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Abstract

In the recent years, intriguing hints of New Physics have been accumulated in semileptonic
B-meson decays, mostly involving neutral-current transitions b — s€f. The LHCDb collaboration,
other collaborations at the LHC and the Belle experiment have reported deviations from the Stan-
dard Model expectations in several observables measuring the aforementioned transition. These
are commonly referred to in the literature as B-anomalies. Not surprisingly, some of these mea-
surements show deviations from the SM predictions by a few standard deviations. More interesting
is the fact that several of these deviations from the SM appear to be “in the same direction”, in
such a way that when quantified by a global fit the discrepancy with the SM is over the 5o level.

In order to assess the significance of these anomalies and to treat them consistently, we pro-
pose a model-independent analysis based on an Effective Hamiltonian encoding the dynamics of
the underlying quark level transition. This has the advantage of providing a simple systematic
framework where all possible processes, mediated by the same transition, can be described with the
same set of parameters, allowing for global fits of large numbers of observables defined in several
channels.

This Thesis presents our most updated global analyses of b — s/ data. First, we describe the
general framework used to compute the different types of observables, paying special attention to
the treatment of the uncertainties involved. And then, we discuss both our analytical approach

and the implications of the most significant results obtained from our fits.
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Introduction

The discovery of the Higgs boson marked the completion of the Standard Model (SM) of particle
physics, which describes the elementary constituents of matter and their interactions (strong, elec-
tromagnetic and weak) as a quantum field theory. This has led to precise predictions for measurable
quantities tested experimentally with a high accuracy. However, there are compelling arguments
claiming the existence of New Physics (NP) beyond the SM. Examples of these arguments are the
observational evidence for the existence of dark matter and the fact that neutrinos have masses.

Therefore, we know that the SM must be extended but, since the SM provides precise deter-
minations in most sectors, there are no obvious signals to be searched for. In this context, the
field of rare decays will be a crucial tool to help us envisage effects at very high energies, which
we cannot yet access at colliders, as it probes physics occurring at higher energies.

Over the last few years, many observables related to the flavour-changing neutral-current
transitions b — s¢¢ have exhibited deviations from SM expectations, constituting one of the first
solid evidences of NP. On the one hand, the b — sup flavour-changing neutral current is loop
suppressed in the SM and it has been measured by several experiments, showing a collection of
deviations from the SM in angular observables and branching ratios. Moreover, the comparison of
b — sup and b — see through the measurements of the observables Rx and R+, for several values
of the dilepton invariant mass, suggest a significant violation of Lepton Flavour Universality (LFU).
All these deviations can be explained in a model-independent approach by NP contributions to
Wilson coefficients associated with the effective operators describing b — suu transitions, providing
a consistent description of the observed pattern. More in detail, our recent combined analysis of
these observables indeed singles out some NP scenarios preferred over the SM with a significance
at the 50 level, confirming the scenarios already highlighted in earlier analyses in the field.

The main goal of this Thesis is to provide a coherent and self-consistent description of all the
techniques and methods needed for performing model-independent global fits to b — sf¢ data. To
this end, this thesis can be formally divided into three parts:

» Part I (Chapters 1 to 5), where the main theoretical framework is described.

» Part II (Chapters 6 to 7), where we analyse in detail the different sources of hadronic un-
certainties and construct a new basis of angular observables designed to test lepton flavour
universality violating (LFUV) NP effects, without pollution coming from hadronic uncer-
tainties in the SM.

» Part III (Chapters 8 to 9), where we present the latest results of our global fits, with a

detailed anatomy of their composition and analytical strategies, and their implications
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2 Contents

More in detail, we start by reviewing the fundamental theoretical framework used to com-
pute the relevant observables within effective field theories, both at leading order and including
higher-order QCD corrections. In Chapter 1 we describe how to construct effective field theo-
ries when different and highly hierarchised scales are involved in the physical phenomena under
study. Particularly important is going to be the concept of effective Hamiltonian, which allows
us to consistently treat physics at high and low energy scales. The former effects are encoded
in Wilson coefficients, while effective operators contain the latter. Particularly relevant are the
matrix elements of these effective operators, since they constitute one of the majors sources of
uncertainty in our theory predictions. At leading order the aforementioned matrix elements can
be parametrised in terms of form factors, which we discuss in Chapter 2. On the other hand,
computing QCD corrections to the amplitude of our relevant processes is a major endeavour, as
some of these corrections cannot be treated in perturbation theory at the typical energy scales
of B-decays. However, in Chapter 3 we show, in the context of non-leptonic decays, that a sys-
tematic way of computing these corrections emerges from well-suited approximations. This very
same framework is put into work for the semileptonic B — K*¢T/~ mode in Chapter 4, where a
general description of the dynamics of this decay is presented. We conclude this part in Chapter 5
by introducing the definitions and properties of the most relevant observables in our fits, both for
B — K*¢*¢~ and the other channels involved. In this context, we will show that observables with
optimal properties regarding their sensitivity to form factors at leading order can be constructed
in the large recoil limit.

As we mentioned above, some of the QCD corrections to the amplitude admit a computation
within the context of certain well-suited effective theories, but some others (often referred to as
hadronic uncertainties) cannot be computed from first principles and one has to rely on partial
calculations and phenomenological models. These hadronic uncertainties will set the main theme
of Part II. First, following our article Ref. [1], in Chapter 6 we discuss the state-of-the-art treat-
ment of these corrections and we critically reassess other frameworks where hadronic uncertainties
are predicted to be particularly enhanced, showing that they are disfavoured as explanations for
the observed anomalies. Second, we discuss how to construct a set of observables with optimal
capabilities to test LFUV-NP and minimal sensitivity to hadronic uncertainties in the SM. This
work was originally presented in our article Ref. [2], which we use as a reference for Chapter 7.

Finally, in Part III we discuss at length our global fits. In Chapter 8 we dissect the composition
of our analyses, review the basic statistical framework used and showcase our most-updated results.
Based on the structure of these results, we further investigate their potential implications for model-
building and the inner tensions of the global fit itself. One of the aforementioned model-building
implications precisely bridges the gap between the anomalies in the neutral-current transitions
b — s¢T¢~ and the tensions observed in the charged-current transitions b — crv. As we show in
Chapter 9, such a connection implies huge enhancements of b — s77 mediated channels, which
could be at reach of the current experiments at the LHC. Whereas Chapter 8 is a blend of the

most important results of three of our papers [, Chapter 9 mostly follows the discussion in Ref. [3].
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Chapter 1

Effective Hamiltonians

Weak decays of heavy mesons are characterized by three different energy scales, namely: the scale
of QCD interactions Aqcp, the characteristic energy of process (usually determined by the mass of
the decaying heavy quark mg) and finally, since we study electroweak processes, the typical scale
of weak interactions given by the mass of the W boson Myy.

The order of magnitude of the above-mentioned scales is the following
O(Aqcp) ~ 0.2GeV O(mq) ~ 5GeV (regarding b quarks) O(Mw) ~90GeV  (1.0.1)

Thus, there is a strong scale hierarchy, Aqcp < mg < My, meaning that processes mediated by
the interactions above are mostly independent inside the meson decay. Hence, in order to study
B-mesons decays, it is not necessary to use the full theory, it is enough to construct an effective

field theory that allows an encapsulation all the physical phenomena at a certain scale.

1.1 Weak Effective Hamiltonian in the Standard Model

Due to the fact that W and Z bosons are very massive, weak meson decays (whose energy F is of
the order of the meson’s mass and thus £ < Myy, z) proceed at very small distances of the order
of O(1/Myy). Then, following the ideas of the previous section, the dynamical degrees of freedom
that mediate these processes’ can be integrated out of the Standard Model (SM) Lagrangian to
define the Weak Effective Hamiltonian (WEH) for the given decay. Formally, this has the structure
of an Operator Product Expansion (OPE) [4-6]

He = %;Ci(u) O, (1.1.1)

where O; is a set of local effective operators, p is the renormalisation scale and C;(u) are the
corresponding Wilson coefficient functions.
In this context, the amplitude of a generic meson transition M; — My described by (1.1.1)

admits the following decomposition

A(My = Ma) = (Mol Hon M) = TE 37 €40 (M2 0,(0) [2) = TE 3 €4 (0400}, (112

i

!These include the electroweak gauge bosons (Wi and Z), the Higgs field and the top quark.
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6 Chapter 1. Effective Hamiltonians

where both the initial and final state mesons M; and My may contain more than only one meson
in them (i.e. B — 7m).

Wilson coefficients contain the contributions from physical processes with characteristic scales
higher than the renormalisation scale u. These are perturbatively calculable functions as long as
the scale p is large enough. Therefore, the C; include contributions from quantum fluctuations
involving the high frequency modes of the theory that we integrated out: top quarks, W and Z
bosons and the Higgs, in the SM. If we assume a particular ultraviolet completion of the SM, the
new heavy degrees of freedom will also be integrated out of the Lagrangian, provided that they
are sufficiently heavy, and thus will contribute to the Wilson coefficients. Consequently, C;(u)
typically depend on my, my, mpg and the mass scales of the heavy modes of any SM extension
considered. These dependencies are identified by computing the penguin and box diagrams with
fully propagating top, W, Z, Higgs and new heavy mediators exchanges. It is important to stress
that also short distance QCD effects are properly taken into account in the computation of Wilson
coefficients, these being the ones that introduce the p scale dependence through the running of the
QCD coupling constant a.

On the contrary, the matrix elements (O;(1)) summarise the contributions to the amplitude
A(M; — M>) from scales lower than p. Then, since they involve long distance interactions, it is not
possible to compute them in perturbation theory and one must resort to non-perturbative methods
for their assessment. Examples of such non-perturbative tools include lattice gauge theory, the
1/N. expansion (where N, is the number of colours), QCD sum rules, light-cone sum rules, chiral
perturbation theory, etc. In B meson decays, we will see in Chapter 3 that certain dynamical
conditions that emerge from Heavy Quark Effective Theory (HQET) and Large Energy Effective
Theory (LEET) allow for systematic computations of these matrix elements.

Constructing an Effective Hamiltonian involves computing its corresponding Wilson coeffi-
cients and identifying its relevant local effective operators. Notice that all this can be fully done
in perturbation theory. All physical information about the inner structure of the mesons in the
decay is irrelevant for this construction and it will only become relevant when computing the ma-
trix element of the decay, through the evaluation of the matrix elements discussed above. Thus,
the Wilson coefficients, being objects that only depend on the underlying quark transition and
the perturbative interactions they experience, are independent of the particular decay considered
in the same way as the usual couplings of gauge theories are universal and process-independent
parameters.

Precisely, the biggest advantage of this framework is that it allows to separate the problem of
computing the amplitude A(M; — My) into two distinct parts: the short-distance (perturbative)
calculation of the effective couplings C; and the long-distance (non-perturbative) computation of the
matrix elements (O;). As we discussed above, the scale p separates out short-distance contributions
to the amplitude from the long-distance ones. Actually, this separation is somewhat arbitrary, since
there is certain freedom in assigning which contribution is absorbed into the Wilson coefficients
and which other is encoded within the matrix elements. Indeed, the only effect of changing the
scale p is to reshuffle terms from the matrix elements (O;) into the Wilson coefficients C;, hence
there is no information loss in shifting from one scale to another. At the same time, this has the
important implication that the scale dependence of the matrix elements cancels the unphysical
scale dependence of the Wilson coefficients, and the other way around, so the amplitude is a

physically meaningful quantity.



1.1. Weak Effective Hamiltonian in the Standard Model 7

This completes our remarks about the main features of the WEH formalism and its building
blocks. Now, from a more practical perspective, we review the standard procedure for obtaining
the corresponding effective Hamiltonian to a given process (see Refs. [7-10] for more detailed

discussions):

» Given a process M7 — My, compute the amplitude A(M; — My) in the full theory up to
certain order in a;. As a result of Feynman diagrams with one or more loops, divergences will
appear during the computations, which can be treated using usual renormalisation techniques
by introducing a high scale pug ~ My,. At this scale a; is small, so perturbation theory works

well.

» Once the computation of the amplitude is performed in the full theory and at the high scale
o, one can identify the effective operators {O;}. With the operators known, the OPE for

the effective Hamiltonian can be written.

» Calculate the matrix elements (O;) of the operators at the high scale o and at the same
order in a;. Perturbation theory still applies at this scale and because QCD corrections are
included, divergences will arise again. Some of them can be absorbed through field renor-
malisation, however in general the resulting expressions will still be divergent. Therefore
an additional multiplicative renormalisation, the so-called operator renormalisation, is nec-
essary. This method typically introduces mixing between different operators in the OPE
that carry the same quantum numbers, in such a way that even new operators which were
not present at tree level may arise. Moreover, since these matrix elements (O;) must be
computed within a renormalisation scheme, this introduces a certain scheme dependence on

the Wilson coefficients, so the overall scheme depend cancels at the amplitude level.

» Having computed the amplitude A(M; — Ms) in the full theory and the matrix elements
(O;) of the operators in the OPE, at the same order in Perturbation Theory and at the
scale p1p, the Wilson coefficients C;(uo) can be obtained via (1.1.1). This procedure is called
matching the full theory onto the effective theory.

» Finally, renormalisation group evolution techniques must be used to obtain the value of the
Wilson coefficients at the low scale p. As we discussed, the u scale is arbitrary, allowing us
to choose what belongs to C;(x) and what to (O;(p)). However, it is customary to choose
p of the order of the mass of the decaying meson, which for B decays means pu = pp ~ my,.
So p has to be run down from pg ~ My to pp ~ myp. Then, the matching conditions for
the Wilson coefficients develop large logarithms In(M3,/u2) that break their computation in
a perturbative expansion. Solving for this requires the use of Renormalisation Group (RG)

Improved Perturbation Theory [8, 11], which we will discuss in the following section.

As a last note, it is important to stress that the description provided by a weak effective Hamil-
tonian is only valid up to the order in the 1/My expansion used for building the OPE and to the

order in oy in which the matching conditions of the effective theory are based on.

1.1.1 Renormalisation Group Evolution of Wilson coefficients

As we noticed above, the matching conditions for the Wilson coefficients present an important

problem: the expansion parameter ags/m ~ 0.1 (at the p, ~ my scale) is always accompanied by



8 Chapter 1. Effective Hamiltonians

consistent powers of In(M@,/u?), establishing (/) In(ME,/u3) ~ 0.8 as the de facto expansion
parameter and spoiling the perturbative expansion. This is actually a generic problem of renormal-
isable quantum field theories with vastly different characteristic scales: perturbative expansions
organise in powers of o, In(M?/u?) rather than as.

In order to solve the problem of these large logarithms, they must be resummed to all orders
by means of (RG)-evolution equations in Renormalisation Group Improved Perturbation Theory.
This framework provides a reorganisation of perturbation theory where as In(M?/u?) works as the
O(1) parameter in the expansion. Then, at leading order all terms of the form (agIn(M?/u?))"
(with n = 0,...,00) are resummed, contributing to the Wilson coefficients at order O(1). Next-
to-leading order contributions are obtained by resumming terms of the form (o In(M?/u?))",
which correspondingly count as O(ay) in the expansion.

Great references where RG-Improved Perturbation Theory is discussed at length, alongside
many other relevant topics for the study of Effective Theories, are Refs. [9, 12]. The discussion
below borrows some of its elements from these two references.

Now we will explicitly show how large logarithms must be resumed up to leading order. Con-

sider a complete set of effective operators

(0:(p)},  (withi=1,...,n) (1.1.3)

allowed by the symmetries of the theory. Since arbitrary changes of the renormalisation scale p

does not affect the physical value of the amplitude

A= Clw) (Oi()) = 3 Cilp+ 1) (Oip + o)) (1.1.4)
-y [cm) (O:()) + (;Lcim) (i) + € <oi<u>>) S+ } , (1.15)
implying that

d
dlnp

Zci(ﬂ) (Oi(p)) = 0. (1.1.6)

Being the basis of operators complete, we can write the derivative of every matrix element in terms

of the other matrix elements in the set,

d
dln

(Oi(n) = — Z%‘j(u) (O;(1)) (L.1.7)

where ;; is usually referred to as the anomalous dimension matrix and it measures how much the
matrix element changes under scale variations. It is important to stress that no large logarithms
are contained in this matrix. Clearly, if there is more than one operator in the basis, in general
~i; will cause operators to mix when the scale is changed. Expanding the derivative in Eq. (1.1.6)

and using Eq. (1.1.7), we obtain

> iCi(u)—ZCj(u)yﬁ(u) (Oi(p)) =0 (1.1.8)
J

%



1.1. Weak Effective Hamiltonian in the Standard Model 9

Therefore, because the operators are linearly independent, Eq. (1.1.8) necessarily implies the fol-

lowing renormalisation group equation for the Wilson coefficients

d
@Ci(u) =Y Ci(w)ysi(p) =0, (1.1.9)
J
which can be rewritten in matrix form as

d .

-C(u) = 4" (1) C(n), (1.1.10)
m

Because the anomalous dimension matrix controls the scale variation of the matrix elements and

scale dependence gets introduced in them as a result of QCD corrections, 4 depends on the scale

w only through the running of the a,(p) coupling constant. Then, we can change variables from

to as in Eq. (1.1.10) to find

d 57 ()
TG = ey €, (L.1.11)

Blas U))
where 8 = das(p)/dInp is the QCD beta function. Eqgs. (1.1.10) and (1.1.11) are differential
equations controlling the running of the Wilson coefficients with initial conditions set by the values
of the Wilson coefficients at the high scale, i.e. C(Myy).
Notice that Eq. (1.1.11) is formally identical to the Heisenberg equation of motion for time-

dependent operators, with the anomalous dimension matrix playing the role of the Hamiltonian.
Therefore, the general solution to equation Eq. (1.1.11) with the aforementioned initial conditions

reads

- 0 g M es(i)
C(pn) = Thexp [/QS(MW) dos Blon () C(Mw), (1.1.12)

with the formal definition of the exponential above given by its Taylor expansion and T, being an
operator that organises the powers of 47 (a) such that those terms evaluated at larger values of ag
stand to the left of those with smaller values of as. Keeping a well-defined ordering of the powers
of 4T (ais) is needed since, in general, two realisations of 47 at different a5 will not commute.
Now we apply Eq. (1.1.12) to the simplified case of having a theory with only one Wilson
coefficient (i.e. no mixing), this will explicitly show how resummation of large logarithms works.

First, we write the perturbative expansion of the relevant quantities in the RG-evolution

C(Mw) =1+ O(as), (1.1.13)
v(as) = voZ—; +0(a?), (1.1.14)
Blas) = =20 (ﬁoj—; + O(ai)) , (1.1.15)

where we have assumed the effective operator we are dealing with is such that it represents a
process operating at leading order in the full theory, hence C'(My,) = 1. Notice that none of these
quantities are afflicted by large logarithms.

Then, we find the leading order result
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Clp) = <m>_%C(MW) = <o§(sj%)f)>_% (1 +O(a5)>. (1.1.16)

The resummation of the large logarithm can be made explicit by expanding the evolution factor

in the equation above,

ol _ 0
as(p) \ 2P0 s M2\ %o Yo as . Mg, 2.2 Miy
_— ~ (1 — In—+ =1———1In—* In"—+ ). (1.1.1
<as(MW)> < g I 24r 2 O I (L.117)

Hence, in RG-Improved Perturbation Theory the characteristic large logarithms that appear in
the running of Wilson coefficients are encapsulated in ratios comparing the strength of QCD
interactions between the high and low scales through the QCD S-function.

If one wants to compute similar expressions for the RG-evolution of Wilson coefficients at
higher orders (i.e. next-to-leading order and beyond), it is enough to write consistent perturbative

expansions for C(u), v(as) and S(as),

C(My) = 1+§:cn (O‘(W>n (1.1.18)

ot 4
y(as) =D (Z—;)nH : (1.1.19)
n=0
Blas) = =205 > B (Z—;)nH : (1.1.20)
n=0

up to the desired order in oy and proceed as detailed above. Generalisations of this procedure to
cases with more than one operator, where mixing between operators is expected, can be found in

Ref. [13].

1.2 The Weak Effective Hamiltonian Beyond The Standard Model

Current available knowledge on possible New Physics (NP) seems to suggest that such phenomena
must be expected at very high scales of the order of Axp ~ few TeV. In this regard, the SM
may be understood as an effective field theory of a more general theory describing the physics at
energies around Axp. Therefore, the effective field theory formalism can be used to introduce NP
contributions into our description in a general and model independent way.

Once NP operators are added to the effective Hamiltonian (1.1.1), the value of the Wilson
coefficients will be shifted away form their SM values when matching the full theory onto the
effective theory. This is crucial since, if it is possible to obtain precise determinations of the values
of the Wilson coefficient from experiments, it allows us to test the presence of NP and to constrain
its contributions. This type of analyses, applied to the most updated experimental data on rare
B meson decays mediated by the flavour changing neutral current (FCNC) transition b — sft¢—,
constitute the most important results of this Thesis and will be discussed in Chapter 8.

In principle, the effective Hamiltonian chfp that keeps track of the presence of NP might
contain an infinite set of operators. However, the complexity of Hgﬁp is reduced once the next

requirements and assumptions are imposed.
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» The building blocks of the effective operators in Hgff are necessarily the relevant SM fields
to the process considered. Recall that the low energy degrees of freedom are the SM particles

with masses below My .

» For the same reason, all the operators must be invariant under SU(3)c ® SU(2)L, ® U(1)y,
the gauge group of the SM. Moreover, other global symmetries might be imposed to preserve

certain phenomenological facts (i.e. avoid proton decay, etc).

» There are still an infinite set of operators satisfying (i) and (ii), so a prescription to cut this
infinite set is in order. This prescription consists in dropping the operators with very high
dimensions. A suppression factor Af\?f, 6 is added to the NP effective Hamiltonian so that
the larger the dimension D of the operator becomes, the smaller are the coupling constants
CZ-[D} / Aﬁ}ﬁ. Since Anp is very large, this prescription provides indeed a good constraint on

the operators that are relevant in HeNﬁP.

According to the previous points, the most general form for the NP effective Hamiltonian should

be cast as
NP — C'[D] (D]
MY =D ) Alg_ﬁoi . (1.2.1)
D=7 1 NP

Even though this top-down prescription drastically simplifies the description of NP in the form of
an effective Hamiltonian, the number of operators in Eq. (1.2.1) is still too large for most of its
applications. Therefore, bottom-up procedures are usually followed in most NP studies. These
consist in writing down a model or a family of models, which formally are represented by the
addition of a new piece 6£5M to the SM Lagrangian consistent with the symmetries assumed,
integrating out the heavy modes (both coming from the SM and NP) and using the corresponding
set of Wilson coefficients and effective operators obtained to perform phenomenological analyses
with experimental data. In this thesis, only NP effects proceeding through SM-like and chirally-

flipped operators will be considered.

1.3 Introduction to Heavy-Quark Effective Theory

Hadronic systems with a heavy-quark constituent are naturally characterised by two relevant energy
scales: the heavy-quark mass mg and the scale of hadronic physics Aqcp, defined by the typical
momenta of gluons exchanged in a bound state. These two scales are clearly hierarchised Aqcp <
mq and thus allow for a description of heavy-quark systems within the Effective Field Theory
formalism discussed above, with the resulting theory being called Heavy-Quark Effective Theory
(HQET) [14-21]. Educational lectures on this topic can be found in Refs. [8, 11, 12].

More in detail, HQET provides a simplified description of physical processes involving the in-
teraction of a heavy-quark (mg — oo) with light degrees of freedom (light-quarks and/or antiquarks
and gluons) predominantly through the exchange of soft (low energy) gluons. This underlying as-
sumption on the nature of gluon exchanges between heavy and light degrees of freedom is usually
known as soft dominance. At energy scales of the order of mg or higher (i.e. short-distances),

the QCD coupling constant is small and strong interactions can be computed in a perturbative
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expansion. On the other hand, at scales below the heavy-quark mass (i.e. long distances), QCD
becomes strongly coupled due to confinement, rendering no perturbative computation as reliable.
Precisely, the main purpose of HQET is to provide a reliable theoretical framework for these scales.
As it is standard with effective theories, short- and long-distance effects are separated by intro-
ducing a separation scale p such that Aqecp < p < mg. Then, HQET is constructed in such
a way that it is equivalent to QCD in the long-distance region, i.e. scales below u. As a result,
this framework will fail at explaining short-distance interactions, since all heavy modes have been
integrated out. But we can deal with these contributions consistently by using the renormalisation
group techniques in Section 1.1.1.

Since Aqcp/mg ~ 0.1 < 1 for heavy quarks (Q = ¢, b), this defines a good expansion pa-
rameter for an OPE-type of structure. However, because in heavy-quark physics we are interested
in the properties of the heavy-quark, the heavy-quark degrees of freedom cannot be completely
removed from the theory in HQET, as the heavy-quark is not virtual and carries flavour charge. In
this sense, it is not fair to regard HQET as a proper OPE. Instead, what deserves to be eliminated
from the theory are the quantum numbers of the heavy-quark that cannot be resolved by the light
degrees of freedom.

Now we will derive the basics of HQET following Refs. [8, 11]. It is convenient to start by
writing down the QCD Lagrangian

Lqcp = q(x) (i —my) q(), (1.3.1)

with D = OH —igT* A" (x) the covariant derivative (being g the QCD coupling constant and a the
colour indices), T% the SU(3)c generators, Ag*(z) the soft gluon field and m, the corresponding
mass term of the quark field ¢(x). Notice that the covariant derivative contains only the soft gluon
field since we have already integrated out all contributions coming from hard gluons. We purposely
do not include the gluon field kinetic term as we are only interested in processes with quarks in
the initial and final states.

2

A softly interacting heavy-quark in a heavy-meson® is nearly on-shell, as it carries most of the

hadron’s momentum. Therefore, its momentum can be decomposed as

pé = mqgu" + k", (1.3.2)

where v# is the velocity of the meson (recall that v? = 1 for any four-velocity), mgq is the heavy-
quark mass and k* is the so-called residual momentum, accounting for the fluctuations in the
heavy-quark momentum stemming from its interactions with the rest of the meson. Assuming we
work from a reference frame where v ~ O(1) (i.e. the meson rest frame), then &* must be of the
order of the scale of light interactions k ~ Aqcp, which implies that changes in the heavy-quark
velocity vanish as Aqcp/mg — 0.

Being Q(z) the heavy-quark field in the QCD Lagrangian, we define the large- and small-
component fields h,(x) and H,(z) as

ho(x) = ™RV P, Q(x), H,(z) = ™e"*P_Q(x), (1.3.3)

2This actually also applies for baryons, we restrict ourselves to mesons since in this Thesis we will mostly work
with mesons. Then, by heavy-hadron we understand a hadron that is composed by a heavy-quark and light-quarks

only. We do not consider here the case where two or more heavy-quarks take part in the same hadronic state.
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where the projection operators Py read?

p.=—t. (1.3.4)

Using the definitions in (1.3.3), the heavy-quark field takes the form

Q(z) = =MV [ (z) + H,(z)] . (1.3.5)

Notice that h,(x) and H,(z) correspond to the two upper and two lower components of the heavy-
quark spinor Q(z). This is transparent in the rest frame of the heavy-quark, where v = (1, 0,0, 0).
In this frame, using the Dirac representation of the gamma matrices, ¥ = 7o and thus Py (P-)
leaves the two upper (lower) components of Q(z) untouched, while it cancels the lower (upper)
ones. Moreover, although it may look like an arbitrary choice, the phase factor e@%® in h,(z)
and H,(x) has been introduced in order to remove the high-frequency modes of the z-dependence
in Q(z) coming from the large momentum mwv. As a result, the residual z-dependence of h,(z)
and H,(x) is attached to the residual momentum k, so derivatives acting on both fields count as
O(AQCD).

Following the QCD Lagrangian in Eq. (1.3.1), the equation of motion describing the dynamics
of the heavy-quark reads

which can be rewritten in the following way by means of Eq. (1.3.5)

e™mavT i — (1 — $)mq) [ho(x) + Hy(x)] = 0, (1.3.7)

with even further rearrangements possible due to the properties of the large and small component
fields yh, = h, and yH, = —H,,

iDshy(z) + (i — 2mq)Hy(z) = 0. (1.3.8)
The anticommutation relations defining the Dirac algebra {y*,~7"} = 2¢*” imply

$Ds = "7 vuDsy = (26" — 7" )vuDgy = 2v - Ds — D3, (1.3.9)

leading to the useful property

PyDy =D Py +v- Ds. (1.3.10)

Now, acting over Eq. (1.3.8) with Py by the left and using the relations in Egs. (1.3.10), yields

the following coupled system of equations

iv - Dshy(z) = —ilD, | Hy(x), (1.3.11)
(iv - Dg + 2mq)Hy(x) = i), hy(z), (1.3.12)

3Recall that Py being projection operators, they fulfill the following properties: Pf = 1, PyPy = 0 and
P, + P =1.
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where the so-called spatial derivative ID,, stands for

D! = DY —vtv- D (1.3.13)

Looking at the derivative terms in Egs. (1.3.11) and (1.3.12), their interpretation is that the field
h, describes a massless fermion, while the spinor field H, encodes the dynamics of a fermion with
mass 2mg. These two modes are not independent and they mix through their interactions, as it
is explicit from the right-hand side of Egs. (1.3.11) and (1.3.12).

Solving the classical equation of motion for the field H, we obtain

imsth

H. =
U(x) w-Dg + 2mQ’

(1.3.14)
where one can clearly observe that H,(xz) = O(Aqcp/mq) ho(x), as the numerator of Eq. (1.3.14)
contains a derivative of the h,(x) field while there is a mass term mg in the denominator. Hence
H,(z) is suppressed with respect to h,(z), in the heavy-quark limit. This motivated the use of the
terms large- and small-component fields for h,(z) and H,(z).

Finally, inserting Eq. (1.3.1) in the QCD Lagrangian and removing H,(x) by means of Eq. (1.3.14),
we obtain the HQET effective Lagrangian

1

Luqet = hy(2) v - Dy hy(z) + hy (2 )le“m

iDg | hy(T) (1.3.15)

-1

The second term on the right-hand side contains the non-local operator (iv - Dy + 2mg)™". In

order to obtain a local theory, this operator must be expanded in powers of Aqcp/mg

1w - Dy
2mg

LuqQrT = ho(x) iv - Dg hy( + — Zh (2)ilDs < )nizpsm(x). (1.3.16)

Considering only the first term in the expansion and using the identity

P+ilpsLileLP+ = P+ [(leL) EJ;WG“ } PJr, (1317)

with o/ = %[fy“,’yl’] and the gluon field-strength tensor i[DY, DY] = g,G%”, the effective La-

grangian LxqQrT at order O(A(QQCD / mé) becomes

LHQET = hy(x) v - Dg hy(x) + Ll_Lv(:z:) (Z'DSL)2 hy(x) + Is ho(2)0, GEY by () + O AéCD
2mg 4mg Hr=s m2Q

(1.3.18)

To conclude, we use the HQET Lagrangian for discussing some of its most important features.

» At leading order in the heavy-quark expansion, the HQET reads

_ A
LuQeT = ho(z)iv - Dy hy(z) + O ( QCD) (1.3.19)
mQ
This Lagrangian describes the "residual” heavy-quark QCD dynamics, once the kinematic
dependence on its mass is removed. Since by construction Eq. (1.3.19) does not depend

on the heavy-quark mass, the HQET Lagrangian is flavour symmetric at leading order.
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Furthermore, no gamma-matrices are present in the operator v - D, therefore the leading
order term in HQET is also spin symmetric. From a physical perspective, this means that the
properties of hadronic systems containing a heavy quark do not depend neither on the flavour
nor the spin of the heavy quark, in the limit mg — oo. These two properties constitute the
spin-flavour symmetries of HQET, which lead to several relations among heavy-meson form
factors and give rise to important concepts such as the Isgur-Wise function [22, 23]. It is
important to stress that spin-flavour symmetries only hold at leading order, as higher order

corrections in Aqcp/mg break these symmetries.

» Explicitly writing the covariant derivative in Eq. (1.3.19)

hy(x) iv - D hy(z) = hy(z)iv' 0, hy (z) + gsl_lv(m)Tav“AgM(m)hv(:v), (1.3.20)

one can extract the HQET Feynman rules, as displayed in Fig. 1.1.

: . A

Z ' 7T k2

= = j = igsv®(Ta)j
a,a

Figure 1.1: HQET Feynman rules (7, j are color indices) [12]. Double lines represent a heavy-quark

with velocity v. The residual momentum £k is defined in Eq. (1.3.2).

» Weak currents can be easily written in terms of HQET fields and thus it provides a good
framework for the study of weak interactions. For instance, a generic heavy-to-light weak

transition current §(x)I'Q(z), usually appearing in semileptonic decays, can be written as

Q) = o)lh (1) + 0 (222 ) (1.3.21)

mq

where the heavy-quark field Q(z) has been replaced by the HQET field h,(x) using Eq. (1.3.5).

1.4 Introduction to Large Energy Effective Theory

The defining property of heavy-to-light meson transitions is the large energy F transmitted by the
parent meson to the daughter, in almost the whole physical phase space [24]. This is certainly
the case of some of the main channels studied in this Thesis, for instance B — K®¢t¢~ at large
recoil (see Section 2.1.4 for a definition of this term). Then, the final active quark is very energetic
(in the rest frame of the parent meson) and it can be assumed to predominantly interact with the
light degrees of freedom of the recoiling meson via soft gluon exchanges. This is another instance
of the soft dominance assumption already used in the construction of HQET. Within this context,

the recoiling quark carries most of the momentum of the emission light meson and thus the fast
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degrees of freedom become essentially classical [24]. Again, this resembles the HQET case, where
the heavy-quark carries almost all the heavy-meson momentum due to its large mass. Following
these ideas, the Large Energy Effective Theory (LEET) was introduced in Ref. [25], which provides
a framework for studying heavy-to-light processes with fast recoiling emission mesons as an OPE
using 1/F as the expansion parameter.

Therefore, in order to study heavy meson decays into energetic light mesons, one needs the
combined framework of HQET and LEET. The former being used for describing the dynamics of the
parent meson and the latter accounting for the behaviour of the energetic emission meson. Similarly
to the symmetry relations that emerge among heavy-meson form factors in HQET through the
Isgur-Wise function, this approach applied to B meson decays of the type B — V and B — P
(with V' and P vector and pseudoscalar mesons, respectively) yields a set of relations between the
relevant form factors in these decay channels at order 1/M and 1/F that reduce all form factors
to just a few scalar functions called soft form factors [24]. This is going to be discussed more in
detail in Section 2.1.4.

The relevant energy scales here are the energy of the recoiling light meson E, as seen from
the heavy meson rest frame, and the low scale of strong interactions Aqcp. If ' is large enough,
then Aqcp/E < 1, which allows for an OPE expansion of the full theory in powers of this
parameter. Hard momenta, with virtualities between the separation scale p introduced and F,
will be integrated out, whereas soft contributions, with characteristic scales below u, will be
incorporated in the matrix elements of the LEET operators.

The formal development of the LEET shares a lot of similarities with the construction of the
HQET. Its basis relies on the heavy-quark limit for the initial meson and the large energy limit

for the final one

{Aqcp, m} < {M, E}, (1.4.1)

being m and F the mass and energy of the light meson and M the mass of the heavy meson.

The momentum of the heavy meson is taken as

PF = Mu*. (1.4.2)

On the other hand, the light meson is recoiling really fast and almost all its energy is actually
kinetic energy, so its 4-momentum p# must satisfy the condition p? ~ 0. Therefore, by defining an
almost light-like vector n* (n? ~ 0), the momentum of the light meson can be written as p* = Enk.
Moreover, the direction vector n# also fulfils the identity v-n = 1. So, the energy of the light

meson reads
E=v-p. (1.4.3)

The energetic quark in the emission light-meson is assumed to interact with the soft degrees of
freedom of the meson only via soft QCD processes, hence its momentum pj aligns with the mo-
mentum of the whole light meson plus some small corrections k ~ Aqcp due to the aforementioned

soft interactions
pl = Ent' + k. (1.4.4)

Following the HQET spirit, two auxiliary fields ¢,(x) and @Q,(x), based on the energetic light
quark field gs(x), constitute the fundamental building blocks of the effective theory
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go(@) = PTPLgu(x),  Qulx) = PTTP_g(), (1.4.5)

with the the following definitions for the projection operators Pi,

woop Y (1.4.6)

P 7
+ 92 92 )

One can easily show that these operators follow the characteristic properties of projection opera-
tors, i.e. P =1, P,P_ =0 and Py + P_ = 1. To this end, the relations below prove useful

v? =1, v-n=1, n? ~ 0. (1.4.7)

In terms of g, (z) and Q,(z), the energetic light quark field reads

q(z) = e E g, (2) + Qn(z)]. (1.4.8)
It is worth noticing that the phase e’®™ in Eq. (1.4.8) cancels the high frequency terms of the
exponential coming from the space-time evolution of g(z), since e™Pa® = ¢~ Emze=ik  Conge-

quently, the xz-dependence of ¢, (z) and @, (z) is reduced to the small residual momentum k*, so
derivatives acting on both fields count as O(Aqcp).

Now we start building the LEET Lagrangian. Take the equation of motion for a light energetic
quark, which is the same as Eq. (1.3.6) but replacing Q(x) by g¢(x) and mg by m, (light quark
mass), and write ¢(z) in terms of ¢,(z) and Q,(x) by means of Eq. (1.4.8). Then

T E i — mg + B [gn(z) + Qn(2)] = 0. (1.4.9)

Since? ¢2 ~ 0, one trivially concludes that 1#g,(x) = 0. So, using this property, we can re-express

the previous equation as

[iDDs — mq| gn(z) + [iDDs — mq + Et] Qu(z) = 0. (1.4.10)

Using the anticommutation properties of the gamma matrices, very much in the same fashion as
in the proof of Eq. (1.3.9), it can be shown that

Pilpg =4v-Dyp Fn- D+ D Py (1.4.11)

Now, projecting the equation of motion Eq. (1.4.10) onto the subspace defined by Py and per-
forming some simplifications, one obtains the following coupled system of equations. By virtue of
Eq. (1.4.11) and the kinematic conditions 7%#* = 0 and %* = 1

in - Dsgn(x) + [ilDs — mgq — $(2iv - Ds — in - Dy)]|Qn(x)

0, (1.4.12)
(ipy — mg — iyn - Dg)gn(x) + ¥(2E + 2iv - Dy —in - Ds)Qp(x) =0

(1.4.13)

Thus, the second equation can be formally solved to give an expression for Q,(x) in terms of ¢, (z)

ilﬁs—mq—iyhrDs
9E + 2iv- Dy —in- Dy 1

Qn(z) = ¢ (2). (1.4.14)

“Recall that ¢° = a1 = a?, Va*.
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Observe that Qn(x) ~ O(Aqcp/E)gn(x), since the numerator in Eq. (1.4.14) contains a derivative
while the denominator has a factor E. This implies that, in the high energy limit £ — oo, the field
component @, (z) gets suppressed with respect to g,(z). In the rest frame of the heavy meson,
where v* = (1,0,0,0) and n* = (1,0,0 — 1) (assuming the z-axis as the propagation direction),
the projection operators read Py = +7379. Then, if ¢;(x) is a Dirac spinor with positive energy,
Qn(x) corresponds to its negative energy counterpart.

Finally, introducing the energetic light quark field decomposition of Eq. (1.4.8) in the QCD
Lagrangian of Eq. (1.3.1) (and exploiting Eq. (1.4.14) in order to write all dependencies on @, ()
in terms of g,(z) fields) and expanding up to O(Aqcp/E), we obtain the leading order LEET
Lagrangian [24]

L1EET = Gn(2) i¥n - Ds qn(z) + O (AQECD> . (1.4.15)
Note that there is no mass term in the LEET Lagrangian for the g, () field, however no assumption
has been made on the mass of the light quark in deriving Eq. (1.4.15). The mass term g,mqqn
just vanishes because of the action of the projector Py. Building the LEET only requires a strong
hierarchy between the light quark and recoiling meson masses and the energy of the meson, i.e.
mg < E and m’ < E with m’ the mass of the emission meson.

Some additional final remarks about the LEET are in order here:

» LEET and HQET provide the basic framework for the study of weak heavy-to-light quark
decays (mainly b — u,d,s), as long as the assumption of soft QCD interactions remains
true. The joint theory admits perturbative corrections to all orders in ag, accounting for
the short-distance QCD interactions between heavy/energetic quarks and the soft degrees
of freedom within the meson, while non-perturbative contributions come from higher order

terms in the expansions in Aqcp/mg and Aqep/E.

» Since Lggr has no mass dependence, it is flavour symmetric. Unlike the HQET effective
Lagrangian, Eq. (1.4.15) is not SU(2) spin symmetric because of the presence of gamma
matrices in Lpgpr. But, since these gamma matrices are not dynamical (not coupled to the

covariant derivative D*), LEET is invariant under chiral transformations
an(z) — eio‘v5/2qn(ac). (1.4.16)

Actually, it can be proved that the LEET symmetry group is in fact larger than U(1)chiral,
turning out that LrgrT possesses a global SU(2) symmetry [24, 25].

» Writing the covariant derivative explicitly, we can find the corresponding Feynman rules to
the LEET Lagrangian

Gn(x) ipn - Ds gn(x) = Gn(2) 100 gn () + gs@n()pT 0" A5, (2)gn (), (1.4.17)

where we have only written the soft-gluon field for the same reasons argued in Section 1.3.

Therefore,
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LEET quark propagator: wkz %6]@' (1.4.18)

n .
LEET quark-gluon vertex: igs¥ (Ta) jin® (1.4.19)



Chapter 2
Non-perturbative Elements

As we discussed in Chapter 1, Effective Field Theories are characterised by a given factorisation
scale that separates short- and long-distance contributions. The former are encoded in the Wilson
coefficients of the theory, which formally admit a computation in perturbation theory, while the
latter are pushed into the matrix elements of the effective operators. These are non-perturbative
objects whose determination is crucial for obtaining precise theory determinations of relevant
physical observables. Therefore, we need systematic methods able to generate reliable predictions
for the matrix elements.

Usually, one simplifies the complex structure of the aforementioned matrix elements by identi-
fying the Lorentz structures in them and parametrising the unknown energy-dependent functions
weighting these structures as so-called form factors. This has the advantage of reducing the com-
plexity of the matrix elements to just a few scalar functions, which usually appear in different
although related matrix elements. Currently, the most successful theoretical approaches for com-
puting form factors include the likes of lattice gauge theory and QCD sum rules (either pure
SVZ-like types of sum rules or light-cone sum rules). Good reviews of the latter non-perturbative
computational methods can be found in the lectures [26-28].

Here we will not discuss at length any of these paradigms, but rather we present an anatomy
of the relevant form factors in B meson decays to pseudoscalar and vectors mesons. Plus, we
discuss the relations between form factors due to the symmetries that emerge in the heavy quark

and large energy limits.

2.1 Meson Form Factors

2.1.1 Fundamentals

A form factor is a function of scalar variables that appears in the most general decomposition of
the matrix element of a current that is consistent with Lorentz and gauge invariance. In the context
of weak heavy-to-light meson decays, form factors are naturally required when decomposing the
matrix elements of the weak current mediating the transition from a heavy meson H into a lighter
one L. They can be understood as a measure of the overlap between the initial and final states of

the decay:

(L|GTQ|H) ~ el (2.1.1)

20
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Here, ¢ and @ stand for the fields of the weakly produced light quark in the emitted meson L
and the initial heavy quark in H, respectively. On the other hand, I' represents an irreducible
representation of the Dirac algebra component describing the Lorentz quantum numbers of the
process, once the indices of the weak vertex have been contracted into a local one. And Fy_,y, is
the form factor.

The term form factor is reminiscent of the functions used for parametrising the inner structure
of the proton in scattering processes, since those actually contain information about the ”form” of
the proton. This physical interpretation is not representative in our case and we should understand
the form factors along the ideas above. For this reason, in the context of weak decays it is common
to use the most accurate term transition form factor.

Quarks in the initial and final state mesons of a decay interact among themselves via gluon
exchanges. These include in general high- and low-energy exchanges, but for heavy meson de-
cays (i.e. heavy-to-heavy and heavy-to-light transitions) the leading contribution comes from soft

gluons. Therefore, form factors enter our computations as a non-perturbative input.

2.1.2 B — P Form Factors

Here P means any pseudoscalar meson. The following decomposition of bilinear quark matrix

elements define the relevant form factors for this type of B meson decays [29]

m2 — m2 m2 — m2
k(P qvub |B(p)) = |(p+ 1) — %QH f+(d?) + % “fold®), (2.1.2)
k(P(p)| qouwg’b|B(p)) = M [*(p+P) — (mB —mb)ay] fr(d?), (2.1.3)

with mp and p the mass and momentum of the B meson, mp and p’ the mass and momentum of
the pseudoscalar meson in the final state and ¢ = p — p/. The three g>-structures f+,o7T(q2) are
the B — P form factors.

Using the equations of motion for the s and b quarks, one can transform Eq. (2.1.2) and obtain

the following useful relation

2 2

K (W) @b |B)) = B fo(a?), (2.1.4)

being m, the mass of the ¢ quark in the current.

2.1.3 B — V Form Factors

The relevant form factors for B — V transitions (where V' stands for any vector meson) can be

defined through the following matrix elements ! [29]

) ! The sign convention used for the Levi-Civita symbol is such that €®123 = _¢pi23 = —1. Then V5 =

i Voo o .
a1V VYT = i’y Yy
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2V (¢%)

*v, Ip
mp +my

K <V(p/’ 5*)‘ (j’Yub ‘B(p» = €uvpoc€ P pg, (215)

*

*\| = D, g - . 6* .
w (V0 €Dl anusb 1B ) = szAO(qz)%qu + (mp +my)Ai(g%) [gu - Qqqu]

q
- Ag(qQ)m;:qm/ [(p + ) — m%q;m%/qu : (2.1.6)
K (V (P, Gowq"b| B(p)) = —2T1(¢)epupos™ "7, (2.1.7)

K (V (P, Gomq"ysb | B(p)) = —iTa(q?) [(my — mi)es, — (€° - @) (p + P)u]
—iT3(q°)(e* - q) [qu - m%qu%/(p +p')u] , (2.1.8)

where my, p’* and £ are the mass, the 4-momentum and the polarization vector of the vector
meson V in the final state, mp and p* are the mass and the 4-momentum of the B meson and
Gy = Dy — pL is the momentum transfer. The constant x is defined such that it takes the value v/2
for p¥, while it is equal to 1 for all the other mesons. Finally, the seven independent g?-functions
V', Ap,1,2 and T7 23 are the corresponding form factors.

It is important to notice that while V' and A 23 are scale-independent quantities, 77 2 3 have
a scale dependence [30, 31]. This is because non-factorisable corrections to the amplitude of the
decay B — K*~v*, with 7* off-shell, enter the amplitude precisely through the form factors 772 3
(more details on this can be found in Section 4.4).

Egs. (2.1.5) and (2.1.8) can be combined in order to obtain expressions for the matrix elements

of the typical bilinear quark currents

Vig)) 1
mp+my 2

2my

R <V(p/7 5*)’ (j'YuPL,R b |B<]9)> = E*V{ - iel/moop/pq(7 ?QV(]MAO(f)

T (mp +my) <gw - “’;Z“) Ax(e?)

qu / B 2
- (2 BTV ) A
e—— (( P+ Dy 7 QM> 2(q7)

KV (', e diouwmq" PLrb|B(p) = E*V{iEV#pap/panl(qQ)

| ((mh = md)gun — 020 + ) Tola?)

}, (2.1.10)

To conclude the section, we shall present the derivation of two additional matrix elements,

1
2

2

q / 2
+qv (Qu - m@p + Q)u) T3(q%)

1
where the chirality projectors are defined as usual by P p = 5(1 Fs5)-

which will prove to be useful later on. Let’s start by multiplying both sides of Eq. (2.1.9) by ¢*,
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& (V (P, )| q¢PLrO|B(p)) = € {Fmva,Ao(q®)} . (2.1.11)

Now, taking advantage of the fact that 5 anticommutes with all the other Dirac matrices,
{Vu:75} = 0, and using the equations of motion for the b quark and for the g antiquark, one

transforms the quark current in Eq. (2.1.11) into

(p—mp)b=0

B = q PL,Rb:mePRij—m (jPLva. (2.1.12)
q(p' —mq) =0 } ! !

In the heavy-quark limit, the b quark is assumed to be much heavier than the emission quark
q (myg < my), hence terms of the order of m,/my can be neglected. Then, using the results in
Egs. (2.1.11) and (2.1.12), it follows that

K (VW e) 2 Pr b B)) ~ & {i”nzqqu@)} . (2.1.13)

Finally, we also take Eqgs. (2.13)-(2.14) from [32] and rearranange them into

*\| = D 1 . *
Kk <V(p/, ")l q OuvY5 b|B(p)) = Qlfuupaeaﬁpg{e a(2p, + Q)BTl (q2)

2 2
mp —mi
- eI - Ta(@)
2(5* : Q) 1o 3 2 2 q2 2
+ Z p¢" |Ti(q°) — Ta(q%) — m2BfmaTg,(q ) op, o (2.1.14)
which, by means of the identity 0,75 = —%eumgao‘ﬁ , can be recast as

K (V(P',e")|qouw b|B(p)) = E*p{ — (20" + 0)"Th(¢%)

2 2
mp — My,

+ €uvppB qﬁT [Tl (q2) - TQ(q2)]

2 q2
— dp €pvap P'aqﬁ? [Tl(QQ) —Tu(q”) — mz_sz?)(qQ)} } (2.1.15)
B 14

Egs. (2.1.11), (2.1.12), (2.1.13) and (2.1.15) are important as they characterise the decomposition

of the matrix elements of the most relevant operators in the b — s¢*¢~ effective Hamiltonian.

2.1.4 Heavy-to-light Form Factors in HQET /LEET: Soft Form Factors

In b — ¢ transitions where the final quark ¢ can be considered light with respect to the b quark
(i.e. ¢ = u,d, s), the initial b and final ¢ quarks will interact with the spectator quark inside
the B meson” and the other light degrees of freedom mainly via soft-gluon exchanges. This is a
consequence of the b quark being heavy and the recoiling quark very energetic. Therefore, HQET

can be used to described the dynamics of the b quark and the LEET formalism applies to the

2The quark in the B meson that does not undergo a weak transition during the whole process.
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light energetic quark. Following Eqs. (1.4.2) and (1.4.4), neglecting the residual momentum k*,

the relevant dynamical variables of the process read

pH* = mpoH, p;“ = Ent, (2.1.16)

with p* the momentum of the B meson and p;” and F,; the momentum and energy of the energetic
light quark. Recall that the vectors v# and n* fulfil the properties in Eq. (1.4.7).

Since almost all the energy of the light meson F is carried by the quark created in the weak
decay vertex (the spectator quark is soft), then E,; ~ E and the momentum of the light-meson p/*

reads
p't = Ent, (2.1.17)

allowing us to write the momentum transfer in the following terms

¢ =p"' — p* = mpv* — Ent. (2.1.18)
Therefore,
2 2 2 mp s m?
2 my  mp

where m stands for the mass of the final meson.

In the large recoil limit, the kinematic region where the energy of the final state meson scales
with the heavy quark mass in the heavy-quark limit, the light meson is required to have an energy
of order O(mp/2) or, equivalently, the momentum transfer must be such that ¢*> < m%. Thus, we
have that F ~ mp ~ my, > Aqcp, so all the errors that arise due to the HQET and LEET double
expansion in Aqcp/mp and Aqep/Ex+ can be grouped together in a single O(Aqcp/my) term.

The LEET in Section 1.4 can be applied only to those light mesons in which the quark
emitted during the weak decay of the b quark carries almost all of the meson’s momentum: this
dynamical configuration is known as soft or Feynman mechanism. The preferred configuration for
hadronisation is the one where constituent quarks in the outgoing meson have nearly the same
momentum, thus the very asymmetric momentum distribution we are assuming here is an atypical
one, implying that the probability for the quark-antiquark pair to hadronise into a light meson
will be a function of its energy. For this reason, the heavy-to-light form factors at large recoil,
commonly known as soft form factors, will be functions of the energy of the recoiling light meson
¢(F) with unknown absolute normalization.

In this thesis, the explicit derivation of the large recoil soft form factors is not provided. For
detailed descriptions of their construction, we refer to Refs. [24, 29]. The three relevant B — P
form factors defined in Egs. (2.1.2) and (2.1.3) reduce to a single soft form factor {p(F), while the
seven independent B — V form factors defined through Egs. (2.1.5)-(2.1.8) are all related to only
two soft form factors, £, (F) and §(£). The subscripts | and || are related to the polarization
of the V' vector meson, with £, (E) (§(£)) being the only contribution to the form factor for a
transversely (longitudinally) polarized V.

Neglecting some m%/ / mQB terms that must be neglected at leading order in 1/my, for consistency,

the aforementioned relations between form factors read [24, 29]
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(P(")|gy"b|B(p)) = 2EEp(E)n*, (2.1.20)
(P(Y')| qo" q,b|B(p)) = 2iEEp(E) [(mp — E)nt — mpot], (2.1.21)

for B meson decays to pseudoscalars, and

w(V (', €)@y |B(p)) = 20E €L (E)e" e} npv, (2.1.22)

KV (P, €)@y sb | B(p)) = 2E [€1 (E)(e" — € -vnt) + §(E)e* - vnt] (2.1.23)

KV (p',e)Go" q,0|B(p)) = 2Emp &(E)e“”’”’e* Up N (2.1.24)
(VP ,e%)qo" vsqb|B(p)) = —2iE{ L (B) (™ — " - vnt) (2.1.25)

+&)(B) = ol(mp — B)n — mpo']}

for decays to vector mesons. Finally, comparing Eqgs. (2.1.2)-(2.1.3) with Egs. (2.1.20)-(2.1.21) the
following symmetry relations between form factors emerge

mp

Fo(q) = 52 fola®) = fr(@) = &p(E) (2.1.26)

mp+mp

for pseudoscalars. Correspondingly comparing Eqgs. (2.1.5)-(2.1.8) with Egs. (2.1.22)-(2.1.25) one
finds

&V(Q%ZW&W%ZTM@) S 1a(0%) = €L(B) (2.1.27)
T Al(e?) = I A - PE A () = GETa(e?) ~ Tala?) = (B)  (21.28)

for decays into vector mesons.
These relations are only valid for the soft contribution to the form factor at large recoil,

neglecting corrections of order Aqcp/myp and as.

2.1.5 O(a,) symmetry breaking corrections

Corrections to the form factors of order O(Aqcp/ms), although naive dimensional estimates assign
a 10% size for them, cannot yet be computed from first principles within any of the theoretical
frameworks available. Whereas, the status of O(ag) corrections to the form factors is rather
different. There are two sources of these corrections: hard-vertex corrections and hard-spectator
scattering [29, 33]. High energy contributions of the first type are accounted for by multiplicative
renormalising the current [gI'0]eq in the effective theory, following the usual techniques of operator
renormalisation in the construction of effective field theories [7]. Soft hard-vertex corrections
cannot be treated following the same strategy, since these are contributions from soft collinear
gluons to the light quark and therefore cannot be computed in perturbation theory. However,
soft hard-vertex contributions respect the symmetries that emerge in the HQET/LEET, so it is
possible to absorb them in the definition of the soft form factors [29]. The second type of O(as)
corrections are, from a physical perspective, generated by gluon exchanges between a heavy or
energetic quark and the spectator quark in the meson. Hence they allow mesons to transition

into states where the momenta of their valence quarks is symmetrically distributed, being this the
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preferred configuration for a meson. These latter corrections can be computed within the theory
of hard-scattering exclusive processes, which we review in Chapter 3.
The qualitative statement above can be mathematically synthesised into the following schematic

expression

F(¢*) = D&(E) + @ © Ty ® @, (2.1.29)

where F' stands for any full QCD form factor, a runs over the possible light mesons in the final state
a= P,V VI Ty is the so-called hard-scattering kernel, which can be computed in perturbation
theory, ®p , are the light-cone distribution amplitudes for a B meson and a light meson respectively
and D = 14 O(as) is a factor accounting for the hard-vertex corrections. As we will discuss in
forthcoming chapters, Eq. (2.1.29) holds to all orders in O(as) but is only valid at leading order
in Aqcp/my, since it draws from the simplifications available in the context of the HQET/LEET.

2.2 Meson Decay Constants

Meson decay constants are fundamental hadronic parameters where information about the interac-
tion strength between the valence quark ¢ of the meson and its associated antiquark ¢’ is encoded
[34]. Alternatively, it measures how likely it is for ¢ and ¢ to be at the same space-time point and
thus annihilate. As a consequence, a meson decay constant is a natural parameter to appear when

computing the transition amplitude from an initial meson state to a final non-hadronic state,

(01g'Tq [M) ~ fu (2.2.1)

where I' represents the irreducible Dirac matrix describing the transition process and fj; is the
corresponding meson decay constant.
For a pseudoscalar meson P with momentum p’, its decay constant is defined in terms of the

following matrix element [29]

kAP @54 10) = =i fpp, (2.2.2)
On the other hand, the longitudinal fy; and transverse fy, | decay constants of a vector meson

V' with momentum p, and polarization vector ¢}, are defined as [29]

(V@' €M) qyud 0) = —ifvmve), (2.2.3)
(V@' &) qoud 10) = fv.o(pn) (Pugs — Dlep)- (2:2.4)
Traditionally meson decay constants have been computed from two-point QCDSRs (see Refs. [27,

28]), yet nowadays some of the best computations for these quantities are obtained through Lattice

QCD, because of its progress during the last few years.



Chapter 3

Fundamentals of QCD Factorization

In the context of exclusive hadronic decays of B mesons, factorisation is a concept that applies
to matrix elements of the effective operators. For purely leptonic and strict semileptonic two
body decays (i.e. B — ppu, for the former, and B — Drv, for the latter), the amplitude of the
process can be decomposed (factorised) into products of matrix elements of leptonic and quark
currents. These are precisely the currents that originate from the 4-fermion operators in the
effective Hamiltonian. The factorisation of the matrix elements for this type of decays is easy to
understand because gluons cannot connect leptonic and quark currents. Thinking about Feynman
diagrams, it is possible to cut the W boson line connecting the quark and leptonic parts of the
decay and treat them separately.

However, for non-leptonic decays, since the products of the decay can interact via strong effects,

”1 contributions, that is corrections to the amplitude that cannot be written as

" non-factorisable
products of currents, must be also taken into account. Gluon exchanges with virtualities above
the my scale are already included in the process-independent Wilson coefficients of the effective
theory, as we discussed in Chapter 1. So, it is the soft QCD interactions that arise during the
dynamics of the decay the ones that generate the aforementioned ”non-factorisable” contributions.
Moreover, these long-distance corrections are crucial for accounting for how the quark content of a
given process organizes into hadron final states through the mechanism of rescattering. Therefore
is crucial to have a systematic and model-independent treatment of two-body heavy meson decays
capable of providing a consistent description of the non-perturbative input stemming from these
matrix elements while allowing, at the same time, a perturbative treatment of the high-energy
QCD effects.

In this section, we are going to first review one of the first attempts at computing matrix
elements of two-body meson decays: the so-called naive factorisation approach [35, 36] and some
of its extensions. Which will lead us to the technique of QCD factorisation (QCDf) [37], one of
the theoretical frameworks able to deal with these objects with the characteristics described in
the paragraph above. The collection of results we will qualitatively describe in this section will
be used later on for computing radiative corrections to exclusive radiative B meson decays in the
heavy quark limit, as it was shown in [29, 30]. An interested reader can find a more exhaustive
review of the factorisation concept in non-leptonic decays in [38] and [39], plus Refs. [40, 41] also

provide excellent discussions on QCDf from a more quantitative point of view.

1See footnote number 2 on page 31 for a precise definition of the meaning of the term non-factorisable between

quotation marks.

27
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3.1 Naive factorisation

For illustrative purposes, let’s examine the weak decay of a B meson into two light mesons M; and
Ms. The dynamics of this decays is governed by the weak effective Hamiltonian Heg describing
the underlying quark transition with the right quantum numbers. Therefore, the amplitude of the

process B — MM, can be written as

(My Ma| Hegr |B) ~ Y _ Ci(p) (M1 M| O; | B) (1), (3.1.1)

where C; are the Wilson coefficients of the effective theory and O; the corresponding effective
operators. Now we will focus on the matrix elements (M;Ms| O; |B) without, at least in the
beginning, thinking too much about its scale dependence.

From a field theory perspective, a meson state My is generated by a quark current carrying
the right flavour and Lorentz quantum numbers. For example, if Ms is a pseudoscalar, one needs
a current g1 Y*v5q2 to create a state with the adequate quantum numbers. Assume that O; is such
that one of its currents is able to generate My from the vacuum, if this operator also contains a
current, say gy*b, with the quantum numbers of a B — M; transition, this will contribute to the
B — My M decay amplitude. In the naive factorisation approach [35, 36], it is assumed that the
matrix element of the aforementioned effective operator can be decomposed (factorised) into the

product of the matrix elements of the two currents,

(M Ma| (17" 7592) (@) |Bg) =~ (Ma| 17" 7542 [0) (M1 | @b | By) = for, - FPo M0 (3.1.2)

So the matrix element, with two mesons in the final state, under the naive factorisation assumption,

=M1 These two

simplifies to the product of a decay constant fj, and a transition form factor FBq
quantities can be computed using elaborate techniques capable of dealing with non-perturbative
quantities, like LCSRs or lattice gauge theories. Hence, this approach provides a simple prescription
for estimating complicated matrix elements in terms of better known quantities.

In the previous expression, color indices are not explicitly written but understood to be
summed over. Notice that, since hadrons only live in colour singlet states, naive factorisation
requires both currents into which the full operator is decomposed to be colour singlets.

In general, the weak effective Hamiltonian will contain pairs of operators with the same flavour

and Lorentz structures but different colour arrangements,

O; = (q1al'1924)(qs'2bg), (3.1.3)
Oj = (QIQFI(Dﬁ)(qﬂFQba)a (3.1.4)

where «, § are the colour indices of the quark fields and I'y, I's the Lorentz structures of the
currents. Usually, the operators above are referred to as the colour singlet and colour triplet
operators. However, these are not the only forms one can write the two operators above. Using a

Fierz transformation these operators can be rewritten as,

O} = (7aT"1928) (@158 3ba), (3.1.5)
O} = (Gal1920)(718T5D3), (3.1.6)
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with Lorentz structures I'}, I', generally different from I';, I's. Since O; and (9; are colour singlet
structures with the same overall flavour content but different arrangement in terms of currents,
it is possible for the operators participating in the decay to be decomposed in the form O; (as
sketched in (3.1.2)), in the newly ordered form O; or in both forms. In the latter case, according
to the principles of Quantum Mechanics one must consider the two possible contributions, as
they represent different ways of rearranging the quark content into hadrons. Then, we define the

factorised matrix elements by

(Oi) p = (Ma| 1T1g2 |0) (M1] ql2b |Bg) + (M1| @1 T1g2|0) (Ma| qL'2b |By) (3.1.7)
(O)) p = (M2| qT" g2 0) (M| @1T5D | By) + (M| T g2 |0) (Ma| 1T5D | By) - (3.1.8)

If O; and O; (or equivalently O} and (9;) are the only relevant operators for the decay, we can

write the effective Hamiltonian as

Hex = C;O; + Cj@j = Cl(/); + C]O§ (319)

However, in order to introduce factorisation, we cannot work with the effective Hamiltonian above,
as both O; and O} do not admit a decomposition in terms of two separate colourless bilinear
currents. Hence one should investigate the structure of these two operators. For that matter, it is

convenient to work in the singlet-octet basis for the operators. Take the colour octet operator,

Og = (Q1aTgﬁrlq25)(QWT,;Z(;FQZ)(;). (3.1.10)

by means of the following relation between the generators of the Lie algebra of SU(3),

1 1
TSBT'$5 — 5 5015(5’37 - ﬁéaﬁé’yé 5 (3111)
C

one can re-express the octet operator in terms of the singlet and triplet operators,

2053 = O; — iOi. (3.1.12)

Ne¢
This shows that the triplet operator O; is colour suppressed with respect to the singlet. Plus, it is
clear that for Og to be able to contribute to the decay amplitude through factorisation, there must
be gluon exchanges between the quarks in the operator, implying that contributions from these
operators enter at order O(ay). The same conclusions can be obtained for the Fierz transformed
operator O}, with the correspondingly transformed octet operator Q5. So one can schematically

write

1 1
C;0; = ECjOi + O(a) and CZ'O; = FCCZO; + O(as). (3.1.13)

Therefore, the naive factorisation approach finally yields the following decomposition of the am-

plitude of the process,

(M My | Het|BY = ai(1) (O3) p + a; (1) (OF) 1., (3.1.14)

where the dressings aj 2(1) are defined as,
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a1 (1) = Co (1) + - Craln). (3.1.15)

(&
The application of the naive factorisation ansatz can be actually justified in highly energetic two-
body decays. In this case, the mesons produced in the decay hadronise’ when they are far apart

73 part of the amplitude is expected to give the dominant

from each other and thus the ”factorisable
contribution. Then, since quarks have already organized into colour singlet states, soft gluons
cannot alter their arrangement. This dynamical condition is known as the colour transparency
hypothesis [42]. One cannot strictly derive colour transparency from QCD [25] but it can be
explained in a systematic and model-independent way within the combined framework of HQET
and LEET [43]. Soft gluon exchanges between a fast recoiling meson produced in a point-like
source, i.e. an operator in an effective field theory, and the other hadronic parts in a meson
decay are very suppressed. Then, it is possible to study this soft-gluon interactions by means of a
multipole expansion, being the first term the colour dipole. It can be seen that this contribution
is suppressed by a Aqcp/my factor and so it vanishes in the heavy-quark limit.

As mentioned before, (3.1.14) implicitly means that ”non-factorisable” corrections are ne-
glected. The exchange of soft gluons between the mesons in final state is forbidden, making the
physical phenomena of rescattering and the generation of strong phase shifts between amplitudes
out of reach of this description.

However, the most obvious drawback of the naive factorisation approach has to do with the
0
i,
) (1) is ultimately reduced to a decay constant times a

different scaling behaviour a; ; (1) and the factorised matrix elements (O

)

]

) 5 enjoy. The renormal-
isation scale dependent matrix element (O
transition form factor, which are scale independent quantities. Therefore, all the scale dependence
cancellations between the Wilson coefficients and matrix elements of the operators of the effective
theory is lost in naive factorisation, consequently rendering an unphysical amplitude. Rather than
interpreting the factorised amplitude as a physically meaningful object, one might want to take it
as a proxy for the amplitude valid only within a suitable factorisation scale j1y. No information on
this scale is available from the principles of this prescription but one usually assumes this scale to
be around O(m,) or O(my), for D and B decays respectively.

More problems affect naive factorisation results beyond the leading logarithm contribution.
At this order in the expansion, the Wilson coefficients become renormalisation scheme dependent
quantities. In the ”full” effective theory, the matrix elements are also scheme dependent quantities
so that the overall scheme dependence cancels, however the factorised form of the matrix elements

spoils this cancellation. Of course, this is unphysical too.

3.1.1 Generalised factorisation

These issues are addressed, more or less effectively, in various so-called generalised factorisation

approaches [34, 44-49]. These models generalise the naive factorisation prescription by introducing

2By hadronisation one understands those strongly mediated interactions by which free quarks assemble in order
to create hadron states.
3We will use the term ”factorisable”, between quotation marks, for referring to those contributions to the matrix

elements that can be decomposed following naive factorisation, i.e. into the product of a transition form factor and
a decay constant. Similarly, ”non-factorisable” corrections are those which do not accept such a decomposition. We
introduce this notation as in the next section, when discussing the elements of QCDf, factorisable and non-factorisable

contributions will have a different meaning.
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new parameters that account for the ”non-factorisable” contributions, in an effort to cancel the
scale and scheme dependence of the Wilson coeflicients.

In Ref. [34] a more flexible approach is introduced where, instead of a fixed factorisation scale
pg = my (for B decays), one introduces the scale as a process dependent parameter. Assume the
amplitude of the decay B — M;Mj, given its dynamics and quantum numbers, can be described
by the factorisation of O; only, and not (9;. Using Fierz rearrangements, one can write the effective

Hamiltonian for this process in terms of two colour single currents and two colour octet currents,

He ~ <CZ + ;(&) O; + 2Cj08. (3.1.16)

C
One can introduce two process dependent non-perturbative hadronic parameters, €;(u) and eg(p),

to account for the "non-factorisable” contribution that are neglected in naive factorisation

{Os)

(3.1.17)

o
—_
1;/
Il
S
%/
S
ﬁ\j/

Whereas the naive factorisation decomposition C; (O;) 4+ C; (O;) = a;(1) (O;)  is only valid up to
O(as) corrections, the factorisation structure can be made exact with the aid of the parameters
£1(p) and eg(p) in Eq. (3.1.17),

(0 +65(0) = [ () + 6 ) 1+ 1] +Gestn] (©0r. (@119

The same can be argued for a decay proceeding through the decomposition of the operator (’);-. In

this case, one finds that

€ (00 + ¢ O = [ (G300 + -G ) [1+€400] + G| @) (3119

c

where the hadronic parameters ¢} (u) and §(p) follow the definitions in Eq. (3.1.17) with the re-
placements O; — O} and Os — Og. In terms of these new parameters, the decay amplitude (3.1.14)

can be recast as

(M M| Hegt | B) = a5 (0)) + a5 (OF) . (3.1.20)

with the coefficients a; and ao being replaced by the effective coefficients

i = (G + i) ) I+ x0] + G502 (31.21)
aSt = <Cj(u) + ;,CCi(u)> [1+&1(w)] + Cilwes(n). (3.1.22)

Clearly, since the colour transparency hypothesis is a sound physical depiction when ”non-factorisable”
contributions can be safely neglected, any faithful generalisation of the naive factorisation approach
should aim at providing a framework that reduces to (3.1.14) when ”non-factorisable” corrections
are put to zero. This is the case of the parametrisation presented above, as one can see taking the
limit £\ — 0 in Egs. (3.1.21) and (3.1.22).

The introduction of the hadronic parameters 57(;/) (u) (i = 1,8) comes without any loss of

generality and, since the factorised matrix elements do not depend on the scale, all of the scale
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dependence is contained inside the Wilson coefficients and the parameters 52(/) (). Therefore, as

the amplitude is a physical and hence p-independent quantity, the hadronic parameters 61(-,) (1)
restore the correct p-dependence of the matrix elements, which is lost in naive factorisation.

Even if the generalised factorisation presented in [34] manages to consistently treat the differ-
ences in the scale dependence of the Wilson coefficients and the factorised matrix elements, it is
still affected by a major theoretical problem. The scheme dependence of the Wilson coefficients at
next-to-leading order in the renormalisation group improved perturbation theory makes it possible
to find, for any factorisation scale, a particular scheme where the hadronic parameters 55/7)8 vanish
simultaneously [49]. This leads us back to the naive factorisation result and shows the inadequacy
of this generalisation for properly accounting for the ”non-factorisable” contributions to the matrix
elements.

Another approach to combining the principles of factorisation while achieving results with the
right scale and scheme dependence can be found in [45, 47, 48, 50]. For matching the effective
theory to the full theory when building the effective Hamiltonian, one needs to eliminate the
divergences that appear in the matrix elements of the effective operators through renormalisation
of the constituent fields plus the so-called operator renormalisation (see Chapter 1 and [7] for more
details). Therefore, since any O(u) in the effective Hamiltonian is a four-quark (current-current)
operator renormalised at the scale y, its matrix element can be schematically written in terms of

its corresponding tree-level amplitude

C(p) (O(w)) = C(1)g(1) (O) tree » (3.1.23)

with [45]

2
g(p) ~ 1+ as(p) (7111_'[;2 —|—c>, (3.1.24)

where p is the off-shell momentum of the external quark lines, v the anomalous dimension and ¢ a
momentum-independent constant term. Then, one can redefine the contribution of this operator

to the amplitude,

C(:U’)g(lu’) <O>tree = Ceﬂ <O>tree ’ (3125)

so that the effective coefficient C°% is scale and scheme independent. Thus, coming back to our

customary system described by the Hamiltonian in (3.1.16), one finds

Ci (O3) +C;(05) = C5T(O3) o0 + CFT(O;) (3.1.26)

tree tree

Now it is, in principle, possible to safely apply naive factorisation to the ”tree-level” matrix ele-
ments, as all scale and scheme dependence is encapsulated in the effective coefficients. Ultimately,

as in Eq. (3.1.20), this procedure leads to a factorisation prescription that absorbs the "non-

factorisable” contributions into some parameters aff]f,
eff Ceff 1 Ceff 1.9
aivj iuj + 7\]6& j7i7 (3 : 7)

where N is a "non-factorisable” parameter representing the effective colour suppression that
each different channel feels. Notice that, despite N°¥ being in general a process dependent, this

parameter is expected to be process-independent for energetic two body B-decays [45].
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This last approach also has, however, its own drawbacks. As shown in [49], the perturbative
evaluation of scheme-dependent finite contributions to the matrix elements makes the effective
Wilson coefficients gauge dependent quantities and induces some infrared singularities. Of course,
this makes the parametrisation in (3.1.27) unphysical and diminishes its predictive power.

Finally, some theoretical frameworks able to properly treat "non-factorisable” contributions
emerged [51-54], where all the shortcomings discussed above are solved. In the remaining of this
chapter we will focus on the computational method introduced by Beneke, Buchalla, Neubert
and Sachrajda: the so-called QCD factorisation approach (QCDf), also known as BBNS after its
authors. Originally this framework was devised for the analysis of the B — 7w decay [37] and
later it was extended and generalised to non-leptonic [55-57] and radiative decays [30, 33, 58].

3.2 QCD Factorisation

QCD factorisation is a theoretical framework for computing transition matrix elements of effective
operators that relies on the usual factorisation sense used in most QCD applications: what it is
factorised are the long-distance dynamical effects in the matrix elements from all those contribu-
tions that depend on the characteristic large scale of the underlying physical process. These ideas
were already widely used in the 70s and 80s for the description of hadron scattering with large
momentum transfer, i.e. deep inelastic scattering (DIS). In this last particular case, the amplitude

for a process e + A — e + X (where A denotes a given hadron and X anything else) [59, 60]

W (pg) = o [ dlye ™ ()| 1X) (X1 70) | A®) (3:2.1

where j#(y) is the electromagnetic current, can be written in a very compact form, following the

factorisation theorem

WH (p,q Z/ — faya(& ) HEY (g, €p, i, as(p)) + power corrections of O <Q2> (3.2.2)

In the expression above, p is the momentum of the incoming hadron A, ¢ the momentum trans-
fer, Q> = —¢* and the index a runs over all partons composing the incoming hadron (a =
gluon, u, @, d,d,...). The hard-scattering functions H4" contain the short-distance contributions,
which can be computed perturbatively as an expansion in « 8(\/@ ). Whereas, the so-called parton
distribution functions f,,4 (&, i) encode the long-distance phenomena and thus must be computed
by means of non-perturbative methods or estimated experimentally. One must read f,, A&, p)dg
as the probability of finding a given parton a in the hadron A carrying a fraction £ of its total
momentum. The benefit of employing this decomposition is that generally the non-perturbative
objects involved, that is the parton distribution functions in this case, are substantially simpler in
structure with respect to the full amplitude and/or they are process independent.

In the QCDf context, the same idea applies. As in (3.2.2), QCDf factorises a given transition
matrix element as a convolution of long- and short-distance structures. Again, long-distance
contributions must be assessed with the aid of non-perturbative analytical tools, while the short-
distance pieces can be computed in perturbation theory with as(my) as the expansion parameter.

Clearly, the factorisation properties of non-leptonic decay amplitudes must depend on the

mesons in the final state. It is thus necessary to make distinctions between types of mesons and,
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Figure 3.1: Graphical representation of the factorisation formula for B meson decays to two light

mesons [55].

since my sets the QCDf factorisation scale, this distinction has to be expressed in meaningful
terms within the heavy-quark limit. In this sense, we will call a meson ”light”, if its mass can be
considered as finite in the heavy-quark limit. Alternatively, a meson is going to be "heavy”, if its

mass m scales with mp in the same limit, so that m/mp stays fixed.

3.2.1 The factorisation formula

The subsequent discussion contains a review of the general elements and concepts involved in QCDf
mainly following [55]. We consider non-leptonic B — MjMs decays mediated by an underlying
weak transition in the heavy-quark limit and distinguish those cases in which both mesons in the
final state are light from those where one of the mesons is heavy and the other light. Up to power
corrections of order Aqcp/myp, the QCDf factorisation formula for the transition matrix element
of an effective operator O; in the WEH reads [55]

(L1 Lo 05 |B) = 3 FE=E1 (i / du T (u)® 1, ()

+ZFB_>L2 /0 dv T (v)®p, (v) (3.2.3)

1
+ / de dudo TI(E, u, 0)®5(6) @1, ()P, (v),
0

(Hi1Ly| 0;|B) = FP7M(m )/ du T} (w)®p, (u). (3.2.4)

7 0
Eq. (3.2.3), stating the factorisation of a matrix element of a B meson decay to two light mesons,
is diagrammatically depicted in Fig. 3.1. On the one hand, the non-perturbative content of the

—>L1,2(m%71) modelling B — M o transitions

factorisation formula is encoded in the form factors FjB
and the light-cone distribution amplitudes (LCDAs) ®x(u) for the quark-antiquark Fock state of
meson X. We provide a description of the non-perturbative inputs in QCDf below. On the
other hand, the hard-scattering functions TZI] (u) and T(&,u,v) (also known as hard-scattering
kernels) are perturbatively calculable functions of the light-cone momentum fractions u, v and ¢

of the quarks inside the final state mesons and the B meson respectively. There are two types of
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hard-scattering kernels: ”type I” and ”type II”, accounting for "hard vertex” and ”hard-spectator”
contributions. Both LCDAs and hard-scattering kernels are scale and scheme dependent functions,
this is not explicitly written above for the sake of keeping a simple notation. And, finally, m; 2
denote the meson masses.

Hard interactions always enter at order O(as), therefore the third term in Eq. (3.2.3) does
not contribute at O(a?). The hard-scattering kernels TZI ; are independent of u and v at this order
too, so the convolution in the factorisation formula yields the product of a form factor and a
decay constant, reproducing naive factorisation. This corresponds to the lowest order topology in
the effective theory (see Fig. 3.2). Hence, now we have a formalism that naturally explains the
naive factorisation result at leading order while it allows us, at the same time, to systematically
compute radiative corrections to this result at all orders. Additionally, this solves all the problems
regarding the different scale and scheme dependencies between the different objects in generalised

factorisation prescriptions.

Figure 3.2: Leading order topology contributing to the decay of a B meson to two mesons. Here

the black square represents the four-quark operator through which the decay proceeds [55].

In B meson decays to two light mesons, the spectator quark in the B meson can go to either of
the two light mesons. This is accounted for in the first two lines of Eq. (3.2.3), each of them being
one possibility. The third term in this equation contains the contributions to the matrix element
coming from hard scattering interactions with the spectator quark. The two topologies in Fig. 3.3

are examples of hard-spectator scattering interactions.

The structure of the factorisation formula simplifies greatly when dealing with decays where
the spectator quark goes to a heavy meson. In such a context, hard-spectator interactions (those
in the third term in Eq. (3.2.3)) can be safely neglected as these contributions turn out to be
power suppressed in the heavy-quark limit. Notice that it could also happen that the spectator
quark goes to the light meson, while the other meson is heavy. However, in this setting QCDf
does not apply because the heavy meson is neither fast nor small for it to be factorised from
the decay’s weak quark current. This does not pose a threat, though, since such amplitudes are
power suppressed in the heavy quark limit with respect to the contributions where the spectator is
captured by the heavy meson while the other is light. As a final remark, one should observe that
annihilation topologies in Fig. 3.4 are not included in the factorisation formula, the reason being
that these are corrections that do not contribute at leading order in the heavy-quark expansion.

Because the form factors and distribution amplitudes are all real quantities, strong phases
generated via rescattering effects, of great importance in the hadronisation of mesons, must be
hidden inside the perturbative hard-scattering functions or contained in the order Aqcp/my power

corrections to the factorisation formula.
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Figure 3.3: Hard-spectator scattering diagrams in the effective field theory [55].

The other great achievement of QCDf relies on its usefulness. Computing the full matrix
element (M;M;| O; |B) is a grand theoretical endeavour, however form factors and LCDAs enjoy a
significantly simpler structure and they have been at the reach of many non-perturbative techniques

(LCSRs, QCDSRs, lattice gauge theories, etc) since a long time already.

Figure 3.4: Weak annihilation topologies [55].

3.2.2 Power counting rules

Identifying which terms are leading and which are suppressed at leading power in Aqcp/my, and
at a given order in «j is rather important in the QCDf framework. For that matter, one needs to
understand the typical energy scales of the gluon exchanges between the constituent quarks inside
a meson and between the quarks of the different mesons involved in the dynamics of the decay
process.

For mesons, or more in general hadrons, to stay as a bound state, there must be a constant
gluon exchange between the valence quarks. In the case of a heavy quark, as most of the meson’s
momentum is aligned with that of the heavy quark constituent, both gluon exchanges between
valence quarks and the momentum of the spectator quark are soft and thus of order qgoft ~ AéCD.
The decay of a heavy quark is a highly energetic process, so hard-collinear gluon exchanges are
expected, these being of the energy scale of the heavy quark qﬁard_couinear ~ mg. Finally, there is
one last interaction possibility, which is the gluon exchange from a heavy or a fast-recoiling quark
to the spectator of the heavy meson (assumed to be slow and soft), i.e. hard-spectator scattering.

Typical energy scales for this type of interactions are qﬁard_spectator ~ Aqcpmy.

3.2.3 The non-perturbative quantities in QCDf

In this subsection we want to present some of the characteristics and properties of the non-

perturbative inputs in the factorisation formula: form factors and light-cone distribution am-
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plitudes.

Transition form factors

As we already discussed in Chapter 2, the general notion of a transition form factor arises in the

decomposition of matrix elements of the form

(M|qrv|B), (3.2.5)

where ¢ and b are Dirac quark fields and I' a given irreducible Lorentz structure linked to the
vertex responsible of the b — ¢ transition. For example, the matrix element of a vector current

mediating a B — P transition can be parametrised in terms of two scalar form factors

2 2
mp —Mp

(P(p)|qv"b|B(p)) = FE7P ()" + ") + [FP7F(¢%) — FE7P (7)) e

(3.2.6)
with ¢ = p — p’. Here mp is the mass of the P meson and mp the mass of the B meson.

One can look at the form factors in the factorisation formula in a twofold way. First, one
can understand that only soft contributions are accounted for in the F jB_}Hl’Ll parametrising
the meson transition in the factorisation formula. In this framework hard corrections to the
form factors are taken to be part of the hard-scattering kernels TZIJ and TiH. Of course, this
interpretation has implicit one’s ability to distinguish between soft and hard contributions. Recall
that ”physical” form factors* contain both soft and hard contributions to the underlying transition.
This separation is possible for B meson decays to a heavy and a light meson since one can define
form factors containing only soft contributions within HQET, which can later be matched to the
physical form factors. However, there is no solid procedure for doing the same for decays to
two light mesons. A second approach is to equate the non-perturbative functions FJB%Hl’Ll to
”physical” form factors. Then, as both soft and hard contributions are included in the ”physical”
form factors, hard contributions have to be omitted from type II hard-scattering kernels TiII and
consistently subtracted from type I kernels Tzlg, beginning at two-loop order [55].

Light mesons light-cone distribution amplitudes

Given any four-vector k* = (k° k', k2, k), one can define its light-cone components (along the

z-axis) by
KO+ k3
ky = . 3.2.7
£=—7 (3.2.7)
Using these components it is possible to rewrite the previous four-vector as
k= (ky, k— k1), (3.2.8)

where k| refers to the components of k = (k', k2, k?) orthogonal to the axis used to define the
light-cone components ky. Clearly, these coordinates are highly dependent on the axis choice

used for their definition but they provide a very powerful language for describing ultra-relativistic

4By ”physical” form factors we understand the form factors in which we decompose transition matrix elements,
ie. FPGP in (3.2.6) and all of the form factors discussed in Chapter 2.
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phenomena where it is possible to identify a preferred axis. This is certainly the case of hard-
scattering processes, being the preferred axis the collision axis. The main motivation for the use
of light-cone components is their very simple transformation laws under boosts along the preferred

axis (the z-axis in our case):

= (kg ko k) 2200 1t = (kye? koo ¥ k) (3.2.9)

with 1 an hyperbolic angle such that v = tanh v is the velocity of the boost. See [61] for a rather
comprehensive review on the properties of light-cone components.

LCDASs play for hard-scattering processes the same role the parton distribution functions play
for high-energy inclusive processes. These are universal non-perturbative objects that encode the
long distance dynamics of the meson (or, more generally, hadron) considered when probed at large
momentum transfer. Physically they represent the probability of finding the valence quark and
antiquark inside the meson in a certain dynamical configuration.

Let us construct a light-pseudoscalar meson state out of its on-shell constituent quark compo-

nents within a spin singlet-state with no net transverse momentum [55]

dv d2€J_ 1 t i
/ Voo 1673 v, l)m (“@ 10,y — @, by T) 0) . (3.2.10)

Here aZT (b%) is a creation operator whose vacuum excitations are (anti)quarks with momentum ¢
and spin up, with its colour indices not explicitly stated. This is clearly a leading order represen-
tation of the quantum state of a pseudoscalar meson. The wave-function (v, £, ) measures the
probability for the meson to be composed of an on-shell quark and antiquark with longitudinal
momentum fractions v and v and transverse momentum £, , which averages out to zero between

the two quarks. The on-shell momenta of the quarks (fg’q = 0) are given by [55]

2 2

At al
gq = Uk' + EJ_ =+ ﬁn_, éq = 'Uk ZJ_ -+ ﬁn_, (3211)

with £ = E(1,0,0,1) the pseudoscalar momentum, being F = pp - k/mp its energy expressed in
a Lorentz invariant fashion assuming the pseudoscalar is generated in the decay of a B meson,
and ny = (1,0,0,%1) the light-cone basis vectors (along the z-axis). Notice that, as the quark’s
transverse momentum £ is only related to the meson soft contributions, £; ~ Aqgcp for power-
counting purposes. It is also interesting to observe that the quar-antiquark invariant mass (¢, +
5)% = £3 /vt is of order AéCD and thus irrelevant in the heavy quark limit.

LCDAs are defined via hadron-vacuum matrix elements of non-local operators composed by a
given number of quark and gluon fields with a certain helicity structure at light-like separations.
Non-local operators with different structures give rise to different LCDAs. These LCDAs are clas-
sified according to the so-called twist® of their corresponding operator. The lowest twist operator
one can imagine for a pseudoscalar meson is the operator associated with its lowest Fock state.
Then, explicitly using the spinorial form of the quark fields, we can write the vacuum-to-hadron

matrix element defining the leading twist LCDA

SRoughly speaking, the twist of an operator is defined as the difference between its dimension and spin. It
turns out that this quantity, rather than the dimension of the operator alone, is a more relevant quantity when
classifying a given operator in an expansion near the light-cone [62, 63]. In our case, the operator with the lowest
dimension compatible with gauge and Lorentz invariant follows the structure ¢;(z)ag;(0)s. Since this is an operator

of dimension three and spin one, the lowest or leading twist order is twist-2.
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: 1
_ ’pr -

(P G210, (0)3 10) 22 = 528, (sk)gs [ o ™0 p(w) (3:2.12)
where fp is the pseudoscalar meson decay constant, £ = v/2 (k = 1) for 7% and p° (for other
mesons) and 4, 7 and «, [ are colour and spinor indices, respectively. As we mentioned earlier,
LCDAs are actually probability distributions so they are normalised to unity fol dv ®p(v) = 1.
Hence, the meson wave-function ¢(v, £ ) in Eq. (3.2.10) is related to the leading twist pseudoscalar

LCDA ®p(v) by integrating out its transverse momentum dependence

a0, 1 i f
/mﬁﬁmw(”’ei) - —%’@p(v). (3.2.13)

Similarly, vector-meson LCDAs are defined through the following matrix elements, where n* is the

polarization vector of the vector meson V' [32, 64]

fL 1 a
VDI 0t 0)3 10220 =~ [1.8],, [ dve™=ap (0

meV . ! iOk-2
—‘/47&(5” z}éaﬁn-z/o dv &% <I>|‘|,(v) (3.2.14)

1
+ wa,g/ dv ewk’-zgé(v) (U)
0
1 nvpo ! ivk-z L(a)
= 5 @k z2p7575) ; dv e gy (v) |

with [y, k] = 9k — K9 a regular commutator. The functions ®;(v) and @“‘/(v) fix the leading-
twist probability for a quark (or an antiquark) to carry a fraction of the total momentum v inside
transversely and longitudinally polarised vector mesons, respectively. The functions g‘i(v) (v) and
g‘i(a) (v) describe transverse polarisations of quarks in longitudinally polarized mesons. The latter
functions, receive contributions from both matrix elements of twist-2 and twist-3 operators and
their twist-2 contributions are related to the longitudinal LCDA by [64, 65]

v I 1 [
L(v)twist—2, 1 Py (u) / Py (u) 1
Iy (v) = 2 [/0 du i + v du U ’ (3.2.15)
v I 1 I
L ) ¢
gé(a),twmt 2(1}) —9 lv/ duﬂ + U/ duﬂ (3216)
0 u v u

As explicitly stated in Eqgs. (3.2.12)- (3.2.14), the space-time separation between quarks is taken to
be light-like (22 = 0). The leading contributions to these matrix elements, defined on the light-cone,
contain ultra-violet divergences. In order to deal with these divergences, one can regularise the
aforementioned divergences, which yields non-trivial scale dependencies on these quantities that
can be described by means of well-established renormalisation group methods [64, 66, 67]. The
conformal symmetry of massless QCD at tree level has the important consequence that operators
with different conformal spin® do not mix at leading logarithm [27, 64]. This can be used for

expanding the LCDAs in conformal partial waves [68]

5This is how one usually refers to the quantum number associated to conformal symmetry.
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o, (v) = 6v(1 —v) |1+ a3 2v-1)|, (3.2.17)
n=2,4,...

where {Cf;(m)} is a family of orthogonal polynomials known as Gegenbauer polynomials

CNz) = <n " 2; - 1) k; (Z()f: 50'“ <x o) 1>k : (3.2.18)
k

with the definition for the symbol (a)y =a-(a+1)-(a+2)-...-(a+k —1). For a good review
on the definition and properties of these polynomials we refer to Ref. [69].
Aside from the prefactor in Eq. (3.2.17), all the dependence of the LCDA on the longitudi-

nal momentum fraction v is contained in the Gegenbauer polynomails C’g/ 2, while the transverse

(]

momentum dependence (the scale dependence) is placed in the a,(u) coefficients, which are mul-

tiplicatively renormalisable quantities to leading logarithm accuracy [64]

("l =v5-1)/(280)
)

a1 (1) = ) () (‘”’”

, 3.2.19
Qs (/Llow ( )

being [y the leading term of the QCD S-function and the one-loop anomalous dimensions [70, 71]

n+1

8 2 1
=212 414 - 3.2.20
8 n+1 1
1 _
Y = g 1+ 4]223 . (3.2.21)

The combinations of anomalous dimensions in (3.2.19) are always positive and monotonically
increase with n, therefore at sufficiently large scales p only the first few terms in the Gegenbauer
expansion are relevant. Usually, for applications in B physics, the expansion is truncated at n = 2.
Furthermore, this guarantees that a,(u) — 0 as 4 — oo, due to the asymptotical freedom of QCD,

which renders the following very simple expression for the asymptotic form of LCDAs:

ol (v) M 6uw. (3.2.22)

Notice that all of the results shown here correspond to vector meson LCDAs. For pseudoscalar
LCDASs, the same results apply except that different anomalous dimension coefficients are required
for the renormalisation of the coefficients in the conformal waves expansion (see [27] for the cor-
responding results for ®,(v)). Indeed, the asymptotic formula ®x(v) 2 6o applies both for
X=PV.

It is important to have a solid understanding of the behaviour of the LCDAs in the endpoint
region. This dynamical configuration is defined as the region where v or v is of order Aqcp /My,
such that the quark or antiquark momentum is of order Aqcp. Contributions to the factorisation
formula coming from this region, known as endpoint contributions, are dangerous because while
one might be able to show the infrared safety of the hard-scattering kernels TZI] (v) and T (€, u,v)

for generic longitudinal momentum fractions and without any regards on the shape of the meson
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distribution functions, for v — 0 or v — 1 at least one of the quark propagators that were assumed
to be far off-shell approaches its mass-shell. If such contributions are of leading power, perturbative
computations of the hard-scattering functions are not going to be reliable.

For estimating the LCDAs endpoint structure, one can use the fact that distribution amplitudes
enter the factorisation formula already at a renormalisation scale of order my, so it is a safe

approximation to use their asymptotic form. Using (3.2.22), we count [55]

B (v) ~ { 1; for v away from the endpoint, (3.2.23)

Aqcep/my;  for v, U ~ Agep/my,

with X = P,V+,VI. So, for a generic longitudinal momentum fraction v ~ 1 the LCDA has a
non-negligible contribution to the convolution integral, with well-behaved hard-scattering kernels.
In the endpoint region, v and © ~ Agcp/myp then the outgoing meson momentum k is of O(Aqcen),
putting its constituent quark and antiquark in a configuration dangerously close to their mass-shell.
However, being the endpoint size of order Aqcp/myp, contributions from this region are suppressed
by a factor ~ (Aqcp/mp)?. Therefore, although this suppression has to be weighted by the
possible enhancements in the amplitude due to propagators near their mass-shell, contributions
to the convolution integral coming from this region are expected to be very subleading. The
physical interpretation of the aforementioned suppression has to do with the fact that there is a
high probability for the outgoing meson to leave the decay region already hadronised, if its valence
quarks are in an endpoint-like configuration, which means that the LCDA must be very suppressed

(as we have indeed observed).

B mesons light-cone distribution amplitudes

Light-cone distribution amplitudes of B mesons only appear in the hard-spectator scattering term
of the factorisation formula for decays to two light mesons. The need for light meson LCDAs
as functions encoding the soft physics inside the mesons conforms to our intuition, however for
B mesons it is less evident. Because the b quark carries most of the B meson’s momentum p,
py = &t ~ p', the spectator quark momentum ¢ must be of order Aqcp, (T = &pt with
¢ ~ O(Aqep/myp) and € = 1 — &. Therefore, the heaviness of the b quark implies a very different
internal dynamics for B mesons with respect to light mesons. Despite this fact, hard gluons
connecting any of the highly energetic quarks in a fast recoiling emission meson with the spectator
quark can probe the momentum distribution of the B meson, warranting the use of B mesons
LCDAs for taking into account these contributions.

The most general decomposition of the B meson LCDA at leading power in 1/m; uses the
fact that, at the B meson rest frame, only the upper two components of the b quark field are
large, whereas there is no restriction on the components of the spectator quark due to it being
neither heavy nor energetic. Then, the B meson LCDA can be parametrised in terms of two scalar

functions [55]

ZfiB(SU [(p + mb)'yg,] By (3.2.24)

(01Gi(2)al- - 05 (0)5 [Ba(p)), 1m0 = = =

y / e P [0 () 4 5Py (O)]
0 e
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where the "dots” denote a path ordered exponential connecting the two quark fields (which is
required for ensuring the gauge invariance of the matrix element), n_ = (1,0,0,—1) and the

following normalisation conditions apply

1 1
[acen© =1 [ o -o (3.2.25)
0 0

While light meson distribution amplitudes are broadly understood, state-of-the-art knowledge on
B meson LCDAs is still rather limited, even from the theoretical perspective. Naively, one expects
B mesons to behave like light mesons at scales much larger than my, so B meson LCDAs should
then approach the characteristic symmetric structure of light meson LCDAs. On the contrary, at
scales of the order of m; and smaller, distribution amplitudes are expected to be largely asymmetric
with & ~ O(Aqep/my).

At leading order in «s, the hard-spectator scattering amplitudes only depend on ®p, (cf. Egs.
(28) and (29) from (3.2.3)). More precisely, it enters the computations through its first inverse

moment [37],

1
/df%l(g)sz. (3.2.26)
o §

Although, the moment Ap is well-known to be a soft quantity of order Aqcp, it remains uncertain
by a large margin with estimates ranging from 200f88 Mev, as favoured for non-leptonic decays [57,
72], up to 460 + 110 MeV, as predicted from QCD sum rules [73]. Measurements of the radiative
decay B — ~fv, with high statistics, an achievement particularly at reach of the BELLE II
experiment, could prove to be instrumental in further constraining the value of Ag [74].

For B meson LCDAs the asymptotic form, like Eq. (3.2.22) for light meson distributions, can-
not be used for inferring the counting rules of these distributions in the endpoint region, since the
scale of a B meson is already at my no large suppression of the parameters in the Gegenbauer ex-
pansion is obtained by setting u — 0o. Instead, we use the first normalisation condition in (3.2.25)

to obtain the following counting:

0; for&~1,

(3.2.27)
mp/Aqep;  for € ~ Aqop/me.

B, (€ ) ~ {
The physical picture this is depicting has to do with the very low probability of finding the spectator
quark with momentum of the same order as the b quark inside a B meson. This could only happen
through a quantum fluctuation leading to a large momentum transfer from the b quark to the
spectator, but this is very unlikely as all virtual gluon exchanges between the heavy quark and the

spectator become soft in the heavy quark limit.

3.3 Strengths and limitations of QCDf

The QCDf prescription for the factorisation of non-leptonic B meson decay amplitudes is of
great theoretical importance. Whereas naive factorisation and subsequent generalised factorisa-
tion frameworks heavily relied on phenomenological models, QCDf provides a model-independent
paradigm for the analysis and computation of these amplitudes in an expansion in powers and

logarithms of Aqcp/mp. At leading power, but to all orders in o, the decay amplitudes can be
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decomposed according to Egs. (3.2.3) and (3.2.4) [55, 75]. Therefore, QCDf is a well-defined limit
of general QCD, based on power counting in Aqcp/ms, which allows to include O(cas) contributions

to the amplitudes in a systematic and rigorous fashion.

Figure 3.5: Penguin diagram with a charm-quark loop contributing to the amplitude of a non-
leptonic decay B — M;Ms. The curly line connecting the charm-quark loop to the gyg current
in the final state can either be a gluon or a photon, depending on whether we are dealing with a

chromomagnetic or electromagnetic penguin [76].

Since the factorisation formula admits the computation of O(ay) corrections to the naive fac-
torisation decomposition, which are leading terms in the heavy quark limit, from first principles in
QCD, the evolution of matrix elements follows the usual renormalisation group techniques. Hence,
cancellation of scale and scheme dependencies between matrix elements and Wilson coefficients is
naturally achieved in this framework. This is probably the greatest strenght of QCDf.

Despite its successes, this approach is not free of shortcomings. First, there is no proof of
the factorisation formula to all orders in s, and first leading power in Aqcp/mep. Ref. [55] only
provides a proof of QCDf up to order O(a?). For that matter, rather than using the HQET/LEET
framework, it is better to work within an effective theory specifically designed for pinning down
the physical infrared degrees of freedom, so that a more straightforward power counting of infrared
divergences is available. Such a theoretical framework can be found in the so-called Soft-Collinear
Effective Theory [T7, 78].

Second, there is the issue of the ”charming penguins” [79]. These are topologies, like Fig. 3.5,
where the quark current in a four-quark operator containing no initial states is closed in a gg loop
(¢ = u, c), which is later attached to a gluon (or a photon) to produce a final state quark current.
Similar topologies for semileptonic radiative decays will be the main object of discussion in a
forthcoming chapter. uu loops enter the convolution integral weighted by the LCDAs close to the
endpoint region, so they are very suppressed. However, c¢ loops, due to their mass squared being
rather large ~ 4m?, induce contributions that live in the middle of the distribution amplitudes,
so they must be taken into account. Plus, no perturbative computation must be trusted for
these objects as as(2m,) is already large. Although, following the usual power counting, formally
these contributions are of order O(Aqcp/myp), it has been argued that they might be larger than
expected [78-80]. In Ref. [80] an enhancement of the c¢ corrections was signaled as a possible
explanation for the values of the decay B(B — K), while [78] suggested that these contributions
could enter already at LO in the computation of B(B — 7°7%) within SCET. The latter claims
were proven inaccurate in [76, 81], where a factor (Aqcp/mp)? was found to be missing in the
arguments given in [78] plus charm-penguin diagrams were proven to be always parametrically

suppressed in non-leptonic B — M; M decays in the heavy quark limit.
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Finally, all computations in QCDf have an intrinsic error of order O(Aqcp/myp). This is
expected because QCDf is based on the theoretical frameworks of HQET and LEET, which are
effective descriptions that emerge as LO terms in a Aqcp/my, expansion. Hence, in order to have a
consistent power counting, all computations involved in a QCDf result must be expanded in 1/m;
and only order O(1) terms must be kept, of course this applies for both hard-scattering kernels
and meson LCDAs. This has the advantage of greatly simplifying our computations at the cost
of yielding a tower of power corrections, starting at O(Aqcp/ms), with no systematic theoretical
tools for calculating them within QCDf. In this case, one usually resorts to assigning these power
corrections a flat uncertainty of the size of the naive estimate for Aqcp/my = 10% [43]. We will
comment further on these corrections and the way of parametrising them later on in this thesis,

but for semileptonic B decays.



Chapter 4

Reviewing B — K*/( at tree level and

including O(as) corrections

The most important decay channel in our analyses of processes with an underlying b — s transition
is the semileptonic B meson decay B — K*(— Km)¢*t¢~. This rare decay represents the bulk of
experimentally available data on b — s¢T/~, plus some of the most important anomalies involve
characteristic elements of this channel. More in detail, these anomalies are found in the kinematic

regime where K* meson recoils with high energy and will be extensively covered in Chapter 8.

In this section we discuss the formalism used for describing B — K*¢T¢~ in the aforemen-
tioned energy region of the decay. To this end, we present an anatomy of the effective Hamiltonian
governing the dynamics of b — s¢™¢~, and comment on possible ways of extending it for consis-
tently including New Physics effects in the same framework, derive the structure of the relevant
decay matrix element at tree level and schematically review the construction of its angular distri-
bution. This discussion will also cover the computation of O(«ay) corrections to the leading order
amplitude in the effective theory. Since we are mostly interested in the kinematical region where
the K* meson is rapidly recoiling, the principles of QCDf apply and will be extensively used for
this matter. Central works and papers where most of these issues were discussed for the the first
time include Refs. [29], [30], [82], [33], [83], [84], [31] and [85] (in chronological order).

4.1 The Weak Effective b — s/¢*¢~ Hamiltonian

As we discussed in Chapter 1, the natural language for studying weak decays of heavy mesons is
given by the Effective Field Theory formalism. In particular, for b — s/~ mediated transitions,
the effective Hamiltonian reads [31, 83-85]

Gk

Het =
SN

(NIHG + AU ) + e (4.1.1)

with the CKM combinations )\((f) = Vi Vg5 In principle, a contribution to 4.1.1 proportional to the
CKM factor Y is also expected in (4.1.1), however under the assumption that the CKM matrix
is unitary even within the influence of NP, the CKM triangle holds )\Q(f) + A&S) + )\ES) = 0 so one can

always reabsorb this contribution inside the other two terms of the Hamiltonian. The two flavour

45
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specific structures Hgff}) and H(g read [31, 33, 82]

€

HY = ¢y (W) O + Calu +Zc O+Z( O+C()0)

+Z( WO+ Co(m)Oy ) + 3 Cily) (4.1.2)

i=S,PS i=T,PT
H = €1 (1)(OF — OF) + Ca()(O5 — OF). (4.1.3)

In terms of the Branco and Lavoura improved Wolfenstein parametrisation of the CKM matrix
[86], the CKM combinations /\((IS) (¢ = u, t) can be written as

A = AN (p + in), (4.1.4)
S 1 -
A = ap2 [—14—)\2 <2—p—m>} L0, (4.15)

Due to the enhanced dependence on the small parameter A of )\q(f) with respect to )\ES), contributions

coming from ’H&? are very suppressed (indeed ’Hgff) is doubly Cabibbo-suppressed) relative to that
of Hgg However, ’Hgff) is an important source of weak phases in the SM, so it is relevant for

()

assessing CP-violation. Thus, even though H 4 will be our main focus of attention, we will also

().

discuss effects coming from H g

4.1.1 Basis of operators in the SM

Here, the operator basis we will use is the one introduced in [87-89], also known as CMM after its
authors. This basis is an irreducible set of all dimension six operators with the quantum numbers of
a b — s{T{~ transition, compatible with Lorentz and the underlying gauge symmetries. The term
irreducible here means that none of the operators in the basis can be transformed into combinations
of the other operators in the basis through the use of equations of motion [39, 41]. Main advantage
of using this basis is 75 not being part of the explicit Lorentz structure of the effective operators,
which avoids the appearance of 75 in the effective theory diagrams [88] and allows to take 75 as
fully anticommuting when computing the matching conditions. Explicitly, the relevant operators

for the study presented in this thesis are

OV = (57, T Pru) (ay" T Ppb) , (4.1.6)
0% = (57, PLu) (@y" Ppb) (4.1.7)
Of = (87, T*Prc) (eY* T PLb) (4.1.8)
05 = (57, Pre) (@y"PLb) , (4.1.9)
O3 = (5%,Prb) > ("), (4.1.10)

q

Oy = (5%, T°PLb) > _(¢v"T"q) , (4.1.11)
q
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Os = (59w PLb) Y (@77 q) (4.1.12)
q
Os = (571, T*PLb) > _ (v T ) , (4.1.13)
q
€ _
07 = me(SUMVPRb)FuV, (4114)
— 62 S N
Oy = @(SWPL@(M f), (4.1.15)
e? -
O = ﬁ(EVMPLb)(E’}/‘u’%E), (4.1.16)
167
where colour indices have been actively omitted, Pr r = %(1 F 75) are the chirality projection

operators, F" = 9rA” — 9" A" is the field strength tensor (A¥(x) being the photon field), o* =
i
2 _
next-to-leading order, the relation between the b-quark MS and pole masses is given by

m2
1— CFOJS(;U) <4 —3ln ZI;OIG> + O(O&?)

[v*,~+*] and my = my(up) denotes the running of the b quark mass in the MS scheme. To

’I?’Lb(,u) = My pole . (4117)

47

A common prescription used in computations where the b quark is nearly on-shell (with large

infrared already removed) is to replace the b quark pole mass by the so-called PS scheme [90, 91],

Cras 1 0(a2), (4.1.18)

mp.ps(1t) = Mp pole —

where CF is a colour factor.

Turning our attention to the Wilson coefficients, their specific numerical values in the SM were
computed in [85], following Ref. [92] for performing the matching at the high-scale g ~ My, and
Ref. [84] for running down the values of the Wilson coefficients from the high-scale g to the relevant
physical scale up = my = 4.8 GeV. This computation produced results for the Wilson coefficients
at next-to-next-to-leading logarithmic order. We display the numerical values corresponding to
this determination in Table 4.1.

Electromagnetic corrections can be accounted for through the introduction of five additional
operators O3 4 5 60 and Oy, as discussed in [93-96]. This introduces mixing among all the operators
in Egs. (4.1.6)-(4.1.16) with the same quantum numbers, leading to the introduction of two effective
coefficients [87]

1 4 20 80
eff _
=C;— =C3— —Cy — —C5 — — 4.1.1
Cr =0Cr 363 9C4 3 Cs 9 Ce, ( 9)
1 10
CSt = Cg + C3 — 5Ca+20C5 — —Cs, (4.1.20)

as the Wilson coefficients C7 and Cg always enter the matrix elements in these particular combina-
tions of coeflicients.
One can also construct an effective Cg coeflicient with an structure such that its is both scale-

and scheme-independent [97]

Cs(q®) = Co+ Y (g%, (4.1.21)
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Ci(m) | Colp) | Cs(pw) | Calps) | Cs(mw) | Colpe) | CT(mp) | CEM(pe) | Colmp) | Ciolp)
-0.2632 | 1.0111 | -0.0055 | -0.0806 | 0.0004 | 0.0009 | -0.2923 | -0.1663 | 4.0749 | -4.3085

Table 4.1: NNLO Wilson coefficients in the SM and at the scale u, = 4.8 GeV [85].

where ¢? is the invariant mass squared of the lepton pair /¢~ and Y (¢?) contains contributions
from one-loop topologies of the four-quark operators O1-Og in the effective theory [82]. The new
effective coefficient C§(¢?) indeed behaves better than the Cg coefficient alone. The RGE evolution
of Cy from the high-scale po to the low-scale u; generates a large logarithm in Cy, which turns out
to be of order O(1/a;). Hence, in order to obtain an order O(1) value for Cy it is mandatory to
go to next-to-leading logarithmic (NLL) order and build a combination of terms that cancel this

logarithm. The specific combination given by the function Y (¢?) accomplishes that mission

Y (g?) = h(¢?,m,) <§Cl 1 Cy+6Cs + 6OC5>

1 4 64
— §h(q2, mp) (7(:'3 + §C4 + 76Cs + 366)

1 4 64
— fh(qQ,O) <Cg + §C4 + 16Cs + 3CG>

2
4 64 64
+30+ 50+ -0 (4.1.22)
and
4
Y (g*) = (301 + Cz> [h(q?,me) — h(q?,0)] . (4.1.23)

Actually, writing h(qg?,0) is a slightly abuse of notation, since what this really means is h(q?, m.,),
but m,, is so small that one can set its value to 0.

The function h(g?,m,) in (4.1.22) has the following structure

with z = ?q.

The p dependence contained in h(q?,m,) comes from the scale-dependence of the calculations
of the aforementioned one-loop topologies with insertions of the operators O;_g. Precisely, the
logarithm in h(qz,mq) is the one that cancels the large logarithm in Cy at the low-scale. At
higher orders in perturbation theory, Wilson coefficients of other operators also develop potentially
harmful logaritms. In order to cancel those, one must evaluate matrix elements of four quark-
operators beyond the two-loop level [98].

Also, observe that Y(i)(qQ) (i = u,t) has an absorptive component, i.e. has a non-zero imag-

inary part. This comes either from the limit m, — 0 in the evaluation of h(g?,0) and also from
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the branch of this function when ¢? > 4m?2, so this last part is related with non-factorisable (po-
tentially rescattering) effects in the open-charm region. Since imaginary phases are important in
studying CP-violation, this effects must be taken into account when computing observables testing

CP.

4.1.2 Basis of operators beyond the SM

Apart from the operators with a SM-like structure, given in Eqs. (4.1.6)-(4.1.16), one can imagine
new operators encoding the dynamics of physical processes with conceptually different structures
with respect to the SM. These are also dimension six operators consistent with Lorentz invariance
but with gauge couplings of different nature. First we consider operators with different chirality,

the so-called chirally-flipped operators or right-handed currents

Op = FiTZmb(ga,WPLb)W”, (4.1.25)
62 —

Oy = @(EVHPRb)(EPy“K), (4.1.26)
e? -

Ory = 1o (57 Prb) (I"350). (4.1.27)

Actually, not all chirally-flipped are entirely forbidden in the SM but they are very suppressed (or
vanish). More in detail,

CSM = TepsM - oSM o o, (4.1.28)

Second, there are operators with scalar signatures (both left-handed and chirally-flipped) [31]

62 _ — 62 _ _

Os = 76—5m(SPrD)(£0), O = J—5mu(5PLb) (D), (4.1.29)
? = 7, e? B _

Ops = @mb(sPRb)(f%@, Ops' = Wﬂ’%(SPLb)(E’Yg,[), (4.1.30)

and finally we can also have tensor and pseudotensor operators [99]

e _
—_° (s %
Or = (50,b) (Lot 0), (4.1.31)
ez -
OPT = @6’“ pU(SO'qu)(KUpgg). (4132)

New Physics can enter the amplitude not only through the appearance of exotic operators, but
also through new quantum excitations at very high scales but with NP couplings, such that they
enter as shifts of the actual numerical values of the SM Wilson coefficients in Table 4.1. However,
this possibility is only thought to be feasible for the operators O7 g 19. This idea will be explored
in Chapter 8, where our global analyses of b — sf¢ data are discussed. This is not only because
these operators are the dominant ones at the amplitude level for b — s¢*¢~ processes, but also
because Wilson coefficients of the QCD penguin operators O1_g show a strong dependence on the
value of Co(Myy). Thus, changes on the values of the corresponding Wilson coefficients of the
aforementioned operators would most likely mean large NP contributions to Ca(Myy ), but this is

disfavoured by data on two-body purely leptonic B meson decays.
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4.2 Differential Decay Distribution and Spin Amplitudes

4.2.1 Matrix Element and Differential Decay Distribution

At tree level in the effective theory, the matrix element of the effective Hamiltonian (4.1.1) for the
decay B — K*(— Km){*{~ can be written, in naive factorization' as [31, 83, 84]

_ Gra

M
V21

AP{ [ (K| sy"(CSt Py, + T Pr)b | B)

2my,

— 2 (K| sio™q, Kcsﬁ + Z;L‘Zc?ff) P + (Z:c?ﬁ + c;ff) PL] b|BY | (¢+e | vy,0)0)

q
+ <Kﬂ" Efy“(CloPL + ClO/PR)b |B> <€+£7‘ Z’ylf)%g |0>
+ <K’/T| S (C5PR + CS/PL) b |B> <€+£7| 17 |0> + <K7T‘ S (CpsPR + CPS’PL) b |B> <£+€7| 57755 |0>

+ Cr (K| 30,,b|B) (¢T07 | Lo € |0) + iCpreP” (Kn|30,,b|B) (¢ 07| lo,,L|0) }, (4.2.1)

where a = i is the fine-structure constant and all contributions from ’Hé?f) have been ignored for
the moment.

The matrix element above is expressed in terms of B — K matrix elements, however form
factors in Egs. (2.1.9), (2.1.10), (2.1.13) and (2.1.15) are defined for B — V (V being a vector
meson) transitions. Thus, we need to rewrite the matrix elements (K7|O; |B) in terms of B — V/
form factors. In order to do so, one possibility is to assume the K* to be produced resonantly,
which warrants the use of the narrow width approximation for describing the K* — K= transition.

In this approximation, the full K* propagator simplifies to

1 FK*<<mK* T
(P — m3e)? + (mpc=Tpee)? Mgl g

6(k? —m%,). (4.2.2)

This allows us to disentangle the form factors from the K* K7 coupling gx«xr [99, 100], because

it cancels between the vertex factor and the width

2
IK*Kn 3

F ¥ = * 4.2.3

K U B, ( )

being A(a, b, c) = a® + b? + ¢ — 2(ab + be + ac) the triangle function and the 3 factor is defined as
[31]

1
B = —5 AV m3e, mi,m). (4.2.4)
mK*

The matrix elements in equations (2.1.9) and (2.1.10), except for the K* polarization vector, can

be written in the following compact form

(K*(pcs)| Ju | B(p)) = €™ Ay (4.2.5)

"Here using naive factorisation for decomposing the matrix elements of the electromagnetic operator @7 and

the semileptonic operators Oy 19 into products of matrix elements of currents is entirely justified. Because for all
these operators one current is hadronic and the other leptonic or electromagnetic, no ”non-factorisable” (in the

naive-factorisation sense, see Section 3.1) interactions between final states can occur.
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The A,, element in the previous equation is a tensor encapsulating all the form factors. Then,

the corresponding B — K7 matrix element reads

(K (p)7(pr)| Ju | B(p)) = =D+ (03 )WY Aup, (4.2.6)
where [100]
4872
|Dic+ (- )| IK*Kn ML e (Prc — M=) 53”@(* (P — mk-), ( )
pu *pﬂ . m2 _ m2
WY = (g”“— K2K > (pw—pK)u:Q;K_iKz T ph QY =l — Pk (4.2.8)

Assuming that K* is produced on-shell, only four independent kinematical variables are needed
to fully characterize all the quantities in the decay: the dilepton mass squared ¢ and the angles
Ok, 0y and ¢ (all of them defined in Appendix A). Squaring the matrix element, summing over
spins of the final states and taking advantage of several kinematics identities (see Appendix A),
one obtains the full angular distribution of the BY — K*0(— Ktz )¢t/

dq2dCOSHEdCOSGK*d¢ - 327_(_ q y U, UK*, 5 2.

where

J(q?, 00, 0K+, ) = Jigsin® Oxes + Jiocos® Oxes + (Jogsin? O« + Jo. cos? B¢+ ) cos 26,
+ Jy sin? O+ sin? 0y cos 2¢ + J4 sin 20+ sin 26, cos ¢
+ J5 sin 20+ sin @, cos ¢
+ (Jos sin® O« + Joe cos® O+ ) cos By + Jr sin 20« sin By sin ¢

+ Jg sin 20+ sin 20, sin ¢ + Jg sin? O« sin? 6 sin 2¢. (4.2.10)

In a similar way, the differential angular distribution of the CP-conjugate mode Bg — K*(—
K—nt)¢te~ is obtained

dqdeOSQZdCOSHK*dQZ) o 327_(_ q ,U, UK, ) L.

with J(q?, 0y, 0k+) having the same structure as J(q?, 0y, 0~) but replacing [100]

J1s,1¢,25,2¢,3,47 — J1s,1¢,25,2¢,3,4,7+ J5,65,6¢,8,9 — —J5,65,6¢,8,9: (4.2.12)

where J; equals J; but with all weak phases conjugated. The extra minus sign in (4.2.12) is due
to the kinematical convention used in the definition of the angles.

The angular coefficients .J;, which are functions of ¢? only, are usually expressed in term of the
K* transversity amplitudes. In the remaining of this section, we are going to define these so-called

transversity amplitudes and show their relations with the angular coefficients.
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4.2.2 Transversity Amplitudes

A particular context that allows for a natural introduction of the transversity amplitudes is the
study of the decay B — K*V*, where the K** is assumed to be on-shell while V* is a virtual
gauge boson (either a v* or a Z%). Then, as in Eq. (4.2.5), the amplitude for the process takes the
form [31]

My (B = K*V™) = el (m)Myeis. (n), (4.2.13)

where M, is the tensor associated to the hadronic current, 6‘(/* is the polarization vector of the
virtual gauge boson and &%, is the K* polarization vector.

The V* is an off-shell gauge boson, so it has 3 (spin 1) polarisations plus an extra time-like
(spin 0) polarisation. The three spin 1 components (n = £, 0) are orthogonal to the momentum g*
transferred to V* during the B meson decay, i.e. g, }.(n) = 0, while the spin 0 component (n = t)
is proportional to g¥, i.e. ef..(t) = ¢"/\/q%. The set {e}..(£), el (0), el (t)} of independent
polarisation vectors constitutes a basis on the polarisation space of V*. Assuming that the gauge

boson V* propagates along the z-axis,

q" = (40,0,0,¢z), (4.2.14)

in the B meson rest frame, then the four polarisation vectors of this basis may be written as
[99, 101]

1

Eu* +)=— 0717 170 ) 4.2.15
1

e (0) = ﬁ(—qz,O,O, —q0), (4.2.16)
1

ey (t) = ﬁ(qm()?()?q,z)- (4.2.17)

It can be proved that the polarization vectors in Eqgs. (4.2.15)-(4.2.17) satisfy the following or-

thonormality and completeness relations

5>\k/#* (TL) EV*u(n/) = Ggnn', (4.2.18)
> ah(n) e () guw = g, (4.2.19)
n,n
with n = +,0,¢ and g, = diag(+, —, —, —,).

On a different note, the K™ is on-shell, thus it has only 3 possible polarisations available and
all of them are orthogonal with respect to the momentum p“K* = (ko, 0,0, k) carried by the meson.

Again, in the B meson rest frame, these polarisation vectors read

1

ey (£) = E(O’ 1,+i,0), (4.2.20)
1

El{/* (0) = mK* (kZ)O)O7 kO)y (4221)

(4.2.22)



4.2. Differential Decay Distribution and Spin Amplitudes 53

and satisfy the relations

ei(n) ek (n') = =0, (4.2.23)
PP
Y eph(m) e (M) = —g" + f;nif (4.2.24)
/ K*

m,m

The K™ helicity amplitudes Hp, H11 and H_; can now be projected out from M, by contracting
it with the explicit polarization vectors in (4.2.33), obtaining [31, 101]

Hyy = e () eth (£) My, (4.2.25)
Hy = e3¢.(0) €15 (0) M, (4.2.26)

which are called helicity amplitudes as they are attached to a specific helicity value of m. Using a

more compact notation

Hy = Mmmy(B = K*V*),  m=0,+1,-1 (4.2.27)

Alternatively, one can work within a different framework provided by combinations of helicity H,,

amplitudes, which we call transversity amplitudes [31, 83]:

1
AJ—»H = E(H_i_l F H_l), AQ = Hg. (4228)

However, not all the information available is contained in A4y. In B — K*V* with V* being

virtual there is yet another possible contraction of the hadronic tensor M, with the polarization
vectors in (4.2.33)

Ay = 3 (0) eyhi (t) My = Mgy (B — K*V™). (4.2.29)

This transversity amplitude has no counterpart in the K* helicity basis, however it may be regarded
to a K* polarization vector which is longitudinal in the K* rest frame and simultaneously time-like
in the V* rest frame.

Consider now that the V* decays into a lepton-antilepton pair, then the amplitude becomes

M(B — K*V*(= £107))(m) o e (m)M,,, Ze*v‘i(n)sf/* (n")gnn (04, Pr,grY) (4.2.30)

n,n’

where the V — ¢T¢~ coupling has been omitted, explaining the proportionality sign.

This amplitude admits a decomposition in terms of six transversity amplitudes AiH,O and
Aflw, the L and R superindices refer to the chirality of the leptonic current, and also the seventh
transversity amplitude A;. This last A; amplitude cannot be split into left- and right-handed
parts since the polarization vector needed to project A; is e*(t) = ¢/ \/(72 and, because of current

conservation, one has that

" (tyut) =0, (4.2.31)
q" (Lyuyst) = 2imy (Pyst) . (4.2.32)
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Thus, the time-like component of VV* only couples to axial vectors but not to vectors. At the same
time, this proves that A; must vanish in the limit of massless leptons.

As we have shown, this formalism incorporates all contributions to the amplitude of the decay
B — K*V*(— ({) with vector and axial-vector currents. Therefore, contributions coming from
effective operators (’)%710, including their chirally-flipped counterparts, are accounted for in the
transversity amplitudes parametrising the decay.

Notice that pseudoscalar currents can be transformed into axial-vectors currents by means of
the equation of motion for these currents in Eq. (4.2.32). Therefore, pseudoscalar contributions
to the amplitude can be reabsorbed in the time-like transversity amplitude A;. Unfortunately,
this does not apply to the scalar contributions and need to be embedded in a new amplitude
Ag. Finally, accounting for tensor and pseudotensor contributions require the addition of more
transversity amplitudes (up to six new amplitudes as argued in [102]).

In summary, we have shown that the amplitude of the decay B — K*V*(— ¢*{~) can be
unambiguously characterised by means of seven transversity amplitudes Aiﬁo and A;. If tensor
and pseudotensor contributions can be neglected, then the most general framework also involves
an eight amplitude accounting for scalar operators.

Given the matrix element in equation (4.2.1), the explicit form of the transversity amplitudes,

up to corrections of order O(c,) and O(Aqcp/ms), reads [31, 83]

2
Aﬁ’R:N\@Al/Q{[(CeHjLC M) F (Cro+Cror) V@)

mp + Mg
2'mb
= (c } (4.2.33)
Ai(¢?)
L,R 1
AT = =NV2 (mjp —mi. {[(Csﬂ ¢5f) (o~ Cu) | .
2m
+ qu (cgff - cgff) To(q?) b, (4.2.34)
LR _ N eff _ reff _
A (&7 =) 7 (e —Cuon)]
A 2
{(WQB - m%( - qz)(mB + mK*)A1(q2) - /\mBQ_S]m)W}
A
+ 2my, (C$ff - cgff) [(mQB + 3mi. — ) Ta(q?) — mQ_szg(q?)] } (4.2.35)
B K*
A= 2 [Q(Clo —Cior) + qi(CPs - CPS’):| Ao(q?) (4.2.36)
Ve my ’
Ag = —2NAY2(Cy — Cs) Ao(¢?), (4.2.37)
where
. G202 1/2
N =V Vi {3'2157%(12)\1/254 , (4.2.38)
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with the triangle function A = )\(m2B, m%(*,qQ) and By = - Zlqﬂ

It is important to stress that the amplitudes in Eqgs. (4.2.33)-(4.2.37) are not physical. First,
AL R Aﬁ H and A R contain the CSH coefficient and it has complex contributions, which makes
impossible for these amplitudes to be physical objects. Secondly, since A; has no direct helicity

amplitude counterpart, it cannot be physical either.

4.2.3 Transversity Amplitudes at Large Recoil

As stated in [83], the transversity amplitudes take a particularly simple form in the heavy quark
and large energy limit. Exploiting the form factor relations in (2.1.27) and (2.1.28), up to leading
order in 1/my and s, one obtains [31, 83, 103]

R V2Nmp (1 - 3) [(cgff + cg,ff) (Cio + Crov) + @ (c ff)} € (Bx-),  (42.39)

AﬁR —V2Nmp (1 - 3) {(cgff_cg,ff) (Cr0 — Cior) + % (c off c;,ff)} £1(Fg-), (4.2.40)

Nm R o o R e e
ALR o DB (g g2 [ (cgff - cg,ff) F (Ci0 — Cror) + 2770y (c;f - cf) }{H(EK*), (4.2.41)
2mK*\/§

mp
2= V/3

2
m
Ag~-_N—E

m =

2

A~ N (1-— §)2 [2(610 —C) + %@(CPS — CPS’):| f”(EK*), (4.2.42)

(1—8)%(Cs — Cs) §(Ex~), (4.2.43)

with the definitions § = s/m% (s = ¢%) and m; = m;/mp. When writing Eqs. (4.2.39)-(4.2.43)
terms of O(m%{*) have been dropped in order to be consistent with the expansions performed to
obtain the form factor relations (2.1.27) and (2.1.28).

It is important to notice that in the large recoil limit each of the transversity amplitudes

depends on just one soft form factor: either £ (Ef~) or &(Ek+).

4.3 Angular Coefficients

With the seven transversity amplitudes defined in the preceding section, the angular coefficients
Ji in (4.2.41) can be written as

2+ 32 4m?
Jis = (zﬂf)[m 24 AP+ (L R)} + %Re(AﬁA + AL AP ) (4.3.1)
2
= |AF2 + AR + 4;7;@ (1407 + 2Re(Af A, (4.3.2)
Jos = [|A 2+ AP+ (L R)], oo = — 32 [[AOL\Q (L R)}, (4.3.3)
Jy = [|A 2~ AL + (L — R)} = [R (ALAD*) 1 (L — R)} (4.3.4)
9 ﬁ || ) . .
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Js = V28, [Re(AgAﬁ*) (L R)}, Jos = 26 [Re(AﬁAﬁ*) (L= R)], Joe =0, (4.3.5)

_ B

Jr = V2B, [Im(AFAF)~(L = R)], s 7

(4.3.6)
The angular coefficients, in contrast to the transversity amplitudes, are physical observables. In-
deed, as they parametrise the full angular distribution, they contain all the relevant physical
information that can be extracted from the decay. Ultimately, every observable can be written
as a combination of the angular coefficients J;(¢?). In particular, we will show in Chapter 5 how
these coefficients can be combined in order to obtain observables with very limited sensitivity to
form factors.
Certain relations between angular coefficients arise in the limit of massless leptons. For in-
stance, we have Jis = 3Jos and Ji. = —Jo. in this limit. Also, Jg. = 0 only holds if scalar operators

can be dismissed and lepton masses neglected.

4.4 Next-to-leading order oy corrections from QCD factorisation

Having very precise determinations of the form factors involved in the theoretical description of
a given exclusive decay is not enough. In the context of exclusive, radiative decays there exist
non-factorisable? strong contributions to the decay amplitude that cannot be accounted for in the
form factors. As it was outlined in Section 3.2, QCD factorisation [37, 55] establishes, by means of
a consistent power counting in the heavy quark limit and general factorisation arguments for hard-
scattering processes, a systematic framework for the computation of order ay corrections to the
matrix elements of two-body non-leptonic B meson decays. For radiative decays of the type B —
K *’y(*)(—> £7¢7), both factorisable and non-factorisable corrections® can also be computed within
QCDf [30, 33, 58]. In this section, we will discuss how the aforementioned O(a;) contributions can
be accounted for within QCDf, since these contributions take an important part in the computation
of our state-of-the-art predictions for the relevant observables in b — sf¢ analyses, and we will
provide some of the relevant formulae.

Good references for this matter are the seminal papers [29, 30, 33], plus a wonderful review of

the main results can be found in the Thesis [39]. Most discussion below is based on these works.

4.4.1 The factorisation formula: a decomposition in hadronic amplitudes

Using (2.1.9), the matrix elements of the effective vector and axial semi-leptonic operators Oy 19
can be written in terms of the seven B — K™* transition form factors. Therefore, non-factorisable

contributions to the decay amplitude can only be produced through the emission of a virtual

2Here the term non-factorisable has similar meaning to that of the same term in Section 3.1, where it was defined.
3By factorisable contributions we mean all those corrections that can be absorbed in the form factors via appropri-

ate redefinitions. Whereas non-factorisable corrections are those strong interaction effects that cannot be absorbed
into the form factors. The former are mainly due to hard-vertex interactions, while the latter come from topologies

involving purely hadronic effective operators O;=1,... 6,3 in Heg with insertions of a virtual photon line.

[Im(AgAﬁ*)+(L = R)}, Jo = 32 [Im(Aﬁ*AﬁJr(L = R)].
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photon, which subsequently produces the lepton pair in the final state. Hence, neglecting CKM-
suppressed and mg/my terms, the amplitude of the radiative decay B — K*~* in the SM reads,

E

(v (g, WK )| HY | B(p)) =

- (—2mb)s*”{z' evupo?? " T (%)

N | = W

+ 2 (m% = M%) gon — a0 20 + 0)) T(6) (4.4.1)

2
o <qu o q>u> 73" <q2>] }
where m; refers to the b quark pole mass. This equation closely resembles Eq. (6) from [30]
but, for it to present the same structure as (2.1.10) (the matrix element controlling the form
factor decomposition of the matrix elements of the electromagnetic operator O7), the following
modifications have been performed: the factor (—Gr/v2)V;:Vi in Eq. (6) of Ref. [30] has been
removed as it is factored out in the definition of Heg in (4.1.2), there an addition factor of 4 in the
numerator of (4.4.1) for compensating the different normalisation factor between Eqs. (4.1.14)-
(4.1.16) and Egs. (3)-(4) in [30], the notation e for the electromagnetic coupling (with e = |e| the
electron charge) is used instead of —gem, contrary to Eq. (6) in Ref. [30] momentum conservation
p = p'+q is employed for writing (4.4.1) only in terms of final state momenta p’ and ¢ and last some
indices have also been rearranged, by means of the cyclic properties of the Levi-Civita symbol.
The superscript (t) explicitly states that contributions to (4.4.1) come entirely from non-CKM
suppressed terms in the effective Hamiltonian.

The hadronic amplitudes 7;(t) that parametrise the matrix element are non-perturbative func-
tions that contain all contributions calculable in QCDf (both factorisable and non-factorisable).
At leading order, the only contribution to the matrix element (v*(q, u) K*(p',€*)| Hg |B(p)) comes
from the electromagnetic dipole operator O7. The 7;(75) amplitudes parametrising the decompo-
sition in (4.4.1) must account for this fact and thus they follow the schematic structure 7;(0 =
C:Ti(q?) + ..., where Tj(q?) are the form factors defined in (2.1.9). Including also the contribu-
tions of four-quark operators, but momentarily neglecting weak annihilation, the leading logarithm

expressions for the amplitudes ﬁ(t) are [104]

2

M (2) — T, (02) 1 V(o2 4 2 4.4.2

T) = CTU) + Y (@) g e V@), (4.4.2)
2
®) (2 effrry (2 2 q 2
= cefir, Y A 4.4.
T (@) = CTa) + Y (@) g e =S A, (4.4.3)
e mpB — Mk mp + mix=
T () = GTo(a?) + Y (%) | "2 Aa(g?) - TEE A7) (4.4.4)
mp 2my,

with CST as defined in (4.1.19).

The relevant form factors in the region where the energy of the final state meson scales with
the heavy quark mass in the heavy quark limit are not those defined in the usual transversity
basis (V, A4;, T;), but rather the soft form factors that emerge due to the symmetries that apply
in this kinematic limit ({1, §). Then, the various form factors involved in the decay are related
according to the symmetries in Egs. (2.1.27)-(2.1.28), allowing us to introduce a new set of hadronic

amplitudes that align with the soft form factors [30]
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2
T9(@?) = T = €L(6) [csffal + 2mimBY(q2)] , (4.4.5)
(%) = jiT . (4.4.6)
T (?) — —T () =T =-¢(e) [ cefsy + ;:ZY(QQ)ég] , (4.4.7)

where E = (m% —¢?)/2mp is the energy of the recoiling K* meson, & 1| denote the soft form factors
in the heavy quark and large energy limits, as defined in (2.1.27)-(2.1.28), and §; = 1 + O(a)
are factors encapsulating the ag corrections. The ’Tf‘)‘ functions represent the amplitude for a
decay to occur through the production of a transversely and longitudinally polarised vector meson,
respectively.

Using this new basis for the hadronic amplitudes, one can rewrite the B — K*~* amplitude
in a more suitable form for analysing the physics of the decay in the heavy quark and large energy

limits,

* [ * * D, € *V ) o
(0" (4, ) K (0, €) | Mg | BO) = 5 (~2mp)e {pq 7" (¢?)

+ [Ex-mpgu — Pas] T (¢?) (4.4.8)
1 7 )2
+ 5y |G~ 2(2P+Q) T,7°(@%) ¢
mp

In the SM (and all its extensions that preserve the left-handed nature of the theory), only
two independent structures (i.e. TL(%I)I and & ||) are needed for describing the amplitude at large
recoil because of the chirality of weak interactions and helicity conservation. So, this picture is not
expected to change with the inclusion of next-to-leading order corrections [29, 105]. Therefore, the

hadronic amplitudes 71(?‘ can be factorised in the same fashion as Eq. (2.1.29)

TO(g?) = CPe(@®) + Pp @ TY @ B, (4.4.9)

with @ =1,]|. As in the factorisation theorem for non-leptonic two-body decays, the factorisation
formula above is valid to all orders in «g but only up to leading-order in Aqcp/myp. Thus, the
amplitudes 7;(t) receive two contributions: one coming from hard-vertex corrections, encoded in
the C((lt) coefficients (not to be confused with Wilson coefficients), weighted by the soft form factor
¢.(¢?) and another coming from the hard-kernel functions Ta(t), generated through hard-spectator
scattering, convoluted with both B meson and K* LCDAs, accounting for the soft physics inside
the meson states.

Following the discussion in 3.2, both hard-vertex corrections and hard-scattering kernels are
perturbatively calculable functions, as they are related to hard processes happening at high scales.

Thus, they can be written in an expansion in «;

cl) =0 4 O‘ZCF ¢ 4+ (4.4.10)
7® (0 asCr 1,
aa(u,w) =T, 7 (u,w) + ———T, T/ (u,w) + ... (4.4.11)

dr @
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Here Cf is a colour factor Cp = (N2 — 1)/2N, = 4/3 and u (w) is the longitudinal momentum
fraction of the b-quark (s-quark) within the B meson (K* meson).

The soft form factors &,(¢?) and LCDAs & B,Kk+ represent the non-perturbative input of the
factorisation formula in Eq. (4.4.9). The properties of these objects have been discussed at length
in Section 3.2.3, with the sole exception that one needs to use the large recoil symmetries for

extracting the soft form factors from the usual full form factors.

4.4.2 Processes contributing to the factorisation formula
Topologies contributing to leading order in «;

Leading order contributions O(a!) to the amplitude of a b — s¢ process come through insertions of
a virtual photon line to purely hadronic diagrams in the effective theory. Therefore, there are three
different topologies contributing at this order. First, one has the diagram with an insertion of the
electromagnetic effective operator Oy, with its photon attached to the lepton current in the final
state. Second, we have topologies involving four-quark operators with a gq loop, where the virtual
photon is attached. These can be generated by both operators O%c) and O3_g. Finally, four-quark
operators O3_g can also contribute through weak annihilation topologies, with the virtual photon
attached to any of the four fermion legs. Diagramatic representations of these contributions can

be found in Fig. 4.1.

®
Or O1-6 O1-6

(a) (b) ()

Figure 4.1: Topologies contributing to (y*K*| Heg|B) at leading order in o, and Aqep/mp. The

crossed circles denote the points in the diagrams where a virtual photon line (later producing a
lepton-antilepton pair) could be inserted. The spectator quark line in (a) and (b) has been omitted,

being these two topologies factorisable [30].

Diagrams (a) and (b) in Fig. 4.1 are factorisable and hence they contribute to the soft form
factors {1 (F) and | (F). The first one actually defines the tensor form factors 7; and contributes
to the amplitude with a factor ¢,Cr;, while the second gives rise to the Y (¢?) function term in
Egs. (4.4.5) and (4.4.7). As observed in Section 3.2, the four weak annihilation topologies in (c)
are expected to contribute at next-to-leading order in the heavy quark expansion, and hence to be
suppressed. However, the diagram in (c), where the virtual photon is attached to the spectator
quark in the B meson, turns out to be leading in Aqcp/me [30], because this allows the quark
propagator to be off-shell by an amount of order m;Aqcp. So these will also contribute to the
hard-scattering kernel T, ) at order O(as).

Since the K* meson is produced at very high energies in the heavy-quark and large energy
limits, one of the light-cone components of its momentum is going to be very light-like. We

take the convention that the K* meson momentum is nearly light-like in the minus light-cone
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direction. Then, the only hard-scattering kernel that will be different from zero is going to be the
T(Ovt)

H7_

one projected along the minus component of the spectator quark momentum, i.e.

Topologies contributing to next-to-leading order in a;

Processes contributing to the amplitude at next-to-leading order in «, are hard-vertex corrections
and hard-spectator scattering, plus radiative corrections to weak annihilation topologies. These
are shown in Fig. 4.2: (a) and (b) correspond to the latter and (c), (d) and (e) to the former type
of O(a) corrections.

Hard-vertex interactions renormalise the b — s current in the effective theory. Since interac-
tions between the heavy (or the energetic quark in the emission meson) and the spectator quark
proceed through soft gluon exchanges, these contributions are proportional to the soft form factors
&, at the amplitude level, being responsible for the O(as) corrections to the hard-vertex coefficients
Cét) in Eq. (4.4.10). Amplitudes for these processes emerge from diagrams where a high-momentum
gluon is emitted by the chromomagnetic effective operator Og (diagram (c) in Fig. 4.2) and from
topologies involving four-quark operators O;_g, with gluon exchanges between the external quark
lines and the ¢G loop or inside the quark-antiquark loop (diagrams (d) and (e) in Fig. 4.2).

Topologies (a) and (b) in Fig. 4.2 correspond to hard-spectator scattering interactions. These
processes involve a large momentum transfer from the heavy or energetic quark to the spectator
quark, which is expected to be soft. Therefore, these gluon exchanges modify the distribution
of quark momenta inside the meson and rearrange them into a more symmetric configuration,
which favours hadronisation. Hence, these contributions will enter the amplitude through the
convolution of the hard-scattering kernel Téti with the B and K™ meson distribution amplitudes
®p +. The O(ay) corrections to the hard-scattering kernel in (4.4.11) are precisely coming from

the aforementioned hard-gluon exchange topologies.

Os 01—6
v} v 2 2
ey ey ey ey
fava) fava) fava) fava)
ey ey L&y ey

Os

RO 1 0
c) (d) (e)

Figure 4.2: Hard-vertex factorisable contributions and hard-spectator scattering non-factorisable

—

contributions to the amplitude (v*K*|Hcg|B). Hard-vertex topologies are depicted without ex-
plicitly drawing the spectator line for simplicity [30].

Finally, radiative QCD corrections to weak-annihilation topologies can be found in Fig. 4.3.

Although contrary to the usual power counting in QCDf, weak annihilation diagrams contribute at
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leading order in Aqcp/myp, making the amplitudes in Fig. 4.3 to enter the (v* K*| Heg | B) amplitude
at O(as) and not O(asAqep/ms). However, these amplitudes are still very suppressed in b — s
transitions. There are three main reasons for this suppression: the small value of the strong
coupling constant as(u) at the scale p ~ my, the suppression of the longitudinal transversity
amplitudes in the decay rate at the low ¢ (see Eq. (4.4.8)) region and the numerically small
Wilson coefficients of QCD penguin operators Oz_g (see Table 4.1) [30]. Moreover, O(asAqcp/ms)
corrections of the same type with endpoint divergences in the convolution integral were also shown
to be small in [31]. In conclusion, order O(«a;) weak annihilation contributions to the factorisation

of the hadronic amplitudes can, and will be, safely neglected in our computations.

4.4.3 Leading and next-to-leading order results for the amplitudes 71(1‘)‘

An interlude about the CKM suppressed contributions

As we argued in Section 4.1, ’Hgff) in the full effective Hamiltonian H.g is largely Cabibbo-

)

suppressed with respect to Hég, because of the relatively large CKM factor /\,gs with respect
to )\&S). For this reason, effects coming from the (u) part of the Hamiltonian have been neglected
in most of our results so far, including the discussion in this section about O(a;s) corrections to
the matrix elements.

However, )\f) constitutes a source of weak phases in the SM, so its impact is non-trivial when

)

studying processes probing CP-violation. This is also the case of b — d transitions, since )\gd
cannot be neglected in front of Agd). None of these two topics is going to be covered in this Thesis,
but it warrants a brief discussion on how to include these contributions in a consistent way within

the formalism developed above.

O G
e G G

(d) (e) (f)

Figure 4.3: Vertex corrections to the annihilation amplitudes depicted in diagrams (c) Fig. 4.1 [30].

The extension of the factorisation formulae for including CKM suppressed terms in the effective
Hamiltonian is discussed in [33]. In this reference, these contributions are put on the same footing
as the ”CKM allowed” terms within a unified framework. Egs. (4.4.1), (4.4.9), (4.4.10) and (4.4.10)
used for defining the relevant (¢) structures, also define their (u) counterparts. This connection
between the CKM allowed and suppressed modes is only formal, in general quantities wiht a ()

index will not be the same as the ones with a (u). The interested reader can find all the structures
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for both (¢) and (u) channels in appendices A. 1 and A. 2 of [33] and [106]. Hence, from now on,

we will use the notation Tf‘)‘, with i = t, u.

Leading order result

At leading order, the explicit QCDf convolutions for the amplitudes 7]@ and ﬁ(i) are written
by [30]

T3(¢%) = ¢ ¢al?)
1 .
y T IpfKa Z/ — Ppa(w )/0 du ® e o (u) Ty (u,w), (4.4.12)

N mp

where f- | is the usual K* meson decay constant, fx« | = fx+ 1 (1) denotes the scale-dependent
transverse decay constant (defined by the matrix element of the tensor current), u (w) is the
longitudinal momentum fraction of the b-quark (s-quark) within the B meson (K* meson), N,
is the number of colours (N, = 3) and the =, parameters are defined such that =, = 1 and
E” = mK*/EK*.

Leading order hard-vertex coefficients C(So’i) stem from topologies (a) and (b) in 4.1. Explicit
expressions for these the coefficients can be found by comparing (4.4.12) with Eqgs. (4.4.5)-(4.4.7),

setting d; = 1 for consistency,

Ot) _ _ (pefi . ™MB (1), 2 Ou) _ _ MB v (u) 2
e = (e 72 v ) e = Ty g, (4.4.13)
2 2
(0,8) _ peff T (2 Ow) _ T yr(u)(,2 4.4.14
CH 7+ Imymp (a°), CH Ymym (a°) (4.4.14)

To complete the result at leading order, one needs to compute the weak annihilation amplitude
of 4.1 (c), with a virtual photon insertion attached to the spectator quark in the B meson. This is
the only process contributing to the hard-scattering kernels at leading order. Here we will stick to
the convention introduced in the previous subsection, where the K* meson momentum is taken as
nearly light-like in the minus light-cone direction. To compute these contributions, the amplitude

is projected onto the B meson and K* meson LCDAs, as shown in [29]. The result reads [30]

Tioi)(u, w) = Tio ) (u,w) = TH(OJ:) (u,w) =0 (4.4.15)
(0 t) _ mpw 4mB
” (u, w) = —é€q . q2 — <Cg + = 3 (C4 + 12C5 + 160(3)) (4.4.16)
4
”(O u)(u, w) =eq B 4 30quCa, (4.4.17)

mpw — g2 — i€ My,

with e, the electric charge of the spectator quark, so e, = 1/3 for the BY — K*9¢+¢~ decay mode
whereas e, = —1/3 for the corresponding CP conjugate channel.

At leading order, weak annihilation topologies are produced via insertions of penguin opera-
tors with numerically small Wilson coefficients (C3_g(15) ~ 0), therefore these contributions are
expected to be small with respect to the dominant leading order terms. This suppression of weak

annihilation contributions is even stronger in B — K™, since 7T|(t) (¢) does not actually contribute

to (v*(q, u) K*(p', %) ”H(t) |B(p)) in the ¢> — 0 limit, as one can see by examining Eq. (4.4.8).
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It is important to emphasise that our previous discussion about weak annihilation refers only
to its leading order contribution in Aqcp/my. It is indeed a remarkable aspect of B — K*~*(— /)
that this process does not vanish at first order in the heavy quark limit (if ¢*> ~ myAqcp), giving
rise to a non-zero contribution to the hard-scattering kernel. We will later discuss power suppressed

contributions coming from this same type of topologies.

Next-to-leading order result

At next-to-leading order, the expression of Tf) and ﬁ(i) follow [30]

T = <C§°”) aZCFC(l ’)> Al (4.4.18)
7 fBfK a = ! 7(00) asCr (1)
+ — N, mp = Z/ — ®p 4 (w )/0 du ®p+ o(u) |: a+ (u,w) + i T, (u,w)|,

being Cr the same colour factor defined below Egs. (4.4.10) and (4.4.11) and again a =1, |.

(1,4) and hard-scattering kernels T, éli) are

The O(as) corrections to the hard-vertex coefficients Cq
complicated functions that can be decomposed into the sum of a factorisable and a non-factorisable

part

C(Li) — C((lffi) + Cénf,i)’ (4419)
9 70 i) i

where the superscript f stands for factorisable while nf does so for non-factorisable.
Factorisable next-to-leading order corrections to the hard-vertex coefficients C((lf’i) originate

from re-expressing the full QCD form factors in (4.4.2)-(4.4.4) in terms of soft form factors [30].

These contributions have been encoded in the d; terms in Egs. (4.4.5)-(4.4.7) above. For the

hard-vertex coefficients we have [30, 33]

2
)~ (1" L+ At ). e —0 (aa
2
et — gt (m o yor 4 AM) , ¢t =0, (4.4.22)
1

with the quantities L [30] and AM [33] defined as

2 2 2 2
Lz—mb2qln<l—q2>, AME3lanb—4<1—Mh>, (4.4.23)
q my I my

where my in the two expressions above refers to the b-quark pole mass and pup is a factorisation
scale. AM depends on the renormalisation convention for the overall my factor in the ampli-
tude (v*(gq, u)l_(*(p’,g*)w-lgg |B(p)), in [33] the authors’ choice was to use the PS scheme (see
Eq. (4.1.18)) and hence AM in Eq. (4.4.23) is written accordingly.

Hard-vertex non-factorisable corrections are obtained by computing diagrams (c)-(e) in Fig. 4.2,
which correspond to matrix elements of four-quark operators and the chromomagnetic dipole op-
erator with hard gluon exchanges. These matrix elements require to calculate two-loop diagrams
with several mass scales. The non-factorisable functions presented in [30, 33] are based on the com-

putations in [107] for topologies with the operators O; 2 and Og. Results for the corresponding
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diagrams with QCD penguin operators were not included in [30, 33] since there was no computation
available, but this is expected to be a good approximation to the full results as these contributions

should be small. The aforementioned corrections have the following form [30, 33]

Crc™ = Ry — R

2
_ 4 5 1) L om (9 10 off 1(9)
S [C2F2 +2C; (F1 + 6F2 >+C8 Fq :| , (4.4.24)
Cre™ =GRy + G R
5 . 1
+;f[@59+ﬁa<ﬂ”+6@”)+@ﬁ§ﬂ. (4.4.25)
b

The ”barred” coefficients Cj—1_¢ are linear combinations of the Wilson coefficients and their defi-
nitions are given in Appendix A of [30]. Also Cgff stands for a combination of Wilson coefficients,
as it is shown in Eq. (4.1.20). The functions F1(77279) can be found in Appendix B of [30] or, in

an expanded form, in [107]. Corresponding expressions for C,(lnf’u) are obtained by using the same

expressions above with the replacements F8(7’9) — 0 and F1(772’9) — F1(772’9) — F1(72973, with F1(72%L) given
in [106].

The factorisable part of the next-to-leading order hard scattering functions 7, éfi) also originates
from re-expressing the full QCD form factors in terms of soft form factors [30]. In this case, we

have [30, 33]

(f,0) _ peff 2MB
Ty (uw) =C7 Sy (4.4.26)
f, - dmp
T (u,w) = 5" W (4.4.27)
T (w,0) = T (0, w) = T8 (u,) = 0. (1.4.28)

Non-factorisable corrections to the hard-scattering kernels are obtained by performing the
explicit evaluation of diagrams (a) and (b) in Fig. 4.2. These graphs correspond to the physical
processes by which the spectator quark receives a hard gluon, either directly from the effective
operator Og or from the quark-antiquark loop one can generate with insertions of the four-quark
operators O1_g. The results of such computations are later projected on the meson LCDAs, keeping
only the leading term in the heavy quark limit and expanding the amplitude in powers of the

spectator quark momentum whenever it is permitted by power counting. Then, one obtains [30, 33]

T 1) = — A 4 2 [t (1) €+ o~ )
+%uwmm<@+@—@—ig@>+wﬁ@ﬂﬂ4, (4.4.29)
71" (u,w) = 0, (4.4.30)
T||(7Ii)’t(ua w) = %f {eutu(u, me)(Ca + Cy — Cs) + eatyj(u, ms)(C3 + Cy — Co)
+ eqty(u,0) C_g] , (4.4.31)
(nf) ¢ mpw gCgtt

T w) = eq

mpw — q? — i€ | U+ ug?/m%
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6 - o
+ % (h(amQB + uq?,m.)(Co 4 C4 + Cs) + h(um% + ug®, my)(C3 + C4 + Cg)
b
+ h(am% + ug?,0)(C3 + 3C4 + 3C¢) — %(C}, —C5 — 15@6))] , (4.4.32)

where e, = 2/3 and eg = —1/3 are the charges of the v and d quarks, e, refers to the charge of the
spectator quark in the B meson and the function h(s,mg) is given in Eq. (4.1.24). The functions
tq(u, mq) emerge from the two loop diagrams in Fig. 4.2 (b) in which the virtual photon line is

attached to the internal quark loop. They present the following structure [30]

2

2m _
ty(u, mg) = ﬂE[i Ii(mg) + # (Bo(um% +ug®,my) — Bo(q?, mg)) (4.4.33)
K*
2mp am?% + ug? _
ty(u,mg) = ﬂTmIl (myq) + #%(* (Bo(quB + uq2»mq) — Bo(d*, mq)) ) (4.4.34)

and the functions By(g?,m,) and I;(mg) are also defined in [30].
The corresponding non-factorisable kernels stemming from the CKM-suppressed terms in the

Hamiltonian read [33]

(nf,t) _ mp 1
Ty [ (u,w) = eurmb <C2 - 661) (t1(u,me) —ty1(u,0)), (4.4.35)
TO (4 w) = e B (€3 = 201 ) (t)(w, me) — t (1, 0)) (4.4.36)
I+ ) u mp 2 6 1 [\ e [|\y ) et
nf, Mpw 6mp
T||(,+t) (u,w) = ¢q

mpw — q2 —ie my

1
X <C2 - 6C1> (h(am% +uq?, m.) — h(am% + ug?, 0)), (4.4.37)

with T Efi‘(u,w) =0 and t4(u, mq) are the functions discussed above.

There is an important remark worth mentioning here. In all the computations above, the
Wilson coefficients must be evaluated at the scale py, (as this is the scale we stop running down
the four-quark operators from the high scale ~ My ). Also the QCD coupling is understood to be
(%)

evaluated at p, when multiplying the hard-vertex coefficients Cai , however one needs to compute
o at the scale pup ~ /mpAqep when it weights the Télﬁ:) kernels, since virtualities of gluon
exchanges in hard-scattering process are expected to be of order O(myAqcp) (see Section 3.2.2 for
more information).

Finally, observe that all leading order and next-to-leading order results (except the weak
annihilation contribution in Eqgs. (4.4.15)-(4.4.17)) depend on which QCD form factors have been
chosen to define the soft form factor £,. The full form factor choice used for writing the soft form
factors defines a so-called soft form factor scheme. We will comment on that at the end of this

chapter and this subject will be extensively covered in Chapter 6.

Comments on scale- and scheme-dependence

Since the virtual photon in (v*(g, u)K*(p',*)] ’Hég |B(p)) is off-shell, this matrix element cannot

be scale- and scheme-independent (it would only be scale- and scheme-independent if the photon
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was taken on-shell, for which case the whole formalism developed above still applies). Therefore, it
follows that the hadronic amplitudes Tﬁl)l are neither scale- nor scheme-independent. However, we
can build three relevant quantities that are independent of the conventions chosen to renormalise
the effective Hamiltonian [30],

Cr = o ety (4.4.38)
Co.1(q") =Co+ Zm(j;n = 282 = Cef(?) 2B et (4.4.39)
Co,1(q*) = Co — Zr:?((q? = CSM(g?) + i?bc _644;:5 (Cs + 3Cy)

2 *
X XfcmB(EK{?T{li(*)EH(QQ) /dme:5(IiBé2(j})iw +o, (4.4.40)

where the effective, ¢>-dependent coefficient C§ is the same we defined in Eq. (4.1.21). The ellipses
denote the O(as) corrections defined in Eq. (4.4.12), which we have discussed at lenght in this
section. Notice that C7, Co, 1(¢?) and Co,| (¢?) depend on the soft form factor scheme chosen for our
calculations, as the structure of the ratios 7, /£, | changes for different definitions of the soft form
factors at order O(a,) or higher. Moreover, C; also depends on the b quark mass renormalisation
scheme, but my C~7 does not.

In particular, the coefficients Cr, Co.1(¢%) and C9’||(q2) can be proven to be scale independent
up to order O(a?, asCs_¢) [30], this being the order up to which the computations above hold.
For consistency, when order ay terms are explicitly included in Eqs. (4.4.43)-(4.4.40), the next-to-
leading logarithmic expression for CS¥ [87] must also be used. However, Cg is already needed at

next-to-next-to-leading logarithmic order, since Cg ~ In(My /) ~ 1/as at leading order.

4.4.4 Power suppressed corrections to the amplitudes TL(ZI)I

Power corrections of order 1/m; might play an important role in certain cases. On one hand, in
B meson decays to charged p mesons power corrections to weak annihilation amplitudes should
be taken into account, because they are enhanced by the large Wilson coefficient Co. On the
other hand, since the transverse hadronic amplitude Tf) does not depend on the charge of the
spectator quark e,, power corrections to this amplitude are expected to be a relevant source of
isospin breaking. This is entirely not the case for the longitudinal amplitude m(i) , as it manifestly
depends on e, therefore we will assume the power corrections to this amplitude to be negligible [33].

Denoting by A’Tf) the power-suppressed contributions to 71(” , weak annihilation O(a?) cor-

rections read [33]

4 - 1 dn
AT = e, “Iofrer (c +- (c4+3c5+4c6)/ du M)
ann 3 mpmp 0 U+ us
e 2 dB Ty e Cs+ 2 (Cy + 1205 + 16C5) (4.4.41)
“T3 mymp (1- g () \ P 3T TN -
212 fBfK-| M+
ATW] = S 4.4.42
[ e N A= e (@) ! - (1.442)
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with the reduced kinematic variable § = ¢*/m% and Ap 1 are the inverse moments of the B meson
distribution amplitudes ®p 1 (w), defined in [30]. This result generalises the corresponding results
of [108, 109].

Hard-spectator interactions enter the amplitude at order O(as), hence leading power correc-
tions to this amplitudes will contribute at O(asAqcep/me) [33, 108, 109]

C 2
A71(t) - qOés r TfB
hsa 47 N.mpmp

m ~
120§ﬂm—; Fice 1 X1 (3)

1
P L( )

A ges Fron D e
mi fK i / du / K ” F(”(um3+uq) (4.4.43)
(1—3 )\B+

Here we have used the four-quark loop function F’ ®) [109]
3 1 ) 22
Fi(z) = 1 [h(l‘, me) (—661 +Co+Cy+ 10(36> + h(x, mp) <Cg + Ca+16C5 + 3(26>

1 2 1
+ h(z,0) ((33 + 3764 +16C;5 + 83C6> - 2% <—2564 +12C5 — 32(36> ] (4.4.44)

and the integral [109]

LI Prei(u) ! g, 1 (u)
X108 =< dy ————— du ————— 444
1) 3[/0 ul—u+u§+/0 u(l—u—i—u§)2 ( 5)

This integral develops a logarithmic endpoint singularity as v — 1, signaling a breakdown of
factorisation in this kinematic regime. One way of treating this singularity is by introducing an
infrared cutoff [109].

The corresponding (u) contribution from hard-scattering power corrections, which we denote
by A’Tf) - is obtained by C§T — 0 and FI(Q (s) — FI(;L*)(S), where

FO(s) = Z (c2 - éq) [h(s,me) — h(s,0)]. (4.4.46)

4.4.5 Summary of results for 71(Z|)|

Combining the next-to-leading order factorisation formula (4.4.12) with the results for power sup-
and AT _given in Eqs. (4.4.41), (4.4.42) and (4.4.43), we
sa

pressed contributions ATﬁ)
ann

obtain a complete description for the amplitudes Tfﬂ at order O(as, Agep/my),

,TL(t),full _ TL(t) I ATf) , (4.4.47)

hsa

n ATL(t)’hsaa,TL(u),full _ TL(u) " A71(u) n A7~£u)

ann

ann

which enter the amplitude according to structure of the b — s¢T¢~ effective Hamiltonian

T(t) fall 5\&5)71(u),fu117 (4.4.48)
7I| + X&S)ﬁ(u), (4.4.49)

with /A\q(f) = 7(f)//\,gs), being )\1(;9) and )\ES) as defined in (4.1.1).
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4.4.6 An explicit observation about the choice of soft form factors

Soft form factors emerge from the relations between full QCD form factors in the heavy quark
and large energy limits (see Eqgs. (2.1.27)-(2.1.28)). These relations allow many different possible
definitions for the soft form factors in terms of full form factors. Each choice sets a factorisation
scheme by which one imposes the relations defining the soft form factors to hold to all orders in
perturbation theory. Several conventions have been used in the literature but general consensus
has been reached around the scheme defined in [33]. Clearly, physical quantities cannot depend
on the particular scheme used in the calculations, however the choice of scheme certainly affects
the structure of some of the functions in the factorisation formula of Eq. (4.4.18).

For instance, by choosing the scheme adopted in [29, 30], we have

(£t) _ _ peff ﬂz - mpy(t)(,2 .
T o r—— ¢ = —cs (4 — 6 - 4L) + BV ()1 - L),

2 2
2) = MK* A (2 (f;t) — [ oeff Ty (2 2mp
§(a%) = T Aold”) Ty (uw) = <C7  Smgmg?)) g
(4.4.50)
while fixing the scheme to the most common convention [33] leads into
£t 2
£L() = 7BV (¢?) ¢ = —cf <ln "+ 2L+ AM),
=
§1(4?) = EEES Ay (¢7) — TEZIE Ay () T (u,w) = CET2ps
(4.4.51)

In this section, we have always implicitly assumed the scheme of Ref. [33]. So, all the results
presented and discussed here conform to this choice. For corresponding expressions in the scheme
of Eq. (4.4.50) we refer to [30].

4.5 Transversity Amplitudes at order O(ay)

In order to include the O(as, asAqep/me) corrections computed within QCDf to the transversity
amplitudes in Eqgs. (4.2.33)-(4.2.37), we follow the prescription introduced in [83, 84]. Removing
the perturbative quark-loop function Y'(*) (¢?) from CSE and attaching it to C?fM, one can perform

the following replacements

et ey, (e o T e o T (1=1,2,3) (45.1)
where the superscripts +, — in ’7;(75) stand for the substitution of CST — €S + C and CST —
C?ff — C?,H, respectively. Instead of using the basis above for the hadronic amplitudes, we will use
the more natural language of Eqs. (4.4.5)-(4.4.7) and use the substitutions [84]

o
=7", TV= TZTP R =T T (4.5.2)

)

4This can always be done, as both the electromagnetic dipole operator @7 and the semileptonic operator @9 have

a vectorial structure.
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Including the CKM-suppressed (u) contributions is an even simpler task, since the effective
Hamiltonian 7—[( W oin Eq. (4.1.3) does not contain any operator entering the matrix element of
Eq. (4.2.1) at leading order. Then, these terms can be directly incorporated into the matrix

element.

According to these instructions, the combination of hadronic functions in Eqgs. (4.4.48)-(4.4.49)
can be inserted in the transversity amplitudes in Eqs. (4.2.33)-(4.2.37) to obtain:

ALt = Nﬁ)\l/Q{ [ (C‘Sﬁ + CS?) F (Cio + Cior) ] _Vi)

mp + mg=
2my t)full |} (s)o-(u),full
g (T AT } (4.5.3)
LR Al(q2)
A” = N\/§ mK* { Cg/ (ClO Cl()/) i| B — Mg
2mp | 2ER> ( (), full | {(s)q-(u),full
T [ (T AT | (4.5.4)
LR _ N eff  reff i
i = [ - o)
As(¢?)
2 2 9 ) 2y oy A20q7)
(0 = e ) i) — A 22T
2F g+ A R
2 2 2 K* (t),full (8) (), full
+ 2my [((mB—i-i%mK* q°) . m%—m%) ('T T HNT] >]
A ), 3(s)-)
i (72 + 207 (4.5.5)
N 1/2 q2 2
Ay = A2 |2(Cho — Cior) + L (Cps — Crg) | Ao(g?), (4.5.6)
V2 my
Ag = —2NAY2(Cy — Cs) Ao(¢?), (4.5.7)

where the normalisation constant N is the same as in Eq. (1.3.10) and A is the triangle function.
Although Eqgs. (4.5.3)-(4.5.7) are the result of a direct application of the prescription discussed
above, these are not the final result as they contain O(m%../m%) terms which need to be eliminated
in order to be consistent with QCDf. At leading order in an expansion in m%( / mQB, the transversity

amplitudes can be simplified to
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% 2
ABR o N3, - q2>{ [ (8™ + ) F (Cro + Cao) ,ffB)
2my, Sull | R () 4=(w),full
+ (Tﬂ +AET® ) } (4.5.8)

AP~ N2 { [ (cgff - cgff) ¥ (Cio — Cigy) ] (mp — mx+) A1)

2 u N u),fu
250 Jlm = ) (T2 4 AT } (45.9)

<1 + B ) A1)

m ¢

AOL,R _ 7Nm2B — 4 { [ (cgff _ CS?) F (Cio — ClO’)}

2 2
mp (¢ o] 2my (0 ¢ ®) | 5(s)(w
s <1 mB?) Aa(e)| — (1 mB‘2> (m_ +30T, ) : (4.5.10)
N 2
Ay =~ N (m% — ¢%) [2(010 —Cio) + ;iu(cps - CPS’)] Ao(q?), (4.5.11)
Ag = —2N(m% — ¢*)(Cs — Cs/) Ao(q?), (4.5.12)

Finally, one needs to write the full QCD form factors in Eqgs. (4.5.8)-(4.5.12) in terms of soft form
factors. Because the equations for the transversity amplitudes above include O(as) corrections
coming from QCDf, for the sake of a meaningful result one must include the O(«;) corrections to
the soft form factors (as defined in Eq. (2.1.29)) too. Using the scheme defined in [29]

_ Bk

mp + mj 2 2 2
TBQ(Q ), Ao(q”) = pr— §1(a°), (4.5.13)

V(g®)

and taking into account Egs. (32)-(33) and Eqgs. (59)-(60) in [29], one obtains

2E *
Ai(q®) = mBJriljnK*&_(qZ)’ (4.5.14)

As(?) = —E (e - §(D)

mp — Mg=*

Qg 2mp

(1-L)¢ () +

Epev EZ, N.mp u

my+mp(mp — 2Ek~) 7r2foK*,II P ! d ‘PK*,H(U)
ST —— B | du—F— 1
B — MK+ 0

(4.5.15)
in which L is a function of ¢? already defined in Eq. (4.4.23).



Chapter 5

Observables in b — sl{(v)

Phenomenological analyses pretend to determine, or at least constrain, fundamental theory param-
eters from experimental results. The common ground where theory and experiment meet is the
observable level. By observables we understand experimentally accessible quantities that admit
predictions within different theoretical models in terms of their fundamental parameters. From
the theory side, one aims at designing observables with maximal sensitivity to the physics we
want to study and providing predictions for them with competitive uncertainties. The task of the
experiments, on the other hand, is to perform precise measurements of the observables with the
data obtained in particle colliders.

In this chapter we will describe all the different types of observables that are included in
our global analyses of processes with underlying b — sf¢ and b — sy transitions, paying spe-
cial attention to the concept of optimised observable. In this regard, a complete presentation of
the guidelines used to construct such observables will be provided and their general properties

discussed.

5.1 B — K*("/~: Symmetries and Optimised Observables

The main goal of this section is to provide a complete description of the four-body angular dis-
tribution of the B — K*¢T¢~ decay (see Eq. (4.2.9)) in terms of optimised observables. In this
context, an observable is said to be optimised (or optimal), if it has a very limited sensitivity to
uncertainties of hadronic origin throughout the relevant ¢ range of the decay. Then, since these
observables are defined to depend as little as possible on the long-distance physics, they present
an enhanced sensitivity to short-distance effects and thus provide excellent probes of NP.

Observables of this type have been traditionally referred to in the literature as clean observ-
ables. Indeed, clean observables are not new and some of them have already been known for nearly
two decades now. Examples are the zero of the forward-backward asymmetry (Apg) [30], as this
only depends on a combination of Wilson coefficients with no form factor input, and the so-called
Ag? ) observable [100], which was precisely built in order to have the same properties as the zero of
the App but for all the B — K*¢T{~ large recoil region.

A systematic procedure for the construction of optimised observables can be formulated in two

steps:

» Identify the irreducible building blocks from which all observables can be built by means of

71
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the symmetries of the decay distribution (see the subsection below).

» Use effective theories (i.e. HQET/LEET at low-¢? [24, 30] and HQET at high-¢? [110]) to
build simple combinations of the aforementioned building blocks where the soft form factors

cancel at leading order in the effective theory.

Complete descriptions of the theoretical formalism used to construct the above-mentioned
optimised observables and thorough reviews of their properties, both in the SM and in several
well-motivated NP scenarios, can be found in Refs. [103, 111-113].

5.1.1 Symmetry formalism for massless leptons

All experimental information available in the B — K*¢T/~ decay is contained in the decay dis-
tribution, therefore the number of experimental degrees of freedom is determined by the number
of angular coefficients J; in Eq. (4.2.9). On the other hand, since all theory computations can
be written in terms of transversity amplitudes in Eqgs. (4.2.33)-(4.2.37), the theoretical degrees
of freedom are given by the transversity amplitudes A;. Clearly, for consistency, theoretical and
experimental degrees of freedom have to match. There are two effects to consider for this: different
values of the amplitudes A; can give rise to the same differential distribution (4.2.9), being im-
possible to distinguish one from another (continuous symmetries), but also it is possible that not
all angular coefficients J; are independent, so that not all arbitrary values of the J; are actually
possible. Hence, for the theoretical and experimental degrees of freedom to match, the following
is required [111]

Ne — Ng = 2N4 — N, (5.1.1)

where n. is the number of coefficients in the differential distribution (number of J;), ng the number
of dependencies between the different coefficients, n 4 is the number of spin amplitudes (since the
amplitudes A; are complex quantities, each of them carry 2 degrees of freedom) and n, is the
number of continuous symmetries.

Since the combination n.—ng accounts for the number of degrees of freedom that are available

from the angular analysis, we can define the experimental number of degrees of freedom as [111]
Nexp = Ne — Ng = 2N4 — Ng, (5.1.2)

Notice that neyp, also measures the number of independent observables required to extract all the
information contained in the distribution [103]. Therefore, once a set of ney, independent observ-
ables consistent with the symmetries is fixed, any angular observable can be written in terms of
these observables, so the aforementioned set has the properties of a basis [103, 112]. Different sce-
narios (i.e. massless leptons, massless leptons including scalar contributions, etc) require different
sets of transversity amplitudes, resulting in different number of independent observables. In this
thesis we will only consider the massless lepton case, because the vast majority of our applications
will only involve muons or electrons in the final state, for which the massless approximation is
justified.

In this case, one has 12 angular coefficients and 6 different A; amplitudes (with the scalar
amplitude Ag — 0). Considering an infinitesimal transformations of the differential distribution
(4.2.9) [111], one can show that there are ny = 4 continuous transformations between the AZL’R that

leave the angular distribution invariant. Two of these are just phase transformations (A — e?®r AL
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and AF — ei?r AR) while the other two mix L and R amplitudes (see [111] and Appendix A of
Ref. [103]). Thus, by means of Eq. (4.2.41), there must be nep = 8 independent observables in
this case. At the same time, the previous observation implies that there should be 4 relationships
among the 12 angular coefficients J;(¢?). Three of them are transparent from the Eqgs. (4.3.1)-
(4.3.6) in Section 4.3: Jg. = 0, J15 = 3J25 and J1. = —Jo.. On the other hand, using the symmetry
formalism in [111] and [103], it can be proved that the fourth relation reads

(2J23 + J3)(4JZ + ,8?1]72> + (2J25 — J3)<ﬁ€2J§ + 4J§)
1635, — (J3 + 87 I, + 4J5)
53J65(J4J5 + J7J8> + Jg(ﬁgJ5J7 — 4J4J8)

Joo = =2

+4 (5.1.3)

where one must recall that 5y = 1 in the massless case (with §; defined under Eq. (4.2.38)).

5.1.2 Optimised Observables P,

Not any observable constructed from the transversity amplitudes can be obtained from the angular
distribution [103]. To this end, a well-defined observable must respect the symmetries of the
angular distribution, i.e. must be formally invariant under the transformations of the transversity
amplitudes. Below, we explicitly review how to construct observables with these properties in a
systematic way.

First, define the following complex vectors [103, 111]

AL AL AL
n = <A1!*> . nL= (—A%*) , o= <A0§*> : (5.1.4)

T

Using these vectors, one can build the products |n;|? = nln; and ngnj

2 T R
n A + A , n'n Al AL AT AR , 5.1.5
[y |* = 1A} 1P + 1451 = 3, = ATA - I 25 (5.1.5)
2Jos + J3 2Jy — i8¢ J7
2 2 2 x R
n ALP? + AT , ning = AF*AL 4 AlAR = 222 20T 5.1.6
| = AL+ AT = 22 gy = A af + afaf = =2 (516
J. . . Beds —2iJ
]n%| = \A5|2 + |A | ;C TLETLL = Ag AJL_ - A(])%Af = 755 \5/552 8 (5.1.7)
¢ ¢

These quantities are manifestly invariant under the symmetry transformations of the transversity
amplitudes, since they can be written in terms of angular coefficients. The previous equations,
considering real and imaginary parts, contain nine real quantities, in which all the information of
the angular distribution is codified. Their combinations provide all the possible observables con-
sistent with the underlying symmetry. Nevertheless, these nine quantities are not all independent
[103, 111],

[(nfn0)lnol? = (njno) (ndn )P = (InoPny[* = Infry2)(Ino 2lnc 2 = Infn . [?), (5.1.8)

which leads to Eq. (5.1.3), when translated into J; language. Therefore, Egs. (5.1.5)-(5.1.7) effec-
tively represent eight real independent quantities, as it is required by the observation above that

Nexp = 8.
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This formalism guarantees that every observable constructed from products of the n; vectors
above will respect the symmetries of the decay distribution. Now we focus on obtaining combina-
tions where the hadronic form factors cancel. At large recoil, the transversity amplitudes can be

schematically written as [112]

AP = X1 (a?) + Olas, Agen/m), (5.1.9)
APt = X (a®) + Olas, Agon/ma), (5.1.10)
Ag’R _ Xé?,R §|\(q2) + O(as, Agep /M), (5.1.11)
where XiL R (1 =L, ||, 0) are functions of the short-distance physics (Wilson coefficients, etc)

and & || are the soft-form factors defined in Eqs. (2.1.27)-(2.1.28). Notice that these equations
are only a suitable and compact way of rewriting Eqgs. (4.2.39)-(4.2.43). The fact that L and R
transversity amplitudes are proportional to the same soft-form factor allows for the construction

of several form factor independent (FFI) observables by taking corresponding ratios of the angular
coefficients [103, 112].

Before discussing FFI observables, we need to make one more observation. Out of the eight
independent quantities in Eq. (5.1.5)-(5.1.7), the soft form factors may be regarded as two irre-
ducible normalisation factors in the products n:rn] Hence, it is impossible to construct eight fully
form factor independent combinations. Best-case scenario, one can build up to six clean observ-
ables, with two additional observables containing the information on the soft form factors (i.e.
form factor dependent (FFD) observables).

The FFD observables we choose are the angular-integrated differential decay rate dI'/dq? and
the forward-backward asymmetry App [103]

dr d*T 1
= — [ dcos8,dcos O+ d = (310 + 615 — Joe — 2J25),  (5.1.12
dq? / COSULacosTK ¢dq2dcosﬁK*dcosegd¢ 4( te 01 2 2s) ( )
1 0 1 T 3J6
App = —— — dcosf =— ® . 5.1.13
B = 40 /dg? [ /_ . /0 ] OS2 dcos O 3J10+ 6J1s — Jow — 2os ( )

In the massless case, due to the relations between angular coefficients, the expressions above reduce
to dU'/dq? = Jic + 4J2s and App = —3Jss/[4(J1c + 4J2s)].
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One possible choice of (clean) FFI observables is [103]

ni?=1Ing* g5
= = 5.1.14
! |n|? + ‘TLH|2 2Jos ( )
Re(nim) e Jos
P=——m— = 5.1.15
S TTEER T ER (5.0.15)
Im(nﬂ_n”) Jo
= = — 5.1.16
3 Ini|?+ ‘T‘LH|2 4J9s ( )
Re(nin 2.
= (nomy)  _ V2J4 (5.1.17)
\/’"H\Q!no\? V= 2e(22s = J3)
I
py = Selont) ol (5.1.18)
VIniPlnoP /= J2c(2Jas + J3)
Im(ngn”) _ BeJ7 (5.1.19)
|nH|2]n0|2 \/_J2C(2J23 - J3)
Then, the complete basis of observables for massless leptons above-defined reads
dar
Omy=0 = {@’AFB’ P1,2,3,4,5,6}- (5.1.20)

It is important to stress that different configurations leading to complete sets of clean observables
are possible. Actually, as we will discuss in the following section, the choice above is not the
most optimal and, unless otherwise stated, we will always use the new basis defined there in our
analyses.

Apart from the general principles described at the beginning of this section, the optimised

observables P; are defined so that:

» They are simple ratios of the quantities in Eqs. (5.1.5)-(5.1.7) (where the form factors £

cancel).
» They take values in the range [—1,1].

» They show excellent sensitivity to NP [103, 112].

5.1.3 Limitations of Optimised Observables

As it follows from the procedure we used for their construction, optimised observables P; are only
independent of the form factor input at leading order in a; and Agcp/mp. The exact cancellation
of the soft-form factors is broken by higher-order corrections, so a residual form factor dependence
is induced on the optimised observables when subleading contributions are taken into account. We
can distinguish two different types of such contributions: perturbative corrections (usually from
hard-gluon exchanges) and non-perturbative effects (coming from higher order Agcp/my, power
corrections). The theoretical framework we use for dealing with these issues will be discussed at
length in Chapter 6.

Furthermore, we should stress that leading order cancellation of form factors in optimised
observables is only fully realised in the low-¢? region. In general, these observables are not protected

from form factor uncertainties at high-¢* [112].
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5.1.4 Further Optimising the Basis of Observables

Instead of the observable basis in Eq. (5.1.20), in our analyses we will use a slightly different one,
which represents a better compromise between theoretical cleanliness and optimal experimental
accessibility [103, 112, 114, 115]

dT
o, = {dTﬂ’AFB or FL, Puog, Pibs} (5.1.21)

where FT, is the longitudinal polarisation. See the discussion below for an explicit definition of this
observable.

The unprimed basis O,,,—o is experimentally more challenging because of the difficulties these
observables pose for their extraction from the angular distribution. While P4(2 are obtained from
the decay distribution by fixing Frr (transverse polarisation), P 5 require both the measurement
of Fr and P;, consequently reducing its discriminating power [112]. For this reason, we consider
the new basis in Eq. (5.1.21) the optimal one.

There is another experimental effect we must also take into account: current experimental
measurements are performed by fitting ¢>-binned angular distributions (either for B — K*{*¢~
or any other relevant decay channel). So, for a meaningful comparison of theory calculations and
experimental measurements, one needs to integrate theory predictions over the kinematic ranges

fixed by the experimental g2 bins. Therefore, we define CP-averaged and CP-violating observables',

(Pi)pin and <P'CP>bin’ by [112]

)

o 1 fbin dq2[<]3 + j3]

o 1 fbin dq2[J3 - J_S]

P, == 8l D 8 5.1.22
< 1>b1n 2fbjn dq2[J23 +J25] < 1 >b 2fbin dQZ[stJrst} ( )
1 f in dq2[J65 + jGS] 1 f in dq2[J65 - j68}
<P2>bin = P 2 7 1’ <P20P>bin = P 2 7 (5-1'23)
8 fbin dq [JQS + JQS] 8 fbin dq [J2s + JQS}
| il + 7 Ly dildo— )
Py — L Jom ol PSPy, — —— Jbin oL 5.1.24
< 3>b1n 4fbm dq2[<]25 + J2S] < 3 >b1n 4fbin dq2[J23 +J23] ( )
/ 1 2 T /CP 1 2 T
(Pvin = 37— g dq”[Js + Ja, (Py Dpin = 77— g dq”[Jy — Ju, (5.1.25)
bin 1n bin in
/ 1 2 T /CP 1 2 T
(Ps5)pin = N dq°[Js + J5), (Ps ™ pin = N dg”[Js — Js), (5.1.26)
/ —1 2 7 /CP -1 2 T
<P6>bin = W b dq [J7 + J7] ’ <P6 >bin = 2/\/']; b dq [J7 - J7]7 (5127)

where J; are the CP-conjugate angular coefficients and the normalization M, is defined as

= \/ _ / dgas + o] / dg] oo + Jod].
bin bin

An exhaustive characterisation of the ¢?-binned angular distribution needs to add another observ-

able to the basis O°"

my=0"

(5.1.28)

This observable is called P{ and it was defined in Ref. [115], with the

1Qur analyses do not explicitly test CP-violation in the various b — s¢¢ decay channels, so we will only work

with CP-averaged observables. However, for completeness, here we also define their CP-violating counterparts.
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following structure (in CP-averaged and CP-violating form)

Pu =37 [ Wi+ R B = [ A=A (5120)
bin +bin bin +bin
Indeed, this observable is redundant in the continuum, as it can be written in terms of the other
observables in the Of,gtzo basis [115]. However, the binning procedure breaks this redundancy.

Analogous definitions for the ¢*>-bin integrated unprimed observables (P;°"),. (with i =
4,5,6,8) can be found in Appendix A of Ref. [112].

It is important to stress here that these definitions are general and also hold for the massive
case (my # 0) and in presence of scalar and tensor contributions. In the infinitesimal binning
limit, the observables <P1(»/-)--76>bin in Egs. (5.1.22)-(5.1.27) reduce to their definitions as continuous
functions of ¢?, with only some small differences related to lepton mass effects (such as the case of
P, [115]).

Finally, there are some important FFD observables that should be discussed. These are the
CP-averaged branching ratio B(B — K*{T¢~), the CP asymmetry Acp, both the CP-averaged
and CP-violating forward-backward asymmetry and the longitudinal polarisation fraction® Fy, of

the K™* meson (again in CP-averaged and CP-violating forms).

3 qu2 [Jﬁs + jﬁs]
- 4(dr/dg?) + (dT/dg?)’

7§ qu2 [J6s - st]
4 (dl'/dg?) + (dT'/dq?)’

(Arp) = (AFp) = (5.1.30)

f dq2 [J2c + j20]
(dT/dg?) + (dT /dg?)’
< dB > (dT'/dg?) 4 (dT'/dg?)

dT]Q =1TB 9 5 <ACP> =

o f dq2 [J2c - jQC]
(FEPy = AR + (T ) (5.1.31)

(FL) = -

(dr'/dq®) — (dT'/dq?)
(dl'/dg?) + (dT'/dq?) °

(5.1.32)

where 75 denotes the lifetime of the given B meson involved in the decay and it is to be understood
that ¢2-averages are taken within suitable ¢2-bins fixed by experiments. Usually, we will not use the
notation (dB/dq?) for the branching ratio of a given process, but rather simply B(B — K*{T(™)

(changing the process in parenthesis when necessary). Also, following Eq. (5.1.12), we define

dr 1
<dq2> =1 /dq2[3J1c +6.J15 — Jae — 2.J4]. (5.1.33)

5.1.5 CP-averages and CP-asymmetries: S; and A;

Other B — K*{*T/~ analyses are based on descriptions of the angular distribution with different
observables [31, 116]. A very accessible basis from the experimental point of view can be defined

by means of the CP-averaged angular coefficients S; and the CP-asymmetries A; [31]

[ dq?[Ji + Ji]
(dT/dq?) + (dT/dq?)’

J da® [Ji — Ji]

(Si) = (dT'/dq?) + (dT' /dg?)’

(Ai) =

(5.1.34)

These observables clearly conform with the symmetries of the angular distribution, as they are
defined in terms of angular coeflicients. Despite their normalisation to the CP-averaged angular
distribution, which may achieve some cancellations and reduce both theoretical and experimental

uncertainties, these observables are not clean (unlike the optimised observables P;). Indeed, they

2The transverse polarisation fraction Fr can be defined in terms of F, as Fr =1 — FJ,.
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are not constructed to exploit the form factor simplifications emerging at large recoil, so no exact
cancellation of form factors is possible within them and consequently they show strong sensitivity
to the choice of soft form factors. Therefore, this basis is less competitive for NP searches than
descriptions based on optimised observables. See Refs. [112] and [113] for in-depth comparative

studies of the properties of these two bases.

5.1.6 Theory vs LHCb conventions

As it was observed in Ref. [113], standard theory conventions [31, 103, 112] used to define the
angles of the B — K*(*{~ decay distribution differ from the ones used by the experimental
collaborations [117] (LHCb in particular). Our particular definition of the decay distribution
follows the one introduced in Ref. [31]. Comparing with Refs. [118, 119], where the authors
provided a dictionary connecting both theory and LHCb conventions, we find that our definition
of angles is related to that of the LCHb by [113]

O = O, o =7 — 0y, M = —g, (5.1.35)
K £

leading to the following relative signs at the level of the .S; observables

LHCb
S56c,65,89 = —94,6¢,65,89> (5.1.36)

with the other CP-averaged angular coefficients unaffected. Regarding the optimised observables
P;, relative signs have to be combined with the fact that LHCb uses different numerical factors
to define some of the P; observables. Taking these two effects together, one obtains the following
dictionary [113]

PLECY _ p pHICh — _p, PHICh — py (5.1.37)

P = —(1/2)P;, PP = P P = pg, PO = —(1/2)P,. (5.1.38)

5.2 B, — ¢{"¢: tagging degeneracy and time-integrated observ-

ables

Unlike B — K*¢*{~ decays with neutral B mesons, B, — ¢{T{~ processes very predominantly
decay into CP-eigenstates®. Indeed, the current most precise experimental determination of this
mode was obtained by the LHCb by measuring the By — ¢(— KK~ )u™p~ angular distribu-
tion [121]. Thus, the main difference between this decay and B — K*¢T(~ is that the former is not
self-tagging, that is, the final state does not contain enough information to discriminate whether
the initial state was a B, or its CP-conjugate B.

Because of the aforementioned absence of self-flavour tagging in By — ¢(— KK )utu~,
and under the assumption of equal production of B, and B, mesons, what is actually measured
at the experiments is dI'(Bs — ¢(— K™K )utp~) + dU(Bs — ¢(— KTK~)utp~). Therefore,
because of the relative signs between J; and J; (see Eq. (4.2.12)), these measurements only have

access to the following CP-combinations of angular coefficients .J; [122, 123]
(J; + J;) for i = 1s, 1c, 2s, 2¢, 3, 4, 7, (5.2.1)
(J; — J;) for i = 5, 6s, 6¢, 8, 9, (5.2.2)

3Notice that ¢ decays to K™K~ and K3K? make up to more than 80% of its total decay width [120].
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where J; and J; have the same structure in terms of transversity amplitudes as for flavour-specific
decays, Eqs. (4.3.1)-(4.3.6). The experimental analysis of Ref. [121] provided measurements of
the CP-averaged angular coefficients S3 47 and the CP-asymmetries As 65 9, where all these mea-
surements correspond to time-integrated quantities (see the discussion below). Since we are not
evaluating CP-violation in our analyses, only the first ones will be relevant for our global fits in
Chapter 8, which we will recast as Py, P; and P} using the covariance matrix in Ref. [121].

As hinted above, in Bs — ¢(— K™K~ )u*u~ the final state can be produced by both the decay
of a B, or B, meson, so By — By mixing and the direct decay interfere, from a quantum mechanical
point of view. This induces additional time-dependent contributions to the decay amplitude, and
hence to the angular distribution. Time dependent effects can be accounted for by introducing
time-dependent transversity amplitudes Ax (t) [122, 124], where X = L0, RO, L L, R L, L ||, R |.
Then, one can write the decay distribution in terms of time-dependent angular coefficients, which

are obtained by replacing the usual transversity amplitudes by time-dependent ones [122—124]

Jz(t) = JZ'(AX — Ax(t)), jz(t) jz(AX — Ax<t)). (5.2.3)

These time-dependent angular coefficients can be written as functions of the (non time-dependent)
coefficients J; and J;*, which we can determine from flavour-specific decays, and two extra angular
observables s; and h; [122]

Ji(t) + Ji(t) = e st [(JZ + J;) cosh(yTst) — h; sinh(yfst)} , (5.2.4)

Ji(t) — Ji(t) = e st [(JZ — J;) cosh(yL'st) — s sinh(yfst)} , (5.2.5)

where I's = (T'z, +T'g,)/2, © = Am, /Ty (with Amg = mpy, —mp,) and y = AT, /(2T5) (with
ATy =T, —T'y,), being I'r,, (I'w,) and mpy, (mr,) the width and mass of the lighter (heavier)
mass eigenstate [124].

Using this formalism, theoretically accounting for measurements of time-integrated observables
in hadronic experiments (like LHCb) amounts to including O(AT',/T's) corrections to the analogous
B — K*{{ expressions [122]

(0 + 0), = - [lfyzui Ly 1_yyh] , (5.2.6)
(0~ T}, = [1_11]2@« _y- l_yy] , (5:27)

with the notation (.), here meaning time-averaged quantities, not to be confused with the usual
brackets (.) denoting ¢?-averages. Hence, the same complete basis of optimised observables that
fully characterises the B — K*/™/~ mode can be constructed for By — ¢¢*¢~ by means of the

corresponding replacements

Ji + jz — (Jz(t) + z’(t»t , (5.2.8)
Ji — Ji — (Ji(t) — Ji(1)), - (5.2.9)

in the definitions of the observables in Section 5.1.4 .

4The angular coefficients jl are defined such that jz = Ciji, where the symbol (; follows that {; = 1 for i =
1s, 1¢, 2s, 2¢, 3, 4, 7, and ¢; = —1 for « = 5, 6s, 6¢, 8, 9 [122].
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5.3 B — K{"/7: Decay Distribution and Observables

The semileptonic decay B — K/*¢~ also allows for important tests of the SM. Indeed, some of the
most important anomalies involve observables defined within this decay channel, as we will discuss
in Chapter 8. In this section, we will provide a general description of the dynamics governing the
aforementioned decay and we will introduce its most relevant observables.

Since both B — K{™¢~ and B — K*{™¢~ are processes driven by the same underlying b — s
transition, the effective Hamiltonian of Eq. (4.1.1) can be used for their description. Therefore,
proceeding as in Section 4.2.1, but now using the corresponding form factors defined in Eqgs. (2.1.2)-
(2.1.2), the matrix element of the B — K{/¢~ decay can be written as [125]

M(B — K0) = ((p-)l(p+) K (k)| Herr |B(p))

= C\?;r‘vtzv;b{Fs (£0) + Fp(£ys50) + Fypu(6y'0) + Fapu(&y"s6) } (5.3.1)
where p, k, p— and p4 are the momenta of the B meson, kaon K, lepton and anti-lepton, re-
spectively. Correspondingly, mp, myx and my will denote their masses. The Lorentz-invariant
structure functions Fg py,a contain contributions coming from scalar, pseudo-scalar, vector and
axial-vector operators. In general, tensor operators can also contribute to the matrix element,
however no further consideration will be given to them here. These structure functions present
the following form [125],

1 C Cymis

Fs = gy = i) ola?) (SIS ) (5.32)
m2 — m2
Fp = —myCyo {f+(q2) - % (fo(®) — f+(q2))}
1 C Cpms

# 5mh — mi) folg?) (LI, (5.3

Fa = Ciofs(q?), (5.3.4)
2

F = G5 () + 265y 1) (5.3.5)

with ¢? = (p4 +p_)? the invariant mass of the dilepton pair and Cgeff encoding both the short dis-
tance Cy coefficient and the leading-order four-quark loop function Y (¢?), as defined in Eq. (4.1.21).

The B — K{T{~ process gives access to a double decay distribution with respect to the
dilepton mass squared ¢ and the angle 6, between the B meson and the ¢~ line of flight, as mea-
sured from the dilepton rest frame. In the literature, the spectrum of this process is parametrised

as [126-128]
1 dIYy 3 1
Tydcost, Z(l — Fip)(1 = cos” ) + ) i+ A cos Oy (5.3.6)

Note that the distribution above is determined by two quantities: a flat term Ff} and a linear
term in cos 6y, containing the forward-backward asymmetry Afp - While these two observables
are negligible for electrons and muons in the SM (indeed ASM = 0 and FM o m?), they are
sensitive to the presence of scalar/pseudoscalar and tensor operators. We make the lepton flavour

¢ explicit in all quantities as they can correspond to different leptons in the final state (¢ = e, p
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or 7). Actually, combinations of observables with different lepton flavours can be constructed to
test whether physics is the same for all flavours (as predicted by the SM) or not. Even though it
was not specifically mentioned in Section 5.1, clearly B — K*¢*{~ observables are lepton flavour
dependent and they can also be used to test differences between flavours, as we will thoroughly
investigate in Chapter 7.

On the other hand, from the theory perspective, the decay distribution can be computed from
the matrix element of the process. Squaring Eq. (5.3.1), averaging over all lepton polarisations

and introducing the corresponding phase space factors one finds [126]

d’T,

— = 2 2 2 2
dPdcosy — “a) Fbela”) cos b+ eu(q”) cos™ Or, (5.3.7)

where the ay, by and ¢; coefficients have been defined as [126]

2
ag(q A
ot = (IS + FpF) + 5 (P + )
+ (mQB — m%( + qQ)Re [FpEF}] + 4m%mQB|FA|2, (5.3.8)
bf(‘]?) _ 1/2 *
CZ(QQ) A o 2 2
_— = F F 3.1
FO)\I/26€ 465 (‘ A’ +’ V| )7 (53 0)
with
G%a2 .
o= ot VoVl (53.11)

and the functions A = A\(m%, m3%, ¢*) and B¢ can be found under Eq. (4.2.38).

For a complete treatment of the B — K/¢T¢~ decay, where expressions for a,, by, and c,
including contributions from tensor operators are given, we refer the interested reader to Refs. [126,
128]. Since in the SM scalar and pseudoscalar operators are suppressed by terms of the order of
memy, s /M7, [125], the structure function Fp in Eq. (5.3.3) simplifies considerably and Fg = 0 in
the SM. Then, it follows that b?M = 0 and also a?M = —C?M, the latter holding only in the limit
of massless leptons my — 0.

The angular distribution is measured in integrated ¢ bins, therefore theory computations

must be averaged over ¢? accordingly [126]

d’T,
<d(12dcosef>bin = (ag)pin + (be)pin €08 0 + (Co)pin cos? by, (5.3.12)

with the phase space boundaries
4m? < ¢® < (mp — mg)?, —1<cosf; <1, (5.3.13)

and the g*-integrated coefficients defined as [126]

{ae)pin = . dq® ar(q®), (be)pin = . dg® be(q®), {Coopin = . dq® co(¢?). (5.3.14)
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Using the quantities in Eq. (5.3.14), we can write the integrated branching ratio and the normalised

forward-backward asymmetry as follows [126]

B(B = KiH) = 14 <;”;§> 9y <<ag> + é <az>> , (5.3.15)
PN POV I

where 7 is the B meson lifetime and the "bin” subscripts have been dropped for simplicity.
Moreover, requiring the decay distribution in Eq. (5.3.7) to agree with the parametrisation in
Eq. (5.3.6), one finds the structure of the flat term [126]

2
(dT'¢/dg?)

Observables (A% ) and (FY;) are expected to have reduced uncertainties with respect to the branch-

(Fiy) = ({ag) + (ce)) - (5.3.17)

ing ratio B(B — K{*(™), as a result of the cancellations between the numerator in Eqgs. (5.3.16)
and (5.3.17) and the integrated total decay rate (dl'y/dg?) in the denominator.

Finally, we introduce a very important observable in B — K/*¢~: the lepton flavour uni-
versality ratio Rx°. This observable probes lepton flavour universality effects in and beyond the
SM [126, 129]

B(B — Kyu*p~ dr dU,  (dT,/dg?) (Fl) —4/3(c

If lepton masses are neglected, the SM predicts the same decay rate for processes with muons and

electrons in the final state. This can be explicitly seen in branching ratios for ¢ bins such that
q%in’ i > 1 GeV (since m2/¢* ~ 0 for £ = p and e). Hence, R%M = 1 and any deviation of Ry
from one will signal to NP effects with different couplings to muons and electrons (i.e. NP with
non-universal lepton couplings).

One can see that (Rx) and (FY) are model-independently related [126]

(Ri) (1= (Flj) — A) =1, (5.3.19)

vt Sed — o) (FE)
ce) — (c
A = =i no _ \THI 5.3.20
3 (@ /da?) () (5:3:20)
Observe that the structure of A simplifies to A « ml%, if chirally flipped couplings to electrons
can be neglected (and in the approximation m. ~ 0), as (F&) = 0 and (dl'./dg*) = —4/3 (c¢) in

this context. Therefore, in the SM and NP extensions that do not involve electronic right-handed

currents, the relation between (Ry) and (F¥) is proportional to lepton mass effects.

5.4 Other decay channels

To conclude, we briefly review several other important observables involving exclusive and inclusive
b — s decay modes. Some of them will prove very relevant for our global analyses in Chapter 8,

as they pose stringent constraints on a limited number of Wilson coefficients.

®Here we use (Rx) for denoting the ¢°>-binned version of this observable. However, in a slight abuse of notation,

it is also common to use Ry instead of (Rx) for its g*-average.
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01(0,0) = 3.36 (5a =0.23 a(077) = —14.81 a(7,7) = 16.68 CL(077/) = —0.23

Table 5.1: Coefficients describing the dependence of B(B — X¢7v) on C7 and Cy [85, 113].

5.4.1 B — Xyyand B — X,u"pu~

The electromagnetic and semileptonic inclusive decays B — X,y and B — X,u"pu~ provide
important constraints on the electromagnetic dipole and semileptonic operators O, and (’)9(0710(1).
In our analyses, we consider the branching ratio of both channels, B(B — X7) E,>1.6Gev and
B(B — Xsu™ #~)1,6), With the former being the observable rendering the strongest bound on the
electromagnetic Wilson coefficients C,¢, [85, 113, 130].

We use the following parametrisation for B(B — Xv)g, >1.6Gev [85]

B(B — Xs’y)E,YZlﬁ GeV — |:a(070) + 50, + CL(077)(5C7 + a(0,7/)(5C7: (5.4.1)

+ag (063 +0C3) | x 1074, (5.4.2)
where 6C; = C; — CP™ and the values of the parameters ag,j), with (i,7) = (0,0), (0,7), (0,7"),
are collected in Table 5.1. This expression was first introduced in Ref. [85], based on the next-
to-next-to-leading order SM computations of Refs. [92, 131, 132]. Note that a,0) and &, encode
the SM prediction of the aforementioned observable. An update of these results was provided
in Ref. [133], including all QCD corrections up to O(a?) and new estimates of the relevant non-
perturbative effects. This induced a shift on the central value of the SM prediction, which is
reflected in the corresponding change on the value of a( ) with respect to that of Ref. [85].
On the other hand, the branching ratio B(B — Xsu* ™) of the inclusive semileptonic decay
at low-¢? (from 1 to 6 GeV?) takes following form [85]

B(B = Xsutp7 g = > b ;)8Ci0Cj £ 8y | x 1077, (5.4.3)
i,j=0,7(),9() 10(")

with the definition 6Cop = 1. All non-zero b(; ;) parameters can be found in Table 5.2. This
parametrisation was obtained in terms of the computations in Refs [93] and [134], for further
discussions on the details of its derivation we refer to Appendix B.4 of Ref [85]. Since the terms
based on interferences between SM and chirally flipped operators are extracted from the O(a?)
calculations of Ref. [134], the error estimate presented in Table 5.2 for the central value of B(B —
X s,u*,uf)[lﬁ] accounts both for the variation of fundamental input parameters and the 5% error
assignment proposed in Ref [93] for the unknown Aqcp/mp power corrections. It is important to
stress that, in our current analysis, contributions to B — X,u*u~ coming from logarithmically
enhanced electromagnetic corrections [135] are also included.

In both cases, while the SM parameters of these observables are modified accordingly to
account for the changes in their theory predictions, NP contributions have been left untouched.
This is justified as NP contributions to these observables are expected to be small [113], so there
is no need to include higher order contributions to these effects considering the current level of

accuracy.
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b(0,0) =15.86 d, = 1.51

b(0,7) - *0517 b(079) - 2663 b(0710) = *4679
b(0,7/) == —0680 b(079/) = —0049 b(O,lO/) = 006].
b(7’7) - b(7/’7/) == 27776 b(979) = b(g/’g/) == 0534 b(lO,lO) == b(lO’,lO’) == 0543

b(7,7/) - 70399 b(g79/) - *0014 b(lO,lO') - *0014

b(719) == b(7/79/) = 4920 b(779/) - b(7/,9) == —0113

Table 5.2: Coefficients describing the dependence of B(B — X utu™) on Cr910 and Cy o 10 [85,
113).

c=4.11% oc = 2.52%
do =1 dy = —2.51757
6(010) =1 6(170) = —5.0165

e(071) - —00919061 6(2,0) = 630856

6(072) = 7.49847

Table 5.3: Coefficients describing the dependence of A;(B — K*v) on C7 and Cy [85].

5.4.2 Exclusive b — sy decays

Several exclusive radiative b — sy decays are included in our analyses. The branching ratios of
the decays B — K~, B — K*v and B — ¢ are treated by using the same framework developed
for studying the analogous semileptonic decays, taking the limit ¢> — 0 [136]. Other b — sy
observables, that deserve further theory considerations, are also included: the isospin asymmetry
Ar(B — K*v) and the B — K*v time-dependent CP asymmetry parameter Sg+..

The isospin asymmetry A;(B — K*y) vanishes within the SM in the naive factorisation
limit [85]. Hence, all non-negligible SM contributions to this observable originate from non-
factorisable contributions to the amplitude of the process, particularly from topologies where a
photon is emitted from the spectator quark line. As a result, the observable A;(B — K*7),
being dominated by O(Aqcp/my) contributions, is expected to be very sensitive to hadronic un-
certainties. This could be used as a discrimination criterion for not including the aforementioned
observable in our analyses, however it gives direct access to the electromagnetic coefficients C-,
with no interference from semileptonic operators, and thus it is a good probe for NP in these
operators [85].

The corresponding numerical expression used for A;(B — K*v) reads [85]

Sy dy 0C%
Zk,l e(k,l) 5C$5Cl7/

A(B— K*y) =c¢ X =+ o, (5.4.4)

where k,l = 0,1,2 and the non-zero dj, and e, ;) coefficients are displayed in Table 5.3.
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f=—-0.0297336

0% = 0.0089893

34 = 0.0089767

90,1y = +152.774
910y = —3.17764
g1y = —415.441
9(0,2) = +8.63917

2.0 = +8.63917

h(0.0y = +39.9999
h(.) = —4.51218
h(1,0) = —214.866
h(o.2) = +290.553

h(2,0) = +290.553

Table 5.4: Coefficients describing the dependence of Sk, on C7 and Cr [85].

More interesting is the CP structure of the B — K*v decay. Because of the left-handed
structure of weak interactions in the SM, transitions involving a b quark will predominantly require
the emission of a left-handed photon, while transitions with a b quark will demand a right-handed
photon [85]. More in detail, looking at the structure of the effective operator O7 in Eq. (4.1.14), one
can see that b — s decays with a right-handed photon are suppressed by a factor mg/m;5. This
suppression can be alleviated within several NP scenarios, therefore observables characterising CP
violation in B — K™y are particularly interesting for testing NP in Cy.

In our analyses, these effects are accounted for by including the parameter Sk« in the time-
dependent CP asymmetry Acp(BY — K*0v) [137, 138]

D(B°(t) = K*0y) —T(B°(t) — K*%9)

Acr(B2 = K9 = [ S ko) 1+ 10(B00) > Ko0)

= Sk=y sin(Ampt)—Cr=~ cos(Ampt),
(5.4.5)
with both K*¥ and K*° subsequently decaying into the CP-eigenstate Kgn¥, and the mixing
parameter Am g being defined following Amy in Eqgs. (5.2.4) and (5.2.5). Due to the aforementioned
SM suppression of right-handed photons in B — K*v, Acp(B° — K*°v) is mostly dominated by
the B meson mixing, with reduced sensitivity to hadronic uncertainties. So, it can be used as a
null-test of the SM [85, 137, 138|.
Finally, we present a suitable parametrisation for Sy, consistent with the inputs of our

analysis [85]

S f+5; n > k1 9k D) scksct,
K* = :
¥ —59 Zk,l h(k,l) 56[;56%,

where f stands for its central value SM prediction, with % (5?) the associated upper (lower) error

(5.4.6)

bar. Additionally, the coefficients g(; ;) and h(; ) can be found in Table 5.4.

5.4.3 B, —utp-

One of the most stringent constraints on axial, scalar and pseudoscalar types of NP (i.e. Cyq0
and Cg0) ps() is given by the measurement of the branching ratio of the purely leptonic decay
Bs — pt . This process is strongly helicity suppressed in the SM, so it has long been considered

5This explains the suppression of C;/ with respect to C; in the SM, as we noted in Eq. (4.1.28)
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one of the standard candles of NP in B meson decays, consequently attracting a lot of interest
both from the theory and the experimental sides.
At leading order, within a generic NP model including axial, scalar and pseudoscalar contri-

butions, the branching ratio is given by [31]

B(Bs — p* )—TBsfssmBs 16 3 |thVis!\/ [5! ( )HP\

with « being the electromagnetic coupling constant, 7p, the B; lifetime, mp, its mass and the
parameters S and P defined as [31]

(5.4.7)

2
mBS mBS

S = (Cs —Cs), pP=

(Cps —Cpsr) + my (Ci10 — C1or) - (5.4.8)

Current most precise SM predictions of this observable include next-to-next-to-leading order QCD
and next-to-leading order electroweak corrections [139-141], which induce a shift on both the
central value and uncertainty associated to the expression in Eq. (5.4.7). Our approach for taking
these corrections into account is the same used for the inclusive channels B — X,y and B —
Xputu~: we rescale Eq. (5.4.7) so that its central value and uncertainties reproduce the updated
SM predictions, but we leave those parts of Eq. (5.4.7) that depend on the NP contributions to
the coefficients C; untouched. Recent computations of QED and QCD corrections to the SM value
of the By — u*pu~ decay [142, 143] are not included in our expressions, as they are significantly
small compared to both the experimental accuracy available and the errors associated to our

determinations of the Wilson coefficients.
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Chapter 6

General Theoretical Framework and

Hadronic Uncertainties

In Chapter 4 we described the leading contributions to the B — K*{T¢~ decay distribution and
discussed in detail how O(ay) corrections should be accounted for within the QCDf framework.
These computations have an intrinsic error of order Aqcp/myp, usually referred to as hadronic
uncertainties in the literature, which arise from power corrections to the factorisation formula.
Developing a proper theoretical treatment of these corrections is important for achieving precise
theory predictions able to match the accuracy of experimental measurements, which is particularly
relevant since obtaining reliable determinations of short-distance Wilson coefficients through global
analyses of data depends on this premise. Factorisable hadronic corrections can be estimated
by combining QCDf computations with well-grounded parametrisations, however non-factorisable
contributions cannot be computed from first principles and one has to rely on partial calculations
and phenomenological models for their assessment. This has motivated certain analyses to advocate
for unexpectedly large hadronic effects as explanations for some of the b — s¢¢ anomalies [144-146].

Here we will review the treatment of hadronic uncertainties, which completes the description
of our theoretical framework together with a short discussion about the large-¢? region, provide a
detailed anatomy of them and collect robust arguments showing that factorisable power corrections
cannot account for the observed anomalies and that an explanation through long-distance charm

contributions is disfavoured.

6.1 An overview of the computation of B — K*/7(~ observables

In this section, we present an overview of the general approach followed for the computation of
observables in Chapter 5. This includes a complete depiction of our treatment of the various
sources of uncertainties and their interplay with the computations and techniques explained in
Chapter 4. This framework will be applied, e.g., in the global fit in Chapter 8. The basis of our
computations highly depends on which kinematic regime of the decay we are exploring: the large
recoil region (¢> <7 — 8 GeV) or the low recoil region (15 < ¢? < 19 GeV). Therefore we discuss
them separately.

Whereas the B — K*{T¢~ decay channel and its observables will be our default context for
the following discussion, at the end of the section we will comment on how these developments
translate to By — @00~ and By, — K{T0~

89
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6.1.1 Theoretical framework at low-¢?

The theoretical treatment used to describe the decay B — K*¢T¢~ at low squared invariant
dilepton masses ¢*> (where the most significant tensions with the SM are found) is based on QCDf
supplemented by a sophisticated estimate of the power corrections of order Aqcp/mp. This
framework is called improved QCDf [113, 147], where the term ”improved” stands for the fact that
O(Aqcp/mp) corrections that go beyond QCDf are also included as uncertainty estimates in our
predictions.

The use of effective theories [24, 29] allows one to relate the different B — K* form factors at
leading order in AQCD/mB and AQCD/E, where F is the energy of the K*. As we mentioned in
Section 2.1.4, this procedure reduces the required hadronic input from seven to two independent
soft form factors &, , £, which in the region of low q? can be calculated using LCSRs.

Two different types of LCSR form factors can be found in the literature, depending on the
method adopted for their computation. On the one hand, there are form factors based on LCSRs
with B-meson distribution amplitudes. Currently two form factor parametrisations of this kind are
available: the calculation of form factors in [148] (KMPW), where up to leading-twist two-particle
contributions were included, and the recent parametrisation presented in Ref. [149], where the
leading-twist contributions are extended up to twist four. On the other hand, one can also use
LCSRs with K*-meson distribution amplitudes, which lead to results with smaller uncertainties be-
cause of the current better knowledge of light-meson LCDAs. The so-called BSZ form factors [150]
were computed within the aforementioned approach, with a prevalent application of equations of
motion. For in-depth analyses of the implications of using these different form factor parametrisa-
tions for the computation of relevant observables in B — K*/*/~ and related channels, we refer
the interested reader to Refs. [113, 147]. Our default predictions rely on KMPW form factors
which have larger uncertainties and thus lead to more conservative predictions for observables.
By construction, the choice of the set of form factors has a relatively low impact on optimized
observables but it has a large impact on the error size of form-factor sensitive observables, such as
the longitudinal polarisation F, or the CP-averaged angular coefficients S;.

The large-recoil symmetry limit is enlightening as it allows us to understand the main be-
haviour of optimized observables P,L»(/) [103, 112] (see also Section 5.1.2 of this Thesis) in presence
of New Physics in a form-factor independent way. However, for precise predictions of these ob-
servables it has to be complemented with different kinds of corrections, separated in two classes:
factorisable and non-factorisable corrections. Improved QCDf provides a systematic formalism to

include the different corrections as a decomposition of the amplitude in the following form [30]:

Il 7 R Aqep
(0 Kf|Heg|B) = Y Ciaba+ Ppt ®Tyax @ P+ O (%) : (6.1.1)
a,*
where ¢ = 0, L, || and a =1,||. The equation above is formally related to the the factorisation

ansatz of the hadronic form factors in Eq. (4.4.9) and all its elements have the same meaning as
the ones defined there.

Factorisable power corrections

Factorisable corrections are the corrections that can be absorbed into the (full) form factors F' by

means of a redefinition at higher orders in g and Aqcp/mp:
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F(q®) = F®(€L(¢).§(d%) + AF*(¢°) + AFA ). (6.1.2)

The two types of corrections to the leading-order form factor F'*°(£,,¢|) are factorisable a,-
corrections AF®s and factorisable O(Aqcp/mp) corrections AFA. While the former can be com-
puted within QCDf and are related to the prefactors C,; of Eq. (6.1.1), the latter, representing
part of the O(Aqcp/my) terms of Eq. (6.1.1) that QCDf cannot predict, can be parametrised as

an expansion in ¢?/m?% following [151]

2 4
AFMG?) = ar + bFn% +oep g (6.1.3)

B mp

Whereas these corrections are expected to be small, one cannot simply neglect them as they break
the symmetry relations that protect the optimised observables at leading order and reintroduce
a form factor dependence at O(ay, Aqep/mp) in them. Therefore it is of paramount importance
to have these AF? corrections under good theoretical control. Notice that the decomposition
in Eq. (6.1.2) is not unique, due to the symmetry relations in Egs. (2.1.27) and (2.1.28) (and
Eq. (2.1.26) for pseudoscalars) one can always redefine §| | such that some of these corrections
are partly absorbed. At the practical level, in order to unambiguously define the soft form factors
one needs to fix a renormalisation scheme, i.e. a specific definition for £, | in terms of full QCD
form factors. No a priory restrictions exist for the definition of a particular scheme, as long as it
conforms with the symmetry relations among form factors at large recoil.

Our implementation of these corrections makes particular emphasis in two aspects [147]:

» For a realistic estimation of the errors, one must consider all correlations among the parame-
ters ap, bp and cp in Eq. (6.1.3). This includes all kinematic constraints among form factors
at maximum recoil (i.e. T7(0) = T5(0)) and correlations that naturally arise from the choice

of scheme.

» It is relevant to choose an appropriate scheme. Fixing a scheme determines which corrections
of O(as, Aqep /ms) are absorbed into the definition of the soft form factors F> (€. (¢%),§;(¢%))
and which remain as AF(¢?) and AF(¢?) symmetry breaking corrections. The AF%s(¢?)
can be computed within QCDf, but AF A(q2) power corrections need to be determined
through the decomposition in Eq. (6.1.2). Hence, this introduces a scheme dependence at
O(Aqcp/my) in the computation of the observables. In Sec. 6.2 we will further discuss the
dependence of improved QCDf predictions on the scheme and we will argue that an appro-
priate scheme must be such that it naturally minimizes the sensitivity to power corrections
in the relevant observables like P!. Additionally, we will also derive explicit formulae for the
contribution from factorisable power corrections to the most important observables P;, P,

and Pj, which will allow us to confirm in an analytic way the numerical findings of Ref. [147].

In our approach we first determine the parameters ap, bp, cp so that our decomposition reproduces
the central values of the full QCD form factors. This has the important implication that central
values of our predictions present no scheme dependence, only errors are affected. To this end,
once a scheme is fixed, we fit the subsequent parametrisation to the full form factors and keep

the (non-zero) correlated estimates of the parameters (ar, br, ¢r) as central values. BExplicit
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ap br Cr
Ao(KMPW) 0.002 £ 0.000 0.590 £ 0.125 1.473 £0.251
A1 (KMPW) | —0.013+£0.025 —0.056 +0.018 0.158 £ 0.021
A2(KMPW) | —0.018 £0.023 —0.105 4+ 0.022 0.192 4+ 0.028
T:(KMPW) | —0.006 £0.031 —0.012+£0.054 —0.034 4+ 0.095
To(KMPW) | —0.005 + 0.031 0.153 £+ 0.043 0.544 £ 0.061
T3(KMPW) | —0.002 + 0.022 0.308 £+ 0.059 0.786 £ 0.093

Table 6.1: Fit results for the power-correction parameters in the case of scheme 1 as defined in
Section 6.2. The label KMPW refers to LCSR input from ref. [148]. In this scheme, V receives no

power corrections and therefore the corresponding parameters vanish.

values of these estimates obtained by fitting to the full form factors in the KMPW parametrisation
can be found in Table 6.1. Interestingly, this procedure yields results of typically (5 — 10)% x F
in size, as expected from naive power counting. We take an uncorrelated 10% error assignment
to the factorisable power corrections Aap, Abp, Aép ~ F X O(Aqcp/my) ~ 0.1F around the
central values [147], which corresponds to an error of order 100% with respect to the central values
obtained through the fit. Finally, for the computation of observables the parameters are varied
within the range ap — Aar < ap < ar + Aap, and the same for by and cp [147].

Notice that our assumption on the error size of power corrections is only based on dimensional
arguments and, even though there is no rigorous way to validate this assignment, it was shown in
Ref. [147] that this error estimation of 10% for power corrections is conservative with respect to
the central values of KMPW form factors. In Sec. 6.2 we will perform the same analysis but now
to extract the amount of power corrections (including errors) contained in the form factors from
Ref. [150], finding them of the typical order of magnitude of 10%, in agreement with dimensional

arguments.

Non-factorisable power corrections

Non-factorisable corrections refer to corrections that cannot be absorbed into the definition of the
form factors due to their different structure. Thus, these corrections pose a conceptually different
problem with respect to our previous discussion: even if all sources of factorisable corrections
were precisely known, we would still have to deal with hadronic uncertainties of non-factorisable
origin. One can identify two types of such corrections. On one side, non-factorisable a-corrections
originating from hard-gluon exchange in diagrams with insertions of four-quark operators O;_g
and the chromomagnetic operator Og. And, on the other side, there are non-factorisable power
corrections involving long-distance c¢ loops. First we will describe the non-factorisable power
corrections associated with hard-gluon exchanges and later we will address the charm loop.

As we saw in Section 4.4, non-factorisable contributions come from four-quark and chromo-
magnetic operators where the dilepton is generated via the insertion of a virtual photon line. At
small ¢2 and at leading order in Aqcp/my, the factorisation formula in Eq. (4.4.18) allows for their
computation in terms of hard-vertex coefficients, hard-scattering kernels and the corresponding
distribution amplitudes [30, 33]. However, at order Agcp/my unknown non-perturbative power

corrections appear. These are precisely the non-factorisable power corrections we mentioned above.
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These contributions are estimated by means of a parametrisation that originally was designed
to jointly account for both factorisable and non-factorisable power corrections. This approach
is based on a set of complex functions that multiply each transversity amplitude [111, 152], with
characteristic absolute values of the order of 10%, which again follows from dimensional arguments.
Error estimates for the transversity amplitudes around singular points are usually underestimated
within this framework, but it turns out to provide reasonable errors at the observable level due to
interferences between the transversity amplitudes [147].

One possibility would be to use the same technique but only for the non-factorisable correc-
tions, indeed factorisable corrections have already been taken into account with the procedure
detailed above. However, this would clearly overestimate the effect as contributions that are not
affected by non-factorisable power corrections, i.e. those generated by operators Oé:)lo, would be
artificially inflated.

Our procedure is based on the same idea but applied to the hadronic form factors 7; (generically
defined through the factorisation formula in Eq. (4.4.18)) that parametrise the matrix element
(v*K*| Heg | B) [30]. First, we single out the contributions of purely hadronic origin in 7; by taking
the limit 7;had = 7;|C$/)%0

normalisation factor, by a complex ¢?-dependent function

and then we multiply each of these amplitudes, that will serve as a

T4 = (14 ri(e?) T, (6.1.4)
where
2 o s [ € o €\
ri(¢?) = rie'® 4 rlel®: (m%> + et <m%> : (6.1.5)

We define the central values as the ones with 7;(¢?) = 0 and estimate the uncertainties from non-
factorisable power corrections by varying r{ be e [0,0.1] and qﬁg’b’c € [—m, 7] independently, which
corresponds to a ~ 10% error assignment with arbitrary phase.

On the other hand, power corrections that involve long-distance cé-loops correspond to one-
loop contributions from the operator Oy, which can be recast as a contribution to Cy depending
on the squared dilepton invariant mass g2, the transversity amplitudes AJL’R (j=0,L,|]) and the
hadronic states (as opposed to a universal contribution from New Physics). These complicated
objects are included as an additional source of uncertainty, estimated on the basis of the only
existing computation [148] of soft-gluon emission from four-quark operators involving c¢ currents.
The calculation in Ref. [148] was done in the framework of LCSRs with B-meson distribution
amplitudes and makes use of an hadronic dispersion relation to obtain results in the whole large-
recoil region. It is important to notice that, taken at face value, the resulting correction would
increase the anomaly [153]. The phenomenological model used in Ref. [148] for estimating this
effect includes the perturbative leading order contribution (also coming from an insertion of the Oy
operator). Therefore, as we are only interested in the long distance charm-loop effect, we subtract
the aforementioned contribution, and proceed to shift the value of m. according to the instructions
given in Ref. [148] in order to be consistent with the value used in our analyses. Then, we introduce

two parametrisations for the contribution to the transverse amplitudes [113, 147]

aL + quQ(CL . q2)
¢*(ct—q¢*)

all 1 pl2(ell — o2
scl(q?) = ;b(cj’l (_qz)q ), (6.1.6)

0Cy (¢%) =
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and similarly for the longitudinal amplitude (with no pole at ¢> = 0, as expected)

a” +0°(¢* + 50)(c” — ¢°)
(4% + 50)(c” — ¢%)

3C3(q°) = , (6.1.7)

being so = 1 GeVZ2. These parameters are fixed in order to cover the results from Ref. [148] in the

¢>-region from 1 to 9 GeV2. Following this approach, one obtains [113]

at,all =9.25 +2.25, a®=33+7, (6.1.8)
bl = —0.5+0.3, b¥=—-09+05, (6.1.9)
el =9.354+0.25, & =10.35+0.55, (6.1.10)

where all parameters are taken as uncorrelated. For the sake of being as conservative as possible in
our estimate for this effect, since the sign of these contributions can be debated, for each correction
to the three transversity amplitudes we introduce prefactors s; that are scanned from —1 to +1.
Finally, the prescription used in our theory predictions to account for the long-distance charm loop

reads
AP e = (P + e, i=1,],0, (6.1.11)
with the last piece defined as
CEE = 5;0CS. (6.1.12)

It is interesting to note that our conservative approach typically leads to larger uncertainties for

observables as compared to other estimates in the literature [150, 151].

6.1.2 The large-¢? region: lattice results and duality violation estimates

For the low-recoil region [154-156], one can perform a similar analysis based on Operator Product
Expansion and Heavy-Quark Effective Theory, or using directly form factors provided by lattice
QCD simulations. In the following, we will use the latter approach for the computation of the
observables at low recoil. In this region, one has also to deal with resonances such as those observed
by LHCb in the data of the partner channel BT — Kt pu~. This observation prevents one from
taking small bins afflicted by the resonance structures. In Ref. [157] a quantitative estimate of
duality violation is given. Unavoidably, one needs to use a model for this estimate, still the result
is that the low recoil bin, integrated over a large energy range, gets a duality-violation impact of a
few percent at the level of the branching ratio (estimated to 5% in Ref. [110] or 2% in Ref. [157]).
It remains to be determined if this estimate also applies for angular observables in B — K*pupu.
Moreover, the exact definition of the ends of the single large bin has some impact on the analysis
in the framework of the effective Hamiltonian [158]. In order to take into account such effect of
duality violation for angular observables and the sensitivity to the position of the ends of the bin,
we add a contribution of O(10%) (with an arbitrary phase) to the term proportional to C§T for
each transversity amplitude. We notice that for all exclusive processes at low recoil, we include

the next-to-next-to-leading logarithm corrections for b — s¢¢ processes as described in Ref. [159].



6.2. Anatomy of factorisable power corrections 95

6.2 Anatomy of factorisable power corrections

In the region of large recoil of the K* meson, the non-perturbative form factors needed for the
prediction of B — K*u"u~ are available from three different LCSR calculations in Refs. [148]
(KMPW), [150] (BSZ) and [149]. However, our discussion here will focus only on the KMPW
and BSZ parametrisations. In Ref. [150], the set of form factors has been provided together with
the corresponding correlations, essential for the cancellation of the form factors at leading order in
optimized observables. Instead of using the results provided in Ref. [150], the dominant correlations
can alternatively be assessed from first principles, by means of large-recoil symmetries which relate
the seven form factors among each other. Among the advantages of this second method, the
correlations are free from the model assumptions entering the particular LCSR calculation and
the method can be applied also to sets of form factors for which the correlations have not been
specified, e.g., Ref. [148]. As a drawback, these correlations are obtained only at leading order,
and symmetry-breaking corrections of order O(A/mp) have to be estimated using the techniques
of Section 6.1.1, implying a scheme dependence of the predictions at O(A/mp). We will discuss

this scheme dependence in the following.

6.2.1 Scheme dependence

Theoretical predictions for the decay B — K*¢T¢~ depend on seven hadronic form factors usually
denoted as V, Ay, A1, Ao, T1, T5,T5. For small invariant dilepton masses ¢°> < m2B (large-recoil
limit), and at leading order in s and Aqcp/mp, the set of form factors becomes linearly de-
pendent [24, 29, 30, 160] and thus reduces to two soft form factors §; and § (see Egs. (2.1.27)
and (2.1.28) in Section 2.1.4). Then, the full set of form factors V', Ag, A1, Ag, T, To, T3 can be
obtained as linear combinations of £, .

Egs. (2.1.27) and (2.1.28) allow us to construct observables in which the form factors cancel
at leading order. For an illustration, let us focus at ¢*> = 0, where the first relation in Eq. (2.1.27)

implies

A1(0) _ Th(0) _ V(0)

T0) ~ V)~ Aoy LT Os Ams), (6.2.1)

while 77(0)/7%(0) = 1 holds exactly due to a kinematic identity from the definition of 77 and T5.
Observables involving ratios like the ones in Eq. (6.2.1) are independent of the form factor input up
to effects of O(as, A/mp), and the optimized observables Pi(/) are defined following this philosophy.
The reduced sensitivity to the hadronic form factor input renders these observables sensitive to
subleading sources of uncertainties, i.e. to effects of O(as) and O(A/mp). As we discussed in the
previous section, while O(«;) corrections to Egs. (2.1.27)-(2.1.28) can be included in the framework
of QCDf, the so-called factorisable power corrections of O(A/mp) are not computable in QCDf.
Accurate QCDf predictions rely in an essential way on quantifying the uncertainty due to
power-suppressed Aqcp/mp effects. This is typically done by assigning uncorrelated errors of the
size 6 ~ 10% to Egs. (2.1.27)-(2.1.28) (and thus to the ratios in Eq. (6.2.1)). Note, however, that
this cannot be done in a unique way. Let us, for instance, assume that the errors on A;(0)/71(0)

and T7(0)/V(0) are given by §; and 2, respectively:
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A1(0) 1:(0)
=1+ =1= . 6.2.2
71(0) b v (0) 2 (62.2)
The error 63 on the ratio A;(0)/V(0) is then fixed by
Lis A1(0)  A1(0) Ty(0) 1+ /67 +05, quadratic error propagation (6.23)
3 pu— pr— pr— ) . .
V(0) 1:(0) v(0) 1+ (61 + d2), linear error propagation

depending on how uncertainties are propagated. The assumption of a universal error size §; =
89 = § for the first two ratios thus leads to an error d3 = /2§ or 3 = 26 for the third one, although
in principle the three ratios should be treated on an equal footing.

The same phenomenon can be understood also from a different point of view. In the QCDf
approach, predictions of observables depend on the two soft form factors £, and § for which
hadronic input (from LCSR) is needed. According to Eqgs. (2.1.27)-(2.1.28), there are various
possibilities to select the input among the seven full factors V, Ay, As, Ag, 11, 15, T3, and the

choice defines an input scheme. One possible choice would consist for example in defining

2y . __MB .2
() = mB+va(q ),
§(¢%) = %m(q?)—mi;m%?(q?) (scheme 1). (6.2.4)

A different choice would consist in identifying

£1(¢%) = Tu(gd), ¢(d?) = %AO(qQ) (scheme 2). (6.2.5)

By definition, the form factors (or linear combinations of form factors) taken as input are exactly
known to all orders in s and A/mp. The remaining form factors are then determined from
the symmetry relations in Egs. (2.1.27)-(2.1.28) upon including O(as) corrections via QCDf and
assigning an error estimate to unknown O(A/mp) corrections. Taking, for instance, as in scheme
2, T1(0) = TFCSR(0) as input for &, (0) leads to

V(0) =TPOR0) +afr +apy +..., Ay(0) = TFSR0) + af +ad, + ..., (6.2.6)

where af?, aisl and ae, aﬁl are a; and Aqcp/mp corrections to the symmetry relations in Egs.

(2.1.27)-(2.1.28) for each form factor, and the ellipsis represents terms of higher orders. If Eq. (6.2.6)
was determined to all orders in «y and Agcp/mp, predictions for observables would not depend on
the chosen input scheme. In practice, QCD corrections are known in QCDf up to O(a?2) [161, 162]
while Aqcp/mp corrections can only be estimated, implying a scheme dependence in the compu-
tation of the observables at O(Aqcp/mp) and O(a?).

While the form factors taken as input inherit their uncertainties directly from the LCSR
calculation, the remaining form factors receive an additional error for the unknown Aqcp/mp

corrections a®. In the example above (scheme 2), we have

T1(0) = TEOSR(0) + ATEFOSR(0), (6.2.7)
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with ATFCSR(0) denoting the uncertainty of the LCSR calculation, and

V(0) =(TFSR(0) + a8 + af}) + (ATFOSR0) + Aals + Add)), (6.2.8)
A1 (0) =(TFOR(0) + a + aly,) £ (ATFPSR(0) + Aa + Add)). (6.2.9)

In this case, V(0) and A;(0) are subject to two main sources of uncertainties, namely the error
ATFCSR(0) of the LCSR calculation and the uncertainties Aa& 4, from unknown power corrections
(we neglect the uncertainty Aa{'}f 4, from the perturbative contribution). On the other hand, if
we had chosen V(0) or A;(0) directly as input for the soft form factor £, (0), the only source of
error for V(0) or A;(0) would have been the respective LCSR error AVICSR(0) or AALCSR(().
The choice of scheme thus defines the precision to which the various full form factors are known,
keeping those taken as input free from a pollution by power corrections.

The freedom to choose between different input schemes is equivalent to the ambiguity in
implementing the 10% requirement on the symmetry-breaking corrections to Eqgs. (2.1.27)-(2.1.28)

and (6.2.1). In the scheme 2, the uncertainties on the form factor ratios are:

40 _ o, Ad, L) _ oy, Aay (6.2.10)
T1(0) THOSR? V(0) THESR? o
2
Aah Add 2
4,(0) 1+ <TLCAS;L> + <TL?J‘S/R> , quadratic error propagation
1 1 1
= .(6.2.11
v(0) NI (6:2.11)
G’Al a’\/ . .
1+ TosE T icsw | linear error propagation
T T

In this expressions we have kept only the errors of O(Aqcp/mp) and we have neglected uncer-
tainties suppressed by additional powers of as or A/mp. Note that the LCSR error ATILCSR(O)
cancels in this approximation. Identifying §; = Aafh JTECSR and 6y = Aa"} JTECSR we find that
the resulting errors are in agreement with Egs. (6.2.2) and (6.2.3).

How can the ambiguity from the scheme dependence be solved? To answer this question,
let us first have a look at the decay B — K™*v. The prediction of this branching ratio depends
on the single form factor 77(0) and the natural choice thus consists in taking its LCSR value
directly as input for the theory predictions !. Of course, one could take as input any other form
factor to which T} is related through the symmetry relations in Egs. (2.1.27)-(2.1.28), e.g. V.
Unlike 77, the choice of V' would generate power corrections of O(Aqgcp/mp) in the prediction for
B — K*~, reflecting the fact that the identification V = T} is only an approximation, valid up to
O(Aqcp/mp), and that the “wrong” form factor, V', has been used for the prediction instead of
the “correct” one, T1. The corresponding increase in the uncertainties is thus caused artificially by
an inappropriate choice of the input scheme. This becomes even more obvious in the hypothetical
limit where the errors of the LCSR calculation go to zero: In this case, the prediction for B — K*vy

would be free from any form factor uncertainty (as it should be) when 7} is taken as input, while

I This decay also receives a contribution from charm loops. For the sake of the argument presented in this section,
we will neglect this effect, which should however be included in an actual computation of this branching ratio,
contrary to the approach of Ref. [151]. We will include this contribution when discussing the fits to ¢¢ contributions,

see Sec. 6.3.2 and in particular Tab. 6.7.
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the wrong central value would be obtained when V is used, together with an irreducible error of
order O(|VECSR _ TLOSR |y,

The example of B — K™~ clearly illustrates the fact that an inappropriate choice of scheme
can artificially increase the uncertainty of the theory prediction. The situation is less obvious in the
case of B — K*u™ p—, where typically all seven form factors enter the prediction of the observables.
Ignoring the form factor Ag, whose contribution is suppressed by the lepton mass, we observe that
the form factors V, A1, Ao enter the amplitudes together with the Wilson coefficients Cét)lo, whereas
T1,T5, T3 enter the amplitudes together with the coefficient Cél). In the SM, CSF <« Re(CS™) (where
the effective coefficients C?% include effects from perturbative ¢g loops), e.g. C‘;H(qg) = —0.29 and
Re(CSsT)(g2) = 4.7 at ¢2 = 6 GeV2. Hence the (axial-)vector form factors V, Aj, Ay are in general
more relevant than the tensor form factors 17, Ts, T3, except for the very low ¢?-region where the
C; contribution can be enhanced by the 1/¢? pole from the photon propagator. In particular in
the anomalous bins of the observable P! (4 < ¢* < 8 GeV?), we find that the impact from C7 is
strongly suppressed compared to the impact from C9. This can be seen by setting some of the
Wilson coefficients to zero and determining the resulting change in the predictions: one gets a shift
of AP{(C7 = 0)4,6) = —0.19 when C7 is switched off, compared to AP§(Cy = 0)46) = +1.34 when
Cy is switched off. With respect to the soft form factor &, , the observable P/ is thus dominated
by the ratio A;/V suggesting the form factor V', or alternatively A;, as a natural input for £, .
Defining £, from T}, as done in Refs. [146, 151], on the other hand represents an inadequate choice:
to a good approximation, the prediction of P! in the anomalous bins does not depend on this form

factor, due to a suppression by |C7/Cq| < 1.

Together with the linear propagation of errors applied in Refs. [146, 151], the choice of T} as
input leads to an artificial inflation of the uncertainty by a factor of 2 in the anomalous bins of
P!, as we demonstrated in Egs. (6.2.3) and (6.2.11). In other words, we conclude that the results
on P! obtained in Ref. [146] correspond to an implicit assumption of 20% power corrections 2
because this is the size of symmetry breaking implicitly assumed for the dominant form factor
ratio Ay /V 3. The situation is different for observables that vanish in the limit C; — 0, i.e. that
depend on C; already at leading order in C7/Cy, like the observable P». In this case, it is not clear a
priory whether the observable is more sensitive to the (axial-)vector or to the tensor form factors,

and the answer to this question requires a closer inspection (see Sec. 6.2.3).

In summary, in the soft-form factor approach, we expect the uncertainties of our predictions
to be scheme dependent. An inappropriate choice of definition for the soft form factors will inflate
the errors on the predictions. For each observable, we should thus choose a scheme as appropriate

as possible to avoid an overestimation of the uncertainties.

2This is in contradiction with the assumption initially stated in Ref. [146] that a 10% power correction is used
for all the form factors.
3This provides only a partial explanation to the larger uncertainties in Ref. [151]. Apart from a factor of two in

the error assigned to factorisable power corrections that we have just discussed, Ref. [151] also states much larger
parametric errors compared to Ref. [147] and Refs. [163, 164]. This is surprising, given the fact that the uncertainties
assumed for the key parameters like m. are compatible, while the errors for the form factors are even significantly

smaller in Ref. [151] due to the extraction of T1(0) using experimental data (see also Appendix A of [1].
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ar br cF (0 GeV?) r(4GeV?) r(8 GeV?)
Ao 0.000 % 0.000 0.054 £ 0.033 0.197 £ 0.203 | 0.000 £ 0.000 0.026 +0.020 0.055 £ 0.047
4+ 0.000 +0.054 +0.112 + 0.000 +0.020 +0.038
Ay 0.020 £ 0.011 0.036 £ 0.025 0.037 £0.049 | 0.071 £0.043 0.086 +0.045 0.102 £ 0.054
+ 0.029 +0.017 + 0.022 + 0.100 + 0.100 + 0.100
As 0.028 £ 0.016 0.079 £ 0.038 0.131 £0.079 | 0.116 £0.070 0.147 £ 0.078 0.188 = 0.099
+ 0.041 4 0.048 + 0.056 4+ 0.165 +0.174 +0.182
Ty —0.017£0.013 —-0.017£0.009 —0.037=+0.023 | 0.061 +0.045 0.057 £0.038 0.054 + 0.030
+ 0.031 + 0.043 + 0.090 4+ 0.100 + 0.100 + 0.100
T, | —0.017£0.012 0.007 £ 0.027 0.025 £0.053 | 0.061 £0.045 0.050 £0.045 0.036 £ 0.053
+0.031 +0.016 +0.027 +0.100 4+ 0.100 4+ 0.100
T3 | —0.007 £0.021 0.014 £0.041 0.061 +0.208 | 0.037 +£0.111 0.0134+0.132 0.016 £0.176
+ 0.018 4+ 0.019 + 0.026 4 0.100 + 0.100 4+ 0.100

Table 6.2: Results for the fit of the power-correction parameters ap, bp,crp to the B — K* form
factors from Ref. [150], using the input scheme 1 in the transversity basis. Furthermore, the
relative size r(¢?) with which the power corrections contribute to the full form factors is shown for
¢%> =0,4,8GeV?. In the first line of each entry, the central value and the error obtained from the
fit are given. In the second line, the estimate AF? = 10% x FLCSR ig displayed for comparison.

6.2.2 Correlated fit of power corrections to form factors

Having clarified the issue of the scheme dependence, we can turn to the question of the actual
size ¢ of the symmetry breaking corrections. Both Refs. [147] and [146] use 6 = 10% as an error
estimate. It is instructive to study how this ad-hoc value compares to the size of power corrections
present in specific LCSR calculations. As we discussed in Section 6.1.1, within our standard
theoretical framework, the parameters characterising the factorisable power corrections (with a
scheme choice according scheme 1 in the subsection above) are extracted from the LCSR form
factors in Ref. [148] (KMPW). In Ref. [147], these results were tested against the corresponding
estimates one can obtain from the LCSR form factors in Ref. [165] (BZ). Here, we will discuss the

results from Ref. [150] in a similar way, checking the robustness of this extraction.

The form factors F' are parametrised according to Eq. (6.1.2). Following the standard method
described in the beginning of this chapter, for a specific set of LCSR form factors { FFCSR(¢2)}, the
power corrections AF*(¢?) can then be determined as the difference between the full FLCSR(42)
and the large-recoil result F*°(¢?) upon including a,-corrections AF%(¢?) from QCDf. In practice
we fit the coefficients ap,bp, cp of the parametrisation in Eq. (6.1.3) to the central value of the
LCSR results. In Tab. 6.2 we show the results obtained within this approach applied to the form
factors from Ref. [150].

In contrast to previous LCSR calculations, Ref. [150] for the first time provided the correlations
among the form factors, enabling us to fit not only the central values of the parameters ap, bp, cp
but also their uncertainties according to the correlation matrix of the form factors, which will serve
us to illustrate the good control of our method of factorisable power corrections. Tab. 6.2 displays
the results for the input scheme 1, defined in Eq. (6.2.4), and parametrising power corrections in the
transversity basis {V, A1, Aa, Ao, T1,T>, T3} (this corresponds to the default choice in Ref. [147]).

The relative size of power corrections,
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Figure 6.1: Ratio of form factors A;/V applying the full and soft form factor approaches to the
results of Ref. [150]. Left: error band according to the LCSR calculation from Ref. [150]. Right:

error bands following the soft form factor approach with § = 5%, 10%, 20% power corrections.
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r(¢?) = (6.2.12)
is displayed on the right-hand side of Tab. 6.2 for different invariant masses ¢ = 0 GeV?, 4 GeV?,
8 GeV? of the lepton pair. Typically, the central values of the power corrections are within the
range of (5 — 10)%, with uncertainties below 5%.These findings are in line with the results for the
central values of the form factors from Refs. [165] (BZ) and [148] (KMPW) obtained in Ref. [147].
Exceptions occur at large ¢® for the form factors A, and T3, which are calculated as linear combi-
nation of two functions in Ref. [150]. In the case of Ag, the central values of the power corrections
reach up to 19%, while the respective uncertainties still do not exceed 10%. Note that in scheme
1, the power corrections to As are not an independent function, but they are fixed from the ones
to A; as detailed in Ref. [147]. In the case of T3, the central values are quite small but come
with uncertainties that grow up to 18%. It turns out that the power corrections to these two form
factors have no impact on the key observables P, P; and P, as can be seen from the analytic
formulae in Sec. 6.2.3, where these terms are either absent or numerically suppressed.

For comparison, Tab. 6.2 also features the estimate of power corrections by a generic size of
d = 10% following the approach of Ref. [147] to estimate the uncertainties on ap,bp,cp in the
absence of information on the correlations among form factors. By definition, the ratio r(¢?) yields
10% for these estimates for all form factors, except for Ag and As where the power corrections
are not independent but follow from correlations among form factors. The comparison with the
results from the fit shows that the estimate of power corrections by a generic size of 6 = 10% in
Refs. [147] is conservative compared to the procedure followed in Refs. [144, 145, 163, 164, 166]
consisting in a direct extraction of the errors from the uncertainties given in Ref. [150]. This is
further illustrated in Fig. 6.1, where the form factor ratio A;/V dominating the observable P}
is shown, comparing the direct error assessment from Ref. [150] (left plot) and our results from
uncertainty assignments of § = 5%, 10%, 20% power corrections.

Let us now illustrate how the treatment of power corrections affects the uncertainties of relevant
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(P5)14.0,6.0] scheme 1 scheme 2
a —-0.72£0.05 | —0.72+0.15
b —0.72£0.03 | —0.72+£0.04
c —0.72£0.03 | —0.72 £ 0.03
full BSZ —0.72+0.03

Table 6.3: SM prediction for P! in the anomalous bin [4, 6] GeV? together with the error from soft
form factors and factorisable power corrections (all other sources of errors have been switched off).
Results are shown for the three different options for the treatment of power corrections and for
the two different input schemes discussed in the text. The last row contains the prediction from a
direct use of the full form factors from Ref. [150].

B — K*{f observables. Taking the above results, and following a similar procedure for the scheme
2 defined in Sec. 6.2.1, we can compute the SM prediction for P! in the anomalous bin [4, 6] GeV?
together with the error from soft form factors and factorisable power corrections (all other sources
of errors have been switched off). The results are given in Tab. 6.3 for the two schemes, with three

different options for the treatment of power corrections:

a) Estimating the error size of ap, b, cp as ~ 10% x FLCSR

and including only the correlations
dictated by the large-recoil symmetries. LCSR input is only used to extract the soft form

factors £, and & which are considered as uncorrelated.

b) Determining the errors of ap,bp,cp from the fit to the form factors from Ref. [150] but
including only the correlations dictated by the large-recoil symmetries exactly as in the

previous case.

c¢) Determining the errors of ap,bp, cr from a correlated fit to the form factors from Ref. [150]
and including the correlations between the ap,bp,cp and the soft form factors ,,§ as

extracted from the correlation matrix in Ref. [150].

The error estimate in option a) is mainly based on the fundamental large-recoil symmetries and
thus to a large extent independent of the details of the particular LCSR calculation [150]. When
going over option b) to ¢), we include in each step more information from Ref. [150] (the actual
size of power corrections for option b), and the correlations for option c)). With option c) the
full information from the particular LCSR form factors is used, implying that the result must be
independent of the input scheme (apart from a residual scheme dependence from non-factorisable
power corrections) and that it must coincide with the one obtained by a direct use of the correlated
full form factors (displayed in the last row of Tab. 6.3). The numerical confirmation of this corre-
spondence provides a consistency check for our implementation of the fit of the power corrections
and the various methods.

In Tab. 6.3, the errors obtained in option b) are very similar to the ones using option c).
From this observation we conclude that the correlations among the power correction parameters
ar,bp,cp and the ones among the soft form factors £ ,§ have very little impact and that the

dominant form factor correlations are indeed the ones from the large-recoil symmetries. The
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difference in the errors for option a) between scheme 1 and scheme 2 is easily understood: while
the LCSR results of Ref. [150] end up with about § ~ 5% power corrections, a generic size of
d = 10% is assumed for option a). In scheme 1, this leads to the expected increase of the errors
by roughly a factor 2. On the other hand, in scheme 2, we find an increase of the errors by more
than a factor 4, in accordance with the discussion in the previous section. As argued there, the
implementation of option a) in scheme 2 actually corresponds to the assumption of § = 20% power

corrections for the relevant form factor ratio A;/V.

6.2.3 Analytic formulae for factorisable power corrections to optimised observ-
ables

We have considered a particular observable and demonstrated numerically that the prediction for
observables depends on the scheme chosen for the soft form factors | . In this section we illustrate
this scheme dependence more explicitly by giving analytic formulae for the power corrections to
the observables P, P; and P», both in the transversity and in the helicity basis. The two bases
are related to each other via the relations given in Eq. (31) of Ref. [151]. In both cases we
parametrise the power corrections according to Eq. (6.1.3). The formulae are given without fixing
a particular scheme, i.e., before power corrections are partially absorbed into the non-perturbative
input parameters £ and §.

In the helicity basis, the formula for P! reads

2ay_ — 2ar_ C?H(CQA_Cg’” -C%)  mymp
£ (Co, L + Cg,||)(C§,L +Cfy) ¢

P! = Pl (1 +

_ 2av+ C97H 2ay, — 2ar, C?ﬂ(CQ’J_Cg’H — C120) my
§1 Gy +Cy & (Co,1 + CQ,H)(CS,” + C%o) mp
« A2 2
+ nonlocal terms> +0 (mK v =5 q2> , (6.2.13)
mp  miy my
where é” = (Ex+/mg+)§ and following Ref. [146], we have defined
2 2
Coy = C5f + 0 Beet gy = g et (6.2.14)

¢ mp
We denote the large-recoil expression as Pf|« and leave aside non-local terms, corresponding to
non-factorisable corrections. Our result agrees with Eq. (25) of Ref. [146] for the terms propor-
tional to ay_,ar_,ay,,ar,, but we find an additional term proportional to ay, . We would like to
stress that precisely this term, which is hidden in “further terms” and not discussed in Ref. [146],
dominates the power corrections in the anomalous region around g3 ~ 6 GeV?, as can be seen from

the numerical evaluation of Eq. (6.2.13):

2ay,. — 2 2 2y, — 2
PL(6GeV?) = Plloo(6GeV2) [ 1+ 0.187V= 29T 7370 | (g2 — 2070
51_ fJ_ f”
. A2 2
+ nonlocal terms) + 0 (mK =5 q2> . (6.2.15)
mp’ m3y’ mi
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This means that the discussion on the scheme dependence of P, in Ref. [146] only takes into
account numerically subleading contributions. Converted into the transversity basis, Eq. (6.2.13)

becomes

aa, +ay —2ar, Cgﬁ(c9,LC9,|| - C%o) mymp

P! = Pl| (1 -

§1 (Co,1 + CQ,H)(CS,J_ +Ch) ¢
1 Co1 +Cy & (Cy,1 + C9,H)(C§7|| +C3y) mic-
2
-+ nonlocal terms) +0 <mK ; A2>
mp mp

with the dominant term being proportional to the combination a4, — ay of power correction
parameters. If A; or V' is chosen as input for £, , the corresponding parameter a4, or ay vanishes
identically. On the other hand, if 77 is taken as input, both a4, or ay survive and their independent
variation leads to an increase of the errors associated to power corrections. This behaviour explains
part of the inflated errors in Ref. [151] and it is analytically pinned down in Egs. (6.2.13) and
(6.2.19). The formulae support the numerical analysis reported in Fig. 2 of Ref. [147], where the
binned predictions for Pj, P», Py, P, were given in the two schemes with £ defined from V or
T1, respectively. Without any further assumption on the correlations between the parameters ar,
Egs. (6.2.13) and (6.2.19) manifest an explicit scheme dependence whose origin and interpretation
was discussed in detail in Sec. 6.2.1.

For the observable P, which vanishes in the large-recoil limit, we find in the helicity basis

2ay, (C§TCo 1 +CPy)  2br, 2C57Co . my

P =

€1 CS,L +Cf €1 Cg,L +Cymp
. A2 2
~+nonlocal terms + O <mK s 5 q2> , (6.2.17)
mp  mp my

turning in the transversity basis into

p - _m—av (C§Co L +CRy) b, —br, 2C5°Co 1 my
€1 Cg,i +Cf €1 CS,L +Cymp

mg+ A? ¢
— =5 |- (6.2.18)

mpg ’mB mpy

+nonlocal terms + O <

Our result, Eq. (6.2.17), fully agrees with Eq. (26) of Ref. [146]. The authors of Ref. [146] used
this result to argue that P; should be much cleaner than P! because it only involves one soft
form factor and a lower number of power correction parameters arp. However, the total number of
power correction parameters is not the relevant criterion to decide whether an observable is clean:
as seen before, in the case of P! the coefficients in front of the power correction parameters exhibit
a strong hierarchy, so that in practice only one term becomes relevant. As a matter of fact, the
leading power corrections for both Pf and Py stem from ay, and the respective coefficients are of

the same size, as seen when comparing the evaluation of Eq. (6.2.17) for qg = 6GeV?,

2 2b - A7 2
Py(6GeV?) =—1.21 s +0.052 1 nonlocal terms + O | £ y =3 % 7 (6.2.19)
gL gL mp mp Mmp
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with the corresponding one for P! from Eq. (6.2.15). Therefore, P; and P} are on an equal footing
with respect to power corrections, and all statements above, regarding the scheme dependence
of P!, also apply to P;. Like P{, P, suffers from an increase of power corrections when ¢ is
defined from T instead of from V, as already demonstrated numerically in Fig. 2 of Ref. [147] and
analytically in Eq.(6.2.18).

Turning finally to the observable P», we find in the helicity basis

2ay. —2ar C$9(C3 | —Cy) mymp
P=P 1+ : + nonlocal terms
. ( & GG+ 7@
. A2 2
+0 <mK S qg> : (6.2.20)
mp’ m%’ m%

which translates into

ff (2 2
ay +aa, —ar, —ag, C7 (C5 1 —Cio) mymp
Py =Pl | 1+ L L 2 ! -+ nonlocal terms
- 3 Co1(C§, +Chy) ¢
. A2 2
40 (mK =L ) , (6.2.21)
mp’ m% mi

in the transversity basis, with Ps|o = Co 1 C10/ (Cg’ L+ C?y). Unlike P, and P!, the leading term
in P, involves both (axial-)vector and tensor power corrections, and at first sight it seems that
there is no preference whether to define £; from V or from Tj7. Note, however, that the kinematic
relation 77(0) = T5(0) implies a7, = ag, and that a definition from 77 hence absorbs both ar, and
ar, and leads to smaller uncertainties from corrections. Again, this is confirmed by the numerical
results in Fig. 2 of Ref. [147].

We see that the scheme dependence of the angular observables can be explicitly worked out
by studying the analytic dependence on the power correction parameters. Our results agree with
Ref. [146] for P, but we have shown that the formula for P! in Ref. [146] actually misses the
dominant and manifestly scheme-dependent term. Our analytic formulae allow us to understand
how different schemes can yield significantly different uncertainties if one treats power corrections
as uncorrelated, in perfect agreement with the numerical discussion in Ref. [147]. We can spot
the relevant form factor(s) whose power corrections are going to have the main impact on each

observable, and thus identify appropriate schemes to compute each observable accurately.

6.3 Reassessing the reappraisal of long-distance charm loops

We now turn to the second main source of hadronic uncertainties: non-factorisable Aqcp/mp
corrections associated with non-perturbative c¢ loops. Notice that Eq. (6.1.11) suggests that these
contributions formally enter Cy on the same footing as possible short-distance NP effects, so they
could potentially mimic a NP contribution to Cy. Hence, disentangling one contribution from the
other is of utmost importance for NP searches in b — s¢¢ decays. While the latter would induce
a ¢*-independent Cy, universal for the three different transversities i =L, ||,0, non-factorisable
long-distance effects from cé loops in general introduce a ¢?- and transversity dependence that

can be cast into effective coefficient functions CS(¢?). A promising strategy thus consists in
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investigating whether the B — K*utp~ data points towards a ¢?-dependent effect. To this end
the authors of Refs. [144, 145] performed a fit of the functions CS5(¢?) to the data using a polynomial
parametrisation. In Sec. 6.3.1 we comment on the results, before presenting in Sec. 6.3.2 our own

analysis based on a different, frequentist, statistical framework.

6.3.1 A thorough interpretation of charm estimates in the literature

The analysis in Refs. [144, 145] introduces for each helicity A = 0, +1 a second-order polynomial
2

in g°:

2 4
_ (0 4 (1) q (2)
hy =hy’ + . GeVZhA + . GeV4hA . (6.3.1)

The functions hy, with a total number of 18 real parameters, then enter the B — K*u*pu~

transversity amplitudes as follows:

N ¢ 1) RC)
A0 = A0 (s, =0)+ ( AY 4 ISAR
LR Lr(5=0) 2 \1Gev2 0 " 1Gevt

AgR = Al =0

N q q
VT 0O + 1) + T (Y +rY) 4+ o V4(hf) +h,
AJL_,R = Ai,R(SiZO)

N T 2 ! _
A i e R (A A I (%)

with the normalisation

3/2 B} 2\ 1/4
mpy Gran/q 4m
N =VyVi—2 M m2e., ¢° < —‘) . 6.3.3
tb Ve B (mp, M+, q°) e ( )

Here, s; = 0 indicates that only the perturbative quark-loop contribution Y (¢?) has been included
in the amplitudes Ai gr(si = 0) while any long-distance contribution as the one calculated in
Ref. [148], which we include in our general theoretical framework [113], is switched off.

The coefficients hg\i) parametrise the ¢>-expansion of the charm-loop contribution to the various
helicity amplitudes, but can also (partially) be mimicked by NP contributions to the Wilson
coefficients C; and Cy. Note that a NP contribution to C; would yield a pole at ¢> = 0 and

thus contribute to hg\o) and higher orders, whereas a NP contribution to C9 would contribute only

starting from hg\l) and higher orders. Let us stress that both kinds of NP contributions would also

contribute to hf\z)

, since they enter the transversity amplitudes as a Wilson coefficient multiplied
by a ¢*>-dependent form factor . Contrary to Refs. [144, 145], we have set h(()O) = 0 in order to
avoid an unphysical pole at ¢> = 0 in A%’ r (which for instance would result in a divergence in
B(B — K*v)).

For a proper interpretation of the results obtained in Ref. [144], it is important to note that

the authors study two different hypotheses:

“It is thus not correct to state that h® and higher coefficients can arise only due to long-distance physics as
suggested in Ref. [144, 145]. Even though the form factors do not vary strongly with ¢*, the presence of NP
contributions to Wilson coefficients would generate terms corresponding to (small) contributions to higher orders in

the polynomial expansion.
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n 0 1 2 3

) 70.00 52.70 51.50 51.20

o= 2 1.64  (0.50) 17.30 (3.4 o) 1.14 (0.3 o) 0.35 (0.1 o)
h 017585 (0.3 0) | 2227197 (2.00) | 1287040 (320) | 1197032 (1.90)
nY —237t082 (176) | —1667183  (1.20) | —1.3179 (1.6 0)
h —0.11%919 (0.6 0) | —0.097%1 (0.8 o)
hY —0.001%:08 (0.2 0)
h? 130147 (120) | 2621138 (1.00) | 230716 (130) | 1.85T1%  (1.70)
hY —0.34752%  (040) | —1.24735% (0.8 0) | —0.9475 8] (0.8 o)
h? 0.13%939  (0.70) | 0111912 (0.6 o)
h® 0.0079:%% (0.0 o)
" —1.00%38 (0.6 0) | —1.357179  (0.80) | —0.9671 % (0.9 o)
h$? 0101912 (1.00) | 0111911 (0.6 o)
A —0.00%5:08 (0.2 0)

Table 6.4: Fit to B — K*u "~ only, with CSLP = 0, using LCSR from Ref. [148] in the soft-form-
factor approach employed by Ref. [113]. All coefficients are given in units of 10~%. Different orders
n of the polynomial parametrisation of the long-distance charm-loop contribution are considered.

If this contribution is set to zero, the fit yields X?nin; h—o = 71.60 for Ngor = 59.

» Hypothesis 1: No constraint is imposed on the long-distance charm-loop contribution rep-
resented by the coefficients hE\i), and the results of the LCSR computation in Ref. [148] are
not used in the fit. Instead, after fitting the functions hy(¢?) to the B — K*utpu~ data
they are compared with the functions g calculated in Ref. [148]. We have checked the
relation between the functions QZM and the long-distance charm-loop contributions h), given
by Eq. (2.7) in Ref. [144] (up to the correction C; — Ca noticed in Ref. [145]). Rewriting the
amplitudes M 23 in Ref. [148] in terms of helicity amplitudes leads to °:

Regtt = 3, w%&%ﬁ (Reh—(¢*) = Rehy(g?)).
Regy' = _2(132 (mp +1fzn;%7i(q2)q2 (Reh-(¢") + Rehs(d),
- Al pue St~ C ) (Ren () + Rebe () (634

It is interesting to observe that the results of the fit in Ref. [144] for g;M seem to agree well with
the LCSR estimates of Ref. [148] if in all amplitudes approximately the same g2-independent
shift is added to the LCSR result. This observation is in line with the conclusions from global
fits [113, 163, 164], bearing in mind that in Ref. [144, 145] basically only B — K*u*u~ data
is used and that the authors interpret this constant shift as being of hadronic origin. Notice
that such a ¢-independent shift (very similar for all helicity amplitudes) is at odds with a ¢*-
and helicity-dependent contribution expected in the case of an hadronic effect, in particular

if it is attributed to tails of resonances. Note, however, that a firm conclusion can only be

5Even though Eq. (6.3.4) is also valid for the imaginary part of the functions, we only consider the real part of
the g here, as the authors of Ref. [148] consider these contributions to be real in the region of interest within their

approximations.
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drawn by comparing the quality of a fit for a ¢*>-independent contribution with the one for
¢*-dependent functions, a task that was not carried out in Refs. [144, 145] and that will be
performed in Sec. 6.3.2. In any case, one should keep in mind that a universal shift in Cy,, due
to NP can also explain the deviations in By, — ¢u™pu~ and the violation of lepton-flavour
universality suggested by Rx and Q5 = P - Pg" (see Chapter 7 for more details on Q;

observables), which is not the case for hadronic ¢¢ contributions.

» Hypothesis 2: In a second analysis, the authors of Ref. [144] impose an additional constraint
to the fit: they assume that the results of Ref. [148] hold exactly for ¢> < 1 GeV?, while
they do not make any assumptions for ¢> > 1 GeV? and again set all the Wilson coefficients
to their SM value. The results obtained in this second approach have to be interpreted with

great care:

i) The authors of Ref. [144] decide to take the results of Ref. [148] as exact in the region
q*> < 1 GeV? but to discard them for larger ¢?: this choice of range is rather arbitrary,
as the LCSR approach yields a computation valid up to 2 GeV? according to Ref. [148],
and the extrapolation via the dispersion relation is deemed appropriate up to 4 GeV?
by the authors of Ref. [144] themselves.

ii) The additional constraint artificially tilts the fit by forcing it to follow a behaviour at
¢®> < 1 GeV? against the trend of data (which would prefer to have a constant shift
C3'F, as discussed in Refs. [113, 163, 164, 167], corresponding to non-vanishing hg\l) in
the framework of Ref. [144]). This is compensated by a spurious ¢*-dependence with
hg\2) # 0, which is then interpreted in Refs. [144, 145] as an indication of non-local

hadronic effects.

iii) In the region below 1 GeV?, the treatment of the distribution by LHCb means that
the data correspond to slightly different observables from the optimized observables
defined in Ref. [103, 112], as discussed in Sec. 2.3.1 in Ref. [113] and in the previous
section. This effect, which can be taken into account by a redefinition of the optimized
observables, is not considered in Ref. [144, 145] and can affect the outcome of the

analysis.

iv) Finally, the LCSR computation of Ref. [148] does not take into account all non-local
effects but is an estimate of the soft gluon part with respect to the leading-order fac-
torisable contribution, from which the imaginary part is still missing. In this sense it is
not consistent to compare the absolute value of the fitted QZM obtained from data with
the computation of Ref. [148], and if one still insists in doing so (ignoring all previous

issues), at least one should compare their real parts rather than the absolute values.

We conclude that a fit under the second hypothesis cannot indicate whether a g?-dependent
effect is favoured over a constant one, since it artificially creates a ¢?-dependence by putting a
constraint on one side (below ¢? = 1 GeV?). A fit under the first hypothesis can be an appropriate
method, but requires to compare the quality of the fits obtained in both cases under consideration

of the number of free parameters. We will address this issue in the following.
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n 0 1 2 3

) 62.10 51.60 50.50 50.00
=) 2 1.23 (0.3 o) 10.50 (2.4 o) 1.14 (0.3 o) 0.53 (0.1 o)

h 066729  (1.20) | 1977532 (380) | 1.627122  (160) | 1431113 (1.8 0)
pY —1.92+98L (24 0) | —1.29T170 (0.8 ¢) | —1.4571%9 (1.0 o)
h —0.16792¢ (0.7 0) | —0.09T9% (1.2 0)
h® 0.001958 (0.0 0)
h? —0.14%5% (010) | 1.90719  (1.20) | 187270 (140) | 193119 (210)
hY —0.8170%  (120) | —0.5670%  (1.20) | —0.657039 (1.10)
h® —0.04%922  (0.20) | —0.02191 (0.1 0)
h® —0.001359 (0.2 0)
A" —1.28711T (110) | —2.2471%  (140) | —2.08%99% (23 0)
h$? 0.081%17  (1.10) | 0167917 (1.3 0)
A —0.00T9%, (0.5 0)

Table 6.5: Fit to B — K*u*u~ only, with Cé\LP = —1.1, using LCSR from Ref. [148] in the

soft-form-factor approach employed by Ref. [113]. All coefficients are given in units of 107
Different orders n of the polynomial parametrisation of the long-distance charm-loop contribution

are considered. If this contribution is set to zero, the fit yields X12nin; h—o = 63.30 for Ngor = 59.

6.3.2 A frequentist fit

We are going to perform fits using the general approach described in Section 6.1, taking LHCb data
on B — K*puu as data. We follow this theoretical framework for the predictions of the observables,
but modify it slightly to remain as close as possible to the fits shown in Refs. [144, 145]: we will
not use the computation of long-distance charm effects in Ref. [148]. In practice, this amounts to
keeping only the perturbative function Y (¢?) while setting all three s; = 0. We treat the form
factors using the soft-form-factor approach with the inputs of Ref. [148], and employ the same
parametrisation Eq. (6.3.2) as Refs. [144, 145] for the long-distance charm contribution, extending
it in a straightforward way to the order ¢® by introducing the parameters hg\g). We take all
coefficients of the expansion as real, following Ref. [148]. Note that the results of Ref. [144, 145]

favour mostly real values for A, and hg, but not necessarily for h_.

Our fits differ from the ones in Refs. [144, 145] with respect to the statistical framework. We
use a frequentist approach and in particular do not assume any a-priory range for the fit parameters
hf\i), contrary to the Bayesian approach in Refs. [144, 145] where (flat or Gaussian) priors are used
for the polynomial parameters. Keeping in mind that the functions hy(g?) are expansions in ¢?,
we perform fits allowing for hg\i) with ¢ < n, increasing progressively the degree of the polynomials
n. At each order, we determine the minimum X?nin as well as the difference between the Xfmn

n)

with polynomial degrees n — 1 and n, and the pull of the hypothesis h((), 4+~ = 0. This information
indicates the improvement of the fit obtained by increasing the degree of the polynomial expansion.

In Tabs. 6.4 and 6.5, we provide the results in the SM case and in the NP scenario CgIP =—-1.1,
respectively, using only B — K*u™pu~ data. We see that in both cases, the fit clearly improves
when increasing the degree of the polynomial from n = 0 to n = 1 (the addition of the parameters
hf\l) leads to a ¢? dependence similar to that of a NP contribution to the Wilson coefficient Cg). On
the other hand, including quadratic or cubic terms does not provide any significant improvement.

This implies that the fit does not hint at a ¢g>-dependence beyond the one generated by the Wilson
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n 0 1 2
R 65.50 52.70 52.40

o=t 2 4.31 (1.2 0) 12.80 (2.8 0) 0.26 (0.0 o)
h 0.057321  (010) | 140708 (200) | 110555 (2.8 0)
) —0.82197  (1.10) | 0.09%9%  (0.10)
h? —-0.16793%2 (0.5 0)
h 124759 (220) | 053759 (0.70) | 0787980 (1.3 0)
hY 0431946 (160) | 019796 (0.2 0)
h® 0.04701 (0.6 )
hM 031139 (0.70) | 066757 (1.10)
h? —0.07t913 (0.5 o)

Table 6.6: Fit to B — K*u*pu~ only, with C;’ = 0, using LCSR results from Ref. [150] in the
full-form-factor approach. All coefficients are given in units of 107%. Different orders n of the
polynomial parametrisation of the long-distance charm-loop contribution are considered. If this

contribution is set to zero, the fit yields X12nin;h=0 = 69.80 for N,y = 59.

coefficients C7 and Cy.
2)

In Refs. [144, 145] a different g>-dependence was advocated referring to the parameter h
2

which showed a < 20 deviation from h'™’ = 0. We would like to emphasize that it is impossible to
draw conclusions from a single parameter and that a global assessment of the whole fit is required.
For instance, from our tables one can see that increasing the order of the expansion can lead to a
reshuffling of the overall deviation from zero of the functions hy(g?) among the various expansion
parameters, even in the case that no significant improvement of the fit is obtained. For instance,
in the SM fit (Tab. 6.4) the parameter hf) deviates from zero by 1.30 at the order n = 2, but
by 2.80 at n = 3. We would expect a similar analysis to be possible in the Bayesian framework
proposed in Ref. [144], by comparing the information criteria for the two hypotheses “no constraint
for ¢> < 1 GeV? and hE\Z) left free” and “no constraint for ¢> < 1 GeV? and hE\Q) = 07, which is
unfortunately not provided in Ref. [144].

In the SM fit we find the pattern

M2 >0  n®9>0 wY~o0 n<o0,  wY~o, (6.3.5)

while higher orders are compatible with zero. These findings are in rough agreement with Refs. [144,
145] for the A = 0, + helicities. The differences can be attributed to the different treatment and
input for the form factors and to the differences in the statistical approach. The comparison
cannot be done easily for the A = — helicity, as large phases were found in Ref. [144] whereas we
considered only real c¢ contributions.

Setting Cf e | improves the Xfmn significantly without modifying the above conclusions
(see Tab. 6.5). As mentioned before, it is not strictly equivalent to modify h") or Cgy since the
latter is multiplied by a ¢?>-dependent form factor. Therefore the results of the fits are not exactly
identical, both for the x2. and the values of the expansion coefficients h(™) (this explains why
the addition of A(!) still brings some improvement to the fit with ch NP — —1.1, although more
modestly than in the SM case). In Tab. 6.6, we present the same fit as in Tab. 6.4 (B — K*u*pu~
only, no NP contributions to the Wilson coefficients), taking the LCSR results from Ref. [150]

within the full-form factor approach. As can be seen from the comparison of the two tables, the
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n 0 1 2
R 96.50 75.50 75.50

o=t 2 153 (0.4 0) 20.90 (3.9 o) 0.10 (0.0 o)
h 0.3970%  (0.70) | 119702 (280) | 116753 (4.3 0)
) —0.4519% (0.7 0) | —0.29%9%2 (0.4 o)
K 0.027917 (0.1 0)
h 07241012 (11 0) | —0.2115%2  (0.20) | 0.191987 (0.3 o)
hY 029193 (1.70) | —0.587518 (0.5 0)
h® 0.12+9% (1.0 o)
hM 1541975 (320) | 1.667930  (1.50)
h? 0.01794% (0.1 0)

Table 6.7: Fit to exclusive b — sete™ and b — su*p~ observables with Cg' = 0, using the
same approach as in Ref. [113]. All coefficients are given in units of 10~*. Different orders n of
the polynomial parametrisation of the long-distance charm-loop contribution for B — V/¢T¢~ are

considered. If this contribution is set to zero, the fit yields Xr2nin; h—o = 98.00 for Ngor = 81.

same conclusions hold independently of the specific input for the form factors.

We also performed another fit (Tab. 6.7) where we consider the SM case but include all the
exclusive b — sete™ and b — sutp~ observables discussed in Ref. [113]. We take the same
parameters for the charm-loop contributions in By — ¢¢*t¢~ and B — K*{T¢~ (i.e., we assume an
SU(3) flavour symmetry for this long-distance contribution), but we neglect the effect of charm

loops in B — K{t{~ (in agreement with Ref. [148]). We see again that there is no strong for
(2)

quadratic h terms: h'”’ prefers to be slightly different from zero (positive), but the data can also
be described equivalently well using only constant and linear contributions.

At this stage, we see that the data require constant and linear contributions, as expected
also from Ref. [148]. On the other hand, the data do not require additional quadratic or cubic
contributions, contrary to the claim made in Ref. [144]. This claim was later amended in Ref. [145],
indicating that a solution with A(?) = 0 also leads to acceptable Bayesian fits. Our own fits indicate
that the current data do not show signs of a large and unaccounted for hadronic contribution from

charm loops.



Chapter 7

Observables without charm

The B — K*up decay exhibits deviations with respect to Standard Model expectations and the
measurement of the ratio Rx hints at a violation of lepton-flavour universality in B — K/¢¢ tran-
sitions. Both effects can be understood in model-independent fits as a short-distance contribution
to the Wilson coefficient Cy,,, with some room for similar contributions in other Wilson coefficients
for b — sup transitions. We discuss how a full angular analysis of B — K*ee and its comparison
with B — K*uu could improve our understanding of these anomalies and help confirming their
interpretation in terms of short-distance New Physics. We discuss several observables of interest in
this context and provide predictions for them within the Standard Model as well as within several
New Physics benchmark scenarios. We pay special attention to the sensitivity of these observables

to hadronic uncertainties from SM contributions with charm loops.

7.1 B — K*ll observables assessing lepton flavour universality

Global analyses of the deviations in b — sf¢ transitions point towards a large additional contribu-
tion to the Wilson coefficient Cy,, of the semileptonic operator in the effective Hamiltonian [30] for
b — suu, as initially discussed in Ref. [153] and later confirmed by several works [113, 163, 164,
166, 168, 169]. Even though such a contribution to Cy,, in b — suu appears as a rather economical
way of explaining a large set of deviations with respect to SM expectations, theory predictions
for some b — sup observables may also get a better agreement with data once additional contri-
butions are allowed in other Wilson coefficients (such as Cor,, or Cioy) [113]. On the other hand,
B — K*ee observables and the Ry ratio suggest that b — see transitions agree well with the
SM [170], pointing to explanations with New Physics (NP) models with a maximal violation of
LFU, affecting only muon and not electron modes.

As discussed in several works [110, 144, 148, 157, 171, 172], long-distance SM contributions
from diagrams involving charm loops enter the computation of b — séf processes, acting as addi-
tional contributions to the Wilson coefficient C9. These contributions are process-dependent and
they must be estimated through different theoretical methods according to the dilepton invariant
mass ¢2. The latest estimates of these contributions [148, 157] have been included in the global
fits for B — K*pup [113, 164, 166], providing the consistent picture described above. In particular,
bin-by-bin fits indicate that the data agrees well with a single, process-independent contribution
to Cy,, independent of the dimuon invariant mass, and present only in muon modes, as expected

from a short-distance (NP) flavour-non-universal contribution. In order to confirm this pattern, it

111
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would be very desirable to design observables probing:
» only the short-distance part of Cyy,

» other Wilson coefficients, such as Cig¢, which do not receive long-distance contributions from
the SM,

» the amount of lepton-flavour non-universality between electron and muon modes.

In all cases, hadronic uncertainties should remain controlled: while non-universality is a smoking-
gun-signal of NP (the SM predictions being very precise), the measurement of the effect is affected
by the same hadronic uncertainties as the individual b — s¢¢ modes.

The purpose of this chapter is to investigate which observables can be built that match these
criteria, once a full angular analysis of B — K¥ee, with an accuracy comparable to that of
B — K*uu, is available. If the most obvious quantity consists in comparing branching ratios
though the ratio Ry~ (similar to Rg) (see Ref. [113] for predictions for these ratios for different
NP scenarios), it is also interesting to consider other ratios probing the violation of LFU using
the angular coefficients J; describing the whole angular kinematics of these decays. In this note,
we will discuss observables that can measure LFUV in B — K*¢{. Some of them are variations
around the basis of optimised observables introduced in Refs. [103, 115] and others can be built
directly by combining angular coefficients from muon and electron modes. We will discuss the
advantages of these observables in the context of hadronic uncertainties, and provide predictions
in the SM and in several benchmark scenarios corresponding to the best-fit points obtained in our
recent global analysis of b — s/ modes [113].

We begin with a presentation of the observables of interest in Section 7.1. In addition to
observables naturally derived from the angular coefficients J; and the optimised observables Pi(,),
we consider other observables, namely B; and M (and Ei, M ) which have a reduced sensitivity
to charm contributions in some NP scenarios. In Section 7.2 we present our predictions in the
SM and in several NP benchmark points, illustrating how these observables can help in discerning
among NP scenarios and how (in)sensitive they are with respect to hadronic uncertainties. We
present our conclusions in Section 4. In the appendices we discuss the dependence of M and M
observables on charm contributions, we recall the definition of binned observables, and we provide

further predictions for the various observables within the different benchmark scenarios.

7.1.1 Observables derived from J;, P, and S;

We want to exploit the angular analyses of both B — K*up and B — K*ee decays in order to

build observables that will probe the violation of LFU, the short-distance part of Cg, and/or the

other Wilson coefficients, with limited hadronic uncertainties. Natural combinations are '

H_ ge H ~ 2 ¢
S — 5 i_1’ Bi—&J—Z—l, (7.1.1)

Qp, =F'—F¢, Q;=P'—P°, T,="21_"L B = =
Lo T T s T B

where P; should be replaced by P/ for Qi=456s. Bi and EZ differ mostly at very low ¢? and become
almost identical for large ¢, where B, = /1 — 4m§ /q?> ~ 1 for both electrons and muons. The

optimised observables P,L»(/) have already a limited sensitivity to hadronic uncertainties [103, 112,

Tn the following, we always consider quantities obtained by combining CP-averaged angular coefficients.
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113, 115, 147], contrary to the angular averages S; [31, 103, 115, 146, 147, 151]. We thus expect the
Q; observables to exhibit a correspondingly low sensitivity to hadronic uncertainties. > Moreover,
these observables are protected from long-distance charm-loop contributions in the SM.

A measurement of (); different from zero would point to NP in an unambiguous way, confirming
the violation of LFU observed in Rx. A second step would then consist in identifying the pattern
of NP, which requires to separate the residual hadronic uncertainties (in particular, charm-loop
contributions) from the NP contributions. The set of observables Q;, T; and By, (By) can be
particularly instrumental at this second stage, with a sensitivity to the various Wilson coefficients
depending on the particular angular coefficients considered.

We have already investigated this sensitivity [112, 113, 147], but we would like to highlight the
difference of behaviour in the case of two of the relevant observables Py and Pf, directly related to
Q4 and Q5 respectively. Both LHCb and Belle collaborations [176-178] observed the same pattern,
i.e., a significant deviation from the SM for P! for ¢> between 4 and 8 GeV? and a result consistent
with the SM within errors for P;. This behaviour is expected in the presence of NP in the Wilson
coefficient Cg. From the large-recoil expressions of Aiﬁo (see Egs. (3.8)-(3.10) of Ref. [83]) one
finds that the right-handed amplitudes |A§ 1l (CST + C10) + ... are suppressed compared to the
left-handed ones in the SM, due to the approximated cancellation CSH +C19 >~ 0. This cancellation
is not so effective in the presence of a negative NP contribution to Cgy, and A(If”, |Af| increase while
|A5 I |, A% decrease. Both effects add up coherently in the numerator of P, o Re(Af Al* — AR AT)
due to the relative minus sign, and the effect is to reduce the value of | P{| in the region far up from
the photon pole, in agreement with the experimental observation. In Pj o Re(A{;Aﬁ* + A(I;LAﬁ%*),
however, an increase in the right-handed amplitudes will compensate a decrease in the left-handed
ones, due to the relative positive sign. For this reason, no deviation is expected in Pj in the
presence of NP in Cg (but in the absence of right-handed currents). The same mechanism is at
work for Q4 and Qs.

As discussed in Sec 2.3.1 of Ref. [113], LHCb currently determines the polarisation fraction
Fr and Fj, using a simplified description of the angular kinematics. This means that these two
quantities are actually measured from Ji. rather than Jog and Js. respectively. Both determinations
are equivalent in the massless limit, and therefore this only has a limited impact, apart from the
first bin [0.1,0.98]. In order to interpret the actual measurements more precisely, we define the P,

observables involving Fp and Fp, as measured currently by LHC:

Fr = d;ﬁ; £y = dF‘]/ 1;3(]2 Fr — dlfi;z s Pr=1-Fp (7.1.2)
P = 2:];; P = 2?2 Py = S‘Jj; — Py = 8{;‘25 (7.1.3)
P; = —4‘28 — Py = —4‘28 P, = \/_j;‘ib - P = JJJ;Tl (7.1.4)

J. . J. J . J
Pg—wﬁ—wg—%/ﬁ Pg——2\/ﬁ—>Pg——ﬁ7.1.5)
P, = —\/% — Py = —\/J“:% with Jog = %6(6J18 — Jie — 2J25 — Jo.) (7.1.6)

and we will provide predictions for both @); and QZ observables, in order to illustrate the differences

in the first bin, as well as the insensitivity of the effect in higher bins.

*We also expect a reduced sensitivity to K7 S-wave contributions (see e.g. [173-175]).
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In the case of the S;, the consideration of the T; ratio is also natural, but unfortunately these
quantities are quite sensitive to hadronic uncertainties. They depend on soft form factors even in
the large recoil limit due to lepton mass effects at very low ¢2, related to differences between muon
and electron contributions in the normalization. Finally, the ratios B; that are soft-form-factor
independent at leading order in the large-recoil limit will be shown to complement the observables

(); in an interesting way.

7.1.2 Observables with reduced sensitivity to charm effects

In the presence of NP, all observables @Q;,T; and B; are in principle affected by long-distance charm
loop contributions in Cg, both transversity-independent and transversity-dependent. We define
these two terms in the following way: transversity-independent long-distance charm corresponds to
an identical contribution to all B — K*/#/ transversity amplitudes, whereas transversity-dependent
contributions differ for each amplitude. Both of them are expected to exhibit a ¢*>-dependence
in general. The explicit computation of charm-loop contributions performed in Ref. [148] using
light-cone sum rules indicates that they are transversity-dependent, in agreement with general
expectations that such hadronic contributions are different for different external hadronic states
(including different K* helicities). It is interesting to investigate these issues by considering spe-
cific observables with different sensitivity to transversity-dependent and independent long-distance
charm contributions, as well as to LFUV New Physics.

One can think of exploiting the angular coefficients in electron and muon modes in order to
build observables only sensitive to some of the Wilson coefficients, and in some cases, insensitive
to transversity-independent long-distance charm contributions. It is easy to check that in the
large-recoil limit and in the absence of right-handed or scalar operators, four angular coefficients

exhibit a linear sensitivity to Cy. Taking the results from Refs. [83, 103] we have:

BeJes — 2idg = 1687N*m%(1 — 3)%Cioe [2(37;’ + 694 2 4., (7.1.7)

3mK*

Vs

where § = ¢>/m3%, and 1y, = my/mp, £1 and & correspond to the soft form factors [30], and the

Beds —2iJs = 8BIN*mE(1— 35)

Cioe [C7mb <2 + 1) + ng:| foH +... (7.1.8)

ellipses indicate terms suppressed in the large-recoil limit (including terms of order m2/¢?). If we

limit ourselves to real NP contributions, it is interesting to consider Bs and Bgs (and §5 and éﬁs)

in Eq. (7.1.1), as well as a combination of them in the form *

(JE — I~ Jg)  5p _ (Beds — BuTf)(BeTs, — Bus.)

M = :
o5 5 = J6s T3 BB (JosT5 = J5sJ5)

(7.1.9)

By construction, Bs and §5 have a pole at the position of the zero of Jf in the SM (around
@ =2 GeV2) and Bgs, Eﬁs have a pole at the position of the zero of App in the SM (around
¢ =4 GeVg). We expect large uncertainties for these observables in the corresponding bins.
On the contrary, M is well behaved in the same bins, but it will have large uncertainties when

Bs ~ Bgs. In this sense, the observable M is well suited for NP scenarios and energy regions that

3The definitions of Bs 65 (gs,gs) and M (M) could be adapted to the imaginary contributions Js 9. However the
latter vanish in the case of real NP contributions. Since current data does not indicate any need for complex NP

contributions, we will not include these additional observables here.
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yield very different contributions to Bs and Bgs. While the B; have a value in the SM slightly
different from zero (specially the first bin) due to 8,/ kinematic effects, the B; observables vanish
by construction in the SM. *

Even more interesting is the case of M , constructed in the same spirit as Ei, i.e. to cancel
the dependence of the angular coefficients on 5. Its first bin can be accurately predicted even in
the presence of NP, while its M counterpart suffers from large uncertainties in that bin. In the
next section we will discuss some NP scenarios and show how these set of observables can become
instrumental to disentangle them.

Let us write C;e = C; and C;, = C; + 6C; for @ # 9, so that dC; measure the LFU violation,
whereas Cj. can include LFU-NP effects. Furthermore, for ¢ = 9 we take Co. = Cy + ACy and
Cou = Cy + 0Cy + ACy where ACg is a long-distance charm contribution. In order to illustrate
the relevant aspects of the various observables, within this Section we will give analytic formulas
assuming the contribution ACy is transversity independent and neglecting imaginary parts. But all
our numerical evaluations will be based on complete expressions, as computed in Ref. [113] where
transversity-dependent charm contributions are included following Ref. [148], and imaginary parts
are properly accounted for. We see that 0C7 7 =0 > and 0Cy are directly related to short-distance
physics, while ACy comes from long-distance contributions from c¢ loops where the lepton pair is
created by an electromagnetic current, and thus identical for Cg. and Cy,. Any 0C; # 0 indicates
the presence of LFUV New Physics.

In the large-recoil limit and in the absence of right-handed or scalar operators, we have:

2 _ 02 2 2 ~
By = Do e DudCo  On  (CutdGodGs 7
56 ,36 Cio 5@ Clo(C7mb(1 + 8) + (Cg + ACQ)S)
2 _ 02 2 2 ~
By = Dn Py OudCo Fu (Co+0Cw0)iCs (7.1.11)
ﬁe ﬁe ClO e C10(2C7mb + (Cg + ACQ)S)
M = M+ AM + AACy + BACE + ... (7.1.12)
M = M+ A'8C1oACy+ B'6CHLACE + ... (7.1.13)

where Mo, AM, A" and B") are defined in App. B, and the ellipsis denote again terms neglected
in Egs. (7.1.7) and (7.1.8) and suppressed in the large-recoil limit. The difference between the
muon and electron masses relative to ¢2, induces a non-vanishing SM value for the B; observables
at low ¢2. B; are exactly zero in the SM, and can be obtained from Eqs. (7.1.10), (7.1.11) in the
limit 8y — 1. Note that the B; observables always have a residual charm dependence ACy in the
denominator in the presence of NP.

From Eq. (7.1.12), M appears sensitive to the muon-electron mass difference via AM, A and
B, and the last two terms introduce a sensitivity to charm effects through ACy. Moreover, the first
bin of M is very sensitive to this mass difference and will be affected by very large uncertainties
in some NP scenarios. On the contrary, M is blind to such mass effects. In addition, if there is no
NP in 6Cyg then M becomes also insensitive to transversity-independent charm effects at leading
order and at large recoil. This means that M is particularly clean at low ¢ (where large-recoil
expressions are relevant), especially in the presence of NP in §Cq. For larger values of ¢ and/or in

the presence of NP in Cyg, subleading charm effects are present and will enlarge the uncertainties,

* The measurement of B; requires the measurement of the quantities (Jf / ,8?) Experimentally, this can be done

by assigning a 82 factor to the data on an event-by-event basis.
®Cz includes both the SM C$T plus possible LFU-NP (the same applies to C).
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even though the impact of NP on this observable remains very large. M at low ¢ will turn out to
be very efficient to disentangle NP scenarios.

We have the following behaviour for 6Cy = 0:

5 iy
32 B2 Cio

For Bs and Bg,, the limit of very small ¢? is equivalent to 6Cy = 0, and M is not well predicted

Bs = Bg, = (7.1.14)

in this limit (subleading effects dominate the computation). This is however not a problem in the
current context where global analyses point towards a large NP contribution to Cg. On the other
hand, if 5C;o = 0, we have ©

B2 —p  p 5Co
B, = £ "¢ "k 7.1.15
5 32 T B2 (Crg(143) + (Co + AC)3) T (7.1.15)
B2 —p2 B 0Co$
Bgs = L4+ -£ 7.1.16
6 32 B2 (2Cy + (Co+ ACH)3) | (7.1.16)
— 5Coi
M = —— ... 1.1
Crmy(1—3) T (7.1.17)

Bs and Bgs contain then a residual charm sensitivity through ACg, while M is totally free from this
transversity-independent long-distance charm at leading order. This is a very specific property of
M which is independent of transversity-independent charm contributions in the presence of New
Physics in Cy only. Transversity-dependent charm effects are kinematically suppressed at very low
¢ in these observables as it will be shown later on.

In the case where both 0Cy and dCyg are non-zero, a precise interpretation of these observables
requires a more detailed study (including an assessment of all ¢¢ contributions to Cg). We see
therefore that some of these observables will have a limited sensitivity to charm-loop contributions
in some cases (SM, NP only in Cy,), but not in other cases (NP also in Cy, for instance).

As a conclusion, the behaviour of B (Bs), Bgs (Bgs) and M (M ) in specific g*-regions should
provide powerful tests of physics beyond the SM, with a limited sensitivity to hadronic uncertain-

ties.

7.2 Predictions in the SM and in typical NP benchmark scenarios

7.2.1 Observables and scenarios

The above discussion assumed that one can determine exactly the value of the angular coefficients
J; differentially in ¢2. This is in principle possible using the method of amplitudes in Ref. [179] even
if for electrons it could be particularly difficult. The other methods (likelihood fit and method
of moments) lead to binned observables, where the cancellations advocated above hold only in
an approximate way, for bins small enough so that the angular coefficients do not exhibit steep
variations. The modifications due to binning for the predictions of observables were described in
detail in Ref. [112], and are also recalled in App. B for the observables described above. They
will obviously have an impact on the previous discussion concerning the cancellation of hadronic

uncertainties, which will then be only approximate.

6 The corresponding expressions for Eg/,,gS when 6C1p = 0 can be easily obtained from Eqs.(7.1.15)-(7.1.16) by
taking S — 1 and the one of M can be obtained from App.B.
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In order to illustrate the interest of the various observables, in addition to the SM, we consider
several NP benchmark scenarios corresponding to the best-fit points for hypotheses with a large
pull in the global analysis of Ref. [113] (with NP contributions in b — sy but not in b — see).
We follow the same approach as in Ref. [113] and compute the various observables following the
definition of binned observables in App. C. The results are shown in App. D and in Figs. 7.1-7.8.

In the SM, Q;, T; and B; are expected to be close to zero, as shown in App. D. The binned
observables Bs and Bg, are actually different from zero due to the kinematic factors Bﬁ and ,6’82
in the transversity amplitudes — one could imagine measuring the binned values of J§,65 /B2 and
checking that the values for both lepton flavours are indeed identical. The difference between 3,
and B, becomes less relevant for large ¢2 (above 2.5 GeV?), leading to Bs and Bg, decreasing in
magnitude and getting closer to each other. In the same region, M becomes larger as it involves
the difference Bs — Bg, in the denominator. In the presence of NP affecting differently Co,, and
Coe, Bs and Bgs are different over the whole kinematic range. In the SM, the binned version of
M is charm dependent due to (,/f. terms. In the presence of LFUV in Cy, it is interesting to
focus instead on the observable M , which is not affected by lepton-mass effects and is essentially
charm independent at very low-¢2. If there are NP contributions in other Wilson coefficients, the
situation becomes more complicated concerning the charm dependence of the observables. In the
remainder of this Section we will identify patterns based on the set of Q; and Q;, and we will
describe a very promising test based on Bj, Bgs and M.

The observables Qz (see Figs. 7.1-7.8) show specific patterns for the different scenarios consid-

ered here:

e Scenario 1: C};LP = —1.1. Both Qs and Qs are affected significantly, especially the latter.
The most interesting region is ¢ > 6GeV?, taking into account that these observables receive
essentially no charm contributions in the SM. No deviation should be observed in Ql or Q4
in the same region within this scenario (see the discussion in Section 7.1 concerning the

sensitivity of Pj to Cy).

e Scenario 2: Cé\LP = —C%P; = —0.65. Within this scenario Q2 and Q5 show milder deviations,
especially in the bin 6-8 GeV? where they are expected to be SM-like (contrary to Scenario
1). Indeed, the constraint from Bs; — g on Cigy reduces the allowed size of the deviation in
Co,, in this particular scenario. On the contrary, Q4 could be particularly interesting in the
region below 6 GeV? with a g?>-dependence rather different from Scenario 1. No deviation is

expected in Ql .

e Scenarios 3 and 4: Cf; = —Cy, = —1.07 and Cf; = Cj, = —1.18, CJy}, = Cj, = 0.38
respectively. Both scenarios are quite difficult to distinguish using these observables. They
have implications in all four relevant observables Q1727475. The behaviour of QQ and Qg, is
similar to Scenario 1, making the three scenarios difficult to disentangle when looking only
to these observables. Ql, which is designed to test the presence of right-handed currents, is
affected significantly. Finally, Q4 both at very low- and large-¢® (but within the large recoil
region) could be useful if accurate measurements are obtained. In particular, above 6 GeV?

this observable is only sensitive to right handed currents.

The same discussion applies to the observables Q;. We note that Q; (Q;) in the bin [6-8],

which have no charm uncertainties in the SM, may play a central role in disentangling the first
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Figure 7.1: Scenario 1. SM predictions (grey boxes) and NP predictions (red boxes), assuming

Chy = —1.11.
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two scenarios.

These observables are quite complementary to R+, for which we provide predictions in App. D.
Indeed, the value of Ry~ is very similar (within uncertainties) in the first two scenarios, whereas
a larger suppression is expected for the other scenarios at moderately large ¢2, illustrating the
complementarity with the QZ (Q;) observables. For completeness we also present predictions for

the observables T; in the same appendix.

7.2.2 B and B observables

We also give predictions for the B; observables in App. D and in Figs. 7.1-7.8 within each scenario.
In the plots we have not shown the predictions in the bins where Bs or Bgs have a pole ([1.1,2.5]
for Bg, [2.5,4] and [4,6] for Bgs) and cannot be predicted accurately. All scenarios give very similar
predictions, apart from the first bin of B5 and the two first bins of Bgs.

The first bin of these observables is predicted accurately both in the SM and in the presence of
NP. Not only it is insensitive to form factors in the large-recoil limit at leading order, but it is also
protected from long-distance charm contributions due to a kinematical suppression of the charm-
dependent contribution at low ¢? (see also Ref. [1]). The analysis of this bin in the SM and in the
scenarios presented above is particularly interesting. As explained in the previous section, the SM
predictions BEM = —(0.155 + 0.003 and B(Si;v[ = —0.121 + 0.001 are only different from zero due to
B/ Be effects integrated over the bin. This can be checked through the corresponding prediction
for the EZ observables, which are free from these effects and equal to zero in the SM. In the case
of a negative NP contribution to Cy,, both Bs and Bg, receive a positive contribution that pushes
them towards zero in the first bin. If there is a positive NP contribution in Ciq,, the contribution
to both observables is negative and large (of size Cﬂ}; /Ciou). In summary, a contribution close
to zero will favour a scenario with NP only in Cg, < 0, whereas values of Bs and Bgs lower than
the SM will signal NP in Cig, (NP in Cy,, is better discriminated by other observables). In both
cases By and Bgs are almost equal, while a contribution to Ciou would break this degeneracy. The
second bin of Bgs exhibits a similar pattern (above the SM in Scenario 1, below in Scenario 2).

The same discussion applies to Ei, which have a similar behaviour in those bins, the only
difference being that they are centered around zero (SM prediction). For instance, the first bin of
Bs and Bgs in the Scenario 1 (Scenario 2) receives a positive (negative) contribution. The second
bin of EGS follows the same rules as Bgs.

The low-recoil behaviour of the B; and El observables is particularly interesting because it
points to large deviations that cannot be seen easily in the ); observables. Unfortunately, they are
not useful in distinguishing Scenarios 1 and 2, except if compared together with the corresponding

Q; at low recoil, which show a slightly different behaviour in that region.

7.2.3 M and M observables

M is also an interesting observable to get information on the existence of NP contributions and
identifying their nature. This can be seen from the results in App. C and Figs. 7.1-7.8 by looking
at the third bin, where it can be noted that this observable can help to disentangle Scenario 2
from Scenarios 1 and 3, thus testing for the presence of NP in Cigy.

However in the first bin, where Bs ~ Bgs, M is poorly predicted. In these region it proves

instead very useful to exploit the alternative observable M , where effects related to 5, are removed.
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This observable then gives additional information in discerning between Scenario 2 and Scenarios
1 and 3. The effects in this first bin can also be confirmed by looking at the second bin (notice

that M is well defined in its second bin even if Bs has a pole in its second bin).

7.2.4 LFUYV observables and hadronic uncertainties

The observables presented here, specially @;, B; and Ei, are built to be very accurate in the SM,
and almost insensitive to long-distance charm contributions. Moreover, whether NP is present or
not, these observables are built to have no dependence on soft form factors at leading order in the
large-recoil limit. In the presence of NP, these observables become again sensitive to charm-loop
contributions, but in a very specific way that we discuss now.

Let us first recall that we introduced the observables Q; in order to provide predictions taking
into account how LHC measures F}, currently. Here the cancellation of soft form factors between
numerator and denominator is not fully operative and these observables are thus sensitive to soft
form factors arising in Ji. but suppressed by powers of mZ/¢*. This explains why the errors of Q;
are larger (but still small in most of the bins) than for @);. The observables T; exhibit a residual
sensitivity to soft form factors in most of the bins. Finally, the observable M suffers from large
uncertainties when Bs ~ Bgs, even though it is designed to have no dependence on soft form
factors at leading order in the large-recoil limit.

Concerning long-distance charm-loop contributions, the most interesting observables are B;
(B;) and M (M). In the analytic expressions provided in Section 7.1.2, we have assumed that the
charm contribution ACq entered all transversity amplitudes in the same way. One can generalize
the expressions for Bs g5 and M in Egs. (7.1.10,7.1.11) and allow for transversity-dependent charm

contributions ch ’H’O(qz) associated to each amplitude:

B PBa=B  BidCw B 2(C1o + 6C10)0Co3 (72.1)

° B2 B2 Cio B2 Cio (2071 (1 + 8) + (2C9 + ACy0 + ACy, 1)3) -

2 2 2 2 ~

By, B, — Bz N B, 6C1o N By 2(C10 + 6C10)0Cy5 (7.2.2)

° ﬁg 63 ClO Bg CIO (4C7mb + (209 + ACgA_ + AC9»H)§) o

M - (2010(5C9§ + 6C1o (2C7mb(1 + §) + (209 + 26Cq + ACQ’J_ + ACQ,0)§))
2C10(C10 + 5010)569 (2C7mb(§ — 1) + (ACQ@ — AC97||)§) s

X (2C105C9§ + 6C1o (4677‘?1(, + (2C9 + 26Cq + ACQ’J_ + AC9,||)§)) (7.2.3)

The corresponding expressions for the §5765 are obtained in the limit 8, — 1. In the case of

NP only in 6Cy they simplify to

8y — 62 B 6Cy3
B = e Tn +... 7.2.4
> 82 B2 (Crrng(1 + 8) + (Co + (ACY + ACE)/2)5) (7.2.4)
2 2 2 ~
— 3 oC
Bgs = i QB + = 0 H + (7.2.5)
Bz Be (2Cr1, + (Co + (ACY + ACF)/2)3)
M = — 0Co3 . (7.2.6)

Crn(1 — 8) — (ACY — AChy3/2
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The observable M was designed to cancel exactly a transversity-independent charm contribution
ACy at leading order in the large recoil limit, which occurs in the denominator of the B; observables.
The above expressions indicate that for B;, all the long-distance charm dependence is contained in
the denominator, and its numerical impact is somehow reduced by a large Cy, which explains their
reduced sensitivity to ACy (this is even more efficient at very low ¢ due to the photon pole). In the
case of M. , Cg cancels, leaving only the photon pole to tame the sensitivity to transversity-dependent
charm-loop contributions. For this reason at higher ¢? values, where the photon pole contribution
is smaller, the sensitivity to this transversity-dependent charm contribution is maximal in M as
can be seen in App. D and in Figs. 7.1-7.8. In addition, looking at Eq. (7.2.3), it is interesting
to note that M is sensitive to charm contributions only if a) there is LFUV New Physics in Cyg
or right handed operators, or b) there are transversity-dependent charm-loop contributions (such
that ACY # AC)).

We should finally comment on the fact that our predictions do not include any evaluation of
Bremsstrahlung effects. Naively one expects these effects to be of order a log(m?/ mz) ~ 8% [180].
Part of these effects are taken into account at the level of the experimental analysis by means
of a Montecarlo simulation with PHOTOS [181], which accounts for soft-photon emission from
the leptons. Other contributions (e.g., real emission from the mesons, virtual photons) should
still be estimated by separating in the theoretical computations the radiative corrections already
implemented experimentally and those to be estimated theoretically (see Refs. [182, 183] for a
discussion of this issue in the context of Ky4 decays). Such a work goes far beyond the present

note, but the impact of such effects should be expected to be of a few percent.
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Chapter 8

Global Fits to the B Anomalies

Over the last few years, many observables related to b — s¢¢ flavour-changing neutral-current
transitions have exhibited deviations from SM expectations. Due to their suppression within the
SM, these transitions are well known to have a high sensitivity to potential NP contributions. In
order to evaluate the significance and coherence of these deviations, a global model-independent
fit is the most efficient tool to determine if they contain patterns explained by NP in a consistent
way.

The present situation is exceptional in the sense that we have found that the observed devia-
tions form coherent patterns within the model-independent approach of the effective Hamiltonian
governing the b — s/ transitions. Already in 2013 first hints of this consistency were pointed out
in Ref. [153] (using only B — K*u™ 1) and later on in Ref. [113] (with all LHCb data available at
that time) showing that a very economical mechanism, namely a negative contribution of the order
of —25% to the short-distance coefficient of the effective operator Oy, in Eq. (4.1.15), is sufficient
to alleviate all above-mentioned tensions, whereas the data allowed for NP contributions to other
operators. This picture was later confirmed by other global analyses [163, 166] using different
observables, hadronic inputs and theory approaches for their computations. Recent experiment
results have shown additional hints of NP, indicating a violation of Lepton Flavour Universality
(LFU) between b — see and b — sy processes.

In this chapter we will discuss our most recent global analyses, including the most updated
experimental and theoretical information on b — sff processes. Additionally, model-building
implications of the most significant results of our global fits and the potential of LEFUV observables

to disentangle scenarios will be also discussed.

8.1 Review of the experimental situation

We start by briefly discussing the recent experimental activity concerning b — sff transitions. In
2013, using the 1 fb~! dataset, the LHCb experiment measured the basis of optimised observables
defined in Section 5.1.4 for B — K*u*pu~ [176], observing the so-called P! anomaly [153], i.e.
a sizeable 3.70 discrepancy between the measurement and the SM prediction in one bin of the
aforementioned angular observable [115]. In 2015, using the 3 fb~! dataset, LHCb confirmed this
discrepancy and reported a 30 deviation in each of two adjacent bins at large K* recoil [184].
LHCD also observed a systematic deficit with respect to SM predictions for the branching ratios
of several decays [121, 185]. In 2016, the Belle experiment presented an independent analysis of
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P! 178, 186] confirming the LHCb measurements in a very different experimental setting.

A conceptually new element arose when a discrepancy in the LEUV ratio Rk (see Section 5.3)
was also observed by LHCb [187], hinting at NP signals with a LFUV signature such that it
predominantly affects b — sp*p~ transitions but not b — sete™ ones. Complementary LFUV
tests were also presented by Belle, being the first experiment to measure the observables Qyy,
proposed in Ref. [2] and reviewed in the previous chapter. Even if not yet statistically significant,
these results point towards LFUV in @5, consistently with the deviation in R

Further tests of the angular distribution of the B — K*u™u~ mode were performed by the
ATLAS and CMS collaborations: the former measured the whole set of angular observables as well
as Fy, at large K* recoil [188], whereas the latter presented results only for P; and P! at low and
large recoils [189]. These results show a good (but not perfect) overall agreement with the LHCb
results.

In 2017, the LHCb updated the B — K*utpu~ differential branching ratio [190] and released
a striking new measurement of the LFUV ratio R« = B(B — K*utp~) /B(B — K*ete™) at
large K* recoil [191], exhibiting significant deviations from SM expectations. LFUV ratios are
particularly interesting due to their lack of sensitivity to hadronic uncertainties in the SM, making
any significant deviation from their SM value a clear sign of NP [192, 193]. Moreover, the tensions
in Rg+ denote that hadronic uncertainties in the theoretical predictions are not sufficient to explain
all the anomalies observed in b — s/~ transitions, and that alternative explanations must be
searched for.

This was the experimental situation as of mid 2017, which led to our global analysis of
Ref. [136]. More recently, the LHCb collaboration announced a new measurement of Ry [194]
using part of the full Run-2 data set. The average of the former Run-1 measurement and the new
result moves the central value of the combination closer to the standard model prediction but, as
the error has experienced a significant reduction too, only a minimal change in the significance can
be observed: 2.50 instead of the previous 2.60 below the SM.

Finally, new Belle measurements on the LFUV ratios Rxg and R~ have also been released
earlier this year in several ¢® bins [195, 196]. However, these measurements have a very limited

impact on the global fits, as their associated errors are still large.

8.2 Global analyses of b — s// data

In order to combine all measurements and evaluate their impact, importance and consistency,
one has to perform a global fit to all available data. Global analyses discussed here follow the
guidelines of previous fits performed within the same framework [113, 115]. In this section we will
review the general statistical framework used, including a description of both our fit strategy and
the statistical measures we employ for the characterisation of our estimates, and we will present
the main results of our most updated state-of-the-art global analyses [197], stating the relevant
differences between them and our previous fits in Refs. [113, 136].

The starting point of our analyses is the effective Hamiltonian of Eq. (4.1.1) in which heavy
degrees of freedom (the top quark, the W and Z bosons, the Higgs and any potential heavy
new particles) have been integrated out in short-distance Wilson coefficients C;. In the SM, the
Hamiltonian contains 10 main operators with specific chiralities due to the V' — A structure of

the weak interactions, as discussed in Section 4.1.1. In presence of NP, additional operators may
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become of importance (see Eqs (4.1.29)-(4.1.32)). For the processes considered here, we will focus
our attention only on the operators Oy, Oy, and Oy, (being ¢ = e or p1), with their associated
Wilson coefficients C7,Cqyyy, C,- These Wilson coefficients are equal for muons and electrons in
the SM but NP can add very different contributions in muons compared to electrons. In order to
estimate the aforementioned NP contributions to the Wilson coefficients, we parametrise them by
splitting their SM and NP contributions

Cio =CM +CI", (8.2.1)

where i = 70, 900 100), being the SM contributions to chirally-flipped operators negligible. This
defines one possible basis for assessing the impact of NP on the relevant Wilson coefficients of the
underlying effective theory, but this choice is not unique. Indeed, we will show that interesting
patterns can also be unveiled using a different basis based on a parametrisation in terms of LFU
and LFUV-NP contributions to the Wilson coefficients, instead of NP contributions with a spe-
cific flavour attached. Fit results corresponding to the first NP parametrisation can be found in
Section 8.2.1, while the second is explored in Section 8.2.2.

The full fit includes all available results for the following decay channels':

> B(0,+) _>K*(07+)N+N_7 B(O,-l—) —)K*(O’+)€+€_, B(0,+) —>K*(O’+)’7,
» BOF) kO 4y~ Bt — Ktete,
> Bs — ¢putu~, Bs = ¢,

» B— X,utp~,B— Xyyand By — ptpu.

More specifically, for the angular observables in B — K*u*p~, B — K*ete™ and B, — ou™u™,
we use the optimised observables PZ.(/) obtained from LHCb’s likelihood fit [184]. Concerning the ¢*
binning we use the finest bins at large recoil (below the .J/1), including the first bin in the low-¢>
region and the [6, 8] GeV? bin, but the widest bins in the low-recoil region to ensure quark-hadron
duality (see the discussion in 6.1.2). For the b — sy radiative decays, we include in our fit the
whole set of observables discussed in Section 5.4.2.

Although experimental data on the baryonic decay A, — Aptp™ is available, it is not included
in the fit because for the low-¢? region QCDf is poorly understood in this channel [198], while at
high-¢?, where a recent determination of the A, — A form factors from lattice QCD [199] reduces
theory uncertainties, experimental errors are large [200]. Further considerations about this decay
channel can be found in Refs. [113, 201]).

In addition, and following the discussion of the previous section, we add to the fit all the new

measurements made available since Ref. [113]:

» The BY — K*Ou*;~ differential branching fraction measured by LHCb [190] based on the
full Run 1 dataset, superseding the results in Ref. [117]. We use the most recent update of
Ref. [190] that led to a reduction of the branching ratio by about 20% in magnitude.

1See Appendix E for the full list of the 180 observables included in the global fit, with both their SM predictions

and their associated most updated experimental measurements.
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» The Belle measurements [186] for the isospin-averaged but lepton flavour dependent B —

K*{T0~ observables Pi% and PAL‘;. The isospin average is given by the following expression,
Pl =0y PY(BY) + (1 0y) PB). (8.2.2)

Since o describing the relative weight of each isospin component in the average is not public,
we treat it as a nuisance parameter o4 = 0.5 + 0.5. This will not have a significant effect in
our results, since the isospin breaking in the SM is small (but accounted for in our analysis),

and we do not consider NP contributions to four-quark operators.

The ATLAS measurements [188] of the angular observables Pi, P45 in BY — K0ty

as well as F7, in the large recoil region.

The CMS measurements [189] of the angular observables P; and P! in BY — K*0utpu—,
both at large and low recoils (we consider only the long bin at low recoil). We take FJ,
and App from an earlier analysis [202] and we also include the data from an earlier analysis
at 7 TeV [203]. A very welcome check of the stability of the CMS results would consist in

performing a simultaneous extraction of Fr, P; and P!, using the same folding distribution
as ATLAS, LHCb and Belle.

The 2017 measurement of the lepton-flavour non-universality ratio Rx+ in two large recoil
bins by the LHCb collaboration [191]. The likelihood of these measurements is asymmetric,
and dominated by statistical uncertainties. We thus take the two measurements as uncor-
related, and for each of the two bins, we take a symmetric Gaussian error that is the larger
of the two asymmetric uncertainties (while keeping the central value unchanged). This ap-
proach will underestimate the impact of these measurements on our fit, but we prefer to

remain conservative on this point until the likelihood is known in detail.

The new ATLAS result for the branching ratio of the leptonic decay Bs — utu~ [204],
combined with previous CMS [205] and LHCb [206] measurements. Two likelihood-based
combinations can be found in the literature [207, 208], with similar results. We quote the

first one for definiteness

B(Bs — ptpm) = (2.677032) x 1079 (with B(B® — p*pu™) profiled), (8.2.3)
B(Bs = ptpm) = (2.671033) x 1077 (with B(B” — p*p~) SM-like) (8.2.4)

These combinations are based on a composition of the experimental two-dimensional likeli-
hoods without accounting for the asymmetries in parameter space caused by the fact that
both ATLAS and LHCb have only been able to provide upper bounds on B(BY — putpu™).
Therefore, unlike the analyses of Refs. [207, 208] and until the likelihoods of these measure-
ments are better understood, we prefer to take a more conservative approach and use a naive

weighted average [197]
B(B, — pTp) = (2.94+0.43) x 1079, (8.2.5)
The average of the two LHCb measurements of the LFUV ratio Rk in the long large recoil

¢® bin [1, 6] GeV? [194]. Corresponding measurements of this observable performed by the

Belle collaboration are also included [195].
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» The Belle update of the Ri+ observable [196]. Similarly to the case of Pif,), Belle measured
Ry~ as an isospin average of the neutral B — K*? and charged B — K** channels. Hence,
following Eq. (8.2.2), we introduce the following model for this observable in order to account

for isospin breaking effects
Ry+ =04 Ri«(BY) + (1 — 0 )R+ (BY), (8.2.6)

where o4 denotes a new nuisance parameter, which we assume to be uncorrelated with
respect to the same parameter quantifying isospin breaking in P4’Z5. Again, isospin effects

are expected to be negligible for this observable.

Regarding the theory computation of all observables, we work within the framework described
between Chapters 4 and 6, taking into account the theoretical updates for the branching ratios
of B - Xsvy, B — Xsup and By — pp described in Section 5.4. Furthermore, we update the
value of the theory prediction for the leptonic branching ratio B(Bs; — pu) with the most recent
lattice result for fp, obtained from simulations with Ny =2 + 14 1 flavours [209]. As we already
discussed in previous chapters, for the B — K* form factors at large recoil we use the calculation
in Ref. [148], which has more conservative uncertainties than the ones in Ref. [150], obtained with
a different method. Since the corresponding calculation is not available for By — ¢, we thus use
Ref. [150]. This leads to smaller hadronic uncertainties quoted for By — ¢¢¢ (see the corresponding

branching ratios in Appendix E), but we stress that this is only due to the choice of input.

8.2.1 Fits results in presence of LFUV-NP

First, we consider fits to NP scenarios which affect muon modes only. In Tables 8.1 and 8.2, we give
the fit results for several one- or two-dimensional hypothesis for NP contributions to the various
operators, with two different datasets: either we include all available data from muon and electron
channels presented in the previous section (column “All”, 180 measurements), or we include only
LFUV observables, i.e. Rx and Rg+ from LHCb and Belle and @Q; (i = 4,5) from Belle (column
“LFUV”, 22 measurements). In both cases, we include also the b — sy observables, as well as
B(B — X,utp~) and B(Bs — ptp~). The SM point yields a x? corresponding to a p-value of
11.0% for the fit “All” and 8.0% for the fit “LFUV” [197].

All LFUV
1D Hyp. Best fit ‘ lo/20 ‘ Pullsm ‘ p-value || Best fit ‘ lo/20 ‘ Pullsm ‘ p-value
—1.15,—0.81 —1.23,—0.59
Conw -0.98 [ ) 5.6 65.4% -0.89 [ ) 3.3 52.2 %
[—1.31,—0.64] [—1.60, —0.32]
—0.56, —0.37] [—0.53, —0.29]
cyP = ¢ -0.46 [ ’ 5.2 55.6 % -0.40 ’ 4.0 74.0 %
on 10 [0.66, —0.28] ° [—0.63, —0.18] ’
—1.15, —0.82] [—2.13, —0.96]
CYF = —Cy -0.99 [ ’ 5.5 62.9 -1.61 ’ 3.0 42.5
o o [—1.31,—0.64] % [—2.54, —0.41] %
—1.03,—0.71] [—0.90, —0.44]
CiF = —3ciF -0.87 [ ’ 5.5 61.9% -0.66 ’ 3.3 52.2 %
o o [~1.19, —0.55] ’ [—1.17, —0.24] ’

Table 8.1: Most prominent 1D patterns of NP in b — su™u~. Pullgy is quoted in units of standard

deviation.
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Figure 8.1: From left to right: Allowed regions in the (C&P,CINOE), (C&P,Cglu) and (C&P,C&P)
planes for the corresponding two-dimensional hypotheses, using all available data (fit “All”). We
also show the 3 o regions for the data subsets corresponding to specific experiments. Constraints

from b — sy observables, B(B — X uu) and B(Bs — uu) are included in each case (see text).

We start by discussing NP hypotheses for the fit “All”. New available experimental data have
further increased the significance of already prominent hypotheses in previous studies, namely,
the first three hypotheses (CSLP, C};LP = —C%F;L and CSLP = —Cy,,) already identified in Refs. [113,
153]. The Pullgy of current estimates exceeds 5o in each case, however hypotheses can hardly be
distinguished on this criterion, and as we will discuss in Section 8.5, the ); observables will be
very powerful tools to lift this quasi-degeneracy. We do not observe any significant differences in

the 1D scenarios with “All” data compared to our previous analysis in Ref. [136].

Further scrutiny of the differences between our current most updated fits and the results from
our earlier analysis [136], reveals that the scenario CSLP = —Cy,, which would predict Rx = 1
and Rpi- < 1 [113, 192, 193, 211, 212], has an increased significance in the “All” fit. Also, the
best-fit point for the scenario CEI;LP now coincides in the “All” and LFUV fits, as opposed to our
previous conclusions in Ref. [136]. On the other hand, NP solutions based on C%ﬁ: only show a
significance in the “All” fit at the level of 4.00 (3.90 for the LFUV fit), which explains its absence
from Tab. 8.1 as in Ref. [136].

Besides providing the results for “simple” one- and two-dimensional hypotheses, we discuss
five additional illustrative examples of NP hypotheses with specific chiral structures, leading to

correlated shifts in Wilson coefficients. These hypotheses are:

1. (Ch = —Coru, Cly,, = Crorp),
2. (CSI)\LP = _C9’uvc%1; = _Clo’u)a
3. (€3 = —Clip Core = Cror);
4. (Chy = —Clops Cor = —Caorpy),

5. (CgLP,CQIM = —Ciorp)-

Concerning the 2D scenarios collected in Tab. 8.2, no significant changes can be be identified with
respect to Ref. [136]. Nevertheless, with an Rx value closer to one, scenarios with right-handed

currents (RHC) seem to emerge. Indeed, hypothesis 5 has now the highest Pullgys, indicating that
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small contributions to RHC are slightly favoured (Cy, > 0,Cipr,, < 0) 2. Note that these RHC
contributions tend to increase the value of Rx while C&P < 0 tend to decrease it. From a model-
independent point of view, the also very competitive Hypothesis 1 is particularly interesting to yield
a low value for Ry« (especially if a contribution CNF > 0 is allowed). Taking C%i = —Cioy (ice.
Hypothesis 2) reduces the significance from 5.90 to 5.30, similarly to Hypotheses 3 and 4 with the
signature structure CSLP = —C%lz (irrespective of the relative sign taken to constrain Cq/,, = £Cio/,)-
Finally, the comparison between Hyps. 4 and 5 shows that the scenario Cy,, = —Cyo/,, (left-handed
lepton coupling for right-handed quarks) prefers to be associated with CgLP (vector lepton coupling
for left-handed quarks) rather than CSLP = —C%ﬂ (left-handed lepton coupling for left-handed
quarks).

Up to now, we have discussed scenarios where NP contributions occur only in b — sup
transitions. It is also interesting to consider scenarios with NP in both muon and electron channels,
in particular (CgHP,Cé\IeP), with a SM pull of 5.3c and a p-value of 66.2%. While C};LP ~ —11is
preferred over the SM with a significance around 5o, Cy. is compatible with the SM already at
lo, in agreement with the LFUV data included in the fit. New data included in our updated
analysis [197] has induced a change on the central value of Cg.: whereas the fit of Ref. [136]

suggested a pattern Cye > 0, now we observe Cg. < 0.

All LFUV
2D Hyp. Best fit ‘ Pullsm ‘ p-value Best fit ‘ Pullsm ‘ p-value

(€5 ,Clon) || (-0.91,0.18) 5.4 68.7% || (-0.16,0.56) 3.4 76.9 %
(Coy,Crr) (-1.00,0.02) 5.4 67.9% || (-0.90,-0.04) 2.9 55.1%
(Co Cory) || (-1.10,0.55) 5.7 75.1% || (-1.79,1.14) 3.4 76.1%
(C5F,Crory) || (-1.14,-0.35) 5.9 78.6% || (-1.88,-0.62) 3.8 91.3%
(C5r,C65) || (-1.05,-0.23) 5.3 66.2% || (-0.73,0.16) 2.8 52.3%

Hyp. 1 (-1.06,0.26) 5.7 75.7% || (-1.62,0.29) 3.4 77.6 %
Hyp. 2 (-0.97,0.09) 5.3 65.2% || (-1.95,0.25) 3.2 66.6 %
Hyp. 3 (-0.47,0.06) 4.8 55.7% || (-0.39,-0.13) 3.4 76.2%
Hyp. 4 (-0.49,0.12) 5.0 59.3% || (-0.48,0.17) 3.6 84.3%
Hyp. 5 (-1.14,0.24) 5.9 78.7% (-2.07,0.52) 3.9 92.5%

Table 8.2: Most prominent 2D patterns of NP in b — su™p~. The last five rows correspond
to Hypothesis 1: (Cé\ﬂ) = —Cg/#,C%}; = Ciorp), 2: (C};LP = —Cgru,C%I; = —Ciovp), 3 (Cé\ﬂ) =
—C%{Z,Cglﬂ = ClO’,u); 4: (Cé\LP = —C%IZ,CQ/# = —Clglu) and 5: (CSIJ\LP769'M = —Clol”).

In Fig. 8.1 we show the corresponding constraints for the fit “All” under the three hypotheses
(CSLP, C%IZ), (C&P,ng) and (C&P,C})\;P ), as well as the 3o regions according to the results from
individual experiments (for each region, we add the constraints from b — sy observables, B(B —
Xputu™) and the average for B(Bs — utpu™)). As expected, the LHCD results drive most of the
effect, with a clear exclusion of the origin, i.e. the SM point.

We can now move to the LFUV fit in Fig. 8.2, where we consider the same hypotheses favoured
by global analyses. Note that this restricted subset of observables excludes the SM point with a
higher significance, even though the p-value of the SM has increased with respect to Ref. [136]

as a result of including new data points with little resolution (Belle measurements of Ry and

2Interestingly, these small contributions also reduce slightly the mild tension between P% at large and low recoils

pointed out in Ref. [212] compared to the scenario with only Cg,, .



138 Chapter 8. Global Fits to the B Anomalies

>
18 1.8 18
12 1.2 1.2
0.6 0.6 06

;§ 0. 0,
© N— —— LFUV Data \) — LFUV Data
5

C!)’ 1L
NP
COE:

—— LFUV Data

_3 _3 —3.0
=30 =24 =18 =12 -06 0.0 0.6 1.2 18 24 3.0 =30 =24 -18 =12 -06 0.0 0.6 1.2 1.8 24 3.0 }7«3.11 -24 -18 -12 -06 0.0 0.6 12 18 24 3.0
NP \

NP
CE);L

O O

Figure 8.2: From left to right: Allowed regions in the (C};LP, C%P;), (Cé\LP, Cy,,) and (CSLP, C3P) planes
for the corresponding two-dimensional hypotheses, using only LFUV observables (fit “LFUV?”).
Constraints from b — sy observables, B(B — X up) and B(Bs — pu) are included in each case

(see text).

Rg+). Contrarily, the p-value of the SM for the fit “All” has not followed the same trend and
currently stays at the same level as in 2017, hence no overall improvement of the SM in describing
current data. While the same pattern of hierarchies is observed for this fit compared to our 2017
analysis [136], the Pullsgy for some of 1D fits get reduced by half a standard deviation. It is
important to stress that this fit favours regions similar to the fit “All” dominated by different
b — supu-related observables (B — K*up optimised angular observables as well as low- and large-
recoil branching ratios for B — Kpup, B — K*uu and Bs — ¢up). This is also shown in Tabs. 8.1
and 8.2, where the scenarios with the highest pulls are confirmed with significances between 3 and

40, but get harder to distinguish on the basis of their significance.

[ o | ey [ e | e | G | G

Best fit +0.01 -1.10 +0.15 +0.02 +0.36 -0.16
1o [~0.01,40.05] | [~1.28,—0.90] | [~0.00,+0.36] | [—0.00,+0.05] | [~0.14,40.87] | [~0.39, 4-0.13]
2 [~0.03,+0.06] | [~1.44,-0.68] | [~0.12,40.56] | [—0.02,40.06] | [—0.49,+1.23] | [—0.58,+0.33]

Table 8.3: 1 and 20 confidence intervals for the NP contributions to Wilson coefficients in the 6D
hypothesis allowing for NP in b — syt u~ operators dominant in the SM and their chirally-flipped
counterparts, for the fit “All”. The Pullgy is 5.1 ¢ and the p-value is 81.6%.

Finally, we extend our analyses to include a six-dimensional fit allowing for NP contributions
to all relevant Wilson coefficients Cy(r) o(u,10()u- The associated SM pull to this fit has shifted
from 3.60 in Ref. [113] to 5.1 o, if one considers the fit “All” described above. Corresponding 1
and 20 CL intervals are given in Tab. 8.3, with the pattern:

cyt 20,y <0,C, > 0,Cr 20, Cyp >0, Crorpy SO (8.2.7)

where Cy,, is compatible with the SM beyond 30 and all the other coefficients at 1. No significant
changes are observed in the updated 6D fit with respect to the result of the same fit in Ref. [136],

except for a slight increase in the Pullgy; and the preference for a negative Cyor,.
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Scenario H Best-fit point ‘ lo 20 ‘ Pullsy ‘ p-value
Co, —0.36 [-0.86,+0.10] | [~1.41,-+0.52]
Scenario 5 Con +0.67 [+0.24, +1.03] | [-1.73,+1.36] 5.2 71.2%
c§ =ch —0.59 [-0.90,—0.12] | [—1.13,+0.68]
Cy, = —C1o —0.50 [-0.61,—-0.38] | [-0.72,—0.28]
S io 6 . a ’ ’ 5.5 71.0 %
cenario ey =cb, —0.38 [-0.52,-0.22] | [~0.64, —0.06] °
cy, —0.78 —1.11,-0.47] | [-1.45,—0.18
Scenario 7 s [ i M 53 | e62%
Cs —0.20 [—0.57,40.18] | [<0.92,40.55]
Cy, = —Cy —0.30 —0.42,—-0.20] | [-0.53,—0.10
Scenario 8 o U 104 [ I ] 5.7 75.2 %
Cs —0.74 [-0.96,—0.51] | [—1.15,—0.25]
Cy, = —C —0.57 —0.73,—0.41] | [-0.87,—0.28
Scenario 9 M O [ . Pl oso | 6029
Ch —0.34 [-0.60, —0.07] | [—0.84,+0.18]
cy, —0.95 —1.13,-0.76] | [—1.30,—0.57
Scenario 10 %L [ F ] 5.5 69.5 %
Cio +0.27 [0.08,0.47] [—0.09, 0.66]
cy, —1.03 —1.22,-0.84] | [~1.38,—0.65
Scenario 11 i [ Fi Hose | 6%
cy, —0.29 [-0.47,—-0.12] | [-0.63,0.05]
Cy —0.03 —0.22,0.15 —0.40,0.32
Scenario 12 QU“ [ ] [ ] 1.6 15.7%
i +0.41 [0.21,0.63] [0.02,0.83]
Cs, —1.11 [-1.28,-0.91] | [~1.41,-0.71]
cy 0.53 0.24,0.83 —0.10,1.11
Scenario 13 QU“ + [ ] [ ) 5.4 78.7%
ch +0.24 [0.01,0.48] [-0.21,0.69]
Cioy —0.04 [-0.28,0.20] [—0.48,0.42]

Table 8.4: Most prominent patterns for LFU and LFUV-NP contributions from Fit “All”. Sce-
narios 5 to 8 were introduced in Ref. [211]. Scenarios 9 (motivated by 2HDMs [213]) and 10 to 13

(motivated by Z’ models with vector-like quarks [214]) are new.

8.2.2 Fits results in presence of LFUV and LFU-NP

Our previous global analyses assumed different NP contributions for muons and electrons, as
the parametrisation in Eq. (8.2.1) suggests. Hence, all above-mentioned NP determinations were
performed under the implicit hypothesis of LFUV-NP. In Ref. [211], assuming that hadronic con-
tributions are properly assessed [1, 215], we considered for the first time the possibility that short-
distance Wilson coefficients could receive NP contributions that are not only LFUV, but also lepton
flavour universal or LF'U. Indeed, whereas LFUV-NP contributions are mandatory to explain Ry
and Rg~+, b — s€f processes are not restricted to such NP contributions alone. This idea was

implemented by allowing two NP contributions inside the semileptonic Wilson coefficients [211]:

cht =cy +c’ (8.2.8)

with £ = e, u,7 and where Ci\é stands for LFUV-NP and C for LFU-NP contributions. We
distinguish the two contributions by imposing that Ci\é = 0%. It is important at this point to
emphasize the difference between simply allowing the presence of NP in both muons and electrons
or allowing for LFU and LEUV-NP contributions. The case of simply allowing NP in the electron
channel has been discussed quite extensively in Refs. [208, 216] (see also Refs. [217, 218] for a

smaller subset of scenarios with and without including low-recoil observables), but no further

3There is no loss of generality here, since this term can always be absorbed in such a way that CXL can be

interpreted as the difference of NP contributions to muons and electrons.
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structure emerged from these analyses. On the contrary, our approach provides a concrete NP
structure, namely, that the b — sf¢ transitions get a common Lepton Flavour Universal (LFU)
NP contribution for all charged leptons (electrons, muons and tau leptons), opening new ideas
for model building and extending the possible interpretations of our global fits. Performing fits
with this new setting [197], we recovered our previous results in Ref. [136] but also obtained new
scenarios different from Refs. [208, 216-218]. This can be seen by translating LFU and LFUV

contributions into NP contributions to muons and electrons (leaving 7 aside at this stage)
NP 4 U NP v U NP U NP U
Cop = Cou+Cy, Ciop=Ciop+Cior Coe =Cq, Cipe = Cip- (8.2.9)

This seemingly innocuous redefinition yields interesting consequences, as it provides new perspec-
tives to explain with different mechanisms the anomalies coming purely from the muon sector (like
(P5)(4,6) and the ones describing the violation of lepton flavour universality (like (Rx)p1.1,6))- It
is important to stress that this approach is different from all the analyses including NP in elec-
trons [208, 216-219] where the muonic NP contribution is not correlated in any way with the

electronic one.
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Figure 8.3: Updated plots of Ref. [211] corresponding to Scenarios 6,7,8 and the new Scenario 9.

In this section, we will discuss the update of the results in [211] with the new data made
available since then. Furthermore, motivated by the results of the previous section, we extend the
aforementioned analysis by allowing for LFUV and LFU-NP solutions with RHC, with particular
emphasis on scenarios that could be easily obtained in NP models (see Section 8.3 for a discussion on
the model-building implications). New fit results within this framework can be found in Table 8.4.

With the updated experimental inputs, we confirm our earlier observation [211] that a LFUV
left-handed lepton coupling structure (corresponding to Cy = —Cy, and preferred from a model-
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building point of view) yields a better description of data with the addition of LFU-NP in the
coefficients Cy 10, as shown by scenarios 6 and 8 in Tab. 8.4 with p-values larger than 70%. On the
other hand, we note a very slight decrease in significance for the scenarios 5-7, with the exception of
scenario 8 which exhibits one of the most significant pulls with respect to the SM. The comparison
of scenarios 10 and 12 illustrates that CSL plays an important role in LFU-NP scenarios and cannot
be swapped for its chirally-flipped counterpart without consequences.

Finally, updated plots of the 2D LFU-LFUV scenarios discussed in Ref. [211] are shown in
Fig. 8.3, with the allowed regions for the newly proposed LFU scenarios also being displayed in
Fig. 8.4.
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Figure 8.4: Updated plots of Ref. [211] corresponding to the new Scenarios 10,11,12.

8.2.3 Correlations among fit parameters

In addition to confidence intervals and regions, we provide the correlation matrices for the most
interesting NP scenarios considered in our fits.

Correlation Matrices of Fits to LFUV-NP

First, we present the correlations between fit parameters of the NP scenarios defined in Tab. II and
Tab. III. These are all NP solutions whose parameters assess LFUV-NP. By order of appearance

in Tab. II, the correlations between the coefficients of all 2D scenarios with Pullgy 2 5.30 are,

:U' )

1.00 0.30
Corr(Cé\IP C%lz) = ( )

0.30 1.00
Corr(CXP, Cy ) = (1 0?(,)9 _100?())9>
Corr(Cy,”, Croru) = (égg ?33
Corr(C3,,Che’) = 3(5)(1) (1)23))
Corr(Cgl;\LP = —C9/wci\g;: = Cop) = (—100;)7 _100;7>
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1.00  —0.34
Corr(Cy,”, Coye = ~Crory) = (—0 34 1.00 )

The last two matrices correspond to Hyp. 1 and Hyp. 5 as defined in Tab. II. Despite the high
Pullgy of the 2D scenario {Cé\LP, Cr} (5.40), its correlation matrix is not collected here due to the
central value of C7» being negligible, with small errors.

Regarding the 6D fit of Tab. III,

1.00 -0.34 -0.07 0.06 0.02 —-0.03
—-0.34 1.00 024 —-0.06 0.04 0.24
-0.07 024 100 -0.13 0.61 0.59
0.06 -0.06 —-0.13 1.00 —-0.13 -—-0.08

0.02 004 061 —-0.13 1.00 0.8
-0.03 024 059 -0.08 0.85 1.00

Corrgp =

where the columns are ordered as {C}¥ C9u 7010“707/7C9m,610/u}-

Interesting information can be extracted from Corrgp. Most of the coefficients do not show
particularly strong correlations with the others except for the pairs {Cwu, Copt, {Clo;uclﬁ’,u} and
{Cy1u; C10}, being the latter the highest in correlation. While C9u and Cy,, show a non-negligible
correlation in the fit to these coefficients only, in the 6D fit the aforementioned parameters are
uncorrelated to a large extent. On the contrary, the correlation between CEI,\I and Clou is very

similar for both the global 6D and the 2D fit to these parameters alone.

Correlation Matrices of Fits to LFUV-LFU NP

Second, the correlations between fit parameters of scenarios with both LFUV and LFU-NP have
also been considered. Below one can find the correlation matrices of scenarios 5 to 11, in that

order.
1.00 -0.93 091

Corr(Cy,,Cg = Ciy,Clo,) = | —0.93  1.00 —0.94
091 —0.94 1.00
0.17 1.00

1.00 0.17
Corr(Cy, = —C1,, €5 = Cipy) = ( >

Corr(Cg}L,Cg) = (_1005?5 _100§)5>
COI“I'(CQM C10u’c9 )= <_100£4 _1004(1)4>
Corr(CSL ClO;ﬂClO) = ((1)28 (1)§3>
Corr(Cy,,CHh) = (;82 ?82)

1. 2
Corr(CSL,CHy):< 000 O)

0.20 1.00
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No significant changes can be observed when comparing with the results in App. 2 of Ref. [211].
As expected, CQL and Cg are highly anti-correlated, with its nominal value somewhat smaller
than in [211]. Fit estimates of the parameters in scenario {Cgfy = —C%#,Cg = Cjy} are now
slightly correlated, while before their correlation was negligible. Interestingly, however, we find the

parameters of the new scenario {CQL, CH) statistically independent to a large extent.

8.3 Implications for models

Our most updated model-independent fits to available b — s¢¢ and b — sy data in Ref. [197]
strongly favour several patterns of NP, with either purely LFUV or LFU and LFUV signatures.
As it was already identified in previous analyses [113, 115, 136], the strongest signal of NP takes
the form of an LFUV contribution to the coefficient Cg affecting mainly b — suu transitions.
However, more complex NP solutions with additional structures, involving either LFU types of
NP or RHC, seem to emerge from the most recent data. This has important implications for some

popular ultraviolet-complete models which we briefly discuss.

» LFUV: Given that leptoquarks (LQs) should posses very small couplings to electrons in
order to avoid dangerous effects in y — e, they naturally violate LFU. While Z’ models can
easily accommodate LFUV data [220], variants based on the assumption of LFU [221, 222]
are now disfavoured. The same is true if one aims at explaining P! via NP in four-quark

operators leading to a NP (g2-dependent) contribution from charm loops [223].

> CgN“P: Z'" models with fundamental (gauge) couplings to leptons preferably yield C&P—like
solutions in order to avoid gauge anomalies. In this context, L, — L; models [224-227]
are popular since they do not generate effects in electron channels. The new fit including
R~ is also very favourable to models predicting CSLP = —3C5P [228]. Interestingly, such a
symmetry pattern is in good agreement with the structure of the PMNS matrix. Concerning
LQs, a CgLP—like solution can only be generated by adding two scalar (an SU(2), triplet and
an SU(2)r doublet with Y = 7/6) or two vector representations (an SU(2)z singlet with
Y =2/3 and an SU(2), doublet with Y = 5/6).

> CQNHP = —CE)I;: This pattern can be achieved in Z’ models with loop-induced couplings [229]
or in Z' models with heavy vector-like fermions [180, 230] which posses also LFUV. Con-
cerning LQs, here a single representation (the scalar SU(2)y, triplet or the vector SU(2)y,
singlet with ¥ = 2/3) can generate a Cy, = —Cjo, like solution [231-237] and this pat-
tern can also be obtained in models with loop contributions from three heavy new scalars
and fermions [238-240]. Composite Higgs models are also able to achieve this pattern of
deviations [241].

» RHC: with an R value closer to one, scenarios with right-handed currents, namely C},\LP =
—Cyry, (C&P,Cgfu) and (Cé\LP,ClO/H), seem to emerge. The first two scenarios are naturally
generated in Z’ models with certain assumptions on its couplings to right-handed and left-
handed quarks, as it was shown in Ref. [224] within the context of a gauged L, — L, symmetry
with vector-like quarks. One could also obtain Cé\LP = —Cy,, by adding a third Higgs doublet

to the model of Ref. [226] with opposite U(1) charge. On the other hand, generating the
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aforementioned contribution in LQ models requires one to add four scalar representations or

three vector ones.

> C!Yu = —C}{]“ & CY: Scenario 8 of Ref. [211] can be realized via off-shell photon pen-
guins [242] in a leptoquark model explaining also b — c¢7v data (we will return to this point
).

below

> CE)(,): The new scenarios 913 are characterized by a C}{)(,) contribution. This arises natu-
rally in models with modified Z couplings (to a good approximation C&,) can be neglected).
The pattern of scenario 9 occurs in Two-Higgs-Doublet models where this flavour universal

effect can be supplemented by a Cy = —Cy, effect [213].

» More LFU-LFUYV: In case of scenarios 11 to 13, one can invoke models with vector-like

U
10(")

effect from Z' exchanges [214]. Vector-like quarks with

quarks where modified Z couplings are even induced at tree level. The LFU effect in C

\%
9,10(")

the quantum numbers of right-handed down quarks (left-handed quarks doublets) generate

can be accompanied by a C

effects in CJj) and Cy, (CH)(,) and Cy) for a Z’ boson with vector couplings to muons [214].

Concerning Hyps. 1 to 5 of Tab. 8.2, only two of them (2 and 4) can be explained within a
7' model, while hypotheses 1 and 3 violate the relationship Cé\LP X Cioy, = C%i x Cyrp, [113] that
minimal Z’ models should obey. One would have to turn to other models (like LQs with a sufficient

number of representations) to explain the hypothesis with the highest pull (Hyp. 1).

8.3.1 Model-independent connection to b — clv

We close our discussion of models by commenting on the model-independent connection between
the anomalies in b — sf¢ neutral currents and those in b — ¢7v charged currents (i.e. Rp and Rp+),
which are now at the 3.10 level [243]. Such a connection, however, requires further hypotheses.
A solution of the R anomaly can naturally be achieved with a NP contribution to the SM
operator (¢y*Ppb) (7v,PLv), as it complies with the B, lifetime [244] and ¢? distributions [245-
247]. Assuming SU(2) invariance, the effect in R (.) is correlated to b — sf¢ and/or to b — svw,
following the pattern Cg, = —Cjou. From model-independent arguments, b — s77 must then
be significantly enhanced, as we will discuss at length in Chapter 9. Indeed, since b — cfv
processes are mediated already at tree level in the SM, one needs large NP contributions in order
to explain the anomalies in Rp and Rp+. In principle, these large NP effects would also generate
large contributions to b — svv processes, due to SU(2) invariance, however contributions to this
channel are strongly constrained by B — K®vi. A possible way to bypass this problem is to
impose a coupling structure that is mainly aligned to the third generation, but this disagrees with
direct LHC searches [248] and electroweak precision observables [249]. Another alternative, which
yields no effects in b — svv processes, arises from the Standard Model Effective Theory (SMEFT)

scenario where C1) = ¢(3)

expressed in terms of gauge-invariant dimension-6 operators [3, 250, 251].
The operator involving-third generation leptons explains R+ and the one involving the second
generation gives a LFUV effect in b — sup processes. Form a model-building perspective, this
scenario stems naturally from models with an SU(2) singlet vector LQ [234, 235, 252] or with a
combination of two scalar LQs [253]. Both the two aforementioned models are predicted to induce

large effects in b — s77 (of the order of 1073 for By — 7777) [253, 254].
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b — s¢t¢~ data. The red contour lines show the corresponding regions once R is included in
the fit (for A = 2 TeV). The horizontal blue (vertical yellow) band is consistent with R (Rk)

at the 20 level and the contour lines show the predicted values for these ratios.

Assuming that the coupling to the second generation is sizeable in order to avoid the bounds

from direct LHC searches and electroweak precision observables one finds

~ S T Ve Rp
Co(10)r ~C9(%) - (+)25V{’; ( R%}Q — 1) . (8.3.1)

Notice that our discussion above, implicitly assumes LFUV-NP contributions to b — suu, as we
only consider effects modifying the muonic Wilson coefficients through Cy, = —Cyo,. However,
the same SMEFT C(M) = C®) scenario also provides an interpretation of Scenario 8 in Table 8.4,
based on both LFU and LFUV types of NP, that jointly accounts for the anomalies in b — suu
and b — cTv. As we mentioned, the constraint from b — c7v and SU(2) invariance generally leads
to large contributions to the operator (5y*Prb) (7, Pr7), which enhances b — s77 processes (see
Chapter 9), but also mixes into Oy and generates Cy at pu = my, [242]. Note that not all models
addressing the charged and neutral current anomalies simultaneously have an anarchic flavour
structure. In fact, in the case of alignment in the down-sector [255, 256] one does not find large
effects in b — s77 or Cg .

Therefore, Scenario 8 is reproduced in this setup with an additional correlation between CE and

R+ Assuming a generic flavour structure so that small CKM elements can be neglected [3, 242],

. log(A2/(1TeV?
CUnts (1, -Hoo <1+ og(A”/(ITeV ))>. (8.3.2)

Realizations of this scenario in specific NP models also usually yield an effect in C7 [242]. However,

we get

since this effect is model dependent (and in fact small in some UV complete models [257, 258]), we

neglect it here, leading to the plot in Fig. 8.5, where we include the recent update of Ref. [259] to
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draw the band for R ). Note that this scenario has a pull of 7.00 due to the inclusion of R,
which increases our Ax? by ~ 20.
In addition to the above-mentioned effects, in LQ models able to generate the effects described

one expects sizeable branching ratios for b — s7p processes, reaching the level of 107> [253].

8.4 Inner tensions of the global fit

In Section 8.2, we have seen that different NP scenarios involving CSLP (or its LFU-LFUV variant
CQL) lead to a much better description of the data than the SM, with fits reaching p-values around
60-80% (the SM being around 10%) and providing pulls with respect to the SM above 50. The
overall agreement is thus already very good within these NP scenarios and from a purely statistical
point of view, it should be expected that these fits exhibit slight tensions. It is however interesting
to look at these remaining tensions in more detail in order to determine where statistical fluctu-
ations may be reduced with more data or where improved measurements might help to lift the
degeneracy among NP scenarios. We focus on three main tensions that we consider particularly

relevant in the current global fit.

8.4.1 Rg- in the first bin

A first tension related to Ry occurs in the global fit and it proves interesting to consider both
Ry and B(B — K*utp™) as measured by LHCD in order to understand its nature (see Fig. 8.6).

Let us first consider the second bin (from 1 to 6 GeV?) for R+. Even though the deficit could
be consistent with an excess in the electron channel with respect to the muon one, the study of the
corresponding bins of B(B — K*u™p~) points towards a deficit of muons. The mechanism that
explains the deviation with respect to the SM in the long second bin of Ry~ is consistent with all
the deviations that have been observed in other channels and different invariant di-lepton mass
square regions.

The situation is different for the first bin of R+, where B(B — K*u™ ™) is clearly compatible
with the SM (see Fig. 8.6). An excess in the electron channel would then be needed in order to
explain the observed deficit in (Rx+)[1.1,6)- This difference of mechanism between the first and the
second bins of Ri~+ can be understood in two ways: i) a specific NP effect [260, 261] localised at
very low ¢? and able to compete with the dominant Wilson coefficient C; (well determined to be
in agreement with the SM expectations from B(B — X,v)) [85, 92, 131, 136, 197, 262]; ii) some
experimental issue in measuring di-electron pairs at very small invariant mass, close to the photon
pole. It would be very interesting that LHCb keep on their efforts to understand the systematics in
this bin. Interestingly the recent Belle measurement [195] indicates also a low central value in the
same bin, even though the large uncertainty affecting the measurement prevents us from drawing
any definite conclusion and makes it compatible also with the SM.

Another approach to slightly reduce the tension between data and SM in the first bin of
Ry« through a NP explanation consists in including NP contributions to the b — see channel, in
particular, considering right-handed currents affecting electrons, as discussed in Ref. [219]. In the
scenarios S8-S11 (using the notation of Ref. [219]) the prediction of (Rf+)(0.045,1.1] is found to be
within ~ 1o range of the current measurement. This could open a new window to explore the

existence of right-handed currents and to explain some of the tensions found, even though more
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Figure 8.6: Rk~ (left panel) and B(B — K*u*p~) (right panel) measured by LHCb. Figures
extracted from Refs. [191] and [190] respectively.

data is required in order to be conclusive.

8.4.2 B, — ¢utu” versus B — K*utpu~

Another tension in the fit concerns the branching ratio for Bs — ¢u™p™, in particular when
compared with the related decay B — K*utpu~.

The prediction for the branching ratio B(B — K*u™p~) involves hadronic form factors to
be determined using different theoretical approaches, depending on the di-lepton invariant mass
region analysed: at large recoil, one can use light-cone sum-rules based on light-meson distribution
amplitudes [150], while lattice form factors are available at low recoil. Due to the difficulty to
assess precisely the uncertainties attached to light-cone sum rules, we perform our computations
using the more conservative framework described in Chapter 6. We checked that our results are
compatible with those obtained in Ref. [150] and that the two approaches yield very similar results
for the fits [113, 136, 263, 264].

Contrary to the case of B(B — K*utpu™), there are no computations available using the B-
meson light cone sum rules of Refs. [148, 149] for Bs — ¢utp~, and one must rely on the estimates
given in Ref. [150]. One can see in Fig. 8.7 that at low recoil, where lattice form factors are used,
the prediction for B(B — K*u*pu™) is expected to be slightly larger than B(Bs — ¢u™p~) and
indeed data (with large error bars) follows the same trend. On the contrary, in the large-recoil
region where the light-cone sum rules results of Ref. [150] are used, the SM predictions lead to
a larger value for B(Bs — ¢u*p~) than for B(B — K*u™p~). Surprisingly, data shows the
opposite trend, which may come from a statistical fluctuation of the data leading to an inversion
of the experimental measurements of both modes at large recoil. Alternatively, this issue may
signal a problem in the theoretical prediction of the form factors of Ref. [150]. Firstly, these
predictions are obtained by combining results in different kinematic regions (light-cone sum rules
and lattice QCD) which do not fully agree with each other when they are extrapolated: the fit to
a common parametrisation over the whole kinematic space leads to a fit with uncertainties that
may be artificially small due to these incompatibilities of the inputs. Moreover, the choice of the
z parametrisation [148, 150] used to describe the form factors over the whole kinematic range
has interesting properties of convergence, but it may in some cases lead to potential unitarity
violations [265].

Finally, another issue that specifically affects B(Bs — ¢utp™) is the By-Bg mixing. As we
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Figure 8.7: Theoretical predictions for B(Bs — ¢utu~) and B(B — K*u* ™) within the SM along
with their corresponding experimental measurement. The results at large recoil are presented here
only for illustrative purposes and are based on the form factors presented in Ref. [150] (these
results are not used in our global analyses). The results at low recoil are indeed used in Ref. [113]

and are based on available lattice QCD inputs for the form factors.

discussed in Section 5.2, the neat effect of the evolution between the two mass states on the time-
integrated branching ratio is a correction of O(ATI's/Ts) in the relation between its theoretical
computation and its measurement at LHCb [122, 266-268]. This effect is taken into account in the
global fit [113] as an additional source of uncertainty for the theoretical estimate of the branching

ratios.

The experimental efficiencies should also be corrected for this effect, which depend on the
CP-asymmetry Aar that can also be affected by NP contributions. It should thus be kept free
within a large range in the absence of measurements. Neglecting this effect and assuming a SM
value for this asymmetry may lead to an underestimation of some systematics on the efficiencies.
For instance, Ref. [269] showed that this issue can lead to an additional systematic effect of 10%
in the By — ™~ systematics. The impact on efficiencies from NP effects was indeed considered
in Ref. [121] for By — ¢p™pu~ by varying Cy,, in the underlying physics model used to compute
signal efficiencies, leading to a much smaller effect in this case (of a few percent, in line with

back-of-the-envelope estimates).

8.4.3 Tensions between large and low recoil in angular observables

We discuss for the first time here a rather different type of tension, concerning the B — K*u™pu~

angular observables at large and low recoil. On the one hand, we observe that branching ratios
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exhibit the same discrepancy pattern between theory and experiment at low and large recoil *. On
the other hand, the current deviations at LHCD in P! require NP contributions with opposite sign
in the two kinematic regions. Indeed, the pull between the SM value and the LHCb experimental
measurement in (Pj);i5 1) has the opposite sign (albeit the significance is only 1.20) w.r.t. its
large-recoil bins, in particular (P5)y ¢ and (Pj)g- This very slight tension is not there in the
case of the Belle data where same-sign deviations are observed, even though the error bars are
rather large in this case.

For the purposes of illustration, let us consider the NP scenario where there is no LFU con-
tribution and NP occurs only in CQL and C}{Ju' This is illustrated in Fig. 8.8 where the constraints
for these observables (as well as other relevant observables that will be listed below) are shown at
68.3% (left) and 95% (right) CL. One can notice their milder sensitivity to C%M. (P5) (4,6 (blue
region) would prefer a negative CQL while (Pj)(15,19] (green region) would favour a positive CSL at
68.3% CL.

Black dots indicate the particular solutions (—1.02,0) and (—0.45,0.45) corresponding to the
best-fit points of the 1D scenarios CQ}L and CQL = —C}gu in Ref. [197], where 2017 data was used for
our analyses. We also indicate the constraints from (P)(4 6], (P2)15,19], and (R )[1.1,6) (B(B® —
K *O,u+,u_)>[15’19] since we believe that they are representative of the set of observables driving
our global fit °>. The former pair of observables ((P2)a,6]s (P2)[15,19)) has a large overlap region
compatible with the SM while the latter one ({(Rx )11, (B(B® — K*Ou+/¢_)>[15719]) overlaps far
from the SM point. While P! and Rk strongly constrain NP solutions, the P, bins are weakly
constraining. Finally, the yellow region in the right panel in Fig. 8.8 is the overlap of the regions
from the five observables obtained after considering the data regions at 95% CL.

In summary, an interesting tension between low- and large-recoil regions for Pf is observed
at the 2-sigma level, favouring Co,, contributions of different signs in the two kinematic regions.
Although not statistically significant, this inner tension seems to require either different sources of

NP or a shift in the data once more statistics is added.

8.5 Assessing the potential of Ry (and @5) to disentangle NP
hypotheses

The goal of this final section is to scrutinize the results of the fit from a different perspective to
prepare the next step, i.e. to discriminate the most relevant NP scenario among the ones already
favoured, complementing the results of our global analyses. Currently, the most significant patterns
identified exhibit a pull w.r.t. the SM very close to each other (within a range of half a o). We
explore strategies to disentangle different scenarios and to identify the impact of a more precise
measurement of Rx. We then combine information on R and Q5 in order to illustrate that Rg
by itself will not be sufficient to disentangle clearly one or a small subset of scenarios, but that a
combination of Rx and (5 can be useful, depending on the (future) measured value

More precisely, here we discuss the potential impact of prospective new measurements of

(Ri)p.1,6 and (Q5)[1.1,6) on the global fits in order to distinguish NP hypotheses. We perform the

4This is true for all b — s¢¢ modes, apart from the decay A) — Au ™, where the experimental errors at low

recoil are very large and the normalisation chosen prevents further interpretation [200, 270].
5P, and P; observables are known to behave in a more SM like way than the ones selected here, thus providing

weaker constraints.
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Figure 8.8: 68.3% (left) and 95% (right) CL solutions regions for the observables discussed in the
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is only shown in the left panel.

main text in the (C C%u) plane. The yellow region corresponds to the overlap region. <P2)[15,19]

following illustrative exercise: we vary the experimental values of (R )[1.1,6) and (@Q5)(1.1,6) Within
suitable ranges, and we perform fits according to these values taken as actual measurements.
First only (Rg)(1.1,6) is allowed to vary before we consider the combined impact of (R )(1.1,6) and
(Q5>[1.1,6]. The “pseudo-data” for (RK>[1.1,6] takes into account the expected increase in statistics
soon available for this observable. For this exercise we assume a reduction by a factor v/2 on the
statistical error of (Rk)(1.1,6) [194]. Indeed, according to the latter reference, this would amount
to the inclusion of the data sets of 2017 and 2018 which are said to have the same statistical power
as the combined data set of Run 1, 2015 and 2016.

For each fit (corresponding to a given hypothesis and set of data), both the pull of the hypoth-
esis w.r.t. the SM (Pullgy) and the best-fit-point (b.f.p) are computed, which we plot as functions
of either (Rx)(1.1,6) or (@5)[1.1,6)- However, in this Thesis, we will only show plots of the Pullgy for
the different hypotheses considered with the value of the aforementioned observables, as this is the
most relevant information. We refer the interested reader to our article in Ref. [212] for analogous
plots for the b.f.p.s.

Before discussing the results of our analysis, we first state our assumptions:

» We follow the same approach described in Section 8.2 regarding the statistical framework

and anatomy of our fits.

» We consider two different kinds of fits with different subsets of observables: on one side, the
global fit (or Fit “All”, as we called it above, to all available observables) and on the other
one, the LFUV fit. When several experiments have measured the same observable, we do
not average the results but we include all these measurements in the y? taking into account

their (theoretical) correlations.
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» Any variation of the experimental value of (R )1 1,6 could manifest itself also in a change in
the branching ratios B(BT — K*utu™) and/or B(BT — Ktet
of (Rk)1.1,6) in Ref. [194] has not led to significant changes in these branching ratios, and

e~ ). However, the update

we will assume that this will also occur in the forthcoming updates, so that we modify only

the value of <RK>[1.1,6]

(RK)[1.1,6) 1s freely varied within a 20 range from its current experimental value. It represents
a good compromise between a high coverage of the true value and a span compatible with
our computational means. (Q5)[1.1,6 is varied within the range [~0.5,1.0] in order to ensure
that we scan over values corresponding to the most relevant NP scenarios (see Fig. 2 of
Ref. [211]).

With the increased statistics available at Run 2, it will be possible for experiments to provide

more precise determinations of key observables. Therefore, besides the reduction in the error

of (Rk)[1.1,6, We assume a guesstimated uncertainty of order 0.1 for (Qs)[1.16]-

In this study, we take the most relevant 1D and 2D scenarios with purely LEFUV-NP contributions

and also allowing for LFU-NP, as suggested by our global fits of Section 8.2. When translated

from one language to the other, these scenarios become, for the purely LFUV cases:

[Hyp. 1] {co,} — {5, }
[Hyp. 1I] {Cs;/u = IO,u} - {C Clou}
[Hyp. I1I] {Cy, = —Cg,} — {CN = —Cy,}
[Hyp. IV] {CQ,wClOu} - {Csla\LP7clou}
[Hyp. V] {CQWCQ’H} - {CIIJ\IF?CSIP}
[Hyp. VI] {C9,u7C10’ yo—= {Cgu , 10/
[Hyp. VI {C3, = —Cg,,,Clo = Chor} = {Co = _C9’;ucll\£)i = Ciou}
[Hyp. VIII] {C, Cyr = —Chov} = {Coy . Chy, = —Crorp} (8.5.1)
and the scenarios allowing both LFUV and LFU contributions
[Hyp.IX] {C9u wac9 =Cp} — {Csla\LP Clou +2C5., C. = Coe
[Hyp.X} {CSL,CE} — {Cé\f? P}
[Hyp.XI] {CQL = 1owcg }o— {CNP CIO;L + Cfl)\IeP?CIO/JJCQ }
[Hyp.XII] {CSL = ClO;uClO} - {C&P’Clou C + Clbe» Cloe }
[Hyp. XIII] {CQZ,CH)} - {Csla\f,Clou ClOe
[Hyp.XIV] {Co,.Cloy — {Cop . Clv, = Clove (8.5.2)

Hypotheses VII and VIII correspond to Hypotheses 1 and 5 first defined in Refs. [136]. Hypotheses

IX to XIV correspond to Scenarios 6 to 11 in Ref.

in terms of their ability to explain the deviations

[211] (Scenarios 5 and 13 are also interesting

observed, but they require three or four free

parameters and will not be considered in the following).

The purpose of this analysis is not to provide precise determinations of the pull of the SM and

the b.f.p.s for different values of (Rx)(1.1,6) and (@5)[1.1,6) but rather to gain qualitative knowledge

on how experimental measurements of these two observables will drive the analyses.
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Figure 8.9: Global fit: Impact of the central value of (Rk)(1.1,6) on the Pullsy of the NP scenarios

under consideration.

8.5.1 Global Fits

Figure 8.9 displays the outcome of the global fit (or fit “All”, involving 178 observables) for the
pulls with respect of the SM, assuming different experimental central values of (RK>[1.1,6] and
different NP hypotheses varied according to the procedure described above. The shaded vertical
band in the plots of Figures 8.9 highlights the current experimental 1o confidence interval for the
LHCb average of (R )1.1,6]-

Figure 8.9 illustrates the relevance of <RK>[1,176] on the global fits. For all the NP scenarios
considered, except for Hyp. III, CSL = —CS{ o We observe that their corresponding Pullgy; undergoes
a ~ 3 — 4o variation from one end of the range of variation of (Rx)[1.1,6 to the other. If we restrict
the variation of (R )(1.1,6 to only 1o, one can see differences of ~ 20 between the two extremes,
as expected from the linearity of Pullsm on (R )[1.1,6) seen in the plots.

The flatness of the Pullgy under the hypothesis 111, CQL = —CQ{ Lo can be easily understood.

The theoretical prediction of (Rk)(1.1,6 is insensitive to the value of CSL = —CQ{M, so that it
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remains constant and equal to 1 to a very high accuracy. Therefore the difference between the
theoretical and experimental values of (RK>[1_1,6} does not play any role in the minimisation of
the y? function. As a consequence, the b.f.p. is determined using the other observables of the fit,
regardless of the experimental value for <RK>[1.1’6], and the contribution of (RK>[1.1,6] cancels in
the Ax? = X%M — X2, statistic. This explains the observed flat curve for the Pullgy, up to small
variations linked to the numerical minimisation of the x? function.

The results in Figure 8.9 show that, for most of the values of (Rk)(;.1,6 scanned, it is not
possible to fully disentangle all the NP scenarios, with the exception of Hyp III: CE}L = —Cg{ -
However, large values of (Rx)(1.1 (around 0.90 or above) provide the potential to disentangle
some of the LFUV-NP scenarios. Many scenarios get their significances down to the range ~
3.80 — 4.80, apart from scenarios with right-handed currents like Hyps. V, VII, VIII. Indeed, if a

new measurement of (R)(1.1¢ is found in better agreement with its SM prediction, this favours

v
I’
number of other tensions (i.e. Rx«, P5, and B(Bs — ¢u*pu~)) that require NP contributions

right-handed currents for CS{ ,, cancelling the contribution for Cg,, but there is still an important

in order to be explained. Large values of (Rx)(1.1,6 would help also to distinguish among NP
scenarios featuring both LFUV and LFU NP, separating Hyps. X and XI from the others).
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We then study the combined influence of (R )[1.1,6 and (Qs)[1.1,6)- The value of (Q5)[1.1,6] is
varied as explained above and we repeat the analysis for three different values of (RK>[1_176]: its
current experimental value and the ends of its 1o range. Figs. 8.10 and 8.11 show how the Pullgy
varies with different experimental values of (Q5)1.1,6) and (R )[1.1,6]-

We observe that most of the hypotheses see their Pullsy increase for larger values of (Q5)[1.1,6)-

One can separate the discussion according to the value of (RK>[1.1,6]

> <RK>[1.176] ~ 0.8: The pulls are larger than in the current case. The rather low value of Ry
disfavours in general scenarios with right-handed currents with respect to scenarios involving
only SM vector operators. A large value of (Q5)[1.1,6 (close to 1) favours CSI)\LP,
value supports NP in both Cé\ﬂ) and C%IZ either from LFUV NP only (Hyps. II, IV) or from

a combination of LFU and LFUV-NP (Hyp. XI).

whereas a low

» (Ri).1,6 = 0.85: The new determination of (R )11, is then nominally close to its current
experimental value but with smaller errors. Therefore, the values for the b.f.p.s are numer-
ically similar to the b.f.p.s reported in Ref. [136, 197]. On one hand, low and large values
of (@s5)(1.1,6) provide both a rather clear separation between Hyps. II, IX, X, XI and Hyps.
I, ITI, XIII, XIV. On the other hand, it does not help to separate a set of hypotheses with
LFUV NP only (IV to VIII).

> <RK)[1.176} ~ 0.9: The pulls are lower with respect to their present values. Large values of
(Q5)[1.1,6) allow one to disfavour Hyp II, and low and large values of (Qs)[1.1,6] provide still
both a rather clear separation among hypotheses combining LFU and LFUV-NP (Hyps. IX,
X, XTI on one hand and Hyps. XIII, XIV on the other). However, it does not help to separate
a set of hypotheses with LFUV NP only (IV to VIII).

In summary, if the update of <RK>[1,176] is larger than its current value, it can help distin-
guishing among various NP hypotheses, with a preference for hypotheses involving right-handed
currents in CSC - A value of (Rf)[1.1,6 similar or smaller than the current value would clearly
disfavour the hypothesis CQL = —Cg{ w but many other NP hypotheses (with LFUV only or with
a combination of LFU and LFUV) cannot be separated. The observable (Qs5)(1.1,6) is an excellent
candidate to separate among some of these possibilities. Depending on the situation, low and/or

large values of this observables provide a good separation in terms of pulls.

8.5.2 LFUYV fits

It is also interesting to address the impact of the observables (Rk)(1.1,6) and (@s5)(1.1,6) on the
LFUV fits. For them, we follow the same guidelines as for the global fits.

Most of the features observed in the global fit are also observed in the LFUV fit, although with
lower pulls, so we refrain from showing the corresponding plots here (one can find these plots in
Ref. [212]). For different values of <RK>[1‘176], the separation among hypotheses can be improved
if one measures either low or large values of (Qs5)[1.16- One can in particular notice that the
separation between the LFUV NP hypotheses (IV to VIII) seems easier for low values of <Q5)[1.176]
compared to the fit “All”. This means that the observables in the LFUV fit are more sensitive to
details of this scenario, but this gets compensated by other observables in the fit “All” so that the

sensitivity is reduced in the more complete fit.
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LFUYV fits lead us to draw similar conclusions to the ones extracted from the global fits. How-
ever they exhibit a stronger clustering of the pulls, especially if only <RK>[1.1,6] is used to discrimi-
nate them. Moreover, if we take a given hypothesis with LFUV-NP only, and consider hypotheses
obtained by adding further LFU-NP contributions, we obtain very similar pulls. Therefore, the
only way to distinguish among different LEFU-NP hypotheses consists in performing the global fits
and having access to both muonic and electronic branching ratios. The addition of (@5)(1.1,6) allows
for strategies that enable the discrimination of various scenarios in a similar way to the case of the
global fits.



Chapter 9

Exploring NP in processes with 7

leptons

Measurements of the b — c¢fv; charged current have also shown interesting patterns of deviations,
even though these are tree-level processes in the SM which are in general less sensitive to NP.
As we mentioned in Chapter 8, the ratios Rp.), which measure LFU violation in the charged
current by comparing the tau mode to light lepton (e, 1) modes, differ from their SM predictions
by a combined significance of approximately 3.1o [243]. The effect related to tau leptons in
R corresponds to an O(10%) effect at the amplitude level, assuming its interference with the
SM. Recently, LHCb released results for the ratio R/, [271] which measures LFU violation in
b — cf~ vy as well. Again, even though the error is large, the experimental central value exceeds

the SM prediction in agreement with the expectations from R ) [272-275].

9.1 Implications for b — s77

Taking into account the above-mentioned hints for NP, we might expect to have a large LFU
violation in the neutral current involving tau leptons, i.e. b — s7T7~ transitions. In fact, it
has been shown in Refs. [234, 253, 257] that one can expect an enhancement of up to three
orders of magnitude compared to the SM predictions in b — s7T7~ processes if one aims at
explaining the central value of R ). So far, among the possible processes, only LHCb searched
for Bs — 77~ [276]

Br (BS — 7'+7'7)

-3
oxp < 6.8 x107%, (9.1.1)

and BaBar performed an analysis of B — K17~ [277]

Br(B — K717 ) pyp <225 x 107°. (9.1.2)

A search for B — K™ 7+~ or B, — ¢71t7~ should be possible at LHCb: compared to the case
of Bs — 7777, these analyses involve more tracks (originating from the K, K* or ¢ mesons) that
can be reconstructed. In addition, the Belle experiment has not analysed their data for b — s777~
transitions yet and the upcoming Belle II experiment should be able to improve significantly on
the measurement of B — K®) 77~ decays: an ete™ experiment such as Belle II can be expected
to be more efficient in reconstructing B decays to tau leptons than LHCb. Since Belle 1T is

expected to run at the Y(4S) resonance, it will not study Bs — 777~ whereas B — K® gt

158
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are golden modes for finding NP at this facility. There are thus good experimental prospects for
these transitions in the coming years.

On the theory side, b — s777~ processes have received a limited attention so far. Within the
SM, the By — 777~ branching ratio is known very precisely [139, 278]

Br(B, — 7777 ) gy, = (7.73£0.49) x 107", (9.1.3)
whereas the b — s777~ processes B — K*rt7~, B — K77~ and B, — ¢777~ have not been
considered in detail until recently, especially concerning the impact of NP contributions. Only the
branching ratio for B — K777~ was estimated in Ref. [279] including NP effects. Recently, an

T~ was performed to determine the

analysis of branching ratios and tau polarisations in b — s7
sensitivity to NP contributions to the Wilson coefficients [280].

Within the SM, the branching ratios for B — K*rT7~ and B, — ¢777~ are known to
be of O(10~7) [280-282] and the inclusive B — X777~ process was assessed in Refs. [134, 279].
Ref. [279] also studied the indirect constraints on b — s7 7~ operators, finding that the constraints
on NP contributions are very loose once the effects in b — s777~ and b — dr "7~ transitions are
correlated such that the stringent bounds from AI's/AT'y are avoided. Interestingly, sizable effects
in analogous b — dr 7~ operators [283] could help solving the long-standing anomaly in the
like-sign dimuon asymmetry measured by the D@ experiment [284, 285].

In this chapter we look in detail at the b — s7t7~ processes By — 777—, B — K*rT71~,
B — K777~ and By — ¢777~. We will express their branching ratios in terms of the Wilson
coefficients Cy) and C,,¢y. In order to compute these processes we will use the same approach as
in Chapters 4, 5 and 6 to compute b — suu observables, substituting muons by taus and taking the
relevant form factors in the ¢-region for the 77~ invariant mass where these decays are allowed
kinematically. Since the mass of the tau leptons cannot be neglected compared to the B meson,
this region is much smaller than for decays to light leptons and we will consider the branching

ratios only in the equivalent of the high-¢? region (or low recoil) for lighter leptons.

9.2 EFT approach

+

TT
9(")

and CIT&/) and calculate the SM predictions. We define our effective Hamiltonian in the following

way, focusing on the relevant operators for our discussion

In this section we express the branching ratios for our b — s777~ processes as functions of C

4
Hap(b— s77) = —\%F Vs S CaOa, (9.2.1)
TT (e} — —
9(10) = E[SV‘LPLb] [FYu(¥°)7] (9.2.2)
T o _
§(107) 15 Prb [F7.(v) 7], (9.2.3)

where C5M ~ 4.1 and CP)! ~ —4.3 at the scale u = 4.8 GeV [85, 89, 93], Prr = (1 F75)/2, and
the chirality-flipped coefficients have negligible contributions in the SM.

Besides Br (Bs; — T+T_>SM given in Eq. (9.1.3) we use the approach and inputs of Chapter 6
(see also Refs. [112, 113, 136, 147]) to compute the other processes of interest. Averaging over the
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charged and the neutral modes for B — K® 77~ we find

Br(B— Krtr )0 = (120+£0.12) x 1077, (9.2.4)
Br(B— K*rr)on'™ = (0.98+0.10) x 1077, (9.2.5)
Br (B, — ¢rt77) 00" = (0.86 4 0.06) x 107 (9.2.6)

The superscript denotes the g?-range for the dilepton invariant mass. This broad bin is chosen
to leave out the 1(2S) resonance allowing the use of quark-hadron duality. As discussed in our
previous works, our error budget includes in particular a conservative estimate of 10% for duality
violation effects, while estimates based on resonance models [157] yield violations around 2%.

In order to assess the structure of the branching ratios including beyond the SM effects, we
parametrise both the central value and uncertainty of the branching ratio in each channel as
quadratic polynomials in Cé\IP , C%P , Co and Cypr. The values of the polynomial coefficients are
estimated by performing a fit to our theoretical predictions computed on an evenly spaced grid
in the parameter space {C)T,C]\", Co/,C1¢r }, with 300 points each in the ranges [-2,2], [-2,2], [-1,1]
and [-0.2,0.2], respectively.

107 x Br (B — K+t )% = (1.20 4 0.15C)" — 0.42CNF +0.15¢C) — 0.42C} + 0.04CYPCY

+0.10CJ Clo + 0.02C5" 2 +0.05C1) 2 + 0.02C4* + 0.05C13)

+£(0.12 4 0.02C5F — 0.04C}Y +0.01Cy — 0.04C4,

+0.01CNCly + 0.01C1 % +0.08CL2) (9.2.7)

107 x Br (B — K*r77 ) = (0,98 4 0.38¢)" — 0.14CNF — 0.30C} + 0.12C} — 0.08CY"C)

—0.03CN Clo +0.05C5T2 +0.02CN 2 + 0.05C% + 0.02C12)

£(0.09 + 0.03Cy" — 0.01C1y — 0.03C) — 0.01CHFCh

—0.01C4CY +0.01C4* — 0.01C13) (9.2.8)

)[15,18.8]

107 x Br (Bs — ¢7 7 (0.86 +0.34C5T — 0.11CY) — 0.28C + 0.10Cf, — 0.08CHCy

—0.02C Clp +0.05C5 T2 +0.01CNY 2 + 0.05C% + 0.01C2)
£(0.06 4 0.02Cy" — 0.02C) + 0.02C13) (9.2.9)

As expected, there is a limited dependence of the uncertainties on the values of the Wilson coefhi-
cients. In order to shorten the equations, we dropped the superscript 77 in the Wilson coefficients
here. Comparing our results with Ref. [280], we find slightly lower central values for the SM
(Egs. (9.2.4)-(9.2.6)). On the other hand, we obtain the same dependence of the central values on
the NP contributions to the Wilson coefficients (Egs. (9.2.7)-(9.2.9)).

In this analysis we neglect the effects of scalar and tensor operators. This is justified since the
current global analyses of b — s¢T¢~ anomalies do not favour such contributions [113, 153, 164,
166]. Moreover, the indirect bounds on the Wilson coefficients of scalar operators from Bg — 77~
are much stronger than for Cy) and C ) [279] and therefore they cannot lead to comparably large
and observable effects in B — K® 77~ or B, — ¢7T7~. We also neglect tensor operators since

they are not generated at the dimension-6 level for b — s¢T¢~[286, 287].

9.3 Correlation with Rp») and Ry y

It is interesting to correlate these results with the tree-level b — ¢, transition. A solution of
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the ~ 30 anomaly in Rp.) and Ry, requires a NP contribution of O(20%) to the branching ratio
of B — D™ 7=, which is rather large given that these decays are mediated in the SM already at
tree level. In order to comply with the B, lifetime [244] and the ¢ distribution of R ., [245-247],
a contribution to the SM operator [ey* Ppb][7v,Prv,| is favoured such that there is interference
with the SM. In principle, these constraints can be avoided with right-handed couplings (including
possibly right-handed neutrinos [288]). However, no interference with the SM appears for such
solutions, which require very large couplings close to the perturbativity limit, and we will not
consider such solutions any further.

Since a NP contribution to the Wilson coefficient of the SM V' — A operator amounts only to
changing the normalisation of the Fermi constant for b — s77~ transitions, one predicts in this

case:

Ryyy/R3), = Rp/RY" = Rp- /R, (9.3.1)

which agrees well with the current measurements.

If NP generates this contribution from a scale much larger than the electroweak symmetry
breaking scale [250, 289], the semileptonic decays involving only left-handed quarks and leptons
are described by the two SU(2)r-invariant operators

Ogil = [QivuQ;][Liy"Li),
Ok = Qo' QllLiv"o" L), (9.3.2)

where the Pauli matrices o act on the weak-isospin components of the quark (lepton) doublets
@ (L). Note that there are no further dimension-six operators involving only left-handed fields
and that dimension-eight operators can be neglected for NP around the TeV scale. This approach
has been used to correlate Wilson coeflicients of the effective Hamiltonian for both charged- and
neutral-current transitions in various broad classes of NP models (some examples are found in
Refs. [234, 235, 251, 290)).

After electroweak symmetry breaking, these operators contribute to semileptonic b — ¢(s)
decays involving charged tau leptons and tau neutrinos. Working in the down basis when writing
the SU(2) components of the operators in Eq. (9.3.2) (i.e., in the field basis with diagonal down

quark mass matrices) we obtain

cWOW — ) ([syubel 77" 7] + [5LubL] (=7 v)) (9.3.3)
WO = ) (2Waslewrbrllmn"ve] + [suubrl " 71]
— Bl ve]) + C5) (2Viplerbr] [Ty v]) - (9.3.4)

where Ci(;l) denote the Wilson coefficients for 05?333

We neglect the effect of Cg) which would enter b — crv; processes with a factor proportional
to V.q4. But it would contribute even more dominantly to b — dr7 and b — urv, processes such
as B~ — 77 i;, where no deviation from the SM is observed [291, 292]. We will thus not consider
this contribution any more.

3)

As a consequence, we see that b — cTv, processes receive a NP contribution from ng also in
scenarios with a flavour-diagonal alignment to the third generation, which would avoid any effects

in down-quark FCNCs. However, due to the CKM suppression of this contribution, a solution
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Figure 9.1: Predictions of the branching ratios of the b — s7"7~ processes (including uncertainties)

as a function of Rx/RM.

3)

of the Rp+) anomaly via this contribution requires a rather large C3§ coming into conflict with

bounds from electroweak precision data [249] and direct LHC searches for 777~ final states [248].

The Rp(+ anomaly can thus only be solved via C%’?’)

which then must generate huge contribu-
tions to b — s77 and/or b — sv, 7, processes. The severe bounds on NP from B — K®vi (e.g.,
Ref. [293]) rule out large effects in b — sy and they can only be accommodated if the contribu-
tion from Cég) is approximately cancelled by the one from C%), implying Cézl,)) ~ 0236) [290]. Such
a situation can for instance be realized by a vector leptoquark singlet [234, 235, 256, 257, 294]
or by combining two scalar leptoquarks [253]. Neglecting small CKM factors, the assumption
C%) ~ C’g) implies that contributions to b — ¢7~ 7, and b — s777~ are generated together in the

combination
[eLyubr)[Teve] + [Spyubr][Toy! o). (9.3.5)

This correlation means that effects in b — s77 are of the same order as the ones required to
explain Rp.), i.e., of the order of a tree-level SM process. We may neglect Cabibbo-suppressed
contributions and assume that the NP contribution to b — c7v; is small compared to the SM one,
so that we keep only the SM contribution and the SM-NP interference terms in b — c7v; decay
rates. We find the relation

9(10) ~ CQS(I\{IO) - (A, (9.3.6)
with
2 Vg Rx
A= — —-11. 9.3.7
a V;b‘/;»; ( R?{M ) ( )

In our framework, A is independent of the exclusive b — ¢~ 7, channel chosen X, see Eq. (9.3.1).
Note that this prediction for the Wilson coefficients C™ and C{j is model independent, in the sense

that the only ingredients in the derivation are the assumptions that NP only affects left-handed
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quarks and leptons and that it couples significantly to the second generation in such a way that
experimental constraints can be avoided.

We stress that the factor multiplying the bracket in Eq. (9.3.7) is very large (around 860).
Using the current values for R, we obtain a positive (respectively negative) NP contribution
to the Wilson coefficient C§™ (respectively C7j) parametrised by A = O(100) which overwhelms
completely the SM contribution to these Wilson coefficients. Such large values of the Wilson
coefficients are not in contradiction with the constraints obtained in Ref. [279] (when comparing
with the results of this reference, one must be aware of the different normalisations of the operators
in the effective Hamiltonian).

In view of these huge coeflicients, we provide predictions for the relevant decay rates assuming
that they are completely dominated by the NP contribution A, and thus neglecting both short-

and long-distance SM contributions. We obtain the branching ratios of the various b — s777~

channels
2
Br(Bs —»71777) = <CSM> Br (B, = 7777 (9.3.8)
10
Br(B— K7r7r7) = (8.8£0.8) x 1077A%, (9.3.9)
Br(B— K*rt77) = (10.1+0.8) x 1077A?, (9.3.10)
Br(Bs = ¢r777) = (9.1£0.5) x 1077A%, (9.3.11)

where the last three branching ratios are considered over the whole kinematic range for the lepton
pair invariant mass ¢ (i.e., from 4m2 up to the low-recoil endpoint). We neglect the contributions
only due to the SM. In the above expressions, the uncertainties quoted come from hadronic con-
tributions multiplied by the short-distance NP contribution A. A naive estimate suggests that the
contribution of the 1(25) resonance to this branching ratio amounts to 2 x 107, which is negligible
in the limit of very large NP contributions considered here. We thus may calculate the branching
ratios for the whole kinematically allowed ¢? region, from the vicinity of the 1(25) resonance up to
the low-recoil endpoint, assuming that the result is completely dominated by the NP contribution.

Since we neglected all errors related to the SM contribution for the semileptonic processes, we
should do the same for B, — 77 77. For Br (Bs; — 7777 )y in Eq. (9.3.8), we should only consider
the uncertainties coming from the By decay constant and decay width as well as the different scales
used to compute the Wilson coefficients here and in Ref. [139], leading to a relative uncertainty of
4.7% (to be compared with the larger 6.4% uncertainty in Eq. (9.1.3) that includes other sources
of uncertainties irrelevant under our current assumptions).

In Fig. 9.1, we indicate the corresponding predictions as a function of Ry / R%M (assumed to be
independent of the b — ¢fvy hadronic decay channel X in our approach). We have also indicated
the current experimental range for Rx / RiM , obtained by performing the weighted average of Rp,
Rp+ and R/, without taking into account correlations. We see that the branching ratios for
semileptonic decays can easily reach 3 x 104, whereas By — 777~ can be increased up to 1073.

Up to now, we have discussed the correlation between NP in b — ¢77; and b — s77 under a
limited set of assumptions that are fairly model independent. A comment is in order concerning
the implications of these assumptions for b — spup. If we assume that the same mechanism is
at work for muons and taus, we obtain also a correlation between b — sup and b — cuv,: the
O(25%) shift needed in C§* and Ci{' to describe b — su™p~ data [136] translates into a very small
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positive A and a decrease of b — cuv,, decay rates compared to the SM by a negligible amount of

only a few per mille, so that there would be no measurable differences between electron and muon

semileptonic decays.



Conclusions

Over the last years, a very interesting pattern of deviations has emerged in b — s/ transitions.
After the initial P/ anomaly identified in B — K*pup by the LHCD experiment, several systematic
deviations have been observed in various branching ratios. At the same time, new observables
comparing electron and muon modes have been measured at LHCb (Rg) and Belle (Q4,5) hinting
at a violation of lepton flavour universality. Global analyses of all these deviations find a preference
for NP solutions with respect to the SM with high significances (above 50) with distinctive features:
i) the dominant NP contribution enters the semileptonic operator Oy, ii) NP affects b — suu
transitions much more noticeably than b — see ones and iii) strong consistency between the
pattern of deviations in b — supu and LFUV observables.

In Part I we have discussed the basics needed for performing global analyses of b — sé¢ data.
These include the use of an effective Hamiltonian for the description of the underlying b — s quark
level transition, the leading order parametrisation of matrix elements in terms of form factors, the
development of a factorisation formula for the computation of O(as) corrections to the amplitude
in a systematic way (which emerges from the simplified dynamics one obtains at the heavy quark
and large energy limits) and the construction of a basis of optimised observables where most of
hadronic information cancels at leading order.

On the theoretical side, we have seen in Chapter 6 that hadronic uncertainties conform to
theoretical expectations and unexpectedly large effects (power corrections to form factors, charm-
loop contributions) are disfavoured, in particular by the significant amount of LFUV observed.
However, it would be very useful to have more determinations of the form factors involved, both
at low and large meson recoils, as well as refined estimates of charm-loop contributions, in order
to improve the accuracy of theoretical predictions.

In Chapter 7 we have discussed how angular analyses of B — K*ee and B — K*uu decay
modes can be combined to understand better the pattern of anomalies observed and to get a
solid handle on the size of some SM long-distance contributions.We have proposed different sets of
observables comparing B — K*ee and B — K*upu, discussing their respective merits. A first set
of observables is obtained directly from the observables that have been introduced for B — K*pupu,
namely Q; (related to the optimised observables P;), T; (related to the angular averages S;) and
B, (related to the angular coefficients J;), measuring in each case the differences between muon
and electron modes.

As the analysis in Chapter 8 demonstrates, recent experimental updates (R, Rx+ and B(Bs —
put 7)) yield a very similar picture to the one previously found in Refs. [136, 211] for the various
NP scenarios of interest with some important peculiarities. In presence of LFUV NP contributions
only, the 1D fits to “All” observables remain basically unchanged showing the preference for Cé\LP

scenario over Cé\LP = —C%Z. If only LFUV observables are considered the situation is reversed, as
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already found in Ref. [136], but now with an increased gap between the significances. This difference
between the preferred hypotheses, depending on the data set used, can be solved introducing LFU
NP contributions [211].

The main differences arise for the 2D scenarios: the cases including RHC, (C};LP, Ciorp)s (Cé\LP, Cop)
or (C&P,Cgr# = —Cio/u), can accommodate better the recent updates, which enhances the signifi-
cance of these scenarios compared to Ref. [136], pointing to new patterns including RHC. A more
precise experimental measurement of the observable P;[83, 103] would be very useful to confirm
or not the presence of RHC NP encoded in Cy,, and Cyq,.

We also observe interesting changes in the 2D fits in the presence of LFU NP, where new
scenarios (not considered in Ref. [211]) give a good fit to data with CR)(,) and additional LFUV
contributions. For example scenario 11 (C%,Cm/u) can accommodate b — s/T¢~ data very well,
at the same level as scenario 8. Scenarios including LFU NP in left-handed currents (discussed in
Ref. [211]) stay practically unchanged but with some preference for scenarios 6 and 8, which have a
(V —A) structure for the LFUV-NP and a V or (V + A) structure for the LFU-NP. Furthermore, we
have included additional scenarios 9 and 10 that exhibit a significance of 5.00 and 5.5 respectively.

We note that the amount of LEU NP is sensitive to the structure of the LFUV component.
For instance, in scenario 7 (CSL and Cg ) the LFU component is negligible at its best fit point.
On the contrary, if the LFUV-NP has a (V — A) structure, the LFU-NP component (C§) is large,
as illustrated by scenarios 6, 8 and 9. Scenarios with NP in RHC (either LFU or LFUV) prefer
such contributions at the 20 level (see scenarios 11 and 13) with the exception of scenario 12 with
negligible CS{ .- The new values of Rk and Rk« seem thus to open a window for RHC contributions

while the new B(Bs — pp) update (theory and experiment) helps only marginally scenarios with

NP
ClOM-

Then, we have discussed the impact of forthcoming measurements of (R )[1.1,6) and (Q5)(1.1,6]
to disentangle NP hypotheses. We considered various central values for these two measurements
and we assumed some reduction in the experimental uncertainties in order to study how pulls
w.r.t. SM and best-fit points would evolve. (R )[1.1,6 alone proves to have only a limited ability
to separate the various NP hypotheses: CSL = —CQ{ ., is the only hypothesis strongly affected. On
the other hand, the combination of (R )[1.1,6) and (@Q5)(1.1,6) proves much more efficient to separate
various favoured hypotheses, either with only LFUV-NP contributions or with both LFUV and
LFU contributions.

Finally, in Chapter 9 we have also analysed the correlation between NP contributions to
b— stT7 and b — ¢~ > under general assumptions in agreement with experimental indications:
the deviations in b — ¢7~ U, decays come from a NP contribution to the left-handed four-fermion
vector operator, this NP contribution is due to physics coming from a scale significantly larger
than the electroweak scale, and the resulting contribution to b — sv, v, is suppressed. Under
these assumptions, an explanation of Rp ) requires an enhancement of all b — s777~ processes
by approximately three orders of magnitude compared to the SM, confirming the potential of
b — stT7~ decays to look for NP in the context of the measurements searching for violation of
LFU in semileptonic b-decays.

Therefore, we consider our analyses in solid grounds, both from a theoretical perspective
and from the point of view of our data analysis strategies, being our approach characterised for
always using the most conservative estimation of errors. Hence, if new data from LHCb and, more

importantly, results from a completely independent experiment such as Belle II, confirm the same
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picture we have already observed, there are arguments enough for taking the B-anomalies as the
new guideline to follow in the short- and mid-term future in the research field of fundamental
Particle Physics. In this context, the B-anomalies can potentially play the role of the Higgs boson

during the LEP to LHC transition for the new experiments to come.



Appendix A

Some kinematics for B — K*/T¢—

This appendix is a compilation of the most relevant definitions and results concerning the kine-
matics of four-body decays. Our notation is going to be general (X — Y (— ab)Z(— cd)), so that
it can be applied to any decay, but at the end of the appendix you can also find a translation table
between the notation used here and the one in Chapter 3 for the B — K*(— K7)¢T¢~ mode.

The dimension of the four-body phase space is 4 x 4. However, because of the on-shell and
4-momentum conservation conditions (four constraints each), the dimension is reduced to 4 x 2.
Moreover, exploiting isotropic symmetry, one can fix three Euler angles and ends up with 5 physical
degrees of freedom. Following [295], the typical five independent kinematical degrees of freedom

are portrayed by

> mgb, the effective mass squared of the ab system, my + mp < mgp < mx — me — My.
> mgd, the effective mass squared of the cd system, me 4+ mg < mgp < mx — Mg — My.

» 0Oy, the angle of the a particle in the C.M. system of the particles a and b with respect to
the direction of flight of (a, b) in the X rest system (0 < 0y < ).

» 07, the angle of the ¢ particle in the C.M. system of the particles ¢ and d with respect to the
direction of flight of (¢, d) in the X rest system (0 < 6y < 7).

» Ox, the angle between the plane formed by the decay products (a, b) and the corresponding
plane of (¢, d) in the X rest frame (—7 < 0x < 7).

More than the individual momenta of each of the particles, it is usual to work with the following
combinations
Py =Pa+ps,  Qab =Pa — P,

P.q = pc + pas Qcd = Pe — Pd;

Then, the diparticle masses read

P =m, Pl =m (A.0.1)
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The three kinematical angles introduced before can be expressed in terms of momenta in the

following way

Qab : Pcd ch . Pab
cosbly = —————| cosfly = ———— Al
Y |Quab| [Pl z |Qedl[Pas| (A1)
sin 9X — (Pab X Qab) X (Pcd X ch) (AQ)

’Pab X QabHPcd X ch|

where all these quantities must be evaluated, respectively, at the Y, Z and X rest frames.

Using the five independent variables 0x, 0y, 0, mZb and mzd, the invariant products of the
vectors Py, Peg, Qap and Q.4 write as [31]

2 2
Paanb =mg, — My,

Pab Pcd =p,
2 2
ms —m5 _ 2
Pop Qea = > ) dp+ 2 o0cqcoslz,
Meg Meg
1 2 2\(,2 2\ =
Qab Qup = —5—-[(mg — my)(mz — mg)p
MapMeq
+ 20045 (M2 — m3) cos Oy
+ 200.4(mZ —mi) cos b

+ 4040 4P cos By cos 07
+ 40 4p0cqMapMeq sin Oy sin 0z cos x|,

400440,
anB pY NS ab0Tcd
604/375PaanchdQCd -

sin Ay sin 07 sin O x
MabMed

with the quantities
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General | B — K*(— Km){T(~
(ab) (K)
(cd) (ere)
Map M~
Meq VP
ox ¢
oy Ok~
oy 0,
o2 mie. 3?4
o2 ‘87 /4
o? /4
D (P~ - q)

Table A.1: Translation table between the general X — Y (— ab)Z(— cd) variables and the
particular notation used for the decay B — K*(— Km)¢™ ¢~ in chapter 3.



Appendix B

Large-recoil expressions for M and M

Under the notation and hypotheses in Section 7.1.2, we can separate the charm contributions from
the rest of the M observable

M = My + A'6C10ACy + B'6C3AC3 (B.0.1)
with
—~ (26766107”7”% + 0C9C108 + 5C10(Cg + 5Cg)§)
My = — — B.0.2
0 C75C9610(Clo + 5C10)mb(s — 1)8 ( )

X (C75C10Thb + 0C9C108 + 5C10(C7mb + Co + 6C9)§)

4 20CoCi08 + C10 (2(Co + 8Co)5 + Crriy (3 + 5)) (B.0.3)
B C70CyC10(Cro + 0C10)mp(5 — 1) o

B = S B.0.4

67509010(010 + 5C10)mb(s — 1) ( )

M can be expressed in terms of M and considering all the lepton mass effects coming from

) = 1/1 —4m?/s in the large recoil limit and up to leading order
14

M = M + AM + AACy + BAC3 (B.0.5)
2 2
AM:—ﬂezf“ IAAA
BzB;: C16CyCr0(Cro + 0Cr0)1ip(5 — 1)8
X [-c%o(mmb + Cy3)(Cod + Crrnp(1 + 5)) B2 (B.0.6)
+(Cro 4 6C10)? (2C710 4 (Co + 6Co)8) ((Co + 3Co)5 + Crinp (1 + 8)) 5,2&
2 2
A = Be=h 1 (B.0.7)

B2B2 C76CoC10(C10 + 0C10)rp (8 — 1)
x [CTy (2Co5 + C7ring(3 + 8)) B2 — (C10 + 6C10)* (2(Co + 6Co)5 + Crrin(3 + 8)) 7]
B2 =B 5(CB2 — (Cro + 6C10)*B7)

b= (3 B.0.8
ﬁgﬁﬁ C70CyC10(Cr0 + 6C10)mp($ — 1) ( )
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Appendix C

Definition of binned observables

The binned observables are defined following the same rules as in Ref. [112]:

(@) = (P —(P5)  (Qu=(P)—(Pf) ()=

N VA
A 7 B R ¥ ]
= () = U9 (U = U5

<JéLs><J§> - <J668><Jg>
~ ((J5/85) — (J5/B8E)) ((JEs/ B) — (J65/B2))

(M) =

(Jos/ BRI (TS 58) —

(J6s/ BN J5 | B7)

(St) — (¢)

(S) +(S5)

(C.0.1)
(C.0.2)
(C.0.3)

(C.0.4)

where (Pf) and (S!) correspond to the observables defined in Ref. [112] with £ = e or p. Similarly,

the (P!) are obtained from Eqs. (7.1.2)-(7.1.6)

)

, substituting J¢ — (Jf).
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Appendix D

Predictions for the observables in

various benchmark scenarios

Our predictions are obtained following Ref. [113]. We quote two uncertainties, the second corre-
sponding to the charm contributions, the first to all other sources of uncertainties. Bars denote

predictions affected by a very large uncertainty (presence of a pole).

D.1 SM

Bin QFy Q1 Q2 Q3
[0.1,0.98] —0.041 £ 0.044 +£0.010 —0.001 £ 0.001 £ 0.001 0.019 + 0.003 + 0.001 0.000 4 0.000 + 0.000
[1.1,2.5] —0.027 £ 0.014 £ 0.001 —0.000 £ 0.000 +£ 0.000 0.007 & 0.000 % 0.000 0.000 =% 0.000 % 0.000
[2.5, 4.] —0.016 £ 0.009 £ 0.000 0.000 £ 0.000 4 0.000 0.001 4+ 0.001 + 0.000 0.000 £ 0.000 % 0.000
[4.,6.] —0.010 £ 0.008 £+ 0.000 0.000 4+ 0.000 + 0.000  —0.001 % 0.000 % 0.000 0.000 4 0.000 + 0.000
[6.,8.] —0.006 £ 0.006 £ 0.000 0.000 =% 0.000 4 0.000 —0.001 %+ 0.000 % 0.000 0.000 £ 0.000 % 0.000
[15.,19.] —0.001 £ 0.000 & 0.000  —0.000 = 0.000 £ 0.000 —0.000 +£ 0.000 £ 0.000 0.000 £ 0.000 % 0.000

Bin Q4 Qs Qs Qs
[0.1,0.98] 0.005 % 0.002 %+ 0.004 0.047 4+ 0.003 4 0.008 —0.005 £ 0.002 + 0.001 0.001 4 0.000 % 0.000
[1.1,2.5] 0.002 4 0.000 %+ 0.000 0.001 4 0.002 4+ 0.001 —0.001 +£ 0.000 =+ 0.000 0.000 £ 0.000 % 0.000
[2.5,4.] 0.000 + 0.000 + 0.000 —0.004 + 0.001 £ 0.000 —0.000 £ 0.000 £+ 0.000  —0.000 =+ 0.000 =+ 0.000
[4.,6.] 0.000 + 0.000 + 0.000  —0.004 + 0.000 =+ 0.000 —0.000 % 0.000 % 0.000 0.000 £ 0.000 % 0.000
[6.,8.] 0.000 4+ 0.000 + 0.000  —0.003 £ 0.000 4 0.000 —0.000 +£ 0.000 £ 0.000 0.000 £ 0.000 % 0.000
[15.,19.] 0.000 + 0.000 + 0.000  —0.001 + 0.000 + 0.000 0.000 + 0.000 + 0.000 0.000 4 0.000 + 0.000

173



174

Appendix D.

Predictions for the observables in various benchmark scenarios

Bin QFL Ql QQ Q3
[0.1,0.98]  0.018£0.017+0.004 —0.007 +0.006 & 0.018  —0.008 = 0.004 +0.001  0.000 & 0.001 = 0.001
[1.1,2.5] 0.014 4+ 0.002 £+ 0.000 —0.000 +£ 0.003 £ 0.000 0.013 + 0.032 + 0.002 0.000 £ 0.000 % 0.000
[2.5,4.] 0.010 4+ 0.002 + 0.000 0.000 4 0.003 4+ 0.000 0.010 + 0.025 + 0.001 0.000 4 0.001 + 0.000
[4.,6.] 0.008 4 0.001 % 0.000 0.001 4+ 0.006 + 0.000  —0.004 % 0.005 % 0.000 0.000 % 0.000 % 0.000
6.,8.] 0.006 £ 0.002 £ 0.000  0.000 & 0.003 £ 0.000  —0.004 = 0.007 £ 0.000  0.000 = 0.000 == 0.000
[15.,19.] 0.001 4+ 0.000 %+ 0.000 0.001 4+ 0.000 + 0.000  —0.000 % 0.000 % 0.000 0.000 4 0.000 + 0.000

Bin Q4 Qs Qs Qs
[0.1,0.98] 0.111 +£0.007 £ 0.037 —0.097 4 0.013 + 0.019 0.008 4+ 0.003 + 0.001 —0.004 £ 0.004 £ 0.003
[1.1,2.5] 0.003 £ 0.005 +0.002  —0.003 £ 0.007 £ 0.001  0.001 % 0.003 +0.000  —0.001 = 0.002 = 0.000
[2.5,4.] 0.001 4+ 0.016 + 0.001 —0.005 £ 0.017 £ 0.001 —0.001 %+ 0.003 + 0.000 0.000 % 0.002 % 0.000
[4.,6.] —0.002 £0.0154+0.000 —0.002 £0.017 =0.000 —0.000 £ 0.001 £0.000 —0.000 £ 0.001 £ 0.000
[6.,8.] —0.005 4 0.009 £ 0.001  0.002+0.010+0.000  0.000 & 0.000 £ 0.000  —0.000 = 0.000 = 0.000
[15.,19.] —0.003 £ 0.000 £ 0.000 0.001 4 0.000 4 0.000 0.000 % 0.000 % 0.000 0.000 4 0.000 % 0.000

Bin Ts Ty 15
[0.1,0.98] —— —0.116 £ 0.002 + 0.005 —0.075 £ 0.003 £ 0.001
[1.1,2.5] —— —— —0.017 £ 0.004 & 0.001
[2.5,4.] - —0.010 £ 0.003 & 0.000 —0.006 % 0.003 = 0.000
[4.,6.] —0.007 £ 0.006 4+ 0.000 —0.007 & 0.003 £ 0.000 —0.004 4 0.003 4 0.000
[6.,8.] —0.005 £ 0.004 + 0.060 —0.005 + 0.002 £0.000 —0.003 £ 0.002 %+ 0.000
[15.,19.] —0.001 £ 0.000 + 0.000 —0.001 #+ 0.000 £ 0.000  —0.000 £ 0.000 % 0.000
Bin T T Ty
[0.1,0.98] —0.067 £ 0.003 £0.000 —0.081 % 0.025 =+ 0.051 -
[1.1,2.5] —0.013 £0.003 +0.000 —0.020 % 0.003 =+ 0.000 ——
[2.5,4.] —0.007 £0.003 +0.000 —0.010 + 0.003 £0.000 —0.010 £ 0.027 4+ 0.000
[4.,6.] —0.005 £ 0.003 +0.000 —0.007 & 0.003 £0.000 —0.007 £ 0.003 % 0.000
[6.,8.] —0.003 £ 0.002 & 0.000 —0.005 = 0.002 £ 0.000 —0.005 £ 0.004 & 0.000
[15.,19.] —0.000 £ 0.000 4+ 0.000 —0.001 £ 0.001 £0.004 —0.001 £ 0.002 & 0.001
Bin Bs Bss M
[0.1,0.98] —0.155+0.002 +£0.002 —0.121 4 0.001 + 0.000 0.548 £+ 0.021 4 0.024
[1.1,2.5] —0.034 £ 0.005 + 0.002 —0.027 + 0.000 +£ 0.000 0.150 £ 0.071 4+ 0.037
[2.5,4.] —0.013 £0.000 & 0.000 —0.015 + 0.001 £0.000 —0.095 £+ 0.033 + 0.007
[4.,6.] —0.009 £ 0.000 & 0.000 —0.008 = 0.021 = 0.000 0.149 £ 0.122 £ 0.019
[6.,8.] —0.006 £ 0.000 4+ 0.000 —0.006 % 0.000 = 0.000 0.617 £ 0.253 4 0.204
[15.,19.] —0.003 £ 0.000 4+ 0.000 —0.003 % 0.000 + 0.000 ——
Bin §5 §65 M
[0.1,0.98]  0.000 + 0.000 + 0.000  0.000 =+ 0.000 £ 0.000  0.000 =+ 0.000 £ 0.000
[1.1,2.5] 0.000 £ 0.000 £ 0.000  0.000 +£ 0.000 £ 0.000  0.000 % 0.000 + 0.000
[2.5,4.] 0.000 £ 0.000 £ 0.000  0.000 %+ 0.000 £ 0.000  0.000 4 0.000 + 0.000
[4.,6.] 0.000 £ 0.000 £ 0.000  0.000 = 0.000 £ 0.000  0.000 =% 0.000 = 0.000
[6.,8.] 0.000 £ 0.000 £ 0.000  0.000 = 0.000 £ 0.000  0.000 % 0.000 = 0.000
[

0.000 £ 0.000 £ 0.000

0.000 £ 0.000 £ 0.000

0.000 £ 0.000 £ 0.000
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D.2 Scenario 1: Cé\LP = —1.11

Bin Qry, Q1 Q2 Q3
[0.1,0.98] —0.085 £+ 0.073 £ 0.021 —0.001 £ 0.002 £ 0.003 0.017 + 0.002 + 0.001 0.000 4 0.000 + 0.000
[1.1,2.5] —0.122 £ 0.032 £ 0.001 0.001 4+ 0.008 + 0.003  —0.008 + 0.010 + 0.001 —0.000 +£ 0.001 &£ 0.000
[2.5, 4.] —0.086 £ 0.037 4 0.002 —0.013 £ 0.026 £ 0.007 0.174 4+ 0.058 + 0.006 —0.001 £ 0.002 £ 0.000
[4.,6.] —0.051 £0.016 £0.002 —0.022 £+ 0.038 = 0.010 0.246 + 0.009 + 0.002 —0.000 £ 0.001 + 0.000
[6.,8.] —0.027 £0.008 £0.003 —0.017 £ 0.028 £ 0.009 0.184 + 0.036 + 0.009 0.000 % 0.000 % 0.000
[15.,19.] —0.002 £ 0.000 £ 0.003 0.002 £ 0.001 4+ 0.004 0.051 + 0.004 + 0.010 0.000 £ 0.000 % 0.003

Bin Q4 Qs Qo Qs
[0.1,0.98] 0.136 + 0.011 + 0.049 0.172 4 0.004 + 0.016 —0.011 +0.004 + 0.001  —0.012 £ 0.004 £ 0.003
[1.1,2.5] 0.087 4+ 0.033 + 0.019 0.241 £ 0.021 £0.013  —0.002 £ 0.001 & 0.000  —0.018 £ 0.007 £ 0.001
[2.5,4.] —0.037 £0.035 £ 0.010 0.370 £ 0.017 +0.014 —0.003 + 0.001 + 0.000 —0.014 £ 0.007 £ 0.001
[4.,6.] —0.041 £ 0.008 £ 0.008 0.312 4+ 0.044 +0.017 —0.006 & 0.002 & 0.000 —0.006 £ 0.004 + 0.000
[6.,8.] —0.020 £ 0.005 £ 0.010 0.212 £ 0.056 2 0.029  —0.004 £ 0.003 4+ 0.000  —0.002 £ 0.002 £ 0.001
[15.,19.] —0.001 £ 0.000 + 0.002 0.073 +0.007 +0.013  —0.001 + 0.000 + 0.020 —0.001 + 0.000 + 0.004

Bin QFL Q1 Q2 Q3
[0.1,0.98]  —0.037£0.022£0.011  —0.007 £ 0.007 £ 0.019  —0.009 0.003 +0.000  0.000 = 0.001 = 0.001
[1.1,2.5]  —0.086 £ 0.049 £ 0.001  0.001 £ 0.008 £ 0.003  —0.010 £ 0.019 £ 0.002  —0.000 £ 0.001 % 0.000
[2.5,4]  —0.060 £ 0.046 £ 0.002 —0.014 £ 0.026 £ 0.007  0.183 £ 0.048 £ 0.006  —0.001 £ 0.002 % 0.000
[4.6] —0.03340.021 £0.002 —0.021 +0.036 £ 0.011  0.247 +0.011 +0.002  —0.000 = 0.001 = 0.000
[6.,8.] —0.015 £ 0.008 £ 0.003  —0.017 £ 0.026 £ 0.009  0.182 £ 0.035£0.009  0.000 % 0.000 == 0.000
[15.,19]  —0.001 +0.000 +0.002  0.002 £ 0.001 +0.004  0.051 &0.004 +£0.010  0.000 = 0.000 % 0.003

Bin Q4 Qs Qs Qs
[0.1,0.98] 0.214 +0.008 + 0.010  —0.000 + 0.011 £ 0.014 0.003 + 0.001 + 0.001  —0.014 £ 0.007 £+ 0.001
[1.1,2.5] 0.086 + 0.035 + 0.016 0.227 4 0.021 + 0.010 0.000 # 0.002 + 0.001 —0.019 £ 0.007 £ 0.001
[2.57 4.] —0.040 £ 0.042 £ 0.009 0.370 & 0.017 + 0.013 —0.003 £ 0.002 4 0.000 —0.014 £ 0.006 £ 0.001
[4.,6.] —0.045 £ 0.016 £ 0.008 0.314 +0.043 = 0.017 —0.005 + 0.003 & 0.000 —0.006 £ 0.004 £ 0.000
[6.,8.] —0.025 £ 0.007 £ 0.009 0.216 +0.054 +0.029 —0.004 + 0.003 & 0.000 —0.002 &£ 0.002 +£ 0.001

[15.,19.] —0.003 +£ 0.000 + 0.002 0.074 +0.007 £0.013 —0.001 £ 0.000 £0.020  —0.001 % 0.000 + 0.004
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Bin T3 Ty Ts
[0.1,0.98] —— —— —0.026 +0.038 £ 0.011
[1.1,2.5] - - 0.402 4 0.152 + 0.076
[2.57 4,] —— 0.005 +0.072 £0.008 —0.608 £+ 0.295 £+ 0.121
[4., 6.] —— —0.010 £ 0.031 £0.004 —0.224 £+ 0.061 = 0.026
[6.7 8.] —— —0.009 +0.014 £ 0.004 —0.126 £ 0.042 + 0.025
[15.,19.] —0.001 +=0.001 £0.004 —0.002 £ 0.000 & 0.001 —0.069 £ 0.006 £ 0.015
Bin T T3 Ty
[0.17 0.98] —0.056 £ 0.038 + 0.011 —— ——
[1.1,2.5} 0.029 +£0.071 £0.010 —0.244 +£0.137 +£0.073 ——
[2.5, 4.} 0.065 & 0.050 £ 0.005 —0.143 £+ 0.075 4+ 0.023 ——
[4.,6.] 0.087 £ 0.028 £ 0.003 —0.091 £ 0.050 + 0.016 ——
[6.,8.] 0.102 +=0.015 £ 0.004 —0.067 £ 0.083 £ 0.025 ——
[15.7 19.} 0.118 +0.001 £+ 0.003 —— ——
Bin Bs Bss M
[0.17 0.98] —0.087 & 0.008 £ 0.004 —0.084 £ 0.005 &+ 0.001 ——
[1,1, 2.5} —— 0.172 +£0.047 £0.006 —0.203 £ 0.049 + 0.012
[2.5, 4.} —0.785 4+ 0.181 £ 0.078 —— —0.459 4+ 0.106 £ 0.026
[4., 6.] —0.472 4+ 0.051 £ 0.026 —— —0.736 £ 0.188 + 0.062
[6., 8.] —0.372 £ 0.040 = 0.027 —0.569 +0.150 +=0.032 —1.101 +0.328 £+ 0.242
[15.7 19.} —0.316 & 0.007 £0.018 —0.324 £+ 0.008 & 0.019 ——
Bin Es §65 M
[0‘1, 0.98] 0.075 + 0.010 £ 0.006 0.040 + 0.006 £ 0.001  —0.083 £+ 0.017 £ 0.006
[1.1, 2.5} —— 0.204 +0.048 £ 0.006 —0.247 £ 0.049 + 0.015
[2.5, 4.} —0.783 +0.184 + 0.079 —— —0.463 £+ 0.102 + 0.027
[4., 6.] —0.467 £ 0.051 + 0.026 —— —0.723 £ 0.182 + 0.061
[6., 8.] —0.368 & 0.040 £ 0.027 —0.566 £0.151 =£0.032 —1.077 £0.319 +0.238
[15., 19.} —0.314 +0.007 £0.018 —0.322 £+ 0.008 & 0.019 ——

—CNP _

D.3 Scenario 2: C%,\LP =

Bin Qry, @1 Q2 Q3
[0.1,0.98] —0.096 £ 0.081 £0.013  —0.001 £ 0.001 £ 0.002 0.001 % 0.000 % 0.000 0.000 =% 0.000 % 0.000
[1.17 2.5] —0.107 £ 0.027 £ 0.007 —0.002 £ 0.008 £ 0.002 —0.032 £ 0.015 4 0.002 —0.000 £ 0.001 £ 0.000
[2.5,4.] —0.043 £ 0.014 = 0.003  —0.017 £ 0.039 £ 0.008 0.148 + 0.037 + 0.003 0.000 £ 0.001 + 0.000
[4.,6.] —0.009 £ 0.012 £ 0.002 —0.011 £ 0.027 £ 0.005 0.134 + 0.029 + 0.006 0.001 4 0.001 % 0.000
[6., 8.} 0.003 4+ 0.011 4+ 0.003 —0.001 £ 0.008 £ 0.001 0.059 4+ 0.029 + 0.007 0.001 4 0.001 4 0.000
[15.,19.] 0.001 +0.000 + 0.003 —0.002 + 0.001 + 0.005 0.005 + 0.001 + 0.003 0.000 4 0.000 + 0.003

Bin Qu Qs Qs Qs
[O.l, 0.98} —0.003 £ 0.007 £ 0.027 0.078 4 0.007 4+ 0.029 —0.005 £ 0.002 4 0.002 —0.005 £ 0.001 £ 0.003
[1.1,2.5] —0.102 £+ 0.028 +0.014 0.136 = 0.017 = 0.012  —0.000 £ 0.001 4 0.001 —0.005 £+ 0.002 £+ 0.001
[2.5,4.] —0.152 £ 0.013 & 0.010 0.188 4+ 0.021 4+ 0.010 —0.007 £ 0.002 + 0.001 0.002 4 0.003 + 0.001
[4., 6.] —0.078 £ 0.031 £ 0.009 0.096 4 0.032 + 0.010 —0.008 £ 0.004 £ 0.000 0.005 4 0.004 + 0.000

[6.,8.]

—0.031 £ 0.021 £ 0.009

0.033 £0.021 £ 0.011

—0.004 £ 0.003 £ 0.000

0.004 £ 0.003 £ 0.001
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[15.,19.] 0.000 % 0.000 % 0.002 0.007 4 0.001 4 0.006 —0.001 £ 0.000 £ 0.015  —0.001 £ 0.001 &£ 0.005
Bin Qr, o3 Q2 Qs
[0.1,0.98] —0.051 £0.031 £0.003 —0.007 £ 0.006 £ 0.019 —0.022 £+ 0.004 £+ 0.001 0.000 4 0.001 + 0.001
[1.1,2.5] —0.071 £0.043 £ 0.008  —0.002 £ 0.008 £ 0.002 —0.034 £ 0.020 £0.003 —0.000 £ 0.001 £ 0.000
[2.5,4.] —0.017 £ 0.020 &= 0.003  —0.017 £ 0.040 £ 0.008 0.159 4+ 0.028 + 0.003 0.000 £ 0.001 £+ 0.000
[4.,6.] 0.009 4 0.007 + 0.002 —0.011 £ 0.024 £ 0.005 0.133 + 0.032 + 0.006 0.001 4 0.002 + 0.000
[6.,8.] 0.016 4+ 0.006 & 0.003  —0.000 £ 0.005 4+ 0.001 0.056 + 0.027 + 0.007 0.001 4 0.002 £+ 0.000
[15.,19.] 0.002 + 0.001 +0.004  —0.001 £ 0.001 4 0.005 0.006 + 0.001 + 0.003 0.000 £ 0.000 £+ 0.003
Bin Q4 Qs Qs Qs
[0.1,0.98] 0.107 + 0.007 £ 0.015 —0.075 £ 0.008 £ 0.005 0.008 + 0.003 £ 0.000  —0.008 4 0.004 + 0.001
[1.1,2.5] —0.097 £ 0.030 £ 0.012 0.126 4+ 0.017 4+ 0.009 0.002 + 0.002 + 0.000  —0.006 4 0.002 + 0.001
[2.5,4.] —0.154 £+ 0.009 £+ 0.010 0.189 4+ 0.022 4+ 0.010 —0.007 + 0.003 + 0.001 0.002 4+ 0.003 + 0.001
[4.,6.] —0.079 £ 0.023 £ 0.008 0.098 4+ 0.030 4+ 0.010 —0.008 £ 0.004 £ 0.000 0.005 4 0.004 4+ 0.000
[6.,8.] —0.035 £ 0.015 4 0.008 0.037 £ 0.021 + 0.011 —0.004 £ 0.003 £ 0.000 0.004 4+ 0.003 + 0.001
[15.,19.] —0.003 £ 0.000 £ 0.002 0.009 £ 0.001 4 0.006 —0.001 £+ 0.000 + 0.015 —0.001 £ 0.001 £ 0.005

Bin T3 Ty Ts
[0.1,0.98] —— —0.158 2 0.050 += 0.043 —0.101 £ 0.046 4 0.005
[1.17 2.5} —— — 0.276 & 0.131 £+ 0.056
[2.5,4.] —— —0.156 +0.118 £ 0.023 —0.234 4+ 0.100 + 0.039
[4.,6.] —— —0.057 £ 0.033 £ 0.008 —0.070 4 0.022 + 0.008
[6.,8.] —— —0.026 £ 0.023 £ 0.007 —0.026 = 0.015 £ 0.005
[15.,19.] —0.001 £0.001 +0.005 —0.000 £ 0.000 4 0.001  —0.007 £ 0.002 £ 0.006

Bin T Ts Ty
[0.1,0.98] —0.116 £ 0.047 £ 0.005 —— ——
[1.1,2.5] 0.015 £ 0.056 £ 0.002 —0.050 £ 0.084 £ 0.029 ——
[2.5,4.] 0.069 + 0.014 £+ 0.003 0.037 £ 0.029 £ 0.006 ——
[4.,6.] 0.089 £ 0.008 £ 0.003 0.073 £ 0.022 £ 0.003 ——
[6., 8.] 0.095 + 0.012 £+ 0.006 0.138 +0.042 + 0.005 ——
[15.,19.] 0.094 + 0.002 £+ 0.004 —— ——

Bin Bs Bss M
[0.1,0.98] —0.248 £0.003 £0.002 —0.235 %+ 0.002 + 0.001 ——
[1.1,2.5] —— —0.075 £ 0.023 £ 0.003 0.062 +0.011 £ 0.004
[2.5, 4.} —0.546 £ 0.090 4 0.039 — —0.231 £0.126 = 0.015
[4.7 6.] —0.389 £ 0.025 + 0.013 — —0.750 £ 0.280 4+ 0.061
[6.,8.] —0.338 +0.020 +0.013 —0.436 +0.074 +0.016 —1.550 & 0.570 £+ 0.305
[15.,19.] —0.309 £+ 0.003 £ 0.009 —0.313 4+ 0.004 + 0.009 ——

Bin §5 éﬁs M
[0.1,0.98] —0.113+£0.005+0.003 —0.131 £0.003 £0.001 —0.845 4 0.182 + 0.136
[1.17 2.5] —— —0.049 £ 0.024 + 0.003 0.044 £ 0.016 £ 0.002
[2.57 4,] —0.540 £ 0.091 + 0.039 — —0.236 = 0.120 + 0.014
[4.,6.] —0.383 £+ 0.025 + 0.013 — —0.731 £ 0.269 4+ 0.059
[6.,8.] —0.334 £ 0.020 £ 0.013 —0.432 4+ 0.075+0.016 —1.508 & 0.551 £+ 0.297

[15.,19.]

—0.307 &£ 0.003 £ 0.009

—0.311 £ 0.004 £ 0.009
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D.4 Scenario 3: C)'fY = —C)' = —1.07
% Y

Bin Qr, Q1 Q2 Q3
[0.1,0.98] —0.109 £ 0.094 4+ 0.034  —0.055 %+ 0.009 + 0.003 0.017 £ 0.002 £ 0.001 0.002 + 0.001 4 0.000
[1.1,2.5] —0.164 £ 0.044 £ 0.007  —0.204 + 0.024 £+ 0.005 —0.014 4+ 0.007 % 0.002 0.009 + 0.004 + 0.001
[2.5,4.] —0.133 £0.060 £ 0.003 —0.186 £ 0.050 £ 0.005 0.148 + 0.062 + 0.006 0.013 + 0.006 4+ 0.000
[4.,6.] —0.106 £ 0.037 £0.004 —0.045 £+ 0.083 £ 0.012 0.232 4+ 0.011 + 0.001 0.011 4+ 0.006 + 0.000
[6.,8.] —0.089 + 0.021 £ 0.007 0.074 +0.072 + 0.015 0.190 + 0.032 + 0.008 0.007 + 0.005 4 0.000
[15.,19.] —0.022 £ 0.003 £ 0.009 0.136 4+ 0.013 4+ 0.007 0.016 £+ 0.007 £ 0.016  —0.017 4+ 0.007 4+ 0.007

Bin Q4 Qs Qs Qs
[0.1,0.98] 0.295 + 0.023 + 0.107 0.246 +0.003 +0.017 —0.017 £ 0.007 & 0.002 —0.025 £ 0.009 £ 0.006
[1.1,2.5] 0.233 + 0.050 + 0.045 0.271 +0.016 +£0.013  —0.008 4+ 0.004 +0.001  —0.030 £ 0.012 £ 0.003
[2.5,4.] 0.031 + 0.068 + 0.021 0.347 +0.021 +0.017 —0.007 + 0.003 + 0.001 —0.025 £ 0.013 £ 0.001
[4.,6.] —0.052 £ 0.035 £ 0.014 0.267 +0.054 +0.021  —0.008 4+ 0.003 +0.000 —0.015 £ 0.010 £ 0.001
[6.,8.] —0.082 £+ 0.022 £+ 0.017 0.153 +0.071 +0.038  —0.006 4+ 0.003 +0.000 —0.008 £ 0.008 £+ 0.001
[15.,19.] —0.055 £ 0.006 £ 0.003  —0.009 £ 0.008 0.021  —0.002 4 0.001 4 0.034 0.027 +0.011 + 0.011

Bin Qr, Q1 Q2 Qs
[0.1,0.98] —0.067 £0.046 + 0.027 —0.048 £0.011 +0.019 —0.010 £ 0.003 £ 0.000 0.002 4+ 0.001 + 0.001
[1.1,2.5] —0.130 £ 0.062 £ 0.006  —0.202 + 0.021 £ 0.005 —0.018 4+ 0.015 % 0.002 0.009 + 0.004 + 0.001
[2.5,4.] —0.108 £ 0.070 £ 0.003  —0.189 + 0.055 + 0.005 0.154 + 0.053 + 0.006 0.013 + 0.006 + 0.000
[4.,6.] —0.089 £+ 0.045 +£0.004 —0.045 £+ 0.083 £ 0.012 0.233 + 0.008 + 0.001 0.011 4 0.006 + 0.000
[6.,8.] —0.076 £ 0.025 £ 0.007 0.075 + 0.071 + 0.015 0.189 + 0.031 + 0.008 0.007 4+ 0.006 4 0.000
[15.,19.] —0.022 £ 0.003 £ 0.008 0.136 +0.013 4+ 0.007 0.016 + 0.007 + 0.016  —0.017 4+ 0.007 4+ 0.007

Bin Qa Qs Qs Qs
[0.1,0.98] 0.340 £+ 0.015 £ 0.052 0.056 +0.012 +0.031  —0.002 4+ 0.002 4+ 0.003  —0.024 £ 0.011 £ 0.002
[1.1,2.5] 0.227 + 0.053 + 0.041 0.255 +0.015 4+ 0.010 —0.006 4+ 0.004 +0.001  —0.031 £ 0.013 £ 0.003
[2.5,4.] 0.025 4+ 0.074 4+ 0.020 0.348 +0.021 +0.017 —0.007 + 0.003 + 0.001  —0.025 £+ 0.013 £ 0.001
[4.,6.] —0.058 £ 0.040 £ 0.014 0.271 +0.052 +0.021  —0.008 4+ 0.003 +0.000 —0.015 £ 0.010 £ 0.001
[6.,8.] —0.089 £ 0.024 £+ 0.016 0.159 +0.069 + 0.038  —0.006 £+ 0.003 +0.000  —0.009 £ 0.008 £ 0.001
[15.,19.] —0.057 £0.006 £ 0.003 —0.008 £ 0.008 0.021  —0.002 4 0.001 4 0.033 0.027 +0.011 + 0.011

Bin Ts Ty T5
[0.1,0.98] —— —— —0.007 £ 0.061 4+ 0.021
[1.1,2.5] —— —— 0.436 = 0.158 £+ 0.080
[2.57 4.] —— 0.091 +£0.149 £0.012 —0.528 +£0.296 £ 0.122
[4., 6.] —— 0.004 + 0.087 £0.006 —0.161 £+ 0.090 £ 0.029
[6.,8.] —— —0.031 £ 0.066 & 0.006 —0.074 4+ 0.075 £ 0.032
[15.,19.] —0.103 £ 0.021 +£0.011  —0.031 = 0.004 £ 0.003 —0.002 4+ 0.008 £+ 0.017
Bin T Ty Ty
[0.1,0.98] —0.036 % 0.062 + 0.021 — —
[1.172.5} 0.081 +=0.105 £0.021 —0.514 £+ 0.246 £+ 0.198 ——
[2.5,4.] 0.121 +£0.086 £0.011  —0.322 £ 0.117 £ 0.059 0.830 4+ 0.290 + 0.082
[4.,6.] 0.136 & 0.069 £ 0.008 —0.283 £0.112 £ 0.045 0.791 + 0.276 £ 0.080
[6., 8.] 0.144 + 0.058 £ 0.012 —0.304 £+ 0.312 4+ 0.100 ——

[15.,19.] 0.177 £ 0.005 £ 0.009
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Bin Bs Bes M
[0.1,0.98] —0.089 4 0.008 + 0.004 —0.086 + 0.005 = 0.001 —
[1.1,2.5] — 0.165 £ 0.045 £ 0.006  —0.194 & 0.047 & 0.011
[2.5,4.] —0.758 £ 0.175 £ 0.075 — —0.443 £ 0.102 £ 0.026
[4.,6.] —0.455 £ 0.049 £ 0.025 — —0.710 £ 0.182 = 0.060
[6.,8.] —0.359 £ 0.039 £ 0.026  —0.549 & 0.145 £ 0.031  —1.063 = 0.317 & 0.234
[15.,19.]  —0.305 4 0.007 +0.017  —0.312 & 0.007 & 0.018 —

Bin Bs Bes M
[0.1,0.98]  0.07240.01040.005  0.038 4 0.006 & 0.001  —0.080 = 0.016 =+ 0.006
[1.1,2.5] — 0.197 £ 0.046 £+ 0.006 —0.238 4 0.047 + 0.015
[2.5,4.] —0.755 £ 0.177 £ 0.076 — —0.447 £+ 0.098 £ 0.026
[4.,6] —0.450 % 0.050 = 0.025 — —0.697 £ 0.176 = 0.059
[6.,8.] —0.355+0.039 & 0.026  —0.546 &+ 0.146 £ 0.031  —1.038 & 0.308 + 0.229
[15.,19.]  —0.303 +0.007 +0.018  —0.310 & 0.007 & 0.018 —

: . NP _ NP __ NP _ oNP __
D.5 Scenario 4: (g, = —Cy, = —1.18 , Cyy, = Cjy, = 0.38

Bin Qry, Q1 Q2 Q3
[0.1,0.98] —0.113 £ 0.097 4 0.037 —0.063 £ 0.010 £ 0.004 0.006 4+ 0.001 + 0.001 0.002 4 0.001 4 0.000
[1.1,2.5] —0.167 £ 0.044 +£0.009  —0.280 £+ 0.037 == 0.006  —0.044 4 0.009 4 0.003 0.010 4+ 0.004 + 0.001
[2.5,4.] —0.120 £ 0.052 £0.004  —0.371 £ 0.045 £ 0.005 0.146 + 0.071 + 0.007 0.016 4 0.007 & 0.000
[4.,6.] —0.084 £ 0.027 4 0.005 —0.236 £ 0.092 £ 0.013 0.230 + 0.014 + 0.004 0.014 4 0.008 4+ 0.000
[6.,8.] —0.064 £0.014 £0.009 —0.078 £ 0.087 £ 0.018 0.175 + 0.033 + 0.008 0.009 4+ 0.007 + 0.000
[15.,19.] —0.013 £ 0.002 £ 0.010 0.068 4+ 0.008 4+ 0.011 0.024 + 0.006 + 0.015  —0.020 £ 0.009 =+ 0.008

Bin Q4 Qs Qs Qs
[0.1,0.98] 0.336 + 0.025 + 0.118 0.271 +0.005 +0.026  —0.018 + 0.007 + 0.003 —0.028 £+ 0.010 £ 0.007
[1.1,2.5] 0.276 4+ 0.052 %+ 0.052 0.337 £ 0.022 = 0.006 —0.011 & 0.005 & 0.002 —0.034 £ 0.014 £ 0.003
[2.5,4.] 0.089 4 0.066 + 0.025 0.430 4 0.021 + 0.013 —0.012 £ 0.004 £ 0.001 —0.026 £ 0.014 £ 0.002
[4.,6.] 0.018 + 0.035 + 0.017 0.324 +0.059 +0.019 —0.012 + 0.005 + 0.000 —0.016 £+ 0.011 £ 0.001
[6.,8.] —0.016 £ 0.028 £ 0.021 0.187 £ 0.074 +0.035 —0.008 & 0.005 & 0.000  —0.009 &£ 0.009 + 0.001
[15.,19.] —0.027 £ 0.004 £ 0.004 0.017 4 0.008 4+ 0.020 —0.002 £ 0.001 4+ 0.039 0.031 +0.013 £ 0.013

Bin QFL Q1 Q2 Q3
[0.1,0.98] —0.072 £ 0.051 £ 0.031 —0.055 £0.012£0.020 —0.018 £ 0.003 £ 0.001 0.002 4+ 0.001 4+ 0.001
[1.1,2.5] —0.133 £0.062 £0.009 —0.277 £0.034 +0.006 —0.048 4+ 0.014 4+ 0.003 0.010 4+ 0.004 + 0.001
[2.5,4.] —0.094 £ 0.062 £0.004 —0.378 £ 0.054 £ 0.005 0.153 + 0.062 + 0.007 0.016 4 0.008 %+ 0.000
[4.,6.] —0.065 £ 0.034 & 0.005  —0.239 £ 0.097 £ 0.013 0.231 +0.010 £ 0.004 0.014 4+ 0.008 4+ 0.000
[6.,8.] —0.051 £0.017 £0.009 —0.079 £+ 0.087 £ 0.018 0.173 + 0.032 + 0.008 0.009 4+ 0.007 + 0.000
[15.,19.] —0.013 £ 0.002 £ 0.010 0.068 4+ 0.009 4+ 0.011 0.024 + 0.006 + 0.015  —0.020 £ 0.009 &£ 0.008

Bin Qa Qs Qs Qs
[0.1,0.98] 0.372 + 0.016 + 0.060 0.076 +0.014 +0.041 —0.002 + 0.002 + 0.003 —0.027 £+ 0.012 £+ 0.003
[1.1,2.5] 0.269 4+ 0.055 4+ 0.047 0.319 +0.023 = 0.006 —0.008 + 0.005 + 0.002 —0.034 £+ 0.014 £ 0.003
[2.5,4.] 0.083 + 0.072 + 0.024 0.431 4 0.020 +0.013  —0.011 £ 0.005 £ 0.001 —0.027 £ 0.014 £ 0.002
[4.,6.] 0.012 4+ 0.040 + 0.017 0.327 4+ 0.056 4+ 0.019 —0.012 £ 0.005 £ 0.000 —0.016 £ 0.011 £ 0.001
[6.,8.] —0.023 £ 0.030 £ 0.021 0.192 +0.072 +0.034  —0.008 + 0.005 & 0.000  —0.009 + 0.009 + 0.001

[15.,19.]

—0.029 £ 0.004 £ 0.004

0.018 + 0.008 £+ 0.020

—0.002 £+ 0.001 = 0.039

0.031 £0.013 £ 0.013
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Bin T Ty Ts
[0.1,0.98] —— —— 0.002 £ 0.065 £ 0.027
[1.1,2.5] 0.991 £0.188 £ 0.182 —— 0.488 £ 0.162 4+ 0.090
[2.5,4.] 1.010 + 0.231 £ 0.028 0.133 £0.149 +0.012 —0.809 = 0.524 £ 0.177
[4.,6.] —— 0.040 £0.074 £ 0.007 —0.222 4 0.085 £ 0.032
[6.,8.] —— 0.002 £ 0.050 £ 0.008 —0.101 4 0.063 £ 0.030
[15.,19.] —0.047 £0.010 £ 0.014 —0.016 £ 0.002 £0.004 —0.021 £0.007 + 0.017
Bin T, Ts Ty
[0.1,0.98] —0.034 4+ 0.066 + 0.023 —— ——
[1.1,2.5] 0.094 £0.107 £ 0.023 —0.614 4 0.296 £ 0.250 0.974 £ 0.486 4 0.234
[2.5,4.] 0.146 £0.076 & 0.012 —0.371 + 0.120 £ 0.072 0.849 £+ 0.264 4+ 0.074
[4.,6.] 0.170 £0.053 £ 0.009 —0.319 +0.112 £ 0.055 0.817 £0.252 £ 0.071
[6.,8.] 0.183 £0.040 + 0.013  —0.346 = 0.371 £ 0.126 ——
[15.,19.] 0.205 £ 0.004 + 0.011 —— ——
Bin Bs Bgs M
[0.1,0.98] —0.075+0.010 £0.009 —0.166 = 0.009 + 0.003 —0.138 & 0.031 & 0.031
[1.1,2.5] —— 0.059 £0.048 + 0.005 —0.062 %+ 0.051 £ 0.006
[2.5,4.] —0.916 £ 0.202 £+ 0.077 —— —0.446 £ 0.163 + 0.022
[4.,6.] —0.552 £ 0.052 4+ 0.024 —— —1.009 £ 0.337 £ 0.079
[6.,8.] —0.439 £0.038 = 0.021 —0.577 £0.119 £0.028 —1.888 £ 0.668 + 0.376
[15.,19.] —0.369 £ 0.007 = 0.016  —0.374 = 0.007 £ 0.017 ——
Bin §5 é@s M
[0.1,0.98] 0.088 £0.013 £ 0.012 —0.054 + 0.011 £ 0.003 0.033 £ 0.003 £ 0.002
[1.1,2.5] —— 0.088 £0.050 £ 0.006  —0.094 £+ 0.054 £ 0.007
[2.5,4.] —0.916 £ 0.205 + 0.078 —— —0.453 £0.159 + 0.023
[4.,6.] —0.548 £ 0.053 4+ 0.024 —— —0.994 £0.328 £ 0.078
[6.,8.] —0.436 £ 0.038 = 0.021 —0.575+0.119 £0.028 —1.851 £ 0.651 & 0.369
[15.,19.] —0.367 £0.007 = 0.016 —0.372 £ 0.007 £ 0.017 ——
D.6 Rg-
R+
Bin [0.1,2] [2,4.3] [4.3,8.68] [16.,19.]
SM 0.988 £ 0.007 & 0.001  1.000 £ 0.006 4+ 0.000  1.000 £ 0.005 4+ 0.000  0.998 £ 0.000 £ 0.000
Scen.1 0.951 £0.096 +£0.021  0.871 £+ 0.093 £0.009 0.813 +0.026 £ 0.029 0.786 4 0.001 % 0.004
Scen.2 0.889 £0.102 £ 0.008  0.737 £0.028 +0.005 0.701 £0.016 +0.045 0.701 £ 0.003 £ 0.006
Scen.3 0.898 £0.142 £0.039 0.780 £ 0.142 £0.018 0.747 +0.090 £ 0.045 0.692 £+ 0.006 + 0.013

Scen.4

0.890 + 0.149 £ 0.043

0.742 £0.123 £ 0.019

0.690 £ 0.059 £ 0.052

0.655 4= 0.005 £ 0.015
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Full list of observables used in the fit

Fit to All Data

107 x BR(B* — K*u*u~)[LHCb] Standard Model Experiment  Pull
[0.1,0.98] 0.31£0.10 0.29+0.02 +0.2

[1.1,2] 0.32£0.10 0214002 +1.1

2,3] 0354011 0284002 +0.6

3, 4] 0.35+0.11 0.25+0.02 +0.8

[4, 5] 0344011 0224002 +1.1

[5, 6] 0344012  023+0.02 +0.9

6,7] 0.34£0.12  025+0.02 +0.8

7, 8] 0344013 0234002 +0.8

[15, 22] 0.97+£0.13 0.85+0.06 +0.9

107 x BR(B® — K" p~)[LHCb] Standard Model — Experiment  Pull

[0.1,2] 0.62+£0.19  023+£011 +1.8

12, 4] 0.64£020 037011 +1.2

14, 6] 0.63+£021  0.35+010 +1.2

6, 8] 0.63+£023 054012 +0.3

[15, 22] 0.90 £0.12 0.67+0.12 +1.4

107 x BR(B® — K*9u+pu~)[LHCD] Standard Model —Experiment  Pull
[0.1,0.98] 0.90 £0.83 0.89+0.09 +0.0

[1.1,2.5] 0.04+£0.34 0.46 £0.06 +0.2

2.5, 4] 0.62+£043  050+£0.06 +0.3

[4, 6] 0.88 £0.65 0.71+£0.07 +40.3

6, 8] 1.09 £+ 0.89 0.86 £0.08 +0.3

[15,19] 2.40 £ 0.23 1.74+£0.14 +24

10" x BR(B* — K**pTp )[LHCb]  Standard Model ~Experiment  Pull
[0.1,2] 1.36 £1.10 1.12+0.27 +0.2

(2, 4] 0.81 £0.55 1.12+£032 —-0.5

14, 6] 096071  050+£020 +0.6
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6, 8] 1.18 £0.96 0.66 £0.22 +0.5

[15,19] 2.59 +£0.25 1.60+0.32 +24

107 x BR(Bs — ¢ut ™ )[LHCD] Standard Model ~ Experiment — Pull
[0.1,2.] 1.55£0.34 1.11+£0.16 +1.2

[2.,5] 1554032 0774014 +2.3

[5.,8.] 1.88 £0.39 0.96 £0.15 +2.2

[15,18.8] 2.20£0.17 1.62+0.20 +2.2

Fr(B — K*ptp~ ) [LHCb] Standard Model —Experiment  Pull
[0.1,0.98] 0.224+0.24 0.26 £0.06 —0.2
1.1,2.5] 0.67£0.28  0.66=£0.09 +0.0

[2.5,4] 0.76 £0.24 0.88+0.11 —-0.4

[4, 6] 0.71+£029  0.61+0.06 +0.3

6, 8] 0.62+£0.33 0.58£0.05 +0.1

[15,19] 0.34+0.03 0.34+0.03 —0.1

Py (B — K*u*p~)[LHCD] Standard Model —Experiment  Pull
[0.1,0.98] 0.03 £0.08 —-0.10£0.17 +40.7

[1.1,2.5] —0.00 £ 0.06 —0.45+0.64 +0.7

[2.5, 4] 0.00 £ 0.06 0.57+240 —0.2

4, 6] 0.02£0.12 0.18+0.37 —-0.4

6, 8] 0.02£0.13  —020£0.28 +0.7

[15,19] —0.64 £ 0.06 —-0.50+£0.11 -1.2

Py(B — K*pt ™) [LHCD] Standard Model —Experiment  Pull
[0.1,0.98] 0.12£0.02 0.00£0.06 +2.1

[1.1,2.5] 0.44 £0.02 0.37+0.20 +0.3

[2.5, 4] 0.20£0.12 0.64+1.74 —0.2

14, 6] ~0.19+0.10  —0.04£0.09 —1.1

6, 8] —0.38+£0.06 —0.24+0.06 —1.5

[15,19] —0.36 £0.02 —0.36 £0.03 —-0.0

P3(B — K*pt ) [LHCD] Standard Model =~ Experiment  Pull
[0.1,0.98] —0.00£0.00 —0.114+0.08 +14

[1.1,2.5] 0.00 & 0.00 —0.35+£0.33 +1.1

[2.5,4] 0.00 £0.01 —-0.75£2.59 +0.3

[4, 6] 0.00£0.01  —0.08+0.19 +0.5

6, 8] 0.00 £ 0.00 —0.06 £0.15 +0.4

[15,19] 0.00 & 0.02 —0.08 £0.06 +1.3

Py(B — K*ptp~)[LHCb] Standard Model —Experiment  Pull
[0.1,0.98] —0.49 £0.17 —-0.37+£0.32 —-0.3

[1.1,2.5] —0.06 £ 0.16 0.33+£048 —0.8

[2.5,4] 0.55£0.20 1.43+£261 —0.3
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[4, 6] 0824014 0904035 —0.2

6, 8] 0.93 +0.11 1.204£0.27  —0.9

[15,19] 1.28 £+ 0.02 1.19+0.17 +0.5

P{(B — K*u* ™ )[LHCD] Standard Model —Experiment  Pull
[0.1,0.98] 0.67+0.14  039+0.14 1.4
[1.1,2.5] 0.194+0.12 0.29+0.22 -04

[2.5,4] —0.49£0.11 —-0.07+£036 -—-1.1

[4, 6] —0.82 £0.08 —-0.30£0.16 -2.9

6, 8] ~0.94+0.08 —051+£0.12 —3.0

[15,19] _0.57+£0.05 —0.68+0.08 +1.2

Pl{(B — K*u*u~)[LHCD] Standard Model —Experiment  Pull
[0.1,0.98] —0.06 £0.02 0.03+£0.14 —-0.7
[1.1,2.5] —0.07£0.03 —0.46+0.22 +1.8

2.5,4] _0.06+£0.03  0.21+096 —0.3

[4, 6] —0.04 £0.02 —-0.03+0.17 -0.0

6, 8] 0.02+001  —0.10+0.17 +0.4

[15,19] —0.00 £ 0.07 0.10£0.09 -0.9

Pi{(B — K*pt ™ )[LHCb] Standard Model —Experiment  Pull
[0.1,0.98] 0.02 £0.02 —-0.36 £0.35 +1.1
[1.1,2.5] 0.04 £0.03 0.42+0.54 —0.7

2.5, 4] 0.04+0.02  —0.18+1.30 +0.2

[4, 6] 0.03£0.02  —0.68£0.38 +1.9

6, 8] 0.02£0.01 0.34£029 -1.1

15, 19] ~0.00£0.03  —0.12+0.19 +0.6

P1(Bs — ¢t ) [LHCD] Standard Model — Experiment  Pull
[0.1,2] 0.11£0.08  —0.13£0.33 +0.7

2.,5.] 0114010  —0.38+147 +0.2

[5.,8] 0214011 0444127 +0.2

[15,18.8] —0.69 £ 0.03 —-0.254+£0.34 -1.3

Py(Bs — ¢ )[LHCD] Standard Model Experiment  Pull
[0.1,2] 0284014 —1.35+1.46 +0.7

[2.,5.] 0.81 £0.11 2.02+184 —-0.7

[5.,8.] 1.06+£0.06  0.40£0.72 +0.9

[15,18.8] 1.30 £ 0.01 0.62+049 +1.4

Pl(Bs = ¢~ )[LHCD] Standard Model —Experiment  Pull
0.1,2] ~0.07+£0.02  010+0.30 —0.6

[2.,5] ~0.05+0.02  —0.06+0.49 +0.0

[5.,8.] —0.02£0.01 0.08+0.40 —0.2

[15,18.8] —0.00 £0.07 029+£024 -1.1
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Fr(Bs — ¢utp™)[LHCD] Standard Model — Experiment  Pull
[0.1,2.] 0.43 £0.09 0.20£0.09 +1.8

2.,5.] 0.77£0.05  0.68+0.16 +0.5

[5.,8.] 0.61£0.06  054+0.10 +0.6

[15,18.8] 0.36 = 0.02 0294007 +0.9

B — K*%Te~ [LHCb] Standard Model —Experiment  Pull
F1,[0.0020, 1.120] 0.11 +0.16 0.16 £0.07r —-0.3
P1[0.0020, 1.120] 0.03 £0.08 —-0.234+£0.24 +1.0
P»[0.0020, 1.120] 0.03 £0.00 0.05£0.09 -0.2
P3[0.0020, 1.120) —0.00 £ 0.00 —0.07+£0.11 +0.6
Ri[LHCb Average] Standard Model Experiment  Pull
[1.1,6.0] 1.00 £0.00 0.85£0.06 +2.5

R [Belle] Standard Model — Experiment  Pull
[1.0,6.0] 1.00 £ 0.00 0.98+0.28 +0.1
[14.18,22.90] 1.00 £ 0.00 1.11+£0.30 —-04

Ry« [LHCD] Standard Model — Experiment  Pull
[0.045,1.1] 0.91 +£0.02 0.66 £0.11 +42.2
[1.1,6.0] 1.00 £ 0.01 0.69+0.12 +2.6

R~ [Belle] Standard Model Experiment  Pull
[0.045,1.1] 0.92 +£0.02 0.52+£036 +1.1
[1.1,6.0] 1.00 £ 0.01 0.96+046 +0.1

[15,19] 1.00 £ 0.00 1.18£0.53 —0.5

Pj(B — K*eTe™)[Belle] Standard Model —Experiment  Pull
[0.1,4] —0.09+0.15  —0.68+0.93 -+0.6

[4.,8.] 0.88 £ 0.12 1.04+0.48 —0.3
[14.18,19.] 1.26 + 0.03 0.30+£0.82 +1.2

P{(B — K*u"u~)[Belle] Standard Model — Experiment  Pull
(0.1, 4] —0.05+0.16  0.76+1.03 —0.8

[4.,8] 0.88 +0.12 0144066 +1.1
[14.18,19.] 1.26 + 0.03 0.20£0.79 +1.3

P!(B — K*eTe™)[Belle] Standard Model —Experiment  Pull
[0.1,4.] 0.1840.09 0514047 —0.7

[4.,8] —0.88+0.07 —052+£028 —1.3
[14.18,19.] —0.60 £0.05 —0.91+£0.36 +0.8

P{(B — K*u"u~)[Belle] Standard Model =~ Experiment  Pull
[0.1,4.] 0.17£0.10 042+041 —-0.6

[4.,8.] —0.89 £0.07 —-0.03+£0.32 —-2.7
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[14.18,19] ~0.60+£0.05 —0.13+0.39 —1.3

Fr(B — K*utu™)[ATLAS] Standard Model Experiment  Pull
[0.04,2.] 0.35£0.31 0.44+0.11 -0.3

[2.,4.] 0.75£0.24 0.64+0.12 +0.4

[4.,6.] 0.71£0.29  042+018 +0.8

P (B — K*ut ) [ATLAS] Standard Model Experiment  Pull
[0.04,2.] 0.02 £0.08 —0.06 £0.32 +0.2

[2.,4.] —0.00 £0.05 —-0.78 £0.66 +1.2

[4.,6] 0.02+£0.12  0.00£0.54 +0.0

P{(B — K*ut ™ )[ATLAS] Standard Model Experiment  Pull
[0.04,2.] —-0.35+0.15 —0.78+1.14 404

[2.,4.] 0.44£0.20 1.92+£094 —-1.5

[4.,6] 0824014  —1.62+0.97 +2.5

P{(B — K*pt ) [ATLAS] Standard Model —Experiment  Pull
[0.04,2.] 0.50 £0.10 0.67+£0.31 —0.5

[2.,4.] —0.36 £0.12 —-0.33+£034 -0.1

[4.,6.] _0.82+0.08  0.26+0.39 2.7

Pi(B — K*pt ) [ATLAS] Standard Model Experiment  Pull
[0.04,2.] —0.06 £0.02 —-0.18+0.21 +0.6

[2.,4.] —0.06 £ 0.03 031+£034 -1.1

[4.,6.] —0.04 £0.02 0.06 £0.30 —-0.3

Pi(B — K*pt ) [ATLAS] Standard Model —Experiment  Pull
[0.04,2.] 0.03 £0.02 0.44+081 —-0.5

2.,4] 0054002  —1.68+0.89 +1.9

[4.,6.] 0.03 £0.02 0.38 £0.67 —0.5

Py(B — K*u™pu™)[CMS 8 TeV] Standard Model —Experiment  Pull
1.,2)] 0.00£0.06  012+047 —0.3

[2.,4.3] 0.00 £0.05 —-0.69+0.59 +1.2

[4.3,6.] 0.02+£0.12 0.53+£038 —-1.3

6., 8.68] 0.01+0.14  —0474+0.30 +1.5

[16.,19.] —-0.69+£0.06 —0.53+0.23 -0.7

P{(B — K*u"u™)[CMS 8 TeV]| Standard Model — Experiment  Pull
[1.,2.] 0.33 £0.11 0.10+£0.34 40.6

[2.,4.3] —041+0.12  —0.57+0.37 +0.4

[4.3,6.] —0.84 £0.07 —-0.96 £0.27 404

6., 8.68] —0.95+0.08 —0.64+024 —1.2

[16.,19.] —0.53£0.04 —0.56 +£0.14 +0.2
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Fr(B — K*utpu™)[CMS 8 TeV] Standard Model — Experiment  Pull
[1.,2.] 0.62 +£0.30 0.64+0.12 -0.1

[2.,4.3] 0.75+£0.24 0.80£0.10 —-0.2

[4.3,6] 0.70£0.30 0624012 +0.2

6., 8.68] 0.61 £0.33 0.50£0.08 +0.3

[16.,19.] 0.34 £0.03 0.38£0.07 —0.6

App(B — K*ut ™ )[CMS 8 TeV| Standard Model —Experiment  Pull
[1.,2] —0.20+£0.19  —027+041 +0.2

[2.,4.3] _0.08+£0.08 0124018 +0.2

[4.3,6.] 0.10£0.12 0.01+0.15 +0.4

6.,8.68] 0234021  0.03+0.10 +0.8

[16.,19.] 0.34+£0.03  035+£007 -0.1

10" x BR(B — K*utp~)[CMS 8 TeV] Standard Model —Experiment  Pull
1.,2] 0404£0.26  046+0.08 —0.2

[2.,4.3] 0.86 £ 0.59 0.76 £0.12 +0.2

[4.3,6.] 0.84 £ 0.63 0.58+0.10 +0.4

6., 8.68] 1.524+1.26 1.26 £0.13 +0.2

[16.,19.] 1.65+0.15  1.26+£0.13 +2.0

Fr(B— K*putp™)[CMS 7 TeV] Standard Model — Experiment  Pull
1.,2] 0.62+£030  0.60+£034 +0.1

[2.,4.3] 0.75+£0.24  0.65+0.17 +0.3

[4.3,8.68] 0.63 £0.33 0.81+0.14 —-0.5

[16.,19.] 0.34 £0.03 044 +£008 -1.3

App(B — K*put ™ )[CMS 7 TeV] Standard Model — Experiment  Pull
[1.,2] —0.20+£0.19 0294041 +0.2

[2.,4.3] ~0.08£0.08 —0.07+£020 —0.1

[4.3,8.68] 0.19+£0.19 —-0.01+£0.11 +0.9

[16.,19.] 0.34 £0.03 0.41+0.06 -—-1.1

10" x BR(B — K*utp~)[CMS 7 TeV] Standard Model —Experiment  Pull
1.,2] 0404£026  048+0.15 —0.3

[2.,4.3] 0.86 £ 0.59 0.87+£0.18 —-0.0

[4.3,8.68] 260+£274  162£0.35 404

[16.,19.] 1.65 +0.15 156 £0.23 403

10° x BR(B® — K*9)[PDG] Standard Model ~ Experiment  Pull
4.53 £5.51 433+£0.15 40.0

10° x BR(B™ — K*T+)[PDG] Standard Model —Experiment  Pull
4.50 £5.70 4.21+£0.18 +0.1

10° x BR(Bs — ¢)[PDG] Standard Model — Experiment  Pull
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4.66 £1.29 3.50£040 +0.9
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