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Abstract
The high quality observations performed during the last two decades, have allowed to demonstrate, with high confidence range, that the Universe is in expansion and to be more precise in
accelerated expansion. In order to explain the accelerated evolution the name of dark energy was
coined. It refers to a some mysterious form of diffuse energy presumably permeating all corners
of the Universe as a whole. We may say that the canonical picture of our Universe defined in the
framework of General Relativity, whose field equation were found by Einstein in 1917, is built upon
the assumption that the observed acceleration is caused, in fact, by a rigid cosmological constant
term denoted by Λ. Thanks to the aforementioned cosmological measurements, we have been able
to pin down its value to an impressive level. Dark energy is not the only element, beyond the
conventional baryons and photons, required by the observations since we also need large amounts
of what is commonly call as dark matter. We call such an overall picture of the Universe the
“concordance (or standard) cosmological model” or simply ΛCDM.
Therefore, we attribute the observed accelerated expansion of the Universe to the existence of
a repulsive force, exerted by the Λ term, which works against the attractive gravitational force
and tends to push the clusters of galaxies apart at a speed continuously increasing with the cosmic
expansion. It is quite remarkable the fact that with so few ingredients (encoded in 6 degrees of
freedom indeed) the concordance model has remained robust and unbeaten for a long time. It is
consistent with a large body of very precise cosmological observations, like the cosmic microwave
background, the baryonic acoustic oscillations or the large scale structure data. Just to illustrate
what we have said, the ΛCDM is able to reproduce the anisotropies of the Cosmic Microwave
Background (the variations of the temperature field with respect to the mean value depending on
the direction we are looking at) with an astonishing precision, even if they are of order O(10−5 ).
In spite of the success of the standard model of cosmology in explaining the currect cosmological data, we do not know what is the origin at a deep theoretical level, of its building block,
namely the cosmological constant. We are still far from providing a satisfactory explanation at
the level of fundamental physics, for instance, in the context of Quantum Field Theory, quantum
gravity or string theory. This fundamental failure is at the very heart of the cosmological constant problem, which basically express our complete inability to obtain even an approximation
of the value of Λ, since each of the attempts made have failed in the prediction by many orders
of magnitude. Such a dramatic discrepancy between the theoretical predictions and the observed
value of Λ together with the unsatisfactory theoretical picture, has motivated the cosmologist to
seek for alternatives capable to predict, among other things, the cosmic acceleration beyond the
cosmological term. One of the most popular models, for instance, have been the scalar fields models, which try to explain the value of Λ in a purely dynamical way. We can extend this idea to a
more generic models for which the rigid cosmological term is replaced by some sort of dynamical
quntity which exhibits a mild time-evolution throughout or in a part of the cosmic history. Even
a more radical approach can be taken, namely, to assume that the General Relativity paradigm,
3

is not the correct one and that therefore we need to consider other possibilities. In regards to
this, it was the model proposed by Brans and Dicke in 1961, the first proposal to extend General Relativity in order to accommodate possible variations of the Newtonian coupling. However,
none of the alternatives is free from the severity of the cosmological constant problem, since in
one way or another we need to consider a fine tuning problem in order to adjust the small value of Λ.
On the other hand, there is no doubt that we are leaving in a very promising epoch, the beginning
of the precision Cosmology era. Due to the incredible advances in technology we are now able to
explore the Cosmos in detail, even the most recondite corners in order to gather information. Let
us just mention the most important advances in this field in recent years. On February 11 2016 the
first detection of the gravitational waves was announced by the LIGO and Virgo collaborations.
Gravitational waves are one of the most important predictions of the General Relativity and are
a disturbance of the space-time produced by the presence of accelerated masses. The event that
allowed the detection of the gravitational waves was a merger of a pair of black holes. Precisely
the second advance is related with black holes, which are also a prediction of Einstein’s theory. On
10 April 2019 the Event Horizon Telescope published the first direct picture of a black hole and
its vicinity. This couple of examples serve to illustrate how good are the improvements in the field
of modern observations. Hopefully the incoming precise measurements will allow us, in the near
future, to know more about the nature of dark energy/dark matter or even shed some light on
other theoretical problems like the hierarchy of the neutrinos or the observed matter-antimatter
asymmetry.
In fact, these accurate measurements have revealed recently some tensions affecting the ΛCDM.
On the first place, there is a most worrisome tension between the disparate current values of the
Hubble parameter H0 obtained independently from measurements of the local Universe and the
early Universe from the Cosmic Microwave Background. Currently the H0 -tension has reached
the 4σ. In another vein, we have some trouble in the structure formation data. The concordance
model predicts a value of σ8 (the current matter density rms fluctuations within spheres of radius
8h−1 Mpc, with h ' 0.7 the reduced Hubble constant) in excess by 2 − 3σ over the direct data
values at low redshifts. More specifically, the tension is in between measurements of the amplitude
of the power spectrum of density perturbations inferred using CMB data against those directly
measured by large scale structure formation on smaller scales Whether all these tensions are the
result of yet unknown systematic errors or really hint to some underlying new physics is still unclear. There remains, however, strongly the possibility that these discrepancies may just be the
signal of a deviation from the ΛCDM model.
In this thesis we focus on these problems of very practical nature. We study in detail a wide
range of cosmological models, either well grounded in the underlying theory or based on a phenomenological approach, in order to contrast their predictions against the wealth of cosmological
data and see if we can capture signs of new physics beyond the standard model.
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The layout of this thesis reads as follows. Chapter 1 is written in order to provide a general
context that will allow to understand the results presented in the subsequent chapters. We start
it by mentioning the most important events of the convulsed history of the cosmological constant,
going from its birth, when Einstein himself introduced this term in the field equations to get an
static Universe to its actual status which, as we have mentioned before, turns out to be an essential part of the current standard model of cosmology. In this chapter we also deepen into the
cosmological constant problem, formulating it in the context of Quantum Field Theory in curved
space-time. It is necessary to explain the main features of the ΛCDM model in order to be able
to properly judge the performance of the other cosmological models studied in this thesis. This
is the reason why also in this first chapter we provide the most important cosmological equations
that characterize this model. We conclude this chapter by presenting some important alternatives
to the ΛCDM.
Chapter 2 is dedicated to study the G-type and A-type models at the background and perturbation
level. Both are particular cases of a more general class of cosmological models named Running
Vacuum Models. These models are characterized by a time-evolving vacuum energy density, whose
expression can be motivated from the renormalization group equation in the context of Quantum
Field Theory in curved space-time. In the case of the G-type models apart from the mild evolution
of the vacuum energy density we also have a non-standard evolution of the Newtonian coupling
G(t) due to the expansion of the Universe. On the contrary, the evolution of ρΛ in the A-type
models is allowed due to an interaction with the ordinary matter. Compelling signs of dynamical
vacuum energy are found and the σ8 -tension is alleviated.
As we have mentioned previously the scalar fields have been studied for a long time in order to see
if they can handle some of the problems affecting the standard model of cosmology. In Chapter 3
we study in detail one of the most representative models characterized by the well-known Peebles &
Ratra potential. We compare its performance not only against the ΛCDM model but also against
two dark energy parameterizations, to wit the XCDM and the CPL. Once again promising signals
of physics beyond the standard model are found. This is a very welcome fact since it is reassuring
to find the same evidence, detected previously, in favor of dynamical dark energy for the scalar
field models, since they are different from the Running Vacuum Models in a fundamental way.
Chapter 4 is dedicated to extend the analysis performed in Chapter 2, but this time we also study
some phenomenological dynamical vacuum energy models. We update the the observational data
employed and we clearly identify where the signals in favour of a time-evolving vacuum come from.
In Chapter 5 the H0 -tension is directly addressed in the context of the dynamical vacuum models,
as well as, in the context of quasi-vacuum models, for which the equation of state parameter is
not rigid but a mild evolving quantity. The main outcome that can be extracted is that while the,
aforementioned models, are able to loosen the σ8 -tension, they are too limited to ease the other
tension affecting the ΛCDM, namely the H0 -tension.
The results displayed in the chapters mentioned until now, have been obtained upon the consideration of an approximate treatment of the Cosmic Microwave Background data through a compressed
likelihood. This fact is amended in Chapter 6 where a full-likelihood for this data has been taken
into account. The signs of dynamical dark energy found in Chapter 3 are reconfirmed.
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Finally Chapter 6 is dedicated to the study of the Brans-Dicke model. As we have commented
before this is the first extension of the General Relativity paradigm. The model incorporates an
extra degree of freedom encoded in a scalar field, which in addition to the metric field is responsible for mediating the gravitational interaction. The performance of this model when dealing with,
both, the H0 -tension and the σ8 -tension, is quite remarkable since it is able to alleviate them at a
time.
Additional and useful information is provided in the appendices. In the first of them, Appendix
A a detailed explanation on how to deal with the different sign conventions is given. In Appendix
B they way in which the perturbation equations are obtained, for the different cosmological models under study, is explained in the context of the Newtonian gauge. Appendices C and D are
dedicated to provide some analytical and semi-analytical solutions for the Brans-Dicke model, for
which it is not possible to find an analytical solution valid for the whole cosmic history. The last
appendix, Appendix E is focused in the explanation of the statistical methods employed to obtain
the results displayed in the aforementioned chapters.
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1

Introduction

We deem that a proper introductory chapter is necessary in order to lay the foundations, that
will allow to understand, the results displayed in the onward chapters of the dissertation. First
of all in Sec. 1.1, we briefly summarize the fascinating history of the cosmological constant (CC)
and its possible connection with the vacuum energy density, which as we shall see, has been
buried many times and resurrected the same times. 1 . Just after, in Sec. 1.2, we address the
well-known problem of the CC formulating it in the context of Quantum Field Theory (QFT).
We will pay special attention to the Running Vacuum Models (RVM), which will be studied in
depth throughout this thesis. To do so, we will have to deal with the concept of zero-point energy
(ZPE), the ground state of a given quantum system. The building blocks of the standard model
of cosmology, also known as Λ-Cold-Dark-Matter (ΛCDM), together with a brief explanation of
the theory of Inflation are presented in Sec. 1.3. The precise cosmological measurements obtained
in the recent years have revealed some tensions affecting the ΛCDM. We are going to comment
on the most important ones. Boosted by the motivation of solving some of those tensions, a wide
range of models, beyond the standard one, have been considered . In Sec. 1.4, we conclude the
introductory chapter by presenting some of the most important alternatives to the ΛCDM.

1.1

Historical context of the cosmological constant

It is important to put into historical context all the cosmological issues that we are going to talk
about. Therefore let us start summarizing some of the most important facts related to the cosmological constant, a term that was introduced by Einstein himself in the field equations in 1917
and its possible connection with the vacuum energy in the context of QFT. We start explaining
which was the motivation to introduce this constant in his field equations and how it affected the
cosmology at that time.
As it is well-known, since it is one of the most important events in the history of physics, in
1915 Albert Einstein [1] found the field equations that relate the geometry of the space-time with
the total amount of energy within it. They are written using tensors, in order to preserve the
general covariance of the theory. What this means is that the physical laws remain unchanged
under and arbitrary differential coordinate transformations. The resulting equations are non-linear
and contain partial derivatives of variables involved:
1
Rµν − Rgµν = 8πGN Tµν , 2
2
1

(1.1)

We want to make it clear, from the beginning, that this summary does not pretend to be exhaustive. Consequently only the most important events will be presented and regarding the different attempts of cosmological
models only the main features will be provided.
2
Throughout this thesis we consider the natural units convention, namely: ~ = c = 1. However, regarding the
Newton’s coupling GN we keep it explicitly in the equations, for convenience. When these conventions are not used
it will be indicated.
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where Rµν is the Ricci tensor, R ≡ g µν Rµν is the Ricci scalar, GN is the gravitational Newtonian
coupling and finally Tµν is the energy-momentum tensor, containing the contributions of all the
species considered. The field equations are at the very heart of the theory of General Relativity
(GR), which considers gravity as a geometric property of space, being its shape determined by the
presence of some sort of energy.
Soon, it was realized that this set of equations was, indeed, the perfect tool to study the dynamics
of the Universe once the content of matter is established. Of course this meant that cosmology
was taken to a whole new level. At that time it was generally accepted the fact that the Universe
was static and finite, so in order to fulfill these requirements, Einstein, in 1917 [2], introduced in
his equations a constant called Λ3 :
1
Rµν − Rgµν + Λgµν = 8πGN Tµν .
2

(1.2)

This is the origin of the cosmological constant. The addition of this constant term is perfectly
consistent with the covariance principal of General Relativity, since the covariant derivative on
both sides of (1.2) lead to ∇µ Gµν = 0, where Gµν ≡ Rµν − 21 Rgµν is defined as the Einstein tensor
and ∇µ (GN Tµν ) = 0. The former is the well-known Bianchi identity and it is satisfied due purely
geometric properties. The second equation is connected with the energy-momentum conservation,
and if we assume that Newton’s coupling GN is not a function neither of time nor space, it boils
down to a simpler form ∇µ Tµν = 0. So, unless we consider some sort of interaction, we are left
with
∇µ Λ = ∂µ Λ = 0 → Λ = const.
(1.3)
To get a static Universe what is needed is an equilibrium between the gravitational attraction
and the repulsion caused by the CC term. In a Universe full of dust (note that for a moment we
consider the CC as a pure geometrical term and not as another form of energy), with an energy
density ρm , the equilibrium is achieved if Λ = 4πGN ρm . This model is affected by stability problems and this was pointed out some years after by Lemaı̂tre [3].
Even if we consider that, as we have mentioned before, the general belief was that the Universe
was static and finite, the introduction of the CC in the field equations was controversial from the
beginning. The lack of a physical meaning, behind the CC term, provided by Einstein and the
stability problems caused that the static Universe was far from be completely accepted by the
cosmologists. Let us mention some relevant events of that period. Immediately after Einstein’s
publication the Λ terms started to be deeply studied by the community and the first attempts
either to connect the CC with something else or to remove it from the field equations did not have
to wait. The very first cosmological model after the introduction fo the CC was presented by the
Dutch physicist, Willem de Sitter in 1917 [4] (actually just one month later after the born of the
CC !). For the sake of convenience we will provide the features of this model later on. In 1918
the famous Austrian physicist, Erwin Schrödinger [5], suggested the possibility of identifying the
3

Actually he employed λ to describe the cosmological constant term, however, taking into account that for the
rest of the thesis we are going to denote this term with Λ we stick with that from the beginning.
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CC with a negative pressure, just by moving the term Λgµν to the r.h.s. of the field equations
and defining pΛ ≡ −Λ/8πGN . However, Einstein refused this idea, as interesting as the it might
seems, because by doing this association we would go too deep into, what he considered, as a mere
hypothesis. At that time, they probably were unaware of the fact that they were laying the basis
of the debate, still alive, about whether dark energy exists or not. Efforts to obtain a cosmological
model of the observed Universe, based on Einstein’s field equations, continued, so that, in 1922
and 1924 the Russian physicist, Alexander Friedmann, came up with two fundamental articles for
the development of modern cosmology [6] and [7]. In them he studied different solutions of the GR
field equations such as models with different values of the CC and spatial curvatures. In particular
he considered the possibility of having a Universe with Λ = 0 and matter distributed in an homogeneous and isotropic way. 4 Upon inserting these assumptions into Einstein’s field equations
he was able to calculate the rate at which the Universe would expand or contract, depending on
the energy budget considered. The equations presented in this pair of articles are the ones that
we are still using to study the evolution of the geometry of the Universe within a given model
at the background level, as long as, we assume the same conditions of homogeneity and isotropy
considered by Friedmann.
As cannot be otherwise, the theoretical advances are closely linked to the experimental ones, and
cosmology is not an exception. Between 1912 and 1915, Vesto Slipher, an American astronomer,
observed the Doppler shift (a redshift to be more precise) in the spiral nebulae by measuring their
radial velocities. What these observations means, assuming they were correct, is that the nebulae
were receding from us. Although the results were controversial, they can be considered as the first
empirical hint of an expanding Universe and consequently the first experimental evidence against
the static Universe model. In 1917, de Sitter, took into great consideration the measurements carried out by Slipher and presented a new cosmological model [4]. In this early model the Universe
is completely dominated by Λ, thus an eternal expansion is predicted due to the repulsive force
exerted by the CC. It is the first dynamical cosmological model and it can perfectly accommodate
the observed redshift of the spiral nebulae measured by Slipher. Despite the fact that the original
model was not properly formulated, from the mathematical point of view, currently the model in
which the energy budget is totally dominated by Λ is known as the de Sitter model.
Einstein, aware of the growing evidence, not only from the theoretical point of view but also
from the experimental perspective, against the static model, began to wonder if it made any sense
continuing consider the CC term. In 1923 in a letter addressed to the German physicist and
mathematician, Hermann Weyl, he expressed his doubts with the following words: If there is no
quasi-static world, then away with the cosmological term. As we are about to see things were going
to get worse for the static model.
4

In agreement with the Cosmological Principle, which states that at large-scale matter in the Universe is distributed in a homogeneous and isotropic way. Although we do not have an experimental confirmation for this
principle, most of the cosmological models are based on it.
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In 1929 took place a breakthrough in cosmology. Of course we are talking about the article
presented by the American astronomer Edwin Huble [8], in which he displayed the results obtained after years of accurate observations. The main outcome that one can extract from his work
is the linear relation found among the distance to the distant galaxies and the velocity with which
they are moving away from us, namely: v = H0 d. We will see that this relation can indeed be
derived, for small redshifts, from a model of an expanding Universe described by the FriedmannLemaı̂tre-Robertson-Walker (FLRW) metric. The term H0 is known as the Hubble constant and
its first measurement was H0 = 525km/s/Mpc. Two years after, the results were confirmed by
Hubble himself and Humason [9]. As one can easily imagine, this revolutionary discovery forced
to abandon definitively the static model, since it is not possible to accommodate the observed
recession of the galaxies within that model. Actually, Hubble’s work, did not take, some of the
cosmologist of the time, by surprise. Before Hubble presented his results, Lemaı̂tre, in 1927, published an article [3] where he considered the possibility of a cosmological model in which appears
Λ > 0, and a Universe fill of matter and in a state of expansion. The measured recession velocity
of the extra galactic nebulae are just a consequence of the expansion of the Universe. He first
published the article in a Belgium journal, with little impact, and this is the reason why the model
began to be known after the publication of the Hubble relation. In 2018, with the aim of amending
the injustice committed against Lemaı̂tre, it was decided that the Hubble’s law should actually be
renamed as Hubble-Lemaı̂tre law.
As expected the empirical relation between the recession velocity and the distance to the galaxies did no go unnoticed by most cosmologist at the time, who did their best to try to explain
the ultimate cause of the expansion of the Universe. In 1930 de Sitter claimed that the element
responsible for the expansion of the Universe cannot be other than the Λ term. In an article
called, Algemeen Handelsblad, the Dutch physicist wrote: What makes the Universe expands or
swell up? That is done by lambda. No other answer can be given. As can be easily understood, in
the light of the events that he have just mentioned, it was not a good time for the static model.
The Hubble-Lemaı̂tre law was a serious blow to Einstein’s static model, which we remember was
already affected by theoretical problems.
In 1931 Einstein definitely gave up the idea of the CC. The Soviet-American physicist George
Gamow, wrote the following words [10]: When I was discussing cosmological problems with Einstein, he remarked that the introduction of the cosmological term was the biggest blunder he ever
made in his life. We must say that if Einstein actually said that words, is a matter of debate, since
there are no evidences, in his published works, that he made such a dramatic statement. What is
clear is that due to the introduction of the Λ term to get an static Universe Einstein missed the
great opportunity to predict the phenomenon of the expansion of the Universe corroborated by
Hubble’s observations. In 1932, in collaboration with de Sitter, [11] Einstein studied a cosmological
model with Λ = 0, Ωk = 0 (begin that term the relative curvature density) and the Universe filled
completely with non-relativistic matter. This is the first time that Einstein studied a model, in
which the idea of an expanding Universe is totally embraced.
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Even if Einstein himself abandoned the idea of the presence of the CC in the field equations,
this did not mean at all that others did the same. Lemaı̂tre related, for the first time, the Λ term
with the notion of vacuum energy. However there were no mentions to a possible connection with
the concept of ZPE. Unfortunately for Lemaitre, his idea did not attract much attention at that
time, since the conception that Λ is a geometrical term, or in other words, has nothing to do with
any form of energy was widely extended among the cosmologist. As a consequence there were very
few mentions to Lemaı̂tre’s idea in the following years. Nevertheless, someone did pay attention
to this promising connection. In 1933 it is possible to find a very interesting attempt to relate the
cosmological constant term with the vacuum energy [12]. The Russian physicist, Malvi Bronstein,
proposed a model which considers not only the CC term but also a possible time-evolution of it!
Even if he actually did it only for the sake of generality, it is quite remarkable that at that early
stage of the modern cosmology the idea of a variable CC was considered. The model also includes
an exchange between the vacuum energy and the ordinary matter. He related the evolution of Λ
with the dynamical character of the Universe allowing the principle of energy conservation to be
violated, following Bohr’s idea, suggested in [13].
In the first decade after the end of the World War II those models with a non-zero CC were
not well considered and the general opinion was that Einstein was right in taking out of the picture the Λ term. The next attempts to revive the cosmological constant were due to the need to
accommodate certain astrophysical measurements within a cosmological model. In the 1960’s it
was measured a peak for the number counts of quasar as a function of redshift at approximately
z ∼ 2 and in the first term it was thought that it could be explained thanks to a model with Λ 6= 0.
Now there is an astrophysical explanation for this phenomenon. Going a bit further in time, in
1975, we can find another re-appearance in the context of astrophysics when James Gunn and
Beatrice Tinsley studied how the deceleration parameter q, which is a dimensionless parameter
that tell as about the acceleration of the expansion of the Universe, changes when a positive CC is
considered. In the context of GR, when we have q < 0 means that Λ > 0. Their main conclusion
was that the most favoured model was the Lemaitre’s model with H0 > 80km/s/Mpc. They stated
that the ultimate nature of the Λ terms was far from be completely understand but they suggested
a possible connection with the QFT without entering in the details at all.
So far, we have mentioned some attempts to endow the CC with a physical meaning, but none
of them deepen in the possible connection of Λ with the quantum properties of the vacuum. We
had to wait until the late 1960’s in order to get this link properly formulated. In the period of
1965-1968, thanks to the works of Érast Gliner [14, 15] the connection between the CC and the
Quantum Mechanics began to acquire importance. He worked with the possibility that the Universe started its expansion phase due to the fact that it was in a vacuum-like state, in a similar
way that the theory of Inflation, which was formulated some years later.
We have reached a critical point in the history of the cosmological constant. It is time to talk
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about the Russian physicist Yakov Zel’dovich and its formulation of, what nowadays is known as
the cosmological constant problem in the context of QFT [16]. In on of his papers, [17], he stated:
A clarification of the existence and magnitude of the cosmological constant will be of tremendous
fundamental significance also for the theory of elementary particles. He revived the Λ term introduced by Einstein from the ashes once again. As we have already mentioned, the ZPE is the
state of a quantum system with the lowest possible energy. The approach taken by Zel’dovic was
to consider that the CC arises, precisely from the contribution of that ground state. We will say
more about that later on, but the main idea behind the computation of the ZPE contribution
is to consider that the quantum field is represented by an infinite collection of oscillators, each
oscillating with its own mode or frequency. The total value is obtained upon integrating over
all the modes. This type of integral give an infinite result and something must be done in order
to obtain a finite and physical result. Whether or not the ZPE contribution, emerged from the
quantum fluctuations of the corresponding quantum field, is real or not is still a matter of debate
today. The effect that we are going to talk about next, can be seen as an argument in favour of
its existence and consequently can shed some light in the discussion.
In 1948, took place an important event for the area of particle physics. That year the Dutch
physicist Hendrik Casimir, predicted a phenomenon later known as the Casimir effect. What
Casimir claimed was that there exists an attractive force created between two conducting and
parallel plates even when the whole system can be considered to be in the vacuum and at zero
temperature. The analytical expression found for the aforementioned force per unit area takes the
expression:
π 2 ~c
.
(1.4)
F =−
240 d4
As can be noted this time we have explicitly written the constant ~ (the speed of light denoted by
c too) in order to underline the fact that the force is a pure quantum effect. With d we refer to
the distance between the plates and the minus sign explicitly says that the force is attractive, as it
was mentioned before. The connection with QFT appears when one considers that because at zero
temperature there are no real photons between the plates, thus the only thing that can produce
the attraction among the plates is the vacuum itself, which in this case is the ground state of the
Quantum Electro Dynamics (QED). The Casimir effect received the first experimental support
thanks to Marcus Sparnaay [18]. Nevertheless it is considered that the definitive confirmation of
the existence of this phenomenon took place in 1997, [19]. Taking into account that the Casimir
effect was predicted approximately 20 years ago than the moment when the connection between
Λ and the ground state of the QFT, it may come as a surprise that particle physicist were not
involved earlier in the problem. Indeed it was Steven Weinberg, the American theoretical physicist, who wrote: Perhaps surprisingly it was a long time before particle physicist began to seriously
worry about this problem despite the demonstration in the Casimir effect of the reality of the ZPE.
Going back to Zel’dovich’s contribution, he made clear his intention to bring back to life the
cosmological term introduced in 1917. Referring to this issue he stated: The genius has been let
out of the bottle and is no longer easy to force it back in ... In our opinion, a new field of activity
17

arises, namely the determination of Λ. As we have mentioned before if we try to solve the involved
integrals in the computation of the ZPE inevitably we will meet infinities. A way out to this problem is impose a cutoff Λc which means that you are considering the theory of the quantum field in
question only valid up to the value of the selected cutoff. By doing so, we are lead to a result like
this ρvac ∼ Λ4c . Zel’dovich realized that for instance if the proton mass mp , it the chosen value for
the cutoff then ρ ∼ m4p ∼ 1GeV4 . At the time of Zel’dovich was addressing the CC problem there
was no experimental measurement for ρΛ , however the upper bound of the critical energy density
ρ0c ∼ H02 /GN ∼ 10−47 GeV4 was in force. In order to find a better agreement and due to the lack
of ideas Zel’dovich tried to construct a dimensional consistent value for ρvac , employing once again
the proton mass. He ended up with the following estimation ρvac ∼ GN m6p ∼ 10−38 GeV4 . The
estimation can be even improved if instead of the proton mass is the pion mass mπ ∼ 0.1GeV
the one that enters in the computation. It is important to remain that these numbers are just
numerical estimates ant there is no theoretical support for them. It can be considered that at this
point is when the CC problem starts.
In the period 1970-1990 the experimental verification of the electro-weak (EW) theory, mainly
developed by: Sheldon Glashow, Abdus Salam and Steven Weinberg [20–22] together with the
developments in theories of spontaneous symmetry breaking (SSB) drawn the attention of some
particle physicist (among other theoretical physicist) to the CC problem. In particular the intervention of Alan Guth, Andrei Linde, Andreas Albrecht, Paul Steinhart and Alexei Starobinsky
turned out to be crucial in the development of Inflation. Later on, we will spent some time talking
about the main characteristics of Inflation, as well as, the handful of problems that it solves at
once. Here, it is enough to say that Inflation considers that the Universe underwent a period of
accelerated expansion, triggered by some sort of source that exerts a negative pressure, the same
effect that vacuum energy density produces. Consequently this was considered as an endorsement
of the connection between the CC term and the particle physics.
Another important discovery, that cannot be omitted, was the accidental 5 discovery, by the American radio astronomers Arno Penzias and Robert Wilson of an electromagnetic radiation measured
in all directions of the sky and called Cosmic Microwave Background (CMB) in 1965 [23]. The
origin of this relic radiation is in the early Universe and it is predicted by the Big Bang model.
After the Big Bang the Universe consisted in a hot plasma of elementary particles, that formed
complex structures as the Universe expanded. In particular when the Universe cooled enough
electrons and protons could form neutral hydrogen atoms, this process is known as recombination. At that moment the photons were no longer scattered by the Thomson process and they
traveled free. The CMB we observe at the present moment is composed of those same photons,
only with lower temperature (T ∼ 3K), due to the expansion of the Universe. At first glance the
5

Penzias and Wilson at the Bell Laboratory in New Jersey detected in 1965 a “noise” that seemed to come from
all parts of the sky. They tried to eliminate it by all means, but they failed. It was then when they started to
think that maybe that sound was something else than just noise. Indeed it was, they have discovered the Cosmic
Microwave Radiation. They received the Nobel Prize in Physics in 1978.
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CMB may appear as homogeneous and isotropic, but looking in more detail anisotropies of order
∆T /T ∼ O(10−5 ) can be appreciated. This data source has become one of the most important
when testing cosmological models.
In the period 1970-1990 many efforts were directed to discern whether or not we live in a Universe
with Λ = 0. Unfortunately, none of them were able to conclude neither if Λ = 0 nor Λ 6= 0 until
1998 came and the supernovae type Ia (SNIa) shed light on the matter. This year the Supernova
Cosmology Project (SCP) [24] and the High-redshift Supernova Search Team (HSST) [25], claimed,
independently, the confirmation of the late-time cosmic acceleration, using both supernovae as a
source of cosmological data. Supernovas are extremely luminous explosions and can be classified
according to their characteristic spectrum. Both teams employed SNIa, taking advantage of the
fact that for this kind of supernovas, the absolute luminosity can be considered to be constant at
the peak of brightness. Since the apparent luminosity can be measured, it is possible to determine
the distance to the SNIa considered in each case. This is why the are usually called“standard
candles”. All in all, the results reported by the two teams can be translated, if a spatially flat
Universe is assumed, to:
SCP :

Ω0Λ = 0.71 ± 0.07

HZT :

Ω0Λ = 0.76 ± 0.10.

The fact that the two teams, working independently, had come to the same conclusion, helped
convince the cosmologist of a model with Λ 6= 0.
Since then, the evidence in favor of the hypothesis Λ 6= 0 has only grown. Due to the incredible
amount of cosmological data, at our disposal, coming from different techniques: Baryonic Acoustic Oscillations (BAO), Large Scale Structure (LSS), Strong Lensing (SL), Cosmic Chronometers
(CC), etc. The evidence in favour of Λ 6= 0 has reached an astonishing level. For instance, according to the Planck 2018 TTTEEE+lowE+lensing results, within the ΛCDM, the obtained value for
the relative density of the cosmological constant term is Ω0Λ = 0.6847 ± 0.0073, which implies that
Ω0Λ > 0 at 94σ c.l. !
Despite the tremendous success achieved in determining the value of the Λ term and its corresponding relative energy density Ω0Λ , the job is far from be done. Remember, Λ was introduced
by Einstein to get an static Universe and no theoretical justification was provided. More than one
hundred years has passed and we still have to provide an explanation for such a small value of the
CC and explain from the physical principles what is behind that mysterious term. As we have
seen the history of the cosmological constant is full of ups and downs and surprises and we have
no reason to expect more of that in the incoming years.
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1.2

Vacuum energy density in QFT and the cosmological constant problem

It is time to properly introduce the old CC problem. As it was mentioned before, this problem
was formulated, for the first time, by Zel’dovich [16, 17], and basically consists in the tremendous
mismatch between the computed value of ρΛ,eff , considering the different contributions from QFT,
and the experimental measure ρ0Λ , which turns out to be of order ∼ O(10−47 )GeV4 in natural
units. In the following we are going to deal with some of the contribution that, in principle, should
be considered in the theoretical computation of the vacuum energy density. If we assume, that we
are able to compute all the contributions to get the total induced part we end up with the equality:
ρΛ,eff =

Λ
+ ρΛ,ind .
8πGN

(1.5)

Here we have chosen the label effective to denote the quantity that appears in the cosmological
equations but it is also usually referred as the physical value in the sense that it is the one to which
we have experimental access. The term ρΛ = Λ/8πGN is the one that appears in the action of the
cosmological model considered and it is not related with any form of energy. In the following we
are going to compute some of the terms that we should include in the ρΛ,ind term.
Let us start by looking at the part coming from the Electro-Weak (EW) sector. This successful and amply tested QFT was formulated by Glashow, Weinberg and Salam [20–22] and unifies in
a beautiful way the electromagnetic interactions, mediated by photons and the weak interactions,
responsible for the nuclei decay. In order to be a renormalizable theory, two important ingredients
are necessary, the local gauge invariance and the spontaneous symmetry breaking (SSB). The SSB
mechanism is the only known way to generate fermion’s masses while the gauge symmetry is preserved.
The implementation of this mechanism in the Standard Model of particle physics goes with a
potential, which if we want to keep renormalizable it must not contain operators with dimension
greater than four, in natural units. To study the SSB phenomena let us consider a simple potential
for the Higgs boson with a real scalar field:
λ
1
Class
VHiggs
(Φ) = m2 Φ2 + Φ4
2
4!

(λ > 0).

(1.6)

Class (Φ) and Φ, 4 and 1 respectively in natural units. As it was stated we
Being the units of VHiggs
are treating with the CC problem, as a consequence gravity cannot be omitted. Since we do not
have a quantum theory for the gravity, here we are going to address the problem considering the
gravitational effects as if they were caused by an external field and we quantize only the matter
fields. Having said that, the potential, for the moment does not contain quantum effects, namely
it is the Higgs potential at tree-level. Clearly the above potential is invariant under reflection
transformation Φ → −Φ, however this symmetry is broken when the scalar field acquires its
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ground state value, or in other words its vacuum expectation value v ≡ h0|Φ|0i 6 . The total action
for the system is composed by the usual EH action plus the action for the scalar field with potential
Class (Φ). For the sake of simplicity let us suppose that there are no other forms of matter. The
VHiggs
total action, conveniently divided in two pieces, then takes the form
ˆ
√
1
(1.7)
d4 x −gR + S̃[Φ]
Stot =
16πGN
being
ˆ
S̃[Φ] = S[Φ] −

4

ˆ

√

d x −gρΛ = −

4

√

d x −g




1 µν
Class
g ∂µ Φ∂ν Φ + VHiggs (Φ) + ρΛ .
2

(1.8)

Once we have the expression for the action it turns out very simple to obtain the associated
energy-momentum tensor:


−2 δ S̃[Φ]
1 αβ
Φ
Class
Φ
T̃µν = √
= −gµν ρΛ +∂µ Φ∂ν Φ−gµν
g ∂α Φ∂β Φ + VHiggs (Φ) ≡ −gµν ρΛ +Tµν
. (1.9)
−g δg µν
2
At this point, as previously mentioned, we stay at the classical level which means no quantum
corrections and no bare parameters. Since we are interested in the vacuum contributions from the
scalar field, or in other words, the contributions coming from the ground state, the kinetic term
does not contribute, consequently the vacuum expectation value of the energy-momentum tensor
is
Φ
Φ
Class
hT̃µν
i = −gµν ρΛ + hTµν
i = −(ρΛ + hVHiggs
(Φ)i)gµν .
(1.10)
Class (Φ)i, we need the SSB mechanism to be in force, which means
To get a non-null value for hVHiggs
Clas (Φ)i = 0. At the classical level it is
m2 < 0, otherwise if m2 > 0, v = 0 and consequently hVHiggs
straightforward to find the ground state value of the scalar field once we have the potential, in this
particular case it can be written in this way
r
−6m2
.
(1.11)
hΦi = v =
λ

This vacuum expectation value contributes to the induced vacuum energy due to the electroweak
phase transition by the Higgs potential. The total contributions can be computed if we first
consider the following relation
GF
g2
1
√ =
= 2,
(1.12)
2
2v
8MW
2
−1/2

between the Fermi scale MF = GF
' 293GeV and MW , the mass of the bosons W ± . From
the potential it is also possible to obtain the physical mass of the Higgs boson, determined by the
2 = ∂ 2 V Class (Φ)/∂ 2 Φ|
2
oscillations of the field around the minimum, MH
Φ=v = −m > 0. With all
Higgs
of these ingredients we are finally able to compute the aforementioned EW contribution:
Clas
ρEW
Λ,ind = hVHiggs (Φ)i = −

3m4
1 2 2
= − MH
MF ∼ O(108 )GeV4 .
2λ
8

6

(1.13)

In order to check this the only thing that we need to do is introduce a tiny perturbation in the scalar field and
make the replacement Φ = v + δΦ. The resulting potential is no longer invariant under a reflection transformation
Clas
Clas
VHiggs
(δΦ) 6= VHiggs
(−δΦ).
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The following comment is in order with respect to the above result: even if we stay at the classical
level and we only look at the electroweak sector the predicted vacuum energy density is really far
from the measured value which, remember, turns out to be ρ0Λ ∼ 10−47 GeV4 , therefore:
ρEW
Λ,ind
ρ0Λ

∼ O(1055 ).

(1.14)

The Higgs boson has been detected in the LHC [26], and its mass is approximately MH ' 125GeV
so (1.13) is nor something hypothetical neither something that can be simply omitted. We should
also take into account the contribution from Quantum Chromodynamics (QCD) the theory dealing with the strong interactions between quarks and gluons. Due to the phenomenon known as
asymptotic freedom the behaviour of the characteristic coupling of QCD is opposite to that given
in the electroweak sector in the sense that the lower is the energy the stronger is the coupling.
This causes that the vacuum state, which is non-null because of the quark and gluon condensates,
happens to be a non-perturvative state. We are not going to enter in the details of the QCD ground
state since it is a very complicate field, however we can get a rough estimation of the associated
energy density just by considering the typical scale of the QCD, namely ΛQCD ∼ 0.2GeV and
−3
4
therefore ρQCD
Λ,ind ∼ ΛQCD ∼ 10 GeV. As it can be seen even if this value is much smaller than the
Class
one obtained from the electroweak sector at classical level, ρEW
Λ,ind = hVHiggs i, it is still far from the
measured one ρ0Λ . As if this were not enough we still need to account for the quantum corrections
of the Higgs potential, as well as, the pure quantum effect from the ZPE. So if we consider all
the contributions that we have been talking about and we put all of them together, the following
equality should hold
X
X
(i)
(i)
EW
~i VHiggs +
ρ0Λ = ρΛ + ρQCD
~i VZPE .
(1.15)
Λ,ind + ρΛ,ind +
i

i

4
−3
EW
Remember that the measured value is
∼
whereas ρQCD
Λ,ind ∼ 10 GeV and ρΛ,ind =
Class (Φ = v) ∼ 108 GeV4 . On the other hand the last two terms correspond to the quantum
VHiggs
correction from the Higgs sector and the contribution from the ZPE respectively. We shall see a
little more about those terms later on. All in all, what we have here is an extremely fine-tuning
problem since the left hand side should be equal to the right hand side and considering that in the
right part there are terms many orders of magnitude greater than the measured value this seems
very unnatural. A tremendous compensation between the very huge terms should take place. The
mismatch is devastating even if we stick and the classical level and as one can imagine the situation
does not get better if the quantum contributions comes into play. For instance, even if we consider
the contributions of the 21th order in perturbations theory for the Higgs potential we still have
contributions comparable to the measured value for the vacuum energy density. The cosmological
constant problem, as can be appreciated from the above discussion, is without any shadow of
doubt, one of the most difficult problems physics has ever had to deal with.

ρ0Λ

1.2.1

10−47 GeV4

Quantum corrections in Minkowski space-time

So far, we have omitted the quantum effects coming from the Higgs potential. To amend this fact
we have to deal with a powerful tool, the effective action. This object is tantamount to the action
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at the classical level in the sense that through the principle of least action is it possible to obtain
the equations of motions for the ground state of the quantum field, which as we have mentioned
before it contains the quantum corrections up to the desired order in perturbation theory. As
is well known if someone wants to mess with the quantum correction should be ready to handle
infinities and properly remove them by applying a renormalization scheme and of course here we
are not going to be free of that. Our ultimate goal is to apply this formalism to the potential (1.6),
however it turns out very easy to keep in the expressions a general potential V (Φ) and at the end
obtain the result for the particular case of the Higgs potential. We are going tho follow most of the
notation employed [27]. In this section we explicitly write ~ (even in most of the thesis we employ
the natural units ~ = 1) to make the units clear at all time. The starting point is the generating
functional of correlations functions:
ˆ
´ 4
i
−iE[J]
(1.16)
Z[J] = e
= DΦe ~ [Sm [Φ]+ d yJ(y)Φ(y)] .
In the above expression we can see the Sm [Φ], which is the classical matter action considering only
the contribution of a scalar field, and J denoting an external source. What makes this functional so
useful is the fact that by simply taking functional derivatives we can get the correlation functions.
It turns out convenient to also define the functional E[J] which is the vacuum energy as a function
of the external source. Worth remembering we want to compute the vacuum expectation value of
the quantum field Φ, to do so, it is necessary to compute the functional derivative of the energy
functional with respect to the external source
´ 4
´
i
DΦΦ(x)e ~ [S[Φ]+ d yJ(y)Φ(y)]
δE[J]
´
= −hΩ|Φ(x)|Ωi.
=− ´
i
4
δJ(x)
DΦe ~ [S[Φ]+ d yJ(y)Φ(y)]

(1.17)

The last term in the above expression is the vacuum expectation value of the quantum field in the
presence of an external source. Note the difference between the vacuum state |Ωi when J 6= 0 and
the one |0i where J = 0. In order to lighten the notation, from now on, we are going to use the
following definition
Φcl ≡ hΩ|Φ(x)|ΩiJ .
(1.18)
Now we are ready to build up the effective action:
ˆ
Γ[Φcl ] = −E[J] − d4 yJ(y)Φcl (y),

(1.19)

where as it can be appreciated it is a functional of Φcl . Again through a functional derivative we
can obtain the following relation
δΓ[Φcl ]
= −J(x),
(1.20)
δΦcl
and in the absence of the external sources
δΓ[Φcl ]
= 0.
δΦcl

(1.21)

This is the equation that we have been looking for in this section. When we consider the quantum
corrections to the ground state the effective action replaces the classical action. Therefore, if (and
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sometimes this is a big if) we are able to compute the effective action and solve (1.21) we would get
the values of the ground state in the absence of external sources and then the only thing left to do
would be substitute those values in the effective action to know the induced contribution coming
from the quantum corrections of the Higgs potential. Actually the induced contributions does not
come from the effective action but from the effective potential. Fortunately, the effective action
turns out to be an extensive quantity, namely it is proportional to the 4-dimensional volume, as a
consequence
ˆ
Γ[Φcl ] = −

d4 xVeff (Φcl ) − V4 Veff (Φcl ).

(1.22)

The above expression can be used as the definition of the effective potential. Quite often the
effective action is not easy to compute even if we apply the perturbation theory. Here we stick at
the first order beyond the tree level, and for this purpose, we are going to make use of the one
loop approximation of the effective action computed for instance .....


2
Ren
δ S [Φ]
i~
 + δS[Φcl ] + O(~2 ),
(1.23)
Γ[Φcl ] = S Ren [Φcl ] + ln det −
2
δΦ(x)δΦ(y)
Φ=Φcl

where S Ren [Φcl ] is the classical action for the scalar field but containing only the renormalized
parameters and δS[Φcl ] contains the counterterms that eventually will absorb the infinities that
arise from the divergent integrals.
One important thing that should be remembered when we stick to the renormalization program is
that the parameters that appear in the action are not the physical ones, but the bare parameters,
where the counterpart should be clearly separated. Later on we shall see how we do that explicitly.
In the case of the scalar field action the bare parameters are contained in the potential. Bearing
this in mind we can write the action in flat space-time as:


ˆ
1 µν
g ∂µ Φcl ∂Φcl + V (Φcl )
(1.24)
Sm [Φcl ] = S Ren [Φcl ] + δS[Φcl ] = − d4 x
2
where V (Φcl ) = VRen (Φcl ) + δV (Φcl ) and the last piece contains the counterterms. Applying the
rules of the functional derivation to the classical action for the scalar field in flat space-time S Ren [Φ]
we can work out the following result
δ 2 S Ren [Φ]
δΦ(x)δΦ(y)

=
Φ=Φcl



δ 2 VRen (Φcl )
x −
) δ (4) (x − y).
δΦcl (y)δΦcl (x)

(1.25)

We have introduced the x d’Alembert operator and δ (4) (x − y) the four dimensional delta
00 (Φ ) ≡
Dirac. For simplicity, from now on, we are going to use the following definition VRen
cl
2
δ VRen (Φcl )/δΦcl (y)δΦcl (x)). If we move to the momentum space we have


ˆ
2 S Ren [Φ]

δ
V
4
00
=
ln det −
(Φcl ) .
(1.26)
d4 k ln −k 2 + VRen
4
δΦ(x)δΦ(y)
(2π)
Φ=Φcl
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As it can be seen this integral is divergent. In QFT in order to deal with this type of integrals
it is necessary to apply the regularization technique. For instance the dimensional regularization
consists in modify the integral in the divergent integral as
ˆ
ˆ


µ4−d
1
4
2
00
00
d
k
ln
−k
+
V
(Φ
)
→
dd k ln −k 2 + VRen
(Φcl ) ,
(1.27)
cl
Ren
4
4
(2π)
(2π)
where µ is a parameter with dimensions of mass, that has been introduced in order to keep the
correct units and d = 4 − 2. These modifications allows us to split the integral in two pieces, one
perfectly finite, nevertheless µ-dependent, and the other one containing the infinities, which as we
shall see are going to be removed thanks to the counterterms. Here we skip the details on how to
solve the integral, but we refer the reader to the references .... where all the finesse details can be
found.



ˆ
00 (Φ ))2 
 (VRen
1
3
4πµ2
1
cl
4
2
00
d k ln −k + VRen (Φcl ) =
− γEM + + ln
00 (Φ ) + O() .
(2π)4
32π 2

2
VRen
cl
(1.28)
In the above expression appears γEM , the Euler-Mascheroni constant which comes from the expansion of the Gamma function as a power series of . Now we are in position to plug all the pieces
together and write down the one-loop approximation for the effective potential:




3
4πµ2
~
(b)
2
00
2 1
(V (Φcl ))
− γ + + ln
Veff (Φcl ) = VRen (Φcl ) −
00 (Φ ) + O() + δV + O(~ ).
64π 2 Ren

2
VRen
cl
(1.29)
By adding the superindex (b) to the effective potential, we want to make it clear that this quantity
does contain the bare parameters (as it can be seen from the piece δV ). It could not be otherwise
since the infinities, i.e. the terms proportionals to ∼ 1/, have not been removed yet.
At this stage it is crucial to properly introduce the bare parameters. As we previously mention, one may think that the parameters we wrote in (1.8) are directly the physical ones, or in
other words, those parameters that we can measure. However this is not what renormalization
tells us. The parameters in the Higgs action are the bare ones and can be expressed as
(b)

ρΛ = ρΛ (µ) + δρΛ

m2(b) = m2 (µ) + δm2

λ(b) = λ(µ) + δλ.

(1.30)

It is important to note the dependence on the µ parameter in the renormalized parameters. As
it has been aforementioned the counterterms, δρΛ , δm2 and δλ are the responsible to remove the
infinities that have arisen from the regularization procedure. Let us spoil the surprise of the end
of the process by telling what will be the final result. The following equality mus be hold
(b)

(b)

ρΛ + Veff (Φcl , m(b) , λ(b) , µ) = ρΛ (µ) + Veff (Φcl (µ), m(µ), λ(µ); µ),

(1.31)

where in the l.h.s. we have counterterms and infinities, that of course cancel each other and in the
r.h.s. we have only finite quantities but some of them are affected by an implicit dependence of
the energy scale µ. We will say more about that later on. All in all, if we consider that the only
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possible contributions to the measurable vacuum energy density, ρΛ,ef f are the ones coming from
the Higgs sector, then the final results will take the following form:
ρΛ,eff = ρΛ + ρΛ,ind = ρΛ (µ) + Veff (Φcl (µ), m(µ), λ(µ); µ).

(1.32)

As expected our goal now is obtain the expression for Veff (Φcl (µ), m(µ), λ(µ); µ).
Substituting in (1.29) the expression for the Higgs potential (1.6) evaluated at Φ = Φcl and
considering what we have said about the bare parameters Going back to the Higgs potential case,
and considering what we have said about the expression for effective vacuum energy density reads
1
1
ρΛ,eff = ρΛ + δρΛ + (m2 + δm2 )Φ2cl + (λ + δλ)Φ4cl
2
4!





λ2 4
1
~
3
4πµ2
4
2 2
m + λm Φcl + Φcl
−
− γ + + ln
+ O() + O(~2 ).
64π 2
4

2
m2 + (λ/2)Φ2cl
(1.33)
In order to eliminate the infinities from the above expression the counterterms need to have the
following form:


1
3
~
− γEM +
(1.34)
δρΛ =
64π 2 
2


~λm2 1
3
2
δm =
− γEM +
(1.35)
32π 2 
2


3
3~λ2 1
− γEM +
(1.36)
δλ =
32π 2 
2
Once we have subtracted the infinite terms the effective vacuum energy density boils down to
1
λ
ρΛ,eff = ρΛ + Veff (Φcl ) = ρΛ + m2 Φ2cl + Φ4cl
2

 4!


2
~
λ
4πµ2
4
2 2
4
−
m + λm Φcl + Φcl ln
+ O(~2 ).
64π 2
4
m2 + (λ/2)Φ2cl

(1.37)

All the parameters ρΛ , m, λ as well as the scalar field Φcl must be understood as explicit function of
the µ parameter. Before going any further, it is worth mentioning some characteristics of the shape
of the effective potential. We take into account the quantum effects through a loop expansion in
powers of the parameter ~, where the tree level is represented by the classical Higgs potential:
Higgs
Veff (Φcl ) = Vclass
(Φcl ) + ~V1 + ~2 V2 + ~2 V3 . . .

(1.38)

For the purpose of this section it was enough to cut the series at the first order and the term
V1 can be identified with the term proportional to ~ displayed in (1.37). As we explained in the
last subsection even if we stay at the tree level the CC problem is difficult to assimilate but if we
consider more and more terms, from the above expansion, the problem becomes catastrophic.
It turns out that, at each order, the effective potential can be separated in two pieces, one consisting
in loops with no external legs, the ZPE contribution VZPE , and another one involving loops with
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external legs, that we call the scalar contribution Vscalar , therefore in a general way we have
Veff = Vscalar + VZPE , where
(1)

(2)

(3)

Higgs
+ ~Vscalar + ~2 Vscalar + ~3 Vscalar . . .
Vscalar = Vclass
(1)

(2)

(3)

VZP E = ~VZPE + ~2 VZPE + ~3 VZPE . . .

(1.39)
(1.40)

It should be noted that the ZPE contribution has no classical terms, which means that for ~ = 0
we have VZPE = 0.
Going back to the expression of ρΛ,eff displayed in (1.37) it is important to realize that this
quantity cannot depend on the arbitrary mass scale µ, therefore we have to impose:
dρΛ,eff
d
=
[ρΛ (µ) + Veff (Φcl (µ), m(µ), λ(µ); µ)] = 0.
dµ
dµ

(1.41)

Actually the above equality can be separated in two pieces due to the fact that the ZPE part
(remember the separation Veff = Vscalar + VZPE ) is the only one that needs the term ρΛ (µ) in order
to be finite and µ-independent, whereas the Vscalar it is by itself. So we end up we the following
couple of equations:
d
[ρΛ (µ) + VZPE (m(µ), λ(µ); µ)] = 0
dµ
d
[Vscalar (Φcl (µ), m(µ), λ(µ); µ)] = 0.
dµ

(1.42)
(1.43)

From (1.42) we can obtain the β-function at first order defined as:
(1)

βΛ ≡ µ

dρΛ
.
dµ

(1.44)

This important function tells us how the ρΛ (µ) runs with the arbitrary scale µ because of the
quantum effects considered in this section. At this stage it is possible to establish an analogy
between the run of the vacuum energy density and the run of the couplings of QED or QCD
(see [28] and references therein for an extended discussion), which both have been confirmed
experimentally. We would like to stress the fact that if we were able to compute the full effective
action, it would be µ-independent. However, since we do not have the full expression the presence
of the arbitrary scale µ turns out to be completely necessary according to the RG method. We can
summarize the situation by saying that, with an appropriate choice for µ and employing the RG
apparatus, we can obtain a well approximation of the behaviour of the coupling at some particular
scales. Unlike QED and QCD, in cosmology the choice for µ is not obvious. We will talk more
about that later on.

1.2.2

Running Vacuum in QFT in curved space-time

In this part we go a step further and we also take into account the effects of considering a curved
space-time, in particular a space-time characterized by the FLRW metric. Unlike the previous
section, here we do not base the computation on the MS scheme where the counterterms play
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a fundamental role but on a full QFT calculus. We compute the renormalized vacuum energymomentum tensor employing the Adiabatic Regularization Procedure (ARP), and once we have
its expression we will be able to compute the renormalized vacuum energy density.
For the sake of simplicity we are going to consider that the quantum contribution of the ZPE,
comes only from a non-minimally coupled scalar field, without a self interaction, in the FLRW
conformal metric ds2 = a2 (η)ηµν dxµ dxν with ηµν = diag(−1, +1, +1. + 1). Throughout this section we are going to employ mainly the conformal time, however in order to establish a connection
with the RVM it turns out convenient to also use, in some particular moments, the cosmic time
dt = adη as a variable. When we work with the conformal time the Hubble function and its
derivative take the following form H = da/adη and H0 = dH/dη. On the other hand, when we
use the cosmic time H = da/adt and Ḣ = dH/dt. Regardless of the variable employed we write

R = 6/a2 H0 + H2 = 6Ḣ + 12H 2 , when we talk about the Ricci scalar. The action for the
non-minimally coupled scalar field reads:


ˆ
√
1 µν
1
(1.45)
g ∂µ Φ∂ν Φ + (m2 + ξR)Φ2 ,
S[Φ] = − d4 x −g
2
2
where ξ is the coupling parameter between Φ and the curvature, which in general is needed for
renormalization. Applying the principle of least action, w.r.t. the scalar field, we can obtain the
Klein-Gordon equation:
( − m2 − ξR)Φ = 0.
(1.46)
The next step would be to obtain the energy-momentum tensor, which can be write as


−2 δS[Φ]
1
Tµν (Φ) = √
= (1 − 2ξ)∂µ Φ∂ν Φ + 2ξ −
gµν ∂ α Φ∂α Φ
−g δg µν
2
1
−2ξΦ∇µ ∇ν Φ + 2ξgµν ΦΦ + ξGµν Φ2 − m2 gµν Φ2 .
2

(1.47)

In order to consider the quantum effects we can expand the scalar field around its classical value,
defined as Φcl ≡ h0|Φ|0i,
Φ(η, x) = Φcl (η) + δΦ(η, x),
(1.48)
where we have considered h0|δΦ|0i = 0. Both parts, Φcl and δΦ, obey independently the KleinGordon equation. Due to the above separation we can know clearly identify the contributions to
the vacuum part as the following one:
Λ
Λ
δΦ
δΦ
hTµν
i = Tµν
+ hTµν
i = −ρΛ gµν + hTµν
i

(1.49)

. What we mean with this expression is that the total vacuum energy-momentum tensor is composed by the cosmological term plus the quantum fluctuations of the scalar field. Now our goal is
δΦ i and to do so it is necessary to quantize the perturbation
crystal clear, we have to compute hTµν
part. If we Fourier expand the perturbation in terms of the creation and annihilation operators
(Ak and A†k ) we obtain the following:
ˆ
h
i
1
† −ik·x ∗
3
ik·x
d
k
A
e
h
(η)
+
A
e
h
(η)
.
(1.50)
δΦ(η, x) =
k
k
k
k
a(2π)3/2
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The commutation relations for the operators are the usual ones
0
[Ak , A0†
k ] = δ(k − k )

[Ak , A0k ] = 0.

(1.51)

Where it is important to note that these operators are time-independent. Now if we substitute
(1.50) in (1.46) considering (1.51) we are lead to the following linear differential equation


1
00
2
2
2
2
R.
(1.52)
hk + Ωk hk = 0
Ωk (η) = ωk (m) + a ξ −
6
with
wk2 (m) ≡ k 2 + a2 m2

(1.53)

and k = |~k|. Due to the fact that Ω2k (η) is not a trivial function, there is no analytical solution
to (1.52). By employing a recursive self-consistent iteration process we can get an approximate
solution starting from the ansatz:
´η
1
hk (η) = p
ei dη̃Wk (η̃) .
2Wk (η)

(1.54)

The Wronskian condition h0k h∗k − hk h∗0
k = i must be followed. Now we have to deal with the
following non-linear and inhomogeneous differential equation, obtained upon substituting (1.54)
in (1.52):




1 Wk00
3 Wk0
(1.55)
−
+ Wk2 = Ω2k .
2 Wk
4 Wk
In order to solve the above equation we are going to apply the Wentzel-Kramers-Brillouin (WKB)
approximation, which is valid for large k or equivalently short wavelength λ. In this context it
turns out to be convenient to employ to notion of adiabatic vacuum, basically a state empty of
high frequencies. We can organize the asymptotic series solution, obtained upon applying the
WKB method, in adiabatic orders. This constitutes the basis of the Adiabatic Regularization
Prescription (ARP) For more details about the use of this technique see [29]. From now on we
consider quantities of adiabatic order 0: k 2 and a, of adiabatic order 1: a0 and H, of adiabatic
order 2: a00 , a02 , H0 and H2 . For each higher derivative that is considered, the corresponding order
must be added in the adiabatic series. Taking into account the different order we have mentioned,
the solution can be displayed as:
(0)

(2)

(4)

Wk = ωk + ωk + ωk + . . .

(1.56)

where the only appearance of even terms is justified by arguments of the general covariance. After
a little bit of algebra it is possible to obtain
(0)

ωk

(2)

ωk

(4)
ωk

≡ ωk =
=
=

p
k 2 + a2 M 2

(1.57)

ω 00
+
(ξ − 1/6) − k2 +
2ωk
2ωk
4ωk
(2)
(2)00
1  (2) 2 ωk ωk00 ωk
−
ωk
+
−
2ωk
4ωk3
4ωk2
a2 ∆2

a2 R
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3ωk02
8ωk3

,

(1.58)
(2)

(2)0

3ω ω 02 3ω 0 ω
− k 4 k + k 3k
4ωk
4ωk

.

(1.59)

It should be noted that we are performing the expansions in terms of 1/ωk ∼ 1/k, i.e. a short
wavelength expansion. This means that the UV divergent terms of the ARP are encapsulated
in the first lower powers of 1/ωk , while the higher adiabatic orders represent finite contributions.
As it can be appreciated, we are working of-shell, which means we are using an arbitrary scale
M instead of the physical mass m. This fact allows us to relate the adiabatically renormalized
theory at two different scales. We have made the definition ∆2 ≡ m2 − M 2 which is a quantity of
adiabatic order 2.
We have now all the necessary ingredients to compute the ZPE due to the quantum fluctuations of the non-minimally coupled scalar field. Remember hδΦi = 0 so we can grab only the
quadratic fluctuations, by doing so we can plug (1.50) into (1.47) and taking into account (1.51),
we can work out the following expression
ˆ
h
1
2
δΦ
hT00 i = 2 2 dkk 2 h0k + (ωk2 + a2 ∆2 ) |hk |2
4π a



(1.60)

1 
2
∗0
2
0 ∗
+ ξ−
,
−6H |hk | + 6H hk hk + hk hk
6
where we have integrated over solid angle and expressed the final equation in therms of k = |k|.
Using (1.57) we can expand the different involved terms, appearing in the above expression, up to
the 4th adiabatic order
!
(2)
(4)
(2) 2
ωk
ωk
ωk
1
1
1
2
(1.61)
|hk | =
=
−
−
+
+ ...
2Wk
2ωk
2ωk
ωk
2ωk2
2ωk2
!
 0 2
(2)0
(2)
(4)
(2)
ωk0 ωk
ωk
ωk
ωk
(Wk0 )2 Wk
ωk
ωk
1
0 2
+
+
+ . . . (1.62)
|hk | =
=
+
+
+
1−3
2
2
2
2
8ωk ωk
ωk
8Wk3
4ωk3
!
(2)
(2)0
2ωk
ωk
Wk0
ωk0
∗0
0 ∗
(1.63)
hk hk + hk hk = −
=
−
+ ...
1
−
−
ωk
2Wk2
2ωk2
2ωk2
to finally get the cumbersome expression:

ˆ
1
a4 M 4 H2 a4 M 4
δΦ
2
hT00 i = 2 2 dkk 2ωk +
−
(2H00 H − H02 + 8H0 H2 + 4H4 )
8π a
4ωk5
16ωk7
7a6 M 6 0 2
105a8 M 8 H4
4
(H
H
+
2H
)
−
8ω 9
64ωk11
 k 
1
6H2 6a2 M 2 H2 a2 M 2
+ ξ−
−
−
+
(6H00 H − 3H02 + 12H0 H2 )
6
ωk
ωk3
2ωk5

a4 M 4
105a6 M 6 H4
0 2
4
−
(120H H + 210H ) +
8ωk7
4ωk9

2 
#
2M 2
1
54a
1
+ ξ−
− 3 (72H00 H − 36H02 − 108H4 ) +
(H0 H2 + H4 )
6
4ωk
ωk5
 2 2
ˆ
1
a4 ∆4 a4 H2 M 2 ∆2 5 a6 H2 M 4 ∆2
2 a ∆
+ 2 2 dkk
−
+
−
8π a
ωk
8
4ωk3
2ωk5
ωk7



1
3a2 ∆2 H2 9a4 M 2 ∆2 H2
+ ξ−
−
+
+ ...,
6
ωk3
ωk5

+
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(1.64)

We can separate (1.64) in two different pieces, one containing the divergent parts and the other
one having those parts that are perfectly finite
δΦ
δΦ
δΦ
hT00
i(M ) = hT00
iDiv (M ) + hT00
iNon−Div (M ).

(1.65)

Regarding the last part it is possible to solve the integrals (see Appendix B of [29]) and write the
expression up to the fourth order as

m2 H2
1
00
02
4
−
2H
H
−
H
−
2H
96π 2
960π 2 a2





1
1 2 0 2
1
9
00
02
4
ξ−
+
2H H − H − 3H + 2 2 ξ −
(H H + H4 )
16π 2 a2
6
4π a
6


1 3∆2 H2
+ ξ−
+ ....
6
8π 2
(1.66)

δΦ
hT00
iNon−Div (M ) =

The divergent part is made up by the remaining terms of (1.64). Here we cannot follow exactly the
momentum subtraction scheme because the vacuum diagrams do not have external momentum.
We renormalize the ZPE by subtracting the terms that appear up to the 4th adiabatic order at
scale M , as a consequence the divergent parts will disappear. So let us follow the procedure
mentioned and compute the renormalized ZEP through:
δΦ
δΦ
δΦ (0−4)
hT00
iRen (M ) = hT00
i(m) − hT00
i
(M )

=

δΦ
hT00
iDiv (m)

−

δΦ
hT00
iDiv (M )



1 3∆2 H2
+ ...,
− ξ−
6
8π 2

(1.67)

δΦ i
δΦ
where the only remaining term from hT00
Non−Div (m) − hT00 iNon−Div (M ) is the last piece of the
above expression. After some considerable amount of algebra it is possible to solve the convergent
integrals and get the following result:


m2
a2
4
2
2
4
4
δΦ
hT00 iRen (M ) =
−M + 4m M − 3m + 2m ln 2
128π 2
M







2
9 2H00 H − H02 − 3H4
1 3H2
m2
1
m2
2
2
2
− ξ−
m
−
M
−
m
ln
+
ξ
−
ln
+ ...
6 16π 2
M2
6
16π 2 a2
M2
(1.68)

where as expected from the definition (1.64) vanishes for M = m. The reason why this happens is
because we are subtracting terms computed up to the same order in adiabatic perturbations what
ensures the cancellation of all the divergences. As we have stated before, those terms beyond the
4th order are subleading and finite corrections, that satisfies the Appelquist-Carazzone decoupling
theorem [30], i.e. for large values of the physical mass m, of quantum fields, they are completely
suppressed. While it is true that we have successfully removed the divergent terms we still have
to deal with the problematic terms, m4 , M 4 and m2 M 2 , or generally denoted as the quartic mass
power terms, in the sense that make the contribution to the induced vacuum energy density huge.
We are going to take care of that in the following.
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In order to make possible the renormalization program, in the context of QFT in curved space-time,
we need to count on the high derivative (HD) terms in the classical effective action of vacuum. As
a result, the field equations take the different form
1
8πGN (M )

δΦ
(1)
Φcl
+ hTµν
iRen (M )
Gµν + ρΛ (M )gµν + a1 (M )Hµν
= Tµν

(1.69)

(1)

The term Hµν , which contains the high-derivative terms can be written in this way
ˆ
√
1
δ
1
(1)
Hµν
=√
d4 x −gR2 = −2∇µ ∇ν R + 2gµν R − gµν R2 + 2RRµν
µν
−g δg
2
and its 00-component in the FLRW metric reads


(1)
H00 = −18a2 Ḣ 2 − 2Ḣ Ḧ − 6H 2 Ḣ

(1.70)

(1.71)

As we mentioned at the beginning of this section, we want to relate the theory at different scales,
being that our goal, let us subtract from (1.69) the same equation but evaluated at the arbitrary
scale M0 . We are left just with the following terms:
δΦ
δΦ
(1)
hTµν
iRen (M ) − hTµν
iRen (M0 ) = fG−1 (m, M, M0 )Gµν + fρΛ (m, M, M0 )gµν + fa1 (m, M, M0 )Hµν
.
N
(1.72)
It turned out to be useful introduce the following notation:

fX (m, M, M0 ) ≡ X(M ) − X(M0 ),

(1.73)

) respectively. If we now
with X = G−1
N , ρΛ , a1 (note we have omitted the term 1/8π in fG−1
N
compute the 00-component for the above expression and we compare it with the previously found
expression for the renormalized energy-momentum tensor (1.68) we can get


"
2 #
1
M
1
fG−1 =
M 2 − M02 − m2 ln
(1.74)
ξ−
N
16π 2
6
M0
"

 #
1
M 2
4
4
2
2
2
4
fρΛ =
M − M0 − 4m (M − M0 ) + 2m ln
(1.75)
128π 2
M0




1 2
M 2
1
ξ−
fa1 =
ln
(1.76)
32π 2
6
M0
Λ,ef f
We consider the vacuum state as that one which satisfies ρΛ,ef f = −pΛ,ef f and Tµν
= −ρΛ,ef f gµν ,
so we have
hT δΦ iRen (M )
ρΛ,ef f (M ) = ρΛ,ef f (M0 ) + 00 2
,
(1.77)
a
where it is worth to be mentioned we maintain the quantities generally evaluated at the scale M .
Subtracting now the same expression but this time evaluated at M = M0
δΦ i
δΦ
hT00
Ren (M ) − hT00 iRen (M0 )
a2
(1)
fG−1 (m, M, M0 )G00 + fρΛ (m, M, M0 )g00 + fa1 (m, M, M0 )H00

ρΛ,ef f (M ) − ρΛ,ef f (M0 ) = ρΛ (M ) − ρΛ (M0 ) +
= fρΛ (m, M, M0 ) +
=

fG−1 (m, M, M0 )
N

a2

N

G00 +

a2
fa1 (m, M, M0 ) (1)
H00
a2
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=


3H2
18
fG−1 (m, M, M0 ) − 4 H02 − 2H00 H + 3H4 fa1 (m, M, M0 ) ,
2
N
a
a

(1.78)

(1)

where we have used the expressions for G00 and H00 to work out the final result. Using the FLRW
metric it is possible to get the result:




M2
3
1
2
2
2
2
ρΛ,ef f (M ) =ρΛ,ef f (M0 ) +
ξ−
H M − M0 − m ln 2
16π 2
6
M0
(1.79)

2 

9
1
M2
2
2
−
ξ−
Ḣ − 2H Ḧ − 6H Ḣ ln 2 ,
16π 2
6
M0
The philosophy behind the above expression is get the value of ρΛ,ef f (M ), namely the value of the
effective vacuum energy density evaluated at the physical scale M , once the value of ρΛ,ef f (M0 )
is given. The following comment is in order. If we look at the expression (1.37) we can appreciate
that the ZPE part (the one that remains when we set Φ = 0) contains a dependence on the energy
scale parameter µ, which, as we stated if it is properly related with the characteristic energy scale
of the studied process we can obtain an accurate behaviour of the possible running of the vacuum
energy density. This µ-dependence is also present in the running of the couplings of the QED and
QCD. However we should bear in mind that it is an artificial parameter emerged from the DR
process, but it can be very useful if the right choice is made, as it is clear, for instance, from the
experimentally measured running of the electric charge. On the other hand, (1.79), obtained in
a curved space-time described by the FLRW metric, depends on the physicals scales M and M0 ,
which have been present from the very beginning and not arisen from some sort of dimensional
regularization technique. We will use later on this expression in order to motivate the Running
Vacuum Models.

1.3

Standard Model of Cosmology

Beyond any doubt Einstein’s discovery of GR can be considered as one of the most important
breakthrough in the history of theoretical physics. The field equations turned into the perfect tool,
that we were chasing for so long, that allows us to create a testable theory about the evolution of
the Universe. We would like to remark the word testable because thanks to the incredible amount
of data we have nowadays at our disposal, we can rule out those models that do not pass the
strict experimental tests. Therefore, any serious attempt of cosmological models should explain
the following phenomena:
• The accelerated expansion of the Universe.
• The observed Cosmic Microwave Background (CMB).
• The observed Structure Formation.
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In this section we are going to present in detail the basic elements of the current standard model
of cosmology, e.g the ΛCDM, which is built upon the assumption of the existence not only of the
Dark Matter but also Dark Energy. Let us start by talking about the left-hand side of Einstein’s
equations, the one that deals with the geometry of the Universe.
An essential object we need, in order to be able to characterize the geometry and the causal
structure of the Universe is the metric. It is described by a symmetric tensor field, gµν , and allows
us to convert observer dependent coordinate into physical observable. We can write the invariant
line element as
ds2 = gµν dxµ dxν .
(1.80)
The next question must be which is the metric able to describe our Universe ? Well, first let
us establish the requirements that the metric has to meet. The Cosmological Principle (CP)
postulates that if our Universe is observed at enough large scales is homogeneous and isotropic.
This means that independently on which point or which direction we are looking at, we are going to
observe exactly the same properties (density, temperature, structure formation ...). What is more,
we do know that our Universe is in accelerated expansion, so this feature must be also incorporated
in the metric. At the beginning the symmetric tensor gµν starts with 10 d.o.f. but because of the
symmetries aforementioned, the remaining d.o.f. can be embodied in one function of time, called
scale factor a(t) and one constant parameter k whose role is to determine the geometry of the
Universe (k = 0, for a flat Universe, k = −1 for a closed Universe and finally k = +1 for an open
Universe). All in all, the line element, in spherical coordinates, can be written as:



dr2
2
2
2
2
2
2
2
+ r dθ + sin θdΦ
.
(1.81)
ds = −dt + a (t)
1 − kr2
From now on we are only going to consider flat cosmological models, k = 0. For studies on curved
models see [31–40]. The coordinates xi = (r, θ, Φ) are the comoving coordinates and they are related to the physical ones trough the relation xiphys = a(t)xi . This means that if we place ourselves
in the comoving system we do not feel the Hubble expansion, we only perceive peculiar velocities
with respect to the Hubble flow.
Basically we obtain the information from the Universe thanks to the light emitted by the distant objects. Due to the expansion of the Universe the wavelengths of the photons are stretched
out, so, the wavelength of a photon λ(t) emitted at time t will be observed at time t0 with a
wavelength
a(t0 )
λ0 =
λ(t).
(1.82)
a(t)
If we use the traditional definition of the redshift z = (λ0 − λ)/λ, we are lead to the following
relation
1
z=
−1
(1.83)
a(t)
where we have established a(t0 ) = 1. The above relation connects the theoretical prediction a(t),
given a model, with the observations z. As it was mentioned before in 1.1 Edwin Hubble came
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up with a relation between the speed with which the galaxies are moving away from us and the
distance at which they are. This relation can also be derived from (1.83). If one expands the scale
factor around its present value a(t) ' 1 + ȧ(t0 )/a(t0 )(t − t0 ) + O((t − t0 )2 ) (the dots represent
derivative w.r.t. the cosmic time) and uses the definition of the Hubble function at present time,
H0 = ȧ(t0 )/a(t0 ) it is possible to obtain
z ' H0 d
(1.84)
where d is the distance to the galaxies (remember in our units convention c = 1, so actually what
we have is d = c(t−t0 )). Once we have defined the metric we can plug it into the Einstein equations
and compute the cosmological equations that will determine the evolution of the Universe. First
of all, we need to compute the Christoffel symbols. We assume they are unequivocally determined
by the metric through the Levi-Civita connection, thus:
1
Γµνλ = g µα (∂λ gαν + ∂ν gαλ − ∂α gνλ ),
2

(1.85)

then it is possible to calculate the Ricci tensor
Rµν = ∂α Γαµν − ∂ν Γαµα + Γαµν Γβαβ − Γαµβ Γβαν

(1.86)

whose non-null components are


R00 = −3 H 2 + Ḣ


Rij = a2 2Ḣ + 3H 2 δij

(1.87)

G0i = Gi0 = 0

(1.89)

(1.88)

and finally the Ricci scalar
R = g µν Rµν .

(1.90)

For all the details about the expressions of Γµνλ , Rµν and R see [41]. Here we only write down the
expression for the components of the Einstein tensor
G00 = 3H 2

(1.91)




Gij = −a2 2Ḣ + 3H 2 δij

(1.92)

G0i = Gi0 = 0,

(1.93)

which remember, can be obtained upon the consideration of the definition Gµν ≡ Rµν −(1/2)Rgµν .

1.3.1

Cosmic Inventory and Cosmological Equations

So far, we have been busy with the geometrical part of the field equations but now it is time to pay
attention to the energy budget. Einstein’s equations tells us that if we want to know the geometry
of the Universe, which in the FLRW boils down to know the exact form of the scale factor, we
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need to know what are the species that fill it. We can classify the content of matter in relativistic
and non-relativistic particles, neutrinos, which transit from the relativistic to the non-relativistic
regime and finally the mysterious DE. For each of the species we are going to define the energy
density denoted as ρi , the pressure pi and the corresponding Equation of State (EoS) parameter
wi ≡ pi /ρi . For all the species, except for DE simply because we do not have enough information
about it, we can get the expressions for the energy density and the pressure by working out the
following integrals:
ˆ
d3 p
f (p, m, µ)E(p, m)
(1.94)
ρi = g∗
(2π)3
ˆ
d3 p
p2
f
(p,
m,
µ)
,
(1.95)
p i = g∗
(2π)3
3E(p, m)
p
where g∗ is the number of degrees of freedom, E(p, m) = p2 + m2 is the relativistic expression
for the energy (from now on we are going to simply write E) and p = |~
p|. We also introduced the
concept of phase space occupancy, which in equilibrium give us the number of particles inside a
given region of the phase space, at temperature T . Depending on if we are dealing with fermions
(half odd integer spin) or bosons (integer spin) we have to consider different distribution forms for
f (p, m, µ):

1
(fermions)
 fF D = E−µ
T +1
e
(1.96)
f (p, m, µ) =
1
 fBE = E−µ
(bosons)
e

T

−1

where fF D is the Fermi-Dirc distribution and fBE is known as the Bose-Einstein distribution. The
parameter denoted as µ is the chemical potential, which gives us an idea of the necessary energy
to change the number of particles.
At the background level we consider that all the species behave as perfect fluids. The energymomentum tensor for a general perfect fluid can be written in this way
Tµν = (ρi + pi )uµ uν + pi gµν

(1.97)

where uµ = (−1, 0, 0, 0) is the 4-velocity of the fluid in the comoving frame. It is important to
note that in the FLRW metric, at the background level, everything is a function only of the time.
Of course the ρi and pi of each specie are not an exception. Because of the Bianchi identity
∇µ Gµν = 0, we have as a consequence the conservation of energy momentum tensor ∇µ Tµν = 0,
which leave us with the local energy conservation equation
X

ρ̇i + 3H(ρi + pi ) = 0

(1.98)

i

where the index i runs for all the components. If all the species are self-conserved, namely at
the background level they do not interact with each other, we can obtain the expressions for the
energy densities and pressures
ρi = ρ0i a−3(1+wi )
36

pi = wi ρi .

(1.99)

In order to know the corresponding EoS parameters for each of the components we need to use
the expressions (1.94)-(1.95) and our knowledge of their microscopic behaviour

Photons
Let us go into the details of each component of the Universe an the first one will be the relativistic particles called photons. As it is well-known photons are massless bosons with chemical
potential completely negligible. Therefore it is possible to find the exact solutions to the integrals
(1.94)-(1.95), and express them in terms of the photon temperature Tγ
g∗ 2 4
π Tγ
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(1.100)

1
pγ = wγ ργ = ργ .
3

(1.101)

ργ =

In the case of photons g∗ = 2 because we have to consider the two different spin states. The CMB
spectra can be modeled in a very good approximation as a black body and the corresponding
present temperature has been measured with a high degree of precision Tγ (a = 1) = 2.72548 ±
0.00057K [42]. This fact allows us to compute the current fraction (with respect to the critical
energy density) at present time. If we consider the relation between the CMB temperature and
the scale factor Tγ (a) = Tγ (a = 1)/a we can find the expression
Ωγ (a) =

ργ (a)
' 0.000024718h−2 a−4 .
ρ0c

(1.102)

The dependence Ωγ (a) ∼ 1/a4 was expected since from (1.101) we now that the EoS is wγ = 1/3.
Plugging this value in (1.99) we obtain the before mentioned dependency. As we shall see a, little
further, the photons are not the only component that contributes to the total radiation energy
density.

Baryons and Dark Matter
In this part we are going to get the expressions for the energy density and pressure of baryons
and DM. Both of them fit into the category of non-relativistic particle and this implies that their
temperature its always much smaller that their rest mass. Considering then T  m (note that we
do not add any subindex to the temperature or the mass) we can find the approximate expressions
"
 
 2 #
 3/2
µ−m
3 T
T
T
5/2
e T
1+
+O
(1.103)
ρNR = g∗ m
2π
2 m
m
"
 
 2 #
 m 3/2 µ−m
5
T
T
pNR = g∗ T 5/2
e T
1−
+O
.
(1.104)
2π
2 m
m
They are valid for bosons and fermions. From the above expressions we can obtain the approximate
value of the EoS parameter
"
 
 2 #
pNR
T
T
T
wNR =
=
1−4
+O
.
(1.105)
ρNR
m
m
m
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As we can appreciate even at first order the EoS parameter is suppressed by the ratio T /m  1,
therefore as a good approximation we can take wNR ' 0. Contrary to what happens with photons,
the expressions (1.103)-(1.104) are not just a functions of temperature. What is more, we do
not know the exact relation between the temperature of the non-relativistic species and the scale
factor as we do for photons. Unlike with the photons we need to obtain from the cosmological
observations [43] the present values for the relative energy densities and then make use of (1.99)
in addition to wb = wdm = 0, to get the final expressions for the corresponding energy densities
ρb (a) = ρ0b a−3
ρdm (a) =

ρ0dm a−3 .

(1.106)
(1.107)

The following comment about Dark Matter is in order: despite the fact that we have no direct
experimental evidence of its existence we do have strong indirect evidences that makes its presence
totally necessary. Just to mention a couple of examples it is not possible to explain the current
CMB spectrum as well as the observed structure formation without DM. We also know that the
total amount of DM cannot be exclusively composed by Hot Dark Matter (HDM), since this is
ruled out by observations, and this is why we only consider Cold Dark Matter (CDM) (T /m  1).
There are some possible candidates for DM like: WIMPS (Weak Interacting Massive Particles),
axions, supersymmetric particles and even primordial black holes, but here we are not going to
mess with none of them.

Neutrinos
From the Standard Model of particles we know that there are three different generations of neutrinos, electron neutrino νe , muon neutrino νµ and finally tau neutrino ντ . They are fermions and
contrary to the SM theoretical prediction, at least one of them is a massive particle. So far it has
been not possible to measure their individual mass, in case the three of them are massive, however
thanks to the Solar System neutrinos observations [...] we have detected small differences between
the masses of the three generations.
In the early Universe neutrinos were in thermal equilibrium with the cosmic plasma, consequently
they were described by the Fermi-Dirac distribution with zero chemical potential. At some point of
the cosmic history (we do not know yet when exactly) they decoupled from the cosmic plasma yet
their distribution still was the Fermi-Dirac one. The neutrinos transit from the relativistic regime
(in the early Universe when they were part of the cosmic plasma) to the non-relativistic one (at late
times). It is not possible to find the analytical expressions for ρν and pν for all the cosmic history,
nevertheless we are going to compute their expressions in the relativistic and non-relativistic limit.

Relativistic Neutrinos
Of course, they are characterized by having a mass much smaller than their temperature mν /T  1,
and this allows us to compute the relativistic limit for the energy density and the corresponding
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(1.109)

Regarding the equation of state it can be seen that neglecting terms of order O (mν /Tν )4 , we have
4
wνR = pν /ρν ' 1/3. Like photons ρR
ν ∼ Tν and the EoS parameter takes the value wν = 1/3, but
this should not be surprising since as we stated at the beginning we are considering relativistic
neutrinos. It turns out to be convenient, relate the neutrino temperature with the photon temperature and then express the total amount of radiation. Due to the entropy conservation in the
e+ e− annihilation we can have the following relation Tν = (4/11)1/3 Tγ , which tell us that the
temperature of the still hypothetical neutrino background is in fact smaller than the CMB one.
Putting all the ingredients together we end up with the expression:
  !
ργ (a) + ρR
7 4 4/3
ν
= 1 + Neff
Ωγ (a) ≡ Ω0r a−4
(1.110)
Ωr (a) =
ρ0cr
8 11
where we have defined Ω0r = (1 + Neff (7/8)(4/11)4/3 )Ω0γ ' 0.000041816h−2 and Nef f is the effective number of relativistic neutrinos. Depending on if we have 3,2,1 or 0 relativistic neutrinos
Neff = 3.046, 2.033, 1.020and0.006 respectively.

Non-Relativistic Neutrinos
The transition between the relativistic regime to the non-relativistic regime happens approximately when Tν ∼ mν . Now we are going to work out the expressions when mν  Tν , that should
be understood as an approximation in the before mention limit not as the exact solution. The
R and pN R take the following form
energy density ρN
ν
ν
"
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ν =
4 π2
mν
4 ζ(5) mν
Tν
P
s
where ζ(s) = ∞
n=1 1/n is the Riemann zeta function and ζ(3) ' 1.20205, ζ(5) ' 1.03692 and
NR ∼
ζ(7) ' 1.00834. From the above expressions it can be clearly seen that wνNR = pNR
ν /ρν
(Tν /mν )2 and taking into account that the ratio between the temperature and the mass is strongly
suppressed we can take as a very good approximation wνNR ' 0. We remark, once again, the
necessity to solve numerically the expressions for neutrinos since we have no analytical formulas
for the whole cosmic history. However the expressions obtained in this section can be used to
understand the behaviour of neutrinos in some particular limits.
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To denote the whole non-relativistic contributions we use
Ωm (a) =

ρb (a) + ρdm (a) + ρNR
ν (a)
0
ρc

(1.113)

which only scales like Ωm (a) ∼ a−3 when we consider as approximation that all neutrinos are
massless. If not due to the non-analytical expression for the massive neutrinos we only can have
its numerical value as a function of the scale factor.

Dark Energy
Let us mention some of the most important features that have been attributed to DE. This mysterious form of energy, that permeates all the corners of the Universe, has not been directly detected
yet, nonetheless its existence is well established in three different pillars:
• The observed change in the wavelength of the light incoming from the distant object, requires
a Universe in accelerated expansion since approximately z ∼ 1. Neither matter nor radiation
are capable to produce this effect, there has to be another component with negative pressure
and this role can be played by DE.
• The current observations, point out to a Universe whose energy density is close to the critical
one. Since the joint matter and radiation contribution is ' ρ0c /3 we need another component
filling the remaining part.
• The observations of large-scale structure (BAO, Structure Formation and CMB) requires
unavoidably the presence of DE.
The first item comes from the SNIa observations, since thanks to the [24, 25] we had for the first
time an indirect prove of the existence of DE. In order to have an accelerated expanding Universe
P
the following condition must be fulfilled ä ∼ − i (ρi + 3pi ) > 0 and this is only possible if there
is some component, called generically Dark Energy, with EoS parameter wDE < −1/3. While this
is the minimum requirement, we can consider different types of DE depending on the value of the
EoS parameter. If we have wDE = −1 we can talk of vacuum energy. This type of DE has been
already developed previous sections and is going to be widely studied in this thesis. On the other
hand if wDE / −1 we have quintessence DE, while for wDE ' −1 we have phantom DE. We want
to stay open-minded this is why we will study a wide range of cosmological models containing
different assumptions about DE in order to see which ones are favoured by the cosmological data
and which ones are not.
Once we have computed the left-hand side of Einstein’s equations, the part containing the geometrical terms, and we have given the details of the cosmic inventory we are finally in position
to write the cosmological equations for the standard model of cosmology known as ΛCDM down:
8πGN
(ργ (a) + ρb (a) + ρdm (a) + ρν (a) + ρΛ,eff )
3
3H 2 + 2Ḣ = −8πGN (pγ (a) + pν (a) + pΛ,eff ) .

H2 =
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(1.114)
(1.115)

It is important to note that in the case of the ΛCDM model, ρΛ,eff = ρ0Λ and pΛ,eff = −ρ0Λ are
constants since no evolution in time is considered within the standard model of cosmology. We can
easily work out the expression for the normalized Hubble function in terms of the relative energy
densities Ω0i = ρ0i /ρ0c
E 2 (a) ≡


ρν (a)
H 2 (a)
= Ω0b + Ω0dm a−3 + Ω0γ a−4 +
+ Ω0Λ
2
ρ0c
H0

(1.116)

This function is fundamental to characterize a cosmological model at the background level.
Now that we have the expression of the Hubble function for the ΛCDM we can compute two
important moments in the cosmic history: the equality time between matter and radiation and
the moment where the Universe transits from the decelerating regime to the accelerated one. For
the sake of simplicity we will consider that all neutrinos are massless and of course relativistic, e.g,
Nef f = 3.046 in (1.110).
The first on the aforementioned points is easy to find since all we need to do is equal the the
corresponding expressions for energy density of matter and radiation ρr (zeq ) = ρm (zeq )
zeq =

Ω0m
− 1 ' 3405.
Ω0r

(1.117)

Where we have used the values ωb = 0.02237 and ωdm = 0.1200 from the Planck 2018 TTTEEE+lowE+lensing [44] results. Beyond this point, the non-relativistic matter becomes the
dominant component of the Universe which means the process of structure formation could begins
since the the pressure from the radiation component progressively decreases. At the recombination time, when baryons decouple from the photo-baryon plasma, the structure formation process
speeds up, and gives rise to the structure formation we can observe in the present time.
Regarding the second point we need to employ the definition of the decelerated parameter commonly denoted as
a dH 2
ä
=
−1
−
.
(1.118)
q≡−
aH 2
2H 2 da
Obviously the transition point has to happen much later than the period where the radiation
was the dominant component, consequently we can neglect the contribution of Ωr (a) to simplify
the expressions. In the ΛCDM, under the considerations that we mentioned, the deceleration
parameter takes the form
1 Ω0m a−3 − 2Ω0Λ
q=
.
(1.119)
2 Ω0Λ + Ω0m a−3
To find the transition point ztr we only need to impose the condition q = 0, which is fulfilled by
the following value of the redshift
 0 1/3
2ΩΛ
ztr =
−1
(1.120)
Ω0m
At this point, where the Cosmological term is dominant component the Universe enters in a phase
of accelerating expansion where galaxies are moving away from each other.
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1.3.2

Inflation

It is worthwhile to dedicate a few words to explain Inflation, which is a brief period of the cosmic
history where an exponential expansion of the space takes place during the early Universe. It is
important to make crystal-clear the fact that we have no direct experimental evidence for Inflation,
however, as it happens with DE, the indirect evidences supporting inflation are numerous and it
turns out to be really complicate to explain the current Universe without taking it into account. So,
hereafter we assume Inflation as a part of the standard model of cosmology. This is the reason why
a short explanation of the general features of the mechanism and its main consequences is required.
As we have already mentioned, the inflationary phase consist in a very rapid expansion of the
space which happens after the Big Bang and before the radiation dominated epoch. As we have
seen previously in order to have an accelerating expanding Universe, the energy budget, must be
dominated by a component with negative pressure. As expected there are several ways to implement Inflation. Probably, one of the most studied types in the literature, are the so-called inflaton
models where Inflation is driven by a scalar field, called inflaton. Even if we cannot say that there
is a standard model for Inflation, here we are going present the most important features of it within
the context of Inflaton models. To know more about different alternatives see [...]. The associated
energy density and pressure can be written in the usual way for a scalar field model:
1
ρΦ = Φ̇2 + U (Φ)
2
1
pΦ = Φ̇2 − U (Φ),
2

(1.121)
(1.122)

where Φ is a dimension 1 field in natural units and U (Φ) is the potential considered in the different
inflationary models (see some examples here [...]). As it can be appreciated from (1.122) what
is needed to get a negative pressure is a field configuration where the potential energy density
dominates over the kinetic term. This can be realized if we consider the slow-roll approximation
where the scalar field slowly evolves from the false vacuum of the potential towards the absolute
minimum. Due to the slow evolution, the kinetic energy can be completely neglected and ρΦ can
be well approximated as a constant. In this scenario, clearly the energy density associated to the
scalar field quickly becomes the dominant component of the Universe which means we can write
the Friedmann equation as:
r
8πGN ρΦ
1 da
=
≡ HΛ = const.
(1.123)
a dt
3
The above differential equation can be easily solved to find the scale factor for the inflationary
period
a(t) = a0 eHΛ (t−t0 ) t > t0
(1.124)
where a0 and t0 are the scale factor and the cosmic time at the beginning of Inflation respectively. As the scalar field goes down the hill of the potential the potential energy density decreases
whereas the kinetic energy increases. The end of inflation takes place when Φ̇2 ≈ u(Φ), i.e. the
potential term is no longer the dominant one, and as a consequence, the pressure is not negative
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anymore and the accelerated expansion slows down. Once this has happened the scalar field falls
into the ground state and starts to oscillate around the minimum, giving rise to the process known
as reheating. Unfortunately our knowledge about this mechanism is very poor but the main idea
is to transfer the remaining energy, from the inflaton field, to the creation of standard models
particles which filled the Universe.
The natural question, having reached this point, is: why do we need an early period of expansion
? So far, we have only explained what is inflation and a toy model that allows us to implement
via a scalar field, it is time then to list the problems that Inflation solves:
• Horizon Problem: As we do know now the CMB is highly isotropic. Regardless of the
direction we look at in the sky we observe an spectra coming from an approximate black
body with temperature Tγ (a = 1) = 2.72548 ± 0.00057K [42] and tiny anisotropies of order
∆T /T ∼ O(10−5 ) [44]. This fact points out that early on the CMB photons were in thermal
equilibrium. After some moments of reflection a question pops up in our mind, how is this
possible ? Should not photons coming from different directions have different temperature
since they were never in causal contact ? What is more, we can extend these type of question
to the structure formation observed in the Universe, how is possible that the Universe is
isotropic and homogeneous ? This is known as the horizon problem. Inflation provides a
beautiful solution to this problem since previously to the rapid expansion, caused by the
Inflation, the particles were in causal contact, reaching the thermal equilibrium, and it was
after the end of inflation when the particles became disconnected from each other and evolve
independently.
• Flatness Problem: From the Friedmann equation we can obtain the following relation
valid for any value of the scale factor 1 − Ωtot (a) = Ωk (a) = −k/ȧ2 , where k is the curvature
parameter which determines the geometry of the Universe. If we derive the relation w.r.t the
cosmic time we are lead to the relation
ä
d
(1 − Ωtot (a)) = −2 (1 − Ωtot (a)) .
dt
ȧ

(1.125)

For most of the cosmic history, until z ∼ 1, the Universe has undergone a phase of decelerating
expansion, which means that ä/ȧ = −|ä/ȧ|, consequently the quantity (1 − Ωtot (a)) grows
with time. If now, we take the value from Planck 2018 TTTEEE+lowE+lensing+BAO [44],
Ω0k = 0.0007 ± 0.0019, we can infer that in order to get such a small value for Ω0k the value of
Ωk (a), at the Inflation time, had to be really small. This is known as the flatness problem.
Without Inflation, we need to invoke a very precise fine-tuning in the initial conditions,
however with inflation this situation is reached naturally due to the fact that, using (1.124)
we can get 1 − Ωtot (a) ∼ e−2HΛ (t−t0 ) , which means that because of Inflation Ωtot ≈ 1 right
after the end of Inflation.
• Exotic-relics problem: Some exotic particles, such as the magnetic monopole, are predicted within a given model of Grand Unified Theory, however they have never been ob-
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served. An accelerated expansion of the Universe, as the one predicted by Inflation, could
have diluted their density, making today almost impossible to observe them.
• Origin of the Structure Formation: One of the most important advantages of inflation is
the obtaining of a mechanism capable to explain the origin of the structure formation. The
quantum fluctuations of the inflaton field, generated during inflation, are stretched up to
macroscopic scales due to the exponential scale factor. It is generally claimed that the these
amplified fluctuations later served as the seed of the structures that we currently observe.

1.3.3

Problems of the ΛCDM model

So far, the cosmological standard model, with the CC as a building block, turned out to be very
successful in explaining the different phenomena observed. The explanation of the well-known
Baryonic Acoustic Oscillations (BAO) 7 or the accurate prediction of the CMB spectra which contains anisotropies in the temperature ∆T /T ∼ O(10−5 ) are good examples yet not the only ones.
However, as we shall see in this section, the ΛCDM suffers from some problems and tensions,
which may be interpreted either as systematic errors affecting the measures or as a signal of new
physics. Since we have not the ability to discern whether or not the observational data are affected
by some sort of systematics we are going to focus on the theoretical problems and how they can
be related with the possibility of having physics beyond the standard model. The first one of
them has already been treated in extension, the cosmological constant problem, the tremendous
mismatch between the predicted value for ρΛ in the context of QFT (ρQFT
Λ,ind ) and the observed
QFT
0
55
0
value (ρΛ ), which turns out to be, ρΛ,ind /ρΛ ∼ O(10 ), in natural units. Despite the great efforts
made so far we have to admit we are still far from solving the problem. The available cosmological
only can be explained, in the context of GR, if exists some form of energy with causes a repulsion
and ΛCDM contemplates the simplest of all possibilities a constant vacuum energy density whose
value is equal to the observed one ρΛ = ρ0Λ at any time in cosmic history. Even if the match in
the comparison among the cosmological data and the theoretical predictions within the ΛCDM,
is astonishing we still have some questions pending to deal with: which is the origin of the term
ρ0Λ ? Why precisely this tiny value? Why this terms remains constant while the other components
evolve as the Universe expands? The pressing need to answer these type of questions is one of the
main reasons that drives the seek for other cosmological models beyond the ΛCDM.
Another theoretical problem related with ρ0Λ is the cosmic coincidence problem. It can be formulated simply with just one question: why, precisely now, ρ0Λ /ρ0m ∼ O(1)? While it is true that this
fact can be just a coincidence, it is completely normal to ask ourselves, how on earth, if ρm ∼ a−3
while ρΛ remains constant, they are of the same order in the present time? As stated in [45] in
order to consider that this fact is just a a coincidence ρΛ should not be linked with ρm (a) and the
equality of both energy densities could have happened at any moment of the cosmic history. It is
not the main goal of this thesis to go into the details of this controversial problem, to know more
about the issue [46] and references therein.
The cosmological constant problem, as well as, the cosmic coincidence problem are theoretical
7

explanation of the physics of BAO
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problems that are rooted in our inability to explain the origin and the possible evolution of the ρΛ
term. Nevertheless the ΛCDM is affected also by problems related with the apparent discrepancy
between the obtained values for some parameters when different types of cosmological data are
employed. Let us briefly summarize (they will be widely discussed in the next chapters) the main
two problems of this type.
The first of them is known as the σ8 -tension, and as the name already indicates, affects the value
of the parameter σ8 (z), the root-mean-square mass fluctuations on R8 = 8h−1 Mpc
ˆ ∞
1
dkk 2 P (k, z)W 2 (kR8 ),
(1.126)
σ82 (z) = 2
2π 0
where P (k, z) is the matter power spectrum and W (kR8 ) is the top hat smoothing function. Recently, instead of quantifying the tension through the parameter σ8 (0)Actually, another parameter
has been employed
r
Ω0m
S8 = σ8 (0)
(1.127)
0.3
which as can be appreciated also involves the value of the relative matter energy density at present
time. The obtained value for the above parameter in the ΛCDM model, considering the data
Planck 2018 TTTEEE+lowE+lensing [44], is S8 = 0.832 ± 0.013. On the other hand, the values
obtained by different collaborations, using the weak gravitational lensing of galaxies, are DES [47]
+0.030
S8 = 0.777+0.036
−0.038 , KIDS-450 [48] S8 = 0.745 ± 0.039 and HSC [49] S8 = 0.780−0.033 respectively. In
order to properly quantify the tension among the obtained value by the Planck collaboration and
the weak gravitational lensing measurements we use the following useful expression
|Xi − Xj |
TX = q
,
2 + σ2
σX
Xj
i

(1.128)

where X is the observable we are considering to account for the tension and Xi , Xj are the measurements we are comparing. Therefore with respect to the Planck value, the tension for the
before mentioned collaborations, DES TS8 = 1.40σ, KIDS TS8 = 2.12σ and HSC TS8 = 1.53σ.
Only in the KIDS case the tension is above 2σ so we can say that for the moment the tension is
far from reaching a critical level. However it is important to keep an eye on the future measurements obtained from the weak gravitational lensing to see if the tension completely disappears or
conversely, starts to increase. It is worthwhile to mention some models able to relieve the tension,
some examples are: The running vacuum models [50–52], include the AL lensing phenomenological
parameter [44, 53], modified gravity models [54, 55] or a Brans-Dicke model with a cosmological
constant [56].
Without doubt, the most worrisome and consequently the most studied of the tensions is the H0 tension, namely, the great discrepancy between the value from Planck2018 TTTEEE+lowE+lensing
[44] H0 = 67.36 ± 0.54 km/s/Mpc and the local measurements from the SH0ES collaboration [57]
H0 = 73.5 ± 1.4 km/s/Mpc, obtained with the cosmic distance ladder method using and improved
calibration of the Cepheid period-luminosity relation. As can be easily checked the tension between
the Planck value and the SH0ES one reaches the disturbing level of TH0 = 4.09σ. The persistence
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in the discrepancies over the last few years turns out to be really puzzling since we are still far
to conclude if the tension is rooted either in some sort of still unknown systematic or perhaps is
the clearest sign we have right now of new physics. There are numerous attempts in the literature
trying to solve this tension, here we just mentioned some of them: Invoking an extra relativistic
neutrino d.o.f [44, 58–60],a coupled DE with an scalar field potential [61]. Another interesting
possibility is the modification of the stand model physics of the recombination period since it has
been proved that the value of H0 is closely related with the comoving sound horizon rd [62, 63].
The aforementioned options are based on the idea to solve the tension within the GR paradigm,
however the consideration of the Brans-Dicke theory opens a wide range of interesting possibilities
to alleviate the tension [56, 64].
Other cosmological data can shed some light on the issue. The SPTPol survey [65], which also deals
with CMB data, obtains a higher value for the Hubble constant H0 = 71.29±2.12 km/s/Mpc. The
data extracted, for the H0LICOW team [66], from the six gravitational lensed quasar points out
also to a high value H0 = 73.3+1.8
−1.7 km/s/Mpc, which is in tension with the value obtained, also from
strong gravitational data, by the TDCOSMO+SLACS team [67] H0 = 67.4+4.1
−3.2 km/s/Mpc which
clearly tell us that there are still a lot of stuff to understand. Finally the Gravitational Waves field
turns out to be really promising and it is claimed that in the next decade it will provide accurate
data [68–70].
A final comment about the aforementioned σ8 -tension and H0 -tension is in order. We have to
bear in mind that, while one tries to solve one of the tensions, should not make the other one
worse. The H0 and σ8 are correlated so we have to be careful to not accommodate to much one of
the values while we los the sight the other one, this is the only acceptable way to deal with these
intriguing tensions.

1.4

Alternatives to the ΛCDM

In this section we present some of the models beyond the standard one that can help to solve
some of the tensions mentioned in the previous section. What all of them have in common is the
presence of extra d.o.f. with respect to the ΛCDM, which turns out to be completely necessary
in order to solve some of the tensions aforementioned. The increasing number of new and very
precise incoming cosmological data will allow us to put tight constraints over the models making
possible to rule out those that do not pass the observational test. In the meantime we should
remind open-minded and consider all the possibilities.

1.4.1

DE parameterizations

The simplest possible extension of the ΛCDM model consists in endowing the DE density, ρΛ
with some sort of evolution over time and consider, at the same time, that it is self-conserved, i.e.
ρ̇Λ + 3H(1 + wD (a))ρΛ = 0. While it is possible to build models just by considering complicate
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functional forms for the EoS parameter, wD (a), here we want to keep things as simple as possible,
this is why we only study two well-known different parameterizations, namely the XCDM [71] and
the CPL [72–74]. The first of them consists in considering wD (a) = w0 = const., nevertheless, this
models differs from the standard one because w0 6= −1. The normalized Hubble function can be
written as:
ρν (a)
+ Ω0Λ a−3(1+w0 ) .
(1.129)
E 2 (a) = (Ω0b + Ω0dm )a−3 + Ω0γ a−4 +
ρ0c
For w0 = −1 it boils down to that of the ΛCDM with rigid CC, as expected. On the other hand
for w0 ' −1 the XCDM mimics quintessence, whereas for w0 / −1 it mimics phantom DE.
A slightly more sophisticated DE parameterization is furnished by the CPL, in which one assumes
that the generic DE entity has a slowly varying EoS of the form
wD (a) = w0 + w1 (1 − a) = w0 + w1

z
.
1+z

(1.130)

The CPL paramterization, in contrast to the XCDM one, gives room for a time evolution of the dark
energy EoS owing to the presence of the additional parameter w1 , which satisfies 0 < |w1 |  |w0 |
with w0 ' −1 or w0 /. The corresponding normalized Hubble function for the CPL can be easily
computed:
E 2 (a) = (Ω0b + Ω0dm )a−3 + Ω0γ a−4 +

ρν (a)
+ Ω0Λ a−3(1+w0 +w1 ) e−3w1 (1−a) .
ρ0c

(1.131)

Both the XCDM and the CPL paramterizations can be thought of as a kind of baseline frameworks
to be refereed to in the study of dynamical DE. They can be used as a fiducial models to which
we can compare other, more sophisticated, models for the dynamical DE.

1.4.2

Running Vacuum Models

This kind of models are build upon the idea that the vacuum energy density should be a time
depending quantity in cosmology. It is difficult to conceive an expanding Universe with a strictly
vacuum energy density that has remained immutable since the origin of time. Rather, a smoothly
evolving DE density that inherits its time-dependence from cosmological variables, such as the
Hubble rate H(t), or the scale factor a(t) is not only a qualitatively more plausible and intuitive
idea, but it is also suggested by fundamental physics, in particular by QFT in curved space time.
Remember that the renormalized ZPE contribution coming from the quantum fluctuations of a
non-minimally coupled scalar field, in the FLRW metric, gives rise to the expression (1.79), which
is useful to explore the running of the ρΛ , when we move to one scale to another. Once we insert
the observational obtained value, at some particular scale, we are able to compute the value at
another scale. Having said that if we plug M = H0 and M0 = MX into (1.79), being MX the
usual characteristic scale of most of the GUT and neglecting those terms of O(H 4 ) (which include
the terms Ḣ 2 , H Ḧ and ḢH 2 ), completely negligible in the post-inflationary period, we are lead
to the following result:




1
H02
3
2
2
2
0
− ξ H0 MX + m ln 2 .
(1.132)
ρΛ (M = H0 ) ≡ ρΛ = ρΛ (MX ) +
16π 2 6
MX
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Where ρ0Λ is the current value of the vacuum energy density and it is an experimental measurement.
The above expression can be simplified by defining the running parameter νef f :
ρΛ (MX ) = ρ0Λ −
where
νef f

1
=
2π



1
−ξ
6



2
MX
2
Mpl

3νef f 2 2
H0 Mpl ,
8π

(1.133)



m2
H02
1 + 2 ln 2 .
M X MX

(1.134)

Now, if we substitute (1.133) in (1.79) and we set M = H, we obtain:
ρΛ (H) = ρ0Λ −

3νef f 2 2
3νef f (H) 2 2
H0 Mpl +
H Mpl
8π
8π

(1.135)

where we have employed the definition
1
νef f (H) =
2π



1
−ξ
6



2
MX
2
Mpl



m2
H2
1 + 2 ln 2
MX MX


.

(1.136)

Taking into account that we are interested in the current Universe, the values that we are going
to consider for H(t) will not be much different from the present value H0 . This fact allows us to
make the approximation νef f (H) ' νef f . All in all, the final expressions can be cast as:
ρΛ (H) ' ρ0Λ +

3νef f
3νef f
2
(H 2 − H02 )Mpl
= ρ0Λ +
(H 2 − H02 )
8π
8πGN

(1.137)

Clearly the νef f plays the role of a β-function encoding the running of the vacuum energy density
due to the quantum effects. While it is true that the expression displayed (1.137) contains only
the contribution of the ZPE coming from a scalar field, can serve as an ansatz to study in a
phenomenological way the RVM.
Actually, (1.137) can be understood, as a particular case of a more general expression of the
vacuum energy density considered in analogy to the renormalization group equation, that can be
treated as an ansatz, but well motivated in the computations within a QFT [75, 76]:


1 X
µ6
dρΛ
2 2
4
ai Mi µ + bi µ + ci 2 + . . . ,
= 2
(1.138)
d ln µ2
4π
Mi
i
where the running scale µ is typically identified with H or related variables. Notice that ρΛ (H)
can involve only even powers of the Hubble rate H or even powers of the derivative Ḣ, because of
the covariance of the effective action.
Integrating (1.138), we can get an expression valid for the current Universe
ρΛ (H) =


3 
c0 + αḢ + νH 2 + O(H 4 )
8πGN

(1.139)

being α and ν dimensionless parameters and c0 is a dimension 2 constant in natural units. We
emphasize that c0 6= 0 so as to ensure a smooth ΛCDM limit when the dimensionless coefficients
are set to zero. These dimensionless coefficients can be computed in the context of QFT from
the ratio squared of the different masses to the Planck mass and they can be interpreted as the
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β-functions of the running of the vacuum energy density. The theoretical predictions establish
α, ν ∼ 10−6 − 10−3 , however their values, at this moment, must be computed phenomenologically
by constraining the models with the cosmological data.
So far, we have properly justified the functional form of the vacuum energy density within the
QFT, nevertheless, in order to allow the dynamics of ρΛ (H), we are forced to introduce an extra
ingredient with respect to the standard model of cosmology. In this thesis we are going to meanly
consider three different scenarios derived from the local energy conservation equation:
"
#
X
X
d
G(t)
ρN + 3G(t)
(ρN + pN ) = 0
(1.140)
dt
N

N

where, as usually, N runs for the different components considered, e.g. baryons, DM, neutrinos,
photons and DE. The different possibilities we study in different chapters of this thesis are:
Scenario I: Ġ = 0, wΛ = −1 and

P

N

ρ˙N + 3H(ρN + pN ) = 0

In this first scenario the Newton’s coupling is treated as if it were a constant, G = GN and
we consider DE as if it were a pure vacuum energy, which means ρΛ + pΛ = 0 in the local conservation equation. So, here we consider an exchange of energy between the ordinary matter and the
vacuum component, which of course is not considered in the ΛCDM model.
Scenario II: Ġ 6= 0, wΛ = −1 and

d
dt (ρm

+ ρr ) + 3H(ρm + pm + ρr + pr ) = 0

R and ρ = ρ + ρR . In this case the vacuum does not interact with the
where ρm = ρb + ρdm + ρN
r
γ
ν
ν
ordinary matter but with the Newton’s coupling, which leaves us with the following equation:

ρ̇Λ
Ġ
=−
ρΛ + ρm + ρr
G

(1.141)

so in this scenario not only the vacuum energy density inherits some dynamics due to the expansion
of the Universe but also the Newton’s coupling does it, leaving the ordinary matter self-conserved
as in the standard model.
Scenario III: Ġ = 0, wΛ = wDE 6= −1 and

P

N

ρ˙N + 3H(ρN + pN ) = 0

Here we allow a tiny departure of the pure vacuum behaviour by considering a non-trivial expression for wDE (t), while ρΛ still has the functional form displayed (1.139) and interacts, like in
the Scenario I, with the ordinary matter.
Something that should not be omitted is the fact that it is also possible to accommodate the
inflation mechanism within the RVM’s. In order to produce the desired effects, ρΛ should acquire
the following form:


H4
3
2
c0 + νH + 2
(1.142)
ρΛ (H) =
8πGN
HI
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where ν is a dimensionless constant whereas HI and c0 have dimension 1 and 2 respectively. In
order to know more details see [77] and references therein. Within this model we also find an
scale factor of the form (1.124), as could not be otherwise, since we are interested in an expanding
Universe completely dominated by a component with a negative pressure.
In this thesis the RVM’s are widely tested, putting them under the light of a large string of
observational data, like the CMB spectrum, the BAO measurements or the important LSS results.
As could not be otherwise the results depends of the dataset employed, but interestingly as long as
the triad CMB+BAO+LSS is included in the analysis an important conclusion can be extracted:
the RVM’s are favoured over the ΛCDM.

1.4.3

Quintessence scalar field models φCDM

The literature is full of various attempts to explain, the CC and consequently, the current acceleration of the Universe employing scalar fields, see [78–82] and references therein. The main
idea behind this type of models is to describe DE in terms of some sort of scalar Φ field with its
corresponding potential V (Φ), which can be the tail of a more complex effective potential in which
inflation is also incorporated. We want to remark that, as the tittle of the subsection suggests,
we are only interested in the quintessence scalar field models (mention the problems related with
the phantom DE ?). The associated energy density ρΦ evolves slowly with time until the scalar
field becomes the dominant component, thus causing the accelerated expansion of the Universe
we can see at the present time. The scalar field models possess a well-defined local Lagrangian
description. The total action, including the EH term and the matter fields one can be written, for
a minimally coupled scalar field, in the following way:


2 ˆ
Mpl
1 µν
4 √
d x −g R − g ∂µ φ∂ν φ − V (φ) + Sm .
(1.143)
Stot = SEH + Sφ + Sm =
16π
2
As it can be appreciated in this convention the scalar field is taken to be dimensionless. Once we
have the analytical expression for the scalar field action we can easily obtain the corresponding
energy-momentum tensor thanks to:


2 
Mpl
2 δSφ
1 αβ
Φ
Tµν = − √
=
∂µ φ∂ν φ − gµν
g ∂α φ∂β φ + V (φ) .
(1.144)
−g δg µν
16π
2
At this point we want to remark that we consider that the scalar field is an homogeneous quantity
which means that at the background level everything is just a function of time. We can easily
obtain the energy density and the pressure from the expression of the energy-momentum tensor:
!
!
2
2
Mpl
Mpl
φ̇2
φ̇2
φ
φ
+ V (φ)
pφ = Tii =
− V (φ)
(1.145)
ρφ = T00 =
16π 2
16π 2
The dots represent derivatives w.r.t. the cosmic time. Unlike the ΛCDM model the EoS parameter
for the DE component is wΦ 6= −1, this can be seen from
wφ =

pφ
φ̇2 − 2V (φ)
=
.
ρφ
φ̇2 + 2V (φ)
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(1.146)

In order to produce the late-time acceleration, the conditon wΦ < −1/3 must be fulfilled, which
implies Φ̇/2  V (Φ). Taking this into account the EoS parameter can be approximated by
wΦ ' −1 + Φ̇2 /V (Φ). Due to the extra d.o.f., embodied in the scalar field, it is possible to obtain
the Klein-Gordo equation for a non-coupled model, upon functional derivative of SΦ with respect
to the scalar field and considering the FLRW metric:
φ̈ + 3H φ̇ +

∂V (φ)
=0
∂φ

(1.147)

We must not fall into the error of thinking that the scalar field models are free from the old CC
constant problem or equivalently free from a some sort of fine-tuning problem. In order to have the
proper shape the considered potential must adjust at least on free parameter to be able to produce
the late-time accelerate expansion. To see a comprehensive list of possibilities for the potential
check Table 1.1 of [45]. Also read Section 1.2.4 (Scalar fields in the late-time Cosmology to get a
summary of the different attempts based on the idea of scalar fields throughout the modern history
of cosmology.

1.4.4

Brans-Dicke model with CC

The Brans-Dicke theory [83] contains an additional gravitational degree of freedom as compared
to GR, and therefore it genuinely departs from GR in a fundamental way. The new d.o.f. is
represented by the scalar BD field ψ, which is non-minimally coupled to curvature, R. The original
BD-action reads as follows 8 :



 ˆ
ˆ
√
1
ωBD µν
4 √
SBD = d x −g
Rψ −
g ∂ν ψ∂µ ψ − ρΛ + d4 x −g Lm (Φi , gµν ) . (1.148)
16π
ψ
The (dimensionless) factor in front of the kinetic term of ψ, i.e. ωBD , will be referred to as the
BD-parameter. The last term of (1.148) stands for the matter action Sm , which is constructed
from the Lagrangian density of the matter fields, collectively denoted as Φi . There is no potential
for the BD-field ψ in the original BD-theory, but we admit the presence of a CC term associated to
ρΛ . The scalar field,ψ has dimension 2 in natural units (i.e. mass dimension squared), in contrast
to the dimension 1 of ordinary scalar fields. The effective value of G at any time is thus given by
1/ψ, and of course ψ must be evolving very slowly with time. The field equations of motion ensue
after performing variation with respect to both the metric and the scalar field ψ. While the first
variation yields


ωBD
ωBD
(∇ψ)2 gµν − ∇µ ∇ν ψ −
∇µ ψ∇ν ψ = 8π ( Tµν − gµν ρΛ ) ,
(1.149)
ψ Gµν + ψ +
2ψ
ψ
the second variation gives the wave equation for ψ, which depends on the curvature scalar R. The
latter can be eliminated upon tracing over the previous equation, what leads to a most compact
8

We use natural units, therefore ~ = c = 1 and GN = 1/2 , where ' 1.22 × 1019 GeV is the Planck mass. As for
the geometrical quantities, we use space dominant signature of the metric (−, +, +, +), Riemann curvature tensor
Rλ µνσ = ∂ν Γλµσ + Γρµσ Γλρν − (ν ↔ σ), Ricci tensor Rµν = Rλ µλν , and Ricci scalar R = g µν Rµν . Overall, these
correspond to the (+, +, +) conventions in the popular classification by Misner, Thorn and Wheeler [84].
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result:

8π
(T − 4ρΛ ) .
(1.150)
2ωBD + 3
Here we have assumed that both ωBD and ρΛ are constants. To simplify the notation, we have
written (∇ψ)2 ≡ g µν ∇µ ψ∇ν ψ. In the first field equation, Gµν = Rµν − (1/2)Rgµν is the Einstein
√
tensor, and on its r.h.s. Tµν = −(2/ −g)δSm /δg µν is the energy-momentum tensor from matter.
In the field equation for ψ, T ≡ Tµµ is the trace of the energy-momentum tensor for the matter
part (relativistic and non-relativistic). The total energy-momentum tensor as written on the r.h.s.
of (1.149) is the sum of the matter and vacuum parts and adopts the perfect fluid form:
ψ =

T̃µν = Tµν − ρΛ gµν = p gµν + (ρ + p)Uµ Uν ,

(1.151)

with ρ ≡ ρm + ρr + ρΛ and p ≡ pm + pr + pΛ = pr + pΛ , where pm = 0, pr = (1/3)ρr and pΛ = −ρΛ
stand for the pressures of dust matter (which includes baryons and DM), radiation and vacuum,
respectively. As in GR, we consider possible CC term or constant vacuum energy density, ρΛ , in
the BD-action (1.148). The quantum matter fields usually induce an additional, and very large,
contribution to ρΛ , this is of course the origin of the CC Problem. Let us write down the field
equations in the flat FLRW metric, ds2 = −dt2 + a2 δij dxi dxj . Using the total density ρ and
pressure p as indicated above, Eq. (1.149) renders the two independent equations
!2
ψ̇
8π
ω
BD
=
ρ
(1.152)
3H 2 + 3H −
2
ψ
ψ
ψ̈
ψ̇ ωBD
2Ḣ + 3H 2 + + 2H +
ψ
ψ
2

ψ̇
ψ

!2
=−

8π
p
ψ

(1.153)

whereas (1.150) yields
ψ̈ + 3H ψ̇ = −

8π
(3p − ρ) .
2ωBD + 3

(1.154)

Here dots indicate derivatives with respect to the cosmic time and H = ȧ/a is the Hubble rate.
For constant ψ = 1/GN , the first two equations reduce to the Friedmann and pressure equations of
GR, and the third requires ωBD → ∞ for consistency. By combining the above equations we expect
to find a local covariant conservation law, similar to GR. This is because there is no interaction
between matter and the BD field. It can indeed be checked by explicit calculation. Although the
calculation is more involved than in GR, the final result turns out to be the same:
X
ρ̇N + 3H(ρN + pN ) = 0 ,
(1.155)
ρ̇ + 3H(ρ + p) =
N

where the sum is over all components, i.e. baryons, dark matter, radiation, neutrinos and vacuum.
Here we take the point of view that all components are separately conserved in the main periods
of the cosmic evolution. In particular, the vacuum component obviously does not contribute in
the sum since it is assumed to be constant and ρΛ + pΛ = 0 . The expression (1.155) can also be
obtained upon lengthy but straightforward computation of the covariant derivative on both sides
of Eq. (1.149) and using the Bianchi identity satisfied by Gµν and the field equation of motion for
ψ,
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1.4.5

Modified gravity models

So far we have considered models that assume the presence of ρΛ (being a constant or a timeevolving quantity), however it is convenient to be open-minded and consider different alternatives
present in the literature. Of course, we cannot simply omit the experimental evidence, we have
nowadays on how galaxies move away from each other in an accelerated way. Actually, in the
previous section we have considered one of the first attempts of cosmological model not based on
GR, namely the BD model, where gravity is not only mediated by the tensor Gµν but also by the
BD-field, usually denoted as ψ. One can replace there the ρΛ by a potential U (φ) and then remove
completely the presence of a pure cosmological constant. We shall comment more about that in
Chapter 7.
Of course it is possible to introduce a modification in the field equations without using a scalar
field, and a classical example of that are the f (R) models, whose action take the general form:
ˆ
√
1
d4 x −gf (R) + Sm (gµν , ψm ).
(1.156)
S=
16πGN
Notice that the EH action is just a particular case of the above action with f (R) = R − 2Λ. It
goes without saying not all the forms for the function f (R) are valid, since the considered model
has to pass not only the cosmological test, but also the astrophysical ones in case no screening
mechanism is considered. A brief comment about the frame where the models are considered turns
out to be necessary. We say that we work in the Einstein frame when the Ricci scalar, appearing
in the action, is not multiplied nor by a constant or a function of R, like in the case of f (R)
models neither by some sort of function of the scalar field, like in the BD model. If neither of the
two conditions are fulfilled we say we are in the Jordan Frame. Both frames are linked through a
conformal transformation of the metric
ĝµν = Ω2 gµν

(1.157)

where the function Ω can vary depending on the model considered. There is no a general agreement
about which of the frames is the physical one, in case any of them are. In this thesis we adopt
the convention to consider the physical frame as that one where the model is originally formulated.
If we go back to the f (R) models, in order to obtain the field equations, one has to choose between
two different approaches. The first one is the metric formalism, where the connection between
the Christoffel symbols Γµνλ and the metric is the usual one and the Palatini formalism, which
considers that both functions must be considered as independent. Since for all the models studied
in this thesis we assume the Levi-Civita connection, we stick for the former case. By considering
the same process employed to obtain the Einstein’s field equations, vary the action with respect
to gµν it is possible to obtain the following equations:
1
F (R)Rµν − f (R)gµν − ∇µ ∇ν F (R) + gµν F (R) = 8πGN Tµν .
2

(1.158)

In the above expression appear Rµν and Tµν , which are the usual Ricci tensor and energymomentum tensor respectively, whereas the term F (R) ≡ ∂f /∂R has been introduced to simplify
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the notation. If the FLRW metric, ds2 = −dt2 + a2 (t)δij dxi dxj is assumed, we can write the
cosmological equations as:
3H 2 = 8πGN (ρm + ρr + ρDE )
2Ḣ + 3H 2 = −8πGN (pm + pr + pDE )
where the terms ρDE and pDE are defined as:


(F R − f )
1
ρDE ≡
3H 2 (1 − F ) +
− 3H Ḟ
8πGN
2


(f − F R)
1
2
(2Ḣ + 3H )(F − 1) + 2H Ḟ + F̈ +
,
pDE ≡
8πGN
2

(1.159)
(1.160)

(1.161)
(1.162)

and they follow the conservation equation ρ̇DE + 3H (ρDE + pDE ) = 0. If we continue with the
analogy of DE we are allowed to define an EoS parameter given by the the expression
wDE =

pDE
2F̈ − 2H Ḟ − 4ḢF
.
= −1 +
2
ρDE
6H (1 − F ) + F R − f − 6H Ḟ

The above expression is useful to detect deviations from a pure GR model.
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(1.163)

2

First evidence of running cosmic
vacuum: challenging the
concordance model

We start our study of different models with the capacity to provide a more general framework
that the CDM does, in order to accommodate possible a possible time evolution of the Dark
Energy (DE) component by studying the Running Vacuum Models (RVM). This kind of models
were introduced in the previous chapter and are mainly characterized by having a vacuum energy
density that evolves as the Universe expands. The particular functional form of ρΛ = ρΛ (t) is
motivated in the context of Quantum Field Theory (QFT) in curved space-times.
We would like to remark that our aim here is neither to solve the cosmological constant (CC)
problem nor to solve the coincidence problem, but to study the aforementioned models from a
phenomenological perspective.
To do so, we will consider a large set of cosmological data SNIa+BAO+H(z)+LSS+BBN+CMB
in order to test the possibility that the Λ-term and the associated vacuum energy density ρΛ =
Λ/(8πG) could actually be a dynamical (“running”) quantity whose rhythm of variation might be
linked to the Universe expansion rate, H. The idea is to check if this possibility helps to improve
the description of the overall cosmological data as compared to the rigid assumption Λ =const.
inherent to the concordance ΛCDM model.
The plan of the paper is as follows. In section 2.1 we describe the different types of running
vacuum models (RVM’s) that will be considered in this study. In section 2.2 we fit these models to
a large set of cosmological data on distant type Ia supernovae (SNIa), baryonic acoustic oscillations
(BAO’s), the known values of the Hubble parameter at different redshift points, the large scale
structure (LSS) formation data, the BBN bound on the Hubble rate, and, finally, the CMB distance
priors from WMAP and Planck. We include also a fit of the data with the standard XCDM
parametrization, which serves as a baseline for comparison. In section 2.3 we present a detailed
discussion of our results, and finally in section 2.4 we deliver our conclusions.

2.1

Two basic types of RVM’s

In an expanding Universe we may expect that the vacuum energy density and the gravitational
coupling are functions of the cosmic time through the Hubble rate, thence ρΛ = ρΛ (H(t)) and
G = G(H(t)). Adopting the canonical equation of state pΛ = −ρΛ (H) also for the dynamical
vacuum, the corresponding field equations in the Friedmann-Lemaı̂tre-Robertson-Walker (FLRW)
metric in flat space become formally identical to those with strictly constant G and Λ:
3H 2 = 8π G(H) (ρm + ρr + ρΛ (H))

(2.1)

3H 2 + 2Ḣ = −8π G(H) (pr − ρΛ (H)) .

(2.2)
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Table 1: Best-fit values for ΛCDM, XCDM and the various running vacuum models (RVM’s) using
the Planck 2015 results and the full data set S1-S7

Model

h

ωb = Ωb h2

ns

Ωm

νef f

ω

χ2min /dof

∆AIC

ΛCDM

0.693 ± 0.003

0.02255 ± 0.00013

0.976 ± 0.003

0.294 ± 0.004

-

−1

90.44/85

-

-

XCDM

0.670 ± 0.007

0.02264 ± 0.00014

0.977 ± 0.004

0.312 ± 0.007

-

−0.916 ± 0.021

74.91/84

13.23

11.03

A1

0.670 ± 0.006

0.02237 ± 0.00014

0.967 ± 0.004

0.302 ± 0.005

0.00110 ± 0.00026

−1

71.22/84

16.92

14.72

A2

0.674 ± 0.005

0.02232 ± 0.00014

0.965 ± 0.004

0.303 ± 0.005

0.00150 ± 0.00035

−1

70.27/84

17.87

15.67

G1

0.670 ± 0.006

0.02236 ± 0.00014

0.967 ± 0.004

0.302 ± 0.005

0.00114 ± 0.00027

−1

71.19/84

16.95

14.75

G2

0.670 ± 0.006

0.02234 ± 0.00014

0.966 ± 0.004

0.303 ± 0.005

0.00136 ± 0.00032

−1

70.68/84

17.46

15.26

∆BIC

The best-fit values for the ΛCDM, XCDM and the RVM’s, including their statistical significance (χ2 -test and Akaike and
Bayesian information criteria, AIC and BIC, see the text). The large and positive values of ∆AIC and ∆BIC strongly favor
the dynamical DE options (RVM’s and XCDM) against the ΛCDM (see text). We use 90 data points in our fit, to wit: 31
points from the JLA sample of SNIa, 11 from BAO, 30 from H(z), 13 from linear growth, 1 from BBN, and 4 from CMB (see
S1-S7 in the text for references). In the XCDM model the EoS parameter ω is left free, whereas for the RVM’s and ΛCDM
is fixed at −1. The specific RVM fitting parameter is νeff , see Eq.(2.6) and the text. For G1 and A1 models, νeff = ν. The
remaining parameters are the standard ones (h, ωb , ns , Ωm ). The quoted number of degrees of freedom (dof ) is equal to the
number of data points minus the number of independent fitting parameters (5 for the ΛCDM, 6 for the RVM’s and the XCDM.
The normalization parameter M introduced in the SNIa sector of the analysis is also left free in the fit, cf. [85], but it is not
listed in the table). For the CMB data we have used the marginalized mean values and standard deviation for the parameters
of the compressed likelihood for Planck 2015 TT,TE,EE + lowP data from [86], which provide tighter constraints to the CMB
distance priors than those presented in [54]

Table 2: Best-fit values for the various vacuum models and the XCDM using the Planck 2015
results and removing the BAO and LSS data from WiggleZ

Model

h

ωb = Ωb h2

ns

Ωm

νef f

ω

χ2min /dof

∆AIC

ΛCDM

0.692 ± 0.004

0.02254 ± 0.00013

0.975 ± 0.004

0.295 ± 0.004

-

−1

86.11/78

-

-

XCDM

0.671 ± 0.007

0.02263 ± 0.00014

0.976 ± 0.004

0.312 ± 0.007

-

−0.920 ± 0.022

73.01/77

10.78

8.67

A1

0.670 ± 0.007

0.02238 ± 0.00014

0.967 ± 0.004

0.302 ± 0.005

0.00110 ± 0.00028

−1

69.40/77

14.39

12.27

A2

0.674 ± 0.005

0.02233 ± 0.00014

0.966 ± 0.004

0.302 ± 0.005

0.00152 ± 0.00037

−1

68.38/77

15.41

13.29

G1

0.671 ± 0.006

0.02237 ± 0.00014

0.967 ± 0.004

0.302 ± 0.005

0.00115 ± 0.00029

−1

69.37/77

14.42

12.30

G2

0.670 ± 0.006

0.02235 ± 0.00014

0.966 ± 0.004

0.302 ± 0.005

0.00138 ± 0.00034

−1

68.82/77

14.97

12.85

∆BIC

Same as in Table 1, but excluding from our analysis the BAO and LSS data from WiggleZ, see point S5) in the text.

The equations of state for the densities of relativistic (ρr ) and dust matter (ρm ) read pr = (1/3)ρr
and pm = 0, respectively. Consider now the characteristic RVM structure of the dynamical vacuum
energy:


3
2
2
ρΛ (H; ν, α) =
c0 + νH + α Ḣ + O(H 4 ) ,
(2.3)
8πG
3
where G can be constant or a function G = G(H; ν, α) depending on the particular model. The
above expression is the form that has been suggested in the literature from the quantum corrections of QFT in curved space-time (cf. [76] and references therein). The terms with higher
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powers of the Hubble rate have recently been used to describe inflation, see e.g. [87, 88] and [89],
but these terms play no role at present and will be hereafter omitted. The coefficients ν and α
have been defined dimensionless. They are responsible for the running of ρΛ (H) and G(H), and
so for ν = α = 0 we recover the ΛCDM, with ρΛ and G constants. The values of ν and α are
naturally small in this context since they can be related to the β-functions of the running. An
estimate in QFT indicates that they are of order 10−3 at most [75], but here we will treat them as
free parameters of the RVM and hence we shall determine them phenomenologically by fitting the
model to observations. As previously indicated, a simple Lagrangian language for these models
that is comparable to the scalar field DE description may not be possible, as suggested by attempts
involving the anomaly-induced action [75, 76].
Two types of RVM will be considered here: i) type-G models, when matter is conserved and the
running of ρΛ (H) is compatible with the Bianchi identity at the expense of a (calculable) running
of G; ii) type-A models, in contrast, denote those with G =const. in which the running of ρΛ must
be accompanied with a (calculable) anomalous conservation
 law ofmatter. Both situations are deµ
scribed by the generalized local conservation equation ∇ G T̃µν = 0, where T̃µν = Tµν + ρΛ gµν
is the total energy-momentum tensor involving both matter and vacuum energy. In the FLRW
metric, and summing over all energy components, we find
X
d
[G(ρm + ρr + ρΛ )] + 3 G H
(ρi + pi ) = 0 .
dt

(2.4)

i=m,r

If G and ρΛ are both constants, we recover the canonical conservation law ρ̇m + ρ̇r +3Hρm +4Hρr =
0 for the combined system of matter and radiation. For type-G models Eq.(2.4) boils down to
Ġ(ρm + ρr + ρΛ ) + Gρ̇Λ = 0 since ρ̇m + 3Hρm = 0 and ρ̇r + 4Hρr = 0 for separated conservation
of matter and radiation, as usually assumed. Mixed type of RVM scenarios are possible, but will
not be considered here.
We can solve analytically the type-G and type-A models by inserting equation (2.3) into (2.1) and
(2.2), or using one of the latter two and the corresponding conservation law (2.4). It is convenient to
perform the integration using the scale factor a(t) rather than the cosmic time. For type-G models
the full expression for the Hubble function normalized to its current value, E(a) = H(a)/H0 , can
be found to be


Ωm Ωr
2
E (a) type−G = 1 +
+ 0
ξ
ξ


 ξ0
 0
1−α
aξ
+
ξΩ
/Ω
0
r
m
,
× −1 + a−4ξ
(2.5)
ξ 0 + ξΩr /Ωm
where Ωi = ρi0 /ρc0 are the current cosmological parameters for matter and radiation, and we have
defined
1−ν
1−ν
0
ξ=
≡ 1 − νeff , ξ 0 =
≡ 1 − νeff
.
(2.6)
1−α
1 − 43 α
Note that E(1) = 1, as it should. Moreover, for ξ, ξ 0 → 1 (i.e. |ν, α|  1) νeff ' ν − α
0
and νeff
' ν − (4/3)α. In the radiation-dominated epoch, the leading behavior of Eq.(2.5) is
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Figure 1: Likelihood contours in the (Ωm , νeff ) plane for the values −2 ln L/Lmax = 2.30, 6.18, 11.81, 19.33, 27.65
(corresponding to 1σ, 2σ, 3σ, 4σ and 5σ c.l.) after marginalizing over the rest of the fitting parameters indicated
in Table 1. We display the progression of the contour plots obtained for model G2 using the 90 data points on
SNIa+BAO+H(z)+LSS+BBN+CMB, as we evolve from the high precision CMB data from WMAP9, Planck 2013 and Planck
2015 – see text, point S7). In the sequence, the prediction of the concordance model (νeff = 0) appears increasingly more
disfavored, at an exclusion c.l. that ranges from ∼ 2σ (for WMAP9), ∼ 3.5σ (for Planck 2013) and up to 4σ (for Planck 2015).
Subsequent marginalization over Ωm increases slightly the c.l. and renders the fitting values indicated in Table 1, which reach
a statistical significance of 4.2σ for all the RVM’s. Using numerical integration we can estimate that ∼ 99.81% of the area of
the 4σ contour for Planck 2015 satisfies νeff > 0. We also estimate that ∼ 95.47% of the 5σ region also satisfies νeff > 0. The
corresponding AIC and BIC criteria (cf. Table 1) consistently imply a very strong support to the RVM’s against the ΛCDM.

0

∼ Ωr a−4ξ , while in the matter-dominated epoch is ∼ Ωm a−3ξ . Furthermore, for ν, α → 0,
E 2 (a) → 1 + Ωm (a−3 − 1) + Ωr (a−4 − 1). This is the ΛCDM form, as expected in that limit. Note


that the following constraint applies among the parameters: c0 = H02 ΩΛ − ν + α Ωm + 43 Ωr ,
as the vacuum energy density ρΛ (H) must reproduce the current value ρΛ for H = H0 , using
Ωm + Ωr + ΩΛ = 1. The explicit scale factor dependence of the vacuum energy density, i.e.
ρΛ = ρΛ (a), ensues upon inserting (2.5) into (2.3). In addition, since the matter is conserved for
type-G models, we can use the obtained expression for ρΛ (a) to also infer the explicit form for
G = G(a) from (2.1). We refrain from writing out these cumbersome expressions and we limit
ourselves to quote some simplified forms. For instance, the expression for ρΛ (a) when we can
neglect the radiation contribution is simple enough:


Ωm
−3
3ξ
3ξ
(1 − ξ − a ) ,
(2.7)
ρΛ (a) = ρc0 a
a +
ξ
where ρc0 = 3H02 /8π G0 is the current critical density and G0 ≡ G(a = 1) is the current value of the
gravitational coupling. Quite obviously for ξ = 1 we recover the ΛCDM form: ρΛ = ρc0 (1 − Ωm ) =
ρc0 ΩΛ =const. As for the gravitational coupling, it evolves logarithmically with the scale factor
and hence changes very slowly9 . It suffices to say that it behaves as
0

0
G(a) = G0 a4(1−ξ ) f (a) ' G0 (1 + 4νeff
ln a) f (a) ,

(2.8)

where f (a) = f (a; Ωm , Ωr ; ν, α) is a smooth function of the scale factor. We can dispense with the
full expression here, but let us mention that f (a) tends to one at present irrespective of the values
9

This is a welcome feature already expected in particular realizations of type-G models in QFT in curved spacetime [75, 76]. See also [?].
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Figure 2:

As in Fig. 1, but for model A2. Again we see that the contours tend to migrate to the νeff > 0 half plane as we
evolve from WMAP9 to Planck 2013 and Planck 2015 data. Using the same method as in Fig. 1, we find that ∼ 99.82% of the
area of the 4σ contour for Planck 2015 (and ∼ 95.49% of the corresponding 5σ region) satisfies νeff > 0. The ΛCDM becomes
once more excluded at ∼ 4σ c.l. (cf. Table 1 for Planck 2015).

of the various parameters Ωm , Ωr , ν, α involved in it; and f (a) → 1 in the remote past (a → 0) for
ν, α → 0 (i.e. ξ, ξ 0 → 1). As expected, G(a) → G0 for a → 1, and G(a) has a logarithmic evolution
0 6= 0. Notice that the limit a → 0 is relevant for the BBN (Big Bang Nucleosynthesis)
for νeff
epoch and therefore G(a) should not depart too much from G0 according to the usual bounds on
BBN. We shall carefully incorporate this restriction in our analysis of the RVM models, see later on.
Next we quote the solution for type-A models. As indicated, in this case we have an anomalous matter conservation law. Integrating (2.4) for G =const. and using (2.3) in it one finds
0
ρt (a) ≡ ρm (a) + ρr (a) = ρm0 a−3ξ + ρr0 a−4ξ . We have assumed, as usual, that there is no exchange
of energy between the relativistic and non-relativistic components. The standard expressions for
matter and radiation energy densities are recovered for ξ, ξ 0 → 1. The normalized Hubble function
for type-A models is simpler than for type-G ones. The full expression including both matter and
radiation reads:
 Ω 

Ωm  −3ξ
0
r
E 2 (a) type−A = 1 +
a
− 1 + 0 a−4ξ − 1 .
(2.9)
ξ
ξ
From it and the found expression for ρt (a) we can immediately derive the corresponding ρΛ (a):
0

ρΛ (a) = ρΛ0 + ρm0 (ξ −1 − 1)(a−3ξ − 1) + ρr0 (ξ 0−1 − 1)(a−4ξ − 1) .

(2.10)

Once more for ν, α → 0 (i.e. ξ, ξ 0 → 1) we recover the ΛCDM case, as easily checked. In particular
one finds ρΛ → ρΛ0 =const. in this limit.

2.2

Fitting the vacuum models to the data

In order to better handle the possibilities offered by the type-G and type-A models as to their dependence on the two specific vacuum parameters ν, α, we shall refer to model G1 (resp. A1) when
we address type-G (resp. type-A) models with α = 0 in Eq.(2.3). In these cases νeff = ν. When,
instead, α 6= 0 we shall indicate them by G2 and A2, respectively. This classification scheme is
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Figure 3:

As in Fig. 1 and 2, but for model XCDM and using Planck 2015 data. The ΛCDM is excluded at ∼ 4σ c.l. (cf.

Table 1).

used in Tables 1-2 and 5-7, and in Figs. 1-6. In the tables we are including also the XCDM (cf.
Section 4) and the ΛCDM. To this end, we fit the various models to the wealth of cosmological
data compiled from distant type Ia supernovae (SNIa), baryonic acoustic oscillations (BAO’s), the
known values of the Hubble parameter at different redshift points, H(zi ), the large scale structure
(LSS) formation data encoded in f (zi )σ8 (zi ), the BBN bound on the Hubble rate, and, finally, the
CMB distance priors from WMAP and Planck, with the corresponding correlation matrices in all
the indicated cases. Specifically, we have used 90 data points (in some cases involving compressed
data) from 7 different sources S1-S7, to wit:
S1) The SNIa data points from the SDSS-II/SNLS3 Joint Light-curve Analysis (JLA) [85]. We
have used the 31 binned distance modulus fitted to the JLA sample and the compressed form of
the likelihood with the corresponding covariance matrix.
S2) 5 points on the isotropic BAO estimator rs (zd )/DV (zi ): z = 0.106 [106], z = 0.15 [107],
zi = 0.44, 0.6, 0.73 [108], with the correlations between the last 3 points.
S3) 6 data points on anisotropic BAO estimators: 4 of them on DA (zi )/rs (zd ) and H(zi )rs (zd ) at
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Table 3: Compilation of H(z) data points
z

H(z)

References

0.07

69.0 ± 19.6

[90]

0.09

69.0 ± 12.0

[91]

0.12

68.6 ± 26.2

[90]

0.17

83.0 ± 8.0

[92]

0.1791

75.0 ± 4.0

[93]

0.1993

75.0 ± 5.0

[93]

0.2

72.9 ± 29.6

[90]

0.27

77.0 ± 14.0

[92]

0.28

88.8 ± 36.6

[90]

0.3519

83.0 ± 14.0

[93]

0.3802

83.0 ± 13.5

[94]

0.4

95.0 ± 17.0

[92]

0.4004

77.0 ± 10.2

[94]

0.4247

87.1 ± 11.2

[94]

0.4497

92.8 ± 12.9

[94]

0.4783

80.9 ± 9.0

[94]

0.48

97.0 ± 62.0

[95]

0.5929

104.0 ± 13.0

[93]

0.6797

92.0 ± 8.0

[93]

0.7812

105.0 ± 12.0

[93]

0.8754

125.0 ± 17.0

[93]

0.88

90.0 ± 40.0

[95]

0.9

117.0 ± 23.0

[92]

1.037

154.0 ± 20.0

[93]

1.3

168.0 ± 17.0

[92]

1.363

160.0 ± 33.6

[96]

1.43

177.0 ± 18.0

[92]

1.53

140.0 ± 14.0

[92]

1.75

202.0 ± 40.0

[92]

1.965

186.5 ± 50.4

[96]

Current published values of H(z) in units [km/s/Mpc] obtained using the differential-age technique (see the quoted references
and point S4 in the text).

zi = 0.32, 0.57, for the LOWZ and CMASS samples, respectively. These data are taken from [101],
based on the Redshift-Space Distortions (RSD) measurements of the power spectrum combined
with the bispectrum, and the BAO post-reconstruction analysis of the power spectrum (cf. Table
5 of that reference), including the correlations among these data encoded in the provided covari61

Table 4: Compilation of f (z)σ8 (z) data points
Survey

z

f (z)σ8 (z)

References

6dFGS

0.067

0.423 ± 0.055

[97]

SDSS-DR7

0.10

0.37 ± 0.13

[98]

GAMA

0.18
0.38

0.29 ± 0.10
0.44 ± 0.06

[99]
[100]

DR12 BOSS

0.32
0.57

0.427 ± 0.052
0.426 ± 0.023

[101]

WiggleZ

0.22
0.41
0.60
0.78

0.42 ± 0.07
0.45 ± 0.04
0.43 ± 0.04
0.38 ± 0.04

[?]

2MTF

0.02

0.34 ± 0.04

[102]

VIPERS

0.7

0.380 ± 0.065

[103]

VVDS

0.77

0.49 ± 0.18

[104]
[105]

Current published values of f (z)σ8 (z). See the text, S5).

ance matrices. We also use 2 data points based on DA (zi )/rs (zd ) and DH (zi )/rs (zd ) at z = 2.34,
from the combined LyaF analysis [109]. The correlation coefficient among these 2 points are taken
from [110] (cf. Table II of that reference). We also take into account the correlations among the
BAO data and the corresponding f σ8 data of [101] – see S5) below and Table 4.
S4) 30 data points on H(zi ) at different redshifts, listed in Table 3. We use only H(zi ) values obtained by the so-called differential-age techniques applied to passively evolving galaxies.
These values are uncorrelated with the BAO data points. See also [111], [112], [113] and [114],
where the authors make only use of Hubble parameter data in their analyses. We find, however,
indispensable to take into account the remaining data sets to derive our conclusions on dynamical
vacuum, specially the BAO, LSS and CMB observations. This fact can also be verified quite evidently in Figures 5-6, to which we shall turn our attention in Section 4.
S5) f (z)σ8 (z): 13 points. These are referred to in the text as LSS (large scale structure formation). The actual fitting results shown in Table 1 make use of the LSS data listed in Table 4,
in which we have carefully avoided possible correlations among them (see below). Let us mention
that although we are aware of the existence of other LSS data points in the literature concerning
some of the used redshift values in our Table 4 – cf. e.g. [115]; [116, 117]; [118] – we have explicitly
checked that their inclusion or not in our numerical fits has no significant impact on the main
result of our paper, that is to say, it does not affect the attained & 4σ level of evidence in favor
of the RVM’s. This result is definitely secured in both cases, but we have naturally presented our
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final results sticking to the most updated data.
The following observation is also in order. We have included both the WiggleZ and the CMASS
data sets in our analysis. We are aware that there exists some overlap region between the CMASS
and WiggleZ galaxy samples. But the two surveys have been produced independently and the
studies on the existing correlations among these observational results [119, 120] show that the correlation is small. The overlap region of the CMASS and WiggleZ galaxy samples is actually not
among the galaxies that the two surveys pick up, but between the region of the sky they explore.
Moreover, despite almost all the WiggleZ region (5/6 parts of it) is inside the CMASS one, it
only takes a very small fraction of the whole sky region covered by CMASS, since the latter is
much larger than the WiggleZ one (see, e.g. Figure 1 in [119]). In this paper, the authors are
able to quantify the correlation degree among the BAO constraints in CMASS and WiggleZ, and
they conclude that it is less than 4%. Therefore, we find it justified to include the WiggleZ data
in the main table of results of our analysis (Table 1), but we provide also the fitting results that
are obtained when we remove the WiggleZ data points from the BAO and f (z)σ8 (z) data sets
(see Table 2). The difference is small and the central values of the fitting parameters and their
uncertainties remain intact. Thus the statistical significance of Tables 1 and 2 is the same.
S6) BBN: we have imposed the average bound on the possible variation of the BBN speed-up
factor, defined as the ratio of the expansion rate predicted in a given model versus that of the
ΛCDM model at the BBN epoch (z ∼ 109 ). This amounts to the limit |∆H 2 /HΛ2 | < 10% [121].
S7) CMB distance priors: R (shift parameter) and `a (acoustic length) and their correlations
with (ωb , ns ). For WMAP9 and Planck 2013 data we used the covariance matrix from the analysis
of [122], while for Planck 2015 data those of [86]. Our fitting results for the last case are recorded
in all our tables (except in Table 5 where we test our fit in the absence of CMB distance priors R
and `a ). We display the final contour plots for all the cases, see Figs. 1-2. Let us point out that in
the case of the Planck 2015 data we have checked that very similar results ensue for all models if
we use the alternative CMB covariance matrix from [54]. We have, however, chosen to explicitly
present the case based on [86] since it uses the more complete compressed likelihood analysis for
Planck 2015 TT,TE,EE + lowP data whereas [54] uses Planck 2015 TT+lowP data only.
Notice that G1 and A1 have one single vacuum parameter (ν) whereas G2 and A2 have two (ν, α).
There is nonetheless a natural alignment between ν and α for general type-G and A models, namely
0 = 0) in Eq.(2.6). Recall that for G2 models we have
α = 3ν/4, as this entails ξ 0 = 1 (i.e. νeff
0
G(a) ∼ G0 a4(1−ξ ) deep in the radiation epoch, cf. Eq.(2.8), and therefore the condition ξ 0 = 1
warrants G to take the same value as the current one, G = G0 , at BBN. For model G1 this is not
possible (for ν 6= 0) and we adopt the aforementioned |∆H 2 /HΛ2 | < 10% bound. We apply the
same BBN restrictions to the A1 and A2 models, which have constant G. With this setting all the
vacuum models contribute only with one single additional parameter as compared to the ΛCDM:
ν, for G1 and A1; and νeff = ν − α = ν/4, for G2 and A2.
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For the statistical analysis, we define the joint likelihood function as the product of the likelihoods for all the data sets. Correspondingly, for Gaussian errors the total χ2 to be minimized
reads:
(2.11)
χ2tot = χ2SNIa + χ2BAO + χ2H + χ2f σ8 + χ2BBN + χ2CMB .
Each one of these terms is defined in the standard way, for some more details see e.g. [123], although
we should emphasize that here the correlation matrices have been included. The BAO part was
split as indicated in S2) and S3) above. Also, in contrast to the previous analysis of [124], we did
not use here the correlated Omh2 (zi , zj ) diagnostic for H(zi ) data. Instead, we use
χ2H (p)

=


30 
X
H(zi , p) − Hobs (zi ) 2
σH,i

i=1

.

(2.12)

As for the linear structure formation data we have computed the density contrast δm = δρm /ρm
for each vacuum model by adapting the cosmic perturbations formalism for type-G and type-A
vacuum models. The matter perturbation, δm , obeys a generalized equation which depends on the
RVM type. For type-A models it reads (as a differential equation with respect to the cosmic time)


δ̈m + (2H + Ψ) δ̇m − 4πGρm − 2HΨ − Ψ̇ δm = 0 ,
(2.13)
Λ
where Ψ ≡ − ρρ̇m
. For ρΛ =const. we have Ψ = 0 and Eq.(2.13) reduces to the ΛCDM form 10 .
For type-G models the matter perturbation equation is explicitly given in [124]. From here we
can derive the weighted linear growth f (z)σ8 (z), where f (z) = d ln δm /d ln a is the growth factor
and σ8 (z) is the rms mass fluctuation amplitude on scales of R8 = 8 h−1 Mpc at redshift z. It is
computed from
ˆ
δ 2 (z) ∞ 2
k P (k, p~) W 2 (kR8 ) dk ,
(2.14)
σ82 (z) = m 2
2π
0

with W a top-hat smoothing function (see e.g. [123] for details). The linear matter power spectrum
reads P (k, p~) = P0 k ns T 2 (k, p~), where p~ = (h, ωb , ns , Ωm , νeff ) is the fitting vector for the vacuum
models we are analyzing (including the ΛCDM, for which νeff = 0 of course), and T (~
p, k) is the
transfer function, which we take from [126], upon introducing the baryon density effects through
the modified shape parameter Γ [127, 128]. We have also explicitly checked that the use of the effective shape of the transfer function provided in [129] does not produce any change in our results.
The expression (2.16) at z = 0 allows us to write σ8 (0) in terms of the power spectrum normalization factor P0 and the primary parameters that enter our fit for each model (cf. Table 1). We fix
P0 from
ˆ ∞
−1
2
σ8,Λ
P0 = 2π 2 2
k 2+ns,Λ T 2 (k, p~Λ )W 2 (kR8,Λ )dk
,
(2.15)
δm,Λ (0) 0
in which we have introduced the vector of fiducial parameters p~Λ = (hΛ , ωb,Λ , ns,Λ , Ωm,Λ , 0). This
vector is defined in analogy with the fitting vector introduced before, but all its parameters are
fixed and taken to be equal to those from the Planck 2015 TT,TE,EE+lowP+lensing analysis [130]
with νeff = 0. The fiducial parameter σ8,Λ is also taken from the aforementioned Planck 2015 data.
10

For details on these equations, confer the comprehensive works [123], [125] and [?].
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Figure 4:

The f (z)σ8 (z) data (Table 4) and the predicted curves by the RVM’s, XCDM and the ΛCDM, using the best-fit
values in Table 1. Shown are also the values of σ8 (0) that we obtain for all the models. The theoretical prediction of all the
RVM’s are visually indistinguishable and they have been plotted using the same (blue) dashed curve.

However, δm,Λ (0) in (2.15) is computable: it is the value of δm (z = 0) obtained from solving the
perturbation equation of the ΛCDM using the mentioned fiducial values of the other parameters.
Finally, from σ8 (z) = σ8 (0)δm (z)/δm (0) and plugging (2.15) in (2.16) one finds:
 ´ ∞ 2+ns 2
1/2
k
T (k, p~)W 2 (kR8 )dk
δm (z)
0
´
.
σ8 (z) = σ8,Λ
δm,Λ (0) 0∞ k 2+ns,Λ T 2 (k, p~Λ )W 2 (kR8,Λ )dk

(2.16)

Computing next the weighted linear growth rate f (z)σ8 (z) for each model under consideration,
including the ΛCDM, all models become normalized to the same fiducial model defined above.
The results for f (z)σ8 (z) in the various cases are displayed in Fig. 4 together with the LSS data
measurements (cf. Table 4). We will further comment on these results in the next section.

2.3

Discussion

Table 1 and Figures 1-2 present in a nutshell our main results. We observe that the effective
vacuum parameter, νeff , is neatly projected non null and positive for all the RVM’s. The presence
of this effect can be traced already in the old WMAP9 data (at ∼ 2σ), but as we can see it
becomes strengthened at ∼ 3.5σ c.l. with the Planck 2013 data and at ∼ 4σ c.l. with the Planck
2015 data – see Figs. 1 and 2. For Planck 2015 data it attains up to & 4.2σ c.l. for all the
65

Table 5: Best-fit values for the various vacuum models and the XCDM using the Planck 2015
results and removing the R-shift parameter and the acoustic length la

Model

h

ωb = Ωb h2

ns

Ωm

νef f

ω

χ2min /dof

∆AIC

ΛCDM

0.679 ± 0.005

0.02241 ± 0.00017

0.968 ± 0.005

0.291 ± 0.005

-

−1

68.42/83

-

-

XCDM

0.673 ± 0.007

0.02241 ± 0.00017

0.968 ± 0.005

0.299 ± 0.009

-

−0.958 ± 0.038

67.21/82

-1.10

-3.26

A1

0.679 ± 0.010

0.02241 ± 0.00017

0.968 ± 0.005

0.291 ± 0.010

−0.00001 ± 0.00079

−1

68.42/82

-2.31

-4.47

A2

0.676 ± 0.009

0.02241 ± 0.00017

0.968 ± 0.005

0.295 ± 0.014

0.00047 ± 0.00139

−1

68.31/82

-2.20

-4.36

G1

0.679 ± 0.009

0.02241 ± 0.00017

0.968 ± 0.005

0.291 ± 0.010

0.00002 ± 0.00080

−1

68.42/82

-2.31

-4.47

G2

0.678 ± 0.012

0.02241 ± 0.00017

0.968 ± 0.005

0.291 ± 0.013

0.00006 ± 0.00123

−1

68.42/82

-2.31

-4.47

∆BIC

Same as in Table 1, but removing both the R-shift parameter and the acoustic length la from our fitting analysis.

Table 6: Best-fit values for the various vacuum models and the XCDM using the Planck 2015
results and removing the LSS data set

Model

h

ωb = Ωb h2

ns

Ωm

νef f

ω

χ2min /dof

∆AIC

ΛCDM

0.685 ± 0.004

0.02243 ± 0.00014

0.969 ± 0.004

0.304 ± 0.005

-

−1

61.70/72

-

-

XCDM

0.683 ± 0.009

0.02245 ± 0.00015

0.969 ± 0.004

0.306 ± 0.008

-

−0.991 ± 0.040

61.65/71

-2.30

-4.29

A1

0.685 ± 0.010

0.02243 ± 0.00014

0.969 ± 0.004

0.304 ± 0.005

0.00003 ± 0.00062

−1

61.70/71

-2.36

-4.34

A2

0.684 ± 0.009

0.02242 ± 0.00016

0.969 ± 0.005

0.304 ± 0.005

0.00010 ± 0.00095

−1

61.69/71

-2.35

-4.33

G1

0.685 ± 0.010

0.02243 ± 0.00014

0.969 ± 0.004

0.304 ± 0.005

0.00003 ± 0.00065

−1

61.70/71

-2.36

-4.34

G2

0.685 ± 0.010

0.02242 ± 0.00015

0.969 ± 0.004

0.304 ± 0.005

0.00006 ± 0.00082

−1

61.70/71

-2.36

-4.34

∆BIC

Same as in Table 1, but removing the points from the LSS data set from our analysis, i.e. all the 13 points on f σ8 .

RVM’s after marginalizing over the other fitting parameters. It is also interesting to gauge the
dynamical character of the DE by performing a fit to the overall data in terms of the well-known
XCDM parametrization, in which the DE is mimicked through the density ρX (a) = ρX0 a−3(1+ω)
associated to some generic entity X, which acts as an ersatz for the Λ term; ρX0 being the current
energy density value of X and therefore equivalent to ρΛ0 , and ω is the (constant) equation of state
(EoS) parameter for X. The XCDM trivially boils down to the rigid Λ-term for ω = −1, but by
leaving ω free it proves a useful approach to roughly mimic a (non-interactive) DE scalar field with
constant EoS. The corresponding fitting results are included in all our tables along with those for
the RVM’s and the ΛCDM. In Table 1 (our main table) and in Fig. 3, we can see that the best fit
value for ω in the XCDM is ω = −0.916 ± 0.021. Remarkably, it departs from −1 by precisely 4σ.
Obviously, given the significance of the above result it is highly convenient to compare it with
previous analyses of the XCDM reported by the Planck and BOSS collaborations. The Planck
2015 value for the EoS parameter of the XCDM reads ω = −1.019+0.075
−0.080 [130] and the BOSS one
is ω = −0.97 ± 0.05 [110]. These results are perfectly compatible with our own result for ω shown
in Table 1 for the XCDM, but in stark contrast to our result their errors are big enough as to be
also fully compatible with the ΛCDM value ω = −1. This is, however, not too surprising if we
take into account that none of these analyses included LSS data in their fits, as explicitly indicated
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in their papers 11 . In the absence of LSS data we would find a similar situation. In fact, as our
Table 6 clearly shows, the removal of the LSS data set in our fit induces a significant increase
in the magnitude of the central value of the EoS parameter, as well as the corresponding error.
This happens because the higher is |ω| the higher is the structure formation power predicted by
the XCDM, and therefore the closer is such prediction with that of the ΛCDM (which is seen to
predict too much power as compared to the data, see Fig. 4). In these conditions our analysis
renders ω = −0.991±0.040, which is definitely closer to (and therefore compatible with) the central
values obtained by Planck and BOSS teams. In addition, this result is now fully compatible with
the ΛCDM, as in the Planck 2015 and BOSS cases, and all of them are unfavored by the LSS
observations. This is consistent with the fact that both information criteria, ∆AIC and ∆BIC,
become now slightly negative in Table 6, which reconfirms that if the LSS data are not used the
ΛCDM performance is comparable or even better than the other models. So in order to fit the
observed values of f σ8 , which are generally lower than the predicted ones by the ΛCDM, |ω| should
decrease. This is exactly what happens for the XCDM, as well as for the RVM’s, when the LSS
data are included in our analysis (in combination with the other data, particularly with BAO and
CMB data). It is apparent from Fig. 4 that the curves for these models are then shifted below
and hence adapt significantly better to the data points. Correspondingly, the quality of the fits
increases dramatically, and this is also borne out by the large and positive values of ∆AIC and
∆BIC, both above 10 (cf. Table 1).
The above discussion explains why our analysis of the observations through the XCDM is sensitive
to the dynamical feature of the DE, whereas the previous results in the literature are not. It also
shows that the size of the effect found with such a parametrization of the DE essentially concurs
with the strength of the dynamical vacuum signature found for the RVM’s using exactly the same
data. This is remarkable, and it was not obvious a priori since for some of our RVM’s (specifically
for A1 and A2) there is an interaction between vacuum and matter that triggers an anomalous
conservation law, whereas for others (G1 and G2) we do not have such interaction (meaning that
matter is conserved in them, thereby following the standard decay laws for relativistic and nonrelativistic components). The interaction, when occurs, is however proportional to νeff and thus is
small because the fitted value of νeff is small. This probably explains why the XCDM can succeed
in nailing down the dynamical nature of the DE with a comparable performance. However not all
dynamical vacuum models describe the data with the same efficiency, see e.g [131], [132], [133].
In the XCDM case the departure from the ΛCDM takes the fashion of “effective quintessence”,
whereas for the RVM’s it appears as genuine vacuum dynamics. In all cases, however, we find
unmistakable signs of DE physics beyond the ΛCDM (cf. Table 1), and this is a most important
result of our work.
As we have discussed in Section 2, for models A1 and A2 there is an interaction between vacuum
and matter. Such interaction is, of course, small because the fitted values of νeff are small, see
Table 1. The obtained values are in the ballpark of νeff ∼ O(10−3 ) and therefore this is also the
11

Furthermore, at the time these analyses appeared they could not have used the important LSS and BAO results
from [101], i.e. those that we have incorporated as part of our current data set, not even the previous ones from [101].
The latter also carry a significant part of the dynamical DE signature we have found here, as we have checked.
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Table 7: Best-fit values for the various vacuum models and the XCDM using the Planck 2015 data
set

Model

h

ωb = Ωb h2

ns

Ωm

νef f

ω

χ2min /dof

∆AIC

ΛCDM

0.693 ± 0.006

0.02265 ± 0.00022

0.976 ± 0.004

0.293 ± 0.007

-

−1

39.35/38

-

-

XCDM

0.684 ± 0.010

0.02272 ± 0.00023

0.977 ± 0.005

0.300 ± 0.009

-

−0.960 ± 0.033

37.89/37

-1.25

-2.30

A1

0.681 ± 0.011

0.02254 ± 0.00023

0.972 ± 0.005

0.297 ± 0.008

0.00057 ± 0.00043

−1

37.54/37

-0.90

-1.95

A2

0.684 ± 0.009

0.02252 ± 0.00024

0.971 ± 0.005

0.297 ± 0.008

0.00074 ± 0.00057

−1

37.59/37

-0.95

-2.00

G1

0.681 ± 0.011

0.02254 ± 0.00023

0.972 ± 0.005

0.297 ± 0.008

0.00059 ± 0.00045

−1

37.54/37

-0.90

-1.95

G2

0.682 ± 0.010

0.02253 ± 0.00024

0.971 ± 0.005

0.297 ± 0.008

0.00067 ± 0.00052

−1

37.61/37

-0.97

-2.02

∆BIC

Fitting results using the same data as in [54]

order of magnitude associated to the anomalous conservation law of matter. For example, for the
non-relativistic component we have
ρm (a) = ρm0 a−3ξ = ρm0 a−3(1−νeff ) .

(2.17)

This behavior has been used in the works by [134, 135] as a possible explanation for the hints on
the time variation of the fundamental constants, such as coupling constants and particle masses,
frequently considered in the literature. The current observational values for such time variation are
actually compatible with the fitted values we have found here. This is an intriguing subject that
is currently of high interest in the field, see e.g. [121] and [136]. For models G1 and G2, instead,
0 is different. It does not produce any anomaly in the traditional
the role played by νeff and νeff
matter conservation law (since matter and radiation are conserved for type-G models), but now it
impinges a small (logarithmic) time evolution on G in the fashion sketched in Eq.(2.8). Thus we
find, once more, a possible description for the potential variation of the fundamental constants, in
this case G, along the lines of the above cited works, see also [137]. There are, therefore, different
phenomenological possibilities to test the RVM’s considered here from various points of view. We
may reassess the quality fits obtained in this work from a different point of view. While the χ2min
value of the overall fit for any RVM and the XCDM is seen to be definitely smaller than the ΛCDM
one, it proves very useful to reconfirm our conclusions with the help of the time-honored Akaike
and Bayesian information criteria, AIC and BIC, see [138–140]. They read as follows:
AIC = χ2min +

2nN
,
N −n−1

BIC = χ2min + n ln N .

(2.18)

In both cases, n is the number of independent fitting parameters and N the number of data points
used in the analysis. To test the effectiveness of a dynamical DE model (versus the ΛCDM) for
describing the overall data, we evaluate the pairwise differences ∆AIC (∆BIC) with respect to
the model that carries smaller value of AIC (BIC) – in this case, the RVM’s or the XCDM. The
larger these differences the higher is the evidence against the model with larger value of AIC (BIC)
– the ΛCDM, in this case. For ∆AIC and/or ∆BIC in the range 6 − 10 one may claim “strong
evidence” against such model; and, above 10, one speaks of “very strong evidence” [138, 140].
The evidence ratio associated to rejection of the unfavored model is given by the ratio of Akaike
weights, e∆AIC/2 . Similarly, e∆BIC/2 estimates the so-called Bayes factor, which gives the ratio of
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marginal likelihoods between the two models [41]. Table 1 reveals conspicuously that the ΛCDM
appears very strongly disfavored (according to the above statistical standards) as compared to the
running vacuum models. Specifically, ∆AIC is in the range 17 − 18 and ∆BIC around 15 for all
the RVM’s. These results are fully consistent and since both ∆AIC and ∆BIC are well above
10 the verdict of the information criteria is conclusive. But there is another remarkable feature
to single out at this point, namely the fact that the simple XCDM parametrization is now left
behind as compared to the RVM’s. While the corresponding XCDM values of ∆AIC and ∆BIC
are also above 10 (reconfirming the ability of the XCDM to improve the ΛCDM fit) they stay
roughly 4 points below the corresponding values for the RVM’s. This is considered a significant
difference from the point of view of the information criteria. Therefore, we conclude that the
RVM’s are significantly better than the XCDM in their ability to fit the data. In other words,
the vacuum dynamics inherent to the RVM’s seems to describe better the overall cosmological
data than the effective quintessence behavior suggested by the XCDM parametrization. Being
the ratio of Akaike weights and Bayes factor much bigger for the RVM’s than for the ΛCDM, the
former appear definitely much more successful than the latter. The current analysis undoubtedly
reinforces the conclusions of our previous study [124], with the advantage that the determination
of the vacuum parameters is here much more precise and therefore at a higher significance level.
Let us stand out some of the most important differences with respect to that work: 1) To start
with, we have used now a larger and fully updated set of cosmological data; 2) The selected data
set is uncorrelated and has been obtained from independent analysis in the literature, see points
S1-S7) above and references therein; 3) We have taken into account all the known covariance
matrices among the data; 4) In this work, h, ωb and ns are not fixed a priori (as we did in the
previous one), we have now allowed them to vary in the fitting process. This is, of course, not
only a more standard procedure, but also a most advisable one in order to obtain unbiased results.
The lack of consensus on the experimental value of h is the main reason why we have preferred
to use an uninformative flat prior – in the technical sense – for this parameter. This should
be more objective in these circumstances, rather than being subjectively elicited – once more in
the technical sense – by any of these more or less fashionable camps for h that one finds in the
literature, [141]; [142]; [143]; [144], [145]; [110]; [130]; [146], whose ultimate fate is unknown at
present (compare, e.g. the value from [130] with the one from [146], which is ∼ 3σ larger than the
former); 5) But the most salient feature perhaps, as compared to our previous study, is that we
have introduced here a much more precise treatment of the CMB, in which we used not only the
shift parameter, R, (which was the only CMB ingredient in our previous study) but the full data
set indicated in S7) above, namely R together with `a (acoustic length) and their correlations with
(ωb , ns ). Altogether, this explains the substantially improved accuracy obtained in the current
fitted values of the νeff parameter as compared to [124]. In particular, in what concerns points
1-3) above we should stress that for the present analysis we are using a much more complete and
restrictive BAO data set. Thus, while in our previous work we only used 6 BAO data points based
on the A(z) estimator (cf. Table 3 of [147]), here we are using a total of 11 BAO points (none of
them based on A(z), see S2-S3). These include the recent results from [101], which narrow down
the allowed parameter space in a more efficient way, not only because the BAO data set is larger
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Figure 5:

Reconstruction of the contour lines for model A2, under Planck 2015 CMB data (rightmost plot in Fig. 2) from
the partial contour plots of the different SNIa+BAO+H(z)+LSS+BBN+CMB data sources. The 1σ and 2σ contours are
shown in all cases. For the reconstructed final contour lines we also plot the 3σ, 4σ and 5σ regions.

but also owing to the fact that each of the data points is individually more precise and the known
correlation matrices have been taken into account. Altogether, we are able to significantly reduce
the error bars with respect to the ones we had obtained in our previous work. We have actually
performed a practical test to verify what would be the impact on the fitting quality of our analysis
if we would remove the acoustic length la from the CMB part of our data and replace the current
BAO data points by those used in [124]. Notice that the CMB part is now left essentially with the
R-shift parameter only, which was indeed the old situation. The result is that we recover the error
bars’ size shown in the previous paper, which are ∼ 4 − 5 times larger than the current ones, i.e.
of order O(10−3 ). We have also checked what would be the effect on our fit if we would remove
both the data on the shift parameter and on the acoustic length; or if we would remove only the
data points on LSS. The results are presented in Tables 5 and 6, respectively. We observe that the
∆AIC and ∆BIC values become 2 − 4 points negative. This means that the full CMB and LSS
data are individually very important for the quality of the fit and that without any of them the
evidence of dynamical DE would be lost. If we would restore part of the CMB effect on the fit in
Table 5 by including the R-shift parameter in the fitting procedure we can recover, approximately,
the situation of our previous analysis, but not quite since the remaining data sources used now are
more powerful.
It is also interesting to explore what would have been the result of our fits if we would not have used
our rather complete SNIa+BAO+H(z)+LSS+BBN+CMB data set and had restricted ourselves to
the much more limited one used by the Planck 2015 collaboration in the paper [54]. The outcome
is presented in Table 7. In contrast to [130], where no LSS (RSD) data were used, the former
reference uses some BAO and LSS data, but their fit is rather limited in scope since they use only
4 BAO data points, 1 AP (Alcock-Paczynski parameter) data point, and one single LSS point,
namely f σ8 at z = 0.57, see details in that paper. In contradistinction to them, in our case we
used 11 BAO and 13 LSS data points, some of them very recent and of high precision [101]. From
Table 7 it is seen that with only the data used in [54] the fitting results for the RVM’s are poor
enough and cannot still detect clear traces of the vacuum dynamics. In particular, the ∆AIC and
∆BIC values in that table are moderately negative, showing that the ΛCDM does better with
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only these data. As stated before, not even the XCDM parametrization is able to detect any trace
of dynamical DE with that limited data set, as the effective EoS is compatible with ω = −1 at
roughly 1σ (ω = −0.960 ± 0.033). This should explain why the features that we are reporting here
have been missed till now.
We complete our analysis by displaying in a graphical way the contributions from the different data
sets to our final contour plots in Figs. 1-3. We start analyzing the RVM’s case. For definiteness
we concentrate on the rightmost plot for model A2 in Fig. 2, but we could do similarly for any
other one in Figs 1-2. The result for model A2 is depicted in Fig. 5, where we can assess the
detailed reconstruction of the final contours in terms of the partial contours from the different
SNIa+BAO+H(z)+LSS+BBN+CMB data sources. This reconstruction is presented through a
series of three plots made at different magnifications. In the third plot of the sequence we can easily
appraise that the BAO+LSS+CMB data subset plays a fundamental role in narrowing down the
final physical region of the (Ωm , νeff ) parameter space, in which all the remaining parameters have
been marginalized over. This reconstruction also explains in very obvious visual terms why the
conclusions that we are presenting here hinge to a large extent on considering the most sensitive
components of the data. While CMB obviously is a high precision component in the fit, we
demonstrate in our study (both numerically and graphically) that the maximum power of the fit
is achieved when it is combined with the wealth of BAO and LSS data points currently available.
In Fig. 6 we show the corresponding decomposition of the data contours for the XCDM model
as well. In the upper-left plot we display the two-dimensional contours at 1σ and 2σ c.l. in the
(Ωm , ω) plane, found using only the LSS data set. The elliptical shapes are obtained upon applying
the Fisher matrix formalism [41], i.e. assuming that the two-dimensional distribution is normal
(Gaussian) not only in the closer neighborhood of the best-fit values, but in all the parameter
space. In order to obtain the dotted contours we have sampled the exact distribution making use
of the Metropolis-Hastings Markov chain Monte Carlo algorithm [148, 149]. We find a significant
deviation from the ideal perfectly Gaussian case. In the upper-right plot we do the same for the
combination BAO+LSS. The continuous and dotted contours are both elliptical, which remarkably
demonstrates the Gaussian behavior of the combined BAO+LSS distribution. Needless to say the
correlations among BAO and LSS data (whose covariance matrices are known) are responsible for
that, i.e. they explain why the product of the non-normal distribution obtained from the LSS data
and the Gaussian BAO one produces perfectly elliptical dotted contours for the exact BAO+LSS
combination. Similarly, in the lower-left plot we compare the exact (dotted) and Fisher’s generated
(continuous) lines for the CMB data. Again, it is apparent that the distribution inferred from the
CMB data in the (Ωm , ω) plane is a multivariate normal. Finally, in the lower-right plot we produce
the contours at 1σ and 2σ c.l. for all the data sets in order to study the impact of each one of them.
They have all been found using the Fisher approximation, just to sketch the basic properties of
the various data sets, despite we know that the exact result deviates from this approximation and
therefore their intersection is not the final answer. The final contours (up to 5σ) obtained from the
exact distributions can be seen in the small colored area around the center of the lower-right plot.
The reason to plot it small at that scale is to give sufficient perspective to appreciate the contour
lines of all the participating data. The final plot coincides, of course, with the one in Fig.3, where
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Figure 6:

Upper-left plot: two-dimensional Ωm − ω contours at 1σ and 2σ c.l. for the XCDM, obtained with only the LSS

data set. The dotted contours in blue and purple are the exact ones, whilst the red and green ellipses have been obtained using
the Fisher’s approximation. Upper-right plot: Same, but for the combination BAO+LSS. Lower-left plot: As in the upper
plots, but for the CMB data. Lower-right plot: The Fisher’s generated contours at 1σ and 2σ c.l. for all the data sets: SNIa
(dotted lines), H(z) (solid lines), BAO (dot-dashed lines), LSS (dotted, very thin lines) and CMB (solid lines, tightly packed
in a very small, segment-shaped, region at such scale of the plot). The exact, final, combined contours (from 1σ up to 5σ) can
be glimpsed in the small colored area around the center. See the text for further explanations and Fig. 3 for a detailed view.

it can be appraised in full detail.
As it is clear from Fig. 6, the data on the H(z) and SNIa observable are not crucial for distilling
the final dynamical DE effect, as they have a very low constraining power. This was also so for
the RVM case. Once more the final contours are basically the result of the combination of the
crucial triplet of BAO+LSS+CMB data (upon taking due care in this case of the deviations from
normality of the LSS-inferred distribution). The main conclusion is essentially the same as for the
corresponding RVM analysis of combined contours in Fig. 5, except that in the latter there are no
significant deviations from the normal distribution behavior, as we have checked, and therefore all
the contours in Fig. 5 can be accurately computed using the Fisher’s matrix method.
The net outcome is that using either the XCDM or the RVM’s the signal in favor of the DE
dynamics is clearly pinned down and in both cases it is the result of the combination of all the
data sets used in our detailed analysis, although to a large extent it is generated from the crucial
BAO+LSS+CMB combination of data sets. In the absence of any of them the signal would get
weakened, but when the three data sets are taken together they have enough power to capture the
signal of dynamical DE at the remarkable level of ∼ 4σ.
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2.4

Conclusions

To conclude, the running vacuum models emerge as serious alternative candidates for the description of the current state of the Universe in accelerated expansion. These models have a close
connection with the possible quantum effects on the effective action of QFT in curved spacetime, cf. [76] and references therein. There were previous phenomenological studies that hinted
in different degrees at the possibility that the RVM’s could fit the data similarly as the ΛCDM,
see e.g. the earlier works by [150], [151], [152], [153], as well as the more recent ones by [123]
and [125], including of course the study that precedes this work, [124]. However, to our knowledge
there is no devoted work comparable in scope to the one presented here for the running vacuum
models under consideration. The significantly enhanced level of dynamical DE evidence attained
with them is unprecedented, to the best of our knowledge, all the more if we take into account
the diversified amount of data used. Our study employed for the first time the largest updated
SNIa+BAO+H(z)+LSS+BBN+CMB data set of cosmological observations available in the literature. Some of these data (specially the BAO+LSS+CMB part) play a crucial role in the overall
fit and are substantially responsible for the main effects reported here. Furthermore, recently the
BAO+LSS components have been enriched by more accurate contributions, which have helped to
further enhance the signs of the vacuum dynamics. At the end of the day it has been possible to
improve the significance of the dynamical hints from a confidence level of roughly 3σ, as reported
in our previous study [124], up to the 4.2σ achieved here. Overall, the signature of dynamical vacuum energy density seems to be rather firmly supported by the current cosmological observations.
Already in terms of the generic XCDM parametrization we are able to exclude, for the first time,
the absence of vacuum dynamics (ΛCDM) at 4σ c.l., but such limit can be even surpassed at the
level of the RVM’s and other related dynamical vacuum models, see the review [154].
It may be quite appropriate to mention at this point of our analysis the very recent study of
us [155], in which we have considered the well-known Peebles & Ratra scalar field model with an
inverse power law potential V (φ) ∝ φ−α [156], where the power α here should, of course, not be
confused with a previous use of α for model A2 in Sect. 2). In that study we consider the response
of the Peebles & Ratra model when fitted with the same data sets as those used in the current
work. Even though there are other recent tests of that model, see e.g. the works by [111,157–161],
none of them used a comparably rich data set as the one we used here. This explains why the
analysis of [155] was able to show that a non-trivial scalar field model, such as the Peebles &
Ratra model, is able to fit the observations at a level comparable to the models studied here. In
fact, the central value of the α parameter of the potential is found to be non-zero at ∼ 4σ c.l.,
and the corresponding equation of state parameter ω deviates consistently from −1 also at the 4σ
level. These remarkable features are only at reach when the crucial triplet of BAO+LSS+CMB
data are at work in the fitting analysis of the various cosmological models. The net outcome of
these investigations is that several models and parametrizations of the DE do resonate with the
conclusion that there is a significant (∼ 4σ) effect sitting in the current wealth of cosmological
data. The effect looks robust enough and can be unveiled using a variety of independent frameworks. Needless to say, compelling statistical evidence conventionally starts at 5σ c.l. and so
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we will have to wait for updated observations to see if such level of significance can eventually be
attained. In the meanwhile the possible dynamical character of the cosmic vacuum, as suggested
by the present study, is pretty high and gives hope for an eventual solution of the old cosmological
constant problem, perhaps the toughest problem of fundamental physics.
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3

Dynamical dark energy: scalar
fields and running vacuum

In the previous chapter, a careful and complete analysis of the RVM’s has been carried out. This
models are built around the possible connection between the Λ-term and the vacuum energy. This
assumption automatically leads us to the following equation of state pΛ = −ρΛ . Nevertheless this
is not the only possibility that can be considered as we shall see in this chapter.
Another very interesting option is the one in which DE is described in terms of a scalar field
with some standard form for its potential. These kind of models, commonly denoted as φCDM
models, have a local Lagrangian description. While it is true that the scalar field does not play an
important role until the late time Universe, it can be part of a more general and complex potential
acting in the inflationary period.
Unlike for the RVM’s models it is not possible to obtain an analytical expression for the Hubble
function of the scalar field models. As a consequence we will work out some approximate solutions
that will be used as an initial conditions to solve numerically the differential equations. For the
sake of comparison, we present also the results obtained for the RVM’s as well as the results for
two very well-known DE parameterizations, the XCDM and the CPL. The main upshot of the
study is that a high evidence in favour of models with a dynamical DE is found.
This chapter is organized as follows: In section 3.1 we present the theoretical background of the
φCDM model. We list the main cosmological equations and we write down their particular form
when the Peebles / Ratra potential V (φ) ∼ φ−α is chosen. We also find analytical solutions in
the Matter Dominated Epoch (MDE) and in the Radiation Dominated Epoch (RDE). In sections
3.2 and 3.3 for convenience we provide the background cosmological equations for the DE parameterizations before mentioned and for the RVM respectively. We extend the study from the
background level to the perturvative level in section 3.4 whereas in section 3.5 we finally deliver
our conclusions.

3.1

φCDM with Peebles & Ratra potential

Suppose that the dark energy is described in terms of some scalar field φ with a standard form
for its potential V (φ), see below. We wish to compare its ability to describe the data with that
of the ΛCDM, and also with other models of DE existing in the literature. The data used in
our analysis will be the same one used in our previous studies [50, 51, 124] namely data on the
distant supernovae (SNIa), the baryonic acoustic oscillations (BAO), the Hubble parameter at different redshifts, H(zi ), the large scale structure formation data (LSS), and the cosmic microwave
background (CMB). We denote this string of data as SNIa+BAO+H(z)+LSS+CMB. Precise information on these data and corresponding observational references are given in the aforementioned
papers and are also summarized in the caption of Table 1. The main results of our analysis are
displayed in Tables 1-3 and Figures 1-5, which we will account in detail throughout our exposition.
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Model
ΛCDM

Table 1:

Ωm
0.294 ± 0.004

ωb = Ωb h2
0.02255 ± 0.00013

ns
0.976 ± 0.003

The best-fit values for the ΛCDM parameters (Ωm , ωb , ns , h).

h
0.693 ± 0.004

χ2min /dof
90.44/85

We use a total of 89 data points from

SNIa+BAO+H(z)+LSS+CMB observables in our fit: namely 31 points from the JLA sample of SNIa [85], 11 from BAO
[101,106–110], 30 from H(z) [90–96], 13 from linear growth [97–105,162], and 4 from CMB [86]. For a summarized description
of these data, see [50]. The quoted number of degrees of freedom (dof ) is equal to the number of data points minus the number
of independent fitting parameters (4 for the ΛCDM). For the CMB data we have used the marginalized mean values and
standard deviation for the parameters of the compressed likelihood for Planck 2015 TT,TE,EE + lowP data from [86]. The
parameter M in the SNIa sector [85] was dealt with as a nuisance parameter and has been marginalized over analytically. The
best-fit values and the associated uncertainties for each parameter in the table have been obtained by numerically marginalizing
over the remaining parameters [41]

We start by explaining our theoretical treatment of the φCDM model in order to optimally confront it with observations. The scalar field φ is taken to be dimensionless, being its energy density
and pressure given by
"
#
"
#
2
2
Mpl
Mpl
φ̇2
φ̇2
+ V (φ) , pφ =
− V (φ) .
(3.1)
ρφ =
16π 2
16π 2
√
Here Mpl = 1/ G = 1.22 × 1019 GeV is the Planck mass, in natural units. As a representative
potential we adopt the original Peebles & Ratra (PR) form [156]:
1
2 −α
φ ,
V (φ) = κMpl
2

(3.2)

in which κ and α are dimensionless parameters. These are to be determined in our fit to the overall
cosmological data. The motivation for such potential is well described in the original paper [156].
In a nutshell: such potential stands for the power-law tail of a more complete effective potential in
which inflation is also comprised. We expect α to be positive and sufficiently small such that V (φ)
can mimic an approximate CC that is decreasing slowly with time, in fact more slowly than the
matter density. Furthermore, we must have 0 < κ  1 such that V (φ) can be positive and of the
order of the measured value ρ0Λ ∼ 10−47 GeV4 . In the late Universe the tail of the mildly declining
potential finally surfaces over the matter density (not far away in our past) and appears as an
approximate CC which dominates since then. Recent studies have considered the PR-potential in
the light of the cosmological data, see e.g. [111, 158–161]. Here we show that the asset of current
observations indicates strong signs of dynamical DE which can be parametrized with such potential. In this way, we corroborate the unambiguous signs recently obtained with independent DE
models [50, 51, 124] and with a similar level of confidence. The scalar field of the φCDM models
satisfies the Klein-Gordon equation in the context of the Friedmann-Lemaı̂tre-Robertson-Walker
(FLRW) metric: φ̈ + 3H φ̇ + dV /dφ = 0, where H = ȧ/a is the Hubble function. In some cases
the corresponding solutions possess the property of having an attractor-like behavior, in which
a large family of solutions are drawn towards a common trajectory [163–165]. If there is a long
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period of convergence of all the family members to that common trajectory, the latter is called a
“tracker solution” [164, 165]. When the tracking mechanism is at work, it funnels a large range
of initial conditions into a common final state for a long time (or forever, if the convergence is
strict). Not all potentials V admit tracking solutions, only those fulfilling the “tracker condition”
Γ ≡ V V 00 /(V 0 )2 > 1 [164, 165], where V 0 = ∂V /∂φ. For the Peebles-Ratra potential (3.2), one
easily finds Γ = 1 + 1/α, so it satisfies such condition precisely for α > 0.
It is frequently possible to seek power-law solutions, i.e. φ(t) = A tp , for the periods when the energy density of the Universe is dominated by some conserved matter component ρ(a) = ρ1 (a1 /a)n
(we may call these periods “nth-epochs”). For instance, n = 3 for the matter-dominated epoch
(MDE) and n = 4 for the radiation-dominated epoch (RDE), with a1 the scale factor at some
cosmic time t1 when the corresponding component dominates. We define a = 1 as the current
value. Solving Friedmann’s equation in flat space, 3H 2 (a) = 8πGρ(a), we find H(t) = 2/(nt) as
a function of the cosmic time in the nth-epoch. Substituting these relations in the Klein-Gordon
equation with the Peebles-Ratra potential (3.2) leads to
2
,
p=
α+2

α+2

A

=

2 κn
α(α + 2)2 Mpl

4(6α + 12 − nα)

.

(3.3)

From the power-law form we find the evolution of the scalar field with the cosmic time:
"
φ(t) =

2 κn
α(α + 2)2 Mpl

4(6α + 12 − nα)

#1/(α+2)
t2/(α+2) .

(3.4)

In any of the nth-epochs the equation of state (EoS) of the scalar field remains stationary. A
straightforward calculation from (3.1), (3.2) and (3.4) leads to a very compact form for the EoS:
wφ =

pφ
αn
= −1 +
.
ρφ
3(2 + α)

(3.5)

Since the matter EoS in the nth-epoch is given by ωn = −1 + n/3, it is clear that (3.5) can be
rewritten also as wφ = (αωn − 2)/(α + 2). This is precisely the form predicted by the tracker
solutions [164, 165], in which the condition wφ < ωn is also secured since |α| is expected small. In
addition, wφ remains constant in the RDE and MDE, but its value does not depend on κ, only
on n (or ωn ) and α. The fitting analysis presented in Table 2 shows that α = O(0.1) > 0 and
therefore wφ & −1. It means that the scalar field behaves as quintessence in the pure RD and MD
epochs (cf. the plateaus at constant values wφ & −1 in Fig. 1). Notice that the behavior of wφ in
the interpolating epochs, including the period near our time, is not constant (in contrast to the
XCDM, see next section) and requires numerical solution of the field equations. See also [166] for
related studies.
We can trade the cosmic time in (3.4) for the scale factor. This is possible using t2 = 3/(2πGn2 ρ)
(which follows from Friedmann’s equation in the nth-epoch) and ρ(a) = ρ0 a−n = ρc0 Ω a−n , where
Ω = Ωm , Ωr are the present values of the cosmological density parameters for matter (n = 3) or
radiation (n = 4) respectively, with ρc0 = 3H02 /(8π G) the current critical energy density. Notice
that Ωm = Ωdm + Ωb involves both dark matter and baryons. In this way we can determine φ as
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Model
φCDM

Table 2:

ωm = Ωm h2
0.1403 ± 0.0008

ωb = Ωb h2

ns

0.02264 ± 0.00014

0.977 ± 0.004

α
0.219 ± 0.057

κ̄
(32.5 ± 1.1) ×

103

χ2min /dof

∆AIC

∆BIC

74.85/84

13.34

11.10

The best-fit values for the parameter fitting vector (3.7) of the φCDM model with Peebles & Ratra potential (3.2),

including their statistical significance (χ2 -test and Akaike and Bayesian information criteria, AIC and BIC, see the text). We
use the same cosmological data set as in Table 1. The large and positive values of ∆AIC and ∆BIC strongly favor the φCDM
model against the ΛCDM. The specific φCDM fitting parameters are κ̄ and α. The remaining parameters (ωm , ωb , ns ) are
standard (see text). The number of independent fitting parameters is 5, see Eq.(3.7)– one more than in the ΛCDM. Using the
best-fit values and the overall covariance matrix derived from our fit, we obtain: h = 0.671 ± 0.006 and Ωm = 0.311 ± 0.006,
which allows direct comparison with Table 1. We find ∼ 4σ evidence in favor of α > 0. Correspondingly the EoS of φ at
present appears quintessence-like at 4σ confidence level: wφ = −0.931 ± 0.017.

a function of the scale factor in the nth-epoch. For example, in the MDE we obtain
α(α + 2)2 κ̄
φ(a) =
9 × 104 ωm (α + 4)


1/(α+2)

a3/(α+2) .

(3.6)

Here we have conventionally defined the reduced matter density parameter ωm ≡ Ωm h2 , in which
the reduced Hubble constant h is defined as usual from H0 ≡ 100h ς, with ς ≡ 1km/s/Mpc =
2.133 × 10−44 GeV (in natural units). Finally, for convenience we have introduced in (3.6) the
dimensionless parameter κ̄ through κ MP2 ≡ κ̄ ς 2 . Equation (3.6) is convenient since it is expressed
in terms of the independent parameters that enter our fit, see below. Let us note that φ(a), together with its derivative φ0 (a) = dφ(a)/da, allow us to fix the initial conditions in the MDE (a
similar expression can be obtained for the RDE). Once these conditions are settled analytically we
have to solve numerically the Klein-Gordon equation, coupled to the cosmological equations, to
obtain the exact solution. Such solution must, of course, be in accordance with (3.6) in the pure
MDE. The exact EoS is also a function wφ = wφ (a), which coincides with the constant value (3.5)
in the corresponding nth-epoch, but interpolates nontrivially between them. At the same time it
also interpolates between the MDE and the DE-dominated epoch in our recent past, in which the
scalar field energy density surfaces above the non-relativistic matter density, i.e. ρφ (a) & ρm (a),
at a value of a near the current one a = 1. The plots for the deceleration parameter, q = −ä/aH 2 ,
and the scalar field EoS, wφ (a), for the best fit parameters of Table 2 are shown in Fig. 1. The
transition point from deceleration to acceleration (q = 0) is at zt = 0.628, which is in good agreement with the values obtained in other works [167, 168], and is also reasonably near the ΛCDM
one (ztΛCDM = 0.687) for the best fit values in Tables 1 and 2. The plots for φ(a) and the energy
densities are displayed in Fig. 2. From equations (2) and (6) we can see that in the early MDE the
potential of the scalar field decays as V ∼ a−3α/(2+α) ∼ a−3α/2 , where in the last step we used the
fact that α is small. Clearly the decaying behavior of V with the expansion is much softer than
that of the matter density, ρm ∼ a−3 , and for this reason the DE density associated to the scalar
field does not play any role until we approach the current time. This fact is apparent in Fig. 2
(right), where we numerically plot the dimensionless density parameters Ωi (a) = ρi (a)/ρc (a) as a
function of the scale factor, where ρc (a) = 3H 2 (a)/(8πG) is the evolving critical density.
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Model

Ωm

ωb = Ωb h2

ns

h

ν

w0

w1

χ2min /dof

∆AIC

∆BIC

XCDM
CPL
RVM

0.312 ± 0.007
0.311 ± 0.009
0.303 ± 0.005

0.02264 ± 0.00014
0.02265 ± 0.00014
0.02231 ± 0.00015

0.977 ± 0.004
0.977 ± 0.004
0.965 ± 0.004

0.670 ± 0.007
0.672 ± 0.009
0.676 ± 0.005

0.00165 ± 0.00038

−0.916 ± 0.021
−0.937 ± 0.085
-1

0.064 ± 0.247
-

74.91/84
74.85/83
70.32/84

13.28
11.04
17.87

11.04
6.61
15.63

Table 3:

The best-fit values for the running vacuum model (RVM), together with the XCDM and CPL parametrizations,

including also their statistical significance (χ2 -test and Akaike and Bayesian information criteria, AIC and BIC) as compared
to the ΛCDM (cf. Table 1). We use the same string of cosmological SNIa+BAO+H(z)+LSS+CMB data as in Tables 1 and 2.
The specific fitting parameters for these models are ν, w0 , and (w0 , w1 ) for RVM, XCDM and CPL, respectively. The remaining
parameters are standard. For the models RVM and XCDM the number of independent fitting parameters is 5, exactly as in
the φCDM. For the CPL parametrization there is one additional parameter (w1 ). The large and positive values of ∆AIC and
∆BIC strongly favor the RVM and XCDM against the ΛCDM. The CPL is only moderately favored as compared to the ΛCDM
and much less favored than the φCDM, RVM and XCDM.

As indicated above, the current value of the EoS can only be known after numerically solving
the equations for the best fit parameters in Table 2, with the result wφ (z = 0) = −0.931 ± 0.017
(cf. Fig. 1). Such result lies clearly in the quintessence regime and with a significance of 4σ. It
is essentially consistent with the dynamical character of the DE derived from the non-vanishing
value of α in Table 2.
In regard to the value of h, there is a significant tension between non-local measurements of h,
e.g. [62, 110, 130, 142, 145, 169, 170], and local ones, e.g. [146]. Some of these values can differ by
3σ or more. For the ΛCDM model we find h = 0.693 ± 0.004 (cf. Table 1), which is in between
the ones of [130] and [146] and is compatible with the value presented in [144]. For the φCDM,
our best-fit value is h = 0.671 ± 0.006 (cf. caption of Table 2), which differs by more than 3σ with
respect to the ΛCDM one in our Table 1. Still, both remain perfectly consistent with the recent
estimates of h from Hubble parameter measurements at intermediate redshifts [114]. At the moment it is not possible to distinguish models on the sole basis of H(z) measurements. Fortunately,
the combined use of the different sorts of SNIa+BAO+H(z)+LSS+CMB data offers nowadays a
real possibility to elucidate which models are phenomenologically preferred. Let us now describe
the computational procedure that we have followed for the φCDM model. The initial conditions
must be expressed in terms of the parameters that enter our fit. These are defined by means of
the following 5-dimensional fitting vector:
p~φCDM = (ωm , ωb , ns , α, κ̄)

(3.7)

where ωb ≡ Ωb h2 is the baryonic component and ns is the spectral index. These two parameters are
specifically involved in the fitting of the CMB and LSS data (ωb enters the fitting of the BAO data
too), whereas the other three also enter the background analysis, see [50,51,124] and [123,125,171]
for more details in the methodology. For the φCDM we have just one more fitting parameter than
in the ΛCDM, i.e. 5 instead of 4 parameters (cf. Tables 1 and 2). However, in contrast to the
ΛCDM, for the φCDM we are fitting the combined parameter ωm = Ωm h2 rather than Ωm and h
separately. The reason is that h (and hence H0 ) is not a direct fitting parameter in this case since
the Hubble function values are determined from Friedmann’s equation 3H 2 = 8π G(ρφ +ρm ), where
ρφ is given in Eq.(3.1) and ρm = ρc0 Ωm a−3 = (3 × 104 /8πG)ς 2 ωm a−3 is the conserved matter
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component. This is tantamount to saying that h is eventually determined from the parameters of
the potential and the reduced matter density ωm . For instance, in the MDE it is not difficult to
show that
κ̄ φ−α (a) + 1.2 × 105 ωm a−3
,
(3.8)
H̄ 2 (a) =
12 − a2 φ02 (a)
where we have defined the dimensionless H̄ = H/ς, and used φ̇ = a H φ0 (a). As we can see from
(3.8), the value of h ≡ H̄(a = 1)/100 is determined once the three parameters (ωm , α, κ̄) of the
fitting vector (3.7) are given, and then Ωm = ωm /h2 becomes also determined. Recall that φ(a)
is obtained by solving numerically the Klein-Gordon equation under appropriate initial conditions
(see below) which also depend on the above fitting parameters. As a differential equation in the
scale factor, the Klein-Gordon equation reads
 0

α κ̄φ−(α+1)
4
00
0 H̄
−
φ +φ
+
= 0.
(3.9)
a
2 (aH̄)2
H̄
It can be solved after inserting (3.8) in it, together with
 2 2 02

3
a H̄ φ
H̄ 0 = −
+ 104 ωm a−3 .
6
2aH̄

(3.10)

The last formula is just a convenient rephrasing of the expression Ḣ = −4π G (ρm + pm + ρφ + pφ )
upon writing it in the above set of variables. According to (3.1), the sum of density and pressure
for φ reads ρφ + pφ = φ̇2 /(16πG) = a2 H̄ 2 φ0 2 ς 2 /(16πG), and of course pm = 0 for the matter
pressure after the RDE.
The initial conditions for solving (3.9) are fixed in the mentioned nth-epochs of the cosmic evolution. They are determined from the values of the fitting parameters in (3.7). For example if
we set these conditions in the MDE they are defined from the expression of φ(a) in Eq.(3.6), and
its derivative φ0 (a), both taken at some point deep in the MDE, say at a redshift z > 100, i.e.
a < 1/100. The result does not depend on the particular choice in this redshift range provided we
do not approach too much the decoupling epoch (z ' 1100), where the radiation component starts
to be appreciable. We have also iterated our calculation when we take the initial conditions deep
in the RDE (n = 4), in which the radiation component ρr dominates. In this case ωm = Ωm h2 is
replaced by ωr = Ωr h2 , which is a function of the radiation temperature and the effective number
of neutrino species, Nef f . We find the same results as with the initial conditions settled in the
MDE. In both cases the fitting values do agree and are those indicated in Table 2. Let us also
mention that when we start from the RDE we find that ρφ (a)  ρr (a) at (and around) the time
of BBN (Big Bang Nucleosynthesis), where a ∼ 10−9 , thus insuring that the primordial synthesis
of the light elements remains unscathed.
Consistency with BBN is indeed a very important point that motivates the Peebles & Ratra’s
inverse power potential φCDM, Eq.(3.2), together with the existence of the attractor solution.
Compared, say to the exponential potential, V (φ) = V0 e−λ φ/MP , the latter is inconsistent with
BBN (if λ is too small) or cannot be important enough to cause accelerated expansion at the
current time (if λ is too large) [163, 172]. This can be cured with a sum of two exponentials with
different values of λ [173], but of course it is less motivated since involves more parameters. Thus,
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Figure 1:

Left: The deceleration parameter q(z) for the recent Universe. The transition point where q(zt ) = 0 is at
zt = 0.628, for the best fit values of Table 2. Right: The scalar field EoS parameter, wφ (a), for the entire cosmic history after
numerically solving the cosmological equations for the φCDM model with Peebles & Ratra potential using the best-fit values
of Table 2. The two plateaus from left to right correspond to the epochs of radiation and matter domination, respectively.
The sloped stretch at the end, which is magnified in the inner plot in terms of the redshift variable, corresponds to the recent
epoch, in which the scalar field density (playing the role of DE) dominates. We find wφ (z = 0) = −0.931 ± 0.017.

the PR-potential seems to have the minimal number of ingredients to successfully accomplish the
job. In point of fact, it is what we have now verified at a rather significant confidence level in the
light of the modern cosmological data.
Finally, let us mention that we have tested the robustness of our computational program by setting
the initial conditions out of the tracker path and recovering the asymptotic attractor trajectory.
This is of course a numerical check, which is nicely consistent with the fact that the Peebles &
Ratra potential satisfies the aforementioned tracker condition Γ > 1. More details will be reported
elsewhere.

3.2

XCDM and CPL parametrizations

The XCDM parametrization was first introduced in [71] as the simplest way to track a possible
dynamics for the DE. Here one replaces the Λ-term with an unspecified dynamical entity X,
whose energy density at present coincides with the current value of the vacuum energy density, i.e.
ρ0X = ρ0Λ . Its EoS reads pX = w0 ρX , with w0 =const. The XCDM mimics the behavior of a scalar
field, whether quintessence (w0 & −1) or phantom (w0 . −1), under the assumption that such field
has an essentially constant EoS parameter around −1. Since both matter and DE are self-conserved
in the XCDM (i.e. they are not interacting), the energy densities as a function of the scale factor
are given by ρm (a) = ρ0m a−3 = ρc0 Ωm a−3 and ρX (a) = ρ0X a−3(1+w0 ) = ρc0 (1 − Ωm ) a−3(1+w0 ) .
Thus, the Hubble function in terms of the scale factor is given by
h
i
H 2 (a) = H02 Ωm a−3 + (1 − Ωm ) a−3(1+w0 ) .
(3.11)
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Figure 2:

Same as Fig. 1, but for φ(a) and the density parameters Ωi (a). The crossing point between the scalar field density
and the non-relativistic matter density lies very close to our time (viz. ac = 0.751, equivalently zc = 0.332), as it should. This
is the point where the tail of the PR potential becomes visible and appears in the form of DE. The point zc lies nearer our
time than the transition redshift from deceleration to acceleration, zt = 0.628 (cf. q(z) in Fig. 1), similar to the ΛCDM.

A step further in the parametrization of the DE is the CPL prametrization [72–74], whose EoS
for the DE is defined as follows:
w = w0 + w1 (1 − a) = w0 + w1

z
,
1+z

(3.12)

where z is the cosmological redshift. In contrast to the XCDM, the EoS of the CPL is not constant
and is designed to have a well-defined asymptotic limit in the early Universe. The XCDM serves
as a simple baseline to compare other models for the dynamical DE. The CPL further shapes
the XCDM parametrization at the cost of an additional parameter (w1 ) that enables some cosmic
evolution of the EoS. The Hubble function for the CPL in the MDE is readily found:
i
h
z
(3.13)
H 2 (z) = H02 Ωm (1 + z)3 + (1 − Ωm )(1 + z)3(1+w0 +w1 ) e−3 w1 1+z .
It boils down to (3.11) for w1 = 0, as expected. It is understood that for the RDE the term
Ωr (1 + z)4 has to be added in the Hubble function. Such radiation term is already relevant for the
analysis of the CMB data, and it is included in our analysis. The fitting results for the XCDM
and CPL parametrizations have been collected in the first two rows of Table 3. Comparing with
the φCDM model (cf. Table 2), we see that the XCDM parametrization also projects the effective
quintessence option at 4σ level, specifically w0 = −0.916±0.021. The CPL parametrization, having
one more parameter, does not reflect the same level of significance, but the corresponding AIC and
BIC parameters (see below) remain relatively high as compared to the ΛCDM, therefore pointing
also at clear signs of dynamical DE as the other models. Although the results obtained by the
XCDM parametrization and the PR-model are fairly close (see Tables 2 and 3) and both EoS values
lie in the quintessence region, the fact that the EoS of the XCDM model is constant throughout the
cosmic history makes it difficult to foresee if the XCDM can be used as a faithful representation of a
given nontrivial φCDM model, such as the one we are considering here. The same happens for the
extended CPL parametrization, even if in this case the EoS has some prescribed cosmic evolution.
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In actual fact, both the XCDM and CPL parametrizations are to a large extent arbitrary and
incomplete representations of the dynamical DE.

3.3

RVM: running vacuum

The last model whose fitting results are reported in Table 3 is the running vacuum model (RVM).
We provide here the basic definition of it and some motivation – see [76, 77, 154] and references
therein for details. The RVM is a dynamical vacuum model, meaning that the corresponding EoS
parameter is still w = −1 but the corresponding vacuum energy density is a“running” one, i.e. it
departs (mildly) from the rigid assumption ρΛ =const. of the ΛCDM. Specifically, the form of ρΛ
reads as follows:

3
c0 + νH 2 .
(3.14)
ρΛ (H) =
8πG
Here c0 = H02 (1 − Ωm − ν) is fixed by the boundary condition ρΛ (H0 ) = ρ0Λ = ρc0 (1 − Ωm ). The
dimensionless coefficient ν is expected to be very small, |ν|  1, since the model must remain
sufficiently close to the ΛCDM. The moderate dynamical evolution of ρΛ (H) is possible at the
expense of the slow decay rate of vacuum into dark matter (we assume that baryons and radiation
are conserved [51, 154]).
In practice, the confrontation of the RVM with the data is performed by means of the following
5-dimensional fitting vector:
p~RVM = (Ωm , ωb , ns , h, ν) .
(3.15)
The first four parameters are the standard ones as in the ΛCDM, while ν is the mentioned vacuum
parameter for the RVM. Although it can be treated in a mere phenomenological fashion, formally ν
can be given a QFT meaning by linking it to the β-function of the running ρΛ [76,77]. Theoretical
estimates place its value in the ballpark of ν ∼ 10−3 at most [75], and this is precisely the order of
magnitude pinned down for it in Table 3 from our overall fit to the data. The order of magnitude
coincidence is reassuring. Different realizations of the RVM are possible [50, 51, 124, 154], but here
we limit ourselves to the simplest version. The corresponding Hubble function in the MDE reads:


Ωm 
3(1−ν)
2
2
H (z) = H0 1 +
(1 + z)
−1 .
(3.16)
1−ν
It depends on the basic fitting parameters (Ωm , h, ν), which are the counterpart of (ωm , α, κ̄) for
the φCDM. The remaining two parameters are common and hence both for the RVM and the
φCDM the total number of fitting parameter is five, see (3.7) and (3.15). Note that for ν = 0 we
recover the ΛCDM case, as it should be expected.

3.4

Structure formation

A few observations on the analysis of structure formation are in order, as it plays a significantly role
in the fitting results. On scales well below the horizon the scalar field perturbations are relativistic
and hence can be ignored [156]. As a result in the presence of non-interacting scalar fields the
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Figure 3:

The LSS data on the weighted linear growth rate, f (z)σ8 (z), and the predicted curves by the various models,
using the best-fit values in Tables 1-3. The XCDM and CPL lines are not shown since they are almost on top of the φCDM
one. The values of σ8 (0) that we obtain for the different models are also indicated.

usual matter perturbation equation remains valid [41]. Thus, for the φCDM, XCDM and CPL
models we compute the perturbations through the standard equation [174]
δ̈m + 2H δ̇m − 4πGρm δm = 0 ,

(3.17)

with, however, the Hubble function corresponding to each one of these models – see the formulae
in the previous sections.
For the RVM the situation is nevertheless different. In the presence of dynamical vacuum, the
perturbation equation not only involves the modified Hubble function (3.16) but the equation
itself becomes modified. The generalized perturbation equation reads [123, 125, 171]:


δ̈m + (2H + Ψ) δ̇m − 4πGρm − 2HΨ − Ψ̇ δm = 0 ,
(3.18)
where Ψ ≡ −ρ̇Λ /ρm . As expected, for ρΛ =const. we have Ψ = 0 and Eq.(3.18) reduces to the
standard one (3.18). To solve the above perturbation equations we have to fix the initial conditions
for δm and δ̇m for each model at high redshift, say at zi ∼ 100 (ai ∼ 10−2 ), when non-relativistic
matter dominates over the vacuum – confer Ref. [123, 125, 171].
Let us also note that, in all cases, we can neglect the DE perturbations at subhorizon scales. We
have already mentioned above that this is justified for the φCDM. For the RVM it can be shown to
be also the case, see [123, 125, 171]. The situation with the XCDM and CPL is not different, and
once more the DE perturbations are negligible at scales below the horizon. A detailed study of
this issue can be found e.g. in Ref. [151, 175], in which the so-called ΛXCDM model is considered
in detail at the perturbations level. In the absence of the (running) component Λ of the DE,
the ΛXCDM model reduces exactly to the XCDM as a particular case. One can see in that
quantitative study that at subhorizon scales the DE perturbations become negligible no matter
what is the assumed value for the sound velocity of the DE perturbations (whether adiabatic or
non-adiabatic).
The analysis of the linear LSS regime is conveniently implemented with the help of the weighted
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Figure 4:

Left: Likelihood contours for the φCDM model in the (ωm ,α)-plane after marginalizing over the remaining
parameters (cf. Table 2). The various contours correspond to 1σ, 2σ, 3σ, 4σ and 5σ c.l. The line α = 0 corresponds to
the concordance ΛCDM model. The tracker consistency region α > 0 (see the text) is clearly preferred, and we see that it
definitely points to dynamical DE at ∼ 4σ confidence level. Right: Reconstruction of the aforementioned contour lines from
the partial contour plots of the different SNIa+BAO+H(z)+LSS+CMB data sources using Fisher’s approach [41]. The 1σ
and 2σ contours are shown in all cases, but for the reconstructed final contour lines we include the 3σ, 4σ and 5σ regions as
well. For the reconstruction plot we display a larger ωm -range to better appraise the impact of the various data sources.

linear growth f (z)σ8 (z), where f (z) = d ln δm /d ln a is the growth factor and σ8 (z) is the rms mass
fluctuation amplitude on scales of R8 = 8 h−1 Mpc at redshift z. It is computed as follows:
s ´
∞ ns +2 2
T (~
p, k)W 2 (kR8 )dk
δm (z)
0 k
´
σ8 (z) = σ8,Λ Λ
,
(3.19)
∞ ns,Λ +2 2
δm (0)
T (~
pΛ , k)W 2 (kR8,Λ )dk
0 k
where W is a top-hat smoothing function and T (~
p, k) the transfer function (see e.g. [123, 125, 171]
for details). Here p~ stands for the corresponding fitting vector for the various models, as indicated
in the previous sections. In addition, we define a fiducial model, which we use in order to fix the
normalization of the power spectrum. For that model we take the ΛCDM at fixed parameter values
from the Planck 2015 TT,TE,EE+lowP+lensing analysis [130]. Such fiducial values are collected
in the vector p~Λ = (Ωm,Λ , ωb,Λ , ns,Λ , hΛ ). In Fig. 3 we display f (z)σ8 (z) for the various models
using the fitted values of Tables 1-3 following this procedure.

3.5

Discussion and conclusions

The statistical analysis of the various models considered in this study is performed in terms of a
joint likelihood function, which is the product of the likelihoods for each data source and including
the corresponding covariance matrices, following the standard procedure [41]. The contour plots
for the φCDM and XCDM models are shown in Figures 4 and 5, where the the dynamical character
of the DE is clearly demonstrated at ∼ 4σ c.l. More specifically, in the left plot of Fig. 4 we display
the final contour plots for φCDM in the plane (ωm , α) – defined by two of the original parameters
of our calculation, cf. Eq.(3.7) – together with the isolated contours of the different data sources
(plot on the right). It can be seen that the joint triad of observables BAO+LSS+CMB conspire to
significantly reduce the final allowed region of the (ωm , α)-plane, while the constraints imposed by
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Figure 5:

Likelihood contours for the φCDM model (left) and the XCDM parametrization (right) in the relevant planes
after marginalizing over the remaining parameters in each case (cf. Tables 2 and 3). The various contours correspond to 1σ,
2σ, 3σ, 4σ and 5σ c.l. The central values in both cases are ∼ 4σ away from the ΛCDM, i.e. α = 0 and w0 = −1, respectively.

SNIa and H(z) are much weaker. Finally, for the sake of convenience, in Fig. 5 we put forward the
final φCDM and the XCDM contours in the more conventional (Ωm , α)-plane. As for the RVM,
see the contours in [50, 51] and [154], where a dynamical DE effect & 4σ is recorded.
As noted previously, the three models φCDM, XCDM and RVM have the same number of parameters, namely 5, one more than the ΛCDM. The CPL, however, has 6 parameters. Cosmological
models having a larger number of parameters have more freedom to accommodate observations.
Thus, for a fairer comparison of the various nonstandard models with the concordance ΛCDM we
have to invoke a suitable statistical procedure that penalizes the presence of extra parameters.
Efficient criteria of this kind are available in the literature and they have been systematically used
in different contexts to help making a selection of the best candidates among competing models
describing the same data. For a long time it has been known that the Akaike information criterion (AIC) and the Bayesian information criterion (BIC) are extremely valuable tools for a fair
statistical analysis of this kind. These criteria are defined as follows [138–140]:
AIC = χ2min +

2nN
,
N −n−1

BIC = χ2min + n ln N ,

(3.20)

where n is the number of independent fitting parameters and N the number of data points. The
larger are the differences ∆AIC (∆BIC) with respect to the model that carries smaller value of AIC
(BIC) the higher is the evidence against the model with larger value of AIC (BIC) – the ΛCDM in
all the cases considered in Tables 2-3. The rule applied to our case is the following [138–140]: for
∆AIC and ∆BIC in the range 6 − 10 we can speak of “strong evidence” against the ΛCDM, and
hence in favor of the given nonstandard model. Above 10, one speaks of “very strong evidence”.
Notice that the Bayes factor is e∆BIC/2 , and hence near 150 in such case.
A glance at Tables 2 and 3 tells us that for the models φCDM, XCDM and RVM, the values of
∆AIC and ∆BIC are both above 10. The CPL parametrization has only one of the two increments
above 10, but the lowest one is above 6, therefore it is still fairly (but not so strongly) favored as the
others. We conclude from the AIC and BIC criteria that the models φCDM, XCDM and RVM are
definitely selected over the ΛCDM as to their ability to optimally fit the large set of cosmological
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SNIa+BAO+H(z)+LSS+CMB data used in our analysis. Although the most conspicuous model
of those analyzed here appears to be the RVM (cf. Tables 2 and 3), the scalar field model φCDM
with Peebles & Ratra potential also receives a strong favorable verdict from the AIC and BIC
criteria. Furthermore, the fact that the generic XCDM and CPL parametrizations are also capable
of detecting significant signs of evolving DE suggests that such dynamical signature is sitting in
the data and is not privative of a particular model, although the level of sensitivity does indeed
vary from one model to the other.
To summarize, the current cosmological data disfavors the hypothesis Λ =const. in a rather
significant way. The presence of DE dynamics is confirmed by all four parametrizations considered here and with a strength that ranges between strong and very strong evidence, according
to the Akaike and Bayesian information criteria. Furthermore, three of these parametrizations
are able to attest such evidence at ∼ 4σ c.l., and two of them (φCDM and RVM) are actually
more than parametrizations since they are associated to specific theoretical frameworks. The four
approaches resonate in harmony with the conclusion that the DE is decreasing with the expansion,
and therefore that it behaves effectively as quintessence.
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4

Possible signals of vacuum
dynamics in the Universe

In this chapter we pursue with the study of the generic class of time-evolving vacuum models
which can provide a better phenomenological account of the overall cosmological observations as
compared to the ΛCDM. Among these models, the running vacuum model (RVM) appears to
be the most favored one at a confidence level of ∼ 3σ. Here we do not restric the analysis of
the dynamical vacuum models (DVM) to those that can only be motivated from the theoretical
point of view since we also consider two pure phenomenological models. In this case, we limit the
interactions, of the different species in game, to the dark sector, unlike what we did in previous
chapters.
We also show that it is possible to extract fair signals of dynamical dark energy (DDE) by gauging
the performance of the generic XCDM and CPL parameterizations.
In all cases we confirm that the combined triad of modern observations on Baryonic Acoustic
Oscillations, Large Scale Structure formation, and the Cosmic Microwave Background, provide
the bulk of the signal sustaining a possible dark energy dynamics. In the absence of any of these
three crucial data sources, the DDE signal can not be perceived at a significant confidence level. Its
possible existence could be a cure for some of the tensions existing in the ΛCDM when confronted
to observations.
The guidelines of our work are as follows. In Sect. 4.1 we describe the dynamical vacuum models
(DVMs). In Sect. 4.2 we report on the set of cosmological data used, on distant type Ia supernovae
(SNIa), baryonic acoustic oscillations (BAOs), the Hubble parameter values at different redshifts,
the LSS data, and the cosmic microwave background (CMB) from Planck. In Sect. 4.3 we discuss
aspects of structure formation with dynamical vacuum. The numerical analysis of the DVMs and
a comparison with the standard XCDM and CPL parametrizations is the object of Sect. 4.4. An
ample discussion of the results along with a reanalysis under different conditions is developed in
Sect. 4.5. Finally, in Sect. 4.6 we present our conclusions.

4.1

Dynamical vacuum models

The gravitational field equations are Gµν = 8πG T̃µν , where Gµν = Rµν − 21 gµν R is the Einstein
tensor and T̃µν ≡ Tµν + gµν ρΛ is the full energy-momentum tensor involving the effect of both
matter and the vacuum energy density, with ρΛ = Λ/(8πG). The structure of T̃µν shows that the
vacuum is dealt with as a perfect fluid carrying an equation of state (EoS) pΛ = −ρΛ . When the
matter can also be treated as an ideal fluid and is distributed homogeneously and isotropically, as
postulated by the Cosmological Principle, we can write T̃µν = (ρΛ − pm ) gµν + (ρm + pm )Uµ Uν ,
where Uµ is the bulk 4-velocity of the cosmic fluid, ρm is the proper energy density of matter
and pm its isotropic pressure. We assume the standard cosmological framework grounded on the
FLRW metric with flat three-dimensional slices: ds2 = dt2 − a2 (t) dx2 , where t is the cosmic time
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and a(t) the scale factor. However, we admit that matter can be in interaction with vacuum,
which is tantamount to saying that ρΛ = ρΛ (ζ) is a function of some cosmic variable evolving with
time, ζ = ζ(t). While this, of course, implies that ρ̇Λ ≡ dρΛ /dt 6= 0 we assume that Ġ = 0 in our
study – see [50, 124] for studies including the option Ġ 6= 0. Such vacuum dynamics is compatible
with the Bianchi identity (see below) provided there is some energy exchange between vacuum and
matter. It means that matter cannot be strictly conserved in these circumstances. The standard
Friedmann and acceleration equations for the present Universe remain formally identical to the
standard ΛCDM case:
3H 2 = 8π G

X

ρN = 8π G (ρm + ρr + ρΛ (ζ))

(4.1)

N

3H 2 + 2Ḣ = −8π G

X

pN = −8π G (pr − ρΛ (ζ)) .

(4.2)

N

Here H = ȧ/a is the usual Hubble function, ρm = ρb + ρdm involves the pressureless contributions
from baryons and cold DM, and ρr is the radiation density (with the usual EoS pr = ρr /3).
We emphasize once more that in the above equations we stick to the EoS pΛ = −ρΛ , although
the vacuum is dynamical, ρΛ (t) = ρΛ (ζ(t)), and its evolution is tied to the cosmic expansion.
The sums above run over all the components N = dm, b, r, Λ. In all of the dynamical vacuum
models (DVMs) being considered here, the cosmic variable ζ is either the scale factor or can be
expressed analytically in terms of it, ζ = ζ(a), or equivalently in terms of the cosmological redshift,
z = a−1 −1, in which we adopt the normalization a = 1 at present. From the basic pair of equations
(4.1)-(4.2), a first integral of the system follows:
X

ρ̇N + 3 H(ρN + pN ) =
(4.3)

N

ρ̇Λ + ρ̇dm + 3Hρdm + ρ̇b + 3Hρb + ρ̇r + 4Hρr = 0 .
Such a first integral ensues also from the divergenceless property of the full energy-momentum
tensor T̃µν in the FLRW metric, i.e. ∇µ T̃µν = 0. The last property is a consequence of the Bianchi
identity satisfied by the Einstein tensor, ∇µ Gµν = 0, and the assumed constancy of the Newtonian
coupling G. It reflects the local conservation law of the compound system formed by matter and
vacuum, and the consequent nonconservation of each of these components when taken separately.
The concordance model assumes that matter and radiation are self-conserved after equality. It
also assumes that baryons and CDM are separately conserved. Hence their respective energy
densities satisfy ρ̇b + 3Hρb = 0, ρ̇r + 4Hρr = 0 and ρ̇dm + 3Hρdm = 0. In the presence of vacuum
dynamics it is obvious that at least one of these equations cannot hold. Following our definite
purpose to remain as close as possible to the ΛCDM, we shall assume that the first two of the
mentioned conservation equations still hold good but that the last does not, meaning that the
vacuum exchanges energy only with DM. The dilution laws for baryons and radiation as a function
of the scale factor therefore take on the conventional ΛCDM forms:
ρb (a) = ρb0 a−3 ,

ρr (a) = ρr0 a−4 ,
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(4.4)

where ρb0 and ρr0 are the corresponding current values. In contrast, the density of DM is tied
to the dynamics of the vacuum. Taking into account the conserved components and introducing
the vacuum-dark matter interaction source, Q, we can write the interactive part of (4.3) into two
coupled equations:
ρ̇dm + 3Hρdm = Q ,
ρ̇Λ = −Q .
(4.5)
The solution of these equations will depend on the particular form assumed for Q, which determines
the leakage rate of vacuum energy into dark matter or vice versa. Such a leakage must certainly be
much smaller than the standard dilution rate of non-relativistic matter associated to the cosmic
expansion (i.e. much smaller than ∼ a−3 ), as otherwise these anomalous effects would be too
sharp at the present time. Therefore, we must have 0 < |Q|  ρ̇m . The different DVMs will be
characterized by different functions Qi (i = 1, 2, ..).
Two possible phenomenological ansatzs considered in the literature are [131–133, 176]
Model Qdm :

Qdm = 3νdm Hρdm

(4.6)

Model QΛ :

QΛ = 3νΛ HρΛ .

(4.7)

The dimensionless parameters νi = (νdm , νΛ ) for each model (Qdm , QΛ ) determine the strength
of the dark-sector interaction in the sources Qi and enable the evolution of the vacuum energy
density. For νi > 0 the vacuum decays into DM (which is thermodynamically favorable [177, 178]
whereas for νi < 0 is the other way around. This is also a relevant argument to judge the viability
of these models, as only the first situation is compatible with the second law of thermodynamics.
There are many more choices for Q, see e.g. [179, 180], but it will suffice to focus on these models
and the RVM one defined in the next section to effectively assess the possible impact of the DVMs
in the light of the modern observational data.

4.1.1

The running vacuum model (RVM)

The last DVM under study is the so-called running vacuum model (RVM), which can be motivated
in the context of QFT in curved space-time (cf. [76, 125], and references therein). The model has
some virtues and can be extended to afford an effective description of the cosmic evolution starting
from inflation up to our days [76, 87–89, 125, 181, 182]. For instance, in [89] it is suggested that
the RVM could positively impinge on solving some of the fundamental cosmological problems,
including the entropy problem. Intriguingly, the inherent tiny leakage of vacuum energy into
matter within the RVM could also furnish an explanation for the possible slow time variation of
the fundamental constants, an issue that has been examined in detail in [134, 135, 137]. See also
the old work [183]. We shall not discuss here the implications for the early Universe, but only for
the part of the cosmic history that is accessible to our measurements and can therefore be tested
phenomenologically with the current data.
As advertised, for the specific RVM case the cosmic variable ζ in the field equations (4.1)-(4.2)
can be identified with the Hubble rate H. The form of the RVM for the post-inflationary epoch
and hence relevant for the current Universe reads as follows:

3
c0 + νH 2 .
(4.8)
ρΛ (H) =
8πG
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Such structure can be linked to a renormalization group (RG) equation for the vacuum energy
density, in which the running scale µ of the RG is associated with the characteristic energy scale
of the FLRW metric, i.e. µ = H. The additive constant c0 = H02 (ΩΛ − ν) appears because one
integrates the RG equation satisfied by ρΛ (H). It is fixed by the boundary condition ρΛ (H0 ) = ρ0Λ ,
where ρ0Λ and H0 are the current values of these quantities; similarly ΩΛ = ρ0Λ /ρ0c and ρ0c =
3H02 /(8πG) are the values of the vacuum density parameter and the critical density today. The
dimensionless coefficient ν encodes the dynamics of the vacuum at low energy and can be related
with the β-function of the running of ρΛ . Thus, we naturally expect |ν|  1. An estimate of ν at
one loop in QFT indicates that is of order 10−3 at most [75], but here we will treat it as a free
parameter. This means we shall deal with the RVM on pure phenomenological grounds, hence
fitting actually ν to the observational data (cf. Sect. 4.2).
In the RVM case, the source function Q in (4.5) is not just put by hand (as in the case of the
DVMs introduced before). It is a calculable expression from (4.8), using Friedmann’s equation
(4.1) and the local conservation laws (4.4)-(4.5). We find:
RVM :

Q = −ρ̇Λ = ν H(3ρm + 4ρr ) ,

(4.9)

where we recall that ρm = ρdm + ρb , and that ρb and ρr are known functions of the scale factor
– see Eq.(4.4). The remaining densities, ρdm and ρΛ , must be determined upon further solving
the model explicitly, see subsection 4.1.2. If baryons and radiation would also possess a small
interaction with vacuum and/or G would evolve with time, the cosmological solutions would be
different [50, 123–125, 184]. We can see from (4.9) that the parameter ν plays a similar role
as (νdm , νΛ ) for the more phenomenological models (4.6) and (4.7). The three of them will be
collectively denoted νi .

4.1.2

Solving explicitly the dynamical vacuum models

The matter and vacuum energy densities of the DVMs can be computed straightforwardly upon
solving the coupled system of differential equations (4.5), given the previous explicit forms for the
interacting source in each case and keeping in mind that, in the current framework, the baryon
(ρb ) and radiation (ρr ) parts are separately conserved. After some calculations the equations for
the DM energy densities ρdm for each model (RVM, Qdm , QΛ ) can be solved in terms of the scale
factor. Below we quote the final results for each case:


RVM: ρdm (a) = ρdm0 a−3(1−ν) + ρb0 a−3(1−ν) − a−3 +
Qdm :

QΛ :

4ν
1+3ν


ρr0 a−3(1−ν) − a−4 (4.10)

ρdm (a) = ρdm0 a−3(1−νdm )

ρdm (a) = ρdm0 a−3 +

νΛ
0
1−νΛ ρΛ

a−3νΛ − a−3

(4.11)



(4.12)

In solving the differential equations (4.5) we have traded the cosmic time variable for the scale
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Model

h

Ωm

νi

w0

w1

σ8 (0)

∆AIC

∆BIC

ΛCDM

0.692 ± 0.004
0.672 ± 0.007
0.673 ± 0.009
0.677 ± 0.005
0.678 ± 0.005
0.691 ± 0.004

0.296 ± 0.004
0.311 ± 0.007
0.310 ± 0.009
0.303 ± 0.005
0.302 ± 0.005
0.298 ± 0.005

0.00158 ± 0.00042
0.00216 ± 0.00060
0.00601 ± 0.00253

-1
−0.923 ± 0.023
−0.944 ± 0.089
-1
-1
-1

0.063 ± 0.259
-

0.801 ± 0.009
0.767 ± 0.014
0.767 ± 0.015
0.736 ± 0.019
0.740 ± 0.018
0.790 ± 0.010

8.55
6.30
12.91
12.13
3.41

6.31
1.87
10.67
9.89
1.17

XCDM
CPL
RVM
Qdm
QΛ

Table 1: Best-fit values for the ΛCDM, XCDM, CPL and the three dynamical vacuum models
(DVMs). The specific fitting parameters for each DVM are νi = ν (RVM), νdm (Qdm ) and νΛ (QΛ ),
whilst for the XCDM and CPL are the EoS parameters w0 and the pair (w0 ,w1 ), respectively. For
the DVMs and the ΛCDM, we have w0 = −1 and w1 = 0. The remaining parameters are as in the
ΛCDM and are not shown. For convenience we reckon the values of σ8 (0) for each model, which
are not part of the fit but are computed from the fitted ones following the procedure indicated in
Sect. 4.3 . The (positive) increments ∆AIC and ∆BIC (see the main text, Sect. 5.2) clearly favor
the DDE options. The RVM and Qdm are particularly favored (∼ 3.8σ c.l. and 3.6σ, respectively).
Our fit is performed over a rich and fully updated SNIa+BAO+H(z)+LSS+CMB data set (cf.
Sect. 4.2).
factor using the chain rule d/dt = aHd/da. The corresponding vacuum energy densities can also
be solved in the same variable, and yield:

ν ρm0  −3(1−ν)
a
−1
(4.13)
RVM : ρΛ (a) = ρ0Λ +
1− ν

νρr0
1 − ν −4
4ν
+
a +
a−3(1−ν) − 1
1 − ν 1 + 3ν
1 + 3ν
Qdm :

ρΛ (a) =
QΛ :

ρ0Λ


νdm ρdm0  −3(1−νdm )
+
a
−1
1 − νdm

(4.14)

ρΛ (a) = ρ0Λ a−3νΛ

(4.15)

One can easily check that for a = 1 (i.e. at the present epoch) all of the energy densities (4.10)(4.15) recover their respective current values ρN 0 (N = dm, Λ). In addition, for νi → 0 we retrieve
for the three DM densities the usual ΛCDM expression ρdm (a) = ρdm0 a−3 , and the corresponding
vacuum energy densities ρΛ (a) boil down to the constant value ρ0Λ in that limit. The normalized
Hubble rate E ≡ H/H0 for each model can be easily obtained by plugging the above formulas,
along with the radiation and baryon energy densities (4.4), into Friedmann’s equation (4.1). We
find:

Ωm  −3(1−ν)
a
−1
(4.16)
RVM : E 2 (a) = 1 +
1−ν


Ωr
1 − ν −4
4ν
−3(1−ν)
+
a +
a
−1
1 − ν 1 + 3ν
1 + 3ν
Qdm :


E 2 (a) = 1 + Ωb a−3 − 1


Ωdm  −3(1−νdm )
+
a
− 1 + Ωr a−4 − 1
1 − νdm
92

(4.17)

Figure 1: Likelihood contours for the DVMs in the (Ωm , νi ) plane for the values −2 ln L/Lmax =
2.30, 6.18, 11.81, 19.33, 27.65 (corresponding to 1σ, 2σ, 3σ, 4σ and 5σ c.l.) after marginalizing
over the rest of the fitting parameters. We estimate that for the RVM, 94.80% (resp. 89.16%) of
the 4σ (resp. 5σ) area is in the ν > 0 region. For the Qdm we find that 95.24% (resp. 89.62%) of
the 4σ (resp. 5σ) area is in the νdm > 0 region. Finally, for the QΛ we estimate that 99.45% (resp.
90.22%) of the 2σ (resp. 3σ) area is in the νΛ > 0 region. Subsequent marginalization over Ωm
increases slightly the c.l. and renders the fitting values collected in Table 1. The ΛCDM (νi = 0)
appears disfavored at ∼ 4σ c.l. in the RVM and Qdm , and at ∼ 2.5σ c.l. for QΛ .

QΛ :


Ωm
a−3νΛ − νΛ a−3
+
a−3 − a−3νΛ
1 − νΛ
1 − νΛ


a−3νΛ
νΛ
+ Ωr a−4 +
a−3 −
1 − νΛ
1 − νΛ

E 2 (a) =

(4.18)

In the above expressions, we have used the cosmological parameters ΩN = ρN 0 /ρ0c for each fluid
component (N = dm, b, r, Λ), and defined Ωm = Ωdm + Ωb . Altogether, they satisfy the sum rule
P
N ΩN = 1. The normalization condition E(1) = 1 in these formulas is apparent, meaning that
the Hubble function for each model reduces to H0 at present, as they should; and, of course, for
νi → 0 we recover the ΛCDM form for H, as should be expected. From the structure of equations
(4.13) AND (4.16) we can readily see that the vacuum energy density for the RVM can be fully
written as a function of a cosmic variable ζ, which can be chosen to be not only the scale factor
but the full Hubble function ζ = H. The result is, of course, Eq.(4.8). In contrast, for the Qdm
and QΛ models this is not possible, as it is clear on comparing equations (4.14)-(4.15) and the
corresponding ones (4.17)-(4.18). For these models ρΛ can only be written as a function of the
scale factor. Thus, the RVM happens to have the greatest level of symmetry since its origin is a
RG equation in H whose solution is precisely (4.8).

4.1.3

XCDM and CPL parametrizations

Together with the DVMs , we fit also the same data through the simple XCDM parametrization
of the dynamical DE, first introduced in [71]. Since both matter and DE are self-conserved (i.e.,
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they are not interacting), the DE density as a function of the scale factor is simply given by
ρX (a) = ρX0 a−3(1+w0 ) , with ρX0 = ρΛ0 , where w0 is the (constant) EoS parameter of the generic
DE entity X in this parametrization. The normalized Hubble function is:
E 2 (a) = Ωm a−3 + Ωr a−4 + ΩΛ a−3(1+w0 ) .

(4.19)

For w0 = −1 it boils down to that of the ΛCDM with rigid CC term. The use of the XCDM
parametrization throughout our analysis will be useful to roughly mimic a (noninteractive) DE
scalar field with constant EoS. For w0 & −1 the XCDM mimics quintessence, whereas for w0 . −1
it mimics phantom DE.
A slightly more sophisticated approximation to the behavior of a noninteractive scalar field playing
the role of dynamical DE is afforded by the CPL parametrization [72–74], in which one assumes
that the generic DE entity X has a slowly varying EoS of the form
wD = w0 + w1 (1 − a) = w0 + w1

z
.
1+z

(4.20)

The CPL parametrization, in contrast to the XCDM one, makes allowance for a time evolution
of the dark energy EoS owing to the presence of the additional parameter w1 , which satisfies
0 < |w1 |  |w0 |, with w0 & −1 or w0 . −1. The expression (4.20) is seen to have a well-defined
limit both in the early Universe (a → 0, equivalently z → ∞) and in the current one (a = 1, or
z = 0). The corresponding normalized Hubble function for the CPL can be easily found:
E 2 (a) = Ωm a−3 + Ωr a−4 + ΩΛ a−3(1+w0 +w1 ) e−3 w1 (1−a) .

(4.21)

The XCDM and the CPL parametrizations can be conceived as a kind of baseline frameworks to
be referred to in the study of dynamical DE. We expect that part of the DDE effects departing
from the ΛCDM should be captured by these parametrizations, either in the form of effective
quintessence behavior (w & −1) or effective phantom behavior (w . −1). The XCDM, though,
is the most appropriate for a fairer comparison with the DVMs, all of which also have one single
vacuum parameter νi .

4.2

Data sets and results

In this work, we fit the ΛCDM, XCDM, CPL and the three DVMs to the cosmological data from
type Ia supernovae [85], BAOs [101, 106–110], the values of the Hubble parameter extracted from
cosmic chronometers at various redshifts, H(zi ) [90–96], the CMB data from Planck 2015 [130]
and the most updated set of LSS formation data embodied in the quantity f (zi )σ8 (zi ), see the
corresponding values and references in Table 2. It turns out that the LSS data is very important
for the DDE signal, and up to some updating performed here it has been previously described in
more detail in [50]. We denote this string of cosmological data by SNIa+BAO+H(z)+LSS+CMB.
A guide to the presentation of our results is the following. The various fitting analyses and contour
plots under different conditions (to be discussed in detail in the next sections) are displayed in
four fitting tables, Tables 1 and 3-5, and in seven figures, Figs. 1-7. The main numerical results
of our analysis are those recorded in Table 1. Let us mention in particular Fig. 6, whose aim
94

Figure 2: As in Fig. 1, but projecting the fitting results of the RVM onto the different planes of
the involved parameters (H0 is expressed in Km/s/Mpc). The horizontal line ν = 0 in the plots of
the last row corresponds to the ΛCDM. It is apparent that it is significantly excluded at ∼ 4σ c.l.
in all cases. The peak in the rightmost plot corresponds to the central value ν = 0.00158 indicated
in Table 1.
is to identify what are the main data responsible for the DDE effect under study. Bearing in
mind the aforementioned significance of the LSS data, Fig. 7 is aimed to compare in a graphical
way the impact of the f (z)σ8 (z) and weak lensing data on our results. The remaining tables
and figures contain complementary information, which can be helpful for a more detailed picture
of our rather comprehensive study. Worth noticing are the results displayed in Table 5, which
shows what would be the outcome of our analysis if we would restrict ourselves to the fitting data
employed by the Planck 2015 collaboration [130], where e.g. no LSS data were used and no DDE
signal was reported. Additional details and considerations are furnished of course in the rest of
our exposition.
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Survey

z

f (z)σ8 (z)

References

6dFGS

0.067

0.423 ± 0.055

[97]

SDSS-DR7

0.10

0.37 ± 0.13

[98]

GAMA

0.18
0.38

0.29 ± 0.10
0.44 ± 0.06

[128]
[100]

DR12 BOSS

0.32
0.57

0.427 ± 0.056
0.426 ± 0.029

[101]

WiggleZ

0.22
0.41
0.60
0.78

0.42 ± 0.07
0.45 ± 0.04
0.43 ± 0.04
0.38 ± 0.04

[162]

2MTF

0.02

0.34 ± 0.04

[102]

VIPERS

0.7

0.38+0.06
−0.07

[103]

VVDS

0.77

0.49 ± 0.18

[104, 105]

Table 2: Published values of f (z)σ8 (z), referred to in the text as the LSS formation data.

4.3

Structure formation with dynamical vacuum

Despite the theory of cosmological perturbations has been discussed at length in several specialized
textbooks, see e.g. [?, 174, 185], the dynamical character of the vacuum produces some changes on
the standard equations which are worth mentioning. At deep subhorizon scales one can show that
the matter density contrast δm = δρm /ρm obeys the following differential equation (cf. [123, 153,
186] for details):


δ̈m + (2H + Ψ) δ̇m − 4πGρm − 2HΨ − Ψ̇ δm = 0 ,
(4.22)
where Ψ ≡ −ρ̇Λ /ρm = Q/ρm , and the (vacuum-matter) interaction source Q for each DVM is
given in Sect. 4.1. For ρΛ =const. and for the XCDM and CPL there is no such an interaction and
Eq.(4.22) reduces to δ̈m + 2H δ̇m − 4πGρm δm = 0, i.e. the ΛCDM form [174]. We note that at the
scales under consideration we are neglecting the perturbations of the vacuum energy density in
front of the perturbations of the matter field. The justification for this has recently been analyzed
in detail, cf. [186].
Let us briefly justify by two alternative methods the modified form (4.22), in which the variation of ρΛ enters through the Hubble function and the background quantity Ψ, but not through
any perturbed quantity. We shall conveniently argue in the context of two well-known gauges, the
synchronous gauge and the Newtonian conformal gauge, thus providing a twofold justification. In
the synchronous gauge, vacuum perturbations δρΛ modify the momentum conservation equation
for the matter particles in a way that we can easily get e.g. from the general formulae of [186,187],
with the result
1 δρΛ
− Ψvm ,
(4.23)
v̇m + Hvm =
a ρm
96

~ m is the associated peculiar velocity, with potential vm (notice that this quantity has
where ~v = ∇v
dimension of inverse energy in natural units). By setting δρΛ = a Q vm = a ρm Ψ vm the two terms
on the r.h.s. of (4.23) cancel each other and we recover the corresponding equation of the ΛCDM.
On the other hand, in the Newtonian or conformal gauge [188, 189] we find a similar situation.
The analog of the previous equation is the modified Euler’s equation in the presence of dynamical
vacuum energy,
d
(ρm vm ) + 4Hρm vm + ρm φ − δρΛ = 0 ,
(4.24)
dη
where φ is the gravitational potential that appears explicitly in the Newtonian conformal gauge, and
η is the conformal time. Let an overhead circle denote a derivative with respect to the conformal
time, f˚ = df /dη for any f . We define the quantities H = å/a = aH and Ψ̄ = −ρ̊Λ /ρm = aΨ,
which are the analogues of H and Ψ in conformal time. Using the background local conservation
equation (4.3) for the current epoch (neglecting therefore radiation) and rephrasing it in conformal
time, i.e. ρ̊Λ + ρ̊m + 3Hρm = 0, we can bring (4.24) to
v̊m + Hvm + φ =

δρΛ
− Ψ̄vm .
ρm

(4.25)

Once more the usual fluid equation (in this case Euler’s equation) is retrieved if we arrange that
δρΛ = ρm Ψ̄ vm = a ρm Ψ vm , as then the two terms on the r.h.s. of (4.25) cancel each other.
Alternatively, one can use the covariant form ∇µ Tµν = Qν for the local conservation law, with the
source 4-vector Qν = QUν , where Uν = (a, ~0) is the background matter 4-velocity in conformal
time. By perturbing the covariant conservation equation one finds
δ (∇µ Tµν ) = δQν = δQ Uν + QδUν ,

(4.26)

where δQ and δUν = a(φ, −~v ) are the perturbations of the source function and the 4-velocity,
respectively. Thus, we obtain
δ (∇µ Tµν ) = a(δQ + Qφ, −Q~v ) .

(4.27)

From the ν = j component of the above equation, we derive anew the usual Euler equation
v̊m + Hvm + φ = 0, which means that the relation δρΛ = aQ vm = a ρm Ψ vm is automatically
fulfilled. So the analyses in the two gauges converge to the same final result for δρΛ .
After we have found the condition that δρΛ must satisfy in each gauge so as to prevent that
the vacuum modifies basic conservation laws of the matter fluid, one can readily show that any
of the above equations (4.25) or (4.25) for each gauge (now with their r.h.s. set to zero), in combination with the corresponding perturbed continuity equation and the perturbed 00-component
of Einstein’s equations (giving Poisson’s equation in the Newtonian approximation), leads to the
desired matter perturbations equation (4.22), in accordance with the result previously derived by
other means in Refs. [123, 153]. Altogether, the above considerations formulated in the context of
different gauges allow us to consistently neglect the DE perturbations at scales down the horizon.
This justifies the use of Eq.(4.22) for the effective matter perturbations equation in our study of
linear structure formation in the framework of the DVMs. See [186] for an expanded exposition of
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Figure 3: As in Fig. 1, but for model XCDM. The ΛCDM is excluded in this case at ∼ 3σ c.l.
Marginalization over Ωm increases the c.l. up to 3.35σ (cf. Table 1).
these considerations.
For later convenience let us also rewrite Eq.(4.22) in terms of the scale factor variable rather than
the cosmic time. Using d/dt = aH d/da and denoting the differentiation d/da with a prime, we
find:
B(a)
A(a) 0
00
δ + 2 δm = 0 ,
(4.28)
δm
+
a m
a
where the functions A and B of the scale factor are given by
H 0 (a)
Ψ(a)
+
,
H(a)
H(a)
4πGρm (a) 2Ψ(a)
Ψ0 (a)
B(a) = −
+
+
a
.
H 2 (a)
H(a)
H(a)
A(a) = 3 + a

4.3.1

(4.29)
(4.30)

Initial conditions

0 (a) for each
In order to solve (4.28) we have to fix appropriate initial conditions for δm (a) and δm
model at high redshift, say at zi ∼ 100 (ai ∼ 10−2 ), when non-relativistic matter dominates both
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over the vacuum and the radiation contributions. In practice it can be fixed at lower redshifts,
say of order 10, where the subhorizon approximation is even more efficient (Gómez-Valent & Solà
2018), although the differences are small. For small values of the scale factor the normalized
Hubble rate (squared) for each model, and the energy densities for the various components, see
equations (4.10)-(4.18), can be significantly simplified. As a result we obtain the leading form of
the functions (4.29)-(4.30) for the different DVMs:
RVM :

A =

Qdm :

A =

3
(1 + 3ν)
2
Ωdm
3
2
νdm + O(νdm
)
(1 + νdm ) + 3
2
Ωm

(4.31)

(4.32)
QΛ :

A =

3
,
2

(4.33)

and
RVM :
Qdm :

3
9
B = − + 3ν + ν 2
2
2

3
Ωdm
2
B = −
1 − νdm −
νdm + O(νdm
)
2
Ωm

(4.34)

(4.35)
QΛ :

3
B = − .
2

(4.36)

For νi → 0, we recover the ΛCDM behavior A → 32 and B → − 23 , as it should. This is already
true for the QΛ without imposing νΛ → 0, therefore its initial conditions are precisely the same
as for the concordance model. Once the functions (4.29)-(4.30) take constant values (as it is the
case here at the high redshifts where we fix the initial conditions), the differential equation (4.28)
admits power-like solutions of the form δm (ai ) = asi . Of the two solutions, we are interested only in
the growing mode solution, as this is the only one relevant for structure formation. For example,
using (4.31) and (4.34) for the case of the RVM, the perturbations equation (4.28) becomes


3
3
9 2 δm
00
0
− 3ν − ν
= 0.
(4.37)
δm + (1 + 3ν)δm −
2a
2
2
a2
The power-law solution for the growing mode gives the result δm = a1−3ν , which is exact even
keeping the O(ν 2 ) term. Nevertheless, as warned previously, in practice we can neglect all O(νi2 )
contributions despite we indicate their presence. Repeating the same procedure for the other
models, the power-law behavior in each case for the growing mode solution δm ∼ as is the following:
RVM :

s = 1 − 3ν

(4.38)


Qdm :

s = 1 − νdm

6Ωm + 9Ωdm
5Ωm



2
+ O(νdm
)

(4.39)
QΛ :

s = 1.

(4.40)

Imposing the above analytical results to fix the initial conditions, we are then able to solve numerically the full differential equation (4.28) from a high redshift zi ∼ 100 (ai ∼ 10−2 ) up to
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our days. The result does not significantly depend on the precise value of zi , provided it is in
the matter-dominated epoch and well below the decoupling time (z ∼ 103 ), where the radiation
component starts to be nonnegligible.

4.3.2

Linear growth and growth index

The linear growth rate of clustering is an important (dimensionless) indicator of structure formation
[174]. It is defined as the logarithmic derivative of the linear growth factor δm (a) with respect to
the log of the scale factor, ln a. Therefore,
f (a) ≡

a dδm
dlnδm
=
,
δm da
dlna

(4.41)

where δm (a) is obtained from solving the differential equation (4.28) for each model. The physical
significance of f (a) is that it determines the peculiar velocity flows [174]. In terms of the redshift
variable, we have f (z) = −(1 + z) dln δm /dz, and thus the linear growth can also be used to
determine the amplitude of the redshift distortions. This quantity has been analytically computed
for the RVM in [184]. Here we shall take it into account for the study of the LSS data in our
overall fit to the cosmological observations.
One usually expresses the linear growth rate of clustering in terms of Ωm (z) = ρm (z)/ρc (z), where
ρc (z) = 3H 2 (z)/(8πG) is the evolving critical density, as follows [174]:
f (z) ' [Ωm (z)]γ(z) ,

(4.42)

where γ is the so-called linear growth rate index. For the usual ΛCDM model, such an index is
approximately given by γΛ ' 6/11 ' 0.545. For models with a slowly varying equation of state wD
(i.e. approximately behaving as the XCDM, with wD ' w0 ) one finds the approximate formula
γD ' 3(wD − 1)/(6wD − 5) [190] for the asymptotic value when Ωm → 1. Setting wD = −1 + , it
can be rewritten


6
1
6 − 3
'
1+
 .
(4.43)
γD '
11 − 6
11
22
Obviously, for  → 0 (equivalently, ωD → −1) one retrieves the ΛCDM case. Since the current experimental error on the γ-index is of order 10%, it opens the possibility to discriminate
cosmological models using such an index, see e.g. [191]. In the case of the RVM and various
models and frameworks, the function γ(z) has been computed numerically in [123]. Under certain
approximations, an analytical result can also be obtained for the asymptotic value [192]:


6 + 3ν
6
35
γRVM '
'
1+
ν .
(4.44)
11 − 12ν
11
22
This expression for the RVM is similar to (4.42) for an approximate XCDM parametrization, and
it reduces to the ΛCDM value for ν = 0, as it should.

4.3.3

Weighted linear growth and power spectrum

A most convenient observable to assess the performance of our vacuum models in regard to structure formation is the combined quantity f (z)σ8 (z), viz. the ordinary growth rate weighted with
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σ8 (z), the rms total matter fluctuation (baryons + CDM) on R8 = 8h−1 Mpc spheres at the given
redshift z, computed in linear theory. It has long been recognized that this estimator is almost a
model-independent way of expressing the observed growth history of the Universe, most noticeably
it is found to be independent of the galaxy density bias [104, 105].
With the help of the above generalized matter perturbations equation (4.28) and the appropriate
initial conditions, the analysis of the linear LSS regime is implemented on using the weighted linear
growth f (z)σ8 (z). The variance of the smoothed linear density field on R8 = 8h−1 Mpc spheres
at redshift z is computed from
ˆ
d3 k
2
2
P (k, p~) W 2 (kR8 ) .
(4.45)
σ8 (z) = δm (z)
(2π)3
Here P (k, p~) = P0 k ns T 2 (k) is the ordinary linear matter power spectrum (i.e. the coefficient of the
two-point correlator of the linear perturbations), with P0 a normalization factor, ns the spectral
index and T (k) the transfer function. Furthermore, W (kR8 ) in the above formula is a top-hat
smoothing function (see e.g. [123] for details), which can be expressed in terms of the spherical
Bessel function of order 1, as follows:


j1 (kR8 )
3
sin (kR8 )
W (kR8 ) = 3
= 2 2
− cos (kR8 ) .
(4.46)
kR8
kR8
k R8
Moreover, p~ is the fitting vector with all the free parameters, including the specific vacuum parameters νi of the DVMs, or the EoS parameters wi for the XCDM/CPL parametrizations, as well as
the standard parameters.
The power spectrum depends on all the components of the fitting vector. However, the dependence
on the spectral index ns is power-like, whereas the transfer function T (k, ~q) depends in a more
complicated way on the rest of the fitting parameters (see below), and thus for convenience we
collect them in the reduced fitting vector ~q not containing ns . It is convenient to write the variance

(4.45) in terms of the dimensionless linear matter power spectrum, P(k, p~) = k 3 /2π 2 P (k, p~),
with
P(k, p~) = P0 k ns +3 T 2 (k, ~q) .
(4.47)
The normalization factor P0 = P0 /2π 2 will be determined in the next section in connection to the
definition of the fiducial model.
For the transfer function, we have adopted the usual BBKS form [126], but we have checked that the
use of the alternative one by [129] does not produce any significant change in our results. Recall
that the wave number at equality, keq , enters the argument of the transfer function. However,
keq is a model-dependent quantity, which departs from the ΛCDM expression in those models in
which matter and/or radiation are governed by an anomalous continuity equation, as e.g. in the
DVMs. In point of fact keq depends on all the parameters of the reduced fitting vector ~q. For the
concordance model, keq has the simplest expression,
r
r
2
Ω m h2
2
Λ
=
Mpc−1 ,
(4.48)
keq = H0 Ωm
Ωr
2997.9 ωr
where ωr = Ωr h2 . In the second equality we have used the relation H0−1 = 2997.9h−1 Mpc. For the
DVMs it is not possible to find a formula as compact as the one above. Either the corresponding
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Figure 4: The f (z)σ8 (z) data (cf. Sect. 4.2) and the predicted curves by the ΛCDM, XCDM, and
the DVMs, for the best-fit values in Table 1.
expression for aeq is quite involved, as in the RVM case,


RVM :

aeq

Ωr (1 + 7ν)
=
Ωm (1 + 3ν) + 4νΩr



1
1+3ν

,

(4.49)

or because aeq must be computed numerically, as for the models Qdm and QΛ . In all cases, for
νi = 0 we retrieve the value of aeq in the ΛCDM.

4.3.4

Fiducial model

Inserting the dimensionless power spectrum (4.47) into the variance (4.45) at z = 0 allows us to
write σ8 (0) in terms of the power spectrum normalization factor P0 in (4.47) and the primary
parameters that enter our fit for each model. This is tantamount to saying that P0 can be fixed
as follows:
ˆ ∞
−1
2
σ8,Λ
ns,Λ+3 2
2
k
T (k, ~qΛ )W (kR8,Λ )(dk/k)
,
(4.50)
P0 = 2
δm,Λ 0
where the chosen values of the parameters in this expression define our fiducial model. The latter
is characterized by the vectors of fiducial parameters p~Λ and ~qΛ , defined in obvious analogy with
the original fitting vectors but with all their parameters taken to be equal to those from the Planck
2015 TT,TE,EE+lowP+lensing analysis [130], with νi = 0 for the DVMs and w0 = −1, w1 = 0 for
the XCDM/CPL parametrizations. The subindex Λ carried by all the parameters denotes such a
setting. In particular, σ8,Λ ≡ σ8,Λ (0) in (4.50) is also taken from the aforementioned Planck 2015
data. However, δm,Λ ≡ δm,Λ (0) in the same formula is computable: it is the value of δm (z = 0)
obtained from solving the perturbations equation of the ΛCDM, using the mentioned fiducial
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values of the other parameters. Finally, plugging the normalization factor (4.50) in (4.45) and
using (4.47) one finds:
s ´
∞ ns +2 2
k
T (k, ~q)W 2 (kR8 ) dk
δm (z)
´ ∞0 n +2
.
(4.51)
σ8 (z) = σ8,Λ
s,Λ
δm,Λ
T 2 (k, ~qΛ )W 2 (kR8,Λ ) dk
0 k
For the fiducial ΛCDM, this expression just gives the scaling of σ8,Λ (z) with the redshift in the
linear theory, that is to say, σ8,Λ (z)/σ8,Λ = δm,Λ (z)/δm,Λ . But for an arbitrary model, Eq. (4.51)
normalizes the corresponding σ8 (z) with respect to the fiducial value, σ8,Λ . This includes, of course,
our fitted ΛCDM, which is not the same as the fiducial ΛCDM. So all fitted models are compared
to the same fiducial model defined by the Planck 2015 results. Similarly, upon computing with this
method the weighted linear growth rate f (z)σ8 (z) for each model under consideration, (including
the ΛCDM) the functions f (z)σ8 (z) for all models become normalized to the same fiducial model.
It is important to emphasize that one cannot adjust the power spectrum and the f (z)σ8 (z) values
independently. Therefore, we first normalize with Planck 2015 results, as above described, and
from here we fit the models to the data, in which the LSS component takes an essential part. The
connection of the normalization factor (4.50) with As [130] can be easily found using standard
formulae [185]. We find:
4As k∗1−ns
,
(4.52)
P0 =
25 H04 Ω2m
where k∗ = 0.05 Mpc−1 is the pivot scale used by Planck. This follows from the fact that P0 is re2 (the primordial amplitude of the gravitational potential) through P = δ 2 /(H 3+ns Ω2 )
lated to δH
0
m
0
H
2 = (4/25)A (H /k )ns −1 .
and on the other hand we have δH
s
0 ∗
In Fig. 4 we display the theoretical results for f (z)σ8 (z) from the various models, side by side
with the LSS data measurements, using the fitted values of Table 1. The values that we find for
σ8 (0) for each model, with the corresponding uncertainties, are reckoned in Table 1. Inspection of
Fig. 4 shows that the DVMs provide a better description of the LSS data points as compared to
the ΛCDM. The XCDM parametrization takes an intermediate position, granting a better fit than
the ΛCDM but a poorer one than the RVM and Qdm . One can see that it is necessary an overall
reduction of ∼ 8% in the value of f (z)σ8 (z) with respect to the ΛCDM curve (the solid line on top
of the others in that figure). Once Ωm is accurately fixed from the CMB data, the ΛCDM model
does not have any further freedom to further adjust the low-z LSS data. This can be seen from Eq.
(4.52) and from the fact that the normalization amplitude of the power spectrum As as given by
Planck tolerates an error of order 2% at most [130] and, therefore, such residual freedom cannot
be invested to adjust the structure formation data, it is simply insufficient as we have checked.
Thus, there seems to be no way at present to describe correctly both the CMB and the LSS data
within the ΛCDM. This is of course at the root of the so-called σ8 -tension, one of the important
problems of the ΛCDM mentioned in the introduction – see e.g. [193–196] for additional discussion
and references.
In contrast, the DVMs can provide a possible clue. For example, for the RVM case an analytical explanation has recently been provided in Refs. [45, 186] showing why the dynamical vacuum
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Model

h

Ωm

νi

w

∆AIC

∆BIC

ΛCDM

0.685 ± 0.004
0.684 ± 0.009
0.684 ± 0.007
0.685 ± 0.007
0.686 ± 0.004

0.304 ± 0.005
0.305 ± 0.007
0.304 ± 0.005
0.304 ± 0.005
0.304 ± 0.005

0.00014 ± 0.00103
0.00019 ± 0.00126
0.00090 ± 0.00330

-1
−0.992 ± 0.040
-1
-1
-1

-2.25
-2.27
-2.27
-2.21

-4.29
-4.31
-4.31
-4.25

XCDM
RVM
Qdm
QΛ

Table 3: Same as in Table 1, but removing the LSS data set from our fitting analysis.
can help in relaxing such tension. Recall that for ν = 0 the equality point between matter and
radiation as given in Eq. (4.49) boils down to the ΛCDM value. However, for ν 6= 0 a nonnegligible contribution is obtained, despite the smallness of ν. Indeed, one can show that the ν-effect
causes a negative correction to the transfer function, which at linear order in ν is proportional
to 6ν ln(Ωm /Ωr ) ' 50 ν. Since ν is fitted to be of order ∼ 10−3 in Table 1, it follows that the
aforementioned negative correction can easily enhance the final effect up to near 10% level. Upon a
careful analysis of all the contributions, it eventually amounts to a ∼ 8% reduction of the weighted
growth rate f (z)σ8 (z) as compared to the ΛCDM value [45, 186]. This is precisely the reduction
with respect to the ΛCDM prediction that is necessary in order to provide a much better description of the LSS data, see Fig. 4. Interestingly enough, as a bonus one also obtains an excellent
description of the current weak-lensing data, see Sect. 4.5.3.

4.4

Main numerical results

For the statistical analysis, we define the joint likelihood function as the product of the likelihoods
for all the data sets. Correspondingly, for Gaussian errors the total χ2 to be minimized reads:
χ2tot = χ2SNIa + χ2BAO + χ2H + χ2LSS + χ2CMB .

(4.53)

Each one of these terms is defined in the standard way and they include the corresponding covariance matrices. Table 1 contains the main fitting results, whereas the other tables display
complementary information. We observe from Fig. 1 that the vacuum parameters, ν and νdm , are
neatly projected non null and positive for the RVM and the Qdm . In the particular case of the
RVM, Fig. 2 displays in a nutshell our main results in all possible planes of the fitting parameter
space. Fig. 4, on the other hand, indicates that the XCDM is also sensitive to the DDE signal. In
all cases the LSS data play an important role (cf. Fig. 4). Focusing on the model that provides
the best fit, namely the RVM, Figs. 5-6 reveal the clue to the main data sources responsible for
the final results. We will further comment on them in the next sections. Remarkably enough, the
significance of this dynamical vacuum effect reaches up to about ∼ 3.8σ c.l. after marginalizing
over the remaining parameters.
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Model

h

Ωm

νi

w

∆AIC

∆BIC

ΛCDM

0.679 ± 0.005
0.674 ± 0.007
0.677 ± 0.008
0.677 ± 0.008
0.679 ± 0.005

0.291 ± 0.005
0.298 ± 0.009
0.296 ± 0.015
0.296 ± 0.015
0.297 ± 0.013

0.00061 ± 0.00158
0.00086 ± 0.00228
0.00463 ± 0.00922

-1
−0.960 ± 0.038
-1
-1
-1

-1.18
-2.10
-2.10
-1.98

-3.40
-4.32
-4.32
-4.20

XCDM
RVM
Qdm
QΛ

Table 4: Same as in Table 1 but removing the CMB data set from our fitting analysis.
Model

h

Ωm

νi

w

∆AIC

∆BIC

ΛCDM

0.694 ± 0.005
0.684 ± 0.010
0.685 ± 0.009
0.686 ± 0.008
0.694 ± 0.006

0.293 ± 0.007
0.299 ± 0.009
0.297 ± 0.008
0.297 ± 0.008
0.293 ± 0.007

0.00080 ± 0.00062
0.00108 ± 0.00088
0.00167 ± 0.00471

-1
−0.961 ± 0.033
-1
-1
-1

-1.20
-0.88
-1.02
-2.45

-2.39
-2.07
-2.21
-3.64

XCDM
RVM
Qdm
QΛ

Table 5: As in Table 1, but using the same data set as the Planck Collaboration [54].

4.4.1

Fitting the data with the XCDM and CPL parametrizations

Here we further elaborate on the results we have found by exploring now the possible time evolution
of the DE in terms of the well-known XCDM and CPL parametrizations (introduced in Sect. 4.1.3).
For the XCDM, w = w0 is the (constant) equation of state (EoS) parameter for X, whereas for
the CPL there is also a dynamical component introduced by w1 , see Eq.(4.20). The corresponding
fitting results for the XCDM parametrization is included in all our tables, along with those for
the DVMs and the ΛCDM. For the main Table 1, we also include the CPL fitting results. For
example, reading off Table 1 we can see that the best-fit value for w0 in the XCDM is
w0 = −0.923 ± 0.023.

(4.54)

It is worth noticing that this EoS value is far from being compatible with a rigid Λ-term. It
actually departs from −1 by precisely 3.35σ c.l. In Fig. 3 we depict the contour plot for the
XCDM in the (Ωm , w0 ) plane. Practically all of the 3σ-region lies above the horizontal line at
w0 = −1. Subsequent marginalization over Ωm renders the result (4.54). Concerning the CPL,
we can see from Table 1 that the errors on the fitting parameters are larger, specially on w1 , but
it concurs with the XCDM that DE dynamics is also preferred (see also Sect. 4.4.2).
Remarkably, from the rich string of SNIa+BAO+H(z)+LSS+CMB data we find that even the simple
XCDM parametrization is able to capture nontrivial signs of dynamical DE in the form of effective
quintessence behavior (w0 & −1), at more than 3σ c.l. Given the significance of this fact, it is
convenient to compare it with well-known previous fitting analyses of the XCDM parametrization,
such as the ones performed by the Planck and BOSS collaborations 2-3 years ago. The Planck
2015 value for the EoS parameter of the XCDM reads w0 = −1.019+0.075
−0.080 [130] and the BOSS one
is w0 = −0.97 ± 0.05 [110]. These results are perfectly compatible with our own fitting value for w0
given in (4.54), but in stark contrast to it their errors are big enough as to be also fully compatible
with the ΛCDM value w0 = −1. This is not too surprising if we bear in mind that none of these
analyses included large scale structure formation data in their fits, as explicitly recognized in the
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Figure 5: Reconstruction of the contour lines for the RVM, from the partial contour plots of the
different SNIa+BAO+H(z)+LSS+CMB data sources. The 1σ c.l. and 2σ c.l. contours are shown
in all cases. For the reconstructed final contour lines we also plot the 3σ, 4σ and 5σ confidence
level regions.
text of their papers.
In the absence of the modern LSS data we would indeed find a very different situation to that in
Table 1. As our Table 3 clearly shows, the removal of the LSS data set in our fit induces a significant increase in the magnitude of the central value of the EoS parameter for the XCDM, as well
as of the corresponding error. This happens because the higher is |w| the higher is the structure
formation power predicted by the XCDM, and therefore the closer is such a prediction with that of
the ΛCDM (which is seen to predict too much power as compared to the data, see Fig. 4). Under
these conditions our analysis renders w = −0.992 ± 0.040 (cf. Table 3), which is manifestly closer
to (in fact consistent with) the aforementioned central values (and errors) obtained by Planck and
BOSS teams. In addition, this result is now fully compatible with the ΛCDM, as in the Planck
2015 and BOSS cases, and all of them are unfavored by the LSS data.
From the foregoing observations it becomes clear that in order to improve the fit to the observed
values of f (z)σ8 (z), which generally appear lower-powered with respect to those predicted by the
ΛCDM (cf. Fig. 4), |w| should decrease. This is just what happens in or fit for the XCDM, see
Eq.(4.54). At the level of the DVMs this translates into positive values of νi , as these values cause
the vacuum energy to be larger in our past; and, consequently, it introduces a time modulation
of the growth suppression of matter. It is apparent from Fig. 4 that the f (z)σ8 (z) curves for the
vacuum models are shifted downwards (they have less power than the ΛCDM) and hence adapt
significantly better to the LSS data points.
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4.4.2

Comparing the competing vacuum models through Akaike
and Bayesian information criteria

We may judge the fit quality obtained for the different vacuum models in this work from a different
perspective. Although the χ2min value of the overall fits for the main DVMs (RVM and Qdm ) and
XCDM appear to be definitely smaller than the ΛCDM one, it proves extremely useful to reassess
the degree of success of each competing model by invoking the time-honored Akaike and Bayesian
information criteria, denoted as AIC and BIC [138, 139, 197]. The Akaike information criterion is
defined as follows:
2nN
,
(4.55)
AIC = χ2min +
N −n−1
whereas the Bayesian information criterion reads
BIC = χ2min + n ln N .

(4.56)

In these formulas, n is the number of independent fitting parameters and N the number of data
points. The added terms on χ2min represent the penalty assigned by these information criteria to
the models owing to the presence of additional parameters. To test the degree of success of a
dynamical DE model (versus the ΛCDM) with the information criteria, we have to evaluate the
pairwise differences ∆AIC (∆BIC) between the AIC and BIC values of the ΛCDM with respect
to the corresponding values of the models having a smaller value of these criteria – in our case
the DVMs, XCDM and CPL. The larger these (positive) differences are the higher is the evidence
against the model with larger value of AIC (BIC) – i.e. the ΛCDM in the present case.
According to the standard usage, for ∆AIC and/or ∆BIC below 2 one judges that there is “consistency” between the two models under comparison; in the range 2 − 6 there exists a “positive
evidence” in favor of the model with smaller value of AIC and/or BIC; for values within 6 − 10 one
may claim “strong evidence” in favor of such a model; finally, above 10, one speaks of “very strong
evidence”. The evidence ratio associated to acceptance of the favored model and rejection of the
unfavored model is given by the ratio of Akaike weights, A ≡ e∆AIC/2 . Similarly, B ≡ e∆BIC/2
estimates the so-called Bayes factor, which gives the ratio of marginal likelihoods between the two
models [41]. Table 1 reveals conspicuously that the ΛCDM appears disfavored when confronted to
the DDE models. The most favored one is the RVM, followed by the Qdm and next by the XCDM.
In the case of the CPL and QΛ the improvement is only mild.
The AIC and BIC criteria can be thought of as a modern quantitative formulation of Occam’s
razor, in which the presence of extra parameters in a given model is conveniently penalized so as
to achieve a fairer comparison with the model having less parameters.

4.5

Discussion

In this section we consider in more detail some important aspects and applications of our analysis.
In particular we identify which are the most important data sources which are responsible for the
possible DDE signal and show that in the absence of any of these important ingredients the signal
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becomes weakened or completely inaccessible.

4.5.1

Testing the impact of the different data sets in our analysis
and comparing with Planck 2015

The current work follows the track of [124] and is also firmly aligned with [50, 52]. Although
the models analyzed in [50, 124] have some differences with respect to the ones treated here, the
outcome of the analysis points to the very same direction, to wit: some DVMs and the XCDM fit
better the available data than the ΛCDM. But we want to emphasize some important aspects of
the analysis carried out in this paper as compared to other analyses:
• We have used a large and fully updated set of cosmological SNIa+BAO+H(z)+LSS+CMB
observations. To our knowledge, this is one of the most complete and consistent data sets
used in the literature, see [50] up to some updating introduced here, specially concerning the
LSS data.
• We have removed all data that would entail double counting and used the known covariance
matrices in the literature. As an example, we have avoided to use Hubble parameter data
extracted from BAO measurements, and restricted only to those based on the differential
age (i.e. the cosmic chronometers).
• We have duly taken into account all the known covariance matrices in the total χ2 -function
(4.53), which means that we have accounted for all the known correlations among the data.
Not all data sets existing in the literature are fully consistent, sometimes they are affected
from important correlations that have not been evaluated. We have discussed the consistency
of the present data in [50].
We have conducted several practical tests in order to study the influence of different data sets
in our fitting analysis. As previously mentioned, we have checked what is the impact on our
results if we omit the use of the LSS data (cf. Table 3), but in our study we have also assessed
what happens if we disregard the CMB data (cf. Table 4) while still keeping all the remaining
observations. The purpose of this test is to illustrate once more the inherent σ8 -tension existing
between the geometry data and the structure formation data. In both cases, namely when we
dispense with the LSS or the CMB data, we find that for all the models under study the error
bars for the fitted DDE parameters (wi , νi ) become critically larger (sometimes they increase a
factor 2-4) than those displayed in Table 1, and as a consequence these parameters become fully
compatible with the ΛCDM values (in particular νi = 0 for the DVMs) within 1σ c.l. or less,
which is tantamount to saying that the DDE effect is washed out. At the same time, and in full
accordance with the mentioned results, the ∆AIC and ∆BIC information criteria become negative,
which means (according to our definition in Sect. 4.4.2) that none of these DDE models fits better
the data than the ΛCDM under these particular conditions. These facts provide incontestable
evidence of the strong constraining power of the LSS as well as of the CMB data, whether taken
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individually or in combination, and of their capability for narrowing down the allowed region in
the parameter space. In the absence of either one of them, the ΛCDM model is preferred over
the DDE models, but only at the expense of ignoring the CMB input, or the LSS data, both of
which are of course of utmost importance. Thus, the concordance model is now able to fit the LSS
data better only because it became free from the tight CMB constraint on Ωm , which enforced the
latter to acquire a larger value. Without such constraint, a lower Ωm value can be chosen by the
fitting procedure, what in turn enhances the agreement with the f (z)σ8 (z) data points. We have
indeed checked that the reduction of Ωm in the ΛCDM directly translates into an 8.6% lowering of
σ8 (0) with respect to the value shown in Table 1 for this model, namely we find that σ8 (0) changes
from 0.801 ± 0.009 (as indicated in Table 1) to 0.731 ± 0.019 when the CMB data are not used.
Such substantial decrease tends to optimize the fit of the LSS data, but only at the expense of
ruining the fit to the CMB when these data are restored. This is, of course, the very meaning of
the σ8 -tension, which cannot be overcome at the moment within the ΛCDM.
In stark contrast with the situation in the ΛCDM, when the vacuum is allowed to acquire a mild
dynamical component the σ8 -tension can be dramatically loosened, see [45, 186] for a detailed
explanation. This can be seen immediately on comparing the current auxiliary tables 3 and 4
with the main Table 1. Recall that a positive vacuum energy suppresses the growth of structure
formation and this is one of the reasons why the ΛCDM model is highly preferred to the CDM
with Λ = 0. Similarly, but at a finer and subtler level of precision, a time modulation of the
growth suppression through dynamical vacuum energy or in general DDE should further help in
improving the adjustment of the LSS data. In our case this is accomplished e.g. by the ν-parameter
of the RVM, which enables a dynamical modulation of the growth suppression through the ∼ νH 2
component of the vacuum energy density – cf. Eq.(4.8). The presence of this extra degree of
freedom allows the DVMs to better adjust the LSS data without perturbing the requirements from
the CMB data (which can therefore preserve the standard Ωm value obtained by Planck 2015).
The fact that this readjustment of the LSS data by a dynamical component in the vacuum energy
is possible is because the epoch of structure formation is very close to the epoch when the DE
starts to dominate, which is far away from the epoch when the CMB was released, and hence any
new feature of the DE can play a significant role in the LSS formation epoch without disrupting
the main features of the CMB. Let us recall at this point that the presence of the extra parameter
from the DDE models under discussion is conveniently penalized by the Akaike and Bayesian
information criteria in our analysis, and thus the DDE models appear to produce a better fit than
the ΛCDM under perfectly fair conditions of statistical comparison between competing models
describing the same data.
The conclusion of our analysis is clear: no signal of DDE can be found without the inclusion of
the CMB data and/or the LSS data, even keeping the rest of observables within the fit. Both the
LSS and CMB data are crucial ingredients to enable capturing the DDE effect, and the presence
of BAO data just enhances it further. This conclusion is additionally confirmed by our study of
the deconstruction and reconstruction of the RVM contour plots in Figs. 5-6 and is discussed at
length in the next section.
We close this section by answering a most natural question. Why the dynamical DE signal that
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Figure 6: As in Fig. 5, but considering the effect of only the BAO, LSS and CMB in all the
possible combinations: BAO+LSS, BAO+CMB, LSS+CMB and BAO+LSS+CMB. As discussed
in the text, it is only when such a triad of observables is combined that we can see a clear . 4σ c.l.
effect, which is comparable to intersecting the whole set of SNIa+BAO+H(z)+LSS+CMB data.
we are glimpsing here escaped undetected from the fitting analyses of Planck 2015? The answer
can be obtained by repeating our fitting procedure and restricting ourselves to the much more
limited data sets used by the Planck 2015 collaboration, more precisely in the papers [54, 130]. In
contrast to [130], where no LSS (RSD) data were used, in the case of [54] they used only some
BAO and LSS data, but their fit is rather limited in scope. Specifically, they used only 4 BAO
data points, 1 AP (Alcock-Paczynski parameter) data point, and one single LSS point, namely the
value of f (z)σ8 (z) at z = 0.57– see details in that paper. Using this same data we obtain the fitting
results presented in our Table 5. They are perfectly compatible with the fitting results mentioned
in Sect. 4.4.1 obtained by Planck 2015 and BOSS [110], i.e. none of them carries evidence of
dynamical DE, with only the data used by these collaborations two-three years ago.
In contradistinction to them, in our full analysis presented in Table 1 we used 11 BAO and 13 LSS
data points, some of them available only from the recent literature and of high precision [101].
From Table 5 it is apparent that with only the data used in [54] the fitting results for the RVM
are poor enough and cannot still detect clear traces of the vacuum dynamics. In fact, the vacuum
parameters are compatible with zero at 1σ c.l. and the values of ∆AIC and ∆BIC in that table
are moderately negative, showing that the DVMs do not fit better the data than the ΛCDM model
with only such a limited input. In fact, not even the XCDM parametrization is capable of detecting
any trace of dynamical DE with that limited data set, as the effective EoS parameter is compatible
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Figure 7: Contour lines for the XCDM (left) and RVM (right) using the same CMB+BAO+LSS
data as in Table 1 (solid contours); and also when replacing the LSS data (i.e. the f (z)σ8 (z)
points) with the S8 value obtained from the weak gravitational lensing data (Joudaki et al. 2018)
(dashed lines).
with w0 = −1 at roughly 1σ c.l. (w0 = −0.961 ± 0.033).
The features that we are reporting here have remained hitherto unnoticed in the literature, except
in [50, 52, 124, 155, 198], and in [199]. In the last reference the authors have been able to find a
significant 3.5σ c.l. effect on dynamical DE, presumably in a model-independent way and following
a nonparametric procedure, see also [200]. The result of [199] is well along the lines of the present
work.

4.5.2

Deconstruction and reconstruction of the RVM contour plots

We further complement our analysis by displaying in a graphical way the deconstructed contributions from the different data sets to our final contour plots in Fig. 1, for the specific case of the
RVM. One can do similarly for any of the models under consideration. The result is depicted in
Fig. 5, where we can assess the detailed deconstruction of the final contours in terms of the partial
contours from the different SNIa+BAO+H(z)+LSS+CMB data sources.
The deconstruction plot for the RVM case is dealt with in Fig. 5, through a series of three plots
made at different magnifications. In the third plot of the sequence we can immediately appraise
that the BAO+LSS+CMB data subset plays a fundamental role in narrowing down the final
physical region of the (Ωm , ν) parameter space, in which all the remaining parameters have been
marginalized over. This deconstruction process also explains in very transparent visual terms why
the conclusions that we are presenting here hinge to a large extent on some particularly sensitive
components of the data. While there is no doubt that the CMB is a high precision component
in the fit, our study demonstrates (both numerically and graphically) that the maximum power
of the fit is achieved when it is combined with the wealth of BAO and LSS data points currently
available.
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To gauge the importance of the BAO+LSS+CMB combination more deeply, in Fig. 6 we try to
reconstruct the final RVM plot in Fig. 1 (left) from only these three data sources. First we consider
the overlapping regions obtained when we cross the pairs of data sources BAO+LSS, BAO+CMB,
LSS+CMB and finally the trio BAO+LSS+CMB (in all cases excluding the SNIa and H(z) data).
One can see that neither the BAO+LSS nor the BAO+CMB crossings yield a definite sign for ν.
This is consistent with the numerical results in Tables 3 and 4, where the removal of the LSS and
the CMB data, respectively, renders rather poor fits with negative values of ∆AIC and ∆BIC.
Remarkably, it is the LSS+CMB combination the one that carries a well-defined, positive, sign for
ν, as it is seen from the lower-left plot in Fig. 6, where ∆AIC and ∆BIC are now both positive
and above 6 for the main DVMs (RVM and Qdm ), as we have checked. Finally, when we next
intersect the pair LSS+CMB with the BAO data the signal peaks at 3.8σ c.l., the final contours
being now those shown in the lower-right plot of Fig. 6. The outcome of this exercise is clear. For
the RVM case, we have checked that the final BAO+LSS+CMB plot in Fig. 6 is essentially the
same as the original RVM plot in Fig. 1 (the leftmost one). In other words, the final RVM contour
plot containing the information from all our five data sources can essentially be reconstructed with
only the triad of leading observables BAO+LSS+CMB.

4.5.3

Vacuum dynamics, structure formation and weak-lensing
data

Owing to the significant role played by the structure formation data in the extraction of the possible
DDE signal we next inquire into its impact when we use a different proxy to describe such data.
Let us note that an account of the LSS observations does not only concern the f (z)σ8 (z) data,
but also the weak gravitational lensing constraints existing in the literature on the conventional
quantity S8 ≡ σ8 (Ωm /0.3)0.5 [48, 201, 202]. In Fig. 7 we compare the respective results that we
find for the XCDM (left) and the RVM (right) when we use either the CMB+BAO+f σ8 or the
CMB+BAO+S8 data sources. For definiteness we use the recent study by [201], in which they
carry a combined analysis of cosmic shear tomography, galaxy- galaxy lensing tomography, and
redshift-space multipole power spectra using imaging data by the Kilo Degree Survey (KiDS450) overlapping with the 2-degree Field Lensing Survey (2dFLenS) and the Baryon Oscillation
Spectroscopic Survey (BOSS). They find S8 = 0.742 ± 0.035. Incidentally, this value is 2.6σ below
the one provided by Planck’s TT+lowP analysis [4]. Very similar results can be obtained using the
weak gravitational lensing tomography data by KiDS-450 collaboration, S8 = 0.745±0.039 [48], and
also by CFHTLenS, (Ωm /0.27)0.46 = 0.770 ± 0.040 [202]. In contrast, the result S8 = 0.783+0.021
−0.025
provided by DES [203] is more resonant with Planck, but due to its large uncertainty it is still fully
compatible with [48,201,202]. From Fig. 7 we confirm (using both the XCDM and the RVM) that
the contour lines computed from the data string CMB+BAO+f σ8 are mostly contained within
the contour lines from the alternative string CMB+BAO+S8 and are shifted upwards. The former
data set is therefore more precise and capable of resolving the DDE signal at a level of more than
3σ, whereas with S8 it barely surpasses the 1σ c.l. within the RVM and even less with the XCDM,
thus rendering essentially no DDE signal. The outcome of this additional test is that the use of the
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weak-lensing data from S8 as a replacement for the direct LSS measurements (f σ8 ) is insufficient
since it definitely weakens the evidence in favor of DDE.

4.6

Conclusions

To conclude, in this work we aimed at testing cosmological physics beyond the standard or concordance ΛCDM model, which is built upon a rigid cosmological constant. We have presented
a comprehensive study on the possibility that the global cosmological observations can be better
described in terms of vacuum models equipped with a dynamical component that evolves with
the cosmic expansion. This should be considered a natural possibility in the context of quantum
field theory (QFT) in a curved background. Our task focused on three dynamical vacuum models
(DVMs): the running vacuum model (RVM) along with two more phenomenological models, denoted Qdm and QΛ – see Sect. 4.1.
At the same time, we have compared the performance of these models with the general XCDM
and CPL parametrizations. We have fitted all these models and parametrizations to the same
set of cosmological data based on the observables SNIa+BAO+H(z)+LSS+CMB. The remarkable
outcome of this investigation is that in all the considered cases we find an improvement of the
description of the cosmological data in comparison to the ΛCDM.
The “deconstruction analysis” of the contour plots in Sect. 4.5.2 has revealed which are the most
decisive data ingredients responsible for the dynamical vacuum signal. We have identified that the
BAO+LSS+CMB components play a momentous role in the overall fit, as they are responsible
for the main effects uncovered here. The impact of the SNIa and H(z) observables appears to be
more moderate. While the SNIa data were of course essential for the detection of a nonvanishing
value of Λ, these data do not seem to have sufficient sensitivity (at present) for the next-to-leading
step, which is to unveil the possible dynamics of Λ. The sensitivity for that seems to be reserved
for the LSS, BAO and CMB data.
We have also found that the possible signs of DDE tend to favor an effective quintessence behavior, in which the energy density decreases with the expansion. Whether or not the ultimate
reason for such a signal stems from the properties of the quantum vacuum or from some particular
quintessence model, it is difficult to say at this point. Quantitatively, the best fit is granted in
terms of the RVM. The results are consistent with the traces of DDE that can also be hinted at
with the help of the XCDM and CPL parametrizations.
In our work we have also clarified why previous fitting analyses based e.g. on the simple XCDM
parametrization, such as the ones by the Planck 2015 [54, 130] and BOSS collaborations [110],
missed the DDE signature. Basically, the reason stems from not using a sufficiently rich sample
of the most crucial data, namely BAO and LSS, some of which were unavailable a few years ago,
and could not be subsequently combined with the CMB data.
More recently, signs of DDE at ∼ 3.5σ c.l. have been reported from non-parametric studies of
the observational data on the DE, which aim at a model-independent result [199]. The findings
of their analysis are compatible with the ones we have reported here. Needless to say, statistical
evidence conventionally starts at 5σ c.l. and we will have to wait for updated observations to see
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if such a level of significance can be achieved in the future.
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5

The H0 tension in light of vacuum
dynamics in the Universe

In this chapter we gauge how the Dynamical Vacuum Models (DVMs) deal with the H0 -tension,
which comes from the huge discrepancy between the local measurement obtained by the SH0ES
team [146] H0 = 73.24 ± 1.74 km/s/Mpc, denoted as H0Riess hearafter, and the one extracted from
the Planck 2015 TT,TE,EE+lowP+lensing data [130].
It is important to remark that, as we pointed out in the introductory chapter, H0 is the first ever
parameter of modern cosmology. Having said that, we deem that a few lines about the comings
and goings in regards to this parameters are deserved.
The tension among the different measurements is inherit to its long and tortuous history. After
Baade’s revision (by a factor of one half [204]) of the exceedingly large value ∼ 500 km/s/Mpc
originally estimated by Hubble (which implied a Universe of barely two billion years only), the
Hubble parameter was subsequently lowered to 75 km/s/Mpc and finally to H0 = 55±5 km/s/Mpc
where it remained for 20 years (until 1995) mainly under the influence of Sandage’s devoted
observations [205]. Shortly after that period the first measurements of a non-vanishing positive,
value of Λ appeared [24,25] and the typical range for H0 moved upwards to ∼ 65 km/s/Mpc. In the
meantime, many different observational values of H0 have piled up in the literature using different
methods (see e.g. the median statistical analysis of > 500 measurements considered in [142, 206]).
As we stated before, there is still a dispute on the precise value of H0 , as it is clear from the results
obtained by the Planck team, thanks to the observation of the CMB anisotropies and the value
provided by the SH0ES team, which is based on the cosmic distance ladder method. We reexamine
this tension, but not as an isolated conflict between these two particular sources of observations but
rather in the light of the overall fit to the cosmological data SNIa+BAO+H(z)+LSS+CMB+H0 .
This fact turns out to be crucial to properly study the σ8 -tension.
This chapter is organized as follows: In Sec. 5.1 we provide the most relevant background formulas
for the DVMs and also for what we have called the quasi-vacuum models (wDVM’s) (see the the
next section for the details) under study, whereas in Sec. 5.2, we do the same, but this time with
the perturbation equations. In Sec. 5.3 we discuss and analyze the results obtained, which can be
found in the corresponding tables and figures. Finally in Sec. 5.4 we deliver the conclusions.

5.1

Dynamical vacuum models and beyond

Let us consider a generic cosmological framework described by the spatially flat FLRW metric,
in which matter is exchanging energy with a dynamical DE medium with a phenomenological
equation of state (EoS) pΛ = wρΛ , where w = −1 +  (with ||  1). Such medium is therefore
of quasi-vacuum type, and for w = −1 (i.e.  = 0) we precisely recover the genuine vacuum case.
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Model

H0 (km/s/Mpc)

ωb

ns

Ω0m

νi

w

χ2min /dof

∆AIC

∆BIC

ΛCDM
XCDM
RVM
Qdm
QΛ
wRVM
wQdm
wQΛ

68.83 ± 0.34
67.16 ± 0.67
67.45 ± 0.48
67.53 ± 0.47
68.84 ± 0.34
67.08 ± 0.69
67.04 ± 0.69
67.11 ± 0.68

0.02243 ± 0.00013
0.02251 ± 0.00013
0.02224 ± 0.00014
0.02222 ± 0.00014
0.02220 ± 0.00015
0.02228 ± 0.00016
0.02228 ± 0.00016
0.02227 ± 0.00016

0.973 ± 0.004
0.975 ± 0.004
0.964 ± 0.004
0.964 ± 0.004
0.964 ± 0.005
0.966 ± 0.005
0.966 ± 0.005
0.965 ± 0.005

0.298 ± 0.004
0.311 ± 0.006
0.304 ± 0.005
0.304 ± 0.005
0.299 ± 0.004
0.307 ± 0.007
0.308 ± 0.007
0.313 ± 0.006

0.00158 ± 0.00041
0.00218 ± 0.00058
0.00673 ± 0.00236
0.00140 ± 0.00048
0.00189 ± 0.00066
0.00708 ± 0.00241

-1
−0.936 ± 0.023
-1
-1
-1
−0.979 ± 0.028
−0.973 ± 0.027
−0.933 ± 0.022

84.40/85
76.80/84
68.67/84
69.13/84
76.30/84
68.15/83
68.22/83
68.24/83

5.35
13.48
13.02
5.85
11.70
11.63
11.61

3.11
11.24
10.78
3.61
7.27
7.20
7.18

Table 1:

Best-fit values for the ΛCDM, XCDM, the three dynamical vacuum models (DVMs) and the three dynamical

quasi-vacuum models (wDVMs), including their statistical significance (χ2 -test and Akaike and Bayesian information criteria
AIC and BIC). For detailed description of the data and a full list of references, see [50] and [207]. The quoted number of
degrees of freedom (dof ) is equal to the number of data points minus the number of independent fitting parameters (4 for the
ΛCDM, 5 for the XCDM and the DVMs, and 6 for the wDVMs). For the CMB data we have used the marginalized mean
values and covariance matrix for the parameters of the compressed likelihood for Planck 2015 TT,TE,EE + lowP+ lensing
data from [208]. Each best-fit value and the associated uncertainties have been obtained by marginalizing over the remaining
parameters.

Owing, however, to the exchange of energy with matter, ρΛ = ρΛ (ζ) is in all cases a dynamical
function that depends on a cosmic variable ζ = ζ(t). We will identify the nature of ζ(t) later on,
but its presence clearly indicates that ρΛ is no longer associated to a strictly rigid cosmological
constant as in the ΛCDM. The Friedmann and acceleration equations read, however, formally
identical to the standard case:
3H 2 = 8π G (ρm + ρr + ρΛ (ζ))

(5.1)

3H 2 + 2Ḣ = −8π G (pr + pΛ (ζ)) .

(5.2)

Here H = ȧ/a is the Hubble function, a(t) the scale factor as a function of the cosmic time, ρr
is the energy density of the radiation component (with pressure pr = ρr /3), and ρm = ρb + ρdm
involves the contributions from baryons and cold DM. The local conservation law associated to
the above equations reads:
ρ̇r + 4Hρr + ρ̇m + 3Hρm = Q ,
(5.3)
where
Q = −ρ̇Λ − 3H(1 + w)ρΛ .

(5.4)

For w = −1 the last equation boils down to just Q = −ρ̇Λ , which is nonvanishing on account
of ρΛ (t) = ρΛ (ζ(t)). The simplest case is, of course, that of the concordance model, in which
ρΛ = ρ0Λ =const and w = −1, so that Q = 0 trivially. However, for w 6= −1 we can also have
Q = 0 in a nontrivial situation, which follows from solving Eq. (5.4). It corresponds to the XCDM
parametrization [71], in which the DE density is dynamical and self-conserved. It is easily found
in terms of the scale factor:
ρXCDM
(a) = ρ0Λ a−3(1+w) = ρ0Λ a−3 ,
Λ

(5.5)

where ρ0Λ is the current value. From (5.3) it then follows that the total matter component is
also conserved. After equality it leads to separate conservation of cold matter and radiation. In
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Model

H0 (km/s/Mpc)

ωb

ns

Ω0m

νi

w

χ2min /dof

∆AIC

∆BIC

ΛCDM
XCDM
RVM
Qdm
QΛ
wRVM
wQdm
wQΛ

68.99 ± 0.33
67.98 ± 0.64
67.86 ± 0.47
67.92 ± 0.46
69.00 ± 0.34
67.95 ± 0.66
67.90 ± 0.66
67.94 ± 0.65

0.02247 ± 0.00013
0.02252 ± 0.00013
0.02232 ± 0.00014
0.02230 ± 0.00014
0.02224 ± 0.00016
0.02230 ± 0.00015
0.02230 ± 0.00016
0.02227 ± 0.00016

0.974 ± 0.003
0.975 ± 0.004
0.967 ± 0.004
0.966 ± 0.004
0.965 ± 0.005
0.966 ± 0.005
0.966 ± 0.005
0.966 ± 0.005

0.296 ± 0.004
0.304 ± 0.006
0.300 ± 0.004
0.300 ± 0.004
0.297 ± 0.004
0.300 ± 0.006
0.300 ± 0.006
0.306 ± 0.006

0.00133 ± 0.00040
0.00185 ± 0.00057
0.00669 ± 0.00234
0.00138 ± 0.00048
0.00184 ± 0.00066
0.00689 ± 0.00237

-1
−0.960 ± 0.023
-1
-1
-1
−1.005 ± 0.028
−0.999 ± 0.028
−0.958 ± 0.022

90.59/86
87.38/85
78.96/85
79.17/85
82.48/85
78.93/84
79.17/84
78.98/84

0.97
9.39
9.18
5.87
7.11
6.88
7.07

-1.29
7.13
6.92
3.61
2.66
2.42
2.61

Table 2:

The same as Table 1 but adding the H0Riess local measurement from Riess et al. [146]

Figure 1:

Left: The LSS structure formation data (f (z)σ8 (z)) versus the predicted curves by Models I, II and III, see
equations (5.8)-(5.10) for the case w = −1, i.e. the dynamical vacuum models (DVMs), using the best-fit values in Table 1.
The XCDM curve is also shown. The values of σ8 (0) that we obtain for the models are also indicated. Right: Zoomed window
of the plot on the left, which allows to better distinguish the various models.

general, Q can be a nonvanishing interaction source allowing energy exchange between matter
and the quasi-vacuum medium under consideration; Q can either be given by hand (e.g. through
an ad hoc ansatz), or can be suggested by some specific theoretical framework. In any case
the interaction source must satisfy 0 < |Q|  ρ̇m since we do not wish to depart too much
from the concordance model. Despite matter is exchanging energy with the vacuum or quasivacuum medium, we shall assume that radiation and baryons are separately self-conserved, i.e.
ρ̇r + 4Hρr = 0 and ρ̇b + 3Hρb = 0, so that their energy densities evolve in the standard way:
ρr (a) = ρr0 a−4 and ρb (a) = ρb0 a−3 . The dynamics of ρΛ can therefore be associated to the
exchange of energy exclusively with the DM (through the nonvanishing source Q) and/or with the
possibility that the DE medium is not exactly the vacuum, w 6= −1, but close to it ||  1. Under
these conditions, the coupled system of conservation equations (5.3)-(5.4) reduces to
ρ̇dm + 3Hρdm = Q

(5.6)

ρ̇Λ + 3HρΛ = −Q .

(5.7)

In the following we shall for definiteness focus our study of the dynamical vacuum (and quasi-
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vacuum) models to the three interactive sources:
Model I (wRVM) : Q = ν H(3ρm + 4ρr )

(5.8)

Model II (wQdm ) : Qdm = 3νdm Hρdm

(5.9)

Model III (wQΛ ) : QΛ = 3νΛ HρΛ .

(5.10)

Here νi = ν, νdm , νΛ are small dimensionless constants, |νi |  1, which are determined from the
overall fit to the data, see e.g. Tables 1 and 2. The ordinal number names I, II and III will be
used for short, but the three model names are preceded by w to recall that, in the general case,
the equation of state (EoS) is near the vacuum one (that is, w = −1 + ). These dynamical
quasi-vacuum models are also denoted as wDVMs. In the particular case w = −1 (i.e.  = 0) we
recover the dynamical vacuum models (DVMs), which were previously studied in detail in [207],
and in this case the names of the models will not be preceded by w.
In all of the above (w)DVMs, the cosmic variable ζ can be taken to be the scale factor, ζ = a(t),
since they are all analytically solvable in terms of it, as we shall see in a moment. Model I with
w = −1 is the running vacuum model (RVM), see [76, 77, 154, 207]. It is special in that the interaction source indicated in (5.8) is not ad hoc but follows from an expression for the dynamical
vacuum energy density, ρΛ (ζ), in which ζ is not just the scale factor but the full Hubble rate:
ζ = H(a). The explicit RVM form reads
ρΛ (H) =


3
c0 + νH 2 .
8πG

(5.11)


The additive constant c0 = H02 Ω0Λ − ν is fixed from the condition ρΛ (H0 ) = ρ0Λ , with Ω0Λ = 1 −
Ω0m −Ω0r . Combining the Friedmann and acceleration equations (5.1)-(5.2), we find Ḣ = −(4πG/3)
(3ρm + 4ρr + 3ρΛ ), and upon differentiating (5.11) with respect to the cosmic time we are led to
ρ̇Λ = −ν H (3ρm + 4ρr + 3ρΛ ). Thus, for  = 0 (vacuum case) we indeed find ρ̇Λ = −Q for Q
as in (5.8). However, for the quasi-vacuum case (0 < ||  1) Eq. (5.7) does not hold if ρΛ (H)
adopts the form (5.11). This RVM form is in fact specific to the pure vacuum EoS (w = −1), and
it can be motivated in QFT in curved space-time through a renormalization group equation for
ρΛ (H), what explains the RVM name [76]. In it, ν plays the role of the β-function coefficient for
the running of ρΛ with the Hubble rate. Thus, we naturally expect |ν|  1 in QFT, see [75, 76].
Interestingly, the RVM form (5.11) can actually be extended with higher powers of H n (typically
n = 4) to provide an effective description of the cosmic evolution from the inflationary Universe up
to our days [77, 87]. Models II and III are purely phenomenological models instead, in which the
interaction source Q is introduced by hand, see e.g. Refs. [131–133, 209] and references therein.
The energy densities for the wDVMs can be computed straightforwardly. For simplicity, we shall
quote here the leading parts only. The exact formulas containing the radiation terms are more
cumbersome. In the numerical analysis we have included the full expressions. For the matter
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Model

H0 (km/s/Mpc)

ωb

ns

Ω0m

νi

w

χ2min /dof

∆AIC

∆BIC

ΛCDM
RVM
QΛ
wRVM
wQΛ
ΛCDM*
RVM*
QΛ *
Ia (wRVM*)
IIIa (wQΛ *)

68.23 ± 0.38
67.70 ± 0.69
68.34 ± 0.40
66.34 ± 2.30
66.71 ± 1.77
68.46 ± 0.37
68.48 ± 0.67
68.34 ± 0.39
70.95 ± 1.46
70.27 ± 1.33

0.02234 ± 0.00013
0.02227 ± 0.00016
0.02226 ± 0.00016
0.02228 ± 0.00016
0.02226 ± 0.00016
0.02239 ± 0.00013
0.02240 ± 0.00015
0.02224 ± 0.00016
0.02231 ± 0.00016
0.02228 ± 0.00016

0.968 ± 0.004
0.965 ± 0.005
0.965 ± 0.005
0.966 ± 0.005
0.965 ± 0.005
0.969 ± 0.004
0.969 ± 0.005
0.966 ± 0.005
0.967 ± 0.005
0.966 ± 0.005

0.306 ± 0.005
0.306 ± 0.005
0.305 ± 0.005
0.313 ± 0.012
0.317 ± 0.014
0.303 ± 0.005
0.303 ± 0.005
0.302 ± 0.005
0.290 ± 0.008
0.291 ± 0.010

0.0010 ± 0.0010
0.0030 ± 0.0030
0.0017 ± 0.0016
0.0070 ± 0.0054
0.0000 ± 0.0010
0.0034 ± 0.0030
−0.0008 ± 0.0010
−0.0006 ± 0.0042

-1
-1
-1
−0.956 ± 0.071
−0.921 ± 0.082
-1
-1
-1
−1.094 ± 0.050
−1.086 ± 0.065

13.85/11
13.02/10
12.91/10
12.65/9
12.06/9
21.76/12
21.76/11
20.45/11
18.03/10
18.64/10

-3.84
-3.73
-9.30
-8.71
-4.36
-3.05
-5.97
-6.58

-1.88
-1.77
-4.22
-3.63
-2.77
-1.46
-1.82
-2.43

Table 3:

Best-fit values for the ΛCDM and models RVM, QΛ , wRVM and wQΛ by making use of the CMB+BAO data only.

In contrast to Tables 1-2, we now fully dispense with the LSS data (see [50, 207]) to test its effect. The starred/non-starred
cases correspond respectively to adding or not the local value H0Riess from [146] as data point in the fit. The AIC and BIC
differences of the starred models are computed with respect to the ΛCDM*. We can see that under these conditions models
tend to have ∆AIC, ∆BIC< 0, including the last two starred scenarios, which are capable of significantly approaching H0Riess .

densities, we find:


ρIdm (a) = ρdm0 a−3(1−ν) + ρb0 a−3(1−ν) − a−3
−3(1−νdm )
ρII
dm (a) = ρdm0 a


νΛ
−3
0
−3
−3(+νΛ )
(a)
=
ρ
a
+
ρIII
,
ρ
a
−
a
dm0
dm
νΛ + w Λ

(5.12)

and for the quasi-vacuum energy densities:

ν ρm0  −3(1−ν)
a
− a−3
ν+w

νdm ρdm0  −3(1−νdm )
II
0 −3
ρΛ (a) = ρΛ a
−
a
− a−3
νdm + w
III
0 −3(+νΛ )
ρΛ (a) = ρΛ a
.
ρIΛ (a) = ρ0Λ a−3 −

(5.13)

Two specific dimensionless parameters enter each formula, νi = (ν, νdm , νΛ ) and w = −1 + . They
are part of the fitting vector of free parameters for each model, as explained in detail in the caption
of Table 1. For νi → 0 the models become noninteractive and they all reduce to the XCDM model
case (5.5). For w = −1 we recover the DVMs results previously studied in [207]. Let us also note
that for νi > 0 the vacuum decays into DM (which is thermodynamically favorable [207]) whereas
for νi < 0 is the other way around. Furthermore, when w enters the fit, the effective behavior of
the wDVMs is quintessence-like for w > −1 (i.e.  > 0) and phantom-like for w < −1 ( < 0).
Given the energy densities (5.12)and (5.13), the Hubble function immediately follows. For example,
for Model I:



w
H 2 (a) = H02 a−3 +
Ω0m a−3(1−ν) − a−3
.
(5.14)
w+ν
Similar formulas can be obtained for Models II and III. For w = −1 they all reduce to the DVM
forms previously found in [207]. And of course they all ultimately boil down to the ΛCDM form
in the limit (w, νi ) → (−1, 0).
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Figure 2: The LSS structure formation data (f (z)σ8 (z)) and the theoretical predictions for models (5.8)-(5.10), using
the best-fit values in Tables 2 and 3. The curves for the cases Ia, IIIa correspond to special scenarios for Models I and III
where the agreement with the Riess et al. local value H0Riess [146] is better (cf. Table 3). The price, however, is that the
concordance with the LSS data is now spoiled. Case IIIb is our theoretical prediction for the scenario proposed in [209], aimed
at optimally relaxing the tension with H0Riess . Unfortunately, the last three scenarios lead to phantom-like DE and are in
serious disagreement with the LSS data.

5.2

Structure formation: the role of the LSS data

The analysis of structure formation plays a crucial role in comparing the various models. For the
ΛCDM and XCDM we use the standard perturbations equation [174]
δ̈m + 2H δ̇m − 4πGρm δm = 0 ,

(5.15)

with, however, the Hubble function corresponding to each one of these models. For the wDVMs, a
step further is needed: the perturbations equation not only involves the modified Hubble function
but the equation itself becomes modified. Trading the cosmic time for the scale factor and extending
the analysis of [123, 125, 207] for the case w 6= −1 ( 6= 0), we find
00
δm
+

A(a) 0
B(a)
δm + 2 δm = 0 ,
a
a

(5.16)

where the prime denotes differentiation with respect to the scale factor, and the functions A(a)
and B(a) are found to be as follows:
Ψ
aH 0
+
− 3r
H
H
4πGρm
Ψ
aΨ0
Ψ
aH 0
2 2
B(a) = −
+
2
+
−
15r
−
9
r
+
3(1
+
r)
−
3r
.
H2
H
H
H
H

A(a) = 3 +

(5.17)
(5.18)

Here r ≡ ρΛ /ρm and Ψ ≡ −ρ̇Λ /ρm . For νi = 0 we have Ψ = 3Hr, and after a straightforward
calculation one can show that (5.16) can be brought to the standard form Eq. (5.15).
0 for
To solve the above perturbations equations we have to fix the initial conditions on δm and δm
each model at high redshift, namely when non-relativistic matter dominates over radiation and
DE, see [207]. Functions (5.17) and (5.18) are then approximately constant and Eq. (5.16) admits
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power-law solutions δm (a) = as . From explicit calculation we find that the values of s for each
model turn out to be:


3
1
sI = 1 + ν
− 4 + O(ν 2 )
5
w


Ω0dm
3
1
II
+ O(νdm 2 )
s
= 1 − νdm 1 + 3 0 −
(5.19)
5
Ωm
w
sIII = 1 .
We can check that for w = −1 all of the above equations (5.16)-(5.19) render the DVM results
previously found in [207]. The generalization that we have made to w 6= −1 ( 6= 0) has introduced
several nontrivial extra terms in equations (5.17)-(5.19).
The analysis of the linear LSS regime is usually implemented with the help of the weighted linear growth f (z)σ8 (z), where f (z) = d ln δm /d ln a is the growth factor and σ8 (z) is the rms mass
fluctuation on R8 = 8 h−1 Mpc scales. It is computed as follows (see e.g. [50, 207]):
s ´
∞ ns +2 2
k
T (~
p, k)W 2 (kR8 )dk
δm (z)
´ ∞ 0 n +2
σ8 (z) = σ8,Λ Λ
,
(5.20)
s,Λ
δm (0)
T 2 (~
pΛ , k)W 2 (kR8,Λ )dk
0 k
where W is a top-hat smoothing function and T (~
p, k) the transfer function. The fitting parameters
for each model are contained in p~. Following the mentioned references, we have defined as fiducial
model the ΛCDM at fixed parameter values from the Planck 2015 TT,TE,EE+lowP+lensing data
[130]. These fiducial values are collected in p~Λ . In Figs. 1-2 we display f (z)σ8 (z) for the various
models using the fitted values of Tables 1-3. We remark that our BAO and LSS data include the
bispectrum data points from [101] –see [207] for a full-fledged explanation of our data sets. In the
next section, we discuss our results for the various models and assess their ability to improve the
ΛCDM fit as well as their impact on the H0 tension.

5.3

Discussion

Following [207] the statistical analysis of the various models is performed in terms of a joint
likelihood function, which is the product of the likelihoods for each data source and includes
the corresponding covariance matrices. As indicated in the caption of Table 1, the ΛCDM has 4
parameters, whereas the XCDM and the DVMs have 5, and finally any of the wDVMs has 6. Thus,
for a fairer comparison of the various nonstandard models with the concordance ΛCDM we have to
invoke efficient criteria in which the presence of extra parameters in a given model is conveniently
penalized so as to achieve a balanced comparison with the model having less parameters. The
Akaike information criterion (AIC) and the Bayesian information criterion (BIC) are known to be
extremely valuable tools for a fair statistical analysis of this kind. They can be thought of as a
modern quantitative formulation of Occam’s razor. They read [138, 139, 197]:
AIC = χ2min +

2nN
,
N −n−1
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BIC = χ2min + n ln N ,

(5.21)

Figure 3:

Contour plots for the RVM (blue) and wRVM (orange) up to 2σ, and for the ΛCDM (black) up to 5σ in the
(H0 , Ω0m )-plane. Shown are the two relevant cases under study: the plot on the left is for when the local H0 value of Riess et
al. [146] is included in the fit (cf. Table 2), and the plot on the right is for when that local value is not included (cf. Table 1).
Any attempt at reaching the H0Riess neighborhood enforces to pick too small values Ω0m < 0.27 through extended contours that
go beyond 5σ c.l. We also observe that the two (w)RVMs are much more compatible (already at 1σ) with the H0Planck range
than the ΛCDM. The latter, instead, requires some of the most external contours to reach the H0Planck 1σ region whether
H0Riess is included or not in the fit. Thus, remarkably, in both cases when the full data string SNIa+BAO+H(z)+LSS+CMB
enters the fit the ΛCDM has difficulties to overlap also with the H0Planck range at 1σ, in contrast to the RVM and wRVM.

where n is the number of independent fitting parameters and N the number of data points. The
bigger are the (positive) differences ∆AIC and ∆BIC with respect to the model having smaller
values of AIC and BIC the higher is the evidence against the model with larger AIC and BIC. Take,
for instance, Tables 1 and 2, where in all cases the less favored model is the ΛCDM (thus with larger
AIC and BIC). For ∆AIC and ∆BIC in the range 6 − 10 one speaks of “strong evidence” against
the ΛCDM, and hence in favor of the nonstandard models being considered. This is typically the
situation for the RVM and Qdm vacuum models in Table 2 and for the three wDVMs in Table 1.
Neither the XCDM nor the QΛ vacuum model attain the “strong evidence” threshold in Tables 1
or 2. The XCDM parametrization, which is used as a baseline for comparison of the dynamical DE
models, is nevertheless capable of detecting significant signs of dynamical DE, mainly in Table 1
(in which H0Riess is excluded), but not so in Table 2 (where H0Riess is included). In contrast, model
QΛ does not change much from Table 1 to Table 2.
In actual fact, the vacuum model III (QΛ ) tends to remain always fairly close to the ΛCDM. Its
dynamics is weaker than that of the main DVMs (RVM and Qdm ). Being |νi |  1 for all the DVMs,
0
the evolution of its vacuum energy density is approximately logarithmic: ρIII
Λ ∼ ρΛ (1 − 3νΛ ln a),
as it follows from (5.13) with  = 0. Thus, it is significantly milder in comparison to that of the


0
0
0
−3 − 1) . The performance of Q can only be
main DVMs, for which ρI,II
Λ
Λ ∼ ρΛ 1 + (Ωm /ΩΛ )νi (a
slightly better than that of ΛCDM, a fact that may have not been noted in previous studies – see
[131–133, 209, 210] and references therein.
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According to the same jargon, when the differences ∆AIC and ∆BIC are both above 10 one
speaks of “very strong evidence” against the unfavored model (the ΛCDM, in this case), wherefore
in favor of the dynamical vacuum and quasi-vacuum models. It is certainly the case of the RVM
and Qdm models in Table 1, which are singled out as being much better than the ΛCDM in their
ability to describe the overall observations. From Table 1 we can see that the best-fit values of
νi for these models are secured at a confidence level of ∼ 3.8σ. These two models are indeed the
most conspicuous ones in our entire analysis, and remain strongly favored even if H0Riess [146]
is included (cf. Table 2). In the last case, the best-fit values of νi for the two models are still
supported at a fairly large c.l. (∼ 3.2σ). This shows that the overall fit to the data in terms of
dynamical vacuum is a real option since the fit quality is not exceedingly perturbed in the presence
of the data point H0Riess . However, the optimal situation is really attained in the absence of that
point, not only because the fit quality is then higher but also because that point remains out
of the fit range whenever the large scale structure formation data (LSS) are included. For this
reason we tend to treat that input as an outlier – see also [211] for an alternative support to this
possibility, which we comment later on. In the following, we will argue that a truly consistent picture with all the data is only possible for H0 in the vicinity of H0Planck rather than in that of H0Riess .
The conclusion is that the H0Riess -H0Planck tension cannot be relaxed without unduly forcing the
overall fit, which is highly sensitive to the LSS data. It goes without saying that one cannot have
a prediction that matches both H0 regions at the same time, so at some point new observations
(or the discovery of some systematic in one of the experiments) will help to consolidate one of the
two ranges of values and exclude definitely the other. At present no favorable fit can be obtained
from the ΛCDM that is compatible with any of the two H0 ranges. This is transparent from Figs.
3 and 4, in which the ΛCDM remains always in between the two regions. However, our work shows
that a solution (with minimum cost) is possible in terms of vacuum dynamics. Such solution,
which inevitably puts aside the H0Riess range, is however compatible with all the remaining data
and tends to favor the Planck range of H0 values. The DVMs can indeed provide an excellent fit
to the overall cosmological observations and be fully compatible with both the H0Planck value and
at the same time with the needed low values of the σ8 (0) observable, these low values of σ8 (0)
being crucial to fit the structure formation data. Such strategy is only possible in the presence of
vacuum dynamics, whilst it is impossible with a rigid Λ-term, i.e. is not available to the ΛCDM.
In Fig. 1 we confront the various models with the LSS data when the local measurement H0Riess
is not included in our fit. The differences can be better appraised in the plot on the right, where
we observe that the RVM and Qdm curves stay significantly lower than the ΛCDM one (hence
matching better the data than the ΛCDM), whereas those of XCDM and QΛ remain in between.
Concerning the wDVMs, namely the quasi-vacuum models in which an extra parameter is at play
(the EoS parameter w), we observe a significant difference as compared to the DVMs (with vacuum EoS w = −1): they all provide a similarly good fit quality, clearly superior to that of the
ΛCDM (cf. Tables 1 and 2) but in all cases below that of the main DVMs (RVM and Qdm ), whose
performance is outstanding.
In Table 3, in an attempt to draw our fit nearer and nearer to H0Riess [146], we test the effect of
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Figure 4:

Contour lines for the ΛCDM (black) and RVM (blue) up to 4σ in the (H0 , σ8 (0))-plane. As in Fig. 3, we present
in the left plot the case when the local H0 value of Riess et al. [146] is included in the fit (cf. Table 2), whereas in the right
plot the case when that local value is not included (cf. Table 1). Again, any attempt at reaching the H0Riess neighborhood
enforces to extend the contours beyond the 5σ c.l., which would lead to a too low value of Ω0m in both cases (cf. Fig. 3)
and, in addition, would result in a too large value of σ8 (0) for the RVM. Notice that H0 and σ8 (0) are positively correlated
in the RVM (i.e. H0 decreases when σ8 (0) decreases), whilst they are anticorrelated in the ΛCDM (H0 increases when σ8 (0)
decreases, and vice versa). It is precisely this opposite correlation feature with respect to the ΛCDM what allows the RVM to
improve the LSS fit in the region where both H0 and σ8 (0) are smaller than the respective ΛCDM values (cf. Fig. 1). This
explains why the Planck range for H0 is clearly preferred by the RVM, as it allows a much better description of the LSS data.

ignoring the LSS structure formation data, thus granting more freedom to the fit parameter space.
We perform this test using the ΛCDM and models (w)RVM and (w)QΛ (i.e. models I and III
and testing both the vacuum and quasi-vacuum options), and we fit them to the CMB+BAO data
alone. We can see that the fit values for H0 increase in all starred scenarios (i.e. those involving the
H0Riess data point in the fit), and specially for the cases Ia and IIIa in Table 3. Nonetheless, these
lead to νi < 0 and w < −1 (and hence imply phantom-like DE); and, what is worse, the agreement
with the LSS data is ruined (cf. Fig. 2) since the corresponding curves are shifted too high (beyond
the ΛCDM one). In the same figure we superimpose one more scenario, called IIIb, corresponding
to a rather acute phantom behavior (w = −1.184±0.064). The latter was recently explored in [209]
so as to maximally relax the H0 tension – see also [210]. Unfortunately, we find (see Fig. 2) that
the associated LSS curve is completely strayed since it fails to minimally describe the f σ8 data
(LSS). In Fig. 3 we demonstrate in a very visual way that, in the context of the overall observations (i.e. SNIa+BAO+H(z)+LSS+CMB), whether including or not including the data point
H0Riess (cf. Tables 1 and 2), it becomes impossible to getting closer to the local measurement H0Riess
unless we go beyond the 5σ contours and end up with a too low value Ω0m < 0.27. These results are
aligned with those of [212], in which the authors are also unable to accommodate the H0Riess value
when a string of SNIa+BAO+H(z)+LSS+CMB data (similar but not equal to the one used by
us) is taken into account. Moreover, we observe in Fig. 3 not only that both the RVM and wRVM
remain much closer to H0Planck than to H0Riess , but also that they are overlapping with the H0Planck
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range much better than the ΛCDM does. The latter is seen to have serious difficulties in reaching
the Planck range unless we use the most external regions of the elongated contours shown in Fig. 3.
Many other works in the literature have studied the existing H0 tension. For instance, in [213]
the authors find H0 = 69.13 ± 2.34 km/s/Mpc assuming the ΛCDM model. Such result almost
coincides with the central values of H0 that we obtain in Tables 1 and 2 for the ΛCDM. This
fact, added to the larger uncertainties of the result, seems to relax the tension. Let us, however,
notice that the value of [213] has been obtained using BAO data only, what explains the larger
uncertainty that they find. In our case, we have considered a much more complete data set, which
includes CMB and LSS data as well. This is what has allowed us to better constrain H0 with
smaller errors and conclude that when a larger data set (SNIa+BAO+H(z)+LSS+CMB) is used,
the fitted value of the Hubble parameter for the ΛCDM is incompatible with the Planck best-fit
value at about 4σ c.l. Thus, the ΛCDM model seems to be in conflict not only with the local HST
estimation of H0 , but also with the Planck one! Finally, in Figs. 4 and 5 we consider the contour
plots (up to 4σ and 3σ, respectively) in the (H0 , σ8 (0))-plane for different situations. Specifically,
in the case of Fig. 4 the plots on the left and on the right are in exact correspondence with the
situations previously presented in the left and right plots of Fig. 3, respectively12 . As expected,
the contours in the left plot of Fig. 4 are slightly shifted (“attracted”) to the right (i.e. towards the
H0Riess region) as compared to those in the right plot because in the former H0Riess was included as
a data point in the fit, whereas H0Riess was not included in the latter. Therefore, in the last case
the contours for the RVM are more centered in the H0Planck region and at the same time centered at
relatively low values of σ8 (0) ' 0.73 − 0.74, which are precisely those needed for a perfect matching
with the experimental data points on structure formation (cf. Fig. 1). On the other hand, in the
case of Fig. 5 the contour lines correspond to the fitting sets Ia, IIIa of Table 3 (in which BAO
and CMB data, but no LSS formation data, are involved). As can be seen, the contour lines in
Fig. 5 can attain the Riess 2016 region for H0 , but they are centered at rather high values (∼ 0.9)
of the parameter σ8 (0). These are clearly higher than the needed values σ8 (0) ' 0.73 − 0.74.
This fact demonstrates once more that such option leads to a bad description of the structure
formation data. The isolated point in Fig. 5 is even worst: it corresponds to the aforementioned
theoretical prediction for the scenario IIIb proposed in [209], in which the H0Riess region can be
clearly attained but at the price of a serious disagreement with the LSS data. Here we can see,
with pristine clarity, that such isolated point, despite it comfortably reaches the H0Riess region, it
attains a value of σ8 (0) near 1, thence completely strayed from the observations. This is, of course,
the reason why the upper curve in Fig. 2 fails to describe essentially all points of the f (z)σ8 (z)
observable. So, as it turns, it is impossible to reach the H0Riess region without paying a high price,
no matter what strategy is concocted to approach it in parameter space. As indicated, we must
still remain open to the possibility that the H0Planck and/or H0Riess measurements are affected by
some kind of (unknown) systematic errors, although some of these possibilities may be on the
way of being ruled out by recent works. For instance, in [215] the authors study the systematic
errors in Planck’s data by comparing them with the South Pole Telescope data. Their conclusion
12

The H0Planck band indicated in Figs. 3-5 is that of [214], which has no significant differences with that of [130]
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Figure 5:

Contour lines for the models wRVM (Ia) and wQΛ (IIIa) up to 3σ in the (H0 , σ8 (0))-plane, depicted in orange
and purple, respectively, together with the isolated point (in black) extracted from the analysis of Ref. [209], which we call
IIIb. The cases Ia, IIIa and IIIb correspond to special scenarios with w 6= −1 for Models I and III in which the value H0Riess is
included as a data point and then a suitable strategy is followed to optimize the fit agreement with such value. The strategy
consists to exploit the freedom in w and remove the LSS data from the fit analysis. The plot clearly shows that some agreement
is indeed possible, but only if w takes on values in the phantom region (w < −1) (see text) and at the expense of an anomalous
(too large) value of the parameter σ8 (0), what seriously spoils the concordance with the LSS data, as can be seen in Fig. 2.

is that there is no evidence of systematic errors in Planck’s results. If confirmed, the class of the
(w)RVMs studied here would offer a viable solution to both the H0 and σ8 (0) existing tensions
in the data, which are both unaccountable within the ΛCDM. Another interesting result is the
“blinded” determination of H0 from [216], based on a reanalysis of the SNIa and Cepheid variables
data from the older work by Riess et al. [141]. These authors find H0 = 72.5 ± 3.2 km/s/Mpc,
which should be compared with H0 = 73.8 ± 2.4 km/s/Mpc [141]. Obviously, the tension with
H0Planck diminished since the central value decreased and in addition the uncertainty has grown
by ∼ 33%. We should now wait for a similar reanalysis to be made on the original sample used
in [146], i.e. the one supporting the value H0Riess , as planned in [216]. In [217] they show that by
combining the latest BAO results with WMAP, Atacama Cosmology Telescope (ACT), or South
Pole Telescope (SPT) CMB data produces values of H0 that are 2.4 − 3.1σ lower than the distance
ladder, independent of Planck. These authors conclude from their analysis that it is not possible
to explain the H0 disagreement solely with a systematic error specific to the Planck data. Let us
mention other works, see e.g. [218, 219], in which a value closer to H0Riess is found and the tension
is not so severely loosened; or the work [220], which excludes systematic bias or uncertainty in
the Cepheid calibration step of the distance ladder measurement by [146]. Finally, we recall the
aforementioned recent study [211], where the authors run a new (dis)cordance test to compare the
constraints on H0 from different methods and conclude that the local measurement is an outlier
compared to the others, what would favor a systematics-based explanation. Quite obviously, the
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search for a final solution to the H0 tension is still work in progress.

5.4

Conclusions

The present updated analysis of the cosmological data SNIa+BAO+H(z)+LSS+CMB disfavors
the hypothesis Λ =const. as compared to the dynamical vacuum models (DVMs). This is consistent
with our most recent studies [50, 124, 207]. Our results suggest a dynamical DE effect near 3σ
within the standard XCDM parametrization and near 4σ for the best DVMs. Here we have
extended these studies in order to encompass the class of quasi-vacuum models (wDVMs), where
the equation of state parameter w is near (but not exactly equal) to −1. The new degree of
freedom w can then be used to try to further improve the overall fit to the data. But it can also be
used to check if values of w different from −1 can relax the existing tension between the two sets
of measurement of the H0 parameter, namely those based: i) on the CMB measurements by the
Planck collaboration [130, 214], and ii) on the local measurement (distance ladder method) using
Cepheid variables [146] Our study shows that the RVM with w = −1 remains as the preferred
DVM for the optimal fit of the data. At the same time it favors the CMB measurements of H0
over the local measurement. Remarkably, we find that not only the CMB and BAO data, but
also the LSS formation data (i.e. the known data on f (z)σ8 (z) at different redshifts), are essential
to support the CMB measurements of H0 over the local one. We have checked that if the LSS
data are not considered (while the BAO and CMB are kept), then there is a unique chance to
try to accommodate the local measurement of H0 , but only at the expense of a phantom-like
behavior (i.e. for w < −1). In this region of the parameter space, however, we find that the
agreement with the LSS formation data is manifestly lost, what suggests that the w < −1 option
is ruled out. There is no other window in the parameter space where to accommodate the local
H0 value in our fit. In contrast, when the LSS formation data are restored, the fit quality to the
overall SNIa+BAO+H(z)+LSS+CMB observations improves dramatically and definitely favors
the Planck range for H0 as well as smaller values for σ8 (0) as compared to the ΛCDM. In short,
our work suggests that signs of dynamical vacuum energy are encoded in the current cosmological
observations. They appear to be more in accordance with the lower values of H0 obtained from
the Planck (CMB) measurements than with the higher range of H0 values obtained from the
present local (distance ladder) measurements, and provide smaller values of σ8 (0) that are in
better agreement with structure formation data as compared to the ΛCDM. We hope that with
new and more accurate observations, as well as with more detailed analyses, it will be possible to
assess the final impact of vacuum dynamics on the possible solution of the current tensions in the
ΛCDM.
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6

Signs of Dynamical Dark Energy
in the Current Observations

In this chapter we assess the status of some dynamical dark energy (DDE) models, putting them in
the light of a large body of cosmological observations. Their theoretical predictions are studied not
only at the background level but also at the level of perturbations. In order to carry out a proper
evaluation of the performance of the DDE models studied, we confront them with the standard
model of cosmology, the ΛCDM, by computing the Bayes factor. This quantity involves some
integrals which are far from be easy to solve. For this reason we use the numerical package called
MCEvidence. We gauge the impact of the bispectrum in the LSS and BAO parts, and show that
the subset of CMB+BAO+LSS observations may contain the bulk of the DDE signal. The paper is
organized in the following way: In Sect. 6.1 we present the different DDE models considered in this
chapter and we list the relevant background equations for each model. We would like to remark
that while the perturbation equations are not provided in this chapter, all the modifications, in
regards to this issue have been duly taken into account in the codes necessary to carry out the
fits. In Sect. 6.2 we provide some details of the cosmological data considered to test the models.
In Sect.6.3 we provide the necessary theoretical details to understand the difference between the
spectrum and the bispectrum. We remark the importance of considering the bispectrum data in
addition to the spectrum one to be able to capture the signs of the DDE. In Sec. 6.4 we comment
on the results displayed in the different tables and figures presented throughout this chapter. The
aim of the next section, Sect. 6.5, is to explain why the Bayes factor is the perfect statistical tool
to confront two different cosmological model and conclude which one is more favoured by the data.
Finally in Sect. 6.6 we deliver our conclusions gathered after carefully study all the models under
study.

6.1

DDE parametrizations and models

We consider two generic parametrizations of the DDE, together with a well-known φCDM model,
and confront them to a large and updated set of SNIa+H(z)+BAO+LSS+CMB observations.
Natural units are used hereafter, although we keep explicitly Newton’s G, or equivalently the
√
Planck mass: MP = 1/ G = 1.2211 × 1019 GeV. Flat FLRW metric is assumed throughout:
ds2 = −dt2 + a2 (t)(dx2 + dy 2 + dz 2 ), where a(t) is the scale factor as a function of the cosmic time.

6.1.1

XCDM and CPL

The first of the DDE parametrizations under study is the conventional XCDM [71]. In it both
matter and DE are self-conserved (non-interacting) and the DE density is simply given by ρX (a) =
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DS1 with Spectrum (DS1/SP)

DS1 with Bispectrum (DS1/BSP)

Parameter

ΛCDM

XCDM

φCDM

ΛCDM

XCDM

CPL

φCDM

H0 (km/s/Mpc)

69.22+0.48
−0.49

68.97+0.76
−0.79

68.70+0.66
−0.61

68.21+0.40
−0.38

67.18+0.63
−0.68

67.17 ± 0.72

67.19+0.67
−0.64

ωcdm

0.1155+0.0011
−0.0010

0.1151+0.0013
−0.0014

0.1147+0.0013
−0.0012

0.1176+0.0008
−0.0009

0.1161 ± 0.0012

0.1161+0.0015
−0.0014

0.1160+0.0013
−0.0012

ωb

0.02247+0.00020
−0.00019

0.02251+0.00021
−0.00020

0.02255+0.00020
−0.00022

0.02231+0.00019
−0.00018

0.02244+0.00021
−0.00020

0.02244 ± 0.00021

0.02245 ± 0.00021

τ

0.079+0.012
−0.013

0.084+0.014
−0.017

0.088 ± 0.016

0.059+0.012
−0.009

+0.013
0.074−0.015

0.074+0.016
−0.017

0.074+0.014
−0.016

ns

0.9742 ± 0.0042

0.9752+0.0048
−0.0052

0.9768 ± 0.0048

0.9678 ± 0.0038

0.9724 ± 0.0047

0.9724+0.0049
−0.0052

0.9729+0.0044
−0.0048

σ8 (0)

0.813+0.008
−0.009

0.811 ± 0.010

0.808 ± 0.010

0.804+0.007
−0.008

+0.010
0.795−0.009

0.795 ± 0.010

0.793 ± 0.009

w0

-1

−0.986+0.030
−0.029

-

-1

−0.945+0.029
−0.028

−0.934+0.067
−0.075

-

w1

-

-

-

-

-

−0.045+0.273
−0.204

-

-



< 0.092, 37.3+1.9
−2.3

-



+1.1
0.150+0.070
−0.086 , 33.5−2.1

α, 10−3 κ̄



-

-

-

Table 1: The mean fit values and 68.3% confidence limits for the considered models using dataset DS1, i.e. all
SNIa+H(z)+BAO+LSS+CMB data, with full Planck 2015 CMB likelihood. In all cases a massive neutrino of 0.06 eV
has been included. The first block involves BAO+LSS data using the matter (power) spectrum (SP) and is labelled DS1/SP.
The second block includes both spectrum and bispectrum, and is denoted DS1/BSP (see text). We display the fitting results
for the relevant parameters, among them those that characterize the DDE models under discussion: the EoS parameter w0
for XCDM, w0 and w1 for the CPL, the power α of the potential and κ̄ ≡ κ[MP /(km/s/Mpc)]2 for φCDM, as well as the six
conventional parameters: the Hubble parameter H0 , ωcdm = Ωcdm h2 and ωb = Ωb h2 for cold dark matter and baryons, the
reionization optical depth τ , the spectral index ns of the primordial power-law power spectrum, and, for convenience, instead
of the amplitudes As of such spectrum we list the values of σ8 (0).
DS2 with Bispectrum (DS2/BSP)

DS2/BSP with Planck 2018 (compressed likelihood)

Parameter

ΛCDM

XCDM

φCDM

ΛCDM

XCDM

φCDM

H0 (km/s/Mpc)

68.20+0.38
−0.41

66.36+0.76
−0.86

66.45 ± 0.74

68.92 ± 0.31

67.08 ± 0.73

67.02 ± 0.70

ωcdm

0.1176+0.0008
−0.0009

0.1155+0.0014
−0.0012

0.1154 ± 0.0013

0.1197 ± 0.0007

0.1191 ± 0.0008

0.1191 ± 0.0008

ωb

0.02230 ± 0.00019

0.02247 ± 0.00021

0.02248+0.00020
−0.00021

0.02254 ± 0.00013

0.02259 ± 0.00013

0.02259 ± 0.00013

τ

0.059 ± 0.010

0.083+0.014
−0.018

0.083+0.013
−0.014

-

-

-

ns

0.9681 ± 0.0039

0.9742+0.0048
−0.0053

0.9746+0.0044
−0.0051

0.9727 ± 0.0033

0.9734 ± 0.0032

0.9735 ± 0.0032

σ8 (0)

0.805 ± 0.007

0.788 ± 0.010

0.789 ± 0.010

0.800 ± 0.008

0.774 ± 0.013

0.773 ± 0.012

w0

-1

−0.911+0.035
−0.034

-

-1

−0.932 ± 0.025

-

-



+0.8
0.240+0.086
−0.102 , 32.0−1.4

-

-

(0.168 ± 0.068 , 32.7 ± 1.5)

α, 10−3 κ̄



-

Table 2: As in Table 1, but using dataset DS2/BSP, which involves BAO+LSS+CMB data only. In the first block we use
the full likelihood for Planck 2015, whereas in the second we use the compressed CMB likelihood for the more recent Planck
2018 data. See text for more details.
ρX0 a−3(1+w0 ) , where ρX0 = ρΛ is the current value and w0 the (constant) equation of state (EoS)
parameter of the DE fluid. For w0 = −1 we recover the ΛCDM model with a rigid CC. For
w0 & −1 the XCDM mimics quintessence, whereas for w0 . −1 it mimics phantom DE. It is
worth checking if a dynamical EoS for the DE can furnish a better description of the observational
data. So we consider the well-known CPL parametrization [72, 73], which is characterized by the
following EoS:
z
,
(6.1)
w(a) = w0 + w1 (1 − a) = w0 + w1
1+z
where z = a−1 − 1 is the cosmological redshift.
The corresponding Hubble rate H = ȧ/a normalized with respect to the current value, H0 =
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Figure 1: Likelihood contours for the XCDM parametrization (left) and the considered φCDM model (right) in the relevant
planes (ωcdm , w0 ) and (ωcdm , α), respectively, after marginalizing over the remaining parameters. Dataset DS1/SP is used in
both cases (cf. first block of Table 1). The various contours correspond to 1σ, 2σ and 3σ c.l.

H(a = 1), takes the form:
E 2 (a) ≡

H 2 (a)
ρν (a)
= (Ωb + Ωcdm )a−3 + Ωγ a−4 +
+ ΩΛ a−3(1+w0 +w1 ) e−3w1 (1−a) .
ρc0
H02

(6.2)

Here Ωi = ρi0 /ρc0 are the current energy densities of baryons, cold dark matter, photons and
CC/DE normalized with respect to the present critical density ρc0 . The neutrino contribution,
ρν (a) is more complicated since it contains a massive component, ρν,m (a), apart from the massless
ones. During the expansion of the Universe, the massive neutrino transits from a relativistic to a
non-relativistic regime. This process is nontrivial and has to be solved numerically. In (6.1.1), for
w1 = 0 we recover the XCDM, and also setting w0 = −1 we are back to the ΛCDM.

6.1.2

φCDM

Let us now briefly summarize the theoretical framework of the φCDM, which has a well-defined
local Lagrangian description. The DE is described here in terms of a scalar field, φ, which we take
dimensionless. Such field is minimally coupled to curvature (R) and the generic action is just the
sum of the Einstein-Hilbert action SEH , the scalar field action Sφ , and the matter action Sm :


ˆ
MP2
1 µν
4 √
(6.3)
d x −g R − g ∂µ φ ∂ν φ − V (φ) + Sm .
S = SEH + Sφ + Sm =
16π
2
δS

φ
φ
The energy density and pressure of φ follow from its energy-momentum tensor, Tµν
= √−2
,
−g δg µν
and the fact that φ is a homogeneous scalar field which depends only on the cosmic time. Thus,
!
!
2
2
2
2
M
M
φ̇
φ̇
φ
+ V (φ)
pφ = Tiiφ = P
− V (φ) .
(6.4)
ρφ = T00
= P
16π 2
16π 2

Dots indicate derivatives with respect to the cosmic time, and notice that within our conventions
V (φ) has dimension 2 in natural units.
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Figure 2:

As in Fig. 1, but using dataset DS2/BSP. The various contours correspond, again, to 1σ, 2σ and 3σ c.l. The central
values in both cases are shifted > 2.5σ away from the ΛCDM, i.e. from w0 = −1 and α = 0 in each case. Marginalization also
over ωcdm increases the c.l. up to 2.6σ and 2.9σ, respectively (cf. first block of Table 2).

The field equation for φ is just the Klein-Gordon equation in curved space-time, φ + ∂V /∂φ = 0,
which for the FLRW metric leads to
φ̈ + 3H φ̇ +

∂V
= 0.
∂φ

(6.5)

The corresponding Einstein’s field equations read:
3H 2 = 8π G (ρm + ρr + ρφ )

(6.6)

3H 2 + 2Ḣ = −8π G (pm + pr + pφ ) .

(6.7)

Here ρm = ρb + ρcdm + ρν,m involves the pressureless contributions from baryons and cold dark
matter as well as the massive neutrino contribution. The latter evolves during the cosmic expansion
from the relativistic regime (where pm = pν,m 6= 0) to the non-relativistic one (where pν,m ' 0). On
the other hand, pr = ρr /3 is the purely relativistic part from photons and the massless neutrinos.
As a representative potential for our analysis we borrow the traditional quintessence potential by
Peebles and Ratra [156, 163],
1
(6.8)
V (φ) = κMP2 φ−α ,
2
where κ is a dimensionless parameter. In this context, the value of the CC at present (t = t0 ) is
given by ρΛ = ρφ (t0 ). We expect κ to be positive since we know that ρΛ > 0 and the potential
energy at present is dominant. In what follows, when referring to the φCDM model we will
implicitly assume this form of the potential. The power α in it should be positive as well, but
sufficiently small so that V (φ) mimics an approximate CC slowly evolving with time. In our case
we take α as a free parameter while κ is a derived one, as discussed below.
The Klein-Gordon equation with the potential (6.8) can be written in terms of the scale factor as
follows (prime stands for d/da, and we use d/dt = aHd/da):
 0

H
4
α κMP2 φ−(α+1)
00
φ +
+
φ0 −
= 0.
(6.9)
H
a
2
(aH)2
133

DS3 with Spectrum (DS3/SP)
Parameter

ΛCDM

XCDM

φCDM

H0 (km/s/Mpc)

69.30+0.53
−0.52

69.26+0.80
−0.79

68.80+0.65
−0.58

ωcdm

0.1154 ± 0.0011

0.1156+0.0014
−0.0015

0.1147+0.0014
−0.0011

ωb

0.02249+0.00019
−0.00021

0.02247 ± 0.00021

0.02254+0.00019
−0.00022

τ

0.086+0.012
−0.014

0.085+0.015
−0.016

0.093+0.013
−0.014

ns

0.9750+0.0045
−0.0044

0.9746+0.0051
−0.0050

0.9769+0.0044
−0.0049

σ8 (0)

0.819+0.009
−0.010

0.818 ± 0.011

0.813 ± 0.010

w0

-1

−1.002+0.034
−0.035

-

-

-

(< 0.081, 37.6 ± 2.1)


α, 10−3 κ̄
Table 3:

As in Tables 1 and 2, but using dataset DS3/SP. The latter is similar to the one employed in the analyses of these
models in [31, 33], see the text for further details.

When the cosmic evolution is characterized by the dominant energy density ρ(a) ∝ a−n (n = 3
for the matter-dominated epoch and n = 4 for radiation-dominated), i.e. when the DE density is
negligible, one can search for power-law solutions of the Klein-Gordon equation, i.e. solutions of
the form φ ∝ ap . However, around the current time the effect of the potential is significant and the
solution has to be computed numerically. Equation (6.9) is coupled to the cosmological equations
under appropriate initial conditions. We can set these conditions at the radiation epoch, where we
can neglect the DE. We find
3α(α + 2)2 κMP4
(ρr (a) + ρν,m ( a))−1
φ(a) =
64π(α + 6)


1/(α+2)
.

(6.10)

Notice that ρr,tot ≡ ρr + ρν,m is the total radiation energy density, which includes also the massive neutrino contribution. At the radiation epoch, however, ρr,tot behaves very approximately as
∼ a−4 . Thus, Eq.(6.10) together with φ0 (a) obtained from it can be used for the numerical solution of Eq. (6.9) and of the EoS of the scalar field at any subsequent epoch: wφ (a) = pφ (a)/ρφ (a).
To compare the theoretical predictions of the different models under study with the available
observational data we have made use of the Einstein-Boltzmann code CLASS [221] in combination
with the powerful Monte Carlo Markov chain (MCMC) sampler MontePython [222]. In the particular instance of φCDM, we have conveniently modified CLASS such as to implement the shooting
method, see [223] for a detailed exposition, what allowed us to consistently determine the value of
κ for each value of the free parameter H0 . As it is well-known, such numerical technique consists in
replacing a boundary value problem with an initial value one through a large number of iterations
of the initial conditions until finding the optimized solution. For the φCDM, the initial conditions
are determined by (6.10) and its time derivative, which are both explicitly dependent on κ.
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6.2

Data

The main fitting results of our analysis are presented in Tables 1 and 2. An additional Table 3 has also been introduced to illustrate the correct normalization of our results with other
existing studies in the literature when we use comparable data. This issue will be further discussed throughout our presentation. To generate the fitting results displayed in Tables 1, 2 and
3 we have run the MCMC code MontePython, together with CLASS, over an updated data set
SNIa+H(z)+BAO+LSS+CMB, consisting of: i) 6 effective points on the normalized Hubble rate
(including the covariance matrix) from the Pantheon+MCT sample [224, 225], which includes
1063 SNIa. As it is explained in [225], the compression effectiveness of the information contained in such SNIa sample is extremely good; ii) 31 data from H(z) from cosmic chronometers [90–96, 226]; iii) 16 effective BAO points [101, 108, 227–229]; iv) 19 effective points from LSS,
specifically 18 points from the observable f (z)σ8 (z) (obtained from redshift-space distortions –
RSD) [97, 99–101, 104, 105, 162, 229–233] and one effective point from the weak lensing observable
S8 ≡ σ8 (0) (Ωm /0.3)0.5 [48]; v) Finally we make use of the full CMB likelihood from Planck 2015
TT+lowP+lensing [130]. It is important to emphasize that we take into account all the known
correlations among data. Owing to their special significance in this kind of analysis, we have collected the set of BAO and LSS data points used in this chapter in the Tables 4 and 5, respectively.
The total data set just described will be referred to as DS1. This is our baseline scenario since
it involves a large sample of all sorts of cosmological data and will be used to compare with the
possible additional effects that emerge when we enrich its structure, as we shall comment in a
moment. For a more detailed discussion of the data involved in DS1, see [124, 198, 207]. In this
study, however, we wish to isolate also the effect from the triad of BAO+LSS+CMB data. These
ingredients may be particularly sensitive to the DDE, as shown in the previous references. Such
subset of DS1 will be called DS2 and contains the same data as DS1 except SNIa+H(z). In the
next section we define further specifications of these two datasets with special properties.

6.3

Spectrum versus bispectrum

The usual analyses of structure formation data in the literature are performed in terms of the
matter power spectrum P (k), referred to here simply as spectrum (SP). As we know, the latter
is defined in terms of the two-point correlator of the density field D(k) in Fourier space, namely
hD(k) D(k0 )i = δ(k + k0 )P (k), in which δ is the Dirac delta of momenta. For a purely Gaussian
distribution, any higher order correlator of even order decomposes into sums of products of twopoint functions, in a manner very similar to Wick’s theorem in QFT. At the same time, all
correlators of odd order vanish. This ceases to be true for non-Gaussian distributions, and the
first nonvanishing correlator is then the bispectrum B(k1 , k2 , k3 ), which is formally connected to
the three-point function
hD(k1 ) D(k2 ) D(k3 )i = δ(k1 + k2 + k3 )B(k1 , k2 , k3 ) .

(6.11)

The Dirac δ selects in this case all the triangular configurations. Let us note that even if the
primeval spectrum would be purely Gaussian, gravity makes fluctuations evolve non-Gaussian.
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Survey

z

Observable

Measurement

References

Data set

6dFGS+SDSS MGS

0.122

DV (rd /rd,f id )[Mpc]

539 ± 17[Mpc]

[228]

SP/BSP

WiggleZ

0.44

DV (rd /rd,f id )[Mpc]

1716.4 ± 83.1[Mpc]

[?]

SP/BSP

0.60

DV (rd /rd,f id )[Mpc]

2220.8 ± 100.6[Mpc]

0.73

DV (rd /rd,f id )[Mpc]

2516.1 ± 86.1[Mpc]

0.32

Hrd /(103 km/s)

11.549 ± 0.385

[101]

BSP

DA /rd

6.5986 ± 0.1337

[234]

SP

[229]

SP/BSP

[227]

SP/BSP

DR12 BOSS (BSP)

0.57
DR12 BOSS (SP)

9.3869 ± 0.1030

DM (rd /rd,f id )[Mpc]

1518 ± 22
81.5 ± 1.9

DM (rd /rd,f id )[Mpc]

1977 ± 27

H(rd,f id /rd )[km/s/Mpc]

90.4 ± 1.9

DM (rd /rd,f id )[Mpc]

2283 ± 32

H(rd,f id /rd )[km/s/Mpc]

97.3 ± 2.1

Hrd /(103 km/s)

19.6782 ± 1.5866

DA /rd

12.6621 ± 0.9876

Hrd /(103 km/s)

19.8637 ± 2.7187

DA /rd

12.4349 ± 1.0429

Hrd /(103 km/s)

26.7928 ± 3.5632

DA /rd

13.1305 ± 1.0465

DH /rd

8.94 ± 0.22

DM /rd

36.6 ± 1.2

0.61
1.19
1.50
1.83
Lyα-forest

14.021 ± 0.225

DA /rd
H(rd,f id /rd )[km/s/Mpc]

0.38
0.51

eBOSS

Hrd /(103 km/s)

2.40

Table 4:

Published values of BAO data used in the main analyses. In the last column we specify the data sets in which these
points have been employed. We label the latter with SP if they are used in DS1/SP; with BSP if they are used in DS1/BSP
and DS2/BSP; and finally with SP/BSP if they are used in the three data sets, DS1/SP, DS1/BSP, and DS2/BSP. See the
quoted references, and the text in Sect. 6.2

Survey

z

f (z)σ8 (z)

References

Data set

2MTF

0

0.505 ± 0.084

[231]

SP/BSP

6dFGS

0.067

0.423 ± 0.055

[97]

SP/BSP

SDSS-DR7

0.10

0.376 ± 0.038

[232]

SP/BSP

GAMA

0.18

0.29 ± 0.10

[99]

SP/BSP

0.38

0.44 ± 0.06

[100]

0.32

0.427 ± 0.056

[101]

BSP

0.57

0.426 ± 0.029

0.38

0.497 ± 0.045

[234]

SP

0.51

0.458 ± 0.038

0.61

0.436 ± 0.034

0.22

0.42 ± 0.07

[162]

SP/BSP

0.41

0.45 ± 0.04

0.60

0.43 ± 0.04

0.78

0.38 ± 0.04

0.60

0.49 ± 0.12

[233]

SP/BSP

0.86

0.46 ± 0.09

DR12 BOSS (BSP)
DR12 BOSS (SP)

WiggleZ

VIPERS

Table 5:

VVDS

0.77

0.49 ± 0.18

[104], [105]

SP/BSP

FastSound

1.36

0.482 ± 0.116

[230]

SP/BSP

eBOSS

1.19

0.4736 ± 0.0992

[229]

SP/BSP

1.50

0.3436 ± 0.1104

1.83

0.4998 ± 0.1111

As in Table 4, but for the published values of f (z)σ8 (z). See the quoted references, and text in Sect. 6.2

Such deviations with respect to a normal distribution may be due both to the evolution of gravitational instabilities that are amplified from the initial perturbations, or even from some intrinsic
non-Gaussianity of the primordial spectrum. For example, certain implementations of inflation
(typically multifield inflation models) unavoidably lead to a certain degree of non-Gaussianity [185].
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Therefore, in practice the bispectrum is expected to be a non-zero parameter in real cosmology,
even if starting from perfect Gaussianity, which is in no way an absolute condition to be preserved.
On the other hand, such departure should, of course, be small. But the dynamics of the DE is also
expected to be small, so there is a possible naturalness relationship between the two.
The bispectrum (BSP) has been described in many places in the literature, see e.g. [41, 185] and
references therein. The physical importance of including the bispectrum cannot be overemphasized
as it furnishes important complementary information that goes beyond the spectrum. If fluctuations in the structure formation were strictly Gaussian, their full statistical description would
be contained in the two-point correlation function hD(k) D(k0 )i since, as already mentioned, all
higher order correlators of even order can be expanded in terms of products of two-point functions.
In such a case the formal bispectrum defined above would identically vanish. However, there is
no a priori reason for that to happen, and in general this is not what we expect if we take into
consideration the reasons mentioned above. The crucial question is: how to test the real situation
in practice? While the above definitions are the formal ones, operationally (in other words, at
the practical level of galaxy counting) one must resort to use SP and BSP estimators of empirical
nature. For the power spectrum estimator one may use hF2 (k1 )F2 (k2 )i, where F2 (q) is the Fourier
transform of an appropriately defined weighted field of density fluctuations, that is to say, one
formulated in terms of the number density of galaxies [101].
Similarly, a bispectrum estimator hF3 (k1 )F3 (k2 )F3 (k3 )i can be defined from the angle-average of
closed triangles defined by the k-modes, k1 , k2 , k3 , where F3 (q) is the Fourier transform of the
corresponding weighted field of density fluctuations defined in terms of the number density of
galaxies. It can be conveniently written as
hF3 (k1 )F3 (k2 )F3 (k3 )i =

kf3

ˆ
d3 r DS1 (r)DS2 (r)DS3 (r) ,

V123

i.e. through an expression involving a separate product of Fourier integrals
ˆ
DSj (r) ≡
dqj F3 (qj )eiqj ·r .

(6.12)

(6.13)

Sj

Here kf is the fundamental frequency, kf = 2π/Lbox , Lbox the size of the box in which the galaxies
are embedded and
ˆ
ˆ
ˆ
V123 ≡
dq1
dq2
dq3 δ(q1 + q2 + q3 )
(6.14)
S1

S2

S3

is the number of fundamental triangles inside the shell defined by S1 , S2 and S3 , with Si the region
of the k-modes contained in a k-bin, ∆k, around ki . The Dirac δ insures that only closed triangles
are included – see the mentioned references for more details. The measurement of the bispectrum
estimator hF3 (k1 )F3 (k2 )F3 (k3 )i is essential to be sensitive to possible higher order effects associated to non-Gaussianities in the distribution of galaxies. This task is what has been done in the
important work [101].
Here we wish to dwell on the impact of the bispectrum as a potential tracer of the DDE. Observationally, the data on BAO+ LSS (more specifically, the f σ8 part of LSS) including both the
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Figure 3:

Triangular matrix containing all the possible combinations of two-dimensional marginalized distributions for
the various ΛCDM fitting parameters (at 1σ, 2σ and 3σ c.l.), together with the corresponding one-dimensional marginalized
likelihoods for each parameter. H0 is expressed in km/s/Mpc. We present the results for the main data sets used in this
chapter: DS1/SP, DS1/BSP, and DS2/BSP (cf. Tables 1 and 2 for the numerical fitting results, and the text for further
details).

spectrum (SP) and bispectrum (BSP) are taken from [101], together with the correlations among
these data encoded in the provided covariance matrices. The same data including SP but no BSP
has been considered in [234]. In this chapter, we analyze the full dataset DS1 with spectrum only
(dubbed DS1/SP) and also the same data when we include both SP and BSP (denoted DS1/BSP
for short). In addition, we test the DDE sensitivity of the special subset DS2, which involves both
SP+BSP components (scenario DS2/BSP). The contrast of results between the “bispectrumless”
scenarios (i.e. the pure SP ones) and those including the matter bispectrum component as well (i.e.
the SP+BSP ones) will be made apparent in our study, specially through our devoted discussions
in sections 6.4 and 6.5. The numerical fitting results that we have obtained for the DDE models
under examination and the ΛCDM are displayed in Tables 1 and 2. While we use Planck 2015
CMB data with full likelihood in almost all the cases, in the second block of Table 2 we report
on the preliminary results obtained from the recent Planck 2018 CMB data under compressed
likelihood [44, 235]. Let us note that the full likelihood for Planck 2018 CMB data is not public
yet. We discuss the results that we have obtained and their possible implications in the next two
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sections.
As indicated above, an additional fitting table has been generated (Table 3) in order to illustrate
the fact that the results presented here are consistent with other studies presented in the literature, namely for the case when we restrict our analysis to the baseline bispectrumless scenario
introduced in this chacpter (i.e. DS1/SP). We substantiate this fact by introducing an alternative bispectrumless scenario, which we call DS3/SP. The latter is essentially coincident with the
one used in the investigations of the same models recently presented by the authors of [31, 33],
although there exist some mild differences between our DS3/SP scenario and the one considered
by these authors, to wit: (i) In the supernovae sector there appear two differences: first, we use
the compressed Pantheon+MCT data [224] mentioned in the previous section, which in expanded
form includes more than one thousand supernovae, whereas they use the full (uncompressed) list
of supernova data from the Pantheon compilation, but in their list – and here lies the second
difference– they do not include the 15 high-redshift SNIa (z > 1) from the CANDELS and CLASH
Multy-Cycle Treasury (MCT) programs. However these differences should not be significant at
all, and we refer the reader to the detailed discussion in Ref. [225] to justify why is so. In fact, in
the latter reference it is demonstrated that the constraints derived from the full Pantheon+MCT
compilation of supernovae of Type Ia are essentially indistinguishable from those derived from
the corresponding compressed likelihood (see Fig. 3 of that reference); (ii) Concerning the BOSS
Lyα-forest data, they use the exact distributions, whereas we use the Gaussian approximations. A
direct comparison of the values of the fitting parameters reported in [31, 33] with those presented
in our Table 3 confirms a high degree of compatibility, being the discrepancies in all cases a small
fraction of 1σ. For instance, for the XCDM we obtain w0 = −1.002+0.034
−0.035 , and the authors of [31]
find w0 = −0.994 ± 0.033, which differs by less than 0.17σ from the former, taking the errors in
quadrature. The difference with respect to the value of w0 corresponding to the DS1/SP dataset in
Table 1 is also small: 0.18σ. On these grounds we judge that the approach adopted in our analysis
is fully consistent and that the tiny differences which may appear between the exact and compressed treatment of the SNIa and the exact and Gaussian Lyα-forest likelihoods cannot be held
responsible for any significant change in the main conclusions, as to the dynamical nature of the
DE. Put another way, the preliminary signal of DDE that we find in this work cannot be attributed
to the tiny differences among the bispectrumless data sets existing in the literature, whether our
DS1/SP, DS3/SP, the exact one used e.g. by [31, 33] or any other consistent dataset employed by
different authors. All these bispectrumless scenarios are statistically equivalent since they involve a
sufficiently complete and uncorrelated set of data from the various SNIa+H(z)+BAO+LSS+CMB
sources and therefore they are mutually consistent within a fraction of 1σ errors. We must conclude that the emerging indications of DDE that we have encountered should rather originate
from the peculiarities of the bispectrum component, which seems to be particularly sensitive to
the dynamical features presumably sitting in the DE.
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Figure 4:

As in Fig. 3, but for the XCDM. Here we also show the two-dimensional contours and one-dimensional distribution
for the EoS parameter w0 .
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Figure 5: As in Fig. 3, but for the φCDM model. We also include the two-dimensional contours and one-dimensional
distribution for the parameter α of the potential (6.8).

6.4

Confronting DDE to observations

As we can see from Tables 1 and 2, the comparison of the ΛCDM with the DDE models points to
a different sensibility of the data sets used to the dynamics of the DE. If we start focusing on the
results from the bispectrumless scenario DS1/SP – cf. left block of Table 1 – there is no evidence
that the DDE models perform better than the ΛCDM. The XCDM, for instance, yields a weak
signal which is compatible with w0 = −1 (i.e. a rigid CC). This is consistent e.g. with the analysis
of [31]. The φCDM model remains also inconclusive under the same data. The upper bound of
α < 0.092 at 1σ (0.178 at 2σ) recorded in that table is consistent, too, with the recent studies
of [33]. The same conclusion is derived upon inspection of Table 3, based on the alternative bispectrumless scenario DS3/SP, whose fitting results are indeed consistent with those collected for our
DS1/SP as well as with those from the mentioned references [31] and [33]. Notwithstanding, both
the XCDM parametrization and the φCDM model fare significantly better than the ΛCDM if we
consider the dataset DS1/BSP, i.e. upon including the bispectrum component of the BAO+LSS
data. The corresponding DDE signature is about 2σ c.l. However, it is further enhanced within
the restricted DS2/BSP dataset, where the XCDM and the φCDM reach in between 2.5 − 3σ c.l.
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Figure 6:

Contour lines for the XCDM in the planes (ωcdm , w0 ) and (Ωm , w0 ) obtained with different data set combinations
and using the compressed Planck 2018 data [44, 235] instead of the full Planck 2015 likelihood [130]. More concretely we
show the results obtained with the DS2/BSP data set (CMB+BAO+LSS, in grayish shades, see the second block of Table 2),
the DS1/BSP (ALL DATA, dashed red contours), and the DS1/BSP but without LSS (CMB+BAO+SNIa+H(z), solid green
contours). The solid points indicate the location of the best-fit values in each case. When the LSS data points with bispectrum
are considered in combination with the CMB and BAO constraints the DDE signal exceeds the 2σ c.l., regardless we use the
Planck 2015 or 2018 information. See the text for further details.

(cf. left block of Table 2). As for the CPL parametrization, Eq. (6.1), we record it explicitly in
Table 1 for the DS1/BSP case only. One can check that even in this case the errors in the EoS
parameters are still too big to capture any clear sign of DE dynamics, owing to the additional
+0.273
parameter present in this model. Specifically, we find w0 = −0.934+0.067
−0.075 and w1 = −0.045−0.204 ,
hence fully compatible with a rigid CC (w0 = −1, w1 = 0).
In Fig. 1 we show the contour plots in the (ωcdm , w0 ) and (ωcdm , α) planes for the XCDM and
φCDM models, respectively, at different confidence levels, which are obtained with the (bispectrumless) DS1/SP data set. It is obvious from these contours that the models do not exhibit a
clear preference for DDE. The contour plots for the XCDM (on the left side of Fig. 1) appear
located roughly 50% up and 50% down with respect to the cosmological constant divide w0 = −1,
and therefore we cannot appraise any marked preference for a deviation into the quintessence
(w0 & −1) or the phantom region (w0 . −1). Similarly, the contour plots for the parameter α of
the φCDM model (indicated on the right side of Fig. 1) show that α is consistent with zero at
1σ, which means that the potential (6.8) is perfectly compatible with a cosmological constant. In
Fig. 2, however, the situation has changed in a rather conspicuous way. Once more we display
the corresponding contour plots for the XCDM and φCDM models, but now they are obtained in
the presence of the bispectrum, specifically we use in this case the DS2/BSP data set. While we
could use the entire DS1/BSP set, the former subset (made exclusively on BAO+LSS+CMB) is
slightly more sensitive and we choose it to illustrate which data tend to optimize the DDE signal.
After all not all data is expected to be equally sensitive, and this is something that has already
been noted for other DDE models [207]. Coming back to Fig. 2 we can see that, in stark contrast
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Figure 7:

The same as in Fig. 6, but for the φCDM model and in the planes (ωcdm , α) and (Ωm , α).

with Fig. 1, there is a marked preference for the contours of the XCDM to shift upwards into the
quintessence region. Specifically, the EoS parameter w0 lies now more than 2.5σ away from −1 in
the quintessence domain w0 & −1. On the other hand, in the φCDM case (shown in the right plot
of the same figure) we consistently find α > 0 at a similar (actually slightly higher) c.l. Figures
3-5 are also very illustrative. They contain the confidence contours in all the relevant planes of
the parameter space up to 3σ c.l., together with the marginalized one-dimensional posterior distributions for the various fitting parameters. In Fig. 3 we present the results obtained with the
DS1/SP, DS1/BSP and DS2/BSP scenarios in the context of the ΛCDM. Figs. 4 and 5 contain
the analogous plots for the XCDM and φCDM, respectively. These figures allow us to appreciate
in a very straightforward way what are the shifts in the confidence regions caused by the various
changes of our cosmological data sets. Fig. 3 shows, for instance, that in the ΛCDM the central
values of all the parameters that enter the fit get shifted away from their DS1/SP values when
the bispectrum information is also taken into account. These shifts are specially important for
the parameters ωcdm , ns , τ and H0 , which in the DS1/BSP scenario are shifted +1.48σ, −1.13σ,
−1.23σ and −1.62σ away with respect to the DS1/SP case. In contrast, ωb and σ8 (0) are lesser
modified (−0.60σ and −0.79σ, respectively). The removal of the SNIa+H(z) data points from
the DS1/BSP data set (which gives rise to the DS2/BSP one) does not produce any additional
significant change in the ΛCDM, as it can be easily checked by comparing the DS1/BSP and
DS2/BSP contours and the corresponding one-dimensional distributions of Fig. 3. In the DDE
models the effect on the parameters introduced by the bispectrum signal is quite different. To
begin with, the values of ωcdm , ωb , ns and τ remain very stable and completely compatible at < 1σ
regardless of the data set under consideration. Moreover, the values of these parameters are also
compatible with those of the ΛCDM in the DS1/SP scenario. This means that the bispectrum
does not force in the XCDM and φCDM any important shift of the central values of ωcdm , ωb , ns
and τ with respect to the typical values found in the ΛCDM when we only consider the matter
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Figure 8:

The EoS for the considered DE models within the corresponding 1σ bands and under scenario DS2/BSP. For
the XCDM the EoS is constant and points to quintessence at ∼ 2.6σ c.l (cf. Table 2). For the φCDM the EoS evolves with
time and is computed through a Monte Carlo analysis. The current value is w(z = 0) = −0.925 ± 0.026 and favors once more
quintessence at ∼ 2.9σ c.l.

power spectrum part of the LSS+BAO data sector. Conversely, when we move from the DS1/SP
scenario to the DS1/BSP and, finally, to the DS2/BSP, we find a progressive and non-negligible
displacement of the peaks of the one-dimensional distributions for H0 and σ8 (0) towards lower values, which is accompanied by a departure of the DDE parameters of the XCDM (w0 ) and φCDM
(α) from the ΛCDM values (−1 and 0, respectively). The global decrease of σ8 (0) from DS1/SP to
DS2/BSP is −1.6σ (−1.3σ) for XCDM (φCDM), and the one of H0 is −2.3σ for both models. This
fact allows to reduce the well-known σ8 -tension [193] in a more efficient way in the context of the
DDE models. However, the low values of the Hubble parameter derived in the XCDM and φCDM
from our fitting analyses keep the statistical tension with the local distance ladder determinations
of [146, 236] high, reaching the latter the ∼ 3.8σ level. Nevertheless, it is important to remark
that the values of H0 obtained by us in the current study are perfectly consistent with those obtained by some authors that apply model-independent reconstruction techniques and low-redshift
data from SNIa, BAO and H(z) data points from cosmic chronometers, see e.g. [237–241]. In
the DDE scenarios analyzed in this paper, the σ8 -tension is directly linked with the H0 -tension.
We can only loosen the former at the expense of keeping the latter (cf. the contour lines in the
H0 -σ8 (0) plane of Figs. 4 and 5). This is consistent with our analysis of [198], in which we studied
other DDE models pointing to the same conclusion. Future data might be able to elucidate the
ultimate origin of the H0 -tension. If the true value of H0 lies in the Planck-preferred region of
H0 ∼ 66−68 km/s/Mpc, then the DDE models can offer an efficient way of automatically relieving
the σ8 -tension. From a more prospective point of view, in Figs. 6 and 7 we perform a preliminary
exploration of the corresponding results using Planck 2018 data. The results for the same DDE
models are obtained under different data set combinations, but on this occasion making use of the
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Figure 9:

(Upper plots) The power spectrum for the DDE models under consideration side by side with the relative
(percentage) differences with respect to that of the ΛCDM. We have used the best-fit values of the parameters of each model;
(Bottom plots) As before, but considering the CMB temperature anisotropies for Planck 2015 data. The inner plots show
additional details including the data points with the corresponding errors in part or the whole available angular range.

Planck 2018 compressed CMB data, given the mentioned fact that the full likelihood for Planck
2018 is not publicly available yet. These plots make, once more, palpable the importance of the
bispectrum for the study of the DDE. Indeed, it is only when the bispectrum is included in the
analysis, together with the CMB and BAO data sets, that a non-negligible signal in favor of the
dynamical nature of the DE clearly pops out.
In Fig. 8 we plot the EoS of the various models in terms of the redshift near our time and within
the 1σ error bands for the XCDM and φCDM, again for the DS2/BSP case. These bands have
been computed from a Monte Carlo sampling of the w(z) distributions. The behavior of the curves
shows that the quintessence-like behavior is sustained until the present epoch. For the φCDM we
find w(z = 0) = −0.925 ± 0.026, thus implying a DDE signal at ∼ 2.9σ c.l., which is consistent
with the XCDM.
Finally, in Fig. 9 we compute the matter power spectrum and the temperature anisotropies for
the DDE models using Planck 2015 data, and also display the percentage differences with respect
to the ΛCDM. As can be seen, the differences of the CMB anisotropies between the DDE models
and the ΛCDM remain safely small, of order ∼ 1% at most for the entire range. The 3 − 5%
suppression of the matter power spectrum P (k) of the DDE models in the relevant range of wave
numbers k with respect to the one of the concordance model is what gives rise to lower values of
σ8 (0) (cf. Tables 1-3).
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∆BIC = 2 ln Bij

Bayesian evidence of model Mi versus Mj

0 < ∆BIC < 2

weak evidence (consistency between both models)

2 < ∆BIC < 6

positive evidence

6 < ∆BIC < 10

strong evidence

∆BIC ≥ 10

very strong evidence

∆BIC < 0

counter-evidence against model Mi

Table 6:

Conventional ranges of values of ∆BIC used to judge the observational support for a given model Mi with respect
to the reference one Mj . See [140, 197] for more details.

6.5

Bayesian evidence of DDE

The main results of this work are synthesized in Tables 1 and 2, and in Figs. 1-10. Here we
wish to quantify the significance of these results from the statistical point of view. This is done
in detail in Fig. 10. In what follows we explain the meaning of this figure and we list the most
important formulas regarding the Bayesian evidence. See Appendix. E for all the details. As
remarked before, in the absence of BSP data the DDE signs are weak and we find consistency with
previous studies. However, when we include BSP data and focus on the LSS+BAO+CMB observables (i.e. scenario DS2/BSP) the situation changes significantly. Both models XCDM and φCDM
then consistently point to a 2.5 − 3σ effect. Specifically, the evolving EoS of the φCDM takes a
value at present which lies ∼ 3σ away from the ΛCDM (w = −1) into the quintessence region
w & −1 (cf. Fig. 8). To appreciate the significance of these results we compute the Bayesian evidence, based on the obtention of the posterior probability function for the fitting parameters. The
details of the procedure, as well as the notation employed, can be obtained in Sec. E of Appendix E.
In Fig. 10 we compute the full Bayesian evidence curves as a function of the prior range.
We assume flat priors for the parameters in each model (we have no reason to assume otherwise).
Thus p(θ|M ) (the marginal likelihood) is constant and cancels out for all common θ in the two
models, rendering Bij (the Bayes factor) a pure ratio of marginal likelihoods. We define the unit
of measure of the prior range, σ̄, as half the sum of the upper and lower fitting errors of the
DDE parameters in Tables 1 and 2. In Fig. 10 we rate the level of support of the DDE models
as compared to the ΛCDM for each value of the prior range, following the standard definitions
collected in Table 6 [140, 197].
As indicated, we utilized the code MCEvidence [242] 13 to compute the exact ∆BIC values in Fig.
10. We have actually compared these results with those obtained for the evidences computed with
Gaussian (Fisher) likelihoods for the parameters and we have found that they are qualitatively
similar but with non-negligible numerical differences. These were expected from the mild departures of Gaussianity from the exact distributions. The full evidence curves in Fig. 10 reconfirm
the mentioned result that with the bispectrumless dataset DS1/SP the evidence is weak. But at
13

We thank Y. Fantaye for helpful advice in the use of the numerical package MCEvidence
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Figure 10: The full Bayesian evidence curves for the various models as compared to the ΛCDM as a function of the (flat)
prior range (in σ̄ units, see text). The curves are computed using the exact evidence formula, Eq. (??), with the data indicated
in Table 1 and the first block of Table 2 (i.e. with full Planck 2015 CMB likelihood). The marked evidence ranges conform
with the conventional definitions of Bayesian evidence shown in Table 6.

the same time we can recognize once more the impact of the bispectrum in the scenarios enriched
with this component. Thus, it is remarkable to find a long tail of sustained positive Bayesian
evidence both for the XCDM and φCDM within the scenario DS2/BSP, which corroborates the
higher sensitivity of the BAO+LSS+CMB data to DDE. The fact that with the full Planck 2015
data and with traditional models and parametrizations of the DE we can reach such significant
level of evidence is encouraging. Even more reassuring is the fact that with the preliminary Planck
2018 data we can reach similar levels of evidence (cf. Table 2, second block, and also Figs. 6 and
7), which will have to be refined when the full Planck 2018 likelihood will be made public.
Last, but not least, let us emphasize one final important point of our analysis. Our results with
BSP data show that the DDE values of σ8 (0) (specially within the DS2/BSP scenario) are smaller
than the (bispectrumless) ΛCDM value quoted in Table 1 by roughly 2σ, thus essentially mitigating the σ8 -tension [193]. As remarked in Sect. 6.4 (related to our discussion on Fig. 3), the ΛCDM
value of σ8 (0) does also diminish with BSP, but it is insufficient to alleviate the σ8 -tension. The
latter is defined of course by taking as a reference the bispectrumless ΛCDM result since the higher
order corrections to the spectrum were never considered in previous analyses of the σ8 -tension.
This is the reason why we have compared with that value in order to judge the performance of
the DDE models in connection to such tension. We have checked also the influence of massive
neutrinos. We find that a similar effect is possible within the ΛCDM (under DS1/BSP) for a
P
sum of neutrinos masses of
mν = 0.195 ± 0.076 eV, leading to σ8 (0) = 0.785 ± 0.014. Recall,
however, that in all our fitting tables we have included a light massive neutrino of 0.06 eV, which
is the standard assumption adopted in most analyses [130] so as to preserve the so-called normal
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hierarchy of neutrino masses (as required from neutrino oscillation experiments). A solution solely
based on invoking a substantially massive neutrino scenario is thus ruled out since it clashes with
the usual constraints on neutrino oscillations; specifically, it requires unnatural fine-tuning among
the neutrino masses. The DDE option is, therefore, more natural. There may be, of course, other
factors that could have an influence on this analysis, such as e.g. the possible concurrence of spatial
curvature effects. When curvature is allowed to be a free parameter the constraints on DE dynamics may weaken since we then have an additional parameter. We have already seen a weakening
of DDE evidence in the case of the CPL as compared to the XCDM, owing to the presence of one
more parameter in the former case as compared to the latter. The effects of curvature in this kind
of analyses have been studied for the main models under consideration in [31, 33, 34, 243, 244], and
previously in [111, 245]. For instance, in [243] (see also references therein) the authors show that
in the non-flat ΛCDM model the spatial curvature also allows a decrease of the central value of
σ8 (0) when only the TT+lowP+lensing Planck 2015 CMB data is employed in the fitting analysis.
When a more complete data set including SNIa+H(z)+BAO+LSS is considered, though, such
decrease is less significant. The same pattern is found e.g. for the φCDM in [33]. It is nonetheless
important to point out that the effect of the bispectrum signal in the BAO+LSS data sector has
not been studied in the context of a spatially curved Universe yet. It would be interesting to
carefully assess it. Here, however, we have chosen to present our main results by placing emphasis
on the impact of the bispectrum on the study of the DDE within the simplest possible scenario,
which is to assume spatially flat FLRW metric. In order to better isolate the effect, we have
avoided additional considerations, except for revisiting the impossibility that massive neutrinos
alone can solve these problems in a natural way. Owing to the considerable controversy in the
literature on these matters we believe that by focusing the message we gain in clarity. The study
of additional effects can be, of course, very interesting for future investigations, but the main focus
of the current study is the impact of the bispectrum on the DDE.

6.6

Conclusions

In this chapter, we have tested the performance of cosmological physics beyond the standard or
concordance ΛCDM model, which is built upon a rigid cosmological constant. We have shown
that the global cosmological observations can be better described in terms of models equipped
with a dynamical DE component that evolves with the cosmic expansion. Our task has focused
on three dynamical dark energy (DDE) models: the general XCDM and CPL parametrizations as
well as a traditional scalar field model (φCDM), namely the original Peebles & Ratra model based
on the potential (6.8). We have fitted them (in conjunction with the ΛCDM) to the same set of
cosmological data based on the observables SNIa+BAO+H(z)+LSS+CMB. Apart from the global
fit involving all the data, we have also tested the effect of separating the expansion history data
(SNIa+H(z)) from the features of CMB and the large scale structure formation data (BAO+LSS,
frequently interwoven), where LSS includes both the RSD and weak lensing measurements. We
have found that the expansion history data are not particularly sensitive to the dynamical effects
of the DE, whereas the BAO+LSS+CMB are more sensitive. Furthermore, we have evaluated
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for the first time the impact of the bispectrum component in the matter correlation function on
the dynamics of the DE . We have done this by including BAO+LSS data that involve both the
conventional power spectrum and the bispectrum. The outcome is that when the bispectrum component is not included our results are in perfect agreement with previous studies of other authors,
meaning that in this case we do not find clear signs of dynamical DE. In contrast, when we activate
the bispectrum component in the BAO+LSS sector (along with the corresponding covariance matrices) we can achieve a significant DDE signal at a confidence level of 2.5 − 3 σ for the XCDM and
the φCDM. We conclude that the bispectrum can be a very useful tool to track possible dynamical
features of the DE and their influence in the formation of structures in the linear regime.
A surplus of our analysis is that we have also found noticeably lower values of σ8 (0) in the presence
of the bispectrum, see the third from last row of Table 2. For a long time it has been known that
there is an unexplained ‘σ8 -tension’ in the framework of the ΛCDM, which is revealed through
the fact that the ΛCDM tends to provide higher values of σ8 (0) than those obtained from RSD
measurements. Dynamical DE models, therefore, seem to provide a possible alleviation of such
tension, specially when we consider the combined CMB+BAO+LSS measurements and with the
inclusion of the bispectrum.
Finally, let us remark that although we have used the full Planck 2015 CMB likelihood in our
work, we have also advanced the preliminary results involving the recent Planck 2018 data under
compressed CMB likelihood, still awaiting for the public appearance of the full Planck 2018 likelihood. The prospective results that we have obtained do consistently keep on favoring DDE versus
a rigid cosmological constant.
To summarize, our study shows that it is possible to reach significant signs of DDE with the current data, provided we use the bispectrum in combination with the power spectrum. The main
practical conclusion that we can draw from our results is quite remarkable: the potential of the
bispectrum for being sensitive to dynamical DE effects is perhaps more important than it was
suspected until now. As it turns out, its more conventional application as a tool to estimate the
bias between the observed galaxy spectrum and the underlying matter power spectrum may now
be significantly enlarged, for the bispectrum (as the first higher-order correction to the power
spectrum) might finally reveal itself as an excellent tracer of dynamical DE effects, and ultimately
of the “fine structure” of the DE.
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7

Brans-Dicke cosmology with a
Λ-term a possible solutions to
ΛCDM tensions

In this chapter we focus our efforts in study the well-known gravity model of Brans and Dicke
with a cosmological constant (CC). As it will be seen throughout this chapter, this alternative
to Einstein’s General Relativity is characterized by having an scalar field, replacing the constant
Newton’s coupling GN , which mediates the gravitational interaction together with the metric
field.
We wish to stick firmly to the Λ-term as the simplest provisional explanation for the cosmic
acceleration. But we want to do it on the grounds of what we may call the BD-ΛCDM model, i.e. a
cosmological framework still encompassing all the phenomenological ingredients of the concordance
ΛCDM model, in particular a strict cosmological constant term Λ and dark matter along with
baryons, but now all of them ruled over by a different gravitational paradigm: BD-gravity [83,
246, 247], instead of GR. Our intention is to combine the dynamical character of G in the context
of BD-gravity with a cosmological term Λ, aiming at finding a form of (effective) dynamical dark
energy (DDE) capable to overcome the H0 -tension and the σ8 -tension, both, having been discussed
in previous chapters. Not all forms of DDE can make it. In this chapter we will discuss the fact
that the simultaneous solution/alleviation of the two tensions requires a very particular form of
DDE which is “aligned” with the kind of observable to be adjusted.
We show that the H0 -tension can be significantly reduced in this context; and, interestingly enough,
this can be achieved without detriment of the σ8 -tension, hence fulfilling what we call, the golden
rule. We also find that an effective signature for dynamical DE may ultimately emerge from the
BD-ΛCDM dynamics, and such signature is able to mimic quintessence at a confidence level in
between 3 − 4σ level, depending on the datasets used. If a successful phenomenological description
of the data and the loosening of the tensions could be reconfirmed with the advent of new and
more precise data and new analyses in the future, it would be tantalizing to suggest the possibility
that the underlying fundamental theory of gravity might actually be BD rather than GR. But
there is still a long way to follow, of course.
The layout of this paper reads as follows. In Section 7.1 we introduce the basics of the Brans-Dicke
(BD) model. In particular, we discuss the introduction of the cosmological term in this theory and
the notion of effective gravitational coupling. Section 7.2 is a preview of the whole paper, and in
this sense it is a very important section where the reader can get a road map of the basic results
of the paper and above all an explanation of why BD-cosmology with a CC can be a natural and
efficient solution to the H0 and σ8 tensions. Section 7.3 shows how to parametrize BD-cosmology
as a departure from GR-cosmology. We show that BD with a CC appears as GR with an effective
equation of state (EoS) for the dark energy which behaves quintessence-like at a high confidence
level. The remaining of the paper presents the technical details and the numerical analysis, as
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well as complementary discussions. Thus, Section 7.4 discusses the perturbations equations for
BD-gravity in the linear regime (leaving for Appendix B the technical details); Section 7.5 defines
four scenarios for the BD-cosmology in the light of Mach’s Principle; Section 7.6 carefully describes
the data used from the various cosmological sources; Section 7.7 presents the numerical analysis
and results. In Section 7.8 we perform a detailed discussion of the obtained results and we include
a variety of extended considerations, in particular we assess the impact of massive neutrinos in the
BD-ΛCDM framework. Finally, in Section 7.9 we deliver our conclusions.

7.1

BD-ΛCDM: Brans-Dicke gravity with a cosmological constant

Since the appearance of GR, more than one hundred years ago, many alternative theories of
gravity have arisen, see e.g. [248–251] and references therein. The most important one, however,
was proposed by Brans and Dicke almost sixty years ago [83]. This theoretical framework contains
an additional gravitational d.o.f. as compared to GR, and as a consequence it is different from GR
in a fundamental way, see the previously cited reviews. The new d.o.f. is a scalar field, ψ, coupled
to the Ricci scalar of curvature, R. BD-gravity is indeed the first historical attempt to extended
GR to accommodate variations in the Newtonian coupling G. A generalization of it has led to a
wide panoply of scalar-tensor theories since long ago [252–255]. The theory is also characterized
by a (dimensionless) constant parameter, ωBD , in front of the kinetic term of ψ.

7.1.1

Action and field equations

In our study we will consider the original BD-action extended with a cosmological constant density
term, ρΛ , as it is essential to mimic the conventional ΛCDM model based on GR and reproduce
its main successes. In this way we obtain what we have called the ‘BD-ΛCDM model’ in the
introduction, i.e. the version of the ΛCDM within the BD paradigm. The BD action and the
corresponding field equations can be found in Sec.1.4.4. Hereafter, for convenience, we will use
a dimensionless BD-field, ϕ, and the inverse of the BD-parameter, according to the following
definitions:
1
.
(7.1)
ϕ(t) ≡ GN ψ(t) ,
BD ≡
ωBD
In this expression, GN = 1/m2Pl , being mPl the Planck mass; GN gives the local value of the
gravitational coupling, e.g. obtained from Cavendish-like (torsion balance) experiments. Note
that a nonvanishing value of BD entails a deviation from GR. Being ϕ(t) a dimensionless quantity,
we can recover GR by enforcing the simultaneous limits BD → 0 and ϕ → 1. We emphasize that
it is not enough to set BD → 0. In this partial limit, we can only insure that ϕ (and ψ, of course)
does not evolve, but it does not fix its constant value. As we will see later on, this feature can be
important in our analysis. Using (7.1), we can see that (1.148) can be rewritten


 ˆ
ˆ
√
1
ωBD µν
4 √
Rϕ −
g ∂ν ϕ∂µ ϕ − 2Λ + d4 x −g Lm (χi , gµν ) , (7.2)
SBD = d x −g
16πGN
ϕ
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where Λ is the cosmological constant, which is related with the associated vacuum energy density
as ρΛ = Λ/(8πGN ). The cosmological equations, written in terms of ϕ and BD in the FLRW
metric read as follows:
 2
ϕ̇
ϕ̇
1
8πGN
2
3H + 3H −
=
ρ
(7.3)
ϕ 2BD ϕ
ϕ
 2
ϕ̇
ϕ̈
ϕ̇
1
8πGN
2
2Ḣ + 3H + + 2H +
=−
p
(7.4)
ϕ
ϕ 2BD ϕ
ϕ
8πGN BD
(ρ − 3p)
(7.5)
ϕ̈ + 3H ϕ̇ =
2 + 3BD
where the dots represent derivatives w.r.t. the cosmic time and ρ ≡ ρm + ργ + ρν + ρΛ and
p ≡ pm + pγ + pν + pΛ . The matter part ρm ≡ ρb + ρcdm , contains the pressureless contribution
from baryons and cold dark matter. Photons are of course relativistic, so pγ = ργ /3. The functions
ρν and pν include the effect of massive and massless neutrinos, and therefore must be computed
numerically. Since no interaction is considered between the BD scalar field and matter the local
energy conservation equation takes the usual form
X
ρ̇ + 3H(ρ + p) =
ρ̇N + 3H(ρN + pN ) = 0
(7.6)
N

where the sum is over all components.

7.1.2

Cosmological constant and vacuum energy in BD theory

There are several ways to introduce the cosmological constant in the BD framework, so a few
comments are in order at this point, see e.g. the comprehensive exposition [256] and the works
[257–260] in the context of inflation. We can sum up the situation by mentioning essentially three
ways. In one of them, the BD-action (1.148) is obtained upon promoting GN in the EinsteinHilbert (EH) action with the ρΛ term into a dynamical scalar field 1/ψ, adding the corresponding
kinetic term and keeping ρΛ = const. The CC term Λ is then related with the vacuum energy
density through ρΛ = Λ/(8πGN ). The EoS of the vacuum fluid is defined as pΛ = −ρΛ . With
these definitions, which we adopt throughout this chapter, the CC is not directly coupled to the
BD-field. The latter, therefore, has a trivial (constant) potential, and the late-time acceleration
source behaves as in the GR-ΛCDM model. Alternatively, one could also adopt the EH action
with CC and promote GN to a dynamical scalar, adding the corresponding kinetic term as before,
but now keeping Λ = const. instead of ρΛ = const. In this case, Λ is linearly coupled to ψ. The
potential energy density for the scalar field takes the form ρΛ (ψ) = ψΛ/(8π), so it is time-evolving.
The coupling between the cosmological constant and the BD-field modifies the equations of motion.
Thus, it may also alter the physics with respect to the option (1.148), at least when the dynamics
of the scalar field is not negligible [260–266]. A third possibility, of course, is to consider more
general potentials, but they do not have a direct interpretation of a CC term as in the original GR
action with a cosmological term, see e.g. [267–270]. Let us briefly explain why. If one starts from a
general potential for the BD-field in the action, say some arbitrary function of the BD-field U (ψ)
(not carrying along any additive constant) in place of the constant term ρΛ in (1.148), then it is
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not so straightforward to generate a CC term and still remain in a pure BD framework. For if one
assumes that ψ develops a vacuum expectation value 14 , then the theory (when written in terms
of the fluctuating field around the ground state) would split into a non-minimal term coupled to
curvature and a conventional EH term, so it would not be a pure BD theory. This point of view is
perfectly possible and has been considered by other authors, on which we shall comment in some
detail in Sec. 7.8. However, proceeding in this way would lead us astray from our scientific leitmotif
in this work (which is, of course, to remain fully within the BD paradigm). Yet there is another
option which preserves our BD philosophy, which is to perform a conformal transformation to the
Einstein frame, where one can define a strict CC term. Then we could impose that the effective
potential in that frame, V , is a constant. However, once this is done, the original potential in the
(Jordan) BD frame, U , would no longer be constant since it would be proportional to V times ϕ2 ,
with ϕ defined as in (7.1). Conversely, one may assume U = ρΛ = const. in the Jordan frame
(as we actually did) and then the vacuum energy density will appear mildly time-evolving in the
Einstein frame (for sufficiently large ωBD , of course). This last option is actually another way to
understand why the vacuum energy density can be perceived as a slightly time-evolving quantity
when the BD theory is viewed from the GR standpoint. It is also the reason behind the fact that
the BD-ΛCDM framework mimics the so-called running vacuum model (RVM), see Appendix C
and references therein for details. As indicated, in this work we opt for considering the definition
provided in (1.148), as we wish to preserve the exact canonical form of the late-time acceleration
source that is employed in the GR-ΛCDM model. At the same time we exploit the connection of
the BD framework with the RVM and its well-known successful phenomenological properties, see
e.g. [51,124,155,186,198,207,271,272]. In addition, in Sec. 7.3 we consider a direct parametrization
of the departures of BD-ΛCDM from GR-ΛCDM.

7.1.3

Effective gravitational strength

From (7.2) it follows that the quantity
G(ϕ) =

GN
ϕ

(7.7)

constitutes the effective gravitational coupling at the level of the BD-action. We will argue that
G(ϕ) is larger than GN because ϕ < 1 (as it will follow from our analysis). The gravitational field
between two tests masses, however, is not yet G(ϕ) but the quantity Geff (ϕ) computed below.
Let us remark that if one would like to rewrite the BD action in terms of a canonically normalized scalar field φ (of dimension 1) having a non-minimal coupling to curvature of the form
1
2
2
2 ξφ R, it would suffice to redefine the BD-field as ψ = 8πξ φ with ξ = 1/(4ωBD ) = BD /4, and
then the scalar part of the action takes on the usual form

 ˆ
ˆ
√
1 2
1 µν
4 √
SBD = d x −g
ξφ R − g ∂ν φ∂µ φ − ρΛ + d4 x −g Lm (χi , gµν ) .
(7.8)
2
2
14

We may assume, for the sake of the argument, that it is a classical ground state, since the BD-field is supposed
to be part of the external gravitational field. Recall that we do not assume gravity being a quantized theory here
but just a set of background fields, in this case composed of the metric components gµν and ψ (or equivalently ϕ).
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This alternative expression allows us to immediately connect with the usual parametrized postNewtonian (PN) parameters, which restrict the deviation of the scalar-tensor theories of gravity
with respect to GR [250, 251, 273]. Indeed, if we start from the generic scalar-tensor action

 ˆ
ˆ
√
1
1 µν
4 √
S = d x −g
F (φ)R − g ∂ν φ∂µ φ − V (φ) + d4 x −g Lm (χi , gµν ) ,
(7.9)
2
2
we can easily recognize from (7.8) that F (φ) = ξφ2 , and that the potential V (φ) is just replaced by
the CC density ρΛ . In this way we can easily apply the well-known formulae of the PN formalism.
We find the following values for the main PN parameters γ PN and β PN in our case (both being
equal to 1 in strict GR):
1 − γ PN =

4ξ
BD
F 0 (φ)2
=
' BD + O(2BD )
=
0
2
F (φ) + 2F (φ)
1 + 8ξ
1 + 2BD

and
1 − β PN = −

1
F (φ)F 0 (φ)
dγ PN
= 0,
4 2F (φ) + 3F 0 (φ)2 dφ

(7.10)

(7.11)

where the primes refer here to derivatives with respect to φ. We are neglecting terms of O(2BD )
and, in the second expression, we use the fact that dγPN /dφ = 0 since ωBD = const. (hence BD =
const. too) in our case. Therefore, in BD-gravity, γ PN deviates from 1 an amount given precisely
by BD (in linear order), whereas β PN undergoes no deviation at all. Furthermore, the effective
gravitational strength between two test masses in the context of the scalar-tensor framework (7.9)
is well-known [250, 251, 273]. In our case it leads to the following result:
Geff (ϕ) =

2F (φ) + 4F 0 (φ)2
1 1 + 8ξ
2 + 4BD
1
=
= G(ϕ)
,
0
2
2
8πF (φ) 2F (φ) + 3F (φ)
8πξφ 1 + 6ξ
2 + 3BD

(7.12)

where G(ϕ) is the effective gravitational coupling in the BD action, as indicated in Eq. (7.7).
Expanding linearly in BD , we find


1
2
(7.13)
Geff (ϕ) = G(ϕ) 1 + BD + O(BD ) .
2
We confirm from the above two equations that the physical gravitational field undergone by two
tests masses is not just determined by the effective G(ϕ) of the action but by G(ϕ) times a correction factor which depends on BD and is larger (smaller) than G(ϕ) for BD > 0 (BD < 0).
From the exact formula (7.12) we realize that if the local gravitational constraint ought to hold
strictly, i.e. Geff → GN , such formula would obviously enforce
ϕ=

2 + 4BD
.
2 + 3BD

(7.14)

Due to Eq. (7.10), the bound obtained from the Cassini mission [274], γ PN − 1 = (2.1 ± 2.3) × 10−5 ,
translates directly into a constraint on BD ' (−2.1 ± 2.3) × 10−5 (in linear order), what implies
ωBD & 104 for the BD-parameter. Thus, if considered together with the assumption ϕ ' 1 we
would be left with very little margin for departures of Geff from GN . However, as previously
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indicated, we will not apply these local astrophysical bounds in most of our analysis since we will
assume that BD may not be constrained in the cosmological domain and that the cosmological
value of the gravitational coupling G(ϕ) is different from GN owing to some possible variation of
the BD-field ϕ at the cosmological level. This can still be compatible with the local astrophysical
constraints provided that we assume the existence of a screening mechanism in the local range
which ‘renormalizes’ the value of ωBD and makes it appear much higher than its ‘bare’ value (the
latter being accessible only at the cosmological scales, where matter is much more diluted and
uninfluential) — cf. Sec. 7.5 for details on the various possible BD scenarios. We know that this
possibility remains open and hence it must be explored [275], see also [41, 250] and references
therein.
Henceforth we shall stick to the original BD-form (1.148) of the action since the field ψ (or,
alternatively, its dimensionless companion ϕ) is directly related to the effective gravitational coupling and the ωBD parameter can be ascribed as being part of the kinetic term of ψ. In contrast,
the form (7.8) involves both φ and ξ = 1/(4ωBD ) in the definition of the gravitational strength.

7.2

Why BD-ΛCDM alleviates at a time the H0 and
σ8 tensions? Detailed preview and main results of
our analysis.

The field ϕ and the parameter BD defined in the previous section, Eq. (7.1), are the fundamental
new ingredients of BD-gravity as compared to GR in the context of our analysis. Any departure
of ϕ from one and/or of BD from zero should reveal an extra effect of the BD-ΛCDM model
as compared to the conventional GR-ΛCDM one. We devote this section to study the influence
of ϕ and BD on the various observables we use in this work to constrain the BD model. This
preliminary presentation will serve as a preview of the results presented in the rest of the chapter
and will allow us to anticipate why BD-ΛCDM is able to alleviate so efficiently both of the H0 and
σ8 tensions that are found in the context of the traditional GR-ΛCDM framework.
Interestingly, many Horndeski theories [255] reduce in practice to BD at cosmological scales [275],
so the ability of BD-ΛCDM to describe the wealth of current observations can also be extended
to other, more general, scalar-tensor theories of gravity. Hence, it is crucial to clearly identify the
reasons why BD-ΛCDM leads to such an improvement in the description of the data. Only later
on (cf. Sec. 7.7) we will fit in detail the overall data to the BD-ΛCDM model and will display the
final numerical results. Here, in contrast, we will endeavour to show why BD-gravity has specific
clues to the solution which are not available to GR.
We can show this in two steps. First, we analyze what happens when we set BD = 0 at fixed
values of ϕ different from 1. From Eq. (7.12) we can see that this scenario means to stick to the
standard GR picture, but assuming that the effective Newtonian coupling can act at cosmological
scales with a (constant) value Geff = G(ϕ) different from the local one GN . In a second stage, we
study the effect of the time dependence of ϕ (triggered by a nonvanishing value of BD ), i.e. we
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will exploit the departure of Geff in Eq. (7.12) from GN caused by BD 6= 0 and a variable G(ϕ).
It will become clear from this two-step procedure why BD-gravity has the double ability to reduce
the two ΛCDM tensions in an harmonic way. On the one hand, a value of ϕ below 1 in the late
Universe increases the value of Geff and hence of H0 , so it should be able to significantly reduce
the H0 -tension; and on the other hand the dynamics of ϕ triggered by a finite (but negative) value
of BD helps to suppress the structure formation processes in the Universe, since it enhances the
Hubble friction and also leads to a decrease of the Poisson term in the perturbations equation.
The upshot is that the σ8 -tension becomes reduced as well. Let us note that the lack of use of LSS
data may lead to a different conclusion, in particular to BD > 0, see e.g. [276]. This reference, in
addition, uses only an approximate treatment of the CMB data through distance priors.

7.2.1

Role of ϕ, and the H0 -tension

Let us start, then, by studying how the observables change with ϕ when BD = 0, for fixed values of
the current energy densities. In the context of BD-gravity, as well as in GR, if the energy densities
are fixed at present we can fully determine their cosmological evolution, since we consider all the
species are self-conserved. In BD-gravity, with BD = 0, the Hubble function takes the form
H 2 (a) =

8πGN
ρ(a) ,
3ϕ

(7.15)

where ϕ = const. We have just removed the time derivatives of the scalar field in the Friedmann
equation (7.3). We define H0 from the value of the previous expression at a = 1 (current value).
Recall from the previous section that ρ is the sum of all the energy density contributions, namely
ρ ≡ ρm + ργ + ρν + ρΛ . Therefore,
H02 =


8πGN 0 8πGN 0
ρ =
ρm + ρ0γ + ρ0ν + ρΛ .
3ϕ
3ϕ

(7.16)

ρ0 = ρ(a = 1) is the total energy density at present, ρ0γ is the corresponding density of photons and
ρ0ν that of neutrinos, and finally ρΛ is the original cosmological constant density in the BD-action
(1.148). Using (7.16) it proves now useful to rewrite (7.15) in the alternative way:
h
i
H 2 (a) = H02 1 + Ω̃m (a−3 − 1) + Ω̃γ (a−4 − 1) + Ω̃ν (a) − Ω̃ν ,
(7.17)
where we use the modified cosmological parameters (more appropriate for the BD theory):
Ω̃i ≡

ρ0i
Ωi
=
,
0
ρ
ϕ

ρ0 =

3H02
ϕ = ρ0c ϕ .
8πGN

(7.18)

The tilde is to distinguish the modified Ω̃i from the usual cosmological parameters Ωi = ρ0i /ρ0c
employed in the GR-ΛCDM model. In addition, Ω̃m = Ω̃cdm + Ω̃b is the sum of the contributions
from CDM and baryons; and Ω̃γ and Ω̃ν are the current values for the photons and neutrinos. For
convenience, we also define Ω̃r = Ω̃γ + Ω̃ν . We remark that he current total energy density ρ0 is
related to the usual critical density ρ0c = 3H02 /(8πGN ) through a factor of ϕ, as indicated above.
The modified parameters obviously satisfy the canonical sum rule
Ω̃m + Ω̃r + Ω̃Λ = 1 .
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(7.19)

The form of (7.17) is completely analogous to the one found in GR-ΛCDM since in BD-ΛCDM
the Ω̃i ’s represent the fraction of energy carried by the various species in the current Universe, as
the Ωi ’s do in GR, so from the physical point of view the Ω̃i ’s in BD and the Ωi ’s in GR contain
the same information15 . H0 represents in both cases the current value of the Hubble function.
Nevertheless, there is a very important (although maybe subtle) difference, namely: in BD-ΛCDM
there does not exist a one-to-one correspondence between H0 and ρ0 . In contradistinction to GRΛCDM, in the BD version of the concordance model the value of ϕ can modulate H0 for a given
amount of the total (critical) energy density. In other words, given a concrete value of H0 there
is a 100% degeneracy between ϕ and ρ0 . This degeneracy is broken by the data, of course. The
question we want to address is precisely whether there is still room for an increase of H0 with
respect to the value found in the GR-ΛCDM model once the aforementioned degeneracy is broken
by observations. We will see that this is actually the case by analyzing what is the impact that ϕ
has on each observable considered in our analyses.
Supernovae data
In the case of Type Ia Supernovae data (SNIa) we fit observational points on their apparent
magnitudes m(z) = M + 5 log10 [DL (z)/10pc], where M is the absolute magnitude of the SNIa and
DL (z) is the luminosity distance. In a spatially flat Universe the latter reads,
ˆ z
dz 0
,
(7.20)
DL (z) = c(1 + z)
0
0 H(z )
where we have momentarily kept c explicitly for the sake of better understanding. Considering
(7.17), we can easily see that if we only use SNIa data, there is a full degeneracy between M and
H0 in the computation of the apparent magnitudes, so it is not possible to obtain information
about ϕ, since we cannot disentangle it from the absolute magnitude. As in GR-ΛCDM, we can
only get constraints on the current fraction of matter energy in the Universe, i.e. Ω̃m .
Baryon acoustic oscillations
The constraints obtained from the analysis in real or Fourier space of the baryon acoustic oscillations (BAO) are usually provided by galaxy surveys in terms of DA (z)/rs and rs H(z), or in
some cases by a combination of these two quantities when it is not possible to disentangle the
line-of-sight and transverse information, through the so-called dilation scale DV (cf. Sec. 7.6),


1
cz 1/3
DV (z)
2
=
DM (z)
,
(7.21)
rs
rs
H(z)
DM = (1 + z)DA (z) being the comoving angular diameter distance, DA (z) = DL (z)/(1 + z)2 the
proper angular diameter distance, and
ˆ ∞
cs (z)
rs =
dz
(7.22)
zd H(z)
15

For |BD | 6= 0 and small, the Ω̃i parameters defined in Eq. (7.18) receive a correction of O(BD ), see Sec. 7.2.2.
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the comoving sound horizon at the baryon drag epoch zd . In the above equation, cs (z) is the sound
speed of the photo-baryon plasma, which depends on the ratio ρ0b /ρ0γ . The current temperature
of photons (and hence also its associated current energy density ρ0γ ) is already known with high
precision thanks to the accurate measurement of the CMB monopole [42]. Because of (7.15) it is
obvious that we cannot extract information on ϕ from BAO data when BD = 0, since it cancels
exactly in the ratio DA (z)/rs and the product rs H(z). Thus, BAO data provide constraints on
Ω̃m and ρ0b , but not on ϕ.
Redshift-space distortions (RSD)
The LSS observable f (z)σ8 (z), which is essentially determined from RSD measurements, is of
paramount importance to study the formation of structures in the Universe. In BD-gravity, the
equation of matter field perturbations is different from that of GR and is studied in detail in
Sec. 7.4. Here we wish to make some considerations which will help to have a rapid overview of
why BD-gravity with a cosmological constant can also help to improve the description of structure
formation as compared to GR. The exact differential equation for the linear density contrast of the
matter perturbations, δm = δρm /ρm , in this context can be computed at deep subhorizon scales
and is given by (cf. Sec. 7.4):


3 H 0 (a) 0
4πGeff (a) ρm (a)
00
δm +
+
δm −
δm = 0 ,
(7.23)
a
H(a)
H 2 (a)
a2
where for the sake of convenience we express it in terms of the scale factor and hence prime denotes
here derivative w.r.t. such variable: ()0 ≡ d()/da. In the above equation, Geff (a) is the effective
gravitational coupling (7.12) with ϕ = ϕ(a) expressed in terms of the scale factor:
Geff (a) = G(ϕ(a))

2 + 4BD
.
2 + 3BD

(7.24)

It crucially controls the Poisson term of the perturbations equation, i.e. the last term in (7.23). As
we can see, it is Geff (ϕ) and not just G(ϕ) the coupling involved in the structure formation data
since it is Geff (ϕ) the gravitational coupling felt by the test masses in BD-gravity. It is obvious
that the above Eq.(7.23) boils down to the GR form for BD = 0 and ϕ = 1.
With the help of the above equations we wish first to assess the bearing that ϕ can have on
the LSS observable f (z)σ8 (z) at fixed values of the current energy densities and for BD = 0.
Recall that when BD = 0 the BD-field cannot evolve at all, so it just remains fixed at some value.
For this consideration, we therefore set ψ =const. in equations (1.152) and (1.153) and of course
the BD-theory becomes just a GR version with an effective coupling Geff = G(ϕ) =const. which
nevertheless need not be identical to GN . In these conditions, it is easy to verify that Eq. (7.23)
adopts the following simpler form, in which Geff drops from the final expression:
00
δm
+

3 ρm (a)
3
0
(1 − w(a)) δm
− 2
δm = 0 .
2a
2a ρ(a)

(7.25)

In the above expression, w(a) = p(a)/ρ(a) is the equation of state (EoS) of the total cosmological
fluid, hence ρ(a) and p(a) stand respectively for the total density and pressure of the fluids involved
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(cf. Sec. 7.1). In particular, during the epoch of structure formation the matter particles contribute
a negligible contribution to the pressure and the dominant component is that of the cosmological
term: p(a) ' pΛ = −ρΛ .
It is important to realize that ϕ = const. does not play any role in (7.25). This means that its
constant value, whatever it may be, does not affect the evolution of the density contrast, which
is only determined by the fraction of matter, ρm (a)/ρ(a), and the EoS of the total cosmological
fluid. The equation that rules the evolution of the density contrast is exactly the same as in the
GR-ΛCDM model. Matter inhomogeneities grow in the same way regardless of the constant value
Geff that we consider. Matter tends to clump more efficiently for larger values of the gravitational
strength, of course, but the Hubble friction also grows in this case, since such an increase in Geff
also makes the Universe to expand faster. Surprisingly, if BD = 0, i.e. if Geff =const., both effects
0 (a)/δ (a) does not change w.r.t.
compensate each other. Thus, the BD growth rate f (a) = aδm
m
the GR scenario either. But what happens with σ8 (z)? It is computed through the following
expression:
ˆ ∞
1
2
dk k 2 P (k, z) W 2 (kR8 ) ,
(7.26)
σ8 (z) = 2
2π 0
in which P (k, z) is the power spectrum of matter fluctuations and W (kR8 ) is the top hat smoothing
function in Fourier space, with R8 = 8h−1 Mpc. Even for BD = 0 one would naively expect (7.26)
to be sensitive to the value of ϕ, since some relevant features of the power spectrum clearly are.
For instance, the scale associated to the matter-radiation equality reads
s
2
keq = aeq H(aeq ) = H0 Ω̃m
,
(7.27)
Ω̃r
and H0 ∝ ϕ−1/2 , so the peak of P (k, z) is shifted when we change ϕ. Also the window function
itself depends on H0 through R8 . Despite this, the integral (7.26) does not depend on the Hubble
function for fixed energy densities at present, and hence neither on ϕ. To see this, let us first
rescale the wave number as follows k = k̄h, and we obtain
ˆ ∞
1
σ82 (z) = 2
dk̄ k̄ 2 P (k = k̄h, z) h3 W 2 (k̄ · 8 Mpc−1 ) .
(7.28)
|
{z
}
2π 0
≡P̄ (k̄,z)

2 (z),
The only dependence on h is now contained in P̄ (k̄, z). We can write P (k, z) = P0 k ns T 2 (k/keq )δm
with T (k/keq ) being the transfer function and

P0 = As

8π 2 k∗1−ns
,
25 (Ω̃m H02 )2

(7.29)

with As and ns being the amplitude and spectral index of the dimensionless primordial power
spectrum, respectively, and k∗ the corresponding pivot scale. The last relation can be found using
standard formulae, see e.g. [41, 277]. Taking into account all these expressions we obtain
P̄ (k̄, z) = As

8π 2 k̄∗1−ns k̄ ns 2
2
T (k̄/k̄eq )δm
(z) ,
25 (104 ς 2 Ω̃m )2

(7.30)

where we have used H0 = 100 h ς with ς ≡ 1 km/s/Mpc = 2.1332 × 10−44 GeV (in natural units).
We see that all factors of h cancel out. Now it is obvious that σ8 (z) is not sensitive to the value
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of ϕ. We have explicitly checked this with our own modified version of the Einstein-Boltzmann
system solver CLASS [221], in which we have implemented the BD-ΛCDM model (see Sec. 7.6
for details). The product f (z)σ8 (z) does not depend on ϕ when BD = 0, so RSD data cannot
constrain ϕ either.

Strong-Lensing time delay distances, distance ladder determination of H0 , and cosmic
chronometers
In this chapter, we will use the Strong-Lensing time delay angular diameter distances provided by
the H0LICOW collaboration [66], see Sec. 7.6. Contrary to SNIa and BAO data, these distances
are not relative, but absolute. This allows us to extract information not only on Ωm , but on H0
too. Furthermore, the data on H(z) obtained from cosmic chronometers (CCH) give us information about these two parameters as well. Cosmic chronometers have been recently employed
in the reconstruction of the expansion history of the Universe using Gaussian Processes and the
so-called Weighted Function Regression method [237,238,240], which do not rely on any particular
cosmological model. The extrapolated values of the Hubble parameter found in these analyses
are closer to the best-fit GR-ΛCDM value reported by Planck [44], around H0 ∼ (67.5 − 69.5)
km/s/Mpc, but they are still compatible within ∼ 1σ c.l. with the local determination obtained
with the distance ladder technique [57, 236, 278] and the Strong-Lensing time delay measurements
by H0LICOW [66]. The statistical weight of the CCH data is not as high as the one obtained
from these two probes, so when combined with the latter, the resulting value for H0 is still in very
strong tension with Planck [238, 240]. As mentioned before, H02 ∝ ρ0 /ϕ when BD = 0. Thus, we
can alleviate in principle the H0 -tension by keeping the same values of the current energy densities of all the species as in the best-fit GR-ΛCDM model reported by Planck [44], lowering the
value of ϕ down at cosmological scales, below 1, and assuming some sort of screening mechanism
acting on high enough density regions that allows us to evade the solar system constraints and
keep unmodified the stellar physics needed to rely on CCH, SNIa, the H0LICOW data, and the
local distance ladder measurement of H0 . By doing this we do not modify at all the SNIa, BAO
and RSD observables w.r.t. the GR-ΛCDM, and we automatically improve the description of the
H0LICOW data and the local determination of H0 , which are the observables that prefer higher
values of the Hubble parameter. Let us also mention that the fact that ϕ < 1 throughout the
cosmic history (which means G > GN ) allows to have a larger value of H (for similar values of
the density parameters) at any time as compared to the GR-ΛCDM and hence a smaller value of
the sound horizon distance rs , Eq. (7.22), what makes the model to keep a good fit to the BAO
data. This is confirmed by the numerical analysis presented in Tables 3-6 and 10 as compared to
the conventional ΛCDM values, see Tables 3-5 and 7. While the claim existing in the literature
that models which predict smaller values of rs are the preferred ones for solving the H0 -tension
is probably correct, we should point out that this sole fact is no guarantee of success, as one still
needs in general a compensation mechanism at low energies which prevents σ8 from increasing and
hence worsening such tension. In the BD-ΛCDM such compensation mechanism is provided by a
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Figure 1: Left-upper plot: Theoretical curves of the CMB temperature anisotropies obtained by fixing the current energy
densities, τ and the parameters of the primordial power spectrum to the GR-ΛCDM best-fit values obtained from the analysis
of TTTEEE+lowE data by Planck 2018 [44] (which we will refer to as the ΛCDM baseline configuration, denoted by a dotdashed black line), against the BD-ΛCDM model keeping BD = 0 for two different constant values ϕ = 0.9, 1.1 (orange
and dashed blue lines, respectively); Right-upper plot: The same, but using a logscale in the x-axis to better appreciate the
integrated Sachs-Wolfe effect at low multipoles; Left-bottom plot: Absolute differences of the data points and theoretical curves
for ϕ = 0.9, 1.1 w.r.t. the ϕ = 1 case; Right-bottom plot: Derivative of the functions plotted in the upper plots, to check the
effect of ϕ on the position of the peaks, which corresponds to the location of the zeros in this plot. No shift is observed, as
expected (cf. the explanations in the main text).

negative value of BD (as we will show later), and for this reason the two tensions can be smoothed
at the same time in an harmonic way.
Overall, as we have seen from the above discussion, according to the (long) string of supernovae,
baryonic acoustic oscillations, cosmic chronometers, Strong-Lensing and local Hubble parameter
data (SNIa+BAO+RSD+CCH+H0LICOW+H0 ) it is possible to loosen the H0 -tension, and this
is already very remarkable, but we still have to see whether this is compatible with the very precise
measurements of the photon temperature fluctuations in the CMB map or not. More specifically,
we have to check whether it is possible to describe these anisotropies while keeping the current
energy densities close to the best-fit GR-ΛCDM model from Planck, compatible with ϕ < 1.

CMB temperature anisotropies
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We expect the peak positions of the CMB temperature (TT, in short) power spectrum to remain unaltered under changes of ϕ (when BD = 0), since they are always related with an angle,
which is basically a ratio of cosmological distances (a transverse distance to the line of sight divided
by the angular diameter distance). If ϕ =const., such constant cancels in the ratio, so there is no
dependence on ϕ. In the right-bottom plot of Fig. 1 we show the derivative of the DlT T ’s for three
alternative values of ϕ. It is clear that the location of the zeros does not depend on the value of
this parameter. Hence ϕ does not shift the peaks of the TT CMB spectrum when we consider it
to be a constant throughout the entire cosmic history, as expected. Nevertheless, there are two
things that affect its shape and both are due to the impact that ϕ has on the Bardeen potentials.
We have seen before that the matter density contrast is not affected by ϕ when it is constant, but
taking a look on the Poisson equation in the BD model (cf. B), we can convince ourselves that
ϕ does directly affect the value of Ψ and Φ, since both functions are proportional to ρm δm /ϕ at
subhorizon scales, see Eqs. (B.59)-(B.62). This dependence modifies two basic CMB observables:
• The CMB lensing, at low scales (large multipoles, 500 . l . 2000). In the left-bottom plot
of Fig. 1 we show the difference of the TT CMB spectra w.r.t. the GR-ΛCDM model. A
variation of ϕ changes the amount of CMB lensing, which in turn modifies the shape of the
spectrum mostly from the third peak onwards. In that multipole range also the Silk damping
plays an important role and leaves a signature [279].
• The integrated Sachs-Wolfe effect [280], at large scales (low multipoles, l . 30). Values
of ϕ < 1 (which, recall, lead to higher values of H0 ) suppress the power of the DlT T ’s in
that range. This is a welcome feature, since it could help us to explain the low multipole
“anomaly” that is found in the context of the GR-ΛCDM model (see e.g. Fig. 1 of [44],
and [281]). Later on in the paper, we further discuss and confirm the alleviation of this
intriguing anomaly in light of the final fitting results, see Sec. 7.8.7 and Fig. 12. This is
obviously an additional bonus of the BD-ΛCDM framework.
Even though in Fig. 1 we are considering large (∼ 10%) relative deviations of ϕ with respect
to 1, the induced deviations of the DlT T ’s are fully contained in the observational error bars at
low multipoles, and they are not extremely big at large ones. The latter are only 1 − 2σ away
from most of the data points. We emphasize that we are only varying ϕ here, so there is still
plenty of room to correct these deviations by modifying the value of other parameters entering
the model. To do that it would be great if we could still keep the values of the current energy
densities as in the concordance model, since this would ensue the automatic fulfillment of the
constraints imposed by the datasets discussed before. But is this possible? In Fig. 2 we can see
that e.g. an increase of ns can compensate for the decrease of ϕ pretty well. This is why in the
BD model we obtain higher best-fit values of the spectral index w.r.t. the GR-ΛCDM, and a clear
anti-correlation between these two parameters (cf. Fig. 2, Tables 3-5 and 10, and Sec. 7.7 for
details). Small variations in other parameters can also help to improve the description of the data,
of course, but the role of ns seems to be important. In Fig. 3 we can appreciate the change in
the matter power spectrum induced by different values of ns . There is a modification in the range
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Figure 2:

Left plot: Differences between the CMB temperature spectrum obtained using the original ΛCDM baseline
configuration (as used in Fig. 1) and those obtained using ϕ = 0.9 (with the baseline ns = 0.9649) and ns = 0.99 (with the
baseline ϕ = 1). This is to show that the effects induced by a lowering of ϕ can be compensated by an increase of the spectral
index; Right plot: We also show the 1σ and 2σ c.l. regions in the (ϕini , ns )-plane, obtained using the baseline dataset, together
with the Gaussian prior on H0 from [57], see Sec. 7.6 for details. Here one can clearly see the anticorrelation between these
two parameters.

of scales that can be observationally accessed to with the analysis of RSD, but these differences
are negative at k . 0.07 h Mpc−1 and positive at larger values of the wave number (lower scales),
so there can be a compensation when σ8 is computed through (7.26), leaving the value of the
latter stable. Moreover, we will see below that BD can also help to decrease the value of P (k) at
k & 0.02 h Mpc−1 , so the correct shape for the power spectrum is therefore guaranteed.
The upshot of this section is worth emphasizing: as it turns out, the sole fact of considering
a cosmological Newtonian coupling about ∼ 10% larger than the one measured locally can allow
us to fit very well all the cosmological datasets, loosening the H0 -tension and keeping standard
values of σ8 . It has become common in the literature to divide the theoretical proposals able to
decrease the H0 -tension into two different classes depending on the stage of the Universe’s expansion at which new physics are introduced [282]: pre- and post-recombination solutions. The
one we are suggesting here (see also the preceding paper [56]) cannot be identified with any of
these two categories, since it modifies the strength of gravity at cosmological scales not only before
the decoupling of the CMB photons or the late-time Universe, but during the whole cosmological
history, relying on a screening mechanism able to generate Geff = G = GN in high density (nonrelativistic) environments where non-linear processes become important, as e.g. in our own solar
system16 . That there is indeed a change of the gravity strength throughout the entire cosmological
history in our study follows from the fact that BD 6= 0 in the BD framework, and this is exactly
the feature that we are going to exploit in the next section, a feature which adds up to the mere
16

The study of these screening mechanisms, see e.g. [41, 250, 283, 284] and references therein, can be the subject
of future work, but here we remark that e.g. chameleon [285], symmetron [286] or Vainshtein mechanisms (see [287]
and references therein), do not screen the value of ϕ during the radiation-dominated epoch. This is important to
loose the H0 -tension in the BD-ΛCDM framework through the increase of H(z) at both, the early and late Universe.
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Figure 3: Left plot: Here we compare the linear matter power spectrum obtained for the ΛCDM baseline configuration
(dot-dashed black line) and two alternative values of the spectral index ns . The vertical red line indicates the value of the wave
number at which there is the break in the right plot; Right plot: The absolute relative differences in P (k) w.r.t. the baseline
ΛCDM model. The “positive” (“negative”) region is the one in which P (k) is larger (lower) than in the baseline setup. Both
zones are delimited by a vertical red line. See the comments in the text.

change of the global strength of the gravity interaction, which is still possible for BD = 0 in the
BD context, and that we have explored in the previous section.

7.2.2

Role of BD , and the σ8 -tension

Next we study the effect of BD 6= 0. We know that when we introduce the matter bispectrum
information from BOSS [101] (which definitely prefers a lower amount of structure in the Universe
than the data reported in [234]) in our fitting analyses, we find a stronger signal for negative values
of BD (cf. Sec. 7.7). When BD 6= 0 equation (7.25) is not valid anymore, since it was derived
under the assumption of ϕ =const. We start once more from the exact perturbations equation
for the matter density contrast in the linear regime within the BD-gravity, i.e. Eq. (7.23). Let us
consider its form within the approximation |BD |  1 (as it is preferred by the data, see e.g. Table
3). We come back to the BD-field equations (7.3) and (7.4) and apply such approximation. In
this way Eq. (7.23) can be expanded linearly in BD as follows (primes are still denoting derivatives
with respect to the scale factor):



F0
ϕ0 0
3 ρm (a) 
BD
3
00
(1 − w(a)) +
−
δ −
δm 1 +
− F = 0,
(7.31)
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.

(7.32)

In particular, we have expanded the effective gravitational coupling (7.24) linearly as in (7.13). As
we can show easily, the expression (7.32) can be treated as a perturbation, since it is proportional
to BD . To prove this, let us borrow the solution for the matter-dominated epoch (MDE) derived
from the analysis of fixed points presented in Appendix.D. Because the behavior of the BD-field
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towards the attractor at the MDE is governed by a power law of the form ϕ ∼ aBD (cf. Eq. (D.23)),
we obtain
a

ϕ0
ϕ

= BD + O(2BD ) ,

F

5
5
= − BD + O(2BD ) ' − BD ;
6
6

(7.33)
F 0 = O(2BD ) ' 0 .

(7.34)

This proves our contention that the function F in (7.32) is of order BD and its effects can be
treated as a perturbation to the above formulas. Incidentally, the relative change of ϕ does not
depend on ϕ itself. From the definition of F we can now refine the old Friedmann’s equation (7.15)
or (7.17) (only valids for BD = 0) as follows. Starting from Eq. (1.152), it is easy to see that it
can be cast in the Friedmann-like form:
H 2 (a) =

8πGN
ρ(a).
3ϕ(a)(1 − F(a))

(7.35)

Despite F(a) evolves with the expansion, as shown by (7.32), it is of order BD and evolves very
slowly. In this sense, Eq. (7.35) behaves approximately as an O(BD ) correction to Friedmann’s
equation (7.15). Setting a = 1, the value of the current Hubble parameter satisfies
H02 =

8πGN
ρ0 ,
3ϕ0 (1 − F0 )

(7.36)

where ϕ0 ≡ ϕ(a = 1) and F0 ≡ F(a = 1). The above equation implies that ρ0 = ρ0c ϕ0 (1 − F0 ).
We may now rewrite (7.35) in the suggestive form:
i
h
H 2 (a) = H02 Ω̂m (a)a−3 + Ω̂γ (a)a−4 + Ω̂ν (a) + Ω̂Λ (a) ,
(7.37)
provided we introduce the new ‘hatted’ parameters Ω̂i (a), which are actually slowly varying functions of the scale factor:
Ω̂i (a) =

1
Ωi
Ωi
'
(1 + F(a)) ,
ϕ(a) 1 − F(a)
ϕ(a)

(7.38)

with Ωi = ρ0i /ρ0c as previously. These functions also satisfy, exactly, the canonical sum rule at
P
present:
i Ω̂i (a = 1) = 1.For BD = 0, the hatted parameters reduce to the old tilded ones
(7.18), Ω̂i = Ω̃i , and for typical values of |BD | ∼ O(10−3 ) the two sets of parameter differ by
O(BD ) only:
Ωi
+ O(BD ) = Ω̃i + O(BD ) .
(7.39)
Ω̂i (a) =
ϕ
From (7.31) we obviously recover the previous Eq. (7.25) in the limit BD → 0, and it is easy to see
that for non-null values of BD the density contrast acquires a dependence on the ratio ϕ0 /ϕ and
its derivative, so it is sensitive to the relative change of ϕ with the expansion. Its time evolution
is now possible by virtue of the third BD-field equation (7.5), which can be expanded linearly in
BD in a similar way. After some calculations, we find
ϕ00 +

1
3BD
(5 − 3w(a)) ϕ0 =
(1 − 3w(a))ϕ .
2a
2a2
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(7.40)

Figure 4: Exact numerical analysis of the evolution of ϕ as a function of the redshift across the entire cosmic history, starting
from the radiation-dominated epoch up to our time. We use here the values of the BD-ΛCDM Baseline+H0 dataset indicated
in the figure itself (cf. Secs. 7 and 8). In particular, BD = −0.00199+0.00142
−0.00147 . The band around the central (dotted) curve
shows the computed 1σ uncertainty from the Markov chains of our statistical analysis.

For BD = 0 we recover the solution ϕ =const. In the radiation dominated epoch (RDE), w ' 1/3,
the r.h.s. vanishes and in this case ϕ need not be constant. It is easy to see that the exact solution
of this equation in that epoch is
ϕ(1)
,
(7.41)
ϕ(a) = ϕ(0) +
a
for arbitrary constants ϕ(i) . The variation during the RDE is therefore very small since the
dominant solution is a constant and the variation comes only through a decaying mode 1/a ∼ t−1/2
(t is the cosmic time). For the MDE (for which w = 0) there is some evolution, once more with a
decaying mode but then through a sustained logarithmic term:
ϕ(a) ∼ ϕ(0) (1 + BD ln a) + ϕ(1) a−3/2 → ϕ(0) (1 + BD ln a) ,

(7.42)

where coefficient ϕ(0) is to be adjusted from the boundary conditions between epochs17 . The dynamics of ϕ for BD 6= 0 is actually mild in all epochs since BD on the r.h.s. of Eq. (7.40) is
small. However mild it might be, the dynamics of ϕ modifies both the friction and Poisson terms
in Eq. (7.31), and it is therefore of pivotal importance to understand what are the changes that
are induced by positive and negative values of BD on these terms during the relevant epochs of
the structure formation history. An exact (numerical) solution is displayed in Fig. 4, where we can
see that ϕ remains within the approximate interval 0.918 . ϕ . 0.932 for the entire cosmic history
(starting from the RDE up to our time). This plot has been obtained from the overall numerical
fit performed to the observational data used in this analysis within one of the BD-ΛCDM baseline
datasets considered (cf. Sec. 7.7). The error band around the main curve includes the 1σ-error
17

Approximate solutions to the BD-field equations for the main cosmological variables in the different epochs are
discussed in Appendix.C.
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Figure 5:

0 0 + T δ0 − T δ
Left plot: Relative difference between the friction term T1 of Eq. (7.31), δm
1 m
2 m = 0, using the best-fit
values of the BD-ΛCDM model obtained with the Baseline+H0 dataset, i.e. with BD = −0.00199, and the case with BD = 0
(cf. Table 3 for the values of the other parameters); Right plot: The same, but for the last term of Eq. (7.31), T2 (Poisson
term). We can clearly appreciate that negatives values of BD produce a higher Hubble friction, i.e. a higher T1 , and a lower
T2 , w.r.t. the BD = 0 case. Both things lead to a decrease of δm . The two plots have been obtained with our modified version
of CLASS. See the main text for further details.

computed from our statistical analysis. Two very important things are to be noted at this point:
on the one hand the variation of ϕ is indeed small, and on the other hand ϕ < 1, and hence
G(ϕ) > GN for the whole cosmic span.
We can start considering what is the influence of the scalar field dynamics on the perturbations
during the pure MDE. Using the relations (7.33) and (7.34) in (7.31) we find (setting w = 0,
ρ ' ρm and neglecting ρΛ in the MDE):


δ0
3
4BD
00
δm
+ m (3 − BD ) − 2 δm 1 +
= 0.
(7.43)
2a
2a
3
If BD < 0 the Poisson term (the last in the above equation) decreases and, on top of that, the
Hubble friction increases w.r.t. the case with ϕ =const. (or the GR-ΛCDM model, if we consider
the same energy densities). Both effects help to slow down the structure formation in the Universe.
Of course, if BD > 0 the opposite happens. This is confirmed by solving explicitly Eq.(7.43). Despite an exact solution to Eq. (7.43) can be found, it suffices to quote it at O(BD ) and neglect
+ (a) ∼ a1+BD
the O(2BD ) corrections. The growing and decaying modes at leading order read δm
− (a) ∼ a− 12 (3+BD ) , respectively. The latter just fades soon into oblivion and the former
and δm
explains why negative values of BD are favored by the data on RSD, since BD < 0 obviously
slows down the rate of structure formation and hence acts as an effective (positive) contribution
to the vacuum energy density18 . The preference for negative values of BD is especially clear when
the RSD data include the matter bispectrum information, which tends to accentuate the slowing
18

This feature was already noticed in the preliminary treatment of Ref. [288] for the BD theory itself, and it was
actually pointed out as a general feature of the class of Running Vacuum Models (RVM), which helps to cure the
σ8 -tension [186, 271]. This is remarkable, since the RVM’s turn out to mimic BD-gravity, as first noticed in [289].
For a summary, see Appendix C.
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Figure 6:

As in Fig. 3, but comparing now the ΛCDM baseline configuration defined there with the case BD = −0.003
(and ϕini = 1) of the BD-ΛCDM model.

down of the growth function, as noted repeatedly in a variety of previous works [51, 198, 207, 272].
We may clearly appraise this feature also in the present study, see e.g. Tables 3-4 (with spectrum
and bispectrum) and 5 (with spectrum but no bispectrum), where the σ8 value is in general wellbehaved (σ8 ' 0.8) in the BD-ΛCDM framework when BD < 0, but it is clearly reduced (at a
level σ8 ' 0.78 − 0.79) in the presence of bispectrum data. And in both cases the value of H0 is
in the range of 70 − 71 km/s/Mpc. Most models trying to explain both tensions usually increase
σ8 substantially (0.82 − 0.85).
We can also study the pure vacuum-dominated epoch (VDE) in the same way. In this case
ϕ ∼ a2BD (cf. Appendix.D), and hence
a

ϕ0
= 2BD + O(2BD ) ' 2BD ,
ϕ

(7.44)

again with F 0 = O(2BD ) ' 0. The Poisson term can be neglected in this case since ρm  ρ ' ρΛ ,
and hence,
δ0
00
(7.45)
δm
+ m (3 − BD ) = 0 .
a
When the vacuum energy density rules the expansion of the Universe, there is a stable constant
mode solution δm =const. and a decaying mode that decreases faster than in the GR scenario if
BD < 0, again due to the fact that the friction term is in this case larger than in the standard
− (a) ∼ a−2+BD in the O(
picture, specifically the latter reads δm
BD ) approximation. The analytical
study of the transition between the matter and vacuum-dominated epochs is more difficult, but
with what we have already seen it is obvious that the amount of structure generated also in this
period of the cosmic expansion will be lower than in the ϕ =const. case if BD takes a negative
value. In Fig. 5 we show this explicitly.
From this analysis it should be clear that if BD < 0 there is a decrease of the matter density
contrast for fixed energy densities when compared with the GR-ΛCDM scenario, and also with
the BD scenario with ϕ = const. In Fig. 6 we can see this feature directly in the matter power
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Figure 7:

As in Fig. 1, but comparing the GR-ΛCDM baseline scenario (equivalent to the BD-ΛCDM one for BD = 0,
ϕ = 1) with the case BD = ±0.003, using as initial condition ϕini = 1.

spectrum, which is seen to be suppressed with respect to the case BD = 0 for those scales that are
relevant for the RSD, i.e. within the range of wave numbers 0.01hMpc−1 . k . 0.1hMpc−1 (corresponding to distance scales roughly between a few dozen to a few hundred Mpc). However, we still
don’t know whether these negative values of BD can also be accommodated by the other datasets.
To check this, let us recall from our discussion above (see also Appendices C and D for more
details) that the evolution of the BD-field takes place basically during the MDE. In the RDE the
scalar field is essentially frozen once the decaying mode becomes irrelevant, and although in the
late-time Universe ϕ evolves faster than in the MDE (compare (7.33) and (7.44)) it remains almost
constant in the redshift range z . O(1), in which all the non-CMB data points lie, particularly
the LSS data. Let us note that the typical values of BD fitted from the overall set of data used
in our analysis (cf. Sec. 7.6) place that parameter in the ballpark of |BD | ∼ O(10−3 ) (cf. Tables
3-5, for example). Schematically, we can think that the field takes a value ϕini during the RDE,
then if BD < 0 it decreases an amount ∆ϕini < 0 with respect to its original value ϕini , during the
MDE, and finally ϕ0 ≈ ϕini + ∆ϕini , with ϕ(z) ≈ ϕ0 at z . O(1). Thus, Eq. (7.15) still applies in
good approximation during the RDE and the late-time Universe, but with two different values of
the cosmological Newton’s coupling in the two (widely separated) cosmological eras. Taking these
facts into account it is easy to understand why SNIa data are not able to tell us anything about
BD when used alone, since again ϕ0 is fully degenerated with the absolute magnitude parameter
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M of the supernovae. This does not mean, though, that SNIa data cannot tell us anything about
the H0 -tension when they are considered together with other datasets that do provide constraints
on H0 , since the constraints that SNIa impose on Ωm help to break degeneracies present in the
other datasets and to tighten the allowed region of parameter space. H0LICOW and CCH data,
for instance, will allow us to put constraints again on Ωm and also on H0 (hence on ρ0 /ϕ0 ).
BAO will 
constrain ρ0b , Ωm , and now also ∆ϕini /ϕini , which is proportional to BD . For instance,
ini
rs H(z) ∝ 1 − ∆ϕ
2ϕini .
The BD effect caused on the temperature spectrum of CMB anisotropies is presented in the
fourfold plot in Fig. 7. Due to the fact that now we have BD 6= 0, ∆ϕ 6= 0, a small shift in
the location of the peaks is naturally generated. In the right-bottom plot of such figure one can
see that negative values of BD move the peaks slightly towards lower multipoles, and the other
way around for positive values of this parameter. It is easy to understand why. To start with,
let us remark that we have produced all the curves of this plot using the same initial condition
ϕini = 1 and the same ρ0b , ρ0cdm and ρΛ and, hence, fixing in the same way the complete evolution
of the energy densities for the different plots in that figure. This means that the differences in
the Hubble function can only be due to differences in the evolution of the BD scalar field. The
modified expansion histories produce changes in the value of θ∗ = rs /DA,rec (with DA,rec being
the angular diameter distance to the last scattering surface), so also in the location of the peaks.
If BD < 0, ϕ decreases with the expansion, so its value at recombination and at present is lower
than when BD = 0, and correspondingly G(ϕ) will be higher. Because of this, the value of the
Hubble function will be larger, too, and the cosmological distances lower, so the relation between
θ∗ (BD 6= 0) and θ∗ (BD = 0) can be written as follows:
θ∗ (BD 6= 0) =

X · rs (BD = 0)
X
rs (BD 6= 0)
=
=
θ∗ (BD = 0) ,
DA,rec (BD 6= 0)
Y · DA,rec (BD = 0)
Y

(7.46)

where the rescaling factors satisfy 0 < X, Y < 1 for BD < 0. As we have already mentioned before,
most of the variation of ϕ occurs during the MDE, so the largest length reduction will be in the
cosmic stretch from recombination to the present time, and thereby Y < X. Thus, if BD < 0
we find θ∗ (BD < 0) > θ∗ (BD = 0) and the peaks of the TT CMB spectrum shifts towards lower
multipoles. Analogously, if BD is positive X, Y > 1, with Y > X, so θ∗ (BD > 0) < θ∗ (BD = 0)
and the peaks move to larger multipoles. It turns out, however, that these shifts, and also the
changes in the amplitude of the peaks, can be compensated by small changes in the baryon and
DM energy densities, as we will show in Sec. 7.7.
At this point we would like to recall why in the GR-ΛCDM concordance model it is not possible
to reconcile the local measurements of H0 with its CMB-inferred value. In the concordance model,
which we assume spatially flat, the current value of the cold dark matter density is basically fixed
by the amplitude of the first peak of the CMB temperature anisotropies, and ρ0b by the relative
amplitude of the second and third peaks with respect to the first one. As a result, even if the
cosmological term plays no role in the early Universe, one finds that in order to explain the precise
location of the CMB peaks the value of ρΛ obtained from the matching of the predicted θ∗ with
the measured peak positions determines ρΛ so precisely that it leaves little margin. This causes
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a problem since such narrow range of values is not in the right range to explain the value of the
current Hubble parameter measured with the cosmic distance ladder technique [57, 236, 278] and
the Strong-Lensing time delay angular diameter distances from H0LICOW [66]. In other words,
despite the concordance model fits in a remarkably successful way the CMB and BAO, and also
the SNIa data, there is an irreducible internal discordance in the parameter needs to explain with
precision both the physics of the early and of the late-time Universe. This is of course the very
expression of the H0 -tension, to which we have to add the σ8 one.
Cosmographic analyses based on BAO and SNIa data calibrated with the GR-ΛCDM Planck preferred value of rs also lead to low estimates of H0 . This is the so-called inverse cosmic distance
ladder approach, adopted for instance in [62, 110, 239, 241]. This has motivated cosmologists to
look for alternative theoretical scenarios (for instance, the generic class of EDE proposals) able to
increase the expansion rate of the Universe before the decoupling of the CMB photons and, hence,
to lower rs down. This, in principle, demands an increase of the Hubble function at present in
order not to spoil the good fit to the BAO and CMB observables. Nevertheless, not all the models
passing the BAO and CMB constraints and predicting a larger value of H0 satisfy the ‘golden rule’
mentioned in the Introduction, since they can lead e.g. to a worsening of the σ8 -tension. As an
example, we can mention some early DE models, e.g. those discussed in [290]. In these scenarios
there is a very relevant DE component which accounts for the ∼ 7% of the total matter-energy
content of the Universe at redshifts ∼ 3000 − 5000, before recombination. This allows of course
to enhance the expansion rate and reduce rs . After such epoch, the DE decays into radiation.
In order not to alter the position of the CMB peaks and BAO relative distances, an increase of
the DM energy density is needed. According to [291], this leads to an excess of density power
and an increase of σ8 which is not welcome by LSS measurements, including RSD, Weak-Lensing
and galaxy clustering data. Another example is the interesting modified gravity model analyzed
in [292], based on changing the cosmological value of G also in the pre-recombination era, thus
mimicking an increase of the effective number of relativistic degrees of freedom in such epoch. The
additional component gets eventually diluted at a rate faster than radiation in the MDE and it
is not clear if an effect is left at present19 . This model also fits the CMB and BAO data well
and loosens at some extent the H0 -tension, but violates the golden rule of the tension solver, as it
spoils the structure formation owing to the very large values of σ8 ∼ 0.84 − 0.85 that are predicted
(see the discussion in Sec. 7.8 for more details).
Our study shows that a value of the cosmological gravitational coupling about ∼ 10% larger
than GN can ameliorate in a significant way the H0 -tension, while keeping the values of all the
current energy densities very similar to those found in the GR-ΛCDM model. If, apart from that,
we also allow for a very slow running (increase) of the cosmological G triggered by negative values
of order BD ∼ −O(10−3 ), we can mitigate at the same time the σ8 -tension when only the CMB
TT+lowE anisotropies are considered. When the CMB polarizations and lensing are also included
19

In stark contrast to the model of [292], in BD-ΛCDM cosmology the behavior of the effective ρBD (acting as a
kind of additional DE component during the late Universe) mimics pressureless matter during the MDE epoch and
modifies the effective EoS of the DE at present, see the next Sec. 7.3 for details.
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in the analysis, then σ8 is kept at the GR-ΛCDM levels, and the sign of BD is not conclusive. In
all situations we can preserve the golden rule. We discuss in detail the numerical results of our
analysis in Sec. 7.7.

7.3

Effective equation of state of the dark energy in
the BD-ΛCDM model

Our aim in this section is to write down the Brans-Dicke cosmological equations (7.3)-(7.5) in the
context of what we may call the “effective GR-picture”. This means to rewrite them in such a
way that they can be thought of as an effective model within the frame of GR, thus providing a
parametrized departure from GR at the background level. We will see that the main outcome of
this task, at least qualitatively, is that the BD-ΛCDM model (despite it having a constant vacuum
energy density ρΛ ) appears as one in the GR class, but with a dynamical DE rather than a CC.
The dynamics of such an effective form of DE is a function of the BD-field ϕ. We wish to compute
its effective EoS. In order to proceed, the first step is to rewrite Eq.(7.3) à la Friedmann:
3H 2 = 8πGN (ρ + ρϕ ) ,

(7.47)

where ρ is the total energy density as defined previously (coincident with that of the GR-ΛCDM
model), and ρϕ is the additional ingredient that is needed, which reads


ωBD ϕ̇2
3
2
.
(7.48)
H ∆ϕ − H ϕ̇ +
ρϕ ≡
8πGN
6 ϕ
Remember the definition ϕ(t) ≡ GN ψ(t) made in (7.1), and we have now introduced
∆ϕ(t) ≡ 1 − ϕ(t) ,

(7.49)

which tracks the small departure of ϕ from one and hence of G(ϕ) from GN (cf. Sec. 7.1). Note
that ϕ = ϕ(t) evolves in general with the expansion, but very slowly since BD is presumably fairly
small.
From the above Eq. (7.48) it is pretty clear that we have absorbed all the terms beyond the ΛCDM
model into the expression of ρϕ . While it is true that we define this quantity as if it were an
energy density, it is important to bear in mind that it is not associated to any kind of particle, it is
just a way to encapsulate those terms that are not present in the standard model. This quantity,
however, satisfies a local conservation law as if it were a real energy density, as we shall see in a
moment. From the generalized Friedmann equation (7.47) and the explicit expression for ρϕ given
above we can write down the generalized cosmic sum rule verified by the BD-ΛCDM model in the
effective GR-picture:
Ωm + Ω r + Ω Λ + Ω ϕ = 1 ,
(7.50)
where the Ωi are the usual (current) cosmological parameters of the concordance ΛCDM, whereas
Ωϕ is the additional one that parametrizes the departure of the BD-ΛCDM model from the GRΛCDM in the context of the GR-picture, and reads
Ωϕ =

ρ0ϕ
.
ρ0c
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(7.51)

Notice that the above sum rule is exact and it is different from that in Eq. (7.19) since the latter
is only approximate for the case when BD = 0 or very small. These are two different pictures of
the same BD-ΛCDM model. The modified cosmological parameters (7.18) depend on ϕ whereas
here the ϕ-dependence has been fully concentrated on Ωϕ . It is interesting to write down the exact
equation (7.50) in the form
Ωm + Ωr + ΩΛ = 1 − Ωϕ = 1 − ∆ϕ0 +

ωBD ϕ̇20
ϕ̇0
−
.
H0
6 H02 ϕ0

(7.52)

in which ϕ0 = ϕ(z = 0) and ϕ̇0 = ϕ̇(z = 0). For BD ' 0 we know that ϕ 'const. and we can
neglect the time derivative terms and then we find the approximate form Ωm + Ωr + ΩΛ = 1 − Ωϕ '
1 − ∆ϕ0 . This equation suggests that a value of ∆ϕ0 6= 0 would emulate the presence of a small
fictitious spatial curvature in the GR-picture. See e.g. [36, 39, 40] and references therein for the
study of a variety models explicitly involving spatial curvature.
The second step in the process of constructing the GR-picture of the BD theory is to express
(7.4) as in the usual pressure equation for GR, and this forces us to define a new pressure quantity
pϕ associated to ρϕ . We find
2Ḣ + 3H 2 = −8πGN (p + pϕ ),
(7.53)
with
1
pϕ ≡
8πGN



ωBD ϕ̇2
2
−3H ∆ϕ − 2Ḣ∆ϕ + ϕ̈ + 2H ϕ̇ +
.
2 ϕ

(7.54)

On the face of the above definitions (7.48) and (7.54), we can now interpret the BD theory as
an effective theory within the frame of General Relativity, which deviates from it an amount ∆ϕ.
Indeed, for ∆ϕ = 0 we have ρϕ = pϕ = 0 and we recover GR. Mind that ∆ϕ = 0 means not
only that ϕ =const. (hence that BD = 0, equivalently ωBD → ∞), but also that that constant is
exactly ϕ = 1. In such case Geff is also constant and Geff = GN exactly. The price that we have
to pay for such a GR-like description of the BD model is the appearance of the fictitious BD-fluid
with energy density ρϕ and pressure pϕ , which complies with the following conservation equation
throughout the expansion of the Universe 20 :
ρ̇ϕ + 3H(ρϕ + pϕ ) = 0.

(7.55)

One can check that this equation holds after a straightforward calculation, which makes use of the
three BD-field equations (7.3)-(7.5). Although at first sight the above conservation equation can
be surprising actually it is not, since it is a direct consequence of the Bianchi identity. Let us now
assume that the effective BD-fluid can be described by an equation of state like pϕ = wϕ ρϕ , so
−3H 2 ∆ϕ − 2Ḣ∆ϕ + ϕ̈ + 2H ϕ̇ +
pϕ
=
wϕ =
2
ρϕ
3H 2 ∆ϕ − 3H ϕ̇ + ωBD ϕ̇
2

20

ωBD ϕ̇2
2 ϕ

.

(7.56)

ϕ

The new ‘fluid’ that one has to add to GR to effectively mimic BD plays a momentous role to explain the H0
and σ8 -tensions. In a way it mimics the effect of the ‘early DE’ models mentioned in the previous section, except
that the BD-fluid persists for the entire cosmic history and is instrumental both in the early as well as in the current
Universe so as to preserve the golden rule of the tension solver: namely, it either smoothes the two tensions of GR
or improves one of them without detriment of the other.
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Figure 8:

Left plot: Effective equation of state of the DE in the BD-ΛCDM model as a function of the redshift. The inner
plot magnifies the region around our time. We can see that the BD model mimics quintessence with a significance of more
than 3σ; Right plot: It shows once more Fig. 4 in order to ease the comparison of the EoS evolution, which is associated to
the evolution of the BD-field ϕ – cf. Eq.(7.58). The shadowed bands in these plots correspond to the 1σ regions.

The contribution from those terms containing derivatives of the BD-field are subdominant for the
whole cosmic history. We have verified this fact numerically, see Fig. 4. While the variation of ϕ
between the two opposite ends of the cosmic history is of ∼ 1.5% and is significant for our analysis,
the instantaneous variation is actually negligible. Thus, H ϕ̇ and ϕ̈ are both much smaller than
Ḣ∆ϕ, and in this limit we can approximate (7.56) very accurately as
wϕ (t) ' −1 −

2 Ḣ
3 H2

(for H ϕ̇, ϕ̈  Ḣ∆ϕ) .

(7.57)

This EoS turns out to be the standard total EoS of the ΛCDM, which boils down to the EoS
corresponding to the different epochs of the cosmic evolution (i.e. w = 1/3, 0, −1 for RDE, MDE
and VDE). This means that the EoS of the BD-fluid mimics these epochs. We can go a step
further and define not just the BD-fluid but the combined system of the BD-fluid and the vacuum
energy density represented by the density ρΛ associated to the cosmological constant. We define
the following effective EoS for such combined fluid:
weff ≡

pΛ + pϕ
pϕ + ρ ϕ
−2Ḣ∆ϕ + f1 (ϕ, ϕ̇, ϕ̈)
= −1 +
= −1 +
,
ρΛ + ρϕ
ρΛ + ρϕ
Λ + 3H 2 ∆ϕ + f2 (ϕ, ϕ̇)

(7.58)

where the two functions
f1 (ϕ, ϕ̇, ϕ̈) = ϕ̈ − H ϕ̇ + ωBD

ϕ̇2
,
ϕ

f2 (ϕ, ϕ̇) = −3H ϕ̇ +

ωBD ϕ̇2
2 ϕ

(7.59)

involve differentiations with respect to the slowly varying field ϕ and as before they are negligible,
in absolute value, as compared to Ḣ∆ϕ and H 2 ∆ϕ. The effective EoS (7.58) is a time-evolving
quantity which mimics dynamical DE at low redshifts. At very high redshifts z  1, well beyond
the DE dominated epoch, we can neglect Λ in the denominator of the EoS and the dominant term
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is 3H 2 ∆ϕ. Similarly, in the numerator the dominant term is always −2Ḣ∆ϕ. Therefore, at high
redshifts the effective EoS (7.58) behaves as (7.57) since ∆ϕ cancels out: weff (z) ' wϕ (z) (z  1),
which means that it just reproduces the standard EoS of the GR-ΛCDM. The exact EoS (7.58),
however, must be computed numerically, and it is displayed in Fig. 8, together with the numerical
plot of ϕ (which we have already shown in Fig. 4). We have used the Baseline+H0 dataset defined
in Sec. 7.6. For a semi-qualitative discussion of the combined EoS it will suffice an analytical
approximation, as we did before with wϕ . The most relevant part of weff (z) as to the possibility of
disentangling the dynamical DE effects triggered by the underlying BD model is near the present
time (z < 1). Thus, neglecting the contribution from the functions f1,2 , but now keeping the
Λ-term in the denominator of (7.58) we can use the Hubble function of the concordance model
and we find the following result at linear order in ∆ϕ:
weff (z) ' −1 −

Ω0
2Ḣ∆ϕ
' −1 + ∆ϕ m
(1 + z)3 ,
Λ
Ω0Λ

(7.60)

where Ω0m and Ω0Λ are the current values of the cosmological parameters, which satisfy Ω0m +Ω0Λ = 1
for spatially flat Universe. As has been stated before, the previous approximate formula is valid
only for z < 1, but it shows very clearly that for ∆ϕ > 0 (resp. < 0) we meet quintessence-like
(resp. phantom-like) behavior. As we have repeatedly emphasized, our analysis points to BD < 0
and hence ϕ decreases with the expansion, remaining smaller than one. From Eq. (7.49) this means
∆ϕ > 0 and therefore we find that the effective GR behavior of the BD-ΛCDM is quintessencelike. We can be more precise at this point. We have numerically computed the value of the exact
function (7.58) at z = 0, taking into account the contribution from all the terms, in particular
the slowly varying functions (7.59), see Tables 3-6. The results obtained from three of the most
prominent datasets defined in Sec. 7.6 read as follows:
Baseline :

weff (0) = − 0.983+0.015
−0.014

(7.61)

Baseline + H0 :

weff (0) = − 0.966+0.012
−0.011

(7.62)

Baseline + H0 + SL :

weff (0) = − 0.962 ± 0.011.

(7.63)

As can be seen, there is a non-negligible departure from the constant EoS value −1 of the GRΛCDM, which reaches the ∼ 3σ c.l. when the prior on H0 from the local distance ladder measurement by SH0ES [57] is included in the analysis, and ∼ 3.5σ c.l. when also the angular diameter
distances from H0LICOW [66] are taken into account. The effective quintessence EoS weff (0) > −1
is one of the ingredients that allows the BD-ΛCDM model to significantly loosen the H0 -tension,
since it is a direct consequence of having ϕ < 1 (or, equivalently, G > GN ) (cf. Sec. 7.2 for details).
We have obtained the above results from the equations of motion once a metric was assumed;
however, it is possible to obtain all the expressions listed in this section starting from the BD
action (1.148) itself and then considering the FLRW metric. To show this, let us use the dimensionless field ϕ = GN ψ and the variable ∆ϕ defined in (7.49). First of all we split the whole action
in three pieces
SBD [ϕ] = SEH + SGR [ϕ] + Sm ,
(7.64)
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ˆ

where
SEH ≡

√


R
− ρΛ ,
d x −g
16πGN
4



is the usual Einstein-Hilbert action, whereas


ˆ
ωBD µν
1
4 √
SGR [ϕ] ≡ d x −g
−R∆ϕ −
g ∂ν ϕ∂µ ϕ ,
16πGN
ϕ

(7.65)

(7.66)

is the action parametrizing the deviation of the BD theory from the GR-picture expressed in terms
of the scalar field ϕ. As expected, for ϕ = 1 that action vanishes identically. Finally,
ˆ
√
Sm ≡ d4 x −gLm (χi , gµν )
(7.67)
is the action for the matter fields. Since there is no interaction involving ϕ with other components,
the BD-field ϕ is covariantly conserved, as remarked in Sec. 7.1. In order to compute the energymomentum tensor and find out the effective density and pressure of the BD-field, we apply the
usual definition of that tensor in curved space-time:
2 δSGR [ϕ]
BD
.
Tµν
= −√
g δg µν

(7.68)

After some calculations we arrive at
BD
Tµν
=

Rµν
∇ν ∇µ ϕ gµν ϕ ωBD
∆ϕ −
+
+
∂ν ϕ∂µ ϕ
8πGN
8πGN
8πGN
8πϕ


gµν
ωBD αβ
g ∂α ϕ∂β ϕ .
−
R∆ϕ +
16πGN
ϕ

(7.69)

Since ϕ has no interactions it behaves as any free scalar field, so its energy-momentum tensor must
adopt the perfect fluid form at the background level:
BD
Tµν
= pϕ gµν + (ρϕ + pϕ )uµ uν .

(7.70)

Now we can compare this form with (7.69). It is straightforward to obtain the energy density as
BD and p = (T BD + ρ )/3,
well as the corresponding pressure, we only need to compute ρϕ = T00
ϕ
ϕ
BD
µν
BD
being T
= g Tµν the trace of the tensor. Using at this point the spatially flat FLRW metric
one can work out the explicit result for ρϕ and ρϕ and reconfirm that it acquires the form previously
indicated in the equations (7.48) and (7.54). This provides perhaps a more formal derivation of
these formulas and serves as a cross-check of them.

7.4

Structure formation in the linear regime. Perturbations equations

In order to perform a complete analysis of the model, we need to study the evolution of the
perturbed cosmological quantities in the context of BD theory. For a review of the standard model
perturbations equations, see e.g. [185, 189, 293]. We assume a FLRW metric written in conformal
time, denoted by η, in which the line element is ds2 = a2 (η)[−dη 2 + (δij + hij )dxi dxj ]. Here hij
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is a perturbation on the spatial part of the metric which can be expressed in momentum space as
follows,




ˆ
δ
ij
3
−i~k·~
x
6ξ(η, ~k) .
(7.71)
hij (η, ~x) = d k e
k̂i k̂j h(η, ~k) + k̂i k̂j −
3
As we see, in momentum space the trace h ≡ δ ij hij decouples from the traceless part of the
perturbation, ξ. Now, we are going to list the perturbations equations at late stages of expansion
in momentum space at deep subhorizon scales, that is, we assume H2  k 2 , with H ≡ a0 /a.
Although primes were used previously for derivatives with respect to the scale factor, they will
henceforth stand for derivatives with respect to the conformal time: ()0 ≡ d()/dη. For example, it
is easy to see that H = aH. One may work with the standard differential equation for the density
contrast at deep subhorizon scales,
00
0
− 4πGN ρ̄m a2 δm = 0,
δm
+ Hδm

(7.72)

where δm ≡ δρm /ρ̄m is the density contrast, the bar over ρ̄m indicates that is a background quantity
and the evolution of H and ρ̄m is the one expected by the background equations of the BD theory
in Section 7.1. This expression is just the corresponding one for the ΛCDM, completely neglecting
any possible perturbation in the BD-field, namely δϕ. However, it is possible to see that a second
order differential equation for the density contrast can be written, even if the perturbation in ϕ is
not neglected. This is done in detail in the Appendix B. In this section, we present the main perturbations equations in the case of the Synchronous gauge and discuss the interpretation of the result.
If ~vm is the physical 3-velocity of matter (which is much smaller than 1 and can be treated as
~ · (~vm ). At deep subhorizon scales it is
a perturbation), then we can define its divergence, θm ≡ ∇
possible to see that the equation governing its evolution is
0
θm
+ Hθm = 0.

(7.73)

Since da−1 /dη = −H/a, we arrive to a decaying solution θm ∝ a−1 . A common assumption is to
set θm ∼ 0 in the last stages of the Universe, which is what we will do in our analysis. This allows
us to simplify the equations. Another simplification occurs if we take into account that we are
basically interested in computing the matter perturbations only at deep subhorizon scales, namely
for k 2  H2 , which allows us to neglect some terms as well (cf. Appendix B). Altogether we are
led to the following set of perturbations equations in the synchronous gauge:
h0
.
2

(7.74)

h0 0
8πGN 2
ϕ̄ =
a ρ̄m δm ,
2
3 + 2ωBD

(7.75)

0
δm
=−

k 2 δϕ +

h0 0
ϕ̄ = 8πGN a2 ρ̄m δm ,
2

2k 2 δϕ + ϕ̄0 h0 + ϕ̄ h00 + 2h0 H − 2k 2 ξ = 0 .

ϕ̄(Hh0 − 2ξk 2 ) + k 2 δϕ +
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(7.76)
(7.77)

Combining these four equations simultaneously and without doing any further approximation, one
finally obtains the following compact equation for the matter density contrast of the BD theory at
deep subhorizon scales:


4 + 2ωBD
4πGN a2
00
0
= 0.
(7.78)
ρ̄m δm
δm + Hδm −
ϕ̄
3 + 2ωBD
In other words,
00
0
δm
+ Hδm
− 4πGeff (ϕ̄)a2 ρ̄m δm = 0 .

(7.79)

The quantity
GN
Geff (ϕ̄) =
ϕ̄



4 + 2ωBD
3 + 2ωBD



GN
=
ϕ̄



2 + 4BD
2 + 3BD


(7.80)

is precisely the effective coupling previously introduced in Eq. (7.24); it modifies the Poisson term
of the perturbations equation with respect to that of the standard model, Eq. (7.72). There is, in
addition, a modification in the friction term between the two models, which is of course associated
to the change in H.
The argument of Geff in (7.80) is not ϕ but the background value ϕ̄ since the latter is what remains
in first order of perturbations from the consistent splitting of the field into the background value
and the perturbation: ϕ = ϕ̄ + δϕ. Notice that there is no dependence left on the perturbation
δϕ. As we can see from (7.80), the very same effective coupling that rules the attraction of two
tests masses in BD-gravity is the coupling strength that governs the formation of structure in this
theory, as it could be expected. But this does not necessarily mean that the effective gravitational
strength governing the process of structure formation is the same as for two tests masses on Earth.
We shall elaborate further on this point in the next section. At the moment we note that if we
compare the above perturbations equation with the standard model one (7.72), the former reduce
to the latter in the limit ωBD → ∞ (i.e. BD → 0) and ϕ̄ = 1.
The form of (7.79) in terms of the scale factor variable rather than in conformal time was given
previously in Sec. 7.2.1 when we considered a preview of the implications of BD-gravity on structure formation data21 . The transformation of derivatives between the two variables can be easily
performed with the help of the chain rule d/dη = aHd/da.

7.5

Different BD scenarios and Mach’s Principle

As previously indicated, the relation (7.24), which appears now in the cosmological context in the
manner (7.80), follows from the computation of the gravitational field felt by two test point-like (or
spherical) masses in interaction in BD-gravity within the weak-field limit [83, 247], see also [256]
21

Recall, however, that prime in Eq. (7.79) stands for differentiation w.r.t. conformal time whereas in Eq. (7.23)
denotes differentiation w.r.t. the scale factor. These equations perfectly agree and represent the same perturbations
equation for the matter density field in BD-gravity in the respective variables. They are also in accordance with
the perturbations equation obeyed by the matter density field within the context of scalar-tensor theories with the
general action (7.9) [273] of which the form (7.8) is a particular case.
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and references therein. Such relation shows in a manifest way the integration of Mach’s principle
within the BD context, as it postulates a link between the measured local value of the gravitational
strength, GN , as measured at the Earth surface, and its cosmological value, Geff (ϕ), which depends
on ϕ and ωBD . In particular, ϕ may be sensitive to the mean energy densities and pressures of all
the matter and energy fields that constitute the Universe. If there is no mechanism screening the
BD-field on Earth, Geff (ϕ̄)(z = 0) = GN . However, one can still fulfill this condition if Eq. (7.80)
constraints the current value of the cosmological BD-field ϕ̄
ϕ̄(z = 0) =

2 + 4BD
1
4 + 2ωBD
=
' 1 + BD + O(2BD ) .
3 + 2ωBD
2 + 3BD
2

(7.81)

That is to say, such constraint permits to reconcile Geff (ϕ̄)(z = 0) with GN by still keeping
ϕ̄(z = 0) 6= 1 and BD 6= 0. Hence the BD-field can be dynamical and there can be a departure of
G(ϕ̄) from GN even at present. This constraint, however, is much weaker than the one following
from taking the more radical approach in which Geff (ϕ) and GN are enforced to coincide upon
imposing the double condition BD → 0 (i.e. ωBD → ∞) and ϕ̄ = 1. It is this last setup which
anchors the BD theory to remain exactly (or very approximately) close to GR at all scales.
However, if we take seriously the stringent constraint imposed by the Cassini probe on the postNewtonian parameter γ PN [274], which leads to a very large value of ωBD & 104 (equivalently, a
very small value of BD = 1/ωBD ), as we discussed in Sec. 7.1, ϕ̄ must remain almost constant
throughout the cosmic expansion, thus essentially equal to ϕ̄(z = 0). However, the Cassini limit
leaves ϕ̄(z = 0) unconstrained, so this constant is not restricted to be in principle equal to 1. In
this case the relation (7.81) may or may not apply; there is in fact no especial reason for it (it
will depend on the effectiveness of the screening mechanism on Earth). If it does, i.e. if there is
no screening, Geff is forced to be very close to GN ∀z; if it does not, ϕ̄ can freely take (almost
constant) values which do not push Geff to stay so glued to GN . It is interesting to see the extent
to which the cosmological constraints can compete with the local ones given the current status of
precision they can both attain.
So, as it turns out, we find that one of the two interpretations leads to values of Geff very close to
GN ∀z on account of the fact that we are imposing very large values of ωBD and assuming (7.81),
whereas the other achieves the same aim (viz. Geff can stay very close to GN ) for intermediate
values of ωBD provided they are linked to ϕ̄(z = 0) through the constraint (7.81). This last option,
as indicated, is not likely since this would imply the existence of a screening at the scales probed
by Cassini that may become ineffective on Earth, where the densities are higher. Finally, we may
as well have a situation where the cosmological Geff remains different from GN even if the Cassini
limit is enforced. For this to occur we need an (essentially constant) value of ϕ̄ 6= 1 (different from
the one associated to that constraint) at the cosmological level. This can still be compatible with
the local constraints provided ϕ is screened on Earth at z = 0.
A more open-minded and general approach, which we are going to study in this chapter, is to take
the last mentioned option but without the Cassini limit. This means that BD is not forced to
be so small and hence ϕ can still have some appreciable dynamics. We assume that the pure BD
model applies from the very large cosmological domains to those at which the matter perturbations
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remain linear. Equation (7.80) predicts the cosmological value of Geff once ωBD and the initial
value ϕini are fitted to the data. We can dispense with the Cassini constraint (which affects ωBD
only) because we assume that some kind of screening mechanism acts at very low (astrophysical)
scales, namely in the non-linear domain, without altering the pure BD model at the cosmological
level. To construct a concrete screening mechanism would imply to specify some microscopic interaction properties of ϕ with matter, but these do not affect the analysis at the cosmological level,
where there are no place with high densities of material particles. But once such mechanism is
constructed (even if not being the primary focus of our work) the value of the BD-field ϕ is ambient
dependent, so to speak, since ϕ becomes sensitive to the presence of large densities of matter. This
possibility is well-known in the literature through the chameleon mechanism [285] and in the case
of the BD-field was previously considered in [275] without letting the Brans-Dicke parameter ωBD
to acquire negative values, and using datasets which now can be considered a bit obsolete. Here
we do, instead, allow negative values for ωBD (we have seen in Sec. 7.2 the considerable advantages
involved in this possibility), and moreover we are using a much more complete set of observations
from all panels of data taking. In this scenario we cannot make use of (7.80) to connect the locally
measured value of the gravitational strength GN with the BD-field at cosmological scales. We
just do not need to know how the theory exactly connects these two values. We reiterate once
more: we will not focus on the screening mechanism itself here but rather on the properties of the
BD-field in the Universe in the large, i.e. at the cosmological level. As it is explained in [275] –
see also [250] – many scalar-tensor theories of gravity belonging to the Horndeski class [255] could
lead to such kind of BD behavior at cosmological level and, hence, it deserves a dedicated and
updated analysis, which is currently lacking in the literature.
To summarize, the following interpretations of the BD-gravity framework considered here are,
in principle, possible in the light of the current observational data:
• BD-Scenario I: Rigid Scenario for both the Local and Cosmological domains. In it, we have
Geff (ϕ(z)) ' G(ϕ(z)) ' GN , these three couplings being so close that in practice BD-gravity
is indistinguishable from GR. In this case, the BD-gravity framework is assumed to hold
on equal footing with all the scales of the Universe, local and cosmological. There are no
screening effects from matter. In this context, one interprets that the limit from the Cassini
probe [274] leads to a very large value of ωBD , which enforces ϕ to become essentially rigid,
and one assumes that such constant value is very close to 1 owing to the relation (7.81).
Such a rigid scenario is, however, unwarranted. It is possible, although is not necessary
since, strictly speaking, there is no direct connection between the Cassini bound on ωBD and
the value that ϕ can take. Thus, in this scenario the relation (7.81) is just assumed. In point
of fact, bounds on ωBD can only affect the time evolution of ϕ, they do not constraint its
value.
• BD-Scenario II (Main): Locally Constrained but Cosmologically Unconstrained Scenario.
It is our main scenario. It assumes a constrained situation in the local domain, caused
by the presence of chameleonic forces, but permits an unconstrained picture for the entire
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cosmological range. In other words, the Cassini limit that holds for the post-Newtonian
parameter γ PN in the local astrophysical level (and hence on ωBD ) is assumed to reflect just
the presence of screening effects of matter in that non-linear domain. These effects are
acting on ϕ and produce the illusion that ωBD has a very large value (as if ‘dressed’ or
‘renormalized’ by the chamaleonic forces). One expects that the ‘intrusive’ effects of matter
are only possible in high density (hence non-relativistic) environments, and in their presence
we cannot actually know the real (‘naked’) value of ωBD through local experiments alone.
We assume that the screening disappears as soon as we leave the astrophysical scales and
plunge into the cosmological ones; then, and only then, we can measure the naked or “bare’
value of ωBD (stripped from such effects). We may assume that the screening ceases already
at the LSS scales where linear structure formation occurs, see e.g. [283] for examples of
potentials which can help to realize this mechanism. The bare value of ωBD can then be
fitted to the overall data, and in particular to the LSS formation data. Since ωBD does
no longer appear that big (nor it has any a priori sign) the BD-field ϕ can evolve in an
appreciable way at the cosmological level: it increases with the expansion if ωBD > 0, and
decreases with the expansion if ωBD < 0. In this context, its initial value, ϕini , becomes a
relevant cosmological parameter, which must be taken into account as a fitting parameter
on equal footing with ωBD and all of the conventional parameters entering the fit. Using the
large wealth of cosmological data, these parameters can be fixed at the cosmological level
without detriment of the observed physics at the local domain, provided there is a screening
mechanism insuring that Geff (ϕ)(0) stays sufficiently close to GN in the local neighbourhood.
The numerical results for this important scenario are presented in Tables 3-6 and 9.
• BD-Scenario III: Cassini-constrained Scenario. A more restricted version of scenario II
can appear if the ‘bare value’ of ωBD is as large as in the Cassini bound. In such case ωBD
is, obviously, perceived large in both domains, local and cosmological. Even so, and despite
of the fact that ϕ varies very slowly in this case, one can still exploit the dependence of the
fit on the initial value of the BD-field, ϕini , and use it as a relevant cosmological parameter.
In practice, this situation has only one additional degree of freedom as compared to Scenario
I (and one less than in Scenario II), but it is worth exploring – see our results in Table 10.
As these numerical results show, the Cassini bound still leaves considerable freedom to the
BD-ΛCDM model for improving the H0 tension (without aggravating the σ8 one) since the
value of ϕ is still an active degree of freedom, despite its time evolution is now more crippled.
• BD-Scenario IV: Variable-ωBD (ϕ) Scenario. Here one admits that the parameter ωBD is
actually a function of the BD-field, ωBD = ωBD (ϕ), which can be modeled and adapted to
the constraints of the local and cosmological domains, or even combined with the screening
effects of the local Universe. We have said from the very beginning that we would assume
ωBD =const. throughout our analysis, and in fact we shall stick to that hypothesis; so
here we mention the variable ωBD scenario only for completeness. In any case, if a function
ωBD (ϕ) exists such that it takes very large values in the local Universe while it takes much
more moderate values in the cosmological scales, that sort of scenario would be in the main
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tantamount to Scenario II insofar as concerns its cosmological implications.
In our analysis we basically choose BD- Scenarios II and III (the latter being a particular case
of the former), which represent the most tolerant point of view within the canonical ωBD =const.
option. Scenario II offers the most powerful framework amenable to provide a cure for the tensions
afflicting the conventional ΛCDM model based on GR. Thus, we assume that we can measure the
cosmological value of the gravity strength in BD theory – i.e. the value given in Eq. (7.80) – by
using only cosmological data. We combine the information from the LSS processes involving linear
structure formation with the background information obtained from low, intermediate, and very
high redshift probes, including BAO, CMB, and the distance ladder measurement of H0 . The values
of ϕini and ωBD are fitted to the data, and with them we obtain not only ϕ(z = 0) but we determine
the effective cosmological gravity strength at all epochs from (7.80). The cosmological value of the
gravity coupling can be considered as the ‘naked’ or ‘bare’ value of the gravitational interaction,
stripped from screening effects of matter, in the same way as ωBD measured at cosmological scales
is the bare value freed of these effects. Even though Geff can be different from GN , we do not
object to that since it can be ascribed to screening forces caused by the huge amounts of clustered
matter in the astrophysical environments. For this reason we do not adopt the local constraints
for our cosmological analysis presented in this paper, i.e. we adhere to Scenario II as our main
scenario. Remarkably enough, we shall see that Scenario III still possesses a large fraction of the
potentialities inherent to Scenario II, notwithstanding the Cassini bound. In this sense Scenarios
II and III are both extremely interesting. A smoking gun of such overarching possible picture is
the possible detection of the dynamical dark energy EoS encoded in the BD theory within the GRpicture (cf. Sec. 7.3), which reveals itself in the form of effective quintessence, as well as through
the large smoothing achieved of the main tensions afflicting the conventional ΛCDM. From here
on, we present the bulk of our analysis and detailed results after we have already discussed to a
great extent their possible implications.

7.6

Data and methodology

We fit the BD-ΛCDM together with the concordance GR-ΛCDM model and the GR-XCDM (based
on the XCDM parametrization of the DE [71]) to the wealth of cosmological data compiled from
distant type Ia supernovae (SNIa), baryonic acoustic oscillations (BAO), a set of measurements of
the Hubble function at different redshifts, the Large-Scale Structure (LSS) formation data encoded
in f (zi )σ8 (zi ), and the CMB temperature and low-l polarization data from the Planck satellite.
The joint combination of all these individual datasets will constitute our Baseline Data configuration. Moreover, we also study the repercussion of some alternative data, by adding them to
the aforementioned baseline setup. These additional datasets are: a prior on the value of H0 (or
alternatively an effective calibration prior on M) provided by the SH0ES collaboration; the CMB
high-l polarization and lensing data from Planck; the Strong-Lensing (SL) time delay angular diameter distances from H0LICOW; and, finally, Weak-Lensing (WL) data from KiDS. Below we
provide a brief description of the datasets employed in our analyses, together with the corresponding references.
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SNIa: We use the full Pantheon likelihood, which incorporates the information from 1048 SNIa
[224]. In addition, we also include the 207 SNIa from the DES survey [294]. These two SNIa
samples are uncorrelated, but the correlations between the points within each sample are non-null
and have been duly incorporated in our analyses through the corresponding covariance matrices.
BAO: We use data on both, isotropic and anisotropic BAO analyses. We provide the detailed list
of data points and corresponding references in Table 1. A few comments are in order about the
use of some of the BAO data points considered in this chapter. Regarding the Lyα-forest data, we
opt to use the auto-correlation information from [295]. Excluding the Lyα cross-correlation data
allows us to avoid double counting issues between the latter and the eBOSS data from [229], due to
the partial (although small) overlap in the list of quasars employed in these two analyses. It is also
important to remark that we consider in our baseline dataset the BOSS data reported in [101],
which contains information from the spectrum (SP) and the bispectrum (BP). The bispectrum
information could capture some details otherwise missed when only the spectrum is considered, so
it is worth to use it22 . Therefore, we study the possible significance of the bispectrum component
in the data by carrying out an explicit comparison of the results obtained with the baseline configuration to those obtained by substituting the data points from [101] with those from [234], which
only incorporate the SP information. The results are provided in Tables 3 and 5, respectively. In
Tables 4 and 6-8 we use the SP+BSP combination [101]. In Table 10 we employ both SP and
SP+BSP.
Cosmic Chronometers: We use the 31 data points on H(zi ), at different redshifts, from
[90–96, 226]. All of them have been obtained making use of the differential age technique applied to passively evolving galaxies [298], which provides cosmology-independent constraints on
the Hubble function, but are still subject to systematics coming from the choice of the stellar
population synthesis technique, and also the potential contamination of young stellar components
in the quiescent galaxies [299–301]. For this reason we consider a more conservative dataset that
takes into account these additional uncertainties. To be concrete, we use the processed sample
presented in Table 2 of [302]. See therein for further details.
CMB: In our baseline dataset we consider the full Planck 2018 TT+lowE likelihood [44]. In
order to study the influence of the CMB high-l polarizations and lensing we consider two alternative (non-baseline) datasets, in which we substitute the TT+lowE likelihood by: (i) the TTTEEE+lowE likelihood, which incorporates the information of high multipole polarizations; (ii)
the full TTTEEE+lowE+lensing likelihood, in which we also incorporate the Planck 2018 lensing
data. In Tables 6 and 7 these scenarios are denoted as B+H0 +pol and B+H0 +pol+lens, respectively.
22

See also Ref. [296] for additional comments on the significance of the bispectrum data as well as its potential
implications on the possible detection of dynamical dark energy.

183

Survey

z

Observable

Measurement

References

6dFGS+SDSS MGS

0.122

DV (rs /rs,f id )[Mpc]

539 ± 17[Mpc]

[228]

WiggleZ

0.44

DV (rs /rs,f id )[Mpc]

1716.4 ± 83.1[Mpc]

[108]

0.60

DV (rs /rs,f id )[Mpc]

2220.8 ± 100.6[Mpc]

0.73

DV (rs /rs,f id )[Mpc]

2516.1 ± 86.1[Mpc]

0.32

Hrs /(103 km/s)

11.549 ± 0.385

DA /rs

6.5986 ± 0.1337

/(103 km/s)

14.021 ± 0.225

DA /rs

9.389 ± 0.1030

DM (rs /rs,f id )[Mpc]

1518 ± 22

H(rs,f id /rs )[km/s/Mpc]

81.5 ± 1.9

DM (rs /rs,f id )[Mpc]

1977 ± 27

H(rs,f id /rs )[km/s/Mpc]

90.4 ± 1.9

DM (rs /rs,f id )[Mpc]

2283 ± 32

H(rs,f id /rs )[km/s/Mpc]

97.3 ± 2.1

DR12 BOSS (BSP)

0.57
DR12 BOSS (SP)

0.38
0.51
0.61

Hrs

[101]

[234]

DES

0.81

DA /rs

10.75 ± 0.43

[297]

eBOSS DR14

1.19

Hrs /(103 km/s)

19.6782 ± 1.5867

[229]

DA /rs

12.6621 ± 0.9876

/(103 km/s)

19.8637 ± 2.7187

DA /rs

12.4349 ± 1.0429

/(103 km/s)

26.7928 ± 3.5632

DA /rs

13.1305 ± 1.0465

DH /rs

8.86 ± 0.29

DM /rs

37.41 ± 1.86

1.50
1.83
Lyα-F eBOSS DR14

2.34

Hrs
Hrs

[295]

Table 1: Published values of BAO data, see the quoted references and text in Sec. 7.6. Although we
include in this table the values of DH /rs = c/(rs H) and DM /rs for the Lyα-forest auto-correlation
data from [295], we have performed the fitting analysis with the full likelihood. The fiducial values
of the comoving sound horizon appearing in the table are rs,fid = 147.5 Mpc for [228], rs,fid = 148.6
Mpc for [108], and rs,fid = 147.78 Mpc for [234].

LSS: In this paper the LSS dataset contains the data points on the product of the ordinary
growth rate f (zi ) with σ8 (zi ) at different effective redshifts. They are all listed in Table 2, together with the references of interest. In order to correct the potential bias introduced by the
particular choice of a fiducial model in the original observational analyses we apply the rescaling
correction explained in [193]. See also Sec. II.2 of [304]. The internal correlations between the
BAO and RSD data from [101], [234] and [229] have been duly taken into account through the
corresponding covariance matrices provided in these three references.
Prior on H0 : We include as a prior in almost all the non-baseline datasets the value of the
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Survey

z

f (z)σ8 (z)

References

6dFGS+2MTF

0.03

0.404+0.082
−0.081

[303]

SDSS-DR7

0.10

0.376 ± 0.038

[232]

GAMA

0.18

0.29 ± 0.10

[99]

0.38

0.44 ± 0.06

[100]

0.32

0.427 ± 0.056

[101]

0.57

0.426 ± 0.029

0.22

0.42 ± 0.07

0.41

0.45 ± 0.04

0.60

0.43 ± 0.04

0.78

0.38 ± 0.04

0.38

0.497 ± 0.045

0.51

0.458 ± 0.038

0.61

0.436 ± 0.034

0.60

0.49 ± 0.12

0.86

0.46 ± 0.09

VVDS

0.77

0.49 ± 0.18

[104], [105]

FastSound

1.36

0.482 ± 0.116

[230]

eBOSS DR14

1.19

0.4736 ± 0.0992

[229]

1.50

0.3436 ± 0.1104

1.83

0.4998 ± 0.1111

DR12 BOSS (BSP)
WiggleZ

DR12 BOSS (SP)

VIPERS

[162]

[234]

[233]

Table 2: Published values of f (z)σ8 (z), see the quoted references and text in Sec. 7.6.

Hubble parameter measured by the SH0ES collaboration, H0 = (73.5 ± 1.4) km/s/Mpc [57]. It
is obtained with the cosmic distance ladder method using an improved calibration of the Cepheid
period-luminosity relation. As a possible alternative, we also consider the case in which we use instead the SH0ES effective calibration prior on the absolute magnitude M of the SNIa, as provided
in [305]: M = −19.2191 ± 0.0405. It is obtained from the calibration of ‘nearby’ SNIa (at z . 0.01)
with Cepheids [278]. It has been recently argued in [305, 306] (and later on also in [307, 308]) that
in cosmological studies it is better to use this SH0ES constraint rather than the direct prior on H0
when combined with low-redshift SNIa data to avoid double counting issues. We show that the
results obtained with these two methods are compatible and lead to completely consistent results
(see the discussion in Sec. 7.7, and also Tables 3 and 6).
SL: In one of the non-baseline datasets we use in combination with the SH0ES prior on H0
the data extracted from the six gravitational lensed quasars of variable luminosity reported by the
H0LICOW team [66]. In order to know all the details of the methodology to include these data in
the analysis see Appendix E.
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WL: We include the information provided by the survey The Kilo-Degree Survey (KiDS) [48,
201, 309, 310] in one of our non-baseline scenarios. The reason why we prefer to keep away this
data from the Baseline combination is because in order to model the non-linear effects it is necessary to choose a particular cosmological model. As a consequence this data is model-dependent.
See Appendix E for more details.
We study the performance of the BD-ΛCDM, GR-ΛCDM and GR-XCDM models under different
datasets. In the following we briefly summarize the composition of each of them:
• Baseline (B): Here we include the Planck 2018 TT+lowE CMB data, together with SNIa
+BAO+H(zi )+LSS (see Table 3 and 8). It is important to remark that for the BOSS
BAO+LSS data we consider [101], which includes the information from the spectrum (SP)
as well as from the bispectrum (BSP). We construct some other datasets using this baseline
configuration as the main building block. See the other items, below.
• Baseline+H0 (B+H0 ): Here we add the SH0ES prior on the H0 parameter from [57] to
the baseline dataset (see again Tables 3 and 8).
• Baseline+H0 +SL: The inclusion of the Strong-Lensing (SL) data from [66] exacerbates
more the H0 -tension in the context of the GR-ΛCDM model (see e.g. [311] and Sec. 7.8),
so it is interesting to also study the ability of the BD-ΛCDM to fit the SL data when they
are combined with the previous B+H0 dataset, and compare the results with those obtained
with the GR-ΛCDM. The corresponding fitting results are displayed in Table 4.
• Spectrum: In this dataset we replace the SP+BSP data from [101] used in the Baseline
dataset (see the first item, above) by the data from [234], which only contains the spectrum
(SP) information (i.e. the usual matter power spectrum).
• Spectrum+H0 : As in the preceding item, but including the H0 prior from SH0ES [57].
The aforementioned datasets are all based on the BD-Scenario II (cf. Sec. 7.5) and can be
considered as the main ones (cf. Tables 3-5, and 8), nevertheless we also consider a bunch of
alternative datasets (also based on the BD-Scenario II). We present the corresponding results
in Table 6 and the first five columns of Table 7 for the BD-Λ-CDM and GR-ΛCDM models,
respectively.
• B+M : In this scenario we replace the prior on H0 [57] employed in the B+H0 dataset with
the effective SH0ES calibration prior on the absolute magnitude of SNIa M provided in [305].
• B+H0 +pol: Here we add the CMB high-l polarization data from Planck 2018 [44] to the
B+H0 dataset described before, i.e. we consider the Planck 2018 TTTEEE+lowE likelihood
for the CMB.
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• B+H0 +pol+lens: In addition to the datasets considered in the above case we also include
the CMB lensing data from Planck 2018 [44], i.e. we use the Planck 2018 TTTEEE+lowE+
lensing likelihood.
• B+H0 +WL: In this alternative case we consider the Weak-Lensing (WL) data from KiDS
[48, 309], together with the B+H0 dataset.
• CMB+BAO+SNIa: By considering only this data combination, we study the performance
of the the BD-ΛCDM and the GR-ΛCDM models under a more limited dataset, obtained
upon the removal of the data that trigger the H0 and σ8 tensions, i.e. the prior on H0
from SH0ES and the LSS data. The use of the BAO+SNIa data helps to break the strong
degeneracies found in parameter space when only the CMB is considered. Here we use the
TT+lowE Planck 2018 likelihood [44].
Finally, in Table 10 we present the results obtained for the BD-ΛCDM in the context of the Cassiniconstrained scenario, or Scenario III (see Sec. 7.5 for the details). The corresponding results for
the GR-ΛCDM are shown in the third column of Table 3, and the last three rows of Table 7. In
all these datasets we include the Cassini bound [274] (see Sec. 7.1 for details). The main purpose
of this scenario is to test the ability of the BD-ΛCDM to fit the observational data with BD ' 0
and ϕ 6= 1.
• B+H0 +Cassini: It contains the very same datasets as in the Baseline+H0 case, but here
we also include the Cassini constraint.
• B+H0 +Cassini (No LSS): Here we study the impact of the LSS data in the context of
Scenario III, by removing them from the previous B+H0 +Cassini dataset.
• Dataset [292]: To ease the comparison with the results obtained in [292], here we use exactly
the same dataset as in that reference, namely: the Planck 2018 TTTEEE+lowE+lensing
likelihood [44], the BAO data from [106, 107, 234], and the SH0ES prior from [278], H0 =
74.03 ± 1.42 km/s/Mpc.
• Dataset [292]+LSS: Here we consider an extension of the previous scenario by adding the
LSS data on top of the data from [292].
We believe that all the datasets and scenarios studied in this work cover a wide range of possibilities and show in great detail which is the phenomenological performance of the BD-ΛCDM,
GR-ΛCDM and GR-XCDM models.
The speed of gravitational waves at z ≈ 0, cgw , has been recently constrained to be extremely
close to the speed of light, |cgw /c − 1| . 5 · 10−16 [312]. In the BD-ΛCDM model cgw = c ∀z, so
this constraint is automatically fulfilled. We have also checked that the BD-ΛCDM respects the
bound on G(ϕ) at the Big Bang Nucleosynthesis (BBN) epoch, |G(ϕBBN )/GN − 1| . 0.1 [121],
since G(ϕBBN ) ' G(ϕini ) and our best-fit values satisfy G(ϕini ) > 0.9GN regardless of the dataset
under consideration, see the fitting results in Tables 3-6 and 10.
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To obtain the posterior distributions and corresponding constraints for the various dataset combinations described above we have run the Monte Carlo sampler Montepython23 [222] together
with the Einstein-Boltzmann system solver CLASS24 [221]. We have duly modified the latter to
implement the background and linear perturbations equations of the BD-ΛCDM model. We use
adiabatic initial conditions for all matter species. Let us note that the initial perturbation of
the BD-field and its time derivative can be set to zero, as the DM velocity divergence when the
synchronous gauge is employed, see Appendix C.5 of [64] for a brief discussion. To get the contour
plots and one-dimensional posterior distributions of the parameters entering the models we have
used the Python package GetDist25 [313], and to compute the full Bayesian evidences for the
different models and dataset combinations, we have employed the code MCEvidence26 [242]. The
Deviance Information Criterion (DIC) [314] has been computed with our own numerical code. The
results are displayed in Tables 3-10, and also in Figs. 9-11. They are discussed in the next section.

7.7

Numerical analysis. Results

In the following we put the models under consideration to the test, using the various datasets
described in Sec. 7.6. We perform the statistical analysis of the models in terms of a joint likelihood
function, which is the product of the individual likelihoods for each data source and includes the
corresponding covariance matrices. For a fairer comparison with the GR-ΛCDM we use standard
information criteria in which the presence of extra parameters in a given model is conveniently
penalized so as to achieve a balanced comparison with the model having less parameters. More
concretely, we employ the full Bayesian evidence to duly quantify the fitting ability of the BDΛCDM model as compared to its GR analogue. Given a dataset D, the probability of a certain
model Mi to be the best one among a given set of models {M } reads,
P (Mi |D) =

P (Mi )E(D|Mi )
,
P (D)

(7.82)

where P (Mi ) is the prior probability of the model Mi , P (D) the probability of having the dataset
P
D, and the normalization condition j∈{M } P (Mj ) = 1 is assumed. The quantity E(D|Mi ) is the
so-called marginal likelihood or evidence [41]. If the model Mi has n parameters contained in the
Mi
Mi
i
vector p~Mi = (pM
1 , p2 , ..., pn ), the evidence takes the following form:
ˆ
E(D|Mi ) =

L(D|~
pMi , Mi )π(~
pMi )dn pMi ,

(7.83)

with L(D|~
pMi , Mi ) the likelihood and π(~
pMi ) the prior of the parameters entering the model Mi .
The evidence is larger for those models that have more overlapping volume between the likelihood
and the prior distributions, but penalizes the use of additional parameters having a non-null impact
on the likelihood. Hence, the evidence constitutes a good way of quantifying the performance of
the model by implementing in practice the Occam razor principle. We can compare the fitting
23

http://baudren.github.io/montepython.html
http://lesgourg.github.io/class public/class.html
25
https://getdist.readthedocs.io/en/latest/
26
https://github.com/yabebalFantaye/MCEvidence

24
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Figure 9:

The full Bayesian evidence curves for the BD-ΛCDM as compared to the GR-ΛCDM, using different datasets
and as a function of ∆X = ∆BD /10−2 = ∆ϕini /0.2, with ∆BD and ∆ϕini being the (flat) prior ranges for BD and ϕini ,
respectively. The curves are computed using the exact evidence formula, Eq. (7.83). The marked evidence ranges conform
with the conventional Jeffreys’ scale, see the main text in Sec. 7.7.

performance of BD-ΛCDM and GR-ΛCDM models by assuming equal prior probability for both
of them, i.e. P (BD−ΛCDM) = P (GR−ΛCDM) (“Principle of Insufficient Reason”). The ratio
of their associated probabilities can then be directly written as the ratio of their corresponding
evidences, i.e.
E(D|BD−ΛCDM)
P (BD−ΛCDM|D)
=
≡B,
(7.84)
P (GR−ΛCDM|D)
E(D|GR−ΛCDM)
where B is the so-called Bayes ratio (or Bayes factor) and is the quantity we are interested in.
Notice that when B > 1 this means that data prefer the BD-ΛCDM model over the GR version,
but of course depending on how much larger than 1 it is we will have different levels of statistical
significance for such preference. It is common to adopt in the literature the so-called Jeffreys’ scale
to categorize the level of evidence that one can infer from the computed value of the Bayes ratio.
Jeffrey’s scale actually is usually written not directly in terms of B, but in terms of 2 ln B. The
latter is sometimes estimated with a simple Schwarz (or Bayesian) information criterion ∆BIC [139,
197], although 2 ln B is a much more rigorous, sophisticated (and difficult to compute) statistics
than just the usual ∆BIC estimates based on using the minimum value of χ2 , the number of points
and the number of independent fitting parameters. If 2 ln B lies below 2 in absolute value, then
we can conclude that the evidence in favor of BD-ΛCDM (against GR-ΛCDM) is at most only
weak, and in all cases not conclusive; if 2 < 2 ln B < 6 the evidence is said to be positive; if,
instead, 6 < 2 ln B < 10, then it is considered to be strong, whereas if 2 ln B > 10 one is entitled
to speak of very strong evidence in favor of the BD-ΛCDM over the GR-ΛCDM model. For more
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Baseline

Baseline+H0

Parameter

GR-ΛCDM

BD-ΛCDM

GR-ΛCDM

BD-ΛCDM

H0 (km/s/Mpc)

68.20+0.41
−0.40

68.86+1.15
−1.24

68.57+0.36
−0.42

70.83+0.92
−0.95

ωb

0.02227+0.00019
−0.00018

0.02251+0.00026
−0.00027

0.02238 ± 0.00019

0.02275+0.00024
−0.00026

ωcdm

0.11763+0.00090
−0.00092

0.11598+0.00159
−0.00152

0.11699+0.00092
−0.00083

0.11574+0.00164
−0.00158

τ

0.050+0.004
−0.008

0.052+0.006
−0.008

0.051+0.005
−0.008

0.053+0.006
−0.008

ns

0.9683+0.0039
−0.0038

0.9775+0.0084
−0.0086

0.9703+0.0038
−0.0036

0.9873+0.0076
−0.0075

σ8

0.797+0.005
−0.006

0.785 ± 0.013

0.796+0.006
−0.007

0.789 ± 0.013

rs (Mpc)

147.83+0.29
−0.30

145.89+2.26
−2.49

147.88 ± 0.31

142.46+1.84
−1.86

BD

-

−0.00184+0.00140
−0.00142

-

−0.00199+0.00142
−0.00147

ϕini

-

0.974+0.027
−0.031

-

0.932+0.022
−0.023

ϕ(0)

-

0.960+0.032
−0.037

-

0.918+0.027
−0.029

weff (0)

-

−0.983+0.015
−0.014

-

−0.966+0.012
−0.011

Ġ(0)/G(0)(10−13 yr −1 )

-

2.022+1.585
−1.518

-

2.256+1.658
−1.621

χ2min

2271.98

2271.82

2285.50

2276.04

2 ln B

-

-2.26

-

+4.92

∆DIC

-

-0.54

-

+4.90

Table 3:

The mean fit values and 68.3% confidence limits for the considered models using our baseline dataset in the first
block, i.e. SNIa+H(z)+BAO+LSS+CMB TT data, and baseline+H0 in the second one (cf. Sec. 7.6 for details). These results
have been obtained within our main BD scenario (Scenario II of Sec. 7.5). In all cases a massive neutrino of 0.06 eV has been
included. First we display the fitting results for the six conventional parameters, namely: H0 , the reduced density parameters
for baryons (ωb = Ωb h2 ) and CDM (ωcdm = Ωcdm h2 ), the reionization optical depth τ , the spectral index ns of the primordial
power-law power spectrum, and, for convenience, instead of the amplitude As of such spectrum we list the values of σ8 . We
also include the sound horizon at the baryon drag epoch, rs , obtained as a derived parameter. Right after we list the values
of the free parameters that characterize the BD model: BD (7.1) and the initial condition for the BD-field, ϕini . We also
include the values of the BD-field, the (exact) effective EoS parameter (7.58), and the ratio between the derivative and the
value of Newton’s coupling, all computed at z = 0. Finally, we report the values of the minimum of the χ2 -function, χ2min ,
the exact Bayes ratios (computed under the conditions explained in the main text of Sec. 8), and the DIC. It is also worth to
remark that the baseline dataset employed here includes the contribution not only of the spectrum, but also the bispectrum
information from BOSS [101], see Sec. 7 for details.

technical details related with the evidence and the Bayes ratio we refer the reader to [41, 140, 197].
Notice that the computation of (7.84) is not easy in general; in fact, it can be rather cumbersome
since we usually work with models with a high number of parameters, so the multiple integrals
that we need to compute become quite demanding from the computational point of view. We
have calculated the evidences numerically, of course, processing the Markov chains obtained from
the Monte Carlo analyses carried out with CLASS+MontePython [221, 222] with the numerical
code MCEvidence [242], which is publicly available (cf. Sec. 7.6). We report the values obtained
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Baseline+H0 +SL
Parameter

GR-ΛCDM

BD-ΛCDM

H0 (km/s/Mpc)

68.74+0.37
−0.40

71.30+0.80
−0.84

ωb

0.02242+0.00018
−0.00019

0.02281 ± 0.00025

ωcdm

0.11666+0.00087
−0.00086

0.11560+0.00158
−0.00169

τ

0.051+0.005
−0.008

0.053+0.006
−0.008

ns

0.9708+0.0036
−0.0038

0.9901+0.0075
−0.0070

σ8

0.795+0.006
−0.007

0.789 ± 0.013

rs (Mpc)

147.93+0.30
−0.31

141.68+1.69
−1.73

BD

-

−0.00208+0.00151
−0.00140

ϕini

-

0.923+0.019
−0.021

ϕ(0)

-

0.908+0.026
−0.028

weff (0)

-

−0.962 ± 0.011

Ġ(0)/G(0)(10−13 yr −1 )

-

2.375+1.612
−1.721

χ2min

2320.40

2305.80

2 ln B

-

+9.22

∆DIC

-

+9.15

Table 4: Fitting results as in Table 3, but adding the Strong-Lensing data, i.e. we use here the dataset Baseline+H0 +SL,
for both the GR-ΛCDM and the BD-ΛCDM.
for 2 ln B (7.84) in Tables 3-6, 8, and 10. Table 3 contains the fitting results for the BD- and
GR−ΛCDM models obtained with the Baseline and Baseline+H0 datasets. In Table 4 we present
the results for the Baseline+H0 +SL dataset. In Table 5 we show the output of the fitting analysis
for the same models and using the same data as in Table 3, but changing the BOSS data from [101],
which contain both the mater spectrum and bispectrum information, by the BOSS data from [234],
which only incorporate the spectrum part (i.e. the usual matter power spectrum). In Table 6 we
plug the results obtained for the BD-ΛCDM with the alternative datasets described in Sec. 7.6,
and in Table 7 we show the corresponding results for the GR-ΛCDM. Next, in Table 8 we present
the results with the Baseline and Baseline+H0 data configurations obtained using the GR-XCDM
parametrization. In Table 9 we display the values of the parameters σ8 and S8 for the GR- and
p
BD-ΛCDM models, as well as the parameter S̃8 = S8 / ϕ(0) for the BD. Finally, in Table 10 we
present the fitting results for the BD-ΛCDM model, considering the (Cassini-constrained) Scenario
III described in Sec. 7.5. The evidence (7.83) clearly depends on the priors for the parameters
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Spectrum

Spectrum+H0

Parameter

GR-ΛCDM

BD-ΛCDM

GR-ΛCDM

BD-ΛCDM

H0 (km/s/Mpc)

68.00+0.47
−0.48

68.86+1.27
−1.34

68.61+0.46
−0.49

70.94+1.00
−0.98

ωb

0.02223+0.00020
−0.00021

0.02241 ± 0.00027

0.02239+0.00020
−0.00019

0.02264+0.00026
−0.00025

ωcdm

0.11809+0.00112
−0.00095

0.11743+0.00168
−0.00170

0.11695 ± 0.00104

0.11702+0.00169
−0.00167

τ

0.051+0.005
−0.008

0.053+0.006
−0.008

0.053+0.006
−0.008

0.054+0.007
−0.008

ns

0.9673+0.0039
−0.0044

0.9742+0.0086
−0.0090

0.9705+0.0040
−0.0041

0.9845+0.0076
−0.0077

σ8

0.800+0.006
−0.007

0.798 ± 0.014

0.798 ± 0.007

0.801+0.015
−0.014

rs (Mpc)

147.75+0.31
−0.35

145.82+2.33
−2.52

147.88+0.33
−0.32

142.55+1.71
−1.96

BD

-

−0.00079+0.00158
−0.00157

-

−0.00081+0.00162
−0.00165

ϕini

-

0.976+0.028
−0.032

-

0.935+0.020
−0.024

ϕ(0)

-

0.970+0.034
−0.038

-

0.929+0.028
−0.030

weff (0)

-

−0.987+0.016
−0.014

-

−0.971+0.013
−0.011

Ġ(0)/G(0)(10−13 yr −1 )

-

0.864+1.711
−1.734

-

0.913+1.895
−1.791

χ2min

2269.04

2268.28

2283.66

2274.64

2 ln B

-

−2.94

-

+3.98

∆DIC

-

−3.36

-

+4.76

Table 5:

As in Table 3, but replacing the BOSS BAO+LSS data from [101] with those from [234], which only includes the
spectrum information. See the discussion of the results in Sec. 7.7.

Datasets

H0

ωm

σ8

rs (Mpc)

BD · 103

weff (0)

2 ln B

B+M

+0.92
71.19−1.02

0.1390+0.0014
−0.0015

0.788+0.012
−0.013

141.87+2.06
−1.81

−2.16+1.42
−1.36

−0.963+0.012
−0.011

+10.38

B+H0 +pol

+0.81
69.85−0.85

0.1409+0.0012
−0.0011

0.801 ± 0.011

144.72+1.51
−1.83

−0.30+1.20
−1.23

−0.985+0.012
−0.009

−1.44

B+H0 +pol+lens

+0.82
69.74−0.77

0.1416+0.0011
−0.0010

0.808 ± 0.009

144.66+1.56
−1.61

0.00+1.11
−1.07

−0.986 ± 0.010

−1.98

B+H0 +WL

+0.91
70.69−0.90

0.1398+0.0015
−0.0013

0.794+0.011
−0.012

142.76+1.79
−1.86

−1.42+1.29
−1.37

−0.970+0.011
−0.010

+4.34

CMB+BAO+SNIa

+1.44
68.63−1.50

0.1425 ± 0.0019

0.818+0.017
−0.018

146.62+2.92
−2.93

1.14+1.84
−1.68

−0.999+0.020
−0.017

−3.00

Table 6:

Fitting results for the BD-ΛCDM model obtained with some alternative datasets and in all cases within the main
BD Scenario II. Due to the lack of space, we employ some abbreviations, namely: B for the Baseline dataset described in Sec.
7.6; pol for the Planck 2018 (TE+EE) high-l polarization data; and lens for the CMB lensing. The ωm parameter contains
the contribution of baryons and dark matter. In the last row, CMB refers to the TT+lowE Planck 2018 likelihood (cf. Sec.
7.6 for details on the data). H0 is given in km/s/Mpc. For a discussion of the results, see Sec. 7.7.

entering the model. For the 6 parameters in common in the BD- and GR-ΛCDM models, namely,
(ωb = Ωb h2 , ωcdm = Ωcdm h2 , H0 , τ, As , ns ), if we use the same flat priors in both models they
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cancel exactly in the computation of the Bayes ratio (7.84). Thus, the latter does not depend
on the priors for these parameters if their ranges are big enough so as to not alter the shape of
the likelihood severely. The Bayes ratio is, though, sensitive to the priors for the two additional
parameters introduced in the BD-ΛCDM model in our Scenario II (cf. Sec. 7.5), i.e. ϕini and BD ,
since they are not canceled in (7.84). We study the dependence of the evidence on these priors in
Fig. 9, where we plot 2 ln B obtained for the BD-ΛCDM model from different datasets, and as a
function of a quantity that we call ∆X , defined as
∆X ≡

∆ϕini
∆BD
=
,
−2
10
0.2

(7.85)

with ∆BD and ∆ϕini being the flat prior ranges of BD and ϕini , centered at BD = 0 and ϕini = 1,
respectively. ∆X will be equal to one when ∆BD = 10−2 and ∆ϕini = 0.2, which are natural values
for these prior ranges. The former implies ωBD > 100 and the latter could be associated to the
range 0.9 < ϕini < 1.1. We do not expect ωBD . 100 since this would imply an exceedingly large
departure from GR, even at cosmological scales, where this lower bound was already set using
the first releases of WMAP CMB data almost twenty years ago, see e.g. [315, 316]. Regarding the
prior range 0.9 < ϕini < 1.1, it is also quite natural, since this is necessary to satisfy the BBN
bounds [121]. In all tables we report the values of 2 ln B obtained by setting the natural value
∆X = 1, and in Fig. 9, as mentioned before, we also show how this quantity changes with the prior
width, in terms of the variable ∆X (7.85).
In the Cassini-constrained Scenario III (cf. again Sec. 7.5), we also allow variations of ϕini and
BD in our Monte Carlo runs, of course, but the natural prior range for BD is now much smaller
than in Scenario II, since now we expect it to be more constrained by the local observations. It is
more natural to take in this case a prior range ∆BD = 5 · 10−5 (still larger than Cassini’s bound),
and this is what we do in all the analyses of this scenario. See the comments in Sec. 7.8, and Table
10.
In Tables 3-5 apart from the Bayes ratio, we also include the Deviance Information Criterion [314],
which is strictly speaking an approximation of the exact Bayesian approach that works fine when
the posterior distributions are sufficiently Gaussian. The DIC is defined as
DIC = χ2 (θ̂) + 2pD .

(7.86)

Here pD = χ2 − χ2 (θ̂) is the effective number of parameters of the model and χ2 the mean of the
overall χ2 distribution. DIC is particularly suitable for us, since we can easily compute all the
quantities involved directly from the Markov chains generated with MontePython. To compare
the ability of the BD- and GR-ΛCDM models to fit the data, one has to compute the respective
differences of DIC values between the first and second models. They are denoted ∆DIC in our
tables, and this quantity is the analogous to 2 ln B.

7.7.1

Comparing with the XCDM parametrization

As mentioned, in our numerical analysis of the data we also wish to consider the effect of a
simple but powerful DDE parametrization, which is the traditional XCDM [71]. In this very
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Datasets

H0

ωm

σ8

rs (Mpc)

B+M

68.64+0.39
−0.38

0.1398 ± 0.0009

0.796+0.005
−0.006

147.87+0.29
−0.30

B+H0 +pol

68.50+0.33
−0.36

0.1408+0.0007
−0.0008

0.799 ± 0.006

147.53 ± 0.022

B+H0 +pol+lens

68.38+0.35
−0.33

0.1411 ± 0.0007

0.803 ± 0.006

147.44+0.22
−0.21

B+H0 +WL

68.64 ± 0.37

0.1399+0.0008
−0.0009

0.795+0.005
−0.007

147.89+0.31
−0.29

CMB+BAO+SNIa

67.91+0.39
−0.41

0.1413 ± 0.0009

0.805+0.006
−0.007

147.66+0.31
−0.29

B+H0 (No LSS)

68.38+0.42
−0.37

0.1405 ± 0.0009

0.802+0.007
−0.008

147.76 ± 0.30

Dataset [292]

68.17+0.43
−0.44

0.1416 ± 0.0009

0.810+0.006
−0.007

147.35+0.22
−0.24

Dataset [292] + LSS (SP)

68.36 ± 0.42

0.1412 ± 0.0009

0.806 ± 0.006

147.43±0.23

Table 7:

Different fitting results for the GR-ΛCDM model. The first five rows correspond to the different non-baseline
datasets explored for the BD-ΛCDM in Table 6. The last three rows correspond to other scenarios tested with the BD-ΛCDM
model in Table 10, see Sec. 7.8 for more details. H0 is given in km/s/Mpc.

simple framework, the DE is self-conserved and is associated to some unspecified entity or fluid
(called X) which exists together with ordinary baryonic and cold dark matter, but it does not have
any interaction with them. The energy density of X is simply given by ρX (a) = ρX0 a−3(1+w0 ) ,
ρX0 = ρΛ being the current DE density value and w0 the (constant) EoS parameter of such fluid.
More complex parametrizations of the EoS can be considered, for instance the CPL one [72,73], in
which there is a time evolution of the EoS itself. However, we have previously shown its incapability
to improve the XCDM performance in solving the two tensions, see [296]. Thus, in this work we
prefer to stay as closer as possible to the standard cosmological model and we will limit ourselves
to analyze the XCDM only. By setting w0 = −1 we retrieve the ΛCDM model with constant ρΛ .
For w0 & −1 the XCDM mimics quintessence, whereas for w0 . −1 it mimics phantom DE. The
fitting results generated from the XCDM on our datasets are used in our analysis as a figure of
merit or benchmark to compare with the corresponding fitting efficiency of both the BD-ΛCDM
and the GR-ΛCDM models. In the next section, we comment on the comparison.

7.8

Discussion and extended considerations

In this chapter, we have dealt with Brans-Dicke (BD) theory in extenso. Our main goal was to
assess if BD-gravity can help to smooth out the main two tensions besetting the usual concordance
ΛCDM model (based on GR): i) the H0 -tension (the most acute existing discordance at present),
and ii) the σ8 -tension, which despite not being so sharp it often occurs that the (many) models in
the market dealing with the former tend to seriously aggravate the latter. As we have explained
at the beginning, the ‘golden rule’ to be preserved by the tension solver should be to find a clue
on how to tackle the main discrepancy (on the local H0 parameter) while at the same time to
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GR-XCDM
Parameter

Baseline

Baseline+H0

H0 (km/s/Mpc)

67.34+0.63
−0.66

68.40+0.60
−0.62

ωb

0.02235+0.00021
−0.00020

0.02239+0.00019
−0.00020

ωcdm

0.11649+0.00108
−0.00111

0.11671+0.00117
−0.00109

τ

0.053+0.006
−0.008

0.051+0.005
−0.008

ns

0.9709 ± 0.0043

0.9707+0.0042
−0.0043

σ8

0.782+0.011
−0.010

0.792 ± 0.011

rs (Mpc)

148.05+0.32
−0.34

147.95+0.33
−0.34

w0

−0.956 ± 0.026

−0.991+0.026
−0.024

χ2min

2269.88

2285.22

2 ln B

−2.23

−5.21

Table 8:

As in Table 3, but for the XCDM parametrization (within GR). Motivated by previous works (see e.g. [296]), we
have used the (flat) prior −1.1 < w0 < −0.9.

curb the σ8 one, or at least not to worsen it. We have found that BD-gravity could be a key
paradigm capable of such achievement. Specifically, we have considered the original BD model
with the only addition of a cosmological constant (CC), and we have performed a comprehensive
analysis in the light of a rich and updated set of observations. These involve a large variety of
experimental inputs of various kinds, such as the long chain SNIa+H(z)+BAO+LSS+CMB of
data sources, which we have considered at different levels and combinations; and tested with the
inclusion of other potentially important factors such as the influence of the bispectrum component
in the structure formation data (apart from the ordinary power spectrum); and also assessed the
impact of gravitational lensing data of different sorts (Weak and Strong-Lensing).
Although BD-gravity is fundamentally different from GR, we have found very useful to try to pick
out possible measurable signs of the new gravitational paradigm by considering the two frameworks
in the (spatially flat) FLRW metric and compare the versions of the ΛCDM model resulting in
each case, which we have called BD-ΛCDM and GR-ΛCDM, respectively. We have parametrized
the departure of the former from the latter at the background level (cf. Sec. 7.3) and we have
seen that BD-ΛCDM can appear in the form of a dynamical dark energy (DDE) version of the
GR-ΛCDM, in which the vacuum energy density is evolving through a non-trivial EoS (cf. Fig. 8).
We have called it the ‘GR-picture’ of the BD theory. The resulting effective behavior is ΛCDM-like
with, however, a mild time-evolving quasi-vacuum component. In fact, such behavior is not ‘pure
vacuum’ – which is why we call it quasi-vacuum – despite of the fact that the original BD-ΛCDM
theory possesses a rigid cosmological constant. Specifically, using the numerical fitting results of
our analysis we find that such EoS shows up in effective quintessence-like form at more than 3σ c.l.
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Scenarios

σ8(GR)

σ8(BD)

S8(GR)

S8(BD)

S̃8(BD)

Baseline

0.797+0.005
−0.006
0.796+0.006
−0.007
0.795+0.006
−0.007
0.800+0.006
−0.007

0.785 ± 0.013

0.777+0.019
−0.020

0.793 ± 0.012

0.758 ± 0.018

0.792 ± 0.013

0.789 ± 0.013

0.800+0.010
−0.011
0.793+0.011
−0.010
0.789+0.011
−0.010

0.791+0.012
−0.013

0.798 ± 0.014

0.807 ± 0.013

0.798 ± 0.007

0.801+0.015
−0.014

0.794+0.012
−0.013

0.753+0.017
−0.018
0.793+0.021
−0.022
0.773+0.019
−0.021

Baseline+H0
Baseline+H0 +SL
Spectrum
Spectrum+H0

0.789 ± 0.013

0.805 ± 0.014
0.802+0.013
−0.014

Table 9:

Fitted values for the σ8(M ) (here M stands for GR or BD) obtained under different dataset configurations. We also
q
p
include the derived values of S8(M ) = σ8 Ωm /0.3 and the renormalized S̃8 = σ8 Ω̃m /0.3, with Ω̃m defined as in Sec. 7.2.1.
These results correspond to the main Scenario II of the BD-ΛCDM model.

(this is perfectly appreciable at naked eye in Fig. 8). Our fit to the data demonstrates that such an
effective representation of BD-gravity can be competitive with the concordance model with a rigid
Λ-term. It may actually create the fiction that the DE is dynamical when viewed within the GR
framework, whilst it is just a rigid CC in the underlying BD action. The practical outcome is that
the BD approach with a CC definitely helps to smooth out some of the tensions afflicting the ΛCDM
in a manner very similar to the Running Vacuum Model, see e.g. [51, 155, 186, 198, 207, 271], and
this success might ultimately reveal the signs of the BD theory. We conclude that finding traces of
vacuum dynamics, accompanied with apparent deviations from the standard matter conservation
law [134] could be the ‘smoking gun’ pointing to the possibility that the gravity theory sitting
behind these effects is not GR but BD.

7.8.1

Alleviating the H0 -tension

Our analysis of the BD theory with a CC, taken at face value, suggests that the reason for the
enhancement of H0 in the BD model is because the effective gravitational coupling acting at
cosmological scales, Geff ∼ GN /ϕ, is higher than the one measured on Earth (see Fig. 4). This
possibility allows the best-fit current energy densities of all the species to remain compatible at
. 1σ c.l. with the ones obtained in the GR-ΛCDM model (cf. e.g. Tables 3-5). Thus, since ϕ < 1
we find that the increase of the Hubble parameter is basically due to the increase of the effective
G, and there is no need for a strong modification of the energy densities of the various species
filling the Universe. This is a welcome feature since the measurable cosmological mass parameter
in the BD-ΛCDM model is, for sufficiently small BD , not the usual Ωm , but precisely the tilded
one, related to it through Ω̃m = Ωm /ϕ. The latter is about ∼ 8 − 9% bigger than its standard
model counterpart (Ω̃m > Ωm ) as it follows from Fig. 4, where we can read off the current value
ϕ(z = 0) ' 0.918. Now, because at the background level it is possible to write an approximate
Friedmann’s equation (7.17) in terms of the tilded parameters, these are indeed the ones that
are actually measured from SNIa and BAO observations in the BD context27 . The differences,
27

Recall that for BD 6= 0 the tilded parameters Ω̃i (which were originally defined for BD = 0) receive a correction
and become the hatted parameters Ω̂i introduced in Eq. (7.38). However, the difference between them is of O(BD ),
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however, as we have just pointed out, are not to be attributed to a change in the physical energy
content of matter but to the fact that ϕ < 1 throughout the entire cosmic history, as clearly shown
in Fig. 4. Obviously, the measurement of the parameters Ω̃i can be performed through the very
same data and procedures well accounted for in the context of the GR-ΛCDM framework. This
explanation is perfectly consistent with the fact that when the Friedmann’s law is expressed in
terms of the effetive G, as indicated in Eq. (7.15), the local value of the Hubble parameter H0
becomes bigger owing to Geff = GN /ϕ being bigger than GN . Thus, when we compare the early
and local measurements of H0 we do not meet any anomaly in this approach.
We also recall at this point that there is no correction from ωBD on the effective coupling Geff ,
Eq. (7.80), in the local domain. This is because in our context ωBD appears as being very large
owing to the assumed screening of the BD-field caused by the clustered matter (cf. Sec. 7.5). From
1/2
1/2
Fig. 4 and Table 3 we find that the BD model leads to a value of H0 a factor Geff (z = 0)/GN ∼
√
1/ϕ1/2 (z = 0) = 1/ 0.918, i.e. ∼ 4.5%, bigger than the one inferred from the CMB in the GRΛCDM model, in which Geff = GN (∀z). It is reassuring to realize that such a ‘renormalization
factor’ can enhance the low Planck 2018 CMB measurement of the Hubble parameter (viz. H0 =
67.4 ± 0.5 km/s/Mpc [44]) up to the range of 70 − 71km/s/Mpc (cf. e.g. Tables 3-6), hence much
closer to the local measurements. For example, SH0ES yields H0 = (73.5 ± 1.4) km/s/Mpc [57];
and when the latter is combined with Strong-Lensing data from the H0LICOW collab. [66] it leads
to H0 = (73.42 ± 1.09) km/s/Mpc. This combined value is 5σ at odds with the Planck 2018
measurement, a serious tension.
On the other hand, if we compare e.g. the fitting value predicted within the BD-ΛCDM model
+0.92
km/s/Mpc) with the aforementioned SH0ES determination,
from Table 3 (namely H0 = 70.83−0.95
we can see that the difference is of only 1.58σ. If we next compare our fitting result from Table 4
(H0 = 71.30+0.80
−0.84 km/s/Mpc), which incorporates the H0LICOW Strong-Lensing data in the fit as
well, with the combined SH0ES and H0LICOW result (viz. the one which is in 5σ tension with the
CMB value) we obtain once more an inconspicuous tension of only 1.55σ. In either case it is far
away from any perturbing discrepancy. In fact, no discrepancy which is not reaching a significance
of at least 3σ can be considered sufficiently worrisome.

7.8.2

Alleviating the σ8 -tension

Furthermore, the smoothing of the tension applies to the σ8 parameter as well, with the result
that it essentially disappears within a similar level of inconspicuousness. In fact, values such as
σ8 = 0.789 ± 0.013 and S̃8 = 0.792 ± 0.013 (obtained within the Baseline+H0 dataset, see Table 9)
are in good agreement with weak gravitational lensing observations derived from shear data (cf.
the WL data block mentioned in Sec. 7.6). Let us take the value by Joudaki et al. 2018 of the
combined observable S8 = 0.742 ± 0.035, for example, obtained by KiDS-450, 2dFLenS and BOSS
collaborations from a joint analysis of weak gravitational lensing tomography and overlapping
redshift-space galaxy clustering [201]. These observations can be compared with our prediction
p
for S8 = σ8 Ωm /0.3 and with the ‘renormalized’ form of that quantity within the BD-ΛCDM
see Eq. (7.39), and since |BD | ∼ O(10−3 ) it can be ignored.
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BD-ΛCDM (Scenario III: Cassini-constrained)
Parameter

B+H0 (No LSS)

B+H0

Dataset [292]

Dataset [292] + LSS (SP)

H0 (km/s/Mpc)

70.99+0.94
−0.97

70.80+0.81
−0.91

70.01+0.86
−0.92

70.03+0.90
−0.88

ωb

0.02257 ± 0.00021

0.02256+0.00019
−0.00020

0.02271 ± 0.00016

0.02272+0.00015
−0.00016

ωcdm

0.11839+0.00093
−0.00094

0.11748 ± 0.00089

0.11885+0.00092
−0.00095

0.11827+0.00089
−0.00093

τ

0.057+0.007
−0.008

0.050+0.004
−0.008

0.061+0.007
−0.008

0.058+0.006
−0.008

ns

0.9824+0.0057
−0.0058

0.9811+0.0051
−0.0052

0.9783+0.0052
−0.0059

0.9701+0.0056
−0.0054

σ8

0.815+0.008
−0.009

0.804+0.006
−0.007

0.817 ± 0.007

0.812+0.006
−0.007

rs (Mpc)

142.14+1.91
−1.72

143.31+1.72
−1.63

143.58+1.62
−1.55

144.10+1.62
−1.52

BD

−0.00002 ± 0.00002

−0.00002 ± 0.00002

−0.00002 ± 0.00002

−0.00002 ± 0.00002
0.960+0.020
−0.018

ϕini

0.933 ± 0.021

0.944 ± 0.020

0.955+0.018
−0.019

ϕ(0)

0.933+0.020
−0.021

0.944+0.019
−0.020

0.955+0.018
−0.019

0.960+0.020
−0.017

weff (0)

−0.972 ± 0.009

−0.977 ± 0.008

−0.981+0.008
−0.007

−0.983 ± 0.008

Ġ(0)/G(0)(10−13 yr −1 )

0.025+0.025
−0.026

0.026+0.027
−0.028

0.023+0.026
−0.027

0.020 ± 0.026

χ2min

2256.14

2278.34

2797.44

2812.68

2 ln B

+9.03

+5.21

+3.45

+2.21

Table 10: Fitting results for the BD-ΛCDM, in the context of the BD-Scenario III explained in Sec. 7.5 under different
datasets. As characteristic of Scenario III, in all of these datasets the Cassini constraint on the post-Newtonian parameter
γ PN has been imposed [274]. In the first two fitting columns we use the Baseline+H0 dataset described in Sec. 7.6. However,
we exclude the LSS data in the first column while it is kept in the second. In the third and fourth fitting columns we report
on the results obtained using the very same dataset as in Ref. [292], just to ease the comparison between the BD-ΛCDM and
the variable G model studied in that reference (cf. their Table 1). This dataset includes the Planck 2018 TTTEEE+lensing
likelihood [44], BAO data from [106, 107, 234] and the SH0ES prior from [278]. In the last fitting column, however, we add the
LSS data to the previous set but with no bispectrum (cf. Table 2 and Sec. 7.6). The corresponding results for the GR-ΛCDM
can be found in Tables 3 and 7.
q
model, namely S̃8 = σ8 Ω̃m /0.3, which depends on the modified cosmological parameter Ω̃m ,
which is slightly higher, recall our Eq. (7.18)28 . Both S8 and S̃8 are displayed together in Table 9
for the main scenarios, also in company with σ8 values for the GR and BD models. Differences of
the mentioned experimental measurements with respect to e.g. our prediction for the Baseline+H0
dataset, are at the level of 0.5σ − 1.3σ depending on whether we use S8 or S̃8 , whence statistically
irrelevant in any case. More details can be appraised on some of these observables and their
correlation with H0 in Figs. 10 and 11, on which we shall further comment later on.

7.8.3

Comparing different scenarios

We have also tested the performance of the BD- and GR-ΛCDM models when we include the
CMB high-l (TE+EE) polarization data from Planck 2018, with and without the CMB lensing,
q
Although we could use the hatted parameter Ŝ8 = σ8 Ω̂m /0.3, instead of S̃8 , we have already pointed out that
the difference between Ω̂m and Ω̃m is negligible for |BD | ∼ O(10−3 ), and so is between Ŝ8 and S̃8 .
28
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Figure 10:

Triangular matrix containing the two-dimensional marginalized distributions for some relevant combinations
of parameters in the BD-ΛCDM model (at 1σ and 2σ c.l.), together with the corresponding one-dimensional marginalized
likelihoods for each of them. H0 is expressed in km/s/Mpc, and rs in Mpc. See Tables 3 and 4 for the numerical fitting results.

in combination with the baseline dataset and the SH0ES prior on H0 (cf. Tables 6 and 7). The
values of the Hubble parameter in these cases are a little bit lower than when we consider only
the temperature and low-l polarization (TT+lowE) CMB data, but the tension is nevertheless
significantly reduced, being now of only ∼ 2.2σ c.l., whereas in the GR-ΛCDM model it is kept at
the ∼ 3.5σ level. The values of σ8 are still low, ∼ 0.80 − 0.81. The information criteria in these
cases, though, have no preference for any of the two models, they are not conclusive.
We also examine the results that are obtained when we do not include in our fitting analyses any
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Figure 11:

Constraints obtained for σ8 and S̃8 versus H0 (in km/s/Mpc) from the fitting analyses of the GR- and BDΛCDM models, and the GR-XCDM parametrization. We show both, the contour lines in the corresponding planes of parameter
space, and the associated marginalized one-dimensional posteriors. The centering of the parameters in the ranges σ8 < 0.80
and H0 & 71 km/s/Mpc is a clear sign of the smoothening of the σ8 -tension and, more conspicuously, of the H0 one within
the BD-ΛCDM model. We can also see that while a simple XCDM parametrization for the DE can help to diminish σ8 as
compared to the concordance model, it is however unable to improve the H0 tension, which is kept at a similar level as within
the concordance model.

of the data sources that trigger the tensions. We consider here the CMB, BAO and SNIa datasets
(denoted as CMB+BAO+SNIa in Tables 6 and 7), but exclude the use of the SH0ES prior on
H0 and the LSS data. As expected, the evidence for the BD model decreases since now we do
not give to it the chance of showing its power. Even though the description of the data improves,
it is not enough to compensate for the penalty received owing to the use of the two additional
parameters (BD , ϕini ), and in this case we read 2 ln B = −3.00 (from Table 6). Thus, there is
here a marginal preference for the GR scenario, but as previously mentioned, this is completely
normal, since we are removing precisely the data sources whose correct description demands for
new physics. Even so, the H0 -tension is again remarkably reduced from 3.8σ in GR-ΛCDM to only
2.4σ in the BD-ΛCDM. The respective values of σ8 remain compatible with 0.80 within ∼ 1σ.
It is also interesting to compare the results that we have obtained within the BD framework with
other approaches in the literature, in which the variation of G is dealt with as a small departure
from GR, namely in a context where the action still contains a large mass scale M near the Planck
mass mPl , together with some scalar field which parametrizes the deviations from it. This is of
course fundamentally different from the BD paradigm but it bears relation owing to the variation
of the effective G, and it has also been used to try to smooth out the tensions. However, as
already mentioned at the beginning, and also in Sec. 7.2, it is not easy at all for a given model to
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fulfill the ‘golden rule’, i.e. to loosen the two tensions at a time, or just to alleviate one of them
without worsening the other. Different proposals have appeared in the market trying to curb the
H0 -tension, e.g. the so-called early dark energy models [290,317,318], and the model with variable
G recently considered in [292, 319, 320]. Although the physical mechanism of the EDE and the
aforementioned models with variable G is of course very different, their aim is pretty similar. They
reduce the sound horizon rs at recombination in order to force the increase of the Hubble function
in the late Universe. This allows them to generate larger values of H0 in order to keep a good fit
to the CMB and BAO data, but this happens only at the expense of increasing the tension in σ8 ,
since they do not have any compensation mechanism able to keep the structure formation in the
late Universe at low enough levels. Some of these models appear not to be particularly disfavored
notwithstanding. But this is simply because they did not use LSS data in their fits, i.e. they did
not put their models to the test of structure formation and for this reason they have more margin
to adjust the remaining observables without getting any statistical punishment. So the fact that
the significant increase of σ8 that they find is not statistically penalized is precisely because they
do not use LSS data, such as e.g. those on the observable f (z)σ8 (z) displayed in our Table 2. In
this respect, EDE cosmologies are an example; they seem to be unable to alleviate the H0 -tension
when LSS data are taken into account, as shown in [291].

7.8.4

Imposing the Cassini constraint

To further illustrate the capability of the BD-ΛCDM model to fit the data under more severe
conditions, in Table 10 we consider four possible settings to fit our Cassini-constrained BD-Scenario
III defined in Sec. 7.5. Recall that this BD scenario involves the stringent Cassini bound on the
post-Newtonian parameter γ PN [274], which we have discussed in Sec. 7.1. The first two fitting
columns of Table 10 correspond to our usual Baseline+H0 dataset, in one case (first fitting column
in that table) we omit the LSS data, whereas in the second column we restore it. In this way we
can check the effect of the structure formation data on the goodness of the fit. The comparison
between the results presented in these two columns shows, first and foremost, that the Cassini
bound does not have a drastically nullifying effect, namely it does not render the BD-ΛCDM
model irrelevant to the extent of making it indistinguishable from GR-ΛCDM, not at all, since
the quality of the fits is still fairly high (confer the Bayes factors in the last row). In truth, the
fit quality is still comparable to that of the Baseline+H0 scenario (cf. Table 3). However, the
description of the LSS data is naturally poorer since BD is smaller and the model cannot handle
so well the features of the structure formation epoch, thus yielding slightly higher values of σ8 .
Second, the fact that the scenario without LSS furnishes a higher Bayes factor just exemplifies the
aforementioned circumstance that when cosmological models are tested without using this kind of
data the results may in fact not be sufficiently reliable. When the LSS data enter the fit (third
fitting colum in that table), we observe, interestingly enough, that the BD-ΛCDM model is still
able to keep H0 in the safe range, it does improve the value of σ8 as well (i.e. it becomes lower)
and, on top of that, it carries a (‘smoking gun’) signal of almost 2.9σ c.l. – encoded in the value
of weff – pointing to quintessence-like behavior. Overall it is quite encouraging since it shows that
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the Cassini bound does not exceedingly hamper the BD-ΛCDM model capabilities. Such bound
constraints the time evolution of ϕ (because |BD | is forced to be much smaller) but it does not
preclude ϕ from choosing a suitable value in compensation (cf. BD-Scenario III in Sec. 7.5).
In the last two columns of Table 10, we can further check what are the changes in the previous
fitting results when we use a more restricted dataset, e.g. the one used in Ref. [292], in which the
Cassini bound is also implemented. These authors study a model which represents a modification
of GR through an effective G ∼ 1/M 2 , with M a mass very near the Planck mass, , which is
allowed to change slowly through a scalar field φ as follows: M 2 → M 2 + βφ2 , where β is a small
(dimensionless) parameter. The authors assume that the Cassini bound on the post-Newtonian
parameter γ PN [274] is in force (see Sec. 7.6 for details). However, they do not consider LSS
data (only CMB and BAO). We may compare the results they obtain within that variable G
model (cf. their Table 1) with those we obtain within the BD-Scenario III under the very same
dataset as these authors. The results are displayed in the third fitting column of Table 10. We
+0.62
obtain H0 = (70.01+0.86
−0.92 ) km/s/Mpc and σ8 = 0.817 ± 0.007, whereas they obtain H0 = (69.2−0.75 )
km/s/Mpc and σ8 = 0.843+0.015
−0.024 . Clearly, the BD-ΛCDM is able to produce larger central values
of H0 and lower values of σ8 , even under the Cassini bound, although the differences are within
errors. The value of 2 ln B lies around +3.5 and hence points to a mild positive evidence in favor
of the BD model. This is consistent with the associated deviation we find of G(0) from GN at
2.43σ c.l., and with a signal of effective quintessence at 2.53σ c.l. within the GR-picture.
Let us now consider what is obtained if we add up the LSS data to this same BD-Scenario III, still
with the restricted dataset od Ref. [292]. As expected, the inclusion of the structure formation data
pushes the value of σ8 = 0.812+0.006
−0.007 down as compared to their absence (σ8 = 0.817±0.007). This is
the most remarkable difference between the two cases, as one cannot appreciate significant changes
in the other parameters. Something very similar happens when we compare the values of σ8 of the
first two fitting columns of Table 10, in which we consider the B+H0 dataset without LSS data
(first fitting column) and with LSS data (second fitting column). The relative improvement w.r.t.
the model of [292] is therefore greater in the presence of LSS data, whose use has been omitted in
that reference. In that variable G model one finds a larger value of H(z) at recombination thanks
to the larger values of G in that epoch, but at present G is forced to be almost equal to GN (being
the differences not relevant for cosmology). This means that: (i) in that model G decreases with
time, which leads to a kind of effective BD > 0; (ii) the model cannot increase H0 with a large
value of G(z = 0). Both facts do limit significantly the effectiveness of the model in loosening the
tensions. In the BD-ΛCDM model under consideration, instead, we find that G has to be ∼ 8 − 9%
larger than GN not only in the pre-recombination Universe, but also at present, and this allows
to reduce significally the H0 -tension. Moreover, we find that a mild increase of the cosmological
G with the expansion leads also to an alleviation of the σ8 -tension.
Under all of the datasets studied in Table 10 we obtain central values of |BD | ∼ O(10−5 ), which
are compatible with 0 at 1σ. Notice that this value is just of order of the Cassini bound on BD , as
could be expected. Notwithstanding, and remarkably enough, the stringent bound imposed by the
Cassini constraint, which enforces BD to remain two orders of magnitude lower than in the main
Baseline scenarios, is nevertheless insufficient to wipe out the positive effects from the BD-ΛCDM
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model. They are still capable to emerge with a sizeable part of the genuine BD signal. This is, as
anticipated in Sec. 7.5, mainly due to the fact that the Cassini bound cannot restrict the value of
the BD field ϕ, only its time evolution.

7.8.5

More on alleviating simultaneously the two tensions

A few additional comments on our results concerning the parameters H0 and σ8 are now in order.
Their overall impact can be better assessed by examining the triangular matrix of fitted contours
involving all the main parameters, as shown in Fig. 10, in which we offer the numerical results of
several superimposed analyses based on different datasets, all of them within Baseline scenarios. We
project the contour lines in the corresponding planes of parameter space, and show the associated
marginalized one-dimensional posteriors. The fitted value of the EoS parameter at z = 0 shown
there, weff (0), is to be understood, of course, as a derived parameter from the prime ones of the
fit, but we include this information along with the other parameters in order to further display
the significance of the obtained signal: & 3σ quintessence-like behavior. Such signal, therefore,
mimics ‘GR+ DDE’ and hints at something beyond pure GR-ΛCDM. What we find in our study
is that such time-evolving DE behavior is actually of quasi-vacuum type and appears as a kind of
signature of the underlying BD theory29 .
Figure 10 provides a truly panoramic and graphical view of our main fitting results, and from where
we can comfortably judge the impact of the BD framework for describing the overall cosmological
data. It is fair to say that it appears at a level highly competitive with GR – in fact, superior to it.
In all datasets involving the local H0 input in the fit analyses, the improvement is substantial and
manifest. Let us stand out only three of the entries in that graphical matrix: i) for the parameters
(σ8 , H0 ), all the contours in the main dataset scenarios are centered around values of σ8 < 0.80
and H0 & 71 km/s/Mpc, which are the coveted ranges for every model aiming at smoothing the
two tensions at a time; ii) for the pair (H0 , rs ), the contours are centered around the same range of
relevant H0 values as before, and also around values of the comoving sound horizon (at the baryon
drag epoch) rs . 142 Mpc, these being significantly smaller than those of the concordance ΛCDM
(cf. Table 7) and hence consistent with larger values of the expansion rate at that epoch; iii) and
for (weff (0), H0 ), the relevant range H0 & 71 km/s/Mpc is once more picked out, together with an
effective quintessence signal weff (0) > −1 at more than 3σ (specifically 3.45σ for the scenario of
Table 4, in which strong lensing data are included in the fit).
It is also interesting to focus once more our attention on Fig. 11, where we provide devoted contours
involving both S̃8 and σ8 versus H0 . On top of the observations we have previously made on these
observables, we can compare here our basic dataset scenarios for the BD-ΛCDM model with the
yield of a simple XCDM parametrization of the DDE. In previous studies we had already shown
that such parametrization can help to deal with the σ8 tension [296]. Nonetheless, as we can see
here, it proves completely impotent for solving or minimally helping to alleviate the H0 -tension
29

As we recall in Appendix C, such kind of dynamical behavior of the vacuum is characteristic of the Running
Vacuum Model (RVM), a version of the ΛCDM in which the vacuum energy density is not just a constant but
involves also a dynamical term ∼ H 2 . The description of the BD-ΛCDM model in the GR-picture mimics a behavior
of this sort [288, 289].
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since the values predicted for this parameter stay as low as in the concordance model. This shows,
once more, that in order to address a possible solution to the two tensions simultaneously, it is not
enough to have just some form of dynamics in the DE sector; one really needs a truly specific one,
e.g. the one provided (in an effective way) by the BD-ΛCDM model.

7.8.6

Predicted relative variation of the effective gravitational
strength

In the context of the BD framework it is imperative, in fact mandatory, to discuss the current
values of the relative variation of the effective gravitational strength, viz. of Ġ(0)/G(0), which
follow from our fitting analyses (see the main Tables 3-5). The possible time evolution of that
quantity hinges directly on BD , of course, since the latter is the parameter that controls the
(cosmological) evolution of the gravitational coupling in the BD theory. It is easy to see from
Eq. (7.1) that Ġ(0)/G(0) = −ϕ̇(0)/ϕ(0) ' −BD H0 , where we use the fact that ϕ ∼ aBD in the
matter-dominated epoch (cf. Appendix C). Recalling that H0 ' 7 × 10−11 yr−1 (for h ' 0.70), we
find Ġ(0)/G(0) ' −BD · 10−10 yr−1 . Under our main BD-Scenario II (cf. Sec. 7.5) we obtain values
for Ġ(0)/G(0) of order O(10−13 ) yr−1 (and positive), just because BD ∼ O(10−3 ) (and negative).
Being Ġ(0)/G(0) > 0 it means that the effective gravitational coupling obtained by our global
cosmological fit increases with the expansion, and hence it was smaller in the past. This suggests
that the sign BD < 0, which is directly picked out by the data, prefers a kind of asymptotically
free behavior for the gravitational coupling since the epochs in the past are more energetic, in
fact characterized by larger values of H (with natural dimension of energy). The central values
show a mild time variation at present, at a level of 1.3σ, both for BD and Ġ(0)/G(0), when the
bispectrum data from BOSS is also included in the analysis (cf. Tables 3 and 4). Such departure
goes below 1σ level when only the spectrum is considered (see Table 5). In the context of the
BD-Scenario III, in which BD is very tightly constrained by the Cassini bound [274], namely at
a level of O(10−5 ), we find Ġ(0)/G(0) ∼ 10−15 yr−1 , which is compatible with 0 at 1σ. All that
said, we should emphasize once more that the fitting values that we obtain for Ġ(0)/G(0) refer to
the cosmological time variation of G and, therefore, cannot be directly compared with constraints
existing in the literature based on strict local gravity measurements, such as e.g. those from the
lunar laser ranging experiment – Ġ(0)/G(0) = (2 ± 7) · 10−13 yr−1 [321] – (see e.g. the review [121]
for a detailed presentation of many other local constraints on Ġ(0)/G(0)). Even though this
bound turns out to be preserved within our analysis, it is not in force at the cosmological level
provided an screening mechanism acting at these scales is assumed, as in our case. Thus, the local
measurements have no bearing a priori on the BD-ΛCDM cosmology. The opposite may not be
true, for despite the fact that the values reported in our tables are model-dependent, they prove
to be quite efficient and show that the cosmological observations can compete in precision with
the local measurements.
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Figure 12:

CMB temperature power spectrum for the GR-ΛCDM (in black) and BD-ΛCDM (in orange), obtained from
the fitting results within the Baseline+H0 dataset (cf. Table 3 and Sec. 7.6). We plot the central curves together with the
corresponding 1σ bands. In the inner plot we zoom in the multipole range l ∈ [0, 30] and include the Planck 2018 [44] data
error bars (in green). At low multipoles (l . 30) the BD-ΛCDM model produces less power than the concordance GR-ΛCDM
model owing to the suppression of the Integrated Sachs-Wolfe effect that we have discussed in Sec. 7.2. The differences are
& 1σ, and allow to soften a well-known low-multipole CMB anomaly. See the main text for further discussion.

7.8.7

One more bonus: suppressing the power at low multipoles

An additional bonus from the BD cosmology is worth mentioning before we close this lengthy
study. It is found in the description of the CMB temperature anisotropies. As we have discussed
in Sec. 7.2, the BD-ΛCDM model is, in principle, able to suppress the power at low multipoles
(l . 30), thereby softening one of the so-called CMB anomalies that are encountered in the context
of the GR-ΛCDM model. This is basically due to the low values of ϕ < 1 preferred by the data,
which in turn produce a suppression of the Integrated Sachs-Wolfe (ISW) effect [280, 281]. We
have confirmed that this suppression actually occurs for the best-fit values of the parameters
in our analysis, cf. Fig. 12. The aforementioned anomaly is not very severe, since the power
at low multipoles is affected by a large cosmic variance and cannot be measured very precisely.
Nevertheless, it is a subtle anomaly which has been there unaccounted for a long time and could
not be improved in a consistent way: that is to say, usually models ameliorating the low tail of
the spectrum do spoil the high part of it. However, here the suppression of power with respect
to the GR-ΛCDM at l . 30 is fully consistent and is another very welcome feature of the BDΛCDM model, which is not easy at all to attain. It is interesting to mention that the ISW effect
can be probed by cross correlating the CMB temperature maps with the LSS data, e.g. with
foreground galaxies number counts, especially if using future surveys which should have much
smaller uncertainties. This can be a useful probe for DE and a possible distinctive signature for
DDE theories [?,?] 30 . The upshot of our investigation is that once more the ‘golden rule’ mentioned
30

We thank L. Pogosian for interesting comments along these lines.
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Baseline

Baseline+H0

Parameter

GR-ΛCDM

BD-ΛCDM

GR-ΛCDM

BD-ΛCDM

H0 (km/s/Mpc)

+0.46
67.75−0.48

68.86+1.26
−1.22

68.35+0.49
−0.46

70.81+0.95
−0.92

ωb

+0.00018
0.02231−0.00020

0.02214 ± 0.00031

0.02239 ± 0.00019

0.02239+0.00029
−0.00032

ωcdm

+0.00110
0.11655−0.00111

0.11860+0.00194
−0.00197

0.11625+0.00099
−0.00106

0.11821+0.00214
−0.00200

τ

0.053+0.006
−0.008

0.054+0.006
−0.008

0.053+0.006
−0.008

0.054+0.006
−0.009

ns

0.9706+0.0041
−0.0040

0.9691+0.0104
−0.0093

0.9717+0.0041
−0.0042

0.9791+0.0097
−0.0090

σ8

0.770+0.016
−0.018

0.759+0.0184
−0.0163

0.780+0.018
−0.015

0.762+0.021
−0.018

rs (Mpc)

148.03 ± 0.33

146.16+2.40
−2.58

148.04+0.32
−0.34

142.81+1.91
−2.03

mν (eV)

0.161+0.058
−0.059

0.409+0.139
−0.198

0.118+0.053
−0.058

0.409+0.183
−0.228

BD

-

0.00459+0.00316
−0.00319

-

0.00433+0.00395
−0.00336

ϕini

-

0.979+0.028
−0.032

-

0.938+0.023
−0.024

ϕ(0)

-

1.016+0.041
−0.049

-

0.972+0.042
−0.043

ωef f (0)

-

−1.005+0.021
−0.017

-

−0.986+0.017
−0.016

Ġ(0)/G(0)(10−13 yr −1 )

-

−5.048+3.485
−3.434

-

−4.915+3.749
−4.501

χ2min

2270.54

2268.44

2285.02

2274.76

2 ln B

-

-0.12

-

+9.34

∆DIC

-

-0.81

-

+8.22

Table 11: As in Table 3, but here we allow the variation of the mass of the massive neutrino
(mν ) in the Monte Carlo routine, instead of setting it to 0.06 eV. The other two neutrinos remain
massless. We have used the same conservative prior range for mν ∈ [0, 1] eV in both, the GR- and
BD-ΛCDM models.

at the beginning is preserved here and the curing effects from the BD-ΛCDM stay aligned: the
three tensions of the GR-ΛCDM (H0 , σ8 and the exceeding CMB power at low multipoles) can be
improved at a time.

7.8.8

The effect of massive neutrinos

Finally, it is worth assessing the impact of leaving the sum of the three neutrino masses (Mν ≡
P
mν ) as a free parameter, rather than fixing it. We model this scenario in two different ways:
• Considering one massive (mν ) and two massless neutrinos, so Mν = mν . Here we try to
mimic the physics encountered when the neutrino masses follow the normal hierarchy, in
which one of the neutrinos is much heavier than the other two, for reasonable values of Mν .
• Considering three massive neutrinos of equal mass mν , such that Mν = 3mν . This is the
degenerated case, utilized also in the analysis by Planck 2018 [44] (cf. Sec. 7.5.1 therein).
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In both cases, the BD-ΛCDM has one additional parameter w.r.t. the same model with fixed
mass Mν = mν = 0.06 eV that we have discussed in the previous sections, and three more than
the vanilla ΛCDM model: (BD , ϕini , Mν ). Upon taking into account the constraints obtained
from neutrino oscillation experiments on the mass-squared splittings through the corresponding
likelihoods we would perhaps find more precise bounds on the sum of the neutrino masses [322],
but here we want to carry out a more qualitative analysis to study how massive neutrinos may
impact on our results, considering only cosmological data. The results of the first mass scenario
are shown in Table 11. Those for the second scenario are not tabulated, but are commented below.
As can be seen from Table 11, the effect of having a neutrino with an adjustable mass picked out
by the fitting process is non-negligible. It produces a significant lowering of the value of σ8 while
preserving the value of H0 at a level comparable to the previous tables in which the neutrino had
a fixed mass of 0.06 eV, therefore preserving what we have called the ‘golden rule’. Let us note,
however, that the sign of BD has changed now with respect to the situation with a fixed light mass,
it is no longer negative but positive and implies a value of the BD parameter of ωBD ' 230. Last but
not least, the fitted value of the neutrino mass is mν = 0.409 eV, which is significantly higher than
the upper bound placed by Planck 2018 under the combination TTTEEE+lowE+lensing+BAO:
P
Mν ≡ mν < 0.120 eV (95% c.l.) [44].
Similar results are obtained with the second mass scenario mentioned above. Let us summarize
them. For the Baseline+H0 dataset, the common fitted mass value obtained for the three neutrinos
is mν = 0.120+0.054
−0.068 eV, which means that Mν ' 0.360 eV, slightly lower than in the first scenario.
The corresponding BD parameter reads comparable, ωBD ' 261, and the values for σ8 and H0 are
also very close to the previous case, so the two scenarios share similar advantages. The fact that the
Planck 2018 upper limit for Mν is overshooted in both neutrino mass scenarios does not necessarily
exclude them, as the limits on Mν are model-dependent, see e.g. [322] and [320]. In particular,
Planck 2018 obviously used GR-ΛCDM. We can check in Table 11 that the neutrino mass values
for BD-ΛCDM are substantially different. The results that we have obtain for GR-ΛCDM are fully
compatible with those from Planck 2018. We conclude that the influence of neutrino masses on
the BD-ΛCDM fitting results is potentially significant, but it cannot be settled at this point. The
subject obviously deserves further consideration in the future.

7.9

Conclusions

To summarize, we have presented a rather comprehensive work on the current status of the BransDicke theory with a cosmological constant in the light of the modern observations. Such framework
constitutes a new version of the concordance ΛCDM model in the context of a distinct gravity
paradigm, in which the gravitational constant is no longer a fundamental constant of Nature but a
dynamical field. We have called this framework BD-ΛCDM model to distinguish it from the conventional one, the GR-ΛCDM model, based on General Relativity. Our work is a highly expanded
and fully updated analysis of our previous and much shorter presentation [56], in which we have
replaced the Planck 2015 data by the Planck 2018 data, and we have included additional sets of
modern cosmological observations. We reconfirm the results of [56] and provide now a bunch of
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new results which fit in with the conclusions of our previous work and reinforce its theses. To wit:
in the light of the figures and tables that we have presented in the current study we may assert
that the BD-ΛCDM model fares better not only as compared to the GR-ΛCDM with a rigid cosmological constant (cf. Tables 3-7 and 10) but also when the CC term is replaced with a dynamical
parametrization of the DE, such as the traditional XCDM, which acts as a benchmark (cf. Table
8). We find that the GR-XCDM is completely unable to enhance the value of H0 beyond that of
the concordance model. In particular, in Tables 3-4 we can see that the information criteria (Bayes
factor and Deviance Information Criterion) do favor significantly and consistently the BD-ΛCDM
model as compared to GR-ΛCDM and GR-XCDM. There is a very good resonance between the
Bayesian evidence criterion and the DIC differences, which definitely uphold the BD framework
at a level of +5 units for the Baseline+H0 dataset scenario, meaning that the degree of support
of BD versus GR is in between positive to strong (cf. Sec. 7.7). This support is further enhanced
up to more than +9 units, hence in between strong to very strong, for the case when we include
the Strong-Lensing data in the fit (see Table 4). The exact Bayesian evidence curves computed
in Fig. 9 reconfirm these results in a graphical way. The pure baseline dataset scenario (in which
the local H0 value is not included) shows weak evidence; however, as soon as the local H0 value
is fitted along with the remaining parameters the evidence increases rapidly and steadily, reaching
the status of positive, strong and almost very strong depending on the datasets.
Another dataset scenario which is particularly favored in our analysis is the one based on considering the effective calibration prior on the absolute magnitude M of the nearer SNIa data in
the distance ladder (as defined in Sec. 7.6), instead of the local value H0 from SH0ES. The results
for the Baseline dataset in combination with M (denoted B+M ) can be read off from Table 6
(first row). We can see it yields a tantalizing overall output, with values of H0 and σ8 in the
correct ranges for solving the two tensions, and fully compatible with the results obtained using
the prior on H0 , as expected. In addition, the corresponding Bayes factor for this scenario points
to a remarkably high value 2 ln B > +10, thereby carrying a very strong Bayesian evidence, in
fact comparable to the Baseline+H0 +SL scenario of Table 4. In all of the mentioned cases in our
summary the information criteria definitely endorse the BD-cosmology versus the GR one.
Finally, we have also assessed the influence of the neutrino masses in the context of the BD-ΛCDM
model, see Table 11. We have found that massive neutrinos can help to further reduce the predicted value of σ8 to the level of what is precisely needed to describe the weak gravitational lensing
observations derived from direct shear data. This would completely dissolve the σ8 -tension without
detriment of the positive results obtained to loosen the H0 -tension, i.e. by preserving the ‘golden
rule’. Such a conclusion is, however, provisional as it requires a devoted study of the neutrino
sector (extending the analysis of Sec. 7.8.8) which is beyond the scope of the current paper.
Overall, the statistical support in favor of the BD-ΛCDM model against the concordance GRΛCDM model is rather significant. It is not only that the H0 and σ8 tensions are simultaneously
dwarfed to a level where they are both rendered inessential (. 1.5σ), but also that all tested BD
scenarios involving the local H0 value provide a much better global fit than the concordance model
on the basis of a rich and updated set of modern observations from all the main cosmological data
sources available at present. If we take into account that the BD-ΛCDM framework is not just some
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ad hoc phenomenological toy-model, or some last-minute smart parametrization just concocted to
solve or mitigate the two tensions, but the next-to-leading fundamental theory candidate directly
competing with GR, it may give us a sense of the potential significance of these results.
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Conclusions
Throughout this thesis a wide variety of models, beyond the standard model have been studied.
The corresponding analyses have been carried out by studying in detail the theoretical predictions
at the background and perturbation level, with the purpose of testing them with the large amount
of cosmological data which we currently we have access to. The ultimate goal is to see if we can
detect signals of new physics that help to alleviate some of the tensions that affect the ΛCDM. As
we have stated before, the concordance model, has remained robust and unbeaten for a long time
since it is roughly consistent with a large body of cosmological data. Because of this fact, it is
not reasonable to look for models with a very different behaviour than the ΛCDM, but to study
models that exhibit small departures with respect to the standard model in key aspects.
We have studied the Running Vacuum Models (RVM) in depth. They are characterized by having
a time-evolving vacuum energy density, whose functional expression is motivated in the context of
Quantum Field Theory (QFT) in curved space-time. Neglecting the terms which are not relevant
for the late-time Universe, ρΛ , can be written as:
ρΛ (H, Ḣ) =

3
(c0 + νH 2 + αḢ).
8πG

The constant term c0 turns out to be a key ingredient of the above expression. Without it, it is
not possible to generate the expected transition from a decelerated to an accelerated Universe and
the fit of the structure formation data is ruined. This is in total agreement with what we have
said above, since the small dimensionless parameters ν and α introduce a mild evolution of the
vacuum energy density with respect to the standard behaviour, represented by the constant term c0 .
We have also studied the Peebles & Ratra model, which is a particularly successful scalar field
model φCDM for which the potential takes the form V (φ) ∼ φ−α . The dimensionless parameter α
encodes the extra degree of freedom that this model has with respect to the standard model. It is
found to be small and positive, therefore V (φ) can mimic and approximate cosmological constant
that is decreasing slowly with time. In the late Universe the contribution of the scalar field, φ,
surfaces over the matter density, thus becoming the dominant component.
Not all the models studied are motivated within a theoretical framework. For instance we have
analyzed the performance of a couple of dark energy parameterizations, namely, the XCDM and
the CPL. They were introduced as the simplest way to track a possible dynamics for DE. The
rigid cosmological constant is replaced by an unspecified quantity X whose energy density coincides with ρ0Λ at present. For the XCDM parameterization we have a constant equation of state
(EoS) parameter, but different from −1, whereas CPL is characterized by having a time-evolving
EoS.
We have also contrasted the performance of the RVM models against the ones obtained for two
phenomenological models, denoted by: Qdm and QΛ , respectively. For both,a totally ad-hoc expression for ρ̇Λ is chosen, and then in order to allow the time evolution of the vacuum energy
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density an interaction with dark matter (DM) is considered.
Last but not least, at the end of the thesis the Brans&Dicke (BD) gravity model was studied
in detail. The main feature of this model is that the Newtonian constant coupling GN is replaced
by a dynamical scalar field G(t) = 1/ψ(t), coupled to the curvature. As a consequence the gravitational interaction is not only mediated by the metric field, as in the General Relativity (GR) case
but also for the aforementioned scalar field ψ. The theory contains a dimensionless parameter,
named BD-parameter and denoted by ωBD . Unlike in the original formulation of the model we do
consider the presence of the constant ρΛ in the action. Defined in this way, the model contains
two extra d.o.f. with respect to the standard model, to wit: the beforme mentioned ωBD and the
initial value of the BD scalar field. Therefore, in order to revover the ΛCDM we have to enforce
both limits, ωBD → ∞ and ψ → GN . As we have seen the fact of having these two degrees of
freedom turns out to be fundamental to solve the H0 -tension and σ8 -tension at a time.
Let us summarize the main conclusions obtained in this dissertation:
• In light of the results obtained we can confirm that the general class of RVM appears as
a serious candidate for the description of the current state of the Universe in accelerated
expansion. Very clear signs of dynamical vacuum energy have been found, going the evidence
in the range 3-4σ depending on the dataset employed. The dimensionless parameter ν, which
can be related with the β-function of the running takes a value of order ∼ O(10−3 ), which
is in complete agreement with the theoretical predictions. A decreasing vacuum density
(due to ν > 0) throughout the cosmic history is favoured by the data, meaning that the
amount of vacuum energy grows in the past. As a result the repulsive force exerted by this
component is greater in the past that it is in the ΛCDM, therefore there is less structure
formation predicted in this model. This important feature is revealed as essential to loosen
the σ8 -tension that affects the standard model of cosmology.
• By looking at the results obtained for the φCDM, with the Peebles& Ratra potential, we can
reconfirm that the hypothesis Λ = const. is once again, disfavoured. As in the case of the
RVM’s the level of significance achieved is between 3-4σ and the dimensionless parameter
α, which is responsible for the slow evolution of the scalar field, takes a value of order
∼ O(0.1). Another remarkable outcome that should be highlighted is that the EoS parameter
ωφ = pφ /ρφ behaves effectively as quintessence, since its value lies in the region above −1.
It is reassuring the fact of finding the same level of evidence in favor of dynamical DE even
when two different models like φCDM and the general class of RV M , are test against the
very same dataset.
• Even for the XCDM and CPL, which are simple DE parameterizations, it is possible to detect
significant signs of evolving dark energy. This may be pointing out that perhaps the signature
of such dynamical signature is sitting in the cosmological data and therefore is not exclusive
of a particular model. On the other hand the level of significance does indeed vary from one
model to another. In fact, this is what happens if happens if we compare the performance of
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the phenomenological models Qdm and QΛ with the performance of the RVM. Neither of the
first two models reaches the level of significance achieved by the Running Vacuum Model.
• The quality fits obtained in the different chapters of this thesis, that point out the preference
of the cosmological data for the option Λ 6= const. have been reassessed with the help of
the time-honored Akaike and Bayesian information criteria. These two tests, conveniently
penalize the fact of having a greater number of degrees of freedom. According to the statistical
standards, the evidence in favour of the dynamical dar energy goes from “positive evidence”
to “ very strong evidence” depending on the model under consideration. This supports
the conclusion that there exists an improvement of cosmological data, when we consider a
dynamical DE model, in comparison to the ΛCDM.
• By studying the effect that each one of the datasets has on the results, we have identified
which are the most important data ingredients responsible for the dynamical dark energy
signal. When the triad BAO+LSS+CMB is not included in the analysis the signal is completely lost. The impact of the H(z) and SNIa data turns out to be more moderate, however
the are still important to consolidate the results.
• While the dynamical vacuum energy models and also the quasi-vacuum models do a great
job of reducing the σ8 -tension, they are not able to alleviate by any means the H0 -tension.
When the LSS data is included in the dataset the values obtained for the H0 are in full
agreement with the one obtained by the Planck collaboration, but in tension with the value
reported by the SH0ES team obtained upon the application of the cosmic distance ladder
method.
• In regards to the BD model, or BD-ΛCDM the results clearly show that even with a Geff being
higher than in the GR-ΛCDM, the model is capable to fit the wealth of the cosmological data
employed in the analysis. The main consequence of having higher value of Geff is that the
value of the H0 can be in the range H0 km/s/Mpc, alleviating then the aforementioned H0 tension. What is more, due to ωBD parameter the model is able alto to loosen the σ8 -tension.
Therefore, the main outcome that can be extracting from the comprehensive analysis of the
BD-ΛCDM model is that it is able to alleviate the main two tensions affecting the GR-ΛCDM
at a time.
Such promising results may be reconfirmed thanks to the incoming new generation of cosmological
data. Perhaps, in a very short time we will obtain more clues that help us to decipher some of
the existing mysteries in Cosmology, either from the observational side or from the theoretical
perspective.
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A

Sign Conventions in General
Relativity

Due to the existence of different sign conventions in cosmology we deem it is necessary to dedicate
this appendix to see how the different elements that we work with are affected by these conventions. 31
Let us define the following four signs, S1 (metric), S2 (Riemann), S3 (Einstein) and S4 (Ricci).
Only three of them are independent. We arbitrarily take to be the first three the independent
ones, and we call the sign sequence
(S1, S2, S3)
(A.1)
the “MTW sign convention” for a given author. The name comes from the time-honored truly
encyclopedic GR book by Misner-Thorn-Wheeler Gravitation (Freeman, San Francisco, 1973).
Each GR book uses a given one of the 8 possible conventions. For this book the convention is, of
course, (+, +, +). These three fundamental signs are defined as follows:
gµν = [S1] × (−, +, +, +) ,

(A.2)


α
Rµβν
= [S2] × ∂β Γαµν − ∂β Γαµβ + Γασβ Γσνµ − Γασν Γσβµ ,

(A.3)

Gµν = [S3] × 8πGN Tµν .

(A.4)

The fourth sign is for the Ricci tensor, but is no longer independent if the first three ones are
given:

α
α
Rµν = [S4] × Rµαν
= [S2] × [S3] × Rµαν
= [S3] × ∂α Γαµν − ... .
(A.5)
There is no need to show the rest of the terms in the Riemann tensor since it all depends on the
starting ones and then the rest is unambiguously fixed.
The line element squared the FLRW metric, therefore reads
ds2 = [S1] × −dt2 + a2 (t)δij dxi dxj



(A.6)

Sometimes the MTW convention is expressed as
(S1, S2, S4) .

(A.7)

In that case [S3] is fixed from [S3] = [S2] × [S4].
The following observations should be bear in mind for the rest of the appendix:
31

This appendix is based on the notes that the supervisor of this thesis, the professor Joan Solà Peracaula, prepared
for his students.
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• The Christoffel symbols do not change under metric conventions since the metric appears
twice, derivately and non-derivatively.
• Rµν does not flip sign under metric flip changes. The reason is that the Riemann tensor is
made of Christoffel symbols and hence does not flip sign under metric flips, and then Rµν
involves one more bilinear dependence on the metric that leads to a δ-Kronecker, and hence
no additional sign flip:
α
σ
α
Rµν = [S4] × Rµαν
= [S4] × g αβ Rαµβν = [S4] × g αβ gασ Rµβν
= [S4] × δαβ Rµβν
,̇

(A.8)

• In contrast, the sign of the Ricci scalar
R = g µν Rµν ,

(A.9)

does flip with the metric since Rµν does not.
• It follows that gµν R does not flip with the change of the metric signature and hence the
entire Einstein tensor Gµν = Rµν − 12 gµν R does not flip either.
• Let us repeat here that if we take the first three signs to be independent, then the Ricci sign
(i.e. the sign [S4] on the r.h.s. of Einstein equations, see Eq. (A.5)) is fixed as follows:
[S4] = [S2] × [S3] ,

(A.10)

as it follows from (A.8) and (A.4) and the definition of Gµν . This can be seen by substituting
the last expression of the r.h.s. of (A.5), which already used Eq.(A.10), into Gµν on the l.h.s.
of (A.4) and observe that all signs cancel out in Einstein’s equations, once these are expressed
in terms of ∂α Γαµν − ..., as these terms are no longer dependent on any sign, not even on [S1].
Conversely, if we use the alternative signs (A.7), then the Einstein sign is fixed through
[S3] = [S2] × [S4].
Let us now derive the signs of Einstein’s equations from the signs in the EH-action, which in any
MTW convention must have the form
ˆ
√
1
d4 x −g ([S1] × [S3] × R − 2 Λ )
SEH =
16π GN


ˆ
[S1] × [S3]
4 √
=
d x −g
R − ρΛ .
(A.11)
16π GN
Notice that the sign in front of Λ or ρΛ must always be negative since for Λ > 0 it must give a
positive contribution to the potential energy (density) of the Lagrangian. As for the sign of R,
recall it flips sign with the metric, hence [S1] × R does not, and finally there must be [S3] because
this controls the sign of Gµν and hence of Rµν , see Eq. (A.5), which appear in the variation of R.
Indeed, let us check that. Recall the formulae
√
1√
δ −g = −
−g gµν δg µν ,
2

δ
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√

 √
−g R = −g Gµν δg µν .

(A.12)

Now we must variate the total action S = SEH + Sm , where Sm is the matter action. The latter
is related to the energy-momentum tensor as follows:
ˆ
√
1
2 δSm
µν
⇐⇒ δSm = + [S1] × d4 x −g T µν δgµν .
T = +[S1] × √
(A.13)
−g δgµν
2
From these formulas it is now straightforward to compute the total variation of the action δS =
δSEH + δSm and equate it to zero:


ˆ
1
1
4 √
([S1] × [S3] × Gµν + Λgµν ) − [S1] × Tµν δg µν = 0.
δS =
d x −g
16π GN
2
(A.14)
Equating the braced expression to zero and multiplying it all with 16πGN we get
[S1] × [S3] × Gµν + Λgµν = [S1] × 8πGN Tµν .

(A.15)

Multiplying this equation by [S1] × [S3] we find Einstein’s equations in all MTW conventions:
Gµν + [S1] × [S3] × Λ gµν = [S3] × 8πGN Tµν

(A.16)

So far we have been dealing with the geometric part of Einstein’s equations, but now it is time to
consider some of the particular forms that the energy-momentum tensor can take and how they
change under the sign conventions. Let us consider two of the most common cases the energymomentum tensor of a scalar field and the energy-momentum tensor of a perfect fluid.

Signs for the energy-momentum tensor of a scalar field
Notice that since the coordinates are defined carrying upper indices, the metric tensor to which
they couple is gµν rather than its inverse g µν . So the primary gravitational field is gµν , not g µν , and
with respect to the primary one we have a + sign in the definition of T µν – see (A.13). However,
owing to δg µν = −g µα g βν δgαβ an extra sign appears, which comes from the fact that g µα gαν = δνµ .
Incidentally, the one-dimensional analog is δx−1 = −x−2 δx, which appears from differentiating
x−1 x = 1. This allows to extend the formulae (A.12) as follows:
√
1√
1√
−g gµν δg µν = +
−g g µν δgµν ,
δ −g = −
2
2
The sign difference between using δg µν and δgµν
Tµν with lower indices:
Tµν

2 δSm
= −[S1] × √
−g δg µν

 √
√
−g R = −g Gµν δg µν = − −g Gµν δgµν .
(A.17)
is transferred to the corresponding formula for

δ

⇐⇒ δSm

√

1
= − [S1] ×
2

ˆ

√
d4 x −g Tµν δg µν .

(A.18)

We are going to work out the expression for the energy-momentum tensor of a scalar field from
the corresponding action


ˆ
1 µν
4 √
SΦ = d x −g −[S1] × g ∂µ Φ ∂ν Φ − V (Φ) ,
(A.19)
2
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we obtain the generic form for T µν


1 αβ
µν
µ
ν
µν
−[S1] × g ∂α Φ ∂β Φ − V (Φ) = ∂ µ Φ ∂ ν Φ + [S1] × g µν L (A.20)
T = ∂ Φ ∂ Φ + [S1] × g
2
or
Tµν



1 αβ
= ∂µ Φ ∂ν Φ + [S1] × gµν −[S1] × g ∂α Φ ∂β Φ − V (Φ) = ∂µ Φ ∂ν Φ + [S1] × gµν L . (A.21)
2

The previous calculations follow from the standard rule for functional differentiation, but it is
possible to just use normal partial differentiation for any action of the form
ˆ
√
(A.22)
SΦ = d4 x −g L(Φ, gµν , ∂Φ)
in which the Lagrangian (density) L does not depend on the derivatives of the metric, as in (A.19).
Using (A.13) we have (see below):


∂L
T µν = [S1] × −2
+ g µν L
(A.23)
∂gµν
The same formula is valid with lower indices and no sign change anywhere, as can be easily checked.
Using these formulas we can easily recover equations (A.20) and (A.21) using normal partial differentiation.
To check (A.23) we can either use variational calculus or functional differentiation. Let us start
with the latter. Let us recall that from the point of view of functional differentiation the formulas
(A.17) must be interpreted conveniently. For instance,
p
√
δ −g(x)
1p
1√
δ −g
4
0
=
−
=
−g(x)
g
δ
(x
−
x
)
,
−g g µν δ 4 (x − x0 ) .
(A.24)
µν
δg µν (x0 )
2
δgµν (x0 )
2
Similarly, from δg µν = −g µα g βν δgαβ we obtain
δg µν (x)
= −g µα g βν δ 4 (x − x0 ) .
δgαβ (x0 )

(A.25)

Using these formulas we may functionally differentiate (A.22):
δSΦ
=
δgµν (x0 )

ˆ
4

d x

!
p
δ −g(x)
δL p
L+
−g(x)
δgµν (x0 )
δgµν (x0 )

(A.26)

where the first term in the parenthesis is given by the second in (A.24). And the second in the
parenthesis is computed with the help of (A.25), rendering:


δL
δ
1 αβ
=
−[S1] × g ∂α Φ ∂β Φ − V (Φ)
δgµν (x0 )
δgµν (x0 )
2
= −[S1] ×

1 δg αβ (x)
1
∂α Φ ∂β Φ = +[S1] × ∂ µ Φ ∂ ν Φ δ 4 (x − x0 )
2 δgµν (x0 )
2
216

(A.27)

Integrating out the δ-functions, and trivially noting that [S1]2 = 1, we find from (A.13) and the
previous results:
2 δSΦ
= ∂ µ Φ ∂ ν Φ + [S1] × g µν L .
(A.28)
T µν = +[S1] × √
−g δgµν
This result is exactly equivalent to (A.23) because the second term is already matched, whereas
the first term is just also right so:




∂L
1 ∂g αβ
[S1] × −2
= [S1] × −2[S1] ×
∂α Φ∂β Φ = ∂ µ Φ ∂ ν Φ ,
(A.29)
∂gµν
2 ∂gµν
where from g αβ = g αµ g βν gµν we get ∂g αβ /∂gµν = g αµ g βν . Notice that upper and lower indices
variables are treated as independent variables in the differentiation process. We could equally
proceed differentiating with respect to g µν (i.e. with upper indices) and compute
!
p
ˆ
p
δ
−g(x)
δL
δSΦ
(A.30)
= d4 x
L + µν 0
−g(x)
δg µν (x0 )
δg µν (x0 )
δg (x )
where the first term in the parenthesis is given by the first of (A.24) and has now a minus sign,
and the second is computed from


δL
δ
1 αβ
=
−[S1]
×
g
∂
Φ
∂
Φ
−
V
(Φ)
α
β
δg µν (x0 )
δg µν (x0 )
2
= −[S1] ×
where we have used

1 δg αβ (x)
1
∂α Φ ∂β Φ = −[S1] × ∂µ Φ ∂ν Φ δ 4 (x − x0 )
µν
0
2 δg (x )
2
δg µν (x)
= +δαµ δνβ δ 4 (x − x0 ) .
δg αβ (x0 )

(A.31)

(A.32)

Note the following: since all metric indices are in upper positions, the previous relation obviously
does not introduce an extra sign – in contrast to (A.25). These sign changes in each term are now
compensated with the extra minus sign that the definition of Tµν (with lower indices) involves,
and we obtain the desired result:
2 δSΦ
= ∂µ Φ∂ν Φ + [S1] × gµν L .
Tµν = −[S1] × √
−g δg µν

(A.33)

This result is consistent with (A.28) because they must be related of course through
T µν = g µα g νβ Tαβ .

(A.34)

One can entirely avoid using functional differentiation and just use variational calculus. In this
case one has to vary the actions and then identify T µν using the equivalent expression on the r.h.s.
of Eqs. (A.13) or (A.18) etc. The results are of course the same. For example, let us variate (A.22)
with respect to the metric with upper indices, δg µν :



ˆ
√
√
1 µν
4
δSΦ = d x δ −g L + −g −[S1] × δg ∂µ Φ∂ν Φ
2


ˆ
1
1
4 √
= d x −g − gµν L − [S1] × ∂µ Φ∂ν Φ δg µν .
(A.35)
2
2
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Comparing with the second expression of (A.18) we must have
1
1
1
− [S1] × Tµν = − gµν L − [S1] × ∂µ Φ∂ν Φ.
2
2
2

(A.36)

Multiplying both sides for −2[S1] we find the desired result:
Tµν = ∂µ Φ ∂ν Φ + [S1] × gµν L .

(A.37)

Had we varied the action (A.22) with respect to the metric with lower indices, δgµν , we would
have started again from


ˆ
√
√
1 µν
4
δSΦ = d xδ −g L + −g −[S1] × δg ∂µ Φ∂ν Φ ,
(A.38)
2
√
√
but now we use δ −g = + 12 −g g µν δgµν for the first term, whereas we use
δg µν ∂µ Φ ∂ν Φ = − g µα g νβ δgαβ ∂µ Φ ∂ν Φ = −∂ α Φ ∂ β Φ δgαβ = −∂ µ Φ ∂ ν Φ δgµν ,
for the second term. Therefore (A.38) becomes


ˆ
1 µν
1 µ ν
4 √
δSΦ = d x −g + g L + [S1] × ∂ Φ∂ Φ δgµν .
2
2

(A.39)

(A.40)

Comparing with the second expression of (A.13) we must have
1
1
1
+ [S1] × Tµν = + gµν L + [S1] × ∂ µ Φ∂ ν Φ.
2
2
2

(A.41)

Multiplying both sides for 2[S1] we find
T µν = ∂ µ Φ ∂ ν Φ + [S1] × g µν L ,

(A.42)

which is consistent once more with the previous form (A.37) because both must be related through
Eq. (A.34). It is perhaps faster with variational calculus, but functional differentiation is a very
useful tool in many other situations and it is very convenient to practice it as well. It is actually
the most rigorous procedure, see below.
Let us notice that while the functional differentiation was unambiguous all the time and provided
the right answer whether differentiating with respect to gµν or g µν , the variational calculation
was ambiguous at the point (A.38). In fact, we could have written the kinetic lagrangian as
L = −[S1] × (1/2)gµν ∂ µ Φ ∂ν Φ where now the metric indices are down and the partial derivative
indices up. The variation with respect to the metric could have been interpreted simply as as
δL = −[S1] × (1/2)δgµν ∂ µ Φ ∂ν Φ, with no sign change as compared to (A.39). If so, the sign of the
first term of (A.42) would be negative , and hence wrong because it would very evidently violate
the fundamental tensor relation (A.42)
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Signs for the energy-momentum tensor of a perfect fluid
Let us also note that the energy-momentum tensor for a perfect fluid is given by
Tµν = [S1] × pgµν + (ρ + p)Uµ Uν

(A.43)

where we generically consider a fluid characterized by its energy density ρ and the corresponding
pressure p. The square of the 4-velocity vector satisfies the closure relation
Uµ U µ = gµν U µ U ν = −[S1]

(A.44)

Note that the above relation is fulfilled in any frame since it is an invariant. Let us now consider the
components of the energy-momentum tensor in the proper frame, where we simply have U µ = (1, 0).
It is important to note that the components have different form depending on whether we use the
mixed tensor Tνµ , with upper and lower indices, or the original tensor Tµν given in (A.43) with all
indices in the same position. As we shall see, the first is easy to operate because the δ-Kronecker
appears in it;
Tνµ = [S1] × pδνµ + (ρ + p)U µ Uν ,
(A.45)
but on the other hand the components of this tensor do depend on the signature of the metric,
i.e. on [S1], whereas Tµν does not. This is expected since T00 = T 00 gives the sign of the energy density in all conventions and therefore it cannot depend on the convention, whereas T00 is
convention-dependent.
Let us check it. From the definition of U µ given above and the property Uµ U µ = −[S1] we
have
T00 = [S1] × p − (ρ + p) × [S1], Tii = [S1] × p
(A.46)
consequently
Tνµ = [S1] × diag(−ρ, p, p, p) .

(A.47)

From here we can compute the trace:
Tµµ = [S1] × (3p − ρ) ,

(A.48)

which does indeed depend on the metric signature since it is not an observable. Notice, however,
from (A.2) and (A.47) that

T 00 = g µ0 Tµ0 = g 00 T00 = [S1] × −T00 = [S1] × [S1] × ρ = ρ ,
and similarly
T ii = g µi Tµi = g ii Tii = [S1] × Tii = [S1] × [S1] × p = p .
Therefore the energy-momentum tensor with upper indices in the proper frame reads
T µν = diag(ρ, p, p, p) ,

(A.49)

with is fully independent of the metric convention. These are the observable quantities. Similarly
Tµν = diag(ρ, p, p, p) .
owing to the tensor property Eq. (A.34), which involves twice the metric tensor.
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(A.50)
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B

Cosmological Perturbations

It is a fact that our Universe is really far from being completely homogeneous and isotropic. Only
on large scales (∼100 Mpc) the description of the expanding Universe in terms of quantities that
only depend on time, remains valid. As we have explained in the Introduction the aforementioned
scenario is well described in terms of the Friedmann-Lemaitre-Robertson-Walker metric and the
corresponding Friedmann’s and pressure equations. However if we want to go a step further the
previous description is no longer valid and we need to employ the pertubation theory in order to
explain the observed structures in the Universe. So, how were these structures formed? Let us
answer this question with a brief summary, without going into the mathematical details, of this
fascinating process based on a simple concept, the gravitational instability. It is commonly believed
that after Big-Bang, the Universe undergone a phase of rapidly expansion called Inflation. While
it is true that we do not have a solid evidence of this theory, the absence of an alternatives and the
fact that provides a beautiful solutions for some worrisome problemes, like the observed flatness,
homogeneity and isotropy of the current Universe plus the absence of exotic relics, makes it very
appealing for cosmologists. One of the most important predictions of Inflation is the generation
of quantum-mechanical fluctuations when the relevant scales were causally connected. These tiny
fluctuations were amplified by Inflation and seeds the structure formation that we can observe.
The end of inflation is called reheating. This process is poorly understood, nevertheless the most
accepted theory stands that along this period the particle which driven the Inflation (whatever
it is) decays into a hot thermal plasma of other particles. Therefore, at this stage the Universe
was made up of a dense plasma of photons, electrons, baryons and DM. Because of the radiation
pressure structure formation in the baryonic sector was inhibited at that time, nevertheless since
dark matter (DM) does not interact except gravitationally remained in the center of the overdensities. The electromagnetical intercation forced baryons and photons to move together outward
from those overdense regions, creating spherical sound waves which are the orgin of BAO. As the
Universe expanded it cooled, so at some point the temperature was cool enough to allow protons
to capture electrons and form neutral hydrogen atoms, this is known as the recombination time
and as can be imagined it was of tremendous importance in the cosmic history. The interaction
between photons and baryons ceased and the first ones started to strem freely making up, what
we know as, the Cosmic Microwave Background radiation. Baryons fell into the potential wells
previously created by DM forming the first structures in the Universe. The Universe continued to
expand and cool and around z ∼ 100 the matter energy density became the dominant component
giving rise to the period of matter era, where the structure formation started to grow. This is the
starting point where we will focus on this appendix
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Cosmological Perturbation Equations for DE models
In this section we present the basic steps that must be followed to obtain the set of perturbation
equations at first order. We will keep the FLRW metric as the background metric (it will be
denoted as ḡµν ) and we will introduce a tiny perturbation in the following way:
ds2 = gµν dxµ dxν = (ḡµν + δgµν )dxµ dxν = a2 (ηµν + hµν )dxµ dxν ,

(B.1)

where ηµν = diag(−1, +1, +1, +1) is the Minkowski metric. We have to bear in mind that the
elements of the perturbed metric δgµν (or equivalently hµν ) are small in comparison with the
background components ḡµν . The metric field gµν must be symmetric, therefore δgµν also has to
be. This means that the total number of d.o.f. is reduced from 16 to 10. The General Relativity
(GR) field equations are invariant under a general coordinate, as a consequence, we can fix 4 of
the remaining d.o.f. It can be shown that in a completely general way the perturbed metric can
be decomposed as

ds2 = a2 −(1 + 2Φ)dη 2 + ωi dηdxi + (δij + hij ) dxi dxj ,

(B.2)

where Ψ is a scalar function, ωi is a 3-vector and hij is a traceless tensor. Remember that η
represents the conformal time and it can be related with the cosmic time through the expression
´t
η = 0 dt0 /a(t0 ). There are three types of perturbation, to wit: scalar, vectorial and tensorial.
Here we are only interested in the first type. The vector perturbations are suppressed in the early
Universe whereas the tensor ones contribute as a gravitational waves to the B-mode of the CMB
polarizations. The scalar perturbations are the only ones coupled to the matter perturbations and
this is why here we only focus in this particular type. The perturbed metric can be rewritten as:

ds2 = a2 −(1 + 2Φ)dη 2 + ∂i Edηdxi + ((1 + 2Ψ)δij + Dij B)dxi dxj ,

(B.3)

and now Φ, E, Ψ and B are all scalar functions. We can now fix the gauge by imposing some
conditions over these functions. For instance, if we want to work in the synchronous gauge we
must set up Φ = E = 0. On the other hand if we want to work in the conformal Newtonian gauge
then we impose E = B = 0. Let us focus in the last one, for which the final form of the perturbed
metric can be written as:

ds2 = a2 −(1 + 2Φ)dη 2 + (1 + 2Ψ)δij dxi dxj .

(B.4)

Once the perturbed metric, which is a key element in the perturbation theory, is clearly determined we can start the process that will lead us to obtaining the perturbed cosmological equations.
The following comment about the notation employed in this appendix is in order. When we
write a quantity (could be a scalar, a vector or a tensor) generally denoted as X and we do not
add nor a superindex neither a subindex we are referring to a quantity which is the sum of a
background part X̄ plus a perturbed part δX. For instance in the case of the metric we have (as
it can be observed from (B.1)) gµν = ḡµν + δgµν .
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To derive the first-order Einstein field equations we need to introduce a perturbation not only
in the Einstein tensor Gµν but also in the energy-momentum tensor Tµν . We end up with the set
of equations

(B.5)
Ḡµν + δGµν = 8πGN T̄µν + δTµν .
From now on, we are going to drop the pure background terms since in this part we are only
interested in the perturbation equations. It turns out really convenient to write down the covariant
elements of the perturbed metric and the corresponding contravariant elements:
g00 = −a2 (1 + 2Φ)

gij = a2 (1 + 2Ψ)δij

g 00 = −

1
(1 − 2Φ)
a2

g ij =

1
(1 − 2Ψ)δ ij .
a2
(B.6)

Once we have the entries of the perturbed metric we can move forward and compute the perturbed
Christoffel symbols δΓµνλ by using the expression
1
1
δΓµνλ = δg µα (∂λ ḡαν + ∂ν ḡαλ − ∂α ḡνλ ) + ḡ µα (∂λ δgαν + ∂ν δgαλ − ∂α δgνλ ).
2
2

(B.7)

The Christoffel symbols different from zero are:
Γ000 = H + Φ0

Γ00i = Γi00 = ∂i Φ

Γij0 = δji (H + Ψ0 )

Γ0ij = δij [H(1 + 2Ψ − 2Φ) + Ψ0 ]

(B.8)

Γijl = δji ∂l Ψ + δli ∂j Ψ − δjl ∂i Ψ.

We can repeat exactly the same procedure to obtain from
δRµν = ∂α δΓαµν − ∂ν δΓαµα + δΓαµν Γ̄βαβ + Γ̄αµν δΓβαβ − δΓαµβ Γ̄βαν − Γ̄αµβ δΓβαν

(B.9)

the components of the Ricci tensor:
R00 = −3H0 + ∇2 Φ − 3Ψ00 + 3H(Φ0 − Ψ0 ),

R0i = −2∂i Ψ0 + 2H∂i Φ,

(B.10)



Rij = −∂i ∂j (Ψ + Φ) + δij (2H2 + H0 )(1 + 2Ψ − 2Φ) − ∇2 Ψ + Ψ00 + 5HΨ0 − HΦ0 .
Contracting the indices of the previous tensor we are able to compute the Ricci scalar
Ra2 = 6(H2 + H0 )(1 − 2Φ) − 2∇2 (Φ + 2Ψ) + 6Ψ00 − 6HΦ0 + 18HΨ0 .

(B.11)

Finally we are in a position to calculate the components of Einstein’s tensor
G00 = 3H2 + 6HΨ0 − 2∇2 Ψ,

(B.12)



Gij = −∂i ∂j (Ψ + Φ) + δij −(H2 + 2H0 )(1 + 2Ψ − 2Φ) + 2H(Φ0 − 2Ψ0 ) + ∇2 (Ψ + Φ) − 2Ψ00 ,
G0i = −2∂i Ψ0 + 2H∂i Φ.
It is time now to obtain the perturbed expression for the energy-momentum tensor of a perfect
fluid. The starting point is the expression valid at the background level
T̄µν = (ρ̄ + p̄)Ūµ Ūν + p̄ḡµν ,
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(B.13)

by plugging the corresponding perturbations we can get
δTµν = (ρ̄ + p̄)(δUµ Ūν + Ūµ δUν ) + (δρ + δp)Ūµ Ūν + p̄δgµν + δpḡµν .

(B.14)

Where we denote the total energy density and pressure, at the background level, by ρ̄ and p̄
respectively. We need to obtain the components of the perturbed 4-velocity. To do so, we only
require the definition of the 4-velocity U µ = dxµ /dτ , where τ is the proper time and the closure
relation is U µ Uµ = −1
gµν

dxµ dxν
=
dτ dτ



dη
dτ

2 
g00 + gij

dxi dxj
dη dη


= −1,

(B.15)

where v i ≡ dxi /dη is defined as the peculiar velocity with respect to the comoving frame. If we
assume that the peculiar velocities are small quantities, we can get the perturbed expression for
the first component of the 4-velocity vector
dη
1
= (1 − Φ) + O(2).
dτ
a

(B.16)

Regarding the spatial components we only need to employ the chain rule together with the aforementioned expression for the peculiar velocities
dxi
dxi dη
vi
=
=
+ O(2).
dτ
dη dτ
a

(B.17)

Once we have computed the different components we can write the expression for the 4-velocity,
at first order, in the covariant and contravariant form:


1
vi
µ
U =
(1 − Φ),
Uµ = [−a(1 + Φ), av i ].
(B.18)
a
a
For convenience we are going to rewrite the 3-vector of the peculiar velocities using the Helmholtz
decomposition ~v = ~vk + ~v⊥ , where ∇ × ~vk = 0 and ∇ · ~v⊥ = 0. As we stated at the beginning
of this section we are only interested in scalar perturbations therefore, only ~vk = ∇v plays a
role in the calculations. For the sake of convenience we list the non-null components of the total
energy-momentum tensor:
T00 = a2

X

[(1 + 2Φ)ρ̄n + δρn ]

(B.19)

[(1 + 2Ψ)p̄n + δpn ] δij

(B.20)

X

(B.21)

n

Tij = a2

X
n

T0i = −a2 ∂i

(ρ̄n + p̄n )vn ,

n

where the subindex n runs for all the components considered. Once we have computed all the
required elements we can write down the perturbation equations for the different DE models under
study. Before doing so, we are going to perform a Fourier expansion of the perturbed quantities
ˆ
1
~
fk (η, ~k)eik·~x d3 k.
(B.22)
f (η, ~x) =
3
(2π)
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The above expressions means that we decompose all of them as the sum of plane waves. Due to
the fact that we have restricted the analysis at first order, we do not have to worry about the
mixings between the different modes. They all evolve independently.
It is finally time to write down the perturbed equations in momentum space derived from Einstein’s
field equations:
• δG00 = 8πGN δT00
X

k 2 Ψ + 3H Ψ0 − HΦ = 4πGN a2
δρn

(B.23)

n

• δG0i = 8πGN δT0i
Ψ0 − HΦ = 4πGN a2

X

(ρ̄n + p̄n ) vn

(B.24)

n

• δGij = 8πGN δTij

(i 6= j)
Ψ = −Φ

• δGij = 8πGN δTij

(B.25)

(i = j)
X


Ψ00 − Φ H2 + 2H0 − H Φ0 − 2Ψ0 = −4πGN a2
δpn

(B.26)

n

• ∇µ Tµ0 = 0
X

δρ0n + 3H (δρn + δpn ) + (ρ̄n + p̄n ) 3Ψ0 − k 2 vn = 0

(B.27)

n

• ∇µ Tµi = 0
X




ρ̄0n + p̄0n vn + (ρ̄n + p̄n ) 4Hvn + vn0 + Φ + δpn = 0.

(B.28)

n

Although not all the equations are independent, they are all useful in one way or another. If we
look at (B.25) we can see that it is only valid if we consider that the energy budget it is only
composed by perfect fluids. We do know that this is not accurate if we consider the interaction
between photons and baryons as well as the full treatment of the massive neutrinos. Taking into
account that we are considering equations valid for the matter dominated epoch, as a first approximation we can consider that neutrinos behave as if they were a perfect fluid. As a consequence
the relation Ψ + Φ ' 0 turns out to be a good approximation.
Unfortunately it is not possible to find an analytical solution for the this set of differential equations, nevertheless, we can find solutions under some approximations. In this section we are going
to consider physical models much more shorter than the Hubble radius, since they are the only
ones that can be observed. What is more, since the structure formation started within the matter
dominated epoch, well after the recombination time, we drop the radiation contributions, namely
we make the approximation ρr /ρm ' 0. So, considering that k 2  H2 , we can find the following
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set of equations:
k 2 Ψ − 4πGN a2 (δρm + δρΛ ) = 0
X 

δρ0i + 3H (δρi + δpi ) + (ρ̄i + p̄i ) 3Ψ0 − k 2 vi = 0

(B.29)
(B.30)

i=m,Λ

X 




ρ̄0i + p̄0i vi + (ρ̄i + p̄i ) 4Hvi + vi0 + Φ + δpi = 0

(B.31)

i=m,Λ

(B.32)

R
N R N R /ρ̄ . It is
As usual ρ̄m = ρ̄b + ρ̄dm + ρ̄N
m
ν , consequently we get vm = ρ̄b vb + ρ̄dm vdm + ρ̄ν vν
worthwhile to note that we make no assumptions about DE, since we do not consider any particular
value for wΛ = pΛ /ρΛ and we do not neglet the contribution of δρΛ . Ino order to compare the
theoretical predictions for a given model with the large scale structure (LSS) observational data it
turns out essential to compute the total matter density contrast, defined as:
δm =

δρb + δρdm + δρNR
ν
.
ρ̄m

(B.33)

It goes without saying that the particularities of the models under study, like the EoS parameter
considered or possible interactions between the different species, will affect the value of (B.33).
Therefore when the background data is not enough to differentiate two given models, the LSS data
can help by pointing out departures in the theoretical predictions of the models at the perturvative
level.

Perturbations for the scalar field models
In this subsection our aim is to write down the most important perturbations equations for the
non-interactive scalar field models. Throughout this thesis we have denoted the 1-dimensional
scalar field as Φ, however, due to the fact that here we are going to deal with the perturbed
metric, which in the Newtoninan gauge already includes the term Φ, we are forced to change
slightly the notation. Thus we refer to the scalar field and the corresponding perturbation:
ΦS = Φ̄S + δΦS .
Consequently the action at the background level must be rewritten as


ˆ
1 αβ
4 √
ḡ ∂α Φ̄S ∂β Φ̄S + U (Φ̄S ) .
S[Φ̄S ] = − d x −g
2

(B.34)

(B.35)

Considering (B.35), employing (B.34) and taking into account the perturbations of the metric
gµν = ḡµν + δgµν , we can work out the expression for the symmetric energy-momentum tensor:
ΦS
ΦS
ΦS
Tµν
= T̄µν
+ δTµν
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(B.36)

where
ΦS
T̄µν
ΦS
δTµν


Φ̄02
S
− U (Φ̄S )
= ∂µ Φ̄S ∂ν Φ̄S + ḡµν
2a2

 0
Φ̄S δΦ0S
ΨΦ̄02
∂U (Φ̄S )
S
δΦS
= ∂µ Φ̄S ∂ν δΦS + ∂µ δΦS ∂ν Φ̄S + ḡµν
− 2 −
a2
a
∂ Φ̄S
 02

Φ̄S
+ δgµν
− U (Φ̄S ) .
2a2


(B.37)
(B.38)

ΦS :
It will be useful to writhe down the components of the total energy-momentum tensor Tµν

Φ̄02
∂U (Φ̄S )
S
δΦS + 2a2 ΨU (Ψ̄S )
+ a2 U (Ψ̄S ) + Φ̄0S δΦ0S + a2
2
∂ Φ̄S
 02
Φ̄S
∂U (Φ̄S )
δΦS
− a2 U (Ψ̄S ) + Φ̄0S δΦ0S + a2
=
2
∂ Φ̄S
2 ∂U (Φ̄S )
+ (Ψ − Φ)Φ̄02
δΦS − 2a2 ΨU (Ψ̄S )δij
S −a
∂ Φ̄S

= ∂i Φ̄0S δΦ0S .

ΦS
T00
=

(B.39)

TijΦS

(B.40)

ΦS
T0i

(B.41)

Once we have the non-null components of the energy-momentum tensor in addition to the comm (B.19)-(B.21)
ponents of the Einstein tensor (B.12) and the matter energy momentum tensor Tµν
(considering that here the sum over the different components only contains the contribution of the
non-relativistic matter) we can list the Einstein equations in momentum space:


m + δT ΦS
• δG00 = 8πGN δT00
00



Φ̄02
Φ̄0S δΦ0S
∂U (Φ̄S )
2
SΦ
+
δΦS − 2
k Ψ + 3H Ψ − HΦ = 4πGN a δρm +
a2
a
∂ Φ̄S
0

2

(B.42)



m + δT ΦS
• δG0i = 8πGN δT0i
0i


Φ̄0S δΦS
Ψ − HΦ = 4πGN a (ρm + pm )vm −
a2
0

• δGij = 8πGN δTij

2

(B.43)

Ψ = −Φ

(B.44)

(i 6= j)



• δGij = 8πGN δTijm + δTijΦS

(i = j)



Φ̄0S δΦ0S
Φ̄02
∂U (Φ̄S )
SΦ
Ψ − Φ H + 2H − H Φ − 2Ψ = −4πGN a δpm +
−
δΦS − 2
a2
a
∂ Φ̄S
(B.45)
00

2

0



0

0

2



• ∇µ T ΦS µ0 = 0
 Φ̄0S

Φ̄02
0
0
S
(3Ψ
−
Φ
)
−
4HΦ
+ 2 4HδΦ0S − 2ΦΦ̄00S + k 2 δΦS + δΦ00S
2
a
a




d ∂U (Φ̄S )
∂U (Φ̄S ) Φ̄00S
0
+
δΦS + δΦS
+ 2 =0
dη
a
∂ Φ̄S
∂ Φ̄S
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(B.46)

It is important to note that at scales deep inside the horizon, where remember the condition
k 2  H2 is fulfilled, the perturbation of the scalar field is strongly suppressed, kδΦS ' 0 as it can
be deduced from (B.46), as a consequence the differential equations for δm at subhorizon scales
turns out to be the same as in the ΛCDM case.

Perturbations for the Brans-Dicke model with cosmological constant
We are now interested in obtaining the perturbation equations for the Brans-Dicke model when a
cosmological constant is included in the action. As it can be easily understood by taking a quick
look at the equations (7.3) and (7.4) the process will be a little longer than the previous cases,
nevertheless the philosophy remains untouched, namely: we introduce the usual perturbations
δgµν , δρn , δpn in addition to the δϕ, which corresponds to the perturbation of the BD scalar
field, in the field equations and we obtain the perturbed equations up to the first order. First of
all, we provide the formulas of some perturbed expressions depending on ϕ that will be useful in
subsequent computations:
a2 ϕ = −ϕ̄00 − 2Hϕ̄0 − δϕ00 + 2ϕ̄00 Φ + ∇2 δϕ − 2Hδϕ0 + ϕ̄0 (Φ0 − 3Ψ0 ) + 4HΦϕ̄0 ,
(ϕ̄0 )2

(B.47)

2 0 0
ϕ̄ δϕ ,
a2
∇0 ∇0 ϕ = ϕ̄00 + δϕ00 − ϕ̄0 (H + Φ0 ) − Hδϕ0 ,

(B.49)

∇i ∇j ϕ = −ki kj δϕ − ϕ̄0 δij [H(1 + 2Ψ − 2Φ) + Ψ0 ] − Hδϕ0 δij ,

(B.50)

∂α ϕ∂ α ϕ = −

a2

0

(1 − 2Φ) −

(B.48)

0

∇i ∇0 ϕ = iki (δϕ − ϕ̄ Φ − Hδϕ).

(B.51)

Since the local energy conservation equation (1.155) has exactly the same form than the one of
the standard model, the equations ∇µ Tµ0 = 0 and ∇µ Tµi = 0, do not change with respect to the
ones displayed in (B.27) and (B.28), respectively. The field equations, written in the momentum
space, that have been modified because of the extra d.o.f., are:
• For µ = ν = 0
ϕ̄(6HΨ0 + 2k 2 Ψ) + 3H2 δϕ+k 2 δϕ + 3Hδϕ0 + 3Ψ0 ϕ̄0


ωBD δϕ 0 2
(ϕ̄ ) − 2ϕ̄0 δϕ0 = 8πGN a2 (2Φρ̄ + δρ) .
+
2ϕ̄ ϕ̄
• µ = i and ν = j

(B.52)

(i 6= j)
Ψ+Φ=−
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δϕ
ϕ̄

(B.53)

• µ = i and ν = j

(i = j)


ωBD 0 2
(ϕ̄ )
(Φ − 2Ψ )(2Hϕ̄ + ϕ̄ ) + (Φ − Ψ) 2ϕ̄(H + 2H ) + 2ϕ̄ + 2Hϕ̄ +
ϕ̄


ωBD δϕ 0 2
− 2Ψ00 ϕ̄ − δϕ00 − Hδϕ0 − δϕ(H2 + 2H0 ) +
(ϕ̄ ) − 2ϕ̄0 δϕ0 = 8πGN a2 (2p̄Ψ + δp) .
2ϕ̄ ϕ̄
(B.54)
0

0

0



0

2

00

0

• The perturbed Klein-Gordon equation
−δϕ00 + 2ϕ̄00 Φ − k 2 δϕ − 2Hδϕ0 + ϕ̄0 (Φ0 − 3Ψ0 ) + 4HΦϕ̄0 =

8πGN 2
a (3δp − δρ). (B.55)
3 + 2ωBD

As done for the other models, we study now the evolution of matter perturbations at deep subhorizon scales, i.e. k 2  H2 . In this limit, Eq. (B.27) boils down to
0
δm
+ θm + 3Ψ0 = 0 ,

(B.56)

0
θm
+ Hθm − k 2 Φ = 0,

(B.57)

and (B.28) can be written as
i . These equations can be easily combined to make
where we have used the definition θm ≡ ∂i vm
disappear the dependence on θm . If we do that, we obtain the following approximate second order
differential equation for the matter density contrast,
00
0
δm
+ Hδm
+ k 2 Φ = 0.

(B.58)

The problem is now reduced to find an expression for k 2 Φ in terms of background quantities and
δm . Collecting (B.52), (B.53) and (B.55),
−
2k 2 Ψ + k 2

δϕ
= Ψ + Φ,
ϕ̄

(B.59)

δϕ
8πGN a2
=
ρ̄m δm ,
ϕ̄
ϕ̄

(B.60)

8πGN a2
ρ̄m δm ,
(B.61)
3 + 2ωBD
respectively. We can see, as expected, that for ωBD → ∞ and ϕ̄ = 1 the first equation above
gives Φ = −Ψ (no anisotropy stress) and the third one renders a trivial equality (0 = 0), whereas
the second equation yields Poisson equation k 2 Ψ = −k 2 Φ = 4πGN a2 δρ. In the general case, by
combining the above equations one finds:


4πGN a2 ρ̄m δm 4 + 2ωBD
2
k Φ=−
.
(B.62)
ϕ̄
3 + 2ωBD
k 2 δϕ =

So, finally, inserting the previous relation in (B.58) we are led to the desired equation for the
density contrast at deep subhorizon scales:


4πGN 2
4 + 2ωBD
00
0
δm + Hδm −
a ρ̄m δm
= 0,
(B.63)
ϕ̄
3 + 2ωBD
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or, alternatively, in terms of the cosmic time t,
4πGN
ρ̄m δm
δ̈m + 2H δ̇m −
ϕ̄



4 + 2ωBD
3 + 2ωBD


= 0,

(B.64)

with the dots denoting derivatives with respect to t. As expected, we can recover the standard
ΛCDM result for ωBD → ∞ and ϕ̄ → 1.
As already mentioned above, because of (B.59) non-null scalar field perturbations induce a deviation of the anisotropic stress, −Ψ/Φ, from 1, i.e. the GR-ΛCDM value. At scales well below the
horizon,
Ψ
1 + ωBD
− =
= 1 − BD + O(2BD ) ,
(B.65)
Φ
2 + ωBD
so constraints on the anisotropic stress directly translate into constraints on BD , and a deviation of
this quantity from 1 at the linear regime would be a clear signature of non-standard gravitational
physics. A model-independent reconstruction of the anisotropic stress from observations has been
recently done in [323]. Unfortunately, the error bars are still of order O(1), so these modelindependent results cannot put tight constraints on BD (yet).
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C

Semi-analytical solutions for the
BD model in different epochs

Our aim in this appendix is to provide semi-analytical solutions for the BD equations in the
various epochs of the cosmic history, by using a perturvative approach. The nomenclatures and
the notation employed here is the same that can be found in 7. We express the BD-field (7.1) and
the scale factor up to linear order in BD as follows,
ϕ(t) = ϕ(0) + BD ϕ(1) (t) + O(2BD )

(C.1)

a(t) = a(0) (t) + BD a(1) (t) + O(2BD ) ,

(C.2)

with the functions with superscript (0) denoting the solutions of the background equations in
standard GR with a constant Newtonian coupling that can be in general different from GN , and
the functions with superscript (1) denoting the first-order corrections induced by a non-null BD .
Neglecting the higher-order terms is a very good approximation for all the relevant epochs of the
expansion history due to the small values of BD allowed by the data. Plugging these expressions
in Eqs. (7.3)-(7.6) we can solve the system and obtain the dominant energy density at each epoch
and the Hubble function, which of course can also be written as
(0)

(1)

ρN (t) = ρN (t) + BD ρN (t) + O(2BD )

(C.3)

H(t) = H (0) (t) + BD H (1) (t) + O(2BD ) ,

(C.4)

respectively, where N = R, M, Λ denotes the solution at the radiation, matter, and Λ-dominated
epochs32 . We make use of the following relations,
!2
 
BD
ϕ̇
ϕ̇(1)
ωBD ϕ̇ 2 BD ϕ̇(1)
1
2
2
=
+O(BD ) ,
= BD (0) +O(BD ) ,
=
+O(2BD ) .
2ωBD + 3
2
ϕ
2
ϕ
2
ϕ
ϕ(0)
(C.5)
The Klein-Gordon equation is already of first order in BD ,
(0)

(0)

ϕ̈(1) + 3H (0) ϕ̇(1) = 4πGN (ρN − 3pN ) ,

(C.6)

and this allows us to find ϕ(1) without knowing H (1) nor the linear corrections for the energy
densities and pressures. The Friedmann equation leads to


8πGN (0) 1/2
(0)
H =
ρ
,
(C.7)
3ϕ(0) N
at zeroth order, and
ϕ̇(1) 1
6H (0) H (1) + 3H (0) (0) −
2
ϕ

ϕ̇(1)
ϕ(0)

!2

32



= 3 H (0)

2

(1)

ρN

(0)

ρN

ϕ(1)
− (0)
ϕ

!
,

(C.8)

For the sake of simplicity and to ease the obtention of analytical expressions, in this appendix we consider three
massless neutrinos.
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(1)

at first order, which let us to compute a(1) (t) once we get ρN (t, a(1) (t)) from the conservation
equation and substitute it in the r.h.s. H (1) is then trivially obtained using the computed scale
factor. Alternatively, one can also combine (C.8) with the pressure equation to obtain a differential
equation for H (1) and directly solve it. Proceeding in this way one obtains, though, an additional
integration constant that must be fixed using the Friedmann and conservation equations.

Radiation dominated epoch (RDE)
In the RDE the trace of the energy-momentum tensor is negligible when compared with the total
energy density in the Universe, so we can set the right-hand side of (C.6) to zero. The leading order
of the scale factor and the Hubble function take the following form, respectively: a(0) (t) = At1/2 ,
H (0) (t) = 1/(2t), with A ≡ (32πGN ρ0r /3ϕ(0) )1/2 and ρ0r the current value of the radiation energy
density. Using these relations we can find the BD-field as well as the scale factor at first order.
They read,


(C.9)
ϕ(t) = ϕ(0) + BD CR1 + CR2 t−1/2 + O(2BD ) ,
and




 2
CR2 ln(t)
CR1
CR3
2
−
+
+
O(
)
,
a(t) = At1/2 1 + BD
BD
t
24(ϕ(0) )2 t 4ϕ(0)

(C.10)

where CR1 , CR2 and CR3 are integration constants. Let us note that in the RDE the evolution of
the BD-field ϕ is essentially frozen, since there is no growing mode. The term evolving as ∼ t−1/2
is the decaying mode, and after some time we are eventually left with a constant contribution.
Finally, it is easy to find the corresponding Hubble function





2
2
CR2
CR2
1
ln(t) 1
2
H(t) =
1 + BD −
+
−
2C
+
O(
)
.
R3
BD
2t
t 12(ϕ(0) )2
12(ϕ(0) )2 t

(C.11)

At late enough times it is natural to consider that decaying mode is already negligible, and this
allows us to simplify a lot the expressions, by setting CR2 = 0. The scalar field remains then
constant in very good approximation when radiation rules the expansion of the Universe, and the
1
), but with an effective
other cosmological functions are the same as in GR (a ∼ t1/2 , H ∼ 2t
gravitational coupling G = GN /ϕ.

Matter dominated epoch (MDE)
When non-relativistic matter is dominant in the Universe the scalar field evolves as
#
"
(0)
C
2ϕ
M
1
ϕ(t) = ϕ(0) + BD
+
ln(t) + CM 2 + O(2BD ) ,
t
3

(C.12)

where CM 1 and CM 2 are integration constants. At leading order the scale factor and the Hubble
function take the following form, a(0) (t) = Bt2/3 and H (0) (t) = 2/3t respectively, with B ≡
1/3
6πGN ρ0m /ϕ(0)
and ρ0m the current value of the matter energy density. If we neglect the
decaying mode in (C.12) we find ϕ(a) = ϕ(0) (1 + BD ln a + O(2BD )). This solution is also found
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from the analysis of fixed points at leading order in BD that will be presented in Appendi D. The
scale factor reads in this case,
#
!
" 
2
C
1
1
2
C
C
M2
M3
M1
−
+ O(2BD ) , (C.13)
−
− ln(t) +
a(t) = Bt2/3 1 + BD −
8t2 3ϕ(0) 18 9
t
ϕ(0)
where CM 3 is another integration factor, and the Hubble function,
"
#
!

2
CM 1 2 3
1 3CM 3
H(t) =
1 + BD
− −
+ O(2BD ) .
3t
8t2 3
2t
ϕ(0)

(C.14)

Once more, after we neglect the contribution from the decaying modes, the usual cosmological
2
functions are as is GR in the MDE (a ∼ t2/3 , H ∼ 3t
). However, in contrast to the RDE there
is some mild evolution (a logarithmic one with the cosmic time) of the BD-field. Since ϕ(0) is
obviously positive, it follows from Eq. (C.12) that the sign of such evolution (implying growing or
decreasing behavior) is entirely defined by the sign of the BD-parameter BD . The fit to the overall
data clearly shows that BD < 0 and hence ϕ decreases with the expansion during the MDE, which
means that the effective gravitation coupling G = GN /ϕ increases with the expansion.

Λ-dominated or VDE
Here we assume that the energy density of the Universe is completely dominated by a vacuum fluid,
with constant energy density ρΛ . This period occurs in the very early Universe during inflation,
and in the very late one when matter has diluted significantly and a new period of inflation occurs.
The usual solution for the Hubble function in that epoch is H (0) (t) = HΛ , where HΛ is a constant,
fixed by (C.7). Taking this into account we find


ϕ(t) = ϕ(0) + BD 2HΛ ϕ(0) t + CΛ1 e−3HΛ t + CΛ2 + O(2BD ),
(C.15)
and for the scale factor
"
HΛ t

a(t) = CΛ4 e

1 + BD

H 2 t2
− Λ −
2



CΛ1
ϕ(0)

2

e−6HΛ t
+ CΛ3 HΛ t
8



CΛ2
2
+
(0)
3
2ϕ

#!

+ O(2BD ),
(C.16)

where CΛ1 , CΛ2 , CΛ3 , and CΛ4 are integration constants. Note that by performing the limit
BD → 0 we recover the usual GR expressions, as in all the previous formulas. The Hubble
function at first order takes the form
"
#
!


CΛ2
2 3 CΛ1 2 −6HΛ t
e
− HΛ t − (0) + O(2BD ) .
(C.17)
H(t) = HΛ 1 + BD − +
3 4 ϕ(0)
2ϕ
The term accompanied by the constant CΛ1 in (C.15) is a decaying mode, which we considered to be
negligible already in the RDE. Thus, we can safely remove it, and CΛ2 can be fixed by the condition
ϕ(t∗ ) = ϕ∗ , at some t∗ deeply in the VDE. The scalar field evolves then as ϕ(t) ∼ 2BD HΛ t ∼
2BD ln a, which is the behavior we obtain also from the analysis of fixed points (cf.Appendix D).
We can also see that during this epoch the BD-field decreases with the expansion because BD < 0,
as indicated before.
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Mixture of matter and vacuum energy
In a Universe with a non-negligible amount of vacuum and matter energy densities, it is also possible
to obtain an analytical expression for the BD scalar field at leading order in BD . Unfortunately,
this is not the case for the scale factor and the Hubble function, so we will present here only the
formula for ϕ. In the ΛCDM the scale factor is given by
a

(0)

(t) =

so
H

(0)

Ω̃m
Ω̃Λ

!1/3
sinh2/3


 q
3
Ω̃Λ H0 t ,
2

 q

q
3
(t) = H0 Ω̃Λ coth
Ω̃Λ H0 t .
2

Solving the Klein-Gordon equation, we obtain
 q


 q

q
3
2
3
(1)
ϕ (t) = Ω̃Λ H0 t coth
Ω̃Λ H0 t + ln sinh
Ω̃Λ H0 t
.
2
3
2

(C.18)

(C.19)

(C.20)

One can easily check that in the limits H0 t  1 and H0 t  1 we recover the behavior that we
have found in previous sections for the matter and Λ-dominated Universes, respectively. When we
substitute the previous expression in Eq. (C.1), we confirm once more that ϕ decreases with the
expansion (since BD < 0 and ϕ̇(1) (t) > 0 ∀t). This is the period when the Universe is composed
of a mixture of matter and vacuum energy at comparable proportions, and corresponds to the
current Universe. Thus G = GN /ϕ increases with the expansion in the present Universe as it was
also the case in the preceding MDE period, which is of course an important feature that helps to
solve the H0 -tension, as explained in different parts of the Chapter 7.

Connection of the BD-ΛCDM model with the Running
Vacuum Model
As we have just seen it is possible to search for approximate solutions in the different epochs, which
can help to better understand the numerical results and the qualitative behavior of the BD-ΛCDM
model. Actually, a first attempt in this direction trying to show that BD-ΛCDM can mimic the
Running Vacuum Model (RVM) was done in [288, 289] and we refer the reader to these references
for details. Here we just summarize the results and adapt them to the notation employed in this
thesis. It is based on searching for solutions in the MDE in the form of a power-law ansatz in
which the BD-field ϕ evolves very slowly:
ϕ(a) = ϕ0 a−

(||  1) .

(C.21)

Obviously  must be a very small parameter in absolute value since G(a) ≡ G(ϕ(a)) cannot depart
too much from GN . On comparing with the analysis of fixed points given in Appendix D – cf.
Eq. (D.23) – we can anticipate that  ∝ −BD , although we do not expect perfect identification
since (C.21) is a mere ansatz solution in the MDE whereas (D.23) is an exact phase trajectory
234

in that epoch. For  > 0 (hence BD < 0), the effective coupling increases with the expansion
and therefore is asymptotically free since G(a) is smaller in the past, which is the epoch when
the Hubble rate (with natural dimension of energy) is bigger. For  < 0 (BD > 0), instead, G(a)
decreases with the expansion.Using the power-law ansatz (C.21) we find:
ϕ̈
= −Ḣ + 2 H 2 .
ϕ

ϕ̇
= −H ,
ϕ

(C.22)

Plugging these relations into the system of equations (7.3)-(7.5) and after some calculation it is
possible to arrive at the following pair of Friedmann-like equations to O() [288, 289]:
H2 =


8πG 0 −3+
ρm a
+ ρDE (H)
3

(C.23)

and


ä
4πG 0 −3+
=−
ρm a
+ ρDE (H) + 3pΛ ,
(C.24)
a
3
with G = GN /ϕ0 . The first equation emulates an effective Friedmann’s equation with time-evolving
cosmological term, in which the DE appears as dynamical:
ρDE (H) = ρΛ +
Here

3 νeff 2
H .
8πG



νeff


1
≡  1 + ωBD 
6

(C.25)

(C.26)

is the coefficient controlling the dynamical character of the dark energy (C.25). The structure
of this dynamical dark energy (DDE) is reminiscent of the Running Vacuum Model (RVM), see
[45, 76, 324] and references therein. In the language used in Chapter 7, the analogue of the above
RVM form of the Friedmann equation can be derived from Eq. (7.35) upon taking into account
that the function F is of O(BD ). In fact, F is the precise analogue of νeff , for if we set  → −BD
in (C.26) it boils down to the value quoted in Eq.(7.34). The two languages are similar, but not
identical, for the reasons explained above. Notice from (C.23) that, to O():
Ω0m + Ω0Λ = 1 − νeff ,

(C.27)

so the usual sum rule of GR is slightly violated by the BD model when parametrized as a deviation with respect to GR. Only for  = 0 we have νeff = 0 and then we recover the usual cosmic
sum rule. The parameter νeff becomes associated to the dynamics of the DE. Worth noticing,
the above expression adopts the form of the RVM, see [45, 76, 324] and references therein, in particular [28, 75, 325] – where the running parameter is usually denoted ν and is associated to the
β-function of the running vacuum. Recently, the parameter ν (and in general the structure of the
RVM) has been elucidated from direct calculations in QFT in curved space-time within GR [29].
For additional discussions on the running of the CC term, see e.g. [326–328]. The RVM has been
shown to be phenomenologically promising to alleviate some of the existing tensions within the
ΛCDM, particularly the σ8 -tension [51,124,155,186,198,207,271,272,329–331]. It is therefore not
surprising that the mimicking of the RVM by the BD-ΛCDM model enjoys of the same virtues. In
actual fact, the particular RVM form obtained in BD-gravity (we may call it “BD-RVM” for short)
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is even more successful since it can cure both tensions, the H0 and σ8 one. The reason why the
BD-RVM can cure also the H0 -tension is because we need the evolution of the effective gravitational coupling Geff to achieve that, as we have seen in the preview Sec. 7.2, whereas the σ8 -tension
can be cured with νeff , which is associated to  ∝ −BD (the second ingredient characteristic of
BD-gravity), and hence the two key elements are there to make a successful phenomenological
performance.
On the other hand, from (C.24) it follows that the EoS for the effective DDE is
weff (z) =

νeff H 2 (z)
3νeff
pΛ
,
H 2 (z) = −1 +
' −1 +
ρDE (H)
8πGρΛ
ΩΛ H02

(C.28)

where use has been made of (C.25). It follows that the BD-RVM, in contrast to the original RVM,
does not describe a DE of pure vacuum form (pΛ = −ρΛ ) but a DE whose EoS departs slightly
from the pure vacuum. In fact, for  > 0 ( < 0) we have νeff > 0 (νeff < 0) and the effective DDE
behaves quintessence (phantom)-like. For  → 0 (hence νeff → 0) we have weff → −1 (ΛCDM).
As could be expected, Eq.(C.28) is the BD-RVM version of the effective EoS that we obtained in
Sec. 7.3 – see Eq. (7.60). The two languages are consistent. Indeed, by comparison we see that νeff
here plays the role of ∆ϕ there. We know that ∆ϕ = 1 − ϕ > 0, i.e. ϕ < 1, for BD < 0, as we
have shown previously, which is consistent with the fact that νeff ∝  ∝ −BD > 0. Finally, since
weff approaches −1 from above it corresponds to an effective quintessence behavior, which is more
pronounced the more we explore the EoS into our past.
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D

Fixed Points in BD-ΛCDM
cosmology

In order to study the fixed points of the BD theory we must define new variables such that the
system of differential equations that characterize the model becomes of first order in the derivatives
when it is rewritten in terms of the new variables. It is useful though to firstly carry out the change
t → N ≡ ln(a). This preliminary step will help us to identify in an easier way how we must define
the new variables. When written in terms of N the system takes the following form33 :


ρm + 4ρΛ
ψ 00 H 0 ψ 0
ψ0
8π
,
(D.1)
+
+3 =
ψ
H ψ
ψ
3 + 2ωBD
ψH 2
 
ψ 0 ωBD ψ 0 2
8π
3+3 −
=
(ρr + ρm + ρΛ ) ,
(D.2)
ψ
2
ψ
ψH 2


 
H0
ψ0
ψ 00
ψ 0 ωBD ψ 0 2
8π 
ρr 
3+
2+
+
+2 +
=
ρ
−
,
(D.3)
Λ
H
ψ
ψ
ψ
2
ψ
ψH 2
3
ρ0r + 4ρr = 0 ,

(D.4)

ρ0m + 3ρm = 0 .

(D.5)

Now one can define the following quantities:
xψ ≡

ψ0
ψ

;

x2i ≡

8πρi
,
H 2ψ

(D.6)

where i = r, m, Λ. In terms of these variables the system of equations can be easily written as
follows:
x2 + 4x2Λ
H0
xψ + 3xψ = m
,
(D.7)
x0ψ + x2ψ +
H
3 + 2ωBD
ωBD 2
3 + 3xψ −
x = x2r + x2m + x2Λ ,
(D.8)
2 ψ
H0
ωBD 2
x2
3+
(2 + xψ ) + x0ψ + x2ψ + 2xψ +
xψ = x2Λ − r ,
(D.9)
H
2
3
 0

xψ
H
0
xr = −xr
+2+
,
(D.10)
H
2
 0

H
3 xψ
0
xm = −xm
+ +
.
(D.11)
H
2
2
This system is of first order, as wanted. We have five equations and five unknowns, namely:
xr , xm , xψ , xΛ , H 0 /H. We can reduce significantly the complexity of the system if we just isolate
H 0 /H from (D.7) and xΛ from (D.8),


1 x2m + 4x2Λ
H0
0
2
=
− xψ − 3xψ − xψ ,
(D.12)
H
xψ 3 + 2ωBD
Primes in this appendix stand for derivatives w.r.t. to the variable N = ln a, i.e. ()0 ≡ d()/dN . We consider, as
in Appendix C, three massless neutrinos.
33
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ωBD 2
x − x2r − x2m ,
(D.13)
2 ψ
and substitute the resulting expressions in the other equations, i.e. in (D.9), (D.10), and (D.11).
Doing this, and after a little bit of algebra, one finally obtains three equations written only in
terms of xr , xm , xψ :
"
!#


2 − 4x2 − 3x2
2
12
+
12x
−
2ω
x
BD
1
2
x
1
1
ψ
r
m
ψ
x0ψ = −xψ 3 + 3xψ − ωBD x2ψ − x2r − m −
,
+
2
3
2
xψ
2
3 + 2ωBD
!# (D.14)
"
2 − 4x2 − 3x2
2
12
+
12x
−
2ω
x
BD ψ
5
ωBD 2
2
x
1
ψ
r
m
, (D.15)
x − x2 − m −
x0r = −xr 2 + xψ −
2
2 ψ 3 r
2
2
3 + 2ωBD
"
!#
2
2
2
3 5
ωBD 2
2 2 x2m 1 12 + 12xψ − 2ωBD xψ − 4xr − 3xm
0
xm = −xm
.
+ xψ −
x − x −
−
2 2
2 ψ 3 r
2
2
3 + 2ωBD
(D.16)
They allow us to search for the fixed points of the system. There is an important restriction
produced by (D.10) and (D.11). Supposing that xr 6= 0 and xm 6= 0, we see that the mentioned
equations impose that
x0r
x0
1
(D.17)
=− m + .
xr
xm 2
x2Λ = 3 + 3xψ −

This equation is not compatible with the conditions of fixed point, so that we should assume that
xr = 0, xm = 0 or both conditions at the same time. The fixed points are:
RDE
(xr , xm , xΛ , xψ )RD =

√


3, 0, 0, 0 ,

(D.18)

the Jacobian of the non-linear system (D.14), (D.15), (D.16) has eigenvalues λRD
= −1, λRD
= 1/2,
1
2
RD
λ3 = 4 so that is an unstable point.
MDE

q

2
12 + 17ωBD + 6ωBD
1
,
√
= 0,
, 0,
1 + ωBD
2|1 + ωBD |


(xr , xm , xΛ , xψ )MD

(D.19)

the Jacobian of the non-linear system (D.14), (D.15), (D.16) has eigenvalues λMD
= −1/2,
1
MD
MD
λ2 ' −3/2, λ3 ' 3 so that is also an unstable point.
Λ-dominated or VDE

(xr , xm , xΛ , xψ )ΛD = 0, 0,

q
2
15 + 28ωBD + 12ωBD
|1 + 2ωBD |


,

4

1 + 2ωBD

(D.20)

Λ
the Jacobian of the non-linear system (D.14), (D.15), (D.16) has eigenvalues λΛ
1 = −2, λ2 = −3/2,
λΛ
3 ' −3 so that is a stable point.

The first and second fixed points are unstable, whereas the latter is stable. We have assumed
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that |ωBD |  1 for approximating the eigenvalues. The first one is very well-known, since regardless of the initial conditions for the BD scalar field we already know that the velocity of the scalar
field decays during the RDE, and the solution tends to the attractor with ψ 0 = 0 (xψ = 0) and full
√
domination of radiation, i.e. xr = 3. The Hubble function and BD scalar field are:
ψRD (a) = ψr ,
2
HRD
(a) =

(D.21)

8π 0 −4
ρ a ,
3ψr r

(D.22)

where ψr is an arbitrary constant and ρ0r is the value of the radiation energy density at present.
This fixed point is unstable because at some moment non-relativistic matter starts to dominate
the expansion. When this happens the solution starts to look for the new attractor, the one of
the MDE. We stress that this is an exact solution. The BD scalar field and the Hubble function
during the MDE take the following form:
1

ψMD (a) = Ca 1+ωBD ,
2
HMD
(a) =

16πρ0m (1

−
)2 a

(D.23)


4+3ωBD
1+ωBD

+ ωBD
2 )
C(12 + 17ωBD + 6ωBD



,

(D.24)

where C is an arbitrary constant and ρ0m is the value of the matter energy density at present. The
MD fixed point is, again, unstable, because the MDE finishes and the VDE starts. The solution
searches now for the last fixed point, which is stable. In this last case, we have obtained the
following Hubble function and BD field,
ψΛ (a) = Da4/(1+2ωBD ) ,
HΛ2 (a) =

8πρΛ
(1 + 2ωBD )2
−4/(1+2ωBD )
,
2 a
D 15 + 28ωBD + 12ωBD

(D.25)
(D.26)

where D is an arbitrary constant and ρΛ is the constant value of vacuum energy.
One can easily check that the solutions computed in Appendix C of first order in BD = 1/ωBD ,
coincide (once the decaying modes become irrelevant) with the ones presented here when the latter
are Taylor-expanded up to first order in this parameter as well. The results we have found here are
consistent with previous studies on fixed points in cosmological dynamical systems, see e.g. [332]
and references therein.
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E

Cosmological data and statistical
analysis

If one desires to carry out a serious study of a given cosmological model it is fundamental to go
beyond the theoretical predictions, and put them in the light of the increasing amount of observation data at our disposal, allowing then to test its performance and make a model comparison,
with the ultimate purpose of discerning which is the most favoured model. In this appendix we
explicitly show the theoretical definition for the various observable used in the analysis, necessary
to compare with the experimental data, and also collect some basic (but technical) information
about the fitting procedure that has been employed to get the results displayed in Chapters 2-7.
Let us start by defining the χ2 function which represent the building block of the fitting procedure:
χ2tot (~
p) =

X

[~xs (~
p) − d~s ]T Cs−1 [~xs (~
p) − d~s ] ,

(E.1)

s

where the subindex s runs over all the data sets considered in the analysis, for instance the CMB,
BAO or SNIa 34 . Later on, we will enter in the details of the different data considered. The ~xs are
the vectors containing the theoretical prediction extracted from the different models under study,
p~ is the vector containing the free parameters, which represents the different d.o.f. that characterize a certain model and finally Cs is the covariance matrix for each data set s, which can be
constructed from the correlation matrix ρs and the 1σ uncertainties as follows: Cs,ij = ρs,ij σs,i σs,j .
As we shall see, it is fundamental to properly build the function χ2tot (~
p). One must be very
careful to only pick up data for which either the correlations with other data are well under control or there are no correlations at all. Another issue that must be considered it is the possibility
of the double counting data, since throughout the last years, many data releases from the different
surveys have appeared, as it can be understood they are not independent since they have been obtained considering at least an overlapping sample. Let us specify how to construct the χ2 function
by treating all the data sets employed in this thesis one by one.

Cosmological Data
In the following we comment on the most important details of the observational data employed in
the different chapters, as well as, the cosmological observable that allow us to compare them with
the theoretical predictions. While it is true that we do not take into consideration all the possible
sources of cosmological data, we do use, to the best of our knowledge, the most reliable ones. It is
34

We must remark that actually the form of (E.1) does not apply for the Strong Lensing data, as it will be
explained in the corresponding subsection.
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important to remark that the extraction of data, through cosmological observations, is a task far
from be a piece of cake, and the techniques considered have been perfected over the years. This is
the reason why we prefer to be conservative when adding new data to the dataset.

SNIa
For the SNIa sector, the fitted quantity is the distance modulus, defined as:
µ(z, p~) = 5 log DL (z, p~) + M
where M is a normalization parameter and DL (z, p~) is the luminosity distance:
ˆ z
dz 0
DL (z, p~) = c(1 + z)
,
0
0 H(z )

(E.2)

(E.3)

with c being the speed of light (now included explicitly in this formula for better clarity). The
previous formula (E.3) for the luminosity distance applies only for spatially flat Universes, which as
we comment in the introductory chapter is something that we have assumed throughout this thesis,
There exists two different options to dealt with the parameter M , which is usually referred to
as a nuisance parameter: it can be included as another free parameter in the fitting procedure or
it can be integrated out through the corresponding marginalization of the SNIa likelihood. It can
be done analytically, so this also helps to improve the computational efficiency by reducing in one
dimension the fitting parameter space. Let us provide the details of the analytical integration.
After this marginalization, the resulting effective χ2 -function for this data set reads,
P
[ N
p)]2
i,j=1 Jij yi (~
2
T
,
χSNIa (~
p) = ~y (~
p) J~y (~
p) −
PN
i,j=1 Jij

(E.4)

−1
, yi (~
p) ≡ 5 log DL (zi , p~) − µobs,i and N is the number of data points for each
where J ≡ CSNIa
case. (E.4) is the direct generalization of formula (13.16) of [41], since we are now considering a
non-diagonal covariance matrix, instead of a diagonal one. Let us prove (E.4). The original SNIa
likelihood can be written as follows,
1

LSNIa (~
p, M ) = L0 e− 2 [yi (~p)+M ]Jij [yj (~p)+M ] ,

(E.5)

where we have assumed the Einstein summation notation in order to write the result more concisely
and L0 is the normalization constant. Let us now marginalize this distribution over the parameter
M,
ˆ
+∞

L̃(~
p) ≡

LSNIa (~
p, M ) dM .

(E.6)

−∞

This can be expressed like
1

L̃(~
p) = L0 e− 2 B0 (~p) F (~
p) ,
ˆ

with

+∞

F (~
p) ≡

e−

B1
M 2 −M B2 (~
p)
2

−∞
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(E.7)

dM ,

(E.8)

and
B0 (~
p) ≡

P31

B1 ≡

P31

B2 (~
p) ≡

P31

p)Jij yj (~
p) ,
i,j=1 yi (~

i,j=1 Jij

(E.9)

,

p) .
i,j=1 Jij yi (~

The problem is basically reduced to compute the function F (~
p) appearing in (E.7). Let us perform
the derivative of the latter with respect to M and the ith component of the fitting vector p~,
ˆ +∞
B1
∂F
2
=0=−
[M B1 + B2 (~
p)] e− 2 M −M B2 (~p) dM ,
(E.10)
∂M
−∞
ˆ
B1
∂F
∂B2 (~
p) +∞
2
=−
M e− 2 M −M B2 (~p) dM .
(E.11)
∂pi
∂pi
−∞
Combining these two expressions we can obtain a differential equation for F (~
p), which is very easy
to solve,
∂B2 B2 (~
p)
1 ∂F
=
,
F (~
p) ∂pi
∂pi B1
F (~
p) ∝ e

2 (~
B2
p)
2B1

.

(E.12)

The integration constant is irrelevant since it can be absorbed by the normalization factor L0 in
(E.7), giving rise to a new one, L̃0 . Thus, the marginalized likelihood reads,
L̃(~
p) = L̃0 e−

χ2
p)
SNIa (~
2

,

(E.13)

with χ2SNIa (~
p) given by (E.4).

BAO
Galaxy surveys measure angular and redshift distributions of galaxies. Using these data, they are
able to obtain the matter power spectrum P (~k, z) in redshift space upon modeling the bias factor
and transforming these angles and redshifts into distances. However, the distance of two sources
along the line of sight, being given by the difference of redshift ∆z, depends on the cosmological
model. Similarly, the distance of two sources in the direction perpendicular to the line of sight is
given by the angular separation, ∆θ, and also depends on the cosmological model. Therefore, it
is convenient to first define a fiducial model to which one refers the predictions of the new models
being studied. Usually such model is the ΛCDM with appropriately chosen values of the free
parameters. One also has to disentangle the effect of the redshift space distortions that are due
to the peculiar velocities of galaxies falling into the gravitational potential wells. The comoving
wavevector ~k is usually decomposed in a parallel to the line of sight component, kk , and another
one which is perpendicular to it, k⊥ . These two directions determine the two-dimensional (2D)
space in which the distribution of galaxies is studied. The analysis of the BAO signal in the 2D
power spectrum carries precious information about the angular and longitudinal size of the BAO
standard ruler at the measured redshift z, namely
∆θs (z) =

rs (zd )
ars (ad )
=
,
DA (a)
(1 + z)DA (z)
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(E.14)

where a = 1/(1 + z) is the scale factor, and
∆zs (z) =

rs (zd )H(z)
,
c

(E.15)

rs (zd ) being the sound horizon at the redshift of the drag epoch (see below), with DA the proper
diameter angular distance,
ˆ z
dz 0
c
DA (z, p~) ≡
.
(E.16)
(1 + z) 0 H(z 0 )
In principle, galaxy surveys are able to extract anisotropic BAO information from their analyses.
That is to say, they can grant constraints on the quantities rs (zd )/DA (z) and H(z)rs (zd ) through
the perpendicular and parallel dilation scale factors
α⊥ ≡

fid (z)
rsfid (zd )/DA
DA (z)rfid (zd )
= fid s
rs (zd )/DA (z)
DA (z)rs (zd )

αk ≡

H fid (z)rsfid (zd )
,
H(z)rs (zd )

(E.17)

fid (z) and H fid (z) are obtained in the fiducial cosmology that the survey has used
where rsfid (zd ), DA
to convert redshift and angles into distances. The quantity rs (zd )/DA (z) is the sound horizon at
the drag epoch measured in units of the angular diameter distance at redshift z, and similarly
fid (z) is the corresponding value in the fiducial model. These ratios are just the comovrsfid (zd )/DA
ing angular sizes (E.14), i.e. the angular sizes divided by the scale factor. Similarly, H(z)rs (zd )
and H fid (z)rsfid (zd ) are, respectively, the sound horizon in units of the Hubble horizon in the given
model and in the fiducial model.

Sometimes the surveys are not equipped with enough BAO data to obtain (E.14) and (E.15)
separately. In this case they limit themselves to compute the volume-averaged spectrum in a conveniently defined volume V and obtain a constraint which is usually encapsulated in the isotropic
BAO estimator rs (zd )/DV (z) (sometimes denoted dz [147]). Here DV (z) is an effective distance
or dilation scale [333] obtained from the cubic root of the volume V (whose value is defined from
the square of the transverse dilation scale times the radial dilation scale):

1/3
2
DV (z, p~) = zDH (z, p~)DM
(z, p~)
.
(E.18)
In this expression, DM = (1 + z)DA is the comoving angular diameter distance (playing the role
of the transverse dilation scale at redshift z) and DH is the Hubble radius
DH (z, p~) ≡

c
,
H(z)

(E.19)

with zDH acting as the radial dilation scale at redshift z. Therefore, the distilled BAO estimator dz
measures the sound horizon distance at the drag epoch in units of the effective dilation scale (E.18).
Again a comparison with a fiducial value is necessary. The isotropic BAO parameter relating
the fiducial model value of DV with the actual value of a given model is defined in [106] as
α≡

DV (z)
DVf id (z)
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.

(E.20)

In other cases α is defined in terms of dz ,
α≡

rsfid (zd )/DVfid (z)
DV (z)rfid (zd )
= fid s
,
rs (zd )/DV (z)
DV (z)rs (zd )

(E.21)

as in [107,108]. These isotropic BAO estimators (E.20 and E.21) are akin to the Alcock-Paczynski
(AP) test [334], in which the ratio of the observed radial/redshift to the angular size at different
redshifts, ∆zs /∆θs , is used to obtain cosmological constraints on the product H(z)DM (z) and
hence of H(z)DA (z). Both for the AP test and the isotropic BAO measurement, the value of
the Hubble parameter H(z) cannot be disentangled from DA (z), there is a degeneracy. This is in
contradistinction to the situation with the anisotropic BAO parameters (E.17), in which a measurement of both α⊥ and αk permits to extract the individual values of H(z) and DA (z).
In our fitting analysis, carried out in the different chapters of this thesis, we use data of both
types of BAO estimators: isotropic and anisotropic ones. The anisotropic BAO data contains
more information than the isotropic one because the aforementioned degeneracy between H(z)
and DA (z) has been broken. Thus, anisotropic BAO is richer and yields stronger cosmological
constraints [335, 336].
To compute the theoretical predictions for the above BAO estimators, we need some extra formulas.
For instance, the sound horizon at redshift z, i.e. rs (z), is given by the expression
ˆ ∞
cs (z 0 )dz 0
rs (z) =
,
(E.22)
H(z 0 )
z
where
cs (z) = p

c
3(1 + R(z))

(E.23)

δρb (z)
is the sound speed in the photo-baryon plasma and R(z) = δρ
. If the expressions for the
γ (z)
baryon and photon energy densities take the usual form, then we have R(z) = (3Ωb /4Ωγ )/(1 + z),
being Ωγ the photon density parameter. The redshift at the drag epoch is zd ∼ O(103 ). Below
such redshift value the baryon perturbations effectively decouple from the photon ones and start
to grow with dark matter perturbations. The precise value of zd depends in a complicated way
on the different cosmological parameters. The fitted formula obtained in [129], can help us get an
idea of how zd depends on the standard parameters:

h
i
0.251
1291 ωm
β2
1
+
β
ω
1 b
1 + 0.659 ωm 0.828


β1 = 0.313 ωm −0.419 1 + 0.607 ωm 0.674

zd =

(E.24)

β2 = 0.238 ωm 0.223 .
Let us point out that many experimental groups do not make use of these fitted formulas (denoted
with a subindex ff below), but of the complete set of Boltzmann (Boltz) equations, which must
be solved numerically. Both approaches can give rise to differences that are around 2 − 3%.
Consequently, if the observational values are computed with a Boltzmann code and one is interested
in using the fitted formulas to get the theoretical observable, then it is necessary to apply a
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re-scaling, in order to perform the comparison with our theoretical predictions. In these cases
we follow the same procedure applied in [108] upon re-scaling the observational data by fr ≡
fid
rs (zd )fid
f f /rs (zd )Boltz . The two quantities involved in this ratio are computed using the same fiducial
ΛCDM cosmology chosen by the observational teams, but while the first is obtained with the fitted
formulas (E.22)-(E.24), the second is obtained with a Boltzmann code. One can also compute the
latter using the existing approximated formulas for the sound horizon at zd that are obtained by
fitting the data extracted from e.g. the CAMB code, since they are very accurate, with errors less
than the 0.1% [336],
55.234(1 + Ων h2 )−0.3794 Mpc
,
(E.25)
rs (zd )Boltz =
(Ωdm h2 + Ωb h2 )0.2538 (Ωb h2 )0.1278
where Ων h2 is the neutrino reduced density parameter and depends, of course, on the effective
number of neutrino species and the photon CMB temperature, which is taken from [?].
We point out that the aforementioned re-scaling does not change the values of the dilation scale
factors (E.17), (E.20) and (E.21) furnished by the experimental teams. If they, for instance, hand
fid /r (z )fid ), then we just multiply it by f −1 in orover their results through the product α⊥ (DA
s d Boltz
r
der to keep our fitting procedure consistent. For the same reason, we re-scale (H fid rs (zd )fid
Boltz )/αk
multiplying it by fr . But we insist that the dilation scale factors, which are the fundamental
outputs extracted from the analysis of the BAO signal, are not modified by this re-scaling.
In the different analysis considered in this thesis the BAO data has been updated and corrected
(when necessary) as the experimental teams have made it public. Take a look at the Chapters 2-7
in order to know the particular data points employed in each case.

Cosmic Chronometers
Data on the Hubble parameter at different redshift points. We use 31 (in Chapters 2-4 we employ
30 but when the data point from [226] was released we incorpored it in our table) data points on
H(zi ) at different redshifts. We use only H(zi ) values obtained by the so-called differential-age (or
cosmic chronometer) techniques applied to passively evolving galaxies. That is to say, we use data
where one estimates H(z) from (1 + z)H(z) = −dz/dt, where dz/dt is extracted from a sample of
passive galaxies (i.e. with essentially no active star formation) of different redshifts and ages. See
the corresponding references for more details. The important point to remark here is that these
H(z) values, although relying on the theory of spectral evolution of galaxies, are uncorrelated with
the BAO data points.
2 δ . The posThe covariance matrix for the H(z) data is diagonal and therefore, CH,ij = σH,i
ij
sibility of having non-zero off-diagonal terms in the correlation matrix is not excluded, but these
coefficients are not found in the literature. Thus, the corresponding χ2 -function adopts the following simple form,

31 
X
H(zi , p~) − Hobs (zi ) 2
2
.
(E.26)
χH (~
p) =
σH,i
i=1
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Where H(zi , p~) represents the theoretical value, for a given model which depends on the parameters
encapsulated in p~, evaluated at each redshift zi .

Large Scale Structure
By observing the existing anisotropies in the clustering of galaxies (in the redshift space) produced
by the peculiar velocities, it is possible to obtain measurements that will allow us to test the growth
rate of structure of a given model. An observable that turns out to be particularly useful, since
does not contain the bias factor which is model dependent, is the combination f (a, ~k)σ8 (a). The
terms f (a, ~k) is known as the growth rate and it can be computed from the following expression:
f (a, ~k) =

dδm (a, ~k)
dPm (a, ~k)
1
=
,
da
da
δm (a, ~k)
2Pm (a, ~k)
1

(E.27)

where δm = δm /ρm is the density contrast for non-relativistic matter and Pm is the power spectrum
of the matter perturbations. The last equality is obtained upon considering the dependence of the
2 (a, ~
matter power spectrum on the density contrast, namely: Pm (a, ~k) = Cδm
k). The constant C is
irrelevant for the purpose of calculating the growth rate, since as can be easily checked it cancels
out. As can be appreciated we have explicitly maintained the dependence of the growth rate on
the wave number vector ~k, but we have done this just for the sake of generality. The observable
f (a)σ8 (a) is computed at sub-horizon scales and for most of the cosmological models this leads to
a second order differential equation for the density contrast, which can be generally expressed as:
00
0
δm
+ F (a, p~)δm
+ G(a, p~)δm = 0

(E.28)

where the dependence on ~k has been removed and the primes represent derivatives with respect
to the scale factor. The functions F (a, p~) and G(a, p~) can vary from one model to another and
depends of the free parameters embodied in the vector p~.
In order to compute σ8 (a), which is the root mean square of matter fluctuations on spheres of
radius R8 = 8/hMpc at the given value of the scale factor, we need to employ the following
expression:
ˆ ∞
1
2
dkk2 Pm (a, ~k)W 2 (kR8 ),
(E.29)
σ8 (a) = 2
2π 0
where k ≡ |~k— and W (kR) is the top hat smoothing function:
W (kR) =

3 (sin(kR) − kRcos(kR))
(kR)2

(E.30)

Usually the data is given in terms of the redshift instead of the scale factor and without depending
on ~k, namely: f (z)σ8 (z).
We want to stress the fact that this data turns out to be crucial to differentiate between models
that have very similar behaviour at the background level but not at the perturbation level. It is
important to employ a set of f (z)σ8 (z) points totally free from correlations or double counting in
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order to test the models in the fairest way possible. In Chapters 2-7 this idea has been followed
carefully and when the correlations between the data points have been provided, by the experimental teams, they have been duly taken into account. To conclude this part we want to note that
part of the information, embodied in the data points, comes from such small scales that non-linear
effects come into play and therefore they need to be modeled. Great improvements have been
made in this area, turning the RSD data in robust and reliable source of data.

Gravitational Lensing
General Relativity tells us that the presence of matter creates a local curvature in space-time, as
a consequence when a ray of light is affected by this curvature its path is bent. This phenomenon
causes a process known as Gravitational Lensing. The light coming from distant galaxies is bent by
the gravitational effect exerted by the massive bodies present in the path of the photon towards us.
As a consequence the real image of the distant galaxy, which is behind the massive bodies but in the
same line of sight, appears to be distorted. In the recent years the improvements in the techniques
to measure this effect, carried out by the experimental teams [48, 66, 67, 201], have made this field
a very promising one and the information extracted can be used to constraint cosmological models.
Depending on the amount of bending produced by the intervening masses we consider two different regims: Weak Lensing (WL) or Strong Lensing (SL).
Weak-Lensing
The experimental teams like KiDS-450, DES or the HSC are able to measure the Weak-Lensing
statistical distortion of angles and shapes of galaxy images caused by the presence of inhomogeneities in the low-redshift Universe [47–49, 201, 309, 310]. The two-point correlation functions of
these angle distortions are related to the power spectrum of matter density fluctuations, and from
p
it it is possible to obtain constraints on the parameter combination S8 = σ8 Ω0m /0.3. However,
one have to careful when including this data in the analysis, because of the following reason: at
the computational level, non-linear effects for small angular scales are calculated with the Halofit
module [337], which only works fine for the ΛCDM and minimal extensions of it, as XCDM [71]
or CPL parametrization of the dark energy EoS parameter [72, 73]. Thus, it is may not be able
to model accurately the potential low-scale particularities of the model under study. Indeed it is
possible to remove these low angular scales from the analysis, in order to avoid the operation of
Halofit, but in that case the loss of information is very big, and S8 remains basically unconstrained.
35

Strong-Lensing
In Chapter 7 we use the data extracted from the six gravitational lensed quasars of variable
35

See http://kids.strw.leidenuniv.nl/sciencedata.php for more details.
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luminosity reported by the H0LICOW team. They measure the time delay produced by the deflection of the light rays due to the presence of an intervening lensing mass. After modeling the
gravitational lens it is possible to compute the so-called time delay distance D∆t (cf. [66] and
references therein). The fact of being absolute distances (instead of relative, as in the SNIa and
BAO datasets) allows them to directly constrain the Hubble parameter in the context of the GRΛCDM as follows: H0 = 73.3+1.7
−1.8 km/s/Mpc . It turns out that for the three sources B1608+656,
RX51131-1231 and HE0435-1223, the posterior distribution of D∆t can be well approximated by
the analytical expression of the skewed log-normal distribution,


(ln(D∆t − λD ) − µD )2
1
,
(E.31)
exp −
L(D∆t ) = √
2
2σD
2π(D∆t − λD )σD
where the corresponding values for the fitted parameters µD , σD and λD are reported in Table
3 of [66]. On the other hand, the former procedure cannot be applied to the three remaining
lenses, i.e. SDSS 1206+4332, WFI 2033-4723 and PG 1115+080. From the corresponding Markov
chains provided by H0LICOW36 we have instead constructed the associated analytical posterior
distributions of the time delay angular diameter distances for each of them. Taking advantage of
the fact that the number of points in each bin is proportional to L(D∆t ) evaluated at the average
D∆t for each bin, we can get the values for − ln(L/Lmax ) and fit the output to obtain its analytical
expression as a function of D∆t . The fitting function can be as accurate as wanted, e.g. using a
polynomial of order as high as needed. The outcome of this procedure is used instead of (E.31) for
the three aforesaid lenses. Interestingly, the non-detection of Strong-Lensing time delay variations
can be used to put an upper bound on Ġ/G at the redshift and location of the lens [338].

Prior on H0
In Chapters 5 and 7 we include, as a prior, the value of the Hubble parameter measured by the
SH0ES collaboration, H0 = (73.24 ± 1.74) km/s/Mpc [146] and H0 = (73.5 ± 1.4) km/s/Mpc [57]
respectively. Both measures have been obtained by applying the cosmic distance ladder method,
based on chaining different techniques, to measure distance to celestial objects, to finally obtain
the desired final distance. The second measurement includes some refinements in the method
which includes an improved calibration of the Cepheid period-luminosity relation. It is based on
distances obtained from detached eclipsing binaries located in the Large Magellanic Cloud, masers
in the galaxy NGC 4258 and Milky Way parallaxes. This measurement is in 4.1σ tension with the
value obtained by the Planck 2018 team under the TTTEEE+lowE+lensing dataset, and using
the ΛCDM model, H0 = (67.36 ± 0.54) km/s/Mpc. [44]. This represents the most accute tension
affecting the standard model of cosmology and as cannot be other wise has triggered a search for
models able to accommodate the SH0ES measurement.

36

http://shsuyu.github.io/H0LiCOW/site/
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CMB
Without doubt the Cosmic Microwave Background is one of the most important tools at our disposal to test cosmological models. It provides us with a unique opportunity to obtain information
from the early Universe, namely at redshifts of order z ∼ O(1000), and then if it is combined
with the late-time cosmological data we obtain a robust data set to tighten the constrains on free
parameters. In order to obtain the perturbations equations, that contain the physics behind the
CMB, one must deal with the coupled differential equations expressing the contribution of each
component which includes, among other things, the interaction between photons and baryons.
See [41] and [Dodelson] for a detailed description.
The question now is, how is this temperature field described today? The deviations with respect to the mean value of the CMB temperature can be expressed as δT = δT (z, ~x, n̂), where n̂
is a unitary vector that indicates the direction of the incoming photons. The CMB can only be
observed here in the Earth (actually near to the Earth thanks to the satellites) and at present time,
z = 0. Taking this into account, while the temperature field depends on z, ~x and n̂, in practise, we
are only able to measure the dependence on the direction, or in other words the anisotropies. It
turns out to be convenient expand δT in terms of spherical harmonics, which can be understood
as a kind of Fourier transformation in 2-dimensions.
∞
`
δT (z, ~x, n̂) X X
=
a`m (z, ~x)Y (n̂)
T (z)

(E.32)

`=1 m=−`

being Y (n̂) the spherical harmonics containing the angular dependence. Upon inverting (E.32) we
can get the expression for the alm coefficients.
ˆ
δT (z, ~x, n̂)
.
(E.33)
a`m = dΩY ∗ (n̂)
T (z)
They are characterized by having zero mean value but non-null variance, which expression can be
obtained from:
`
X
1
C` =
|a`m |2 .
(E.34)
2` + 1
m=−`

This is the observable used to compare the theoretical predictions with the observed power spectrum of the CMB. ` is known as the multipole moment and is related to the angle θ through
θ = π/`. This last relation means that the low-l multipoles contain the information of the large
scale whereas the high-l multipoles the small-scale one. It is not possible to have an analytical
expression for Cl since they involve quantities that can only by obtained by getting the numerical solutions of a coupled system of differential equations. So, they must be obtained numerically.
In Chapters 6-7 we have used the Einstein-Boltzmann system solver CLASS [221] in order to do that.
It is possible to compress, in a very efficient way, the CMB information in what is called as
CMB distance priors, namely R (shift parameter), `a (acoustic length) and their correlations with
the reduced baryon mass parameter and the spectral index (ωb , ns ). It has been shown in [339]
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that although this compression loses information compared to the full CMB likelihood, such information loss becomes negligible when more data is added. The theoretical expressions for R and
`a are:
ˆ z∗
p
dz
(E.35)
R(~
p) = Ωm
E(z)
0
DA (z∗ )
`a (~
p) = π(1 + z∗ )
(E.36)
rs (z∗ )
where z∗ is the redshift at decoupling. Its precise value depends weakly on the parameters, and it
is obtained from the fitting formula [340]:

g2
z∗ = 1048 1 + 0.00124 ωb−0.738 (1 + g1 ωm
),

(E.37)

with
0.0783 ωb−0.238
1 + 39.5 ωb0.763
0.560
g2 =
.
1 + 21.1ωb1.81
g1 =

(E.38)

Statistical Analysis
As we have stated, statistics is a fundamental part of the analysis of a given cosmological model.Here
we are going to present the fundamental concepts that we must consider if we want to constraint
the parameter space of the models under study. Furthermore, we will provide the statistical tools
that allow to compare the performance of the different models even if they have different number
of degrees of freedom.

Model Fitting
It is time to properly introduce the methods that have been used in this thesis in order to get
the results displayed in the corresponding tables and figures that can be found in Chapters 2-7.
First of all, we should bear in mind, the ultimate goal of the model fitting procedure, namely:
extracting information on the cosmological parameters, that characterize the studied model, from
the considered observational data. The more precise data, covering a wide range of redshift we
have, the better constrained the free parameters of a given model will be. As a clear example of
this statement one can take the evolution of the constrains on the Ω0Λ parameter over the years,
since as was mention in the introductory chapter, Ω0Λ was found to be different from zero at ∼ 5σ
c.l., employing only distant supernovae, while by considering the recent CMB data from the Planck
team this evidence rise until the astonishing level of ∼ 94σ c.l. As it is well-known, the ΛCDM
model, has proven to be very successful in passing the cosmological observational tests over the
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last years. What we want to know now is whether models that allow small deviations with respect
to the LCDM’s predictions are favoured by the data.
Two approaches can be taken in order to extract the desired information from the cosmological data, the frequentist and the bayessian. Determining the conceptual differences among them is
beyond the scope of this thesis, so, we are just going to focus on explaining the bayesian approach
since it has been proven to be the most convenient one to study cosmological models. It is based
on the famous Bayes theorem, which can be expressed as:
p(θ|x, M ) =

p(x|θ, M )p(θ|M )
.
p(x|M )

(E.39)

In words, it says that the posterior probability of θ (which represent the free parameters), namely
p(θ|x, M ), given the model M and the data x is equal to the probability of the data given the
parameters of the model (i.e. the likelihood p(x|θ, M )) times the prior probability of θ, p(θ|M ),
divided by the probability of the data x (usually in the form of a probability distribution function,
PDF).
What we are looking for, is the expression of the posterior probability function, which contains
the information on how the characterizing parameters of a given model are distributed once the
data x have been considered in addition to some previous knowledge on the parameters encoded
in the priors. The function p(x|θ, M ) is usually referred as the likelihood θ and is related to the
χ2 (θ) (as long as the data can be described by a Gaussian function) function defined in (E.1) in
the following way:
L = L0 e−

χ2 (θ)
2

.

(E.40)

where L0 is just a normalization constant. Note that while in the previous subsection we have
employed p~ to denote the vector of free parameters, here for convenience we use θ. The likelihood
function gives us information about the parameters, θ, given the data. In particular, it says how
likely a given data would be for a specific set of values of the parameters θ. It is important to
remark that it is not a probability distribution function of the parameters. In the next section we
will provide more information about the function p(x|M ) due to the fact that it plays an important
role in the model selection procedure. For the purpose of this subsection what it is important is
the relation
p(θ|x, M ) ∝ p(x|θ, M )p(θ|M )
(E.41)
since it allows us to sample the posterior distribution function once we have established the shape
of the priors and the form of the likelihood function. This is tantamount to say that we will be
working with the kernel of the posterior instead of with the full probability distribution function.
The kernel is the part of the probability distribution function that remains when all the parts
that do not depend on the parameters are removed. This concept can be easily understood with
a simple example. Consider a random variable X which is distributed according to the expres2
2 √
sion of Gaussian function p(X|σ, µ) = e−(X−µ) /2σ / 2πσ 2 , then the kernel would be in this case
2
2
e−(X−µ) /2σ .
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Let us briefly discuss the general features of some of the most common model fitting procedures.
The first one is the method known as the grid method, which is a quite straight-forward approach.
Basically it consists in building a grid for the involved parameters in the parameter space and
compute the value of the likelihood function at each point of the grid. Once all the calculations
are done and thanks to the relation (E.41) it is possible to estimate not only those values of the
parameters that maximizes the likelihood function (or minimizes the χ2 function) but also the
errors associated to the free parameters that represent the d.o.f. of the model under consideration.
This method is very robust since does not make any assumption about the shape of the posterior
distribution, only relies on the fact that the probability distribution functions of the experimental
measurements are correct. However it has an important drawback even if we consider that we are
able to make a reasonable guess about where is the maximum of the likelihood function in order
to be sure that it is into the grid that we build. The main problem is, as cannot be otherwise, the
computational time. When our model contains more than 3-4 parameters, and note that this is
perfectly reasonable, this method requires an enormous amount of time to compute the value of
the likelihood function at all the desired point.
A much more efficient approach is the so-called Fisher Matrix method, which is based on the
central limit theorem that claims that any well behaved distribution function can be approximated by a Gaussian distributions near its maximum. In other words, even if we do not know the
shape of the posterior distribution, we can obtain at least an approximation, considering that the
likelihood is well-described by a multivariate Gaussian near the maximum and, once again, the
relation (E.41). Let us write down the approximations taken into account:
1

L(θ) ' L(θ̂)e− 2 (θi −θ̂i )Fij (θj −θ̂j )

(E.42)

where by θ̂ we mean the vector of best fit values, which maximizes de likelihood. The term Fij
is called the Fisher matrix and its expression will be clarified in a moment. Note that the above
expression implies that the likelihood is not only a Gaussian function of the data but also of the
parameters. Depending on the shape of the priors the posterior distribution is also a multivariateGaussian distribution. Taking the logarithm to both sides of (E.42) and expanding at second order
near θ̂ we can obtain the expression:
ln(L(θ)) ' ln(L(θ̂)) +

1 ∂ 2 ln L(θ)
2 ∂θi ∂θj

(θi − θ̂i )(θj − θ̂j ).

(E.43)

θ=θ̂

We have not included the first derivative of the logarithm of the likelihood function because the
expression is evaluated at θ̂ which by definition is the vector of parameters that extremizes (in this
case maximizes) the likelihood. Now we are able to identify the Fisher matrix with its expression
Fij ≡

∂ 2 ln L(θ)
∂θi ∂θj

.

(E.44)

θ=θ̂

Even if it is not possible to compute analytically the Fisher matrix, very often we can easily compute it numerically due to the smooth behaviour of the function around the maximum. What
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makes this method extremely useful is the fact that once the Fisher matrix is computed it is
straight-forward to get the errors of the parameters and the two-dimensional contour plots which
are going to be ellipses. In order to marginalize over the parameters we are not interested in, we
only need to remove the corresponding rows and columns from the inverse of the Fisher matrix. On
the other hand, to obtain the length of the semiaxes of the ellipsoidal contours we need to take the
square root of the eigenvalues of the inverse of the Fisher matrix. Some numerical problems could
arise from the procedure to get the inverse of the Fisher matrix, so we must be careful with that.
As it can be understood this method implies a considerable reduction in the computational time
in comparison to the grid method even if we study models with a large number of free parameters.
Nevertheless, it is important to remark that this is only accurate, as long as, the likelihood function
and consequently the posterior distribution can be well-approximated by a multivariate-Gaussian
function, otherwise the deviations from the normal distribution can infer biased estimation for the
errors. In order to obtain the results presented in Chapters 2-5 the Fisher Matrix method has been
employed. However, we have carefully study possible deviations from the Gaussian behaviour. See
the before mentioned chapters to know all the details.
We will finish this brief summary by talking about the well-known Monte Carlo Markov Chains
(MCMC) method. We remember that the main disadvantage of the grid method is the huge
computationally time that is required to explore the desired piece of the parameters space. The
solution provided to this issue by the MCMC method is to explore the landscape of the space
parameter under study with random jumps. In other words, using the likelihood function and the
selected priors, according to the relation (E.41) the MCMC techniques allows us to explore the
parameters space and keep those points that are accepted by the selection algorithm employed (see
for instance [148, 149] ). Once this is done we end up with a collection of n-dimensional points labeled by the values of the free parameters. We call this the Markov Chains, and from them we can
get the corresponding confidence level for the involved parameters, the correlations among them
and the contour plots. As the reader may have noticed, we have not mentioned that the likelihood
function must has a Gaussian shape. This can be considered the main advantage of the MCDM
method over the Fisher Matrix approach. Namely we do not need to make any assumption about
the form of the likelihood function which allows us to study cases where the non-gaussinities may
have an important role. On the contrary, clearly the MCMC method is going to take more time
than the Fisher Matrix method. A natural question at this point could be, how long should the
Markov Chains be ? A convergence criterion must be applied at this point, see for instance [341].
As it can be appreciated all the methods have advantages and disadvantages which make recommendable to bear in mind all of them in order to use the most suitable one in each case. As
stated at the beggining of this appendix the Model Fitting is an avoidable if one wants to carry
out a proper study of a given model. No matter how well-looking are the theoretical predictions
of some particular model, if at the end of the day, the model is not able to pass the experimental
tests it must be ruled out, at least until new experimental data comes out.
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Model Selection
So far, we have been dealing with the problem of comparing the theoretical predictions for a given
model, with the observational data considered and how we can narrowing down the parameter
space through different methods like the Fisher Matrix or like the Monte Carlo Markov Chains
techniques. When all this is done is time for the next natural question: does, the model studied in
the first place, reproduce the data better than any other one ? Answering this question is known
as the model selection problem.
Among the different options, in this appendix, we focus on the selection procedure called the
Bayesian evidence or marginal likelihood. The significance of the results obtained can be further
appraised by computing the Bayesian evidence, which is based on evaluating the posterior probability of a model M given the data x and the priors, see e.g. [41]. The relevant quantity we
are looking for is the so-called Bayes factor, which does not depend on the arbitrarily assigned
prior probability to the given model M . This factor can be obtained by making use of the Bayes
theorem previously mentioned (E.39). As can be appreciated by taking a look of that expresion,
the quantity p(x|M ) does not depend on the values of θ. Therefore, if we normalize the posterior probability to one and integrate over all the parameters θ on both sides of Eq. (E.39), the
corresponding integral in the numerator on the r.h.s. must be equal to p(x|M ):
ˆ
p(x|M ) = dθ p(x|θ, M ) p(θ|M ) .
(E.45)
This likelihood integral over all the values that can take the parameters θ is called the marginal
likelihood or evidence [41].
An analogous formula to (E.39) can also be applied to estimate the posterior probability that
a model M is true given a measured data set x. Thus, following the same scheme, the posterior
probability of the model given the data, p(M |x), must be equal to the probability of the data given
the model (irrespective of the values of θ) – i.e. the marginal likelihood (E.45) — times the prior
probability of the model, divided by the PDF of the data. Writing this relation for two cosmological models Mi and Mj that are being compared, we find that the ratio of posterior probabilities
of these models is equal to the ratio of model priors times a factor:
p(Mi |x)
p(Mi )
=
Bij .
p(Mj |x)
p(Mj )

(E.46)

Such factor, Bij = p(x|Mi )/p(x|Mj ), is the so-called Bayes factor of the model Mi with respect to
model Mj . It gives the ratio of marginal likelihoods (i.e. of evidences) of the two models. Note
that it coincides with the ratio of posterior probabilities of the models only if the prior probabilities
of these models are the same. This is generally assumed (“Principle of Insufficient Reason”) and
hence the comparison of the two models Mi and Mj is usually performed directly in terms of Bij .
In the literature it has been customary to define the Bayes information criterion (BIC) through the
parameter BIC = χ2min + n ln N , where χ2min is the minimum of the χ2 function, n is the number of
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∆BIC = 2 ln Bij

Bayesian evidence of model Mi versus Mj

0 < ∆BIC < 2

weak evidence (consistency between both models)

2 < ∆BIC < 6

positive evidence

6 < ∆BIC < 10

strong evidence

∆BIC ≥ 10

very strong evidence

∆BIC < 0

counter-evidence against model Mi

Table 1:

Conventional ranges of values of ∆BIC used to judge the observational support for a given model Mi with respect
to the reference one Mj .

independent fitting parameters and N is the total number of data points. One can show that the
Bayes factor can be estimated through Bij = e∆BIC/2 where ∆BIC = BICj − BICi is the difference
between the values of BIC for models Mj and Mi [140, 197], i.e.
∆BIC = ∆χ2min − ∆n ln N ,

(E.47)



where ∆χ2min = χ2min j − χ2min i is the difference between the minimum values of χ2 for each
model, and ∆n = ni − nj is the difference in the number of independent fitting parameters of
Mi and Mj , both describing the same N data points. The added term to ∆χ2min , i.e. ∆n ln N ,
represents the penalty assigned to the model having the largest number of parameters (∆n > 0).


Indeed, if Mj has less parameters than Mi (i.e. ni > nj ) we expect that χ2min i < χ2min j and
hence ∆χ2min > 0. However, since ∆n > 0 the last term of (E.47) indeed penalizes the model with
more parameters and compensates in part for its (presumably smaller) value of χ2min . Defined in
this way, a positive value of the expression (E.47) denotes that the model Mi is better than model
Mj , and the larger is ∆BIC the better is Mi as compared to Mj . Clearly, the Bayesian criterion
allows a quantitatively implementation of Occam’s razor.
Even though the simple and very economic formula (E.47) is useful and has been applied in many
places of the literature, see e.g. [50–52, 207] and references therein, it is only an approximate
formula. The exact value of ∆BIC associated to the full Bayes factor requires to evaluate
´
dθi p(x|θi , Mi ) p(θi |Mi )
,
(E.48)
∆BIC = 2 ln Bij = 2 ln ´
dθj p(x|θj , Mj ) p(θj |Mj )
where θi and θj are the two sets of free parameters integrated over for each model. We refer to
this (exact) value of ∆BIC as the full “Bayesian evidence” of model Mi versus model Mj . It
represents the optimal implementation of Occam’s razor. Formula (E.47) provides an estimate
(sometimes good, sometimes rough) of the cumbersome expression (E.48). The evaluation of the
latter is carried out in practice using the MCMC’s for the statistical analysis of the model and
it can be a formidable numerical task. Fortunately it can be speeded up with the help of the
recent numerical code MCEvidence [342]. In Table 1 we collect the ranges of values of ∆BIC that
are conventionally used in the literature to quantify the observational support of a given model
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Mi with respect to some reference one Mj [140, 197]. Consistently with the approximate formula
discussed above, positive values of ∆BIC in the indicated intervals favor the model Mi over model
Mj . Usually Mj is the ΛCDM and Mi is any of the considered beyond the standard model (BSM)
considered. Small positive values near one just denote that the two models under competition
are comparable (i.e. that there is no marked preference of Mi over Mj ), but larger and positive
values of ∆BIC increase the support of Mi (BSM) versus Mj (ΛCDM). Negative values of ∆BIC,
in contrast, would lead to the opposite conclusion, i.e. that the BSM is penalized as compared to
the ΛCDM and hence that the latter is preferred.
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[7] A. Friedmann, “Über die Möglichkeit einer Welt mit konstanter negativer Krümung des
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[76] J. Solà Peracaula, “Cosmological constant and vacuum energy: old and new ideas,” J. Phys.
Conf. Ser., vol. 453, p. 012015, 2013. arXiv:1306.1527.
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[269] Özer, Hatice and Delice, Özgür, “Linearized modified gravity theories with a cosmological
term: advance of perihelion and deflection of light,” Class. Quant. Grav., vol. 35, no. 6,
p. 065002, 2018. arXiv:1708.05900.
[270] V. Faraoni, Cosmology in scalar tensor gravity. Springer, 2004.
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[320] M. Ballardini, M. Braglia, F. Finelli, D. Paoletti, A. A. Starobinsky, and C. Umiltà, “Scalartensor theories of gravity, neutrino physics, and the H0 tension,” 2020. arXiv:2004.14349.
[321] J. Muller and L. Biskupek, “Variations of the gravitational constant from lunar laser ranging
data,” Class. Quant. Grav., vol. 24, pp. 4533–4538, 2007.
[322] A. Loureiro et al., “On The Upper Bound of Neutrino Masses from Combined Cosmological
Observations and Particle Physics Experiments,” Phys. Rev. Lett., vol. 123, no. 8, p. 081301,
2019. arXiv:1811.02578.
[323] A. M. Pinho, S. Casas, and L. Amendola, “Model-independent reconstruction of the linear
anisotropic stress η,” JCAP, vol. 11, p. 027, 2018. arXiv:1805.00027.
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