Appendix A

APPENDIX A: DERIVATION OF THE GOVERNING
EQUATION FOR SOLID DRYING WITH
SHRINKAGE

Take acube of asolid. Theinitial cube sizeisRy. Let’sintroduce the following definition

g="R
RO
Al
In free shrinkage the actual solid density (kg/m°) is:
for one-dimensional shrinkage
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for two-dimensional shrinkage
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for three-dimensional shrinkage
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The flat plate geometry is shown in Figure A.1.
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Figure A.1 Schematic of the flat slab drying with shrinkage

Mass balance of moisture for adicedr thick is

iA - g?A + ﬂ(jA)er: q(drr ,XA)

e " g qt

A5

A is cross sectional area of the dice. It is large (infinite) compared to R and therefore can be

reduced. Therefore one obtains

ljdr:r XLdr+d ﬂ( nX) | dr
r 1t it
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For isometric shrinkage
Lfdr_ 1R
d Mt dRdt

Introducing (A.7) in (A.8) and introducing the constitutive equation

A.6

A7

A.8
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j =-Dr mﬁ

qr
A.9

one obtains
2
DMM +Dr mu :rmldj+rmﬁ+xﬂr7m
r qr qr? R dt qit qt

A.10

By neglecting first term of equation (A.10) (in isotropic shrinkage r r, is constant in space)

and dividing by r ,one obtains

ﬂZX_XdR+ﬂX+ X

" Rdt ft r, Tt

A1l

In (A.11) the value of dR/dt must be known. It can be evaluated from the overall mass

balance for the plate
filer V) +Awp =0
It
A.12
where
V =AR
and therefore
ﬂ(er LR) =-wp
It
A.13
erLd—R+RrLd—e+Redr—L =-Wwp
dt dt dt
A.14
Finaly
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In this equation de/dt can be calculated as

for 3D shrinkage

de 3 dd
1_
dt ( e°)d4 dt

for 2D shrinkage

de 2 dd
—=(1- - "
dt ( eO)ol3 dt

for 1D shrinkage

A.15

A.16

A.17

A.18

For all three one-dimensional geometries (plate, cylinder, sphere) equation (A.11) can be

generalised by introducing a proper expression for second order derivative and the formulas

(A.2-A.4) for solid density. In the result one obtains:

1 )¢ X dd
e R SRR
Tre Irg d dt

By introducing dimensionless variables

de dX

ddt dt

A.19

A.20
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one obtains
1 IE Rﬂ———(n+1 m) G X —d rq2 E
zﬂgDﬂ § 0x,z,dFo Fo
A2l
where n—geometry index, m — shrinkage index

=0 plate possible m=1 1D shrinkage
m=2 2D shrinkage
m=3 3D shrinkage

n=1 cylinder possiblem=2

m=3

n=2 sphere possiblem=3

When solving equation (A.21) dd/dt can be calculated from the linear shrinkage formula

= Ry(sX +1)
A.22

But, first of all one must derive a formula for space averaged X. It can be done by virtue of

the overall moisture balance

dfr ,XV)

- Aw, =0
dt b

A.23

The above equation can be easily converted to
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Introducing d one obtains

A.24

A.25

Boundary condition of the | type can be used asis, BC Il must be derived for the conditions

of shrinkage. It leads to the following equation:

dm+1DY YF+ 1 *Xirm'Yl g ddd
Do X- X~ Xo - X [ D dt
where
: kyR
Bi, =—-2
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dz
A.26

A.27
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