12. Under the assumptions of Proposition 1.2, if furthermore
00 < Qv(Do) < g — 90,
then there exists a Lipschitz graph T such that u(I') > S5 u(C).

For the proof one uses the above-mentioned function A to obtain the graph I', Z C T,
and show that

p(F) + p(Fy) + p(F3) < 1g51(C).

Indeed, the following lemmas are valid (recall that x(C) > 1 by the assumptions).

Lemma 1.13. Under the assumptions of Proposition 1.2,
p(F) < 1076,

Proof. This is an analogue of [CMPT1, Proposition 6.3], whose proof includes consider-
ation of the two cases: 1) 0y (Dg) > 6y and 2) Oy (Do) < 6y (see the proof of [CMPTI,
Lemma 6.4]).

Under our settings, we have to consider three cases. Namely, the case 1) has to be
exchanged for 6y < 0y (Dg) < § — g, although the proof remains the same. The case 2)
splits up into the following two: 6y (Do) < 6p and 6y (Do) > § — 6o (i.e. 0y (Do) < o).
Arguments in the latter case are the same as in the former one. ]

Lemma 1.14 (An analogue of Proposition 6.2 in [CMPT1]). Under the assumptions of
Proposition 1.2,
1(Fy) <1076,

Lemma 1.15. Under the assumptions of Lemma 1.12,
p(Fs) < 1076,

Proof. The proof stems from the one of [CMPT1, Proposition 6.5], but with exchange of
0y (Do) > g for Oy < Oy (Do) < 5 — 6y as in Lemma 1.12. ]

Thus Proposition 1.2 is proved under the assumptions of Lemma 1.12. What is left is
to consider the other case.

Lemma 1.16. Under the assumptions of Proposition 1.2, if furthermore
ev(Do) < 90 or Hv(D(]) > g — 90 (i.e. QH(D()) < (90),
then there exists a Lipschitz graph T such that p(T') = 10~°u(C).

Proof. To prove this, we repeat arguments from the proof of [CMPT1, Lemma 7.1|, given
for 6y (Do) < 6o, for the case 0 (Dp) < bp. ]
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1.6 Additional remarks

In this section we generalise Theorem 1.2 to higher dimensions. Let us introduce necessary
notation first. For d € N* and E C R? with finite length we consider a SIO Ty, = (T}JQ)?zl
such that formally

Ty, f(z) = /Ef(y)Kf(x —y)dH(y),  K](2) = my(e) +t sl (@),

where 1} (z) := m?"71/|m|2” and z = (21,...,24) € R?\ {0}. As before, we suppose that

N > n, where n, N € NT, and t € R. We also need the permutations

d
Pk, (z,y,2) = ZPK{ (z,y,2) for distinct points z, vy, z € R?,
j=1

where Pp.;(z,y,2) are the same as in (0.5) with K instead of K. We also define P, (1)
t
analogously to (0.6).

Theorem 1.3. Let t be as mentioned in Theorem 1.1. Given a Borel set E C R? such that
0 <HYE) < o0, if Pk, (H'|E) < oo, then E is rectifiable. Moreover, if the operator T,
is L2(H'| E)-bounded, then E is rectifiable.

This result for ¢ = 0 was recently proved in [CP, Theorem 1.2(1) and Theorem 6.2].
To prove Theorem 1.3 for all required ¢ we only need to use our Lemmas 1.5, 1.6 and 1.10
in order to show that for all 2,9,z € R? such that (z,y,2) € O, and the assumptions of
Lemma 1.10 are satisfied,

PKZ (mvyaz) > C(t7 C((),T) PK(J) (x7y7 Z)? C(t,Od(),T) > 0. (143)

See the definitions of g, 7 and O; before Lemma 1.7. Then by [CP, Proposition 3.3],
adapted to the conditions (1.36) and (1.37), and the arguments similar to those in [CP,
Section 6] and our Section 1.5 we immediately get the result. Note that [CP, Proposition
3.3] slightly simplifies the approach from [CMPT1]| (and improves Lemma 1.9) in the case
t = 0 as the parameter 7 is not needed anymore. In our case this parameter is still necessary
because of the inequality (1.43).

To finish, it is also worth mentioning here that under Ahlfors-David regularity assump-
tion one can expect that for ¢ as in Theorem 1.1 the L?-boundedness of the operator
associated with K implies uniform rectifiability. This is indeed true and will be proved in
Chapter 2.
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Chapter 2

Singular integral operators
unsuitable for the curvature method
whose L2-boundedness still implies
rectifiability

2.1 Introduction

The exposition in this chapter is based on [CMT1]. Below we continue working with the
family of kernels defined in (0.24),

2N—1 2n—1 2n—1
Ki(z) = (R‘T ;)QN +t- (RT;)% L teR,  Ko(z) = <Re’zz|)2n ,
and its subfamily with (n, = (1, 2) defined in (0.21),
d bfamil h N defined
(Re 2)3 Rez Rez
k =—+t-—5, teR koo(2) = —5.
t(z) |Z|4 + ‘Z|2 ) € I, (Z) ‘Z|2

We are going to use the same definitions related to curvature and permutations as given in
Introduction and Chapter 1 so it is recommended to recall them. We however emphasize
that as in Chapter 1 it is more convenient for us to deal with the following simplified
version of the permutations (0.5) introduced in (1.2) in Chapter 1:

P (21,22, 23)
= K(Zl — ZQ)K(Zl — 23) + K(ZQ — Zl)K(ZQ — 2:3) + K(23 — Zl)K(Z3 — 22)
= %PK(217227Z3>7

where K is supposed to be an odd and real-valued kernel. Note that the kernels that we
consider are odd and real-valued.
Take into account that, under the same assumption on K, by (1.3) and (1.4),

pK(:u’hN?aM?)) = %PK(/’L17/1’27N3)7 pK,E(Ml?,“‘QHU’?)) = %PK,E(ND/’LQ?:U’?))

and
pr () = 5P (s 1), pre(p) = 5Pk (1, 1y 1),

where p, p1, po and psg are measures.
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Recall that by a measure we mean a positive locally finite Borel measure on C.
We will need several results proved in Chapter 1. Namely, Theorem 1.1 states that if ¢
belongs to the set

{0} UR\ (—1 <3+,/9—4f§> ,2—5) if n < N < 2n,
Q(n, N) := ? (2.1)
(0} URN (=4 (snr /o ar — 45) s —3) 3N > 20,
where o, 0 == 3+ (£ — 2)/N — 2n, then

pr,(21,22,23) >0 for all (z1,29,23) € C3. (2.2)

Moreover, by Theorem 1.2, if the SIO Tk,, where t € Q(n, N), is L*(H!| E)-bounded, then
FE is rectifiable. From the other side, it follows from Remark 1.1 that there exist triples
(21, 22, z3) such that pg,(z1, 22, z3) change sign if ¢ belongs to the interval

w(n,N) :=(=N/n,0) (2.3)

Obviously, w(n, N) C R\ Q(n, N). Note also that w(n,2n) = (-2,0) = R\ Q(n,2n). For
this reason, a curvature-like method cannot be applied directly for ¢t € w(n, N) (see also
Remark 1.2 and Figure 0.2).

Thus we come to the question of what happens when ¢ € w(n, N), i.e. the permutations
pK, (21, 22, 2z3) change sign and curvature-like methods as in [MMV, Leg, CMPT1, Chu| do
not work. In this chapter a partial answer is given in the case of kernels (0.21). Namely,
we show that for any fixed ¢t € (=2, —+v/2) C w(1,2) the analogues of Theorems A and B
are still valid (a plausible conjecture for the kernels (0.24) with ¢t € w(n, V) is also stated).
To the best of our knowledge, this is the first example of kernels with this property in the
plane. We also establish an analogue of Theorem A for the kernels (0.24) with t € Q(n, N).
The corresponding results are given in the next section.

2.2 Main results

The following two theorems are analogues of Theorems A and B for the kernels (0.21)
with t € (-2, —v/2), whose corresponding permutations change sign and a curvature-like
method cannot be applied directly. We will prove them in Section 2.3 by exploiting sharp
estimates for permutations related to the kernels (0.16) but not to the ones in (0.21). This
will form the perturbation method that we mentioned above. Recall that w(1,2) = (—2,0),
see (2.3).

Theorem 2.1. Let pu be an AD-regular measure and ky a kernel of the form (0.21), where
t € (—2,—v2) C w(1,2). The measure p is uniformly rectifiable if and only if the SIO Ty,
is L%(p)-bounded.

Note that this theorem fails if ¢ = —1 € w(1,2) as follows from Theorem E (take into
account that the purely unrectifiable set there is AD-regular).

Theorem 2.2. Let E be a 1-set and k; a kernel of the form (0.21), where t € (=2, —/2) C
w(1,2). If the SIO Ty, is L?*(H!| E)-bounded, then E is rectifiable.

This theorem supplements the results about SIO Tj,, see Figure 0.2.
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Remark 2.1. As we will see at the end of Section 2.3, it is plausible that analogues
of Theorems 2.1 and 2.2 are valid for the kernels (0.24) with |t| > 1/N/n. Note that
in particular (—=N/n,—+/N/n) C w(n,N), i.e. for ¢t from this interval the corresponding
permutations change sign.

We now formulate a Theorem A type result for the kernels (0.24), where ¢ € Q(n, N)
and thus the corresponding permutations are non-negative (see (2.1) and (2.2)).

Theorem 2.3. Let i be an AD-reqular measure and Ky a kernel of the form (0.24), where
t € Q(n,N). The measure pi is uniformly rectifiable if and only if the SIO Tk, is L?(u)-
bounded.

Since the permutations are non-negative here, we can use a curvature-like method. The
proof that will be given in Section 2.4 is more or less analogous to the one used for the
kernels (0.16) in [CMPT1, Section 8|.

2.3 Proof of Theorems 2.1 and 2.2

Recall that
Rez Re z)3
bl2) = ma(2) = or, k() = ma(s) = otk
2| ||
The following result from [CMPT1| will be necessary below.

Lemma 2.1 (Proof of Proposition 2.1 in [CMPT1|). For any v = (z,y) and v = (a,b) in
the complex plane,

" m\ (az(z — a))2mk)
p,{m(O,u,v):Z( > (az( ) hy(u,v), (2.4)

2 2 _ |2
2\ k) TuPfofrfu — o2

where hi(u,v) == (azx)?* 1y — )% + (x(x — a))?* 1% + (a(a — )2 1y2* > 0.
To prove Theorems 2.1 and 2.2 we first obtain sharp pointwise estimates for the per-

mutations related to the kernels (0.16).
Lemma 2.2. [t holds that

Dry (21, 22, 23) < 2Pk, (21, 22, 23) for all (21, 29,23) € C3. (2.5)

Proof. It is enough to prove (2.5) for (21, 22, 23) = (0, u,v) as the permutations of the form
(1.2) are invariant under translations (see Section 1.3). Given u = (z,y) and v = (a,b), by
(2.4) we get

2D4, (0,1, V) — pg, (0, u, v)
 2hi(u,v) 22%a%(z — a)? hy(u,v) + ha(u, )
uPfolu—v? ul*|v[*u — ]t
2 [|u\2|v|2\u — v|2 — :E2a2(x — a)Q] hi(u,v) — ha(u,v)

[ul*o]*u — vt

Now we obtain a lower estimate of the expression in the square brackets before hy(u,v).
Expanding |u|?|v|?|u — v|? gives

(2% + y*)(a® + b?) ((3: —a)’+ (y— b)Q) —2%d®(x — a)?
=2%a’(y — b)> + (2°* + a®y* + 0°y*) ((z — a)® + (y — b)°)
> 22a®(y — b)* + (20 + a®y?) (z — a)?.
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Thus,
G(z,y,a,b)

2])51 (O,U, 1)) - p’fQ (07 U, U) 2 W’

where
G(z,y,a,b) := 2(w2a2(y — b)2 + (3:262 + a2y2)(ac — a)z) hi(u,v) — ha(u,v).
Notice that by Lemma 2.1,

hi(u,v) = ax(y — b)* + 2(x — a)b* + a(a — z)y*
ha(u,v) = (az)’(y — b)* + (z(z — a))’b" + (ala — 2))*y".

Consequently, to prove the required inequality it is enough to show that G(z,y,a,b) > 0
We separate the discussion into three cases.
1) Let a = 0. Then

2) Let b = 0. Then

G(z,y,a,0)
=2 (a’2%y* + a’y*(z — a)?) (azy® + ala — 2)y?) — (a*2y* + a®(a — 2)*y?)
=2a%y" (2% + (z — a)?) (z + (a — 2)) — ®y* (2 — (z — a)?)

4 2($2 + (2 —a)?) = (2* + 2(z — a) + (v — a)?))

4, 4

2® —z(z —a) + (z — a)?)

xQ—a:L‘+a)

(z — 3a) +3a2)20.

_ay

44

4;
,p
N N N /N

3) Let @ # 0 and b # 0. We divide G(x, v, a,b) by a%*, put a = x/a and 8 = y/b and
take into account that by Lemma 2.1 in these settings one has

hi(u,v)

W — -2k 1(5 _ 1>2k + a2k—1(a _ 1)2k—1 _ (a _ 1)2k_1ﬁ2k, k— 1’ 9

Therefore
G(x? y’ a? b)
aSvt
=2(a2(B - 12+ (@ + ) (a — 1)?) (a(f — 1)* + afa — 1) — (a — 1))
— (@B -1 +aP(a—1) - (a—1)38").

Removing brackets and further collecting terms give

G x? y? 0/7 b
7( W ) = (042 —a+ 1) (54 — 4083 + 6a%5% — 40383 + a4)
=((a=32+3) (@=8)"=>0
Thus G(z,y,a,b) is non-negative in all the cases and so we are done. [ ]
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Remark 2.2. The inequality (2.5) is sharp as it is known from Lemma 1.3 proved in
Chapter 1 that

2
Re (21—22) Re (21 —23) Re (20—
9 [ e(z1—22) Re (21 —23) Re (22—23) Dry (Zla 2o, 23) < Pry (21, 29, Z3).

[z1—z2|  |z1—z3]  |z2—=2s]

Indeed, when all sides of the triangle (21, 29, 2z3) make a small angle with the horizontal,
the multiplier in the square brackets is close to 1 in modulus.

The estimate (2.5) allows us to obtain an inequality for L?-norms.

Lemma 2.3. Let i be a finite measure with linear growth. Then for any € > 0 we have

HTHQ,El”LQ(u) < \/5 HTHLElHLQ(u) +C \% :U’((C)v ¢ >0. (2'6)
Proof. From Lemma 2.2 we immediately get that
Prioge (1) < 2Py (1) (2.7)
Now we use the identity (0.13) for the permutations (1.2), i.e.
HTK,81H%2(,U,) = %pK,a(ﬂ) + RK,&(N)7 ‘RK,E(M)’ < CKM(C)v Ck >0,

where K is a real and odd CZ kernel with non-negative permutations. In these terms the
inequality (2.7) gives

%Pm@(/ﬁ) + Rﬁz,a(ﬂ) <2 (%pm,s(ﬂ) + an(/ﬁ)) + anﬁ(ﬂ) - 2R5175(IL’[’)7
and, consequently,
| Teze 11720y < 20 T1 211172,y + Cr(C),  C >0,
Applying the inequality vaz? + b < v/az + v/b valid for a,b,z > 0, we get (3.3). ]

Remark 2.3. Note that Lemma 2.2 is a particular case of [CMPT2, Lemma 7| but with
an explicit constant. Nevertheless, the explicitness of the constant is essential here and
actually enables us to obtain the result.

We are now ready to prove Theorems 2.1 and 2.2. By (2.6) and the triangle inequality,
1Ttz = (Thae + - Ty )l 2u)
= |t|||Tn1,€1||L2(p) - HTﬂz,slnL?(p)
> (It = V2)| Ty el £2() — CV1(C).
Consequently,

Ty, -1 +C C
Tk, 21l 22y + C/1(C) > V2,

Tk el < , 2.8
T2 220 Vs (2.8)

and therefore for any cube Q C C,

| Tk, xQll 2 (u1 @) + CV/1(Q)
1 Thr ex@llz2(u@) < dad ’t|(“_LQ\)/§ , It| > V2.

Applying a variant of the 7'1 Theorem of Nazarov, Treil and Volberg from |Tol5, Theorem
9.40], we infer that the L?(u)-boundedness of the SIO T},, where t is fixed and such that
|t| > +/2, implies that T}, (or equivalently the Cauchy transform by (0.13) and (0.15)) is
L?(p)-bounded. Therefore, Theorems A and B give the desired result. Note that the “only
if” part of Theorem 2.1 follows from [Davl|.
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Remark 2.4. Computer experiments suggest that the following inequality holds:

Pry (21,22, 23) < %pl{n(21722723)~ (2.9)
(Lemma 2.2 corresponds to the case (n, N) = (1,2).) Moreover, if u = —y 44, v =7y +1
and v > 0, then (see Example 1.1 in Chapter 1)
72m—2 ((72 4 1)m o ,Y2m)
(72 +1)2m ’

Dr,, (0, u,0) = m € N,

and therefore N
ey () 1= (/P +1) N

lim ———— = lim 575 —=—.

170 Py (0w, 0) - mee 1= (92/(y2 +1))"  n
It means that the constant N/n is sharp if (2.9) is true.

It would follow from (2.9) in the same manner as above that the L?(u)-boundedness of

Tk,, where t is fixed and such that [t| > /N/n, implies that T}, is L?(u)-bounded. This
would give the analogues of Theorems 2.1 and 2.2 for the more general class of kernels (0.24)

via Theorems C and D. However, we are not able to prove (2.9) yet.

2.4 Proof of Theorem 2.3

We now consider the kernels (0.24) with ¢ € Q(n, N) (see (2.1)). As mentioned above, the
corresponding permutations are non-negative and hence a curvature-like method can be
used directly. Namely, we will adapt the arguments from |[CMPT1, Section 8|, which in
turn stem from [DS1], to our settings. Note that the “only if” part of Theorem 2.3 follows
from [Davl|. Thus we only need to prove the “if” part.

Suppose that i is an AD-regular measure and Tk, the SIO associated with the kernels
(0.24), t € Q(n, N). It is proved in Lemmas 1.5 and 1.6 in Chapter 1 that if

teR\[—;<3+\/9—4f§>,2—1§], n<N<2n, (210
tGR\ |:—% (O'n7M+\/m) 7Jn,M_3]> N>2na (211)

where o, v = 3 + (% — 2) v N — 2n as above, then
Pr; (21,22, 23) = C(t) - pr, (21, 22, 23), C(t) >0, (21,22, 23) € C°.

Consequently, pg, (1) = C(t) - px, (1) and hence from (0.13) we conclude that for ¢ as in
(2.10) and (2.11) and any cube @ C C,

1T exell2u0) < CO) (ITkoxell2ui0) + CVR(Q)) - (212)

By a variant of the 71 Theorem from [Tol5, Theorem 9.40] and Theorem C (see also
Lemma 3.50 that will be proved in Chapter 3), the measure p is uniformly rectifiable.
What is left, according to (2.1), is to prove Theorem 2.3 for

N
t=2-N n < N < 2n, (2.13)
t=opnm— 3, N > 2n, (2.14)
t=—2 <3+M>, n <N < 2n, (2.15)
t= - (onntEy 1Y), Nzom 216



To manage these cases, we introduce additional notation. Given two distinct points
z,w € C, we denote by L., the line passing through z and w. Given three pairwise
distinct points z1, 29,23 € C, we denote by £(z1, 22, 2z3) the smallest angle (belonging to
[0;7/2]) formed by the lines L, ., and L, ,,. If L and L’ are lines, then £(L,L’) is the
smallest angle (belonging to [0;7/2]) between them. Also, 8y (L) := £(L,V), where V is
the vertical. Furthermore, for a fixed constant 7 > 1 and complex numbers z1, 25 and zo,
set

O, = {(z1,22,23) 2 < 7 for pairwise distinct 4, j, k € {1,2,3}} , (2.17)
so that all triangles with vertexes z1, 22 and z3 in O, have comparable sides.

Given ag € (0,7/2) and (z1, 29,23) € C3, in what follows we will sometimes need the

conditions
HV(L21722> + HV(L22723) + QV(LZLZS) Z ag (2-18)

and
GV(LZLZQ) + OV(LZZ,ZS) + GV(LZLZs) < %ﬂ- - Qag. (2'19)

We will also use the following result which is Lemma 1.10 in Chapter 1.
Lemma 2.4. Fiz o € (0,7/2). Given K; and (21, 22,23) € O,

(1) if (2.18) is satisfied and t is as in (2.13) or (2.14),

or
(73) if (2.18) and (2.19) are satisfied and t is as in (2.15) or (2.16),

then the following inequality holds:
pr, (21, 22, 23) = Clag, 7) - (21, 20, 23) 2, C(ag,7) > 0. (2.20)

On the one hand, if we are in the clause (i) of Lemma 2.4, i.e. in the same settings
as in [CMPT1], then we can undeviatingly follow the scheme from [CMPT1, Section 8]
(exchanging py,, for pg,) in order to get our result for ¢ as in (2.13) or (2.14).

On the other hand, by the clause (ii) of Lemma 2.4, we can ensure that the inequal-
ity (2.20) is true for ¢ as in (2.15) or (2.16) if the sides of the triangles (z1, 22, 23) are far
from both the vertical and horizontal. Consequently, the scheme from [CMPT1, Section 8|
cannot be applied directly for such ¢t. Nevertheless, as we show below, it works after sev-
eral modifications (besides the exchange of p,, for pg,) connected basically with adapting
geometrical arguments to both the conditions (2.18) and (2.19). Note that some of the
arguments in [CMPT1, Section 8| are very sketchy and so, for the sake of completeness,
we give a proof that is more detailed than the corresponding one in [CMPT1, Section §|.

The fact that the L?(u)-boundedness of Tk, implies that g is uniformly rectifiable will
be proved by means of a corona type decomposition. We now recall how such a decompo-
sition is defined in [DS1, Chapter 2| for a given AD-regular measure p. The elements @
playing the role of dyadic cubes are usually called p-cubes.

Given an AD regular measure p on C, for each j € Z (or j > jo if #(C) < o0) there
exists a family D; of Borel subsets of spt p, i.e. p-cubes @ of the jth generation, such that

e cach D; is a disjoint partition of spt p, i.e. if Q,Q" € D;j and Q # @', then

sptu = UQeDjQ and QNQ = o
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o if Q € Dj and Q' € Dy, with k < j, then either Q C Q" or QN Q' = &;
e for all j € Z and @ € Dj, we have

277 < diam (Q) <277 and pu(Q) =277,

In what follows, D := UjeZ D;. Moreover, given Q € D;, we define the side length of Q
as £(Q) = 277, which actually indicates the generation of Q. Obviously, £(Q) ~ diam (Q).
The value of £(Q) is not well defined if the py-cube @ belongs to D; N Dy, with j # k. To
avoid this, one may consider a @) € D; as a couple (Q, 7).

Given A > 1 and @ € D, set

AQ = {x €sptp: dist(z,Q) < (A—1)4(Q)}.

We will also need the following version of P. Jones’ f-numbers for p-cubes (see [DS2]):

where 1 > 4 is some constant to be fixed later and the infimum is taken over all affine
lines L. We will mostly use 51(Q) and denote by L¢ the best approximating line for 3;(Q).
Given @ € Dj, the sons of @Q, forming the collection Sons(Q), are the p-cubes Q' € Dj 1y
such that Q' C Q.
By [DS1, Chapter 2|, one says that p admits a corona decomposition if there are pa-
rameters 1,6 > 0 and a triple (B,G, Tree), where B and G are subsets of D and Tree is a
family of subsets S of G, such that the following conditions are satisfied:

1. D=BUGand BNG =@.

2. B satisfies a Carleson packing condition, i.e.

> Q) Sy u(R) forall ReD. (2.21)
QEB:QCR

3. G = UgeTree S and the union is disjoint;

4. Each S € Tree is called a tree and is coherent: each S has a unique maximal element
Qg, which contains all other elements of S as subsets, i.e.

e a p-cube Q' € D belongs to S if Q C Q' C Qg for some @ € S,
o if Q € S then either all elements of Sons(Q) lie in S or none of them do.

5. For each S € Tree, there exists a (possibly rotated) Lipschitz graph I's with constant
smaller than n such that dist (z,I's) < d diam (Q) whenever xz € 2Q and Q € S.

6. The maximal p-cubes Qg, for S € Tree, satisfy the Carleson packing condition

> w@s) Su(R) forall ReD.
S€Tree: QsCR

According to [DS1, Section 1, (C4) and (C6)|, if p is uniformly rectifiable, then it admits

a corona decomposition for all 7, > 0. Conversely, the existence of a corona decomposition
for a single set of  and § implies that p is uniformly rectifiable.
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We now turn to constructing our corona decomposition. Let € > 0 be some small
constant to be chosen at the very end of the construction. From now on, By(e) stands for
the family of cubes @ € D such that 51(Q) > €. Furthermore, Gy(¢) := D\ By(g). The aim
is to show that By(e) satisfies a Carleson packing condition.

Note that constants in some inequalities below depend also on the AD-regularity con-
stant and the constants 11, 72 and 73 related to S-numbers. Since these constants are fixed
at some point, we do not indicate this dependence explicitly. On the contrary, we emphasize
the dependence of some forthcoming inequalities on the essential parameter €.

Recall that ¢(Q) ~ u(Q). We start with observing that for any y, z € 71Q we have

o_ 1 dist (, Ly,..) \ > N
B0 < >/le (m) ) du(x)

- gy, () o

Z(Q)

dist (z, Ly..) 2
., (i)
dist fze,gig) 262 g(Q)

2(Q)
1 dist (z, L) \ 2
§64+/ Y <yz> du(x).
Q) Juwieins ,\ Q)
2(Q) =

Lemma 2.5. Let By = B((1,7r1) and By = B((2,1r2) be two balls such that By Nsptpu C
mQ@, Ba Nsptu C m@Q, dist (B, B2) = £(Q) and r1 =~ 1y = £(Q). If y € By and z € By,
then for € small enough,

/d vema dist (2, Ly ) 2du(r) < Q2D (),

ist (z,Ly’z) 2

@ °°

where

W20 = [ [ fenorcinary v o0.2) dute)dnt)duce).
|z— y|>€2€(Q
|z—z|>€26(Q

Note that the existence of the above-mentioned balls By and Bj is guaranteed in the
AD-regular case.

Proof. Note that the condition dist (z, Ly ) > £24(Q) implies that |z — y| > £2/(Q) and
|z — 2| > €20(Q). Consequently, since z € mQ, y € By and z € By,

|z — 2| ~e |z =yl = ly — 2] (2.22)

We now separate two cases.
(1) Suppose that

'l < QV(Lz,y) + HV(Ly,z) + QV(LZL‘,Z) < %ﬂ' — 10,

Then by the clause (i) of Lemma 2.4, where we put ag = €'? and 7 = 7(g, ;) chosen with
respect to the constants in (2.22), we have c(z,v, 2)? <c px, (z,y, 2).
(2) Now let

GV(Lx,y) + GV(Ly,z) + GV(Lz,z) < 510

or

Ov(Lay) + 0v(Ly.) + 0v(Ly ) > 3m— ™.
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In this case dist (z, Ly,.) S eloﬁ(Q). Thus for € small enough we get a contradiction with
the assumption dist (z, Ly ) > €24(Q).
Summarizing,

/d 2EMQ: dist (z, Ly7z)2du(x)

ist (z,Ly’z) 2
7&@) >€

dist (z, Lyz)>
dp(x)dp(y)dp(z
B]_ B2 /Bg /Bl \/dlst(acLyz) (’l‘nyZ’ ( ) ( ) ( )

/mQ/mQ /dm(x LM c(w,y, ) dp(x)dp(y)dpu(z)

S 4P ().
We used the well-known identity c(x,y, 2) = dist (x, Ly .)/(|z — yl||z — z]). [
The estimate for 32(Q)? that we obtained above and Lemma 2.5 give

Ba(Q)* St + Zg; p(e Q) (1), QeD.

We now take into account that 51(Q) < f2(Q) by Holder’s inequality and, consequently,
if Q € By(e), i.e. f1(Q) = €, then (55(Q) = e. From this we deduce for sufficiently small &
that

nQ) Sepig @) forany Qe By(e).

From this we immediately get that

Sou@z Y eV,

QEBy(e): QCR QEBy(e): QCR
To estimate the latter sum, we will use the notation
Aj(e) ={z: 27T K|z —y| <279} for some siutable ¢ > 0. (2.23)

Recall that £(Q) = 277 if Q € D;. Clearly, (2.23) are the concentric annuli B(y, cf(Q)) \
B(y,£2((Q)) contained in the ball B(y, c/(R)) and having bounded overlap depending on &
and c. These observations lead to the following:

Z p%;Q) (1)

QeBo(e):

/r]lR [’]1R <]>]0 QGBO E)ﬂD (R)
/ / ( / Pr. (2, Y, 2) du(ﬂﬁ)) du(y)du(2)
mRJmR mROA; ()

Se DK (ML(mR))-

/ P, (2, Y, 2) du(%)) du(y)du(z)
mQNA;(e)

Since Tk, is L?(u)-bounded, we get pr, (u|F) < u(F) for any F C C. Consequently,

pr, (1l (MR)) < u(R) for all R e D,
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and therefore we reach the desired inequality

> w@Q Sen(R)  forall  ReD.
QEB(e): QCR

Thus, for any € > 0, there exists the decomposition
D= B{)(e) U go(€), (2.24)

where By(e) satisfies a Carleson packing condition and for any cube @ € Gy(¢) there exists
a line Lg such that dist (z,Lg) < vE4(Q) for all z € 3mQ (since $1(Q) < ¢ for such

cubes and B.(Q) < +/F1(2Q)). More details can be found in [DS1, Ch. 6.

Using the decomposition (2.24), we now can apply [DS1, Lemma 7.1] in order to obtain
a new decomposition (still depending on ¢) but already with a family of stopping time
regions. Suppose that 6y is small enough and 0 < € < 0y to prove the following assertion.

Lemma 2.6. For all sufficiently small € > 0, there exists a decomposition D =BUG,
where B = B(e) satisfies a Carleson packing condition (with a constant depending on €)
and G = G(g) can be partitioned into a family Tree of coherent regions S, satisfying the
following. For each S € Tree denote

a(S) = %00 ’if 90 < HV(LQS) < 71’/2 - 90
and
a(S) =100y if Oy(Lgg) <6y or Ov(Lgg) > m/2 —bp.
Then

o if Qe S, then £(Lg,Lgs) < a(S);

e if Q is a minimal cube of S, then either at least one element of Sons(Q) lies in B or
else £(Lg,Lg,) > 2a(S).

Here G C Gy(e) and therefore for any @ € G one has 51(Q) < e.

Lemma 2.6 is an analogue of [CMPT1, Lemma 8.1] which comes from [DS1, Lemma
7.1]. The main difference between [CMPT1, Lemma 8.1| and [DS1, Lemma 7.1] is that two
different values of the parameter «(.5) have to be chosen, according to the angle 6y (Lgy).
In our case the situations where the angle 0y (Lg) is close to zero and 7/2 have to be also
distinguished.

To obtain the required Lipschitz function, one can follow the proof of [DS1, Proposition
8.2] to deduce the following lemma.

Lemma 2.7. For each S € Tree from Lemma 2.6, there exists a Lipschitz function Ag :
Lo, — Lés with norm < a(S) such that, denoting by I's the graph of Ag,

dist (2,I's) S Ve (Q)
for all x € 2Q with Q € S.

The proof will be completed if we show that the maximal u-cubes Qg, S € Tree, satisfy
the Carleson packing condition

> w@s) Sew(R) forall  ReTD.
Se€Tree: QsCR
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To do so, we will distinguish several types of trees.
Here and subsequently, Stop(S) denotes the family of the minimal p-cubes of S € Tree,
which may be empty. By Lemma 2.6, we can split Stop(S) as follows:

Stop(S) = Stop, (S) U Stopg(9), Stop,(S) N Stops(S) = 2, (2.25)

where Stopg(S) contains all minimal p-cubes @ such that at least one element of Sons(Q)
belongs to B and Stop,(S) contains all minimal @ such that £(Lg, Lgg) > a(S).
The first set that we will consider is

Ay i= {5 € Tree : 1 (@5 \ Ugesiops)@) > 3 1(@9) } -

Clearly, if S € Tree \ Ay, then by (2.25),

3 1(Qs) < p (UQEStop(S)Q> =p <UQ€Stopa(S)Q) +H (UQEStopB(S)Q> : (2.26)

Now let
Ay = {S € Tree\ Ay :p (UQGStopB(S)Q) > iN(QS)} :

The trees remained are in

Ay = {S € Tree\ (A1 UA) : p (UQeStopa(s)Q) > @(QS)} .

Indeed, if S € Tree \ (A; U Ay U Ag), then (2.26) is valid and moreover

H (UQEStopa(S)Q> < iu(@s) and p (UQGStopB(S)Q) < 1u(Qg).

This means that Tree \ (A1 U A U A3) = .
We also split Ag in the three disjoint sets:

Ay ={S € As:00<Oy(Lgs) <m/2—00},
Ay ={S € As:0v(Los) <o},

(
Ay ={S € As:0y(Los) >7/2—60}.

So we have the disjoint union

Tree = Ay UAUA; UA; UAY.

The procedure now is to check the required Carleson packing condition for all components
of this union.

For all S € Tree the sets Qg \ UQestop( 9) () are pairwise disjoint and hence for S € Ay
we get

Z w(Qs) < 2 Z H (QS \ UQEStop(S)Q> < 2u(R).

SeA1: QsCR S€eTree: QsCR
If S € Ay, then by definition and the fact that u(Q) =~ u(Q') for Q" € Sons(Q),

#Qs) <4 (Ugesiny9@) 5 2 > w@)

QeStop(S) Q'eBNSons(Q)
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and consequently by Lemma 2.6,

DO DD > @)

SeAs: QsCR SeAs: Qs CR QeStop(S) Q'eBNSons(Q)

S DRN(0)

QEB: QsCR
Se M(R)'

Let us consider the case S € A; . We will need S-numbers defined for balls B(z, r):

1/q
. 1 dist (z, L) \?
y(a.r) = inf ( / . () du(ﬂf)) o

where the infimum is taken over all affine lines L.
It is claimed in [DS1, Section 12, Inequality (12.2)] that for all S € Ag there exists

72 > 1 such that
du(z)dr
w(@) % [[ pite T
Xg r

N

q < 00,

where
Xg:={(z,7) €sptu x R : z € nQs, 7%d(az) <r < mpdiam (Qs)} (2.27)

and

d(z) := clgrég{ dist (z, Q) + diam (Q)}.

By Holder’s inequality, £i(z,m2r) < fo(x,mar). Moreover, it follows from |[Leg,
Lemma 2.5 and Proof of Proposition 2.4] (or by the arguments analogous to the ones
in the proof of Lemma 2.5) that if p is AD-regular, then there exists 13 > 2 such that for
any x € spt u,

alomer)? S ~f / oy 0 () (),

where
p p p
O (2,9) 1= {<u,v,w> & Bl fu=vl> Lol > Lju—ul> }

Note also that for any (u,v,w) € O,,(z,p) we have |u — v| < 2m3p, |v — w| < 2n3p and
lu — w| < 2n3p, and thus for a fixed 73,

lu—v| =~ |v—w| =~ |u—w|l=p.

Therefore if a triple (u,v,w) € Oy, (x,nmor) with (z,7) € Xg, then at least one side of
the triangle (u,v,w) makes a big angle with the vertical and horizontal. Indeed, by con-
struction, if 77 is chosen much bigger than 7y, then S (x,m21) < /€, and consequently
the angle between one side of (u,v,w) and the best approximating line Lg, is less than
C(n3)+/e with some C(n3) > 0. Furthermore, 6y < 6y (Lg,) < 7/2 — 6y and thus the angle
that one side of (u,v,w) makes with the vertical and horizontal belongs to the interval

(5500 — C(n3) Ve, m/2 — 500 + C(n3)Ve) 2 (300, m/2 — 360),
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where € is chosen sufficiently small. This fact enables us to use the clause (4i) of Lemma 2.4
and exchange the curvature for our permutation pg,:

otesnort? 5o o [ o) duwdp)dute), @) e Xs
(9773 z,m21)
Summarizing and taking into account that 6y is fixed, we get

wes) s [ S i o ) dud )t )

What is more, it is shown after [DS1, Lemma 7.9] that the regions Xg (see (2.27)) with
S e Alg have bounded overlap. By this reason,

> ul@s)

S€A;: QsCR
: SEA%S //Xs /// ) prc, (u, v, w) dp(w)dp(v)du(w) d&(j};{r
) /027726 /2n2R ///0"3(“72@ P (u, v, w) dpu(u)dpu(v)dp(w) d&(j"))ir
< pi (L (22R)).

The third inequality is by Fubini’s theorem. See the definition of O, in (2.17). Finally, by
the L?-boundedness of Tk,, we get

S u(@s) S uR).
SeA}:QsCR
Suppose now that S € Ag. If @ € Stop,,(5), then Sons(Q) N B = & and by Lemma 2.6,
4£(Lg,Loy) < a(S),  4£(Lg,Lgg) = 3a(S),  aS) =106y,
and thus
(Lo, Lgg) + 60v(Lgg) < 100y + 6y = 116,
(Lo, Lgg) — 0v(Lgg) > 500 — by = 46.

Since £1(Q) < €, we can choose € small enough so that £(Lg,Lg) < 6y, Q" € Sons(Q),
and hence
36y < ev(LQ/) < 126, QI S SOHS(Q).

Consequently, any element of Sons(()) is the maximal p-cube of a tree belonging either to
A1, Ay or Aé. Additionally, from the definition of Ag and the fact that minimal cubes for
a single tree are pairwise disjoint it follows that

#Qs) <4 (Ugesin, Q) =4 > m@=4 > 3 w@)
QeStop,, (S) Q&Stop,, (S) Q'€Sons(Q)
From the above-mentioned we deduce that

Yoo ou@s) <4 ) > > u@)

SeAy: QsCR SeAy: QsCR QeStop,(S) Q'€Sons(Q)

<4 > 1(Qs)-

SEA1UAUAL: QsCR
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Take into account that the maximal cubes of all trees from Ay U Ay U A;) satisfy a
Carleson packing condition (with a constant depending on ). By this reason,

> w(Qs) S u(R).

SeAY: QsCR

One can argue for S € Ag/ in the same manner as for S € Ag. Indeed, if ¢ is appropri-
ately chosen and @ € Stop,(S), then

T/2 =120 < Oy (Lg) < m/2 — 36y, Q' € Sons(Q),

and hence any element of Sons(Q) is the maximal p-cube of a tree belonging either to Aq,
Ay or Aé.

Summarizing, we proved that maximal cubes of all types of trees satisfy a Carleson
packing condition and so the triple (B, G, Tree) is a corona decomposition as required.

2.5 Additional remarks

To finish, we would like to mention a corollary of the results from the previous sections.
Let p be a measure with linear growth and

t € (00, —v2) U (0,00). (2.28)

If the SIO Ty, is L?(u)-bounded, then all 1-dimensional SIOs associated with a wide class
of kernels defined around (0.23) are also L?(u)-bounded. Indeed, it follows from (2.8) and
(2.12) with (n, N) = (1,2) that for any ¢ as in (2.28) and any cube @ C C, one has

ITesexell i) < OO (ITexall2uiay + ViH@) . C(t) >0,

where T};,, as we have already mentioned before, is the SIO associated with the real part
of the Cauchy kernel, i.e. with the Cauchy kernel, up to a constant. Using the T'1 Theo-
rem from [Tol5, Theorem 9.40], we conclude that the L?(u)-boundedness of Tj, with ¢ as
in (2.28) implies that the Cauchy transform is L?(u)-bounded. It is left to apply the results
from [Tol2, Tol4].
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Chapter 3

A family of singular integral
operators which control the Cauchy
transform

3.1 Introduction and Theorems

The exposition in this chapter is based on [CMT2]. We aim to study the behaviour of SIOs
associated with the kernels (0.21), i.e. with

(Re 2)3 Rez Rez

kt(Z) = ‘2’4 +t- W, t e R, k'oo(Z) = W,

in the case of small negative t. We will first show that for a measure with linear growth
the corresponding L2-norm of T}, controls the L2-norm of T} and thus of the Cauchy
transform. As a corollary, we prove that the L?(H!|E)-boundedness of T}, with some
t € (—to,0), where tg > 0 is an absolute constant, implies that E is rectifiable (as above,
E is a 1-set). This is so in spite of the fact that the usual curvature method fails to be
directly applicable for t € (—2,0) as shown in Chapter 1. As we will see, the study of kernels
(0.21) for small negative ¢ is more difficult than in the case of t € (—2, —/2) considered in
Chapter 2.

We will use the same definitions related to curvature and permutations as given in
Introduction and Chapters 1 and 2. Now we will recall some of them. Again we will work
with the following simplified version of the permutations Pg given in (0.5),

P (21, 22, 23)
= K(Zl — ZQ)K(Zl — 23) + K(ZQ — Zl)K(ZQ — 2’3) + K(Zg — Zl)K(Zg, — 22)
= 1Pk(21,22,23),

introduced in (1.2) in Chapter 1. The kernel K here is supposed to be odd and real-valued.
Then by (1.2), (1.3) and (1.4), we also have

pi (1, o, pi3) = 5Pr (b, pos pi3),  Pre(pa, oy p3) = & Prce (i, po, p13)

and
pr () = 5P (s 1)y Pre(p) = 5Pk (1, 1 1),

where p, p1, po and ps are measures.
Recall that by a measure we mean a positive locally finite Borel measure on C.
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Some of the identities from Introduction have a slightly different form in these terms.
In particular, let K be an odd and real-valued CZ kernel with the permutations (1.2),
being non-negative for any (z1, 22, z3) € C3. If p is a finite measure with C-linear growth,
i.e. there exists a constant C, > 0 such that

w(B(z,7)) < Cir for all z € spt p,
then the generalised Melnikov-Verdera identity (0.13) takes the form:

1Tl 2 = 3pke(n) + Rice (), [Ric(i)] < eC2u(C), (3.1)

where ¢ > 0 and ¢ > 0 is independent of . What is more, (0.15) becomes

Phoo (21, 22, 23) = 221, 22, 23)%, (21,22,23) € C°.

Clearly, this implies that pg_ (1) = %02 () for any measure p.

Recall also that it is shown in Theorem 1.1 and Remark 1.1 in Chapter 1 that

P, (21, 22, 23) = 0 for any (21,22, 23) € C3, if t ¢ (—2,0),
Pk, (21, 22, 23) may change sign for some (21, 29, 2z3) € C3, if t € (=2,0),

see Figure 0.2. Moreover, by (2.5) from Lemma 2.2 proved in Chapter 2,

Pio (21, 22, 23) < 2pi. (21, 22, 23) for any (21, 22, z3) € C>.

Now we give several definitions related to S-numbers and densities. For any closed ball
B = B(z,r) with center z € C and radius r > 0 and 1 < p < o0, let

() =g (1 [ (S ) (5.2)

r r

where the infimum is taken over all affine lines L C C. The (3, coefficients were introduced
by David and Semmes [DS1] and are the generalization of the well-known Jones S-numbers
[Jon2|.

We will mostly deal with ,2(2Bg) and so by Lg we denote a corresponding best
approximating line, i.e. a line where the infimum is reached in (3.2) for B = 2B (see the
definition of Bg below) and p =2 .

Throughout the chapter we also use the following densities:

Ou(B) :=0O,(z,r) = M, where B = B(z,r), x € C, r > 0.

r

First we prove the following.

Theorem 3.1. There exist absolute constants tg > 0 and ¢ > 0 such that for any finite
measure p with Cy-linear growth it holds that

Sulg 1 Thooe Ul 2 () < tal sug 1 Tko,e 1l £2() + cCsr/ 1(C). (3.3)
> e>

Roughtly speaking, this means that the L?-norm of the Cauchy transform of measure
is controlled by the L?-norm of the operator Thy-
Note that by Lemma 2.3 in Chapter 2 under the same assumptions on p,

| Tk, Ll 22y < V20| Tk e Ll 22 + cCod/1(C),

where € > 0 and ¢ > 0 is independent of £. With respect to the proof of Lemma 2.3, the
proof of (3.3) is more difficult as we will see in this chapter.
As a corollary of Theorem 3.1, using the same tg, we obtain the following result.
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Theorem 3.2. Let k; be a kernel of the form (0.21), where t € (—to,0), and E a 1-set. If
the SIO Ty, is L?(H'| E)-bounded, then E is rectifiable.

This theorem complements Theorems B, D, E, F and Theorems 1.2 and 2.2 so that
we have the overall picture as in Figure 0.2. It is clear from Theorem F that necessarily
to € (0,3/4). What is more, it is very important here that the pointwise permutations,
corresponding to t € (—tp,0), also change sign as in Theorem 2.2 so that the curvature
method cannot be applied directly but L?-boundedness still implies rectifiability.
Remark 3.1. By simple analysis one can show that the kernel k; has

one zero line if ¢ € (—oo0, —1) U [0, 00],
two zero lines if t = —1,
three zero lines if ¢ € (—1,0).

By a zero line we mean a straight line L C C such that k:(z) = 0 for z € L.
In this sense, it is interesting to compare Theorem 3.2 with Theorem F. Observing
Figure 0.2, one can see that the number of zero lines along is not determinant.

Remark 3.2. Let t; and t5 be such that —v/2 < t; < to < —tg. If there exist finite purely
unrectifiable (i.e. concentrated on purely unrectifiable sets) measures p; and pg with linear
growth such that Tj, is L?(p1)-bounded and Tk,, is L?(p2)-bounded, then py is different
from po.

Indeed, let p be a finite purely unrectifiable measure with linear growth such that 7y
is L?()-bounded for a fixed t € [—v/2, —to]. By the triangle inequality for any real ¢,

1Tk 2y = 1(Tho + (¢ = 1)+ T+ Tio) U2y = [t = | Thoo Ul 22y = 1Tk L 220

Consequently, [T, 1(|z2(,) = oo for all ¢ # t as [Tk 1 22y = 00 since p is purely unrecti-
fiable. Thus an example of a purely unrectifiable measure p such that Ty is L?(u)-bounded
for a fixed £ € [—V/2, —to] does not work for ¢ # ¢.

3.2 Main Lemma and proofs of Theorems

Theorem 3.1 is implied by the following lemma.

Main Lemma. There exist absolute constants to > 0 and ¢ > 0 such that for any finite
measure p with Cy-linear growth it holds that

Phoo (1) <t *Pho (1) + cC2p(C). (34)
The proof of this result is long and technical and actually takes the biggest part of this

chapter. Note that (3.4) is a counterpart to the inequality pg, (1) < 2pg (1) that follows
from (2.5).
3.2.1 Proof of Theorem 3.1
Suppose that Main Lemma holds. Then the identity (3.1) and inequality (3.4) yield
sup [T 1224y < 1. 1) + cC2u(©)
e>

L1572 piy (1) + cC2p(C)

<
< t52 Sug ||Tk07€1”%2(u) + CCE,U,(C),
e>

where ¢ > 0 is an absolute constant. Applying the inequality vaz? + b < v/ax + Vb that
is valid for a, b, x > 0, gives Theorem 3.1.
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3.2.2 Proof of Theorem 3.2

We now apply the perturbation method from Chapter 2. By the triangle inequality and
Theorem 3.1,

Sup || Tk, e 1l 2(u) = SUP [[(Tho,e + ¢ - Thoo o)l L2 ()
e>0 e>0
2 sup || Tk el p2() — [H18UD (| Thoy el 22w
e>0 e>0
2 (to — [¢]) Sup [ Thoo el £2() — €Cur/ 1(C).
£
Consequently,

SuPes | Thy e 1l p2() + cCurn/p(C)
to — [¢] ’

sup || Tho e 1l 22 () < It| < to,
e>0

and therefore for any cube QQ C C we have

suP~ [| Ty eXQll 2 (u]@) + cCs v/ 1(Q)
to — |t ’

Sup [Thkeo ex@llL2(u@) < it <to.  (3.5)
13

Applying a variant of the T'1 Theorem of Nazarov, Treil and Volberg from |Tol5, Theorem
9.40], we infer from (3.5) with u = H'|F and l-set E that the L?(H!|E)-boundedness of
Ty, with a fixed t such that |t| < to implies that Ty and thus the Cauchy transform is
L?(H!'| B)-bounded. Finally, Theorem B gives the desired result.

3.3 Several corollaries
Recall that a measure p is Ahlfors-David reqular (AD-regular) if it satisfies (0.4), i.e.
C™'r < w(B(z,1)) < Cr, where z € spt p, 0 < r < diam (spt ),

and C > 1 is some fixed constant. A measure p is called uniformly rectifiable if it is AD-
regular and spt p is contained in an AD-regular curve. One can summarise all up-to-date
results characterising uniformly rectifiable measures via L?(u)-bounded SIOs Ty, as follows.

Corollary 3.1. Let p be an AD-regular measure and ki a kernel of the form (0.21) with
t € (—00, —V2) U (—tg,00]|. The measure p is uniformly rectifiable if and only if the SIO
Ty, is L?(u)-bounded.

The part of Corollary 3.1 for ¢ = o0, i.e. for the Cauchy transform, was proved in
[MMV]; for t = 0 in [CMPT1]; and for ¢ € (—o0, —v/2) U (0, 00) in Chapters 1 and 2.
Furthermore, one can formulate the following general result.
Corollary 3.2. Let u be a measure with linear growth and ki a kernel of the form (0.21)

with t € (—o0,—V/2) U (—tg,00]. If the SIO Ty, is L*(u)-bounded, then so are all 1-
dimensional SIOs associated with a wide class of kernels.

The above-mentioned “wide class of kernels” was defined around (0.23) in Introduction.
The part of Corollary 3.2 for t = oo, i.e. for the Cauchy transform, was proved in [Tol2, Tol4|
(see also [Gir]) and for ¢ € (—o0, —v/2) U (0, 00) in Chapters 1 and 2.
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3.4 Plan of the proof of Main Lemma

To prove Main Lemma, we will use a corona decomposition that is similar, for example,
to the ones from [Tol6] and [AT]|: it splits the David-Mattila dyadic lattice into some
collections of cubes, which we will call “trees”, where the density of u does not oscillate too
much and most of the measure is concentrated close to a graph of a Lipschitz function. To
construct this function we will use a variant of the Whitney extension theorem adapted
to the David-Mattila dyadic lattice. Further, we will show that the family of trees of the
corona decomposition satisfies a packing condition by arguments inspired by some of the
techniques used in [AT] and earlier in [Tol3] to prove the bilipschitz “invariance” of analytic
capacity. More precisely, we will deduce Main Lemma from the two-sided estimate

Phoo (1) S D Ou(2Br)*U(R) < pio (1) + CZ(C), (3.6)
ReTop

where Top is the family of top cubes for the above-mentioned trees. Note that the left hand
side inequality in (3.6) in essentially contained in [Tol6] and verifying the right hand side
inequality is actually the main objective in the proof.

It is worth mentioning that the structure of our trees is more complicated than in [AT].
This is because we deal with permutations which are not comparable to curvature in some
cases and this leads to additional technical difficulties. What is more, we are not able to
use a nice theorem by David and Toro [DT| which shortens the proof in [AT| considerably.
Indeed, this theorem would be useful to construct a chordal curve such that most of the
measure p is concentrated close to it. However, in our situation we need to control slope
and therefore we have to deal with and to construct a graph of a Lipschitz function with
well-controlled Lipschitz constant instead.

The plan of the proof of Main Lemma is the following. In Section 3.5 we recall the
properties of the David-Mattila dyadic lattice. We construct the trees and establish their
properties in Sections 3.6-3.12. The main properties are summarized in Section 3.13, where
they are further used for constructing the corona type decomposition. The end of the proof
of Main Lemma is given in Section 3.13.6.

Finally, in Sections 3.14 and 3.15 we show how one can slightly change the proof of
Main Lemma in order to give another proof of a certain result from [AT| and also to extend
the results in this chapter for a more general class of kernels.

Remark 3.3. In the forthcoming proof, we will usually write p; instead of pg, in order to
simplify notation.

Remark 3.4. The measure p considered below is under assumptions of Main Lemma,
i.e. p is a finite measure with Ci-linear growth. Moreover, without loss of generality we
additionally suppose that p has compact support.

3.5 The David-Mattila lattice

We use the dyadic lattice of cubes with small boundaries constructed by David and Mattila
[DM]. The properties of this lattice are summarized in the next lemma (for the case of C).

Lemma 3.1 (Theorem 3.2 in [DM]). Let pu be a measure, E = spt u, and consider two
constants Cy > 1 and Ay > 5000 Cy. Then there exists a sequence of partitions of E into
Borel subsets QQ, Q € Dy, with the following properties:

o8



o For each integer k > 0, E is the disjoint union of the “cubes” @, Q € Dy, and if
k<l, Q€ D, and R € Dy, then either Q N R =& or else Q C R.

o The general position of the cubes Q@ can be described as follows. For each k > 0 and

each cube Q € Dy, there is a ball B(Q) = B(zg,r(Q)) such that
Q€Q, Ay <r(Q) <CoAF",

ENB(Q)CQ C EN28B(Q)=ENB(2q,28r(Q)),

and
the balls 5B(Q), Q € Dy, are disjoint.

o The cubes QQ € Dy have small boundaries. That is, for each QQ € Dy and each integer

120, set
N Q) ={z € B\ Q: dist (z,Q) < Ag*7'},
N"™Q)={z€Q: dist(z,E\ Q) < A;"'},
and
Ni(Q) = Nf™ Q) U N/™(Q).
Then

#(NI(Q)) < (C™1Cy T A0) ™ u(90B(Q)).-

e Denote by ng the family of cubes Q € Dy, for which

1(100B(Q)) < Co u(B(Q)). (3.7)
If Q € D\ DP, then r(Q) = Ag" and

1(100B(Q)) < Cy' (100" B(Q))  for all 1 > 1 such that 100" < Cy.

We use the notation D = (J;(Dk. For Q € D, we set D(Q) = {P € D: P C Q}.
Observe that

r(Q) = diam (Q).
Also we call zg the center of Q. We set Bg = 28 B(Q) = B(2g,28r(Q)), so that
ENgBo CQC Byg.

We denote D = U0 D and D®(Q) = D™ N D(Q). Note that, in particular, from
(3.7) it follows that

p(100B(Q)) < Cop(2Bg) it Q € D™ (3.8)

For this reason we will call the cubes from D% doubling.
As shown in [DM], any cube @ € D can be covered p-a.e. by doubling cubes.

Lemma 3.2 (Lemma 5.28 in [DM]). Let Q € D. Suppose that the constants Ag and Coy in
Lemma 3.1 are chosen suitably. Then there exists a family of doubling cubes {Q;}ier C D,
with Q; C Q for all i, such that their union covers p-almost all Q.

We denote by J(Q) the number k such that @ € Dy.

Lemma 3.3 (Lemma 5.31 in [DM]). Let P € D and let Q C P be a cube such that all the
intermediate cubes S, Q € S C P, are non-doubling (i.e. not in D®). Then

p(100B(Q)) < Ay V@10 00B(P)).
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Recall that ©,(B) = u(B(z,r))/r. From Lemma 3.3 one can easily deduce!

Lemma 3.4 (Lemma 2.4 in [AT]). Let Q,P € D be as in Lemma 3.3. Then
0,(100B(Q)) < CoAy WV @=/PI=UH g (100B(P)) < CuAg ©,(100B(P))

and
> ©,(100B(S)) < ¢O,(100B(P)),  c=c(Co, Ay).
SeD:QCSCP

We will assume that all implicit constants in the inequalities that follow may depend
on Cy and Ag. Moreover, we will assume that Cy and Ag are some big fized constants so
that the results stated in the lemmas below hold.

3.6 Balanced cubes and control on beta numbers through
permutations

We first recall the properties of the so called balanced balls introduced in [AT].

Lemma 3.5 (Lemma 3.3 and Remark 3.2 in [AT]). Let u be a measure and consider the
dyadic lattice D associated with p from Lemma 3.1. Let 0 < < 1 be small enough (with
respect to some absolute constant), then there exist p' = p'(y) > 0 and p’" = p"(v) > 0 such
that one of the following alternatives holds for every Q € D®:

(a) There are balls By = B(&, p'r(Q)), k = 1,2, where &,& € B(Q), such that

w(BrNB(Q)) = p"n(@), k=12,

and for any yp € BN Q, k=1,2,
dist (y1,y2) = vr(Bg).

(b) There exists a family of pairwise disjoint cubes {P}per, C D¥(Q) so that
diam (P) 2 ydiam (Q) and ©,(2Bp) = v~ 1 ©,(2Bg) for each P € I, and

> 0u(2Bp)? u(P) 2772 0,(2B0)* 1(Q). (3.9)
Pelg

Let us mention that the densities in the latter inequality in the original Lemma 3.3
in [AT] are not squared. However, a slight variation of the proof of |[AT, Lemma 3.3| gives
(3.9) as stated.

Moreover, notice that in Lemma 3.5 the cubes ) and P, with P € I, are doubling.
If the alternative (a) holds for a doubling cube @ with some ~, p'(v) and p” (), then the
corresponding ball B(Q) is called y-balanced. Otherwise, it is called y-unbalanced. If B(Q)
is «-balanced, then the cube @ is also called y-balanced.

We are going to show now that the beta numbers £, 2(2Bg) (see (3.2)) for y-balanced
cubes @ are controlled by a truncated version of the permutations py(u|2Bg). To do so,
we introduce some additional notation.

Given two distinct points z, w € C, we denote by L ,, the line passing through 2z and w.
Given three pairwise distinct points z1, 22, 23 € C, we denote by £(z1, 22, z3) the smallest

!Note that there is an inaccuracy with constants in the original Lemma 2.4 in [AT.
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angle formed by the lines L, ., and L., ., and belonging to [0, 7/2]. If L and L’ are lines,
let £(L, L") be the smallest angle between them. This angle belongs to [0, 7/2], too. Also,
we set Oy (L) = £(L, V), where V is the vertical line.

First we recall the following result of Chousionis and Prat [CP]. We say that a triple
(21, 22, 23) € C3 is in the class Vg (0) if it satisfies

HV(LZLZQ) + QV(Lzl,Zs) + HV(L227ZS) = 0> 0. (3'10)
Lemma 3.6 (Proposition 3.3 in [CP|). If (z1, 22, 23) € VEar(0), then
po(21, 22, 23) = c1(0) - poc(21, 22, 23), where 0 < cy(f) < 2. (3.11)

Note that the inequality c1(0) < 2 follows from (2.5) that was proved in [CMT1].
For measures 1, po and pus and a cube @ we set

pE‘S’Q](m,ug,ug) = /// po(21, 22, 23) dp (21)dpa(z2)dps(23)-

or(Q)<|z1—22|<01r(Q)

The parameter § > 0 will be chosen later to be small enough for our purposes. If p; =
Lo = 3 = pu, then we write pgs’Q] () instead of pgS’Q] (14, pty ), for short.

Now we are ready to state the above mentioned estimate of 3, 2(2Bg) for y-balanced
cubes @ via the truncated version of po(p|2Bg). Pay attention that the first term in the
estimate is a “non-summable” part which makes a big difference with the case of curvature

Or Poo (see Section 3.14).

Lemma 3.7. If Q is v-balanced, then for any e € (0, 1),

oy (u2Bg)
()

Moreover, for any g > 0, there exist € = £(g9) > 0 and € = £(gg,y) > 0 such that if

Bu2(2Bg)?0,(2Bg) < 46%0,(2Bg)?* + C(e,7) 0<d<y. (312

(6,Q]
po " (#[2Bq) ~
0,2BoPmQ) = ° (319)

then
6u72(zBQ)2 < E%@M(2BQ)‘

Proof. By Lemma 3.5, there exist balls By = B(&, o' r(Q)), k = 1,2, where & € B(Q),
such that p(BxNB(Q)) = p"1(Q) and dist (y1,y2) > yr(Bg) for any yi, € BpNQ, k= 1,2.
From (3.2) it follows that

2 1 dist (w, Ly, 4) ) w
In2(2BQ)" < 2r(Bq) /23Q< 2r(Bq) ) dulon).

We separate triples (w, y1,y2) that are in and not in Vg, (g). Clearly,

dist (w, Ly, 4,) < diam (2Bg)sine < 4er(Bg) if (w,y1,y2) ¢ Vear(e).
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Thus

rBu,Z(QBQ)Q

42 / 1 dist (w, Ly, 4) \ >
< dﬂer/ <7yhy2)dﬂw
QT(BQ) 2BQ ( ) 2T(BQ) QBQ,(w,yl,yz)EVFa,(E) 2T(BQ) ( )

2dist (w, L 2
( ( y17y2)> d,u(w)
lw — y1|[w — ya|

< 452@“(2BQ) + 8T(BQ) /
2Bq, (w,y1,y2)EVEar(e)

= 462®H(2BQ) + ST(BQ) / C(w, Y1, y2>2d,u/(w)
2Bq, (w,y1,y2)€ VFar(e)

We used that |w — yi| < diam (2Bg) = 4r(Bg) as w,y1,y2 € 2B and that
2 dist (w, L
C(w’y17y2) — ( yl,yz)‘
w = y1]|w — y2

Recall that r(Bg) = 287(Q) by definition. By (0.15) and (3.11),

/ c(w,y1,y2)*dp(w)
QBQ, (w,y1,y2)EVFar(5)

2

< / po(w, y1,y2)dp(w).
C1 (6) QBQ, (w,y1,y2)EVFar(8)

Recall that |y; — yo| = vr(Q) for any yr € Br N Q, k = 1,2. Furthermore, for any 0
such that 0 < 6 <y we can find y; € By and ys € By so that

py P (ul2Bo) _ py ¥ (ul2Bg)
uBu(Bz) ~ (")n(@QP

By (3.7) and the fact that £ N B(Q) C @, we deduce that

#(Q) = Cy ' p(100B(Q)) = Cy 'u(56B(Q)) = Cy ' 1(2Bg).

/ pow, y1, y2)dpu(w) <
2Bo

Consequently,

167(Bg)py ® (12Bq)
c1(e)(p")21(Q)Cy "1(2Bg)
5 (ul2Bg)

= 4%0,(2Bg) + C(a,y)(zm.

Multiplying both sides by ©,(2Bq) finishes the proof of (3.12). Note that p” = p" (7).
Let us prove the second statement. By the assumption (3.13),

5#,2(2362)2 < (452 + C(e,7)€)0,4(2Bg).

B.2(2Bg)? < 4¢%0,(2Bg) +

For any ¢ > 0, we put € = %50 and choose € so that € < %5%/0(5,7). O]

3.7 Parameters and thresholds

Recall that we work everywhere with the David-Mattila dyadic lattice D associated with
the measure pu.

In what follows we will use many parameters and thresholds. Some of them depend on
each other, some are independent. Let us give a list of the parameters:
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7 is the threshold for cubes with low density:

(IR

A is the threshold for cubes with high density:

0<A'<7?2«1, ie A>1.

0 is the threshold for the angle between best approximating lines associated to some
cubes:
0< 6yl

v is the parameter controlling unbalanced cubes:

0<y< <l

€0 is the threshold controlling the 33 ,-numbers:

0<eg= 60(’7,7’,/1,90) < 1.

« is the threshold controlling permutations of intermediate cubes:

0<a=a(r,A ey, 00) < 1.

0 is the parameter controlling the truncation of permutations:

0<d=46(v,e0,7,4) < 1.

All the parameters and thresholds are supposed to be chosen (and fixed at the very
end) so that the forthcoming results hold true. In what follows, we will again indicate step
by step how the choice should be made.

3.8 Stopping cubes and trees

3.8.1 Stopping cubes

Let R € D%, We use the parameters and thresholds given in Section 3.7. We denote by
Stop(R) the family of the maximal cubes @) C R for which one of the following holds:

(S1) @ € HD(R) ULD(R) U UB(R), where
e HD(R) is the family of high density doubling cubes Q € D% satisfying
©,(2Bq) > A©L(2BR);
e LD(R) is the family of low density cubes @ satisfying
©.(2Bg) < 7©,(2BR);
e UB(R) is the family of unbalanced cubes Q € D%\ (HD(R) ULD(R)) such that

@ is y-unbalanced;
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(S2) @ € BP(R) (“big permutations”), meaning @ ¢ HD(R) U LD(R) UUB(R) and

[5,Q]
> perm(Q)* > a®,  perm(Q)*:= 0.2Br)2n(0)

QCQCR

(S3) Q € BS(R) (“big slope”), meaning Q ¢ HD(R)ULD(R)UUB(R)UBP(R) and Q € D%
so that
A(LQa LR) > G(R)a
where §(R) depends on some geometric properties of R and is comparable with the

parameter 6y > 0 mentioned in Section 3.7. The more precise description will be
given in Section 3.12.

(S4) Q € F(R) (“big part of Q is far from best approzimating lines for the doubling ances-
tors of "), meaning Q ¢ HD(R) U LD(R) U UB(R) UBP(R) UBS(R) and

w(Q\ 2B§) > Vau(Q),

where
2BG :={x € RN2Bq: dist(z,Ls) <5\zr(Bg) YQ € DU(R) :
2Bq C 2B and Q is not contained in any cube from (3.14)
HD(R) ULD(R) UUB(R)UBP(R)UBS(R)}.

Let Tree(R) be the subfamily of the cubes from D(R) which are not strictly contained
in any cube from Stop(R). We also set

DbTree(R) := D% N (Tree(R) \ Stop(R)).
Note that all cubes in Stop(R) are disjoint.

Remark 3.5. It may happen that Stop(R) is empty. In this case there is no need to
estimate the measure of stopping cubes and we may immediately go to Section 3.10. In the
lemmas below related to estimating the measure of stopping cubes we naturally suppose
that Stop(R) is not empty.

Generally speaking it is possible that R € Stop(R) (and then DbTree(R) is empty).
Clearly, R ¢ HD(R) ULD(R) UBS(R) by definition but it may occur that R € UB(R) U
BP(R) U F(R). Firstly, we will not work with the family UB(R) before Section 3.13 so we
may assume before that section that R ¢ UB(R). Secondly, if R € BP(R), then we may
directly go to Lemma 3.14 and use the same estimate for the measure of stopping cubes
from BP(R). Thirdly, it will follow from Lemmas 3.12 and 3.13 (see Remark 3.6) that if
R ¢ UB(R) UBP(R), then R ¢ F(R), i.e. the case R € F(R) may be skipped.

It is also worth mentioning that if R € Stop(R), then the Lipschitz function mentioned
in Section 3.4 may be chosen identically zero and its graph is just Lp.

3.8.2 Properties of cubes in trees

Below, we will collect main properties of cubes from Tree(R) that readily follow from the
stopping conditions. Before it we prove an additional result.
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Lemma 3.8. For any Q € Tree(R), we have
©.(2Bg) S A©,(2BR).
The implicit constant depends only on Cy and Ay.

Proof. Let Q € Tree(R). If Q@ € D%, then there is nothing to prove. If not, then denote
by Q € D% the first doubling ancestor of Q. Such a cube Q exists and Q C R because
R € D% by construction. Since the intermediate cubes P, @ C P C Q, do not belong to
D% by Lemma 3.4 we have

0,(2B0) S ©,(100B(Q)) S CA40,(100B(Q)).
Using that Q € D%, namely, the inequality (3.8), we get
0,(2Bq) S CiA0O.(2Bg) < C§ Ao AB,(2Bkg),
and we are done. O
Lemma 3.9. The following properties hold:
70,(2BRr) < ©,(2Bg) S AO,(2BRr), VQ € Tree(R) \ (LD(R) UHD(R)). (3.15)
Q € D% N (Tree(R) \ (HD(R) ULD(R) UUB(R))) = Q is y-balanced.  (3.16)

> perm(Q)® < o® VQ € Tree(R) \ (HD(R) ULD(R) UUB(R) UBP(R)).  (3.17)
QCQCR

Bu2(2B)* < £80,(2Bg)  if a = a(v,T,20) is small enough and

Q € D® N (Tree(R) \ (HD(R) U LD(R) U UB(R) UBP(R))). (3.18)
4£(Lg,Lr) <O(R)  VQ € DbTree(R). (3.19)
n(@\2BG) < Vau(@Q)  ¥Q € Tree(R) \ Stop(R). (3.20)

Proof. The statement (3.15) follows from Lemma 3.8 and the stopping condition (S1).
The statements (3.16), (3.17), (3.19) and (3.20) immediately follow from the construction
of Stop(R) and Tree(R), while (3.18) is implied by Lemma 3.7 and the stopping conditions
(S1) and (S2). O

The following property of y-balanced cubes will be used many times below.

Lemma 3.10. Let g = £o(7) be chosen small enough. Then for any Q € D™ N (Tree(R)\
(HD(R) ULD(R) UUB(R) UBP(R))) there ezist two sets Z, C Q, k = 1,2, such that

Q) Sy u(Zx) < w(Q) and  dist (21, Z2) = yr(Bg),

and moreover for any z1 € Z1 and zo € Z9 we have

dist H(Lz1,22 N 2BQ, LQ N QBQ) < J%T(BQ).
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Proof. Since Q € D% N (Tree(R) \ (HD(R) ULD(R) UUB(R))), Q is y-balanced by (3.16).
Furthermore, by Lemma 3.5 there exist balls By = B(&, p'r(Q)), k = 1,2, where & €
B(Q), such that

u(BrNB(Q)) = p"u(Q) and  dist (y1,y2) = y7(Bg) for any yx, € By, k= 1,2,
where p' and p” depend on 7. Due to the estimate (,2(2Bg)? < €20,(2Bg) (see (3.18)),
by Chebyshev’s inequality there exist Z; C Bx N Q such that

Q) Sy u(Br) S p(Zr) < u(Q)  and Sup dist (2, Lg) Sy eor(Bg), k=1,2.
z€Zy,

Thus for any z; € Z; and z9 € Z5 we have
dist (2, Lg) Sy eor(Bg), k=1,2, dist (21, 22) 24 r(Bg).

This implies that £(L., .,, Lg) Sy €0 and therefore the following estimate for the Hausdorff

distance holds:
dist H(Lzhz2 N QBQ, LQ N QBQ) S/y €0 T‘(BQ).
Choosing g small enough with respect to the implicit constant depending on 7, we obtain

the required result. O

Clearly, it may happen that not all cubes in Tree(R) are v-balanced as there may
be undoubling cubes. However, for any cube in Tree(R), there is always an ancestor in
DbTree(R) close by. Namely, the following result holds.

Lemma 3.11 (Lemma 6.3 in [AT]). For any cube Q € Tree(R) there exists a cube Q>Q
such that @) € DbTree(R) and diam (Q) < Adiam (Q) with some A = \(A, T).

Now we want to show that the measure of the set of points from R which are far from
the best approximation lines for cubes in {R} U (Tree(R) \ Stop(R)) is small. Set

P @, 1) = / / poly, 2) du(y)dp(z)
Ir(Q)<|z—y|<5~1r(Q)

and consider
(6,Q)
py * (z,u|2BR, i1|2BR)
0,(2Bgr)?
for some @ € {R} U (Tree(R) \ Stop(R)) such that x € 2Bg},

Rear:i={z €R:

2 C2(’77 T, 80)

where c(7,7,£0) > 0 will be defined precisely in the proof of Lemma 3.13.
Lemma 3.12. If R ¢ UB(R) UBP(R) and a = (7, T,£0) is chosen small enough, then

:U'(RFar) < QN(R)
Proof. By Chebyshev’s inequality,
C2 (73 T, 50) H(RFGF)

(2, u|2Bg, u[2B
</ Z po (xpl R,QLL R) du(z)

R ©,(2BR)
Qe{R}U(Tree(R)\Stop(R)): z€2Bg

< Z oy (u|2Bg, u|2Bg, 11| 2Bg)
b 0,(2Br)?
Qe{R}U(Tree(R)\Stop(R))
[6,Q]
Do (N@BQaNLQBR,,uLQBR)/
N x) dp(x).
2 ST R Xol@) du(z)

QE{R}U(Tree(R)\Stop(R))
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Changing the order of summation yields

c2(7, 7,€0) p1( RFar)

SR s,

</ po " l2Br) | 5 o 2B, p2Br n280) |
= 2 2

R \ ©u(2BRr)*u(R) QETree(R)\Stop(R): z€Q 0,(2BRr)*1(Q)
< / perm(R)? + Z perm(Q)* | dp(x)

R QETree(R)\Stop(R): z€Q
<202 p(R).

Supposing that 2a < ca(7y, 7,€0) gives the required result. O]

Recall the definition (3.14).

Lemma 3.13. Let § = (o) be chosen small enough. If x € (RN 2Bg) \ 238 for some

Qe Tree(R), i.c. in particular there exists Q € D®(R) such that 2Bg D 2B and Q is
not contained in any cube from HD(R)ULD(R) UUB(R)UBP(R)UBS(R), then x € Rga,.

Proof. Clearly, x € 2Bg and Q € D% N (Tree(R) \ (HD(R) U LD(R) U UB(R) U BP(R))).
Therefore, by Lemma 3.10 we can find Z; C @, k = 1,2, such that for any z; € Z; and
z9 € Zo9 we have

dist H(LZI,Z2 N2Bqg, Lo N QBQ) < \/ET)T(BQ).

Consider triangle (z, 21, z2) which is wholly contained in 2Bg. It is easily seen that
dist (x, L, »,) > dist (z, Lg) — dist g (L2, 2, N2Bg, Lo N2Bg) > 4y/eor(Bg). (3.21)
This implies that one of the angle of the triangle (z, z1, 22) is at least

4y/E0r(Bg)

diam (2Bg) = Vo,

and thus (x, 21, 22) € Vrar(y/€0) for any z1 € Z; and 22 € Z5. Note also that (3.21) implies
that |x — 21| = dr(Q) if § = (o) is chosen small enough. Consequently, by the identity
(0.15) and Lemma 3.6,

pg&Q} (z, u|2BR, 1| 2BR) > // po(w, 21, 22) dp(z1)dp(z2)
21€21,22€ 29
> bava) [f (w21, 20)2 du(1)da(22)
21€E21,22€29

2dist (x, L, 2
~lalva) [[ () et
21€21,22€22

|z — 21|z — 2]

where the constant c¢; is from Lemma 3.6. Furthermore, we apply (3.21) and the fact that
|z — 2| < diam (2Bg) = 4r(Bgq) for k = 1,2 to obtain the following:

(2, | 2B, 12Br) > mu(zﬁu(zﬂ

Since w(Zk) 2, u(Q) by Lemma 3.10, u(Q) = w(2Bg) as Q € D® and 0©,(2Bg) >

~

70,(2BR) by (3.15), we finally get

po (@, 1 2B, 1 2BR) Z 20€1(v/E0) T°0,(2BR)” = ca(7,7,20) ©,u(2BR)*.

Consequently, x € Rp, by definition. O
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Remark 3.6. Suppose that R € F(R) and thus p(R\ 2BY) > au(R) by definition.
Then it is clear that R ¢ UB(R) UBP(R) (and furthermore R ¢ HD(R) ULD(R) UBS(R),
see Remark 3.5) and so p(Rpar) < apu(R) by Lemma 3.12. Furthermore, R\ 2BS C R,
by Lemma 3.13 (where one takes R for both @ and Q) and thus u(R \ 2BY) < au(R)
which contradicts the fact that R € F(R) as a < 1.

3.9 Measure of stopping cubes from BP(R) and F(R)

Lemma 3.14. It holds that

1

S Q< g > P ul2Bg, pl2Br, k| 2Bn).
« GM(QBR) ~

QEBP(R) QeTree(R)

What is more, if o = a(7) is small enough, then

> @) < Vap(R) < VT u(R).

QeF(R)
Proof. All the cubes in Stop(R) are disjoint and so are the cubes in BP(R) and F(R). From
(S3) we get

Py Uy L2B 1|[2BR, 11| 2BR)

1
>on \7 > ZQ: 2B)2(0) Q)

QEBP(R) QEBP(R) Q
1
= 26,038 S 2By pl2Brou2Br) S L Eg;
QETree(R) QeBP(R):Qc M
1 5.0
< ’ 2B4, 11| 2BRr, 4| 2BR).
a2@M(2BR 2 Z po (/’I’L Q Ml_ R ML R)
QcTree(R)
By (S4) and Lemmas 3.12 and 3.13, we obtain
1
D MO < = > mQ\2Bg) < T #(Rear) < Vau(R),
QEF(R) QEF(R)
which finishes the proof. O

3.10 Construction of a Lipschitz function

We aim to construct a Lipschitz function F' : L — Lﬁ whose graph I'r is close to R
up to the scale of cubes from Stop(R). We will mostly use the properties mentioned in
Lemma 3.9. This task is quite technical and so we start with a bunch of auxiliary results.
Note that, although we follow some of the methods from [Leg| and [Tol5, Chapter 7] quite
closely, we need to adapt the whole construction to the David-Mattila lattice used in the
current chapter (instead of the balls with controlled density used in |Leg| and [Tol5]).

Let us mention again that we may suppose that R ¢ Stop(R) as otherwise we choose
F =0 and the graph I'p of F' is just Lg.
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3.10.1 Auxiliary results

As before, we denote by Lg a best approximating line for the ball 2B in the sense of the
beta numbers (3.2). We need now to estimate the angles between the best approximating
lines corresponding to cubes that are near each other. This task is carried out in the next
two lemmas. The first one is a well known result from [DS1, Section 5|. We formulate it
for lines in the complex plane.

Lemma 3.15 ( [DS1]). Let Ly, Ly C C be lines and z1,2z9 € Z C C be points so that
(a) dq = dist (21, 22)/ diam (Z) € (0,1),
(b) dist (2, L;) < dodiam (Z) fori=1,2 and j = 1,2, where da < dy /4.

Then for any z € Lo,
dist (2, L1) < d (% dist (2, Z) + diam (Z)) . (3.22)

We will use the preceding lemma to prove the following result.

Lemma 3.16. Let eg = £o(7y) be chosen small enough. If Q1,Q2 € DbTree(R) are such
that r(Q1) = r(Q2) and dist (Q1,Q2) S r(Qj) for j =1,2, then

dist (w, Lg,) S v/eo (dist (w, Q1) + r(Q1)), w e Lg,, (3.23)
dist (w, Lg,) S v/eo (dist (w, Q2) + 1(Q2)), w € Lg,, (3.24)
4(Lg,,Lg,) S Veo- (3.25)

Proof. Let Q € DbTree(R) be the smallest cube such that 2Bg D Bg, N Bg,. Clearly,
r(Q) 2 r(Qj), j = 1,2. Moreover, we can also guarantee that

2
r(Q) < dist (Q1,Q2) —i—Zr Qj)-
J=1

Now we use arguments similar to those in Lemma 3.10. Since @); € DbTree(R) for
j =1,2, by (3.16) and Lemma 3.5 there are balls By, ; = B(& 5, ' 7(Qj)), k = 1,2, where
&kj € B(Qj), such that p(By; N B(Q;)) = p"n(Q;) and dist (y1,5,42,5) = vr(Bg,) =
vr(Q;) for all yx ; € By ; N Qj, where p’ and p” depend on ~. Consequently, by (3.18) and
the fact that (B} ;) = 7(Q;) we get

: 2

Since r(Q) ~ r(Q;), we analogously obtain

1 dist (w, Lg) \ 2
7”(B’w')/mj<7”(3k,j)> dp(w) Sy Bu2(2Bg) Sy €6 0,(2Bg).

Therefore, using Chebyshev’s inequality and again the relation 7(Q) ~ r(Q;), we can find
2, € By j N Q) such that

max{ dist (2, LQJ.), dist (21,5, Lg)} Sy €07(Q)-
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Since dist (21,5, 22,) = vr(Q;) 2 ¥r(Q), it follows by Lemma 3.15 that
dist (w, Lg) Sy eo(dist (w, Q5) +7(Qy)) for all w € Lq,, j=12

and
dist (w, Lg;) Sy eo(dist (w, Q;) +7(Qy)) for all w € Lg, j=12.

From this, by the triangle inequality, choosing €9 small enough with respect to the implicit
constant depending on v, we obtain (3.23) and (3.24).
The inequality (3.25) follows from (3.23) and (3.24) by elementary geometry. O

Lemma 3.17. Let a« = a(y) and €9 = eo(y) be chosen small enough. If Q1,Q2 €
DbTree(R) are such that 2Bg, C 2Bg, and x € Lg, N2Bg,, then

dist (z, Lg,) < e/* 1(Qa).

Proof. By Lemma 3.5 there exists a family of balls By = B(&, o/ r(Q1)), where & €

B(Q1), such that pu(By N B(Q1)) = p"1(Q1) and dist (y1,y2) = yr(Bg,) = yr(Q1) for any
yr € Br N Q1, k = 1,2. Recall that p’ and p” depend on 7. Furthermore, we can choose

a = a(7v) in (3.20) small enough to guarantee that By N B(Q1) N 2381 # @. This and the
definition of 2381 imply that there exist z € By N B(Q1) N 2381, k =1,2, such that

dist (Zk7LQj) 5 \/€>OT(QJ)7 k= 1727 j = 172

Let z, be the orthogonal projection of z; onto Lg,. We easily get from the previous
inequality that
dist (2, Lo,) S vEor(Q2), k=1,2. (3.26)

Moreover, dist (21,22) 2~ r(Q1) implies that dist (z],25) 2, 7(Q1) and z;, € 2Bgq,, if
g0 = €o(7) is small enough. Having this and (3.26) in mind and taking into account that
x € Lo, N2Bg,, by elementary geometry we get the required estimate for dist (z, Lg,),
assuming again that g9 = g¢(7) is small enough. O

3.10.2 Lipschitz function F' for the good part of R

For each given R € D% we first construct the required function F on the projection of
the “good part” of R onto Lr and then extend it onto the whole Lg. In what follows, we
will work a lot with the function

d(z) := QeDliaITlfee(R){diSt (z,Q) + diam (Q)}, z € C. (3.27)

Let us mention that (R) is supposed to be comparable with the parameter 6y, i.e.
O(R) ~ 6y, where the implicit constants will be defined in Section 3.12.

Lemma 3.18. Let ¢g = eo(7, A, 0p) and 6y be small enough. For any z1, zo € cBr we have
T (21) = T (22)] S O(R)[TI(21) — T(22)| + (7, A) (d(21) + d(22)) ,

where TI(z) and TI*(z) are the projections of z onto Lg and L%, correspondingly, and
e(r, A) > 0.

70



Proof. Everywhere in the proof K = 1,2. For a fixed h > 0 and any z; € cBgr one can
always find Qr € DbTree(R) such that

dist (zg, Q) + diam (Qr) < d(zx) + h, E=1,2.

Choose 2, € Q. Clearly, |z — 2| < d(2k) + h.
Let Q) € DbTree(R) be the smallest cube such that 2B5 > Bg, and

r(Qk) ~r.a €021 — 2| + Zk diam (Qy).

Now let Q € DbTree(R) be the smallest cube such that 2B5 D By, U Bg, and

T(Q) R |21 — 22| + Zk diam (Qg).

Note that |21 — 22| < r(R) as 2 € cBg and thus the cubes Qy and Q are well defined.
Furthermore, we easily get that o r(Q) <rA r(Qy). Consequently, the way how Qj, and Q

~

are chosen and the inequalities (3.15) and (3.18) in Lemma 3.9 imply that

1 (dseg)) rQ) 2By _ L, r(@0u(By)
H(BQk)/JS ( r(Q) > dp(w) S u(2Bg,) SrA u(2Bg,)
0,(2B5)

Sra 60@:(23@)

3/4
ST,A 80 5 60 )

if e9 = eo(7, A) is chosen properly. Recall again that r(Bg) = 287 (Q) by definition.
From the inequality just obtained we deduce by Chebyshev’s inequality that there exist
zl € RN Bg, . k=1,2, such that

= £ Q) 5 Vo ([ = 22l + 3, diam (@)

where 7(z;) stands for the orthogonal projection of z; onto Lg and g9 = g9 (1, A) is small
enough. Note also that

|2k — 21| S 7(Qn) S Veolz — 2| +¢(7, A Z diam (Q),
if eg = eo(7, A) is small enough. Summarizing, we obtain the inequality
e — ()] < |2 — 241+ e = w(E)| S Yealer — 2ol +e(r, A) Y, diam (Qu).
Furthermore, the triangle inequality yields

I (21) = T (25)] < [ (r (=) = T (r (=) + ) (=) — T (w(2))|
< (=) =T (r ()] + ) Jok = w(ar

and therefore we immediately obtain

[ (1) = T (25)] S [ (r (=) — T (m(25)) | + /Eol21 — 22| +c(r, 4) ) diam (Qp).
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From (3.19) in Lemma 3.9 applied to Q and the triangle inequality we deduce that

IHL(( 1) = I (n(23))]

< 6(R)|TI(r(> >>—H<w<z§'>>|

S O(R) (T(=0) = T(=0)] + D, T(z) — T(m(z}))])
9(R)<\H(z1 (z2)| + > Jon = (oA )

SOR) (I0(z1) = TWz) [ + 3, (120 = 241 + 12— 7(0)]) )

Recall the estimates for |z, — z;| and |z, — 7(2})| and take into account that diam (Qj) <
d(zr) + h and that g9 and 6y (and thus 0(R)) are small. Consequently,

[ (21) = T (25)] S O(R)[M(21) — H(z2)| + Eol21 — 22| +e(r, 4) ) (d(zk) + ).
Additionally, the triangle inequality and the estimate for |z — 2| lead to
I (21) — T (22)] < [T (24) )|+, (dz) + h),
and thus
[T (21) = T (20)] S O(R)[TT(z1) — TH(z2)| + Enler — 2o +¢(r, A) Y (@) + ).

Take into account that |z — zo| < |TI(21) — (22)| + |TI*(21) — I+ (22)| and choose g small
enough with respect to 6y (and thus to #(R)) and to the implicit absolute constant in the
latter inequality. Finally,

I (21) = T (22)| S O(R)I(21) — H(z2)| +e(m, A) Y (d(z) + ).
Letting h — 0 finishes the proof. O

We will also use the following notation:
Gr={zeC:d(z)=0}. (3.28)
Lemma 3.18 implies that the map Il : Gr — Lp is injective and we can define the function
F on II(GR) by setting
F(l(z)) =1+ (z), = €Gp. (3.29)
Moreover, this F' is Lipschitz with constant < 6(R).

We are now aimed to extend F onto the whole line Lr using a variant of the Whitney
extension theorem. This approach is quite standard and is used, for example, in [DS1,
Section 8|, |Leg, Section 3.2] and [Tol5, Section 7.5|. Therefore we will skip some details
and mostly give the results related to the adaptation of the scheme to the David-Mattila
lattice that we use. These results will then imply the extension of F' onto the whole Ly by

repeating the “partition of unity” arguments presented in [Tol5, Section 7.5]|.
Let us define the function

D(z) := xelilllf;(z) d(z) = QeDIiaI‘Il'fee(R){ dist (2, 11(Q)) + diam (Q)}, z€ Lr. (3.30)

For each z € Lg such that D(z) > 0, i.e. z € Lr \II(GRr), we call J, the largest dyadic
interval from Lp containing z such that

0(J,) < 710135 D(u).

Let J;, i € I, be a relabelling of the set of all these intervals J,, z € Ly \ II(GR), without
repetition. Some properties of {J;} are summarized in the following lemma.
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Lemma 3.19 (Analogue of Lemma 7.20 in [Tol5]). The intervals in {J;}icr have disjoint
interiors in Ly and satisfy the properties:

(a) If z € 15J;, then 50(J;) < D(z) < 504(J;).
(b) There exists an absolute constant ¢ > 1 such that if 15J; N 15Jy # &, then

() < L(Jy) < cl( ).

(¢) For each i € I, there are at most N intervals Jy such that 15J; N 15Jy # &, where
N is some absolute constant.

(d) Lr\I(GR) = Uics Ji = Uier 15Ji-
Now we construct the function F' on
Uy = LrN By, By = B(II(z¢), 10diam (R)),
where xg € R is such that
dist (zo, I1(z0)) = dist (zo, Lr) < diam (R).
This zg exists due to the inequality (3.18) in Lemma 3.9. Note that by construction
R C B(Il(xp),2diam (R)) and TI(R) C Ly N B(II(xp),2diam (R)). (3.31)
We also define the following set of indexes:
Iy={iel:J;NnUy+# @}.

Lemma 3.20. The following holds.
(a) If i € Iy, then £(J;) < diam (R) and 3J; C Ly N B(II(x), 12 diam (R)).
(b) If Jin B(Il(xp), 3 diam (R)) = & (in particular if i ¢ Iy), then

0(J;) = dist (Il(xo), Ji) =~ [Il(zg) — 2| for all =z € J;.
Proof. For (a), take J; with ¢ € I so that J; N Uy # &. Then we have
3J; C Lr N B(II(xg), 10 diam (R) + 2¢(.J;)).
It is necessary to estimate ¢(.J;). Recall that

0(J;) < %Jg_D(u).

Definitely, inf,c s, D(u) < maxy,ecy, D(u) in our case so we will estimate this maximum
instead. To do so, we first notice that the definition (3.27) of d and the inequality (3.31)
give
d(x) < dist (z, R) + diam (R) < 13diam (R), x € By.

This yields

max D(u) < maxd(z) < 13 diam (R),

uely r€Bg
if we take into account the connection between d and D in (3.30). Thus

0(J;) < 33 diam (R)
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and therefore

3J; C Lr N B(I(x0), (10 + 13) diam (R)).

Now let us prove (b). Let z € J;. Clearly, diam (R) < $|II(zo) — 2|. Furthermore, we
infer from this and the definition (3.30) that

D(z) < (JI(xg) — 2| + 2diam (R)) + diam (R) < 2|II(zp) — z|.
From another side, by (3.30) and (3.31),
D(z) > dist (2,II(R)) > |lI(zp) — z| — 2diam (R) > %|H(az0) —z|.

Thus
(o) — 2| < D(z) < 2[T(zo) — 2], z € J;.

Together with Lemma 3.19(a) this gives
20(J;) < (o) — 2| < 1504(J;).
Moreover, since
ITL(zg) — 2| — €(J;) < dist (II(xg), J;) < [TI(zg) — 2|, z € J;

we get
30(J;) < dist (H(zo), J;) < 1500(J;),

which finishes the proof. O
Lemma 3.21. Given i € Iy, there exists a cube Q; € DbTree(R) such that

(a) £(J;) S diam (Qs) Sroa €(Ji);

(b) dist (J;, I(Q3)) < €(Js).

Proof. From the definition (3.30) of D it follows that there exists a cube ) € DbTree(R)
such that
dist (2, I11(Q)) + diam (Q) < 2D(z) = £(J;), z € Jj,

where the comparability is due to Lemma 3.19(a). This immediately gives (b) and the right
hand side inequality in (a) for Q; = Q. If the left hand side inequality in (a) does not hold,
we can replace @ by its smallest doubling ancestor @’ satisfying diam (Q") 2 ¢(.J;) so that
all other inequalities are valid (recall Lemma 3.11). We rename @’ by Q; then. O

For i € Iy, let F; be the affine function Lrp — Lﬁ whose graph is the line Lg,. More-
over, F; are Lipschitz functions with constant < 6(R) as £(Lg,, Lr) < 6(R) by (3.19) in
Lemma 3.9 taking into account that all (); € DbTree(R). On the other hand, for i ¢ Iy, we
set F; =0, i.e. the graph of F; is just Ly in this case.

Lemma 3.22. [f10J; N 10J; # @ for some 1,1’ € I, then
(a) dist (Qs, Qi) Sroa L(Ji) if moreover i,i" € Iy;
(b) |Fi(2) — Fy(2)| S e/ £(J5) for = € 100;;

1/3
(c) |E'/_FZ‘//|§50 .
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Proof. For i,i" € Iy, Lemmas 3.19(b) and 3.21(b) ensure that £(Q;) = ¢(Q;/) and
dist (I1(Q4), IN(Qy)) < dist (I(Qy), Ji)+4(J;)+ dist (J;, Jir)+(Jy )+ dist (S, IH(Qyr)) S £(Js).

Keeping this in mind, we continue. For any z; € @); and zo € @i by the triangle inequality
and Lemma 3.18 we have

dist (Qi, Q) < dist (21, 22) < [T (21) — T (29) + [TI(21) — TL(z2)]
< (1) — Hz)] + em, A)(d(z1) + d(z2)).

Since z1 € Q; and 22 € @, we have d(z;) < diam (Q;) and d(z2) < diam (Q;/). Moreover,
if 21 and z9 are chosen so that

ITI(21) — H(22)| < 2dist (T(Q;), IL(Qy)),

then dist (Q;, Qir) S dist (II(Q;), II(Qy)) + diam (Q;) + diam (Qy) Sr.4 £(J;) as in (a).
For i,i" € Iy the properties (b) and (c) follow from (a) and Lemma 3.16. Indeed, in this
case

diam (Q;) = diam (Qy) ~ra €(J;) = £(Jy) and dist (Qs, Qi) Sroa £(J;).

Taking into account that Lg, and Lq, are the graphs of F; and Fj/, correspondingly, by
Lemma 3.16 we have

Fi(2) — Fy(2)] Sra vEol(J) <ebl*0g), 2 €100,

if 9 = €o(7, A) is chosen small enough. Moreover, by the same lemma £ (Lg,, Lg,) Sra
V/€o and thus

|F} — Fj)| = |arctan £(Lq,, Lg) — arctan £(Lq,,, LR)|
= |arctan £(Lq,, Lr) — arctan(£(Lg,, Lr) *+ £(Lq;, Lq,))|
S larctan £(Lq,, Lq, )|
ST,A \/5
1/3
S E() 9
if eg = go(7, A) is small enough.
For i,i" ¢ Iy, F; = Fy =0, and so (b) and (c) are trivial.
Finally, let i € Iy and i’ ¢ Ij. From the assumption 10J; N 10J;; # & and Lemma 3.19(b)
we know that ¢(J;) ~ ¢(Jy). Moreover, by Lemma 3.20(a) we have ¢(.J;) < diam (R) as
i € Ip. From another side, by Lemma 3.20(b)

g(JZ/) ~ dist (H($0), Ji/)

and additionally dist (II(zg), J») > 10diam (R) as ¢’ ¢ I, i.e. Jy NUy = @. From all these
facts we conclude that

;) = U(Jy) =74 diam (R) and dist (J;, Ji) Sra diam (R).

~

Recall that Fyy = 0 and Jy C L. Then, using Lemma 3.21 and arguments close to those
in the proof of Lemmas 3.10 and 3.16, one can show that Lg, is very close to Lg in cBy,
which yields (b) and (c) in this case if g = €o(7, A) is chosen small enough. O
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3.10.3 Extension of F' to the whole Ly

We are now ready to finish the definition of F' on the whole Lg. Recall that F' has already
been defined on II(GR) (see (3.29)). So it remains to define it only on Lg \ II(GR). To this
end, we first introduce a partition of unity on Lr \ II(Gg). For each ¢ € I, we can find a
function ¢; € C*°(Lg) such that x25, < @; < x3.7,, With

~ C
and ‘90/1'/ < E(J‘)T

B <

Then, for each ¢ € I, we set

Pi
0; = . (3.32)
Zjel i

It is clear that the family {¢;};cr is a partition of unity subordinated to the sets {3.J; }icr,

and each function ¢; satisfies

Cc

(J5)

[ZHES and [ <

~

0(J;)?

taking into account Lemma 3.19.
Recall that Lr \ II(GRr) = U;c; Ji = U;er 3Ji- For 2z € Lr \ II(GR), we define

F2) =Y gil2)Fi(2).

i€l

Observe that in the preceding sum we can replace Iy by I as F; =0 fori € I\ Ij.

We denote by I'r the graph {(z, F(z)) : z € Lr}.

Using the lemmas proved above, one can undeviatingly follow the “partition of unity”
arguments in [Tol5, Section 7.5] to prove the following.

Lemma 3.23. The function F : Lr — L is supported on Lr N B(Il(x0), 12 diam (R))
and is Cr O(R)-Lipschitz, where Cr > 0 is absolute. Also, if z € 15J;, 1 € I, then

" \4/57)
7 S 375

Recall that we suppose of course that the parameters and thresholds mentioned in
Section 3.7 are chosen properly.

3.10.4 I'p and R are close to each other
Lemma 3.24. There exists a constant c3(7, A) > 0 such that
dist (z,I'r) < c3(1, A) - d(z) for any = € By. (3.33)
Proof. Let y = (II(x), F(II(z))). By Lemma 3.18,
dist (2,Tgr) < |z —y| = [T+ (2) — T (y)| Sra d(z) + d(y). (3.34)
If II(z) € II(GR), then y € Gg and thus d(y) = 0, which proves the lemma.
If II(z) ¢ TI(GR), let J;, i € I, be such that II(z) € J;. Since Il(z) € J; N By # 9,
i € Iy and therefore there exists a cube @); € DbTree(R) described in Lemma 3.21. This

gives

d(y) < dist (y, Q;) + diam (Q;) Sra dist (y, Qi) + £(J;).
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Let us estimate dist (y,Q;). One can deduce from the definition of F' that there exist
y' € Lg, such that II(y") = II(y) and dist (y,y") < £(J;) (recall that L, is the graph of F;
and II(y) € J;, see some details in [Tol5, Proof of Lemma 7.24]). Moreover, it follows in a
similar way as in the proof of Lemmas 3.10 and 3.16 that there exist ( € @; and ¢’ € Lg,
such that dist (¢, (") < v/€o diam (Q;). We know from Lemma 3.21 that dist (II(y'), II({)) <

~

¢(J;). Furthermore, it holds that £(Lq,, Lr) < 6(R) by (3.19) in Lemma 3.9 taking into
account that all Q; € DbTree(R). These facts imply that dist (v/, (") < €(J;). Summarizing,
we obtain

dist (y, Q) < dist (y,y") + dist (y',¢') + dist (¢, ¢) < £(J).
From this by Lemma 3.19(a) and the definition of D (see (3.30)), we conclude that
d(y) Sr.a l(Ji) Sra DI(2)) Sroa d(2).
This fact together with (3.34) proves the lemma. O

Lemma 3.25. Let ¢g = e9(A, ) be small enough. If Q € DbTree(R) and z € T'r N 2Bg,
then

dist (2, Lg) S veor(Q). (3.35)

Proof. Let z € Gr. Then there exists Q' € DbTree(R) such that z € Q', Q' C Q and
r(Q") < 5(1)/37“(62). By Lemma 3.10 there is 2’ € @ such that dist (/,2") < /07 (Q’),
where 2" € Lo/ N2Bg . Furthermore, it is clear that dist (z,2") <7(Q') < 5(1)/3 r(Q). Using
that Q" C Q, by Lemma 3.17 we get dist (2", Lg) < 5(1]/3 r(Q). Consequently,

dist (2, Lg) < dist (2,2") + dist (2, 2") + dist (2", Lg) < 5(1)/3 r(Q).

Now let z ¢ Gg and ¢ = II(2). In this case

=Y @i(QF()

i€y

Now take into account (3.32) and distinguish two cases. Suppose first that

D () =1

i€lp

In this case (¢, F(()) is a convex combination of the points (¢, F;(¢)) for i such that
©i(¢) # 0 (we will write i € I for these is, Iy C Iy). Therefore (3.35) follows if

dist (¢, F3(¢)), Lo) S ed*r(Q)  foralli € I, (3.36)
To prove this estimate, notice that since z € 2B,

D(¢) < d(z) S 7(Q)-

Let J;, where i’ € I, be the interval that contains (. Then
((Jr) < 55D(C) S 7(Q). (3.37)

Recall that ¢; is supported on 3.J;. Consequently, we necessarily have 3J;NJ; # @ if i € Io.
Therefore by Lemma 3.19(b) and 3.21(a),

U(J;) =74 diam (Q;) =, 4 diam (Qy) ~r 4 £(Jir) Sra 7(Q).
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Moreover, by Lemma 3.22(a),
dist (I1(Q:), IH(Q:)) < dist (Qi, Qi) Sroa £(Ji).
Taking into account that
dist (I(Qy), II(Q)) < dist (II(Qy ), Ji) + diam (J;) + dist (Jir, II(Q)) S €(Jir) Sra 7(Q),
we get

dist (TI(Q4), T(Q)) < dist (TL(Q1), T(Qy))+ diam (T[(Qy)) + dist (T(Qw), TH(Q)) Sr.a 7(Q)-

From Lemma 3.18, applied for z; € @); and 22 € @, we deduce that

dist (Qi, Q) < dist (TH(Q;), TH(Q)) + diam (Q;) + diam (Q) Sr.a 7(Q).

This means that 2Bg, C cBg with some ¢ = ¢(7, A) > 1. Consequently, by Lemmas 3.11
and 3.16, we can find Q" € DbTree(R) such that ¢cBg C 2B, diam(Q') =4, diam (Q)
and

dist (w, Lg) Sar veo(dist (w, Q") + diam (Q")), w € Lg.

Choosing g = €9(A, 7) small enough, we get
dist (w, Lo) S e/ (dist (w, @) + diam (Q')),  w € Ly (3.38)

Recall that (¢, F;(¢)) € Lo, NcBg, and 2By, C 2B¢g so Lemma 3.17 gives

dist (¢, Fi(Q)), Ley) S e/ r(Q").

Note that the parameters and thresholds in Lemma 3.17 are also supposed to be properly
chosen. Together with (3.38) applied to w = Projr,, (¢, Fi(€)), this yields (3.36) as required.
Suppose now that

Z ei(C) < 1.

i€lp
In this case, there exists some J; with ¢/ ¢ Iy such that ¢ € 3Jy (as from (3.32) it follows
that > ;e p g, i(¢) > 0) and by Lemma 3.20(b),

diam (R) < 4(Jy) = dist (I(xq), Ji7).
Moreover, if J; is the interval that contains ¢ =1I(z), z € 2B, then
(i) S D(II(2)) S d(2) < dist (2, Q) + diam (Q) S diam (R),

where we used the definition of D, see (3.30).

By Lemma 3.19(b), £(J;) ~ £(Jy) as J;N3Jy # @. That is why ¢(Jy) ~ diam (R). This
also implies that ¢(.J,,) ~ diam (R) for any m € Iy such that ¢ € 3.J,,,. By Lemma 3.21(a),
it means that diam (Q,) ~; 4 diam (R). Furthermore, it is clear that dist (Q,,R) =0
and so the assumptions of Lemma 3.16 are satisfied for @),, and R. Consequently, Lg,,
and Lp are very close in ¢Bp for some ¢ > 1 if the corresponding parameters are chosen
properly, namely,

dist H(LQm N¢Br, Lr N cBR) ST,A Veo diam (R). (3.39)
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On the other hand, arguing as in (3.37), one deduces that ¢(Jp,) <74 7(Q), and from this
we conclude that r(Q) ~, 4 diam (R). By (3.39) then we get
[En(O)] = dist (¢, Fn(Q)), L) Sra vEndiam (R) Sr.a4 Va0 r(Q) S &5 1(Q)

for all above-mentioned ms is 9 = o(7, A) is chosen small enough. Recall that we only
need to sum up ¢ € Iy such that { € 3J; and these are our m € Ip. Thus

dist (¢, F(0), Lr) < D @i QIF(OI = D eml(OIFa(Q)

i€l méelp

max | Fin (€] Z em(Q) S (Q)

mely

Due to the fact that r(Q) ~ diam (R), by Lemma 3.16 lines Lr and Lq are very close to
each other in 2B, and thus

dist (¢, F(0), Lo) S & r(Q)
as desired. O
Lemma 3.26. For all x € R\ Ra,
dist (z,T'r) < Veo d(x). (3.40)

Proof. Recall that if d(z) = 0, then = € I'r and we are done.

By Lemmas 3.13 and 3.25 any point © € R\ Rg,, is very close to Lr and (3.40) clearly
holds if d(x) ~ diam (R). Hence, we may suppose below that d(x) is small with respect to
diam (R), say, d(z) < (c3(1, A) + 2) diam (R), where c3(7, A) > 0 is from Lemma 3.24.

Given x € R\ Rrar with d(z) > 0, take a cube @) € DbTree(R) such that

dist (z, Q) + diam (Q) < 2d(x).
Take any z € Q (note that dist (z,2) < 2d(z)) and find Q' € DbTree(R) such that
B(Z, 2(C3(7‘, A) + 2)d($)) - %BQI.

Recall that d(z) is small with respect to diam (R) and thus @’ can be found. We can also
guarantee that 7(Q’) ~; 4 d(x). Furthermore, it is clear that z € B(z,2(c3(7, A) + 2)d(x))
and thus x € %BQ/. Moreover, Lemma 3.24 gives

dist (z,'g) < dist (z,z) + dist (x,T'r) < (2 + c3(7, A))d(x),
which yields that B(z,2(c3(7, A) + 2)d(x)) NI'r # & and therefore
%BQ/ NTr # @.

Take into account that € 2By MR\ Rear C 238,, ie. dist (x, Lg) < y/Eor(Q') and thus
there is 2’ € Lo N2Bg such that dist (z,2") < (/€0 7(Q’). Furthermore, Lemma 3.25 says
that dist (y, Lg/) < ceo/3r(Q’) for any y € TN 2B¢ and some ¢ > 0. In other words,

TrN2Bg CUeyisspqry(Lqr),
and thus dist (2/,Tg) < e0!/? 7(Q’). Summarising, we get
dist (2, Tg) < dist (z,2) + dist (2, Tr) < €0/ 7(Q").
It is left to remember that r(Q’) ~; 4 d(z) by construction and to choose g9 = go(7, A)

small enough. O
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Lemma 3.27. For each i € Iy,
dist (Q:, TR NTT () Sroa £(T7).
Proof. Let x € Q; C By. Then by Lemmas 3.24 and 3.21(a) we have

dist (Q;,I'r) < dist (2,T'gr) Sra d(z) Sra diam (Q;) =74 £(J;).

Moreover, dist (J;, I1(Q;)) < 4(J;) by Lemma 3.21(b). From these two inequalities and
Lemma 3.23, the required result follows. O

We finish this section with one more result which can be easily deduced from Lem-
mas 3.23 (look at spt F') and 3.25.

Lemma 3.28. For any z € I'g, it holds that

dist (2, L) S ¥/ r(R).

3.11 Small measure of the cubes from LD(R)

In what follows we show that the measure of the low-density cubes is small.
Lemma 3.29. If g9 = ¢eo(7, A) and 7 are small enough, then
> Q) < 3T uR). (3.41)
QELD(R)

Proof. Recall that the the parameters and thresholds from Section 3.7 are supposed to be
chosen so that all above-stated results hold true. Taking this into account, note that by
Lemma 3.12 with a = «(7), being small enough, we have

M(RFar> < %\/F/L(R),
thus for obtaining (3.41) it suffices to show that
(SLD) fﬂ( ), where SLD = U Q \ RFar- (3.42)
QELD(R)

By the Besicovitch covering theorem, there exist a countable collection of points x; €
S\ p such that

SLD C Uz B(a;i, T(Ql)) and Zl XB(z:,r(Q5)) < N,

where @; € LD(R) is such that x; € @Q;, and N is some fixed constant. Note that
B(z;,7(Qi)) C 2Bg,. From this it follows that

u(Sto) < Y n(Bli,r(Q:)) < Y u(2Bo,) ) ©u(2Bq,)r(Qs).

Since Q; € LD(R), we have ©,(2Bg,) < 70,(2Br) by definition. Furthermore, each
x; € S| p satisfies Lemma 3.26 and moreover d(z;) Sr4 diam (Q;) (as x; also belongs to
the first doubling ancestor of Q); with a comparable diameter with comparability constant
A = A(7, A), see Lemma 3.11) so that

dist (z;,T'r) < ST A Veo m(Qi) S ¥eo m(Qi),
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if g = eo(7, A) is small enough. This means that I'g passes very close to the center of
B(z;,r7(Q;)) in terms of 7(Q;). Consequently,

r(Qi) S H (TrN B(xi,7(Q:)))

as I'r is a connected graph of a Lipschitz function. Thus we get
1(Sip) < 70, (2BR) Zz H' (T N B(xi, 7(Q:)))-

Since Y ; XB(a;,r(Q,)) < N with an absolute constant IV, we get by Lemma 3.23 that

> M TR0 B (@) S H! (T, B r(Qi)) S H (TrN2BR) S 7(Bn).
From this we deduce that

1(Sp) S 70u(2BR)r(Br) S T(2BR) S T(R),

where the latter inequality is due to the fact that R € D% by construction. Finally, we
obtain (3.42) if 7 is chosen small enough. O

3.12 Small measure of the cubes from BS(R) for R whose best
approximation line is far from the vertical

3.12.1 Auxiliaries and the key estimate for the measure of cubes from
BS(R)

Given some 6y > 0, we say that
R e TVF(GQ) and G(R) = 0y, if Qv(LR) > (1 + CF) 0o;
R¢TVF(9()) and G(R) :2(1+CF) 90, if Qv(LR) < (1+CF) (90.

Note that Cr > 0 is an absolute constant from Lemma 3.23 where it is stated that the
function F' is Crf(R)-Lipschitz. Recall that 6y and 6(R) were first introduced and used in
Sections 3.7 and 3.8.1.

Let R € Tyr(6p). From the definition of the family BS(R) it follows that in this case
we have

£(Lg,LR) > 09 V@ € BS(R). (3.43)
On the other hand, if @ € DbTree(R), then £(L¢g, Lr) < 0y and thus
Qv(LQ) > (1+CF)by — K(LQ, Lr) > Crby V@ € DbTree(R).

In this section we are going to deal with R € Ty r(6p) only. Our aim is to prove the
following assertion.

Lemma 3.30. For any R € Tyr(6y), if eo = €o(7) is chosen small enough, then

> u(Q) < VTu(R).

QeBS(R)
The rest of this section is devoted to the proof of this lemma.
Remark 3.7. It is natural to suppose in this section that BS(R) is not empty. This and
Remark 3.5 imply that R ¢ Stop(R) and thus Tree(R) \ Stop(R) is not empty.
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3.12.2 The measure of cubes from BS(R) is controlled by the permuta-
tions of the Hausdorff measure restricted to I'p

Recall that the the parameters and thresholds from Section 3.7 are supposed to be chosen
so that all above-stated results hold. Taking this into account, note that by Lemma 3.12
with @ = a(7), being small enough, we have

M(RFar) < %\/FH(R),

thus to prove Lemma 3.30, it suffices to show that

11(Ses) < VTI(R), where Sgs 1= U Q \ Rear. (3.44)
QEBS(R)

The following results is the first step in proving (3.44). (Recall the identity (0.15).)

Lemma 3.31. If 6y and g9 = €o(6p, 7, A) are chosen small enough, then

Poc(©,,(2BR) L)

<
1(Ses) Sa 05 ©,.(2BRr)?

Proof. For every x € Sgs take the ball B(z,7(Qz)), where Q, € BS(R) and is such that
x € Q. By the 5r-covering theorem there exists a subfamily of pairwise disjoint balls

{B(i,7(Q:))},;cj, where Q; = Qq,, such that
Sgs C RN Uid B(xi,5r(Q)).

Let B; = B(z;, 37(Q;)), i € I. Clearly, B; C Bg,. Moreover, take into account that
Q; € D® by the stopping condition (S3) and that Sgs N Rfar = @ by definition. Therefore,
by Lemma 3.26,

dist (:,Tr) S Veod(z:) S Veor(Qi) < r(Qi),
if ¢ is small enough. Thus I'r N %Bi =# @& and therefore there exist y1,y2 € I'r N B; such
that
er(Qi) < |y1 — vl S M(y1) — I(y2)|

with some small fixed constant ¢ > 0, where in the latter inequality we took into account
that I'r is a graph of a Lipschitz function F' (see Lemma 3.23). .
Now, by Lemma 3.11, there exists @); € DbTree(R) such that Q; C @; and moreover

diam (Q;) ~- a diam (Q;). By Lemma 3.25,

dist (yk,LQi) S 801/3T(QZ‘), ye €TrNB;, k=12

At the same time, Z(Lg,, LQ'L) SrA /€0 by arguments similar to those in the proof of
Lemma 3.16 (this lemma cannot be applied directly as Q; ¢ DbTree(R) but the arguments
can still be adapted if one of the cubes is in BS(R)). Therefore, if £g = eo(7, A) is small
enough, then one can show that

dist (yx, Lq,) S Veor(Qi),  yr €TrNB; CTrN2Bg,, k=12
Consequently, denoting by ;. the orthogonal projections of yj onto Lg,, we get
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Since £(Lq,, Lr) > 0o by (3.43) and €9 = £¢(6p) is small enough, it holds that
[F(Il(y1)) — F(I(y2))]
= [T (y1) — I (y2)] > [ () — I ()| = > e — il
2 G0l 1L(y1) — T(ya)l = > lye — vkl 2 OolTL(yr) — Lly2)l =2 lyn — wil
2 0or(Qi) — Veor(Qi) 2 0or(Qi),
where k = 1, 2. Thus,

/ F(2)]dz >
TI(B;)

This and Holder’s inequality yield

00r(Q:) S V(B F'llorsy = Vr( Q) F o s,

(y2)
/’ F(2)dz| = [F((y1)) — F(())] 2 00r(Q).

I(y1)

and finally
r(Qi) S 062 I1F 13 11,

Since the balls 2B;, i € I, are pairwise disjoint by construction, so are the intervals
II(B;) C Lg, i € 1, if 0y is chosen small enough. This is a consequence of the fact that x;,
the centres of B;, lie very close to I'g, namely, dist (z;,'r) < g r(B;), and moreover

A(Ly; z;, Lr) S 0o for all i, j € I as Ty is Lipschits with constant < 6, see Lemma 3.23.
By this reason we have

14(Sgs) <Zid w(B(zi,57(Q4))) < Z - 0,(2B,)r(Q;)

<4 65°0,(2BR) Zid 1F 13 11y Sa 650 (2BR)| F'|[3-

Now take into account that under the assumption that || F'||o < 1/10 (which is satisfied
if O is sufficiently small) by [Tol5, Lemma 3.9] we have

IF'3 = poo(Hr,,) ~ ©,(2BR) > poo(©,(2Br) Hr )
with some absolute constants. O

We claim that po(x,y,2) is well controlled by po(z,y,z) for any x,y € I'r if R €
Tyr(6o).

Lemma 3.32. If R € Typ(6y), then
poo(l“,y,Z) 590 pO(:E?y) Z) fOT’ any x,y € FR'

Proof. The fact that the function F' (whose graph is I'g) is Cp6@(R)-Lipschitz by
Lemma 3.23 and the definitions at the beginning of Subsection 3.12.1 yield

&(Lgy, Lr) < Cr by and Ov(Lr) > (14 CF)bp.
Consequently,
Qv(ny) 29v(LR)—K(ny,LR) (1+CF) 0y — Cr 6y = 0y.

Therefore (x,y, z) € Vrar(fp) and it is left to use Lemma 3.6. O
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For z € C such that II(z) ¢ II(GR), set
Jr =J;, i €I, such that II(x) € J;

and

If II(z) € II(GR), we write
Jp = T(x) and l; =0,

i.e. one should think that in this case the point II(z) is a degenerate interval J, with zero
side length. To simplify notation, throughout this section we also write

x1 = II(x) and xg = ITH(z).

Recall that the intervals {J;}, i € Iy, are the ones from {J;}, ¢ € I, that intersect the
ball By = B(II(zg),10diam (R)), where g € R is such that dist (zo, Lg) S r(R) (see

~

(3.31)). Observe that if z € Uy = Lr N By, then D(z) < r(R). Thus ¢(J;) < r(R) for all
t € Ip. Thus, setting
T, =GrU | JTrNIT! (),
i€l
we deduce that I'p, C ¢ By with some fixed ¢/ > 0. It is also true that By C ¢"Bg with

some ¢’ > 0 and thus
I'p, C cBr with some ¢ > 0.

One can actually tune constants to guarantee that

Tp, C | J 2BgC2Bg,
QcTree(R)

so we will suppose this in what follows.
Clearly, II(T'g,) is an interval on Lg and therefore I'g, is a connected subset of I'g. We
also set

FExt(BO) =Ir \ Lp,-

First we will show that the part of the permutations of ’HILR that involves I'gyxy(p,) 18
very small.

Lemma 3.33. We have
Poo(©,(2BR) H%Ext(BO) ,0,(2BR) Ht,, ©,4(2Br) Hr,) S /€0 ©u(2Br)? 1(R).

Proof. The proof is analogous (up to constants) to the proof of |Tol5, Lemma 7.36|, where
we should use our Lemmas 3.23 and 3.28 instead of [Tol5, Lemma 7.27 and Lemma 7.32].
O

What is more, it can be easily seen that

poo(@,u(QBR> IHll“R) gpoo(GH(QBR) Hll“B())

) X . (345)
+ 3poo<@'u(2BR) HFExt(BO) y @“(QBR) %FR’ GM(QBR) HFR).
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Consequently, taking into account Lemmas 3.31 and 3.33, we are now able to reduce
the proof of Lemma 3.30 to the proof of a proper estimate for po(©,(2Bg) H%BO), where
I'p, C ¢Bgr with some ¢ > 0. For short, we will write

o :=0,(2BR) H%BO.

Thus, using this notation, we are aimed to prove the following lemma in the forthcoming
subsections.

Lemma 3.34. It holds that

1/40
Pc(0) S /" ©u(2B5)” p(R).
3.12.3 Estimates for the permutations of the Hausdorff measure re-
stricted to I'r
Recall that, for z € C, we set £, = (J,). Let x,y € I'r. We say that z and y are

e very close and write
(x,y) € VC,  if [x1 —y1| < le +4y;
e close and write
(@) €C,  if joy — 1| <ep 0y +4,);
e far and write
(z.y) €F,  if log —y1| > g5 Uy + 1)

Notice that the relations are symmetric with respect to x and y.

Given (z,y,z2) € F?]BO, there are three possibilities: either two of the points in the triple
are very close, or no pair of points is very close but there is at least one pair that is close,
or all the pairs of points are far. So we can split po, (o) as follows:

<3 / / / P o) do ) do ()

+3/// g ggggom 2,9,2) do () do(y) do(2)
e (3.46)

///(iZ)g Poo (X, Y, 2) do(z) do(y) do(z)

(y,2)€EF
= poo,VC( ) + poo,C\VC<J) + pOO,F(J)'

A straightforward adaptation of the arguments from [Tol5, Section 7.8.2, Lemmas 7.38
and 7.39] to our settings gives the following.

Lemma 3.35. If ey = eo(7, A) and o = a(by,e0, 7, A) are chosen small enough, then

Poove(0) + Pocive(o) S e/ 0,(2BR)? u(R).

Now we are going to prove the following result that actually finishes the proof of
Lemma 3.34 and therefore Lemma 3.30 taking into account (3.46) and Lemma 3.35.
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Lemma 3.36. Ifeg = ¢eo(7, A), a = a(by, 0,7, A) and 6 = d(g9) are small enough, then
Pocr(0) S 2" ©,4(2Br)? u(R). (3.47)

The proof of Lemma 3.36 is similar to the one of [Tol5, Lemma 7.40] but necessary
changes are not straightforward so we give details. First we need to approximate the mea-
sure o by another measure absolutely continuous with respect to pu, of the form gu, with
some g € L>(u). This is carried out by the next lemma, where we say that

iely if i€ly and p(Q;\ Rrar) = 31(Qs), (3.48)

for the cubes @; € DbTree(R) from Lemma 3.21 associated with the intervals J;, i € Ij.
Recall the definition of Rf, in Section 3.8.2 and Lemmas 3.12 and 3.13. In what follows
we will also write

Ji i=TrNII'(Jy).

Lemma 3.37. For each i € I there exists a non-negative function g; € L*(u), sup-
ported on A; C Q; \ Rpar, where Q; € DbTree(R) are associated with the intervals J; by
Lemma 8.21, and such that

/ gi dyi = ©,2BR)H(J) = o (), (3.49)

and

. <
Zie% 9i Sra 1. (3.50)

Proof. Assume first that the family {J; };c;, is finite. Suppose also that £(.J;) < ¢(Ji41) for
all ¢ € I|). We will construct

Gi = QiXA,, where «; >0 and A; C Q; \ Rfar-
We set R
a()
o1 = and A1 = Q1 \ Rrar,
p(A1) \

so that [ g1 du = a(jl). Furthermore, by (3.15) in Lemma 3.9, Lemmas 3.21 and 3.23 and
the condition (3.48) we get

Ou2Br)l(11)  Ou(2Br) diam (Q1)
Q1) A 1(2Bg,)

Furthermore, we define gz, £ > 2, by induction. Suppose that gi,...,gx_1 have been
constructed, satisfy (3.49) and the inequality Zf;ll gi < b with some b= b(7,A) > 0 to be
chosen later.

If Qp is such that QN Ui-:ll Q; = 9, then we set

[91llcc = 1 Sra <V with o =0/ (, A) > 0.

and A = Qi \ RFar,

so that [ g dp = U(JAk). Moreover, similarly to the case of a1, we have

lglloo = <V,
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where b’ = V/(7, A) is obviously independent of k. Since Ay N Ui:ll A; = &, we have

k—1
9k + Zi:l gi < max{b,'}.

We choose b = V/(1, A) in order to have (3.50).

Now suppose that Qp N Uf;ll Q; # @ and let Qg,,...,Qs,, be the subfamily of
Q1,- .., Qr_1 such that Qs, NQr # . Since £(Js;) < £(Jr) (because of the non-decreasing
sizes of £(J;), i € Ij), we deduce that dist (Js;, Jx) S €(Jk), and thus J,, C ¢'Jy, for some
constant ¢ > 0. Using (3.49) for i = s;, we get by (3.15) in Lemma 3.9, Lemmas 3.21
and 3.23 that

>, [ o= 0(7,) <ot 0)
< ©u(2Br)U(Jk) < ©4(2BR) diam (Qk) < ¢’ 1(Qx)

with some ¢/ = (7, A) > 0. Therefore, by Chebyshev’s inequality,

7 ({Z] gs; > 2c”}> % 1(Qk).-
A= (Qen {32, 90, <2¢'}) \ Rear

and then p(Ay) > 1u(Qx). As above, we put aj = o(Ji)/u(Ag) so that gp = QLXA,

So we set

satisfies [ g dp = o(Ji). Consequently,

o(Jx)
11(Qr)

ay < <b with some b” = b"(7, A) > 0,
which yields
g+ D sy <Y+ 2

Recall that s; are such that Qs;, N Qg # @. The latter inequality implies that

k1
gk + Zi:l gi < max{b,t" +2c"}.

In this case, we choose b = b” + 2¢” and (3.50) follows. Clearly, this bound is independent
of the number of functions.

Suppose now that {J;};cp; is not finite. For each fixed M we consider a family of
intervals {J; }1<i<ar. As above, we construct functions g . .. ,gM with spt (g; MY € Q;\Rrar
satisfying

M
/gMdu—a and Z,_ gzMgb:b(TvA)'

Then there is a subsequence {g§}xez, which is convergent in the weak * topology of L>(y)
to some function g; € L>(u). Now we take another convergent subsequence {g5}icr,,
I, C I, in the weak % topology of L*°(u) to another function gy € L*(u), etc. We
have spt (¢g;) C Q; \ Rpar. Furthermore, (3.49) and (3.50) also hold due to the weak x*
convergence. 0

Recall that Gg = {z € C : d(z) = 0} (see (3.28)) and clearly Gg C R. We will need
the following result which can be proved analogously to [Tol5, Lemma 7.18] taking into
account that the density ©,(2Bg) is involved in our case.
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Lemma 3.38. We have
1|Gr = pc0.(2Br) 1, = pcro|Gr,
where pg,, is a function such that ¢ < pg, < ¢~ 1 with some constant ¢ = ¢(r, A) > 0.
Let us mention now the following technical result proved in [Tol5, Subsection 4.6.1].
Lemma 3.39. Let x,y,z € C be pairwise distinct points, and let 2’ € C be such that
a o —y| <o’ —yl <alz —yl,
where a > 0 is some constant. Then

/
@y 2) < (44202 =L
|C(I7y’z) C(x’y’z)‘ (+ a’)|$_y||x_z|

Take into account that pso(z,y, 2) = 2c(z,y, 2)? by (0.15).
Recall that

Ip,=GrUlJ_ Ji  and  J;=TpnII(J).

i€lp

In Lemma 3.37 we showed how a[ji can be approximated by a measure supported on
Qi \ Rrar, for each i € I}, where I, is defined in (3.48). Notice that, by Lemma 3.27,

dist (Qs, J;) Sroa £(J), i€ Io. (3.51)
Now we consider the measures
vi=gip, i€l
with ¢g; as in Lemma 3.37, and set

V= ULGR + Zie[é v; = p&}l% ,u{GR + Zie[é Gi [b. (3.52)

This measure should be understood as an approximation of ¢ = ©,(2B R)H%B , which
0

coincides with o on Gg due to Lemma 3.38 (g; = 0 in this case).
Using the measure v, we will actually prove the inequality (3.47) in Lemma 3.36. This
will be done in the forthcoming subsection.

3.12.4 Estimates for the permutations of the Hausdorff measure re-
stricted to I'; in the case when points are far from each other

To proceed, we need to introduce some additional notation. Given measures 7, 79, 73, set

pi(T1, T2, T3) 1= ///pt(a:,y, z)dri(x) dr(y) drs(z), where t = 0 or t = 0.

We denote by p r(71, 72, 73) the triple integral above restricted to (x,y, 2) such that

=€
o — 2] > 20 + 2), (3.53)
=€



So we have
P, F(0) =  PooF(0|GR)
+PooF (0T, \ Gr) (3.54)
+3Poow(0|GR,0|T'By \ Gr,0|'B, \ GR) '
+3 P, F(0|GR,0|GR,0|'B, \ GR).

1. Consider the term po p(0|GRr). In this case ¢, = ¢, = ¢, = 0 and the subscript F
may be skipped. Moreover, using Lemmas 3.32 and 3.38, we get
Poo,F(0|GR) Sy Po(0|GR) ~oy,7,4 Po(U|GR)-

Now we proceed very similarly to the proof of Lemma 3.12. For § > 0 from Lemma 3.7
(see also Section 3.7), taking into account Remark 3.7, we get

po(ulGr) < [ ) 0%, 4l G, 1l ) dp(x)
Gr QETree(R)\Stop(R): x€2Bg
< > b ¥ (u|2Bq, u|2Br, u2Br)

QETree(R)\Stop(R)

[5,Q]
D 2Bg, 11| 2Bg, 1|28
- 3 o~ (#[2Bg (F‘L) R 1L R)/XQ<:r)du(:c).
QETree(R)\Stop(R) H

Changing the order of summation and the inequality (3.17) yield

Po(ulGr) _ po * (u|2Bg, u2Br, ul2Br) |
S oz S (z)
/R QGTree(R)\;top(R): z€Q © (2BR) (Q)

- /R 3 perm(Q)” du(x).

QETree(R)\Stop(R): z€Q

From this and the inequality (3.17) in Lemma 3.9 we deduce that
po(ulGr) < a®©,(2Br)*u(R).
Finally, if o = «a(fg, €0, 7, A) is chosen small enough, then

Poor(0|GR) S e/ ©,(2BR)? u(R).

2. Let us study poor(0|I'B, \ Gr). In this case ¢, ¢, and £, are strictly positive and
so are the lengths of the associated doubling cubes from Lemma 3.21. We set

Pk (@[T, \Gr) = Y poor (ol TisolTj0lTh).
i,5,kE€1o

First let us consider the case when at least one of the indices i, j or k is in Iy \ I, i.e.
w(Qn N Rear) > %M(Qh) for h being i, j or k, according to (3.48). By symmetry, we may
consider just the case i € Iy \ I). Moreover, then the required estimate will follow from a
proper one for

Doo (aLj’,aLfBo,aLFBO) , where J/ 1= U J;.
i€lo\I;

Recall that R
0 =0,(2Bp)Ht,, and T'p =GgrU Ui% Jj.
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Lemma 3.40. We have R
HY(J') < Va diam (R).

Proof. Notice that for ¢ € I \ 1) we have
G)u(QBR)le(j\z) ,-S @,u(QBR)e(Jz) ,ST,A @,u(2BR) diam (Qz) ~r,A N(Qz) ST,A N(Qz N RFar);

where @; € DbTree(R) is the cube associated to the interval J; by Lemma 3.21. By Vitali’s
covering lemma, there exists a subfamily of balls 2B,, i € J C Iy \ I|), such that

e the balls 2Bg,, i € J, are disjoint,

* Uicro\1; 2Bq; € Uies 10Bg;.

Then, taking into account that (10Bg, N R) ~, 4 1(2Bg,) =~ u(Q;), we get

0.2BR)H' () < > Qi) > u(10Bg, N R)

i€lo\I} i
ST,A Z Qi) ST,A ZN(Q@ N RFar) ST,A W(RFar),
icJ i€

because the cubes @Q; from the family J are disjoint. Since p(Rpar) < ap(R) by Lemma 3.12,
the lemma follows if a = a(7, A) is chosen small enough. O

To continue, we need the following result from [Tol5].
Lemma 3.41 (Lemma 3.4 in [Tol5]). Let 1, po and us be finite measures. Then
Z /CE(NSQ)Ca(M83) dlu’81 = Cg(ﬂh K2, H3) + Rv R<C Z /MR:U’SQMR:U’% dNSU
s€G3 sEG3

where &3 is the group of permutations of the three elements {1,2,3}, C. the truncated
Cauchy integral, c? the truncated curvature of measure (see (0.6) and below) and Mg the
1-dimensional radial maximal operator.

Lemma 3.42. For E C I'g,, we have

02(7{}3,7{%30,%%30) < HY(E)Y? diam (R)"/2.

Proof. By Lemma 3.41, we have

(M. Hi  Hit, ) S limsup / C=(M ) Ce (Mt )| dH!
T,

e—0

+ lim sup / \Ca(H%BO )% dH!
E

e—0

[ M) Ma ()P
s,

+ [ [, )P
E

=hL+ DL+ I3+ 14
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Regarding I, by the L?-boundedness of the Cauchy transform on Lipschitz graphs
(with respect to Hi ) Wwe have

< timsup [Co(HE) 20,y IC 20
5 rHl(E)l/Z Hl(rBo)l/Q
< HY(E)'? diam (R)"/?.

For I we use the L*-boundedness of the Cauchy transform:

I < limsup H'(E)"/? [|C. (M, ) < HY(E)Y? diam (R)Y/2.

2
e—0 ” L4(H%R)

Using the fact that MR(Hll“BO) <1, we derive

Iy <HYE) < HY(E)Y? diam (R)Y/?,
and also

I 5/ | M(HY)| dH.
T's,

Since the operator MR(’H%R) is bounded in LQ(’H%R) (as it is comparable to the Hardy-
Littlewood operator with respect to the measure ’H%R), we deduce

I3 S |IMR(xeHE )| 2 1 (TB)"? S HN(E)Y? diam (R)'/2.
R
So the lemma follows. O
By Lemma 3.42 for £ = J" and Lemma 3.40 we derive that

A (HY

LoMb, M, ) SHNT)Y? diam (R)Y? S o/t diam (R).

Therefore, recalling that peo(z,y, 2) = 2c(z,y, 2)? (see (0.15)),
Poc (a |7, o|Tp,, ULFBO> < 0!/10,(2Bg)? diam (R) ~ a'/*©,(2Br)? u(R).
Furthermore, choosing a = a(gg) small enough, we get from the latter estimate that

> per (0lBiolToldk) S 20" ©,2BR) u(R). (3.55)
ielo\I}, j,k€lo
and we are done with the case when at least one of the indices 4, j or k is in Iy \ I}
Now let (i, 4, k) € (I})3. By definition, if poo F (a le, Uij, aLfk) =0, then there exist
x € j;, Yy € j] and z € fk satisfying (3.53). Then it follows easily that
~1/20
0 (0 4+ 007y)),
eo 2 (U0 +0(J1)) . (3.56)
~1/20
g0 (00T} + L))

N[ =

=]

4
< >§K'>}(>

) =)
\VAR\YAR\Y
NIl

We denote by Jp the set of those indices (7,7, k) € (I})? such that the inequalities (3.56)
hold, so that

Pk (@ T8 \GR) < D Poo (0@,0@,@@) :
(ivjvk)EJF
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Consider (i, j,k) € Jp and
x,x’ejiUQi, y,y'EjjUQj and z,z’eijQk.

Due to (3.56) and (3.51), taking into account that ¢(J5) ~; A diam(fh) ~r A diam (Qp)
for each h € I by Lemma 3.21, the sets J; U Q;, J; UQ; and J U Qy, are far to each other
in the sense that

dist (7 U Qi J; U Qy) Z &5 /> (60T) + £(7)),
dist (J; U Qu, T U Q) 2 eol P05+ 0()) (3.57)
dist (J;UQ;, Tk UQr) = 29> (6(J)) + £(J))
where ¢( is chosen small enough. Furthermore, applying Lemma 3.39 three times gives
poo(xa ya Z) < 2]300(.%‘/, y/7 Z/) + c (Tﬂﬁ(y? Z) + Ty(.T, Z) + TZ(Ia y)) )
where
62

Tz1 (22723) |Zl — 252|2 |21 — Z3|2 for 21,722,723 € C.

Then, integrating on x € Ji, Y € Jj, and z € Jk with respect to o, we get
pee (o170 0T 0 LTk ) 2pocl@’,y/, ) 0 () o(T}) o ()
+c//ﬁeJ z2)+ Ty(x, 2) + Tx(z,y)] do(x)do(y)do(z).

yGJ
ZEJk

On the other hand, by analogous arguments, we have
Poo(@’ 4/, &) il w51 1kl < 2o (vi; vj, i)
e / / / To(y, 2) + Ty 2) + Tz, )] da(x) dv; () dvg(2).
Thus, recalling that ||v4|| = O'(jh) for any h € I}, from the preceding inequalities we get
P (o170l T30 L0k) S poclvis o)
+ /// (Ty(y, z) + Ty(x, 2) + Tx(x, y)] dvi(z) dvj(y) dvk(z)
//ﬁe‘] )+ Ty(x, 2) + To(z,y)] do(x)do(y)do(z).

yGJ
ZEJk

(3.58)

Now recall that Aj, = spty, C Qp, for any h € I). This and Lemma 3.24 imply that
for each x € Q; and y € Q; there exist £ € I'r and y € I'g, correspondingly, such that
dist (z,Z) Sroa 4(J;) and dist (y, ) Sroa £(J5). Due to this fact and (3.57), it holds that

y—9 0(J; 1/20
£(Lag, Lay) < || - || SYp—C)) Sracy
go 1T (U(Ji) +€(J;))
and ~ e
£(Lzy, Lay) < o — 2l (i) <, 4/

~ NT7A _ NT,A
|z — | s V2 (0(Jy) + £(J5)) ’
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So it follows that £(Lzj, Lay) Sroa 80/ . By Lemma 3.23 and the definitions at the begin-
ning of Subsection 3.12.1,

&£(Lgy, Lr) < Cr by and Ov(Lr) = (1+ Cr) 6p.
Consequently,
Ov (Liy) = 0v(LR) — £(Lay, Lr) — £(Lzg, Lay) = 500,
if eg = €0(bp, 7, A) is chosen small enough. Now use Lemma 3.6 to conclude that
Poo (Vi Vjis Vi) Seo Po(Vis Vs Vi) (3.59)

Moreover, from (3.57) and the fact that ¢(J}) ~; 4 diam (Qp) for any h we conclude that

po(vi,vj, k) S / Z p{f"” (z,v;,vg) dvi(z)
QETree(R)\Stop(R): z€2Bg
S Py @ (vi2Bg, vj, i),
QETree(R)\Stop(R)

where § = 6(eg, 7, A) is chosen small enough. Furthermore, using that v = gy and arguing
as in the case of poo ¥(0|GRr) we get

Z pO(Vivijyk) S Z p([)(s?Q](V{QBQ?V?V)
(3,9,k)EJp QETree(R)\Stop(R)
[
Sea > poYul2Bo, nl2Br. 1(2BR)
QETree(R)\Stop(R)
<T,A aze,u(zBR)Q,u(R)

~

< &g/ %0, (2Br)*u(R),

~ ~0

where a = a(fp, €9, 7, A) is chosen small enough. From this, (3.58) and (3.59) by summing
n (i,7,k) € Jgp we deduce that

> peo (oLl oL i)
(1,5,k)€JF
< eo/*0,(2Br)*u(R)
//ﬁ$ Y= Ler /P (ts4t,) Tw(y, 2) + Ty(x, 2) + T.(x,y)] do(z) do(y) do(z)

lz—z|>1e; 1/20(5 +0.)
ly—21>3e5 /2 (6, +£2)

] oo F02) + Ty ,2) 4 Lela)] dvla) dvly) do(o),
1/20“ 1))
ly—21>3e5 /2 0y +22)

(3.60)

|e—z|>1 5€0

where £p = £¢(0y) was chosen small enough. Recall the definition of v in (3.52).
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To estimate the first triple integral in the right side of (3.60), notice that

/ﬁxyl%sg”m(éﬁey) T (y, z) do(y) do(z)

lz—z[>3e5 /0 (0u+e2)

s do do(z 3.61
</|m_y|25551/20&0 @ —yf? (y)> ( je—z|>Ley /%0t |z — 2|2 ( )> | )

0

2
la 1/10 9
(/x—y|>é601/20zx |z — y!2 ( )) 0 u( )
1 —1/20€x}

where the last inequality follows from splitting the domain {y : |z — y| > 3¢,

into annuli and the linear growth of o with constant < ©,(2Bg) (see (0.12)). Analogous
estimates hold permuting z,y, z, and also interchanging o by v (the implicit constant in
the analogue of (3.61) for v depends on 7 and A then). Indeed, this is a consequence of
the following result.

Lemma 3.43. [t holds that
v(B(z,7)) Sra ©u(2BR)r,  where T > £, >0 and x € sptv C R\ RFar.

Proof. Recall that v = gu with g bounded by a constant depending in 7 and A, see (3.52).
If r > diam R, then sptv C B(x,r) and thus

v(B(x,r)) Sra (2BR) =74 ©,4(2Bg) diam (R) Sr4 ©,4(2BR) 7.

Consequently, we may suppose below that ¢, < r < diam (R).
First let d(z) < C(r, A)l,, where C(7, A) > 0 will be chosen later. Then there should
exist P € DbTree(R) such that B(z,r) C 2Bp and diam (P) ~; 4 r so that

v(B(z,r)) Sra (B(z,7)) Sra p(2Bp) =4 ©4(2BR) diam (P) =, 4 ©,(2Bg)r.

Now let d(x) > C(1, A)ly > 0. Set y = (II(z), F(II(x))) € I'g. As shown in the proof
of Lemma 3.24, d(y) < ¢(7, A)¢, with some ¢(7, A) > 0. Choose Q' € DbTree(R) so that

dist (3, Q') + diam (Q') < 2d(y).

Taking into account that z € R\ Rpa, from Lemma 3.26 and the properties of I'g we
deduce that dist (z,y) < Weod(x) < o d(x) if gg is chosen small enough. Thus

d(z) < dist (z,Q") + diam (Q") < dist (z,y) + 2d(y) < Jeo d(x) + 2¢(1, A)L,

< YR o) + ) < (Y + D) < dia),

if we choose C'(1, A) > 4c¢(7, A). Hence we get a contradiction if d(x) > C(r, A)l; > 0. O

By plugging the estimates obtained into (3.60), choosing 9 = eo(7, A) small enough
and recalling (3.55) we get

Poo (0|5, \ Gr) S 25/ ™ ©,(2BR)? u(R).

Now it remains to estimate the last two terms of (3.54). The arguments are similar to
the preceding ones.
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3. Since 0|Gr = v|GR, we have

Poo,F(0|GR,0|I'By \ Gr,0|I'B, \ GR) = Poo ¥ (V|GR,0|I'B, \ GRr,0|I'B, \ GR)
and
Poo,F(0|GR,0|GR,0|I'B, \ GR) = Poo F(V|GR,V|GR,0|'B, \ GR).

Concerning the term po ¥ (0| Gr,0|I'B,\GR, o|I'B, \GRr), the main difference with respect
to the estimates above for po ¥(c|I'p, \ Gr) is that T,(y, z) equals zero in this case, and
instead of integrating over JLji and v; and then summing on ¢, one integrates over o|GR.
Then one obtains

Poo,F(0|GR,0|T'By \ Gr,0[T'B, \ GR)
< et/*0,(2BRr)? u(R)
///x y|= 1/20 [Ty(J:?Z) +Tz($,y)] d0($) dO’(y) dO‘(z)

|z— z\> €0 1/ Z

ly—zl=1eg /20 (0, +22)

///w ysievy,  [Ty(@,2) + Tz, y)] dv(z) dv(y) dv(z).

1/20
lz— Z‘> o

ly— z|> €0 I/QO(ly—FZZ)

The last two triple integrals are estimated as in (3.61), and then it follows that
Poc#(0|Cr.o L, \ Gro (T \ Gr) S e/ ©,(2BR)” u(R).

4. Finally, the arguments for po ¥(0|GRr,0|GRr,o|I's, \ Gr) are very similar. In this
case, both terms T (y, z) and Ty (x, z) vanish, and analogously we also get

Poo,F(0|GR,0|GR,0|'p, \ GR) S 51/40 0,(2Br)* u(R).

This finishes the proof of Lemma 3.36.

3.13 The packing condition for Top cubes and the end of the
proof of Main Lemma

3.13.1 Properties of the trees

In order to prove the packing condition for Top cubes we will first extract some necessary
results from Lemmas 3.9, 3.14, 3.29, 3.30 and 3.38. We suppose that all the parameters and
thresholds from Section 3.7 are chosen properly. Recall also the definition (3.28) of Gg.

Lemma 3.44. Let u be a finite measure with compact support such that

po(p) < oo.

Considering the David-Mattila dyadic lattice D associated with p, let R € D®. Then there
exists a Cpby-Lipschitz function F' . L — Lﬁ, where Crp > 0 is independent of R, a
family of pairwise disjoint cubes Stop(R) C D(R) and a set Gr C R such that

(a) G is contained in I'r = F(Lg) and moreover u|Gr is absolutely continuous with
respect to @M(QBR)’HILR;
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(b) for any Q € Tree(R),
04(2Bg) S AOL(2Br);

(C) if R e TVF(Q()), then

> Q) VTR + ey D pm] G 1[2BR, p|2BR);
a0, QBR
QeStop(R) Q€Tree(R)
Q#HD(R)UUB(R)

ifR ¢ TVF<90)7 then

> u(Q)SﬁM(R)JraQ@ s 2o P k2B pl2Br,n|2Br)

QEeStop(R) QETree(R)
Q¢HD(R)UUB(R)UBS(R)

3.13.2 New families of stopping cubes

According to Section 3.8 and Lemma 3.44, each R € D% generates several families of
cubes fulfilling certain properties. In this subsection we will introduce some variants of
these families. The idea is to have stopping cubes that are always different from R and are
in D% cf. Remark 3.5.

Recall that each cube in HD(R) is in D% and is clearly different from R due to the fact
that @ € HD(R) satisfies ©,(2Bg) > A©,(2Bg) with A > 1.

Now we turn our attention to the family UB(R). By Lemma 3.5, if @ € UB(R), i.e. it
is y-unbalanced, there exists a family of pairwise disjoint cubes {P}pcj, C DP(Q) such
that diam (P) > vydiam (Q) and ©,(2Bp) = v~ 1 0,(2Bg) for each P € I, and

> 0u(2Bp)* u(P) 2772 0,(2B0)* 1(Q). (3.62)
Pelg

Let Iég be a family of (not necessarily doubling) cubes contained in @, with side length
comparable to a diam (@) with some a > 0, disjoint from the ones from Ig, so that

=Jruly P

Pelg Pel,

To continue, we introduce additional notation. Given a cube Q € D, we denote by
MD(Q) the family of maximal cubes (with respect to inclusion) from D%(Q). By Lemma
3.2, this family covers p-almost all (). Furthermore, using the definition just given, we
denote by TQ the family |Jpe 1, MD(P). Moreover, we set

UB(R)= |J (quIp).
Q€eUB(R)

One can deduce from (3.62) that R ¢ LTé(R) for a and v small enough.

Now consider BS(R). Each cube in this family is in D% by construction. Moreover,
R ¢ BS(R) due to the condition £(Lg, Lr) > 0(R) > 0 for each Q € BS(R).

To continue, we set

O(R) = Stop(R) \ (HD(R) U UB(R) UBS(R)) = LD(R) UBP(R) UF(R)
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and

O(R) = U MD(Q) : Q is a son of some cube from O(R)
QeD

This guarantees that R ¢ O(R) as cubes in O(R) are descendants of cubes in Tree(R).
Finally, let . B
Next(R) = HD(R) U UB(R) U O(R) UBS(R).

By construction, all cubes in Next(R) are disjoint, doubling and different from R. Moreover,

R\ |J @=Rr\ |J @ (3.63)

QeNext(R) QeStop(R)

Using the small boundaries property of the David-Mattila lattice and the definition (3.28),
one can also show that

plR\ |J Q| =nGr) (3.64)

QeStop(R)
For the record, notice also that, by construction, if P € Next(R), then

©4(2Bs) Sra ©,4(2BR) for all S € D such that P C S C R. (3.65)

3.13.3 The corona decomposition
Recall that we assumed that g has compact support. Let
Ry := spt p.

Obviously we may suppose that Ry € D®. We will construct the family Top contained in
Ry inductively applying Lemma 3.44 so that Top = Uk;o Topy,. Let

Topy = {Ro}-

Assuming Top,, to be defined, we set

Topy 1 = U Next(R).
ReTop,,

Note that cubes in Next(R), with R € Top,,, are pairwise disjoint.

3.13.4 The families of cubes I Dy, ID; and 1D

We distinguish two types of cubes R € Top. We write R € I Dy (increasing density because

of high density cubes) if
1
> — u(R).
u( U Q) L 1(R)

Q€eHD(R)
Also, we write R € I Dy (increasing density because of unbalanced cubes) if
u( U Q) > L u(m).
~ 4
QcUB(R)
Additionally, let
ID=1DgUIDy.
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Lemma 3.45 (Lemma 5.4 and its proof in [AT]). If R € ID, then

®u(2BR)2 Af Z @ 2BQ (Q)
QeHD(R)

0,.(2BR)* 12 S 0,(2B)* Q).
QEUB(R)

Moreover, if A is such that A~ < 72 and v < 73, then

©,(2Br)’* w(R) < et D~ 0,(2B)* u(Q),
QeNext(R)

where ¢ > 0 is some absolute constant.

3.13.5 The packing condition
Recall that we assume linear growth of p, i.e.

pw(B(x, 7)) < Cyr Vo € sptu, r >0, (3.66)
for some constant C, > 0 (see (0.12)). Using this assumption, we will prove the following.

Lemma 3.46. If the parameters and thresholds in Section 3.7 are chosen properly, then

> 0u(2Br)* iu(R) < cspo(p) + ¢ C2 pu(C), (3.67)
ReTop

where cs = cs(1, A, 09,7, €0, ,0) >0 and ¢ > 0.

Proof. For a given k > 0, we set Topo U0<j<k: Top; and ID](}’ =IDnN Toplg.
To prove (3.67), first we deal with the cubes from the I D family. By Lemma 3.45,

3" 0.(2BR)? Y Y 0u(2Bo)* Q)

ReID§ ReID}f Q€Next(R)

2 ) ©u2Br)*u(R),

RETongrl

because the cubes from Next(R) with R € Topo belong to TopkJrl So we have

Y ©u(2Br)* u(R)

RETopk

= Z ©,(2Bg)? Ze (2BR)? 1u(R)

ReTopf\IDE ReID}

< Y ©u@2Br)’u(R)+cr® Y 0,(2Br)*u(R)+er’ Y ©u(2Br)’ u(R)
ReTopf\IDE ReTopk ReTopy 4

< Y ©,2Br)’u(R)+cr? Y 0,(2Br)* w(R) + e’ C2pu(Ry),
ReTopE\IDE ReTopk

98



where we took into account that ©,(2Bg) < Cy for every R € Top (and in particular for
all R € Top, ;). So, having 7 small enough, we deduce that

Y. 0u@Br?u(R) <11 3 ©,(2Br)’u(R) +er’ Cip(Ro).  (3.68)
ReTopk ReTopE\IDE

Let us estimate the first term in the right hand side of (3.68). First note that
1
u(R\ U Q)= B (R) for anyR € Topg \ IDE.
QeHD(R)UUB(R)
Next, by applying the inequalities (¢) in Lemma 3.44 and recalling (3.63) and (3.64) we

get
u(R)<2u(R\ UR)Q>+2/~‘< U Q)

QENext( QeO(R)UBS(R)
W(Gr) +2u< U Q>+2 Yoo ow@+2 D> Q)
QeO(R) QEBS(R) QEeBS(R)
(if RETy r(60)) (if R¢TvFr(00))
WGr)+2V/Tp(R)+2 Y p(Q)
QEBS(R)

(if R¢Tv r(60))

2072
e S p®Nul2Bg, 1 2B, 1| 2Br).
@u(QBR)
QETree(R)

Suppose that 7 is small enough to get

p(R) <21p(Gr)+21 Y @)

QEBS(R)
(if R¢Tv r(60))

2.1a72 [6,Q
W Z P ] 1[2Bq, p|2Bg, j1|2BR).
K QETree(R)

So we deduce from (3.68) that
> Ou(2Br) u(R)
RETopg
<3 ). ©u(2Bgr)*u(Gr) (3.69)

ReTop’g\IDk

6
Z " 0 9(ul2Bg, ul2Br, 1| 2BR)
RGTOpk Q€ETree(R)

+3 3 ©,(2Br)” ) nl@)

ReTops\(IDEUT v 7 (60)) QEBS(R)
+ 2 C?u(Ry).

In order to deal with the first sum on the right hand side we take into account that
©,(2BRr) < C; for all R € Top by (3.66) and that the sets Gr with R € Top are pairwise
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disjoint. Then we get

> ©u(2Br)’ u(Gr) < cC? u(Ry).
ReTopi\IDE

On the other hand, the double sum in (3.69) does not exceed

23" py N ul2Bq, u|2Br, u|2Br) < ¢(8) polp),
QeD

by the finite superposition of the domains of integration. Recall that 6 = d(v,e0). So we
obtain

> ©u(2Br)” u(R) <cCF u(Ro) + (7, A, v, €0, @) po(11) (3.70)
RcTopk

+c > ©.(2Br)* Y Q).

ReTopS\(IDEUTy £ (00)) QEBS(R)

The third term in (3.70) without the constant may be written as the sum

> 0,(2Br)*(S1(R) + S2(R)),
ReTopg\(IDEUTv r(60))
where
S1(R) = > (@) and SH(R) = > Q).
QEBS(R)NTy p(60)\IDEH? QEBS(R)NTy p(o)NIDET!

Note that we have the intersection with Ty z(6y) in these sums. This is so because for any
Q@ € BS(R), where R € Top \ Ty r(6p), it holds that

Ov(Lq) 2 £(Lq,Lr) — 0v(Lr) 2 2(1+ Cp)by — (1 + Cp)bo = (1 + Cr)bo,

and thus @) € TVF(G()).
Let us estimate Sy (R). Since Q € Ty r(fp) \ IDET!, we deduce from (c) in Lemma 3.44
that

u(Q)éM(Q\ U P)+2u< U P>

PeNext(Q) PE(S(Q)UBS(Q)
QeO(R) PeBS(Q)

(lf QETVF (90))

2072
M( Q) PcTree(Q)

If 7 is small enough, then

2.1a? 5,
HQ) <21u(GQ) + zom—s > vy N ul2Bp, u|2Bg, u|2Bq).
@u(2BQ)
PcTree(Q)
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Recall that BS(R) N Ty r(f) \ IDET C Next(R). So we deduce that

-2

SiR) <21 Y. (u(GRHO‘ S oy (ul2Bp. L23Q7ML2BQ)>-
@’u(QBR) PeTree(Q)

Consequently, using that ©,(2Bgr) < Cs, we obtain

> ©u(2Br)*Si(R)

ReTopf\(IDEUTy 1(60))

<cC? > Y u(Ge)

ReTc)plC Q€ENext(R)

+5 > > Y P ul2Be, u2Bg, u|2Bq)

ReTopi\(IDEUTy 1 (80)) QENext(1?) PETree(Q)

<cC? Y wGR+— > Y w0 ul2Be,u|2Bg, u[2Br).

RETop(]fJrl ReTop’ngl PeTree(R)

Take into account that the sets G with R € Top are disjoint and that the last (double)
sum is controlled by ¢(d) po(u) by the finite superposition of the domains of integration.
So we have

3 0,(2Br)*S1(R) < cC?u(Ro) + (1, A, 8, &) po(p).-
ReTopE\(IDEUTv 7 (60))

Now we estimate S2(R). Since BS(R) N LD(R) = @, for each @ € BS(R) we have
©.(2Bg) > 7©,(2Br) and thus

1 2
RN ——m— E ©,(2B Q).
52( ) = 7_2@H(2BR)2 ;1,(2 Q) /‘L( )
QEBS(R)NTy F(60)NIDET!

Since @ € IDgH, by Lemma 3.45,

1 . ,
S 26,2852 > 2B P
2 720,(2BR)? ert Y ©u(2Bp)*u(P)
QEBS(R)NTy p(o)NIDET! PeNext(Q)
2

<(%gw 3 ST 0u2Bp)u(P).

QEBS(R)NTy p(6o)NIDE T PENext(Q)

Consequently, taking into account that BS(R) N Ty r(6p) N IDFT C Next(R) and Top§ \
(IDEUTyr(6p)) C Topf, we obtain

3 0,(2BR)%Ss( YD > 6u2Bp)*u(P)

ReTops\(IDEUTy £ (60)) ReTongeNext( ) PENext(Q)
Z @,LL QBR) :UJ(R)
RGTop’S+2

cr? Z 0,(2Br)*u(R) + cm*C%pu(Ry).
RGToplg
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Coming back to (3.70), we deduce that

S 0,(2B)’ u(R)

ReTopk

< cC2p(Ro) +c(r, A, 8,0) po(p) + e > ©,(2BR)*u(R).
REToplg

Choosing 7 small enough and recalling the information in Section 3.7 yield

> ©u(2Br)* u(R) < cspo(p) + ¢ C2 p(Ro),
ReTopk

where c5 actually depends on all the parameters and thresholds mentioned in Section 3.7.
Letting kK — oo finishes the proof of Lemma 3.46. 0l

3.13.6 The end of the proof of Main Lemma
We first prove an additional property. For Q,Q € D with Q C Q, define

5.,(Q.Q) = / L au),

2B5\2Bq ly — zq
where zg is the center of Bg, see Lemma 3.1. Then the following statement holds.

Lemma 3.47. For all Q € Next(R) there exists a cube Q € DbTree(R) such that
0u(Q, Q) Sra ©4(2BR) and 2B5NTR # 2.

Proof. Take Q' D Q such that Q' € Stop(R). By Lemma 3.11, there exists Q € DbTree(R)

such that Q' ¢ Q and r(Q") RrA 7(Q). Moreover, one can easily deduce from Lemma 3.26

that 2B5 NI'r # @ if ¢ is small enough (since Q € DbTree(R), there is 2 € Q \ RFar).
Furthermore, split

Q.0 |

2B5\2Bg ly — 2q

du(y) +/2 ! du(y).

Bor\2Bg ly — zq|

In the first integral we have |y — 2g| 2 7(Q’) =4 r(Q) as y ¢ 2B and therefore

1
/ dp(y) Sra ©4(2Bg) Sra ©,(2Bp),
2B;\2By ly — 2q

where we also used the right hand side inequality in (3.15) in Lemma 3.9. To estimate
the second integral we take into account that by construction there are no doubling cubes
strictly between @ and Q’. This together with Lemma 3.4 and properties of Q' and Q
imply by standard estimates (in particular, splitting the domain of integration into annuli
with respect to the intermediate cubes between @ and Q') that

1
/ k(1) S ©,(1005(Q) Sr.2 ©,(285) 514 O(255).
2B,/ \2Bg “

Thus we are done. O
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Lemma 3.44, Lemma 3.47 and the property (3.65) allow us to use arguments as in |Tol6,
Lemma 17.6] in order to show that if u(B(z,r)) < Cyr for all € C, then

() S Y ©u(2Br)® u(R)
ReTop

for our family Top. By combining this estimate and the identity (0.15) with Lemma 3.46
for fixed suitable parameters from Section 3.7, we obtain

Poo(1t) < po(p) + C2p(C)

as wished.

3.14 The case of curvature

Here we come back to the notion of curvature ¢?(u). Recall that peo(p) = $¢2(p) as has

been already mentioned.
It is easy to see that one can exchange pg for ¢? in the stopping conditions. Then we
can prove the following analogue of Lemma 3.46 by the arguments used above.

Lemma 3.48. If the parameters and thresholds in Section 3.7 are chosen properly, then

> 0u(2Br)* u(R) < c6 () + ¢ CF p(C), (3.71)
ReTop

where ce = c6(T, A, 09,7,0,,0) >0 and ¢ > 0.

A more direct way to prove it is to use Lemma 3.46 and the inequality (2.5).

Now recall the following theorem from [AT]:

If wis a finite compactly supported measure such that u(B(z,r)) < r for all x € C and
r >0, then

)+ @)~ ([ 8o €u60.0) T dulo) + (O (3.72)

where the implicit constants are absolute.

Note that the part < of (3.72) was proved in [AT]| by means of the David-Mattila lattice
and a corona type construction similar to the one we considered in this chapter. However,
the part 2 was proved in [AT]| by the corona decomposition of |Tol3| that involved the
usual dyadic lattice D(C), instead of the David-Mattila lattice D.

Using Lemma 3.48 we can also prove the part 2 of (3.72) using only the David-Mattila
lattice and an associated corona type construction and thus unify the approach with the
proof of the part < in [AT]. As predicted in [Tol6, Section 19|, this indeed simplifies some
of the technical difficulties arising from the lack of a well adapted dyadic lattice to the
measure y in [Tol3|.

Clearly, we need to show that

o dr
| Buater? 0. F duta) < 20 + ()
or, equivalently, in a discrete form that

> Bu2(2B0)? ©u(2B) Q) < (1) + u(C). (3.73)
QeD
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By the packing condition (3.71) for C, = 1, to prove (3.73) it suffices to show that for
every R € Top the following estimate holds true:

S(R)= Y Bu2(2Bg)* ©,(2Bg) m(Q) S ©,(2Br)*u(R),
QETree(R)

where 'ITeje(R) contains cubes in R not strictly contained in Sft\o/p(R). By St(R) we denote
cubes in Stop(R) not strictly contained in Stop(R). Obviously, 8,2(2Bg)? < 46,(2Bg)
for any @ € Tree(R) and therefore

S(R) < > Bu2(2B)? ©,(2Bo) n(@Q) + Y ©u(2B0)* u(Q).

QETree(R)\Stop(R) QESt(R)

By Lemma 3.4, the density of all intermediate cubes between Sft\o/p(R) and Stop(R), i.e.
cubes in St(R), is controlled by the density of cubes from Stop(R) so it can be shown that

Y 0,2Bp)uP) S Y. 0,(2B0)* Q).

PeSt(R) QeStop(R)
Moreover,
> 0u2Be)* (@) SA0u(2Br)* Y Q) Sa ©,(2Br)’u(R),
QEeStop(Q) QEStop(R)

as cubes in Stop(R) are disjoint subsets of R.
What is more, arguments similar to those in Lemmas 3.7 and 3.12 imply that

> Bu2(2BQ)* ©u(2Bq) 1(Q)

QETree(R)\Stop(R)

ff/ elt(QBR>2 Z
QETree(R)\Stop(R)

gow @u(zBR)ZN(R)-

0[25@] (1[2Bq)
©,(2BRr)?

Thus, Sk Sy.a,.4 ©,(2Br)?*1(R), where v, a and A depend on other parameters and
thresholds and are suitably chosen and fixed at the end.
3.15 Further generalisations
Now consider the kernels defined in (0.24), i.e.
Ki(z) = kn(z) +t-kn(2), teR, Ky (2) = kn(2), n<N, n,NeN,
where, according to (0.16),

(Re Z)Qm—l

W, mGN

Km(2) =

Let us show that results similar to Theorems 3.1 and 3.2 also hold for them.
First of all, we recall that

Prn (21, 22, 23) < CO(n) - c(21, 29, 23)*  for all (21, 29, 23) € C? (3.74)
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with some absolute constant C'(n) > 0 as proved in [CMPT2, Lemma 7| (see also Re-
mark 2.3 in Chapter 2). The inequality (3.74) and identity (0.15) readily imply that

Prn (1) < C(n) - pro, (1) (3.75)

for any measure ;. Recall that py_ = p,, by definition.
Furthermore, Lemma 3.6 that we used in the proof (see Section 3.6) may be exchanged
for the following more general result.

Lemma 3.49 (Proposition 3.3 in [CP]). If (21, 22,23) € Vgar(0), then
Dy (21,22, 23) = C(N,0) - pr_ (21, 22,23) for some C(N,0) > 0. (3.76)

Using this lemma, one can easily replace the permutations py, = px, in the stopping
conditions in Sections 3.8.1 with the permutations p;, . Then the same arguments lead to
the following analogue of Main Lemma for the kernels .

Lemma 3.50. There exist absolute constants C(N) > 0 and ¢ > 0 such that for any finite
measure p with Cy-linear growth it holds that

Phoo (1) < C(N) - proy (1) + C1u(C). (3.77)
Under the assumptions of Lemma 3.50, we infer from (3.75) and (3.77) that
Pren (1) < C(n, N) - ey (1) + cC2pu(C),  n <N,
with some C'(n, N) > 0. This and the perturbation method yield the following result.

Theorem 3.3. There exist constants tg = to(n, N) > 0 and ¢ > 0 such that for any finite
measure p with Cy-linear growth it holds that

Sup [T 1 2y < By SUp 1Ty Ll 2+ €C/(C). (3.78)
3 3

As a corollary, we get the following theorems with the same £, as above.

Theorem 3.4. Let K; be a kernel of the form (0.24), where t € (—to, 1), and E a 1-set.
If the SIO T, is L*(H!| E)-bounded, then E is rectifiable.

Theorem 3.5. Let i be an AD-reqular measure and K; a kernel of the form (0.24), where
t € (—to,to). The measure p is uniformly rectifiable if and only if the SIO Ty, is L?(u)-
bounded.

Note that ty € (0,1) as follows from Remark 1.2, see also Figure 1.1.

Theorems 3.4 and 3.5 complement Theorems 1.2, 2.2 and 2.3 dealing with the ker-
nels K. It is important that the pointwise permutations pg, corresponding to t € (—tg, o)
change sign for n and N from Remark 1.1 so that the direct curvature method fails.
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