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ABSTRACT

Mathematical and computational modeling of flexoelectricity at mesoscopic and
atomistic scales

David Codony

This PhD thesis focuses on the development of mathematical and computational models for
flexoelectricity, a relatively new electromechanical coupling that is present in any dielectric at
the micron and sub-micron scales. The work is framed in the context of both continuum and
quantum mechanics, and explores the gap between these two disciplines.

On the one hand, the focus is put on the mathematical modeling of the flexoelectric effect
by means of continuum (electro-) mechanics, and the development of computational tech-
niques required to numerically solve the associated boundary value problems. The novel
computational infrastructure developed in this work is able to predict the performance of
engineered devices for electromechanical transduction at sub-micron scales, where flexoelec-
tricity is always present, without any particular restrictions in geometry, material choice,
boundary conditions or nonlinearity. The numerical examples within this document show
that flexoelectricity can be harnessed in multiple different ways towards the development of
breakthrough applications in nanotechnology.

On the other hand, the flexoelectric effect is also studied at an atomistic level by means of
quantum mechanics. This work proposes a novel methodology to quantify the flexoelectric
properties of dielectric materials, by means of connecting ab-initio atomistic simulations
with the proposed models at a coarser, continuum scales. The developed approach sheds
some light on a controversial topic within the density functional theory community, where
large disagreements among different theoretical derivations are typically found. The ab-initio
computations serve not only to assess the material parameters within the continuum models,
but also to validate their inherent assumptions regarding the relevant physics at the nanoscale.

Keywords: Flexoelectricity, Continuum mechanics, Quantum mechanics, Mathematical modeling, Computa-

tional modeling.
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Chapter 1

Introduction

1.1 Motivation

Electroactive materials are able to transform mechanical energy into electrical energy (and
viceversa), hence their ubiquity in modern technologies (cf. Fig. 1.1). One of the main appli-
cations is to generate electrical power from mechanical sources (energy harvesting), such
as vibrations associated with operating machinery, movements of the human body, ocean
waves, wind, and others (Dagdeviren et al.,, 2016). Another usage consists on converting a
mechanical input into an electrical output just for sensing and measuring devices. Conversely,
the application of electric fields to electroactive materials can yield well-controlled mechanical
forces for actuation in robotics, biomedical devices, motors and personal electronics among
others.

The underlying physics that drive electromechanical transduction can be very different
in nature, and vary depending on the considered material. One of the most well-known and
exploited electromechanical coupling is piezoelectricity, by which the mechanical strains £ and
the electric polarization p are linearly coupled:

p1 = dyjeij, (1.1)

where d is the tensor of piezoelectricity. This is the case of piezoelectric ceramics, which
are polarized upon deformation, and conversely deform when an electrical field is applied.
Piezoelectricity can be intuitively understood by the ionic crystal model under compression or
tension (cf. Fig. 1.2a), in which the electric dipole moment increases or decreases due to a shift
between the centers of gravity of the negative and the positive ions. Piezoelectricity allows
reversibility, in the sense that reversal of the input (e.g. compression instead of tension) yields
an opposite output (e.g. increasing or decreasing polarization field). However, it is restricted to
crystalline dielectrics with a non-centrosymmetric structure. Otherwise, the dipole moment is
not affected by the mechanical input (i.e. the piezoelectricity tensor vanishes).
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Figure 1.1: Applications of electromechanical transduction. Possible sources of energy harvesting (left)
and its usage for sensing and actuation (right). Figure adapted from Dagdeviren et al. (2016).

Soft materials such as piezoelectric polymers or dielectric elastomers exhibit a different
mechanism named electrostriction or Maxwell-stress effect. The application of an electric
field through a compliant dielectric induces an electrostatic stress in it, as a result from the
Coulombic attraction between the charges of opposite sign located on both sides of the material
(cf. Fig. 1.2b). It can be mathematically written as

Oij = Mgjijexer, (1.2)

where the stresses o are coupled to the square of the electric field e through the electrostriction
tensor m. In contrast to piezoelectricity, electrostriction is present in all dielectrics (referred to
as universality), albeit it is only relevant in soft materials. However, it presents two noticeable
drawbacks. On the one hand, it is a one-way coupling only: electric field (or polarization) is
not generated by the application of strain. Hence, they can only be used as actuators. On the
other hand, it does not allow reversibility: regardless of the sign of the applied electric field,
the material will always deform in the same direction (either compression or expansion).

Some dielectrics exhibit as well other physical couplings, such as pyroelectricity (tempera-
ture-dependent polarization) or ferroelectricity (reversible spontaneous polarization), to name
a few. All this variety of electromechanical couplings has been largely studied, is quite well
understood and is suitable to describe the behavior of dielectrics at the macro- and mesoscale.
However, at smaller (micro- and nano-) scales, additional effects become relevant and must be
taken into account as well. One of these less studied electromechanical couplings constitutes
the focus of the present manuscript: flexoelectricity.
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The flexoelectric effects consists on the coupling between electric polarization and strain
gradients. The (direct) flexoelectric effect is understood as the material polarization due to
inhomogeneous deformation (e.g. bending or twisting) and is mathematically expressed as

8817
_f O 1.3
2! fll]kaxk ( )

where f is the flexocoupling tensor. In hard materials, it can be intuitively understood as
well by the ionic crystal model under bending (cf. Fig. 1.2¢), in which a non-zero net dipole
moment arises, even in centrosymmetric materials. Therefore, it is present in all dielectrics,
regardless of their crystalline structure. Similarly to piezoelectricity, it is a two-way coupling,
and hence it is also possible inducing a bending deformation by applying an external electric
field. Moreover, thanks to its linearity it is reversible in sign. Figure 1.3 shows the linearity of
the direct flexoelectric effect measured in different dielectrics.

There also exists a thermodynamically conjugate converse flexoelectric effect that consists
on the generation of stress o due to the application of an inhomogeneous electric field e, i.e.

ade;
O-ij =flijk87xk. (14)

The term “flexoelectricity” may refer to the direct flexoelectric effect only, or to both the direct
and converse flexoelectric effects, depending on the context.

Due to their convenient properties (that is, universality, reversibility and being a two-
way coupling) as compared to piezoelectricity or electrostriction, flexoelectricity seems to
be a promising mechanism to be exploited in modern technologies. However, it has only
gained attention very recently (cf. Fig. 1.4). The reason behind this is that the flexoelectric
material constants are typically very small, and therefore sufficiently large strain gradients are
required in order to trigger a sizable flexoelectric effect. Since strain-gradients scale inversely
to spatial dimension, they are typically small at the meso- and macroscale, but considerably
large in the micro- and nanoscale. Therefore, flexoelectricity is by nature a size dependent
effect, relevant only at the microscale and nanoscale. It is not surprising that the rise of
scientific and industrial interest in flexoelectricity coincides in time with the investment
and developments in various nanotechnologies, such as nanomedicine, nanobiotechnology
and nanoremediation, or the discovery of atomically-thin materials (2D monolayers) such
as graphene, featuring unprecedented and exciting mechanical and optical properties with
multiple potential applications.



1.1 Motivation 5

Al-doped BTS (Shu et al., 2017)
x BZN/Ag (Li et al., 2013)
s PZT (Ma & Cross, 2005)
s PZT (Ma & Cross, 2003)
e e R PR R R + PMN (Ma & Cross, 2001)
00 02 04 Ogtra?:gr;;:en:?m_:; 16 18 20 @ PMN-PT (ShU etal., 2017)
= PIN-PMN-PT (Shu et al., 2017)

b8 © BST (Huang et al. 2011)

e BST (Ma & Cross, 2002)
T 0.04 e BST/NZO (Li et al., 2014)
o s = BT-8BZT (Huang et al., 2017)
2 o BT thin film (Kwon et al., 2014)
% Ll on + BTS (Shu et al., 2013)
£
[=]
o

Figure 1.3: Linearity of flexoelectric polarization with respect to strain gradient. Figure adapted from
Wang et al. (2019).
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Figure 1.4: The number of publications on flexoelectricity in solids per year. Figure adapted from Yudin
and Tagantsev (2013).
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1.2 State of the art of the flexoelectric effect

The state of the art of the flexoelectric effect is briefly summarized in Fig. 1.5. The most
characteristic (and challenging) feature is perhaps its underlying multiscale nature in the
majority of the areas, from its observation, understanding, modeling and quantification until the
computationally-based functional design of electromechanical devices for specific technological
applications. In what follows, we summarize the most relevant aspects of the flexoelectric
effect.

.. . ‘ I Micro/nanoscale Meso/macroscale ‘

Description / Understanding
Observation Quantification Modeling

Natural phenomena £l Experiments J Quantum mechanics

In-situ testing Atomistic calculations Continuum mechanics

Physics
Bl Mathematics
Prediction / Design
Material science Design concepts Closed-form solutions Computational tools
1 Material discovery Bl Non-centrosymmetry (1D) Rods Numerical modeling
Bl Machine learning B Chirality (2D) Plates B Optimization
B Accumulation

Development / Technology
Process New technologies Enhancement of existing technologies

Proof of concept 2 Flexoelectric MEMS Flexible/stretchable electronics

Prototyping Sensors, actuators, Piezoelectric metamaterials (Upscaling)

Testing energy harvesters... Miniaturization (Downscaling)
Bl Marketing 2 Flexophotovoltaics 1 Ultra-high density memories

Figure 1.5: State of the art of flexoelectricity, and its underlying multiscale nature.
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photograph gives the edge-on view in reflected light. TR 0}
d
(a) A clamped, closed-circuited 2.5 pm—thin 17-;;3uudcnuc‘ of ll‘\c curvature onthe thickness of a film
. ﬁl d 1 1 l 1) experimental points; 2) extrapolation to a value of d corme-
BaTlO3 m under an external transversal elec- sponding to a hypothetical "monomolecular” film.

tric field generated by a potential difference of
20V, undergoes bending deformation with a cur- (b) The induced curvature x depends on the
vature of 0.15mm™". thickness of the film T as x o T72.

Figure 1.6: First experiment demonstrating flexoelectricity. Figure adapted from Bursian and Zaikovskii
(1968).
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1.2.1 Observation

The flexoelectric effect was experimentally observed for the first time in 1968 by Bursian and
Zaikovskii (1968), after the theoretical predictions by Mashkevich and Tolpygo (1957). In
this experiment (see Fig. 1.6), various single-crystal thin films of barium titanate (BaTiOs) of
thicknesses in the range of 0.1 - 10um were subjected to transversal electric field (actuation
mode). The bending was found to be always in the direction of the positive electrode, i.e. it was
a reversible effect. Moreover, the bending of the film also produced a charge on its surfaces
(sensing mode), confirming the two-way nature of the coupling.

Since then, flexoelectricity has been observed in multiple materials: biomaterials such as
cellular membranes (Ahmadpoor and Sharma, 2015, Petrov, 2002, Todorov et al, 1991) and
viruses (Kalinin et al,, 2006), soft materials such as liquid crystals (Harden et al, 2006, Meyer,
1969, Petrov, 1975, Prost and Marcerou, 1977, Trabi et al., 2008) or polymers (Baskaran et al,
2011a, 2012, 2011b, Breger et al, 1976, Deng et al., 2014a, Marvan and Havranek, 1998, Zhang
et al.,, 2016b, Zhou et al., 2017), hard ceramics (Cross, 2006, Ma and Cross, 2002, 2001a,b),
and even in atomically-thin nanomaterials such as graphene (Kalinin and Meunier, 2008) or
carbon nanotubes (Dumitrica et al., 2002).

In order to illustrate the ubiquity of flexoelectricity in nature, the following examples
are of particular interest. A biological material in which flexoelectricity plays a role is the
stomatopods dactyl club. Stomatopods, such as the peacock mantis shrimp (see Fig. 1.7), are
marine crustaceans that use damage-tolerant hammerlike claws for defense and to attack their
prey. The claws undergo repeated high-velocity and high-force impacts (Weaver et al., 2012).
The mechanical structure of the claw of the Peacock Mantis shrimp is formed by different
regions with highly anisotropic Young modulus distribution, generating large stress-gradients
that trigger the flexoelectric effect, resulting in a voltage of 1-2 V across the thickness of the
impact surface. As pointed out by Vasquez Sancho (2018), flexoelectricity is known to be able
to increase a material’s toughness (Abdollahi et al, 2015b), which is the most characteristic
feature of this crustacean’s club.

Another impressive implication of flexoelectricity in biology is found in the mammalian
hearing mechanism (cf. Fig. 1.8). Hair cells are the primary sensory receptors in the auditory
system that transform the mechanical vibrations of sound into sensible electrical action
potential and, although the corresponding mechanism is still not fully understood, one possible
explanation is the stereocilia in inner hair cells being flexoelectric (Ahmadpoor and Sharma,
2015, Krichen and Sharma, 2016, Oghalai et al., 2000, Peng et al., 2011).

Finally, it is worth mentioning another exciting implication in biology, found in human
bones self-healing (cf. Fig. 1.9). As reported by Vasquez-Sancho et al. (2018), micro-cracks
in bones generate very large strain gradients, inducing an electric field in the vicinity of
the affected area due to the flexoelectric nature of the bone mineral hydroxyapatite. This
crack-generated electrical stimulus is large enough to drive the activity of osteoblasts towards
damaged regions, thus initiating the crack-healing process.



8 INTRODUCTION

- " THz
40u10 o
Sy 4,=-880 nCm"
30010
- -
E
S 2500
é 2.0m10™ 4 - .
2
§ e - ||'.='245 nCm
10000 » e
-
S.0a00
Sou0* 2000° 7000 80u0* S0u10°
Strain Geadient (m”) mpact surface
2 10
! 0
\J > E, (GPa)
T T 50
Bulk impact o h * 1_F L
region o' .
Peiods WS 1Ty b i 40
eriodic e e N
region '-!. 5 i . .n,;‘ 15
ViY@ RS a0
= i . : 3 .
[ g ¥ ﬂt i 't 2
ALl M

Figure 1.7: Flexoelectric effect in the peacock mantis shrimp dactyl club. The insets show the multi-
regional nature of the stomatopod dactyl club, revealing a gradient in mineralization, increasing towards
the club surface. The outer impact region is dense and highly mineralized, and the inner periodic region
is more organic. The insets show the highly anisotropic Young modulus of each region. Such anisotropy
induces a stress gradient at each impact that generates a voltage of 1-2 V across the thickness of the
impact surface thanks to the flexoelectric effect. Figures adapted from Vasquez Sancho (2018), Weaver
et al. (2012), Wikimedia Commons (2010, 2020), Yaraghi et al. (2016).

Figure 1.8: Flexoelectric effect in mammalian hearing mechanism. Hair bundles consist of several
stereocilia that are connected by thin fibers organized in rows of decreasing height. Bending of the
hair bundle toward the tallest (shortest) row make the cellular inner environment more electrically
positive (negative). During these processes, a voltage difference emerges across the thickness of the
stereocilia membrane due to the flexoelectric response of the cellular membrane. Caption and Figure
adapted from Krichen and Sharma (2016).
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Figure 1.9: Flexoelectric effect in human bones. Strain gradients can be large around small defects such
as micro-cracks in bone mineral, so gradient-induced electricity (flexoelectricity) is also expected to be
large around such defects. Caption and Figure adapted from Vasquez-Sancho et al. (2018).

1.2.2 Quantification

The experimental quantification of the flexoelectric tensor is very challenging, due to (i)
the high resolution equipment required to capture such small values, (ii) the difficulty in
experiments in isolating the flexoelectric effect from other physics, and (iii) the high number of
independent components of the flexoelectric tensor. In general, the flexoelectricity tensor has 54
independent components (Le Quang and He, 2011, Shu et al, 2011), although they are reduced

Longitudinal Transversal .,

Figure 1.10: Schematics of flexoelectric experimental setups for the direct measurements of flexoelectric
constants. Figure adapted from Wang et al. (2019).
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to only 3 coefficients for materials possessing cubic symmetry (such as perovskite oxides in
paraelectric phase), i.e. the longitudinal (), transversal (ur) and shear (us) coefficients. Many
experimental methods have been developed for each coefficient, as summarized in Fig. 1.10.

The longitudinal coefficient can be assessed by the truncated pyramid compression (Cross,
2006, Hana, 2007, Marvan and Havranek, 1998), where the different sizes of the bases induce
a longitudinal strain gradient V,¢,, that yields a vertical electric field e,. Another method
based on converse flexoelectricity consists on applying a graded electric field Ve, across the
truncated pyramid and measuring the resulting vertical strain ¢,, via high-resolution optical
approaches (Fu et al., 2006, Hana et al., 2006).

The experimental setups for assessing the transversal coefficient rely on beam bending,
where the transversal variation of the axial strain V,¢,, generates a transversal electric field e,.
Various setups have been used to induce bending, such as the cantilever loading (Huang et al.,
2017, 2011, Kwon et al., 2014, Li et al., 2014, 2013, Ma and Cross, 2002, 2005, 2006, 2001a, Shu
et al, 2017, 2016, 2013), and the three- or four-point bending (Ma and Cross, 2003, Narvaez
and Catalan, 2014, Narvaez et al, 2015, Zubko et al., 2007).

For the shear coefficient, there is no well-established procedure based on the direct flex-
oelectric effect to date. This is due to the difficulty in generating a sustained shear strain
gradient generating a non-vanishing net polarization. There do exist approaches based on the
converse effect, by electrically loading a truncated pyramid across the lateral sides (Shu et al.,
2014), which yields an electric field gradient-induced deformation. Another approach based
on the direct flexoelectric effect consists on applying a torque load upon a half cylindrical
specimen (Zhang et al., 2017), yielding a strain-gradient-induced electric field. However, the
measured coefficient does not correspond to the shear flexoelectric coefficient g of cubic
crystals. As pointed out by Mocci et al. (2020), an axial variation of the cross section size
(i.e. the radius varying along the axial direction) would be required in order to generate the
proper electric field to characterize ys.

Other than experiments, the flexoelectric coefficient can be assessed by theoretical com-
putations (even in materials that have been predicted to be stable, but not yet synthesized).
A rough estimate of the flexocoupling coefficient was first provided by Kogan (1964) using a
simple phenomenological model:

L1 4

4mey a’

(1.5)

where q is the electronic charge, a is an interatomic spacing of a few angstroms and ¢ is
the vacuum permittivity. Since then, there have been a number of attempts to properly
quantify the flexoelectric response in solids by means of first-principles calculations. There are
mainly two approaches: (i) the indirect approach, which relies on the first-principles theory
of flexoelectricity (Dreyer et al,, 2018, Hong and Vanderbilt, 2013, Resta, 2010, Stengel, 2013,
2014) based on density functional perturbation theory (DFPT) (Baroni et al, 2001, Gonze and
Lee, 1997), and (ii) the direct approach, where the induced polarization of a bent material is
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computed at different curvatures by means of ab-initio atomistic computations (Dumitrica
et al., 2002, Kalinin and Meunier, 2008, Shi et al, 2018), such as density functional theory
(DFT) (Hohenberg and Kohn, 1964, Kohn and Sham, 1965), and the flexoelectric coefficient is
assessed as the change rate of curvature-induced polarization. A more comprehensive review
of the topic is reported in Section 4.1. However, we point out here that such computations are
in general difficult. For the direct approach, the commercial implementations typically assume
periodic boundary conditions, which are not fulfilled in bending states unless supercells are
considered, leading to very expensive computations. Moreover, the results are sensitive to the
choice and size of the supercell, and most of the times implicitly assume different boundary
conditions as those enforced in experiments (Wang et al., 2019). One the contrary, indirect
approaches involve intricate derivations that require the decomposition of the tensor into
lattice-mediated, frozen-ion and mixed contributions (Wang et al., 2019).

In any case, there is a well-known order-of-magnitude discrepancy between the theo-
retically estimated and the experimentally measured flexoelectric coefficients. Specifically,
experimental measurement of the flexoelectric coefficient in the paraelectric phase of many
perovskite oxides reaches up to several tens of pC/m, whereas theoretical estimations suggest
the intrinsic flexoelectricity should not exceed several nC/m (Wang et al., 2019). This discrep-
ancy can be due to many reasons, but from the experimental side, many sources of error can
arise. For instance, experiments based on the application of electric field intrinsically trigger
the electrostrictive effect along with the flexoelectric one, so both responses must be properly
separated. Other physics can be present, such as the pseudo Jahn-Teller effect (Bersuker, 2013)
or surface effects (Narvaez et al, 2015, Yurkov and Tagantsev, 2016). Another source of error
is due to the oversimplification of strain gradient distribution, specially in the setups relying
in the truncated pyramid geometry (Abdollahi et al, 2015a, 2014). Apart from comparing
to experiments, disagreement in the orders of magnitude and even the sign of flexoelectric
tensors also exist among different theoretical calculations, which may be attributed to different
electric boundary conditions considered, different force-patterns or the inclusion of surface
effects (Wang et al,, 2019).

1.2.3 Theoretical and computational modeling

The research on flexoelectricity is rapidly increasing, and so is the development of theoretical
and computational models for it. They are necessary due to many reasons. On the one
hand, theoretical models are useful in order to conceptualize the flexoelectric effect and fully
understand it. On the other hand, the experiments to characterize the flexoelectric coefficients
inevitably depend on an underlying model whose parameters are to be fit with experimental
data. More importantly, the development of proof-of-concept technologies based on the
flexoelectric effect requires computational (including also optimization) tools in order to
predict and maximize the performance of a certain device, and demonstrate its feasibility.
There exist a wide range of theoretical and computational models of flexoelectricity, detailed
in the State of the art Section of the different Chapters in this manuscript, i.e. Sections 2.1 and
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3.1 respectively. Here we just point out the associated difficulties and challenges present in
such modeling.

The main difficulties are related with the multiscale, multiphysics nature of flexoelectric-
ity. While many approaches attempt to model flexoelectricity from a phenomenological or
continuum point of view, the multiple underlying physics present at the atomic scale make it
difficult to state general models taking all of them into account. A complete model must treat
with many physics that are intrinsically coupled at sub-micron scales, such as surface effects,
magnetism, thermodynamics, dislocations and defects, etc. In that case, the model becomes
intractable since it depends on a plethora of material parameters that cannot be individually
assessed. Otherwise, many assumptions must be done in order to neglect some of them, which
decreases the validity of the model.

Another difficulty in mathematical and computational models arise from the non-locality of
the flexoelectric effect, i.e., strain or polarization gradients. By virtue of that, flexoelectricity in
a solid dielectric is governed by a system of (at least) fourth-order partial differential equations.
Therefore, analytical solutions are restricted to very simple 1D or 2D geometries. Multi-
dimensional modeling of flexoelectricity necessitates from numerical approximations, but the
fourth-order nature of the equations requires C1 continuity of the approximation of the state
variables, precluding the use of many standard techniques such as the finite element method.
To this end, many alternative numerical strategies are present in the literature, but typically
present some limitations or inefficiencies.

In short, the theoretical and computational modeling of flexoelectricity are very challenging,
and require intensive research.

1.2.4 Technological applications

The presence of flexoelectricity in technology is nowadays still limited, given that it has gained
attention very recently only, with many open questions remaining in order to fully understand
the underlying transduction mechanisms. Moreover, manufacturing sub-micron scale devices
involves advanced machinery and is typically expensive. However, there exist a wide range of
potential technological applications where flexoelectricity may yield a breakthrough.

A generalized emerging trend in technology is the miniaturization of existing devices
towards smaller scales. Since flexoelectricity plays a role in any dielectric at sub-micron
scales, it must be taken into account even in non-flexoelectricity-based devices. Otherwise,
the interplay of flexoelectricity with other physics, such as piezoelectricity, may lead to a
tremendous throughput drop or even to a dysfunctionality of the device. A numerical analysis
of such phenomena in flexural bimorph configurations is provided in Abdollahi and Arias
(2015), showing that the designs of sub-micron scale piezoelectric bimorph transducers must
be flexoelectric-aware, since they exhibit dramatically different behavior than that at larger
scales, where the flexoelectric effect is not relevant (see Fig. 1.11).

Conversely, flexoelectricity can be harnessed to enhance the apparent piezoelectric behavior.
One of the most exciting applications of flexoelectricity at the mesoscale is in implantable
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Figure 1.11: Constructive and destructive interplay between piezoelectricity and flexoelectricity in flex-
ural series bimorph devices. The miniaturization of the devices to sub-micron scales yields dramatically
different responses than those at larger scales. Figure adapted from Abdollahi and Arias (2015).
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Figure 1.12: Manufacture of wavy piezoelectric nanoribbons on silicone rubber substrate for application
in flexible energy conversion. Figure adapted from Qi et al. (2011).

or wearable energy harvesting systems. Such devices are typically attached onto soft, bio-
compatible substrates that require conforming to irregularly curved surfaces, and must be
able to undergo flexing and stretching modes without failure. The work in Qi et al. (2011)
presents a novel strategy to do so, based on the generation of wavy lead zirconate titanate
(PZT) piezoelectric ribbons of nanoscopic thickness onto a soft poly(dimethyl-siloxane) (PDMS)
substrate. The buckled shape of the ribbons is obtained by releasing a pre-strained substrate
with attached nanoribbons on it (see Fig. 1.12). The structure easily accommodates large
compressive and tensile strains without fracture by simply changing the wave amplitudes.
Furthermore, the buckled shape is beneficial not only to increase the fracture strength, but
also to increase the electromechanical transduction. By measuring the apparent piezoelectric
response on buckled and flat regions of the nanoribbons, it was found that buckled regions
present a substantial 70% increase of response as compared to flat regions, mainly attributed
to the flexoelectric effect. The maximum curvature of the nanoribbons was found to be

of 30 mm™!

, which is several orders of magnitude larger than those achieved by standard
four-point bending tests, thus yielding a large flexoelectric response. Thanks to the positive
interplay between piezoelectricity and flexoelectricity at the nanoscopic level, the highest
piezoelectric response on a stretchable medium was reported to date. We refer to Chen et al.
(2010), Dong et al. (2020), Feng et al. (2011), Han et al. (2016), Park et al. (2010), Su et al. (2018)
for other relevant studies or experiments regarding flexoelectricity in wrinkled or buckled
deformation modes with application to flexible electronics.

Another application of flexoelectricity that has recently gained a lot of interest is to create

apparently piezoelectric materials without using piezoelectric constituents (Chu et al., 2009,
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(a) Truncated micro-pyramids under
compression. (b) Flexure-mode composite. (c) Multimaterial stacks.

Figure 1.13: Material architectures yielding an effective piezoelectric response. Figures adapted from
Chu et al. (2009), Liu et al. (2016a), Zhu et al. (2006).

Fousek et al., 1999, Fu et al., 2007, Sharma et al.,, 2010, 2007, Zhang et al., 2016¢, Zhou et al.,
2015, Zhu et al., 2006). Apart from piezoelectric ceramics being typically very brittle, two main
reasons behind this interest are mentioned next. On the one hand, the dielectric materials
with larger piezoelectric response are typically lead-oxide-based, containing more than 60%
lead in weight, which has recently raised an increasing concern due to its toxicity (Hong et al.,
2016, Rodel et al., 2009, Zhou et al., 2015). To date, other alternative dielectrics have been
explored, but they have either lower temperature stability or lower piezoelectric response,
reducing its performance. On the other hand, conventional piezoelectric ceramics lose their
piezoelectric properties near the Curie temperature (Zhang et al., 2016c), which limits their ap-
plication at higher temperatures. One approach to resolving these issues consists on designing
piezoelectric composites or metamaterials, in which the apparent piezoelectric response origi-
nates from their non-centrosymmetric geometrical microstructure, even in centrosymmetric
crystalline structures that do not feature piezoelectricity. Under a uniform compression, the
internal geometrical features of the microstructure will generate strain gradients, triggering
the flexoelectric effect. The overall symmetry of the nanostructure must be properly designed
such that the net average of the polarization due to the presence of strain gradients is non-
zero (Sharma et al,, 2007), yielding an apparent piezoelectric behavior at coarser scales, thus
upscaling the flexoelectric effect. A wide range of material architectures have been proposed
(cf. Fig. 1.13), including multimaterial stacks (Liu et al., 2016a), geometrically polarized cavities
in the material (Sharma et al, 2007) and the juxtaposition on a plane of polar elements, such
as truncated micro-pyramids working under compression (Cross, 2006, Fousek et al., 1999, Fu
et al., 2007, Zhu et al., 2006) or the flexure-mode composites (Chu et al., 2009, Wan et al, 2017).

At a nanoscopic level, one of the most exciting applications of flexoelectricity is in nano-
generators harnessing energy from mechanical vibrations (Jiang et al., 2013, Majdoub et al.,
2008). Energy harvesting from dynamical systems for applications in self-powered miniature
sensors and electronic devices has emerged as an intensely researched topic (Ahmadpoor and
Sharma, 2015). As an example, Deng et al. (2014a) developed a theoretical continuum model

for flexoelectric nanoscale energy harvesting based on a microscale cantilever resonator (see
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Figure 1.14: Schematic of a centrosymmetric flexoelectric energy harvester under base excitation. The
cantilever beam undergoes bending vibrations, generating an alternating potential difference across the
electrodes thanks to the flexoelectric effect. The power density varies as a function of the resistance
load and the vibrating frequency. Figure adapted from Ahmadpoor and Sharma (2015), Deng et al.
(2014a).

Fig. 1.14), working under applied mechanical base excitation. The output power density and
conversion efficiency increase significantly when the beam thickness reduces from micro to
nanoscale, and hence flexoelectricity-based sub-micron energy harvesting can be a viable
alternative to piezoelectrics, specially at high temperatures where flexoelectricity, unlike piezo-
electricity, persists well beyond the Curie temperature point (Deng et al, 2014a). However,
till now, electromechanical energy converting efficiency of manufactured flexoelectric energy
harvesters reaches only to 6.6% (Liang et al., 2017, Shu et al.,, 2019).

Another interesting application in the realm of nano-/micro-electromechanical systems
(NEMS/MEMS) is that of sensors and actuators. Bhaskar et al. (2016) manufactured a silicon-
compatible thin-film cantilever actuator with a single flexoelectrically-active layer of SrTiOs,
as depicted in Fig. 1.15. The obtained performance (curvature divided by electric field) reaches
3.33 MV, comparable to that of state-of-the-art piezoelectric bimorph cantilevers. Hence,
flexoelectricity is proven to be a viable route to lead-free MEMS/NEMS systems.

Finally, another attractive application of flexoelectricity is the domain tailoring and po-
larization switching, which could be used for the development of ultra-high storage density
memory applications (Lu et al, 2012, Park et al., 2018). Ferroelectric materials are charac-
terized by a permanent electric dipole that can be reversed through the application of an
external electric field. However, the stress gradient generated by the tip of an atomic force
microscope can also switch the polarization in the nanoscale volume of a ferroelectric film
thanks to the flexoelectric effect, without the need of applying an external electric field (see
Fig. 1.16). The resolutions achieved by mechanical polarization switching are much higher
than those obtained by the traditional electrical polarization switching, and hence the storage

capacity of such materials can be dramatically increased. Thus, flexoelectricity may enable a
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new generation of ultra-high storage density memory applications in which memory bits are
written mechanically and read electrically.

To conclude this Section, we point out that flexoelectricity can be linked to many other
important physical behaviors, and hence many other applications are envisioned in the near
future. Some examples are (i) photoflexoelectricity (Shu et al., 2020, Yang et al., 2018), a very
recently discovered physical effect combining photovoltaic energy conversion and flexoelec-
tricity, or (ii) the flexocaloric effect (Chen et al, 2018, Liu et al, 2016b, Patel et al., 2017),
coupling strain gradients with thermal currents.
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Figure 1.15: Optical image of a flexoelectric nano-actuator made of an array of SrTiO3 nanocantilevers.
The colour scale corresponds to the out-of-plane displacement. Figure adapted from Bhaskar et al.
(2016).
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Figure 1.16: Schematic of mechanical polarization switching due to the trailing flexoelectric field
generated by the scanning probe microscope tip motion thanks to the flexoelectric effect. Figure
adapted from Park et al. (2018).
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1.3 Goals and objectives

The main objective of this thesis is twofold. On the one hand, it aims to extend the current
state of the art of the flexoelectric effect, with a particular focus on the mathematical modeling
and the computational techniques required to solve boundary value problems of practical
engineering interest with potential applications in technology. Specifically, the computational
framework must be able to reliably and efficiently predict the electromechanical behavior of
engineered devices at sub-micron scales, where flexoelectricity is always present, without any
particular restrictions in geometry, material choice, boundary conditions or nonlinearity. The
ultimate goal is to provide a tool that can pave the way for the development of functional
technological devices for electromechanical transduction at the microscopic and nanoscopic
scales.

On the other hand, such a modeling involves material parameters that are still under debate,
with large disagreement between theoretical derivations and experimental computations. Even
the actual physics involved in electromechanical transduction at the atomic and molecular
level are not completely clear. The second goal of the thesis is to shed light on this matter by
connecting ab-initio atomistic simulations with the proposed models at a coarser, continuum
scale, bridging the gap between these two approaches. On the one hand, atomistic computations
can validate continuum models and check that they capture the relevant inherent physics. On
the other hand, the material parameters in the continuum models can be directly assessed by
ab-initio computations, complementing the experimental characterization.

The specific objectives of this thesis are listed as follows:

« Explore and understand the variety of continuum models for flexoelectricity at infinites-
imal deformations, rigorously establishing the connections between them and clarifying

the interpretation of high-order boundary conditions.

« Extend such continuum models to the regime of finite deformations, including other
relevant physics that are not present in linearized models.

+ Develop an efficient computational infrastructure for flexoelectricity, capable of solving
boundary value problems in arbitrary geometries and different boundary conditions. The
tool must be able to predict the electromechanical performance of flexoelectricity-based
devices with potential application in technology.

« Understand and handle the numerical difficulties arising from a fourth-order PDE system.

« Propose functional sub-micron electromechanical devices based on flexoelectricity, and

assess their performance with the proposed computational tool.

+ Link the continuum modeling with atomistic simulations to characterize the flexoelectric
tensor of materials of interest from first principles.

« Validate the continuum model assumptions by means of ab-initio simulations.
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1.4 Outline

The manuscript is organized as follows. Chapter 2 explores, formulates and discusses the
variety of macroscopic models describing the flexoelectric effect at the continuum level. In plain
words, describes the equations that define flexoelectricity, and the associated boundary value
problems. Section 3 details the numerical approach that is considered to solve the boundary
value problems, and illustrates it with a variety of setups and applications with technological
and engineering interest. Section 4 relies in the models in Section 2 for deriving a proper
methodology to quantify the flexoelectric tensor by means of atomistic simulations, based
on density functional theory. The transversal coefficient of several monolayers is assessed
following this approach. Finally, Section 5 summarizes and concludes the manuscript.

1.5 Research stay at Georgia Tech

The author of this manuscript has participated in a five-month-long research stay at the
Georgia Institute of Technology (Georgia Tech) in Atlanta, GA (USA), from March 1st until
July 31st 2019. The purpose of this visit was to start a fruitful academic collaboration between
the FLEXOCOMP group in Universitat Politecnica de Catalunya, lead by Prof. Irene Arias,
and the MP&M group in Georgia Tech, lead by Prof. Phanish Suryanarayana, on the study
of atomistic and continuum bridging of electroactive materials, with particular focus on the
flexoelectric effect.

Prof. Arias’ group is focused on building a conceptual and computational infrastructure
in the frame of continuum mechanics to understand and model flexoelectricity, and use it
to assist its experimental observation and to enable the rational simulation-based design of
flexoelectricity-based technologies. The group has remarkable expertise on finite element
calculations, continuum mechanics and electroactive materials.

Prof. Suryanarayana’s group is interested in developing mathematical and computational
tools in the frame of first principle calculations, that allow for the accurate and efficient
characterization of materials at different length scales. The group has remarkable expertise on
ab-initio calculations, density functional theory and atomistic-continuum bridging techniques.

The collaboration between the two groups can be very fruitful, since both are interested in
studying the same physical phenomenon from two different but complementary perspectives.

In this case, the goal of the visit was to establish the connection between atomistic and
continuum scales, towards the validation of the continuum models used in Barcelona, the
quantification of the flexoelectric tensor of materials of interest and the understanding of the
structure-property relation with regards to flexoelectricity. By running simulations on the
in-house code of Prof. Suryanarayana’s group, based on non-standard ab-initio techniques,
the electronic structure of flexoelectric materials under non-periodic loading conditions such
as bending or twisting can be determined. Then, it remains exploring how to properly extract
the flexoelectric material parameters for continuum models that best fit the atomistic data.
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This research collaboration is related to Chapter 4 of this manuscript. So far, two papers
have been produced, i.e. Codony et al. (2020a) and Kumar et al. (2020), and are briefly explained
in the publications list in Section 1.6. The collaboration is still on-going, with many ideas in
mind to investigate, as reported in Section 4.3.

1.6 List of publications

This manuscript gathers most of the published and unpublished (to this date) original research
done by the author during his PhD. The following lists organize the original contributions of
this manuscript’s author depending on the relation with the thesis.

1.6.1 Publications derived from this thesis
1.6.1.1 Scientific journal articles published or under review

D. Codony, O. Marco, S. Fernandez-Méndez, and L. Arias. An Immersed Boundary Hierarchical
B-spline method for flexoelectricity. Comput. Meth. Appl. Mech. Eng. 354, 750 (2019).

This paper develops a computational framework with unfitted meshes to solve linear
piezoelectricity and flexoelectricity electromechanical boundary value problems at in-
finitesimal strains. It corresponds to the Nitsche’s direct flexoelectricity formulation in
Section 2.2.2.1.b and the immersed boundary numerical method in 3.2.3.

D. Codony, P. Gupta, O. Marco, and I. Arias. Modeling flexoelectricity in soft dielectrics at finite
deformation. J. Mech. Phys. Sol. 146, 104182 (2020b).

This paper develops the equilibrium equations describing the flexoelectric effect in soft
dielectrics under large deformations, described in this document in Section 2.2.4.1.a. The
numerical implementation is based on the body-fitted approach described in Section
3.2.2, and the numerical algorithm to solve the nonlinear system of equations and
corresponding numerical examples are reported in Section 3.2.6 of this document. A
theory of geometrically nonlinear extensible flexoelectric slender rods under open and
closed circuit conditions is further developed, providing closed form analytical solutions
for cantilever bending and buckling under mechanical and electrical actuation, with very

good agreement with the numerical implementation.

D. Codony, I Arias, and P. Suryanarayana. Transversal flexoelectric coefficient for nanostructures
at finite deformations from first principles. arXiv preprint arXiv: 2010.017 47. Under review
(2020a).

In this paper, a reformulation of the flexoelectric tensor from ab-initio simulations is pro-
posed, overcoming an ill-definition typically present in other first principle works. The
approach is particularized to assess the transversal flexoelectric coefficient of different
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atomic monolayers, such as graphene and its Group-IV analogues, from symmetry-
adapted DFT calculations. It is the first publication arising from the collaboration with
the MP&M group in Georgia Tech 1.5, and is the basis of Section 4.2 of this manuscript.

1.6.1.2 Scientific journal articles in preparation

The following works are original contributions of the manuscript’s author that are under

preparation.

D. Codony, S. Fernandez-Méndez, S., and I Arias, Nitsche’s method for finite deformation
flexoelectricity, In preparation (2021a).

This work is a combination of the computational framework for unfitted meshes and high-
order continuity of the approximation space in Codony ef al. (2019) with the formulation
of the flexoelectric effect in soft dielectrics under large deformations in Codony et al.
(2020b). Section 3.2.7 of this manuscript briefly comments on this idea. The resulting
tool allows the computation of arbitrarily shaped compliant flexoelectric materials with

multiple potential applications, as illustrated in the example in Section 3.2.7.1.

D. Codony, and L. Arias, Residual-based weak form stabilization for flexoelectricity, In prepara-
tion (2021b).

As reported in Section 3.3.1, the numerical solution to the Lifshitz-invariant flexoelec-
tricity problem may feature boundary layers in the electric field, leading to spurious
oscillations which completely spoil the quality of the results. This work resorts to the
Galerkin least-squares (GLS) method to stabilize the problem by increasing the effective
mechanical and electrical length scales in a self-consistent manner, providing control on

the second derivatives of the state variables.
D. Codony, and I. Arias, Lifshitz-invariant flexoelectricity, In preparation (2021a).

This paper formulates the Lifshitz-invariant flexoelectricity model, accounting for both
the direct and converse flexoelectric effects. The boundary terms are detailed and
compared to the standard direct flexoelectricity models, yielding two boundary value
problems with very different properties. Both models are compared by means of numeri-
cal computations in several flexoelectricity benchmarks. The paper originates from the

preliminary work reported in Sections 2.2.2.2 and 2.2.2.3 of this manuscript.

D. Codony, and I. Arias, Switchable flexoelectric device by buckling, In preparation (2021c).

This work is an extension of the numerical example in 3.2.7.1 to other flexoelectric

devices working under buckling conditions. Sensitivity and optimization analyses are
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performed in order to maximize the net electromechanical transduction of the devices.

D. Codony, A. Mocci, O. Marco, and I. Arias, Wheel-shaped and helical torsional flexoelectric
devices, In preparation (2021b).

This work is an extension of the numerical example in 3.2.5.2 where a torsional actuation
induces bending of the internal components of the device, generating an electric field
thanks to the flexoelectric effect. By accounting for three-dimensional devices working
under the same idea, a much larger net electric voltage is accumulated, leading to an
effective upscaling of the flexoelectric effect towards larger scales.

1.6.2 Other related publications

The manuscript’s author has participated in the following works that are closely related to
this thesis.

S. Kumar, D. Codony, I. Arias, and P. Suryanarayana. Flexoelectricity in atomic monolayers from
first principles. Nanoscale (2020).

This work extends the methodology developed in Codony et al. (2020a) to other fifty
atomic monolayers, such as Group III and IV monochalcogenides, Group V monolayers,
Group V chalcogenides and transition metal di- and trichalcogenides. A simplified model
for the flexoelectric effect is proposed, depending on the monolayer thickness, the elastic
modulus and the atomic polarizability. It is the second publication arising from the
collaboration with the MP&M group in Georgia Tech 1.5, and is related with Section 4.3
of this manuscript.

J. Ventura, D. Codony, and S. Fernandez-Méndez. A CO interior penalty finite element method
for flexoelectricity. arXiv preprint arXiv: 2008.12391. Under review (2020).

This work proposes a C0 Interior Penalty Method (C0-IPM) for the computational mod-
elling of flexoelectricity, allowing standard high-order CO finite element approximations.
It involves second derivatives in the interior of the elements, plus integrals on the mesh
faces in order to weakly enforce C1 continuity of the approximation space across ele-
ments. It is the result of the Master’s thesis of Jordi Ventura (Ventura Siches, 2020), who
was co-advised by Prof. Sonia Fernandez-Méndez and this manuscript’s author.

F Barcel6-Mercader, D. Codony, O. Marco, S. Fernandez-Méndez, and L. Arias, Nitsche’s method
for interfaces in flexoelectricity and application to periodic structures. To be submitted
(2021b).
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A general framework for the numerical computation of flexoelectric devices composed
by multiple materials is presented in this work. The method relies on the weak enforce-
ment of high-order interface conditions using Nitsche’s method. The approach is also
suitable for simulating periodic materials formed by a repeating unit cell. The numerical
simulations illustrate the usefulness of the proposed approach towards the design of
functional electromechanic multi-material devices and metamaterials, harnessing the
flexoelectric effect. It is implemented within the computational framework iHB-FEM
described in Section 3.2.1.

J. Barcelo-Mercader, D. Codony, and I. Arias, Generalized periodicity conditions for the compu-
tational modeling of flexoelectric metamaterials. To be submitted (2021a).

This work develops generalized periodic conditions in order to characterize the behavior
of architected periodically-arranged materials by reducing the numerical computation
to a single unit cell. In doing so, the bulk response of the architected material is very
efficiently computed without the need of considering a sufficiently large sample. The
implementation is a module of the computational framework iHB-FEM described in
Section 3.2.1.

A. Mocci, J. Barcelo-Mercader, D. Codony, and 1. Arias, Geometrically polarized architected
dielectrics with effective piezoelectricity. To be submitted (2021).

This paper uses the computational machinery developed in Barcel6-Mercader et al.
(2021a) in order to characterize the effective piezoelectric coefficient of non-piezoelectric
metamaterials working under compression. Different bending-dominated lattices, geo-
metrical orientations, constituents thickness and flexoelectric materials are considered
in order to assess the throughput sensitivity. The proposed flexoelectricity-based meta-

materials have a comparable performance to currently-used piezoelectrics.

1.6.3 Patents

L Arias, A. Abdollahi, A. Mocci, and D. Codony, Lattice structure with piezoelectric behavior,
a force or movement sensor and an actuator containing said lattice structure. European patent
office. In process (2020).

This patent contains several functional flexoelectricity-based devices that have been
rationalized and developed at the FLEXOCOMP group, including sensors, actuators and
metamaterials.

1.6.4 Conference proceedings

During the PhD thesis, the research done has been presented in a number of international
conferences. The presentations delivered by the PhD candidate are listed below.
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D. Codony, O. Marco, S. Fernandez-Méndez, and I. Arias. Numerical solution of strain-
gradient elasticity based on an immersed boundary B-spline framework. 16th European
Mechanics of Materials Conference (EMMC16). Nantes, FR (2018).

D. Codony, O. Marco, S. Fernandez-Méndez, and 1. Arias. Numerical solution of the flexo-
electric coupling based on an immersed boundary B-spline framework. 10th European
Solid Mechanics Conference (ESMC2018). Bologna, IT (2018).

D. Codony, O. Marco, S. Fernandez-Méndez, and I. Arias. Immersed boundary hierar-
chical B-spline method for the numerical simulation of nano-scale electromechanical
transduction. 13th World Congress in Computational Mechanics (ECCM2018). New York
City, NY, USA (2018)

D. Codony, O. Marco, S. Fernandez-Méndez, and 1. Arias. An immersed boundary
hierarchical B-spline-based computational approach for nano-scale electromechanics.
55th Technical Meeting of the Society of Engineering Science (SES2018). Leganés, SP (2018).

D. Codony, O. Marco, J. Barcel6-Mercader, S. Fernandez-Méndez, and I Arias. Unfitted B-
spline-based computational approach for non-local continuum mechanics. Application
to hard and soft flexoelectric materials and composites. 56th Technical Meeting of the
Society of Engineering Science (SES2019). St Louis, MO, USA (2019).






Chapter 2

Continuum modeling of
flexoelectricity

2.1 State of the art

Phenomenological models for flexoelectricity in crystalline dielectrics were first proposed by
Kogan (1964) after the early studies by Mashkevich and Tolpygo (1957) and Tolpygo (1963).
The first comprehensive theoretical works by Tagantsev (1986, 1991) clarified the distinction
between piezoelectricity and flexoelectricity. In the mechanics community, Mindlin (1968)
formalized the converse flexoelectric effect in elastic dielectrics. A complete unified continuum
framework, including strain gradient elasticity, both direct and converse flexoelectric couplings,
and the polarization inertia effect was proposed later by Sahin and Dost (1988). More recently,
a simplified framework for isotropic dielectrics was proposed by Maranganti et al. (2006).

Nowadays, there exist a plethora of different continuum flexoelectricity theories. Some of
them reformulate the models by variants of gradient elasticity theory (Askes and Aifantis,
2011, Mindlin and Eshel, 1968), such as the couple-stress theory (Hadjesfandiari, 2013, Mindlin
and Tiersten, 1962, Poya et al.,, 2019), and rotation-gradient theory (Anqing et al, 2015, Li et al.,
2015). Other authors consider the couplings with further physics, such as the flexoelectric
effect in ferroelectrics (Catalan et al, 2004, Eliseev et al., 2009), the coupling with magnetic
fields (Eliseev et al, 2011, Liu, 2014) or photovoltaics (Shu et al., 2020, Yang et al., 2018), and
the contributions of surface effects (Shen and Hu, 2010). General variational principles for
flexoelectric materials can be found in Hu and Shen (2010), Liu (2014), Shen and Hu (2010).
The reader is referred to Krichen and Sharma (2016), Nguyen et al. (2013), Wang et al. (2019),
Yudin and Tagantsev (2013), Zubko et al. (2013) for comprehensive reviews of flexoelectricity
in solids. Another focus of recent research is the modelling of flexoelectricity for soft materials
(e.g. polymers and elastomers), which requires a finite deformation framework (Liu, 2014,
McBride et al., 2020, Poya et al,, 2019, Thai et al., 2018, Yvonnet and Liu, 2017).

All the aforementioned theories of flexoelectricity can be classified depending on the
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following considerations:

+ The choice of variables describing the flexoelectric effect. For the mechanics, either the
displacement gradient or its symmetrized form (i.e. strain) can be used, which give rise to
type-I or type-II flexoelectricity, respectively. For the dielectrics, the most usual variable
is the electric polarization. However, there exist many theories taking the electric field
or the electric displacement instead.

« The flexoelectric coupling considered, either the direct one, the converse, both, or the
Lifshitz-invariant form. Section 2.1.1 further elaborates on this topic.

« The dielectric media surrounding the flexoelectric solid being included in the modeling
or not.

In the next Sections we describe the different type-II flexoelectricity models neglecting the
surrounding media. Section 2.1.2 does so taking the polarization as primal electric variable,
whereas in Section 2.1.3 the electric field is considered instead. Finally, in Section 2.1.4 the
recent advances on flexoelectricity for highly deformable materials are further discussed.

2.1.1 Direct and converse flexoelectric effects

Following the work by Maranganti et al. (2006), Yudin and Tagantsev (2013), the most gen-
eral (type-II) quadratic expression for the internal energy density describing the bulk static
flexoelectric effect in centrosymmetric dielectrics can be written in terms of the strain tensor
€= % (Vu + (Vu)T), the electric polarization field P and their corresponding spatial gradients
in the following form:

1 1 1 1
(e, Ve, P,VP) = 2 Cijkl€ij€kl * EakszPl + Ehijklmngij,kglm,n + Ebijklpi,kpj,l
1 2
- fl(ijgcgijakpl - fl(ijgcgijpl,ka (2.1)
where

« c is the usual fourth-order elasticity tensor,
+ a is the usual second-order reciprocal dielectric susceptibility tensor,

+ his the sixth-order strain gradient elasticity tensor, representing the purely non-local

elastic effects,

« b is the fourth-order polarization gradient tensor, representing the purely non-local

effects of polarization,
« fW is the direct flexocoupling tensor,

« f@ is the polarization gradient-strain coupling tensor introduced by Mindlin in his
theory of polarization gradient (Mindlin, 1968). In a more modern context, it is also

known as the converse flexocoupling tensor.
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The two latter terms in Eq. (2.1) can be rewritten as follows:

1 £ Pl
Fikenkr+ fiiePu = > fige (euabi - ege) + 5 (£ + £ (k> (22)
with the (effective) flexocoupling tensor
(1) (2)
fli]k flyk fll]k (2'3)

The first term in the right hand side of Eq. (2.2) is known as the Lifshitz invariant (Landau
and Lifshitz, 2013, Lifshitz and Landau, 1984, Sharma et al, 2010), and represents both the
direct and converse flexoelectric effects as discussed later on. The second term in Eq. (2.2) is a
null-Lagrangian (Evans, 2010), in the sense that its bulk integral can be written as a surface

integral by means of the divergence theorem as

W )2 E&h) 1w e
/ (flljk fll]k) Xk dQ = © 5 flijk +flijk gijplnk dr’ (2‘4)

and hence it does not affect the Euler-Lagrange equations. For this reason, it has often
been omitted in the literature (Sharma et al., 2010, Yudin and Tagantsev, 2013), yielding an
alternative internal energy density to Eq. (2.1) as

1 1 1
yU(e, Ve, P,VP) = o CikI€ijEki + ag PPy + hykzmnfu Kelmn * =bijk1Pi P
Eflijk (Eij,kPl - fijPl,k> . (2.5)

Although formulations differing in null Lagrangians result in the same Euler-Lagrange
equations, they differ in the definition of the Neumann boundary conditions. See Ghiba et al.
(2017) for an in-depth discussion in the context of strain-gradient elasticity models. Null
Lagrangians are thus viewed as modeling choices. This issue is addressed in Section 2.2.2.3
which highlights the importance of this modeling choice.

The bulk constitutive electromechanical equations for the physical stress o and physical
electric field E are

oy 9 [ oy
Ej = — - — | —— ) = apPs - by Piik — friiw€iie 2.6a
'S op o <3Pl,k> k1Pr = bijicPiji = frijk€ijk (2.6a)
oy o [ oy
0y = 225 o <6€U,k) = Cijk1€kl = Pijkimn€imnk + frijkPri (2.6b)

with 1/ representing either ¢/(© or ™),
The two constitutive equations for mechanics and dielectrics in Eq. (2.6) are coupled due to
the direct and converse flexoelectric effects. On the one hand, the direct flexoelectric effect in

Eq. (2.6a) induces an electric field (or polarization) proportional to the strain gradient, whereas
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the converse effect in Eq. (2.6b) consists on a contribution to the mechanical stress (or strain)
proportional to the gradient of polarization. Note that both flexoelectric effects are governed
by the same flexocoupling tensor f.

The direct and converse flexoelectricity terms in Eq. (2.5) differ by a null Lagrangian.
Hence, an alternative expression for the internal energy density that is often used to model
flexoelectricity is given by

: 1 1 1
YO (e, Ve, P) = 5 Ciki€ij kL + EaklPkPl + Ehijklmngij,kglm,n = fijk€ij P (2.7)

where the gradient polarization term has also been neglected for simplicity (b = 0).

We name /™ the direct flexoelectric energy density. However, one should keep in mind
that this energy density also features both direct and converse flexoelectric effects. This is
apparent by evaluating the resulting constitutive equations:

Ey = an Py ~ fujkeij (2.8a)

0ij = Cijkiekl = Nijkimn€imnk + f1ijkPri (2.8b)

where the flexoelectric coupling appears in the expressions of the electric field and the stress.
The direct flexoelectric energy density /P is convenient (and hence popular) since the
dependence on the polarization gradient vanishes. This facilitates the derivations of closed-
form analytical solutions for simple flexoelectric devices, e.g. Euler-Bernoulli beams (Baroudi
etal,2018,Deng et al., 2014a, Liang et al.,, 2014, Yan and Jiang, 2013, Yan, 2017) and Timoshenko
beams (Zhang et al.,, 2016a), and also facilitates the implementation of numerical solution
methods, typically based on the finite element (or related) methods.

2.1.2 Polarization-based models: Free energy minimization

Let us present the flexoelectricity models that take the polarization as the primal electrical
unknown. This is the most natural choice, since it yields a variational formulation in terms
of the physical free energy such that, upon minimization over the admissible states, Euler-
Lagrange equations and boundary conditions follow as necessary conditions (Liu, 2014).
Following Maranganti et al. (2006) or Liu (2014), such physical free energy takes the form

M[u, P] = /Q ( Y (u, P) + %eo||E||2> dQ - wet, (2.9)

where Q represents the flexoelectric material, 1/ is the internal energy density of the flex-
oelectric material (either ) in (2.1), the direct form /®™ in (2.7) or the Lifshitz-invariant
form U9 in (2.5)), 1e||E||? is the electrostatic energy density, with € being the vacuum
permittivity, and W is the external work.

The corresponding variational principle is stated as a constrained minimization problem of
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the form
(u',P") = arg muin m}}n [u, P], (2.10a)
s.t.
VxE=0, (2.10b)
V-D=0, (2.10¢)

where Eq. (2.10b) and (2.10c) are the stationary Maxwell’s equations in matter (i.e. the Maxwell-
Faraday’s and Gauss’s laws).

Such minimization leads to the following Euler-Lagrange equations (Liu, 2014, Maranganti
et al., 2006):

_ awlnt . awlnt

V-0=0 1inQ, where o , (2.11a)
o€ Ve
P Int P Int

V-(eE+P)=0 inQ, where E = VT v- 4 , (2.11b)
oP ovVP

st. VxE=0 inQ. (2.11¢)

Note that Eq. (2.11a) and Eq. (2.11b) describe a coupled elliptic problem, whereas Eq. (2.11c) is
an additional constraint that requires the irrotationality of the electric field E. This condition
is inconvenient to find solutions for u and P, either analytical closed forms or numerical
approximations (Liu, 2014). Hence, many authors prefer electric field-based models instead of
polarization-based ones, since the electric field can be then irrotational by construction.

2.1.3 Electric field-based models: Enthalpy optimization

We present now flexoelectricity models that take the electric field as the primal electrical
unknown, instead of the electric polarization. Note that the Maxwell-Faraday’s law (V x E = 0)
implies the existence of an electric potential ¢ such that

E = -V¢. (2.12)

Hence, by considering ¢ as the actual electrical unknown, Maxwell-Faraday’s law is automati-
cally fulfilled, without the need of including it as a constraint.

Following Abdollahi et al. (2014), Deng et al. (2014a), Zhuang et al. (2020), the variational
formulation is written in terms of the free enthalpy (also called electrical Gibbs free energy)

O[u,E] = /Q Y(u, E)dQ - W, (2.13)
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where ¥/ is the electrical enthalpy density. The corresponding variational principle is

(u',¢") = arg ml}n mq:sax [u, -V¢], (2.14)

which is now an unconstrained optimization problem. The solution of this problem yields the
following Euler-Lagrange equations (Zhuang et al., 2020):

Yy oy

V-0=01inQ, where o= 4 -V l (2.15a)
oe Ve
Yy Yy

V-D=0 inQ, where D= l -V —]//, (2.15b)
JoE oVE

which describe a coupled elliptic problem with no additional constraints.
Analogously to Section 2.1.1, several flexoelectric enthalpy forms can be defined. The ones

which are worth mentioning for later reference are the Direct (1,0( lr)> and Lifshitz-invariant

(J(Lif)) flexoelectricity forms of the enthalpy, namely

—(Dir) 1 1 1 1
v '(e,Ve,E) = 2 CiikI€ij kL = EKijEiEj + Ehijklmngij,kflm,n - u§i}kEz€U,k, (2.16)
and
—(Lif) 1 1 1
¥ '(&,Ve E,VE) = 2 CiikI€ij €kl = EKijEiEj - EMijklEi,kEj,l
1 1
+ Ehijklmngij,kglm,n ~ Mk (Eveyjx — Erkey) » (2.17)

where « is the dielectricity tensor, M is the gradient dielectricity tensor, and p is the flexoelectric
tensor.

2.1.4 Models at finite deformation

In recent years, several reasons justify an increasing interest in flexoelectricity in polymeric
materials. On the one hand, a large flexoelectric response is expected. Experiments hint that
the flexoelectric coefficients of polymers are at least the same order of magnitude as those
of hard crystalline materials (Baskaran et al, 2011a, 2012, Chu and Salem, 2012), but being
much more deformable, much larger flexoelectric polarization is possible. On the other hand,
electromechanical actuation of polymers by flexoelectricity overcomes the current limitations
of traditional actuation based on the Maxwell stress effect, which are: (i) one-way coupling,
i.e. mechanical deformation does not produce an electric field, (ii) very large electric fields are
required (which may lead to dielectric breakdown), and (iii) reversal of electric field does not
reverse the direction of the deformation (Krichen and Sharma, 2016, O’Halloran et al, 2008,
Pelrine et al, 1998, Rosset and Shea, 2016). The versatility of the flexoelectric actuation as
compared to Maxwell stress-based actuation fosters the rational design of a new generation
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of efficient electromechanical elastomeric devices, such as sensors, actuators and energy
harvesters, based on the flexoelectric effect (Huang et al, 2018, Jiang et al., 2013, Wang et al.,
2019).

The mechanism of flexoelectricity in (soft) polymers is more complicated than in hard
crystalline materials or other soft materials such as liquid crystals or cellular membranes. In
the former, the flexoelectric effect can be intuitively understood by the ionic crystal model
under bending, in which a non-zero net dipole moment arises due to a shift between the centers
of gravity of the negative and the positive ions. In the latter, flexoelectricity results from the
reorientation of irregularly shaped polarized molecules under strain gradients (Nguyen et al.,
2013). However, in the case of polymers, both glassy and crystalline components contribute to
flexoelectricity (Baskaran et al, 2011a, 2012). We refer to Krichen and Sharma (2016), Nguyen
et al. (2013), Wang et al. (2019), Yudin and Tagantsev (2013), Zubko et al. (2013) for excellent
and comprehensive reviews of flexoelectricity in solids.

The literature about continuum theories of flexoelectric polymers or elastomers undergoing
large deformations is still scarce (Liu, 2014, McBride et al., 2020, Nguyen et al., 2019, Poya et al,
2019, Thai et al., 2018, Yvonnet and Liu, 2017, Zhuang et al, 2019). Some of these works model
flexoelectricity as a linear coupling between strain gradients and the electric displacement
(Poya et al, 2019) or the electric field (McBride et al.,, 2020, Nguyen et al., 2019, Zhuang
et al., 2019) instead of the electric polarization, which is the most natural choice according
to experiments and first-principle calculations (Hong and Vanderbilt, 2013, Ma and Cross,
2002, 2001a, Resta, 2010, Zubko et al., 2007). Furthermore, works modeling flexoelectricity as
a coupling between strain gradients and electric polarization consider a coupling tensor of
mixed material-spatial character (Liu, 2014, Thai et al, 2018, Yvonnet and Liu, 2017), leading
in general to a lack of objectivity.

2.2 Main contributions

In view of the current state of the art, several points are addressed and investigated here in
terms of modeling of flexoelectricity within the framework of continuum (electro-)mechanics.
In particular, a topic that is studied is the relation between the energy and enthalpy forms of
the flexoelectric coupling, which remains unclear. This analysis is performed for both the direct
(Section 2.2.1.1) and Lifshitz-invariant (Section 2.2.1.2) flexoelectricity forms in an infinitesimal
deformation framework, and the particularity of considering the gradient polarization term
is also studied in Section 2.2.1.3. The same analysis is performed on a finite deformation
framework for the direct flexoelectricity model in Section 2.2.3. We propose a formulation
with a fully material flexoelectric coupling between strain gradient and electric polarization,
in contrast to previous works in the literature, which yields an objective enthalpy functional
by construction.

Based on the enthalpy forms of the direct and Lifshitz-invariant flexoelectricity models, the
associated variational principles and boundary value problems are derived in Sections 2.2.2
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and 2.2.4 for infinitesimal and finite strains, respectively. Each boundary value problem is
formulated considering strong and weak imposition of essential boundary conditions, in order
to be suitable formulations for the numerical solution in conforming and non-conforming
spatial discretizations, respectively.

The last topic, addressed in Section 2.2.2.3, is a comparison between the direct and Lifshitz-
invariant flexoelectricity boundary value problems in benchmark setups such as cantilever
bending and actuation, where very different responses are detected, and very interesting
insights are obtained.

2.2.1 Legendre transform: the connection between the two families of
flexoelectricity functionals

The variational models based on energy functional minimization, with an internal energy
density of the form ¢/(u, P) (cf. Section 2.1.2), and the ones based on enthalpy functional
optimization, with an enthalpy density of the form y/(u, E) (cf. Section 2.1.3), are related by
means of a partial Legendre transform. That is: given one form, the other one is uniquely
determined, and can be directly obtained by a partial Legendre transform. Both formulations
are then equivalent.

However, in the literature of flexoelectric modeling, there is some lack explaining this
relation and detailing in which sense they are equivalent. In this Section we derive the form of
the enthalpy density ¢ given an expression for the energy density 1/, revealing the assumptions
that must be made and the relations between the material parameters of each form.

A dielectric body in equilibrium necessarily satisfies mechanical balance laws of linear
and angular momentum and Maxwell equations. In the absence of a magnetic field, they are
expressed as

V-o+b=0 in Q, (2.18a)
o=0! inQ (2.18b)
VxE=0 inQ, (2.18¢)
V-D-¢q=0 in Q; (2.18d)

where o is the physical stress, E is the the electric field, D is the electric displacement, and
b and g are the body force and electric charge per unit volume. Equation (2.18¢c) implies the
existence of an electric potential ¢ such that E = -V¢.

The total energy density is given by ¢/(u, P,E) = y™(u, P) + 1 &E - E, where ™ is the
internal energy density of the material and the second term refers to the electrostatic energy
density, with ¢ being the electric permittivity of vacuum. The differentiation of the total
energy density with respect to the electric field E yields the classical constitutive law for
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D := 9g (¢) for a dielectric material:
D(P,E) = &E + P, (2.19)

where P := 9g (lﬁlnt) is the electric polarization.

2.2.1.1 Direct flexoelectricity

Let us consider in this Section the direct flexoelectricity internal energy density, i.e. /™ = ¢/®)
as described in Eq. (2.7). In order to find the equivalent internal enthalpy density @Int, we
resort to a partial Legendre transform and define the following internal dual potential (or
internal enthalpy)

Int

¥ (uw,E) = min (¢"™(u,P)- P-E)

/1 1 1 @
= min (Ecijklgijgkl + 5am1PmP1 + Ehijklmngij,kglm,n - fjiciibr - PIEI) . (2.20)

The stationarity condition of the minimization results in

9 wlnt
"~ op,

E, = A1 Pm - fl(i}igij,k: (2.21)

which can be inverted to
Py = ajy, (Ez +fl(i}3c€ij,k) = ap, (B + E}'™°), (2.22)

where E}:lex" = fl(l.j.ieij,k is the so-called flexoelectric field. By inserting Eq. (2.22) into (2.20), and
exploiting the intrinsic symmetry of a, the internal enthalpy density is obtained as

—Int 1 1 _ 1
vo(u,¢) = 2 CiikI€ijkl = EaileiEj + Ehijklmngij,kglm,n
1 1.0 . -1 4(1)
™ 5 %ab ;ij)kflngnngij,kElm,n - almfr(nijkElgij:k' (2.23)

The total enthalpy density is obtained by substracting the electrostatic energy density to
the internal enthalpy (Dorfmann and Ogden, 2014, 2017, Liu, 2014). Further, for convenience,
let us define the dielectricity (x), the (direct) flexoelectricity (u)) and effective strain gradient

elasticity (h) tensors as follows:

Kij = a;jl + Eosl'j, (224&)
(1 _ -1.1)
Hiijk = mf ik (2.24b)

“14(1) (1
hijkimn = hijkimn - aallzfa(ij)k lflznn' (2.24c¢)
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Then, the total enthalpy density for the direct flexoelectricity model reads

—(Dir)

77w g) = 9" ) - S eobiF

_ 1 1 1— )
= 5 Cijkl ikl ~ EKijEiEj + Ehijklmngij,kflm,n - HjiErgij ks (2.25)

which closely resembles the expression for the total enthalpy density in Eq. (2.16). Eq. (2.24)
reveals the relation between the energy-density tensors {a, f1), h} and their enthalpy-density
counterparts {x, u¥), h}. Further, by assuming the standard expression for isotropic reciprocal
dielectric susceptibility tensors a = (y.€) I = (€ - )L, Eq. (2.24) simplifies to

kij = €8y, (2.26a)
1 1
”;ij)k = Xeeofl(ij;« (2.26b)
_ o
hijklmn = hijklmn - )(e€0f,$j)kf,£ll,)nn = hijklmn - %, (2-26C)
e 0

which yields the standard definition of x for isotropic dielectrics, as a function of its electric
permittivity €, and reveals a well-known feature of flexoelectricity: its linear growth with the
dielectric susceptibility y., cf. Fig. 2.1. This is the reason why materials with high dielectric
constant (e.g. ferroelectric perovskites) typically feature also large flexoelectric constants
(Nguyen et al., 2013, Zhuang et al.,, 2020, Zubko et al., 2013). Eq. (2.26¢) is also noticeable, since
it shows that the (effective) strain gradient elasticity tensor is modified due to the flexoelectric

coupling.
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Figure 2.1: Linear trend of the scaling of the flexoelectric coefficient with respect to relative permittivity
€r = Xe + 1. Adapted from Wang et al. (2019).
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2.2.1.2 Lifshitz-invariant flexoelectricity (without gradient polarization)

The derivation of the enthalpy density corresponding to the Lifshitz-invariant flexoelectric
internal energy density in Eq. (2.5) is analogous to the derivation of the direct flexoelectricity
case in Section 2.2.1.1, provided that gradient polarization is neglected. This assumption is
sometimes taken in the literature, cf. the formulation in Zubko et al. (2013) for 1D. The case
including gradient polarization is explored later in Section 2.2.1.3.

Let us consider an internal energy density of the following form

1 1
¢(Int)(£’ Ve, P,VP) = Ecijklfijfkl + gaklPkPl
1 1
* S hijkimnéijkeimn = 5 fui (ekPr = eyPu) (2.27)

where gradient polarization term b is neglected from Eq. (2.5). Then, the stationary condition
of the following minimization,

—
"(u,E) = min (™ (uw,P)- P - E
P
. 1 1 1
= min (Ecijklgijgkl + EaklPkPl + Ehijklmnfij,kglm,n
1
- Eflijk (&P - €Pik) - PlEz), (2.28)

results in

~ a‘//h‘lt P ( al//Int

- o = amiFm = Jukie 2.29
: op; X aPl,k) mltm fll]k ij.k ( )

which closely resembles Eq. (2.21), the only difference being f instead of fU). Hence, the
inverse relation

Po = apy, (El +flijk€ij,k) (2.30)

is inserted into (2.28), and after substracting the electrostatic energy density, the following
total enthalpy density is obtained:

—r(Lifo)

¥

() = 7" (w.§) - S b

1 1, 1 140 )
2 CiikIEij€k1 = 5KijEiEj * 5 MijkimnEijk€lmn ¥ 5 Qab] aijicl bimn€ij knlim

1
- S Hijk (Ereiik — Evkey) s (2.31)

where the definitions in Eq. (2.24a) and (2.24b) have been analogously considered, here for the
full (not the direct) flexocoupling and flexoelectric tensors.



38 CONTINUUM MODELING OF FLEXOELECTRICITY

The last step consists on rewriting the fourth term in Eq. (2.31) as

—10(1) (1)
o(La iV Eii kE )
1 S1p0) () _ _1 S1p0) () 2 %abJ aijk) bimn €ij:k €lm
2 aabfaijkfblmnglfsknglm T aabfaijkfblmnglfskglms" +

2.32
o (2.32)
where the last term is neglected from the bulk enthalpy density since it is attributed to the
surface by means of the divergence theorem, as done in Section 2.1.1 to obtain the Lifshitz-
invariant internal energy density. With this consideration, the final version of the total enthalpy
density for the Lifshitz-invariant form of flexoelectricity is obtained as

—(Lifo)

Y (. E) = Elnt(lh E) - %EOEiEi

1 1 1-— 1
= 5 CijklEijékl ~ EKijEiEj + Ehijklmnfij,kglm,n ~ S Mk (Ereyj — Ergey),  (2.33)

which has the well-known form of the total enthalpy density in Lifshitz-invariant flexoelectric-
ity present in Eq. (2.17). The same effective strain gradient elasticity tensor from Eq. (2.24c) is
retrieved here. In fact, the direct and Lifshitz-invariant total enthalpy densities in Eq. (2.25) and
Eq. (2.33) are related with each other by means of an integration by parts of the flexoelectricity
term, exactly in the same way as done in Section 2.1.1 for the energy densities.

2.2.1.3 Lifshitz-invariant flexoelectricity (with gradient polarization)

In this Section, the enthalpy density corresponding to the Lifshitz-invariant flexoelectric
internal energy density in Eq. (2.5), including gradient polarization, is derived via a partial
Legendre transform. The procedure is analogous to the previous Sections, but slightly modified
in order to properly treat the high-order electric terms coming from gradient polarization. In
this case, the typical flexoelectric energy and enthalpy forms are not equivalent, as shown
next.

Let us begin with the total energy density in Eq. (2.5), that is,

: 1 1 1 1
£
Yt = yUD(g ve, P,VP) = 5 Cikl€ij kL + 5aklPkP1 + Ehijklmngij,kglm,n + Ebijklpi,jpk,l
1
- Eflijk (e kPi - €Prk) (2.34)

this time including the gradient polarization term modeled by the material tensor b. In order
to simplify the derivations next, let’s assume that a = (y.€) 1 is isotropic and that b takes
the simplified form of b;j; = 22

Secikdjl = fﬁlec()(eeo)‘léikf)ﬂ, with a length scale parameter feje..
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The stationary condition of the Legendre transform minimization reads

Int

¥ (u,E) = min (¢"™(u,P)- P-E)

. 1 1 _ 1 1 _
= m}}n (Ecijklgijgkl + 5()(860) 1PlPl + Ehijklmngij,kglm,n + E(Xe€0> 1fezlecpl,kpl,k

1
- Eflijk (eikPy - €;Puic) - PzEz), (2.35)
which results in
61//Int 9 al//lnt R »

E; = P om ( arr )" E; - Eikk, (2.36)
with

. P Int ~ 1

E = (;pp, = (Ye€0) ' Pr - Eflijkgij,ka (2.37a)

- a Int 9 1 1

Ej = o Ciec(Xe€0) Pri + Eflijkgij- (2.37b)

Since it is difficult to invert the expression E(P,VP) in Eq. (2.36) to get P(E, VE), let us just
invert the expression E(P) in Eq. (2.37a) to get P(E) as

~ ~ 1
PI(E) = xe€o (El + Eflijkfij,k) , (2.38)
hence
~ ~ 1
Pi(E) = € (El,k + Eflabcgab,ck) (2.39)

and Eq. (2.37b) turns out

~ A ~ 1 1
Ey(E) = €3, (El,k + Eflabcgab,ck) + Eflijkfij- (2.40)
Thus, by Eq. (2.36),
E(E) = E; - Epg,
o, (a1 1
= E; — Leec (El,kk + Eflabcfab,ckk) - Eflijkgij,k
=E - fezlecvz (El +ﬁijk€ij,k)

- E(E) (2.41)

where E = EI - % flijk€ijk is defined for convenience. Note that with this definiton, the
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polarization in Eq. (2.38) is rewritten as

P(E) = Xe€o <El +flijk€ij,k) , (2.42)

which is analogous to the expression for polarization in Eq. (2.30) in the case where b was
neglected, where E is replaced by E. In fact, note that E — E in the limit of lojec — 0, SO
in view of Eq. (2.41) and (2.42), E can be interpreted in this context as the sum of a local
contribution from E (local electric field) and a nonlocal contribution from P(E‘):
E(E) = E; - (tee) ™' thecVPIE), (2.43)
being V? the vector Laplacian operator.
By means of Eq. (2.42) and (2.43), substracting the electrostatic energy density from Eq. (2.35)

and doing the appropriate integration by parts, the following total enthalpy density is obtained
as a function of E as

—(Lif >, —Int < 1 ~ >
7w E) = 9w, BE) - S eoEUB)EE)
(L < 1 < - -
= 7" F) - “MiEinEj + O(WVe, VVE), (2.44)
where J(Liﬂ)) is defined in Eq. (2.33), higher order terms O are neglected, and

Mijkl = (6 + 60)61‘](5]‘]{31“ = bijkl (62 - 63) (245)

is the gradient dielectricity tensor.

Hence, Eq. (2.44) resembles the expression for the total enthalpy density in Eq. (2.17),
including the gradient dielectricity term. However, a fundamental difference is that the
expression obtained here is written in terms of E‘, i.e. the local electric field, instead of the full
expression E of the electric field. This fact implies rewriting the Maxwell-Faraday equation in
Eq. (2.18c) in terms of E as

VxE =Vx (El - 3. V2 (E, +ﬁijkgij,k)> =0 (2.46)
or
(1-3.V?) (VX E) = £3,.V% (V x E'™°) 2 0. (2.47)

In other, words, the local field Eis not irrotational, even if the flexoelectric coupling is vanished.
Hence, it cannot be expressed as (minus) the gradient of a (local) electric potential, as usually
assumed in Eq. (2.1.3). Therefore, the energy density- and the enthalpy density-based Lifshitz-
invariant flexoelectric models are not equivalent, unless the polarization gradient (and gradient
dielectricity) terms are neglected.
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However, which model is more representative of the actual physics is an open question, far
beyond the scope of this study. When it comes to numerical modeling, the enthalpy-based
approach is preferable since (i) the electrostatics are already taken into account, without the
need of handling two different variables for the electric and polarization fields, and (ii) the
electric potential can be considered directly as state variable instead of the electric field, so
there is no need of including the Maxwell-Faraday equation as an additional constraint to the

variational principle.

2.2.2 Variational models at infinitesimal deformation

In this Section, we consider different flexoelectric enthalpy density models and derive their
corresponding variational models and associated boundary value problems, that will be nu-
merically solved as explained in Chapter 3.

Let Q be a physical domain in R3 . The domain boundary, 9Q, can be conformed by several
smooth portions as 9Q = ( J; 9Q (Fig. 2.2a). At each point x € 9Qf we define n' as the outward
unit normal vector. The boundary of the f-th portion of 9Q is denoted as 99Qy, which is a
closed curve. At each point x € 99Q; we define m/ as the unit co-normal vector pointing
outwards of 9Q¢, which is orthogonal to the normal vector n/ and to the tangent vector of the
curve 99y, s/ (see Fig. 2.2b and 2.2c). The orientation of s/ is arbitrary and not relevant in
the derivations next.

ni

nt Cl] si

(@)

(b) (c)

Figure 2.2: Sketch of the geometry of Q € R3. (a) Detail of 9Q subdivided in smooth portions 9Q; and
0Q;, with their corresponding normal vectors n' and n/, (b) detail of 0Q;, with the triplet {mi, st n! }
defined on 90Q;, and (c) detail of 9Q;, with the triplet {m/, s/, n/} defined on 99Q;. Figure adapted
from Codony et al. (2019).

Following Eq. (2.13), the generic form of the enthalpy functional IT[u, #] of a flexoelectric

material is written as

M[u, ¢] = / (@(u, ) + Wu, ¢)) do + /Q W (u, ¢)dT + /C W, $)ds  (2.48)

Q 0

where ¥/ is the internal bulk enthalpy density in Q and W%, W?? and W¢ represent the
external work density per unit volume, area and length, respectively. The corresponding
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variational principle corresponds to an unconstrained optimization of the form

(u',¢") = arg muin mg:sax [u, @] (2.49)

Different boundary value problems arise depending on the flexoelectric form that is chosen to
describe /. We show next the derivations for the direct and Lifshitz-invariant flexoelectric
forms.

2.2.2.1 Direct flexoelectricity form

According to Eq. (2.16), the direct flexoelectricity enthalpy density is stated as

—(Dir) 1 1 1
V' (e,Ve,E) = S EijCijkiEkL + Egij,khijklmnglm,n - EElKlmEm - Ejpijk€ij k. (2.50)

and the admissible external sources of work are

W(u, ¢) := -biu; + G4, (2.51a)
W (u, §) = ~tiu; - r;d"u; + we, (2.51b)
W (u, §) = —jius, (2.51c)

where b is the external body force per unit volume, § is the external free electric charge per
unit volume, t and j are the forces per unit area (i.e. traction) and length, w is the surface
charge density (i.e. electric charge per unit area) and r is the double traction (i.e. moment per
unit area).

The boundary of the domain 9Q is split into several disjoint Dirichlet and Neumann bound-

aries as
0Q = 0Q, U dQ; = 9Q, udQ, = 8Q¢ u aQ,,, (2.52)

where 9Q,, 9Q, and 9 are the Dirichlet boundaries corresponding to prescribed values for
the displacement, its normal derivative and the electric potential, and 9Q;, 9Q2, and 9Q,, the
Neumann boundaries corresponding to prescribed values of their enthalpy conjugates, i.e. the
traction, the double traction and the surface charge density. The edges C of 9Q are also split
into C = C, u Cj corresponding to the Dirichlet and Neumann edge partitions, respectively,
where either the displacement field or the forces per unit length are prescribed. Here, C, is
corresponds to the curves within the classical Dirichlet boundary, namely C, = C n 9Q,, and
Cy=C\Cy
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The corresponding boundary and edge conditions are mathematically written as

u-u=0 onadQ,, tu, ) -t=0 on dQy; (2.53a)
" (u)-T =0 ondQ,, r(u,¢)-7=0 on 9dQ,; (2.53b)
¢-¢=0 onaQy, w(u, ) -w=0 onaQ,; (2.53c)
u-u=0 onC, ju,¢)-j=0 onC;; (2.53d)

where %, © and ¢ are the prescribed displacement, normal derivative of the displacement
and electric potential at the Dirichlet boundaries, and %, ¥, W and j are the traction, double
traction, surface charge and the line force fields prescribed on the Neumann boundaries. The
expressions t(u, ¢), r(u, ¢), w(u, ¢) and j(u, §) will be derived later as a result of the variational
principle in Eq. (2.56).

Many authors in the literature of computational flexoelectricity neglect the edge conditions
in Eq. (2.53d) (Abdollahi et al, 2015a, 2014, Aravas, 2011, Mao and Purohit, 2014). In the
cases where essential boundary conditions are enforced strongly, as in conforming FE or
meshless discretizations, this fact has no practical relevance since the strong imposition on
09, automatically implies the strong imposition on the adjacent edges in C, as well. However,
it is important to underline that in frameworks where boundary conditions are enforced
weakly, dismissing edge conditions is equivalent to considering homogeneous Neumann edge
conditions, which is wrong on C, (Dirichlet edges). Edge conditions are kept here to ensure
self-consistency and a well-defined boundary value problem.

2.2.2.1.a Standard framework: Strong boundary conditions

The standard approach in computational mechanics to take into account Dirichlet boundary
conditions consists on assuming that the functional space of the state variables already fulfills
Dirichlet boundary conditions. Therefore, it is not required to include Dirichlet boundary
conditions explicitly into the weak form.

By means of Eq. (2.50)-(2.53), the enthalpy functional in Eq. (2.48) is written as

H](;Dir)[u’ ¢] = HQ[u, ] + HNeumann[u’ é1, (2.54)
where

%[, §] = / (77" (ew), ve(u), B(@) - bius + 39 do, (2.550)
Q

I—INeumann[u’ ¢] _ / _fiui dr +/ _?ianui dr +/ W(]ﬁ dar +/ _jiui ds. (2.55b)
o0 Q, oQ,, C;

7

The equilibrium states (u", ¢*) of the body correspond to the saddle points in the enthalpy
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potential fulfilling the following variational principle:

e . (Dir)
b = H bl b 2.56
(', ¢) arg min max Iy, [u. §] (2.56)

with the functional spaces Up and Pp having sufficient regularity and fulfilling the Dirichlet
boundary conditions in Eq. (2.53), that is:

Up = {uec[HXQ))P |u-u=00n0Q,and on C,, and 9"u -0 = 0 on 9Q,}, (2.57a)
Pp :={¢p€H Q)| $-¢=00n0Q} (2.57b)

The weak form of the problem is found by enforcing 5Hg) ) = 0 for all admissible variations

du € Uy and §¢ € Py, with

Uy := {Su € [HX(Q)]? | Su = 0 on 9Q, and on C,, and 9"5u = 0 on 9Q,}, (2.58a)
Po := {54 € H(Q)| 5¢ = 0 on 9Qy}. (2.58b)

The weak form reads: Find (u, ¢) € Up ® Pp such that, V(du, dP) € Uy ® Py,
s = 5,n% + 5,0

= / (e + ke - DIOEs - bidu; + 469 dO
Q

+/ —tiéuidr+/ —ri8"5uidf+/ w5¢dF+/—ji5u,~dS
aQ, a0, aQ,, G

)

=0, (2.59)

where we use the notation d¢ := £(du), Ve := Ve(du) and OE := E(5¢).
The Cauchy stress (¢, Ve, E), the double stress o(e, Ve, E) and the electric displacement

D(e, Ve, E) in Eq. (2.59) are the conjugate quantities to the strain &, the strain gradient Ve and
the electric field E, respectively, as follows:

—(Dir)
~ oy (g, Ve, E)
0ij(e, Ve, E) := T oen  Cukik (2.60a)
ij
—(Dir)
- Yy (g,Ve, E)
oijk(e, Ve, E) := T o hijkimn€imn = HiijkEn (2.60b)
1,
—(Dir)
~ oy (e, Ve, E)
Di(e,Ve,E) := T KimEm + Hiijk€ij k- (2.60c)

The Euler-Lagrange equations associated with the weak form in Eq. (2.59) and the expres-
sions t(u, @), r(u, @), w(u, ¢) and j(u, ) from the Neumann boundary conditions in Eq. (2.53)
are found by integrating Eq. (2.59) by parts twice and making use of the divergence and surface
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divergence theorems (Codony et al.,, 2019). The resulting Euler-Lagrange equations are

Y (2.61)

(8','_,' - 5ijk,k) .+ Bi =0 in Q,
Bl,l -q=0 in Q,

which can be interpreted as a two-way coupling between a fourth-order elliptic PDE for the
mechanics and a second-order elliptic PDE for the electrostatics. In view of Eq. (2.61), the

definition of the physical stress o arises naturally as
oij(u, ¢) := 0yj(u, §) - Gyjrk(u, @) = cijrieks = RijkimnEimnk + HiijkELk- (2.62)

The expressions t(u, @), r(u, ¢), w(u, ¢) and j(u, ¢) from the Neumann boundary conditions
in Eq. (2.53) are

ti(u, §) = (Aij = Oijkk — Vi&ﬂg) nj + 5'ijkNjk on 9Q, (2.63a)
ri(u, §) = Gyjkn;n on 04, (2.63b)
w(u, ¢) = -Din; on 99, (2.63¢)
Ji(w, §) = [[Gijemimni]] on C, (2.63d)

where V5. is the surface divergence operator, N is the second-order geometry operator (a
measure of the curvature of 9Q) and [ ] is the jump operator defined on C (we refer to Codony
et al. (2019) for further details).

Remark 2.1 (Second order boundary conditions in a FE framework). In practice, in a FE context,
the functional spaces in Eq. (2.57) and (2.58) are approximated by means of a set of linear
combinations of basis and test functions. However, Up and U are in general difficult to
approximate since they require fulfilling second order Dirichlet conditions for the displacement
field (i.e. prescribing its normal derivative). The typical approach to overcome this difficulty is
considering 0Q, = @, which implies that only second order Neumann boundary conditions are
allowed, i.e. 9Q = 9Q, (Abdollahi et al, 2014, Deng et al., 2017, Ghasemi et al., 2017, Mao et al.,
2016, Zhuang et al., 2019). This choice is further justified by the unclear physical interpretation
of second order Dirichlet boundary conditions (McBride et al, 2020).

2.2.2.1.b Nitsche’s method: Weak boundary conditions

In Section 2.2.2.1.a the functional spaces of the state variables are chosen such that Dirichlet
boundary conditions are automatically fulfilled. An alternative to enforce essential boundary
conditions without constraining the functional spaces consists on incorporating them into
the enthalpy functional, in a way that equilibrium states (u*, ¢") satisfying the corresponding
variational principle necessarily fulfill the Dirichlet boundary conditions. We propose here the
Nitsche’s method (Nitsche, 1971) due to its simple form and convenient numerical properties

(i.e. self-consistency, symmetry, optimal error convergence rates and preservation of the
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number of degrees of freedom (Fernandez-Méndez and Huerta, 2004)) as compared to other
alternatives such as the Lagrange multipliers or the penalty methods.

Following Nitsche’s approach, the enthalpy functional IT} Dir) jn Eq. (2.54) is modified as

H(Dir)[u, ¢] _ H](;Dir)[u’ (]5] . HNitsche[u, ¢]’ (2.64)

where ITNitsh¢[ 44 $] acts on the Dirichlet boundaries incorporating essential boundary condi-
tions in Eq. (2.53) weakly as follows:

nNitsche[u,¢]=/aQu@/su(ui_u) (st )dr
[ (lra-a) - (ru-o)wmn) a
' /ag(ﬁ (';ﬂ¢(¢‘¢)z +(9-9)ww, ¢)) dr
: /C (;ﬁcu(ui—ui)z— (- i, ¢)) i s

with the numerical parameters By, Bo, fg. fc, € R*. The expressions t(u, ¢), r(u, ¢), w(u, §)
and j(u, ¢) are now conjugate to the Dirichlet boundary conditions. The (positive or negative)
penalty terms inserted in each boundary integral are quadratic in the Dirichlet boundary
conditions, and its only purpose is to ensure equilibrium states (u", ¢*) being, respectively,
actual minima and maxima of the energy functional with respect to u and ¢ (Codony et al.,
2019).

The variational principle associated to II®™ for the equilibrium states (u", ¢) is

_ (Dir)
(u, ¢ ) = arg ml&l r;sle%gcﬂ [u, ¢, (2.66)

where P := H'(Q), and U’ is the space of functions belonging to [H 2(9)] ? with L*-integrable
third derivatives on the boundary 9Q,, to account for the integrals involving #(u, ¢) in
Eq. (2.63a). The variational principle in Eq. (2.66) leads to the same Euler-Lagrange equa-
tions in Eq. (2.61) and definitions of t(u, ¢), r(u, ¢), w(u, §) and j(u, ¢) in Eq. (2.63) as the
constrained variational principle in Eq. (2.56) (Codony et al, 2019). However, the weak form

arising from SITP™

= 0 incorporates Dirichlet boundary conditions weakly, and hence the
unconstrained functional spaces for the state variables and their corresponding admissible

variations coincide, i.e. u, du € U and ¢, §¢ € P.
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The weak form reads: Find (u, ¢) € U" ® P such that,¥(Su,5¢) € U" e P,

5H(D1r) = 5uH(Dlr) + 5¢H(Dlr)
= /Q ;8eij + Gk deijx — DISE| — bidu; +q(5¢) do

/ “6u;dT + /a N (G~ ) (Budus - 51) ~ 16w ) dr
/
/

o [ aswss [ ((Gu-w udu - 5i) - jow)
G .
=0, (2.67)

(&
+
o0,
v | —Fo"Sudr+ / ((6”u,~ ~51) (Bod"Su; - 61) - r1-8"5ui> dr
Q, Q,
+
Q.

WG dT + /a% ( ~($-9) (Bs6¢ - Sw) + w5¢) dr

with 6t := t(6u, 6¢), or := r(éu, 6¢), dw = w(du, 6¢) and 6j := j(du, 5¢).
Remark 2.2 (Value of the penalty parameters in the discrete case). Note that Eq. (2.67) is self-

consistent for any value of the penalty parameters By, By, fic,, fy. However, in the discrete
space of numerical approximation of the state variables, they must be large enough to ensure
stability, i.e. maintain the min-max nature of the variational principle in Eq. (2.66). Arbitrarily
large values are not suitable since the conditioning of the linear system is deteriorated. The
analytical derivation of lower bounds of the penalty parameters can be found in Codony
et al. (2019) for the discrete case, but moderate values of the penalty parameters are typically
enough to ensure convergence and enforce boundary conditions properly (Codony et al., 2019,
Fernandez-Méndez and Huerta, 2004, Schillinger et al., 2016). Thus, the explicit computation
of stability lower bounds can be avoided by writing the penalty parameters in terms of a
dimensionless parameter { € R™ as follows:

([r%lech + [,uz) (fr%lech + f/f) Y €

Y Y
,Bu=ﬁ§’ 'BUZT& ﬂcu=T§, ﬁ¢=E§’ (2.68)

where h denotes the characteristic length of the discretization (typically, the mesh size), Y is the
Young modulus, € is the electric permittivity, fmech is the mechanical length scale, £, ~ y/\Ye
is the flexoelectric length scale and y is the flexoelectric tensor (see Appendix A for further
details on material parameters). In the computations in this manuscript, the constant value
{ =100 is large enough to provide stable results, regardless of the (unfitted) discretization of
Q, as further commented in Chapter 3.
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2.2.2.2 Lifshitz-invariant flexoelectricity form

According to Eq. (2.17), the Lifshitz-invariant flexoelectric enthalpy density is stated as

—(Lif) 1 1 1
lp ( Ve, E, VE) Eljcljklgkl + Egl] khljklmnglmn - EElKlmEm

- EEi,jMijklEk,l - Eﬂlijk (Ereyj — Ergey) - (2.69)

The admissible external sources of work are the ones corresponding to the direct flexoelectricity
form in Eq. (2.51), plus the high order dielectric quantities g (electric charge density per unit
length) and v (double charge density, i.e. charge moment per unit area), analogous to j and r
from mechanics:

WO (u, ) 1= -biu; + 44, (2.70a)
W (u, ) = —tiu; - 10" u; + we + t" P, (2.70b)
WE(u, ¢) 1= —jiu; + . (2.70¢)

Accordingly, the boundary of the domain 9Q is split into several disjoint Dirichlet and
Neumann boundaries as

I = I U I = 00y U I, = I U I, = I U I, (2.71)

where the high-order nature of the dielectrics leads to the definition of the Dirichlet 9Q, and
Neumann 9Q, boundaries corresponding to prescribed values for the normal derivative of the
electric potential and its conjugate, i.e. the double charge density t. The edges C of 9Q are
also split into

C=C,uC=CyuCy, (2.72)

corresponding to the Dirichlet and Neumann edge partitions, respectively, where either the
electric potential ¢ or the electric charge density per unit length g are prescribed.
The corresponding boundary and edge conditions are mathematically written as

u-u=0 onaQ,, tu, ) -t =0 on dQy; (2.73a)
u-u=0 onC, ju,¢)-j=0 onC; (2.73b)
" (u)-T =0 ondQ,, r(u,d) -7 =0 onoQ,; (2.73¢)
¢-¢=0 onaQy, w(u, ) -w=0 onaQ,; (2.73d)
$p-¢d=0 on Cy, p(u,¢)-p =0 onCy; (2.73¢)
"(¢) - @ =0 onaQ,, t(u, ) -T=0 ondQ; (2.73f)

where @, g and t are the prescribed values of ¢, o and t on the corresponding boundaries.
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Analogously to the direct flexoelectricity form, the Neumann expressions #(u, @), j(u, ¢),
r(u, ¢), w(u, @), p(u, ¢) and v(u, §) will be derived later as a result of the variational principle
in Eq. (2.76).

2.2.2.2.a Standard framework

By means of Eq. (2.69)-(2.73), the enthalpy functional in Eq. (2.48) is written as

Hg“if)[u, ¢ = HQ[u, ¢] + HNeumann[u, ¢, (2.74)
where
/ D (e(u), Ve(u), E(p), VE(¢)) - by + qqs) o, (2.752)
Q
I—INeumann[u, ¢)] _ / _?iui dr + / _7ia"ul~ dr +/ —jiui ds
a9, 00, G
+ / we dl + / t0"pdl + / P ds. (2.75b)
aQ,, Qe Cp

The equilibrium states (u", ¢*) of the body correspond to the saddle points in the enthalpy
potential fulfilling the following variational principle:

(u',¢") = arg t mm gel%x H( )[ , P, (2.76)

with the functional spaces Up and Pp having sufficient regularity and fulfilling Dirichlet
boundary conditions in Eq. (2.73), that is:

Up = {u€[HXQ)] |u-u=00n09Q, and on C,, and 9"u -0 = 0 on 9Q,}, (2.77a)
Pp i={p € H Q)| p-d=00n 9Qy and on Cy, and 9"¢ -~ ¢ = 0 on 9Q,,}. (2.77b)

The weak form of the problem is found by enforcing (SHg)L ) = 0 for all admissible variations
du € Uy and §¢ € Py, with

Uy := {Su € [HXQ)]’ | du = 0 on 0Q, and on C,, and 9"Su = 0 on 9Q,}, (2.78a)
Py := {6¢ € H*(Q)| ¢ = 0 on 9Qg and on Cy, and 9" ¢ = 0 on 9Q,, }. (2.78b)
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The weak form reads: Find (u, ¢) € Up ® Pp such that, V(du, dP) € Uy ® Py,
ST = 5,15 + gm0
- / (aj(sg,-j + ek - DOE) - DymSEym - biu; + q(sqs) 40
Q

+/ —ti5uidF+/ —ria"(Su,-dF+/—j,~5uids
EloN o0, G

7

+/ WP dr+/ ra"5¢dr+/ PO ds
aQ,, FloN Cpo
=0, (2.79)

with 6VE := VE(J¢).

The Cauchy stress (g, Ve, E, VE), the double stress 6 (e, Ve, E, VE), the electric displacement
D(e, Ve, E, VE) and the double electric displacement D(e, Ve, E, VE) in Eq. (2.79) are the conju-
gate quantities to the strain &, the strain gradient Ve, the electric field E and the electric field
gradient VE, respectively, as follows:

—(Lif)

. . Yy (&,Ve, E,VE) B 1
oij(¢, Ve, E,VE) := Ey. = Cijkl€kl + E,UlijkEl,k, (2.80a)
ij
—(Lif)
~ oy '(g,Ve, E,VE) 1
oijk(e,Ve, E,VE) := = hijkimn€imn — = HiijkEl (2.80b)
aEij)k 2
- a9 (e, Ve, E, VE) 1
Di(¢,Ve, E,VE) := - oF, = KimEm + E,ulijkfij,k’ (2.80c)
—(Lif)
_ a9 (e, Ve, E, VE) 1
Di(e,Ve, E,VE) := - 9E; = MijiEij - 2 HiijkEij- (2.80d)

The Euler-Lagrange equations associated with the weak form in Eq. (2.79) and the ex-
pressions t(u, @), j(u, ), r(u, ¢), w(u, ¢), p(u, §) and t(u, ¢) from the Neumann boundary
conditions in Eq. (2.73) are found by integrating Eq. (2.79) by parts twice and making use of
the divergence and surface divergence theorems, analogously to the direct flexoelectricity
form, but now for both mechanics and dielectrics. The resulting Fuler-Lagrange equations are

(iij - fijk,k),j + fi =0 inQ, (281)
(Dl - le,k) l -qg=0 in Q,
which can be interpreted as a two-way coupling between two fourth-order elliptic PDEs arising
from mechanics and electrostatics.

The expressions t(u, ¢), j(u, ¢), r(u, §), w(u, ¢), o(u, §) and v(u, ) from the Neumann
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boundary conditions in Eq. (2.73) are

ti(u, ¢) = ( = Gijkk — vko'zk]) j + UykN]k on 9, (2.82a)
Ji(w, §) = [[Gijemini]] on C, (2.82b)
ri(u, ) = oyjkning on 9%, (2.82¢)
w(u, §) = ( - Dy - Viﬁkz) ni - DjyeNix on 99, (2.82d)
o(u, §) = [[ iem;ing ]| on C, (2.82¢)
v(u, 9) = - ]knjnk on 9Q). (2.82f)

Note that the Lifshitz flexoelectricity strong form in Eq. (2.81) reduces to the direct flexo-
electricity strong form in Eq. (2.61) by vanishing the gradient dielectricity material tensor M.
However, the boundary terms in Eq. (2.82) and Eq. (2.63) remain different, since the expressions
for 6, &, D and D in Eq. (2.80) and (2.60) differ.

Remark 2.3 (Second order boundary conditions in a FE framework). Analogously to Remark 2.1,
due to the unclear physical interpretation of second order dielectric Dirichlet boundary condi-
tions, it makes sense to consider only second order Neumann boundary conditions, i.e. 922, = @,
hence 9Q = 9Q,. This choice also facilitates the construction of the functional spaces for the
test and shape functions. Moreover, typically second order homogeneous Neumann boundary
conditions are considered, which further reduces the corresponding implementation.

2.2.2.2.b Nitsche’s method

Lif)

The enthalpy functional Hf) in Eq. (2.74) is modified as

H(Lif)[u, ¢] _ H%if)[u, ¢] 4 HNitschE[u’ ¢]’ (2.83)
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where ITNIsche[ 44 #] acts on the Dirichlet boundaries incorporating essential boundary condi-

tions in Eq. (2.73) weakly, analogously to Eq. (2.65):

g = [ (3(u-w) - ()i ar
' /afzv Cﬁ”(""”f ~o) - (=) ¢)) ar
' /c (éﬁcu@f “a) - (- @i ¢)> ds
' /ag¢ (‘;ﬂ¢(¢‘¢)2 +(4-9)w ¢>) dr
' /agq, (‘;ﬁ¢<""¢‘<ﬂ)2 v (0%~ )v(a ¢)> ar
' /c (‘;ﬁ%(‘? -3) + (¢-9)otu ¢>) ds, (.80

with the numerical parameters S, f., fc,, B, ,@,,, Pc, €R™.
The variational principle associated to IIM) for the equilibrium states (u", ¢*) is

s . Lif
(', ¢) = arg min max n%O[w, ¢], (2.85)
where P and U are the spaces of functions belonging to [H 2(Q)] 9 with L2-integrable third
derivatives on the boundary 9, and 9Q respectively, where g represents the number of
dimensions of the state variables, i.e. ¢ = 1 in the case of P, and g = 3 for U". The variational
principle in Eq. (2.85) leads to the same Euler-Lagrange equations in Eq. (2.81) and definitions
of Neumann terms in Eq. (2.82) as the constrained variational principle in Eq. (2.76).

Finally, the Nitsche’s weak form of the Lifshitz flexoelectric boundary value problem reads:
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Find (u, ¢) € U ® P such that,¥(5u,5¢) € U" o P,
6H(Lif) = 5uH(Lif) : 5¢H(Lif)

- / (a,-(sg,-j + ek — D1OE) - DymSEym - biu; + q(s¢) 40
Q

+/ 1w dF+/ ((u,- ) (BuSui - 5t - t,-5ui) dr

QY Qy

. / 70" Su; dT + / <(a”ul~ B (Bod"Su; — S17) - r,~6"5u,-> dr
Q,

v

+/—j,-5u,~ds+/ (G- ) (e, S - 05) - )
C:

7 Cu

o[ woars [ (= (0-9) (9s5g - ow) + wog) ar

+ /ag, "5 dr + /Q ( — ("¢ -9) (B,0"5¢ - 5¢) + ta"5¢) dr

9 (4
+Lﬁ@5¢ds+/c¢ (- (9-3) (8,56 - 50) + 059
-0 (2.86)

with §t := t(Su, §¢) and Sp := p(du, §¢).

Remark 2.4 (Value of the penalty parameters in the discrete case). Analogously to Remark
2.2, the penalty parameters f,, fic, introduced in this Section can be written in terms of the
dimensionless parameter { € R* as

’B _ ([ezlec +[,3) €
o =

h 5

2.+ )€
&%=(IM‘JL (2.87)

where . is the dielectric length scale, cf. Appendix A.

In the case of flexoelectricity, as in other related high-order problems, the lack of physical
understanding of the boundary conditions hinders the choice of appropriate physically-based
null-Lagrangians, and other criteria such as conveniece or simplicity are used. In Section
2.2.2.3, the boundary value problems resulting from these two formulations are compared.
This insight will be used to rationally derive appropriate null Lagrangians for flexoelectricity.

2.2.2.3 Comparison of both models

As pointed out in Section 2.1.1, the Lifshitz-invariant and direct flexoelectricity boundary value
problems are not equivalent, even though their associated Euler-Lagrange equations coincide
since the definition of boundary terms (e.g. tractions and surface charges) differ, cf. Eq. (2.82)
and Eq. (2.63). Consequently, when solving specific boundary value problems, a traction-free
or charge-free-surface boundary conditions have different meaning in each formulation and
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thus the resulting physical and mathematical problems are different. The relation between the
resulting boundary value problems and its implications on the modeled physics has not been
addressed yet.

Here, the direct and Lifshitz-invariant flexoelectricity models are compared in different
(2D plane strain) standard benchmarks, namely (i) the cantilever beam bending and (ii) the
cantilever beam actuation. The problems are numerically solved by means of the immersed
boundary B-spline method, detailed in Chapter 3. Some of the results corresponding to
the Direct flexoelectricity form were already presented in Codony et al. (2019), whereas
the Lifshitz-invariant flexoelectricity results are yet to be published. To the best author’s
knowledge, Lifshitz-invariant flexoelectricity benchmarks had never been reported before
within the computational flexoelectricity community.

In both experiments we consider a cantilever of length L = 8um and thickness H = 0.4pm.
The material properties are simple enough to isolate the transversal flexoelectric effect, i.e. a
Young modulus Y = 100 GPa, electric permittivity € = 11 nC/Vm and transversal flexoelectric
coefficient pr = 1 uC/m. The other material parameters are set to 0. For a complete description
of material tensors, we refer to Appendix A.1. In each case, free surfaces are assumed to be free
of tractions and surface charges, with the definition of tractions and surface charges resulting

in each model.

2.2.2.3.a Cantilever bending

Cantilever bending is the most well-known benchmark for flexoelectricity, widely used by
experimentalists to capture the transversal flexoelectric effect (Baskaran et al,, 2012, Chu and
Salem, 2012, Ma and Cross, 2002, 2005, 2006). It has been also studied numerically (Abdollahi
et al., 2014, Codony et al., 2019, Zhuang et al,, 2020) and analytically (Majdoub et al, 2009,
2008).

In this experiment the left tip is clamped and a vertical force F = —1pN/um is applied on
the top right corner. The right tip is electrically grounded and the other boundaries are free,
which corresponds to open-circuit electrical boundary conditions (Fig. 2.3a). The transversal
flexoelectric effect is triggered due to the mechanically-induced gradient of axial strains along
each beam cross section.

The results are shown in Fig. 2.3. Indeed, Direct and Lifshitz-invariant flexoelectric for-
mulations lead to different electromechanical responses. Two main differences are pointed
out next. Firstly, the mechanical results are quite similar. The axial strains vary linearly
along the cross sections of the bent beam in both cases (Fig. 2.3¢c), as expected. However,
the flexoelectricity-induced stiffening of the beam (Codony et al., 2020b) is different in each
case. Comparing the maximum deflection of the Direct-flexoelectric beam (0.30 pm) and the
Lifshitz-invariant-flexoelectric beam (0.24 pm) with respect to a standard elastic one (0.32 pm),
it becomes apparent that the effective stiffness is increased around 7% in the former and a 33%
in the latter.

Nevertheless, the most interesting difference arises in the electrical response, as shown in
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(a) Geometry and boundary conditions.
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(c) Axial strains at the cross section x = L/2. (d) Transversal electric fields at the cross section x = L/2.

Figure 2.3: Comparison of Direct and Lifshitz-invariant flexoelectricity forms (I): Cantilever bending
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Figs. 2.3b and 2.3d. While the Direct flexoelectricity form presents an electric potential varying
linearly along a cross section of the beam, the Lifshitz-invariant form features boundary layers
with opposite sign than that of the bulk. This phenomenon is highlighted in Fig. 2.3d, which
depicts the transversal electric fields along the middle cross section. This finding is interesting
and is briefly addressed in Section 2.3.3.

Remark 2.5 (Numerical stabilization). As discussed later on in Section 3.3.1, the appearance of
a boundary layer may lead to mesh-dependent spurious oscillations in the numerical solutions.
Hence, some stabilization technique is required in that case. The simulations presented in this
Section are properly stabilized according to the approach described in Section 3.3.1.

2.2.2.3.b Cantilever actuator

In this experiment we explore the transversal flexoelectric effect triggered by electrical actua-
tion. This device was first used by Bursian and Zaikovskii (1968) to experimentally demonstrate
for the first time the flexoelectric effect, which had been predicted theoretically by Mashkevich
and Tolpygo (1957). Computational studies are also present in Abdollahi et al. (2014), Zhuang
et al. (2020).

Here, an electric field across the beam thickness is enforced by attaching an electrode on
the top boundary at prescribed voltage V = 5V, while the bottom boundary is grounded,
which corresponds to closed-circuit electrical boundary conditions (Fig. 2.4a). Mechanically,
the left tip is clamped, and no force is applied. Due to the transversal flexoelectric effect, the
electric field will yield an axial strain gradient along the thickness of the beam, inducing a
constant curvature.

The results are shown in Fig. 2.4, and are quite similar to the ones reported in the cantilever
bending case. The two differences between the Direct and Lifshitz-invariant flexoelectricity
models are also present here. The latter presents more stiffening, in view of the maximum
deflections obtained: 0.30 pm for the Direct case and only 0.12 um for the Lifshitz-invariant
one. Boundary layers in the electric field distribution are also obtained here for the Lifshitz-
invariant form (Fig. 2.4d). However, in this case the bulk electric field is much larger than
the boundary layer effect, and hence the electric potential distributions are much more alike

(Fig. 2.4b).
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Figure 2.4: Comparison of Direct and Lifshitz-invariant flexoelectricity forms (II): Cantilever actuator
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2.2.3 Legendre transform in a finite deformation framework: Direct
flexoelectric energy density

The derivation of the Legendre transform in a finite deformation framework is analogous to
the case of infinitesimal deformation in Section 2.2.1. However, it involves certain subtleties
and generalizations that are not trivial at all, and hence it is worth revisiting the process. We do
so in this Section for the direct flexoelectricity model, and leave the case of Lifshitz-invariant
flexoelectricity model as future work, cf. Section 2.3.1.

Consider a deformable dielectric body described by € in the reference (or undeformed)
configuration, and by Q in the current (or deformed) configuration. The deformation map y :
Qy — Q maps every material point X € Q to the spatial point x = y(X) € Q. Whenever index
notations are used, uppercase and lowercase indexes refer to quantities in the reference and
the current configurations, respectively. The deformation gradient F, the Jacobian determinant
J, and the right and left Cauchy-Green deformation tensors C, B are defined as

dxi(X)
0X

Fii(X) := , J := det(F), Cy = FirFyg, Bij := FixFik. (2.88)

Standard strain measures in the reference and the current configurations are the Green-
Lagrangian ¢ and the Almansi-Eulerian ¢ strain tensors given by

1 1 _ o
€y =3 (Cy-8p), ¢ =5 (85 - By') = €yFy' Fj;'. (2.89)

The gradient of the deformation gradient F, the gradient of the Cauchy-Green deformation
tensor C and the Green-Lagrangian strain gradient € as

. IF; A x;
Fyg = o0 = 25 (2.90a)
OXx | 9X;9Xxk
_ oC .
Cyk = = 2 symm (FuxFy) (2.90b)
aXK IJ
~ o€, 1~
€k = = -Cyxs 2.90
IJK Xe 2 K (2.90c)

where symm;; (Ary) := (A + Ajr) /2. Note that the relation ¢(F) in Eq. (2.90¢) is inverted
as

Fyk = (@IJK + iy - EK]I) Fi, (2.91)

analogously to the relation between second derivative of displacement and strain gradients in
the limit of infinitesimal deformation, cf. Schiaffino et al. (2019).

This body in equilibrium necessarily satisfies mechanical balance laws of linear and angular
momentum, and Maxwell equations. In the absence of a magnetic field, they can be expressed
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in an Eulerian frame as

V-o+b=0 in Q, (2.92a)
o=0! inQ, (2.92b)
Vxe=0 in Q, (2.92¢)
V-d-q=0 in Q; (2.92d)

where o is the physical stress, e is the the electric field, d is the electric displacement, and
b and q are the body force and electric charge per unit volume. Equation (2.92c) implies the
existence of an electric potential ¢ such that e = -V ¢. The linear constitutive law for d for a
dielectric material is

d(p,e)=ce+p or, equivalently, d(p, 9) = -&V¢ + p, (2.93)

where p is the electric polarization, which is work-conjugate to e, and ¢, is the electric
permittivity of vacuum.

To formulate the problem in a material frame, the Lagrangian second Piola-Kirchhoff
physical stress tensor S is defined from the work-conjugacy relation ojje;; = %SU ¢, where
ojj¢;j is a mechanical work density per unit physical volume and S;;€;; a mechanical work
density per unit reference volume, leading to

Siy =JF;; Fjl o (2.94)

To follow an analogous procedure with the electric displacement (Dorfmann and Ogden, 2005,
2014, 2017, Lax and Nelson, 1976, Steinmann and Vu, 2017, Vu et al, 2007), we first identify
the nominal or material electric field. The electric potential can be expressed in the material
frame as ®(X) = ¢(y(X)), and the nominal electric field E = -V;® defined as the negative of
its material gradient. By the chain rule, we thus find that

o0 94 ox;

Ej=——=-—
aX] axi aX[

= el-F,j. (295)

Then, from the work-conjugacy relation d;e; = %DIEI, we identify the nominal electric dis-
placement as

Dr =JF;'d,. (2.96)

Since electric displacement and polarization are physically equivalent quantities, we analo-

gously find

Pr =JF;'p. (2.97)
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Using Eq. (2.88) and (2.94)-(2.97), the balance equations in Eq. (2.92a)-(2.92d) and the constitu-
tive law for dielectrics in Eq. (2.93) are written in material form as

(FuSiy) S+ Bi=0; inQ, (2.98a)
Sy = Sp1 in Q, (2.98b)
EL+®1=0 in Q, (2.98c¢)

Di = €JCxiEL + Py inQ, (2.98d)
Dgkx-Q=0 in Q, (2.98e)

with B= Jband Q = Jq.
Now, the Lagrangian internal energy density per unit reference volume of the flexoelectric
solid is defined as (Codony et al., 2020b)

gint(@, €, p) = pMech(@ @) 4 pPicle g p) 4 gllexo(p ¢), (2.99)

We allow ¥Me<h to depend on Lagrangian strain and strain gradient as required for stability
(Liu, 2014). The isotropic dielectric energy per unit reference volume follows by transforming

the spatial expression per unit physical volume y/2¢¢(p) = pipi (Liu, 2014) by recalling

2(e - €)
Eq. (2.97), resulting in

ghiele(¢ py = PCyy Py, (2.100)

2J(€ - &)
where € denotes the electric permittivity of the material. The flexoelectric coupling linking
polarization and strain gradient is encoded by ¥¢*°, which for simplicity we assume to be
independent on strain.

The spatial expression of the electrostatic energy density 1¥1°(e) = %eo e;e; (Liu, 2014) can
also be expressed in the material frame by recalling Eq. (2.95), resulting in the energy density
per unit reference volume

gElee(g E) = ]%EICI‘JIE]. (2.101)

To formulate a unified potential self-consistently accounting for the material electrome-
chanics and for electrostatics, ¥*(¢&, ¢, P) and ¥¥*°(¢, E) must be expressed in terms of the
same variables. To accomplish this, we resort to a partial Legendre transform and define the
following internal dual potential

PInt(¢, € E) = min (¥"'(¢, &, P)- P -E). (2.102)
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The stationarity condition of the minimization results in

_ a\I]Int
N (2.103)

In principle, this expression can be inverted to find P(E, €, @) which plugged into ‘I’Int(c‘f, @ P)-
P - E results in the dual potential ‘i’lnt((’f, @, E).
If we postulate the following direct flexoelectric coupling

\PFleXO(P, @) _ _PLfLI]KEI]K’ (2.104)
where fi1jk is a purely Lagrangian tensor as further discussed in Remark 2.6, this inversion
can be made explicit yielding

1 —
Ep = Je—a) EO)CLMPM - fuyk €k, (2.105)

Py = J(e - €)Cafy (Ep +fL1]K@UK) = J(e - €)Cyfy (Ep + Efle"o) , (2.106)

where we have defined Efle’“’ = fi1 ]KEI 7k for convenience.
Replacing Eq. (2.106) in Eq. (2.102) and rearranging terms, we find

\PInt(QE’ 'é, E) _ \I’MeCh(Qf, @) _ %(6 _ GO)EFlexo CI_JIE}%XO
J - -1 Flex
- e~ €)EiCi} s - J(€ - €)E;Cf E}'™™°. (2.107)

Now;, the total electromechanical enthalpy accounting for electrostatics ¥E™th = gt _ gElec

(Dorfmann and Ogden, 2014, 2017, Liu, 2014) can be written from Eq. (2.107) and (2.101) as

Pinth(, €, E) = $Mech(€, €) + $PIe(¢, E) + ITI°(¢, €, E), (2.108)

with
PMech (@ F) _yMech(@ F) % (€ - eo)EFlexoCyl EFlexo (2.109)
ghiele(@ ) = - %EM (JCyfve) Er, (2.110)
glexo(@ & E) = - Ey (JCriuik) € (2111)

where pu = (e - €)f is the flexoelectricity tensor (Wang et al, 2019, Zubko et al., 2013),
described in Eq. (A.8). The effective mechanical energy density of the system (Wang et al.,
2019) in Eq. (2.109) can be written as

pMech 5 Elast StrGr = 1~ HAILj K-] CA}BIJBLMN =
R4 (&, &) =V"*H¢&)+ ¥ (&, ¢) - EGUK ELMN, (2.112)

€ - €



62 CONTINUUM MODELING OF FLEXOELECTRICITY

where the two first terms coming from ¥Meh correspond to a classical hyperelastic potential
(e.g. Saint-Venant-Kirchhoff, cf. Eq. (A.9), or Neo-Hookean, cf. Eq. (A.10), constitutive models)
and a strain gradient elasticity potential respectively. The third term, i.e. the flexoelectricity-
induced mechanical energy, has the same structure as the strain gradient elasticity potential.
For convenience, we thus define

- —~ 1~ - —
‘PMeCh(@, ¢) =‘I'Ela8t(@) + 2 Cyxhykimn ELmn, (2.113)

where h(€, €) is the effective strain gradient elasticity tensor. In this work, for simplicity, it
is taken as constant, i.e. h(&, @) = h as described in Eq. (A.2). This choice corresponds to the
extension of the Saint-Venant-Kirchhoff elasticity model to strain gradient elasticity.

Finally, the electromechanical enthalpy density corresponding to a dielectric material with
the direct flexoelectric coupling is

i} — 1— - — 1 i —
pEnth(e ¢ E) = $EsY(@) + EQEUKhUKLMN@LMN - EEMKMLEL - Evpmx €k, (2.114)
where

‘ur(€) 1= JCyre, (2.115)
ik (€) = JCyfpx (2.116)

are the effective dielectricity and flexoelectricity tensors respectively, which explicitly depend
on the Green-Lagrangian strain €.

Remark 2.6 (Objectivity of the proposed flexoelectric coupling). In the present formulation, pix
is a purely Lagrangian tensor, and hence it is meaningful to view it as a material constant with
the same material symmetries and intrinsic symmetry (urr7x = prjix) as the infinitesimal strain
flexoelectric tensor (Krichen and Sharma, 2016, Majdoub et al., 2008, Zubko et al., 2013). We
note, however, that in previous literature a distinct notion of polarization per unit undeformed
volume is introduced as p* = Jp, i.e. a volume-normalized spatial polarization related to our
material or nominal polarization by p*; = F;;Pr (Dorfmann and Ogden, 2014, 2017, Liu, 2014).
The polarization p* is not work-conjugate to the Lagrangian electric field E, and it can be
problematic when used to formulate flexoelectric couplings, as in Deng et al. (2014b,c), Liu
(2014), Thai et al. (2018), Yvonnet and Liu (2017), which consider the following coupling:

\PFIeXO(F,Pr) _ _prlg’li]Kﬁi]K' (2.117)

The tensor F is a mixed spatial-material flexoelectric tensor, which unlike the infinitesimal
flexoelectric tensor is intrinsically symmetric with respect to its last two indices (F;;x = Fiix7)-
By comparing Eq. (2.117) and (2.104), using Eq. (2.90c) and (2.91), the relation p*; = F;;Pr and
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the chain rule, we find the relation between f and F as

aZ\I/Flexo

Flijk = —————=— = symm FyFi}, 2.118a

liJK op oFx Y]K (fuyx) FuFy ( )
aZ\PFlexo

Juyk = TP aE (FgkFrit + FyixFr' = FikryFk) Fue- (2.118b)
L9€ K

In the limit of infinitesimal deformation, & and f correspond to the so-called type-I (f') and
type-II (f) flexocoupling tensors, respectively, and choosing one or the other is just a matter of
convenience, cf. Schiaffino et al. (2019). However this equivalence does not hold anymore in a
finite deformation framework, since f is purely Lagrangian whereas # is not. Equation (2.118b)
clearly shows that taking F as a material constant, as done in Yvonnet and Liu (2017) and
Thai et al. (2018), directly implies a very particular dependence of the Lagrangian flexoelectric
tensor f on deformation, breaking the invariance of the enthalpy density with respect to a
superimposed rigid body motion (Codony et al, 2020b), and hence yielding a non-objective
potential, which is a basic requirement of hyperelastic (and related) finite deformation models.
The purely Lagrangian approach described in this work overcomes this difficulty, since it is

objective by construction.

Remark 2.7 (Link to the linear theory of flexoelectricity). In the limit of infinitesimal deformation,
and keeping terms up to second order, the enthalpy density in Eq. (2.114) reduces to the one
present in the linear theory of flexoelectricity, cf. Eq. (2.50), since

J—1+Vu=1, (2.119a)
C!'>lI-2e=1, (2.119b)
¢ — ¢, (2.119¢)
K(€) — el = «, (2.1194d)
(€) — p. (2.119)

Remark 2.8 (Characterization of the flexoelectric tensor). The expression of the polarization in
spatial frame is found by inserting (2.97) into Eq. (2.106), yielding

pr= ((6 - €)EL + ,ULI]K@I]K) FL_II. (2.120)
Hence, we infer

9 (piFir)
€k |p

HLIJK = (2.121)

Equation (2.121) describes a way to characterize the flexoelectricity tensor from measurements
of the spatial polarization and the Green-Lagrangian strain gradients in a finite deformation
framework, either experimentally or by means of ab-initio methods based on quantum mechan-
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ics. The latter approach is used in Section 4.2.1 to characterize the transversal flexoelectricity
coefficient of nanostructures under bending by means of the cyclic density functional theory.

2.2.4 Variational models at finite deformation

The generic material form of the enthalpy functional II[y, ®] governing the physics of a
flexoelectric body is written as

[y, ®] = / (@Enth(x,q>)+w90(x,q>)) dQy+ / Wy, ®) T+ / WO (x, ®) dsy (2.122)
QO aQO

G

PEth is the internal bulk enthalpy density per unit reference volume Q,, and W,

where
W% and W represent the external work density per unit reference volume, area and length,
respectively. Different boundary value problems arise depending on the flexoelectric form
that is chosen to describe Y™ We show next the direct flexoelectric form, and leave the

Lifshitz-invariant flexoelectric form as future work (see Section 2.3.1).

2.2.4.1 Direct flexoelectricity form

As derived in the previous Section (see Eq. (2.114)), the internal energy enthalpy corresponding
to a dielectric material with the direct flexoelectric coupling is

i} — 1— — 1 —
Enth(¢, ¢, E) = wEsY (@) + EQEI]KhUKLMN@LMN - EEM’%MLEL - Evpmx €k, (2.123)

and the admissible external sources of work are

W(x,®) := -Biy; + OO, (2.124a)
WD (x, @) = -Tixi - Rio) yi + W, (2.124b)
W (x, ®) = —Jixi; (2.124¢)

where B is the prescribed external body force per unit reference volume, Q is the external
free electric charge per unit reference volume, T and J are the forces per unit reference area
and length, W is the surface charge density (i.e. electric charge per unit area) and R is the
double traction (i.e. moment per unit reference area). Note that T, J, R and B are written in
spatial frame coordinates (indicated by the lowercase subscripts), but normalized with respect
to volume, area and length in the material frame.

The boundary of the reference body, 9<, is split in several disjoint Dirichlet and Neumann
sets as follows:

0Qy = 0 v aQl = Q) v aQk = 20T v Q). (2.125)

On the Dirichlet boundaries 8Qf)( , GQX and 0Q2, the deformation map x, normal derivatives
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of the deformation map )’ x, and electric potential ® are prescribed, respectively. On the
Neumann boundaries 9Q[, 9QF and 9Q", their respective work conjugate quantities are
prescribed, i.e. the surface traction, the surface double traction and the surface charge density.
The edges of the boundary of the reference body C are also split in Dirichlet in Neumann sets
as

Co=Clud, 2.126
0 0

depending on whether the deformation map or edge forces are prescribed. For simplicity, the
prescribed Neumann boundary terms and source terns are treated as dead loads, i.e. they do
not depend on y or .

The corresponding boundary and edge conditions are mathematically written as

X-X=0 onodQf, T(x,®)-T=0 on 8Qg; (2.127a)
a'x-V=0 onoQy, R(x,®)-R=0 onaQ¥; (2.127D)
®-B=0 onaQy, W(x,®)-W =0 onaoQ); (2.127¢)
Xx-X=0 onCf, Jx,®)-J=0 onCl; (2.127d)

where ¥, V and ® are the prescribed deformation map, normal derivative of the deformation
map and electric potential at the Dirichlet boundaries, and T, R, W and J are the traction,
double traction, surface charge and the line force fields prescribed on the Neumann boundaries.
The expressions T(y, ®), R(x,®), W(x,®) and J(x,®) will be derived later as a result of the
variational principle in Eq. (2.132).

Remark 2.9 (Deformation map or displacement field as the mechanical state variable). The linear
theory of flexoelectricity (cf. Section 2.2.2) is written in terms of the displacement field u,
whereas in the framework of finite deformations, the deformation map y is used. In fact, the
theory of flexoelectricity at finite deformations developed in the present Section can also be
written in terms of the displacement field u by writing the deformation map y as a function of
u as follows:

x(u)=1-X+u (2.128)

The deformation gradient is rewritten accordingly as

dui(X)

Fi(u) = §;
zI(u) i + aXI

, (2.129)

and so on for the rest of the kinematic tensors of the theory, as well as the boundary conditions.
Note that the variations dx = du, and hence writing the weak form in terms of u is trivial.
In this work, however, y is kept as the primary state variable to emphasize the conceptual
difference of the meaning of u in the two theories, and to emphasize the existence of the two
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frames y and X.

2.24.1.a Standard framework

Assuming that the functional spaces of the state variables fulfill Dirichlet boundary conditions,
inserting Eq. (2.123)-(2.127) into Eq. (2.122) leads to

H](;)ir)[x, (1)] _ HQO [X’ (I)] + HNeumann[X’ (I)], (2_130)
where
100l = [ (P00, &), B@) - B+ Qo) de, (21312)
0
HNeumann[X, (D] — / _Ti)(i dro
zior

+ / ~RioN y; dTy + Wodry + / ~J ix: dso. (2.131b)
QR a

Yy

The equilibrium states (x*, ®") of the body correspond to the saddle points in the enthalpy
potential fulfilling the following variational principle:

R . (Dir)
(', &) = arg min max Il . @I, (2.132)

with the functional spaces Xp and Pp having sufficient regularity and fulfilling Dirichlet
boundary conditions (2.127):

Xp = {x € [HX(Q0)]’ | x - X = 0 on 9Q} and on C}, and

a'x -V =00noQ}, (2.133a)
Pp = {® € H(Q) | ® - P = 0 0n Q5 }. (2.133b)
The weak form of the problem is found by enforcing 5Hg) D) — 0 for all admissible variations

ox € Xy and 5@ € Py, with

Xy 1= {8x € [H*(Q)]* | 6x = 0 on 9Qf and on C}, and 9} Sy = 0on 99 }, (2.134a)
Py := {6® € H(Qp) | 5P = 0 on 9Qg}. (2.134b)
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The weak form reads: Find (x,®) € Xp ® Pp such that, V(5x, 6®) € Xy ® Py,
S = 5,110 + GnISY

= / (§U5€U + 5[]1(5@[]1{ - ELéEL - E-S)(i + @5(1)) on
Qo

- / Ti5)(i dr() - / E,a(l)\]é)(l dr() - j,ﬁ)(i dSO + W&D dr(),
ool QR e

Yy
=0; (2.135)
where
(6D
SE = - ( ), (2.136a)
Xy,
Ay
OFy := @, (2.136b)
X1
~ *(Sy;
SFyy = ( X), (2.136¢)
0X;0X]
1
8¢y := 26Cy = symm (8Fu Fiy) (2.136d)
1j
- 1 — - -
0€;k = 50Cy K = symm (8FuFik + Fri6Fiyx ) - (2.136¢)
17

We have introduced the local second Piola-Kirchhoff stress §, the second Piola-Kirchhoff double
stress S and the local electric displacement D defined as follows:

R 9PEnth 8\PElaSt(C) 1 _

Sy(x, @) = 2¢, =2 aCy + JCmLiyEm <5€EL + llLABKQfABK) , (2.137)
- a\ijEnth . .
Syx(x, ®) = P hyykimn€imn = JCryEmpik, (2.138)

K
R a\i]El‘lth ) _
Di(x,®) = _TEL =JCx1 (EEK + ,UKUMGUM) ) (2.139)
with
20 (-JCy; P A o

CaBcp = 7 (aCc]jB) = (CAICCBID + CpeCap - CA}BCCID) . (2.140)

Analogously to the linear theory of flexoelectricity (see Section 2.2.2.1.a), Eq. (2.135) can
be integrated by parts and, by invoking the divergence and surface divergence theorems, the
strong form in Eq. (2.98) is recovered along with the following definitions of the physical
second Piola-Kirchhoff stress S, the nominal electric displacement D, the surface traction T, the
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double traction R, the surface charge density W and the edge forces J (Codony et al., 2020b):

S, ®) = Spy(x, ®) - Sk k (x, @)

= Za\P:l:It](C) - hiykiunCLun g + gchLI]EM €Ey +JCryEmk k. (2.1412)

Di(x,®) := Di(x. ®)
= JCxL (€Ex + pxipm@ipm) . (2.141b)
Ti(x, ®) := Fir [(Siy - SixynPrx) N + §UKNJK] ~ FiunPnkSix Ny, (2.141c)
Ri(x,®) := iIgUKN]NK, (2.1414)
W(x,®) := - DLNL, (2.141e)
Ji(x. @) := [[FuSyxMN]]; (2.141f)

where N, M, P and N are the analogues of the normal vector, conormal vector, surface
projection operator and second-order geometry tensor, as defined in Section 2.2.2, computed
in the reference frame Q.

Upon inspection, the second Piola-Kirchhoff stress tensor S in Eq. (2.141a) is composed
by four terms. The first two terms correspond to the classical and high-order mechanical
stresses, respectively. The third one corresponds to the total second Piola-Maxwell stress
tensor SM@Well This becomes evident by expanding it as

XWeE ] - - — — 1 — —
Smvelly <= S Gy EueEL = JF; Fy'e [(EMFMli) (EuF) - (BwFids) (BuFis) ésl-j] , (2.142)
and obtanining its spatial counterpart by using Eq. (2.94) and (2.95) as
1
gMaxwell . _ ¢ (e ®e- 5|e|21) . (2.143)

The last term corresponds to the total flexoelectricity-induced stress, and is analogous to
the term appearing in the linear theory of flexoelectricity, cf. Eq. (2.62), with an effective
flexoelectricity tensor (cf. Eq. (2.116)) depending on the deformation state.

The nominal electric displacement in Eq. (2.141b), in turn, is also analogous to the electric
displacement in the linear theory of flexoelectricity, cf. Eq. (2.60c), with effective dielectricity
(cf. Eq. (2.115)) and flexoelectricity tensors.

This model is illustrated and analyzed in Section 3.2.6 resorting to numerical computation of
a cantilever rod, which constitutes the simplest functional flexoelectric device. The successful
electromechanical modeling of flexoelectric devices at large deformations, including novel
physics such as electrostriction (based on the Maxwell stress effect) and novel electromechanical
mechanisms (such as mechanically and electrically-induced buckling) enables the rational
design of soft flexoelectric devices harnessing the intrinsic nonlinearities of the physics, which
are not present in former linear flexoelectricity models.
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2.2.4.1.b Nitsche’s method

Following Nitsche’s approach, and analogously to Section 2.2.2.1.b, the enthalpy functional
1" in Eq. (2.130) is modified as

1(Pin) [x.®] = HgDir) [x,®] + Nitsche [x, @], (2.144)

where ITNishe [y @] acts on the Dirichlet boundaries incorporating essential boundary condi-
tions in Eq. (2.127) weakly as follows:

[Nitsehe @] = /an (;ﬁx()(i—)(i)z— (- x,-)Ti(x,<1>)> o,
+/aszg(ﬁv(a°x’ 7)) = (-7 R >>olr0
+/an (_ﬂq’(@ 3) +(v-3)wr.o >dro
[ (5 e (oo

with the numerical parameters f, Bv, fo, fc, € R".

The variational principle associated to II®™ for the equilibrium states (x*, ®*) is

Ji(x, dl')) dso, (2.145)

(x",®") = arg r)?el)r(l max P [y, @], (2.146)

where P := H'(Qq), and X’ is the space of functions belonging to [H*(Q)] > with L?-integrable
third derivatives on the boundary 9.

The weak form reads: Find (x,®) € X ® P such that, V(5x,5P) € X & P,
5H(D1r) - 5uH(Dlr) + 5¢H(Dlr)
= / (§U5€U + §UK5@UK - EL5EL - E-5)(i + @5@) on
Qo

+ / T8 dT + / (G -7) (B6x - 8T:) - Tidy ) dry
Elor) a0

+/ ~RiaY 8y; dT, +/ <(3(])V)(i—vi) (Bvay Sy - SR;) —R,-aéV(S)(,-) dr,
a0k Qv

+ [ WedI + / ( — (@ - D) (Bp6D - SW) + W5c1>) dro

QCD

/ Tiodso [ (Go-) (o br-37) ~Jo) s

(2.147)
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with
0T (x, ¢; 0x,6®) := 5F; [(SI] - ~§IK],NPNK) Ny + SIJKNJK]
+ Fyr [(8S1; - 851k NPk ) Nj + 8Syx Njk |
— (8FinSixy + FiandSixy) Py Ny, (2.148a)
SR(x, ¢; 8x., 8®) := (8F;Syk + Fi8Syyx) NNk, (2.148b)
SW(x, ¢; 6x,09) :=- SDLNL, (2.148c¢)
8J(x. $; 5x. 6@) :=[[(8FuSiyx + Fr8Syx ) MyNk]]. (2.148d)

The expressions for §S(x, ¢; dx, D), 5§()(, ¢; dx, 6D), 5V§()(, ¢; 9x, 6®) and 6D(x, ¢; Sx, 5P)
are quite lengthy, and can be found in Appendix B.

2.3 On-going and future work

2.3.1 Legendre transform and variational model for Lifshitz-invariant
flexoelectricity at finite deformation

The Legendre transform at finite deformations presented in Section 2.2.3 for the direct flexo-
electric model can also be derived for the Lifshitz-invariant model, as done in Section 2.2.1.3
for infinitesimal deformations. The only relevant difference with respect to the infinitesimal
deformation framework is the appearance of additional terms in the enthalpy density arising
from the integration by parts of certain terms depending on the deformation state.

However, we did not investigated this line of research (yet) since, prior to modeling finite
deformations, the features and properties of the Lifshitz-invariant model (e.g. the appearance
of a boundary layer) should be completely understood at infinitesimal deformations, as well as
the appropriate numerical stabilization that is required (see Section 3.3.1) in order to properly
solve the boundary value problem.

2.3.2 Consideration of a dielectric surrounding media

In this work we only considered boundary value problems involving the flexoelectric material
being object of study. However, the media (typically air) surrounding it is also dielectric
(although not polarizable), and hence the electric potential is not confined to the material but
extends towards the surroundings. Rather than considering homogeneous electric Neumann
boundary conditions on the free surfaces, it may be more realistic to directly model the
surrounding medium as a dielectric, interacting with the solid by means of electrical interface
conditions, and prescribing Dirichlet or Robin boundary conditions far enough from the sample,
cf. Fig. 2.5. This issue becomes more relevant when considering soft materials with relatively
low dielectric constant (Thai et al.,, 2018, Yvonnet and Liu, 2017).
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Dirichlet BC SD Mechanical BC on 8 Qg

X =Xy on SD
applied dead load = t¢ on Sy

Electrostatic BC on ¢ V

Neumann BC SN E=§ on T'p

Vr k(€—&)-n-D—0yg=0 on T'p
Dirichlet BC [ 'y Robin BC I g

Mechanical and electrical boundary conditions are imposed on the reference configuration:
the deformation y =y, on Sp and a traction of t'is applied on Sy; the electric potential on
I'p is prescribed as & = &, and a Robin boundary condition is applied on I';. Here, Sp and Sy are
a subdivision of o2 while I'p and Iy are a subdivision of dVp.

Figure 2.5: Sketch of a flexoelectric material Qg embedded in a dielectric media Vg. Adapted from Liu
(2014).

2.3.3 Surface effects

In the context of flexoelectricity, boundary layers are usually attributed to surface piezoelec-
tricity (Liang et al, 2014, Shen and Hu, 2010, Yan, 2017, Zhuang et al, 2019, Zubko et al.,
2013), which is seen as a different electromechanical coupling between strains and polarization
developed at the boundary of the samples, coexisting with the bulk flexoelectric effect (see
Fig. 2.6). It is usually modeled by a zero-thickness layer at the boundaries, which leads to a
surface energy density contribution on top of the bulk energy density.

In the computational experiments reported in Section 2.2.2.3, however, boundary layers are
obtained from the Lifshitz-invariant form of flexoelectricity (cf. Fig. 2.3d), which is associated
to a purely bulk energy density. This finding suggests that there might exist a link between
surface piezoelectricity and bulk flexoelectricity explained, at least in part, by the Lifshitz-
invariant form of flexoelectricity. Moreover, note that the surface piezoelectricity and bulk
flexoelectricity tensors have the same units, further supporting this idea.

The exploration of surface effects and their relation to existing bulk flexoelectricity models
is a matter of author’s very recent and future research. The MSc. thesis of M. Dingle (Din-
gle Palmer, 2020), co-supervised by the author of this manuscript, takes the first steps in this
direction.
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| E, A
>0 >

Surface piezoelectricity. Upon bending, as shown on the left, the tensile/compressive strains in the
top/bottom surface layers give rise to a polarization P;_ in the piezoelectric surface layers of thickness .

Because the normal component of the electric displacement must remain constant, this surface polarization
gives rise to electric fields E; and thus to a polarization Pj, within the nonpiezoelectric bulk. The measured
average polarization of the whole structure therefore depends not only on the dielectric properties of the
piezoelectric surface layers but also on those of the bulk. The potential ¢ and field E profiles along the
sample thickness are shown on the right.

Figure 2.6: Surface piezoelectricity model. Adapted from Zubko et al. (2013).

2.3.4 Photoflexoelectricity

Photoflexoelectricity (Yang et al, 2018) is a very recent physical effect by which photovoltaic
energy conversion and flexoelectricity are combined. Traditional solar cells are based on the
photovoltaic effect, by which built-in semiconducting junctions induce an electrical current
in the presence of light (photons), and is usually manifested only in noncentrosymmetric
(piezoelectric or ferroelectric) semiconductors. However, it has been recently shown (Yang
et al., 2018) that any semiconductor (including the centrosymmetric ones, which do not feature
semiconducting junctions) under applied strain-gradients feature also a bulk photovoltaic
effect, thanks to the electromechanical interaction induced by flexoelectricity. This finding may
extend nowadays solar cell technologies by boosting the solar energy conversion efficiency
from a wide pool of established semiconductors.

Conversely, it has also been shown (Shu ef al., 2020) that the effective flexoelectric coeffi-
cients of semiconductors under a source of light are orders of magnitude higher than in the
dark, and much larger than those of traditional dielectric insulators, cf. Fig. 2.7.

This interesting phenomenon has been scarcely modeled and numerically solved, and is of
the interest of future research of this manuscript’s author.
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Flexoelectricity and photoflexoelectricity of halides and
comparison with other materials. a, Comparison between the

bending-induced polarization of MAPbBr; in the dark and with light.

b, Comparison of effective flexoelectric coefficients for different families of
materials. The physical mechanism is qualitatively different for each family:
bulk flexoelectricity in dielectrics, residual piezoelectricity in ferroelectrics
and barrier-layer polarization in semiconductors.

Figure 2.7: Photoflexoelectric effect. Adapted from Shu et al. (2020).
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2.4 Concluding remarks

The continuum modeling of flexoelectricity has been reviewed. The relation between the
energy and enthalpy forms of the Direct and Lifshitz-invariant flexoelectricity models has
been clarified, as well as the relation between the material tensors of each. The effect of
considering the gradient polarization term has been derived and discussed, leading in general
to flexoelectric models that are not equivalent due to the modification of the Maxwell-Faraday’s
equation that states the irrotationality of the electric field.

The relation between the energy and enthalpy forms of the Direct flexoelectricity model has
also been analyzed in the framework of finite deformations. We propose the first flexoelectric
model at finite deformations coupling strain gradients and electric polarization by means of a
fully Lagrangian flexoelectric tensor, analogous to that of infinitesimal deformations, leading
to an objective energy potential by construction.

The direct and Lifshitz-invariant flexoelectricity boundary value problems have been
compared in infinitesimal-deformation cantilever benchmark setups. The latter presents a
higher flexoelectricity-induced stiffening of the beam, and features a boundary layer where
the electric field behaves differently than in the bulk.

Based on the enthalpy forms of the direct and Lifshitz-invariant flexoelectricity models, the
associated variational principles and boundary value problems have been derived accounting
for strong or weak enforcement of Dirichlet boundary conditions. As a difference from other
works in the literature, the contributions at the edges of the boundary arising from the 4th-
order PDE have been taken into account, which is essential to maintain the self-consistency of
the formulation.

The modeling presented in this Chapter is considered in Chapter 3 to solve the associated
boundary value problems by means of numerical methods.
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Numerical solution methods

3.1 State of the art

The equations of flexoelectricity can only be solved analytically in very simple settings, such
as simplified Euler-Bernoulli (Baroudi and Najar, 2019, Deng et al., 2014a, Liang et al,, 2014)
and Timoshenko beam (Zhang et al, 2016a) models. Otherwise, it is necessary to resort to
computational flexoelectricity. We refer to Zhuang et al. (2020) for a comprehensive review on
computational approaches to solve flexoelectricity boundary value problems.

The major challenge is to handle the C! continuity of the state variables required by the
fourth-order PDE system. To address this, several numerical alternatives have been proposed,
such as mesh-free approximations (Abdollahi and Arias, 2015, Abdollahi et al.,, 2015a, 2014,
2015b, Zhuang et al., 2019), isogeometric analysis (Ghasemi et al., 2017, 2018, Hamdia et al.,
2018, Nanthakumar et al, 2017, Nguyen et al,, 2019, Thai et al., 2018) and C' Argyris triangular
element approximation (Yvonnet and Liu, 2017). Another family of numerical methods are
those circumventing the C! continuity requirement by introducing additional variables, such as
mixed formulations (Deng et al, 2018, 2017, Mao et al, 2016), or those based on micromorphic
theories of continua (McBride et al, 2020, Poya et al, 2019). Recently, a few works report
the application of these methods to large deformation flexoelectricity (McBride et al., 2020,
Nguyen et al.,, 2019, Poya et al, 2019, Thai et al., 2018, Yvonnet and Liu, 2017, Zhuang et al,
2019).

The aforementioned numerical approaches have some limitations or drawbacks, as listed

below:

« Difficulty to handle arbitrarily shaped geometries. On the one hand, the isogeo-
metric analysis is based on a conforming discretization by means of B-spline or NURBS
patches, which have rectangular shape in 2D (cuboidal shape in 3D). This approach
has been typically considered to model flexoelectric beams and trapezoidal shapes, but
cannot handle arbitrary geometries.
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On the other hand, mesh-free methods are convenient to discretize convex geometries.
However, it is in general difficult to approximate more complicated geometries with
internal holes or multiple features.

Difficulty to mesh arbitrarily shaped geometries. The C' Argyris element, mixed
finite elements and micromorphic approaches rely on an unstructured mesh partitioning
the domain of interest. The generation of the mesh is not trivial, specially in 3D, and it
can be the bottleneck of the computation for complex enough geometries.

Limited or suboptimal error convergence rates. Some of the aforementioned
methods present limitations regarding the error convergence rates. On the one hand, the
mesh-free approximations have a limited L, error convergence of order O(h?). Both the
compactly supported radial basis function (CSRBF) shape functions presented in Zhuang
et al. (2019), which can have C? or C* continuity, and the C*-continuous local maximum-
entropy (LME) mesh-free approximants from Abdollahi et al. (2014), span functional
spaces with C! consistency. Namely, they can exactly reproduce linear functions only.
Since the flexoelectricity equations depend on the approximation of the strain gradients,
a C!-consistent approximation space is not sufficient to ensure systematic convergence

upon mesh refinement.

On the other hand, the C! Argyris element present in Yvonnet and Liu (2017) is C?-
consistent, yielding approximations with L, error convergence of O(h*). However, the
convergence rate cannot be systematically increased.

Large computational cost. In contrast to approximations built on top of a mesh,
the mesh-free methods require an intermediate step consisting on the computation
of the basis functions themselves. This step yields an increase in the computational
cost, specially if the aforementioned process is iterative. Moreover, richer numerical
quadratures are usually required since the resulting basis functions are not polynomial.

Another substantial increase in computational cost in mesh-based methods is due to
having a large number of degrees of freedom per element. This is the case of C! Argyris
element, mixed finite elements and micromorphic theories of continua.

Poor scalability. A typical feature of mesh-free methods, specially those with non-
compact basis such as the LME approximants in Abdollahi et al. (2014), is that the basis
functions overlap with a large number of other basis functions, yielding a system matrix
with a large fill-in and with an unstructured sparsity pattern. These facts deteriorate
the scalability and parallelization of the method in terms of constructing and solving
the algebraic system of equations.
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3.2 Main contributions

In view of the limitations and drawbacks of current numerical approaches present in the
computational flexoelectricity literature, an alternative approach based on immersed boundary
B-Spline approximation is proposed here. This approach circumvents the limitations of other
methods, at the expense of dealing with unfitted meshes and smooth, non-interpolant dis-
cretizations of the state variables. Moreover it requires enforcing essential boundary conditions
weakly by adding some integral terms in the weak form.

The developed computational framework is introduced in Section 3.2.1. An overview of
body-fitted B-spline approximation is given in Section 3.2.2, since it is itself a useful method
for simulating flexoelectricity in rectangular or cuboidal domains. The extension to handle
arbitrarily shaped geometries, i.e. the immersed boundary B-spline method, is presented
in Section 3.2.3. The remaining Sections of this Chapter make use of the aforedescribed
numerical methods to solve different flexoelectricity boundary value problems of practical and
engineering interest.

Section 3.2.4 shows a three-dimensional simulation of a conical semicircular rod under
torsion that can be used to characterize the shear flexoelectric coefficient.

Section 3.2.5 presents the sensing electrode boundary conditions and uses them towards
the design of scalable flexoelectric sensors working under an applied rotation.

Section 3.2.6 shows the numerical strategy used to solve flexoelectricity boundary value
problems at large deformations, which yield a nonlinear system of equations. The approach is
illustrated by studying the response of soft flexoelectric rods, which constitute the simplest
functional flexoelectric devices, under mechanically- or electrically-induced bending and
buckling states. The rich interplay between flexoelectricity, electrostriction and geometrical
instabilities is thoroughly analyzed.

Finally, Section 3.2.7 extend the previous approach for large deformations to arbitrarily-
shaped soft flexoelectric devices, which requires introducing unfitted discretization and
Nitsche’s method to the nonlinear problem. The method is used to compute the response of a
flexoelectric sensor composed by periodically-arranged collective-beams. The device works
under compression, while the inner beams composing it activate the flexoelectric effect by

buckling.

3.2.1 iHB-FEM computational framework

The numerical approach proposed in this Chapter presents many particularities that preclude
its implementation within standard commercial finite element-based libraries. Hence, an
in-house computational framework has been implemented from scratch. It is named iHB-FEM,
which stands for Immersed boundary hierarchical B-splines framework for electromechanics.
Despite its name, its functionalities have been extended in various ways, and it currently
allows body-fitted approximations in Cartesian domains, as well as other physical problems
than electromechanics. The framework is able to handle 2D and 3D problems.
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The code is written in Matlab (MATLAB, 2015), and it makes use of certain precompiled C
libraries and advanced vectorization features that result in a good efficiency and reasonable
scalability for an interpreted language. It belongs to the FLEXOCOMP group lead by prof. Irene
Arias, and has been mainly developed and maintained by this manuscript’s author with
the help of Dr. Onofre Marco as a postdoctoral researcher. Its modularity, readability and
documentation allow for a relatively easy hands-on for PhD students, master students and
other researchers to use it and extend their features and capabilities. Remarkable contributions
towards the implementation of new functionalities, testing and documentation are attributed
to Jordi Barcel6-Mercader, Alice Mocci and Hossein Mohammadi, current PhD students in the
FLEXOCOMP group. Also, several students have used it for their master’s thesis, introducing
new physics and features. This is the case of Monica Dingle (Dingle Palmer, 2020) and Sergi
de la Torre (De La Torre Israel, 2020).

The most essential features of the computational framework are reported in Codony et al.
(2019).

3.2.2 Body-fitted B-spline approximation

The B-spline approximation in conforming (or body-fitted) meshes is a simple enough method
to successfully resolve the flexoelectricity equations in a smooth approximation space. It can
only be used to discretize rectangular (or cuboidal) geometries, and therefore is suitable for
the study of flexoelectricity in cantilever beams. Moreover, in practical terms, it is also useful
to test the implementation of different continuum models before implementing them within
the immersed boundary framework.

3.2.2.1 Uniform B-Spline basis

B-spline functions (de Boor, 2001, Piegl and Tiller, 2012, Rogers, 2001) are smooth piece-wise
polynomials with minimal (compact) support. Being p the polynomial degree, they are by
construction C?~-continuous throughout the domain, and therefore can be used as basis for
the smooth approximation and interpolation of functions.

Let us consider a uniform B-spline basis. The univariate uniform B-spline basis of degree
p consisting of n basis functions is defined on the unidimensional parametric space ¢ € = =
[0, n + p] in terms of the uniform knot vector k = [ko, k1, k2, ..., knsp] = [0,1,2,3,...,n+ p]. The
i-th function of this basis is defined recursively as (de Boor, 2001):

1 ki<&<kin
0 otherwise . (3.1)

'f— ki -1 ki+p+1 - ‘f -1
BP(§) = =——BF L ()
1(5) ki+p _ ki i (5) + ki+p+1 _ ki+1 i+1 (g)’

BI(E) = {

B-Spline basis are smooth (C?™!), positive-valued functions with compact (p + 1) support,
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B(?) B2(¢) B(©) B(©)
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0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
(a) Linear (p = 1) (b) Quadratic (p = 2) (c) Cubic (p = 3) (d) Quartic (p = 4)

Figure 3.1: First univariate B-spline basis function Bg (&) of degree p. Figure adapted from Codony et al.
(2019).

and they form a partition of unity. They are explicitly evaluated and exactly integrated by rich
enough numerical quadratures, thanks to their piece-wise polynomial nature. However, they
do not satisfy the Kronecker delta property (except for the trivial case p = 1).

Due to the uniformity of the knot vector, the i-th B-spline function can be expressed as a
translation of the first (0th) one as B{-J (&) = Bg (& - ). Figure 3.1 shows the function Bop (&) of
the basis for degrees p = {1,...,4}.

In the D-dimensional space, the i-th B-spline function B! (£) of a D-variate B-spline basis
(where i is the D-variate index [ij, ..., ip]) is defined as the tensor product of D univariate
B-spline functions as

D
B(&) =B, (&,... &) = [[ Bl with ig=0,...,n4-1, (3.2)
d=1

which is defined on the D-dimensional parametric space £ € = = [0, n; + p] ® - ® [0, np + p].
Therefore, the parametric space is a hyperrectangle (e.g. a rectangle in 2D or a cuboid in 3D)
defined globally on a D-dimensional Cartesian grid, in contrast with traditional Lagrangian
basis present in standard FEM implementations, whose parametric space is defined element-

wise.

3.2.2.2 Approximation of the state variables

In order to use B-Spline basis (defined in the parametric space Z) to approximate the state
variables u and ¢ (defined in the physical space Q), let us define the geometrical map

Q:=2—0Q

3.3
£ — x = 9(&), 3
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which maps a given point £ € E in the parametric space to a given point x € Q in the physical
space. The basis functions N(x) € Q are defined as N = [B? - ¢ '], in such a way that

[u(x)]y = [uh(x)]d = ZNi(x)auid = ZBf(é’)a“id, d=1,..,D; (3.4a)
P(x) = "(x) = 3, Nilx)a’s = 3’ B(£)a"s (3.4b)

where {a", a®} are the degrees of freedom (known as the control variables in B-spline nomen-
clature) of the approximations u"(x) and ¢"(x). Since B-spline bases do not satisfy in general
the Kronecker delta property, the control variables do not necessarily take the value of the
interpolated function at any point, and therefore one should not think of them as “nodal values”
as in standard FEM.

Typically, the map @(£) is expressed as the interpolation of a discretization of the physical
space, namely:

[(&)]4 = Z Si(&)Xias d=1,..,D; (3.5)

where S(&) are the basis functions for the interpolation of the geometry, and x are points on
the physical space defining the map (known as the control points in B-spline nomenclature).
Different choices of S(&) and x are possible. However, since N(x) must maintain the C?!
continuity of B-Spline basis, $(£) must be C?~!-continuous too, and the most natural choice is
S(&) := BP(£). This choice is typically known as Isogeometric (Hughes et al, 2005) when ¢(&)
represents an exact interpolation of the geometry Q.

Therefore, the geometrical map x = (&) is globally defined, in contrast with traditional
FEM implementations, where it is defined element-wise. This implies that a conforming (or
body-fitted) discretization of Q must be homeomorphic to the parametric space =, i.e. Q must
be homeomorphic to a hyperrectangle. This requirement on Q is circumvented in Section 3.2.3
by means of the Immersed boundary method, where a non-conforming (or unfitted) Cartesian
discretization of Q is considered instead, allowing Q having any arbitrary shape.

However, in the particular case of Q being a hyperrectangle, a conforming discretization can
be directly considered, leading to a uniform Cartesian grid made of cells of size {h; x -+ x hp}.
In such a case, the global geometry interpolation in Eq. (3.5) is equivalent to a local (cell-wise)
linear mapping

D
P(E) = %5+ > hafeq (3.6)
d=1

being x; the first corner of the cell ¢, and £ ‘e [0,1] ® - ® [0, 1] the cell-wise parametric space.
The CP~!-continuity of N(x) is not compromised thanks to the uniformity of the mesh. The
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Jacobian of the geometric mapping turns out constant and diagonal, i.e.

b hy 0 0
J =Vog( )= eseeshg=| 0 ~ 0 |, (3.7)
d=1 0 0 hp

namely a scaling of the parametric space along each Cartesian direction. This simple expression
is convenient for numerical computations, specially to compute the (high-order) gradients of
the basis functions in Q, since the tensor product structure of the basis is preserved, e.g.

VENi(x) = VLB 7 1(x) = VEBI(OT) = by (agj £(6)) 12, B, ) (3.82)

y? (F2B(&) 12, B, it j=k

VA Vx~Ni = e =
e [75N] (0 e (2B08) (5285 gk)Hd#Bu(fd if )k

(3.8b)

and so on.

3.2.2.3 Interpolant basis on the boundary: Open knot vectors

As previously mentioned, B-spline bases do not satisfy in general the Kronecker delta property,
which implies they are not interpolant at the boundaries. In order to enforce boundary
conditions in a strong way, the basis can be modified by knot multiplicity, as illustrated
in Fig. 3.2. Let us consider a univariate basis of degree p = 2 with uniform knot vector
k =1[-2,-1,0,1,2,3,4,5,6,7,8], cf. Fig. 3.2a. Since knots are unique, each of them have a
multiplicity m = 1. By repeating a knot, its multiplicity is increased to m > 1, and in turn the
continuity of the B-Spline basis at that knot is decreased to CP~™. In the previous example, the
knot ks = 3 is repeated (cf. Fig. 3.2b), yielding a knot vector k = [-2,-1,0,1,2,3,3,4,5,6,7, 8].
The modified basis is C!-continuous along the whole parametric space, except at £ = 3 where
its continuity is decreased to C°. Note that the new basis has one extra degree of freedom.

A special case is that of open knot vectors, where knots at both ends have multiplicity m = p+ 1.
In such a case, continuity at the boundaries is reduced to C™! (i.e. discontinuous), yield-
ing a boundary-interpolant (or open) basis suitable to enforce essential boundary condi-
tions strongly. This is illustrated in Fig. 3.2c, which corresponds to the knot vector k =
[0,0,0,1,2,3,4,5,6,6, 6], where both ends have multiplicity m = 3.

In open univariate bases, the control variables corresponding to the first and last basis
functions can be directly prescribed with the value of the boundary condition. In open
multivariate bases, the values of the control variables on the boundary are computed by means
of the L, projection of the boundary condition onto the space spanned by the corresponding
B-spline basis functions.
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(a) Uniform B-Spline basis (b) Knot at £ = 3 with multiplicity m = 2
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(c) Open B-Spline basis (m = 3 at the boundaries)

Figure 3.2: Modification of a B-Spline basis of degree p = 2 by means of knot multiplicity

3.2.3 Immersed boundary B-spline approximation

As discussed in Section 3.2.2.2, the geometric map x = @(&) is global, which implies the domain
Q must be homeomorphic to the parametric space (a hyperrectangle). Since arbitrarily-shaped
geometries are not allowed, the applicability range of the method is drastically reduced. In
order to circumvent this requirement on Q, we consider the immersed boundary method, also
known as the embedded domain method (Mittal and Iaccarino, 2005, Peskin, 2002). The main
idea consists on extending the physical domain Q to a larger embedding domain

Q = {QUQﬁct|QgQD} (3.9)
with hyperrectangular shape. The geometrical map in Eq. (3.3) is redefined as

Q= —Q

3.10
£ — x = ¢(f), 10

which is independent on €, and hence arbitrary geometries are allowed. The basis functions
N(x) € Qg are now defined in the embedding domain, which is discretized by means of a
uniform Cartesian grid as Q; = |, QF, cf. Fig. 3.3a. Hence, the simplifications in Eq. (3.6)-(3.8)
also hold here, i.e. the Jacobian of the geometric map remains diagonal and constant throughout
Qp, preserving the tensor product structure of multivariate bases and corresponding spatial
gradients.

The physical boundary 0Q is allowed to intersect the cells QF of the embedding mesh
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Figure 3.3: 2D sketch of the immersed boundary method. (a) Physical domain Q (red) immersed in the
discretization of the embedding domain Qg = Q u Qg (grey); outer cells are not depicted, (b) detail of
an inner cell QF € T and (c) detail of a cut cell QF € C. Figure adapted from Codony et al. (2019).

arbitrarily, leading to a unfitted discretization of Q. Cells in Qg are classified into three different
sets Z, C and O, depending on their intersection with the physical domain Q:

i) T :={QF : QFf c Q}, the set of inner cells which remain uncut within the domain
(Fig. 3.3D),

ii) C :={QFf : Qf ¢ Qand QF n Q # @}, the set of cells cut by the boundary (Fig. 3.3c),

iii) O = {QFf : Qf n Q = @}, the set of outer cells, which are neglected.

Cell classification is usually accomplished by checking whether all vertices of each cell (and
possibly more points within the cell) lie within the domain Q (inner cell), only part of them
(cut cell) or none of them (outer cell). In the case of implicit boundary representation (e.g. level
set approaches) it is enough to evaluate the level set function on the evaluation points (see
Fries (2016), Fries and Omerovi¢ (2016), Kudela et al. (2016), Legrain et al. (2012)). For explicit
boundary representation (e.g. CAD descriptions), ray-tracing procedures are required, as
explained in Marco et al. (2017, 2015). In this work we restrict ourselves to explicit boundary
representation by means of NURBS surfaces in 3D and NURBS curves in 2D.

Immersed boundary methods permit considering arbitrary geometries and involve trivial
mesh generation, at the cost of having to deal with a non-conforming discretization. The main
challenges are enforcing essential boundary conditions, defining a good-enough numerical
integration on cut cells and alleviating ill-conditioning produced by degrees of freedom with
small intersection with Q. The former is solved by enforcing essential boundary conditions
in weak form, by means of Nitsche’s method, as explained in Sections 2.2.2.1.b, 2.2.2.2.b and

2.2.4.1.b. The latter are commented in next Sections.
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3.2.3.1 Cut-cell integration

Bulk integrals are numerically performed in each cell, i.e. inner ones Qf € T and also the
physical part of cut ones Qf n Q, for QF € C (see Fig. 3.3b and 3.3c). Standard cubature rules
(Witherden and Vincent, 2015) apply for the former, but not for the latter which can have
arbitrary shape. To this end, the physical part QF n Q of every cut cell QF € C is divided into
several non-overlapping sub-domains (e.g. cuboids or tetrahedra in 3D, triangles or trapezoids
in 2D) which are easily integrated, cf. Fig. 3.4. To sub-divide cut cells we rely on the marching
cubes algorithm (Lorensen and Cline, 1987, Marco et al., 2015), which splits each cell into
several conforming tetrahedra (or triangles in 2D), although other conforming (Fries, 2016,
Kudela et al, 2016) or non-conforming (Diister et al, 2008, Schillinger and Ruess, 2015)
subdivision schemes are also possible. Boundary integrals are similarly performed on each
corresponding sub-domain boundary, as well as integrals on the boundary of the boundary of
Q (as sometimes required in three-dimensional fourth-order PDE).

e O,

\ / % T T
Numerical
Cut cell S quadrature

Figure 3.4: Conforming sub-division of cut cells to perform numerical integration.

Note that integration sub-domains in contact with the physical domain boundary 9Q might
have curved faces or edges in the case 9Q is not flat. Hence, a linear cell-wise approximation
of the geometry leads to a geometric error of order 2 which might spoil the optimal (higher-
order) convergence of the method. Therefore, cell-wise polynomial approximations of the
geometry of degree p are required in general. Alternatively, we exploit the explicit NURBS
representation of the geometry by resorting to the NEFEM approach (Legrain, 2013, Sevilla
and Fernandez-Méndez, 2011, Sevilla et al, 2008, 2011a,b) which captures the exact geometry
without the need of any polynomial approximation (Marco et al., 2015).
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3.2.3.2 Cut-cell stabilization

The discretization of boundary value problems with immersed boundary B-spline basis leads to
an algebraic system of equations for the control variables associated to the approximated fields.
This system suffers from ill-conditioning (namely a large condition number) in the presence of
cut cells with a small portion in the domain, i.e. when the volume fraction n° = |[QnQ|/|Q¢| « 1
for some QF € C. lll-conditioning arises basically due to: i) basis functions on the trimmed cell
having very small contribution to the integral terms, and ii) basis functions being quasi-linearly
dependent on the trimmed cell (de Prenter et al., 2016). According to a detailed investigation
on ill-conditioning of immersed boundary methods present in de Prenter et al. (2016), the
condition number in second order elliptic problems scales with the minimum volume fraction

Nmin = Min. (7.) at a rate of ryr_rflzf *172D) which implies that ill-conditioning is more severe for
high-order basis. A similar behavior is expected (and confirmed by numerical experiments,
cf. Fig. 3.6) for the case of flexoelectricity (coupled fourth-order elliptic PDE).

Several strategies have been proposed to alleviate ill-conditioning of trimmed cells, such
as the ghost penalty method (Burman, 2010), the artificial stiffness approach (Diister et al.,
2008, Schillinger and Ruess, 2015), the extended B-spline method (Hollig et al, 2012, 2001,
Riiberg and Cirak, 2012, Riiberg et al., 2016) or special preconditioning techniques specifically
designed for immersed boundary methods (de Prenter et al., 2016), among others.

For uniform meshes, the extended B-spline approach by Hoéllig et al. (Hollig et al., 2012,
2001, Ruberg and Cirak, 2012, Riberg et al., 2016) is considered, due to its simple form and good
performance. The main idea consists on removing the critical basis functions (the ones with
smaller intersection with Q) from the approximation space and extrapolating well-behaved
basis functions from neighboring cells towards the cut cell. Fig. 3.5 illustrates this process for
the univariate case. The modified basis has less degrees of freedom, but the condition number
and error converge rates are equivalent to those of body-fitted (untrimmed) methods (Hoéllig
et al., 2001). The extended B-spline basis stabilization can be easily implemented as a linear
constraint on the approximation space of cut cells based on the uniform Cartesian structure of
the discretization (Hollig et al,, 2012, 2001, Riuberg and Cirak, 2012, Riberg et al, 2016).

The use of the extended B-spline approach to hierarchical meshes (see Section 3.2.3.3) fol-
lows the same idea but involves a more sophisticated implementation. For the sake of simplicity,
we stabilize hierarchical meshes by means of a simple diagonal scaling preconditioning.

To illustrate the effectiveness of the extended B-Spline stabilization technique, we consider
the direct flexoelectricity boundary value problem in Section 2.2.2.1.b and evaluate the condition
number of the resulting system matrix as a function of the minimum volume fraction #yin
of several unfitted discretizations. Inspired by the experiment in de Prenter et al. (2016), we
consider a background Cartesian mesh of square cells of size h = 0.0915. A square domain
with a circular hole is considered, i.e. Q = (-1, 1)%\B((0,0), 0.5), as depicted in Fig. 3.6a. To
create different discretizations yielding different 5y, the domain Q is gradually rotated 8
about the origin, from 0 to 7/4 in a sequence of 100 steps, while the background mesh remains
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Figure 3.5: Extended B-spline approach on a univariate mesh of degree p = 2. Originally (top), the
functional space on the trimmed cell Q2 € C is spanned by two well-behaved B-splines B3(£), B%(¢)
and a critical B-spline B2(¢). In order to alleviate ill-conditioning of the present functional space
(bottom), the critical basis BZ(£) is removed, and the basis functions B%(¢), B3(£) and B3(£) spanning
the functional space of the nearest inner cell, i.e. Q% € I, are extrapolated (or extended) towards the cut
cell Q2. The resulting functional space is spanned by the extended basis functions {Bg(f), §§(§ ), Bi(f)},
instead of the original ones {BZ(¢), B%(f), B(&), Bg(f)}. Mathematically, the extended set is a linear
combination of the original one, and the corresponding coefficients can be systematically computed for
any polynomial degree p (Hollig et al, 2012, 2001, Riiberg and Cirak, 2012, Ritberg et al., 2016).

fixed. First order Dirichlet and second order homogeneous Neumann boundary conditions
are considered at the boundaries 9, with Nitsche’s normalized penalty parameters { = 100.
The condition number of the system matrix that arises from the discretization is computed by
means of the condest routine from Matlab (MATLAB, 2015).

Fig. 3.6b and 3.6¢ show condition numbers as a function of 7y, for spline degrees p = 3
and p = 4 respectively. The original approximation space yields arbitrarily large condition
numbers, scaling at a rate of 2p with respect to minimum volume fraction, revealing a similar
behavior to that of second order PDE, cf. de Prenter et al. (2016). Therefore, the numerical
results are untrustworthy and the need for an ill-conditioning alleviation strategy becomes
apparent. On the one hand, the extended B-spline stabilization technique is very effective,
yielding constant condition numbers regardless of the minimum volume fraction of the mesh.
Therefore, it leads to robust simulations and trustworthy results in this sense. On the other



3.2 Main contributions 87

(a) Rotated domain within an unfitted background mesh.
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(b) Cubic spline mesh (p = 3). (c) Quartic spline mesh (p = 4).

Figure 3.6: Condition number against the minimum volume fraction using different cut-cell stabilization
techniques.

hand, the simple diagonal scaling technique reduces the condition numbers but is not as
effective as the extended B-spline stabilization, producing a relatively large scatter in the
results.

3.2.3.3 Local mesh refinement: Hierarchical B-splines

Hierarchical B-spline refinement was first introduced by Forsey and Bartels (Forsey and
Bartels, 1988). It can be understood as a technique for locally enriching the approximation
space by replacing selected coarse B-splines (parents) with finer ones (children). It is based on
a remarkable property of uniform B-splines: their natural refinement by subdivision. For a
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uniform univariate B-spline basis of degree p, the subdivision property leads to the following
two-scale relation (Zorin, 2000):

£ aet 1/p+1 27P(p + 1)!
Y Doy o o . _1(p _ 2P+ 1)t
Bi(g)_;szi(zg J) = ]zz:, Bl(é), with s = ZP( i )_j!(p+1—j)!’ (3.11)
wheref 1= 2¢.

In other words, a B-spline function B(¢) can be expressed as a linear combination of
contracted, translated and scaled copies Bf (59) of itself (Schillinger et al., 2012), as illustrated in
Fig. 3.7 for B-splines of different polynomial degree p. The extension to higher dimensions is
trivial by means of the tensor product of univariate bases.
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(a) Linear (p = 1).  s' = 1[1,2,1] (b) Quadratic (p = 2).  s* = 1[1,3,3,1]
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(c) Cubic (p =3). s* = 1[1,4,6,4,1] (d) Quartic (p = 4). ' = £[1,5,10,10,5,1]

Figure 3.7: Two scale relation of a univariate B-spline basis function Bg (&) of degree p. Top: Original
(parent) B-spline. Bottom: The j-th children B-spline basis, j = {0,...,p + 1}. Figure adapted from
Codony et al. (2019).

A hierarchical B-spline basis is defined from a uniform B-spline basis by replacing some
basis functions with their corresponding children (see Fig. 3.8). This process can be performed
recursively, leading to a parent-children hierarchy spanning several levels of refinement.

In a hierarchical B-Spline framework, cell refinement translates into some basis functions to
be refined. The change of focus from cell refinement (as in conventional FE) to basis refinement
is the key point, which allows maintaining the smoothness of the functional space. There exist
different hierarchical refinement strategies, depending on the relation between cells and basis
to be refined (Bornemann and Cirak, 2013, Kraft, 1997, 1995, Schillinger et al., 2012, Vuong
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Figure 3.8: Hierarchical refinement of a quadratic (p = 2) bivariate B-spline basis. (a) Uniform mesh;
B-spline basis function Bg,l(gl, &) (blue) is selected for refinement. (b) Hierarchical mesh; basis function

B} (£ &) is replaced by their 16 children B?(é. &) (blue), ¥{i.j} = {4,5,6,7} ® {2,3,4,5}. Figure
adapted from Codony et al. (2019).

et al., 2011). Each of these implies a certain number N of cells in the neighborhood of the
target cell that will also be refined, since the basis functions span p + 1 cells per dimension.

A good strategy combining efficiency and ease of implementation consists on refining the
B-Spline bases whose support center lies inside the cells to be refined (Bornemann and Cirak,
2013). This strategy leads to a refinement neighborhood of N = [p/2] cells. Note that refining
all non-vanishing B-Splines within a cell would lead to an unnecessary larger refinement
neighborhood of N = p. Fig. 3.9 illustrates the hierarchical mesh refinement concentrated
around a predefined line (black dashed) up to 5 different levels of hierarchy.

The implementation of hierarchical B-Spline basis can be made as efficient as that of uniform
basis by means of the subdivision projection technique, cf. Bornemann and Cirak (2013). In a cell
spanning several levels of refinement, the integrals arising from the discretization of boundary
value problems can be computed at the finest hierarchy level only, and then projected to the
corresponding coarser levels during the assembly process, thanks to the two scale relation. This
procedure avoids dealing with degrees of freedom from different hierarchy levels, facilitating
the implementation of hierarchical refinement on a pre-existing B-Spline-based code.
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(a) Domain to be discretized (b) Starting uniform mesh (c) Final hierarchical mesh

Figure 3.9: Hierarchical discretization of a domain for a B-Spline basis of degree p = 1 or 2. Refinement is
required along the black dashed line. Starting from a uniform mesh, the cells overlapping the refinement
zone are recursively refined. The neighboring cells at a (L) distance N = [p/2] = 1 are also forced to be
refined. Each color represents a different level of hierarchy.

3.2.4 Application to the characterization of shear flexoelectricity

As pointed out in Section 1.2.2, the shear flexoelectricity coefficient can be measured by a
conical rod with semicircular cross section under torsion (Mocci et al.,, 2020), where a net
angular polarization arises thanks to the longitudinal variation of the cone radius. In this
Section we inspire in this setup to validate our formulation and implementation. This example
is extracted from Codony et al. (2019).

Figure 3.10a shows the geometrical model of the conical semicircular rod, with a length of
100 pm, oriented along the x axis. The radii of the semicircular bases are 26.3 pm and 7.5 pm,
and their centers are located at xp = (0, 0,0) pm and x, = (100, 0, 0) pm.

The larger semicircular basis is clamped and grounded, and torsion is enforced at the
opposite basis by prescribing the displacement field. The corresponding boundary conditions

are:
Uy =uy=u, =0 at x=0 (larger basis and its perimeter), (3.12a)
uy, =-az at x =100 pm (smaller basis and its perimeter), (3.12b)
u;=ay at x=100pum (smaller basis and its perimeter), (3.12¢)
$=0 at x=0, (3.12d)

where « is the tangent of the prescribed torsional angle.

The mechanical response of the rod is composed by several effects, including non-constant
twisting (in-plane rotation) and warping (out-of-plane displacement). Without going into the
details, one can think of the rod undergoing &,y and &, shear strains varying along the x
direction, hence triggering the shear flexoelectric effect along the y - z plane.
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(a) Geometrical 3D model (b) Unfitted uniform B-spline mesh

(c) Shear flexoelectric coupling (d) Full flexoelectric coupling

Figure 3.10: Conical semicircular rod under torsion. (c) and (d) (top) show the electric potential over
the deformed shape of the rod (x10 magnification) after torsion. (c) and (d) (bottom) show the electric
potential distribution in the cross section at y = 90.5 pm.

Numerical simulations are performed with a cubic (p = 3) trivariate B-spline basis on
an unfitted uniform mesh of cell size 1.778 pm (see Fig. 3.10b). The prescribed torsion is
set to a = 0.1, which corresponds to a counterclockwise torsion of about 5.7°. The material
constants are set to match those of barium strontium titanate, a strongly flexoelectric ceramic,
in its paraelectric phase. That is, a Young modulus Y = 152 GPa, Poisson ratio v = 0.33,
fmech = 10 pm, € = 11 nC/(Vm) and pg, = pr = pis = 121 pC/m.

In order to isolate the shear flexoelectric effect, two simulations are performed. In the first
one, only the shear flexoelectric coefficient is taken into account, namely i, = pr = 0, whereas
in the second one the complete flexoelectricity tensor p is considered.
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The numerical results are shown in Fig. 3.10c and 3.10d. The electric potential takes
positive values for y > 0 and negative values otherwise, being more prominent near the
free end. An effective electric field arises in the polar direction contained in the y - z plane,
which can be readily seen by plotting the electric potential in a cross section of the rod. This
distribution allows to measuring the electric potential difference between both sides of the rod,
and therefore can be used to quantify the shear flexoelectric coefficient (Mocci et al., 2020).

Results do not vary much by considering or disregarding the longitudinal and transversal
coefficients of the flexoelectric tensor (see Fig. 3.10c vs 3.10d). In order to quantify it, the
voltage difference at the corners of the cross sections, namely at x, = (90.5, 9.265, 0) pm and
x_ =(90.5,-9.265,0) um, is evaluated for the two cases, yielding

¢Shear(x+) _ ¢Shear(x_) = 22.92V,
¢Full(x+) _ ¢,Fu11(x7) = 22.28V,

which shows that considering the longitudinal and transversal coefficients of the flexoelectric
tensor affects the voltage difference only by 2.87%. Therefore, it is apparent that the flexoelectric
behavior of this setup is mainly controlled by the shear flexoelectric coefficient ps.

3.2.5 Application to electrode-based scalable flexoelectric sensors

In electromechanics, conducting electrodes are frequently attached to the surface of the devices
to enable either actuation or sensing. Actuators induce a deformation due to a prescribed
electric potential, whereas sensors infer the deformation state by the measured change in the
electric potential. In both cases, as the electrodes are made of conducting material, the electric
potential in the electrode is uniform. The electrical Dirichlet boundary condition in Eq. (2.53c)
corresponds to actuating electrodes where the uniform electric potential is prescribed. In the
case of sensing electrodes, however, the uniform electric potential is constant but a priori
unknown, and thus requires a special treatment. Fig. 3.11 illustrates the effect of sensing
electrodes in a standard benchmark for the longitudinal (direct) flexoelectric coupling: the
truncated pyramid compression (Codony et al, 2019).

In the following, the mathematical modeling of sensing electrodes is described in Section
3.2.5.1, and its use towards designing functional flexoelectric devices is illustrated in Section
3.2.5.2.
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Figure 3.11: Flexoelectric truncated pyramid of size H = 7.5 um under a compressive force F = 4500 puN,
with (b) and without (a) a sensing electrode at the base. The flexoelectric material is isotropic with
Young modulus Y = 100 GPa, Poisson ratio v = 0.37, dielectric constant € = 11 nC m/V, longitudinal
and transversal flexoelectric coefficients pr = pr, = 1 uC/m and other material parameters set to 0.

3.2.5.1 Sensing electrode boundary conditions

Let us consider a partition of the boundary distinguishing actuating and sensing electrodes,
ie.

IQ = QU IQp U I, (3.13)

where 9Q4 and dQg correspond, respectively, to actuating and sensing electrodes on the
boundary, respectively, and 0Q,, to the electrical Neumann boundary. The sensing boundary
Qg is conformed by Ny electrodes, namely 9Q¢ = Il\i“’l dQk. The electric potential ¢ on
sensing electrodes is constant, but unknown. Mathematically, the sensing electrode conditions
are stated as

¢-® =0 onadQl, Vi=1,..,Np, (3.14)

where at each electrode 9Q}; the electric potential takes a constant (yet a priori unknown)
scalar value &' € R.

In a body-fitted framework, the sensing electrode conditions in Eq. (3.14) are easily enforced
by means of a linear constraint on the functional space so that it is constant on 9Q%. In an
unfitted framework, however, they must be weakly enforced. Restricting ourselves to the
Direct flexoelectricity form at infinitesimal strains for simplicity, we follow Nitsche’s approach
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and incorporate the work IT;[u, ¢, ®'] of each sensing electrode to the energy potential T

in Eq. (2.64) (Codony et al., 2019):

I [u, ¢, @] = / (¢ - cbi)w(u, $)dr, (3.15)
ZI918

where now each ®' constitutes an additional state variable. The associated variational principle

for the equilibrium states (u’, ¢*, ®", ..., ®Ne*) of the body is

Ny
Lol L, M) = i in... min [ TP 4, I [u, ¢, @] ). (3.16
(v, ¢ ) arg min max min @ﬁl&( (u ¢]+; olu, ¢, @] |. (3.16)

Equation (3.15) has a similar form to the Nitsche terms ITP¥ichlet[yy #] in Eq. (2.65), but the
penalty term quadratic to the boundary condition in Eq. (3.14) is omitted here, because if it
was positive in sign then it could be made arbitrarily large with respect to ¢, and, conversely,
if was is negative in sign then it could be made arbitrarily large with respect to ®' (Codony
et al,, 2019). Vanishing of the first variation of the energy functional in Eq. (3.16) yields

0 = STIPP[u, ¢ Su, 5]+ . STly[u, ¢, @' Su, 5, 60'), Vou€e U, 54 € P,50' €R, (3.17)
i=1

where the additional terms

STIL 1, ¢, ©'; Su, 5, 50'] := / (¢—c1>") w(Su, 5¢)dT'+ / w(u, ¢)(5¢— 5c1>") dr. (3.18)
a0k a0k
The weak form of the unfitted formulation for direct flexoelectricity accounting for sensing

electrodes reads:

Find (u, §,®", .., &™) € U ® P ® R™ such that
Eq. (3.17) holds V(Su, 5¢, 59, ..., 60™N) € U o P o RN, (3.19)

3.2.5.2 Wheel-shaped (2D) flexoelectric sensor

In this Section we illustrate the usefulness of sensing electrode boundary conditions in order
to design scalable flexoelectric devices. Let us consider a wheel-shaped geometry as depicted
in Fig. 3.12a. It is composed by Nj, radial beams of width H, ranging from the inner radius R,
to the outer radius Ry, connected by an outer circular arc of width H ranging from the first
radial beam at @ = 0 until the last beam at & = 277(1 — 1/N}). The inner tips of the radial beams
are clamped, as depicted in Fig. 3.12b.

The device can act as a flexoelectric sensor, activated by means of an applied rotation ug(x)
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of the outer circular arc as follows:

cos(ar) -1  —sin(ag)

ur(x) = sin(ag)  cos(ar) — 1

: [ x } (3.20)
y

where og is the applied rotation angle. Such deformation will induce the bending of the radial
beams, generating a transversal electric field thanks to the transversal flexoelectric effect.
However, the goal is not just inducing a potential difference across each beam’s thickness, but
also accumulating this difference from beam to beam, yielding a scalable device. The easiest
way of doing so is attaching electrodes at the top an bottom boundaries of the radial beams,
close to the inner clamped tips where the curvature is expected to be maximum, as depicted
in Fig. 3.12b, with the first electrode being grounded (¢ = 0) and the rest being sensors. By
connecting two consecutive electrodes in different beams (in other words, considering that
both electrodes are actually the same electrode 9Q}; at same voltage ®') the accumulation
effect will be achieved.

Fig. 3.12c depicts the electromechanical response of the wheel-shaped flexoelectric sensor
with geometrical parameters H = 0.43 pm, Rj, = 1 pum, Ryyr = 5 pm and Nj = 10, and material
parameters Y = 100 GPa, v = 0.3, € = 11nCm/V, g, = pr = 1 uC/m (other material parameters
are set to 0), which correspond to a hard, isotropic flexoelectric material. The applied rotation
angle is set to ag = 7/12. The unfitted Cartesian mesh has element size h ~ 60 nm and spline
degree p = 3. As expected, the rotation-induced bending of the radial beams generates electric
field due to the flexoelectric effect, and it is accumulated from beam to beam thanks to the
sensing electrode conditions.

Fig. 3.12d shows the value of the voltage at each sensing electrode. Since the considered
material is isotropic, all radial beams present the same induced electric field, which is effectively
accumulated. The total electric potential difference attained is about 59 V, which is roughly
N, = 10 times larger than the one present across a single bent beam. The sensitivity of this
flexoelectric sensor can be measured as Vy,/ar = 226 V/rad ~ (22.6Np,)V/rad. Hence, it is
linearly proportional to the number of beams N}, constituting the device, allowing a systematic
increase in sensitivity just by geometrical design.

By accounting for three-dimensional helical-shaped devices working under the same idea, a
much larger net electric voltage is expected since the number of beams can be easily increased
without the 27 angular restriction of 2D models. This idea is currently being explored (Codony
et al., 2021b).



96 NUMERICAL SOLUTION METHODS
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Figure 3.12: Wheel-shaped flexoelectric sensor under a rotation of ag = 7/12.

3.2.6 Application to nonlinear flexoelectric rods

In this Section, the direct flexoelectricity model in the finite deformation framework in Section
2.2.4.1.a is studied on a flexoelectric rod, which constitutes the simplest functional flexoelectric
device. The rod is analyzed in different settings such as axial and transversal mechanical
loadings (sensing mode) and clamped-free and clamped-clamped transversal electrical loading
(actuation mode), cf. Fig. 3.13. The interplay of the flexoelectric effect with other physics,
such as electrostriction, and its role in several deformation states, such as mechanically or
electrically-induced bending or buckling, are also analyzed. The examples are extracted and
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adapted from Codony et al. (2020b), which is an original contribution of the author of this
document.

The governing equations in Eq. (2.135) are solved numerically by means of the body-
fitted B-spline approach presented in Section 3.2.2. Since we restrict ourselves to 2D rod-like
geometries (i.e. rectangles), there is no need of resorting to more general approaches such as
the immersed boundary (unfitted) approximation. The state variables { y, ®} are approximated
on an open uniform cubic (p = 3) B-spline-based Cartesian mesh with square cells of size
h = H/10, being H the thickness of the rod. (First order) Dirichlet boundary conditions are
strongly enforced thanks to the interpolant nature of the basis at the boundaries.

The discretization of Eq. (2.135) yields a nonlinear system of equations (discretized state
variables are denoted with the same notation from now on for simplicity). In order to solve it,
a modified-step Newton-Raphson algorithm is considered. At the k-th iteration, an increment
of the solution {Ay, A®}® is found by vanishing the first order Taylor expansion of the

(Dir) .

residual R (namely the discrete version of dII;;  in Eq. (2.135)) around the previous solution

{x, ®}%* of the (k - 1)-th iteration:

R [x(k),CIJ(k); X, 5<1>] ~R [X(k_l),q)(k_l); OXxs 5(13]
R

i

ox

R

i

oo

o (3.21)

(X0, 051 5y, 0] - Ax™

[0, &% 5y, 58] - Ad®

Given {y, ®}*1 at the previous iteration, Eq. (3.21) leads to an algebraic system of equations
for {Ay, A®}® of the form

(k-1) ®) (k-1)
Heo Hyol o 801 1Ry (3.22)
Hq)X Hoo A Ro ’ )
where
ey IR ¢ g
HX)( (X(k 1))@(1( 1)) — a [X(k 1) (k 1) 5/\/’ ] ’ (3.232\)
oy IR
Hyo (X(k D gk 1)) =33 [X( D gk-1) 5)(’ ] ’ (3.23b)
e R b gen
Hoy (x*0, %) = o [x*V, 0% D;0,50], (3.23¢)
R oy
Hoo (9, 0%Y) = = [x* 1, 0% 150, 80], (3.23d)
Ry (x* 0,05 D) = R [}* 1, 0% V; 5x,0], (3.23¢)
Ro (X, 0% 1) = R [}*, 0%, 0,50]. (3.23f)
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The explicit form of the variation of the residual R, i.e. the second variation of the enthalpy
functional SHI(;) ) is found in the Appendix B of Codony et al. (2020b).

Once {Ay, A®}® are found, we compute the modified increments { Ay, A®}® by ensuring
that the total increment i) leads to an enthalpy decrease along y, ii) leads to an enthalpy
increase along ®, and iii) has a predefined maximum norm yp.x € R*. The first two conditions
are required in accordance to the min-max variational principle in Eq. (2.132), whereas the
latter is just a numerical requirement to avoid too large increments of the solution at each
iteration. To formulate those conditions mathematically, let us recast the variational principle
in Eq. (2.132) as

O(y) :=argmax (HgD ", CD]), (3.24a)
PePp

X' =argmin (A7) with A0V = 1570 800 (3.24b)
XE€AD

O =d(x). (3.24c¢)

Numerically, Eq. (3.24) is equivalent to solving two linear systems consecutively, constructed
from Eq. (3.22) by writing A®®) as a function of Ax®), as follows:

~ (k1) _ (k-1)
& (k1) (k) 5 (k1) : Hyx = [Hxx ~Hyo Hog - H<I>x]
Hy, -Ax"W =-Ry with (k) B ey
R, := [Ry - Hyo - Hyg - Ro)
(3.25a)
(k-1) k) __p kD s (kD) (k-1) (k-1) (k)
Hoo - ADY = - Ry with Ro := Rop + H‘p)( - A, (3.25b)

From Eq. (3.25) it is clear that the descent and ascent directions are respectively identified by
= (k-1) = (k-1)
R, and Rg

the enthalpy potential. Therefore, the modified increments are computed as follows:

, i.e. the modified residuals which take into account the coupled nature of

oo (k1)
-1 if R -Ax® >0,
b _ T Ry Xz 3.26a
X
+1 otherwise;
o (k1)
-1 if - AD® < 0,
O Ry (3.26b)
+1 otherwise;
AvoO P [ ao® P
A9 = min { +1, e/« || 25— + ; (3.26¢)
X0 0N
H(k) _ ax(k)ﬂ(k)AX(k)§ (3.26d)
AD = Qo ; 3.26e
Aq)(k) (k) (k)A(I)(k)
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with y, and @, characteristic factors of the problem for displacement and potential. In practice,
Ymax 1S treated as an adaptive heuristic parameter, tunable for proper convergence.
Finally, the solution at the k-th iteration is updated with

{x.@}® = {x, @}V + {(Ax, A0}V (3.27)

The external loads are applied incrementally in a sequence of load steps, and the modified-
step Newton-Raphson algorithm presented here is used to obtain converged solutions at every
load step. Once convergence is reached, the stability of the solution is checked by assuring

D

{x,®}® is a saddle point in the enthalpy functional Hg ir) [x, ®] in accordance to the variational

principle in Eq. (2.132). By means of Eq. (3.24), stability of {x, ®}® is given by

5;ﬁgir)[x(k); Ax;Ax] >0 VAyx € X, (3.28a)
ST P, 0®; AG; AD] < 0 VAD € Py, (3.28b)

Numerically, Eq. (3.28) is met by checking the sign of the extremal eigenvalues A of ﬁxx(k)

and Hgpo™® as follows:
~ (K
Amin [HXX( >] >0,  Amax [Hao™®] <o0. (3.29)

We recognize convergence to unstable solutions by the violation of Eq. (3.29). In such case,
the solution {y,®}® is slightly perturbed and the iterative algorithm is run again until a
stable solution is found. In practice, we found that Amax[ Hgo® ] remains always negative,

~ (k
and therefore the encountered instabilities are given by Amin[ Hxx( ) ] becoming negative only

(i.e. geometrical instabilities). The eigenvector associated to Amin [ ﬁxx(k) ] is an appropriate
direction for numerical perturbations on ¥ to reach stable solutions.

In the following examples, elasticity is modeled by isotropic hyperelastic potentials, either
Saint-Venant-Kirchhoff (Eq. (A.9)) or Neo-Hookean (Eq. (A.10)) models. Both require two
elastic constants, i.e. the Young’s modulus Y and the Poisson’s ratio v. Strain-gradient elasticity
is modeled by the analogous isotropic hyperelastic Saint-Venant-Kirchhoff law (Eq. (A.2)),
which additionally depends on the characteristic length scale #ycn. Dielectricity is isotropic,
which depends on the electric permittivity €, and the flexoelectric tensor u is assumed to
have cubic symmetry with three independent constants y, pr and ps, namely the longitudinal,
transversal and shear flexoelectric coefficients (Eq. (A.8)).

An analytical 1D model for unshearable, extensible slender flexoelectric rods under large
deformations was also presented in Codony et al. (2020b), as well as its linearized Euler-
Bernoulli counterpart. Closed-form solutions for the quantities of interest (i.e. displacement,
electric field, curvature and elongation) are also provided for the loading cases depicted
in Fig. 3.13. Such model assumes linear strains, use a Saint-Venant-Kirchhoff hyperelastic
potential for classical elasticity, neglects strain gradient elasticity (i.e. fmech = 0) and consider
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the transversal flexoelectric effect only (i.e. p, = pis = 0). In the following examples we validate
the full numerical model against the closed-form solutions present in Codony et al. (2020b)
by considering material parameters matching the aforementioned assumptions. For some
relevant examples, we also analyze general flexoelectric problems described by the more
realistic Neo-Hookean hyperelastic potential and the full flexoelectric tensor.

Nl
gl

(a) Bending-based sensor

» =

(b) Buckling-based sensor

I @

(c) Bending-based actuator

Y

(d) Buckling-based actuator

Figure 3.13: Sketch of a flexoelectric rod of dimensions L by H under several loading and boundary
conditions. (a) A cantilever rod subjected to a transversal load N at the right end tip, and electrically
grounded at the mid-point in the right end cross-section. (b) A clamped-clamped rod subjected to a
compressive axial load N at the right end, which is allowed to displace horizontally, and electrically
grounded at the mid-point in the left end cross-section. (c) A cantilever rod sandwiched between two
electrodes (depicted in blue) under applied voltage V. (d) A clamped-clamped rod sandwiched between
two electrodes (blue in color) under applied voltage V. Figure adapted from Codony et al. (2020b).
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3.2.6.1 Mechanically-induced bending

We consider here a flexoelectric cantilever rod of thickness H = 100nm and slenderness
of L/H = 20, under bending by a vertical point load in an open circuit configuration with
the mechanically free end electrically grounded, cf. Fig. 3.13a. Young’s modulus is chosen
as Y = 1.725GPa and the dielectric permittivity as € = 0.092nC/Vm, which correspond to
polyvinylidene fluoride (PVDF) (Chu and Salem, 2012, Zhang et al., 2016b, Zhou et al., 2017).

Validation

Fig. 3.14 collects the validation results. Typical computational solutions are shown in Fig. 3.14a,
where the electric potential ¢ is plotted on the deformed configuration. These simulations
highlight the very large deformations attained. As predicted by the linear (Majdoub et al,
2009, 2008) and nonlinear (Codony et al., 2020b) analytical models, flexoelectricity leads to
an effective stiffening of the system even though the elastic constants are kept fixed. The
maximum electric field generated at the clamping cross-section exhibits a maximum for an
intermediate value of the flexoelectric constant. The existence of an optimal value of pr,
for which the flexoelectric response is maximized, results from the competition of the two
conflicting effects of pr: i) the stiffening and ii) the flexoelectric coupling. For small values of
pr the structure is very compliant and larger strain gradients are attained but the generated
field is small due to the small coupling, whereas for very large values of ur the flexoelectric
coupling is large but the stiffer beam attains smaller deformations and thus smaller strain
gradients.

To further analyze these effects, we present in Fig. 3.14b the dependence of the cantilever
rod vertical displacement at the tip on the endpoint load, and the vertical electric field on the
clamped edge, for different values of transversal flexoelectric coefficient yr. The results for
the tip displacement show i) the stiffening as yr increases, ii) the nonlinearity in the response
of the system (particularly for the most deformable systems), iii) an excellent quantitative
agreement with the nonlinear flexoelectric rod model, and iv) an agreement with the linearized
E-B model for small deformations, i.e. smaller loads or stiffer cantilevers (large values of pr).
Similarly, we find an excellent agreement between the numerical simulations and the nonlinear
rod model in the vertical electric field on the clamped end. Its behavior is nonlinear for large
loads since the electric field is directly proportional to the curvature (Codony et al., 2020b).
The non-monotonicity in the maximum electric field as a function of pr discussed above is

also apparent from this plot.

General flexoelectric problem

We investigate now more general flexoelectric conditions beyond the restrictive assumptions of
the reduced model in Codony et al. (2020b) by assuming an isotropic Neo-Hookean hyperelastic
rod, cf. Eq. (A.10) augmented with strain gradient elasticity, with material parameters v = 0.3,
lmech = 0.1 pm and varying flexoelectric constants.
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(a) Deformed shape and electric potential [V] distribution of cantilever rods of slenderness L/H = 20 under a point
load of 20 nN, for different transversal flexoelectric coefficients pr.
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(b) Bending of a cantilever rod of slenderness L/H = 20 with varying transversal flexoelectric coefficient yr. The

left plot shows the vertical displacement at the loaded end, and the right one shows the vertical electric field at the
fixed end.

Figure 3.14: Electromechanical response of Saint-Venant-Kirchhoff cantilever flexoelectric sensor under
bending. The transversal flexoelectric coefficient yT in the legends is expressed in nC/m. Figure adapted
from Codony et al. (2020b).

Fig. 3.15 represents the electromechanical response of the open circuit cantilever rod under
point load for varying flexoelectric constants yg, pi, s = {-10, 0, 10}nC/m. Fig. 3.15a shows
the deflection uy of the loaded end, whereas Fig. 3.15b shows the vertical electric field Ey
at the clamped end. For the sake of brevity, some combinations of flexoelectric tensors are

omitted, since we found that the responses are analogous to the ones of other combinations as
follows:

Uyly = uy|-p; (3.30a)
Eyly = =Ey|-p. (3.30b)

From Fig. 3.15a, it is clear that flexoelectricity is always increasing the bending stiffness
of the rod. The largest stiffening is found with opposite yr and py,, followed by the case of
vanishing y1. On the contrary, the simulations with py, ~ yr and the ones with vanishing pr
present a smaller stiffening. In all cases, the effect of the shear flexoelectric coefficient ys on
bending stiffness is much smaller, and therefore less relevant.
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Figure 3.15: Electromechanical response of Neo-Hookean cantilever flexoelectric sensor under bending,
with different flexoelectric tensors (expressed in nC/m). Figure adapted from Codony et al. (2020b).

Fig. 3.15b shows the electric response of the rod at the clamped tip, revealing that all three
flexoelectric coefficients are relevant here. Within the studied range, a larger flexoelectricity-
induced bending stiffness leads also to a larger electric field. However, in addition, the shear
flexoelectric effect ps has a large influence on the electric field. In most cases, a non-vanishing
s leads to a substantial decrease in the reported electric field, which slightly depends also on
the sign of 5. The only case in which a non-vanishing ps increases the electric field is the one
where ys is the only non-vanishing flexoelectric coefficient.

3.2.6.2 Mechanically-induced buckling

We now compress an open-circuit flexoelectric rod of thickness H = 100 nm and slenderness
L/H = 60 until buckling occurs, and also during the post-buckling stage. The left tip is
clamped and a uniform horizontal load is applied on the right cross-section, which can only
move uniformly in axial direction, i.e. vertical displacement and rotation of the right end are
prevented (see Fig. 3.13b). We consider an isotropic Saint-Venant-Kirchhoff model with Young’s
modulus Y = 1.725GPa, dielectric permittivity € = 0.092nC/Vm and different transversal
flexoelectric coefficients: pr = {0, 1,5, 10} nC/m. The other material parameters are set to zero
(v =pu = pis = bimech =0).

As shown in Fig. 3.16, the numerical simulations and the analytical 1D model agree re-
markably well. The highly nonlinear nature of the electromechanical system is clear in the
responses reported in the post-buckling regime. Before buckling, the system is uniformly
compressed and the flexoelectric effect is not present yet since the rod is not bent, and hence
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Figure 3.16: Force-controlled buckling of a flexoelectric rod. Markers refer to the numerical implemen-
tation and solid lines refer to the analytical nonlinear model for rods in Codony et al. (2020b). The
transversal flexoelectric coefficient p is expressed in nC/m. Figure adapted from Codony et al. (2020b).
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the electric response is zero. Once the rod has buckled (see Fig. 3.16a), the vertical displacement
at the center (Fig. 3.16c) and the horizontal displacement at the right end (Fig. 3.16d) suddenly
deviate from zero and evolve nonlinearly with respect to the applied load. The flexoelectric
effect arises due to the curvature induced by buckling, leading to a measurable electric field at
the center of the rod, which also evolves nonlinearly with applied load (Fig. 3.16e).

The role of the magnitude of the flexoelectric coefficient yr is twofold. On the one hand,
the critical buckling load becomes larger with a larger pr coefficient. This fact is in agreement
with the previous example where the effective stiffness of the rod is increased due to the
flexoelectric effect. Numerically, the precise value of the critical buckling load is identified

~

k
by the load at which the eigenvalue Ay [HXX( )] vanishes, as reported in Fig. 3.16b. On the
other hand, the electric field at the post-buckling stage grows faster with a larger ur coefficient
as expected. Thus, the buckling-induced flexoelectric response is delayed but stronger when

ur is larger.

3.2.6.3 Electrically-induced bending

We now consider a closed-circuit flexoelectric cantilever rod of thickness H = 1pm and
slenderness L/H = 20 which rolls up into a circle upon electrical stimulus. The geometry and
boundary conditions are depicted in Fig. 3.13c. The left tip cross-section of the rod is clamped,
while all other boundaries are traction-free. The electric potential at the top boundary is set to
a certain non-zero value ¢ = V, and the bottom boundary is grounded (¢ = 0). The voltage
difference A¢ = V induces a transverse electric field across the rod thickness which triggers
the flexoelectric and electrostrictive effects (Codony et al., 2020b), thereby generating a non-
uniform strain that bends the rod, as shown in Fig. 3.18d. Depending on the sign of the applied
electric field the cantilever will bend upwards or downwards. This bending actuator was first
used by Bursian and Zaikovskii (1968) to experimentally demonstrate for the first time the
flexoelectric effect, which had been predicted theoretically by Mashkevich and Tolpygo (1957).
The Young’s modulus considered is Y = 1.0GPa, and the dielectric permittivity € = 0.11nC/Vm,

Validation

Figure 3.17 shows the electromechanical response of an elastically isotropic Saint-Venant-Kirch-
hoff flexoelectric rod (v = £fiech = 0) with the flexoelectric constants pr = 10nC/m, pg, = ps = 0.

The curvature 1/R (Fig. 3.17a) and the axial strain ¢ (Fig. 3.17b) are constant along the rod,
and agree very well with the analytical derivations in Codony et al. (2020b) up to a relatively
large value of applied voltage V. Beyond this limit, the linear strains assumption of the 1D
non-linear model loose validity. According to Codony et al. (2020b), the rod bends thanks to
the flexoelectric coupling, and elongates mainly due to electrostriction, i.e. the Maxwell stress
effect.
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Figure 3.17: Actuation of Saint-Venant-Kirchhoff cantilever rod with transversal flexoelectric coefficient
pr = 10nC/m. Numerically, the axial strain corresponds to the axial component of the Green-Lagrangian
strain tensor €xy evaluated at Y = 0, whereas the value from the 1D model corresponds to its Taylor
approximation (Codony et al., 2020b). Figure adapted from Codony et al. (2020b).

General flexoelectric problem

Since the curvature is uniform (Codony et al, 2020b), the rod forms an arc of a circle,
cf. Fig. 3.18d. Thus, a natural question that arises is which set of flexoelectric parameters
achieve a fully-closed circular shape more efficiently (i.e. with a lower applied voltage). To
address this question, we consider an isotropic Neo-Hookean elastic (see Eq. (A.10)) rod with
v = 0.37, fmech = 0.03um and varying flexoelectric constants. To quantify the curvature of
the rod relative to the curvature of the closed circle, we define the normalized curvature
RY(V) = RY(V)/R;}(V), where R7'(V) is the curvature required to form a closed circular
shape for a given rod length.

Figure 3.18 shows the evolution of the axial strain {(V), curvature R™! and normalized cur-
vature R~! for flexoelectric tensors with different combinations of longitudinal (uy ), transversal
(pt) and shear (us) flexoelectric coefficients. The cases including a non-vanishing shear coef-
ficient are omitted, since the results do not change significantly, even when pg is one order
of magnitude larger than gy, or pr. For the sake of brevity, the simulations (i) with negative
applied electric voltage V, and (ii) yielding negative curvatures, are also omitted since the
results are analogous to those simulations with (i) positive applied voltage and (ii) negative
flexoelectric coeflicients, respectively, as

Wy =V = EV)p = {EV) s (3.31a)
R' Wy =-R'(-V)y=-R(V)-p = R(-V)|_ps (3.31b)
F(V)|u = —F(—V)h, = _F(V)Ht = F(—V)L,,. (3.31¢c)

As expected, the axial strain of the rod (depicted in Fig. 3.18a) does not vary much with
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Figure 3.18: Actuation of Neo-Hookean cantilever rod with different flexoelectric tensors (expressed in
nC/m). Figure adapted from Codony et al. (2020b).

the different flexoelectric parameters, since it is mainly a consequence of electrostriction. The
curvature (Fig. 3.18b), instead, varies significantly for the different combinations of flexoelectric
parameters. The dominant parameter is the transversal flexoelectric coefficient pr which leads
to positive curvature, as shown in case B. The longitudinal flexoelectric coefficient , is also
relevant and leads to negative curvature, as shown in case D. The largest response is found
with positive pr and negative p, as shown in case A. Finally, case C corresponds to positive
y, and pr, and yields curvatures in between cases B (purely transversal g) and D (purely
longitudinal p).

The normalized curvature is shown in Fig. 3.18c. For sufficiently large actuation, case A
reaches R-! > 1, which indicates that the actuator rolls up forming a closed circle. This process
is shown in Fig. 3.18d, where the deformed configuration and electric potential distribution
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within the rod is depicted at different applied voltages.

3.2.6.4 Electrically-induced buckling

In the previous example, the rod undergoes elongation upon electrical actuation mainly due to
electrostriction. In this Section, we present a similar setup where the right tip is also clamped,
as shown in Fig. 3.13d. In this case, an axial compressive force is expected at the clamped
ends since the elongation of the rod is prevented. According to the analytical derivations
in Codony et al. (2020b), electrostriction induces an axial force which grows quadratically
with the applied voltage and, for a large enough applied (critical) voltage V., a mechanical
instability is reached, inducing buckling of the rod.

Figure 3.19 shows numerical simulations of a flexoelectric Saint-Venant-Kirchhoff rod
(v = lmech = 0) of dimensions L = 20um, H = 1pum, with Young’s modulus Y = 1.0GPa,
dielectric permittivity € = 0.11nC/Vm and transversal flexoelectric coefficient gt = 10nC/m
(u = ps = 0). The postbuckling configuration and the evolution of the maximum deflection
and axial strain with respect to applied voltage are depicted in Fig. 3.19a-3.19¢, showing an
excellent match between the numerical results and the analytical expressions in Codony et al.
(2020b). The critical voltage at which the rod buckles (see Fig. 3.19d) matches also with the
one predicted by the analytical 1D nonlinear model, and the critical electric field (cf. Fig. 3.19¢)

is inversely proportional to the slenderness of the rod.
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Figure 3.19: Actuation of Saint-Venant-Kirchhoff clamped-clamped rod with transversal flexoelectric
coefficient v = 10nC/m and varying slenderness. In (d), Amin = Amin ("DOF/ ng)*, where npop is the
number of degrees of freedom of each simulation, and ny = 312 is an arbitrary normalization constant,
chosen such that A,;,(0) ~ 1. Figure adapted from Codony et al. (2020b).
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3.2.7 Application to arbitrarily-shaped soft flexoelectric devices

The direct flexoelectricity model at finite deformations has been illustrated in Section 3.2.6
by studying flexoelectric rods discretized with body-fitted (i.e. rectangular) meshes. In this
Section we go beyond simple body-fitted meshes and consider unfitted meshes, which can
handle arbitrarily-shaped geometries. We employ Nitsche’s formulation presented in Section
2.2.4.1.b in order to enforce essential boundary conditions weakly.

In the same way as in Section 3.2.6, the nonlinear system of equations arising from the
weak form in Eq. (2.147) is solved by the modified-step Newton-Raphson algorithm. In this
case, the residual R in Eq. (3.21) has extra terms RNi*h® coming from the Nitsche integrals at
the Dirichlet boundaries:

RNitsche [X; (I); 5X: 5(1)] _ /

- ( (i —x:) (BeSxi - 6Ty) - Ti5)(i) dly
0

+ / ( (80 xi - Vi) (Bvay 6xi - SR;) - Riaé\fé)(,-) dry
Qv
+ / ( ~(®-D) (BpS® - SW) + W5c1>) dr
o0
* /c* ( (xi - 7:) (ﬁCX(S)(i - &Ji) —]15)(1') dso, (3.32)

with the variations 8 T(y, ¢; Sx, 6®), SR(x, ¢; Sx, 6P), SW(x, ¢; Sx, 5®) and 8] (x, @; Sx, 6P)
defined in Eq. (2.148). At the k-th iteration, the solution increment {Ay, A®}® is found by
vanishing the first order Taylor expansion of the residual R + RN*h¢ around the previous
solution {y, ®}*V, yielding the following algebraic system of equations:

(k-1) (k-1)

HXX H)(CD H?;;sche H)I\(Igsche AX (k) RX RIl\/Iitsche
H H + HNitsche HNitsche ’ AD =" R + RNitsche > (3'33)
oy Hoo Dy oD @ D
where
itsche
pritsehe ( (1) kD) IRMNIe [, 0%D; 5. 0] (3.342)
XX X > - aX X > 50X, 5 .
HNitsche ( (k-1) q)(k—l)) _ gRNitsche [ (k-1) (D(k—l), 5 0] (3 34b)
x® X > - oD X > 50X, 5 .
HNitsche( (k-1) q)(k—l)) _ aRNitSChe [ (k-1) (D(k—l),o 5(1)] (3 34 )
Oy X > - aX X > s Vs 5 .04C
) aRNitsche
itsch k- k- k- k-
Hog ™ (x "0, 010) = =——— [x*, 050,60, (3.34d)

R)I;Iitsche (X(k—l), q)(k—l)) _ RNitsche [X(k—l), q)(k—l); 5X: 0] , (3.346)
Rgitsche (X(k—l)’ (I)(k_l)) _ RNitsche [¢(k—1)’ (I)(k_l); 0, 5(1)] ) (3,34f)
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The variation SRNhe [y ®; 5y, §O; Ay, A®] required to compute Eq. (3.34) is approximated
as

SRNIsEhe [y B; Sy, 5@; Ay, AD] = / (A)a (BSxi - 6T;) - AT@@-) dly
Zlo7s

+ / (8{)\]A)(l (ﬂva(l)\]5)(l - 5R,) - R,aéV(S)(,) dr()
aQy

" / ( _AD (oD - SW) + AW&(D) dr,
a0

+ /X (AXi (ﬂcﬁ){t - &) - A]i5Xi> dso, (3.35)
CO

where AT = §T(x, ¢; Ax,A®), AR = SR(x, ¢; Ax,A®), AW = SW(x, §; Ax,AP) and AJ =
8J(x, ¢; Ax, A®). Eq. (3.35) is not exact because the following terms have been neglected:

0=~ _/X(Xi_)(i) A(STidl“o—/ (0 xi - Vi) ASR; T
o

IQy
+/ (@-) A(SWdI‘O—/ (xi - x:) ASJ; dso. (3.36)
o0 cf

Note that the Ad operator in Eq. (3.36) refers to the second variations of T, R, W and J, which
are extremely difficult to compute, specially since they involve third derivatives of the enthalpy
functionals. Luckily, the terms in Eq. (3.36) can be neglected since they rapidly tend to zero
as Dirichlet boundary conditions are met, i.e. after one or two iterations in the modified-step
Newton-Raphson algorithm.

Once {Ay, A®}®) are found by solving Eq. (3.33), the modified increments {Ay, A®}K)
are computed as described in Section 3.2.6, and the solution is updated with Eq. (3.27) until
convergence.

The proposed numerical scheme is illustrated in the following example in Section 3.2.7.1.

3.2.7.1 Collective-beam sensor triggered by compression

We consider here a soft flexoelectric device which yields a scalable potential difference when
subjected to uniform compression, hence mimicking the response of a piezoelectric sensor.
The device (see Fig. 3.20a) is composed by an horizontal arrangement of n;, vertical cantilevers
of width Hj and length Ly, separated at a distance s, and connected at the center with a
transversal rod of width H,. The cantilevers are clamped at both ends and the central point of
the device is grounded (i.e. ® = 0). The main idea is to axially compress the device by applying
a vertical displacement uy = -6 on the top boundary until the vertically-arranged cantilevers
undergo buckling. As previously seen in Section 3.2.6.2, a mechanically-induced buckling
on flexoelectric rods yields an electric field across the rod thickness due to the buckling-
induced curvature and the flexoelectric effect. Since the buckled rods are connected at the
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Figure 3.20: Flexoelectric collective-beam sensor triggered by compression. (b)-(c) refer to the solution
at last load step (6 = dmax = 100nm), whereas (d)-(f) show different quantities of interest at each load
step. The vertical blue dashed lines in (d)-(f) denote the critical § at which the buckling instability is

triggered.
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location at which curvature, and hence electric field, is maximum, an effective accumulation
of the potential difference across the many rods composing the device is expected. The
device is scalable since the expected response (voltage difference between left and right ends)
will increase linearly with the width of the device, hence making it possible to harness the
flexoelectric effect, occurring at sub-micron scales, at larger (meso-) scales.

Fig. 3.20 shows the results of the aforedescribed flexoelectric sensor with design parameters
ny =4, H; = Hy = s = 100nm and Ly = 700nm, under an increasing compression § ranging
from 0 to dpax = 100nm. The material parameters correspond to polyvinylidene fluoride
(PVDF) (Chu and Salem, 2012, Zhang et al., 2016b, Zhou et al., 2017), that is, Young’s modulus
Y = 1.725GPa, Poisson ratio v = 0.38, dielectric permittivity ¢ = 0.092nC/Vm, and pr =
-10nC/m. Other material parameters are set to 0. The unfitted Cartesian mesh has element
size h ~ 12nm and spline degree p = 3.

Fig. 3.20b shows the electromechanical state of the device at the maximum compression
dmax- The buckled shape of the constituent cantilever rods is apparent, as well as the electric
potential distribution within the device induced due to the flexoelectric coupling. The electric
potential along the horizontal rod connecting the cantilevers (i.e. along Y = Ly/2) is shown
in Fig. 3.20c. As expected, the difference in electric potential across the rods is accumulated
from rod to rod, yielding a scalable device: if the number of constituent cantilevers is doubled
(2np = 8), the potential difference along the X coordinate will double as well. Remarkably, the
electric potential is not monotonic along the horizontal rod: the junctions between vertical
cantilevers undergo an opposite trend to the one across the cantilevers. This is due to the
opposite strain gradients at the junctions compared to the cantilever centers. Indeed, since the
concave side of cantilevers undergoes transversal compression while the convex one undergoes
traction, the junctions between them undergo the opposite behavior. Overall, a measurable
(non-vanishing) macroscopic electric field Ex = —(®g - ®1)/(Xg - X1) is obtained, independently
of np.

Figures 3.20d-3.20f show the evolution of the minimum eigenvalue Ay, of the algebraic
system of equations, the horizontal deflection uy and the macroscopic electric field Ex as a
function of the increasing compression . The critical compression § at which the buckling,
and hence the electromechanical transduction, is triggered corresponds to the point at which
Amin = 0 in Fig. 3.20d, and is about 8 = 55nm. The horizontal deflection (Fig. 3.20e) and the
macroscopic electric field (Fig. 3.20f) are 0 until the critical compression is reached. Then, both
quantities undergo a highly nonlinear increase with respect to the applied compression .

The optimal design parameters maximizing Ex and yielding a desired 5 can be obtained
by means of a shape optimization analysis, which is left to future work.

In view of the results in Fig. 3.20, devices built by a periodic material arrangement (also
called architected materials) yield generalized periodic solution fields, that is, solutions that are
periodic up to a constant value, just like the electric potential profile in Fig. 3.20c. In other
words, the first derivatives of the solutions (in this case, the electric fields) are periodic. In
those situations, is it possible to reduce the computation to a single unit cell by means of
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generalized periodic conditions in order to characterize the behavior of architected materials
in a very efficient way. This idea has been already developed in our research group but is out
of the scope of this thesis. We refer to Barcel6-Mercader et al. (2021a) and Mocci et al. (2021)
for further details.

3.3 On-going and future work

3.3.1 Residual-based weak form stabilization

As discussed in Remark 2.5 in Section 2.2.2.3, depending on the geometry of Q, the boundary
conditions, the material parameters and the mesh size, the numerical solution to the flexoelec-
tricity problem features spurious oscillations which completely spoil the quality of the results.
Fig. 3.21 shows an example of spurious oscillations arising in a Lifshitz-form flexoelectric
cantilever beam under open circuit boundary conditions.

In view of the results in Section 2.2.2.3, and further confirmed by the experience of this
manuscript’s author, the numerical instabilities are associated with the presence of boundary
layers in the electric field, which may appear when considering the Lifshitz-invariant flexoelec-
tricity form (cf. Section 2.2.2.2). Such spurious oscillations are not encountered in the literature
of computational flexoelectricity since only the direct flexoelectricity form (cf. Section 2.2.2.1)
has been considered so far.

In the following, we resort to the Galerkin least-squares (GLS) method (Baiocchi et al,
1993, Franca and Stenberg, 1991, Thompson and Pinsky, 1995) to stabilize the problem, due
to its simple form and implementation. The idea is to increase the effective mechanical and
electrical length scales in a self-consistent manner, providing control on the second derivatives
of the state variables.

To this end, it is useful to think of a simplified 1D-version of the Euler-Lagrange equations
associated to the Lifshitz-invariant flexoelectricity form (cf. Eq. (2.81)) as follows:

=0, Loyu+ Loygp=Yul - Y2 GV - g = —b,
{ uult ”¢¢ u mech % [l¢ (3.37)
0

Loyu+ Losdp=—ed! + et} "V +pu'l =7,

elec

depending on just five material parameters, namely the Young modulus Y and mechani-
cal length scale #yech, the dielectric constant € and the dielectric length scale £, and the

flexoelectric coefficient p. The corresponding weak form is

{ ayu(8u, u) + ayg(Su, §) = L,(5u), (3.38)

a¢¢(5¢, @) + au¢(u: 5¢) = l¢(5¢),
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(b) Detail of the electric potential along the cross section at x = L/2.

Figure 3.21: Spurious, mesh-dependent oscillatory behavior of the electric potential ¢ in a Lifshitz-
invariant flexoelectric cantilever beam of dimensions L = 3.2um by H = 0.4pum under bending with
open circuit boundary conditions. The mesh size is h = 0.0275pum. The Young modulus is Y = 100GPa,
the Poisson ratio v = 0.37, the dielectric permittivity € = 11nJ/V?m and the longitudinal and transversal
flexoelectric coefficients yy, = pr = 1WJ/Vm. Other material coefficients are 0. The applied force is
F = 100pN.

with appropriate boundary conditions, where

auu(Su, u) = (Su!, Yul)g + (5u”, Y2 qyu)a, (3.39a)
a55(5¢, §) = (5", —ed')a + (59", e liec (3.39b)
aug(Ou,9) = =1 (60, ¢ - (Bul!, o) (3.390)
L(6u) = (8u, b)o, (3.39d)
I5(6¢) = (6¢, —9)o- (3.3%)

Following the GLS method, we make use of Eq. (3.37) to define the following bilinear forms:
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Amech({t, ¢}, {du, 6p}) := (ﬁuu(Su + L4¢0), Tmech Tmech (4, gb))Q, (3.40a)
Actec({ts, ¢}, {6u, 5¢}) := (£¢u5u + £¢¢5¢, —TelecFelec(U, ¢))Q, (3.40Db)

with the residuals

Tmech(ts ) = Lyyu + Lopg + b, (3.41a)
relec(u> ¢) ‘= E(;Suu + £¢¢¢ -q. (3.41b)

Note that a solution fulfilling Eq. (3.37) yields vanishing residuals in Eq. (3.41), and therefore
the bilinear forms in Eq. (3.40) vanish too. Hence, they can be added to the original weak form
in Eq. (3.38) while maintaining self-consistency:

[ auu(5u, u) + auqﬁ(au’ ¢) + Amech({u’ ¢}s {(Su, 0}) + Aelec({u9 ¢}’ {51"’ 0}> = lu((Su), (3.42)

agp(89, P) + aug(u, 69) + Amech({tt, $1.{0,58}) + Actec({u, ¢}, {0, 6¢}) = I3(5¢).

The stabilization parameters Tiech, Telec Provide control on the second derivatives of the state
variables and can be tuned as a function of mesh size and material parameters.

Remark 3.1 (Relation to the variational multiscale method). The stabilizing forms in Eq. (3.40)
are constructed following the GLS approach, considering the same differential operator as
in the strong form in Eq. (3.37). If the adjoint operator was considered instead, the algebraic
subgrid scale (ASGS) stabilization method (Codina, 1998, 2000, Guasch and Codina, 2007)
would be obtained, in the context of variational multiscale methods (VMS) (Codina et al., 2018,
Hughes et al,, 1998). Remarkably, since the considered problem is a (high-order, coupled) elliptic
PDE, the associated differential operator is self-adjoint, and both ASGS and GLS stabilization
methods yield the same result. This can be easily seen by noticing that £, = £}, L4 = Ly
Lyy = LZ;(/,) and Lyg = Ejﬁqﬁ.

The optimal choice of Tech, Zelec remains unclear and is a matter of author’s current
research. However, a reasonable choice can be made based on the following analysis. The
stabilizing bilinear forms in Eq. (3.40) are simplified for the case of a B-spline discretization
of degree p = 2, since the coupling operators £,4 and L, vanish as well as the fourth-order
terms in £, and L4, yielding the simplified uncoupled forms

Amech(u, 6u) = (YSuH, Tmech Yu”) ot (Y&u”, TmeChE)Q, (3.43a)
Aelec(¢, 6¢) = _(65¢Ha TeleC€¢II)Q - <E5¢Hs Telecq)g- (3.43b)
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Hence, the weak form Eq. (3.42) is simplified to

Ot 1) + (O, ) = 1(Ow) (340
aps(89, P) + aug(u, 6¢) = 1y(59),
where
Auu(Su, u) = (8u!, Yu)g + (8u!l, Y Y(62 e + Y Tmech) ! as (3.45a)
asp(59, ) = (59", —€d)a + (59", —€(Liec + €Telec) e (3.45Db)
iu(éu) = (8u - SuM Y tech, D)o = (Su, (1 = Y Tmech V) D)o, (3.45c¢)
i¢(5¢) (5¢ 5¢ €Telec> — q)Q = (5¢ (1 - ETelecv )q) . (3-45d)
From Eq. (3.45) it is apparent that Y rpech ~ t’éech and €Telec ~ elec Therefore, an appealing
choice for Tiyech, Telec 1S
h? h?
Tmech = Omech 3, > Telec = Qelec ™ > (3'463)
Y €

where h represents the mesh size and tech, %elec are dimensionless scalars that can either be
chosen as constant or dependent on the relation between material parameters and mesh size.
With this choice, the (p = 2) stabilized flexoelectric weak form in Eq. (3.44) corresponds to the
original one in Eq. (3.38) with modified (effective) mechanical and electrical length scales and
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Figure 3.22: Simplified residual-based weak form stabilization in Eq. (3.44) with spline degree p = 2
on the 2D Lifshitz-invariant flexoelectric cantilever beam. The stabilization parameters are chosen as

®mech = delec = &-
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modified (non-local) source terms as

02— Pt = et + Amechh?, b— b=b(1- tmeecnh’V?), (3.47a)
[ezlec - 2;r?"tech = [ezlec + aelechz’ q - q = q (1 - aelechZVZ) : (3‘47b)

By choosing large enough ainech and celec, spurious oscillations in the numerical solution can
be prevented. A 2D implementation of the simplified stabilization forms in Eq. (3.43) for spline
degree p = 2 is illustrated in Fig. 3.22, showing the control on the subscales as the stabilization
parameters are tuned, and a robust approximation of {u, ¢} for large enough stabilization
parameters.

The convergence properties of the method depend on the choice of stabilization parameters.
A rigorous analytical study could determine the optimal values yielding the best convergence
rates, which is being pursued by the author of this manuscript, as well as rigorous generalization
of the stabilization strategy to higher spatial dimensions.

3.4 Concluding remarks

A novel computational flexoelectricity framework based on the immersed boundary hierarchi-
cal B-Spline method has been proposed, circumventing the limitations of other state-of-the-art
approaches. In particular, arbitrarily shaped geometries are allowed by the consideration
of unfitted meshes, which imply a negligible meshing cost. The state variables are approx-
imated in a smooth enough functional space defined in terms of B-Spline basis functions,
which allows spatial adaptivity thanks to the hierarchical B-spline mesh refinement. The
unfitted nature of the approximation space requires specific numerical integration schemes for
trimmed cells, stabilization of the trimmed basis functions and a weak enforcement of essential
boundary conditions. However, the associated error convergence rates are optimal even for
high-order approximations, outperforming other methods in the literature. The method is
computationally efficient since the number of degrees of freedom for a given continuity and
spatial resolution is minimum as compared to other approaches, and the purely polynomial
nature of the basis functions and all their real-space derivatives facilitates their evaluation and
numerical integration. The stencils generated by the discretization are completely structured
and very sparse, facilitating the solution of the associated algebraic systems of equations.

The method has been used to solve many boundary value problems with particular engi-
neering interest, both at infinitesimal and finite deformations. The examples in this manuscript
include the characterization of the shear flexoelectric effect by a conical semicircular rod
under torsion, the design of complex-shaped functional flexoelectric devices such as sensors
and actuators in the regimes of infinitesimal and finite deformations, and the study of soft
flexoelectric nano-rods under bending and buckling deformations.

In short, a robust and efficient infrastructure for computational flexoelectricity has been
developed, outperforming other state-of-the-art methodologies.



Chapter 4

Quantum electromechanics of
flexoelectricity

4.1 State of the art

In this Section we briefly review the basics of quantum mechanics, and more specifically
density functional theory, and present the state of the art of computational flexoelectricity
within this field. The review does not intend to be comprehensive, but rather to give a quick
glimpse on the foundations of quantum mechanics and DFT to any reader unfamiliar with it.

4.1.1 Density functional theory
4.1.1.1 Foundations

In quantum mechanics, a system composed by N particles is identified with a wave function
¥(ry, ..., ry; t) which is, mathematically, a complex-valued function defined in the so-called
configuration space of the system, depending on the coordinates r, = (xu, yn, Zn, Sn), N =
1,..., N (including spin) of each particle in the system. Therefore, the configuration space is
4N-dimensional in general (or 3N-dimensional if spin can be ignored), and the wave function
of the system maps at time t each point in the configuration space to a complex number.
According to the Pauli exclusion principle, two or more identical fermions (matter particles
such as electrons, neutrons and protons) cannot occupy the same quantum state within a
quantum system simultaneously. This implies the wave function being antisymmetric with
respect to the exchange of two particles, namely

Y(ry, ..., Ty, Ty ING 1) = =¥(ry, .0, Ty oo, Ty ING ), Vi # j. (4.1)

The quantum state of a system is completely determined by the wave function. For instance,
under a probabilistic interpretation, the squared norm of a single-particle normalized wave
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function yields the probability density of finding that particle at position r and time ¢:
f(r;t) = |¥(r; 1) = ¥ (r; )¥(r; t) € (0,1) (4.2)

where the asterisk indicates the complex conjugate.

The wave function of a system can be found by solving the Schrédinger’s equation, which
is the fundamental equation in quantum mechanics, playing an analogous role of Newton’s
laws and conservation of energy in classical mechanics. Its time-independent, non relativistic
form is

HY = EY, (4.3)

where ¥(ry, ..., ry) is time-independent now and E is a scalar denoting the total energy of the
system. The symbol H denotes the Hamiltonian operator, which corresponds to the sum of
the kinetic energies T of all the particles, plus the potential energy V in the system:

N
H(ry,...,tn) = Y T+ V(ry, ..., TN), (4.4a)
n=1
N 2 _h2
T, = Pl _ V2, (4.4b)

2m, - 2m,

where p = -ihV is the momentum operator, % is the reduced Planck constant, V2 is the
Laplacian operator, and m,, is the mass of the n-th particle.

Typically, the goal of computational quantum mechanics is to solve the Schrodinger’s
equation for a system consisting of many electrons and nuclei (a many-body problem). This
approach is exact, but unfortunately intractable due to the computational complexity of the
problem: given that the dimension of configuration space grows linearly with the number
N of particles constituting the system, the computational effort to solve the Schrédinger’s
equation scales exponentially with N.

Therefore, simplifying assumptions are generally required. A frequent assumption is the
Born-Oppenheimer approximation (Born and Oppenheimer, 1927). Because of the large
difference in mass between the electrons and nuclei and the fact that the forces on the particles
must be same, the electrons respond almost instantaneously to the motion of the nuclei. Thus,
it is a reasonable assumption separating the many-body wave function in terms of electronic
and nuclear coordinates. This reduces the many-body problem to the solution of the quantum
state of the electrons in some frozen-ion configuration of the nuclei. However, even with this
simplification, the many-body problem remains unaffordable.

A further simplification, which gives rise to density functional theory (DFT) (Hohenberg
and Kohn, 1964, Kohn and Sham, 1965) allows mapping exactly the electron many-body
problem (in the presence of nuclei) onto that of a single electron moving in an effective
nonlocal potential. This simplification is crucial, since the configuration space is reduced to the
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real space, regardless of the number of particles in the system, and hence the computational
complexity is drastically reduced. The key variable in DFT is the electron density, represented
by p(x), which is defined as

p(x) = // ¥Y(x,r3,...,rN)dry - drp,. (4.5)

Hohenberg and Kohn (1964) rigorously proved the existence of an electron density, and stated
the two Hohenberg-Kohn theorems:

« “The ground state ¥ of any interacting many particle system with a given fixed inter-
particle interaction is a unique functional of the electron density p(x)”, namely ¥ =
¥[p(x)]. This directly implies that the energy is also a functional of the electron density,
ie E = E[p(x)].

+ “The electron density that minimizes the energy functional is the true electron density
corresponding to the full solutions of the Schrédinger equation”.

Therefore, the goal now is finding the electron density of the system. Once it is found, all
the quantities of interest deriving from the wave function can also be written in terms of the
electron density.

4.1.1.2 Nonlinear Kohn-Sham eigenvalue problem

In order to find the electron density of a system with N, electrons of mass m. and N, (frozen-ion)
nuclei, one must solve the Kohn-Sham equations in Q (Kohn and Sham, 1965). By neglecting
spin, they can be stated as (Ghosh and Suryanarayana, 2017, Suryanarayana and Phanish,
2014)

K[p(x)]¢i(x) = higi(x),  Vi=1,..,N;, sit. /Q $:(x)¢(x)dQ = 8,  (4.6)

2

where K[p(x)] = —2h V2 + Veg[ p(x)], (4.6b)
Ns

and  p(x) =2 filgix)P, (4.6¢)
i=1

complemented with appropriate boundary conditions. In the above equations, K[p] is the
Kohn-Sham operator with eigenvalues A; and (orthonormal) eigenfunctions (or Kohn-Sham
orbitals) ¢;, Veg[p] is the effective potential and Ns > N./2 is the total number of states. The
thermalized orbital occupations 0 < f; < 1 arise from the Fermi-Dirac smearing equation
(Mermin, 1965)

L-a\\ 5
fi=|1+exp with Af st 2 Zﬁ =N, (4.7)

o i1
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with the smearing parameter o, where ¢ is the Fermi level. As a result of the above equations,
note that the electron density satisfies

/ p(x)dQ = N, (4.8)
Q
as expected.

The Kohn-Sham equations must be solved self-consistently, typically by a fixed-point
iteration with respect to the electron density p (or the effective potential V.g), commonly
referred to as the self consistent field (SCF) method (Slater, 1974). In each iteration, the
(linearized) Kohn-Sham operator is constructed by evaluating Eq. (4.6b) using the electron
density p*~! of the previous iteration (or an initial guess for the first iteration), and the lowest
N; orbitals resulting from solving the (linearized) eigenvalue problem in Eq. (4.6a) are used
to calculate p* from Eq. (4.6c) and (4.7). Once convergence on p is achieved, the resulting
force on each frozen nuclei can be computed. If these forces are non-vanishing, the atomic
structure is not in equilibrium. Hence an outer iterative loop known as structural relaxation
is performed, where the nuclei positions and the domain Q are optimized with respect to
the atomic forces resulting from the SCF iteration on p. At the end of the process, a relaxed
configuration {ri, ..., ryy} is obtained, along with the corresponding electron density p(x).

The effective potential Veg[p(x)] in Eq. (4.6b) includes the interactions between the “parti-
cles” present in the system, including the frozen-ion nuclei. It can be expressed as

Vet [P (X)] = Vext (X) + VHartree [P(X)] + Ve [P (X)], (4-9)

where Vey(x) is the external potential accounting for the interaction between the nuclei and
the electron density, and

2

e p(x) dr

B drey Jo |r - x|

VHartree [P(X)] (4- 1 0)
is the Hartree potential, accounting for the interaction of the electron density with itself; i.e. the
analogous of the electron-electron interactions in a (discrete) many-body system. Vy.[p] is a
correction term known as the exchange-correlation potential, that accounts for the fact that
particles in the many-body problem are actually correlated and obey the Pauli exclusion
principle. The exact expression of Vi.[p] is unknown and must be approximated. Several
methods are available in literature, such as the local density (LDA) (Kohn and Sham, 1965)
and generalized gradient (GGA) (Perdew et al., 1996, Perdew and Yue, 1986) approaches. The
exchange-correlation term is the key approximation in DFT computations, which makes it a
non-exact method, i.e. not equivalent to Schrédinger’s equation.

The external potential Vey(x) accounting for the interaction of the electron density with
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the nuclei is a collection of Coulomb point-charge interactions of the form

2 Ny

e Z

Vext(x) = - » (4.11)
i=1

drey & [x -1y

where Z, is the atomic number of the n-th nucleus (i.e. the number of protons in the nucleus).
As [x - ry| — 0, i.e. in the vicinity of the nuclei, the external potential is very strong, and
the tightly bound core orbitals physically oscillate very rapidly. In order to capture a decent
numerical approximation of these orbitals, e.g. by finite elements (FE), finite differences (FD) or
spectral methods such as plane wave (PW) expansions, an extremely rich approximation space
is required (i.e. very fine FE mesh, very small FD grid size or very high PW cut-off energy,
respectively). Therefore, in practical (computational) terms, the actual external potential makes
the problem intractable and one further approximation is typically required, known as the
pseudopotential theory (Heine et al., 1970, Phillips, 1958). Since most physical properties of
solids depend on the valence electrons to a much greater extent than on the core electrons
(Payne et al,, 1992), the pseudopotential theory allows replacing the strong external potential
Vext with a much weaker potential (a pseudopotential) that describes all the salient features of
valence electrons in the system. Thus the original solid is now replaced by pseudo-(valence)-
electrons and pseudo-ion cores composed by the actual nuclei and core electrons. These
pseudo-electrons experience exactly the same potential outside the core region as the original
electrons but have a much weaker potential inside the core region, cf. Fig. 4.1, which eliminates
the need of extremely rich approximation spaces for ¢;(x). The Kohn-Sham problem is posed
then on the orbitals corresponding to valence electrons only, which is also computationally
favourable since N, and thus N, is decreased. There exist a wide range of pseudopotentials,
and in fact the development of accurate pseudopotentials is actually a focus of active research
within the DFT community. The most recent and accepted pseudopotentials are the optimized
norm-conserving Vanderbilt pseudopotentials (ONCV) (Hamann, 2013).



124 QIJANTUM ELECTROMECHANICS OF FLEXOELECTRICITY

Figure 4.1: A schematic illustration of the pseudopotential Vey;(x) and Kohn-Sham pseudo-orbitals $(x)
(depicted in red color) inside (|x - r| < 7.) and outside (jx - r| > r.) the core region of an atom, with
respect to the actual potential Vey(x) and Kohn-Sham orbitals ¢(x) (depicted in black color). Figure
adapted from Liu (2017).

4.1.1.3 Periodicity in Q: Bloch’s theorem

Usually in condensed matter physics, crystalline solids are considered to extend infinitely
over the real space, i.e. Q = R®. Obviously, this is computationally impossible to handle, and
periodic (or extended) systems are considered instead by means of Bloch’s theorem.

Let us consider a periodic lattice in Q with lattice vectors a;, az, as, and a generic lattice
translational vector R = nja; + npay + nzas, with ny, ny, n3 € IN. The Bloch’s theorem states that
each electronic orbital in the periodic lattice takes the form of a periodic function modulated
by a plane wave:

i(x) = exp (ik - x) ui(x), (4.12)

where u;(x) = u;(x + R) has the same periodicity in real space as the crystal lattice, and k
are simply referred to as k points, defined in the first Brillouin zone (Brillouin, 1953), i.e. the
specific region of reciprocal-space of the lattice which is closest to the origin. The electronic
orbitals ¢;(x) are in general not periodic in real space, and fulfill the following Bloch boundary
conditions instead:

¢i(x +R) = exp (ik - (x + R)) w;(x + R) = exp (ik - R) ¢i(x). (4.13)

By Eq. (4.6¢) it is easy to see that, if electronic orbitals are Bloch periodic (i.e. fulfill the Bloch
boundary condition in Eq. (4.13)), the electron density is actually periodic in real space. In
other words, what Bloch’s theorem states is that only the magnitude of the orbitals must be

periodic, whereas the phase is not necessarily so.
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Figure 4.2: A schematic of a typical Bloch wave in one dimension. The real part is depicted in solid
line. The dashed line represents the plane wave modulation factor. The light circles represent atoms.
Figure adapted from Wikimedia Commons (2016).

The Bloch’s theorem changes the problem of calculating an infinite number of electronic
orbitals to one of calculating a finite number of electronic orbitals at all the possible (infinite)
k points in reciprocal space (or Brillouin zone). However, the electronic orbitals at k points
that are very close together will be almost identical (Payne et al,, 1992). Hence it is possible to
represent all their contributions as an integral in k space which, in practical terms, is performed
via numerical integration. Therefore, only a few computations at different k points are actually
required. The choice of k points in a crystalline lattice reciprocal space is known as k point
sampling (Monkhorst and Pack, 1976). The output of numerical solutions to the Kohn-Sham
equations will converge as the density of k points is increased.

4.1.2 Cyclic density functional theory

After the recent discovery of graphene, 1D nanostructures possessing a cylindrical-type
geometry (e.g. nanotubes, nanowires, and nanorods), as well as their 2D counterparts, have
received a lot of attention due to their unusual and fascinating material properties (Ghosh
et al, 2019). Though these 2D structures are originally planar, they take up cylindrical-type
geometries when subject to bending deformations. These kind of structures are typically
computed with traditional DFT implementations by means of periodic supercells, that is,
considering a cyclic structure surrounded by vacuum in a large enough periodic domain
Q so that the interactions between the periodic images are negligible. This approach is
very challenging, even with state-of-the-art DFT codes, since DFT calculations are highly
expensive, scaling cubically with system size (Martin, 2004). Since traditional DFT approaches
are restricted to affine coordinate systems, they are unable to fully exploit the cyclic symmetry
to reduce the computational cost (Ghosh et al, 2019).

Cyclic density functional theory (cyclic DFT) (Banerjee and Suryanarayana, 2016, Ghosh
et al., 2019) is a particularization of DFT for cyclic structures which exploits the cyclic symmetry
of electronic structures. The key idea behind it is to consider unit cells of structures with cyclic
symmetry, as depicted in Fig. 4.3, and enforce cyclic boundary conditions to the electronic
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Figure 4.3: Cyclic structure corresponding to a graphene nanotube in zigzag configuration. The
(infinite) system corresponds to replicating a unit cell in angular and axial directions.
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Figure 4.4: Overview of the cyclic symmetry-adapted formulation for the Kohn-Sham eigenproblem
arising from cyclic DFT. Figure adapted from Codony et al. (2020a).
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density. In so doing, the computational cost is drastically reduced, scaling only linearly with
respect to radius of curvature (Codony ef al, 2020a). Since cyclic boundary conditions locally
simulate the behavior of a system subjected to uniform bending, cyclic DFT makes it possible to
carry out systematic ab-initio simulations of nanostructures subjected to bending deformations
(Banerjee and Suryanarayana, 2016), even in the case of extremely large curvature radii (Ghosh
et al., 2019).

In cyclic DFT, the cyclic unit cell Q (see Fig. 4.3b) is defined in cylindrical coordinates as

Q= {x = [rcos(9), rsin(9), 2] s.t. (9,7, 2) € [0, 0) x [Rin, Rout) x [0, Lz)}, (4.14)

with 0 < Riy < Rout, L; > 0 and 0 = 27/G, with G € IN™ denoting the group order of the cyclic
symmetry.

The cyclic DFT formulation consists on reformulating the Kohn-Sham equations defined
in a cyclic extended system to the reduced Kohn-Sham equations in a single cyclic unit cell as

N6 = 21300, st [ U da - oy,

Vveo,.,G-1, Vi=1,..,N, (4.15)

where H"[p] is the cyclic Kohn-Sham operator and ;" are the orbitals in a cyclic DFT frame-
work (Banerjee and Suryanarayana, 2016). The v-points in cyclic structures are, in short,
the analogous to k points in periodic structures, with the particularity that the v space is
discrete while k space is continuous. The electronic charge density p satisfies cyclic symmetry,
which implies cyclic-Bloch boundary conditions for the atomic orbitals, cf. Fig. 4.4. Standard
Bloch boundary conditions are enforced in axial direction, whereas zero-Dirichlet boundary
conditions are applied in the radial one.

4.1.3 Transversal flexoelectricity in electronic systems

In a DFT framework, the polarization is defined as electric dipole moment (accounting for
both electron density and nuclei) per unit volume:

P(X) = plp(x)] = "S” ( / xp(x) dQ - Zrn n)- (4.16)

The calculation of the transversal flexoelectric coefficient yr requires the derivative of the
polarization p with respect to curvature k. There exist mainly two approaches to compute
this derivative: (i) a direct evaluation of it at k = 0 by means of density functional perturbation
theory (DFPT) (Baroni et al.,, 2001, Gonze and Lee, 1997), or (ii) a numerical approximation of
it by means of DFT, which requires computing p on bent systems at multiple curvatures in the
vicinity of the curvature x at which pr is desired.

The first approach, based on perturbative (DFPT) methods, has been explored by many
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authors, e.g. Dreyer et al. (2018), Hong and Vanderbilt (2013), Resta (2010), Stengel (2013, 2014).
However, the coefficients so computed correspond to the asymptotic zero curvature limit.
Therefore, they are restricted to linear response, likely not representative at the relatively
large curvatures commonly encountered in experimental investigations involving bending
deformations (Chen et al, 2015, Han et al,, 2020, Lindahl et al, 2012, Qu et al., 2019).

Given the complexities and challenges associated with DFPT-based methods, a convenient
alternative is the second aforementioned approach, where the derivative is approximated by
direct evaluations of p at multiple x, as done in Dumitrica et al. (2002), Kalinin and Meunier
(2008), Shi et al. (2018). However, as illustrated in Fig. 4.5 , a fundamental issue in this context
is that pr becomes an ill-defined quantity on employing the standard definition of polarization
(Codony et al,, 2020a), since it depends on the choice of the unit cell. In fact, in the limiting
case of the unit cell of the bent structure encompassing a complete circle, yr = 0 for any charge
distribution, a result that is clearly incorrect. Even for structures that are finite along the
angular direction, g7 has an artificial dependence—not attributable to edge-related effects—on
the corresponding dimension of the structure, i.e., on the angle subtended by the bent structure
(Codony et al., 2020a).
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Figure 4.5: Illustration depicting the ill-defined nature of the transversal flexoelectric coefficient for a
(bent) structure composed by discrete charges. Figure adapted from Codony et al. (2020a).
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4.2 Main contributions

In view of the ill-defined nature of the transversal flexoelectric coefficient yr in uniformly bent
structures, we introduce the concept of radial polarization in Section 4.2.1, and reformulate the
definition of pt in terms of it. The definition and properties of the radial polarization within
a electronic structure framework are discussed in Section 4.2.2. We then use this approach
in Section 4.2.3 to calculate pr for group IV atomic monolayers by means of cyclic DFT. The
aforementioned contributions have been published in (Codony et al., 2020a).

4.2.1 Radial polarization: Reformulating the transversal flexoelectricity
coefficient

Recalling the framework of continuum modeling at finite deformations, Eq. (2.121) describes a
way to characterize the flexoelectricity tensor from measurements of the spatial polarization p
and the Green-Lagrangian strain gradients € in a finite deformation framework:

9 (piFir)
o€k E’

HLIJK = (4.17)

where F denotes the deformation gradient. Let us then consider the case of a uniformly bent
slab with some thickness (see Fig. 4.5). On identifying Q, (undeformed state) with the flat slab
in the X;-X5 plane, pure bending around the X; axis can be represented using the deformation
map

; . (R+ X;)cos &
[x1 X2 X3] =X ([Xl X5 X3] ) = (R + X2) sin 1, (418)
A3Xs

where R is the radius of curvature, 3 = 7/2 — X;/R, and A3 is the axial stretch. The deformation
gradient and strain gradient tensors then take the form:

+(J/A3)sind cosd 0

F=|-(J/A3)cosd sind 0|, (4.19)
0 0 A
; 0 0 o|l[t/R 0 ollo 0 o
€===1lo 0 o[ 0o 0 ofjo 0 of, (4.20)
1o o oflo o ofllo 0o 0

where J/A3 = (1 + X3/R) ~ 1, assuming that R is large relative to the thickness of the system,
which generally holds true for nanostructures. The only component of € that does not vanish
is @112 ~ 1/R = k, where « is the curvature. It therefore follows from Eq. (4.17) that the
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transverse flexoelectric coefficient pr := pp112 = 9 (piFj2) /9, which can be rewritten using
Eq. (4.19) as:
o(p-n) Ipr

Hr=—0 =50 (4.21)

where p, := p - nis defined to be the radial polarization (Codony et al.,, 2020a), with n =
[cos(9), sin(9), 0]T representing the unit vector normal to the uniformly bent structure.

The above formulation reveals the fundamental difference between the standard and
proposed definitions for the transverse flexoelectric coefficient pr. Specifically, Eq. (4.21)
suggests that pi7 is the rate at which the radial polarization p, changes with curvature, instead
of the x;-component of the polarization, as assumed previously (Kalinin and Meunier, 2008, Shi
et al., 2018). The proposed definition is also in agreement with reduced models for flexoelectric
membranes (Ahmadpoor and Sharma, 2015), which assume that flexoelectricity-induced
polarization is normal to the membrane.

The definition presented here can be viewed as a generalization of the standard one to
finite bending deformations, agreeing in the limit xk — 0. Indeed, the proposed formulation is
applicable even to the nonlinear regime, overcoming a key limitation of the standard definition.

4.2.2 Radial polarization in electronic structure computations

In electronic structure calculations (e.g. standard or cyclic DFT), the radial polarization p; is a
functional of the electronic density p(x) as follows:

eff
pr=plp =l / R™)p(x) (4.22)

analogously to the standard polarization in Eq. (4.16), and the integral can be interpreted as
the radial dipole moment. Specifically, r := x - n = R + X, signifies the radial component of
x and R°% is the radial centroid of the ions. Note that p, and therefore yr are independent
of the choice of unit cell for structures extended in the X;-direction, and do not display an
artificial dependence on the corresponding width for finite structures, thereby overcoming
a fundamental limitation of the standard definition. With the proposed approach, both p,
and py are invariant against (i) angular shift, (ii) axial shift, (iii) angular replication and (iv)
axial replication of the unit cell Q, thanks to the cyclic-periodic nature of the electron charge
density p:

p(&,r,z) = p(& + nqb,r,z+ misL,), VY(ngxm)€[o0,..,G-1]xZ. (4.23)

Mathematically, the following statements hold:



4.2 Main contributions

20F T
< o
8 o ° ©
Q o o
> o o)
10+ o
o
o
OF @
o
e}
o
o
-10f o
o o
o
° 5 o6 ©
_20,
X (Bohr)
-20 -10 0 10 20 30

(a) Top view of the cyclic Silicon chain. Simulation is
carried out considering only one atom in the unit cell.

01
Standard polarization

at ¥3=0.0

008 r

006 | Standard polarization
at 94=0.2

ey

Radial polarization
at any Og

004 1

002 r

0 5 10 15 20 25
ng

(d) Polarization as a function of the angular replication.

131

o
o

o

ny=1 n,=2

A

(b) Replication nq of the unit cell along the angular direc-
tion, with no angular shift, i.e. §; = 0.

(c) Shift I of the unit cell along the angular direction,
with no angular replication, i.e. ng = 1.

¥s=0.0 . 0s=0.2 0s=0.5

0.1
008 | Standard polarization
atng=1
006 Radial polarization
at any ng
004 -
002 -
O 1 1 1 1 )
0 0.1 0.2 03 04 05

0s

(e) Polarization as a function of the angular shift.

Figure 4.6: Cyclic DFT benchmark simulation showing the polarization of a silicon chain of 25 atoms
under pure bending. The unit cell Q (depicted in (a) in blue color) is of group order G = 25 and length
L, = 40 bohr, and contains one Si atom at (J, r, z) = (0, 18.5 bohr, 20 bohr) (1 bohr=5.2918e-11m). The
standard polarization p is computed along the direction of the bisector of the shifted and replicated
unit cell (denoted by a black arrow in (a),(b),(c)) with the standard approach in Eq. (4.16). Different
number of replicated domains ng and relative angular shifts lead to different values of polarization.
However, radial polarization computed with Eq. (4.22) remains invariant.
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(i) Angular shift invariance: V3, € R:

1 LZ Rout 190+19
P o / /R /,9 (r- RMprdddrdz. (4.24)
0 in 0
(ii) Axial shift invariance: Vzy € R:
1 Z0+LZ Rout g
P = o / /R / (r - R°Mprd9 drdz. (4.25)
20 in 0
(iii)) Angular replication invariance: Yng € 1, ..., G:
PR / " / fou / " R prdd dr d. (426)
nolQ| Jo  Jr, Jo
(iv) Axial replication invariance: Ym € Z*:
1 mLz Rout g
Pe= il / /R / (r - R°Mprd9 drdz. (4.27)
0 in 0

Fig. 4.6 illustrates the invariance cases (i) and (iii) in a benchmark simulation of a uniformly
bent 1D Silicon chain. Whereas the (ill-defined) standard definition of polarization yields
results depending on the angular shift and replication of the unit cell, the proposed radial
polarization approach yields invariant results.

In order to further investigate the invariant nature of the proposed radial polarization, we

write its expression in the undeformed configuration as

1

= ol (X2 - X5T)po(X) dQy, (4.28)

Pr

where X5 = R*f - R, and py = Jp is the nominal electron density. Interestingly, the radial dipole
moment in the deformed configuration Q corresponds to the standard dipole moment along
the X;-direction in the undeformed configuration Q. This confirms the purely Lagrangian
nature of the flexoelectric tensor as discussed in Remark 2.6.

4.2.3 Transversal flexoelectricity coefficient using cyclic DFT

Using the aforedescribed methodology, we compute the transversal flexoelectric coefficient pr
for the following group IV atomic monolayers: graphene (C), silicene (Si), germanene (Ge),
and stanene (Sn), which possess a honeycomb lattice structure. The materials are bent around
the X axis at curvatures of k¥ ~ 0.19 — 0.75 nm™!, which are representative curvatures of those
encountered in realistic experiments (Chen et al, 2015, Han et al., 2020, Lindahl et al., 2012,
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Qu et al, 2019). To assess the anisotropy of pr, we consider bending along the two principal
directions of the materials; that is, armchair and zigzag directions (cf. Fig. 4.7). The analysis is
done with both LDA and GGA exchange-correlation functionals and ONCV pseudopotentials.
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(a) Armchair configuration (b) Zigzag configuration

Figure 4.7: Generic flat group-IV monolayer in armchair and zigzag directions, prior to bending. The
lattice constants for each material are reported in Tab. 4.1.

LDA | GGA

a | 2.6603 | 2.6870

Graphene | —=-35500 [ 0.0000
sili a | 41732 | 4.2207
vieene  m570.7872 | 0.8742

a | 43237 | 44198

Germanene ———— o003
Stanene || 49715 | 51044

5 [ 15183 | 1.6015

Table 4.1: Lattice constants [bohr] of group IV atomic monolayers.

Zigzag Armchair
LDA | GGA | LDA | GGA
Graphene | 0.22 | 0.22 | 0.22 | 0.22
Silicene | 0.19 0.19 0.19 0.18
Germanene | 0.28 0.27 0.28 0.27
Stanene | 0.27 0.27 0.26 0.27

Table 4.2: Transversal flexoelectric coefficient pr [€e] of group IV atomic monolayers.
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Figure 4.8: Radial polarization p; (normalized by area) as a function of the bending curvature x. Figure

adapted from Codony et al. (2020a).
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Figure 4.9: Contours of nominal electron density difference [e/bohr®] between the armchair bent
(x = 0.19 nm™!) and flat atomic monolayers. The contours are in the X; — X, plane passing through the
two fundamental atoms. Figure adapted from Codony et al. (2020a).

The numerical implementation of cyclic DFT (Xu et al,, 2020a,b) relies on the real space
approximation of the electronic density onto a symmetry-adapted high-order finite differences
(FD) grid in (3, r, z) directions. Once p(x) is found, the radial polarization can be evaluated
accurately and naturally by means of numerical integration in cylindrical coordinates, without
the need of auxiliary symmetry-adapted projections as it would be required by other traditional
approaches such as plane wave (PW) DFT.

The values of yr obtained for the group IV monolayers are presented in Tab. 4.2. Due to
the disagreement in literature over the thickness of atomic monolayers (Huang et al., 2006),
the radial dipole moments are normalized with respect to the area instead of volume while
computing the radial polarization using Eq. 4.22, i.e. the units of yr here are [e] (1e=1.6022e-
10pC), rather than the conventionally used [e/ bohr]. Note that a single curvature-independent
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value is listed for each entry in the table since the flexoelectric coefficients have been found to
be essentially constant for the bending deformations considered here (see Fig. 4.8), signaling
linear response for the chosen curvatures. Therefore, the values of yr reported here can also
be interpreted as those corresponding to the asymptotic limit of x — 0.

Notably, the results are independent of the exchange-correlation functional, the key ap-
proximation within DFT. In addition, the nearly identical values in the zigzag and armchair
directions indicate that group IV monolayers are transversely isotropic with regards to flex-
oelectricity. The flexoelectric coefficients between the different materials are comparable,
with germanene/stanene having the largest value (ur ~ 0.27e), silicene having the smallest
(¢T ~ 0.19e), and graphene towards the lower end (ut = 0.22¢). Notably, the value for graphene
is twice as large as that reported by Dumitrica ef al. (2002), Kalinin and Meunier (2008).
The significantly smaller coefficient obtained previously can be attributed to the artificial
dependence on the width, a consequence of using the standard definition of the polarization.

To get insights into the underlying nature of the flexoelectric effect for the chosen mono-
layers, we plot in Fig. 4.9 the nominal electronic charge redistribution on the X; — X; plane
passing through the two fundamental atoms. For all materials, there is a net radial charge
transfer that occurs from below the neutral axis to above it. However, the plots indicate that
there is a fundamental difference between graphene and the other members in its group. For
graphene, bending introduces an asymmetry in the p-orbital overlap. However, the charge
transfer in the other monolayers occurs between the two atoms instead.

4.3 On-going and future work

As an outcome of this work, the transversal flexoelectricity constant of just four Group-IV
monolayers has been characterized. However, the methodology can be directly applied to other
2D monolayers. The work in Kumar et al. (2020) computes the flexoelectric coefficient of other
relevant 2D monolayers that have been successfully synthesized, such as those with honeycomb
lattice structure (i.e. Groups III-V, V monolayers, transition metal dichalcogenides (TMDs) and
Group III monochalcogenides) as well as materials with rectangular lattice structure (i.e. Group
V monolayers, Group IV monochalcogenides, transition metal trichalcogenides (TMTs) and
Group V chalcogenides).

Since the framework developed here is general and not restricted to the linear response of
atomic monolayers, an appealing research line is the computation of the transversal flexoelec-
tric coefficients for interesting and more complex systems, including multilayered materials
such as graphite and their corresponding analogs, as well as ferroelectric perovskites, which
are widely considered in flexoelectricity-based technologies due to its large bulk flexoelectric
constants according to experimental measurements. Surface effects might be apparent also
from this study.

Another line of research consists on deriving an analogous concept to radial polarization
for structures featuring not only cyclic but helical symmetry, which essentially corresponds to
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bending+twisting deformation modes. It is likely that other flexoelectric constants rather than
the transversal one will be characterized following this approach.

4.4 Concluding remarks

We have presented a novel formulation for calculating the transversal flexoelectric coefficient
of nanostructures at finite deformations from first principles. Specifically, we have introduced
the concept of radial polarization to redefine the flexoelectric coefficient, making it a well-
defined quantity for uniform bending deformations. The proposed framework has been used
to calculate the coefficients for group IV atomic monolayers using cyclic DFT simulations. In
the case of graphene, which is perhaps the most widely studied 2D material, the flexoelec-
tric coeflicient is significantly larger than that reported previously, with a charge transfer
mechanism that fundamentally differs from the other members of its group. Furthermore, the
reported transversal flexoelectric coefficients are constant within a large range of bending

curvatures, confirming the linearity of the flexoelectric coupling in continuum models.



Chapter 5

Conclusions

This PhD thesis has addressed multiple open questions in the current state of the art of
the flexoelectric effect in solids, focusing on theoretical and computational modeling at the
continuum level, but also exploring its connection to first principles. The main contributions
are listed below:

« The relation between the energy and enthalpy forms of the Direct and Lifshitz-invariant
flexoelectricity continuum models at infinitesimal deformations has been clarified. The
bulk energy and enthalpy densities of a dielectric, with consideration of a gradient
polarization term, are not equivalent due to the modification of the Maxwell-Faraday’s
equation about the irrotationality of the electric field. Otherwise, they are indeed
equivalent.

« The first objective model for flexoelectricity at finite deformations has been proposed,
coupling strain gradients and electric polarization by means of a fully Lagrangian
flexoelectric tensor. Previous attempts in the literature were not objective, or were not
considering the polarization field for the flexoelectric coupling. The model is illustrated
by means of a robust numerical implementation able to handle very large nonlinearities
such as large deformation bending, electrostriction or buckling.

« The connection between direct and Lifshitz-invariant flexoelectricity boundary value
problems at infinitesimal deformations has been established. As both formulations differ
in null Lagrangians, their Euler-Lagrange equations coincide, but the expressions of the
Neumann terms (e.g. tractions and surface charges) and thus the meaning of natural
boundary conditions are different. According to the cantilever beam benchmarks, the

Lifshitz-invariant formulation is apparently stiffer than the direct one.

» The need for stabilization methods in order to properly capture boundary layers that
can arise in the electric field has been suggested. So far, such boundary layers have been

reported in the Lifshitz-invariant formulation only.
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A numerical stabilization technique to alleviate spurious oscillations whenever boundary

layers arise has been implemented for the first time. A simple Galerkin least squares
method has been proposed, and it has been shown to be effective for the cantilever beam
benchmarks.

The first flexoelectricity formulation for unfitted meshes has been developed, including
boundary conditions arising at the edges of the boundary. First order, second order and
edge essential boundary conditions are enforced weakly via Nitsche’s method. Consid-
ering unfitted meshes facilitates the meshing and computation of complex geometries,
and the construction of smooth-enough approximation spaces, required due to the
fourth-order nature of the equations. The proposed implementation considers functional
spaces spanned by hierarchical B-spline basis, which have convenient numerical and
computational properties. The method yields optimal high-order convergence rates,
outperforming other methods in the literature.

The proposed computational infrastructure has been used to solve many boundary
value problems with particular engineering interest, both at infinitesimal and finite
deformations. The numerical examples in this manuscript correspond to functional de-
vices for electromechanical transduction based on the flexoelectric effect, with potential
applications in nanotechnology. The examples include the design of complex-shaped
sensors and actuators made of hard ceramics, rod-shaped compliant polymeric sen-
sors and actuators under bending and buckling conditions, and arbitrarily-shaped soft
electromechanical sensors.

The continuum modeling of flexoelectricity at finite deformations has been linked
with atomistic simulations in order to develop a novel formulation for calculating the
transversal flexoelectric coefficient of nanostructures at finite deformations from first
principles. The concept of radial polarization has been introduced in a density functional
theory (DFT) framework to redefine the transversal flexoelectric coefficient in systems
under bending, overcoming a well-established intrinsic ill-definition of the flexoelectric
coefficient in previous works.

The transversal flexoelectric coefficients for group-IV 2D materials (graphene, silicene,
germanene and stanene) have been quantified using the novel proposed formulation
in a cyclic DFT implementation. In the case of graphene, the transversal flexoelectric
coefficient is significantly larger than that reported previously, with a charge transfer
mechanism that fundamentally differs from the other members of its group. Germanene
and stanene present the largest flexoelectric constants among the studied materials.

The linearity of the flexoelectric coupling in continuum models has been confirmed
for the studied materials from ab-initio simulations, since the computed transversal
flexoelectric coefficients are constant within a large range of bending curvatures.
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The are still many open questions left to future work. Regarding the continuum modeling,
the Legendre transform between bulk energy and enthalpy densities in a large deformation
framework remains unexplored. Also, the effect of considering homogeneous Neumann
boundary conditions instead of continuity conditions with the dielectric surrounding media
has not been assessed. The relation between the different flexoelectricity models and surface
effects such as surface piezoelectricity remains unaddressed, as well as the investigation of
the reason for the appearance of unexpected boundary layers in the electric field. Moreover,
the modeling can be extended to other related physics such as photoflexoelectricity, with
promising technological applications.

As for the numerical modeling, the most critical issue requiring further research is the
robust alleviation of numerical oscillations in any formulation, geometry or loading conditions.
Besides that, it would be extremely interesting to combine the present infrastructure with
geometry/topology optimization toolboxes, in order to maximize the performance of the
proposed electromechanical devices. Also, for practical reasons, it would be convenient to
rewrite the in-house implementation within a high performance computation (HPC) scalable
environment, allowing the efficient and accurate computation and design of large flexoelectric
devices, including three-dimensional geometries at large deformations.

Considering the ab-initio computations, the proposed methodology can be systematically
applied to multiple materials such as other atomic monolayers, multilayered materials such
as graphite or even bulk materials such as ferroelectric perovskites. The appearance and
relevance of surface effects and other relevant physics can be also studied from there, allowing
the development of more complete and accurate continuum models. Finally, apart from
bending, other interesting setups can be studied such as wrinkling or twisting, potentially
allowing for the characterization of other coefficients of the flexoelectric tensor.
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A Material characterization

A.1 Infinitesimal deformation framework: Material tensors

In the infinitesimal deformation framework, the material is characterized by specfiying the
material tensors of elasticity c, strain gradient elasticity h, dielectricity «, piezoelectricity e,
flexoelectricity p and eventually gradient dielectricity M. We recall that the Lamé parameters A
and p are related with the Young modulus Y and the Poisson’s ratio v as A = Yv/(1 + v)(1 - 2v)
and p = Y/2(1 + v).

Elasticity tensor c

Isotropic elasticity is represented by the fourth-order tensor ¢, which depends on A and p in
the following form:

cykL = A8pydkr + 2181k Oy (A1)

Strain gradient elasticity tensor h
We consider an isotropic simplified strain gradient elasticity tensor (Altan and Aifantis, 1997),
which depends on A, p and the mechanical length scale £yech in the following form:

hykomn = (MrySiar + 2811850 ) LreendxN - (A2)

Dielectricity tensor x

Isotropic dielectricity is represented by the second-order tensor x, which depends on the
electric permittivity € as

Kij = €8ij' (AS)

Gradient dielectricity tensor M

Isotropic gradient dielectricity is represented by the fourth-order tensor M, which depends on
the electric permittivity € and the dielectric length scale feje. as

Mijkl = Efezlecsikésj'l. (A4)

Piezoelectricity tensor e

Piezoelectricity is represented by the third-order tensor e.
Tetragonal symmetry is considered, which has a principal direction and involves longitudi-
nal, transversal and shear couplings represented by the parameters ey, er and eg, respectively.
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For a material with principal direction x;, the piezoelectric tensor e*'” reads
e, forL=1=]=1,
. er, forL=1,1=],
ey = (A.5)

es, forJ=1,L=TorlI=1,L=],

0 otherwise.

S

The piezoelectric tensor e oriented in an arbitrary direction d is obtained by rotating e**'~ as
elij = RipRitRjje™" "1y, (A.6)

where R is a rotation matrix that rotates x; onto d.

Flexoelectricity tensor p.

The cubic flexoelectric tensor depends on the longitudinal y, transversal pr and shear g
parameters (Codony et al, 2019, Le Quang and He, 2011). In the Cartesian axes, it takes the
following form:

u, forL=1=]=K,

s pr, forI=J+K=1,

pe LIJK = (A7)
us, forL=I#]J=KorL=]+I=K,

0 otherwise.

N

The flexoelectric tensor p oriented in an arbitrarily rotated Cartesian basis is obtained by
rotating g™~ as

Hiijk = RiLRir Ry Riegc ™" 1175 (A.8)

where R is the rotation matrix associated to the unit vectors of the rotated basis.

A.2 Finite deformation framework: Hyperelastic potentials

In the finite deformation framework, the material is characterized by specfiying the material
tensors of flexoelectricity p and strain gradient elasticity h, the electric permittivity e and,
additionally, the elastic energy density ¥F2{(C). We present here two isotropic models for
‘I’ElaSt(C), namely the Saint-Venant-Kirchhoff and Neo-Hookean models.
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Isotropic Saint-Venant-Kirchhoff model.

It corresponds to the extension of the linear isotropic elastic material model to the non-linear
regime, and depends on A and p as follows:

A
sty = S [T( E)]? + uTr(¢?), (A.9a)
a‘I’ElaSt(C) A
R St AN S , A.9b
3y 5 [Tr(€)] 31y + peyy (A.9b)
aZ\I;Elast(C) A m
—= = 8558 —81x071. A9
aCyCx1 4 IJOKL + 9 IKOJL (A.9¢)

Isotropic Neo-Hookean model

The Neo-Hookean model is adequate for describing nonlinear stress-strain behavior of cross-
linked polymers at moderate strains. It is mathematically defined as

A
‘I’ElaSt(C) _ 5[log(])]z + g [Tr(C) - ng], (A.10a)
a\PElaSt(C) A ~ M ~
Taq; 2 log(/)Cyj + 7 (B = Gy (A-10D)
aZ\IjElaSt(C) A 1 L L
3G ZcUchlL +5 [n - Mog(J)] (Cix Gyt + Cii Gk ) - (A.10c)
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B Variations of stresses and electric displacement in a finite

deformation framework

In this Appendix the expressions for the variations §S(x, ¢; Sx, 5P), 5§()(, ¢; dx, 6D), 5V§(X, ¢; Ox, D)
and dD(y, ¢; Oy, 0®) are derived, which are present in the Nitsche’s weak form for the direct
flexoelectricity model at finite deformations in Section 2.2.4.1.b. To this end, let us define the
second gradient of the deformation gradient F, the second gradient of the Green-Lagrangian
strains V€&, and the electric field gradient as

v aZF,-J a3x,-
Fi]KL = = s (B.la)
0XkgoX; 9Xj0XkoXy
Exl i= rey = symm symm (Fk Fyj + FxFr ) (B.1b)
L= = IKL IKLkJL) > .
/ 0XgoXy 1IJ KL 4 /
PP
i (B.10)
0X10X;
and their corresponding variations
. P 3y
OFkL = ——————, B.2a
TR X 0XKaX, (B.22)
5@111@ = symm symm (5FkIKLFk] + FkIKLéFk] + 25ﬁk1Kﬁk]L) , (B.2b)
I KL
250
(SE[J = - (B.ZC)
0X,0X;

Then, from the expressions of S(y, ¢), S(x, #), D(x, ¢) in Eq. (2.141a), (2.138), (2.141b) and

§IJK,Q = hI]KLMN@LMN,Q ~ JCirEmoprix +J %LMAB@ABQEM,ULUK, (B.3)
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their corresponding variations are derived as follows:
aZ\PElast C ]
6Si7(x, ¢; 6x,69) = 47() = JCmraBEMkpLk + 7 CmrijaBEm€EEL | 6€ap
aC[]aCAB 2
- (hykmn) SCLMN K
+ (]%MLI]EME) 5EL
+ (JCouHLk ) SEmk, (B.4a)
8Siyk(x. §; 8%, 8) = (JCimaspLykEm) 5€ap
+ (hI]KLMN) 5@LMN
- (JCoALiyK ) SEw, (B.4b)
8Siyk.0(x. ¢: 8x. 8®) = (Juriyk (€imasEno + Comcpas€cpoEn)) 5€as
+ (JEimaEmprik ) 5€apo
+ (hykimn) 5€Lmn,0
+(J %LMABEABQHLUK) SEm
- (]Clj/I,uLUK) (SEM’Q, (B.4C)
SD1(x. ¢; %, 8®) = — (JCxran (eEx + pxiym€iynm)) O€ap
+ (JCkLpkim) 6€1m
+ (JCxLe€) SEx, (B.4d)
where
Coscopp = 22U Carco)
J  0Cer
= Dcapper + Dpacaer + Despaer + Dapceser — Depaper — D aBepEF (B.5)
and
a1 - 1 1
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