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îL The incremental value of the continuous-time variable of the inductor

current iL

iL Continuous-time variable representing the average value of the inductor

current iL in a switching cycle

iL Continuous-time variable of the inductor current

iL[n] The sample of the continuous-time variable of the inductor current

I∗L The steady-state average value of the inductor current

iref The inductor current reference in continuous-time

iref [n] The inductor current reference in discrete-time

P The power of the CPL

P̂ The estimated power

PminCCM
The minimum power value delivered by the converter in CCM operation

Toff The non conduction time of the switch Q

Ton The conduction time of the switch Q

ueq The equivalent control

v̂C The incremental value of the continuous-time variable of the capacitor

voltage vC

vC Continuous-time variable representing the average value of the capacitor

voltage vC in a switching cycle

xvii

UNIVERSITAT ROVIRA I VIRGILI 
NONLINEAR CONTROL OF DC-DC SWITCHING CONVERTERS WITH CONSTANT POWER LOAD 
Blanca Areli Martínez Treviño 



Nomenclature: acronyms, parameters, symbols and variables

vC Continuous-time variable of the capacitor voltage

vC [n] The sample of the continuous-time variable of the capacitor voltage

V ∗C The steady-state of the capacitor voltage

Vg The input voltage

Vref The capacitor voltage reference

xviii

UNIVERSITAT ROVIRA I VIRGILI 
NONLINEAR CONTROL OF DC-DC SWITCHING CONVERTERS WITH CONSTANT POWER LOAD 
Blanca Areli Martínez Treviño 



Chapter 1

Introduction

Multiconverter systems are usually employed in modern electric vehicles (EV) [1–5],

sea and undersea vehicles [6–10] or dc micro-grids [11–14] involving a great number of

interconnected converters [15]. The key element in these systems is a dc bus, which

performs the power distribution to supply both dc and ac loads using the energy pro-

vided by the different dc sources, i.e. batteries, fuel cells, photovoltaic generators and

ultra-capacitors.

Besides the series and parallel connections in both converter ports or in only one

of them, and the particular case of paralleling operation due to interleaving, cascade

connection is a relevant example of association. It consists in connecting the output

port of the first converter to the input port of the second one. The first stage is called

source converter while the second one is denominated load converter, as is illustrated

in Fig. 1.1.

+
Vg

Rg

dc-dc

switching

converter

(source)

+

−
V1S

I1S

I2S

+

−
V2S

+

−
V1L

+

−
V2L

I2S I2L

I2L

Generator

−

dc-dc

switching

converter

(load)I1S

Figure 1.1: Cascade connection of power converters.
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Chapter 1. Introduction

1.1 Constant Power Load Definition

A particular case of the cascade connection is characterized by the operation of the

load converter absorbing constant power or, equivalently, by the operation of the source

converter supplying a constant power load (CPL) [1, 3, 13, 15–18].

A CPL can be defined as one-port device with a voltage-current characteristics

given by

vi = P, P ∈ R+, i ∈ R+, v ∈ R+ (1.1)

The symbol of a CPL is a power sink as shown in Fig. 1.2(a), where the current

absorbed by the sink is expressed as i = P/v. Fig. 1.2(b), in turn, depicts the corre-

sponding voltage-current characteristics of the CPL.

C
P
L v

+

−
i = P

v

v

v

+

−

i

(a) Symbol

v

i

(b) voltage–current characteristics vi = P

Figure 1.2: CPL definition.

1.2 Risk of Instability

It is well-known that a dc-dc switching converter with ideal regulation at the output, i.e,

infinite bandwidth and 100% power conversion efficiency can result in unstable behavior

when combined with an input filter [19, 20]. This phenomenon was reviewed in [16]

by modelling for the first time an ideally regulated high efficiency power converter by

means of a CPL. This case is reproduced in this section for the sake of illustrating the

risk of instability that emerges in the supply of a CPL.

Fig. 1.3 depicts a model of a high efficient converter in closed-loop combined with

a second order LC input filter. The resistance Rg represents the losses. The state

2
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1.2 Risk of Instability

equations of the system in Fig. 1.3 can be expressed as follows

diL
dt

=
1

L
(Vg −RgiL − vC) (1.2)

dvC
dt

=
1

C

(
iL −

P

vC

)
(1.3)

The coordinates of the equilibrium point of (1.2)-(1.3) are given by

I∗L =
P

V ∗C
(1.4)

V ∗C =
Vg
2
±
√(

Vg
2

)2

−RgP (1.5)

L

iL

vC
+

+

−

Vg

C

Rg

Generator Input filter converter

−

P/vC

C
P

L

Closed-loop

Figure 1.3: Model of an ideally regulated high efficient converter with input filter.

Note from (1.5) that,

Case 1

(
Vg
2

)2

> RgP implies two equilibrium points (1.6)

Case 2

(
Vg
2

)2

= RgP implies one equilibrium point (1.7)

Case 3

(
Vg
2

)2

< RgP implies no equilibrium point (1.8)

The above conditions can be interpreted geometrically in the plane iL − vC by repre-

senting the equations (1.2)-(1.3) in the equilibrium as illustrated in Fig. 1.4.

Equations (1.2) and (1.3) can be expressed in equilibrium as follows

vC = Vg −RgiL (1.9)

vCiL = P (1.10)

3

UNIVERSITAT ROVIRA I VIRGILI 
NONLINEAR CONTROL OF DC-DC SWITCHING CONVERTERS WITH CONSTANT POWER LOAD 
Blanca Areli Martínez Treviño 



Chapter 1. Introduction

Equations (1.9) and (1.10) are plotted in Fig. 1.4 to illustrate conditions (1.6)-(1.8) for

different values of Rg. Note that condition (1.6) corresponds to Case 1, condition (1.7)

to Case 2 and condition (1.8) to Case 3.

iL

Vg

vCiL=

Case 1

Case 2

P1

P2

P3

Case 3
(Rg3)

(Rg1)

(Rg2)

Rg1 < Rg2 < Rg3

vC

PP

Figure 1.4: Intersection of CPL characteristic curve and load line.

Besides, determining the existence of equilibrium point in (1.2)-(1.3), the study of

their stability has to be subsequently considered. Let vC = V ∗C + v̂C and iL = I∗L + îL.

Then, linearizing equations (1.2)-(1.3) around the equilibrium point given by (1.4)-(1.5)

results in the following small-signal model

dîL
dt

= −Rg
L
îL −

1

L
v̂C +

1

L
V̂g (1.11)

dv̂C
dt

=
1

C
îL +

P

CV ∗2C
v̂C (1.12)

The characteristic equation corresponding to (1.11)-(1.12) is given by

s2 + s

(
Rg
L
− P

CV ∗2C

)
+

1

LC
= 0 (1.13)

Therefore, the small-signal dynamics (1.11)-(1.12) will correspond to a stable system if

the following condition is satisfied

Rg >
L

C

P

V ∗2C
(1.14)
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1.3 Dc-dc Switching Converters in CCM Loaded with a CPL

On the other hand, from (1.6)-(1.7), the existence of equilibrium point requires

Rg 6
V 2
g

4P
(1.15)

Finally, conditions (1.14) and (1.15) can be written as a single expression

L

C

P

V ∗2C
< Rg 6

V 2
g

4P
(1.16)

Note that constraint (1.16) can be expressed in terms of the maximum allowed power

Pmax for a given set of values of L, C, Vg, Rg and V ∗C as follows

Pmax = min

(
V ∗2C Rg
L/C

,
V 2
g

4Rg

)
(1.17)

It can be concluded from the analysis above that the cascade connection of an input

filter and a tightly regulated high efficient converter is prone to instability for power

values higher than a certain bound Pmax.

1.3 Dc-dc Switching Converters in CCM Loaded with a

CPL

Instead of modelling an ideally regulated high efficient converter by means of a CPL, it

seems now pertinent to refine our approach by exploring the behavior of the converter

configurations. In other words, we analyze in this section the effect of the CPL in the

on and off behavior of the converter in continuous conduction mode (CCM). With

this aim, Fig. 1.5 illustrates the canonical converters loaded with a CPL.

5
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Chapter 1. Introduction

+

−

L

C vC

Vg
+− D

C
P
L

Q
iL P/vC

u

(a) buck

L

iL

vC
+

−

Vg

C+

P/vC

C
P
L

Q

D

− u

(b) boost

+

−
L C vC

Vg
+

iL

C
P
L−

Q
D P/vC

u

(c) buck–boost

Figure 1.5: Elementary converters loaded with CPL.

By simple analysis, it is found that the output voltage of the buck converter can be

expressed as

d2vC
dt2

− P

v2CC

dvC
dt

+
vC
CL

=
Vg
CL

u (1.18)

where u is a binary signal, such that u = 1 during the conduction time of switch Q

(Ton) and u = 0 during the non conduction time of the same switch (Toff). It can be

observed that (1.18) is a nonlinear differential equation, which results in an unbounded

behavior of voltage vC due to the negative nonlinear damping term −P/v2CC.
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1.3 Dc-dc Switching Converters in CCM Loaded with a CPL

Similarly, the output voltage dynamics in the boost converter can be expressed as

d2vC
dt2

− P

v2CC

dvC
dt

+
(1− u)2vC

CL
=

(1− u)Vg
CL

(1.19)

Finally, the differential equation describing the output voltage behavior in the buck–

boost converter is given by

d2vC
dt2

− P

v2CC

dvC
dt

+
(1− u)2vC

CL
=
−(1− u)uVg

CL
(1.20)

From (1.18), (1.19), (1.20) it can be concluded without loss of the generality that

the behavior of the dc-dc switching converters in both on and off states is unstable.

Fig. 1.6 illustrates the unstable behavior of the canonical converters in on and off

states by showing the trajectories of the state-vector in the plane iL-vC .

It can be expected that the combination of both on and off trajectories in any

converter irrespective of the duty cycle value will result in an open unbounded trajec-

tory.

iL

vC
(iL(0), vC(0))

(iL(0), vC(0))

iL

vC

iL

vC
iL

vC

iL

vC
iL

vC

on trajectory on trajectoryon trajectory

off trajectoryoff trajectory off trajectory

(iL(0), vC(0))

(iL(0), vC(0))

(iL(0), vC(0))

(iL(0), vC(0))

(b) boost(a) buck (c) buck-boost

Figure 1.6: on and off trajectories corresponding to the elementary dc-dc converters

with CPL.
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Chapter 1. Introduction

1.4 Transfer Functions of Unstable System

The nonlinear nature of the capacitor voltage dynamics, due to its connection with

the CPL, precludes the use of matrix-based analysis techniques such as the state-space

averaging method [21]. This technique is based on the description of dc-dc switching

converters with resistive load as piecewise-affine system because they can be expressed

as follows

ẋ = Aix + BiVg, i = 1, 2 (1.21)

where x is the state-vector and i = 1 for on state and i = 2 for off state.

Nonetheless, the CPL can be linearized around its operating point of voltage V ∗

and power P . Hence, from (1.1) the following expression is obtained

∆i =
d(Pv )

dv
∆v +

d(Pv )

dP
∆P (1.22)

Solving the above equation, the linearizing model of a CPL is given by

î = − P

V ∗2
v̂ +

p̂

V ∗
(1.23)

The equivalent model of the CPL is depicted in Fig. 1.7. Then, the resulting

negative incremental resistance can be used in a mathematical description similar to

(1.21) while the current source can be considered as an external perturbation. As

a result, this approach leads to modelling dc-dc switching converters with negative

resistance load [22, 23]. The underlying idea is to take advantage of the state-space

average predictions by assuming that a constant value of the output voltage and the

inductor current only makes sense if the converter is appropriately regulated, i.e., if it

operates in closed-loop with a correct feedback law that can ensure the steady-state

values of the state variables required in the dynamic modelling.
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1.4 Transfer Functions of Unstable System

i = P/v

v

+

−
v̂

+

−
-V
∗2
P

p̂
V ∗

î

(a) Large signal model (b) Small signal model
C
P
L

Figure 1.7: Linearization of a CPL.

Therefore, we will derive next transfer functions that represent small-signal unstable

dynamic behavior in open-loop around the mentioned steady-state values, which would

be ensured by the insertion of an appropriate control loop.

To illustrate the procedure, Fig. 1.8 shows the starting point, which is the averaged

dynamic model of a boost converter with resistive load R in the case of duty cycle

variations (d̂ 6= 0) and constant input voltage (v̂g = 0) [24]. Parameters I∗L and V ∗C are

the steady-state values of iL and vC respectively.

îL(s)

+ D′
Cs D′Rd̂(s)

D′ (V
∗
C −

sLI∗L
D′ )− v̂C(s)

sL
D′

+

−
D′
Cs

Figure 1.8: Small-signal average dynamic model of a boost converter with resistive load

and control variations.

The model for the CPL case will be obtained by substituting R in Fig. 1.8 by −R
as shown in Fig. 1.9, where the value of R is given by V ∗2

C /P as illustrated in Fig. 1.7(b),

and I∗L is expressed as

I∗L =
P

Vg
=

P

V ∗2C D′
(1.24)
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Chapter 1. Introduction

îL(s)

v̂C(s)

+

−
D′
Cs

−D′Rd̂(s)
D′ (V

∗
C −

sLI∗L
D′ )

sL
D′

+−

Figure 1.9: Circuit model of the small-signal dynamic behavior of a boost converter with

CPL for control variations.

By simple analysis of the circuit of Fig. 1.9, the control to output voltage transfer

function Gvd(s), and the control to inductor current transfer function Gid(s) can be

expressed as follows

Gvd(s) =
v̂C(s)

d̂(s)
=
V ∗C
D′

1− sL P

V ∗2C D′2

1− LP

D′2V ∗2C
s+

LC

D′2
s2

(1.25)

Gid(s) =
îL(s)

d̂(s)
=

V ∗C
D′2

Cs

1− LP

D′2V ∗2C
s+

LC

D′2
s2

(1.26)

It is worth mentioning that both transfer functions have poles in the right half-plane

(RHP) while they differ as in the positive resistance load case in the existence or not of

RHP zeros. Thus, (1.25) is as expected a non-minimum phase transfer function while

(1.26) is a minimum phase transfer function.

1.5 Motivation

Several methods have been proposed to cope with the mentioned CPL instability. Pas-

sive damping added to one of the filter elements in the cascade connection of a voltage

source, an LC filter, and a CPL is used in [25] to stabilize the system without requiring

the modification of the source or the load control. An active damping method based in

the insertion of a virtual resistor and based on a supercapacitor energy storage system
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1.5 Motivation

to compensate the negative incremental impedance of the CPL is successfully employed

in [26] and [27] respectively. Feedback linearization is reported in [28] in the context of

a medium voltage dc bus for power distribution on ships to compensate the nonlinearity

introduced by the CPL. Active compensation has been also explored in the case of a

source converter of boost type by using current control to introduce damping into the

system dynamics [29, 30].

In solutions based on linear controllers, the starting point is an unstable transfer

function relating either the control to output voltage or the control to inductor cur-

rent. The transfer function is unstable because it is derived by simple substitution of

the resistive load corresponding to a conventional supplying case by the negative incre-

mental resistance of the CPL as it has been explained in Section 1.4 of this document.

We recall that the steady-state values of the state variables required in the transfer

function are the ones imposed by the closed loop behavior of the system provided that

an appropriate controller stabilizes the converter. Nonetheless, the hypothesis of sta-

ble closed-loop steady-state is not achieved in some cases in spite of introducing some

control loops. For example, the introduction of an inner current loop for the average

value regulation of the inductor current stabilizes a boost converter with CPL but it

fails in a buck converter with the same type of load as demonstrated in [31]. Only the

additional introduction of an outer loop allows the system stabilization in the latter

case.

In [32], a robust control approach has been considered for the elementary power

switching converters with a CPL. In [33] a robust controller based on linear program-

ming is proposed to regulate the output of buck converters loaded by another buck

converter acting as a CPL.

Passivity-based control has been also explored in a buck converter with CPL [34]

leading to a simple linear PD control, which provides virtual damping without affecting

the system efficiency.

Sliding-mode control (SMC) [35–44] has been also studied in [45] to regulate a

boost converter feeding a CPL connected in parallel with a resistive load. A switching

surface made up of a linear combination of the capacitor voltage error and the difference

between the inductor current and its high frequency component is used with the aim of

11
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Chapter 1. Introduction

regulating the output voltage in front of load changes of step type. Simulation results

have shown a good performance of the proposed control and the existence of bifurcations

when the gain of the current error is used as a parameter. An SMC-based pulse width

modulation (PWM) approach is employed in [46] with a nonlinear switching surface

in the output voltage regulation of a boost converter supplying a CPL. The previous

nonlinear switching surface is modified in [47] by including a linear term proportional

to the voltage error to improve the output voltage regulation. While the first approach

operates at constant switching frequency, the second one results in a highly variable

switching frequency due to the action of an ideal comparator in the control loop. In

the context of an island dc micro-grid, SMC-based PWM is used again satisfactorily to

regulate a 380 V dc bus with multiple photovoltaic generators, several boost converters

and a battery bank [48]. The same approach is used in [49] for the case of a buck-boost

converter feeding a composite load (constant resistance, constant current and constant

power), which is dominated by CPL, showing robustness in front of input voltage and

load disturbances. A sliding-mode duty-ratio control to operate a constant switching

frequency is proposed in [9, 50] for a buck converter with CPL in a ship dc bus power

distribution system. Switching surfaces based either on the current error or on a linear

combination of current and voltage error are used to regulate the dc bus voltage in the

different modes of the system.

Moreover, also in the case of dc micro-grids, active stabilization techniques based

on a combination of load shedding, additional resistive loads and other circuits have

been used in [11]. Stabilization has been also achieved in the same micro-grid context

by the inclusion of external circuitry emulating a capacitor as reported in [51].

On the other hand, the direct cascade connection of two buck converters where

the second stage acts as a CPL, has been analyzed by means of boundary [52] or

synergetic control [53] to eventually derive sufficient stability conditions and mitigate

the instability effect produced by the CPL.

All contributions on the CPL subject are based on continuous-time models, the

exception being the work reported in [54], where a discrete-time approach is used in

the analysis of a buck converter with a fourth order output filter supplying a CPL with

the aim of identifying slow-scale and fast-scale instabilities.
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1.6 Objectives

To summarize, most of the existing contributions are theoretical approaches explor-

ing how to counteract the inherent instability of the CPL. Their main goal has been

demonstrating the stabilizing effect of the proposed strategies without showing other

important aspects such as rejection to input voltage changes or load variations, inrush

current minimization and practical implementation of the control.

1.6 Objectives

The main goal of this research is to describe analytically the cascade connection of con-

verters under constant power supply conditions, and propose simple control solutions

that can cope with the potential instability caused by the CPL. With this aim, the use

of different strategies such as linear control, SMC, digital SMC (DSMC), and nonlinear

PWM control is studied in the regulation of a boost converter supplying a CPL.

The thesis is organized as follows;

Chapter 2 reexamines the analysis of the elementary converters in open-loop in the

boundary between CCM and DCM carried out in reference [55].

In Chapter 3, the SMC of a boost converter feeding a CPL is exhaustingly covered

by a continuous-time approach leading to an analogue implementation.

A discrete-time approach for sliding-mode control using a PWM resulting in a digital

implementation is presented in Chapter 4.

Chapter 5 introduces two analogue PWM-based nonlinear controllers as alternative

solutions to regulate the output voltage in constant switching frequency operation.

First, the use of a virtual mesh is developed to both stabilize the converter and indirectly

regulate the output voltage. Then, a mechanism to estimate the power of the CPL is

presented.

Chapter 6 addresses the implementation of converters with CPL behavior by pre-

senting a general systematic procedure of synthesis.

Finally, the conclusions of the thesis are summarized in Chapter 7.
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Chapter 2

Open-loop dc-dc Converters with

CPL in the Boundary

CCM-DCM

2.1 Introduction

It has been shown in the introductory chapter that there is an upper bound for the

power that a tightly regulated converter with input filter can supply. Beyond that

value, stability problems or inexistence of equilibrium point can arise. Also, it has been

demonstrated that the output voltage exhibits a nonlinear unstable dynamics that

results in unbounded trajectories in both on and off states in any converter. Thus,

it has been conjectured that the combination of on and off trajectories in open-loop

operation would result in an open unbounded trajectory irrespective of the duty cycle.

Nonetheless, it was demonstrated in [55] that a stable behavior could be obtained

in open-loop operation when the converters were working in the boundary between

CCM and DCM. Like in the resistive load case, the boundary was derived in terms of

the switching period, inductance value and a function of the duty cycle. However, the

expression of the boundary was determined by a value of the power PminCCM , which

established the minimum value of the CPL power to operate in CCM for a given value

of the input voltage Vg.
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Chapter 2. Open-loop dc-dc Converters with CPL in the Boundary
CCM-DCM

We can observe again that an upper bound of the power emerges to separate stable

and unstable behavior, or equivalently DCM and CCM operations.

The analysis reported in [55] is reviewed in this chapter under the optics of an

averaged model of the switching converter [24].

2.2 Average Circuit Model of the Elementary Converters

with CPL in CCM

The converters shown in Fig. 1.5 can be modelled as depicted in Fig. 2.1. It has to be

pointed out that both control and state variables are continuous-time functions repre-

senting the average value in a switching cycle [24] of the respective variables illustrated

in Fig. 1.5. Assuming that an equilibrium point can be reached, the circuits depicted

in Fig. 2.1 can be represented as illustrated in Fig. 2.2. It can be observed in all cases

the POPI nature of the steady-state model as it can be expected.

+

−

L

C vC

iL
+
− vgD

P/vC

C
P
L

(a) buck

L

iLvg
+
−

+−
vC(1−D) iL(1−D) vC

+

−
C

P/vC

C
P
L

(b) boost

L

vC

+

−
vgD C+

P/vC

C
P
L− vC(1−D) iL(1−D)+

−

iL

(c) buck–boost

Figure 2.1: Averaged circuit model of elementary converters with CPL.
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2.2 Average Circuit Model of the Elementary Converters with CPL in
CCM

I∗L

P/V ∗C

+
− VgD

C
P
L

V ∗C

+

−

(a) buck

I∗LVg
+

P/V ∗C

−
+−

V ∗C(1−D) I∗L(1−D) V ∗C

+

− C
P
L

(b) boost

V ∗C

+

−
VgD +

P/V ∗C

C
P
L− V ∗C(1−D) I∗L(1−D)+

−

I∗L

(c) buck–boost

Figure 2.2: Steady-state model corresponding to the circuits in Fig. 2.1.

For the buck converter:

PDCin = VgDI
∗
L = VgD

P

V ∗C
= V ∗C

P

V ∗C
= P = PDCout (2.1)

For the boost converter

PDCin = VgI
∗
L = (1−D)V ∗CI

∗
L = V ∗C

P

V ∗C
= P = PDCout (2.2)

For the buck-boost converter

PDCin = VgDI
∗
L = −(1−D)V ∗CI

∗
L = V ∗C

P

V ∗C
= P = PDCout (2.3)
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Chapter 2. Open-loop dc-dc Converters with CPL in the Boundary
CCM-DCM

2.3 Boundary CCM-DCM

In the boundary between CCM and DCM the inductor current iL of any elementary

converter behaves in steady-state as illustrated in Fig. 2.3.

T

iL

t

ILmax

2T

...

3T

Figure 2.3: Steady-state inductor current iL in the boundary CCM-DCM for any ele-

mentary converter.

The steady-state average value I∗L of inductor current in any converter is related to

the maximum value ILmax as follows

I∗L =
ILmax

2
(2.4)

2.4 Minimum Power of the CPL for CCM Operation

2.4.1 Buck Converter

From (2.4) the following expression is obtained for the buck converter

I∗L =
ILmax

2
=
VgD(1−D)T

2L
=
VgD

2( 1
D − 1)

2L
T =

=
VgD

2(
Vg
V ∗
C
− 1)

2L
T =

VgD
2T

2L

(Vg − V ∗C)

V ∗C

(2.5)

Hence, the power delivered by the buck converter to the CPL in the boundary CCM-

DCM will be

PminCCM = V ∗CI
∗
L =

VgD
2T (Vg − V ∗C)

2L
=
V 2
g D

2T

2L
(1−D) (2.6)
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2.4 Minimum Power of the CPL for CCM Operation

2.4.2 Boost Converter

Similarly, expression (2.4) becomes in the boost converter

I∗L =
VgDT

2L
(2.7)

The power delivered by the converter to the CPL in the boundary CCM-DCM is

PminCCM = V ∗CI
∗
L(1−D) =

V ∗CVgD(1−D)T

2L
=
V 2
g DT

2L
(2.8)

2.4.3 Buck-Boost Converter

Note that expression (2.7) also applies for the buck-boost converter, so the value of

PminCCM will be

PminCCM = −V ∗CI∗L(1−D) = VgDI
∗
L =

V 2
g D

2T

2L
(2.9)

2.4.4 Comparison of Minimum Values of Power

Expressions (2.6), (2.8) and (2.9) can be compared taking the minimum value of power

in the buck-boost as a reference case. Defining

PminCCM(buck−boost)
=
V 2
g D

2T

2L
, Pcritical, (2.10)

it can be observed that

PminCCM(buck)
=
V 2
g D

2T

2L
(1−D) = Pcritical(1−D) < Pcritical (2.11)

and

PminCCM(boost)
=
V 2
g DT

2L
=
Pcritical

D
> Pcritical (2.12)
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Chapter 2. Open-loop dc-dc Converters with CPL in the Boundary
CCM-DCM

2.5 Stability of the Equilibrium Point in the Boundary

CCM-DCM

2.5.1 Buck Converter Case

We consider now the dynamic behavior of the buck converter shown in Fig. 2.1(a). The

dynamics of the output port can be expressed as

iL =
CdvC
dt

+
P

vC
(2.13)

From (2.4), the dynamic behavior of iL in continuous-time becomes as follows

iL =
VgD

2T

2L

(Vg − vC)

vC
(2.14)

Introducing (2.14) in (2.13) leads to

VgD
2T

2L

(
Vg − vC
vC

)
− P

vC
=
CdvC
dt

(2.15)

In equilibrium
dvC
dt

= 0, vC = V ∗C (2.16)

Hence,
VgD

2T

2L
(Vg − V ∗C) = P (2.17)

or equivalently,

V ∗C = Vg −
2LP

VgD2T
(2.18)

Observe that the existence of equilibrium point in (2.18) implies that

Vg >
2LP

VgD2T
(2.19)

Equivalently

P <
V 2
g D

2T

2L
(2.20)

Note that (2.20) is exactly condition (2.11). Therefore, there always will be an equilib-

rium point in a buck-converter feeding a CPL in the boundary CCM-DCM.
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2.5 Stability of the Equilibrium Point in the Boundary CCM-DCM

To analyze the stability of the equilibrium point we will assume in (2.15), vC =

V ∗C + ∆vC , so that |∆vC | < V ∗C .

Therefore, (2.15) becomes

VgD
2T

2L

(
Vg − V ∗C −∆vC
V ∗C + ∆vC

)
− P

V ∗C + ∆vC
= C

d(∆vC)

dt
(2.21)

After a simple manipulation, (2.21) becomes

d(∆vC)

dt
= −VgD

2T

2LC

∆vC
V ∗C + ∆vC

(2.22)

It can be observed in (2.22) that

∆vC > 0 implies
d(∆vC)

dt
< 0 (2.23)

∆vC < 0 implies
d(∆vC)

dt
> 0, (2.24)

As consequence, it can be concluded that the equilibrium point (2.18) exists and is

stable.

2.5.2 Boost Converter Case

The output port dynamics of the boost converter is given by

iL(1−D) = C
dvC
dt

+
P

vC
(2.25)

Following a similar procedure to the one developed in the buck converter case, the

dynamic behavior of variable iL will be given by

iL =
VgDT

2L
(2.26)

On the other hand, we can also write

iL(1−D) =
V 2
g T

2L

D

vC
=

V 2
g TD

2

2L(vC − Vg)
(2.27)

Hence, (2.25) becomes
V 2
g T

2L

D2

vC − Vg
= C

dvC
dt

+
P

vC
(2.28)
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Chapter 2. Open-loop dc-dc Converters with CPL in the Boundary
CCM-DCM

In equilibrium condition (2.16) applies. Hence,

V 2
g TD

2

2L

V ∗C
V ∗C − Vg

= P (2.29)

Solving for V ∗C in (2.29), we obtain

V ∗C =
PVg2L

2LP − V 2
g TD

2
(2.30)

The existence of equilibrium point given by (2.30) requires that

P >
V 2
g TD

2

2L
, (2.31)

which is exactly condition (2.12). Therefore, there exists an equilibrium point in a

boost converter supplying a CPL in the boundary CCM-DCM.

Assuming in (2.28) vC = V ∗C + ∆vC , such that |∆vC | < V ∗C − Vg, we derive from

(2.28)
V 2
g T

2L

D2

V ∗C + ∆vC − Vg
= C

d(∆vC)

dt
+

P

V ∗C + ∆vC
(2.32)

After a simple manipulation, we obtain

C
d(∆vC)

dt
= −

∆vC(2LP − V 2
g TD

2)

2L(V ∗C + ∆vC − Vg)(V ∗C + ∆vC)
(2.33)

Note that again conditions (2.23) and (2.24) are fulfilled, so the equilibrium point given

by (2.30) is stable.

2.5.3 Buck-boost Converter Case.

In the boundary, the dynamics of the output capacitor voltage in the buck-boost con-

verter is given by

iL(1−D) = −CdvC
dt
− P

vC
(2.34)

where the dynamic behavior of variable iL is also given by expression (2.26).

Therefore, we can write

iL(1−D) =
Vg
2L
D(1−D) =

−V 2
g D

2T

2LvC
(2.35)
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2.5 Stability of the Equilibrium Point in the Boundary CCM-DCM

Introducing (2.35) in (2.34) leads to

V 2
g T

2L

D2

vC
= C

dvC
dt

+
P

vC
(2.36)

Equivalently,

CvC
dvC
dt

=
V 2
g D

2T

2L
− P (2.37)

Defining z(t) = 1
2Cv

2
C , we derive

dz

dt
=
V 2
g TD

2

2L
− P = Pcritical − PminCCM (2.38)

From (2.10), we conclude that the right term of equation (2.38) is zero.

Hence,
dz

dt
= 0 (2.39)

Therefore

z(t) =
1

2
Cv̄C(0) (2.40)

Expression (2.40) only provides a generic information since it states that the stored

energy in the capacitor is constant in steady-state, which is a well-known property for

any reactive element in a switching converter. Also, note that no information is given of

the actual value of VC unlike what occurs in the buck and boost cases (see expressions

(2.18) and (2.30)).

If we define

Pcritical − PminCCM = ε (2.41)

Then,
dz

dt
= ε (2.42)

Therefore,

z(t) = z(0) + εt (2.43)

If ε > 0, then limt→∞ z(t) =∞, which implies that limt→∞ vC(t) =∞.

If ε < 0, then mathematically limt→∞ z(t) = −∞, and limt→∞ vC(t) = −∞, but

physically when z(t) reaches zero, no real solution will exist.
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Chapter 2. Open-loop dc-dc Converters with CPL in the Boundary
CCM-DCM

We can conclude that the equilibrium point in the buck-boost converter in CCM-

DCM boundary cannot be defined in terms of P , Vg, T , D and L. Besides, the equi-

librium point is unstable. A small difference between Pcritical and PminCCM results in

either an unbounded or a zero value for the output capacitor voltage.

2.6 Simulation of Elementary Converters Operation in

the Boundary CCM-DCM

In order to verify the theoretical predictions, numerical simulations in PSIM c© software

of the buck and boost converters depicted in Fig. 1.5 are performed.

2.6.1 Buck Converter

The parameter values of the power stage are summarized in Table 2.1. Note that the

minimum value delivered by the converter in the boundary will be PminCCM = 319.72 W.

Table 2.1: Summary of parameter values for the buck converter with CPL.

L C Vg D T

196 µH 15 µF 350 V 42% 10 µs

The waveforms of the inductor current and capacitor voltage of the buck converter

operating in the boundary CCM-DCM are depicted in Fig. 2.4. It can be observed that

the capacitor voltage in steady-state is V ∗C = 147 V, as predicted by (2.18). Besides,

the system is stable.

On the other hand, a power in the CPL smaller than PminCCM (P = 290 W) leads

the system to operate in DCM. Therefore, the buck converter operating in DCM is

stable as shown the Fig. 2.5.

On the contrary, if the delivered power to the load is greater than PminCCM (P =

350 W) the converter will operate in CCM. Fig. 2.6 illustrates the converter behavior

in this mode. It can be observed that the buck converter operating in CCM loaded by

CPL is unstable in open loop.
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Figure 2.4: Buck converter behavior with CPL in open loop in the boundary CCM-DCM

operation mode.
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Figure 2.5: Buck converter behavior with CPL in open loop in DCM P = 290 W <

PminCCM
.

2.6.2 Boost Converter

Let us consider the nominal values of the power stage parameters summarized in Table

2.2. The minimum value of the power delivered in the boundary between CCM and
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Chapter 2. Open-loop dc-dc Converters with CPL in the Boundary
CCM-DCM
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Figure 2.6: Buck converter behavior with CPL in open loop in CCM P = 350 W >

PminCCM
.

Table 2.2: Summary of parameter values for the boost converter with CPL.

L C Vg D T

326 µH 20 µF 200 V 42% 10 µs

DCM is PminCCM = 257.66 W. The converter behavior in open loop for this power

value is shown in Fig. 2.7. Note that the boost converter supplying CPL is stable

in this operation mode. The steady-state average value of the capacitor voltage is

V ∗C = 344.82 V, which corroborates the value predicted analytically by expression

(2.30). The converter behavior in DCM (P < PminCCM) is depicted in Fig. 2.8. It can

be noted that the boost converter working in DCM is stable. In Fig. 2.9 the operation

of the system working in CCM (P > PminCCM) is illustrated. Note that, as in buck

converter case, the boost converter loaded with CPL working CCM is also unstable in

open-loop.
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CCM-DCM
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Figure 2.7: Boost converter behavior with CPL in open loop in the boundary CCM-DCM

operation mode.
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Figure 2.8: Boost converter behavior with CPL in open loop in DCM P = 200 W
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.
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CCM-DCM
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Figure 2.9: Boost converter behavior with CPL in open loop in CCM P = 300 W

> PminCCM .
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Chapter 3

Two Approaches for the

Closed-loop Operation of Power

Converters with CPL in CCM:

Two-loop Linear Control and

SMC

3.1 Introduction

It has been demonstrated in Chapter 2 that both buck and boost converters with CPL

exhibit a stable open-loop behavior in the boundary CCM-DCM while the buck-boost

converter is unstable under the same operating conditions.

Therefore, a CCM operation for levels of power higher or equal than PCCMmin re-

quires a closed-loop strategy in the elementary converters that can also simultaneously

ensure output voltage regulation.

Two possible candidates appear as a first choice: a linear approach based on peak

current control and a nonlinear strategy based on SMC.

The linear approach is based on the linearized model of the CPL and the subsequent

transfer functions with RHP poles of the power converter explained in Chapter 1. The
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Chapter 3. Two approaches for the closed-loop operation of power
converter with CPL in CCM

underlying hypothesis in this case is that an appropriate feedback can stabilize the

converter in CCM and provide at the same time a good degree of output voltage

regulation.

The nonlinear control proposed combines the unstable on and off trajectories

shown in Chapter 1 to create a stable trajectory that slides along an appropriate switch-

ing surface to reach the desired steady-state behavior (equilibrium point).

This chapter covers exhaustingly both approaches by providing a detailed analy-

tical study of both cases and by validating the respective theoretical predictions. The

validation is carried out by means of simulation in the case of the linear control and by

means of both simulations and experiments in the SMC alternative.

For the sake of simplicity, and without loss of generality, the study will be limited

to the boost converter with CPL.

3.2 Two-loop Linear Control

The control used in this section is based on a two-loop linear control strategy, in which

the inner loop corresponds to a peak-current control and the outer voltage loop uses

a PI compensator. Fig 3.1 shows a block diagram of the two-loop PWM linear analog

control of a boost converter loaded with a CPL. In the power stage, diode Da creates

a path during the start-up to minimize the effect of the inrush current in the inductor.

It has been added to create a unidirectional path from the source to the load hence

guaranteeing the condition vC = Vg at the starting time and thus minimizing the effect

of the inrush current in the inductor. Variable u is a binary signal that activates

MOSFET Q. Note that the inner loop uses an auxiliary ramp to preclude the existence

of subharmonics. This type of linear control has been used extensively in the case of

resistive load [56] and has been applied to the case of a boost converter feeding a CPL

[30], although the validity of the design has been demonstrated only by simulations

performed basically in the frequency domain.

The transfer functions given in (1.25) and (1.26) are used to design the control.

30

UNIVERSITAT ROVIRA I VIRGILI 
NONLINEAR CONTROL OF DC-DC SWITCHING CONVERTERS WITH CONSTANT POWER LOAD 
Blanca Areli Martínez Treviño 



3.2 Two-loop Linear Control
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Figure 3.1: Block diagram of a two-loop linear analog control of a boost converter loaded

with a CPL

3.2.1 Inner Loop based on a Peak-Current Mode Control

The dynamic model of the inner current loop is shown in Fig 3.2(a). Fm is associated

with the artificial ramp r(t) and Fv is a gain specific for each converter. The expression

of Fm and Fv for the boost converter are given as follows [56]

Fm =
1

maT
, Fv =

(1−D)2T

2L
(3.1)

Therefore, from Fig 3.2(a), the transfer function relating the output voltage (V̂C(s))

and the control signal (Îc(s)) becomes

Gvc(s) =
V̂C(s)

Îc(s)
=

FmGvd
1 +GidFm + FmGvdFv

(3.2)
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Îc
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Fm

-Gid

d̂

Gvd
V̂C

(a) Inner control loop

-1

Gvc
V̂C

V̂ref
Gv1 Îc

(b) Two-loop control

Figure 3.2: Dynamic models of the two control loop PWM linear analog control.

Substitution of (1.25), (1.26) and (3.1) into (3.2) yields

Gvc(s) =
P

CV ∗CmaT (1−D)

s− (1−D)2

LP V 2∗
C

s2 + s(
2CV ∗3

C −P (2maLT+(1−D)V ∗
CT )

2LCmaTV ∗2
C

) + (1−D)2

LC (1 +
(1−D)V ∗

C
2Lma

)

(3.3)

According to (3.3) the system with a simple CMC will be stable if the following

constraint is satisfied

P <
2CV ∗3C

T (2maL+ (1−D)V ∗C)
(3.4)

3.2.2 Outer Loop based on a PI Compensator

In order to ensure the system stability while voltage regulation is achieved, an outer loop

is proposed. The voltage controller is a PI compensator, which provides the reference

for the inner loop. The transfer function for the outer PI compensator Gv(s) can be

expressed as follows

Gv(s) =
Kpas+Kia

s
(3.5)

where Kpa and Kia are the proportional gain and the integral gain respectively.

The dynamic model of the two-loop control is illustrated in Fig 3.2(b). Hence, the
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3.2 Two-loop Linear Control

loop gain of the system L(s) = Gv(s)Gvc(s) becomes

L(s) = −K (s− z1)(s+ z2)

s(s2 + 2ξω0s+ ω2
0)

(3.6)

where,

K =
KpaP

CV ∗CmaT (1−D)
(3.7a)

z1 =
(1−D)2

LP
V 2∗
C (3.7b)

z2 =
Kia

Kpa
(3.7c)

ξ =

1
2(− P

CV 2
C

+
V ∗
C

maLT
− P (1−D)

2maLCV ∗
C

)

(1−D)
L

√
L
C + (1−D)VC

2Cma

(3.7d)

ω0 =
1−D
L

√
L

C
+

(1−D)VC
2Cma

, (3.7e)

From (3.6), it can be noted that, there will be one zero in the RHP (z1) and one zero

in the LHP (z2). Considering K > 0, the system feedback will be positive. Besides,

assuming s2 + 2ξω0s+ω2
0 = (s+ p1)(s+ p2), where p1, p2 > 0, the system stability will

depend on the value of K, which is proportional to the power P of the CPL.

3.2.3 Simulation Results

The control previously described for the boost converter under CPL, is now studied

by PSIM c© simulations. Fig 3.3 shows the pole-zero map of the system for the circuit

diagram of Fig. 3.1 with the parameter values for the converter given in Table 3.1

and the following control parameter values Kpa = 1, Kia = 1000, T = 10 µs and

ma = 460 kV/s.

Table 3.1: The used parameter values for the boost converter supplying a constant power.

L C P Vg Vref

326 µH 20 µF 1 kW 200 V 350 V
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Figure 3.3: Pole-zero map in s-plane of the boost converter supplying CPL under the

proposed control.

As can be observed, there is one zero in the RHP, which corresponds to the non-

minimum phase exhibited by boost converters. In Fig. 3.4 it can be observed the

root locus of the system and the risk of instability for a critical value of P (Pcri =
KcriCV

∗
CmaT (1−D)
Kpa

).

Fig. 3.5 depicts the transient response of the converter in start-up and in steady-

state. It can be observed a very large inadmissible inrush current in Fig. 3.5(a) and

Fig. 3.5(b). In order to avoid the inrush current, the output of the PI compensator can

be limited during the start-up to a maximum level Iclim, which significantly reduces

the inrush current as illustrated in Fig. 3.5(c) and Fig. 3.5(d), where Iclim = 10 A. It

is worth remarking that for this control it is mandatory to use a soft-start technique

that allows the converter to reach the equilibrium point without any risk of damage to

the system.

Fig. 3.6 illustrates the converter waveforms in front of changes of step type in the

power load from 1 kW to 0.5 kW and restored back. Note a good regulation in the

capacitor voltage, a negligible overshoot and undershoot during the transitions and a

recovery of 5 ms approximately, after every transition.
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Figure 3.4: Root locus of the of the system.

On the other hand, the two-loop control, in front of changes of step type in the

input voltage from 200 V to 250 V and again to 200 V, shows a good performance as

is corroborated in Fig. 3.7. Note that the overshoot and the undershoot are less than

0.5% in every perturbation and the capacitor voltage remains at its reference value

350 V.
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Figure 3.5: Start-up and steady state of the boost converter under CPL with the two-loop

control without soft-start ((a)-(b)) and with soft-start((c)-(d)).
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Figure 3.6: Numerical simulation of the boost converter under the two-loop control in

front of power load changes (1 kW → 0.5 kW at 32 ms, 0.5 kW → 1 kW at 48 ms).
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Figure 3.7: Numerical simulation of the boost converter under two-loop front of input

voltage changes (200 V → 250 V at 92 ms, 250 V → 200 V at 108 ms).
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3.3 SMC of a Boost Converter with CPL

In Section 1.3, the unstable behaviour of the boost converter with a CPL, during the

on and off intervals has been demonstrated. Also, in the previous section it has been

shown that a linear control has some disadvantages for the control of the system, mainly

during the start-up. In this section an SMC is proposed to regulate the boost converter

feeding a CPL. SMC method offers a natural way to control switching converters, by

combining their on and off vector state trajectories allowing to drive the system from

zero initial conditions to the desired equilibrium point.

From Fig. 1.5, the corresponding state equations of the converter can be expressed

as follows

diL
dt

= −vC
L

(1− u) +
Vg
L

(3.8a)

dvC
dt

=
iL
C

(1− u)− P

CvC
(3.8b)

3.3.1 Equilibrium Point Locus

The equilibrium points locus (EPL) is obtained assuming that the derivatives of the tra-

jectories in the phase-plane during on and off states are opposite with equal absolute

value [57].
dvC
diL

∣∣∣∣
Ton

= − dvC
diL

∣∣∣∣
Toff

(3.9)

According to (3.9), the EPL is given by:

iL =
P

Vg
(3.10)

3.3.2 Sliding Surface

It is apparent that an equilibrium point (EP) can result from the intersection of the

switching surface and the EPL provided than an appropriate switching policy can be

imposed to the converter. This switching policy has to combine unstable trajectories
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3.3 SMC of a Boost Converter with CPL

to create a trajectory that slides on average along the switching surface to attain the

desired equilibrium point of the switching converter.

The basic idea in the use of SMC is illustrated in Fig. 3.8, where the switching

policy consists in turning on the switch when the state vector trajectory is below the

switching surface and turning off the switch when the trajectory is above the surface.

iL

vC
EPL

P
vg

S(x) = 0

S(x) < 0
u = 1

S(x) > 0
u = 0EP

average dynamics

Figure 3.8: Combining on and off trajectories to create a stable trajectory that attains

the desired equilibrium point from zero initial conditions.

A simple sliding surface like the one depicted in Fig. 3.8 is the linear combination

of the errors of the state variables iL and vC , with respect to their steady-state values.

Hence, the proposed linear sliding surface is Σ = {x|S(x) = 0}, S(x) being as follows

S(x) = KC(vC − Vref) +KL(iL − Iref) (3.11)

where Vref and Iref are the reference values for the capacitor voltage and inductor current

respectively, and KC ,KL are positive constant gains. The corresponding switching

policy will be implemented as illustrated in Fig. 3.9.
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Figure 3.9: Block diagram of a SMC of a boost converter loaded with a CPL

3.3.3 Equilibrium Point

The coordinate of the equilibrium point (I∗L, V
∗
C), can be expressed as follows

IL
∗ =

P

Vg
(3.12a)

VC
∗ = Vref −

KL

KC

(
P

Vg
− Iref

)
(3.12b)

Note that a necessary and sufficient condition for the existence of an equilibrium

point, is that the EPL and Σ intersect. Hence, the gain KC cannot be null, because it

leads to the inexistence of the equilibrium point. This is in a clear contrast with the

case of a resistive load where a stable equilibrium point always exists for the case of

KC = 0.

According to (3.12a), it can be concluded that the switching surface defined by

(3.11) with a constant value of Iref cannot in general ensure an output voltage regula-

tion in front of input voltage variations or output power changes. To circumvent this

problem, without inserting an integrator in the feedback loop, we propose an adaptive

law to update the current reference iref = P/Vg for each pair of the instantaneous input
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3.3 SMC of a Boost Converter with CPL

voltage Vg and power P . Hence, the sliding surface in (3.11) can be rewritten as follows

S(x) = KC(vC − Vref) +KL(iL −
P

Vg
) (3.13)

Consequently, the new coordinates of the equilibrium point of the system are given by

IL
∗ =

P

Vg
(3.14a)

VC
∗ = Vref (3.14b)

3.3.4 Control Law and Existence Sliding Mode Condition

To maintain the system trajectory in the vicinity of the sliding surface, the following

control law is established
u = 0 if S(x) > 0
u = 1 if S(x) < 0

(3.15)

Sliding motions will exist if the condition SṠ > 0 is satisfied, which implies

Ṡ(x) < 0 if S(x) > 0

Ṡ(x) > 0 if S(x) < 0
(3.16)

Differentiating (3.13) results in

Ṡ(x) = KC
dvC
dt

+KL
diL
dt

(3.17)

Substitution of (3.8) into (3.17) leads to the following expression

Ṡ(x) = (
KCiL
C
− KLvC

L
)(1− u)− KCP

CvC
+
KLVg
L

(3.18)

Hence, from (3.18) and (3.15), (3.16) results in

KCiL
C
− KLvC

L
<
KCP

CvC
− KLVg

L
for u = 0 (3.19)

−KCP

CvC
+
KLVg
L

> 0 for u = 1 (3.20)

It can be observed that the first term of the inequality in (3.20) is equal to the se-

cond term of the inequality in (3.19) but with negative value; thus, combining both

expressions results in one inequality given by

KCiL
C
− KLvC

L
<
KCP

CvC
− KLVg

L
< 0 (3.21)
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Solving (3.21) for iL leads to:

iL <
CKLvC
KCL

− CKLVg
KCL

+
P

vC
< 0 (3.22)

From the above equation, the Existence Sliding Mode (ESM) region will be deter-

mined by

iL < f(vC) (3.23)

where f(vC) is defined as follows

f(vC) =
1

vC

(
CKL

LKC
v2C + P

)
− CKLVg

LKC
(3.24)

Note that function f(vC) has a minimum (M) for vC =
√
PLKC/CKL whose value is

given by

M =

√
CKL

LKC

(
2
√
P −

√
CKL

LKC
Vg

)
(3.25)

The minimum value in (3.24) can be, positive (M > 0), null (M = 0) and negative

(M < 0). In the case of M < 0, f(vC) will be negative for v1 > vC > v2, where

v1 =
Vg
2

+
1

2

√
V 2
g −

4LKCP

CKL
(3.26a)

v2 =
Vg
2
− 1

2

√
V 2
g −

4LKCP

CKL
(3.26b)

Fig 3.10 shows f(vC) for the different cases of M and their corresponding ESM region

in the vC − iL state-plane. Also, it can be observed the sliding surface S(x) = 0, the

EPL and the equilibrium point.

3.3.5 Equivalent Control

The ideal sliding dynamics corresponding to the average trajectory of the converter

on the switching surface can be expressed in terms of the equivalent control (ueq), by

imposing the condition S(x) = 0 and Ṡ(x) = 0. Hence, ueq can be expressed as follows

ueq = 1− KL(KCLP −KLCVgvC)

vC(LKLKCP/Vg + VrefLK
2
C − vC(LK2

C + CK2
L))

(3.27)

Note that, introducing the coordinates of the equilibrium point (3.14) into (3.27)

yields to the equivalent control in steady-state

Ueq =
Vref − Vg
Vref

(3.28)
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iL

v1

M < 0

iref

vCVref
v2

(I∗L, V
∗
C )

← EPL

M = 0

M > 0

××

ESM
S(x) =

0

Figure 3.10: Plot of f(vC) for different values of M , ESM region, S(x), EPL and equi-

librium point.

3.3.6 Ideal Sliding Dynamics

The ideal sliding dynamics is obtained by substituting (3.27) for the control action u

in (3.8), yielding

dvC
dt

=
1

CvC
(

iLKL(KCLP −KLCVgvC)

LKLKCP/Vg + VrefLK
2
C − vC(LK2

C + CK2
L)
− P ) (3.29a)

diL
dt

= − 1

L
(

KL(KCLP −KLCVgvC)

LKLKCP/Vg + VrefLK
2
C − vC(LK2

C + CK2
L)

+ Vg) (3.29b)

Substituting (3.13) in (3.29) and solving for the differential equations in equilibrium

corroborate that the coordinates of the equilibrium point (P/Vg, Vref) correspond to

the desired values given by (3.14).

One order reduction of the system dynamics is inherently imposed in (3.29) due to

the action of sliding-mode. From (3.29a) and the condition S(x) = 0, the ideal sliding

dynamics in terms of the output capacitor voltage is as follows

C
dvC
dt

=
K1v

2
C +K2vC +K3

K4v2C +K5vC
− P

vC
= f2(vC), (3.30)
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where K1,K2,K3,K4 and K5 are given by

K1 = KCKLCVg
K2 = −(K2

LCP +KCKLCVrefVg + LK2
CP )

K3 = KCKLL
P 2

Vg
+ LK2

CVrefP

K4 = −(LK2
C + CK2

L)

K5 = LKCKL
P

Vg
+ LK2

CVref

(3.31)

The equilibrium point of (3.30) is V ∗C = Vref . Let vC = Vref + v̂C , linearizing (3.30)

around V ∗C leads to

dv̂C
dt

=
df2(vC)

dvC

∣∣∣∣
vC=V ∗

C

v̂C := λv̂C (3.32)

The previous differential equation will be stable if λ < 0, implying the existence of

an upper limit on the power, i.e. the condition P < PmaxSMC must hold for the ideal

sliding dynamics to be stable, where

PmaxSMC =
CKLVrefVg

KCL
(3.33)

3.3.7 Analysis of Switching Surface

In this part, the effects of the sliding surface parameters KC and KL will be ana-

lyzed. The sliding surface is a straight line with negative slope. Hence, from (3.13) the

following statements can be asserted

1) For KC = 0, the sliding surface becomes S(x) = KL(iL − iref) which corresponds

to a vertical line defined by iL = iref . That case is equivalent to a CMC. Due to

the fact that the switching surface and the EPL are the same, the ideal sliding

dynamics will evolve through that line, i.e. the inductor current will be equal to

the reference value of the current.

2) For KL = 0, the sliding surface takes the form S(x) = KC(vC − Vref) which

corresponds to a horizontal line defined by vC = Vref . That case is a Voltage-

Mode Control (VMC).
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3) For the case that KC → 0, the sliding surface will approach to the straight

line given by iL = iref . On the contrary, if KL → 0, S(x) will approach to

the horizontal line determined by vC = Vref . Hence, it can be concluded that the

family of straight lines S(x) = 0 is contained within the sector defined by iL = iref

(CMC) and vC = Vref (VMC). Besides, the slope of the straight line defined by

the sliding surface is given by −KL/KC .

4) For certain values of KL and KC , conditions (3.23) and (3.33) cannot be accom-

plished, consequently, there will be no sliding mode .

5) The inrush current will depend on the slope of S(x) = 0. Therefore, in order to

achieve small values of inrush current, KC must be much smaller than KL.

Fig. 3.11 illustrates the different combinations of KL and KC , which results in a

family of straight lines constrained by two limits: CCM and VMC.

iL

vC

Vref

(I∗L, V
∗
C)

←

EPL

C
M
C

(
K

C
=

0)

VMC ( KL = 0)

iref

S(x) = 0

Figure 3.11: Family of switching surfaces for different combinations of KL, KC .

3.3.8 Numerical Simulations

A series of simulations have been carried out to validate the correct performance of the

system with the proposed control and the theoretical predictions. The block diagram

of Fig. 3.9 has been implemented in PSIM c© software for the set of parameter values

depicted in Table 3.1. The diode Da is used during the start-up to mitigate the inrush

current, thus vC(0) = Vg is assured. A hysteresis comparator with a hysteresis width
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Table 3.2: Different combinations of KL and KC corresponding to Fig. 3.12 .

Combination 1 2 3 4 5 6

KL 21 Ω 100 Ω 150 Ω 350 Ω 100 Ω 450 Ω

KC 10 15 15 15 2 2

h = 140 V has been used to limit switching frequency. In the experimental prototype

the value of h is appropriately scaled down. The resulting nominal switching frequency

is fs = 100 kHz. Besides, in order to generate the current reference, the load current

iCPL and the output voltage vC are multiplied, to obtain P , which is divided by the

input voltage Vg.

As described in Section 3.3.7 the values of KL and KC play an important role in

the system control. In Fig. 3.12 the simulation of the system behavior is shown for the

sliding surface, resulting from each pair of KL and KC given in Table 3.2.

It can be noted that the smallest proposed value of KC correspond to the combi-

nation 5 and 6 but the smallest inrush current will be achieved with the combination

6 because the ratio KL/KC is greater than in combination 5. On the other hand, the

smallest proposed value of KL is in the combination 1. In this case, it is obvious

that the system trajectory does not reach the sliding surface since condition (3.23) is

not fulfilled. Furthermore, it can be noted that the fastest output voltage response is

achieved for the sliding surfaces with the smallest ratio KL/KC but at the expense of

high inrush current, as illustrated by combination 2. Therefore, in order to obtain a

good compromise between a low inrush current and fast output voltage response, the

rest of simulations have been carried out using combination 5.

The ESM region for the desired operation values of the converter and the chosen

values of KL and KC are illustrated in Fig. 3.13(a) in the iL-vC state-plane. Note that

in this case the minimum of function f(vC) defined in (3.25) is negative for vC =18 V

and from (3.26), v1=198.35 V and v2=1.64 V. The ESM region determined by (3.22)

is colored in gray color.

Fig. 3.13(b) shows the ESM region near the equilibrium point of the system, as well

as the switching surface Σ = {x|S(x) = 0}, EPL and Vref . In this figure, the points
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Figure 3.12: Switching surfaces and trajectories with different values of KL and KC .

P1, P2 and P3 are different initial conditions for (iL(0), vC(0)). It can be observed

that P1 and P2 are outside of the ESM area and consequently do not accomplish

condition (3.22), therefore the trajectories starting from these points cannot slide until

they arrive to the region of ESM. On the contrary, P3 starts inside of the ESM region

and its trajectory quickly reaches the equilibrium point without any inrush current. In

general, for the point of operation, the use of the auxiliary start-up diode (Da) ensure

that vC(0) = Vg, hence the starting point is inside of the ESM region given by (3.22).

3.4 Simulation and Experimental Results of the Proto-

type

In order to verify the theoretical predictions in the time domain, numerical simulations

in PSIM c© software and experimental tests in a prototype have been performed.

Fig. 3.14 shows the power stage and SMC stage of the boost converter with CPL

employed in the experimental study. In the power stage, the main switch is based on the

complementary action of diode D(IDH20G655C5) and MOSFET Q(STW25NM60ND),

activated with the driver MAX4420. Also, the auxiliary diode for start-up is IDH20G655C5.

Two current sensors LA 25NP have been employed to measure the inductor current iL
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Figure 3.13: Region of existence of sliding-mode for the boost converter with CPL.

and the output current iCPL respectively. Input voltage and output voltage are sensed

by a voltage divider. The inductor current, output current, output voltage and in-

put voltage are proportional to their respective measured signals. The SMC stage has

different blocks, namely, current reference, current error, voltage error and hysteresis
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Table 3.3: Summary of components used for the boost converter.

Parameter Reference

L design

C MKP1848C61060JK2

D,Da IDH20G65C5

Q STW25NM60ND

driver MAX4420CPA

Vg SPS800X13

CPL EA-EL 9000 HP Series
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Figure 3.14: Schematic circuit diagram of the experimental prototype of the boost con-

verter with the proposed SMC

comparator. The current reference corresponds to the adaptive modification proposed

in Section 3.3.3 and consist in calculating P , by multiplying the signals of the output

current and capacitor voltage, and then dividing it by the input voltage. Both calcu-

lations are processed by IC AD633. The current and voltage errors are processed by

circuits based on OA LF347. These errors are added by a linear circuit based on AO

LF347 to obtain the switching function S(x). The hysteresis comparator is of LM319
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type, so that one internal circuit compares the switching surface with the negative

hysteresis level and the other one compares the function S(x) with the positive hys-

teresis level. The pulses for the driver are generated by the Flip-Flop CD4027, which

is adapted to the comparator output.

The CPL has been emulated by the electronic load EL 9000 from ELEKTRO-

AUTOMATIK operating in constant power mode.

The simulation of the converter start-up and the steady-state behavior is shown

in Fig. 3.15(a). Note that the inrush current is not significant and the steady-state is

attained in 9 ms, which is similar to that obtained with the two-loop linear control.

Besides, from the observation of the waveform iL is evident the one order reduction

introduced by the sliding motion. Fig. 3.15(b) shows in the state-plane iL − vC the

converter trajectories, starting from zero initial conditions.

The values of vC and iL in steady-state are 350 V and 5 A as depicted in Fig. 3.16,

which corroborates the predicted values given by (3.14). Furthermore, the switching

frequency has the desired value of 100 kHz according to the choice of hysteresis width

h. The inductor current ripple corresponds to the expected value (2.5 A). Hence, the

experimental results are very close to the simulated ones.

Fig. 3.17(a) and Fig. 3.17(b) verify the previous theoretical prediction by illustrating

the response of the converter to power changes of step type in the power of CPL. The

power absorbed by the load changes first from 1 kW to 500 W and then restored

back. The experimental results in Fig. 3.17(b) corroborate the PSIM c© simulations in

Fig. 3.17(a). A negligible voltage steady-state error of 2% due to unmodelled resistive

losses is observed in the experimental results. It is worth to remark the concordance

between theoretical predictions, simulation results and experimental results.

Fig. 3.18 shows the converter simulation waveforms in front of a perturbation in

the input voltage Vg from 200 V to 250 V and restored back. Note that the capacitor

voltage is maintained at its desired value Vref = 350 V. However, the inductor current

steady-state I∗L absorbs the perturbation and changes from 5 A to 4 A according to

(3.14a).

Finally, it has to be pointed out that the switching frequency changes with the value

of the equilibrium point. For example, for the cases illustrated in Fig. 3.17 fs = 100 kHz
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Figure 3.15: System response during start-up.

when P = 1 kW, and fs = 102 kHz when P = 0.5 kW, while for the cases shown in

Fig. 3.18 fs = 84 kHz when Vg = 250 V and fs = 100 kHz when Vg = 200 V.
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Figure 3.16: Steady-state waveforms of the boost converter supplying a CPL (P = 1

kW).
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Figure 3.17: Waveforms of the boost converter for power changes of step type in the CPL

(from 1 kW to 500 W and restored back to 1 kW).
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Figure 3.18: Simulation waveforms of the converter for input voltage Vg changes from

200 V to 250 V at 92 ms and from 250 V to 200 V at 108 ms.
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Chapter 4

Two-loop PWM-digital SMC of

Boost Converter with CPL

4.1 Introduction

Chapter 3 has shown that SMC based on the use of a linear switching surface is an

effective solution to regulate the boost converter feeding a CPL. The switching surface

leads to small values of inrush current and guarantees output voltage regulation in front

of external perturbations. The voltage regulation is achieved by adapting the current

reference in terms of the input voltage and the power of the CPL making it equal to

the expression of the equilibrium point locus. Hence, no linearization assumptions have

been used in the controller design, this eventually resulting in a good global performance

under large-signal operation.

However, the main drawback of the analog SMC solution proposed in Chapter 3 is

the variable switching frequency that results from the use of hysteresis comparators in

the implementation of the switching surface.

In this chapter we propose an alternative to combine a SMC strategy with constant

switching frequency. The starting point is the method reported in [58, 59], which is

based in a discrete-time modelling of the converter eventually resulting in a digital

implementation. Digital SMC (DSMC) is a direct approach offering the advantages of

analog SMC combined with a fixed switching frequency operation.
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The application of DSMC to the switching converters regulation has been always

conditioned by the high switching frequency of the converters and the quasi-sliding

effects caused by the sampling frequency [60, 61] constraining the application to slow

system variables [62] or to reduced switching frequency cases, some of them eventually

requiring a sophisticated digital hardware environment [46]. However, the applica-

tion of predictive strategies has allowed the use of DSMC in the regulation of fast

system variables as the inductor current operating at high switching frequencies [63].

Fixed frequency DSMC technique has recently appeared in the power electronics field.

The application of DSMC theory [35] has required first a discrete-time representation

of the converter dynamics, and subsequently has been used as a natural technique to

analyze and to digitally implement SMC-based controllers with PWM, which have been

validated in a classical two-loop control strategy [64].

4.2 Discrete-time Modeling of a Boost Converter Loaded

by a CPL

4.2.1 System Description

The results presented in this section and the sections coming later correspond to the

boost converter depicted in Fig. 4.1. However, the same approach can be applied to

other converter topologies. The aim of the digital controller is to provide the suitable

duty cycle for ensuring output voltage regulation and inducing sliding-mode regime in

discrete-time. For that, the variables needed for the synthesis of the controller, are first

converted into digital signals using analog-digital converters (ADC) at the rate of the

sampling frequency and then processed by the controller. Selecting a proper sampling

rate is important. Multi-sampling is a recently used approach in switching converters

resulting in a sampling frequency larger than the switching frequency. This possibly will

lead to unnecessarily overloading the digital processor. On the other hand there are also

some approaches using a sampling frequency shorter than the switching frequency. With

this approach the controller will possibly miss dynamics of the power stage downgrading

the performances of the closed loop system. In switching converter applications, the
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Figure 4.1: Schematic circuit diagram of a boost converter with CPL.

duty cycle is updated once per switching period; for acceptable performances, it is quite

appropriate to select the sampling frequency equal to the switching frequency, which

leads to a good compromise between accuracy and computing efficiency.

The regulation of the output voltage vC is required since disturbances in the output

power P and the input voltage Vg can take place. What is more, with CPL, closing the

output voltage loop is also necessary for stabilizing the system since with voltage loop

open the system is unstable as will be shown later. The regulation can be accomplished

by an outer voltage loop making the current reference iref [n] to be the output of this

loop. Fig. 4.2 shows a two-loop control scheme, which is used for output voltage

regulation while performing current limiting. The voltage controller consists of two

stages. Namely, a digital PI block to process the error ε[n] := Vref − vC [n] and a

limiter to avoid that the current reference overpasses an admissible level. The current

controller is based on a DSMC strategy to be described below. This controller together

with the DPWM directly provides the duty cycle of the driving signal u of the converter

MOSFET.
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Voltage
Controller Limiter

iL[n] Vg

Figure 4.2: Control scheme with a two-loop voltage regulation.

4.2.2 Discrete-time Mathematical Modeling

The development of a digital controller using DSMC concepts is performed in a discrete-

time state-space formulation. Hence, for DSMC design, a discrete-time model of the

power stage is first needed. Due to the presence of the nonlinear CPL, such a model

cannot be exactly obtained in closed form. This is because, in contrast to switching

converters with linear loads, the differential equations of the system for each switch

position are nonlinear and cannot be solved in closed-form. To overcome this handicap,

we deal with the problem approximately by discretizing the averaged model which can

be written as follows

diL
dt

= −vC
L

(1− d) +
Vg
L

(4.1a)

dvC
dt

= − P

CvC
+
iL
C

(1− d), (4.1b)

where d is the duty cycle, iL and vC are respectively the average values of iL and vC

in a switching period. All parameters and variables appearing in (4.1a) -(4.1b) can be

identified in Fig. 4.1. The key issue in the discrete model is the nonlinear differential

equation (4.1b) associated to the dynamics of the capacitor in parallel with the CPL.

The discrete-time model corresponding to this equation cannot be obtained in closed

form. Different approaches can be used for obtaining an approximate discrete-time

model. These are the Euler forward, Euler backward and the Tustin (trapezoidal)

methods [65]. For sufficiently small switching/sampling period, all these approxima-

tions yields to similar results. For the sake of simplicity, let us choose the Euler forward

approach for obtaining the discrete-time model. A discrete-time model can be obtained

by approximating the continuous-time derivatives by their equivalent rate of change,
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4.2 Discrete-time Modeling of a Boost Converter Loaded by a CPL

hence assuming in the averaged model (4.1a)-(4.1b) that

diL
dt

≈ iL[n+ 1]− iL[n]

T
(4.2a)

dvC
dt

≈ vC [n+ 1]− vC [n]

T
, (4.2b)

where T is the switching/sampling period. The previous forward Euler approximation

leads to the following discrete-time model of the system:

iL[n+ 1] = iL[n] +
T

L
(Vg − vC [n]) +

T

L
vC [n]de[n] (4.3a)

vC [n+ 1] = vC [n]− T

C
iL[n]de[n] +

T

C
(iL[n]− P

vC [n]
) (4.3b)

Notice that with a constant duty cycle value de[n] = De (open-loop operation), the

coordinates of the equilibrium point are V ∗C = Vg/(1 −De) and I∗L = P/Vg. It should

be noticed that the steady-state inductor current, in contrast to the case of resistive

load, does not depend on the operating duty cycle and is only imposed by the power P

of the CPL and the input voltage Vg. Moreover, the equilibrium point is unstable for

all values of De ∈ (0, 1).

When sampling the state variables at the beginning of the switching cycle, depend-

ing on the modulation strategy, the samples in (4.3a)-(4.3b) can correspond to the peak

values (leading-edge modulation), the valley values (trailing edge modulation) or the

average values (double-edge modulation). Here, a double edge modulation will be used

and the samples at the starting of each switching period will coincide with the averages.

4.2.3 Open-loop Model Validation

We will show below that the approximate discrete-time model (4.3a)-(4.3b) is enough

accurate for control design. The results from this model are compared with those from

the circuit-level switched model implemented in PSIM c© software. Fig. 4.3 shows the

samples of the capacitor voltage and the inductor current obtained from (4.3a)-(4.3b)

and the waveforms of the same variables obtained from the switched model. As can be

observed, there is a good agreement between the results and therefore (4.3a)-(4.3b) can

be faithfully used for digital control purposes. Note that the dynamics of the inductor
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current is accurately predicted and that the approximation only induces a relatively

small loss of accuracy in predicting the samples of the output capacitor voltage. The

small deviation can be perfectly compensated by the controller imposing the closed-loop

poles at a desired position.
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Figure 4.3: Comparison between the evolution of the state variables from the approximate

discrete-time model and from the switched model implemented in PSIM c© software for the

parameter values given by Table 3.1 and de[n] = De = 0.5.

4.3 Discrete-time Sliding-mode Inner Loop Control De-

sign

4.3.1 Large Signal Model with Voltage Loop Open

Let x = (iL, vC)ᵀ be the vector of the state variables of the power stage circuit. With

the aim to control the samples of the inductor current iL[n] to their desired reference

iref [n], the following discrete-time sliding surface is used

Γ = {x|γ[n] := iref [n]− iL[n] = 0} (4.4)
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4.3 Discrete-time Sliding-mode Inner Loop Control Design

When the voltage loop is open, the current reference iref [n] is given in a fixed pattern i.e.

without any feedback loop. Although this is not a normal operation of the converter,

the situation arises during start-up while limiting the inrush current and the current

reference remains constant at a certain limit Ilim during this phase.

4.3.2 Equivalent Control

In a fixed frequency DSMC of switching converters, the duty cycle de[n] during a certain

switching period is selected in such a way that the controlled variable is imposed to catch

its reference one period later. Therefore, de[n] is obtained by imposing the discrete-

time sliding-mode condition γ[n+ 1] = 0 in (4.4) and solving for de[n]. In doing so, the

following expression for the duty cycle (equivalent control) is obtained

de[n] =
L(iref [n+ 1]− iL[n])

TvC [n]
+
vC [n]− Vg
vC [n]

(4.5)

The value of the duty cycle is constrained within the interval (0,1) and its effective

expression becomes

de[n] = sat(de[n]) (4.6)

where sat(·) stands for the saturation function

sat(x) =





1 if x > 1
x if 0 < x < 1
0 if x < 0

(4.7)

The saturation will not take place whenever 0 < de[n] < 1 requiring the following

condition to be satisfied:

iref [n+ 1]− TVg
L

< iL[n] < iref [n+ 1] +
T (vC [n]− Vg)

L
(4.8)

At the initial time (n = 0) without the presence of the diode Da, the previous constraints

does not hold and the system may have serious problems to startup. With initial

conditions iL(0) = 0 and vC [0] = Vg (presence of diode Da), the previous condition

becomes

iref [1] <
TVg
L

(4.9)

If the previous constraint is not fulfilled, the system can startup easily but the duty

cycle will be saturated during a few number of switching cycles.
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4.3.3 DSMC Design

To guarantee convergence of the trajectories of the system to the sliding surface Γ, the

following reaching conditions must hold

γ[n+ 1] < 0 if ∆γ[n] > 0 (4.10a)

γ[n+ 1] > 0 if ∆γ[n] < 0 (4.10b)

where ∆γ[n] := γ[n+1]−γ[n] is the increment in the variable γ[n] during one switching

cycle which can be obtained as follows

∆γ[n] = iref [n+ 1]− iref [n] +
T

L
((1− de[n])vC [n]− Vg]) (4.11)

Accordingly, (4.10a)-(4.10b) become as follows

Vg − (1− de[n])vC [n]

L
≤ iref [n+ 1]− iref [n]

T
≤ Vg

L
(4.12)

The above inequalities mean that the reference current rate change must be bounded

between the negative and the positive slopes of the inductor current. In steady-state

operation, these conditions are easily met. But they can be violated during startup or

during transient due to abrupt changes. The loss of sliding mode operation could lead

to performance degradation manifested by either large overshoots or slow response.

Note that, if the system starts up from zero initial conditions, (4.12) becomes 0 ≤
Vg ≤ vC and without the presence of the auxiliary diode Da, sliding condition will not be

fulfilled at startup. With the presence of the auxiliary diode Da, the condition vC = Vg

is guaranteed from the beginning, the system starts in sliding-mode and immediately its

trajectory is constrained in the discrete sliding-mode domain defined by the constraint

iref [n] − iL[n] = 0. The worse cases take place when the duty cycle is saturated. For

de[n] = 0, ∆γ[n] = T
L (vC [n]− Vg) ≥ 0 (if vC [n] ≥ Vg]) and γ[n+ 1] ≤ 0. For de[n] = 1,

∆γ[n] = −T
LVg ≤ 0 and γ[n + 1] ≥ 0, which ensures the convergence to the switching

surface. It will be shown later that at startup, the current reference could be saturated,

the voltage loop becomes open and the resulting system is unstable making the voltage

vC to increase above Vg hence guaranteeing the sliding-mode condition. When the

output voltage reaches the vicinity of its desired value, saturation disappears and the
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4.3 Discrete-time Sliding-mode Inner Loop Control Design

PI regulator starts regulating the output voltage to its desired value according to the

imposed performances by the outer loop controller.

4.3.4 Control-oriented Full-order Discrete-time Small-signal Model

By substituting the expression of the equivalent control (4.5) in (4.3b) and imposing

the discrete-time sliding-mode constraint iL[n] = iref [n] imposed by (4.4), one obtains

the following equation describing the output capacitor voltage vC in the discrete-time

domain

vC [n+ 1] = fv(vC [n], iref [n], iref [n+ 1]) (4.13)

where the function fv is given by the following expression

fv(vC [n], iref [n], iref [n+ 1]) = vC [n]− iref [n]

CvC [n]
(L(iref [n+ 1]− iref [n])− TVg)−

TP

CvC [n]
(4.14)

The equilibrium point of the discrete-time dynamical system described by (4.13)-

(4.14) can be obtained by imposing vC [n + 1] = vC [n] and iref [n + 1] = iref [n] in the

same equations. Imposing these constraints implies that vC [n] takes an infinite value

unless the current reference iref [n] is chosen to be exactly equal to P/Vg. Indeed, this

is the only inductor current value that corresponds to a balance between the input

power delivered by the voltage source and the output power imposed by the CPL.

Therefore, during startup and while the system is under inrush current limiting phase,

this is feeding a CPL with a constant current different from the one that balances input

and output powers in the system, and this explains the output voltage divergence. It

is worth noting that for inrush current limitation during startup, the converter will

unavoidably work under this condition. The output voltage will collapse if the current

reference is smaller than P/Vg. This fact appears in a clear contrast with the case

of resistive load for which the voltage reaches a finite value in steady-state when the

system is under pure CMC [58].

The case studied here is similar to the analog control based on the average inductor

current regulation in a buck converter loaded by a CPL, which is still unstable after

the introduction of the current control loop [31]. In both cases, the introduction of

an outer voltage loop will contribute to the global stabilization of the system apart
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from ensuring output voltage regulation. It should also be noted that when an outer

loop is added to stabilize the output voltage while establishing the current reference,

this current will be imposed to be Iref = P/Vg in steady-state regardless the desired

reference value Vref of the output voltage vC .

Let V ∗C and Iref be the nominal steady-state values of vC [n] and iref [n] respectively.

Let v̂[n] = vC [n]− V ∗C , îref [n] = iref [n]− Iref the small deviations of the output voltage

vC [n] and the current reference iref [n] with respect to their steady-state values Vref and

Iref respectively. Therefore, the small-signal model of the system under current mode

control can be written as follows:

v̂C [n+ 1] =
∂fv

∂vC [n]
v̂C [n] +

∂fv
∂iref [n]

îref [n] +
∂fv

∂iref [n+ 1]
îref [n+ 1] (4.15)

The different partial derivatives appearing in (4.15) are

∂fv
∂vC [n]

= 1 +
T

CV ∗2C
(P − IrefVg)

∂fv
∂iref [n]

=
TVg + LIref

CV ∗C
∂fv

∂iref [n+ 1]
=
−IrefL
CV ∗C

(4.16)

With abuse of notation, let V̂C(z) and Îref be the z-transforms of vC [n] and iref

respectively.

Taking the z− transform of (4.15), the iref -to-vC small-signal transfer function of

the digital sliding current mode controlled boost converter with voltage loop open and

supplying a constant power can be expressed as follows

Hi(z) =
V̂C(z)

Îref(z)
= −Ri

z − zc
z − zp

(4.17)

where Ri, zc and zp are given by

Ri =
LIref
CV ∗C

, zc = 1 +
TVg
IrefL

, zp = 1 +
T

CV ∗2C
(IrefVg − P ) (4.18)

The previous transfer function represent the discrete-time small-signal model of the

boost converter under an inner current control loop based on a DSMC strategy and
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4.4 Discrete-time Output Voltage Loop Control Design

can be used to design an outer digital voltage control loop in the z−domain. Note that

the zero zc is outside the unit circle, which explains the well-known non-minimum phase

characteristics of the control to output voltage transfer function in boost converters.

Note also that during startup, the current reference iref will be limited by an upper

bound Ilim which must be selected larger than the desired steady-state P/Vg, hence, the

pole zp of the previous transfer function is outside the unit circle, which corresponds

to an unstable system. Therefore, any designed controller must stabilize the system

while regulating the output voltage and exhibiting desired performances in terms of

disturbance rejection and transient response.

4.4 Discrete-time Output Voltage Loop Control Design

In order to ensure an output voltage regulation, an outer and slower control loop in

cascade with the inner DSMC current loop must be added. This loop is designed in

the z−domain based on the the iref -to-vC transfer function Hi(z) in (4.17) representing

the small-signal model around a desired operating point. This second control loop will

regulate the output voltage to a desired value Vref . The steady-state current reference

Iref will be equal to P/Vg regardless the value of Vref as mentioned before. In order to

stabilize the system, a two-loop control strategy will be used, hence the outer voltage

loop provides the reference for the inner current loop. Let ε[n] = Vref − vC [n] be the

output voltage error. The current reference is updated from the output of a digital PI

compensator as follows

ir[n] = Kpε[n] + q[n] (4.19)

where q[n] = Ki
∑n

k=0 ε[k] is the discrete-time accumulative sum of the error voltage

weighted by the integral gain Ki, Kp being the proportional gain. In order to avoid

high inrush current in start-up, the current reference must be limited and the final

expression for the current reference becomes

iref [n] =

{
ir[n] if ir[n] < Ilim

Ilim if ir[n] ≥ Ilim
(4.20)

Different approaches can be often used for integral control emulation. For suffi-

ciently small switching/sampling period, all the approaches yield a controller which
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produces a closed-loop behavior similar to the one provided by a continuous-time con-

troller. For the sake of simplicity, let us choose the Euler forward approach for emu-

lating the integrator. This approximation yields the following recurrence equation for

the discrete-time integral variable:

z[n+ 1] = z[n] +Kiε[n] (4.21)

To avoid windup phenomenon, the integral variable z[n] is also limited to an upper

bound Zlim and the expression of the variable q[n] becomes as follows

q[n] =

{
z[n] if z[n] < Zlim

Zlim if z[n] ≥ Zlim

(4.22)

The presence of an advanced sample of the current reference iref [n + 1] in the

expression of the control law (4.5) makes it challenging to obtain this law when the

reference is to be provided by a feedback loop. A possible solution is to use a predictive

approach to get the value of the reference current from (4.19) one switching period

ahead of time using (4.3b). While this would work theoretically and in simulation, it

would require increased computational resources in an experimental digital platform

like a Digital Signal Processor (DSP). A much more simple solution is to redefine the

discrete-time sliding-mode surface as follows:

γ[n] = iref [n− 1]− iL[n] (4.23)

and the resulting expression of the duty cycle becomes

de[n] = sat

(
L(iref [n]− iL[n])

TvC [n]
+
vC [n]− Vg
vC [n]

)
(4.24)

The first term in the expression of de[n] in (4.24) is only non null in the reaching

phase. Once the sliding-mode regime is reached, this term becomes zero and only the

second term forces the system to evolve toward the equilibrium point if the stability

of the closed-loop system is ensured. Fig. 4.4 shows a block diagram of the large-

signal model of the system with a two-loop control based on DSMC. The presence
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4.5 Design of the Output Voltage Feedback Loop Using the Root-locus
Technique

iref [n]
Vref

+−
Ilim

vC [n]

de[n]

Vg
iL[n]

Limiter

Eq. (4.3b)

Zlim

Anti windup
Kp

Σ q[n]

Σ

z−1

ε[n]

Ki

Eq. (4.3a)

Eq. (4.24)

ir[n]

z[n]

Figure 4.4: Block diagram of the large-signal model of the system with a double control

loop based on the proposed DSMC.

of a discrete-time integrator in the external voltage loop will impose that in steady-

state V ∗C := vC [∞] = Vref . Furthermore, in steady-state one will have Q∗ := I∗L and

I∗L := P/Vg. Therefore, the coordinates of the equilibrium point are

I∗L =
P

Vg
, (4.25a)

V ∗C = Vref , (4.25b)

Q∗ = I∗L =
P

Vg
(4.25c)

where I∗L, V ∗C and Q∗ stand for the steady-state values of the the state variables iL, vC

and q respectively.

4.5 Design of the Output Voltage Feedback Loop Using

the Root-locus Technique

The block diagram corresponding to (4.15) is depicted in Fig. 4.5. The small-signal

model can be used to design the feedback compensator to obtain a stable closed-loop

system with a regulated output voltage.

Hi(z)
Îref V̂CV̂ref Hv(z)+

−

Figure 4.5: Block diagram of the z−domain small-signal model.
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The focus in this section is on the design of the output voltage regulator. The time

response characteristics are related to closed-loop pole locations. Hence, a design based

on root locus approach will be used. The aim is to design a controller such that the

dominant closed-loop poles have a desired damping ratio and a settling time. According

to (4.19) and (4.21), the transfer function for the outer digital PI voltage controller can

be expressed as follows

Hv(z) = Kp +
KiT

z − 1
≡ Kp

z − zpi
z − 1

(4.26)

where zpi = 1− KiT/Kp is the zero introduced by the digital PI compensator.

The loop gain of the system Ld(z) = Hi(z)Hv(z), from (4.17) and (4.26), results in

Ld(z) = −KpRi
(z − zpi)(z − zc)
z(z − 1)(z − zp)

(4.27)

Note that because of the one cycle delay present in the current reference in (4.23), a

pole at the origin is added to the loop gain.

Although (4.27) can be used to obtain numerically the suitable parameter values

for the desired pole position, it is always more useful to have an explicit mathematical

expression. For many applications, the feedback gain Kp is a design parameter that

should be adjusted according to the values of other parameters in order to get a system

response with the desired performances. The purpose in this section is to perform an

analytical study by carrying out a realistic approximation.

In order to simplify the design, the integral gain Ki can be appropriately selected

so that the zero of the PI controller is placed slightly smaller than 1. Therefore, Ki

becomes as follows

Ki =
Kp(1− zpi)

T
(4.28)

This means that the term Ki/Kp must be selected much smaller than 1 and the loop

gain can be approximated by

Ld(z) ≈ −KpRi
z − zc

z(z − zp)
, (4.29)

The approximate closed-loop characteristic polynomial equation can be expressed as

follows

1 + Ld(z) = 0 ≡ z2 − (KpRi + zp)z +KpRizc = 0 (4.30)
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4.6 Numerical Simulations and Experimental Results

The closed-loop poles can be selected at the break-away point zba on the real axis to

correspond to a damping factor ζ = 1 and a settling time ts = −4T/ln|zba|. For finding

the break-away points, one has to find the value of z = zba that maximizes or minimizes

the gain Kp [65] hence obtaining the following approximate expression for the values

of the break-away points and the corresponding proportional gain of the PI controller

zba ≈ zc ±
√
z2c − zpzc, (4.31a)

Kp,ba ≈ (zba − zp)zba
Ri(zba − zc)

(4.31b)

The value of zba with positive sign is omitted because it corresponds to a break-in point

outside the unit circle leading to an unstable system.

4.6 Numerical Simulations and Experimental Results

In order to validate the previous analysis, numerical simulations in the PSIM c© software

and experimental tests have been carried out.

4.6.1 System Startup and Steady-state Operation

The initial value of the duty cycle can be obtained from the initial values of the state

variables. Usually, the obtained value at startup is saturated. With delay, the number

of initial saturated cycles increases since the inductor is continuously charged during a

few number of cycles leading to an increase of the the inrush current.

Let us consider the nominal values of the power stage parameters depicted in Table

3.1, the desired output voltage Vref = 380 V and the switching/sampling frequency

fs =100 kHz. The steady-state of the current reference is Iref = P/Vg = 5 A. During the

startup, the current reference iref and the integral variable q were limited to Ilim = 10 A

and Zlim = 10 A respectively. The PI zero is selected at zc = 0.95. First, the root locus

of the closed-loop system is obtained and the result is depicted in Fig. 4.6. Let us select

the closed-loop poles at the break-away point zba ≈ 0.62 + 0j, which corresponds to a

proportional gain Kp ≈ 0.82 and a damping coefficient ζ = 1.
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Figure 4.6: Root locus of the system. At the double pole position zba ≈ 0.62+0j, marked

by a square on the real axis, the gain Kp,ba = 0.82 according to (4.31a) and (4.31b) leading

theoretically to damping coefficient ζ = 1 and null overshoot.

The performances of the DSMC will be validated by means of numerical simulations,

from both the derived large-signal discrete-time model and from a detailed switched

model implemented in PSIM c© software, and experimental results.

4.6.2 Experimental Setup

Fig. 4.7 shows the schematic circuit diagram of the implemented experimental proto-

type. The power stage is the same described in Section 3.4 with different ratios in the

sensors. The developed DSMC algorithm was programmed in the DSP TMS320F28335

of texas instruments. The samples of the state variables are captured and adapted

to the voltage values supported by the DSP, connecting to a pin of the ADC module

through an operational amplifier operating as a buffer to isolate the DSP. The signals

are sampled at the switching frequency rate. The duty cycle was calculated according

to (4.24) and processed in the PWM of the DSP which uses a symmetric triangular

signal to generate the driving signal with a time delay of about τd = 5.5 µs. The

CPL has been emulated by the electronic load 9000 EL-DE ELEKTRO-AUTOMATIK

which has been programmed in constant power mode. The experimental waveforms
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4.6 Numerical Simulations and Experimental Results

shown below, have been measured by using the oscilloscope Tektronix TDS 754C and

the probes TEKTRONIX TCP202 for illustrating the current waveforms.
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Figure 4.7: Schematic diagram of the implemented experimental prototype.
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Chapter 4. Two-loop PWM-digital SMC of Boost Converter with
CPL

4.6.3 Results

Fig 4.8 shows the numerical simulation of the start-up and the steady-state responses

of the system from both models. It can be observed that during start-up the inductor

current reference iref = Ilim remains constant due to the saturation, hence limiting

the inrush current. As soon as the capacitor voltage reaches the vicinity of the voltage

reference Vref , the PI controller comes to play and the current reference is no longer con-

stant but time-varying state-dependent and provided by the PI compensator according

to (4.19). The data from the discrete-time model are plotted together with the simu-

lated data from the detailed switched model implemented in PSIM c© software. It can

be observed that the responses from the two models are very close. The voltage wave-

forms from the switched model and the discrete-time model cannot be distinguished

from each other. Hence, the simulations show that the large-signal model derived in

this work can predict accurately the large-signal behavior of the system.
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Figure 4.8: Start-up and steady-state response from numerical simulations and from the

discrete-time model.

Remark 1: Since during startup the average inductor current value is the regulated

variable and it is supposed to reach the reference current in one cycle, the ripple of this
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4.6 Numerical Simulations and Experimental Results

variable can only exceed the limit Ilim by the switching ripple ∆iL given by

∆iL =
TVg(vC − Vg)

2vCL
(4.32)

At the initial time, vC = Vg due to the presence of the auxiliary diode Da, ∆iL should

be zero as can be confirmed in Fig 4.8. However, in a practical implementation of a

digital controller, saturation of the duty cycle during the initial cycles and propagation

delays always exist and it is expected that the inductor current will still overpass the

imposed current limit plus the theoretical ripple given by ∆iL in (4.32). The current

ripple amplitude ∆iL from (4.32), superposed to the averaged current I∗L is plotted in the

bottom panel of Fig 4.8 together with the current waveforms obtained from the switched

model. The agreement is remarkable both in the startup, in steady-state and in the

transient phase.

It is worth to note that one cycle delay inherently existing in the used commercial

device has been eliminated by appropriately modifying the C code programming of the

device. However, computation delay is unavoidable [66]. By adding a computation

delay τd = 5.5 µs, the results depicted in Fig 4.9 are obtained where it can be observed

that a small inrush current still exists in the current startup response. The value of the

computation delay used is the one corresponding to the experimental prototype. The

propagation delay makes higher the number of cycles during which the duty cycle is

saturated making the sliding mode condition not satisfied during these cycles, which,

in turn, leads to higher inrush current at startup. Note that in case of experimental

results the inrush current is larger than in the numerical simulation. This is mainly

due to the saturation of the inductor and the decrease of its inductance value at high

current levels.

As a remedy for this problem, one can force the initial values of the duty cycle to

lie within the interval (0,1) in a few number of cycles either by scaling down the value

of the duty cycle obtained from the control law (4.24) or by limiting the rate of change

of the reference current from zero to Ilim in startup.

By filtering out the high frequency component of the current reference at the abrupt

change in startup, the inrush current can be suppressed. However, the presence of a

filter also slows down the system response. Another way to limit the inrush current in
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vC

iL

(a) Numerical simulation results with τd=5.5µs.

vC

iL

(b) Experimental Results.

Figure 4.9: Start-up and steady-state of the system.

the presence of computation delays without degrading the system response is limiting

the rate of change of the current reference during startup.

Remark 2: The system is unstable when the saturation is taking place and the

system is under CMC with open voltage loop. During this phase, the output voltage

tends to infinity although the average of the inductor current is theoretically well regu-

lated to the maximum allowed current Ilim. In the case of the boost converter, this

type of instability only makes the output voltage to increase from the initial voltage Vg.

This increase in the output voltage is desired since under this operation the system is
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4.6 Numerical Simulations and Experimental Results

approaching its desired operating point.

In order to completely suppress the still remaining inrush current due to computa-

tion delays, the solution based on limiting the rate of change of the current reference

during the start-up is adopted. A slope limiter is introduced in the current reference

at the startup in order to guarantee the sliding-mode conditions given in (4.12). The

effect of adding this slope limiter is shown in Fig. 4.10 where it can be observed that

inrush current is completely suppressed thanks to the operation under sliding mode

regime.

vC

iL

(a) Numerical simulation results.

vC

iL

(b) Experimental results.

Figure 4.10: Start-up and steady-state responses of the system from experimental mea-

surements with slope limiter diref
dt

∣∣
lim

= 100 kA/s.
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The rate of change of the current reference is diref
dt

∣∣∣
lim

= 100 kA/s, which implies

that the current reference limiter value will be reached in 10 switching periods. In all

the cases, the output voltage regulation to 380 V in steady-state is also well achieved.

The experimental results are very close to the simulated ones.

Fig. 4.11(a) and Fig. 4.11(b) shows the response of the system to a ±4 V step change

in the reference voltage. It can be observed that the system exhibits a small undershoot

in the output voltage response immediately after the positive step change of voltage

reference. The inductor current follows the reference current tightly as dictated by the

vC

iL

(a) Numerical simulation results

vC

iL

(b) Experimental Results

Figure 4.11: Small-signal transient response in front of a ±4 V step change between 378

V and 382 V in the reference voltage.
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4.6 Numerical Simulations and Experimental Results

DSMC. Note that the measured inductor current iL tracks tightly and accurately the

current reference iref while the output voltage is regulated to its desired reference.

Fig. 4.12 shows the simulation and experimental results of the transient response

in the presence of 50% step change in the load power. A zero steady-state error in the

output voltage can also be observed while the dynamic current reference iref is tracked

by the inductor current iL as imposed by the inner DSMC loop. The steady-state

value of iref is Iref = P/Vg as predicted by the theoretical analysis. As before, both

vC

iL

(a) Numerical simulation results.

vC

iL

(b) Experimental results.

Figure 4.12: Small-signal transient response in front of 50% step change in the nominal

power.
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inductor current and capacitor voltage show a fast recovery of the steady-state. As

can be observed, in all the cases, both small-signal and large-signal responses show an

agreement between theory, simulations and experiments, confirming the validity of the

model developed in the previous sections. Hence the large-signal model can be used

for repeated simulations while the small-signal model can be utilized for control design

and performance specifications.

Remark 3: Theoretically, according to the small-signal design procedure followed,

the system should present no overshoot for a positive step change with the chosen values

of parameters. However, a small overshoot can be still appreciated in the system re-

sponse of Fig. 4.12. The discrepancy is mainly due to the computation delay (τd ≈ 5.5

µs) not taken into account in the analysis.

Fig. 4.13 shows the transient response in the presence of 20% step change in the

input voltage from the detailed switched model implemented in PSIM c© software. It can

be observed that the output voltage is tightly regulated to its desired value. The steady-

state average inductor current is Iref = P/Vg as predicted by the theoretical analysis.

The inductor current and capacitor voltage show a fast recovery of the steady-state

after a disturbance takes place.
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Figure 4.13: Small-signal transient response in front of a 20% step change in the input

voltage from numerical simulations.

78

UNIVERSITAT ROVIRA I VIRGILI 
NONLINEAR CONTROL OF DC-DC SWITCHING CONVERTERS WITH CONSTANT POWER LOAD 
Blanca Areli Martínez Treviño 



Chapter 5

PWM nonlinear analog control:

virtual mesh approach and

adaptive strategy with CPL

power estimation

5.1 Introduction

Chapter 4 has shown that SMC and constant switching frequency operation are com-

patible when a DSMC is derived from a discrete-time model of the converter with CPL.

This chapter presents two additional alternatives for constant switching frequency ope-

ration based on nonlinear control strategies for output voltage regulation of a boost con-

verter with CPL. Both strategies use a PWM element, are based on a continuous-time

analysis and are eventually implemented by means of analog circuitry.

Good global performance under large-signal operation has been attained with PWM

nonlinear control based on feedback linearization. With the aim of regulating the output

voltage in a buck converter, the equations transformation introduced by that approach

has resulted in linear stable dynamics of the output voltage [28], and has been suc-

cesfully combined with feedforward of a load power estimated value [67]. Feedback

linearization has also guaranteed that the inductor current remains below a maximum
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Chapter 5. PWM nonlinear analog control: virtual mesh approach
and adaptive strategy with CPL power estimation

value at any time irrespective of load and input voltage variations in elementary con-

verters [68].

The first approach proposed here uses state-feedback linearization to transform

the nonlinear average dynamics of the inductor current in the converter into a linear

average dynamics of the inductor current in a virtual mesh, which consists in the series

connection of a voltage source, a resistor and the converter inductor. In the virtual

mesh, the resistor introduces damping to contribute to the system stability while the

voltage source indirectly regulates the output voltage. Although the control has two

feedback loops, no separated dynamics between inductor current and capacitor voltage

are considered.

The second proposal introduces a mechanism to estimate the power of the CPL.

The control law has two terms, the first one being the duty cycle in steady-state. The

second term is a correcting element during transient-states, which is proportional to the

current error, i.e., the difference between the real average value of the inductor current

and the value of the inductor current in steady-state, the latter being indirectly given

by as estimation loop of the CPL power.

5.2 PWM Nonlinear Control for Virtual Mesh Emulation

Fig. 5.1 shows the block diagram of a boost converter loaded with a CPL under the

proposed control. In CCM the average dynamic behavior of the converter can be

expressed as follows:

diL
dt

= −(1− d)

L
vC +

Vg
L

(5.1a)

dvC
dt

=
(1− d)

C
iL −

P

CvC
(5.1b)

With the aim of linearizing the inductor current differential equation in (5.1a), the

control law is expressed as follows

d =
vC − (Vg + riL − e)

vC
, (5.2)
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+
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Figure 5.1: Schematic block diagram of the PWM nonlinear control of a boost converter

with CPL

where r is the virtual resistance added to the system and e is the average value of

a new variable e, which corresponds to the output of a voltage loop based on a PI

compensator. The new state variable e is defined as follows

e = Kpe(Vref − vC) +Kie

∫ t

−∞
(Vref − vC(λ))dλ, (5.3)

Vref being the desired output voltage and Kpe and Kie > 0, are the proportional and

the integral gains respectively. As can be observed in Fig. 5.1, the duty cycle d is

generated by comparing a control voltage vcon with a sawtooth ramp signal vramp.

5.2.1 Closed-loop Equations

Substitution of (5.2) and (5.3) in (5.1), leads to the closed-loop equations of the system

given by

diL
dt

= −riL
L

+
e

L
(5.4a)

dvC
dt

=
(Vg + riL − e)iL

CvC
− P

CvC
(5.4b)

de

dt
= −Kpe

dvC
dt

+Kie(Vref − vC) (5.4c)
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It can be observed that the nonlinear control law (5.2) has transformed the nonlinear

dynamics of the average inductor current in (5.1a) into the linear dynamics in (5.4a)

that can be interpreted by means of a virtual mesh of voltage source e, resistor r and

inductor L. In the virtual mesh the resistor introduces damping to contribute to the

closed-loop stabilization while the voltage source indirectly regulates the output voltage

since variable e, is the output voltage of a PI compensator that processes the output

voltage error.

Besides, from (5.4), the equilibrium point (IL
∗
, VC

∗
, E
∗
) of the system in closed loop

becomes

IL
∗

=
E
∗

r
=
P

Vg
,

VC
∗

= Vref , (5.5)

E
∗

=
rP

Vg
= rIL

∗

Note, on the one hand, that the expression of IL
∗

corroborates that both dc input and

output powers are equal, and, on the other hand, VC
∗

is the desired output voltage.

5.2.2 Stability Analysis

Linearizing the dynamics of the system in (5.4) around the equilibrium point (5.5)

yields

dîL
dt

= − r
L
îL +

1

L
ê (5.6a)

dv̂C
dt

= aîL − bê (5.6b)

dê

dt
= −KpeaîL −Kie v̂C +Kpebê (5.6c)

where a and b are defined as follows

a =
V 2
g + rP

CVrefVg
, b =

P

CVrefVg
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The small-signal model in (5.6) can be represented in matrix form as ˆ̇y = Aŷ, where

ˆ̇y =




dîL
dt

dv̂C
dt

dê

dt



, A =




− r
L

0
1

L

a 0 −b

−Kpea −Kie Kpeb



, ŷ =




îL

v̂C

ê




(5.7)

The characteristic polynomial of the closed-loop system is f(s) = |sI −A| = 0. Hence,

from (5.7), this equation is given by

|sI −A| =

∣∣∣∣∣∣∣∣∣∣

s+
r

L
0 − 1

L

−a s b

Kpea Kie s−Kpeb

∣∣∣∣∣∣∣∣∣∣

= 0 (5.8)

Consequently, developing (5.8) leads to the characteristic equation of the closed-loop

system given by fs(s) = s3 +a2s
2 +a1s+a0 = 0, being a2, a1 and a0 defined as follows

a2 =
r

L
− KpeP

CVrefVg
, a1 =

V 2
g Kpe − LKieP

LCVgVref
, a0 =

VgKie

LCVref
(5.9)

Consequently, fs(s) becomes as follows

fs(s) = s3 +

(
r

L
− KpeP

CVrefVg

)
s2 +

V 2
g Kpe − LKieP

LCVgVref
s+

VgKie

LCVref
(5.10)

Design Constraints for Stability

• A necessary condition but not sufficient for stability of the system is that the

coefficients of polynomial fs(s) be positive. Hence, from (5.10) the following

restriction must be satisfied

Kpe <
CrVrefVg
LP

(5.11)

Kie <
KpeV

2
g

LP
(5.12)
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• In order to guarantee the stability of the system, its poles must be in LHP. The

Routh's table of characteristic equation fs(s) in (5.10), becomes

s3 1 a1

s2 a2 a0

s1 b1

s0 a0

(5.13)

As can be noticed from (5.13), the system stability will be guaranteed if the

following conditions hold

1) a2 > 0, which corresponds to the same constraint given in (5.11).

2) b1 > 0, where b1 = a2a1 − a0 is defined as follows

− P

CVref
K2
pe +

Vgr

L
Kpe − (Vg +

rP

Vg
− L

C

P 2

VrefV 2
g

Kpe)Kie > 0 (5.14)

Hence solving (5.14) for Kie yields to the following additional condition for sta-

bility

Kie < f(Kpe), (5.15)

where, the function f(Kpe) is defined as follows

f(Kpe) ,
VgKpe

(
r
L − P

CVrefVg
Kpe

)

Vg + rP
Vg
− L

C
P 2

VrefV 2
g
Kpe

(5.16)

Consequently, the system stability will be guaranteed for the values of Kpe and

Kie , satisfying the constraints given by (5.11), (5.12) and (5.15).

5.2.3 Parametric Region of Stability

Remark. The straight line defined by Kie = KpeV
2
g/LP in the plane (Kpe ,Kie) is always

above than the curve of the function Kie = f(Kpe) for all Kpe > 0.
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Proof.

Kie

f(Kpe)
=
CVrefVgPr + CVrefV

3
g − LP 2Kpe

CVrefVgPr − LP 2Kpe

,
N1(Kpe)

D1(Kpe)

where N1(Kpe) and D1(Kpe) are straight lines, such that N1(Kpe) > D1(Kpe) ∀ Kpe >

0, as it can be observed in Fig. 5.2.

0

m1

m2

N
1(K

pe )

D
1(K

pe )

Kpe

For Kpe = 0
N1(0) = CVgVref(V

2
g + Pr)

D1(0) = CVgVrefPr

Figure 5.2: Slopes of N1(Kpe
) and D1(Kpe

)

Moreover, the slopes of N1(Kpe) and D1(Kpe) as a function of Kpe are equal

m1 = m2 = −LP 2

Therefore,
Kie

f(Kpe )
> 1, ∀Kpe > 0

Hence, the manifold Kie = f(Kpe) is the upper boundary of Kie . Besides, from

(5.15) and (5.16), the gain Kie will be as is shown below:

Kie > 0 if 0 < Kpe < z1
Kie < 0 if z1 < Kpe < z2
Kie > 0 if z2 < Kpe > ∞,

(5.17)

where z1 and z2 are defined as follows

z1 =
CrVrefVg
LP

(5.18)

z2 =
(V 2
g + rP )CVrefVg

LP 2
(5.19)
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In addition, the manifold f(Kpe) has one relative minimum (Kp1) and one relative

maximum (Kp2), given by

Kp1 =
CVrefVg
LP 2

(
V 2
g + rP + Vg

√
V 2
g + rP

)
(5.20)

Kp2 =
CVrefVg
LP 2

(
V 2
g + rP − Vg

√
V 2
g + rP

)
(5.21)

Note that, 0 < Kp2 < z1 and Kp1 > z2.

On the other hand, note that z1 is the upper limit value of the constraint (5.11),

hence from (5.17), system stability is guaranteed for values of the gain Kie < f(Kpe)

between 0 < Kpe < z1. Fig. 5.3 illustrates in the plane Kpe–Kie the parametric region

of stability (PRS), which corresponds to the area coloured in grey color. Values of

zero z1, vertical asymptote Kie = z2, position of relative maximum Kp2 and position

of relative minimum Kp1 of function f(Kpe) are also represented.

Kie

Kpe
Kp2 Kp1

0

VrefVg
3Cr

L2P 2

K i e
=
Kpe

V g
2

LP

z2z1

PRS

K
i e
=
f
(K

p e
)

K
ie = f(K

pe )

Figure 5.3: Parametric region for stability in the plane Kpe
–Kie

5.2.4 Numerical Simulations and Experimental Results

With the aim of validating the previous calculations, numerical simulations and ex-

perimental tests have been performed. PSIM c© software was used to carry out the

numerical simulations. The same parameters values for the boost converter shown in

Table 3.1 have been used in the simulations and experimental verifications.
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(a) PRS for the operating values of the system.
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(b) Zoom of the PRS for the selected point.

Figure 5.4: PRS in the plane Kpe
–Kie for the proposed system.

The control parameters Kpe and Kie have been selected based on the PRS given

in Fig. 5.4(a), which corresponds to a selected value of r = 10 Ω. Note that according

to (5.11), Kpe must be less than 42.94, which is equal to z1. For that values of Kpe

less than z1, the values of Kie are the ones under the plot of f(Kpe), which has the

relative maximum at Kp2 = 22.67 and it is equal to Kie = 293 ks−1. In order to avoid

high inrush current and a fast settling time without overshoot, the values of Kpe and

Kie have been selected as 1 and 1000 respectively, those values are inside of the PRS

as it can be corroborated in Fig. 5.4(b). These values have been used for both the

simulations and the experiments.

Experimental Setup

Fig 5.5 shows the schematic circuit diagram of the boost converter with CPL under the

proposed nonlinear controller. The power stage is the same described in Section 3.4,

but the inductor current iL has been measured with a gain 1/10 while input voltage and

output voltage are sensed in each case with a gain 1/100. The CPL has been emulated

by the electronic load EL 9000 from ELEKTRO-AUTOMATIK operating in constant

power mode. In the PWM nonlinear control stage it can be observed different blocks of

the controller, namely, voltage error and PI compensator, control law and modulator.

The operational amplifiers used in the control loop are of LF347 type. The analogue
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division is performed by IC AD633. The sawtooth signal vramp is provided by function

generator Tektronik AFG2021 and establishes a switching frequency of fs = 100 kHz

and a peak value of 10 V. The comparator used for PWM operation is an LM319, by

means of which the sawtooth signal is internally compared with ten times signal vcon.

Also a Flip-Flop CD4027 is used to synchronize the signal vramp of function generator

with the control signal.

iL,sens

Vg,sensVc,sens
Vc,ctrl

e

u

e

Vc,ctrl

A

iL,sens

u
Vc,sensVg,sens

A

+15

-15

+15
+15

-15

-15

+15

+15
-15

+15

+15

+15

+15+15

+15

-15

-15
-15 -15

-15

-15

-15
-15

+15

V
ra

m
p

+15

-15

+15

-15
Vref

+15V

+15V-15V

+15

PWM modulatorvoltage error

PWM non-linear control stage

PI compensator

+3.5

control law

power supply
electronic load

power stage

10k10k

1M1M

326u326u

10k10k

Elektro-Automatik5
EA-EL 9750-75 HP
Elektro-Automatik5
EA-EL 9750-75 HP

-

+

GNDGND

1

2

-

+

-

+10
9

8
4

11 1.5k1.5k

5050

-

+

-

+3
2

1
4

11

10k10k

10k10k
10k10k

-

+

-

+3
2

1
4

11

AMREL3
SPS800X13
AMREL3

SPS800X13

+

-

20k20k
1 3

2

IDH20G65C5IDH20G65C5

-

+

-

+3
2

1
4

11

10u10u

10k10k

OUTOUT
1

2
10

k
10

k
IDH20G65C5IDH20G65C5

10
k

10
k

10k10k

10k10k

AD633AD633

W 7X11
X22
Y13
Y24

Z6 8+VCC
5-VCC

10k10k

10
0k

10
0k

-

+

-

+

9
10

7
6

11

8

1.5k1.5k

10
0k

10
0k

-

+

-

+12
13

14
4

11

10
k

10
k

10u

M
K

P
18

48
C

61
05

0J
K

4

10u

M
K

P
18

48
C

61
05

0J
K

4

1k1k

10k10k

10k10k

10k10k

10k10k

-

+

-

+12
13

144

11

750750

10k10k

10k10k

100n

E
C

Q
E

41
04

JF
4

100n

E
C

Q
E

41
04

JF
4

10k10k

10
k

10
k

20k20k

1 3

2

S
T

W
25

N
M

60
N

D
4

S
T

W
25

N
M

60
N

D
4

ININ
1

2

1n1n

10k10k

CD4027CD4027

QA_
2

QA1

SA
7

CA
3

RA
4

KA
5

JA
6

VSS
8

SB 9
JB 10
KB

11
RB

12
CB

13

QB
15

VDD 16

QB_
14

10k10k

-

+

-

+10
9

8
4

11
-

+

-

+5
6

7
4

11

10k10k

10k10k

10k10k

GNDGND

1

2

10
0k

10
0k

10k10k
10k10k

10k10k

10
k

10
k

->

LEM LA25

->

LEM LA25

1 IN1
2 IN23 IN34 IN45

IN5 OUT1
6OUT2
7OUT3 8OUT4 9OUT5 10M

11+12-13

-

+

-

+10
9

8
4

11

1n1n

-

+

-

+5
6

7
4

11

1M1M

MAX4420MAX4420

VDD1
IN2 6OUT

7OUT
VDD8

20n20n

50k50k

-

+

-

+3
2

1
4

11

-

+

-

+4
5 12

6

11

3

Figure 5.5: Circuit schematic of the prototype of the boost converter with the proposed

nonlinear PWM control.

Results

Fig. 5.6 depicts the simulation results of the boost converter with CPL under the

proposed control during the start-up and steady-state. Note, that the inrush current is

not significant and the capacitor voltage exhibits an irrelevant overshoot before reaching

the steady-state. Besides, after a transient time of 4 ms, the state variables reach their

steady-state values which are in agreement with (5.5).

The response of the system in front of changes in the input voltage can be observed

in Figs. 5.7(a) and 5.7(b) for simulation and experimental results respectively. Power

source AMREL SPS800x13-K02D has been used to provide the input voltage changes

from 200 V to 250 V with a slope of 6.25 V/ms and from 250 V to 200 V with a
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Figure 5.6: Simulated waveforms of the inductor current and the capacitor voltage of the

boost converter with CPL under the proposed PWM nonlinear control.

slope of 13.88 V/ms. The inductor current, during the first transition, follows its new

reference value of 4 A and remains at that value until the next change, after which

it returns to 5 A. Moreover, the capacitor voltage offers a fast recovery and negligible

overshoot and undershoot. It can be observed a perfect agreement between simulated

and experimental results.

Similarly, Figs. 5.8(a) and 5.8(b) illustrate respectively the simulation and expe-

rimental responses of the system under output power abrupt changes from 1 kW to

0.5 kW and restored back to 1 kW. The inductor changes to 2.5 A when the load

power is 0.5 kW as is predicted by (5.5). Moreover, the capacitor voltage remains at its

desired value 350 V. In both cases, a zero steady-state error is obtained together with

both small overshoot (5.42 %) and settling time (2 ms). Also, the resulting undershoot

and corresponding settling time are almost the same. A perfect agreement is again

observed between simulation and experiments.
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10 ms

vC

Vg

iL

   50 V
   50 V
   2 A

(a) Simulation results.

vC

Vg

iL

(b) Experimental results.

Figure 5.7: Measured transient response in front of input voltage changes from 200 V to

250 V and restored back.
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4 ms

vC

Vg

iL

   50 V
   50 V
   2 A

(a) Simulation results.

vC

Vg

iL

(b) Experimental results.

Figure 5.8: Measured transient response in front of load changes from 1 kW to 0.5 kW

and restored back.

On the other hand, Fig. 5.9 and Fig. 5.10 show the simulated and experimental

results of the system in steady-state for two different values of input voltage, i.e.,

Vg = 200 V and Vg = 250 V. From (5.5), the average inductor current is 5 A and 4 A in

each case respectively. Therefore, an analog controller operating at constant switching

frequency for a boost converter feeding a CPL has been developed.

It has to be pointed out that the control voltage vcon is a slight modification of

(5.2) because (i) it uses the instantaneous values of the state variables instead of the

average ones, and (ii) it is expressed in volts due to its implementation by means of the

analogue divider. Hence, no low-pass filtering has been used. The resulting expression
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   50 V    50 V    2 A

(a) Simulation results.

vC

Vg

iL

(b) Experimental results.

Figure 5.9: Steady-state of the converter for Vg = 200 V and fs = 100 kHz.

 

 

10 µs

vC

Vg

iL

   50 V    50 V    2 A

(a) Simulation results.

vC

Vg

iL

(b) Experimental results.

Figure 5.10: Steady-state of the converter for Vg = 250 V and fs = 100 kHz.

of vcon is

vcon =
vC − (Vg + riL − e)

vC
(5.22)

Note that the ripple in vcon is mainly due to the inductor current iL since the ripple of

the other state variables is negligible. It is worth mentioning that a high quantity of

current ripple could induce multiple commutations within a switching cycle. To avoid

this, the parameter r must be selected smaller than a critical limit rlim. By examining

the slopes of ramp signal vramp and control signal vcon, the following approximate

expression for rlim has been obtained:

rlim ≈
LVMVC

∗

T (VC
∗ − Vg)

(5.23)
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where VM is the amplitude of the sawtooth ramp signal.

Fig. 5.11 shows both control and ramp signals scaled by a factor of 10 and the

resulting switching signal u. Observe that in order to avoid noise effects on the switching

decision in the experimental circuit, signal vcon has been scaled-up by the same factor,

hence using a value of VM = 10 V.

vramp

vcon

u

Figure 5.11: Control and sawtooth signals in steady-state.
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5.3 PWM Adaptive Control for the Voltage Regulation

of a Boost Converter Loaded with CPL

In this section, an adaptive loop to estimate the unknown load power P is proposed.

The approach is based on a nonlinear PWM control to regulate the output voltage of

a boost converter with an unknown CPL.

5.3.1 Control Design

Fig. 5.12 shows the circuit diagram of a boost converter feeding a CPL under the

proposed adaptive control.

The equations that represents the average dynamic behavior of the system are given

in (5.1).

L

iL
vC+−
+

−

D

vctrl

QVg
C
P
L

Da

−
+

∫ t

−∞

Vref

D

C

×
X
Y

1

−− +

+

vramp

1Vref/

Y

X

X
Y

Y

X

P̂

vramp

T t

...
→ ←

1 KE

KA

Kp

+−
0

+

+

u

+

iCPL = P
vC

Vref

+

Figure 5.12: Block diagram of a boost converter feeding a CPL under the proposed

nonlinear PWM control and power estimation.

The control law proposed here is the following

d =
Vref − Vg
Vref

+Kp

(
P̂

Vg
− iL

)
, (5.24)
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where Vref is the desired output voltage, Kp > 0 is a constant value. Besides, P̂ is the

load power estimated variable, which is defined as follows

dP̂

dt
=

KE(Vref − vC)

1 +KA(Vref − vC)2
(5.25)

Note that control law (5.24) has two terms. The first one is given by Vref−Vg/Vref ,

which constitutes the steady-state duty cycle required by the boost converter for given

values of input and output voltages. The second term is a correcting element during

transient states and is proportional to the current error i.e to the difference between

the actual average value of the current and its steady-state value, provided that the

estimated power is equal to the real value of the CPL power. Note that the time

derivative of the estimated variable is an odd symmetry function of the output voltage

error, which will be responsible of the adaptive behavior of the controller [69]. This

adaptive mechanism has been successfully used in the case of a high-gain fourth order

voltage step-up converter with resistive load [70].

It is worth to note in Fig. 5.12 that the duty cycle d is generated by comparing a

control voltage vctrl with a sawtooth ramp signal vramp.

5.3.2 Closed-loop Equations

Substitution of (5.24) and (5.25) into (5.1) results in the following closed loop dynamic

equations of the system,

diL
dt

= − 1

L

(
Vg
Vref
−Kp

(
P̂

Vg
− iL

))
vC +

Vg
L

(5.26a)

dvC
dt

=
1

C

(
Vg
Vref
−Kp

(
P̂

Vg
− iL

))
iL −

P

CvC
(5.26b)

dP̂

dt
=

KE(Vref − vC)

1 +KA(Vref − vC)2
(5.26c)

Eq. (5.26) corresponds to a third order nonlinear system. The state of the system

is expressed in terms of the inductor current error e1, capacitor voltage error e2 and
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power estimation error e3, which are given by

e1 =
P

Vg
− iL (5.27a)

e2 = Vref − vC (5.27b)

e3 = P − P̂ (5.27c)

In terms of these errors, (5.26) can be rewritten as

de1
dt

= − 1

L

(
Vg
Vref

+Kp(
P

Vg
− e1)−

Kp

Vg
(P − e3)

)
(Vref − e2) +

Vg
L

(5.28a)

de2
dt

=
1

C

(
Vg
Vref

+Kp(
P

Vg
− e1)−

Kp

Vg
(P − e3)

)
(
P

Vg
− e1)−

P

C(Vref − e2)
(5.28b)

de3
dt

=
KEe2

1 +KAe22
(5.28c)

Furthermore the equilibrium point of the system (IL
∗
, VC

∗
, P̂ ∗) in closed loop is

given by

E∗1 = 0 ⇒ IL
∗

=
P

Vg
(5.29a)

E∗2 = 0 ⇒ VC
∗

= Vref (5.29b)

E∗3 = 0 ⇒ P̂ ∗ = P (5.29c)

It can be observed that the value of the capacitor voltage in steady-state will be

the desired output voltage. The inductor current in equilibrium depends on the power

load and the input voltage. Besides, the estimated power P̂ ∗ corresponds to the power

P absorbed by the CPL.

5.3.3 Stability Analysis

Linearizing the dynamics of the system in (5.28) around the equilibrium point (5.29)

yields

dê1
dt

=
KpVref
L

ê1 +
Vg
LVref

ê2 −
KpVref
LVg

ê3 (5.30a)

dê2
dt

= −(
Vg

CVref
+
KpP

CVg
)ê1 −

P

CV 2
ref

ê2 +
KpP

CV 2
g

ê3 (5.30b)

dê3
dt

= KEê2 (5.30c)
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The system equations in (5.30) expressed in matrix form is dŷ1/dt = A1ŷ1, being

dŷ1/dt, A1 and ŷ1 as follows

dŷ1
dt

=




dê1
dt

dê2
dt

dê3
dt



, A1 =




KpVref
L

Vg
LVref

−KpVref
LVg

−(
Vg

CVref
+
KpP

CVg
) − P

CV 2
ref

KpP

CV 2
g

0 KE 0



, ŷ1 =




ê1

ê2

ê3




(5.31)

The characteristic polynomial is given by g(s) = |sI −A1| = 0. Hence, solving this

equation the following expression is obtained

|sI −A1| =

∣∣∣∣∣∣∣∣∣∣∣

s− KpVref
L

− Vg
LVref

KpVref
LVg

Vg
CVref

+
KpP

CVg
s+

P

CV 2
ref

−KpP

CV 2
g

0 −KE s

∣∣∣∣∣∣∣∣∣∣∣

= 0 (5.32)

After some algebra, the characteristic polynomial is expressed as g(s) = s3 + α2s
2 +

α1s+ α0, where

α2 =
KpVref
L

− P

CV 2
ref

, α1 =
V 2
g

V 2
ref

1

LC
− KEKpP

CV 2
g

, α0 =
KEKp

LC
(5.33)

Consequently, the characteristic polynomial g(s) can be written as follows

g(s) = s3 +

(
KpVref
L

− P

CV 2
ref

)
s2 +

(
V 2
g

V 2
ref

1

LC
− KEKpP

CV 2
g

)
s+

KEKp

LC
(5.34)

Design Constraint for Stability

• A necessary but not sufficient condition for stability is that all the coefficients of

the characteristic polynomial g(s) be positive. From (5.34) the following necessary

constraints are derived

Kp >
L

C

P

V 3
ref

(5.35)

KpKE <
V 4
g

V 2
ref

1

LP
(5.36)
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• In order to ensure that the poles of system are in the LHP, which guarantees

the system stability, the Routh's criterion is used. From (5.33) and (5.34), the

following Routh's table is constructed

s3 1 α1

s2 α2 α0

s1 β1

s0 α0

(5.37)

According to Routh's criterion the poles of the system will be in LHP, provided

that the following conditions are satisfied

1) α2 > 0, which is the same constraint provided by (5.35).

2) β1 > 0, being β1 = α2α1 − α0 an additional constraint is obtained

KEKp

(
−PVrefKp

LCV 2
g

− 1

LC
+

P 2

C2V 2
g V

2
ref

)
+

KpV
2
g

L2CVref
−

PV 2
g

LC2V 4
ref

> 0

(5.38)

Hence, solving (5.38) for KE results in

KE < f(Kp), (5.39)

where f(Kp) is defined as follows

f(Kp) ,
κ1Kp + κ2

Kp(κ3Kp + κ4)
(5.40)

being,

κ1 =
V 2
g

L2CVref
(5.41a)

κ2 = −
PV 2

g

LC2V 4
ref

(5.41b)

κ3 =
PVref
LCV 2

g

(5.41c)

κ4 =
1

LC
− P 2

C2V 2
g V

2
ref

(5.41d)
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5.3.4 Parametric Region of Stability

Remark. The hyperbola corresponding to KpKE = V 4
g /VrefLP is above of the manifold

defined by KE = f(Kp) for all Kp > 0,

Proof.

KE

f(Kp)
=

V 4
g

Vref

1

LP

AKp +B

DKp + E
,
N2(Kp)

D2(Kp)

where N2(Kp) and D2(Kp) are straight lines, such that N2(Kp) > D2(Kp), ∀Kp, as

shown in Fig. 5.13. From the slopes of N2(Kp) and D2(Kp), m1 and m2 respectively,

z
0

m1

m2

N2(Kp)

D2(Kp)

Kp

For Kp = 0

N2(0) =
V 4
g L

VrefC
κ4

D2(0) = κ2

Figure 5.13: Slopes of N2(Kp) and D2(Kp)

we obtain
m1

m2
=

V 4
g

Vref

1

LP

PVref
LCV 2

g

L2CVref
V 2
g

= 1

Then, it is verified that KE
f(Kp)

> 1, ∀ Kp > 0

Consequently, as constraint (5.39) is more restrictive than (5.36); the manifold

KE = f(Kp) will be the upper boundary of KE.

The behavior of function f(Kp) is analyzed as follows

a) If Kp tends to zero, f(Kp) becomes as follows

lim
Kp→0

f(Kp) ≈ lim
Kp→0

κ2
κ4

1

Kp
=

{−∞ if Kp → 0+

∞ if Kp → 0−
(5.42)

provided that κ4 < 0, which leads to a design hypothesis given by P <
VgVref√
L/C

.

b) If the value of Kp tends to infinite, f(Kp) tends to 0.
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Kp

KE

Kp1

0

KEKp =
Vg

4

V 2
ref

1
LP

z

PRS

KE = f(Kp)

Figure 5.14: Parametric region for stability in the plane Kp–KE

c) The manifold KE = f(Kp) has a zero given by

Kp = z = −κ2
κ1

=
PL

CV 3
ref

(5.43)

In summary, the value of KE becomes as follows

KE < 0 if Kp < z
KE > 0 if Kp > z

(5.44)

Furthermore, for z < Kp < ∞ the function f(Kp) has a relative maximum Kp1 given

by

Kp1 =
PL

CVref
− Vg
V 2
ref

√
L

C
(5.45)

On the other hand, note that z is the lower limit value of the constraint (5.35), and

from (5.44), the system stability will be ensured for KE < f(Kp) and Kp > z. Fig 5.14

shows in the plane Kp −KE the PRS, which is coloured in grey. Values of zero z and

position of relative maximum Kp1 are also depicted.

5.3.5 Numerical Simulations and Experimental Results

With the aim of validating the proposed control, numerical simulations and experimen-

tal measurements have been performed. The numerical simulations have been carried

out using PSIM c© software. The parameter values are the same ones shown in Table 3.1.
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(a) PRS of the system.
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Figure 5.15: PRS in the plane Kp–KE for the proposed system.

The control parameters Kp and KE have been selected in the PRS, which is illus-

trated in Fig. 5.15(a). Note in Fig. 5.15(b), that according to (5.35), Kp must be greater

than 38×10−3. Also, for the values of Kp > z, the values of KE are the ones under

the manifold KE = f(Kp). The relative maximum is located in Kp1 = 0.0070 and it

is equal to KE = 313 × 103. In order to avoid high inrush current and a fast settling

time without overshoot, the values of Kp and KE have been selected as 0.01 and 40000

respectively, these values being located inside of the PRS as it can be corroborated in

Fig. 5.15(b). In addition, the value of parameter KA is equal to 0.002. These gains

have been used for both, simulation and experimental tests.

Experimental Setup

The circuit scheme of the boost converter with the proposed PWM adaptive control is

depicted in Fig. 5.16. The power stage is the same used in the test described in Section

3.4, but inductor current iL has been measured with gain 1/2, while input voltage and

output voltage are sensed with gains 1/50 and 1/100 respectively. The implemented

PWM adaptive stage is based on LF347 operational amplifiers. The analogue divisions

and squaring are performed by IC AD633. The sawtooth signal vramp is provided by

the function generator Tektronik AFG2021 and establishes a switching frequency of

fs = 100 kHz. The comparator used for PWM operation is an LM319, by means
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Figure 5.16: Circuit schematic of the boost converter with the proposed PWM adaptive

control.

of which the sawtooth signal is internally compared with signal vctrl. Furthermore,

in order to avoid noise effects in the comparator decision, sawtooth signal vramp and

control signal vctrl have been increased by a factor of 10. Also a Flip-Flop CD4027 is

used to synchronize vramp and vctrl signals.

Results

Numerical simulations of the system during the start-up and steady-state are illustrated

in Fig. 5.17. It can be observed an inrush current of 20 A. The steady-state is attained

in 5 ms, without overshoot in the capacitor voltage. Besides, the steady-state average

values of the inductor current and the capacitor voltage are in agreement with (5.29),

5 A and 350 V, respectively.

Fig. 5.18(a) and Fig. 5.18(b) illustrate the simulation and experimental results re-

spectively, of the response of the system in front of disturbances of 20 % in the input

voltage. Power source AMREL SPS800x13-K02D has been used to provide the input

voltage changes from 200 V to 250 V with a slope of 6.25 V/ms and from 250 V to

200 V with a slope of 12.5 V/ms. A zero steady state error in the output voltage is ob-

served, while the inductor current tracks accurately its equilibrium point IL
∗

= P/Vg.

Note that both capacitor voltage and inductor current exhibit a fast recovery. The

experimental results closely resembled the simulated results.
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Figure 5.17: Simulated waveforms of the inductor current and the capacitor voltage of

the boost converter feeding a CPL with the proposed control.

Moreover, the effects of output power changes, from 1 kW to 0.5 kW and restored

back to 1 kW are depicted in Fig. 5.19(a) and Fig. 5.19(b) for numerical simulations

and experimental results respectively. The capacitor voltage exhibits a zero steady-state

error as well as fast recovery and small overshoot and undershoot. The steady-state of

the inductor current IL
∗

is 2.5 A when the output power is 0.5 kW, as predicted by the

theoretical analysis. A perfect agreement is again observed between simulations and

experiments.

The converter operating in two different equilibrium points is illustrated in Fig. 5.20

and Fig. 5.21, i.e, for two different values of input voltage, Vg=200 V and Vg=250 V

respectively. It can be observed that the respective average values of the inductor

current are 5 A and 4 A. Therefore, an analog control operating at a constant switching

frequency has been tested.

On the other hand, the control voltage vctrl is a slight modification of (5.24) because

it uses the instantaneous values of the state variables instead of the average ones. The

resulting expression of vctrl is

vctrl =
Vref − Vg
Vref

+Kp

(
P̂

Vg
− iL

)
(5.46)
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   2 A

(a) Simulation results

vC

Vg
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(b) Experimental results

Figure 5.18: Measured transient response in front of input voltage changes from 200 V

to 250 V and restored back.
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(a) Simulation results
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(b) Experimental results

Figure 5.19: Measured transient response in front of load changes from 1 kW to 0.5 kW

and restored back.
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(a) Simulation results
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(b) Experimental results

Figure 5.20: Steady-state of the converter for Vg = 200 V and fs = 100 kHz

 

 

10 µs
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   50 V    50 V    2 A

(a) Simulation results

vC

Vg

iL

(b) Experimental results

Figure 5.21: Steady-state of the converter for Vg = 250 V and fs = 100 kHz
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Figure 5.22: Numerical simulation of the power estimation without resistive losses.

It can be observed that the ripple in vctrl is mainly due to the inductor current iL since

the ripple of the other state variables is negligible. However the second term of vctrl is

a correcting element that will operate in the transient states.

A numerical simulation of the operation of the power estimation is depicted in

Fig. 5.22. It can be observed that the variable P̂ quickly reaches the new value of the

CPL for power variations of step type in P from 1 kW to 0.5 kW and from 0.5 kW to

1 kW. However, the unmodelled resistive losses provokes a steady state tracking error,

as shown in Fig. 5.23. Consequently, theoretical predictions, numerical simulation and

experimental results are in remarkable concordance.
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P

(a) Simulation results.

P̂ /2000

P

(b) Experimental results.

Figure 5.23: Effect of the resistive losses on the output power estimation.
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Chapter 6

Synthesis of CPLs Using

Switching Converters under SMC

6.1 Introduction

All along the previous chapters, CPLs have been described by their mathematical

definition for either analytical or simulation purposes, they having been experimentally

emulated by the electronic load EL 9000 from ELEKTRO-AUTOMATIK operating in

constant power mode.

In this chapter, we analyze the operating conditions in a power converter to emulate

a CPL. First, we explore the closed-loop behavior of a high efficient power converter

with a large bandwidth in order to reproduce the ideal regulation behavior describer

in Chapter 1. Secondly, we study the use of nonlinear switching surfaces of power

type in the SMC of power converters. In the latter case, the analysis covers buck-type

converter on the one hand, and non-minimum phase converters such as boost, boost

with output filter (BOF), Ćuk or SEPIC on the other hand.

The study in the case of the buck converter is used subsequently to investigate

the cascade connection of a boost converter using the SMC of Chapter 3 and a buck

converter emulating a CPL.
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6.2 Instantaneous CPL based on a Buck Converter

In this section, the design of a buck converter operating as an instantaneous CPL is

presented. Fig. 6.1 shows a buck converter that is controlled in sliding-mode.

Two switching surfaces Sv2(x) and SP2(x) are considered, namely:

Sv2(x) = KC2(vC2 − Vref2) +Ki2
d

dt
(vC2 − Vref2) (6.1a)

SP2(x) = vC2iL2 − Pref (6.1b)

The first switching surface was extensively analyzed in the buck converter in the

early applications of SMC in power converters [71], where it was demonstrated that

output voltage regulation is ensured with fast recovery of the desired value in front

of external disturbances. The underlying idea here is that step variations in the load

current or in the load resistance will be almost instantaneously absorbed by the inductor

current with a negligible variation in the output voltage, which eventually will result

in a practically instantaneous change of the output power. Since the converter is a

+

−
+−VC1

Q2

iL2

L2

C2 vC2 RD2

u2

−h2 +h2

iL2
vC2
Vref2

Sv2(x)S2(x)

SP2(x)

u2

Pref

Figure 6.1: Buck-converter-based CPL with the proposed SM control.

two-port network of POPI type (dc input power=dc output power) [72], the average

value of the input power will also undergo a fast change, which will confer a CPL nature

to the buck converter seen from its input port.

The switching surface corresponding to (6.1b) is nonlinear and will force the product

of output voltage and inductor current to be equal to the reference power if sliding
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6.2 Instantaneous CPL based on a Buck Converter

motions can be induced in the system. Below, conditions for existence of sliding mode

regime will be derived. The dynamic description of the buck converter can be expressed

as follows:

diL2
dt

= −vC2

L2
+
VC1

L2
u2 (6.2a)

dvC2

dt
=

iL2
C2
− vC2

C2R
(6.2b)

The switching law is defined as follows

u2 = 0 if SP2(x) > 0
u2 = 1 if SP2(x) < 0

(6.3)

Conditions to induce sliding motion in the system are given by [35]

ṠP2 < 0 if SP2 > 0

ṠP2 > 0 if SP2 < 0

}
=⇒ ṠP2SP2 < 0 (6.4)

The time derivative of the switching function SP2 is as follows

dSP2

dt
=
i2L2
C2
− vC2iL2

C2R
− v2C2

L2
+
vC2VC1

L2
u2 (6.5)

Therefore, it is deduced from (6.4) for u2 = 0

dSP2

dt
=
i2L2
C2

(
1− vC2

iL2

(
1

R
+
vC2

iL2

C2

L2

))
< 0 (6.6)

Defining zw = vC2/iL2, (6.6) is rewritten as follows

dSP2

dt
=
i2L2
C2

w(zw) < 0 (6.7)

where

w(zw) = 1− zw
(

1

R
+ zw

C2

L2

)
, (6.8)

Hence, the constraint (6.7) will be fulfilled if w(zw) is negative. Note that function

w(zw) has a maximum value (Mw) for zw = −L2/2RC2

Mw = 1 +
L2

4R2C2
(6.9)
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It can be easily demonstrated that constraint given by (6.6) will be fulfilled in the

region
1
R −

√
1
R2 + 4C2

L2

2C2
L2

< zw <

1
R +

√
1
R2 + 4C2

L2

2C2
L2

(6.10)

Similarly, for u2 = 1, (6.5) becomes

dSP2

dt
=
i2L2
C2

(
w(zw) +

vC2VC1

i2L2

C2

L2

)
> 0 (6.11)

This condition is satisfied in the region defined in (6.10) provided that

vC2VC1

i2L2

C2

L2
+Mw > 0, (6.12)

From (6.9) and (6.12), the condition to ensure the existence of sliding motion becomes

vC2

i2L2
> − 1

VC1

L2

C2

(
1

4

L2

R2C2
+ 1

)
(6.13)

Equivalent control

The equivalent control ueq2 is obtained by imposing the conditions SP2 = 0 and ṠP2 =

0, which leads to the following expression

ueq2 =
L2Pref

C2RVC1vC2
+
vC2

VC1
− i2L2L2

VC1vC2C2
(6.14)

Ideal sliding dynamics

Substitution of (6.14) into (6.2a) leads to the ideal sliding dynamics of the system,

g(iL2) =
diL2
dt

=
iL2
C2

(
1

R
− i2L2
Pref

)
(6.15)

Note that (6.15) represents a nonlinear system and has an equilibrium point given by

IL2
∗ =

√
Pref

R

VC2
∗ =

√
PrefR

(6.16)

Linearizing (6.15) around the equilibrium point I∗L2 results in

dg(iL2)

diL2

∣∣∣∣
iL2=I

∗
L2

= − 2

RC2
, (6.17)

Finally, it can be concluded from (6.17) that the equilibrium point is stable.
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6.2 Instantaneous CPL based on a Buck Converter

Table 6.1: Used parameter values for the buck converter.

L2 C2 VC1 V ∗C2 R fsnom

196 µH 110 µF 350 V 60 V 3.6 Ω 100 kHz

6.2.1 Simulation Results of the Buck Converter Operating as CPLs.

Numerical simulations have been carried out using PSIM c© software, where a switched

model of the buck converter with the two proposed sliding surfaces has been imple-

mented. The parameter values used for the buck converter [73] are summarized in

Table 6.1. On the other hand, note that the control law proposed in (6.3) implies that

the system switches with an infinite frequency. Experimentally this would be impossi-

ble, so the proposed SMC can be implemented by using a hysteresis comparator with

a hysteresis band, which will determine a nominal switching frequency fsnom . Hence,

the control law (6.3) turns into

u2 = 0 if SP2(x) > +h2
u2 = 1 if SP2(x) < −h2 (6.18)

where h2 > 0 is the value of the hysteresis width. Thus, the proposed SMC can operate

at a finite switching frequency. Besides, the same control law is used for Sv2.

Simulation results of the buck converter operating as CPLs with the sliding function

SP2(x)

The schematic circuit diagram implemented in PSIM c© software of the buck converter

with the sliding function SP2(x), is depicted in Fig. 6.2. In the control parameters, the

power reference is Pref = 1 kW, and the hysteresis width is h2 =76 W for a nominal

switching frequency fsnom of 100 kHz.

The transient response during the start-up and in steady-state of the buck converter

under the sliding funtion is illustrated in Fig. 6.3. From the observation of the wave-

forms, an inacceptable inrush current is appreciated, hence the output power of system

is also large. To avoid an excessive inrush current, a soft-start strategy is adopted. It

consists in an alternative current sliding surface Σa = {x|Sa = iL2−Iref2 = 0}, which is

used until the output voltage has reached some pre-established value [74]. Fig. 6.3(b)
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 Title   

 Designed by

 Revision Page 1 of 1 

Figure 6.2: PSIM c© schematic circuit diagram of the buck converter with the proposed

power reference sliding surface SP2(x).

depicts the waveforms of the inductor current, output voltage, and output power of

the buck converter with the proposed soft-start control. It can be observed that the

inrush current is negligible but the demanded power is not equal to the reference power

instantly.

The response of the converter in front of changes in the power reference Pref demon-

strates that the buck converter can operate as instantaneous CPL for power reference

changes as illustrated in Fig. 6.4. Pref changes from 1 kW to 0.5 kW and from 0.5

kW to 1 kW. Note that the inductor current changes almost immediately and, as a

consequence, the output power follows the power reference and the input power equals

the power reference. Hence, the buck converter under the proposed control demands a

constant power to its voltage source, which could be another converter.

Simulation results of the buck converter operating as CPLs with voltage regulation

The schematic circuit diagram of the buck converter with the sliding function Sv2(x)

implemented in PSIM c© software is depicted in Fig. 6.5. The value of the gains are

Kv = 3 and Kd = 0.001, Vref2 = 60 V, and the hysteresis width is 11 V in order to

operate at a nominal switching frequency fsnom of 100 kHz.
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Figure 6.3: Start-up and steady-state of the buck converter operating as instantaneous

CPL under the power reference sliding function SP2(x).
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Figure 6.4: Numerical simulation of the transient response of the buck converter in front

of changes of step type in Pref .
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 Designed by
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Figure 6.5: PSIM c© schematic circuit diagram of the buck converter with the sliding

surface Sv2(x).
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6.2 Instantaneous CPL based on a Buck Converter

Table 6.2: Summary of components used for the experimental prototype of the buck

converter operating as CPL .

parameter component

L2 –

C2 MKP1848610094P4 and UVZ2W101MRD

Cin ECQE4105JF2

Q2 STW25NM60ND

D2 IDH20G65C5XKSA2

R ARCOL or EA-EL 9750-75 HP

Fig. 6.6(a) shows the response of the instantaneous CPL based on a buck converter

during start-up and steady-state. It can be observed that the inrush current is negli-

gible. Note that the nominal power of 1 kW is not achieved until the output voltage

reaches the reference voltage.

Similarly, the buck converter under the proposed SMC can be tested as CPL at

different power levels, which is performed by changing the load resistance, i.e, when

the resistance R2 is disconnected, the buck converter will absorb 50% of the nominal

power. In Fig. 6.6(b) the response of the system in front of changes in the resistance load

from 3.6 to 7.2 Ω and from 7.2 to 3.6 Ω is illustrated. It can be noted that the inductor

current changes almost instantly to its new equilibrium value, while the output voltage

exhibits fast response. As a consequence, the output power of the buck converter varies

between 1 kW and 0.5 kW instantly. Since the buck converter is a POPI system, the

average of the input power will correspond to the output power value.

6.2.2 Design and Implementation of the Buck Converter.

In order to verify the theoretical predictions and the numerical simulations, an experi-

mental prototype of the buck converter has been built. The parameter values are the

ones shown in Table 6.1 and the list of components is summarized in Table 6.2. On the

other hand, Fig. 6.7 shows the schematic circuit of the buck converter and the sliding
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Figure 6.6: Buck converter behavior as an instantaneous CPL under sliding function

Sv2(x).
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Figure 6.7: Schematic circuit of the implemented experimental prototype of the buck

converter under sliding function SP2.

function SP2(x). The inductor current iL2 is sensed using an LEM LA-25 sensor with

gain 1/5. A voltage divider with gain 1/100 has been used to sense the output voltage. In

the SMC stage, different blocks can be observed, namely, input power, power reference,

power error function, start-up function, steady-state detector, multiplexer, hysteresis

value and hysteresis comparator. The operational amplifiers are of LF347 type. The

AD633 IC has been used as multiplier, and the power reference is provided externally.

In the start-up sliding surface block, the value of the startup current is established and

it will operate until the system has reached a given output voltage value. The hysteresis

band has been scaled according to the sensed signals and it can be easily changed to

adjust the nominal frequency. Finally, the comparator used to implement the proposed

control law is the LM319.
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Figure 6.8: Schematic circuit of the implemented experimental prototype of the buck

converter under sliding function Sv2.

Fig. 6.8 shows the schematic circuit of the buck converter with the sliding function

Sv2. The inductor current iL2 is sensed with gain 1/5, and the output voltage with

gain 1/22. Furthermore, instead of using the voltage error derivative ( ddt(vC2 − Vref2)),
the current of the output capacitor is measured using the sensor CMS3015 with gain

1/6. In the SMC stage, different blocks can be observed, namely, voltage error, voltage

error derivative, hysteresis value and hysteresis comparator. The operational amplifiers

are of LF347 type, and the voltage reference is provided externally. Besides, since the

voltage error derivative is replaced by the current of the output capacitor implies a

multiplication by C2, this factor is compensated in the rest of calculations. The hys-

teresis band has been scaled proportionally with the sensed signals and it can be easily

changed to adjust the nominal frequency. Finally, the comparator used to implement
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6.3 Boost Converter Supplying Constant Power to a Buck Converter

the proposed control law is the LM319.

6.3 Boost Converter Supplying Constant Power to a Buck

Converter

Fig. 6.9 shows the cascade connection of the boost and buck converters previously an-

alyzed. Both converters are controlled by means of the corresponding sliding-mode

strategies described in Sections 3.3 and 6.2. Namely, the boost converter employs the

switching strategy corresponding to (3.11) while the buck converter can be controlled

by means of Sv2(x) or SP2(x). The buck converter acts as a load converter and ab-

sorbs constant power from the boost converter to eventually transfer it to the resistor

connected in its output port. Both converters were designed to operate in CCM. The

parameter values of the boost and buck converters are depicted in Table 3.1 and Ta-

ble 6.1.
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Figure 6.9: Cascade connection of two converters employing SMC: boost converter

(source) and buck converter (load).

Fig. 6.10(a) illustrates the response of the boost converter to changes of step-type in

the output load of the buck converter (from 3.6 Ω to 7.2 Ω and back to 7.2 Ω) when the

switching surface Sv2(x) is used to regulate the output voltage of the buck converter at

Vref = 60 V. The buck converter operates as an instantaneous CPL and the disturbance

introduced by the changes in the load resistance are absorbed by the inductor currents

while the output voltage of each converter remains unaltered. It can be observed that

the experiment reproduces accurately the same results illustrated in Fig. 3.17(b) for the
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Chapter 6. Synthesis of CPLs using switching converters under SMC

(a) Sv2(x) is used and the load resistance changes from 3.6 Ω to

7.2 Ω and vice-versa.

(b) SP2(x) is used and the reference Pref changes from 1 kW to

0.5 kW and vice-versa.

Figure 6.10: Measured transient response of the boost-buck cascade connection for load

changes of step-type in the power from 1 kW to 0.5 kW and back to 1 kW.

boost converter, where an electronic load in CPL mode was employed. Note also that

the simulated results in Fig. 6.6(b) for the buck converter are experimentally verified.

Similar results are obtained when using the switching function SP2(x) in the control

of the buck converter to provide abrupt variations of the absorbed power by changing

the reference Pref from 1 kW to 0.5 kW and back to 1 kW as illustrated in Fig. 6.10(b).

Note that the variations of power affect all the state variables except the regulated
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6.4 Synthesis of CPLs Using Switching Converters under SMC

output voltage of the boost converter that remains at the desired output voltage Vref1 =

350 V.

6.4 Synthesis of CPLs Using Switching Converters under

SMC

In the previous sections the operation of the buck converter acting as an instantaneous

CPL under SMC has been described. The underlying idea was to design down-stream

dc-dc buck converter absorbing constant power. Thus, the buck converter has mimicked

an instantaneous CPL in two cases, i.e. (i) by changing abruptly its load resistance

when the output voltage is regulated by means of a very fast controller, and (ii) by

changing the reference power in a switching surface that imposes the product of capac-

itor voltage and inductor current to track such reference by means of an appropriate

switching policy. Besides, it has been demonstrated that a boost converter supplying

constant power to the proposed instantaneous CPL based on a buck converter un-

der SMC, leads to similar results to those obtained when the CPL is emulated by an

electronic load.

Hence, the synthesis of loads behaving like a power sink can offer an inexpensive

alternative to analyze switching converters feeding CPLs or to be used for some other

purposes [75–78]. This section offers a systematic approach to synthesize CPLs using

switching converters under SMC. The study shows that switching converters with a

series inductor at the input port can be used as instantaneous CPLs under SMC based

on a nonlinear switching surface representing the error between the input power of the

converter and a suitable power reference. Hence, a simple an inexpensive alternative is

proposed to the synthesis and design of CPLs, which can be used to study the cascade

connection of switching converters such as in dc distributed power systems and electric

vehicles.

The purpose of the synthesis of CPLs is the design of a switching converter, which is

characterized by an input port absorbing a constant power instantaneously. A switching

converter is a POPI system, namely

PDCin = PDCout (6.19)
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Chapter 6. Synthesis of CPLs using switching converters under SMC

Consequently, as the input power and the output power remain constant, the system

will demand constant power from its power source, which will see the converter as a

CPL.

Fig. 6.11 shows the block diagram of a generic dc-dc switching converter under

a control law whose purpose is to operate the system as an instantaneous CPL when

connected at the output of another source converter. Note that a necessary condition

for this control to work is the existence of a series inductor at the input port. In order to

induce CPL behavior in sliding mode regime, the sliding surface ΣCPL = {x|S(x) = 0}
is used, where S(x) is given by

S(x) = v1i1 − Pref , (6.20)

i1 being the current of the series inductor at the input port, v1 the input voltage and

Pref the desired power reference. With the proposed sliding surface, the power at the

input port is controlled to the desired value Pref under voltage and current changes.

Hence, under sliding mode conditions, switching converters regulated with the proposed

sliding surface will behave as CPLs.

L

+

+

i2

v2

u(t)

v1 Pref

−

S(x)

i1 −

1

0

u
S(x)

0

1

i1
+

v1

−

×
u

t

Figure 6.11: Block diagram of dc-dc switching converter with CPL characteristic.

The control law to keep the system switching around the sliding surface is defined
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6.5 SMC of the Converter Candidates that Can Operate as CPLs.

as follows
u = 0 if S(x) > 0
u = 1 if S(x) < 0

(6.21)

According to the reachability condition, in order to ensure the existence of sliding

motions, the following constraints must hold

Ṡ(x) < 0 if S(x) > 0

Ṡ(x) > 0 if S(x) < 0

}
=⇒ SṠ < 0 (6.22)

From (6.20), the time derivative of the function S(x) becomes

Ṡ(x) =
dS(x)

dt
=
di1
dt
v1 + i1

dv1
dt

(6.23)

Defining v̇1 , dv1/dt, Eq. (6.22) from (6.21) and (6.23), is given by

Ṡ(x) =
di1
dt
v1 + v̇1i1 > 0 if u = 1 (6.24a)

Ṡ(x) =
di1
dt
v1 + v̇1i1 < 0 if u = 0 (6.24b)

6.5 SMC of the Converter Candidates that Can Operate

as CPLs.

This section presents some examples of switching converters with a series inductor in

the input port that can operate as CPLs under SMC. It has to be pointed out that

the converter candidates must have a series inductor at the input port, to ensure that

the input current i1, which is used to impose sliding mode regime, is a continuous time

signal. Fig. 6.12 shows the schematic circuit diagram of the boost, Ćuk, transformerless

SEPIC, BOF converters, and the buck converter with input filter.

6.5.1 Synthesizing a CPL Using a Boost Converter

The state equations of the boost converter in Fig. 6.12(a) are given by

di1
dt

= − v2
L1

(1− u) +
v1
L1

(6.25a)

dv2
dt

=
i1
C2

(1− u)− vC2

C2R
, (6.25b)

where vC2 is the output voltage of the converter.
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Figure 6.12: Schematic circuit diagram of converter candidates to operate as CPL. a)

boost converter, b) Ćuk converter, c) transformerless SEPIC converter, d) BOF converter

and e) buck converter with input filter
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6.5 SMC of the Converter Candidates that Can Operate as CPLs.

Existence of Sliding Mode

For u = 1, substituting (6.25a) in (6.24a) leads to the following inequality

Ṡ(x) =
v21
L1

+ i1v̇1 > 0 (6.26)

A sufficient condition for (6.26) to be fulfilled is that

|v̇1|max <
v1,min

2

i1L1
(6.27)

For u = 0, substituting (6.25a) in (6.24b), one obtains the following inequality

Ṡ(x) = − v1
L1

(
vC2 − v1 −

i1L1v̇1
v1

)
< 0, (6.28)

which can be rewritten in the following form

Ṡ(x) = − v1
L1

(vC2 −Kv1) < 0 (6.29)

where K is defined as follows

K , 1 +
v̇1

v1
2

i1L1

(6.30)

It can be observed that (6.29) will always be negative if K is negative. In case of K

will be positive, it will be necessary to guarantee that (6.29) is fulfilled. Let us consider

the following cases for K > 0:

(a) If v̇1 < 0, |v̇1|max and v1,min in K from (6.27), are such that

0 < 1− |v̇1|max

v1,min
2

i1L1

< 1 =⇒ 0 < K < 1 (6.31)

It can be seen that if vC2 > v1, the condition given in (6.29) will be fulfilled.

(b) If v̇1 > 0, |v̇1|max and v1,min in K from (6.27), are such that

1 < 1 +
v̇1,max

v1,min
2

i1L1

< 2 =⇒ 1 < K < 2 (6.32)

Therefore, in this case, the condition given in (6.29) holds if vC2 > 2v1.
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Chapter 6. Synthesis of CPLs using switching converters under SMC

Hence, the system will have different ESM conditions depending on the derivative of

the input voltage.

On the other hand, considering a constant input voltage (v1(t) = Vg), so v̇1 = 0,

and from (6.26) and (6.28), the following condition must hold to ensure ESM

0 < Vg < vC2, (6.33)

which is a necessary condition for the boost converter operation.

Equivalent Control

The equivalent control (ueq) is obtained by imposing the condition Ṡ(x) = 0. Hence,

from (6.23) and (6.25a) the following expression is obtained

Ṡ(x) =
vC2v1
L1

(ueq) +
v1(v1 − vC2)

L1
+ v̇1i1 = 0 (6.34)

Considering a constant input voltage (v1(t) = Vg) and solving (6.34) for ueq results in

ueq =
vC2 − Vg
vC2

(6.35)

Ideal Sliding Dynamics

The coordinates of the equilibrium point are given by

I∗1 =
Pref

Vg
(6.36a)

V ∗C2 =
√
PrefR (6.36b)

Furthermore, the ideal sliding dynamics can be expressed only in terms of the output

capacitor voltage, replacing u by ueq, which yields

dvC2

dt
=

i1Vg
C2vC2

− vC2

C2R
, (6.37)

The system stability will be ensured if the linearized ideal sliding dynamics around the

equilibrium point has its poles in the LFP. Hence, from (6.37) and imposing S(x) = 0

the ideal sliding dynamics of the boost converter in terms of the capacitor voltage is

expressed as
dvC2

dt
=

Pref

C2vC2
− vC2

C2R
= g(vC2), (6.38)
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6.5 SMC of the Converter Candidates that Can Operate as CPLs.

Linearizing (6.38) around the equilibrium point V ∗C2 results in

dvC2

dt
=
dg(vC2)

dvC2

∣∣∣∣
V ∗
C2

= − 2

C2R
(6.39)

which implies that the system stability is ensured, because the linearized dynamics has

a pole in the LHP.

Alternative Sliding Surface

As mentioned previously, the objective of this chapter is to design switching converters,

that behave as a CPL under SMC. This objective can also be achieved by using the

sliding surface Σi = {x|Si(x) = 0}, where Si(x) is given by

Si(x) = i1 −
Pref

v1
, (6.40)

The time derivative of Si(x) is as follows

Si(x) =
di1
dt

+
Pref

v21

v1
dt

(6.41)

The proposed control law is defined as

u = 0 if Si(x) > 0
u = 1 if Si(x) < 0

(6.42)

According to the reachability condition SiṠi, from (6.41) and (6.25a), the conditions

for the existence of sliding mode are given by

Ṡi(x) =
v1
L1

+
Pref

v21

dv1
dt

> 0 if u = 1 (6.43)

Ṡi(x) = −vC2

L1
+
v1
L1

+
Pref

v21

dv1
dt

< 0 if u = 0 (6.44)

Hence (6.43) can be rewritten as follows

− dv1
v31

<
1

L1Pref
dt (6.45)

Solving (6.45) leads

∫ t

t0

−dv1
v31

<

∫ t

t0

dt

L1Pref
⇒ 1

v21(t)
− 1

v21(t0)
< 2

t− t0
L1Pref

(6.46)
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Supposing that vC2 = αv1 and α > 1, from (6.44) the following expression is defined

L1Pref v̇1 < (α− 1)v31 ⇒ dv1
v31

< (α− 1)
1

L1Pref
dt (6.47)

Integrating and solving (6.47) result in

∫ t

t0

dv1
v31

<

∫ t

t0

(α− 1)
dt

L1Pref
⇒ −

(
1

v21(t)
− 1

v21(t0)

)
< 2(α− 1)

t− t0
L1Pref

(6.48)

Therefore, from (6.46) and (6.48), the following constraint must be satisfied to guaran-

tee ESM

1

v21(t0)
+ 2(α− 1)

t− t0
L1Pref

<
1

v21(t)
<

1

v21(t0)
+ 2

t− t0
L1Pref

for t > t0 (6.49)

Solving Ṡi = 0 for the equivalent control ueqi results in

ueqi = 1 +
v1
vC2

+
L1Pref

vC2v21
v̇1 (6.50)

Substitution of u for ueqi in (6.25b) leads to the following ideal sliding dynamics for

the converter
dvC2

dt
=

i1
C2

(
v1
vC2

+
L1Pref

vC2v21
v̇1

)
− vC2

C2R
(6.51)

Imposing the condition S(x) = 0 in (6.51) leads to

C2vC2
dvC2

dt
= Pref −

v2C2

R
+
L1P

2
ref

v31
v̇1 (6.52)

Eq. (6.52) can be rewritten as follows

dx

dt
= − 2

RC2
x+ Pref +

L1P
2
ref

v31
v̇1, x =

1

2
C2v

2
C2, (6.53)

It is worth mentioning that the last term in (6.53) only depends on the behavior of v1.

At the equilibrium, it can be consider that dx/dt = v̇1 = 0 and consequently

X∗ =
RC2Pref

2
⇒ V ∗C2 =

√
RPref (6.54)

If v̇1 = 0, the equilibrium point defined by (6.54) is asymptotically stable.
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6.5 SMC of the Converter Candidates that Can Operate as CPLs.

However, if v̇1 6= 0, x(t) in (6.53) becomes as follows

x(t) = e
− 2

RC2
t
x(0) +

RC2Pref

2
+

∫ t

0

L1P
2
ref

v31(τ)
v̇1(τ)e

− 2
RC2

τ
dτ (6.55)

If the function
L1P 2

ref

v31(t)
v̇1 is bounded, x(t) will be bounded. We can note that if ESM

conditions are satisfied, we have

− Pref <
L1P

2
ref

v31(t)
v̇1 <

(
vC2

v1
− 1

)
Pref (6.56)

Note that the conditions of existence of sliding are more intuitive in (6.49) than in (6.26)

and (6.28), but the analog implementation of the SMC (6.40), is more complicated than

the implementation of the SMC proposed in (6.20). For that reason, the switching

surface (6.20) is used from now onwards for the synthesis of CPLs based on power

converters under SMC.

6.5.2 Synthesizing a CPL Using a Ćuk Converter

The state equations of the Ćuk converter shown in Fig. 6.12(b) are given by

di1
dt

= −vC1

L1
(1− u) +

v1
L1

(6.57a)

diL2
dt

=
vC1

L2
u− vC2

L2
(6.57b)

dvC1

dt
=

i1
C1

(1− u)− iL2
C1

u (6.57c)

dvC2

dt
=

iL2
C2
− vC2

RC2
(6.57d)

Sliding motion will exist if the constraints given in (6.22) are satisfied. Hence, substi-

tution of (6.57a) into (6.22) leads to the following conditions for ESM

Ṡ(x) =
v21
L1

+ i1v̇1 > 0 if u = 1 (6.58a)

Ṡ(x) = − v1
L1

(
vC1 − v1 −

i1L1v̇1
v1

)
< 0 if u = 0 (6.58b)

It can be noted that (6.58a) is identical to (6.26) and accordingly, boost and Ćuk

converters have the same ESM region for u = 1. It can also be noticed that (6.58b) and
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(6.28) are similar, so the ESM region for u = 0, is the same as for the boost converter

but with the capacitor voltage vC1 of the Ćuk converter instead of the output voltage

vC2 of the boost converter.

If a constant input voltage is considered (v1 = Vg), (6.58) becomes

0 < Vg < vC1, (6.59)

which corresponds to constraints for Ćuk converter operation.

6.5.3 Synthesizing a CPL Using a Transformerless SEPIC Converter

The state equations of the SEPIC converter shown in Fig. 6.12(c) are given by

di1
dt

= −vC1

L1
(1− u)− vC2

L1
(1− u) +

v1
L1

(6.60a)

diL2
dt

=
vC1

L2
u− vC2

L2
(1− u) (6.60b)

dvC1

dt
=

i1
C1

(1− u)− iL2
C1

u (6.60c)

dvC2

dt
=

i1
C2

(1− u) +
iL2
C2

(1− u)− vC2

RC2
(6.60d)

Substitution of (6.60a) into (6.24a) leads to the following ESM region for u = 1

Ṡ(x) =
v21
L1

+ i1v̇1 > 0, (6.61)

It can be noted that the previous condition leads to (6.26) and (6.58a) hence, the SEPIC

converter for u = 1 has the same ESM region as the boost and the Ćuk converters.

Besides, from (6.24a) and (6.60a) the following expression is obtained

Ṡ(x) = − v1
L1


vC1 + vC2 − v1


1 +

v̇1
v21
L1i1




 < 0 (6.62)

Assuming |v̇1|max

v1,min
2/i1L1

< 1, Ṡ(x) can be expressed as follows

Ṡ(x) = − v1
L1

(vC1 + vC2 − v1K) < 0, (6.63)

where K , 1 +
v̇1

v21
/
i1L1

Hence, the following cases are considered
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(a) If v̇1 < 0, |v̇1|max and v1,min are such that

1− |v̇1|max

v1,min
2

i1L1

< 0 =⇒ K > 0 (6.64)

(b) If v̇1 > 0, |v̇1|max and v1,min are such that

1 +
v̇1,max

v1,min
2

i1L1

< 2 =⇒ K < 2 (6.65)

On the other hand, in the vicinity of the equilibrium point of the SEPIC converter

vC1 = v1 and (6.63) becomes

Ṡ(x) = − v1
L1

(vC2 + v1(1−K)) < 0 (6.66)

Then, the following cases appear

0 < K < 1, Ṡ(x) < 0 (6.67)

1 < K < 2, Ṡ(x) > 0 (6.68)

Note that for (6.68) the time derivative of the sliding function Ṡ(x) is positive, hence

condition (6.66) is not fulfilled. Besides, it is proven that the SEPIC converter will

operate as a voltage step-up converter.

On the other hand, near the steady-state vC2 = D/1−Dv1, D being the duty-cycle,

(6.66) becomes

D

1−D > K − 1 (6.69)

Defining M(D) = D/1−D, when the SEPIC converter operates as voltage step-down

converter, there will be sliding motions if M(D) > K − 1 as is illustrated in Fig. 6.13.
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D10.5

M(D) = D
1−D

M(D)

1

K − 1

Figure 6.13: Behavior of the conversion gain M(D) of the SEPIC converter with respect

to D.

Finally, for a constant input voltage (v1 = Vg), from (6.61) and (6.62), ESM will be

ensured if the following conditions holds

0 < Vg < vC1 + vC2 (6.70)

6.5.4 Synthesizing a CPL Using a BOF Converter

The state equations of the BOF in Fig. 6.12(d) are given by

di1
dt

= −vC1

L1
(1− u) +

v1
L1

(6.71a)

diL2
dt

=
vC1 − vC2

L2
(6.71b)

dvC1

dt
=

i1
C1

(1− u)− iL2
C1

(6.71c)

dvC2

dt
=

iL2
C2

(1− u)− vC2

RC2
(6.71d)
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Operate as CPLs.

Substitution of (6.71a) into (6.22) results in the following expression for existence of

sliding mode

Ṡ(x) =
v21
L1

+ i1v̇1 > 0 if u = 1 (6.72a)

Ṡ(x) = − v1
L1

(
vC1 − v1 −

i1L1v̇1
v1

)
< 0 if u = 0 (6.72b)

It can be noted that the above constraints are identical to (6.58) for Ćuk converter.

Hence, both converters have the same conditions for ESM.

6.5.5 Synthesizing a CPL Using a Buck Converter with Input-filter

The state equations of the buck converter with input filter in Fig. 6.12(e) are given by

di1
dt

= −vC1

L1
+
v1
L1

(6.73a)

diL2
dt

=
vC1

L2
u− vC2

L2
(6.73b)

dvC1

dt
=

i1
C1
− iL2
C1

u (6.73c)

dvC2

dt
=

iL2
C2
− vC2

RC2
(6.73d)

Substitution of (6.73a) into (6.23) yields

Ṡ(x) = −v1vC1

L1
+
v21
L1

+ v̇1i1 (6.74)

Note that the derivative of switching function (6.74) is independent of the control signal

u. Therefore, sliding motions cannot be induced in the buck converter with input filter

and hence this converter cannot be used to synthesize a CPL.

6.6 Design of the Power Stage of the Converter Candi-

dates that Can Operate as CPLs.

In this section, the basic design criteria of the switching converter shown in Fig. 6.12

are presented. For brevity, only the design and results of the boost converter, the Ćuk

converter and the SEPIC converter will be shown in the following sections.

The necessary parameters to design the power stage are the following [79–82]:
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1. Nominal input voltage, minimum input voltage and maximum input voltage: Vg,

Vgmin , Vgmax

2. Nominal output voltage: Vout

3. Nominal power: Pnom

4. Maximum output current in the application: Ioutmax

5. Nominal switching frequency: fsnom

6. Inductor ripple current at the nominal power: ∆IL1nom , ∆IL2nom

7. Desired output voltage ripple: ∆Vout

8. Desired ripple of the coupling capacitor voltage: ∆VC1

9. Forward voltage drop of the diode D1: VD

10. Steady-state duty cycle: D

6.6.1 Design of the Boost Converter

Inductor Design

The value of the inductance at the boost converter can be calculated by using the

following expression

L1 =
Vg(Vout − Vg)

∆IL1nomfsnomVout
(6.75)

Since the inductor ripple current ∆IL1nom determines the ripple of sliding surface,

it is necessary to impose a wide current ripple. The inductor ripple current ∆IL1nom

can be located between 20% to 40% of the maximum current of the CPL.

∆IL1nom = (0.2 to 0.4)Ioutmax

Vout
Vg

(6.76)
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Operate as CPLs.

Capacitor Design

The value of the capacitance depends on the desired output voltage ripple and it can

be determined as follows

C2 >
IoutmaxD

fsnom∆Vout
(6.77)

Besides, in the implementation it is recommended to use low ESR capacitors such as

Polypropylene (PP) film capacitors.

MOSFET Selection

MOSFETs can be selected based on the maximum current they can handle. Hence,

the maximum current ISWmax can be calculated as

ISWmax =
∆IL1nom

2
+
Ioutmax

1−D (6.78)

Therefore, the MOSFET used should be able to handle this level of current.

Rectifier Diode and Start-up Diode Selection

In order to avoid high inrush current and ensure the conditions for ESM during the

start-up an auxiliary diode Da, which connects the input and output voltage, is used.

The average forward current IF of both diode D and start-up diode Da is given by

IF = Ioutmax , (6.79)

Therefore, the diode must be chosen based on this limitation. In addition, the dissipa-

tion power of the diode PD can be considered, which is given by

PD = IFVF, (6.80)

VF being the forward voltage of the diode. It is also recommended to use Schottky

diodes in the implementation in order to reduce losses.

6.6.2 Design of the Ćuk Converter

Inductor Design

Inductance values of the Ćuk converter L1, L2 should have the same magnitude for the

same inductor ripple current. Inductor values can be calculated by using the following
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expression

L1 = L2 =
Vg(1−Dmin)

∆IL1,L2nomfsnom
, (6.81)

where Dmin is the minimum duty cycle, which is given by

Dmin =
Vout + VD

Vout + Vgmax + VD
(6.82)

Furthermore, the inductor ripple current is calculated as in (6.76).

Output Capacitor Design

The value of the output capacitance C2, can be determined from the following expres-

sion

C2 >>
∆IL1,L2nom

∆Vout

1

8fsnom
(6.83)

The capacitance obtained in (6.83) is the minimum value, so the value of the chosen

capacitance should be much higher than that value. Besides, it is recommended to use

low ESR capacitors such as PP film capacitors.

Coupling Capacitor Design

The design of the coupling capacitor based on the peak-peak voltage ripple ∆VC1 is

obtained as

C1 �
∆IL1,L2nom

∆VC1

1

8fsnom
(6.84)

It is recommended that ∆VC1 is 10% of the nominal capacitor voltage VC1. Hence, a

film capacitor with a low capacitance can be used.

MOSFET Selection

MOSFETs can be selected based on maximum peak current ISWmax , which can be

obtained as follows

ISWmax = IL1max + Ioutmax + ∆IL1,L2nom (6.85)

Therefore, the MOSFET used should be able to hold this peak current level. Also, it

should be considered that the voltage rating of the MOSFET is Vgmax + Vout.
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Operate as CPLs.

Diode Selection

The average forward current IF of the diode D1 is given by (6.79). Therefore, the

chosen diode must be capable to hold this current. In addition, the dissipation power

PD of the diode is given by (6.80). In the implementation, the use of Schottky diodes

is preferred in order to reduce losses.

6.6.3 Design of the SEPIC converter

Inductor Design

The inductance of the SEPIC converter can be obtained based on the peak-to-peak

ripple current. Considering that the ripple current in both inductors L1 and L2 are

equal, the inductor values are determined by

L1 = L2 =
VgminDmax

∆IL1,L2nomfsnom
, (6.86)

where ∆IL1,L2nom and Dmax are given by

∆IL1,L2nom = 0.4Ioutmax

Vout
Vgmin

(6.87)

Dmax =
Vout + VD

Vout + Vgmin + VD
(6.88)

Output Capacitor Design

The value of the capacitance C2, based on the desired output voltage ripple, can be

obtained as follows

C2 ≥
Ioutmax

∆Vout

D

0.5fsnom
(6.89)

The value of the capacitance obtained in (6.89) is the minimum one, so the value

of the chosen capacitance should be equal or greater than that value. Besides, it is

recommended to use low ESR capacitors such as PP film capacitors.

Coupling Capacitor Design

The selection of the coupling capacitor C1 of the SEPIC converter can be obtained

based on the desired peak-to-peak voltage ripple, which is calculated as follows

C1 =
IoutmaxDmax

∆VC1fsnom
(6.90)
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Typically, the voltage ripple on the coupling capacitor is small. Furthermore, the RMS

current through the coupling capacitor must be considered and this is given by

IC1rms = Ioutmax

√
Vout + VD
Vgmin

(6.91)

Hence, the chosen capacitor must be able to handle large RMS current and a voltage

greater than the maximum input voltage Vgmax . Tantalum, ceramic and film capacitors

are recommended.

Power MOSFET Selection

MOSFETs can be selected based on ISWmax , which can be obtained as follows

ISWmax = Ioutmax

(
1 +

40%

2

)(
1 +

Vout + VD
Vgmin

)
(6.92)

Therefore, the MOSFETs should be able to hold this peak current level. Also, it

should be considered that the peak switch voltage rating for the MOSFETs is equal to

Vgmax + Vout.

Rectifier Diode Selection

The average forward current IF of the rectifier diode D1 must be equal to the maximum

output current (6.79). Therefore, the chosen diode must be capable to hold this current.

In addition, the dissipation power of the diode PD can be considered, which is given by

(6.80).

6.7 Simulation Results of the Converter Candidates that

Can Operate as CPLs.

The numerical simulations have been carried out using PSIM c© software, where a

switching model of boost converter, Ćuk converter and SEPIC converter with the pro-

posed sliding surfaces has been simulated. In simulation results, the input power,

output power and power reference are represented.
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CPLs.

Table 6.3: Used parameter values for the boost converter.

L1 C2 Pnom Vg Vout R fsnom

326 µH 20 µF 1 kW 200 V 350 V 122.5 Ω 100 kHz

6.7.1 Simulation Results of the Boost Converter.

The parameter values used for the boost converter are summarized in Table 6.3. The

value of the inductance L1 and capacitance C2 have been obtained using (6.75) and

(6.77) respectively. Fig. 6.14 shows the schematic circuit diagram of the boost converter

with the proposed control simulated in PSIM c© software. The value of the reference

power is Pref = Pnom = 1 kW and the hysteresis width is h = ±250 W in order to

generate a nominal switching frequency fsnom of 100 kHz.

 Title   

 Designed by

 Revision Page 1 of 1 

Figure 6.14: PSIM c© schematic circuit diagram of the boost converter with the proposed

SMC.

Fig. 6.15(a) shows the behavior of the converter with the proposed control. Note

that the power at the input port reaches the power reference almost instantaneously.
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Figure 6.15: Numerical simulation of the boost converter operating as an instantaneous

CPL

Besides, with the start-up diode Da, conditions for the existence of sliding-mode are

satisfied, and as a consequence there is no inrush current.

On the other hand, the transient response of the converter in front of changes at the
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6.7 Simulation Results of the Converter Candidates that Can Operate as
CPLs.

desired power reference Pref is illustrated in Fig. 6.15(b). The power reference changes

first from 1 kW to 0.5 kW and then from 0.5 kW to 1 kW. It can be observed that the

input power and the output power follow accurately the reference power. Besides, the

controlled input power of the converter reaches instantly the desired power.

6.7.2 Simulation Results of the Ćuk Converter.

The nominal power Pnom, nominal switching frequency fsnom , input voltage Vg and

nominal output voltage Vout for the Ćuk converter have been considered equal to that

of the boost converter. Consequently, the load resistance is also equal to 122.5 Ω. In

addition, the inductances L1, L2 and the capacitances C1, C2 from (6.81), (6.83) and

(6.84) are: L1 = L2 = 540 µH, C2 = 10 µF, and C1 = 1 µF respectively. Besides, the

control parameters are: Pref = 1 kW and h = ±230 W. The schematic circuit diagram

implemented in PSIM c© software is depicted in Fig. 6.16.

 Title   

 Designed by

 Revision Page 1 of 1 

Figure 6.16: PSIM c© schematic circuit diagram of the Ćuk converter with the proposed

SMC.

Fig. 6.17(a) exhibits the operation of the converter as an instantaneous power sink

at the input port, during start-up and in steady-state. It can be noted that there

is no inrush current, because capacitor C1 has been pre-charged to the input voltage
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value. Thus, the ESM conditions are satisfied and the input power achieves the power

reference almost instantaneously.

Similarly, the desired power reference can be changed to another value, as in

Fig. 6.17(b). In this case, the power reference changes from 1 kW to 0.5 kW and

restored back to 1 kW. As it can be observed, the input power follows accurately the

reference power. Since, the Ćuk converter is a POPI system, the output power after a

transition time, also arrives to the power reference.

6.7.3 Simulation Results of the SEPIC Converter.

The SEPIC converter controlled to behave as an instantaneous CPL has been simulated

using PSIM c© software with the circuit depicted in Fig. 6.18. It can be noted that the

nominal power Pnom, nominal switching frequency fsnom , input voltage Vg, nominal

output voltage Vout and load resistance R for the SEPIC converter are the same than

in the cases of boost and Ćuk converters. Furthermore, from (6.86), (6.89) and (6.90),

the value of inductances L1, L2, the output capacitance value C2 and the coupling

capacitance value C1 are: L1, L2 = 580 µH, C2 = 25 µF and C1 = 1 µF respectively.

Fig. 6.19(a) illustrates the behavior of the SEPIC converter during the start-up and

in steady-state. Note that the delivered power at the input port is equal to the reference

power almost immediately, which demonstrates the nature of an instantaneous power

sink in this converter.

Besides, the power reference of the converter can easily be modified in order to

demand a different power. In Fig. 6.19(b), this scenario is exemplified by changes of

50% in Pref , namely, the power reference changes from 1 kW to 0.5 kW and from 0.5 kW

to 1 kW. It can be noted that the power at the input port follows the reference power

immediately without overshoots and remains in that level until the next transition,

where again the operation of the converter as CPL under the proposed approach is

demonstrated.

It is worth noting that since the converters are POPI systems, the output power

and the input power are the same, as it can be observed in Figs. 6.15, 6.17 and 6.19.
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(b) Transient response in front of changes of step type in Pref .

Figure 6.17: Numerical simulations of the Ćuk converter behavior as an instantaneous

CPL.
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 Title   

 Designed by

 Revision Page 1 of 1 

Figure 6.18: PSIM c© schematic circuit diagram of the SEPIC converter with the proposed

SMC.

6.8 Design and Implementation of Prototypes of the Con-

verter Candidates that Can Operate as CPLs.

In order to verify the theoretical predictions and the numerical simulations, an experi-

mental prototype of each converter has been built.

6.8.1 Power Stage Experimental Setup.

The parameter values and components for the boost, Ćuk converter and SEPIC con-

verters have been design and selected based on the criteria given in Section 6.6.

The inductors used in each converter are of toroidal type, which use a magnetic

core from MAGNETICSR© company. Hence, the inductors have been in-house built. In

addition, in order to implement the control stage, the input voltage Vg and the input

current i1 have to be sensed. A voltage divider with different gains depending on the

converter has been used to sense the input voltage. Also, the input current has been

measured using a LEM LA-25 with different gains.

On the other hand, the PCB design, according to the selected components features

for each converter, has been developed in OrCad Cadence software. Finally, the list of
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(b) Numerical simulation of the transient response of the SEPIC

converter in front of changes of step type in Pref

Figure 6.19: SEPIC converter behavior as an instantaneous CPL

components are summarized in Table 6.4.
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Table 6.4: Summary of components used for the experimental prototype of the converters

operating as CPLs.

boost converter Ćuk converter SEPIC converter

Parameter component

L1/L2 – – –

C1 – MKP1848510094K2 R75MN41004030J

C2 MKP1848C61050JK2 MKP1848610094P4 MKP1848C61550JK2

Q1 STW25NM60ND C3M0120090D IRFP27N60KPBF

D1 IDH20G65C5XKSA2 C4D08120A C4D08120A

R ARCOL ARCOL ARCOL

6.8.2 Control Stage Experimental Setup.

The proposed sliding function given in (6.20) and the proposed control law (6.18) can be

implemented analogically using operational amplifiers and an analogue multiplier IC.

Fig. 6.20 shows the schematic circuit diagram of the proposed control. Different blocks

can be observed, namely, input power, power reference, power error, hysteresis value

and hysteresis comparator. The operational amplifiers used are of LF347 type. The

AD633 IC has been used as multiplier, and the power reference is provided externally.

The hysteresis band has been scaled proportionally with the sensed signals and it can

be easily changed to adjust the nominal frequency for each converter. Finally, the

comparator used to implement the proposed control law is the LM319.
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Figure 6.20: Schematic circuit diagram of the implemented control.
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as CPLs.

6.9 Experimental Results of the Converter Candidates

that Can Operate as CPLs.

The switched converters implemented under SMC have been tested to validate their

operation as instantaneous CPLs. For the tests, the power source AMREL SPS800x13-

K02D has been used to provide the input voltage. Furthermore, in order to obtain

the load resistance at the nominal power, a connection in series and/or in parallel of

different resistances has been carried out.

Fig 6.21 shows the response of the boost, Ćuk and SEPIC converters during start-

up and in steady-state. Note that the three converters quickly reach the reference

power imposed in their input port. Also, it can be observed that the Ćuk converter

and the SEPIC converter have an equal settling time. On the other hand, the output

power response of the SEPIC converter is the slowest one. Experimental results in

Figs. 6.21(a), (b), and (c) are in good agreement with the numerical simulations in

Figs. 6.15, 6.17, and 6.19 for the boost, Ćuk, and SEPIC converters respectively.

Similarly, Fig. 6.22 illustrates the response of converters to changes of step type in

Pref . It can be observed that the power reference change from 1 kW to 0.5 kW and from

0.5 kW to 1 kW. Note that the input power of the boost, Ćuk and SEPIC converters

follows accurately the power reference. The input power changes instantaneously to

the reference power in each disturbance. Furthermore, the three converters present a

similar behavior during the transitions.

It is worth to note that experimental results closely resembled the simulated results.
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Pin/1000

Pout

Pref/1000

(a) boost converter

Pin/500

Pout

Pref/500

(b) Ćuk converter

Pin/1000

Pout

Pref/1000

(c) SEPIC converter

Figure 6.21: Waveforms of the input, reference and output powers of the proposed con-

verters operating as instantaneous CPLs during the start-up and in steady-state
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6.9 Experimental Results of the Converter Candidates that Can Operate
as CPLs.

Pin/1000

Pout

Pref/1000

(a) boost converter

Pin/500
Pout Pref/500

(b) Ćuk converter

Pin/1000
Pout

Pref/1000

(c) SEPIC converter

Figure 6.22: Transient response of input, reference and output powers of the proposed

converters in front of changes on Pref .
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Chapter 6. Synthesis of CPLs using switching converters under SMC

6.10 General Procedure to Design Switching Converters

Operating as CPLs with the proposed sliding func-

tion S(x)

The general procedure for using switching converters with the proposed control as

CPLs, is given as follows:

1. Select a switching converter with a series inductor at its input port.

2. Obtain the state-equations of the selected converter.

3. Determine the SMC condition using (6.22). If exists ESM, the selected
converter could act as an instantaneous CPL. But if does not exist ESM,
the selected converter cannot be used as a CPL.

4. Determine the equivalent control, the ideal sliding dynamics and the system
stability of the converter with the proposed control. If the system is stable,
the selected converter can operate as CPL.

5. Design the power stage based on the desired operation criteria, i.e, nominal
power, input voltage, nominal output voltage, and calculate the value of
the inductance/inductances, the value of the capacitance/capacitances and
the value of the resistance load.

6. Use a simulation software to implement the switched model/time model of
the switching converter, and to implement the proposed sliding function
(6.20) with the control law (6.18). Verify that the system operates as
expected.

7. Implement an experimental prototype. Select the components of both
power and control stages according to the working point. Adapt the control
signals to the levels of the selected IC. Use sensors to measure the input
voltage and the input current.

8. Use a PCB software to design the circuit board. Print the PCB and as-
semble the prototype.

9. Check that the prototype works properly. Use the developed prototype as
a CPL; for example, to study the behavior or to test a new controller of a
converter feeding a CPL.
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Chapter 7

Conclusions

The notion of CPL emerged years ago to model certain operations in multiconverter

systems that have in common the cascade connections of power converters.

A first scenario to illustrate a CPL behavior results from the assumption of ideal

regulation on highly efficient power converters. The insertion of an input filter in such

type of converters could lead to unstable behavior for values of the CPL power higher

than a certain limit given by a function of the voltage generator parameters and filter

reactive elements.

A first approach to deal with modelling power converters with CPL consists in

linearizing the CPL. By substituting the CPL by its negative incremental resistance,

the well-known state space averaging method can be directly applied yielding transfer

functions with RHP poles. Thus, it is implicitly admitted that the open-loop dynamic

model of the power converter with CPL is unstable, and that closing the loop will

require an effort of the feedback law to stabilize the converter and ensure output voltage

regulation.

Nonetheless, there are some operations in open-loop that result in stable behavior.

This is the case of buck and boost converters operating in DCM or in the boundary

CCM-DCM. The boundary is established in terms of the CPL power, and again for

values higher than this limit the converter becomes unstable.

A first attempt to closed-loop operation in this thesis has consisted in a two-loop

PWM linear control with an internal loop based on peak current control to regulate the
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Chapter 7. Conclusions

output voltage of a boost converter with CPL in CCM operation. It has been shown

by means of simulations that the resulting regulator performs well in the rejection

to external disturbances, its weakest point being the system start-up, which requires

ad-hoc circuitry to limit the high value of the inrush current.

A simple alternative to the mentioned attempt has been based on SMC using a linear

switching surface to regulate the output voltage of the same converter. The switching

surface leads to small values of inrush current and guarantees output voltages regulation

in front of external disturbances. The voltage regulation is achieved by adapting the

current reference in terms of the input voltage and the power of the CPL making it

equal to the expression of the equilibrium point locus. No linearization assumptions

have been used in the controller design, this eventually resulting in a good global

performance under large-signal operation.

The analog SMC proposed in the thesis takes the system as it is, i.e. unstable during

both on and off intervals, and exploits the resulting unstable trajectories in each

interval to appropriately combine them to obtain a stable system, which exhibits output

voltage regulation and small inrush current. It is worth mentioning that only one-loop

control is used and no integrators are inserted. While the PWM linear control has been

designed in the frequency domain on the basis of a converter averaged linearized model,

the SMC design uses the exact trajectories in the phase-plane to reach a compromise

between small inrush current and fast output voltage response. This fact is explicit in

the SMC approach but it is hidden in the conventional frequency-domain design, which

eventually results in a deficient start-up.

The analog SMC above described exhibits variable switching frequency because the

required switching policy has been implemented by means of hysteresis comparators.

To counteract the variable switching frequency of the analog SMC, a DSMC using

PWM has been proposed. The design of the DSMC algorithm has been derived from

an approximate discrete-time model of the converter, which predicts accurately the

dynamics of the switched system. The DSCM uses a cascade control whose inner loop

is a discrete-time SMC with a switching surface based on the inductor current error,

which results in an unstable bahavior. The insertion of the outer loop has stabilized

the system and provided output voltage regulation with negligible inrush current.
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The operation under sliding-mode regime in DSMC approach helps in the inrush

current limitation. It has to be pointed out that the presence of propagation delay

worsens the inrush current but the problem can be relieved by forcing a non-saturated

value of the duty cycle within the few initial switching cycles.

Two non-linear controllers using PWM have been also proposed to solve the problem

of regulating the output voltage in a boost converter with CPL under large-signal

operation and constant switching frequency. First, the use of state feedback has allowed

to stabilize and regulate the output voltage in a virtual mesh. The mesh introduces a

damping parameter to stabilize the closed-loop system, and an additional variable to

regulate the output voltage. It has been proven by both simulations and experiments

that the proposed system exhibits a good performance in the rejection of external

perturbations. Secondly, a new strategy with an adaptive loop that estimates the power

of CPL has been also proposed showing an excellent performance in the mitigation of

the disturbances produced by changes in input voltage and CPL power.

In Chapters 3, 4 and 5, the CPL has been emulated by means of an electronic load,

and by means of power converters under SMC in Chapter 6 leading to similar results in

both cases. Thus, the buck converter has mimicked an instantaneous CPL in two cases,

i.e. (i) by changing abruptly its load resistance when the output voltage is regulated by

means of a very fast controller, and (ii) by changing the reference power in a switching

surface that imposes the product of capacitor voltage and inductor current to track

such reference by means of an appropriate switching policy. The latter approach has

been applied successfully in the input port of boost, Ćuk, SEPIC and BOF converters,

this opening the way to design simple and inexpensive emulations of CPLs.

The stability analysis has been performed in the boost converter and it remains

open in SEPIC, Ćuk and BOF converters for further research due to the resulting

high-order ideal sliding dynamics.
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[4] J. Malaizé and W. Dib, “Control of N-parallel connected boost converters feeding

a constant power load: An automotive case study,” in IECON 2011 - 37th Annual

Conference of the IEEE Industrial Electronics Society, Nov 2011, pp. 528–533.

Cited on page: 1.

[5] S. C. Smithson and S. S. Williamson, “Constant power loads in more electric

vehicles - an overview,” IECON 2012 - 38th Annual Conference on IEEE Industrial

Electronics Society, pp. 2914–2922, Oct 2012. Cited on page: 1.

157

UNIVERSITAT ROVIRA I VIRGILI 
NONLINEAR CONTROL OF DC-DC SWITCHING CONVERTERS WITH CONSTANT POWER LOAD 
Blanca Areli Martínez Treviño 



REFERENCES

[6] C. Rivetta, G. A. Williamson, and A. Emadi, “Constant power loads and negative

impedance instability in sea and undersea vehicles: statement of the problem and

comprehensive large-signal solution,” IEEE Electric Ship Technologies Symposium,

2005., pp. 313–320, July 2005. Cited on page: 1.

[7] C. H. Rivetta, A. Emadi, G. A. Williamson, R. Jayabalan, and B. Fahimi, “Anal-

ysis and control of a buck dc-dc converter operating with constant power load in

sea and undersea vehicles,” IEEE Transactions on Industry Applications, vol. 42,

no. 2, pp. 559–572, 2006. Cited on page: 1.

[8] I. Kondratiev and R. Dougal, “Synergetic control strategies for shipboard DC

power distribution systems,” 2007 American Control Conference, pp. 4744–4749,

July 2007. Cited on page: 1.

[9] Y. Zhao, W. Qiao, and D. Ha, “A sliding-mode duty-ratio controller for DC/DC

buck converters with constant power loads,” IEEE Transactions on Industry Ap-

plications, vol. 50, no. 2, pp. 1448–1458, March 2014. Cited on pages: 1, 12.

[10] L. C. A. J. Mills and R. W. Ashton, “Multi-rate LQR control of a multi-machine

MVDC shipboard electric distribution system with constant power loads,” 2017

IEEE 60th International Midwest Symposium on Circuits and Systems (MWS-

CAS), pp. 1380–1385, Aug 2017. Cited on page: 1.

[11] A. Kwasinski and C. N. Onwuchekwa, “Dynamic behavior and stabilization of

dc microgrids with instantaneous constant-power loads,” IEEE Transactions on

Power Electronics, vol. 26, no. 3, pp. 822–834, March 2011. Cited on pages: 1, 12.

[12] X. Lu, K. Sun, J. M. Guerrero, J. C. Vasquez, L. Huang, and J. Wang, “Stability

enhancement based on virtual impedance for dc microgrids with constant power

loads,” IEEE Transactions on Smart Grid, vol. 6, no. 6, pp. 2770–2783, Nov 2015.

Cited on page: 1.

[13] M. AL-Nussairi, K. Mohammed, R. Bayindir, S. Padmanaban, L. Mihet-Popa,

and P. Siano, “Constant power loads (CPL) with microgrids: Problem definition,

158

UNIVERSITAT ROVIRA I VIRGILI 
NONLINEAR CONTROL OF DC-DC SWITCHING CONVERTERS WITH CONSTANT POWER LOAD 
Blanca Areli Martínez Treviño 



REFERENCES

stability analysis and compensation techniques,” Energies, vol. 10, no. 10, 2017.

Cited on pages: 1, 2.

[14] T. Pavlovic, T. Bjazic, and Z. Ban, “Simplified averaged models of DC-DC power

converters suitable for controller design and microgrid simulation,” IEEE Trans-

actions on Power Electronics, vol. 28, no. 7, pp. 3266–3275, July 2013. Cited on

page: 1.

[15] A. Emadi and A. Ehsani, “Dynamics and control of multi-converter dc power

electronic systems,” 2001 IEEE 32nd Annual Power Electronics Specialists Con-

ference, vol. 1, pp. 248–253 vol. 1, 2001. Cited on pages: 1, 2.

[16] M. Belkhayat, R. Cooley, and A. Witulski, “Large signal stability criteria for dis-

tributed systems with constant power loads,” Power Electronics Specialists Con-

ference, 1995. PESC ’95 Record., 26th Annual IEEE, vol. 2, pp. 1333–1338 vol.2,

Jun 1995. Cited on page: 2.

[17] S. Singh, A. R. Gautam, and D. Fulwani, “Constant power loads and their effects

in DC distributed power systems: A review,” Renewable and Sustainable Energy

Reviews, vol. 72, pp. 407–421, 2017. Cited on page: 2.

[18] E. Hossain, R. Perez, A. Nasiri, and S. Padmanaban, “A comprehensive review on

constant power loads compensation techniques,” IEEE Access, vol. 6, pp. 33 285–

33 305, 2018. Cited on page: 2.

[19] R. D. Middlebrook, “Input filter considerations in design and application of switch-

ing regulators,” IEEE Industry Applications Society Annual Meeting, pp. 366–382,

1976 Record. Cited on page: 2.

[20] M. Sanz, “Practical feedback-loop design of bus converters supplying regulated

voltage to DC input-port converters,” Tutorials of the Seventeenth IEEE Workshop

on Control and Modeling for Power Electronics, Dec 2016. Cited on page: 2.

[21] R. D. Middlebrook and S. Cuk, “A general unified approach to modelling

switching-converter power stages,” 1976 IEEE Power Electronics Specialists Con-

ference, pp. 18–34, June 1976. Cited on page: 8.

159

UNIVERSITAT ROVIRA I VIRGILI 
NONLINEAR CONTROL OF DC-DC SWITCHING CONVERTERS WITH CONSTANT POWER LOAD 
Blanca Areli Martínez Treviño 



REFERENCES

[22] A. Emadi, B. Fahimi, and M. Ehsani, “On the concept of negative impedance

instability in the more electric aircraft power systems with constant power loads,”

SAE Technical Paper 1999-01-2545, Tech. Rep., 1999. Cited on page: 8.

[23] V. Grigore, J. Hatonen, J. Kyyra, and T. Suntio, “Dynamics of a buck converter

with a constant power load,” PESC 98 Record. 29th Annual IEEE Power Elec-

tronics Specialists Conference (Cat. No.98CH36196), vol. 1, pp. 72–78 vol.1, May

1998. Cited on page: 8.

[24] G. W. Wester and R. D. Middlebrook, “Low-frequency characterization of switched

dc-dc converters,” 1972 IEEE Power Processing and Electronics Specialists Con-

ference, pp. 9–20, May 1972. Cited on pages: 9, 16.

[25] M. Cespedes, L. Xing, and J. Sun, “Constant-power load system stabilization by

passive damping,” IEEE Transactions on Power Electronics, vol. 26, no. 7, pp.

1832–1836, July 2011. Cited on page: 10.

[26] A. M. Rahimi and A. Emadi, “Active damping in dc/dc power electronic convert-

ers: A novel method to overcome the problems of constant power loads,” IEEE

Transactions on Industrials Electronics, vol. 56, no. 5, pp. 1428–1439, May 2009.

Cited on page: 11.

[27] X. Chang, Y. Li, X. Li, and X. Chen, “An active damping method based on

a supercapacitor energy storage system to overcome the destabilizing effect of

instantaneous constant power loads in DC microgrids,” IEEE Transactions on

Energy Conversion, vol. 32, no. 1, pp. 36–47, March 2017. Cited on page: 11.

[28] G. Sulligoi, D. Bosich, G. Giadrossi, L. Zhu, M. Cupelli, and A. Monti, “Multicon-

verter medium voltage dc power systems on ships: Constant-power loads instabil-

ity solution using linearization via state feedback control,” IEEE Transactions on

Smart Grid, vol. 5, no. 5, pp. 2543–2552, Sept 2014. Cited on pages: 11, 79.

[29] W. W. Weaver and P. T. Krein, “Mitigation of power system collapse through

active dynamic buffers,” 2004 IEEE 35th Annual Power Electronics Specialists

160

UNIVERSITAT ROVIRA I VIRGILI 
NONLINEAR CONTROL OF DC-DC SWITCHING CONVERTERS WITH CONSTANT POWER LOAD 
Blanca Areli Martínez Treviño 



REFERENCES

Conference (IEEE Cat. No.04CH37551), vol. 2, pp. 1080–1084 Vol.2, June 2004.

Cited on page: 11.

[30] Y. Li, K. R. Vannorsdel, A. J. Zirger, M. Norris, and D. Maksimovic, “Current

mode control for boost converters with constant power loads,” IEEE Transactions

on Circuit and Systems I: Regular Papers, vol. 59, no. 1, pp. 198–206, Jan 2012.

Cited on pages: 11, 30.

[31] C. Byungcho, B. H. Cho, and S. S. Hong, “Dynamics and control of dc-to-dc

converters driving other converters downstream,” IEEE Transactions on Circuits

and Systems I: Fundamental Theory and Applications, vol. 46, no. 10, pp. 1240–

1248, Oct 1999. Cited on pages: 11, 63.
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